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Ïîëå GF (p)

Z � êîëüöî öåëûõ ÷èñåë åâêëèäîâî (öåëîñòíîå óíèòàëüíîå +
âîçìîæíî äåëåíèå ñ îñòàòêîì ⇒ ñóùåñòâîâàíèå ÍÎÄ!),

p � ïðîñòîå ÷èñëî.

(p) = {np | n ∈ Z } = pZ = { 0, ±p, ±2p, . . . } � èäåàë

Z/(p) = Z/pZ =
{
0, 1, . . . , p− 1

}
� êîëüöî âû÷åòîâ ïî

ìîäóëþ ýòîãî èäåàëà = êëàññû îñòàòêîâ îò äåëåíèÿ íà p:

0 = 0 + (p) ,
1 = 1 + (p) ,
· · · · · · · · ·
p− 1 = p− 1 + (p) .

 ⇒ Z = 0 ∪ 1 ∪ . . . ∪ p− 1.

×åðòó íàä ñèìâîëàìè êëàññîâ
âû÷åòîâ ÷àñòî íå ñòàâÿò.

Ïîñêîëüêó p � ïðîñòîå, òî Z/(p) � íå ïðîñòî êîëüöî, à ïîëå
(âîçìîæíî äåëåíèå áåç îñòàòêà íà ëþáîé íåíóëåâîé ýëåìåíò).
Ýòî ïðîñòîå ïîëå Ãàëóà, îáîçíà÷åíèå � Fp èëè GF (p); âñå
îïåðàöèè â í¼ì � ïî mod p.
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Ïîëå F3 = Z/(3) è ôàêòîðêîëüöî Z/(4)

F3 :

+ 0 1 2

0 0 1 2

1 1 2 0

2 2 0 1

× 0 1 2

0 0 0 0

1 0 1 2

2 0 2 1

Z/(4) :

+ 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

× 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 0 2

3 0 3 2 1

Äâàæäû äâà ðàâíî íóëþ!
Îäíàêî ïîëå èç 4 ýëåìåíòîâ ñóùåñòâóåò...
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Õàðàêòåðèñòèêà ïîëÿ

Ïóñòü k � ïðîèçâîëüíîå ïîëå, 1 � åäèíèöà k. Ñêëàäûâàåì
åäèíèöû: 1 = 1 , 1 + 1 = 2 , . . ..

Â êîíå÷íîì ïîëå âñåãäà íàéä¼òñÿ ïåðâîå k òàêîå, ÷òî

1 + . . .+ 1︸ ︷︷ ︸
k ðàç

= 0.

Òîãäà k � ïîðÿäîê àääèòèâíîé ãðóïïû ïîëÿ k =

= õàðàêòåðèñòèêà ïîëÿ k
def
= chark

{ 0, 1, 2, . . . , chark− 1 } � ìèíèìàëüíîå ïîäïîëå ïîëÿ k.

Åñëè âñå ñóììû âèäà 1 + . . .+ 1 ðàçëè÷íû, òî chark = 0.

Ïðèìåðû: Q, R � ïîëÿ íóëåâîé (èëè áåñêîíå÷íîé :))
õàðàêòåðèñòèêè.
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Áåñêîíå÷íîå ïîëå ñ ïîëîæèòåëüíîé õàðàêòåðèñòèêîé

k � ïðîèçâîëüíîå (êîíå÷íîå èëè áåñêîíå÷íîå) ïîëå. Ïîñòðîèì:

1 k[x] � êîëüöî ìíîãî÷ëåíîâ îò ôîðìàëüíîé ïåðåìåííîé x:
{P (x) = a0 + a1x+ . . .+ anx

n | a0, . . . , an ∈ k, an 6= 0 };
k[x]↔ { (a0, . . . , an) ∈ kn | n ∈ N0 }.

2 k(x) � ïîëå ðàöèîíàëüíûõ ôóíêöèé íàä k; â í¼ì:

ýëåìåíòû � �äðîáè� P/Q (åñëè Q 6= 0), ãäå P,Q ∈ k[x];
óìíîæåíèå � (P/Q) · (U/V ) = (PU)/(QV );

ýêâèâàëåíòíîñòü � P1/Q1 = P2/Q2, åñëè P1Q2 = P2Q1;

ñëîæåíèå � äðîáè ìîæíî ïðèâîäèòü ê îáùåìó
çíàìåíàòåëþ è ñêëàäûâàòü:

P/Q+ U/V = (PV +QU)/(QV );

âêëþ÷åíèå � ïîñêîëüêó k[x] ⊂ k(x), òî êàæäûé ìíîãî÷ëåí
P îòîæäåñòâëÿåòñÿ ñ P/1.

Åñëè â êà÷åñòâå k âçÿòü êîíå÷íîå ïîëå Fp, òî
Fp(x) � áåñêîíå÷íîå ïîëå ïîëîæèòåëüíîé õàðàêòåðèñòèêè p.
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Âû÷èñëåíèÿ â ïîëå ïîëîæèòåëüíîé õàðàêòåðèñòèêè

Ëåììà (îá óïðîùåíèå âû÷èñëåíèé)

Â ïîëå õàðàêòåðèñòèêè p > 0 âûïîëíåíî òîæäåñòâî

(a+ b)p = ap + bp.

Äîêàçàòåëüñòâî

Â ëþáîì êîììóòàòèâíîì êîëüöå âåðíà ôîðìóëà äëÿ áèíîìà

(a+ b)p = ap + C1
pa

p−1b+ . . .+ Cp−1p abp−1︸ ︷︷ ︸
=0

+bp,

à ïðè i = 1, . . . , p− 1 ÷èñëèòåëü êîýôôèöèåíòà Cip =
p!

i!(p−i)!
äåëèòñÿ íà p, à çíàìåíàòåëü � íåò, îòêóäà Cip ≡p 0.

Ñëåäñòâèå

Â ïîëå õàðàêòåðèñòèêè p > 0 ñïðàâåäëèâî (a+ b)p
n
= ap

n
+ bp

n
.
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Ìóëüòèïëèêàòèâíàÿ ãðóïïà è ïðèìèòèâíûé ýëåìåíò ïîëÿ Fp

F∗p
def
= Fp r {0} � ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ Fp.

Óòâåðæäåíèå

F∗p � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà p− 1 (ïî óìíîæåíèþ).

Êàê ëþáàÿ êîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà, F∗p ñîäåðæèò
ãåíåðàòîð = ïðèìèòèâíûé ýëåìåíò α:

ëþáîé ýëåìåíò β ∈ F∗p ÿâëÿåòñÿ íåêîòîðîé åãî
íàòóðàëüíîé ñòåïåíüþ � β = αi, i ∈ { 1, . . . , p− 1};
ïðè÷¼ì 1 = αp−1 � ò.å. αi 6= 1 äëÿ 1 6 i 6 p− 2.

Óòâåðæäåíèå

Ãðóïïà F∗p èìååò ϕ(p− 1) ïðèìèòèâíûõ ýëåìåíòîâ.
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Ïðèìåð: ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F11

F∗11 = { 1, 2, . . . , 10 }, ÷èñëî ãåíåðàòîðîâ � ϕ(10) = 4.

¶ F∗11
∼= 〈 { 1, 2 . . . , 10 }, ×11 〉

〈1〉 = { 1 }, 〈2〉 = { 2, 4, 8, 5, 10, 9, 7, 3, 6, 1 },
〈3〉 = { 3, 9, 5, 4, 1 } (210 = 1024 ≡11= 1) . . .

åù¼ ãåíåðàòîðû: 6, 7, 8

· F∗11
∼= 〈 { 0, 1, . . . , 9 }, +10 〉:

〈0〉 = { 0 }, 〈1〉 = { 1, 2, 3, 4, 5, 6, 7, 8, 9, 0 },
〈2〉 = { 2, 4, 6, 8, 0 } . . .

åù¼ ãåíåðàòîðû: 3, 7, 9
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Êàê íàéòè ïðèìèòèâíûå ýëåìåíòû ïîëÿ Fp?

Åñëè ïðèìàðíîå ðàçëîæåíèå p− 1

1) èçâåñòíî � ýëåìåíò α ∈ Fp ïðèìèòèâåí i�

α
p−1
q 6≡p 1 äëÿ êàæäîãî ïðîñòîãî q | (p− 1)

(ò.ê. αk degα = 1, k ∈ N).
Ïðèìåð: p = 11, p− 1 = 10 = 2 · 5, q ∈ {2, 5}

22 = 4, 25 = 32 ≡11 10 ⇒ 2 � ïðèìèòèâíûé

32 = 9, 35 = 243 ≡11 1 ⇒ 3 � íå ïðèìèòèâíûé

2) íåèçâåñòíî � ýôôåêòèâíîãî àëãîðèòìà íå íàéäåíî

(èñïîëüçóþò òàáëèöû, âåðîÿòíîñòíûå àëãîðèòìû...).
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Êàê íàéòè ïðèìèòèâíûå ýëåìåíòû ïîëÿ Fp...

Åñëè íàéäåí îäèí ïðèìèòèâíûé ýëåìåíò α ïîëÿ Fp, òî ëþáîé
äðóãîé åãî ïðèìèòèâíûé ýëåìåíò ìîæåò áûòü ïîëó÷åí êàê
ñòåïåíü αk, ãäå k � âçàèìíî ïðîñòî ñ p− 1.

Ïðèìåð: p = 11, 2 � ïðèìèòèâíûé ýëåìåíò F11
k ∈ { 1, 3, 7, 9 } � âçàèìíî ïðîñòûå ñ p− 1 = 10

21 =2,

23 =8,

27 =128 ≡11 7,

29 =512 ≡11 6.
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Êàê íàéòè îáðàòíûé ê ýëåìåíòó Fp

Ïóñòü 0 6= α ∈ Fp.
Èìååì

αp−1 = 1 ⇒ αp−2 = α−1.

Ïðèìåð

Íàéä¼ì îáðàòíûé ýëåìåíò ê 4 â ïîëå F7:

4−1 = 47−2 = 45 = 210 = 1024 ≡7 2.

Ïðîâåðêà: 4 · 2 = 8 ≡7 1.

Î÷åâèäíî, ìåòîä óäîáåí ïðè íåáîëüøèõ çíà÷åíèÿõ p.
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Äåëåíèå ñ îñòàòêîì â êîëüöå ìíîãî÷ëåíîâ íàä ïîëåì

Óòâåðæäåíèå

Êîëüöî ìíîãî÷ëåíîâ k[x] íàä ïîëåì k � åâêëèäîâî.

� çíà÷èò, ìíîãî÷ëåíû ìîæíî äåëèòü äðóã íà äðóãà ñ îñòàòêîì.
Íàïðèìåð, ïîäåëèì ¾óãîëêîì¿ x4 íà x2 + 1 â êîëüöå F2[x]:
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Óïðàæíåíèå: äåëåíèåì ìíîãî÷ëåíîâ ¾óãîëêîì¿ ïîêàæèòå, ÷òî
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Íåïðèâîäèìûå ìíîãî÷ëåíû

Òåîðåìà

Êàæäûé ýëåìåíò åâêëèäîâà êîëüöà îäíîçíà÷íî ñ òî÷íîñòüþ äî

ïåðåñòàíîâîê ðàçëàãàåòñÿ â ïðîèçâåäåíèå ïðîñòûõ ýëåìåíòîâ.

Ïðîñòûå (íåðàçëîæèìûå) ýëåìåíòû êîëåö k[x] èìåþò
ñïåöèàëüíîå íàçâàíèå � íåïðèâîäèìûå ìíîãî÷ëåíû.

Ñâîéñòâî ¾íåïðèâîäèìîñòè¿ çàâèñèò îò ïîëÿ:

ìíîãî÷ëåí x4 + 1 íåïðèâîäèì íàä Q, íî ïðèâîäèì íàä F2:
x4 + 1 = (x3 + x2 + x+ 1) · (x+ 1).

Âîïðîñû äëÿ ïîëåé:

1 êàêèå ìíîãî÷ëåíû íàä íèìè íåïðèâîäèìû?

2 êàê íàõîäèòü íåïðèâîäèìûå ìíîãî÷ëåíû?
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Íåïðèâîäèìûå ìíîãî÷ëåíû íàä C, R è Q:

â ïîëå C � òîëüêî ìíîãî÷ëåíû 1-é ñòåïåíè;

â ïîëå R �

1 ìíîãî÷ëåíû 1-é ñòåïåíè,

2 ìíîãî÷ëåíû 2-é ñòåïåíè ñ îòðèöàòåëüíûì
äèñêðèìèíàíòîì;

â ïîëå Q � ñóùåñòâóþò íåïðèâîäèìûå ìíîãî÷ëåíû
ïðîèçâîëüíîé ñòåïåíè.

Äàëåå íàñ áóäóò èíòåðåñîâàòü íåïðèâîäèìûå
ìíîãî÷ëåíû â êîíå÷íûõ ïîëÿõ.
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F2

Ïðèìåð

Äàíî: ïîëå F2 = 〈 {0, 1}, +2, ·2 〉.
Òðåáóåòñÿ: íàéòè âñå íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíåé
2, 3, 4 íàä íèì.

Âòîðàÿ ñòåïåíü: x2 + ax+ b

ßñíî, ÷òî b = 1, èíà÷å x2 + ax = x(x+ a) ⇒ èùåì
íåïðèâîäèìûé ìíîãî÷ëåí â âèäå x2 + ax+ 1.
Åñëè

a = 0, òî x2 + 1 = (x+ 1)2;

a = 1, òî ïîëó÷àåì

åäèíñòâåííûé íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè 2 íàä F2:

x2 + x+ 1
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F2

Òðåòüÿ ñòåïåíü: x3 + ax2 + bx+ 1
(ïî÷åìó ñâîáîäíûé ÷ëåí íå ðàâåí íóëþ?)

Èñêëþ÷àÿ, êàê ñäåëàíî ðàíåå, äåëèìîñòü íà x+ 1, ïîëó÷àåì
óñëîâèå a+ b 6= 0, ò.å. [

a = 0, b = 1 ,
a = 1, b = 0 .

∴ íàä F2 ñóùåñòâóåò äâà íåïðèâîäèìûõ ìíîãî÷ëåíà ñòåïåíè 3:

x3 + x2 + 1 è x3 + x+ 1 .
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Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F2

×åòâ¼ðòàÿ ñòåïåíü: x4 + ax3 + bx2 + cx+ 1
Èñêëþ÷åíèå äåëèìîñòè íà x+ 1 ïðèâîäèò ê óñëîâèþ
a+ b+ c = 1, ò.å. èìååòñÿ 4 âàðèàíòà, êîòîðûå äàþò 3 ðåøåíèÿ:

a b c ìíîãî÷ëåí

0 0 1 x4 + x+ 1
0 1 0 x4 + x2 + 1 � ïðèâîäèìûé
1 0 0 x4 + x3 + 1
1 1 1 x4 + x3 + x2 + x+ 1

Îòêóäà âçÿëñÿ åù¼ îäèí ïðèâîäèìûé ìíîãî÷ëåí?

Íàéäåíû ìíîãî÷ëåíû, ó êîòîðûõ íåò ëèíåéíûõ äåëèòåëåé
(ñòåïåíè 1). Íî ìíîãî÷ëåí 4-é ñòåïåíè ìîæåò ðàçëàãàòüñÿ â
ïðîèçâåäåíèå äâóõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ 2-é ñòåïåíè:

x4 + x2 + 1 = (x2 + x+ 1)2.
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F3

Ïîëå F3 =
〈
{0, 1, 2}, +3, ·3

〉
⇒ êîëüöî ìíîãî÷ëåíîâ F3[x].

Ìíîãî÷ëåíû ïîðÿäêà 1:

x 2x

x+ 1 2x+ 1

x+ 2 2x+ 2

Êàêèå èç íèõ íåïðèâîäèìû? Âñå!

