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CoaepxaHue npeablayLUinx NeKLni

®opmyna Bbaiieca n dopmyna nosHoi BEPOSITHOCTHY;
OnpegeneHne anpuopHbix BeposiTHocTell u selection bias;
(MHoxecTBeHHOE) TecTUpoBaHme runoTes
DKcrnoHeHuMansHoe cemeiictea. [JJoctaTouHble CTaTUCTHKN.

HaunsHbiii baliecosckuii knaccucukatop. Ceasb Lenesoii yHKLMMU 1
BEPOSITHOCTHOW MoAenu.

Jlnneiinaa perpeccus: ceasb MHK n wiyr,, perynapusaumm n wiyap.

CBOICTBO CONPSI>XEHHOCTU anpUOPHOrO pacnpefesieHns Npasgonoaodbuto.
m [lporHos ans ognHOYHOW Mogenu:

p(Ytest|Xtest7 Xtrain, Ytrain) = /p(Ytest|W7 Xtest)p(W|Xtrain7 Ytrain)dw-

m CBsI3b aNOCTEPUOPHOI BEPOSITHOCTU MOZEN 1 OBOCHOBaHHOCTN
m OBOCHOBaHHOCTbL: MOHMMAHNE N CBA3b CO CTaTUCTUYECKON 3HAYNMOCTbLIO.

m Jlornctuueckas perpeccus: npobnembsl ML-oueHkn W 1 CBSA3b anpropHOro
pacnpegeneHunsi C OTOOPOM MPU3HAKOB.

m EM-anroputm n otbop npusHakos B GailecOBCKOIi INHeRHOI perpeccuu.
m Bapuauwvonnsiii EM-anroputm. Cmech mogeneii sior. perpeccun.

m [ayccoBckue npouecchl. YYET 3BONMOLNN MOAENER BO BPEMEHU.
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CMecb mMofeneid NormcTuYeckoi perpeccum
BepOHTHOCTHaﬂ MOL€ENb FrEeHEpPaUnn OaHHbIX

m Beca mogeneii B cMecn 7T nonyyeHbl M3 anpuopHOro pacnpegeneHns
p(m|p);

m BekTopbl napaMeTpoE mMogeneii Wy, NOMyYeHbl U3 HOPMAbHOIO
pacnpegenerus p(wi|Ag) = N (w0, A,;l)7 k=1,...,K,

m [Ins kaxporo obbekTa X; BblbpaHa Mogenb fi,, KOTOPON OH
onucbiBaetcs, npudem p(k; = k) = my;

m [lnsa kaxgoro obbekTa X; KAacc y; ONpefeneH B COOTBETCTBUAN C
MoAenbto fr,1 yi ~ Be(a(w;xi)).

CoemecTHoe npasgonopobue mogenu

p(Y7 Wi, ..., WK, 7T|X7 Alv"'vAKv /“l’):
K m K .

p(m|p) HN(Wk|07 A;ZI)H mo(Yiw, X;)
k=1 i=1 \l=1

Bonpoc: Myctb n3sectHa dyHkuyms f(x), kKoTopasi no obbekTy BblgaeT
HOMEp MOAENN, KOTOPOWi OH onucbiBaeTcs. Kak M3MEHUTCS COBMECTHOE
npaegonogobue?
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Bansocte Mogenein B MynbTUMOAENN

Mpobnema: bonbwoe yncno banskux uam coenagatolmx moaeneii seget
K HEWHTEPNPETUPYEMOCTI U HU3KOMY Ka4ecTBY MPOrHo3a.
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HeapekBaTHasi MHOrOypoBHeBasi
Mogenb
Bonpoc: noyemy nosieneHne NUWHNX Mofeneli yxyAwaeT KadecTBo
nporHosa?

HeapnekBaTHas cmeck mopmeneii
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[locTaHOBKa 3a4a4u CpaBHeHUs Moaenel

Onpepenenne. Mynstumonenb C COBMECTHBIM pacrnpeneneHnem

p(y, wi, ..., wg, (m)|X, A1, ..., Ak, (1)) HasbiBaeTcs

(s, or)-apeKBaTHOW, €CIM MOZENMN, €€ COCTaBASIOLME, NONAPHO
CTaTUCTMYECKUN PasANYMMbl C NOMOLLBIO (PYHKLMUN CXOACTBA S HA YPOBHE
3HAYUMOCTN (.

