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Íàïîìèíàíèå. Îïðåäåëåíèå àíñàìáëÿ

X ℓ = (xi , yi )
ℓ
i=1 ⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y∗(xi)

at : X → Y , t = 1, . . . ,T � îáó÷àåìûå áàçîâûå àëãîðèòìû

Èäåÿ àíñàìáëÿ: âîçìîæíî ëè èç ìíîæåñòâà ïëîõèõ

àëãîðèòìîâ at ïîñòðîèòü îäèí õîðîøèé?

Äåêîìïîçèöèÿ áàçîâûõ àëãîðèòìîâ at(x) = C (bt(x))

at : X
bt
→ R

C
→ Y , ãäå R � áîëåå óäîáíîå ïðîñòðàíñòâî îöåíîê,

C � ðåøàþùåå ïðàâèëî, êàê ïðàâèëî, âåñüìà ïðîñòîãî âèäà

Àíñàìáëü áàçîâûõ àëãîðèòìîâ b1, . . . , bT :

a(x) = C
(
F (b1(x), . . . , bT (x), x)

)
,

F : RT×X → R � àãðåãèðóþùàÿ �óíêöèÿ èëè ìåòà-àëãîðèòì
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Íàïîìèíàíèå. Àãðåãèðóþùèå (êîððåêòèðóþùèå) �óíêöèè

Îáùèå òðåáîâàíèÿ ê àãðåãèðóþùåé �óíêöèè:

F (b1, . . . , bT , x) ∈
[
mint bt ,maxt bt

]
� ñðåäíåå ïî Êîøè ∀x

F (b1, . . . , bT , x) ìîíîòîííî íå óáûâàåò ïî âñåì bt

Ïðèìåðû àãðåãèðóþùèõ �óíêöèé:

ïðîñòîå ãîëîñîâàíèå (simple voting):

F (b1, . . . , bT ) =
1
T

T∑

t=1
bt

âçâåøåííîå ãîëîñîâàíèå (weighted voting):

F (b1, . . . , bT ) =
T∑

t=1
αtbt ,

T∑

t=1
αt = 1, αt > 0

ñìåñü àëãîðèòìîâ (mixture of experts)

ñ �óíêöèÿìè êîìïåòåíòíîñòè (gating fun
tion) gt : X → R

F (b1, . . . , bT , x) =
T∑

t=1
gt(x)bt(x)
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Àíàëèç ñìåùåíèÿ�ðàçáðîñà (bias�varian
e)

Çàäà÷à ðåãðåññèè: Y = R

Êâàäðàòè÷íàÿ �óíêöèÿ ïîòåðü: L (a, y) =
(
a(x)− y

)2

Âåðîÿòíîñòíàÿ ïîñòàíîâêà: X ℓ = (xi , yi )
ℓ
i=1 ∼ p(x , y)

Ìåòîä îáó÷åíèÿ: µ : 2X → A, ò.å. âûáîðêà 7→ àëãîðèòì

Çàäà÷à ìèíèìèçàöèè ñðåäíåêâàäðàòè÷íîãî ðèñêà:

R(a) = Ex ,y(a(x)− y)2 =

∫

X

∫

Y

(
a(x)− y

)2
p(x , y) dx dy → min

a

Èäåàëüíûé ìèíèìèçàòîð ñðåäíåêâàäðàòè÷íîãî ðèñêà:

a∗(x) = E(y |x) =

∫

Y

y p(y |x) dy

Îñíîâíàÿ ìåðà êà÷åñòâà ìåòîäà îáó÷åíèÿ µ:

Q(µ) = EX ℓR
(
µ(X ℓ)

)
= EX ℓEx ,y

(
µ(X ℓ)(x) − y

)2
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�àçëîæåíèå îøèáêè íà øóì, ñìåùåíèå è ðàçáðîñ

a∗(x) = E(y |x) � íåèçâåñòíàÿ èäåàëüíàÿ çàâèñèìîñòü y îò x

y(x) ∼ p(y |x) � íàáëþäàåìûé îòâåò íà îáúåêòå x

a = µ(X ℓ) � àïïðîêñèìàöèÿ, âûáðàííàÿ ïî X ℓ
èç ñåìåéñòâà A

ā(x) = EX ℓ

(
a(x)

)
� ñðåäíèé îòâåò îáó÷åííîãî àëãîðèòìà

Òåîðåìà. Ïðè êâàäðàòè÷íîé �óíêöèè ïîòåðü äëÿ ëþáîãî µ

Q(µ) = Ex ,y

(
a∗(x)− y

)2

︸ ︷︷ ︸

øóì (noise)

+

+ Ex ,y

(
ā(x)− a∗(x)

)2

︸ ︷︷ ︸

ñìåùåíèå (bias)

+

+ Ex ,yEX ℓ

(
µ(X ℓ)(x) − ā(x)

)2

︸ ︷︷ ︸

ðàçáðîñ (varian
e)
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�àçëîæåíèå îøèáêè íà øóì, ñìåùåíèå è ðàçáðîñ