Íåïðèâîäèìûå ìíîãî÷ëåíû ïîðÿäêà 2 â F3[x] (îíè íå èìåþò
êîðíåé 0, 1, 2):

x2 + 1 2x2 + 2

x2 + x+ 2 2x2 + x+ 1

x2 + 2x+ 2 2x2 + 2x+ 1
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Ñóùåñòâîâàíèå è íàõîæäåíèå íåïðèâîäèìûõ ìíîãî÷ëåíîâ

Òåîðåìà (î ñóùåñòâîâàíèè íåïðèâîäèìûõ ìíîãî÷ëåíîâ)

Äëÿ ëþáûõ íàòóðàëüíîãî n è ïðîñòîãî p íàä Fp ñóùåñòâóåò

íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè n.

� äîêàæåì ïîçæå.

Âîïðîñ

Êàê â êîëüöå Fp[x] íàéòè íåïðèâîäèìûé ìíîãî÷ëåí?

Îòâåò: íåò ýôôåêòèâíûõ àëãîðèòìîâ

(èç òàáëèö, àëãîðèòì èç 5-é ãëàâû ¾Àëãåáðû¿ Âàí äåð
Âàðäåíà, àëãîðèòì Áåðëåêýìïà...)

Åñëè ìíîãî÷ëåí íå èìååò êîðíåé, ýòî åù¼ íå çíà÷èò, ÷òî îí
íåïðèâîäèì. Ïî÷åìó?
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Çà÷åì íóæíû íåïðèâîäèìûå ìíîãî÷ëåíû?

Èñïîëüçóÿ íåïðèâîäèìûå ìíîãî÷ëåíû, ìîæíî ñòðîèòü íîâûå
êîíå÷íûå ïîëÿ � ðàñøèðåíèÿ ïðîñòûõ ïîëåé Fp:

1 Âûáèðàåì ïðîñòîå p è ôèêñèðóåì ïîëå

Fp = 〈 { 0, 1, . . . , p− 1}, +p, ·p 〉.
2 Ðàññìàòðèâàåì êîëüöî Fp[x] ìíîãî÷ëåíîâ íàä Fp.

3 Âûáèðàåì íàòóðàëüíîå n è íåïðèâîäèìûé ìíîãî÷ëåí

a(x) = anx
n + . . .+ a1x+ a0 ∈ Fp[x].

4 Èäåàë (a(x)) ïîðîæäàåò ôàêòîðêîëüöî Fp[x]/(a(x)),

ýëåìåíòû êîòîðîãî ñóòü ñîâîêóïíîñòè r(x) ìíîãî÷ëåíîâ,
äàþùèõ ïðè äåëåíèè íà a(x) îñòàòîê r(x):

r(x) = { f(x) ∈ Fp[x] | f(x) = a(x) · q(x) + r(x) } .

Óòâåðæäåíèå

Ìíîæåñòâî
{
r(x)

}
ÿâëÿåòñÿ ïîëåì Ãàëóà GF (pn).
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Ïîñòðîåíèå ðàñøèðåíèé ïðîñòûõ êîíå÷íûõ ïîëåé

Äîêàçàòåëüñòâî

1 Êîëüöî ìíîãî÷ëåíîâ Fp[x] åâêëèäîâî, èäåàë (a(x)) �

ìàêñèìàëüíûé ⇒
{
r(x)

}
� ïîëå.

2 Åãî ìîùíîñòü
∣∣∣ { r(x)} ∣∣∣ = ÷èñëî ìíîãî÷ëåíîâ íàä Fp

ñòåïåíè íå âûøå n− 1, ò.å. |{r(x)}| = pn.

Ïîëå
{
r(x)

}
= GF (pn) íàçûâàåòñÿ ðàñøèðåíèåì n-é

ñòåïåíè ïðîñòîãî ïîëÿ Fp; àëüòåðíàòèâíîå îáîçíà÷åíèå � Fnp .

Âîïðîñ

Ïî÷åìó â îáîçíà÷åíèè Fnp íå èñïîëüçóåòñÿ ìíîãî÷ëåí a(x), ñ
ïîìîùüþ êîòîðîãî ïîñòðîåíî ïîëå?

Òåîðåìà

Ëþáîå êîíå÷íîå ïîëå èçîìîðôíî êàêîìó-íèáóäü ïîëþ Ãàëóà Fnp .
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Ïðèìåð: ïîñòðîåíèå ïîëÿ F23

Âûáåðåì â F3[x] íåïðèâîäèìûé ìíîãî÷ëåí: ïóñòü ýòî áóäåò
x2 + 1. Òîãäà èñêîìîå ïîëå åñòü

F23
∼= F3[x]/

(
x2 + 1

)
=

=
{
0, 1, 2, x, x+ 1, x+ 2, 2x, 2x+ 1, 2x+ 2

}
.

Ìîæíî ñîñòàâèòü òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ â ýòîì ïîëå
ñ ó÷¼òîì x2 = −1 ≡3 2.
Íàïðèìåð:

x+ 1 + x+ 2 =2x, x · 2x =1,

2x+ 1 + x =1, 2x+ 1 · x =x+ 1,

è ò.ä.

×åðòó íàä ýëåìåíòàìè ïîëÿ Fp[x]/(a(x)) îáû÷íî íå ñòàâÿò è
íàçûâàþò èõ ¾ìíîãî÷ëåíàìè¿...
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Ïîñòðîåíèå ïîëÿ F23...

Çàìåòèì, ÷òî

(x+ 1)1 =x+ 1, (x+ 1)5 =2x+ 2,

(x+ 1)2 =2x, (x+ 1)6 =x,

(x+ 1)3 =2x+ 1, (x+ 1)7 =x+ 2,

(x+ 1)4 =2, (x+ 1)8 =1.

Ýòî çíà÷èò, ÷òî x+ 1 � ïðèìèòèâíûé ýëåìåíò ïîëÿ F23
(à x � íåò, ïîñêîëüêó x4 = 4 ≡3 1).

Âîïðîñ

×òî áóäåò, åñëè ïðè ïîñòðîåíèè ïîëÿ âìåñòî x2 + 1 âçÿòü

äðóãîé íåïðèâîäèìûé â F3[x] ìíîãî÷ëåí?
Íàïðèìåð, 2x2 + x+ 1?

Îòâåò: ïîëó÷èòñÿ ïîëå, èçîìîðôíîå ïîñòðîåííîìó.
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äðóãîé íåïðèâîäèìûé â F3[x] ìíîãî÷ëåí?
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Âû÷èñëåíèÿ â êîíå÷íîì ïîëå: ïðèìåð

Çàäà÷à. Îïåðåäèòü, ÿâëÿåòñÿ ëè:

1. Ìíîãî÷ëåí a(x) = x3 + 2x+ 4 ∈ F5[x] � íåïðèâîäèìûì?

2. Ýëåìåíò 4x2 + 2 � êîðíåì a(x) â ôàêòîðêîëüöå/ïîëå
F5[x]/

(
x3 + 2x+ 4

)
?

Ðåøåíèå.
1. Ïåðåáîðîì ýëåìåíòîâ x ∈ GF (5) = { 0, 1, 2, 3, 4 } �

a(0) = 4, f(1) = 2, a(2) = 1, a(3) = 2, a(4) = 1

óáåæäàåìñÿ a(x) � íåïðèâîäèìûé ìíîãî÷ëåí
(à åñëè áû ýòî áûë ìíîãî÷ëåí 4-é ñòåïåíè?).
Ñëåäîâàòåëüíî, ôàêòîðêîëüöî F = F5[x]/

(
x3 + 2x+ 4

)
ÿâëÿåòñÿ ïîëåì è â í¼ì x3 = −2x− 4 = 3x+ 1.

2. a(4x2 + 1) =
(
2(2x2 + 2)

)3
+ 2 · 2(2x2 + 1) + 4 =

= 3(3x6 + 2x4 + x2 + 1) + 3x2 + 3 = 4x6 + x4 + x2 + 1 =
= 4(3x+1)2+3x2+x+x2+1 = x2+4x+4+3x2+x+x2+1 = 0.
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Êàê íàéòè ïðèìèòèâíûå ýëåìåíòû ïîëÿ Fnp?

f(x) � ïðèìèòèâíûé ýëåìåíò (ãåíåðàòîð) ãðóïïû Fn∗p , åñëè

1

(
f(x)

)pn−1
= 1 è

(
f(x)

)i 6= 1 äëÿ 0 < i < pn − 1,

2 äëÿ ëþáîãî ìíîãî÷ëåíà g(x) ∈ Fn∗p íàéä¼òñÿ ñòåïåíü i

òàêàÿ, ÷òî g(x) =
(
f(x)

)i
, i ∈ { 0, 1, . . . , pn − 1 }.

Íà îñíîâå èçâåñòíîãî: åñëè α � ïðèìèòèâíûé ýëåìåíò ïîëÿ
GF (q), òî ëþáîé äðóãîé ïðèìèòèâíûé ýëåìåíò ìîæåò áûòü
ïîëó÷åí êàê ñòåïåíü αk, ãäå k � öåëîå âçàèìíî ïðîñòîå ñ
q − 1 ⇒ êîëè÷åñòâî ïðèìèòèâíûõ ýëåìåíòîâ ïîëÿ Fnp ðàâíî
ϕ(pn − 1).

Íàïðèìåð, â 9-ýëåìåíòíîì ïîëå F23 èìååòñÿ ϕ(8) = 4
ïðèìèòèâíûõ ýëåìåíòà, îáðàçîâàííûõ ñòåïåíÿìè 1, 3, 5, 7
(÷èñëà, âçàèìíî ïðîñòûå ñ 8) óæå íàéäåííîãî ãåíåðàòîðà:

x+ 1, (x+ 1)3 = 2x+ 1, (x+ 1)5 = 2x+ 2, (x+ 1)7 = x+ 2.
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ß ÷òî-òî íå ïîíèìàþ: íåïðèâîäèìûå ìíîãî÷ëåíû � ýòî
ïðèìèòèâíûå ýëåìåíòû?

Âåäü áûëî: äëÿ ïîèñêà è òåõ, è äðóãèõ íåò ýôôåêòèâíûõ
àëãîðèòìîâ...

Íåïðèâîäèìûå ìíîãî÷ëåíû èùóò â êîëüöå ìíîãî÷ëåíîâ
Fp[x] íàä ïðîñòûì ïîëåì Fp � íàïðèìåð, ÷òîáû
ïîñòðîèòü åãî ðàñøèðåíèå.

Ïðèìèòèâíûå ýëåìåíòû èùóò â ìóëüòèïëèêàòèâíîé ãðóïïå
ïîëÿ Fnp � íàïðèìåð, ÷òîáû èìåòü óäîáíîå ïðåäñòàâëåíèå
íåíóëåâûõ ýëåìåíòîâ ïîëÿ ÷åðåç åãî ñòåïåíè.

Çàìå÷àíèå. Â ïîëå GF (pn) ïîíÿòèå ¾íåïðèâîäèìûé
ìíîãî÷ëåí¿ íå èìååò ñìûñëà: òàì ëþáîé ìíîãî÷ëåí äåëèòñÿ íà
ëþáîé íåíóëåâîé.

Íàïðèìåð, â F3[x]/
(
x2 + 1

)
:

x+ 1

2x+ 1
= x.
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íåíóëåâûõ ýëåìåíòîâ ïîëÿ ÷åðåç åãî ñòåïåíè.

Çàìå÷àíèå. Â ïîëå GF (pn) ïîíÿòèå ¾íåïðèâîäèìûé
ìíîãî÷ëåí¿ íå èìååò ñìûñëà: òàì ëþáîé ìíîãî÷ëåí äåëèòñÿ íà
ëþáîé íåíóëåâîé.

Íàïðèìåð, â F3[x]/
(
x2 + 1

)
:

x+ 1

2x+ 1
= x.
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Ìîæåò ëè ïðèâîäèìûé ìíîãî÷ëåí áûòü ïðèìèòèâíûì
ýëåìåíòîì?

1 Âîçüì¼ì ïîëå F2 = { 0, 1 }.

2 Âîçüì¼ì íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí x3 + x+ 1.

3 Ïîñòðîèì ïîëå F = F2[x]/
(
x3 + x+ 1

) ∼= F32; îíî
ñîäåðæèò âñå ïîëèíîìû èç F2[x] ñòåïåíè 6 2.

4 Ìíîãî÷ëåí P (x) = x2 + x = x(x+ 1) � ïðèâîäèì â
ëþáîì êîëüöå, â ò.÷. � â F2[x], è îí ïðèíàäëåæèò F .

5 ßâëÿåòñÿ ëè P (x) � ïðèìèòèâíûì ýëåìåíòîì ïîëÿ F?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F ñîäåðæèò 23 − 1 = 7
ýëåìåíòîâ, ýòî ïðîñòîå ÷èñëî ⇒ â ìóëüòèïëèêàòèâíàÿ ãðóïïå
âñå ϕ(7) = 6 íååäèíè÷íûõ ýëåìåòîâ � ãåíåðàòîðû ⇒
îòâåò íà îáà âîïðîñà � ÄÀ!
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Ìîæåò ëè ïðèâîäèìûé ìíîãî÷ëåí áûòü ïðèìèòèâíûì
ýëåìåíòîì?...

Óäîñòîâåðèìñÿ, ÷òî α = x2 + x = x(x+ 1) � ïðèìèòèâíûé
ýëåìåíò ïîëÿ F = F2[x]/

(
x3 + x+ 1

)
.

Â F : x3 = x+ 1 è

α =x2 + x,

α2 =x4 + x2 = 6x2 + x+ 6x2 = x,

α3 =α · α2 = x3 + x2 = x2 + x+ 1,

α4 =(α2)2 = x2,

α5 =α2α3 = x3 + x2 + x = 6x+ 1 + x2+ 6x = x2 + 1,

α6 =x4 + x2 + 1 = x2 + x+ x2 + 1 = x+ 1,

α7 =x2(x2 + x+ 1) = x4 + x3 + x2 = 6x2+ 6x+ 6x+ 1+ 6x2 = 1.
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Âñåãäà ëè íåïðèâîäèìûé ìíîãî÷ëåí åñòü ïðèìèòèâíûé
ýëåìåíò?

1 Âîçüì¼ì ïîëå F5 = { 0, 1, 2, 3, 4 }.

2 Âîçüì¼ì íåïðèâîäèìûé íàä F5 ìíîãî÷ëåí x2 + x+ 1.

3 Ïîñòðîèì ïîëå F = F5[x]/
(
x2 + x+ 1

) ∼= F25; îíî
ñîäåðæèò òîëüêî ïîëèíîìû 0-é è 1-é ñòåïåíåé èç F5[x].

4 Âñå ìíîãî÷ëåíû 1-é ñòåïåíè íåïðèâîäèìû, èìåþò âèä
ax+ b è èõ � 20 øò.
Âñå ëè îíè � ïðèìèòèâíûå ýëåìåíòû ïîëÿ F?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F ñîäåðæèò 52 − 1 = 24
ýëåìåíòà èç êîòîðûõ ϕ(24) = 8 ïðèìèòèâíûõ ⇒ íå âñå
ìíîãî÷ëåíû 1-é ñòåïåíè � ãåíåðàòîðû ⇒
îòâåò íà îáà âîïðîñà � ÍÅÒ!
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Âñåãäà ëè íåïðèâîäèìûé ìíîãî÷ëåí åñòü ïðèìèòèâíûé
ýëåìåíò?...

Óäîñòîâåðèìñÿ, ÷òî α = x íå åñòü ïðèìèòèâíûé ýëåìåíò ïîëÿ
F = F5[x]/

(
x2 + x+ 1

)
.

Â F : x2 = −x− 1 = 4x+ 4 è

α =x

α2 =4x+ 4,

α3 =4x2 + 4x = 16x+ 16 + 4x = 1.

