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Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

X ℓ = (xi , yi )
ℓ
i=1 � îáó÷àþùàÿ âûáîðêà, xi ∈ R

n
, yi ∈ R

yi = y(xi), y : X → Y � íåèçâåñòíàÿ ðåãðåññèîííàÿ çàâèñèìîñòü

f (x , α) � íåëèíåéíàÿ ìîäåëü ðåãðåññèè, α ∈ R
p

Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ):

Q(α,X ℓ) =

ℓ∑

i=1

(
f (xi , α) − yi

)2 → min
α

.

Ìåòîä Íüþòîíà��à�ñîíà:

1. Íà÷àëüíîå ïðèáëèæåíèå α0 = (α0
1, . . . , α

0
p).

2. Èòåðàöèîííûé ïðîöåññ

αt+1 := αt − ht
(
Q ′′(αt)

)−1
Q ′(αt),

Q ′(αt)� ãðàäèåíò �óíêöèîíàëà Q â òî÷êå αt
, âåêòîð èç R

p

Q ′′(αt)� ãåññèàí �óíêöèîíàëà Q â òî÷êå αt
, ìàòðèöà èç R

p×p

ht �âåëè÷èíà øàãà (ìîæíî ïîëàãàòü ht = 1).
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Ìåòîä Íüþòîíà-�à�ñîíà

Êîìïîíåíòû ãðàäèåíòà:

∂Q(α)

∂αj

= 2

ℓ∑

i=1

(
f (xi , α)− yi

)∂f (xi , α)

∂αj

.

Êîìïîíåíòû ãåññèàíà:

∂2Q(α)

∂αj∂αk

= 2

ℓ∑

i=1

∂f (xi , α)

∂αj

∂f (xi , α)

∂αk

−2

ℓ∑

i=1

(
f (xi , α)− yi

)∂2f (xi , α)

∂αj∂αk

︸ ︷︷ ︸

ïðè ëèíåàðèçàöèè ïîëàãàåòñÿ = 0

.

Íå õîòåëîñü áû îáðàùàòü ãåññèàí íà êàæäîé èòåðàöèè...

Ëèíåàðèçàöèÿ f (xi , α) â îêðåñòíîñòè òåêóùåãî αt
:

f (xi , α) = f (xi , α
t) +

p
∑

j=1

∂f (xi , α
t
j )

∂αj

(
αj − αt

j

)
+ o

(
αj − αt

j

)
.

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Íåëèíåéíàÿ ðåãðåññèè 4 / 28



Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
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Ìåòîä Íüþòîíà-�àóññà

Ìàòðè÷íûå îáîçíà÷åíèÿ:

Ft =
(

∂f
∂αj

(xi , α
t)
)

ℓ×p
� ìàòðèöà ïåðâûõ ïðîèçâîäíûõ;

ft =
(
f (xi , α

t)
)

ℓ×1
� âåêòîð çíà÷åíèé f .

Ôîðìóëà t-é èòåðàöèè ìåòîäà Íüþòîíà��àóññà:

αt+1 := αt − ht (F
ò

t Ft)
−1F ò

t (ft − y)
︸ ︷︷ ︸

β

.

β � ýòî ðåøåíèå çàäà÷è ìíîãîìåðíîé ëèíåéíîé ðåãðåññèè

‖Ftβ − (ft − y)‖2 → min
β

.

Íåëèíåéíàÿ ðåãðåññèÿ ñâåäåíà ê ñåðèè ëèíåéíûõ ðåãðåññèé.

Ñêîðîñòü ñõîäèìîñòè � êàê è ó ìåòîäà Íüþòîíà��à�ñîíà,

íî äëÿ âû÷èñëåíèé ìîæíî ïðèìåíÿòü ëèíåéíûå ìåòîäû.

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Íåëèíåéíàÿ ðåãðåññèè 5 / 28



Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Çàäà÷à êëàññè�èêàöèè. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Y = {−1,+1} � äâà êëàññà, a(x ,w) = sign(w òx), x ,w ∈ R
n
.

