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Y710 Hago 3HaTb M3 NpeablayLMx KypcoB anrebpbl —

— MOBTOPUTE, 3TN BOMPOChI DyayT Ha 3K3ameHe B
TEOPMUHUMYME.

© [pynnul. Moarpynna, daktoprpynna. Teopema JlarpaHxa.

© Uwmknudeckne rpynnsl. CTpykTypa nogrpynn UUKANHECKON
rpynnbl. Kosin4ecTBo nNopoXKaatoLnx 3J1eMeHTOB.

© Konbua. Vpgeansl koney n cdaktopkosbua. EBknngoso konbLo.

Q Tlons. Mprmepbl noneil, XapakTepUCTHKA MO,

HekoTopble dakTbl ganee BoIHYXAEHO DygeT HanoMHeHbI.
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Mone GF(p)

@ 7 — konbLo uenbix Yucen (eBknuposo: abeneso ¢ 1, bes
aenuteneli Hyns + BO3MOXHO AefieHne C OCTaTKOM =
cywectsosanne HOJl), p — npocToe uuco.

o (p)={mp|nez} =pzZ = {0, £p, £2p, ...} — ngean

©Z/(p) = {0,1,...,p— 1} — KonbLo BLIYETOB NO MOAYNIO
5TOro MAeana = KNaCChl OCTAaTKOB OT JENeHNs Ha p:
0 = 0+pZ,
1 = 1+pzZ,

= 7Z=0Ulu...Uup—1.

Yacto HepTy Hag CMMBOJIaMUN KNACCOB BbIYETOB HE MUNLUYT.
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©Z/(p) = {0,1,...,p— 1} — KonbLo BLIYETOB NO MOAYNIO
5TOro MAeana = KNaCChl OCTAaTKOB OT JENeHNs Ha p:
0 = 0+pZ,
1 = 1+pzZ,

= 7Z=0Ulu...Uup—1.

YacTo 4epTy Haj CUMBONAMU KJ1aCCOB BbIYETOB HE MULLYT.
Mockonbky p — npoctoe, To Z/(p) — HE NPOCTO KOJbLO, a noJsie
(Bo3MOXHO fenenue be3 ocTaTka Ha JitobOI HEHYEBOV SEMEHT).
70 npocTeiiwee nose [anya, obosHauenne — [, wnn GF(p); Bce
onepaunn B H&M — no  mod p.
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33101112 31013121

[Baxkabl aBa paBHO Hynto!
OpHako, nosie n3 4-x 3N1eMEHTOB CyLLECTBYET...



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

XapakTepucTtuka nons

Mycte k — npouseonbhoe none, 1 — egunnuya k. Cknageisaem unx:
1=1, 2=1+1,



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

XapakTepucTtuka nons

Mycte k — npouseonbhoe none, 1 — egunnuya k. Cknageisaem unx:
1=1, 2=1+1, ....B koHe4yHOM nose Bcerga Haiigércs
nepsoe k Takoe, 4To 1 + ...+ 1 = 0. Torga

———

k pa3
k = nopsigok agauTueHoii rpynnel nons k =

def
= xapaktepuctuka nosas k = chark



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

XapakTepucTtuka nons

Mycte k — npouseonbhoe none, 1 — egunnuya k. Cknageisaem unx:
1=1, 2=1+1, ....B koHe4yHOM nose Bcerga Haiigércs
nepsoe k Takoe, 4To 1 + ...+ 1 = 0. Torga

———

k pa3
k = nopsigok agauTueHoii rpynnel nons k =

def
= xapaktepuctuka nosas k = chark

{0, 1,2, ..., chark — 1} — muHumanbHoe nognone B none k.



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

XapakTepucTtuka nons

Mycte k — npouseonbhoe none, 1 — egunnuya k. Cknageisaem unx:
1=1, 2=1+1, ....B koHe4yHOM nose Bcerga Haiigércs
nepsoe k Takoe, 4To 1 + ...+ 1 = 0. Torga

———

k pa3
k = nopsigok agauTueHoii rpynnel nons k =

def
= xapaktepuctuka nosas k = chark

{0, 1,2, ..., chark — 1} — muHumanbHoe nognone B none k.

Ecnu Bce cymmbl Buga 1+ ... + 1 pasnnyHel, 10 chark = 0.
Mpumepsl: Q, R — nons Hynesoii (nnn beckoneuHoi :))
XapaKTEPUCTUKN.
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P otoxgectensietcs ¢ P/1.
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Ecnn B kauectse k B3sTb koHeyHoe none [, To Fp,(x) — beckoHeuHoe
MoJe NONOKNTENLHON XapaKTePUCTUKNA P.
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(a+b)P = al + bP.

JokaszaTenbcTBO

B nt0bom KoMMyTaTUBHOM KOJIbLE BEPHA hopMysna A5 buHoma

(@+b)P = aP +Cla? 1o+ ...+ ChlabP~1 + bP.

Honpui=1,...,p— 1 qucanrens kosgpcpuimeHTa C; = #ii)!

. -
AENNTCSI HA P, @ 3HAMEHATENIb — HET, .. Cp =, 0.

