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Ìóëüòèìîäåëèðîâàíèå â çàäà÷àõ êëàññè�èêàöèè

Èññëåäóåòñÿ ïðîáëåìà àïïðîêñèìàöèè âûáîðîê, äëÿ êîòîðûõ íå

âûïîëíÿåòñÿ ãèïîòåçà î ïðîñòîòå. �åøàåòñÿ çàäà÷à ïîâûøåíèÿ

êà÷åñòâà àïïðîêñèìàöèè ïóòåì ïîñòðîåíèÿ ìóëüòèìîäåëåé.

Öåëè èññëåäîâàíèÿ

1 �àçðàáîòêà ñòàòèñòè÷åñêîãî ïîäõîäà ê çàäà÷å ñðàâíåíèÿ

ìîäåëåé.

2 Ïîñòðîåíèå è òåîðåòè÷åñêîå îáîñíîâàíèå ñâîéñòâ �óíêöèè

ñõîäñòâà ïëîòíîñòåé àïîñòåðèîðíûõ ðàñïðåäåëåíèé,

ðåøàþùåé çàäà÷ó ñðàâíåíèÿ ìîäåëåé.

3 �àçðàáîòêà ìåòîäîâ âûáîðà àäåêâàòíûõ ìóëüòèìîäåëåé.

Çàäà÷è

1 �àçðàáîòàòü àëãîðèòìû ïîñòðîåíèÿ àäåêâàòíûõ

ìóëüòèìîäåëåé. Ïîëó÷èòü îöåíêè ìàêñèìàëüíîãî ÷èñëà

ìîäåëåé â àäåêâàòíîé ìóëüòèìîäåëè.

2 Ïðåäëîæèòü ìåòîä ñîâìåñòíîãî îáó÷åíèÿ è îòáîðà

ïðèçíàêîâ äëÿ ñìåñè ìîäåëåé.

3 Ïðîâåðèòü óëó÷øåíèå êà÷åñòâà è èíòåðïðåòèðóåìîñòè

ìóëüòèìîäåëåé, óñòàíîâèòü ãðàíèöû ïðèìåíèìîñòè

ïðåäëàãàåìûõ ìåòîäîâ.
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Ìóëüòèìîäåëèðîâàíèå â çàäà÷àõ êëàññè�èêàöèè

Ïðîáëåìà: âûáîðêà D = {(xi, yi)}, i ∈ I = 1,m, xi ∈ X, yi ∈ Y

íå ñîîòâåòñòâóåò ãèïîòåçå ïîðîæäåíèÿ äàííûõ èç îäèíî÷íîé ìîäåëè.

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Income

A
ge

Ìîäåëü ïîðîæäåíèÿ äàííûõ

0 0.5 1
0

1

2

3

4

5

6

Income

w
in
co
m
e

 

 

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Ìîäåëüíîå àïîñòåðèîðíîå

ðàñïðåäåëåíèå p(w|X, y)

0 0.5 1
0

0.2

0.4

0.6

0.8

1

Income

A
ge

�åàëüíûå äàííûå

0 0.5 1

−2

0

2

4

6

8

10

Income

w
in
co
m
e

 

 

0.05

0.1

0.15

0.2

0.25

0.3

0.35

�åàëüíîå àïîñòåðèîðíîå

ðàñïðåäåëåíèå p(w|X, y)
3 / 28



Ìóëüòèìîäåëè: Ñìåñè ìîäåëåé è ìíîãîóðîâíåâûå

ìîäåëè

Îïðåäåëåíèå 1. Ñìåñü

ðåãðåññèîííûõ ìîäåëåé�

ðåãðåññèîííàÿ ìîäåëü âèäà

f =

K
∑

k=1

πkfk(wk), ãäå

K
∑

k=1

πk = 1, πk ≥ 0.
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Îïðåäåëåíèå 2. Ìíîãîóðîâíåâàÿ