Ôóíêöèîíàë àïïðîêñèìèðîâàííîãî ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
ℓ∑

i=1

[
Mi(w) < 0

]
6

ℓ∑

i=1

L
(
w òxiyi

)
→ min

w
,

ãäå L (M) = log
(
1 + e−M

)
� ëîãàðè�ìè÷åñêàÿ �óíêöèÿ ïîòåðü
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Ìåòîäà Íüþòîíà-�à�ñîíà

Ìåòîäà Íüþòîíà-�à�ñîíà äëÿ ìèíèìèçàöèè �óíêöèîíàëà Q(w):

w t+1 := w t − ht
(
Q ′′(w t)

)−1
Q ′(w t),

Ýëåìåíòû ãðàäèåíòà � âåêòîðà ïåðâûõ ïðîèçâîäíûõ Q ′(w t):

∂Q(w)

∂wj

= −
ℓ∑

i=1
(1− σi )yi fj(xi), j = 1, . . . , n.

Ýëåìåíòû ãåññèàíà � ìàòðèöû âòîðûõ ïðîèçâîäíûõ Q ′′(w t):

∂2Q(w)

∂wj∂wk

=
ℓ∑

i=1
(1− σi)σi fj(xi )fk(xi ), j , k = 1, . . . , n,

ãäå σi = σ(yiw
òxi ), σ(z) = 1

1+e−z � ñèãìîèäíàÿ �óíêöèÿ.
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Ñíîâà ñâåäåíèå ê çàäà÷å ëèíåéíîé ðåãðåññèè

Â ìàòðè÷íûõ îáîçíà÷åíèÿõ F =
(
fj(xi )

)

ℓ×n
, D = diag((1 − σi )σi )

(
Q ′′(w)

)−1
Q ′(w) = −

(
F òDF

)−1
F ò

(
yi
σi

)
.

Ýòî ñîâïàäàåò ñ ÌÍÊ-ðåøåíèåì ëèíåéíîé çàäà÷è ðåãðåññèè

ñî âçâåøåííûìè îáúåêòàìè è ìîäè�èöèðîâàííûìè îòâåòàìè:

Q(w) =
ℓ∑

i=1

(1− σi)σi

(

w òxi −
yi

σi

)2

→ min
w

.

Èíòåðïðåòàöèÿ:

σi = P(yi |xi) � âåðîÿòíîñòü ïðàâèëüíîé êëàññè�èêàöèè xi
÷åì áëèæå xi ê ãðàíèöå, òåì áîëüøå âåñ (1− σi )σi
÷åì âûøå âåðîÿòíîñòü îøèáêè, òåì áîëüøå

1
σi

ÂÛÂÎÄ: íà êàæäîé èòåðàöèè ïðîèñõîäèò áîëåå òî÷íàÿ

íàñòðîéêà íà ¾íàèáîëåå òðóäíûõ¿ îáúåêòàõ.
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ÌÍÊ ñ èòåðàöèîííûì ïåðåâçâåøèâàíèåì îáúåêòîâ

IRLS � Iteratively Reweighted Least Squares

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;

Âûõîä: w � âåêòîð êîý��èöèåíòîâ ëèíåéíîé êîìáèíàöèè.