Èíòåðåñíûé (è âàæíûé!) âîïðîñ:

êîãäà x åñòü ïðèìèòèâíûé ýëåìåíò ïîëÿ Fp[x]/(a(x))?
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Ïðèìèòèâíûå ìíîãî÷ëåíû

Âîïðîñ: êîãäà êîðåíü x (ñàì íåïðèâîäèìûé ìíîãî÷ëåí!)
íåïðèâîäèìîãî íàä Fp ìíîãî÷ëåíà a(x) áóäåò ïðèìèòèâíûì
ýëåìåíòîì ïîëÿ Fp[x]/(a(x))?

Îòâåò: ýòî áóäåò åñëè è òîëüêî åñëè ìíîãî÷ëåí a(x)
ïðèìèòèâåí äëÿ x, ò.å. m = pn − 1 � íàèìåíüøèé ïîêàçàòåëü,
ïðè êîòîðîì a(x) | xm − 1.

Ïðèìåð
¶ Íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí x3 + x+ 1 ïðèìèòèâåí:
x2

3−1 − 1 = x7 + 1 = (x3 + x+ 1) · (x4 + x2 + x+ 1) è

xt − 1 6
...x3 + x+ 1 íè ïðè êàêîì 1 6 t < 7 = m. Ïîýòîìó

F∗2[x]/
(
x3 + x+ 1

)
=
{
x0 = 1, x1, x2, x3 = x+ 1,

x4 = x2 + x, x5 = x2 + x+ 1, x6 = x2 + 1
}
.
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Ïðèìèòèâíûå ìíîãî÷ëåíû...

· Íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí x4 + x3 + x2 + x+ 1 íå
ïðèìèòèâåí: îí äåëèò íå òîëüêî áèíîì x2

4−1 − 1 = x15 − 1, íî
è áèíîì x5 − 1:

x5 − 1 = x5 + 1 = (x4 + x3 + x2 + x+ 1) · (x+ 1),

èëè, ÷òî òîæå, deg x = 5 6= 15:

x5 = (x4 + x3 + x2 + x+ 1) · (x+ 1)︸ ︷︷ ︸
=0

+1 = 1.
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Ïðèìèòèâíûå ìíîãî÷ëåíû: çàäà÷à

Îïðåäåëèòü, ÿâëÿåòñÿ ëè íåïðèâîäèìûé ìíîãî÷ëåí

f(x) = x6 + x3 + 1 ∈ F2[x] ïðèìèòèâíûì?

Ðåøåíèå
Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F2[x]/

(
x6 + x3 + 1

)
ñîñòîèò èç

26 − 1 = 63 ýëåìåíòîâ.

Ïðîñòûå äåëèòåëè 63 = 32 · 7 ñóòü 3 è 7 ⇒ ðàâåíñòâî xd = 1
íóæíî ïðîâåðèòü äëÿ d ∈

{
21 = 63

3 , 9 = 63
7

}
.

Â ðàññìàòðèâàåìîì ïîëå x6 = x3 + 1 è

x9 = x6x3 = (x3 + 1)x3 = x6 + x3 = 6x3 + 1+ 6x3 = 1.

Ò.î. deg x = 9 6= 63 è ìíîãî÷ëåí f(x) íå ïðèìèòèâåí.
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Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

Ïðèìèòèâíûå ìíîãî÷ëåíû: çàäà÷à

Îïðåäåëèòü, ÿâëÿåòñÿ ëè íåïðèâîäèìûé ìíîãî÷ëåí

f(x) = x6 + x3 + 1 ∈ F2[x] ïðèìèòèâíûì?

Ðåøåíèå
Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F2[x]/

(
x6 + x3 + 1

)
ñîñòîèò èç

26 − 1 = 63 ýëåìåíòîâ.

Ïðîñòûå äåëèòåëè 63 = 32 · 7 ñóòü 3 è 7 ⇒ ðàâåíñòâî xd = 1
íóæíî ïðîâåðèòü äëÿ d ∈

{
21 = 63

3 , 9 = 63
7

}
.

Â ðàññìàòðèâàåìîì ïîëå x6 = x3 + 1 è

x9 = x6x3 = (x3 + 1)x3 = x6 + x3 = 6x3 + 1+ 6x3 = 1.

Ò.î. deg x = 9 6= 63 è ìíîãî÷ëåí f(x) íå ïðèìèòèâåí.
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Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).
Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).
Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).
Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).
Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).

Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà �

� ïðèìåíÿþò äëÿ íàõîæäåíèÿ ÍÎÄ(a, b) íàòóðàëüíûõ a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà¼òñÿ
èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå îáùèå
äåëèòåëè;

âìåñòî a− kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü îñòàòîê r0
îò äåëåíèÿ íàöåëî a íà b : a = bq+ r0, q ∈ N, 0 6 r0 < b;

çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòîðèòü
ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà (rn, 0)
è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).
Äàííûé àëãîðèòì äâàæäû îïèñàí â Íà÷àëàõ Åâêëèäà, íî íå
áûë èì îòêðûò (óïîìèíàåòñÿ â Òîïèêå Àðèñòîòåëÿ).
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Àëãîðèòì Åâêëèäà: îáùàÿ ñõåìà (a > b)

ÍÎÄ (a, b) =

Øàã (−2): r−2 = a � ïîëàãàåì äëÿ óäîáñòâà;

Øàã (−1): r−1 = b � ïîëàãàåì äëÿ óäîáñòâà;

Øàã 0: r−2 = r−1q0 + r0 � äåëèì r−2 íà r−1, îñòàòîê r0;

Øàã 1: r−1 = r0q1 + r1 � äåëèì r−1 íà r0, îñòàòîê r1;

... âñåãäà äåëèì ñ îñòàòêîì á�îëüøåå ÷èñëî íà

ìåíüøåå, îñòàâëÿåì ìåíüøåå (îíî ñòàíîâèòñÿ

á�îëüøèì) è îñòàòîê (îí ñòàíîâèòñÿ ìåíüøèì);

Øàã n: rn−2 = rn−1qn + rn � äåëèì rn−2 íà rn−1,
îñòàòîê rn;

Øàã n+ 1: rn−1 = rnqn+1 + 0 � äåëåíèå íàöåëî ⇒ îñòàíîâ.

Âñåãäà r−2 > r−1 > r0 > r1 > . . . > rn > 1. = rn.
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Àëãîðèòì Åâêëèäà: ïðèìåð

ÍÎÄ (252, 105) = 21

Øàã (−2): r−2 = 252;

Øàã (−1): r−1 = 105 ⇒ (252, 105);

Øàã 0: 252 = 105 · 2 + 42 ⇒ (105, 42);

Øàã 1: 105 = 42 · 2 + 21 ⇒ (42, 21);

Øàã 2: 42 = 21 · 2 + 0 ⇒ (21, 0).

ÍÎÄ (a, b, c) = ÍÎÄ (a, (ÍÎÄ (b, c))

Èíòåðåñíî: åñëè a = Fn+1, b = Fn � ñîîòâåòñòâóþùèå ÷èñëà
Ôèááîíà÷è, òî îñòàòêè â àëãîðèòìå Åâêëèäà ïîñëåäîâàòåëüíî
äàäóò çíà÷åíèÿ Fn−1, . . ., F2 = 1.
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Àëãîðèòì Åâêëèäà: ïðèìåð

ÍÎÄ (252, 105) = 21

Øàã (−2): r−2 = 252;

Øàã (−1): r−1 = 105 ⇒ (252, 105);

Øàã 0: 252 = 105 · 2 + 42 ⇒ (105, 42);

Øàã 1: 105 = 42 · 2 + 21 ⇒ (42, 21);

Øàã 2: 42 = 21 · 2 + 0 ⇒ (21, 0).

ÍÎÄ (a, b, c) = ÍÎÄ (a, (ÍÎÄ (b, c))

Èíòåðåñíî: åñëè a = Fn+1, b = Fn � ñîîòâåòñòâóþùèå ÷èñëà
Ôèááîíà÷è, òî îñòàòêè â àëãîðèòìå Åâêëèäà ïîñëåäîâàòåëüíî
äàäóò çíà÷åíèÿ Fn−1, . . ., F2 = 1.
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Àëãîðèòì Åâêëèäà: ïðèìåð

ÍÎÄ (252, 105) = 21

Øàã (−2): r−2 = 252;

Øàã (−1): r−1 = 105 ⇒ (252, 105);

Øàã 0: 252 = 105 · 2 + 42 ⇒ (105, 42);

Øàã 1: 105 = 42 · 2 + 21 ⇒ (42, 21);

Øàã 2: 42 = 21 · 2 + 0 ⇒ (21, 0).

ÍÎÄ (a, b, c) = ÍÎÄ (a, (ÍÎÄ (b, c))

Èíòåðåñíî: åñëè a = Fn+1, b = Fn � ñîîòâåòñòâóþùèå ÷èñëà
Ôèááîíà÷è, òî îñòàòêè â àëãîðèòìå Åâêëèäà ïîñëåäîâàòåëüíî
äàäóò çíà÷åíèÿ Fn−1, . . ., F2 = 1.
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Ñîîòíîøåíèå Áåçó (îòêðûòî çà 106 ëåò äî ðîæäåíèÿ Ý.Áåçó)

Óòâåðæäåíèå (ñîîòíîøåíèå Áåçó)

Äëÿ ëþáûõ íàòóðàëüíûõ a, b è d = ÍÎÄ (a, b) íàéäóòñÿ

öåëûå êîýôôèöèåíòû Áåçó x, y òàêèå, ÷òî d = ax+ by.

Äîêàçàòåëüñòâî

Ðàññìàòðèâàåì àëãîðèòì Åâêëèäà ñ êîíöà ê íà÷àëó:

d = rn = rn−2 − rn−1qn, çàòåì, ïîäñòàâëÿÿ ñþäà çíà÷åíèå

rn−1 = rn−3 − rn−2qn−1, ïîëó÷àåì
d = −qnrn−3 + (1 + qnqn−1)rn−2 = αrn−3 + βrn−2

äëÿ íåêîòîðûõ α, β ∈ Z è ò.ä.

Çàìå÷àíèå Êîýôôèöèåíòû Áåçó îïðåäåëåíû íåîäíîçíà÷íî:

ÍÎÄ (12, 30) = 6 = 3 · 12 + (−1) · 30 = (−2) · 12 + 1 · 30.
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Ñîîòíîøåíèå Áåçó (îòêðûòî çà 106 ëåò äî ðîæäåíèÿ Ý.Áåçó)

Óòâåðæäåíèå (ñîîòíîøåíèå Áåçó)

Äëÿ ëþáûõ íàòóðàëüíûõ a, b è d = ÍÎÄ (a, b) íàéäóòñÿ

öåëûå êîýôôèöèåíòû Áåçó x, y òàêèå, ÷òî d = ax+ by.

Äîêàçàòåëüñòâî

Ðàññìàòðèâàåì àëãîðèòì Åâêëèäà ñ êîíöà ê íà÷àëó:

d = rn = rn−2 − rn−1qn, çàòåì, ïîäñòàâëÿÿ ñþäà çíà÷åíèå
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Ðàñøèðåííûé àëãîðèòì Åâêëèäà �

� ïîâòîðÿåò ñõåìó (ïðîñòîãî) àëãîðèòìà Åâêëèäà, â êîòîðîì
íà êàæäîì øàãå:

1 äîïîëíèòåëüíî âû÷èñëÿþòñÿ xi è yi ïî ôîðìóëàì

xi = xi−2 − qixi−1, yi = yi−2 − qiyi−1, i = 0, 1, ...;

x−2 = y−1 = 1 , x−1 = y−2 = 0 ;

2 ñïðàâåäëèâî ñîîòíîøåíèå

ri = ri−2−qiri−1 = (axi−2+byi−2)−qi(axi−1+byi−1) =

= a(xi−2 − qixi−1) + b(yi−2 − qiyi−1) = axi + byi.

Ðàñøèðåííûé àëãîðèòì Åâêëèäà ïî äâóì íàòóðàëüíûì ÷èñëàì
a è b íàõîäèò èõ íàòóðàëüíûé ÍÎÄ d è äâà öåëûõ x, y
êîýôôèöèåíòà Áåçó (òàêèõ, ÷òî |x| < |b/d|, |y| < |a/d|).
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Ðàñøèðåííûé àëãîðèòì Åâêëèäà: ïðèìåð

Çàäà÷à. Íàéòè íàòóðàëüíîå d è öåëûå x è y òàêèå, ÷òî

d = ÍÎÄ (252, 105) = 252x+ 105y.

Ðåøåíèå. Èìååì xi = xi−2 − qixi−1, yi = yi−2 − qiyi−1.
Ñâåä¼ì âñå âû÷èñëåíèÿ â òàáëèöó:

øàã i ri−2 ri−1 qi ri xi yi
−2 252 1 0
−1 105 0 1
0 252 105 2 42 1 −2
1 105 42 2 21 −2 5
2 42 21 2 0

Îòâåò: d = 21, x = −2, y = 5, ò.å. 21 = 252 · (−2) + 105 · 5.
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Çàäà÷à

Â ïîëå Z/(101) ðåøèòü óðàâíåíèå 4x = 1. (∗)

Ðåøåíèå

1 4x = 1 + k · 101 = 102, 203, 304, . . . ; x = 304/4 = 76.
Ýòî ðåøåíèå ïåðåáîðîì.

2 Ïîñêîëüêó 101y ≡101 0, âìåñòî (∗) ìîæíî ðàñøèðåííûì
àëãîðèòìîì Åâêëèäà ðåøàòü óðàâíåíèå

4x+ 101y = 1 .

Â ðåçóëüòàòå ðàáîòû àëãîðèòìà: 4 · 76 + 101 · (−3) = 1.

Àíàëîãè÷íî ðåøàþòñÿ óðàâíåíèÿ

ax = c è ax+ by = c

(ïåðåä ðåøåíèåì a, b è c íàäî ïîäåëèòü íà èõ îáùèé ÍÎÄ).
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Çàäà÷à
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Ýòî ðåøåíèå ïåðåáîðîì.

2 Ïîñêîëüêó 101y ≡101 0, âìåñòî (∗) ìîæíî ðàñøèðåííûì
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Íàõîæäåíèå îáðàòíûõ ýëåìåíòîâ â ðàñøèðåíèÿõ ïîëåé Fp

Àëãîðèòì Åâêëèäà è åãî ðàñøèðåííàÿ âåðñèÿ îñòàþòñÿ
ñïðàâåäëèâûìè â ëþáîì åâêëèäîâîì êîëüöå, ñëåäîâàòåëüíî,
è â ëþáîì ïîëå Ãàëóà.

Ïîýòîìó: îáðàòíûé ýëåìåíò y(x) äëÿ íåêîòîðîãî ìíîãî÷ëåíà
b(x) â ïîëå F = Fp[x]/(a(x)) îïðåäåëÿåòñÿ ñîîòíîøåíèåì

b(x) · y(x) = 1 ⇔ a(x) · χ(x) + b(x) · y(x) = 1 ,

êîòîðîå ìîæåò áûòü ðåøåíî ðàñøèðåííûì àëãîðèòìîì
Åâêëèäà äëÿ ïàðû ìíîãî÷ëåíîâ (a(x), b(x)) â ïîëå F .

Ðåøåíèå äàííûõ óðàâíåíèé ñóùåñòâóåò âñåãäà: ò.ê. a(x) �
íåïðèâîäèìûé ìíîãî÷ëåí è deg b(x) < deg a(x), òî
ÍÎÄ (a(x), b(x)) = 1.
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Íàõîæäåíèå îáðàòíûõ ýëåìåíòîâ â ðàñøèðåíèÿõ ïîëåé Fp
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b(x) · y(x) = 1 ⇔ a(x) · χ(x) + b(x) · y(x) = 1 ,

êîòîðîå ìîæåò áûòü ðåøåíî ðàñøèðåííûì àëãîðèòìîì
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íåïðèâîäèìûé ìíîãî÷ëåí è deg b(x) < deg a(x), òî
ÍÎÄ (a(x), b(x)) = 1.
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Ïðèìåð: íàéòè (x2 + x+ 3)−1 â ïîëå F7[x]/
(
x4 + x3 + x2 + 3

)

Ïðèìåíÿÿ ðàñøèðåííûé àëãîðèòì Åâêëèäà, ðåøèì óðàâíåíèå

(x4 + x3 + x2 + 3)χ(x) + (x2 + x+ 3)y(x) = 1 (∗)

Øàã 0: r−2(x) = x4 + x3 + x2 + 3,
r−1(x) = x2 + x+ 3,
y−2(x) = 0,
y−1(x) = 1 � çàäàíèå íà÷àëüíûõ çíà÷åíèé.