Êà÷åñòâåííîå ïîíèìàíèå: ïî ìåðå ðîñòà ñëîæíîñòè ìîäåëè

ñìåùåíèå (bias) óìåíüøàåòñÿ

ðàçáðîñ (varian
e) óâåëè÷èâàåòñÿ
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Àíàëèç ñìåùåíèÿ�ðàçáðîñà äëÿ ïðîñòîãî ãîëîñîâàíèÿ

Îáó÷åíèå áàçîâûõ àëãîðèòìîâ ïî ñëó÷àéíûì ïîäâûáîðêàì:

bt = µ(X k
t ), X k

t ∼ X ℓ
, t = 1, . . . ,T

Àíñàìáëü � ïðîñòîå ãîëîñîâàíèå: aT (x) =
1

T

T∑

t=1
bt(x)

Ñìåùåíèå àíñàìáëÿ ñîâïàäàåò ñî ñìåùåíèåì îòäåëüíîãî

áàçîâîãî àëãîðèòìà:

bias = Ex ,y

(
a∗(x) − EX ℓbt(x)

)2

�àçáðîñ ñîñòîèò èç äèñïåðñèè è ðàçëè÷íîñòè (êîâàðèàöèè):

varian
e = 1
T
Ex ,yEX ℓ

(
bt(x)− EX ℓbt(x)

)2
+

+ T−1
T

Ex ,yEX ℓ

(
bt(x)− EX ℓbt(x)

)(
bs(x)− EX ℓbs(x)

)
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Ïî÷åìó ñëîæíûå àíñàìáëè íå ïåðåîáó÷àþòñÿ?

Ñ ïîçèöèé àíàëèçà îòñòóïîâ:

àíñàìáëèðîâàíèå íå óâåëè÷èâàåò ñëîæíîñòü ìîäåëè

íî ñ êàæäîé èòåðàöèåé óâåëè÷èâàåò çàçîð ìåæäó êëàññàìè

Ñ ïîçèöèé àíàëèçà ñìåùåíèÿ�ðàçáðîñà:

ðàçíîîáðàçèå áàçîâûõ àëãîðèòìîâ óìåíüøàåò ðàçáðîñ

áýããèíã óìåíüøàåò òîëüêî ðàçáðîñ

áóñòèíã óìåíüøàåò è ñìåùåíèå, è ðàçáðîñ

Ïðàêòè÷åñêîå ñðàâíåíèå: boosting / bagging / RSM

áóñòèíã ëó÷øå äëÿ êëàññîâ ñ ãðàíèöàìè ñëîæíîé �îðìû

áýããèíã è RSM ëó÷øå äëÿ êîðîòêèõ îáó÷àþùèõ âûáîðîê

RSM ëó÷øå, êîãäà ìíîãî íåèí�îðìàòèâíûõ ïðèçíàêîâ

áýããèíã ïàðàëëåëüíî îáó÷àåò áàçîâûå àëãîðèòìû bt
áóñòèíã îáó÷àåò êàæäûé bt ïàðàëëåëüíî ïî ÷àñòÿì âûáîðêè
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�ðàäèåíòíûé áóñòèíã äëÿ ïðîèçâîëüíîé �óíêöèè ïîòåðü

Ëèíåéíûé àíñàìáëü áàçîâûõ àëãîðèòìîâ bt èç ñåìåéñòâà B:

aT (x) =

T∑

t=1

αtbt(x), x ∈ X , bt : X → R, αt ∈ R+

Ýâðèñòèêà: îáó÷àåì αT , bT ïðè �èêñèðîâàííûõ ïðåäûäóùèõ.

Êðèòåðèé êà÷åñòâà ñ çàäàííîé ãëàäêîé �óíêöèåé ïîòåðü L (b, y):

Q(α, b;X ℓ) =

ℓ∑

i=1

L

(
T−1∑

t=1
αtbt(xi )

︸ ︷︷ ︸

aT−1,i

+ αb(xi )

︸ ︷︷ ︸

aT ,i

, yi

)

→ min
α,b

.

(
aT−1,i

)
ℓ
i=1 � âåêòîð òåêóùåãî ïðèáëèæåíèÿ

(
aT ,i

)
ℓ
i=1 � âåêòîð ñëåäóþùåãî ïðèáëèæåíèÿ

G.Friedman. Greedy fun
tion approximation: a gradient boosting ma
hine. 1999.
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Ïàðàìåòðè÷åñêàÿ àïïðîêñèìàöèÿ ãðàäèåíòíîãî øàãà

�ðàäèåíòíûé ìåòîä ìèíèìèçàöèè Q(f ) → min, f ∈ R
ℓ
:

a0,i := íà÷àëüíîå ïðèáëèæåíèå;

aT ,i := aT−1,i − αgi , i = 1, . . . , ℓ;

gi = L ′
f

(
aT−1,i , yi

)
� êîìïîíåíòû âåêòîðà ãðàäèåíòà,

α � ãðàäèåíòíûé øàã.