ðåãðåññèîííàÿ ìîäåëü�íàáîð

ðåãðåññèîííûõ ìîäåëåé fk,
k = 1, . . . ,K òàêîé, ÷òî ïðè

ðàçáèåíèè ìíîæåñòâà èíäåêñîâ

îáúåêòîâ I = ⊔K
k=1Ik äëÿ âñåõ

îáúåêòîâ ñ èíäåêñàìè èç Ik
èñïîëüçóåòñÿ ìîäåëü fk.
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Áëèçîñòü ìîäåëåé â ìóëüòèìîäåëè

Ïðîáëåìà: áîëüøîå ÷èñëî áëèçêèõ èëè ñîâïàäàþùèõ ìîäåëåé

âåäåò ê íåèíòåðïðåòèðóåìîñòè è íèçêîìó êà÷åñòâó ïðîãíîçà.
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Óñëîâèå îïòèìàëüíîñòè è àäåêâàòíîñòè ìóëüòèìîäåëè

Îïðåäåëåíèå 3.Ìóëüòèìîäåëü ñ ñîâìåñòíûì ðàñïðåäåëåíèåì

p(y, w1, . . . , wK , (π)|X, A1, . . . , AK , (µ)) íàçûâàåòñÿ
(s, α)-àäåêâàòíîé, åñëè ìîäåëè, åå ñîñòàâëÿþùèå, ÿâëÿþòñÿ
ïîïàðíî ñòàòèñòè÷åñêè ðàçëè÷èìûìè ñ ïîìîùüþ�óíêöèè

ñõîäñòâà s íà óðîâíå çíà÷èìîñòè α.

Îáó÷åíèå ìóëüòèìîäåëè

[w∗
1, ...,w

∗
K , (π∗)] =argmax

w1,...,wK ,(π)
p(w1, ...,wK , (π)|X, y, A1, ...,AK , (µ)).

Îïðåäåëåíèå 4.Ìóëüòèìîäåëü íàçûâàåòñÿ îïòèìàëüíîé, åñëè

îíà îáëàäàåò íàèáîëüøåé îáîñíîâàííîñòüþ

[A∗
1, ..., A

∗
K , (µ∗)] = argmax

A1,...,AK , (µ)
p
(

y|X, A1, ..., AK , (µ)
)

=

argmax
A1,...,AK ,(µ)

∫

p
(

y,w1, ...,wK , (π)|X,A1, ...,AK , (µ)
)

dw1...dwK(dπ),

ãäåA1 ∈ QA1
, . . . , AK ∈ QAK

, (µ ∈ Qµ).
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Ïðèíöèï ìàêñèìóìà îáîñíîâàííîñòè

Àïðèîðíûå ðàñïðåäåëåíèÿ

p(π|µ) = Dir(π|µ), p(wk|Ak) = N (wk|0, A−1
k ), k = 1, . . . ,K.

Îáîçíà÷èìΘ = [w1, . . . , wK , (π)] íàáîð ïàðàìåòðîâ
ìóëüòèìîäåëè, àµ = [A1, . . . , AK , (µ)] íàáîð ãèïåðïàðàìåòðîâ.
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∗ = argmax

µ
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Îòáîð ïðèçíàêîâ ñ ïîìîùüþ ìàêñèìèçàöèè

îáîñíîâàííîñòè
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Òåîðåìà 1 (Àäóåíêî, 2016)

Ïóñòü n = 2,K = 1,w = [w1, w2]
T

,w1, w2 6= 0. Îáîçíà÷èì

Σ = X
T

RX =

[

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

]

,A =

[

s21 κs1s2
κs1s2 s22

]

.

Òîãäà åñëè ïðèm → ∞ âûïîëíåíî

σ2
1 , σ

2
2
ï.í.→ ∞,

P(ω : ∃ cω > 0, ∃mω : ∀m ≥ mω 1− ρ2m ≥ cω) = 1,

òî s∗1, s
∗
2
ï.í.→ ∞, κ∗

ï.í.→ −sign(w1w2).
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Êîìáèíèðîâàíèå ìóëüòèêîëëèíåàðíûõ ïðèçíàêîâ

Òåîðåìà 2 (Àäóåíêî, 2016)

Ïóñòü èìååòñÿ l ëèíåéíî íåçàâèñèìûõ �àêòîðîâ è v ∈ R
l
.

