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i=1 �ïðîñòàÿ (i.i.d) èç P.
G �ìíîæåñòâî êëàññèôèêàòîðîâ g : X → Y.Ôóíêöèÿ ïîòåðü r : Y × Y → R
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`;excess risk bounds:îòíîñèòåëüíî ðèñêà ëó÷øåãî â êëàññå G êëàññèôèêàòîðà

g∗ = arg ming∈G Pg ;. . .Âûáîð îïòèìàëüíîãî ìíîæåñòâà G (model selection).Structural Risk Minimization;Oracle inequalities;Complexity penalization;. . .
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P(θ|X `) → max

θ
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lnP(X `|θ) + lnP(θ) → max
θ
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i=1 �ïðîñòàÿ (i.i.d) èç P.
G �ìíîæåñòâî êëàññèôèêàòîðîâ g : X → Y.Ôóíêöèÿ ïîòåðü r : Y × Y → R

+.(ïîëîæèì r(y1, y2) = [y1 6= y2]� êëàññèôèêàöèÿ)Ðèñê êëàññèôèêàòîðà:
R(g)

def
= E(X ,Y )∼P r

(

g(X ),Y
)

.Ýìïèðè÷åñêèé ðèñê êëàññèôèêàòîðà:
R`(g)

def
=

1

`

∑̀

i=1

r
(

g(Xi),Yi

)
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R(g)

def
= E(X ,Y )∼P r

(

g(X ),Y
)

.Ýìïèðè÷åñêèé ðèñê êëàññèôèêàòîðà:
R`(g)

def
=

1

`

∑̀

i=1

r
(

g(Xi),Yi

)
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R`(Gρ) = Eg∼ρR`(g) = Eg∼ρ

1

`

∑̀

i=1

[Yi 6= g(Xi )].Ñâÿçü ðèñêîâ êëàññèôèêàòîðîâ Bρ è Gρ:
R(Bρ) 6 2R(Gρ).
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ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷èÎñíîâíûå òåîðåìû PAC-BayesÏåðâàÿ òåîðåìà PAC-BayesÒåîðåìà (McAllester, 1998, 1999)Ïóñòü `(y , y ′) ∈ [0, 1]. Çàôèêñèðóåì ëþáîå àïðèîðíîåðàñïðåäåëåíèå π íà ìíîæåñòâå G. Òîãäà äëÿ âñåõ δ ∈ (0, 1)ñ âåðîÿòíîñòüþ íå ìåíüøå 1 − δ (îòíîñèòåëüíî ñëó÷àéíîãîâûïàäåíèÿ îáó÷àþùåé âûáîðêè) äëÿ âñåõ àïîñòåðèîðíûõðàñïðåäåëåíèé ρ îäíîâðåìåííî âûïëíåíî:
R(Gρ) 6 R`(Gρ) +

√

KL(ρ‖π) + ln 1
δ

2`
,ãäå KL(ρ‖π) =

∫

ρ(x) ln ρ(x)
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KL(ρ‖π) = sup

f

(Eρf − ln Eπef ).Äëÿ âñåõ f : G → R è âñåõ ïàð π è ρ:
Eρf 6 KL(ρ‖π) + ln Eπef . (v)Âîçüìåì f = λ

(

R(g) − R`(g)
). Îãðàíè÷èì Eπef :

Eπef
6 (ñ âåð.> 1 − δ, í-âî Ìàðêîâà) 6

1

δ
E(X ,Y )∼P

{

Eπef
}

6

6 (π íåñëó÷àéíî) 6
1

δ
Eπ

{

E(X ,Y )∼Pef
}

6 (ëåììà Õåâäèíãà) 6

6
1

δ
Eπeλ2/(8`) =

1

δ
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Eρf 6 KL(ρ‖π) + ln Eπef . (v)Òàêèì îáðàçîì ñ ó÷åòîì (v)

Eg∼ρ

(

R(g) − R`(g)
)

6
KL(ρ‖π) + ln 1

δ

λ
+

λ

8`
.Îïòèìèçèðóÿ ïî λ, ïîëó÷èì:

R(Gρ) 6 R`(Gρ) +

√

KL(ρ‖π) + ln 1
δ

2`
.
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G ñ π(g) > 0 è âûïóêëóþ ôóíêöèþ D : [0, 1] × [0, 1] → R. Òîãäàäëÿ âñåõ δ ∈ (0, 1) ñ âåðîÿòíîñòüþ íå ìåíüøå 1 − δ(îòíîñèòåëüíî ñëó÷àéíîãî âûïàäåíèÿ îáó÷àþùåé âûáîðêè)äëÿ âñåõ àïîñòåðèîðíûõ ðàñïðåäåëåíèé ρ îäíîâðåìåííîâûïëíåíî:

D
(

R`(Gρ),R(Gρ)
)

6

6
1

`

(

KL(ρ‖π) + ln

[

1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

])
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Eg∼πe`D

(

R`(Gρ),R(Gρ)
)

6
1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

.Ëîãàðèôìèðóåì îáå ÷àñòè è ïåðåéäåì ê ëþáîìó íîâîìóðàñïðåäåëåíèþ ρ:
ln

[

Eg∼ρ

π(g)

ρ(g)
e`D

(

R`(Gρ),R(Gρ)
)

]

6 ln

[

1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

]

.Íåðàâåíñòâî Éåíñåíà äàåò:
Eg∼ρ ln

[

π(g)

ρ(g)
e`D

(

R`(Gρ),R(Gρ)
)

]

6 ln

[

1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

]

.

È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè



ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷èÎñíîâíûå òåîðåìû PAC-BayesÂñïîìîãàòåëüíàÿ òåîðåìà PAC-Bayes: äîêàçàòåëüñòâî
Eg∼ρ ln

[

π(g)

ρ(g)
e`D

(

R`(Gρ),R(Gρ)
)

]

6 ln

[

1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

]

.Ïîñêîëüêó
Eg∼ρ ln

[

π(g)

ρ(g)

]

= −KL(ρ‖π),à òàêæå â ñèëó âûïóêëîñòè ôóíêöèè D è
Eg∼ρ

[

`D
(

R`(Gρ), R(Gρ)
)

]

> `D
(

Eg∼ρR`(Gρ), Eg∼ρR(Gρ)
)ìû ïîëó÷àåì

D
(

R`(Gρ), R(Gρ)
)

6

6
1

`

(

KL(ρ‖π) + ln

[

1

δ
E(X ,Y )∼PEg∼πe`D

(

R`(Gρ),R(Gρ)
)

])
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kl(q, p)

def
= KL([q, 1 − q]‖[p, 1 − p]) = q ln

q

p
+ (1 − q) ln

1 − q

1 − p
.Òåîðåìà (Seeger, 2002)Çàôèêñèðóåì ëþáîå àïðèîðíîå ðàñïðåäåëåíèå π íà ìíîæåñòâå

G ñ π(g) > 0. Òîãäà äëÿ âñåõ δ ∈ (0, 1) ñ âåðîÿòíîñòüþíå ìåíüøå 1 − δ (îòíîñèòåëüíî ñëó÷àéíîãî âûïàäåíèÿîáó÷àþùåé âûáîðêè) äëÿ âñåõ àïîñòåðèîðíûõ ðàñïðåäåëåíèé ρîäíîâðåìåííî âûïëíåíî:
kl
(

R`(Gρ),R(Gρ)
)

6
1

`

[

KL(ρ‖π) + ln
ξ(`)

δ

]

,ãäå ξ(`) =
∑`

i=0 C i
`(i/`)
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0. 3
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kl(0.1||R(Q))

R(Q)
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E(X ,Y )∼PEg∼πe`kl

(

R`(Gρ),R(Gρ)
)

6

6 Eg∼πE(X ,Y )∼P

(

R`(g)

R(g)

)`R`(g)(
1 − R`(g)

1 − R(g)

)`

(

1−R`(g)
)

6

6 Eg∼π

∑̀

i=1

P
X `∼P`

(

R`(g) =
i

`

)

(

i
`

R(g)

)i (

1 − i
`

1 − R(g)

)`−i

=

= Eg∼π

∑̀

i=1

C i
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)}

,ïðîõîäÿùèå ÷åðåç íà÷àëî êîîðäèíàò (b = 0).PAC-Bayes äàåò îöåíêè äëÿ êëàññèôèêàòîðà Ãèááñà.Êàê ïðèìåíèòü, íàïðèìåð, äëÿ SVM?Èäåÿ:Ïîñòðîèòü êîìïîçèöèþ êëàññèôèêàòîðîâ, ýêâèâàëåíòíóþíàøåìó êëàññèôèêàòîðó;Îöåíèòü ðèñê ýòîé êîìïîçèöèè ñ ïîìîùüþ óäâîåííîãîðèñêà Ãèááñà!È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè
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ρ = N (µw/‖w‖, I ), âûïîëíåíî:
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x) 6= y
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6 2R(Gρ).È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè
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Figure 10: This figure shows the results of applying SVMlight to 8 datasets with a Gaussian kernel

and a 70/30 train/test split. The observed test error rate is graphed as an X. On the

test set, we calculate a binomial confidence interval (probability of bound failure equals