Ýòî î÷åíü ïîõîæå íà äîáàâëåíèå îäíîãî áàçîâîãî àëãîðèòìà:

aT ,i := aT−1,i + αb(xi ), i = 1, . . . , ℓ

Èäåÿ: áóäåì èñêàòü òàêîé áàçîâûé àëãîðèòì bT ∈ B, ÷òîáû

âåêòîð

(
bT (xi)

)
ℓ
i=1 ïðèáëèæàë âåêòîð àíòèãðàäèåíòà

(
−gi

)
ℓ
i=1:

bT := arg min
b∈B

ℓ∑

i=1

(
b(xi ) + gi

)2
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Àëãîðèòì ãðàäèåíòíîãî áóñòèíãà (Gradient Boosting)

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòð T ;

Âûõîä: áàçîâûå àëãîðèòìû è èõ âåñà αtbt , t = 1, . . . ,T ;

èíèöèàëèçàöèÿ: a0,i := 0, i = 1, . . . , ℓ;
äëÿ âñåõ t = 1, . . . ,T

áàçîâûé àëãîðèòì, ïðèáëèæàþùèé àíòèãðàäèåíò:

bt := arg min
b∈B

ℓ∑

i=1

(
b(xi) + L ′(at−1,i , yi )

)2
;

çàäà÷à îäíîìåðíîé ìèíèìèçàöèè:

αt := argmin
α>0

ℓ∑

i=1

L
(
at−1,i + αbt(xi), yi

)
;

îáíîâëåíèå âåêòîðà çíà÷åíèé íà îáúåêòàõ âûáîðêè:

at,i := at−1,i + αtbt(xi); i = 1, . . . , ℓ;

Êàæäûé ñëåäóþùèé áàçîâûé àëãîðèòì îáó÷àåòñÿ òàê, ÷òîáû

ïî âîçìîæíîñòè èñïðàâèòü îøèáêè ïðåäûäóùèõ àëãîðèòìîâ.
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Ïðèìåð. Êëàññè�èêàöèÿ ñèíòåòè÷åñêîé âûáîðêè

100 äåðåâüåâ ãëóáèíû 5

http://arogozhnikov.github.io/2016/07/05/gradient_boosting_playground.html
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Ïðèìåð. Êëàññè�èêàöèÿ ñèíòåòè÷åñêîé âûáîðêè

100 äåðåâüåâ ãëóáèíû 5, ñ ïîäáîðîì âðàùåíèÿ êàæäîãî äåðåâà

http://arogozhnikov.github.io/2016/07/05/gradient_boosting_playground.html
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Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

Ñòîõàñòè÷åñêèé ãðàäèåíòíûé áóñòèíã (SGB)

Èäåÿ: ïðè îïòèìèçàöèè bt è αt èñïîëüçîâàòü íå âñþ âûáîðêó

X ℓ
, à ñëó÷àéíóþ ïîäâûáîðêó, ïî àíàëîãèè ñ áýããèíãîì

Ïðåèìóùåñòâà:

óëó÷øàåòñÿ ñõîäèìîñòü, óìåíüøàåòñÿ âðåìÿ îáó÷åíèÿ

óëó÷øàåòñÿ îáîáùàþùàÿ ñïîñîáíîñòü àíñàìáëÿ

ìîæíî èñïîëüçîâàòü íåñìåù¼ííûå îöåíêè out-of-bag

Ýêñïåðèìåíòû:

îòíîñèòåëüíàÿ îøèáêà ïðè

ðàçëè÷íîì îáú¼ìå âûáîðêè N

Âûâîä:

îïòèìàëüíî ñýìïëèðîâàòü

îêîëî 60�80% âûáîðêè

Friedman G. Sto
hasti
 Gradient Boosting. 1999.
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Íåëèíåéíîå àíñàìáëèðîâàíèå

Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

×àñòíûå ñëó÷àè GB: ðåãðåññèÿ, AdaBoost è äðóãèå

�åãðåññèÿ: L (b, y) = (b − y)2

bT (x) îáó÷àåòñÿ íà ðàçíîñòÿõ yi −
T−1∑

t=1
αtbt(xi )

åñëè ðåãðåññèè bt ëèíåéíûå, òî αt ìîæíî íå îáó÷àòü.

Êëàññè�èêàöèÿ: L (b, y) = e−by
, bt ∈ {−1, 0,+1}

GB â òî÷íîñòè ñîâïàäàåò ñ AdaBoost [Freund, 1995℄

Êëàññè�èêàöèÿ: L (b, y) = L(−by), bt ∈ R

GB ñîâïàäàåò ñ AnyBoost [Mason, 2000℄

Y.Freund, R.S
hapire. A de
ision-theoreti
 generalization of online learning and

an appli
ation to boosting. 1995.

L.Mason et al. Boosting algorithms as gradient des
ent. 2000.