Îáîçíà÷èì fi � âåêòîð çíà÷åíèé �àêòîðîâ äëÿ i�ãî îáúåêòà.
Ïóñòü xi = Gfi + εi, ãäåG � ìàòðèöà ðàçìåðà n× l, n ≥ l

ïîëíîãî ðàíãà, àEεi = 0, Eεε
T

= Σ ≻ 0.

Òîãäà îïòèìàëüíàÿ ïî äèñïåðñèè øóìàE(w
T

εi)
2
îöåíêàw

òàêàÿ, ÷òîEw
T

xi = v
T

fi, èìååò âèäw = Σ−1G
(

G
T

Σ−1G
)−1

v.

Ïðèìåð.Ïóñòü èìååòñÿn çàøóìëåííûõ êîïèé îäíîãî ïðèçíàêà,

òî åñòü l = 1,G = [1, . . . , 1]
T

,Σ = diag(σ2
1 , . . . , σ

2
n).

w = v

[ 1
σ2

1

1
σ2

1

+ . . .+ 1
σ2
n

, . . . ,

1
σ2
n

1
σ2

1

+ . . .+ 1
σ2
n

]

T

.

Îïðåäåëåíèå 5.Íàáîð ïðèçíàêîâ ñ èíäåêñàìè j ∈ J íàçûâàåòñÿ

δ − ìóëüòèêîëëèíåàðíûì äëÿ δ > 0 ñ âåêòîðîì âåñîâΘ,

θj 6= 0 ⇐⇒ j ∈ J , åñëè ‖Σ̂Θ‖1 < δ.
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Îáó÷åíèå ìóëüòèìîäåëåé

Àïðèîðíûå ðàñïðåäåëåíèÿ

p(π|µ) = Dir(π|µ), p(wk|Ak) = N (wk|0, A−1
k ), k = 1, . . . ,K.

Îáó÷åíèå ìíîãîóðîâíåâîé ìîäåëè

w∗
k = argmax

wk



p(wk|Ak)
∏

i∈Ik

σ(yiw
T

kwi)





, ãäå Ik = {i : xi ∈ Xk}.

Îáó÷åíèå ñìåñè ìîäåëåé

Ââåäåì ñêðûòûå ïåðåìåííûå {zik ∈ {0, 1}}, ãäå zik = 1 îçíà÷àåò,
÷òî îáúåêò (xi, yi) îòíîñèòñÿ ê ìîäåëè k.

p(y, Z, π, w1, . . . , wK |X, A1, . . . , AK , µ) =

K
∏

k=1

pk(wk|0, A−1
k )

Γ(Kµ)/Γ(µ)K
K
∏

k=1

πα−1
k

m
∏

i=1

K
∏

k=1

(

πkσ(yiw
T

kxi)
)zik

.

E-øàã

γik = Ezik = πkσ(yiw
T

kxi)/Ni.
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Îáó÷åíèå ñìåñè ìîäåëåé

M-øàã

ÍàM-øàãå ïðîèñõîäèò îïðåäåëåíèå âåñîâ ìîäåëåéπ
∗
è âåêòîðîâ

ïàðàìåòðîâ ìîäåëåéw∗
1, . . . , w

∗
K.

π∗
k = max (0, γk + α− 1) /Zk, ãäå γk =

m
∑

i=1

γik, k = 1, . . . ,K

w∗
k=argmax

wk

(

log p(wk|Ak) +

m
∑

i=1

γik log σ(yiw
T

kxi)

)

=argmin
wk

l̃k(wk).

∂2 l̃k(wk)

∂w2
k

= Hk = X
T

RkX+Ak, Rk = diag
(

γikσ(w
T

kxi)σ(−w
T

kxk)
)

.