1: w := (F òF )−1F òy � íóëåâîå ïðèáëèæåíèå, îáû÷íûé ÌÍÊ;

2: äëÿ t := 1, 2, 3, . . .
3: σi = σ(yiw

òxi ) äëÿ âñåõ i = 1, . . . , ℓ;

4: γi :=
√

(1− σi)σi äëÿ âñåõ i = 1, . . . , ℓ;

5: F̃ := diag(γ1, . . . , γℓ)F ;

6: ỹi := yi
√

(1− σi)/σi äëÿ âñåõ i = 1, . . . , ℓ;

7: âûáðàòü ãðàäèåíòíûé øàã ht ;

8: w := w + ht(F̃
òF̃ )−1F̃ òỹ ;

9: åñëè {σi} ìàëî èçìåíèëèñü òî âûéòè èç öèêëà;
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Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü (Generalized Additive Model)

�åãðåññèÿ 
 íåëèíåéíûìè ïðåîáðàçîâàíèÿìè ïðèçíàêîâ ϕj :

f (x , α) =
n∑

j=1

ϕj(fj (x), αj )

Â ÷àñòíîñòè, ïðè ϕj (fj(x), αj ) = αj fj(x) ýòî ëèíåéíàÿ ìîäåëü

Èäåÿ 1: ïîî÷åð¼äíî óòî÷íÿòü ϕj ïî âûáîðêå

(
fj(xi ), zi

)ℓ

i=1
:

ℓ∑

i=1

(

ϕj (fj(xi ), αj )−
(
yi −

∑

k 6=j

ϕk(fk(xi ), αk)
)

︸ ︷︷ ︸

zi

)2
+ τR(αj) → min

αj

Èäåÿ 2: ïîñòåïåííî óìåíüøàòü τ ó ðåãóëÿðèçàòîðà ãëàäêîñòè

R(αj) =
∫ (

ϕ′′
j (ζ, αj)

)2
dζ

Â êà÷åñòâå ϕj èñïîëüçîâàòü ñïëàéíû èëè ÿäåðíîå ñãëàæèâàíèå
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Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Ìåòîä ba
k�tting [Õàñòè, Òèáøèðàíè, 1986℄

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;

Âûõîä: ϕj(fj , αj ) � îáó÷àåìûå ïðåîáðàçîâàíèÿ ïðèçíàêîâ.

1: íà÷àëüíîå ïðèáëèæåíèå:

α := ðåøåíèå çàäà÷è ÌË� ñ ïðèçíàêàìè fj(x);
ϕj (fj , αj) := αj fj(x), j = 1, . . . , n;

2: ïîâòîðÿòü

3: äëÿ j = 1, . . . , n

4: zi := yi −
n∑

k=1,k 6=j

ϕk(fk(xi ), αk), i = 1, . . . , ℓ;

5: αj := argmin
α

ℓ∑

i=1

(
ϕ(fj(xi ), α) − zi

)2
+ τR(α);

6: óìåíüøèòü êîý��èöèåíò ðåãóëÿðèçàöèè τ ;
7: ïîêà Q(α,X ℓ) è/èëè Q(α,X k) çàìåòíî óìåíüøàþòñÿ;
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Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ñâÿçü ÌÍÊ ñ ìåòîäîì ìàêñèìóìà ïðàâäîïîäîáèÿ

Ìîäåëü äàííûõ ñ íåêîððåëèðîâàííûì ãàóññîâñêèì øóìîì:

yi = f (xi , α) + εi , εi ∼ N (0, σ2
i ), i = 1, . . . , ℓ.

Ýêâèâàëåíòíàÿ çàïèñü: yi ∼ N (µi , σ
2
i ), µi = Eyi = f (xi , α).

ÌÍÊ ýêâèâàëåíòåí ìåòîäó ìàêñèìóìà ïðàâäîïîäîáèÿ (ÌÌÏ):

L(ε1, . . . , εℓ|α) =
ℓ∏

i=1

1

σi
√
2π

exp

(

− 1

2σ2
i

ε2i

)

→ max
α

;

− ln L(ε1, . . . , εℓ|α) = const(α) +
1

2

ℓ∑

i=1

1

σ2
i

(
f (xi , α) − yi

)2 → min
α

;

Êàê èñïîëüçîâàòü ëèíåéíûå ìîäåëè, åñëè yi íå ãàóññîâñêèå,

â ÷àñòíîñòè, åñëè yi äèñêðåòíîçíà÷íûå?
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Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü (Generalized Linear Model, GLM)