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÌÌÌÎ: ìåòîäû àíñàìáëèðîâàíèÿ 16 / 36



Âçâåøåííîå ãîëîñîâàíèå

Àëãîðèòì CatBoost
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Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

Âàðèàíòû áóñòèíãà äëÿ äâóõêëàññîâîé êëàññè�èêàöèè

�ëàäêèå àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü [M < 0]:

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

5

S

LV    
E          

        Q G    

M

E (M) = e−M
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

L(M) = log2(1 + e−M) � ëîãàðè�ìè÷åñêàÿ (LogitBoost);

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (GentleBoost);

G (M) = exp
(
−cM(M + s)

)
� ãàóññîâñêàÿ (BrownBoost);

S(M) = 2(1 + eM)−1
� ñèãìîèäíàÿ;

V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (èç SVM);
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Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

XGBoost: ïîïóëÿðíàÿ è áûñòðàÿ ðåàëèçàöèÿ GB íàä äåðåâüÿìè

Äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè (CART):

b(x ,w) =
∑

k∈K

wkBk(x)

ãäå Bk(x) � áèíàðíûé èíäèêàòîð [ x ïîïàäàåò â ëèñò k ℄,

wk � çíà÷åíèå â ëèñòå k , K � ìíîæåñòâî ëèñòüåâ äåðåâà.

Äëÿ ëþáîãî x îäíî è òîëüêî îäíî ñëàãàåìîå íå ðàâíî íóëþ.

Êðèòåðèé êà÷åñòâà ñ ñóììîé L0 è L2 ðåãóëÿðèçàòîðîâ:

Q(w) =
ℓ∑

i=1

L
(
a(xi) + b(xi ,w), yi

)
+ γ|K |+

λ

2

∑

k∈K

w2
k → min

w
,

ãäå a(xi) =
T−1∑

t=1
αtbt(xi ) � ðàíåå ïîñòðîåííàÿ ÷àñòü àíñàìáëÿ.

Â íåêîòîðûõ ñëó÷àÿõ çàäà÷à èìååò àíàëèòè÷åñêîå ðåøåíèå.
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Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

XGBoost: ïðèáëèæ¼ííîå àíàëèòè÷åñêîå ðåøåíèå äëÿ wj

Ïðèáëèçèì L (a + b, y) ≈ L (a, y) + bL ′(a, y) + b2

2 L ′′(a, y):

Φ(w) =

ℓ∑

i=1

(

gibi +
1

2
hib

2
i

)

+ γ|K |+
λ

2

∑

k∈K

w2
k → min

w
,

ãäå b
p
i =

∑

k w
p
k Bk(xi ), gi = L ′

(
a(xi), yi

)
, hi = L ′′

(
a(xi ), yi

)
.

Èç óñëîâèé

∂Φ(w)
∂wk

= 0 íàõîäèì îïòèìàëüíîå çíà÷åíèå ëèñòà k :

wk = −

∑

i giBk(xi )

λ+
∑

i hiBk(xi )

Ïîäñòàâëÿÿ wk îáðàòíî â Φ(w), âûâîäèì êðèòåðèé âåòâëåíèÿ:

Φ(B1, . . . ,Bk) = −
1

2

∑

k∈K

(∑

i giBk(xi )
)
2

λ+
∑

i hiBk(xi )
+ γ|K | → min
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Íåëèíåéíîå àíñàìáëèðîâàíèå

Åù¼ îäíî òåîðåòè÷åñêîå îáîñíîâàíèå àíñàìáëåé

�ðàäèåíòíûé áóñòèíã

Âàðèàíòû ãðàäèåíòíîãî áóñòèíãà

XGBoost è äðóãèå âàðèàíòû GB

Ïðåèìóùåñòâà XGBoost (eXtreme Gradient Boosting):

L2 ðåãóëÿðèçàöèÿ ñîêðàùàåò ïåðåîáó÷åíèå

L0 ðåãóëÿðèçàöèÿ óïðîùàåò äåðåâüÿ (pruning)

êàê è îáùèé GB, äîïóñêàåò ïðîèçâîëüíûå �óíêöèè ïîòåðü

î÷åíü áûñòðàÿ ðåàëèçàöèÿ çà ñ÷¼ò àíàëèòè÷åñêèõ �îðìóë

èìååò ìåõàíèçì îáðàáîòêè ïðîïóùåííûõ çíà÷åíèé

×òî åù¼ áûâàåò:

Light GBM � äëÿ îáó÷åíèÿ íà ñâåðõáîëüøèõ äàííûõ

ßíäåêñ.MatrixNet � GB íàä Oblivious De
ision Tree

ßíäåêñ.CatBoost � äëÿ êàòåãîðèàëüíûõ ïðèçíàêîâ
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Íåëèíåéíîå àíñàìáëèðîâàíèå

Óïîðÿäî÷åííûé áóñòèíã

Êàòåãîðèàëüíûå ïðèçíàêè

Íåáðåæíûå ðåøàþùèå äåðåâüÿ

Îñíîâíûå ìîòèâàöèè CatBoost

Äâå ïðîáëåìû:

Íàäî îáðàáàòûâàòü êàòåãîðèàëüíûå ïðèçíàêè ñ áîëüøèì

÷èñëîì ðåäêèõ çíà÷åíèé (ïîëüçîâàòåëü, ðåãèîí, ãîðîä,

ðåêëàìà, ðåêëàìîäàòåëü, òîâàð, äîêóìåíò, àâòîð, è ò.ä.)