Àëãîðèòì ñîâìåñòíîãî îáó÷åíèÿ è îïòèìèçàöèè ñìåñåé ìîäåëåé

p(y|X, µ, A1, . . . , AK) ≈ e−Eq log q(Z)

∫

p(π|µ)
K
∏

k=1

π
∑m

i=1
Ezik

k dπ

K
∏

k=1

∫

N (wk|0, A−1
k )

m
∏

i=1

σ(yiw
T

kxi)
Ezikdwk.
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Ïîñòàíîâêà çàäà÷è ñðàâíåíèÿ ìîäåëåé

Ïðîáëåìà

Íåñìîòðÿ íà ïðîðåæèâàíèå ìóëüòèìîäåëè, îíà ìîæåò íå ÿâëÿòüñÿ

(s, α) � àäåêâàòíîé, òî åñòü ìîæåò ñîäåðæàòü ïîõîæèå ìîäåëè.

Äàíî

Äâåìîäåëè f1 è f2, âåêòîðû ïàðàìåòðîâ ìîäåëåéw1,w2.

Âûáîðêè (X1, y1) è (X2, y2),
y1,i = f1(x1,i, w1), y2,i = f2(x2,i, w2).

Àïðèîðíûå ðàñïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëåé

w1 ∼ p1(w), w2 ∼ p2(w).

Àïîñòåðèîðíûå ðàñïðåäåëåíèÿ p(w1|X1, y1) è
p(w2|X2, y2), îáîçíà÷àåìûå äàëåå g1(w) è g2(w).

Òðåáóåòñÿ: ïîñòðîèòü�óíêöèþ ñõîäñòâà, îïðåäåëåííóþ íà ïàðå

ðàñïðåäåëåíèé g1(w) è g2(w), óäîâëåòâîðÿþùóþ ðÿäó òðåáîâàíèé.
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Ïðèìåð íåàäåêâàòíîñòè ìíîãîóðîâíåâûõ ìîäåëåé.

Ïóñòü yi ∼ Be
(

σ(w
T

xi)
)

,w = w0[1, −1]
T

.

−40 −20 0 20 40
−30

−20

−10

0

10

20

30

x1

x
2

Äàííûå äëÿ m = 1000, δ0 = 50

0.1 0.2 0.3 0.5 1

1

5

10

50

w0

δ

 

 

0.005

0.01

0.015

0.02

0.025

0.03

Ïîâûøåíèå AUC

0.1 0.2 0.3 0.5 1

1

5

10

50

w0

δ

 

 

0.55

0.6

0.65

0.7

0.75

0.8

AUC äëÿ (s, 0.05)�àäåêâàòíîé

ìóëüòèìîäåëè

0.1 0.2 0.3 0.5 1

1

5

10

50

w0

δ

 

 

0

0.05

0.1

0.15

Ïîâûøåíèå ìèí. AUC ïî êëàñòåðàì

13 / 28



Òðåáîâàíèÿ ê �óíêöèè ñõîäñòâà s

Êîððåêòíàÿ �óíêöèÿ ñõîäñòâà s äîëæíà áûòü

1 îïðåäåëåíà â ñëó÷àå íåñîâïàäåíèÿ íîñèòåëåé,

2 s(g1, g2) ≤ s(g1, g1),

3 s ∈ [0, 1],

4 s(g1, g1) = 1,

5 áëèçêàê1, åñëè g2(w)�ìàëîèí�îðìàòèâíîåðàñïðåäåëåíèå,

6 ñèììåòðè÷íà, s(g1, g2) = s(g2, g1).

Òåîðåìà 3 (Àäóåíêî, 2014)

Ôóíêöèè ñõîäñòâà, ïîðîæäåííûå ðàññòîÿíèÿìè Êóëüáàêà-Ëåéáëåðà,

Äæåíñîíà-Øåííîíà, Õåëëèíãåðà, Áõàòòà÷àðàéà,

íå ÿâëÿþòñÿ êîððåêòíûìè.
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Èëëþñòðàöèÿ òðåáîâàíèé ê �óíêöèè ñõîäñòâà

Âàæíî, ÷òîáû çíà÷åíèå �óíêöèè s

áûëî áëèçêî ê 1, åñëè g2(w)�ìàëîèí�îðìàòèâíîå ðàñïðåäåëåíèå.
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Òåîðåìà 4 (Àäóåíêî, 2014)