Mpobnema

HeCMOTpﬂ Ha NMPOpPeXXNBaHNE MYNbTUMOLENN, OHA MOXET HE ABNATLCA
(8, a) - ap,eKBaTHOﬁ, TO €CTb MOXET COAEPXKATb NMNOXOXMNE MOLENN.

daHo
m [Be mogenn f1 n fy, BEKTOpbI NapamMeTpoB MOAeneii wi, Wa.
m Buibopkn (X1, y1) n (X2, y2),
Y = fl(xl,ia w1), Y2,i = f2(X2,z'7 w3).
m AnpuropHble pacnpegeneius wi ~ p1(w), wg ~ po(w).
m AnocTepriopHble pacnpefeneHnsi napaMeTpoB Mogenei
g1(w1) = p(w1|X1, y1) n ga(w2) = p(w2|X2, y2).

TpebyeTtcsi: nocTponTb PyHKLUMIO CXOACTBA, ONPeAeSieHHYIo Ha nape
pacnpegenenuii g1(w) n go(W), yAOBIETBOPSIIOLLYIO Psifly TPebOBaHMIA.
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TpeboBaHus K PYHKLNN CXOACTBA S

KoppekTHas yHKUMS CXOACTBA S AO/KHA ObITb
OnpeeneHa B Clydae HeCOBMNaAEHUs HOCUTENeld,
s(g1, g2) < s(g1, 91),

s €0, 1],

s(g1, 1) =1,
6anska k 1, ecnu go(W) — ManouHdopMaTMBHOE pacnpegeneHue,

@ cummetpuyna, s(g1, g2) = s(g2, g1)-

Teopema 1 (Aayetko, 2014)

DyHKLMUM CXOACTBA, NOPOXAEHHbIE paccTostHuaMn Kynbbaka-Jleiibnepa,
[oxercoHa-LLlenHona, Xennuxrepa, bxaTtravapaiia,

He SABASIIOTCA KOPPEKTHbLIMU.
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NnntocTpauns TpeboBaHuii K oyHKLMU CXOACTBA

BaxxHo, 4TObbI 3HaYeHMe dyHKUMM S
6110 6an3ko K 1, ecnu go(W) — ManomHOPMaTMBHOE pacnpeseneHue.

3 0.3
& —g1(w) N —gi(w)
%2 —a(w) %0'2 Zosw)
1 0.1
il S\
0 = 0 5 10 -10 -5 0 5 10
A% A%
g1(w) = N(0, 0.12), g1(w) = N(0, 1),
g (w) =U[-3, —2.7]. ga(w) = N (5,20%).

Teopema 2 (Aayetko, 2014)

DyHKLUMN CXOACTBA, MOPOXAEHHbIE AuBepreHumsamn bpermana,
CUMMETpPU30BaHHbIMK AuBepreHuuamu Bpermana un f-gueeprenuusmn,

HE ABNAKOTCA KOPPEKTHbBIMN.
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[peanaraemast yHKLMS CXOACTBA

B kauecTse MEpbl CXOACTBA pacnpenencHnsa npegnaraeTca Mepa cxoactea

s-score:
fw 91(W)go(w)dw

maxp [ g1(Ww —b)ga(w)dw’

8(917 92) =

Teopema 3 (Apyenko, 2014). lMNpeanaraemasi pyHKLNSI CXOACTBA
ABASAETCS KOPPEKTHOIA.

g1(w) ga(w) (g1, g2)
Ulo, 1] | U[0.5, 1.5] 0.5
Ulo, 1] Ulo, 1]
N(0, 1) | N(10,10'%)

Mpumepsbi:
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Boipaxerne ans s(g1, ga) ANst Napbl HOPMabHbIX
pacnpegeneHunia

Onpegenenue. 060bLyeHHO-INHETHON MOAEBIO C HATYPasIbHOM

PyHKUYMEN CBSA3M N anpuopHbIM PacnpefesieHneM Ha BEKTOP NapameTpoB

p(W|A) Ha3bIBaeTCS BEPOSITHOCTHAst MOAESNb C COBMECTHbIM

npasgonogobuem

ply, WX, A) = p(y|X, w)p(w|A), rae p(y|X, w) Hp yilxi, w),
T

p(yilxi, w) = c(yi) exp(Biys — b(6)), rae b; = w x;.