Ïåðåîáó÷åíèå (ñìåù¼ííîñòü, target leakage) â ãðàäèåíòàõ:

gi = L ′
(
at−1(xi ), yi

)
âû÷èñëÿþòñÿ â òåõ æå òî÷êàõ xi ,

ïî êîòîðûì àíñàìáëü at−1(x) îáó÷àëñÿ àïïðîêñèìèðîâàòü yi

Ïðè¼ì, ïîõîæèé íà Out-Of-Bag è íà îíëàéíîâûå ìåòîäû:

äëÿ ïîëó÷åíèÿ íåñìåù¼ííûõ îöåíîê íà îáúåêòå xi õðàíèòü

è äîîáó÷àòü àíñàìáëü íà âûáîðêàõ áåç ýòîãî îáúåêòà

êàê ñäåëàòü, ÷òîáû ýòèõ âûáîðîê áûëî O(log ℓ), à íå O(ℓ)?

êàê ñäåëàòü, ÷òîáû îíè íå ñèëüíî ïåðåêðûâàëèñü?

L.Prokhorenkova et al. CatBoost: unbiased boosting with 
ategori
al features. 2019.
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Óïîðÿäî÷åííûé áóñòèíã
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Óïîðÿäî÷åííûé áóñòèíã (ordered boosting)

Èäåè:

âû÷èñëÿòü gi ïî ìîäåëè at−1, êîòîðàÿ íå îáó÷àëàñü íà xi
ñòðîèòü îáó÷àþùèå ïîäâûáîðêè óäâàèâàþùåéñÿ äëèíû

ïîñòðîèòü ìíîãî òàêèõ ñëó÷àéíî ïåðåìåøàííûõ âûáîðîê

Îáîçíà÷åíèÿ:

σ1, . . . , σs � ñëó÷àéíûå ïåðåñòàíîâêè âûáîðêè X ℓ

X rj
� ïîäâûáîðêà ïåðâûõ 2j îáúåêòîâ èç σr (X

ℓ)
a
rj
t (x) � àíñàìáëü-ïîëó�àáðèêàò, îáó÷åííûé ïî X rj

g r
ti = −L ′

(
a
rj
t−1(xi), yi

)
� àíòèãðàäèåíò â òî÷êå (xi , yi ) äëÿ

àíñàìáëÿ a
rj
t−1, êîòîðûé ïî íåé íå îáó÷àëñÿ, j = ⌊log2(i − 1)⌋

L.Prokhorenkova et al. CatBoost: unbiased boosting with 
ategori
al features. 2019.
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Ìîäè�èêàöèÿ ãðàäèåíòíîãî áóñòèíãà

ñãåíåðèðîâàòü ñëó÷àéíûå ïåðåñòàíîâêè σ0, σ1, . . . , σs ;

äëÿ âñåõ t = 1, . . . ,T :

âûáðàòü ïåðåñòàíîâêó σr ñëó÷àéíî èç σ1, . . . , σs ;

g r
ti := −L ′

(
a
rj
t−1(xi), yi

)
� íåñìåù¼ííûé àíòèãðàäèåíò;

bt := argmin
b

ℓ∑

i=1

(
b(xi )− g r

ti

)
2
;

äëÿ âñåõ äåðåâüåâ b
rj
t , r = 1, . . . , s, 2j 6 ℓ:

ñêîïèðîâàòü îáùóþ äëÿ íèõ ñòðóêòóðó äåðåâà èç bt ;

âû÷èñëèòü â ëèñòüÿõ b
rj
t ñðåäíèå ïî

{
g r
ti : xi ∈ X rj

}
;

âû÷èñëèòü â ëèñòüÿõ bt ñðåäíèå ïî
{
g0
ti : xi ∈ X 0j

}
;

GB: âû÷èñëèòü αt è îáíîâèòü at,i := at−1,i + αtbt(xi );

L.Prokhorenkova et al. CatBoost: unbiased boosting with 
ategori
al features. 2019.
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Ñïîñîáû îáðàáîòêè êàòåãîðèàëüíûõ ïðèçíàêîâ

Ïóñòü V � ìíîæåñòâî (ñëîâàðü) çíà÷åíèé ïðèçíàêà f (x)

Ñòàíäàðòíûå ìåòîäû ëèáî ãðîìîçäêèå, ëèáî ïåðåîáó÷àþòñÿ:

áèíàðèçàöèÿ (one-hot en
oding): bv(x) = [f (x) = v ]

ãðóïïèðîâàíèå (êëàñòåðèçàöèÿ) çíà÷åíèé (LightGBM)

ñòàòèñòèêà ïî öåëåâîìó ïðèçíàêó (target statisti
s, TS):

f̃ (xi) =

∑ℓ
k=1[f (xk) = f (xi )]yk + γp
∑ℓ

k=1[f (xk) = f (xi)] + γ

CatBoost:

ñòàòèñòèêà TS âû÷èñëÿåòñÿ ïî ïåðåñòàíîâêàì X rj
:

f̃ (xi) =

∑

xk∈X rj [f (xk) = f (xi )]yk + γp
∑

xk∈X rj [f (xk) = f (xi )] + γ
, j = ⌊log2(i − 1)⌋

êîíúþíêöèè êàòåãîðèàëüíûõ ïðèçíàêîâ ñîçäàþòñÿ

¾íàëåòó¿ â ïðîöåññå ïîñòðîåíèÿ äåðåâüåâ
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Íåáðåæíûå ðåøàþùèå äåðåâüÿ

Íåáðåæíûå ðåøàþùèå äåðåâüÿ (Oblivious De
ision Tree, ODT)

�åøàþùàÿ òàáëèöà: äåðåâî ãëóáèíû H, Dv = {0, 1};
äëÿ âñåõ óçëîâ óðîâíÿ h óñëîâèå âåòâëåíèÿ fh(x) îäèíàêîâî;
íà óðîâíå h ðîâíî 2h−1

âåðøèí; X äåëèòñÿ íà 2H ÿ÷ååê.

Êëàññè�èêàòîð çàäà¼òñÿ òàáëèöåé ðåøåíèé B : {0, 1}H → Y :

a(x) = B
(
f1(x), . . . , fH(x)

)
.

Ïðèìåð: çàäà÷à XOR, H = 2.

h = 1

h = 2

f1 > 0

f2 > 0 f2 > 0
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B(0, 0)
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B(1, 0)
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R.Kohavi, C.-H.Li. Oblivious de
ision trees, graphs, and top-down pruning. 1995.
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Óïîðÿäî÷åííûé áóñòèíã

Êàòåãîðèàëüíûå ïðèçíàêè

Íåáðåæíûå ðåøàþùèå äåðåâüÿ

Àëãîðèòì îáó÷åíèÿ ODT

Âõîä: âûáîðêà X ℓ
; ìíîæåñòâî ïðèçíàêîâ F ; ãëóáèíà äåðåâà H;

Âûõîä: ïðèçíàêè fh, h = 1, . . . ,H; òàáëèöà B : {0, 1}H → Y ;

äëÿ âñåõ h = 1, . . . ,H
ïðåäèêàò ñ ìàêñèìàëüíûì âûèãðûøåì îïðåäåë¼ííîñòè:

fh := argmax
f ∈bin{F}

Gain (f1, . . . , fh−1, f );

B(β) := Φ(UHβ), ãäå Φ(U) = avg
{
g r
ti : xi ∈ U

}
;

Uhβ =
{
xi ∈ X ℓ : fs(xi ) = βs , s = 1..h

}
� âûáîðêà îáúåêòîâ xi ,

äîøåäøèõ äî âåðøèíû β = (β1, . . . , βh) ∈ {0, 1}h

Âûèãðûø îò âåòâëåíèÿ íà óðîâíå h ïî âñåé âûáîðêå X ℓ
:

Gain (f1, . . . , fh) = Φ(X ℓ)−
∑

β∈{0,1}h

|Uhβ|

ℓ
Φ(Uhβ)
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Ñìåñè ñ �óíêöèÿìè êîìïåòåíòíîñòè

Áëåíäèíã (Blending) � ñìåøèâàíèå áàçîâûõ àëãîðèòìîâ

Èäåÿ: áàçîâûå àëãîðèòìû bt(x) êàê (ìåòà)ïðèçíàêè ïîäà¼ì

íà âõîä ëþáîìó ML àëãîðèòìó, íå îáÿçàòåëüíî ëèíåéíîìó.

Ïðîáëåìà: ýòîò (ìåòà)àëãîðèòì íåëüçÿ îáó÷àòü íà òåõ æå

äàííûõ, ÷òî è áàçîâûå bt(x), áóäåò ïåðåîáó÷åíèå!

Íîâàÿ ïðîáëåìà: äëÿ îáó÷åíèÿ èñïîëüçóåòñÿ íå âñÿ âûáîðêà.

https://dyakonov.org/2017/03/10/
òåêèíã-sta
king-è-áëåíäèíã-blending
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Êëàññè÷åñêèé ñòýêèíã (Sta
king)

�åøåíèå ïðîáëåìû: ðàçáèåíèå âûáîðêè íà k áëîêîâ (k-fold)

Íîâàÿ ïðîáëåìà:

âìåñòî îäíîãî ìåòàïðèçíàêà bt(x) èìååì
k ïîõîæèõ, íî ðàçíûõ btj (x), j = 1, . . . , k .