Øàã 1: r−2(x) = r−1(x)q0(x) + r0(x),
q0(x) = x2 + 5,
r0(x) = 2x+ 2,
y0(x) = y−2(x)− y−1(x)q0(x) = −q0(x) = −x2 − 5.

Øàã 2: r−1(x) = r0(x)q1(x) + r1(x),
q1(x) = 4x,
r1(x) = 3, deg r1(x) = 0
y1(x) = y−1(x)− y0(x)q1(x) = 1 + 4x(x2 + 5) =

= 4x3 + 6x+ 1.
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Øàã 2: r−1(x) = r0(x)q1(x) + r1(x),
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Ïðèìåð... F47 : (x4 + x3 + x2 +3)χ(x)+ b(x)(x2 + x+3) = 1 (∗)

Àëãîðèòì çàêàí÷èâàåò ñâîþ ðàáîòó íà øàãå 2, ò.ê. r1(x) = 3 è
deg r1(x) = deg 1 = 0 ( 1 � ìíîãî÷ëåí â ïðàâîé ÷àñòè (∗) ).

Çàìå÷àíèå: ïðè èòåðàöèÿõ àëãîðèòìà íåò íåîáõîäèìîñòè
âû÷èñëÿòü χi(x) � êîýôôèöèåíò ïðè x4 + x3 + x2 + 3, � ò.ê.
íàñ èíòåðåñóåò òîëüêî yi(x) � êîýôôèöèåíò ïðè x2 + x+ 3.

Îñòàòîê r1(x) = 3, îòëè÷àåòñÿ îò 1 íà ìíîæèòåëü-êîíñòàíòó.

×òîáû ïîëó÷èòü ðåøåíèå óðàâíåíèÿ (∗) âû÷èñëÿåì ýëåìåíò
3−1 ≡7 5 è äîìíîæàåì íà íåãî y1:

5y1(x) = 5(4x3 + 6x+ 1) ≡7 6x3 + 2x+ 5.

Îòâåò: â ïîëå F7[x]/
(
x4 + x3 + x2 + 3

)
èìååì

(x2 + x+ 3)−1 = 6x3 + 2x+ 5.
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5y1(x) = 5(4x3 + 6x+ 1) ≡7 6x3 + 2x+ 5.

Îòâåò: â ïîëå F7[x]/
(
x4 + x3 + x2 + 3

)
èìååì

(x2 + x+ 3)−1 = 6x3 + 2x+ 5.
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Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

Ïðèìåð... F47 : (x4 + x3 + x2 +3)χ(x)+ b(x)(x2 + x+3) = 1 (∗)

Àëãîðèòì çàêàí÷èâàåò ñâîþ ðàáîòó íà øàãå 2, ò.ê. r1(x) = 3 è
deg r1(x) = deg 1 = 0 ( 1 � ìíîãî÷ëåí â ïðàâîé ÷àñòè (∗) ).

Çàìå÷àíèå: ïðè èòåðàöèÿõ àëãîðèòìà íåò íåîáõîäèìîñòè
âû÷èñëÿòü χi(x) � êîýôôèöèåíò ïðè x4 + x3 + x2 + 3, � ò.ê.
íàñ èíòåðåñóåò òîëüêî yi(x) � êîýôôèöèåíò ïðè x2 + x+ 3.

Îñòàòîê r1(x) = 3, îòëè÷àåòñÿ îò 1 íà ìíîæèòåëü-êîíñòàíòó.

×òîáû ïîëó÷èòü ðåøåíèå óðàâíåíèÿ (∗) âû÷èñëÿåì ýëåìåíò
3−1 ≡7 5 è äîìíîæàåì íà íåãî y1:

5y1(x) = 5(4x3 + 6x+ 1) ≡7 6x3 + 2x+ 5.

Îòâåò: â ïîëå F7[x]/
(
x4 + x3 + x2 + 3

)
èìååì

(x2 + x+ 3)−1 = 6x3 + 2x+ 5.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Âåêòîðíîå ïðîñòðàíñòâî: îïðåäåëåíèå

Îïðåäåëåíèå

Àáñòðàêòíûì âåêòîðíûì ïðîñòðàíñòâîì íàä ïîëåì k = { 1, α, β, . . . }
íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà V = 〈V, k; +, · 〉, ãäå

V = { 0, v, . . . } � ïðîèçâîëüíîå ìíîæåñòâî,

+ � áèíàðíàÿ îïåðàöèÿ ñëîæåíèÿ íàä V : V × V +→ V ,
· � áèíàðíàÿ îïåðàöèÿ óìíîæåíèÿ ýëåìåíòà (¾÷èñëà¿) èç k íà

ýëåìåíò (¾âåêòîð¿) èç V : k× V ·→ V ,

ïðè÷¼ì îïåðàöèè + è · óäîâëåòâîðÿþò ñëåäóþùèì àêñèîìàì:

L1: V � êîììóòàòèâíàÿ ãðóïïà ïî ñëîæåíèþ, 0 � å¼ íåéòðàëüíûé
ýëåìåíò.

L2: α · (v1 + v2) = α · v1 + α · v2, (α1 + α2) · v = α1 · v + α2 · v,
(äèñòðèáóòèâíîñòü · îòíîñèòåëüíî +),

L3: α · (β · v) = (αβ) · v (êîìïîçèöèÿ óìíîæåíèé íà äâà ýëåìåíòà
ïîëÿ ñîâïàäàåò ñ óìíîæåíèåì èõ ïðîèçâåäåíèå,
¾àññîöèàòèâíîñòü¿ îïåðàöèé óìíîæåíèÿ ïîëÿ è ·),

L4: 1 · v = v (óíèòàëüíîñòü).
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Âåêòîðíîå ïðîñòðàíñòâî: îïðåäåëåíèå

Îïðåäåëåíèå

Àáñòðàêòíûì âåêòîðíûì ïðîñòðàíñòâîì íàä ïîëåì k = { 1, α, β, . . . }
íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà V = 〈V, k; +, · 〉, ãäå

V = { 0, v, . . . } � ïðîèçâîëüíîå ìíîæåñòâî,

+ � áèíàðíàÿ îïåðàöèÿ ñëîæåíèÿ íàä V : V × V +→ V ,
· � áèíàðíàÿ îïåðàöèÿ óìíîæåíèÿ ýëåìåíòà (¾÷èñëà¿) èç k íà

ýëåìåíò (¾âåêòîð¿) èç V : k× V ·→ V ,

ïðè÷¼ì îïåðàöèè + è · óäîâëåòâîðÿþò ñëåäóþùèì àêñèîìàì:

L1: V � êîììóòàòèâíàÿ ãðóïïà ïî ñëîæåíèþ, 0 � å¼ íåéòðàëüíûé
ýëåìåíò.

L2: α · (v1 + v2) = α · v1 + α · v2, (α1 + α2) · v = α1 · v + α2 · v,
(äèñòðèáóòèâíîñòü · îòíîñèòåëüíî +),

L3: α · (β · v) = (αβ) · v (êîìïîçèöèÿ óìíîæåíèé íà äâà ýëåìåíòà
ïîëÿ ñîâïàäàåò ñ óìíîæåíèåì èõ ïðîèçâåäåíèå,
¾àññîöèàòèâíîñòü¿ îïåðàöèé óìíîæåíèÿ ïîëÿ è ·),

L4: 1 · v = v (óíèòàëüíîñòü).
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Êîîðäèíàòíîå ïðîñòðàíñòâî

Ïðèìåð

Ïóñòü V = k
n � ìíîæåñòâî êîíå÷íûõ ïîñëåäîâàòåëüíîñòåé äëèíû n

ýëåìåíòîâ ïîëÿ k.
'Ñëîæåíèå' è 'óìíîæåíèå íà ÷èñëî (èç k)' ýëåìåíòîâ èç V
îïðåäåëÿþòñÿ ïîêîìïîíåíòíî.

Ïîëó÷èâøàÿñÿ ñòðóêòóðà � âåêòîðíîå ïðîñòðàíñòâî.
Åãî íàçûâàþò n-ìåðíûì êîîðäèíàòíûì ïðîñòðàíñòâîì íàä ïîëåì k.

Äèñòðèáóòèâíîñòü îòíîñèòåëüíî âû÷èòàíèÿ: (α− β) · v = α · v− β · v:
(α− β) · v + β · v = (α− β + β) · v = α · v

Îòñþäà ïîëó÷àåì, ÷òî

0 · v = 0, òàê êàê 0 · v = (1− 1) · v = v − v = 0

è −v = (−1) · v, òàê êàê
v + (−1) · v = 1 · v + (−1) · v = (1− 1) · v = 0 · v = 0.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïðèìåíåíèå âåêòîðíîé àëãåáðû ê èçó÷åíèþ êîíå÷íûõ ïîëåé

Ëåììà

Ïîëå k õàðàêòåðèñòèêè p > 0 åñòü âåêòîðíîå ïðîñòðàíñòâî íàä Fp.

Äîêàçàòåëüñòâî

ñëîæåíèå � íàñëåäóåòñÿ îïåðàöèÿ ñëîæåíèÿ â ïîëå k;

óìíîæåíèå � ïîñêîëüêó

Fp ∼= F =
{
0, 1, 1 + 1, . . . ,

p−1︷ ︸︸ ︷
1 + . . .+ 1

}
⊆ k,

òî ïðè óìíîæåíèè ¾÷�èñëà¿ èç ïîëÿ Fp ìîæíî

çàìåíÿòü íà ñîîòâåòñòâóþùèå ýëåìåíòû èç ïîëÿ F ;

àêñèîìû âåêòîðíîãî ïðîñòðàíñòâà � âûïîëíÿþòñÿ â ñèëó

ñâîéñòâ àðèôìåòè÷åñêèõ îïåðàöèé â ïîëå k.

Ñëåäñòâèå

Ïîëå Ãàëóà êàê âåêòîðíîå ïðîñòðàíñòâî ñîñòîèò èç pn ýëåìåíòîâ.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïðèìåíåíèå âåêòîðíîé àëãåáðû ê èçó÷åíèþ êîíå÷íûõ ïîëåé

Ëåììà

Ïîëå k õàðàêòåðèñòèêè p > 0 åñòü âåêòîðíîå ïðîñòðàíñòâî íàä Fp.

Äîêàçàòåëüñòâî

ñëîæåíèå � íàñëåäóåòñÿ îïåðàöèÿ ñëîæåíèÿ â ïîëå k;

óìíîæåíèå � ïîñêîëüêó

Fp ∼= F =
{
0, 1, 1 + 1, . . . ,

p−1︷ ︸︸ ︷
1 + . . .+ 1

}
⊆ k,

òî ïðè óìíîæåíèè ¾÷�èñëà¿ èç ïîëÿ Fp ìîæíî

çàìåíÿòü íà ñîîòâåòñòâóþùèå ýëåìåíòû èç ïîëÿ F ;

àêñèîìû âåêòîðíîãî ïðîñòðàíñòâà � âûïîëíÿþòñÿ â ñèëó

ñâîéñòâ àðèôìåòè÷åñêèõ îïåðàöèé â ïîëå k.

Ñëåäñòâèå

Ïîëå Ãàëóà êàê âåêòîðíîå ïðîñòðàíñòâî ñîñòîèò èç pn ýëåìåíòîâ.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïðèìåíåíèå âåêòîðíîé àëãåáðû ê èçó÷åíèþ êîíå÷íûõ ïîëåé

Ëåììà

Ïîëå k õàðàêòåðèñòèêè p > 0 åñòü âåêòîðíîå ïðîñòðàíñòâî íàä Fp.

Äîêàçàòåëüñòâî

ñëîæåíèå � íàñëåäóåòñÿ îïåðàöèÿ ñëîæåíèÿ â ïîëå k;

óìíîæåíèå � ïîñêîëüêó

Fp ∼= F =
{
0, 1, 1 + 1, . . . ,

p−1︷ ︸︸ ︷
1 + . . .+ 1

}
⊆ k,

òî ïðè óìíîæåíèè ¾÷�èñëà¿ èç ïîëÿ Fp ìîæíî

çàìåíÿòü íà ñîîòâåòñòâóþùèå ýëåìåíòû èç ïîëÿ F ;

àêñèîìû âåêòîðíîãî ïðîñòðàíñòâà � âûïîëíÿþòñÿ â ñèëó

ñâîéñòâ àðèôìåòè÷åñêèõ îïåðàöèé â ïîëå k.

Ñëåäñòâèå

Ïîëå Ãàëóà êàê âåêòîðíîå ïðîñòðàíñòâî ñîñòîèò èç pn ýëåìåíòîâ.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïîëÿ Ãàëóà êàê êîëüöà âû÷åòîâ èëè âåêòîðíûå ïðîñòðàíñòâà

Ïîëå Fnp åñòü êîíå÷íàÿ ÀÑ ñ ìíîæåñòâîì ýëåìåíòîâ

Mp,n(x) =

=
{
a0 + a1x+ . . .+ an−1x

n−1 | a0, a1, . . . , an−1 ∈ Fp
}
,

êîòîðóþ ìîæíî ðàññìàòðèâàòü êàê

ôàêòîðêîëüöî âû÷åòîâ ïî èäåàëó íåêîòîðîãî
íåïðèâîäèìîãî ìíîãî÷ëåíà f(x) ñòåïåíè n íàä ïîëåì Fp:

Fnp
∼=
〈
Fp[x]/(f(x)) ; +p, ·p

〉
èëè êàê

n-ìåðíîå êîîðäèíàòíîå ïðîñòðàíñòâî íàä ïîëåì Fp:

Fnp
∼=
〈
Mp,n(x), Fp; +p, ·p

〉
.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Áàçèñ â Fnp

Òåîðåìà

Ýëåìåíòû 1, x, . . . , xn−1 îáðàçóþò áàçèñ Fnp .

Äîêàçàòåëüñòâî

1. Ëþáîé ýëåìåíò Fnp ïðåäñòàâèì â âèäå ëèíåéíîé êîìáèíàöèè

óêàçàííûõ âåêòîðîâ:

a0 + a1x+ . . .+ an−1xn−1 = a01 + a1x+ . . .+ an−1xn−1.

2. Îáðàòíî, ïóñòü g(x) = b01 + b1x+ . . .+ bn−1xn−1 = 0.
Ýòî îçíà÷àåò, ÷òî ìíîãî÷ëåí g(x) ñòåïåíè n− 1 äåëèòñÿ íà

íåêîòîðûé ìíîãî÷ëåí n-é ñòåïåíè, ÷òî âîçìîæíî ëèøü ïðè

b0 = b1 = . . . = bn−1 = 0, ò.å. ñèñòåìà
{
1, x, . . . , xn−1

}
ëèíåéíî íåçàâèñèìà.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Áàçèñ â Fnp

Òåîðåìà

Ýëåìåíòû 1, x, . . . , xn−1 îáðàçóþò áàçèñ Fnp .

Äîêàçàòåëüñòâî

1. Ëþáîé ýëåìåíò Fnp ïðåäñòàâèì â âèäå ëèíåéíîé êîìáèíàöèè

óêàçàííûõ âåêòîðîâ:

a0 + a1x+ . . .+ an−1xn−1 = a01 + a1x+ . . .+ an−1xn−1.