0.01) which upper bounds the true error rate. On the training set we calculate the PAC-

Bayes margin bound for an optimized choice of µ.È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè



ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Ïðèëîæåíèÿ: ëèíåéíûå êëàññèôèêàòîðûÂûáîð àïðèîðíîãî ðàñïðåäåëåíèÿÎáó÷àåì àïðèîðíîå ðàñïðåäåëåíèå íà äàííûõÎöåíêè çàâèñÿò îò KL-äèâåðãåíöèè ìåæäó ρ è π;×åì ëó÷øå àïðèîð, òåì ëó÷øå îöåíêè;Äàâàéòå îáó÷àòü àïðèîð ïî ÷àñòè îáó÷àþùåé âûáîðêè;Ïîäñòàâëÿòü ýòîò àïðèîð â îöåíêó;Âû÷èñëÿòü îöåíêó ïî îñòàâøèìñÿ äàííûì.Íàñòðîèì SVM wr ïî ïåðâûì r îáúåêòàì îáó÷àþùåé âûáîðêè.Îáîçíà÷èì w̄ = w/‖w‖.Òåïåðü ââåäåì àïðèîð π = N (η w̄r , I ).Ñíîâà ïðèìåíèì âòîðóþ PAC-Bayes òåîðåìó.
È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè
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ρ = N (µw̄, I ), âûïîëíåíî:
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ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Ïðèëîæåíèÿ: ëèíåéíûå êëàññèôèêàòîðûÂûáîð àïðèîðíîãî ðàñïðåäåëåíèÿÎáó÷àåì àïðèîðíîå ðàñïðåäåëåíèå íà äàííûõ: Åùå ëó÷øå!Ââåäåì J ðàçíûõ àïðèîðîâ πj = N (ηj wr/‖wr‖, I ).Òåîðåìà (Ambroladze et. al., 2007)Äëÿ âñåõ δ ∈ (0, 1) ñ âåðîÿòíîñòüþ íå ìåíüøå 1 − δ(îòíîñèòåëüíî ñëó÷àéíîé ðåàëèçàöèè îáó÷àþùåé âûáîðêè)îäíîâðåìåííî äëÿ âñåõ êëàññèôèêàòîðîâ Ãèááñà Gρ,
ρ = N (µw̄, I ), è îäíîâðåìåííî äëÿ âñåõ j âûïîëíåíî:
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2 + ln `−r+1
δ + ln J
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.Äëÿ êàæäîãî j îïòèìèçèðóåì ïî µ;Âûáèðàåì ëó÷øóþ èç ïîëó÷åííûõ îöåíîê.È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè



ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Ïðèëîæåíèÿ: ëèíåéíûå êëàññèôèêàòîðûÂûáîð àïðèîðíîãî ðàñïðåäåëåíèÿÎáó÷àåì àïðèîðíîå ðàñïðåäåëåíèå íà äàííûõ: SVM
Problem # samples input dim. Pos/Neg

Handwritten-digits 5620 64 2791 / 2829

Waveform 5000 21 1647 / 3353

Pima 768 8 268 / 500

Ringnorm 7400 20 3664 / 3736

Spam 4601 57 1813 / 2788

È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè



ÂâåäåíèåPAC-Bayes îöåíêèÓëó÷øåíèÿ è ïðèëîæåíèÿ PAC-Bayes Ïðèëîæåíèÿ: ëèíåéíûå êëàññèôèêàòîðûÂûáîð àïðèîðíîãî ðàñïðåäåëåíèÿÎáó÷àåì àïðèîðíîå ðàñïðåäåëåíèå íà äàííûõ
Problem 2FCV 10FCV PAC PrPAC

digits Bound – – 0.175 0.107

CE 0.007 0.007 0.007 0.014

waveform Bound – – 0.203 0.185

CE 0.090 0.086 0.084 0.088

pima Bound – – 0.424 0.420

CE 0.244 0.245 0.229 0.229

ringnorm Bound – – 0.203 0.110

CE 0.016 0.016 0.018 0.018

spam Bound – – 0.254 0.198

CE 0.066 0.063 0.067 0.077Óñðåäíåíèå ïî 50 ñëó÷àéíûì ðàçáèåíèÿìíà îáó÷åíèå/êîíòðîëü (80%/20%).È.Î.Òîëñòèõèí îêòÿáðü 2012 PAC-Bayes îöåíêè â ìàøèííîì îáó÷åíèè
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