Âàðèàíò ðåøåíèÿ: óñðåäíåíèå ìåòàïðèçíàêîâ bt(x) =
1
k

k∑

j=1

btj(x)

David H. Wolpert. Sta
ked generalization // Neural networks. 1992
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Ëèíåéíûé âçâåøåííûé ñòýêèíã (Feature-Weighted Linear Sta
king)

b(x) =
T∑

t=1
αtbt(x) � ëèíåéíûé ñòýêèíã (ðèäæ-ðåãðåññèÿ)

αt(x) =
L∑

j=1
vtj fj(x) � òåïåðü âåñà αt çàâèñÿò îò x ÷åðåç fj(x)

Êðèòåðèé îïòèìèçàöèè � ðèäæ-ðåãðåññèÿ:

Q(v) =
ℓ∑

i=1

( T∑

t=1

L∑

j=1

vtj fj(xi )bt(xi )− yi

)2
+

λ

2

T∑

t=1

L∑

j=1

v2tj → min
v

Ìåòàïðèçíàêè fj ìîãóò áûòü êàê �èêñèðîâàííûìè, òàê

è îáó÷àåìûìè (çàäà÷à ñèììåòðè÷íà îòíîñèòåëüíî bt è fj)

FWLS èñïîëüçîâàëñÿ êîìàíäîé #2 â êîíêóðñå Net�ixPrize

Joseph Sill et al. Feature-Weighted Linear Sta
king. 2009.
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Êâàçèëèíåéíûé àíñàìáëü (ñìåñü àëãîðèòìîâ)

Ñìåñü àëãîðèòìîâ (Mixture of Experts)

b(x) =
T∑

t=1
gt(x)bt(x),

bt : X → R � áàçîâûé àëãîðèòì,

gt : X → R � �óíêöèÿ êîìïåòåíòíîñòè, øëþç (gate).

×åì áîëüøå gt(x), òåì âûøå äîâåðèå ê îòâåòó bt(x).

Óñëîâèå íîðìèðîâêè:

T∑

t=1
gt(x) = 1 äëÿ ëþáîãî x ∈ X .

Íîðìèðîâêà ¾ìÿãêîãî ìàêñèìóìà¿ SoftMax: RT → R
T
:

g̃t(x) = SoftMaxt
(
g1(x), . . . , gT (x); γ

)
=

eγgt (x)

eγg1(x) + · · · + eγgT (x)
.

Ïðè γ → ∞ SoftMax âûäåëÿåò ìàêñèìàëüíóþ èç T âåëè÷èí.
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Âèä �óíêöèé êîìïåòåíòíîñòè

Ôóíêöèè êîìïåòåíòíîñòè âûáèðàþòñÿ èç ñîäåðæàòåëüíûõ

ñîîáðàæåíèé è ìîãóò îïðåäåëÿòüñÿ:

ïðèçíàêîì f (x):
g(x ;α, β) = σ(αf (x) + β), α, β ∈ R;

íåèçâåñòíûì íàïðàâëåíèåì α ∈ R
n
:

g(x ;α, β) = σ(xòα+ β), α ∈ R
n, β ∈ R;

ðàññòîÿíèåì äî íåèçâåñòíîé òî÷êè α ∈ R
n
:

g(x ;α, β) = exp(−β‖x − α‖2), α ∈ R
n, β ∈ R;

ãäå α, β ∈ R � ïàðàìåòðû, ÷àñòè÷íî îáó÷àåìûå ïî âûáîðêå,

σ(z) = 1
1+e−z � ñèãìîèäíàÿ �óíêöèÿ.

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÌÌÌÎ: ìåòîäû àíñàìáëèðîâàíèÿ 31 / 36



Âçâåøåííîå ãîëîñîâàíèå

Àëãîðèòì CatBoost

Íåëèíåéíîå àíñàìáëèðîâàíèå

Ñòýêèíã

Ëèíåéíûé ñòýêèíã, âçâåøåííûé ïî ïðèçíàêàì

Ñìåñè ñ �óíêöèÿìè êîìïåòåíòíîñòè

Âûïóêëûå �óíêöèè ïîòåðü

Ôóíêöèÿ ïîòåðü L (b, y) íàçûâàåòñÿ âûïóêëîé ïî b, åñëè

∀ y ∈ Y , ∀ b1, b2 ∈ R , ∀ g1, g2 > 0: g1 + g2 = 1, âûïîëíÿåòñÿ

L (g1b1 + g2b2, y) 6 g1L (b1, y) + g2L (b2, y).

Èíòåðïðåòàöèÿ: ïîòåðè ðàñòóò íå ìåäëåííåå, ÷åì âåëè÷èíà

îòêëîíåíèÿ îò ïðàâèëüíîãî îòâåòà y .

Ïðèìåðû âûïóêëûõ �óíêöèé ïîòåðü:

L (b, y) =







(b − y)2 � êâàäðàòè÷íàÿ (ÌÍÊ-ðåãðåññèÿ);

e−by
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

log2(1 + e−by ) � ëîãàðè�ìè÷åñêàÿ (LR);

(1− by)+ � êóñî÷íî-ëèíåéíàÿ (SVM).

Ïðèìåð íåâûïóêëîé �óíêöèè ïîòåðü: L (b, y) = [by < 0].
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Îñíîâíàÿ èäåÿ ïðèìåíåíèÿ âûïóêëûõ �óíêöèé ïîòåðü

Ïóñòü ∀x
T∑

t=1
gt(x) = 1 è �óíêöèÿ ïîòåðü L âûïóêëà.