2. Îáðàòíî, ïóñòü g(x) = b01 + b1x+ . . .+ bn−1xn−1 = 0.
Ýòî îçíà÷àåò, ÷òî ìíîãî÷ëåí g(x) ñòåïåíè n− 1 äåëèòñÿ íà

íåêîòîðûé ìíîãî÷ëåí n-é ñòåïåíè, ÷òî âîçìîæíî ëèøü ïðè

b0 = b1 = . . . = bn−1 = 0, ò.å. ñèñòåìà
{
1, x, . . . , xn−1

}
ëèíåéíî íåçàâèñèìà.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

C � ðàñøèðåíèå ïîëÿ R

Çàìå÷àíèå. Ïîñòðîåíèå ïîëÿ ñ ïîìîùüþ âû÷åòîâ ïî ìîäóëþ
íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà è àíàëîãè äîêàçàííûõ
òåîðåì ñïðàâåäëèâû íå òîëüêî â ñëó÷àå êîíå÷íûõ ïîëåé.

Íàïðèìåð:

1 ðàññìîòðèì ïîëå äåéñòâèòåëüíûõ ÷èñåë R è êîëüöî
ìíîãî÷ëåíîâ R[x] íàä íèì;

2 â R[x] âîçüì¼ì íåïðèâîäèìûé ìíîãî÷ëåí x2 + 1;

3 ïîñòðîèì ïîëå F êàê ôàêòîðêîëüöî: F = R[x]/
(
x2 + 1

)
;

4 F òàêæå è âåêòîðíîå ïðîñòðàíñòâî íàä R; åãî áàçèñ �{
1, x

}
è êàæäûé åãî ýëåìåíò z ∈ F ìîæíî ïðåäñòàâèòü â

âèäå z = a1 + bx, a, b ∈ R;
5 ïîëå F èçîìîðôíî ïîëþ êîìïëåêñíûõ ÷èñåë

C =
{
a+ ib | a, b ∈ R, i2 = −1

}
,

èçîìîðôèçì çàäà¼òñÿ ñîîòâåòñòâèåì 1 7→ 1, x 7→ i.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

C � ðàñøèðåíèå ïîëÿ R

Çàìå÷àíèå. Ïîñòðîåíèå ïîëÿ ñ ïîìîùüþ âû÷åòîâ ïî ìîäóëþ
íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà è àíàëîãè äîêàçàííûõ
òåîðåì ñïðàâåäëèâû íå òîëüêî â ñëó÷àå êîíå÷íûõ ïîëåé.

Íàïðèìåð:

1 ðàññìîòðèì ïîëå äåéñòâèòåëüíûõ ÷èñåë R è êîëüöî
ìíîãî÷ëåíîâ R[x] íàä íèì;

2 â R[x] âîçüì¼ì íåïðèâîäèìûé ìíîãî÷ëåí x2 + 1;

3 ïîñòðîèì ïîëå F êàê ôàêòîðêîëüöî: F = R[x]/
(
x2 + 1

)
;
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}
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ÏÐÈÊËÀÄÍÀß ÀËÃÅÁÐÀ. ×àñòü I. Êîíå÷íûå ïîëÿ èëè ïîëÿ Ãàëóà 53 / 95

Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïîäïîëÿ Fnp

Ëåììà

Ïîëå Fnp ñîäåðæèò ïîäïîëå Fkp i� k | n.

Äîêàçàòåëüñòâî

Åñëè ïîëå k1 ñîäåðæèòñÿ â ïîëå (k1 ⊂ k2), òî ýëåìåíòû k2

ìîæíî óìíîæàòü íà ýëåìåíòû èç k1, à ðåçóëüòàòû ñêëàäûâàòü.

Ïîýòîìó ïîëå k2 ÿâëÿåòñÿ âåêòîðíûì ïðîñòðàíñòâîì íàä

ïîëåì k1 íåêîòîðîé ðàçìåðíîñòè d � çíà÷èò, â í¼ì |k1|d
ýëåìåíòîâ. Íàø ñëó÷àé: pn = (pk)d, ÷òî è îçíà÷àåò k | n.
Îáðàòíîå ñëåäóåò èç ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè (ñ

òî÷íîñòüþ äî èçîìîðôèçìà) ïîëåé Ãàëóà.

ßñíî, ÷òî Fp � âñåãäà ïîäïîëå Fnp (ñëó÷àé k = 1).

Óïðàæíåíèå: ïåðå÷èñëèòå âñå ïîäïîëÿ ïîëÿ GF
(
230
)
.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïîäïîëÿ Fnp
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïðåäñòàâëåíèå ýëåìåíòîâ êîíå÷íîãî ïîëÿ: ðåçþìå

Íàèáîëåå óïîòðåáèìû äâà ïðåäñòàâëåíèÿ ýëåìåíòîâ êîíå÷íîãî
ïîëÿ F = Fp[x]/(a(x)) ∼= Fnp (ïîëèíîì a(x) íåïðèâîäèì,
deg a(x) = n):

âåêòîðíîå � êàæäûé ýëåìåíò F çàïèñûâàåòñÿ êàê âåêòîð â

áàçèñå
{
1, x1, x2, . . . , xn−1

}
;

ñòåïåííîå � êàæäûé íåíóëåâîé ýëåìåíò F çàïèñûâàåòñÿ
êàê íåêîòîðàÿ ñòåïåíü ãåíåðàòîðà α ãðóïïû F ∗.

Çàìå÷àíèå. Ïåðåõîä îò ñòåïåííîãî ïðåäñòàâëåíèÿ ê
âåêòîðíîìó äîñòàòî÷íî ïðîñò, à îáðàòíûé ïåðåõîä � î÷åíü
ñëîæåí (ñâÿçàí ñ âû÷èñëåíèåì äèñêðåòíîãî ëîãàðèôìà �
íàòóðàëüíîãî z â ðàâåíñòâå αz = b).

Íà ñëîæíîñòè ýòîé çàäà÷è (èçâåñòíû íå áîëåå, ÷åì
ñóáýêñïîíåíöèàëüíûå àëãîðèòìû å¼ ðåøåíèÿ) áàçèðóþòñÿ
ìåòîäû êðèïòîãðàôèè ñ îòðûòûì êëþ÷îì.
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Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

Ïðåäñòàâëåíèå ýëåìåíòîâ êîíå÷íîãî ïîëÿ: ðåçþìå

Íàèáîëåå óïîòðåáèìû äâà ïðåäñòàâëåíèÿ ýëåìåíòîâ êîíå÷íîãî
ïîëÿ F = Fp[x]/(a(x)) ∼= Fnp (ïîëèíîì a(x) íåïðèâîäèì,
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Íà ñëîæíîñòè ýòîé çàäà÷è (èçâåñòíû íå áîëåå, ÷åì
ñóáýêñïîíåíöèàëüíûå àëãîðèòìû å¼ ðåøåíèÿ) áàçèðóþòñÿ
ìåòîäû êðèïòîãðàôèè ñ îòðûòûì êëþ÷îì.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí

Ðàññìîòðèì ýëåìåíò β êîíå÷íîãî ïîëÿ è áóäåì èíòåðåñîâàòüñÿ
ìíîãî÷ëåíàìè, äëÿ êîòîðûõ îí ÿâëÿåòñÿ êîðíåì.

Îïðåäåëåíèå

Ìèíèìàëüíûì ìíîãî÷ëåíîì (ì.ì.) ýëåìåíòà β ∈ GF (pn)
íàçûâàåòñÿ ïðèâåä¼ííûé ìíîãî÷ëåí mβ(x) ∈ Fp[x]
íàèìåíüøåé ñòåïåíè, äëÿ êîòîðîãî β ÿâëÿåòñÿ êîðíåì.

Äðóãèìè ñëîâàìè, äîëæíû âûïîëíÿòüñÿ òðè óñëîâèÿ:

1 mβ(β) = 0;

2 ∀ f(x) ∈ Fp[x] : deg f(x) < degmβ(x) ⇒ f(β) 6= 0;

3 êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè â mβ(x) ðàâåí 1.

Ïî÷òè î÷åâèäíî, ÷òî ì.ì. � íåïðèâîäèìûé (äîêàæåì ïîñëå).



ÏÐÈÊËÀÄÍÀß ÀËÃÅÁÐÀ. ×àñòü I. Êîíå÷íûå ïîëÿ èëè ïîëÿ Ãàëóà 57 / 95

Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí èç íåïðèâîäèìîãî

Ðàññìîòðèì ïîëå F = Fp[x]/(a(x)), ïîðîæäàåìîå
íåïðèâîäèìûì ìíîãî÷ëåíîì a(x) = a0 + a1x+ . . .+ anx

n è
óáåäèìñÿ, ÷òî ìíîãî÷ëåí a−1n a(x) � ìèíèìàëüíûé äëÿ
ýëåìåíòà x = ( 0, 1, 0, . . . , 0 ) ∈ F .

ßñíî, ÷òî

x2 = x2 = (0, 0, 1, 0, . . . , 0), . . . , xn−1 = (0, . . . , 0, 1)

Äàëåå, ñ îäíîé ñòîðîíû x � êîðåíü a(x):

a0 + a1x+ . . .+ an(x)
n = a0 + a1x+ . . .+ anxn = 0,

à çíà÷èò è a−1n a(x).

Ñ äðóãîé � åñëè ∃ b(x) = b0 + b1x+ . . .+ bn−1(x)
n−1 = 0, òî

b0 + b1x+ . . .+ bn−1xn−1 = 0, ò.å. èìååì ëèíåéíóþ

çàâèñèìîñòü ìåæäó ýëåìåíòàìè
{
1, x, . . . , xn−1

}
� áàçèñà

ïîëÿ F êàê âåêòîðíîãî ïðîñòðàíñòâà íàä Fp, îòêóäà
b0 = b1 = . . . = bn−1 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí èç íåïðèâîäèìîãî

Ðàññìîòðèì ïîëå F = Fp[x]/(a(x)), ïîðîæäàåìîå
íåïðèâîäèìûì ìíîãî÷ëåíîì a(x) = a0 + a1x+ . . .+ anx

n è
óáåäèìñÿ, ÷òî ìíîãî÷ëåí a−1n a(x) � ìèíèìàëüíûé äëÿ
ýëåìåíòà x = ( 0, 1, 0, . . . , 0 ) ∈ F .

ßñíî, ÷òî

x2 = x2 = (0, 0, 1, 0, . . . , 0), . . . , xn−1 = (0, . . . , 0, 1)

Äàëåå, ñ îäíîé ñòîðîíû x � êîðåíü a(x):

a0 + a1x+ . . .+ an(x)
n = a0 + a1x+ . . .+ anxn = 0,

à çíà÷èò è a−1n a(x).

Ñ äðóãîé � åñëè ∃ b(x) = b0 + b1x+ . . .+ bn−1(x)
n−1 = 0, òî

b0 + b1x+ . . .+ bn−1xn−1 = 0, ò.å. èìååì ëèíåéíóþ

çàâèñèìîñòü ìåæäó ýëåìåíòàìè
{
1, x, . . . , xn−1

}
� áàçèñà

ïîëÿ F êàê âåêòîðíîãî ïðîñòðàíñòâà íàä Fp, îòêóäà
b0 = b1 = . . . = bn−1 = 0.



ÏÐÈÊËÀÄÍÀß ÀËÃÅÁÐÀ. ×àñòü I. Êîíå÷íûå ïîëÿ èëè ïîëÿ Ãàëóà 57 / 95

Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí èç íåïðèâîäèìîãî
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Êñòàòè, ÷òî òàêîå x ?

Ðàññìàòðèâàåì ïîëå Fnp = Fp[x]/a(x), ãäå
a(x) = a0 + a1x+ . . .+ anx

n � íåïðèâîäèìûé ìíîãî÷ëåí,
ò.å. â ýòîì ïîëå

a(x) = 0 ⇔ xn = an
−1 (−a0 − a1x − . . . − an−1x

n−1).
1. x = { f(x) ∈ Fp[x] | f(x) = q(x)a(x)+x, q(x) ∈ Fp[x] }.

2. Fnp =
=
{
f(x) = b0 + b1x+ . . .+ bn−1x

n−1 | b0, b1, . . . , bn−1 ∈ Fp
}

=
= { (b0, b1, . . . , bn−1) | b0, b1, . . . , bn−1 ∈ Fp}

x = { (0, 1, 0, . . . , 0) | 1 ∈ Fp }.

Â äàëüíåéøåì, êàê ïðèíÿòî, âìåñòî x ÷àñòî ïèøåì ïðîñòî x.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Êñòàòè, ÷òî òàêîå x ?

Ðàññìàòðèâàåì ïîëå Fnp = Fp[x]/a(x), ãäå
a(x) = a0 + a1x+ . . .+ anx

n � íåïðèâîäèìûé ìíîãî÷ëåí,
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Â äàëüíåéøåì, êàê ïðèíÿòî, âìåñòî x ÷àñòî ïèøåì ïðîñòî x.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Êñòàòè, ÷òî òàêîå x ?
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2. Fnp =
=
{
f(x) = b0 + b1x+ . . .+ bn−1x

n−1 | b0, b1, . . . , bn−1 ∈ Fp
}

=
= { (b0, b1, . . . , bn−1) | b0, b1, . . . , bn−1 ∈ Fp}

x = { (0, 1, 0, . . . , 0) | 1 ∈ Fp }.

Â äàëüíåéøåì, êàê ïðèíÿòî, âìåñòî x ÷àñòî ïèøåì ïðîñòî x.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

ßâëÿþòñÿ ëè ìèíèìàëüíûå ìíîãî÷ëåíû ïðèìèòèâíûìè?

Ïðèìåðû èç ïðåäûäóùåãî.

¶ Ìíîãî÷ëåí a(x) = x3 + x+ 1 íåïðèâîäèì â F2[x],
ñëåäîâàòåëüíî F = F2[x]/(a(x)) � ïîëå è ïî äîêàçàííîìó
ðàíåå a(x) � ìèíèìàëüíûé ìíîãî÷ëåí äëÿ x.

Ïðèìèòèâåí ëè a(x)?

Ïðîâåðÿåì, ÷òî â F = GF (23) a(x) 6 | (xt − 1) ïðè
t = 3, 4, 5, 6 (à äåëèìîñòü x7 − 1 íà a(x) âñåãäà áóäåò èìåòü
ìåñòî: x7 + 1 = (x3 + x+ 1)(x4 + x2 + x+ 1)).

Ýòî îçíà÷àåò, ÷òî a(x) � ïðèìèòèâíûé ìíîãî÷ëåí è
x � ïðèìèòèâíûé ýëåìåíò ïîëÿ F (ãåíåðàòîð F ∗, deg x = 7).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

ßâëÿþòñÿ ëè ìèíèìàëüíûå ìíîãî÷ëåíû ïðèìèòèâíûìè?

Ïðèìåðû èç ïðåäûäóùåãî.

¶ Ìíîãî÷ëåí a(x) = x3 + x+ 1 íåïðèâîäèì â F2[x],
ñëåäîâàòåëüíî F = F2[x]/(a(x)) � ïîëå è ïî äîêàçàííîìó
ðàíåå a(x) � ìèíèìàëüíûé ìíîãî÷ëåí äëÿ x.

Ïðèìèòèâåí ëè a(x)?

Ïðîâåðÿåì, ÷òî â F = GF (23) a(x) 6 | (xt − 1) ïðè
t = 3, 4, 5, 6 (à äåëèìîñòü x7 − 1 íà a(x) âñåãäà áóäåò èìåòü
ìåñòî: x7 + 1 = (x3 + x+ 1)(x4 + x2 + x+ 1)).

Ýòî îçíà÷àåò, ÷òî a(x) � ïðèìèòèâíûé ìíîãî÷ëåí è
x � ïðèìèòèâíûé ýëåìåíò ïîëÿ F (ãåíåðàòîð F ∗, deg x = 7).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

ßâëÿþòñÿ ëè ìèíèìàëüíûå ìíîãî÷ëåíû ïðèìèòèâíûìè...