Teopema 4 (Apyenko, 2014).

Mycts g1 = N(v1, £1), g2 = N(ve, X2). Torga sbipaxeHue ans

s(g1, g2) nmeet BUg

(91, 92) = exp (—h(vi = v2) (B + Ba) " (vi — v2))

Cnepcreue. B cnyvae Yo = 0 BblpaxkeHne ais s-score

S (ve — V1)) .

T

s(g1, g2) = exp (—}(v2 = v1)
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Pacnpe,u,eneHme S-score B yCaoBUN NCTUHHOCTU TUMOTE3bI O

coBnageHun mogeneri

PaccmaTtpusaem napy o60bLieHHO-NNHEHBIX Mogeneli C HaTypasibHO
yHkunei cesizu. Beeaem 02 (w) = {v : |[HL/}(v — w)|| < d}.

Teopema 5 (Apyenko, 2016). MycTs

m Mogenn f1 n fy coBnagatoT, TO eCTb W1 = Wy = W,

m AnpuopHoe pacnpegenedune: wi ~ N (w0, A;L}C), k=1, 2
mk

] inx; MMeeT MOJIHbI paHr ANns mF >mg, k=1, 2,
i=1

B Amin (H, 0 (W) — 00 r|p|/| mF — o0, k=1, 2;

I
m V6>0 max |[H_ 2H f(VH 2 —TI|| > 0m" = 00, k=1, 2;

veo? k(w

n ”Hml(W]_)”HH (WQ)H LA Onpum = mm(m1 m2) — 0.
Torpa

~ A AT /o ~ o ~ -1, ~ d
—2log s-score = (Wg — W1) (Hml1 (W) + Hmé (WQ)) (Wg —W1) — Xz(n).

Cnepcteue. [Insa cnyyas n = 2 s-score UMeeT aCUMNTOTUYECKN
paBHOMepHOe pacrpefeneHne Ha otpeske [0, 1].
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nntocTpauns npumeHeHus s-score ANns CpaBHEHUS ABYX
mogeneit, p = 0.9

PaccmoTpum ase 6anskue B TepmuHax |[wi — wa|| mogenn,

[will = [[wz| =1, wywa = p.
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3asucumocts P(Hy|H1) oT Koppensiuny Mexgy WCTUHHBIMUY
napamMeTpamu AByX MOZENENA.

PaccmoTpum aBe 6anskue B TepmuHax |[wi — wal|| mogenn,

w1l = [|[w2|| = 1, cos(w1, wa) = p.
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MeToabl NpopeXxnBaHns MynbTUMOZENEN

0603HaYMM MaTpuLy NapHbIX CXOACTE S = [skl(gk(wk), gl(wl))],
a MaTpuLly JOCTUraeMbIX YPOBHER 3HAYMMOCTU
T = [P(s(gk(wk.), gl(wl)) < skl\wk = Wl)], k,l=1,... K.
Haxogum [k*, I*] = arg max t;.
k<l
Ecnn tp++ < «, ocTtanaBnueaemcs. Have Ha war 3.
m /1151 MHOroypoBHeBbIX MoAeNeii:
Obbeantsiem mogenn k*, 1* n nepecHutoiBaeM gpx (Wi ).
T U — Ti~, Aje = argmax p(yz,. | Xz,., Ag-);

o
G (Wi ) = N (W [ Wi, )

m /Ina cmeceli mogeneii:
Obbepunsiem mogenm k™, [* n nepeHacTpamBaem CMeCb MOAENEIA.
HauanbHoe npnbnmxerne:

W +Wp*

Tx + T —> W=, 0 — 7=, 5 = Wi, W — W, k#£ k" 17

Vpansaem [*-ii ctonbey matpuy, S n T n nepecunTbiBaeM Spx; Wt
ans | # k*. Mepexognm Ha war 1.
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