Òîãäà Q(a) ðàñïàäàåòñÿ íà T íåçàâèñèìûõ êðèòåðèåâ Qt :

Q(a) =
ℓ∑

i=1

L

( T∑

t=1

gt(xi )bt(xi), yi

)

6

T∑

t=1

ℓ∑

i=1

gt(xi)L
(
bt(xi ), yi

)

︸ ︷︷ ︸

Qt(gt ,bt)

Èòåðàöèîííûé ïðîöåññ, àíàëîãè÷íûé EM-àëãîðèòìó:

íà÷àëüíîå ïðèáëèæåíèå �óíêöèé êîìïåòåíòíîñòè gt ;

ïîâòîðÿòü

M-øàã: bt := argminb Qt(gt , b) ïðè �èêñèðîâàííûõ gt ;

Å-øàã: îöåíèòü âñå gt ïðè �èêñèðîâàííûõ bt ;

ïîêà çíà÷åíèÿ êîìïåòåíòíîñòåé gt(xi ) íå ñòàáèëèçèðóþòñÿ;
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Àëãîðèòì ME (Mixture of Experts): îáó÷åíèå ñìåñè àëãîðèòìîâ

Èòåðàöèîííûé ïðîöåññ, àíàëîãè÷íûé EM-àëãîðèòìó:

Âõîä: âûáîðêà X ℓ
, íà÷àëüíûå (gt)

T
t=1, ïàðàìåòðû T , δ, γ;

Âûõîä: gt(x), bt(x), t = 1, . . . ,T ;

ïîâòîðÿòü

(
g̃1(xi ), . . . , g̃T (xi )

)
:= SoftMax

(
g1(xi ), . . . , gT (xi ); γ

)
;

g̃0
t := g̃t äëÿ âñåõ t = 1, . . . ,T ;

M-øàã: ïðè �èêñèðîâàííûõ gt îáó÷èòü âñå bt :

bt := argmin
b

∑ℓ
i=1 g̃t(xi )L

(
b(xi ), yi

)
, t = 1, . . . ,T ;

Å-øàã: ïðè �èêñèðîâàííûõ bt îöåíèòü âñå gt :

gt := argmin
gt

∑ℓ
i=1 L

(
∑T

s=1 g̃s(xi)bs(xi ), yi

)

, t = 1, . . . ,T ;

ïîêà max
t,i

∣
∣g̃t(xi )− g̃0

t (xi )
∣
∣ > δ;
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Îáó÷åíèå ñìåñè ñ àâòîìàòè÷åñêèì îïðåäåëåíèåì ÷èñëà T

Î÷åðåäíóþ êîìïîíåíòó îáó÷àåì íà íàèáîëåå òðóäíûõ îáúåêòàõ:

Âõîä: âûáîðêà X ℓ
, ïàðàìåòðû ℓ0, L0, δ, γ;

Âûõîä: T , gt(x), bt(x), t = 1, . . . ,T ;

íà÷àëüíîå ïðèáëèæåíèå:

b1 := argmin
b

∑ℓ
i=1 L

(
b(xi), yi

)
, g1(xi ) := 1, i = 1, . . . , ℓ;

äëÿ âñåõ t = 2, . . . ,T
ìíîæåñòâî ¾íàèáîëåå òðóäíûõ¿ îáúåêòîâ:

Xt :=
{
xi : L (at−1(xi ), yi ) > L0

}
;

åñëè |Xt | 6 ℓ0 òî âûõîä;

bt := argmin
b

∑

xi∈Xt
L

(
b(xi), yi

)
;

gt := argmin
gt

∑ℓ
i=1 L

(
∑t

s=1 gs(xi)bs(xi ), yi

)

;

(gs , bs)
t
s=1 := ME

(
X ℓ, (gs )

t
s=1, t, δ, γ

)
;
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�åçþìå

Àíñàìáëè ïîçâîëÿþò ðåøàòü ñëîæíûå çàäà÷è, êîòîðûå

ïëîõî ðåøàþòñÿ îòäåëüíûìè áàçîâûìè àëãîðèòìàìè.

Âàæíîå îòêðûòèå ñåðåäèíû 90-õ: îáîáùàþùàÿ ñïîñîáíîñòü

áóñòèíãà íå óõóäøàåòñÿ ñ ðîñòîì ñëîæíîñòè T .

�ðàäèåíòíûé áóñòèíã � íàèáîëåå îáùèé èç âñåõ áóñòèíãîâ:

� ïðîèçâîëüíàÿ �óíêöèÿ ïîòåðü

� ïðîèçâîëüíîå ïðîñòðàíñòâî îöåíîê R

� ïîäõîäèò äëÿ ðåãðåññèè, êëàññè�èêàöèè, ðàíæèðîâàíèÿ

×àùå âñåãî GB ïðèìåíÿåòñÿ ê ðåøàþùèì äåðåâüÿì

RF è SGB � óíèâåðñàëüíûå ìîäåëè ìàøèííîãî îáó÷åíèÿ

CatBoost � äëÿ êàòåãîðèàëüíûõ ïðèçíàêîâ, áåç ïåðåîáó÷åíèÿ

FWLS è ME � êâàçèëèíåéíûå àíñàìáëè, αt(x)

Ñìåñè àëãîðèòìîâ íóæíà õîðîøàÿ ìîäåëü êîìïåòåíòíîñòè
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