
1

On the role of the Fejér summation
in terrain modeling

I.V. Florinsky and A.N. Pankratov

Institute of Mathematical Problems of Biology
the Keldysh Institute of Applied Mathematics
Russian Academy of Sciences
Pushchino, Moscow Region, Russia



2

A spectral analytical method for digital terrain modeling

The method is intended for the processing of digital elevation 
models (DEMs) within a single framework, including DEM 
global approximation, denoising, generalization, as well as 
calculating the partial derivatives of elevation and morphometric 
variables.

The method is based on high-order orthogonal expansions using 
the Chebyshev polynomials of the first kind with the subsequent 
Fejér summation.

Florinsky, I.V., and Pankratov, A.N., 2016. A universal spectral analytical method for 
digital terrain modeling. International Journal of Geographical Information Science, 
30: 2506-2528. 

RFBR Grant 15-07-02484 
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Digital terrain modeling

Digital terrain modeling (geomorphometry) is a science of 
quantitative modeling and analysis of the topographic surface and 
relationships between topography and other natural and artificial 
components of geosystems.

Digital terrain modeling is widely used to solve various multiscale 
problems of geomorphology, hydrology, remote sensing, soil 
science, geology, geophysics, geobotany, glaciology, oceanology, 

climatology, planetology, and other disciplines. 
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Method

 yxfz ,Original function:

Approximation using 
the bivariate Chebyshev series expansion:      
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4 main stages :

• Calculation of expansion coefficients 
• The Fejér summation 
• Reconstruction of the approximated function 
• Calculation of derivatives 

The 2D approximation of the original function can be computationally 
performed as a superposition of two one-dimensional approximations by the 
variables x and y. 
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1. Calculation of expansion coefficients 
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Univariate Chebyshev series

expansion: 

The Chebyshev polynomials:

Orthogonality condition :

- continuous form 

- discrete form 

Expansion coefficients :

Nodes of the Gaussian quadrature
 grid :
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The Gibbs phenomenon

Approximations based on orthogonal polynomials always lead to oscillatory artifacts 
due to the Gibbs phenomenon :
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2. The Fejér summation 
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A uniform convergence of the approximation can be achieved replacing the 
initial expansion 

by the arithmetic mean of the partial sums of the Chebyshev series:
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~Expansion coefficients:

Jerri A.J. The Gibbs Phenomenon in Fourier Analysis, Splines and Wavelet 
Approximations. Boston: Kluwer Academic Publishers, 1998, 336 p. 

The Fejér theorem: the arithmetic mean of the partial sums of the Fourier series 
of a continuous function converges uniformly to the function.

The Fejér theorem is also true for other orthogonal series.
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3. Reconstruction of the approximated function 

A simple summation of the orthogonal series.

Generalization and/or denoising of the function are performed decreasing the number 
of expansion coefficients         used for the reconstruction.jc~

4. Calculation of derivatives 
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Method
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Repeating the stages 1–4 for the variable y.
Obtaining expressions for the partial derivatives of elevation p, q, r, s, t in the form 
of the bivariate orthogonal series:
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Objective

To evaluate a role of the Fejér summation in the treatment 
of digital terrain models. 
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Study area

Kenya

Initial data: Global digital elevation model (DEM) SRTM30_PLUS

DEM: 230,880 points (elevation matrix 480  481)

w = 30"  
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Horizontal curvature is a curvature of a normal section 
tangential to a contour line at a given point of the 
topographic surface.

Definitions of some morphometric variables
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Vertical curvature is a curvature of a normal section 
having a common tangent line with a slope line at a 
given point of the topographic surface.
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Approximation of elevation and calculation of curvatures

Initial models

Elevation                           Horizontal curvature                    Vertical curvature
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Approximation of elevation and calculation of curvatures

Reconstruction with 2880 expansion coefficients 

Elevation                           Horizontal curvature                    Vertical curvature
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Approximation of elevation and calculation of curvatures

Reconstruction with 480 expansion coefficients 

Elevation                           Horizontal curvature                    Vertical curvature
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Approximation of elevation and calculation of curvatures

Reconstruction with 240 expansion coefficients 

Elevation                           Horizontal curvature                    Vertical curvature
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Approximation of elevation and calculation of curvatures

Reconstruction with 120 expansion coefficients 

Elevation                           Horizontal curvature                    Vertical curvature
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Approximation of elevation and calculation of curvatures

Elevation                           Horizontal curvature                    Vertical curvature

Reconstruction with 60 expansion coefficients 
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Evaluation of the convergence rate of approximation 

and the role of the Fejér summation 
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Residual models for the reconstructed DEMs 

2880 expansion coefficients 

without the Fejér summation with the Fejér summation 
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Residuals for the reconstructed DEMs 

960 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Residuals for the reconstructed DEMs 

480 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Residuals for the reconstructed DEMs 

240 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Residuals for the reconstructed DEMs 

120 expansion coefficients 

without the Fejér summationwith the Fejér summation 



26

Residuals for the reconstructed DEMs 

60 expansion coefficients 

without the Fejér summationwith the Fejér summation 



27

Convergence rate of the approximation with and without the Fejér summation 
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Statistics for residual models 

Range of the original function   206—4774 m  (4568 m)
Range of residuals (with the Fejér summation)        –73—46 м (219 m → 4.8 %)
Range of residuals (without the Fejér summation)   –21—36 м  (57 m → 1.3 %)
Average residual (with the Fejér summation)           ±8.8 m
Average residual (without the Fejér summation)      ±1.8 m
Accuracy of the original data (SRTM1)                    ±5.0—9.0 m
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Conclusions on the convergence rate and ‘accuracy’ of the DEM approximation

DEM approximations with and without the Fejér summation are marked
by a distinct monotonic convergence.

The convergence rate of the Fejér-free approximation is higher.

The residuals for the DEM reconstructed with, e.g., 2880 expansion 
coefficients without the Fejér summation does not exceed 1.3 % 
of the elevation range in the initial DEM.
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Evaluation of the role of the Fejér summation 
in calculation of curvatures
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Horizontal curvature

2880 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Horizontal curvature

240 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Horizontal curvature

120 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Vertical curvature

2880 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Vertical curvature

240 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Vertical curvature

120 expansion coefficients 

without the Fejér summationwith the Fejér summation 
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Conclusions on ‘accuracy’ of the derivation of morphometric variables 

Pronounced oscillatory artifacts (traces of the Gibbs phenomenon) 
emerged on the maps of curvatures derived from the Fejér -free 
approximated DEMs.

The reconstructed DEMs include these oscillations but they are 
weakly expressed and cannot be seen on the elevation maps. 
Differentiation amplifies their manifestation on the curvature maps. 

Such artifacts do not appear on the curvature maps if the 
DEM approximation included the Fejér summation.

Thus the Fejér summation, suppressing the Gibbs phenomenon, 
is the necessary stage of the terrain modeling. 
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