Ôóíêöèè ñõîäñòâà, ïîðîæäåííûå äèâåðãåíöèÿìè Áðåãìàíà,

ñèììåòðèçîâàííûìè äèâåðãåíöèÿìè Áðåãìàíà è f-äèâåðãåíöèÿìè,

íå ÿâëÿþòñÿ êîððåêòíûìè.
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Ïðåäëàãàåìàÿ �óíêöèÿ ñõîäñòâà

Â êà÷åñòâå ìåðû ñõîäñòâà ðàñïðåäåëåíèÿ ïðåäëàãàåòñÿ ìåðà

ñõîäñòâà s-sore:

s(g1, g2) =

∫

w
g1(w)g2(w)dw

maxb
∫

w
g1(w − b)g2(w)dw

.

Òåîðåìà 5 (Àäóåíêî, 2014).Ïðåäëàãàåìàÿ �óíêöèÿ ñõîäñòâà

ÿâëÿåòñÿ êîððåêòíîé.

Ïðèìåðû:

g1(w) g2(w) s(g1, g2)

U [0, 1] U [0.5, 1.5] 0.5

U [0, 1] U [0, 1] 1

N (0, 1) N (10, 1010) 1
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Âûðàæåíèå äëÿ s(g1, g2) äëÿ ïàðû íîðìàëüíûõ

ðàñïðåäåëåíèé

Îïðåäåëåíèå 6.Îáîáùåííî-ëèíåéíîé ìîäåëüþ ñ íàòóðàëüíîé

�óíêöèåé ñâÿçè è àïðèîðíûì ðàñïðåäåëåíèåì íà âåêòîð

ïàðàìåòðîâ p(w|A) íàçûâàåòñÿ âåðîÿòíîñòíàÿ ìîäåëü ñ
ñîâìåñòíûì ïðàâäîïîäîáèåì

p(y, w|X, A) = p(y|X, w)p(w|A), ãäå p(y|X, w) =

m
∏

i=1

p(yi|xi, w),

p(yi|xi, w) = c(yi) exp
(

θiyi − b(θi)
)

, ãäå θi = w
T

xi.

Òåîðåìà 6 (Àäóåíêî, 2014).

Ïóñòü g1 = N (v1, Σ1), g2 = N (v2, Σ2). Òîãäà âûðàæåíèå äëÿ
s(g1, g2) èìååò âèä

s(g1, g2) = exp
(

−1
2(v1 − v2)

T

(Σ1 +Σ2)
−1(v1 − v2)

)

.

Ñëåäñòâèå 1. Â ñëó÷àåΣ2 = 0 âûðàæåíèå äëÿ s-sore

s(g1, g2) = exp
(

−1
2(v2 − v1)

T

Σ−1
1 (v2 − v1)

)

.
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�àñïðåäåëåíèå s-sore â óñëîâèè èñòèííîñòè ãèïîòåçû î

ñîâïàäåíèè ìîäåëåé

�àññìàòðèâàåì äàëåå ïàðó îáîáùåííî-ëèíåéíûõ ìîäåëåé ñ

íàòóðàëüíîé �óíêöèåé ñâÿçè. Îáîçíà÷èìHm(w) = Hm è ââåäåì

Oδ
m(w) = {v : ‖HT/2

m (v −w)‖ ≤ δ}.
Òåîðåìà 7 (Àäóåíêî, 2016).Ïóñòü

Ìîäåëè f1 è f2 ñîâïàäàþò:w1 = w2 = w,w2 èçâåñòíî;

Àïðèîðíîå ðàñïðåäåëåíèå:w ∼ N (w|0, A−1
mk), k = 1, 2;

∃ ck0 < ∞ : ‖Ak
mk‖ < ck0 ∀ mk, k = 1, 2;

m1

∑

i=1

xix
T

i èìååò ïîëíûé ðàíã äëÿm
1 ≥ m0;

λmin(Hm1) → ∞ ïðè m1 → ∞;

∀ δ > 0 max
v∈Oδ

m1
(w)

∥

∥H
−
1
2

m1 Hm1(v)H
−

T

2
m1 − I

∥

∥→ 0 ïðèm1→∞.