· Ìíîãî÷ëåí a(x) = x4 + x3 + x2 + x+1 íåïðèâîäèì â F2[x],
ñëåäîâàòåëüíî F = F2[x]/(a(x)) � ïîëå è ïî äîêàçàííîìó
ðàíåå a(x) � ìèíèìàëüíûé ìíîãî÷ëåí äëÿ x.

Ïðèìèòèâåí ëè a(x)?

Èìååì â F = GF (24):

a(x) | (x5 − 1) : x5 + 1 = (x4 + x3 + x2 + x+ 1)(x+ 1).

Ýòî îçíà÷àåò, ÷òî a(x) � íå åñòü ïðèìèòèâíûé ìíîãî÷ëåí è
x � íå ãåíåðàòîð F ∗, ò.ê. deg x = 5 6= 15.

Äðóãîå îïðåäåëåíèå: ìèíèìàëüíûé ìíîãî÷ëåí ïðèìèòèâíîãî
ýëåìåíòà ïîëÿ íàçûâàåòñÿ ïðèìèòèâíûì ìíîãî÷ëåíîì.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíîãî ìíîãî÷ëåíà mβ(x) ∈ Fnp : ðåçþìå

Äàííûå ñâîéñòâà áóäóò äîêàçàíû äàëåå.

1 Ìíîãî÷ëåí mβ(x) íåïðèâîäèì.

2 Åñëè f(x) � òàêîé ìíîãî÷ëåí, ÷òî f(β) = β, òî
mβ(x) | f(x).

3 mβ(x) |
(
xp

n − x
)
.

4 degmβ(x) 6 n.

5 Ìíîãî÷ëåí mβ(x) � ìèíèìàëüíûé äëÿ β è βp.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû:
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ

Óòâåðæäåíèå

Ìèíèìàëüíûå ìíîãî÷ëåíû íåïðèâîäèìû.

Äîêàçàòåëüñòâî

Ïóñòü mβ(x) � ì.ì. äëÿ β è mβ(x) = m1(x)m2(x).
Òîãäà

mβ(β) = 0 ⇒
[
m1(β) = 0
m2(β) = 0

,

íî degm1 < degm è degm2 < degm ⇒ β íå ìîæåò áûòü

êîðíåì íè m1(x), íè m2(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ

Óòâåðæäåíèå

Ìèíèìàëüíûå ìíîãî÷ëåíû íåïðèâîäèìû.

Äîêàçàòåëüñòâî

Ïóñòü mβ(x) � ì.ì. äëÿ β è mβ(x) = m1(x)m2(x).
Òîãäà

mβ(β) = 0 ⇒
[
m1(β) = 0
m2(β) = 0

,

íî degm1 < degm è degm2 < degm ⇒ β íå ìîæåò áûòü

êîðíåì íè m1(x), íè m2(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Óòâåðæäåíèå

Ïóñòü â íåêîòîðîì ïîëå Ãàëóà mβ(x) � ì.ì. äëÿ ýëåìåíòà β, à
f(x) � ìíîãî÷ëåí òàêîé, ÷òî f(β) = 0.
Òîãäà f(x) äåëèòñÿ íà mβ(x).

Äîêàçàòåëüñòâî

Ðàçäåëèì f(x) íà mβ(x) ñ îñòàòêîì:

f(x) = u(x)mβ(x) + v(x) , deg v < degm.

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî β âìåñòî x, ïîëó÷àåì

0 = f(β) = u(β)mβ(β)︸ ︷︷ ︸
=0

+v(β) = v(β) ,

ò.å. β � êîðåíü v(x), ÷òî ïðîòèâîðå÷èò ìèíèìàëüíîñòè mβ(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Óòâåðæäåíèå

Ïóñòü â íåêîòîðîì ïîëå Ãàëóà mβ(x) � ì.ì. äëÿ ýëåìåíòà β, à
f(x) � ìíîãî÷ëåí òàêîé, ÷òî f(β) = 0.
Òîãäà f(x) äåëèòñÿ íà mβ(x).

Äîêàçàòåëüñòâî

Ðàçäåëèì f(x) íà mβ(x) ñ îñòàòêîì:

f(x) = u(x)mβ(x) + v(x) , deg v < degm.

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî β âìåñòî x, ïîëó÷àåì

0 = f(β) = u(β)mβ(β)︸ ︷︷ ︸
=0

+v(β) = v(β) ,

ò.å. β � êîðåíü v(x), ÷òî ïðîòèâîðå÷èò ìèíèìàëüíîñòè mβ(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Ñëåäñòâèå

Äëÿ êàæäîãî ýëåìåíòà ïîëÿ ñóùåñòâóåò íå áîëåå îäíîãî ì.ì.

Äîêàçàòåëüñòâî

Ïóñòü ìèíèìàëüíûõ ìíîãî÷ëåíîâ äâà.

Îíè âçàèìíî äåëÿò äðóã äðóãà, à çíà÷èò, ðàçëè÷àþòñÿ íà

îáðàòèìûé ìíîæèòåëü-êîíñòàíòó.

Ïîñêîëüêó ìèíèìàëüíûé ìíîãî÷ëåí íîðìèðîâàí, ýòà êîíñòàíòà

ðàâíà 1, ò.å. äàííûå ìíîãî÷ëåíû ñîâïàäàþò.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Ñëåäñòâèå

Äëÿ êàæäîãî ýëåìåíòà ïîëÿ ñóùåñòâóåò íå áîëåå îäíîãî ì.ì.

Äîêàçàòåëüñòâî

Ïóñòü ìèíèìàëüíûõ ìíîãî÷ëåíîâ äâà.

Îíè âçàèìíî äåëÿò äðóã äðóãà, à çíà÷èò, ðàçëè÷àþòñÿ íà

îáðàòèìûé ìíîæèòåëü-êîíñòàíòó.

Ïîñêîëüêó ìèíèìàëüíûé ìíîãî÷ëåí íîðìèðîâàí, ýòà êîíñòàíòà

ðàâíà 1, ò.å. äàííûå ìíîãî÷ëåíû ñîâïàäàþò.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Óòâåðæäåíèå

Äëÿ êàæäîãî ýëåìåíòà β ïîëÿ Fnp ñóùåñòâóåò (åäèíñòâåííîñòü

äîêàçàíà ðàíåå) ì.ì. è åãî ñòåïåíü íå ïðåâîñõîäèò n.

Äîêàçàòåëüñòâî

Ðàññìîòðèì ñëåäóþùèå ýëåìåíòû ïîëÿ Fnp : 1, β, β2, . . . , βn �

èõ n+1 øòóêà, à ðàçìåðíîñòü Fnp êàê âåêòîðíîãî ïðîñòðàíñòâà

ðàâíà n ⇒ ýòè ýëåìåíòû ëèíåéíî çàâèñèìû, ò.å. ñóùåñòâóþò

òàêèå íå âñå ðàâíûå 0 êîýôôèöèåíòû c0, . . . , cn, ÷òî

c01 + c1β + . . .+ cnβ
n = 0,

⇒ β � êîðåíü ìíîãî÷ëåíà f(x) = c0 + c1x+ . . .+ cnx
n.

Ìèíèìàëüíûì ìíîãî÷ëåíîì äëÿ β áóäåò íåêîòîðûé

íîðìèðîâàííûé íåïðèâîäèìûé äåëèòåëü f(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ...

Óòâåðæäåíèå

Äëÿ êàæäîãî ýëåìåíòà β ïîëÿ Fnp ñóùåñòâóåò (åäèíñòâåííîñòü

äîêàçàíà ðàíåå) ì.ì. è åãî ñòåïåíü íå ïðåâîñõîäèò n.

Äîêàçàòåëüñòâî

Ðàññìîòðèì ñëåäóþùèå ýëåìåíòû ïîëÿ Fnp : 1, β, β2, . . . , βn �

èõ n+1 øòóêà, à ðàçìåðíîñòü Fnp êàê âåêòîðíîãî ïðîñòðàíñòâà

ðàâíà n ⇒ ýòè ýëåìåíòû ëèíåéíî çàâèñèìû, ò.å. ñóùåñòâóþò

òàêèå íå âñå ðàâíûå 0 êîýôôèöèåíòû c0, . . . , cn, ÷òî

c01 + c1β + . . .+ cnβ
n = 0,

⇒ β � êîðåíü ìíîãî÷ëåíà f(x) = c0 + c1x+ . . .+ cnx
n.

Ìèíèìàëüíûì ìíîãî÷ëåíîì äëÿ β áóäåò íåêîòîðûé

íîðìèðîâàííûé íåïðèâîäèìûé äåëèòåëü f(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà

Òåîðåìà

Ëþáîé íåíóëåâîé ýëåìåíò ïîëÿ Fnp ÿâëÿåòñÿ êîðíåì

ìíîãî÷ëåíà xp
n−1 − 1, ò.å.

xp
n−1 − 1 = (x− β1) · . . . · (x− βpn−1),

ãäå
{
β1, . . . , βpn−1

}
= Fn∗p = Fnp r {0}.

Äîêàçàòåëüñòâî

Fn∗p � öèêëè÷åñêàÿ ãðóïïà ïî óìíîæåíèþ ïîðÿäêà pn − 1.
Ïîðÿäîê degα ëþáîãî å¼ ýëåìåíòà (= ïîðÿäîê öèêëè÷åñêîé

ïîäãðóïïû 〈α〉 � ïî òåîðåìå Ëàãðàíæà) äåëèò ïîðÿäîê ãðóïïû.

Ïîýòîìó pn − 1 = q · degα, αdegα = 1 è

αp
n−1 − 1 = αq degα − 1 = (αdegα)q − 1 = 1q − 1 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà

Òåîðåìà

Ëþáîé íåíóëåâîé ýëåìåíò ïîëÿ Fnp ÿâëÿåòñÿ êîðíåì

ìíîãî÷ëåíà xp
n−1 − 1, ò.å.

xp
n−1 − 1 = (x− β1) · . . . · (x− βpn−1),

ãäå
{
β1, . . . , βpn−1

}
= Fn∗p = Fnp r {0}.

Äîêàçàòåëüñòâî

Fn∗p � öèêëè÷åñêàÿ ãðóïïà ïî óìíîæåíèþ ïîðÿäêà pn − 1.
Ïîðÿäîê degα ëþáîãî å¼ ýëåìåíòà (= ïîðÿäîê öèêëè÷åñêîé

ïîäãðóïïû 〈α〉 � ïî òåîðåìå Ëàãðàíæà) äåëèò ïîðÿäîê ãðóïïû.

Ïîýòîìó pn − 1 = q · degα, αdegα = 1 è

αp
n−1 − 1 = αq degα − 1 = (αdegα)q − 1 = 1q − 1 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà...

Êñòàòè � èç òåîðåìû ñëåäóåò åù¼ îäèí ñïîñîá íàõîæäåíèÿ
îáðàòíûõ ýëåìåíòîâ â ïîëå Fnp , óäîáíûé ïðè íåáîëüøèõ p è n:

xp
n−1 = 1 ⇒ xp

n−2 = x−1.

Ïðèìåð

Â ïîëå F = F2[x]/
(
x3 + x+ 1

)
íàéòè ýëåìåíò, îáðàòíûé ê

α = x+ 1.
Èìååì: |F | = 8, x3 = x+ 1,

α−1 = α−6 = (x+1)6 = (x+1)2
2 ·(x+1)2 = (x4+1)(x2+1) =

= (x2 + x+ 1)(x2 + 1) = x4 + x3+ 6 x2+ 6 x2 + x+ 1 =

= (x2 + x) + (x+ 1) + x+ 1 = x2 + x.

Ïðîâåðêà: (x+ 1)(x2 + x) = x(x+ 1)2 = x(x2 + 1) =

= x3 + x = x+ 1 + x = 1.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà...

Ñëåäñòâèå (òåîðåìà Ôåðìà)

Âñå ýëåìåíòû ïîëÿ Fnp (íå èñêëþ÷àÿ íóëÿ) ÿâëÿþòñÿ êîðíÿìè

ìíîãî÷ëåíà xp
n − x.

Äîêàçàòåëüñòâî

Âûíåñåì x çà ñêîáêó:

xp
n − x = x

(
xp

n−1 − 1
)
.

Ó âòîðîãî ñîìíîæèòåëÿ êîðíÿìè áóäóò âñå íåíóëåâûå

ýëåìåíòûïîëÿ, à ó ïåðâîãî � 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà...

Òåîðåìà

Â êîëüöå ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

(xn − 1)
... (xm − 1) ⇔ n

...m.

Äîêàçàòåëüñòâî

Ïóñòü n = mk. Ñäåëàåì çàìåíó xm = y, òîãäà
xn − 1 = yk − 1 è xm − 1 = y − 1. Äåëèìîñòü î÷åâèäíà,
ò.ê. 1 � êîðåíü yk − 1.

Ïðåäïîëîæèì, ÷òî n 6
...m, ò.å. n = km+ r, 0 < r < m,

òîãäà

xn − 1 =
xr(xmk − 1)(xm − 1)

xm − 1
+ xr − 1 =

=
xr(xmk − 1)

xm − 1
(xm − 1) + xr − 1.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì: ñâîéñòâà...

Ïîñëåäíåå âûðàæåíèå çàäàåò ðåçóëüòàò äåëåíèÿ xn − 1 íà

xm − 1 ñ îñòàòêîì, ïîñêîëüêó xmk − 1 äåëèòñÿ íà xm − 1 ïî

äîêàçàííîìó âûøå.

Îñòàòîê xr − 1 6= 0 â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé.

∴ xn − 1 íå äåëèòñÿ íà xm − 1.

Òåîðåìà äà¼ò âîçìîæíîñòü ðàñêëàäûâàòü ìíîãî÷ëåíû xn − 1
ïðè ñîñòàâíûõ n.
Íàïðèìåð, ðàçëîæèì x15 + 1 â F2[x] (ãäå −1 = +1):

x15 + 1 = (x3 + 1)(x12 + x9 + x6 + x3 + 1) ,

x15 + 1 = (x5 + 1)(x10 + x5 + 1) .

Âîçìîæíîñòü ðàñêëàäûâàòü ìíîãî÷ëåíû ñïåöèàëüíîãî âèäà íà
íåïðèâîäèìûå äà¼ò ñëåäóþùàÿ òåîðåìà.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðàçëîæåíèå ìíîãî÷ëåíîâ íà íåïðèâîäèìûå

Òåîðåìà

Âñå íåïðèâîäèìûå ìíîãî÷ëåíû n-é ñòåïåíè èç Fp[x] äåëÿò
ìíîãî÷ëåí xp

n − x.

Äîêàçàòåëüñòâî

n = 1. Óáåæäàåìñÿ, ÷òî (x− a) | (xp − x), ãäå a ∈ Fp: ïðè a = 0
ýòî î÷åâèäíî, à â îñòàëüíûõ ñëó÷àÿõ äîêàçàíî, ÷òî a �

êîðåíü ìíîãî÷ëåíà xp−1 − 1 = (xp − x)/x.

n > 1. Ñòðîèì ïî íåïðèâîäèìîìó è (áåç îãðàíè÷åíèÿ îáùíîñòè �

íîðìèðîâàííîìó) ìíîãî÷ëåíó f(x) ñòåïåíè n ïîëå Fnp .

Â ýòîì ïîëå x � êîðåíü è f(x), è xp
n−1 − 1, ïðè÷¼ì

f(x) � ì.ì. äëÿ íåãî.