Íîðìàëüíàÿ ëèíåéíàÿ ìîäåëü äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ:

yi ∼ N (µi , σ
2
i ), µi = xòi α = Eyi

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ:

yi ∼ Exp(θi , φi ), θi = xòi α = g(Eyi )

Exp � ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

ñ ïàðàìåòðàìè θi , φi è ïàðàìåòðàìè-�óíêöèÿìè c(θ), h(y , φ):

p(yi |θi , φi ) = exp

(
yiθi − c(θi )

φi

+ h(yi , φi )

)

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ñ.â. yi ∼ Exp(θi , φi ):

µi = Eyi = c ′(θi ) ⇒ θi = g(µi ) = [c ′]−1(µi )

Dyi = φic
′′(θi )

g(µ) � ìîíîòîííàÿ �óíêöèÿ ñâÿçè (link fun
tion)
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Íîðìàëüíîå (ãàóññîâñêîå) ðàñïðåäåëåíèå, yi ∈ R:

p(yi |µi , σ
2
i ) =

1√
2πσi

exp
(
− 1

2σ2
i

(yi − µi)
2
)
=

= exp

(
yiµi − 1

2µ
2
i

σ2
i

− y2i
2σ2

i

− 1

2
ln(2πσ2

i )

)

;

θi = g(µi ) = µi , c(θi) =
1
2µ

2
i =

1
2θ

2
i , φi = σ2

i .

�àñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}:

p(yi |µi) = µyi
i (1− µi)

1−yi = exp
(

yi ln
µi

1−µi
+ ln(1− µi )

)

;

θi = g(µi ) = ln µi

1−µi
, c(θi) = − ln(1− µi ) = ln(1 + eθi ).
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Áèíîìèàëüíîå ðàñïðåäåëåíèå, yi ∈ {0, 1, . . . , ni}:

p(yi |µi , ni ) = C yi
ni

(µi

ni

)yi
(
1− µi

ni

)ni−yi =

= exp
(

yi ln
µi

ni−µi
+ ni ln(ni − µi ) + lnC yi

ni
− ni ln ni

)

;

θi = g(µi ) = ln µi

ni−µi
, c(θi) = −ni ln(ni − µi) = ni ln

1+eθi
ni

.

Ïóàññîíîâñêîå ðàñïðåäåëåíèå, yi ∈ {0, 1, 2, . . . }:

p(yi |µi) =
e−µiµyi

i

yi !
= exp

(
yi ln(µi )− µi

1
− ln yi !

)

;

θi = g(µi ) = ln(µi), c(θi) = µi = eθi , φi = 1.
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

íîðìàëüíîå (ãàóññîâñêîå)

ðàñïðåäåëåíèå Ïóàññîíà

áèíîìèàëüíîå è ìóëüòèíîìèàëüíîå

ãåîìåòðè÷åñêîå

χ2
-ðàñïðåäåëåíèå

áåòà-ðàñïðåäåëåíèå

ãàììà-ðàñïðåäåëåíèå

ðàñïðåäåëåíèå Äèðèõëå

ðàñïðåäåëåíèå Ëàïëàñà ñ �èêñèðîâàííûì ìàòîæèäàíèåì

Êîíòð-ïðèìåðû íå ýêñïîíåíöèàëüíûõ ðàñïðåäåëåíèé:

t-ðàñïðåäåëåíèå Ñòüþäåíòà, Êîøè, ãèïåðãåîìåòðè÷åñêîå
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ:

L(α) = ln

ℓ∏

i=1

p(yi |θi , φi ) =

ℓ∑

i=1

yiθi − c(θi)

φi

→ max
α

,

ãäå θi ëèíåéíî çàâèñèò îò α: θi = xòi α =
∑n

j=1 αj fj(xi).

Ìåòîä Íüþòîíà-�à�ñîíà: αt+1 := αt + ht
(
L′′(αt)

)−1
L′(αt).