Òîãäà−2 log s-sore = (ŵ −w)
T

H̃m1(ŵ)(ŵ −w)
d→ χ2(n).

Ñëåäñòâèå 1.Äëÿ ñëó÷àÿ n = 2 s-sore èìååò àñèìïòîòè÷åñêè
ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].
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Èëëþñòðàöèÿ ïðèìåíåíèÿ s-sore äëÿ ñðàâíåíèÿ äâóõ

ìîäåëåé, ρ = 0.9

�àññìîòðèì äâå áëèçêèå â òåðìèíàõ ‖w1 −w2‖ìîäåëè,
‖w1‖ = ‖w2‖ = 1, corr(w1, w2) = ρ.

Similarity

S
h
ar

e
of

sa
m

p
le

s

0 0.5 1 1.5
0

0.02

0.04

0.06

0.08

0.1

0.12

N1 = 10000, N2 = 10

Similarity

S
h
ar

e
of

sa
m

p
le

s

−5 0 5 10 15

x 10
−3

0

0.2

0.4

0.6

0.8

1

N1 = 10000, N2 = 1000

Similarity

S
h
ar

e
of

sa
m

p
le

s

−0.5 0 0.5 1 1.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

N1 = 10000, N2 = 100

Similarity

S
h
ar

e
o
f
sa

m
p
le

s

−5 0 5 10 15 20

x 10
−21

0

0.2

0.4

0.6

0.8

1

N1 = 10000, N2 = 10000
19 / 28



Çàâèñèìîñòü P(H0|H1) îò êîððåëÿöèè ìåæäó èñòèííûìè

ïàðàìåòðàìè äâóõ ìîäåëåé.

�àññìîòðèì äâå áëèçêèå â òåðìèíàõ ‖w1 −w2‖ìîäåëè,
‖w1‖ = ‖w2‖ = 1, corr(w1, w2) = ρ.
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Îáîáùåíèå òåîðåìû î ðàñïðåäåëåíèè s-sore íà ñëó÷àé

äâóõ êîíå÷íûõ âûáîðîê

Òåîðåìà 8 (Àäóåíêî, 2016).Ïóñòü

Ìîäåëè f1 è f2 ñîâïàäàþò, òî åñòüw1 = w2 = w;

Àïðèîðíîå ðàñïðåäåëåíèå:w ∼ N (w|0, A−1
mk), k = 1, 2;

mk
∑

i=1

xix
T

i èìååò ïîëíûé ðàíã äëÿm
k ≥ m0, k = 1, 2;

λmin

(

Hmk(w)
)

→ ∞ ïðè mk → ∞, k = 1, 2;

∀ δ > 0 max
v∈Oδ

mk
(w)

∥

∥H
−
1
2

mk Hmk(v)H
−

T

2
mk − I

∥

∥→ 0

ïðè mk → ∞, k = 1, 2;

‖H̃m1(ŵ1)‖‖H̃−1
m2(ŵ2)‖ P→ 0 ïðèm = min(m1, m2) → ∞.

Òîãäà−2 log s-sore =

(ŵ2 − ŵ1)
T

(

H̃−1
m1(ŵ1) + H̃−1

m2(ŵ2)
)−1

(ŵ2 − ŵ1)
d→ χ2(n).
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Ñâîéñòâà s-sore äëÿ íîðìàëüíûõ ðàñïðåäåëåíèé

Òåîðåìà 9 (Àäóåíêî, 2014).Ïóñòü ìîäåëè, çàäàâàåìûå

(v1, Σ1) è (v2, Σ2) ñ÷èòàþòñÿ ðàçíûìè, åñëè

s (N (v1, Σ1), N (v2, Σ2)) ≤ C ∈ [0, 1].