Ïî ñâîéñòâàì ì.ì. xp
n−1 − 1 äåëèòñÿ íà f(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðàçëîæåíèå ìíîãî÷ëåíîâ íà íåïðèâîäèìûå
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ïðèìåð: çàâåðøàåì ðàçëîæåíèå x15 + 1 ∈ F2[x]

x15 +1 = x2
4−1− 1, ïîýòîìó ïðîâåðÿåì ñòåïåíè p = 2 îò 1 äî 4:

24 − 1 = 15|15, 23 − 1 = 7 6 |15, 22 − 1 = 3|15, 21 − 1 = 1|15,

1 x(x15 + 1) = x2
4
+ x, îòêóäà âñå íåïðèâîäèìûå ìíîãî÷ëåíû

4-é ñòåïåíè áóäóò äåëèòåëÿìè x16 − x è, ñëåäîâàòåëüíî,
x15 + 1. Òàêèõ ìíîãî÷ëåíîâ 3:

x4 + x+ 1, x4 + x3 + 1 è x4 + x3 + x2 + x+ 1.

2 x(x3 +1) = x2
2
+ x, îòêóäà âñå íåïðèâîäèìûå ìíîãî÷ëåíû 2-é

ñòåïåíè áóäóò äåëèòåëÿìè x4 − x è, ñëåäîâàòåëüíî, x3 + 1.
Òàêîé ìíîãî÷ëåí òîëüêî îäèí: x2 + x+ 1.

3 x(x1 + 1) = x2
1
+ x, îòêóäà åäèíñòâåííûé îòëè÷íûé îò x

íåïðèâîäèìûé ìíîãî÷ëåí 1-é ñòåïåíè x+ 1 äåëèò x2 + x.

Èòîãî: ðàçëîæåíèå x15+1 íà íåðàçëîæèìûå íàä F2 ìíîãî÷ëåíû �

x15+1 = (x+1)(x2+x+1)(x4+x+1)(x4+x3+1)(x4+x3+x2+x+1).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Òåîðåìà

Ëþáîé íåïðèâîäèìûé ìíîãî÷ëåí-äåëèòåëü xp
n−1 − 1 èìååò

ñòåïåíü, íå ïðåâîñõîäÿùóþ n.

Äîêàçàòåëüñòâî

Ïóñòü ϕ � íåïðèâîäèìûé äåëèòåëü xp
n − x ñòåïåíè k.

Òîãäà F
def
= Fp/(ϕ) � ïîëå, êîòîðîå ðàññìîòðèì êàê âåêòîðíîå

ïðîñòðàíñòâî íàä Fp ñ áàçèñîì
{
1, x, . . . , xk−1

}
.

Îáîçíà÷èì x = α. Ïîñêîëüêó (xp
n − x)

...ϕ, òî â F èìååì

αp
n − α = 0.

Ëþáîé ýëåìåíò F âûðàæàåòñÿ ÷åðåç áàçèñ: β =
k−1∑
i=0

aiα
i.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Âîçâåäÿ îáå ÷àñòè ýòîãî ðàâåíñòâà â ñòåïåíü pn, ïîëó÷èì

βp
n
=

(
k−1∑
i=0

aiα
i

)pn
=

k−1∑
i=0

aiα
i = β,

ò.å. β � êîðåíü óðàâíåíèÿ

xp
n − x = 0 . (∗)

Èòàê, êàæäûé ýëåìåíò ïîëÿ F ÿâëÿåòñÿ êîðíåì (∗), íî ó (∗) íå
áîëåå pn ðàçëè÷íûõ êîðíåé, à |F | = pk ∴ n > k.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Óòâåðæäåíèå

Ïóñòü β ∈ Fnp èìååò ïîðÿäîê l, à åãî ì.ì. m(x) èìååò ñòåïåíü k.

Òîãäà ¶ (pk − 1)
... l, à åñëè r < k, òî · (pr − 1) 6

... l.

Äîêàçàòåëüñòâî

¶ Ïî íåïðèâîäèìîìó ìíîãî÷ëåíó k-é ñòåïåíè m(x) ñòðîèì

ïîëå èç pk ýëåìåíòîâ. Âñå åãî íåíóëåâûå ýëåìåíòû, â òîì

÷èñëå è β, ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ xp
k−1 − 1 = 0, ò.å.

βp
k−1 − 1 = 0 è βp

k−1 = 1, íî deg β = l ⇒ l | (pk − 1).

· Ïóñòü (pr − 1)
... l è r < k. Òîãäà β � êîðåíü óðàâíåíèÿ

xp
r − 1 = 0, à ò.ê. m(x) � ì.ì. äëÿ β, òî (xp

r − 1)
...m(x) (áûëî

äîêàçàíî) ⇒ íàéäåí íåïðèâîäèìûé äåëèòåëü xp
r − 1 ñòåïåíè

k, íî k > r ⇒ ïðîòèâîðå÷èå äîêàçàííîìó ðàíåå.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò ðàñêëàäûâàòü ìíîãî÷ëåíû íà
ìíîæèòåëè.

Òåîðåìà (ñâîéñòâî êîðíåé íåïðèâîäèìîãî ìíîãî÷ëåíà)

Ïóñòü β � êîðåíü íåïðèâîäèìîãî ìíîãî÷ëåíà f(x) ñòåïåíè n ñ

êîýôôèöèåíòàìè èç Fp. Òîãäà ýëåìåíòû β, βp, βp
2
, . . . , βp

n−1
:

¶ âñå ðàçëè÷íû; · èñ÷åðïûâàþò ñïèñîê âñåõ n êîðíåé f(x)
(èõ íàçûâàþò ñìåæíûìè).

Ò.å. ÷òîáû ïîëó÷èòü âñå êîðíè íåïðèâîäèìîãî ìíîãî÷ëåíà,
äîñòàòî÷íî íàéòè îäèí èç íèõ è âîçâîäèòü åãî ïîñëåäîâàòåëüíî â
ñòåïåíè p.

Äîêàçàòåëüñòâî

¶ Ïîêàæåì, ÷òî åñëè β � êîðåíü f(x), òî βp � òîæå êîðåíü.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò ðàñêëàäûâàòü ìíîãî÷ëåíû íà
ìíîæèòåëè.

Òåîðåìà (ñâîéñòâî êîðíåé íåïðèâîäèìîãî ìíîãî÷ëåíà)

Ïóñòü β � êîðåíü íåïðèâîäèìîãî ìíîãî÷ëåíà f(x) ñòåïåíè n ñ

êîýôôèöèåíòàìè èç Fp. Òîãäà ýëåìåíòû β, βp, βp
2
, . . . , βp

n−1
:

¶ âñå ðàçëè÷íû; · èñ÷åðïûâàþò ñïèñîê âñåõ n êîðíåé f(x)
(èõ íàçûâàþò ñìåæíûìè).

Ò.å. ÷òîáû ïîëó÷èòü âñå êîðíè íåïðèâîäèìîãî ìíîãî÷ëåíà,
äîñòàòî÷íî íàéòè îäèí èç íèõ è âîçâîäèòü åãî ïîñëåäîâàòåëüíî â
ñòåïåíè p.

Äîêàçàòåëüñòâî

¶ Ïîêàæåì, ÷òî åñëè β � êîðåíü f(x), òî βp � òîæå êîðåíü.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

Ïîñêîëüêó ap = a äëÿ âñåõ a ∈ Fp, òî ñïðàâåäëèâî(
a0 + a1x+ . . .+ akx

k
)p

= ap0 + ap1x
p + ap2x

2p + . . .+ apkx
kp =

= a0 + a1(x
p) + a2(x

p)2 + . . .+ ak(x
p)k,

ò.å. äëÿ ëþáîãî ìíîãî÷ëåíà ϕ(x) ∈ Fp[x] âûïîëíÿåòñÿ ðàâåíñòâî(
ϕ(x)

)p
= ϕ(xp). (∗)

Îòñþäà:

f(β) = 0 ⇔ f(β)p = 0 ⇔ f(βp) = 0

è β, βp, . . . , βp
n−1

� êîðíè ìíîãî÷ëåíà f(x).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ìíîãî÷ëåíû íàä êîíå÷íûì ïîëåì...

· Îñòàëîñü äîêàçàòü, ÷òî âñå β, βp, . . . , βp
n−1

ðàçëè÷íû, è

òîãäà (ìíîãî÷ëåí ñòåïåíè n èìååò íå áîëåå n êîðíåé) ìîæíî

óòâåðæäàòü, ÷òî íàéäåíû âñå êîðíè ìíîãî÷ëåíà f(x).

Ïðåäïîëîæèì, ÷òî βp
l
= βp

k
è áåç îãðàíè÷åíèÿ îáùíîñòè

l < k. Èìååì:

1 βp
n
= β;

2 ïîñêîëüêó

βp
n
= βp

k·pn−k
=
(
βp

k
)pn−k

=
(
βp

l
)pn−k

= βp
n−k+l

,

òî β � êîðåíü óðàâíåíèÿ xp
n−k+l−1 − 1 = 0.

Èç òåîðåìû ¾Âñå íåïðèâîäèìûå ìíîãî÷ëåíû n-é ñòåïåíè íàä

Fp ÿâëÿþòñÿ äåëèòåëÿìè xp
n − x¿ ïîëó÷àåì

n− k + l > n ⇒ l > k � ïðîòèâîðå÷èå.



ÏÐÈÊËÀÄÍÀß ÀËÃÅÁÐÀ. ×àñòü I. Êîíå÷íûå ïîëÿ èëè ïîëÿ Ãàëóà 80 / 95

Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèé ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

1. Íàéòè êîðíè íåïðèâîäèìîãî íàä F2 ìíîãî÷ëåíà

f(x) = x4 + x3 + 1

Ðåøåíèå. Îäèí êîðåíü ïîëó÷àåì íåìåäëåííî: x (èëè x).
Ïî òîëüêî ÷òî äîêàçàííîé òåîðåìå ìîæíî âûïèñàòü îñòàëüíûå
êîðíè â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + 1, x8 = x6 + 1 = x3 + x2 + x.

Ïîêàæåì, ÷òî, íàïðèìåð, x2 � äåéñòâèòåëüíî êîðåíü f(x):

f(x2) = x4 + x3 + 1
∣∣
x 7→x2

= x4·2 + x4+2 + 1
∣∣
x4 7→x3+1

=

= (x3 + 1)2 + (x3 + 1)x2 + 1 = x6+ 6 1 + x5 + x2+ 6 1 =

= x6 + x5 + x2 = x2(x4 + x3 + 1) = x2 · 0 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèé ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

1. Íàéòè êîðíè íåïðèâîäèìîãî íàä F2 ìíîãî÷ëåíà

f(x) = x4 + x3 + 1

Ðåøåíèå. Îäèí êîðåíü ïîëó÷àåì íåìåäëåííî: x (èëè x).
Ïî òîëüêî ÷òî äîêàçàííîé òåîðåìå ìîæíî âûïèñàòü îñòàëüíûå
êîðíè â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + 1, x8 = x6 + 1 = x3 + x2 + x.

Ïîêàæåì, ÷òî, íàïðèìåð, x2 � äåéñòâèòåëüíî êîðåíü f(x):

f(x2) = x4 + x3 + 1
∣∣
x 7→x2

= x4·2 + x4+2 + 1
∣∣
x4 7→x3+1

=

= (x3 + 1)2 + (x3 + 1)x2 + 1 = x6+ 6 1 + x5 + x2+ 6 1 =

= x6 + x5 + x2 = x2(x4 + x3 + 1) = x2 · 0 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèé ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

1. Íàéòè êîðíè íåïðèâîäèìîãî íàä F2 ìíîãî÷ëåíà

f(x) = x4 + x3 + 1

Ðåøåíèå. Îäèí êîðåíü ïîëó÷àåì íåìåäëåííî: x (èëè x).
Ïî òîëüêî ÷òî äîêàçàííîé òåîðåìå ìîæíî âûïèñàòü îñòàëüíûå
êîðíè â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + 1, x8 = x6 + 1 = x3 + x2 + x.

Ïîêàæåì, ÷òî, íàïðèìåð, x2 � äåéñòâèòåëüíî êîðåíü f(x):

f(x2) = x4 + x3 + 1
∣∣
x 7→x2

= x4·2 + x4+2 + 1
∣∣
x4 7→x3+1

=

= (x3 + 1)2 + (x3 + 1)x2 + 1 = x6+ 6 1 + x5 + x2+ 6 1 =

= x6 + x5 + x2 = x2(x4 + x3 + 1) = x2 · 0 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèé ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

2. Ðåøèòü óðàâíåíèå

f(x) = x4 + x3 + x2 + x+ 1 = 0, f(x) ∈ F2[x].

Ðåøåíèå.
Óáåæäàåìñÿ, ÷òî ìíîãî÷ëåí f(x) íåïðèâîäèì â F2[x].
Ïîýòîìó îäèí åãî êîðåíü � x, è ïî äîêàçàííîé òåîðåìå
âûïèñûâàåì îñòàëüíûå â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + x2 + x+ 1, x8 = x6 + x4 + x2 + 1 = . . . = x3.

Ïîêàæèòå ñàìîñòîÿòåëüíî, ÷òî x3 � äåéñòâèòåëüíî êîðåíü
f(x), ò.å. ÷òî

f(x3) = x12 + x9 + x6 + x3 + 1 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

3. Ðåøèòü óðàâíåíèå

f(x) = x2 + 2x− 1 = 0, ãäå f(x) ∈ F3[x].

Ðåøåíèå. Ïåðåáîðîì ýëåìåíòîâ x ∈ F3 = { 0, 1, 2 }
óáåæäàåìñÿ f(x) � íåïðèâîäèìûé ìíîãî÷ëåí.
Íî òîãäà â ïîëå F3[x]/

(
x2 + 2x+ 2

)
îí èìååò êîðíè x è x3.

Ïîñêîëüêó x2 = −2x+ 1 = x+ 1, òî x3 = x2 + x = 2x+ 1.

Óáåäèìñÿ, ÷òî 2x+ 1 � êîðåíü f(x):

f(x2 + x) = (2x+ 1)2 + x+ 2− 1 =

= x2 + x+ 1 + x+ 1 = 3 · (x+ 1) = 0.

Îòâåò: óðàâíåíèå f(x) = x2 + 2x− 1 = 0, ãäå f(x) ∈ F3[x]
èìååò êîðíè x è 2x+ 1 â ïîëå F3[x]/

(
x2 + 2x+ 2

)
.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿

Ïðèìåðû

3. Ðåøèòü óðàâíåíèå

f(x) = x2 + 2x− 1 = 0, ãäå f(x) ∈ F3[x].

Ðåøåíèå. Ïåðåáîðîì ýëåìåíòîâ x ∈ F3 = { 0, 1, 2 }
óáåæäàåìñÿ f(x) � íåïðèâîäèìûé ìíîãî÷ëåí.
Íî òîãäà â ïîëå F3[x]/

(
x2 + 2x+ 2

)
îí èìååò êîðíè x è x3.

Ïîñêîëüêó x2 = −2x+ 1 = x+ 1, òî x3 = x2 + x = 2x+ 1.

Óáåäèìñÿ, ÷òî 2x+ 1 � êîðåíü f(x):

f(x2 + x) = (2x+ 1)2 + x+ 2− 1 =

= x2 + x+ 1 + x+ 1 = 3 · (x+ 1) = 0.

Îòâåò: óðàâíåíèå f(x) = x2 + 2x− 1 = 0, ãäå f(x) ∈ F3[x]
èìååò êîðíè x è 2x+ 1 â ïîëå F3[x]/

(
x2 + 2x+ 2

)
.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ ¾íåïðèâîäèìûé ìíîãî÷ëåí = 0¿...

Ïðèìåðû

Ïðîâåðèì, êñòàòè, ÿâëÿåòñÿ ëè íåïðèâîäèìûé ìíîãî÷ëåí
f(x) = x2 + 2x+ 2 ∈ F3[x] ïðèìèòèâíûì?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîñòðîåííîãî ïîëÿ F23 ñîñòîèò èç 8
ýëåìåíòîâ, 8 = 23 èìååò åäèíñòâåííûé ïðîñòîé äåëèòåëü 2 è
ïîýòîìó íåîáõîäèìî ïðîâåðèòü ðàâåíñòâî x4 = 1 (82 = 4).
Èìååì (x2 = x+ 1 ):

x4 =
(
x2
)2

= (x+1)2 = x2+2x+1 = 6 x+1+ 6 2x+1 = 2 6= 1.