Êîìïîíåíòû âåêòîðà ãðàäèåíòà L′(α):

∂L(α)

∂αj

=
ℓ∑

i=1

yi − c ′(xòi α)

φi

fj(xi ).

Êîìïîíåíòû ìàòðèöû �åññå L′′(α):

∂2L(α)

∂αj∂αk

= −
ℓ∑

i=1

c ′′(xòi α)

φi

fj(xi )fk(xi).
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ìàòðè÷íûå îáîçíà÷åíèÿ

F =
(
fj(xi )

)

ℓ×n
� ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿;

F̃ = WtF , Wt = diag
(√

1
φi
c ′′(θi )

)

� âåñà îáúåêòîâ, θi = xòi α
t
;

ỹ =
(
ỹi
)

ℓ×1
, ỹi =

yi−c′(θi )√
φic′′(θi )

� ìîäè�èöèðîâàííûé âåêòîð îòâåòîâ.

Òîãäà ìåòîä Íüþòîíà-�à�ñîíà ñíîâà ïðèâîäèò ê IRLS:

αt+1 := αt − ht
(
F òWtWtF

)−1
F òWt

︸ ︷︷ ︸

(F̃ òF̃ )−1F̃ ò

(√
φi

c′′(θi )
yi−c′(θi )

φi
︸ ︷︷ ︸

ỹi

)

ℓ×1
.

Ýòî ñîâïàäàåò ñ ÌÍÊ-ðåøåíèåì ëèíåéíîé çàäà÷è ðåãðåññèè

ñî âçâåøåííûìè îáúåêòàìè è ìîäè�èöèðîâàííûìè îòâåòàìè:

Q(α) = ‖F̃α− ỹ‖2 → min
α

.
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

ÌÍÊ ñ èòåðàöèîííûì ïåðåâçâåøèâàíèåì îáúåêòîâ

IRLS � Iteratively Reweighted Least Squares

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;

Âûõîä: w � âåêòîð êîý��èöèåíòîâ ëèíåéíîé êîìáèíàöèè.

1: w := (F òF )−1F òy � íóëåâîå ïðèáëèæåíèå, îáû÷íûé ÌÍÊ;

2: äëÿ t := 1, 2, 3, . . .
3: θi = xòi α

t
äëÿ âñåõ i = 1, . . . , ℓ;

4: γi :=
√

1
φi
c ′′(θi) äëÿ âñåõ i = 1, . . . , ℓ;

5: F̃ := diag(γ1, . . . , γℓ)F ;

6: ỹi :=
yi−c′(θi )

φiγi
äëÿ âñåõ i = 1, . . . , ℓ;

7: âûáðàòü ãðàäèåíòíûé øàã ht ;

8: w := w + ht(F̃
òF̃ )−1F̃ òỹ ;

9: åñëè {θi} ìàëî èçìåíèëèñü òî âûéòè èç öèêëà;

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Íåëèíåéíàÿ ðåãðåññèè 19 / 28



Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

�àñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}: p(yi |µi ) = µyi
i (1− µi )

1−yi

θi = g(µi ) = ln µi

1−µi
µi = g−1(θi ) =

1
1+exp(−θi )

≡ σ(θi )

Àïîñòåðèîðíàÿ âåðîÿòíîñòü êëàññîâ, ỹi = 2yi−1 ∈ {−1,+1}:
P(yi =1|xi ) = Eyi = µi = σ(θi )

P(yi =0|xi ) = 1− µi = σ(−θi )

}

p(yi |xi ) = σ(ỹix
ò

i α
︸ ︷︷ ︸

margin

)

Ìàêñèìóì ïðàâäîïîäîáèÿ ⇐⇒ ìèíèìóì êðèòåðèÿ log-loss:

ℓ∑

i=1
ln p(yi |xi ) =

ℓ∑

i=1
yi lnµi + (1− yi) ln(1− µi ) → max

α

⇐⇒
ℓ∑

i=1

ln
(
1 + exp(−ỹix

ò

i α)
)

→ min
α
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Â êàêèõ ñëó÷àÿõ íåëüçÿ èñïîëüçîâàòü ÌÍÊ

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

�àñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}: p(yi |µi ) = µyi
i (1− µi )

1−yi

θi = g(µi ) = ln µi

1−µi
µi = g−1(θi ) =

1
1+exp(−θi )

≡ σ(θi )

Âñåãî ëèøü èç äâóõ ïðåäïîëîæåíèé:

yi � áåðíóëëèåâñêèå ñëó÷àéíûå âåëè÷èíû ñ Eyi = µi ;

ìîäåëü ëèíåéíà è µi ìîíîòîííî çàâèñèò îò θi = xòi α;

âûòåêàþò âñå îñíîâíûå ñâîéñòâà ëîãèñòè÷åñêîé ðåãðåññèè:

ëîãàðè�ìè÷åñêàÿ �óíêöèÿ ïîòåðü ln
(
1 + exp(−ỹix

ò

i α)
)
;

ñèãìîèäíàÿ �óíêöèÿ ñâÿçè p(yi |xi) = σ(ỹix
ò

i α);

ñâÿçü ëèíåéíîé ìîäåëè ñ îòíîøåíèåì øàíñîâ (odds ratio):

xòi α = θi = ln
µi

1− µi

= ln
P(yi = 1|xi )
P(yi = 0|xi )

.
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

Ìåòîä íàèìåíüøèõ ìîäóëåé

Ôóíêöèÿ ïîòåðü L (εi ), ãäå εi =
(
a(xi)− yi

)
� îøèáêà;

Q =
ℓ∑

i=1

L (εi ) → min
a

� êðèòåðèé îáó÷åíèÿ ìîäåëè ïî âûáîðêå.

Ìåòîä íàèìåíüøèõ êâàäðàòîâ, L (ε) = ε2:

ℓ∑

i=1

(a − yi)
2 → min

a
⇒ a =

1

ℓ

ℓ∑

i=1

yi .

Ìåòîä íàèìåíüøèõ ìîäóëåé, L (ε) = |ε|:
ℓ∑

i=1

|a − yi | → min
a

⇒ a = median{y1, . . . , yℓ} = y (ℓ/2),

ãäå y (1), . . . , y (ℓ) � âàðèàöèîííûé ðÿä çíà÷åíèé yi .

Ìåäèàíà áîëåå óñòîé÷èâà ê ðåäêèì áîëüøèì âûáðîñàì yi .
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Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

Êâàíò�èëüíàÿ ðåãðåññèÿ

L (ε) =

{

C+|ε|, ε > 0

C−|ε|, ε < 0;

-3 -2 -1 0 1 2 3

0

1

2

3

ℓ∑

i=1

L (a − yi ) → min
a

⇒ a = y (q), q =
ℓC−

C− + C+

ãäå y (1), . . . , y (ℓ) � âàðèàöèîííûé ðÿä çíà÷åíèé yi

Ëèíåéíàÿ ìîäåëü ðåãðåññèè: a(xi) = 〈xi ,w〉.
Ñâåäåíèå ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ:

çàìåíà ïåðåìåííûõ ε+i =
(
a(xi)− yi

)

+
, ε−i =

(
yi − a(xi )

)

+
;







Q =
ℓ∑

i=1

C+ε
+
i + C−ε

−
i → min

w
;

〈xi ,w〉 − yi = ε+i − ε−i ; ε+i > 0; ε−i > 0.
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Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

Ïðèìåð. Çàäà÷à ïðîãíîçèðîâàíèÿ îáú¼ìîâ ïðîäàæ
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Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ � óñòîé÷èâàÿ ê øóìîâûì âûáðîñàì yi

Ìîäåëü ðåãðåññèè: a(x) = f (x , α)

Ôóíêöèÿ Ìåøàëêèíà: L (ε) = b
(
1− exp

(
− 1

b
ε2
))

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

b=1 b=2 b=3 квадратичная

Ïîñòàíîâêà çàäà÷è:

ℓ∑

i=1

exp
(

− 1
b
(f (xi , α) − yi)

2
)

→ max
α

.