Òîãäà, åñëè óêàçàííûåìîäåëè ðàçíûå ïî ïðèâåäåííîìó êðèòåðèþ,

òî

ìîäåëè, çàäàâàåìûå (v1, Σ1) è (v2, O) áóäóò ðàçíûìè
ñîãëàñíî ïðèâåäåííîìó êðèòåðèþ,

ìîäåëè, çàäàâàåìûå (v1, Σ1) è (v2, λΣ2), λ ∈ [0, 1] áóäóò
ðàçíûìè ñîãëàñíî ïðèâåäåííîìó êðèòåðèþ.
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Îöåíêè íà ÷èñëî ìîäåëåé

Òåîðåìà 10 (Àäóåíêî, 2014).Ïóñòü ðàññìàòðèâàþòñÿK
ìîäåëåé ñ ‖v1‖ = . . . = ‖vK‖ = λ1 > 0 èΣ1 = . . . = ΣK = λ2I.

Â êà÷åñòâå êðèòåðèÿ îòëè÷èìîñòè ìîäåëåé ðàññìàòðèâàåòñÿ

ñëåäóþùèé: ìîäåëè ñ íîìåðàìè i 6= j ðàçíûå, åñëè

s
(

N (vi, Σi),N (vj , Σj)
)

≤ C ∈ [0, 1].

Òîãäà ìàêñèìàëüíîå ÷èñëî ïîïàðíî ðàçëè÷èìûõ ìîäåëåé,

êîòîðîå ìîæåò áûòü â íàáîðå, åñòü

Kmax =

⌊

√
π

nΓ(n+1
2 )

(n− 1)Γ(n2 + 1)

1
∫ θ/2
0 sinn−2 ϕdϕ

⌋

.

Çäåñü θ ∈ [0, π], cos θ = ρ = max(−1, 1 + 2λ2/λ
2
1 lnC),

n � ðàçìåðíîñòü ïðèçíàêîâîãî ïðîñòðàíñòâà. Ïðè ýòîììîæíî
ïîñòðîèòüKmin ïîïàðíî ðàçëè÷èìûõ ìîäåëåé, ãäå

Kmin =

⌊

√
π

nΓ(n+1
2 )

(n− 1)Γ(n2 + 1)

1
∫ θ
0 sinn−2 ϕdϕ

⌋

.
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Îöåíêè íà ÷èñëî ìîäåëåé (ïðîäîëæåíèå)

Òåîðåìà 10 (ïðîäîëæåíèå).ÏðèC, áëèçêîì ê 1, èìååì

Kmax ≈









√
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2
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n−1
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 ,

Kmin ≈









√
π

nΓ(n+1
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Ìåòîäû ïðîðåæèâàíèÿ ìóëüòèìîäåëåé

Îáîçíà÷èì ìàòðèöó ïàðíûõ ñõîäñòâ S =
[

skl(gk(wk), gl(wl))
]

,

à ìàòðèöó äîñòèãàåìûõ óðîâíåé çíà÷èìîñòè

T =
[

P(s(gk(wk), gl(wl)) < skl|wk = wl)
]

, k, l = 1, . . . ,K.

1 Íàõîäèì [k∗, l∗] = argmax
k<l

tkl.

2 Åñëè tk∗l∗ < α, îñòàíàâëèâàåìñÿ. Èíà÷å íàøàã 3.

3 Äëÿ ìíîãîóðîâíåâûõ ìîäåëåé:

Îáúåäèíÿåì ìîäåëè k∗, l∗ è ïåðåñ÷èòûâàåì gk∗(wk∗).
Ik∗ ⊔ Il∗ → Ik∗ , A∗

k∗ = argmax
Ak∗

p(yIk∗
|XIk∗

, Ak∗);

gk∗(wk∗) = N (wk∗ |w∗

k∗ , Σ∗

k∗)
Äëÿ ñìåñåé ìîäåëåé:

Îáúåäèíÿåì ìîäåëè k∗, l∗ è ïåðåíàñòðàèâàåì ñìåñü

ìîäåëåé. Íà÷àëüíîå ïðèáëèæåíèå:

πk∗+πl∗ → πk∗ , 0 → πl∗ ,
wk∗+wl∗

2
→ wk∗ ,wk → wk, k 6= k∗, l∗.