Ýòî îçíà÷àåò, ÷òî deg x = 8 è äàííûé ìíîãî÷ëåí �
ïðèìèòèâíûé.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Êàê ðåøàòü óðàâíåíèÿ f(x) = 0, êîãäà êîðíåé íåò?

Àëãîðèòì íàõîæäåíèÿ âñåõ êîðíåé ïîëèíîìà f(x) ∈ Fp[x]

1 Ðàçëîæèòü f(x) íà íåïðèâîäèìûå ñîìíîæèòåëè íàä Fp[x]:

f(x) = g1(x) · g2(x) · . . . · gk(x).

2 Äëÿ êàæäîãî ìíîãî÷ëåíà gi(x), i = 1, k ðàññìîòðåòü
ðàñøèðåíèå Fp[x]/(gi(x)), â êîòîðîì îí áóäåò èìåòü
ni = deg gi êîðíåé

α, αp, αp
2
, . . . , αp

ni−1
.

Çàïèñàòü äàííûå êîðíè êàê ìíîãî÷ëåíû èç ïîëÿ
Fp[x]/(gi(x)).

3 Îáúåäèíèòü âñå êîðíè â îäíîì îáùåì ðàñøèðåíèè Fnp ,
ãäå n = HOK (n1, . . . , nk ).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = 2x4 + x3 + 4x2 + 4 = 0 íàä F5

Çàäà÷à. Ðåøèòü óðàâíåíèå

f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå f(x) ∈ F5[x].

Ðåøåíèå. Âû÷èñëÿåì çíà÷åíèÿ f(x) äëÿ
x ∈ F5 = { 0, 1, 2, 3, 4 }: f(0) = 4, f(1) = 1, f(2) = 0.
Òàêèì îáðàçîì, x = 2 � êîðåíü f(x).

Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x− 2 (= x+ 3), ïîëó÷èì

2x4 + x3 + 4x2 + 4 = (x− 2) · (2x3 + 4x+ 3).

Äëÿ óäîáñòâà íîðìèðóåì ÷àñòíîå 2x3 + 4x+ 3 : ò.ê. 2−1 = 3, òî
âìåñòî óðàâíåíèÿ 2x3 + 4x+ 3 = 0 áóäåì ðåøàòü óðàâíåíèå

f2(x) = 3 · (2x3 + 4x+ 3) = x3 + 2x+ 4 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = 2x4 + x3 + 4x2 + 4 = 0 íàä F5

Çàäà÷à. Ðåøèòü óðàâíåíèå

f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå f(x) ∈ F5[x].

Ðåøåíèå. Âû÷èñëÿåì çíà÷åíèÿ f(x) äëÿ
x ∈ F5 = { 0, 1, 2, 3, 4 }: f(0) = 4, f(1) = 1, f(2) = 0.
Òàêèì îáðàçîì, x = 2 � êîðåíü f(x).

Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x− 2 (= x+ 3), ïîëó÷èì

2x4 + x3 + 4x2 + 4 = (x− 2) · (2x3 + 4x+ 3).

Äëÿ óäîáñòâà íîðìèðóåì ÷àñòíîå 2x3 + 4x+ 3 : ò.ê. 2−1 = 3, òî
âìåñòî óðàâíåíèÿ 2x3 + 4x+ 3 = 0 áóäåì ðåøàòü óðàâíåíèå

f2(x) = 3 · (2x3 + 4x+ 3) = x3 + 2x+ 4 = 0.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = 2x4 + x3 + 4x2 + 4 = 0 íàä F5...

Ïåðåáîðîì ýëåìåíòîâ x ∈ F5 �

f(0) = 4, f(1) = 2, f(2) = 1, f(3) = 2, f(4) = 1

óáåæäàåìñÿ, ÷òî f2(x) = x3 + 2x+ 4 � íåïðèâîäèìûé
ìíîãî÷ëåí (à åñëè áû ýòî áûë ìíîãî÷ëåí 4-é ñòåïåíè?).

Â ïîëå F5[x]/
(
x3 + 2x+ 4

)
êîðíÿìè ìíîãî÷ëåíà f2(x) = 0

áóäóò x, x5, x25.

Âû÷èñëÿåì � ñ ó÷¼òîì x3 = −2x− 4 = 3x+ 1:

x5 = x2(3x+ 1) = 3x3 + x2 = 4x+ 3 + x2 = x2 + 4x+ 3.

x25 =
(
x5
)5

=
(
x2 + 4x+ 3

)5
= x10 + 45x5 + 35 =

= x10 + 4(x2 + 4x+ 3) + 3 = x10 + 4x2 + x.

(ïîñêîëüêó 45 = 210 = 1024 è 35 = 81 · 3 = 243).

Íàéä¼ì îòäåëüíî x10.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = 2x4 + x3 + 4x2 + 4 = 0 íàä F5...

x10 =
(
x5
)2

=
(
x2 + 4x+ 3

)2
= x4+x2+32+3x3+4x+x2 =

= x4 + 3x3 + 2x2 + 4x+ 4 = 63x2+ 6x+ 64x+ 3+ 62x2 + 4x+ 4 =

= 4x+ 2.

Ïðîäîëæàåì:

x25 = x10 + 4x2 + x = 64x+ 2 + 4x2+ 6x = 4x2 + 2.

Îòâåò: óðàâíåíèå f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå
f(x) ∈ F5[x] èìååò êîðíè 2, x, x2 + 4x+ 3, 4x2 + 2 â ïîëå
F = F5[x]/

(
x3 + 2x+ 4

)
(ïîñêîëüêó êîðåíü 2 ∈ F ).
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Î ïîðîæäàþùåì ìíîãî÷ëåíå x3 + 2x+ 4 ∈ F5[x]

Êñòàòè, ÿâëÿåòñÿ ëè íåïðèâîäèìûé â F5[x] ìíîãî÷ëåí
a(x) = x3 + 2x+ 4 ïðèìèòèâíûì?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîñòðîåííîãî ïîëÿ F35 ñîñòîèò èç
53 − 1 = 124 ýëåìåíòîâ.
Îïðåäåëèì ïîðÿäîê å¼ ýëåìåíòà x, äëÿ êîòîðîãî x3 = 3x+ 1.

Ïîñêîëüêó 124 = 22 · 31, ðàâåíñòâî xd = 1 íóæíî ïðîâåðèòü
äëÿ d = 124

2 = 62 è d = 124
31 = 4.

Âû÷èñëÿåì: x4 = x3x = 3x2 + x 6= 1.

x62 = (x31)2 = (x25 · x6)2.
Ïîñêîëüêó x6 =

(
x3
)2

= (3x+ 1)2 = 4x2 + x+ 1, òî

x31 = (4x2+2)·(4x2+x+1) = x4+4x3+4x2+3x2+2x+2 =

= x4+4x3+2x2+2x+2 = 3x2+x+2x+4+2x2+2x+2= 1

� deg x = 31 è ìíîãî÷ëåí a(x) íå ïðèìèòèâåí.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Î ïîðîæäàþùåì ìíîãî÷ëåíå x3 + 2x+ 4 ∈ F5[x]

Êñòàòè, ÿâëÿåòñÿ ëè íåïðèâîäèìûé â F5[x] ìíîãî÷ëåí
a(x) = x3 + 2x+ 4 ïðèìèòèâíûì?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîñòðîåííîãî ïîëÿ F35 ñîñòîèò èç
53 − 1 = 124 ýëåìåíòîâ.
Îïðåäåëèì ïîðÿäîê å¼ ýëåìåíòà x, äëÿ êîòîðîãî x3 = 3x+ 1.

Ïîñêîëüêó 124 = 22 · 31, ðàâåíñòâî xd = 1 íóæíî ïðîâåðèòü
äëÿ d = 124

2 = 62 è d = 124
31 = 4.

Âû÷èñëÿåì: x4 = x3x = 3x2 + x 6= 1.

x62 = (x31)2 = (x25 · x6)2.
Ïîñêîëüêó x6 =

(
x3
)2

= (3x+ 1)2 = 4x2 + x+ 1, òî

x31 = (4x2+2)·(4x2+x+1) = x4+4x3+4x2+3x2+2x+2 =

= x4+4x3+2x2+2x+2 = 3x2+x+2x+4+2x2+2x+2= 1

� deg x = 31 è ìíîãî÷ëåí a(x) íå ïðèìèòèâåí.



ÏÐÈÊËÀÄÍÀß ÀËÃÅÁÐÀ. ×àñòü I. Êîíå÷íûå ïîëÿ èëè ïîëÿ Ãàëóà 89 / 95

Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = x8 + x4 + x2 + x+ 1 = 0 íàä F2

Çàäà÷à. Ðåøèòü óðàâíåíèå

f(x) = x8 + x4 + x2 + x+ 1 = 0, ãäå f(x) ∈ F2[x].

Ðåøåíèå. Â òàáëèöàõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ äàííûé
ìíîãî÷ëåí îòñóòñòâóåò.
Ïîäáîðîì íàõîäèì, ÷òî f(x) ðàçëàãàåòñÿ â ïðîèçâåäåíèå äâóõ
íåïðèâîäèìûõ íàä F2 ìíîãî÷ëåíîâ:

x8 + x4 + x2 + x+ 1 = (x4 + x3 + 1)︸ ︷︷ ︸
f1(x)

· (x4 + x3 + x2 + x+ 1)︸ ︷︷ ︸
f2(x)

.

Óðàâíåíèÿ f1(x) = 0 è f2(x) = 0 ðàíåå áûëè ðåøåíû: èõ
êîðíè ñîîòâåòñòâåííî ñóòü

x, x2, x3 + 1, x3 + x2 + x â ïîëå F1 = F2[x]/
(
x4 + x3 + 1

)
è

x, x2, x3, x3 + x2 + x+ 1 â ïîëå F2 = F2[x]/
(
x4 + x3 + x2 + x+ 1

)
.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = x8 + x4 + x2 + x+ 1 = 0 íàä F2

Çàäà÷à. Ðåøèòü óðàâíåíèå

f(x) = x8 + x4 + x2 + x+ 1 = 0, ãäå f(x) ∈ F2[x].

Ðåøåíèå. Â òàáëèöàõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ äàííûé
ìíîãî÷ëåí îòñóòñòâóåò.
Ïîäáîðîì íàõîäèì, ÷òî f(x) ðàçëàãàåòñÿ â ïðîèçâåäåíèå äâóõ
íåïðèâîäèìûõ íàä F2 ìíîãî÷ëåíîâ:

x8 + x4 + x2 + x+ 1 = (x4 + x3 + 1)︸ ︷︷ ︸
f1(x)

· (x4 + x3 + x2 + x+ 1)︸ ︷︷ ︸
f2(x)

.

Óðàâíåíèÿ f1(x) = 0 è f2(x) = 0 ðàíåå áûëè ðåøåíû: èõ
êîðíè ñîîòâåòñòâåííî ñóòü

x, x2, x3 + 1, x3 + x2 + x â ïîëå F1 = F2[x]/
(
x4 + x3 + 1

)
è

x, x2, x3, x3 + x2 + x+ 1 â ïîëå F2 = F2[x]/
(
x4 + x3 + x2 + x+ 1

)
.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = x8 + x4 + x2 + x+ 1 = 0 íàä F2...

Ñòåïåíè îáîèõ ðàñøèðåíèé ïîëÿ GF (2) ñîâïàäàþò (=4) è
ïîëÿ F1 è F2 èçìîðôíû (ïîêà íå äîêàçàíî!), ò.î. âñå 8
êîðíåé óðàâíåíèÿ f(x) = 0 ëåæàò â ïîëå GF (24).

Äëÿ çàïèñè äàííûõ êîðíåé âûáåðåì ïðåäñòàâëåíèå F1 ïîëÿ
GF (24).
Òîãäà çàïèñü êîðíåé f1(x) = 0 îñòàíåòñÿ áåç èçìåíåíèé, à
êîðíè f2(x) = 0 íàäî ïðåäñòàâèòü êàê ýëåìåíòû F1.

Ïðèðàâíèâàÿ ìíîãî÷ëåíû, ïîðîæäàþùèå äàííûå ïîëÿ,
ïîëó÷èì

x4 + x3 + 1 = x4 + x3 + x2 + x+ 1 ⇒ x2 + x = x(x+ 1) = 0.

ßñíî, ÷òî ïðè ïîäñòàíîâêå x 7→ x+ 1 ïîëó÷åííîå ðàâåíñòâî
îñòàíåòñÿ ñïðàâåäëèâûì. Ïðèìåíèì äàííóþ ïîñòàíîâêó äëÿ
èçîìîðôíîãî ïðåîáðàçîâàíèÿ ïîëåé F1 ↔ F2.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = x8 + x4 + x2 + x+ 1 = 0 íàä F2...

Íàõîäèì ïðåäñòàâëåíèÿ êîðíåé ìíîãî÷ëåíà f2(x) â ïîëå F1:

x 7→ x+ 1,

x2 7→ (x+ 1)2 = x2 + 1,

x3 7→ (x+ 1)3 = x3 + x2 + x+ 1,

x3 + x2 + x+ 1 7→ (x3 + x2 + x+ 1) + (x2 + 1) + (x+ 1) + 1 = x3.

Óäîñòîâåðèìñÿ, ÷òî, íàïðèìåð, x2 + 1 � êîðåíü f(x):

f(x2 +1) = (x2 +1)8 + (x2 +1)4 + (x2 +1)2 + (x2 +1)+ 1 =

= (x16 + 1) + (x8 + 1) + (x4 + 1) + x2.

Î÷åâèäíî x16 = x, x4 = x3 + 1 è x8 = (x3 + 1)2 = x6 + 1.
Ïîñêîëüêó x5 = x4 + x = x3 + x+ 1, òî
x6 = x4 + x2 + x = x3 + x2 + x+ 1 è x8 = x3 + x2 + x.
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Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

Ðåøåíèå óðàâíåíèÿ f(x) = x8 + x4 + x2 + x+ 1 = 0 íàä F2...

Ïîäñòàâëÿÿ â âûðàæåíèå äëÿ f(x2 + 1) ïîëó÷åííûå
ïîëèíîìèàëüíûå ïðåäñòàâëåíèÿ ñòåïåíåé x, áóäåì èìåòü

f(x2 + 1) = (x16 + 1) + (x8 + 1) + (x4 + 1) + x2 =

= (x+ 1) + (x3 + x2 + x+ 1) + (x3 + 1 + 1) + x2= 0.

Óäîñòîâåðèìñÿ, ÷òî, íàïðèìåð, x3 � êîðåíü f2(x): âû÷èñëèì
x12 = (x4)3 = (x3 + 1)3 = x9 + x6 + x3 + 1 è òîãäà

f2(x
3) = (x3)4+(x3)3+(x3)2+(x3)1+1 = x12+x9+x6+x3+1= 0.

Îòâåò: óðàâíåíèå f(x) = x8 + x4 + x2 + x+ 1 = 0, ãäå
f(x) ∈ F2[x], â ïîëå F2[x]/

(
x4 + x3 + 1

)
èìååò êîðíè

x, x2, x2 + 1, x3, x3 + 1, x3 + x2 + x, x+ 1, x3 + x2 + x+ 1.
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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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Çàäà÷è ñ ðåøåíèÿìè

Ðàçäåëû

1 Ïîëÿ âû÷åòîâ ïî ìîäóëþ ïðîñòîãî ÷èñëà

2 Âû÷èñëåíèå ýëåìåíòîâ â êîíå÷íûõ ïîëÿõ

3 Âåêòîðíàÿ àëãåáðà íàä êîíå÷íûì ïîëåì

4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ïîëÿ GF (pn)

6 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà

7 Çàäà÷è ñ ðåøåíèÿìè
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