Ýòà çàäà÷à òàêæå ðåøàåòñÿ ìåòîäîì Íüþòîíà-�à�ñîíà.
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

Ôóíêöèè ïîòåðü äëÿ ðîáàñòíîé ðåãðåññèè

Ñåìåéñòâî �óíêöèé ïîòåðü Áàððîíà ñ ïàðàìåòðîì α:

Lα(ε) =
|α− 2|

α

((
ε2

|α− 2| + 1

)α/2

− 1

)

ε

α=2

α=1

α=0

α→−∞

Lα(ε)

-5 -4 -3 -2 -1 0 1 2 3 4 5
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xx xx / (1+|x|) sqr(xx+1) - 1 SVMR
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�

äðóãèå ïðèìåðû ðîáàñòíûõ L (ε)

Jonathan T. Barron. A General and Adaptive Robust Loss Fun
tion. 2019.
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Íåëèíåéíàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

�îáàñòíàÿ ðåãðåññèÿ

SVM-ðåãðåññèÿ

Íàïîìèíàíèå: SVM-ðåãðåññèÿ. Òîæå ðîáàñòíàÿ ðåãðåññèÿ

Ìîäåëü ðåãðåññèè: a(x) = 〈x ,w〉 − w0, w ∈ R
n
, w0 ∈ R.

Ôóíêöèÿ ïîòåðü êóñî÷íî-ëèíåéíàÿ: L (ε) =
(
|ε| − δ

)

+

-3 -2 -1 0 1 2 3

0

1

2

3

Ïîñòàíîâêà çàäà÷è:

ℓ∑

i=1

(
|〈w , xi 〉 − w0 − yi | − δ

)

+
+

1

2C
‖w‖2 → min

w ,w0

.

Çàäà÷à ðåøàåòñÿ ïóò¼ì çàìåíû ïåðåìåííûõ

è ñâåäåíèÿ ê çàäà÷å êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Íåëèíåéíàÿ ðåãðåññèè 27 / 28



�åçþìå â êîíöå ëåêöèè

Íåëèíåéíàÿ ðåãðåññèÿ

� ñâîäèòñÿ ê ïîñëåäîâàòåëüíîñòè ëèíåéíûõ ðåãðåññèé

� ìåòîä Íüþòîíà-�à�ñîíà ïðèâîäèò ê IRLS

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

� íå ðåãðåññèÿ, à êëàññè�èêàöèÿ

� ìåòîä Íüþòîíà-�à�ñîíà ïðèâîäèò ê IRLS

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü (GLM)

� ìîùíî îáîáùàåò îáû÷íóþ è ëîãèñòè÷åñêóþ ðåãðåññèþ

� ìåòîä Íüþòîíà-�à�ñîíà ïðèâîäèò ê IRLS

Îáîáù¼ííàÿ àääèòèâíàÿ ðåãðåññèÿ (GAM, ba
k�tting)

� ñâîäèòñÿ ê ñåðèè îäíîìåðíûõ ñãëàæèâàíèé

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

� ïðîáëåìíî-îðèåíòèðîâàííûå (çàâèñÿò îò çàäà÷è)

� â òîì ÷èñëå ðîáàñòíàÿ ðåãðåññèÿ

� ïðèâîäÿò ê ðàçíûì ìåòîäàì, îòëè÷íûì îò ÌÍÊ

� â íåêîòîðûõ ñëó÷àÿõ ê ìåòîäó Íüþòîíà-�à�ñîíà è IRLS
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