4 Óäàëÿåì l∗-é ñòîëáåö ìàòðèöS èT è ïåðåñ÷èòûâàåì sk∗l è
tk∗l äëÿ l 6= k∗. Ïåðåõîäèì íàøàã 1.
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Âû÷èñëèòåëüíûé ýêñïåðèìåíò íà ðåàëüíûõ äàííûõ

�åçóëüòàòû ïîñòðîåíèÿ ìíîãîóðîâíåâûõ ìîäåëåé è

(s, α) � àäåêâàòíûõ ìíîãîóðîâíåâûõ ìîäåëåé äëÿK = 20.

Âûáîðêè AUC

m

AUC

adeq

m

t
m

K
m

K
adeq

m

Êðåäèòû 0.6789 0.7604 16.7 20 2.48

Ëîêàëèçàöèÿ áåëêîâ 0.6721 0.6959 8.83 20 2.56

Êà÷åñòâî âèíà 0.8185 0.8189 0.57 20 9.08

Çàáîëåâàíèÿ ñåðäöà 0.6757 0.7392 11.56 20 2.62

Öåíû äîìîâ 0.897 0.9427 11.34 20 2.56

�åçóëüòàòû ïîñòðîåíèÿ ñìåñåé ìîäåëåé è (s, α) � àäåêâàòíûõ
ñìåñåé ìîäåëåé ñ àâòîìàòè÷åñêèì âûáîðîì ÷èñëà ìîäåëåé.

Âûáîðêè AUC

sp

AUC

adeq

sp

t
sp

K
sp

K
adeq

sp

Êðåäèòû 0.7693 0.7784 4.53 15.5 2.66

Ëîêàëèçàöèÿ áåëêîâ 0.6988 0.7001 1.67 17.4 2.11

Êà÷åñòâî âèíà 0.8038 0.8125 14.01 31.5 6.48

Çàáîëåâàíèÿ ñåðäöà 0.7644 0.7705 3.03 9.66 2.60

Öåíû äîìîâ 0.9411 0.9461 2.46 7.66 2.10
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Âûíîñèòñÿ íà çàùèòó

Ïðåäëîæåíà �óíêöèÿ ñõîäñòâà ïëîòíîñòåé àïîñòåðèîðíûõ

ðàñïðåäåëåíèé ïàðàìåòðîâ ìîäåëåé, óäîâëåòâîðÿþùàÿ

òðåáîâàíèÿì ê�óíêöèè ñõîäñòâà äëÿ ðåøåíèÿ çàäà÷è ñðàâíåíèÿ

ìîäåëåé.

Ïîëó÷åíû âåðõíÿÿ è íèæíÿÿ îöåíêè íà ìàêñèìàëüíîå ÷èñëî

ìîäåëåé â àäåêâàòíîé ìóëüòèìîäåëè.

�àçðàáîòàíû ìåòîäû âûáîðà àäåêâàòíûõ îïòèìàëüíûõ

îáó÷åííûõ ìóëüòèìîäåëåé. Ïðåäëîæåí ìåòîä ñîâìåñòíîãî

îáó÷åíèÿ è îòáîðà ïðèçíàêîâ äëÿ ñìåñè ìîäåëåé.

Ïðåäëîæåí ìåòîä êîìáèíèðîâàíèÿ ìóëüòèêîëëèíåàðíûõ

ïðèçíàêîâ. Äîêàçàíà àñèìïòîòè÷åñêàÿ âûðîæäåííîñòü

íåäèàãîíàëüíîé îöåíêè ìàêñèìóìà îáîñíîâàííîñòè

êîâàðèàöèîííîé ìàòðèöû ïàðàìåòðîâ ëîãèñòè÷åñêîé ìîäåëè.

�àçðàáîòàí ïðîãðàììíûé êîìïëåêñ äëÿ ïîñòðîåíèÿ àäåêâàòíûõ

îïòèìàëüíûõ îáó÷åííûõ ìóëüòèìîäåëåé â çàäà÷àõ äâóõêëàññîâîé

êëàññè�èêàöèè è êîìáèíèðîâàíèÿ ïðèçíàêîâ. Ïðîâåäåíû

âû÷èñëèòåëüíûå ýêñïåðèìåíòû, ïîäòâåðæäàþùèå àäåêâàòíîñòü

ìåòîäîâ.
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