Cneacrsue

B none xapaxtepuctuku p > 0 cnpasegnuso (a + b)P" = a’" + b*".
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['pynna [, umeet p(p — 1) npumuTusHbIX 31EMEHTOB.
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Mpumep:
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Ecnn npumapHoe pasnoxetne (p — 1) —

M3BeCTHO — 3nemeHT « € [, byaeT npumnTueHbim iff
p—1
a 7 #, 1 ana kaxgoro ¢ | (p—1).
HEM3BeCTHO — 3(PPEKTUBHOrO aNiropuTMa He HaikgeHo

(ncnonb3ytoT Tabnnubl, BEPOSITHOCTHbIE
aNropuTMbl...).

Ecam o — npumnTusHblii snemenT nonsa [, To nioboii apyroii ero
NPUMUTUBHbINA SNEMEHT MOXKET DbITh NMOJyHeH Kak cTeneHs ¥, rae
k — uenoe 4ucno, B3anumHo npoctoe ¢ p — 1.



MpuknagHas anrebpa

Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

HEI'IpVIBO,D,I/IMbIe MHOrFo4/J1€HbI

VT1BepxgeHue

Konbyo muorovnernos klx| Hag nonem k — eBkaugoso.

Teopema

Kaxabiii 571eMEHT €BKANLOBA KOJIbLIA OAHO3HAYHO C TOYHOCThIO A0

NEPECTaHOBOK Pa3/araeTcs B POU3BEAEHNE MPOCThIX
(HepaznoxnMbIx) 371eMEHTOB.

MpocTtbie (Hepa3noxumsle) anementsl k|z| — Henpusogumeie
MHOFOYJIEHbI.

Bonpocbl gnsa noneii:

o KaKNe MHOro4si€Hbl Hag HUMKN Hel'lpVIBO/J,VIMbI?

© Kak HaxoAWTb HENPUBOAVUMbIE MHOFOYIEHbI?




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

HenpuBogumsbie mHorounensl Hag C, R u Q:




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

HenpuBogumsbie mHorounensl Hag C, R u Q:

B nosie C — ToNbKO MHOro4seHbl 1-it cTtenexn;



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

HenpuBogumsbie mHorounensl Hag C, R u Q:

B nosie C — ToNbKO MHOro4seHbl 1-it cTtenexn;

B none R —
@ wmHorounexsl 1-ii ctenenu,
© wMmHorouneHs! 2-it CTeneHn ¢ oTpuULATENbHBIM
ANCKPUMUHAHTOM;



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

HenpuBogumsbie mHorounensl Hag C, R u Q:

B nosie C — ToNbKO MHOro4seHbl 1-it cTtenexn;

B none R —
@ wmHorounexsl 1-ii ctenenu,
© wMmHorouneHs! 2-it CTeneHn ¢ oTpuULATENbHBIM
ANCKPUMUHAHTOM;

B nose  — CywWecTBYIOT HENPUBOANUMbIE MHOIOUYJIEHbI
NPOU3BONILHON CTEMEHMU.

danee Hac OyayT wuHTepecoBaTb  HenpuBOAUMbIE
MHOrO4JIeHbl B KOHEYHbIX NOJISIX.




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

,D,aHOZ none ["_2 = <{0a 1}7 +mod 25 'mod2>-
TpebyeTcs: HAlTU BCE HEMPUBOANMbIE MHOFOYJIEHI CTeneHen 2, 3,
4 Hap HUM.




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

,D,aHOZ none ["_2 = <{0a 1}7 +mod 25 'mod2>-
TpebyeTcs: HAlTU BCE HEMPUBOANMbIE MHOFOYJIEHI CTeneHen 2, 3,
4 Hap HUM.

Btopas cteneub: z2 + ax + b

Sicho, uto b = 1, nuHaue 22 + az = z(z + a) = vwem
HENpPUBOAMMbIA MHOFO4YJ1EH B BuAe z2 +azx + 1.




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

,D,aHOZ none ["_2 = <{0a 1}7 +mod 25 'mod2>-
TpebyeTcs: HAlTU BCE HEMPUBOANMbIE MHOFOYJIEHI CTeneHen 2, 3,
4 Hap HUM.

Btopas cteneub: z2 + ax + b

Sicho, uto b = 1, nuHaue 22 + az = z(z + a) = vwem
HENpPUBOAMMbIA MHOFO4YJ1EH B BuAe z2 +azx + 1.
Ecnn

a=0, T0 x2+1:(x+1)2;

a =1, To Nnonyyaem HeNnpuMBOANMbI/i MHOFOYEH.

Hag o CylwecTBYET eANHCTBEHHbIVE HEMPUBOAMMbIA MHOFOYJIEH
crenenn 2:  x2+x + 1.




MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

Henpusogumbie MHoro4ynexbl Hag [Fo

A
TpeTtbsa ctenenb: 22 + ax? + bx + 1
(nouemy cBOGOAHBIV YNeH He paBeH Hynto?)

Wckntovas, Kak caenaHo paHee, AenMMOCTb Ha & + 1, nosy4vaem
ycnosue a + b # 0, T.e.

a=0,b=1,
a=1,b=0.




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Henpusogumbie MHoro4ynexbl Hag [Fo

A
TpeTtbsa ctenenb: 22 + ax? + bx + 1
(nouemy cBOGOAHBIV YNeH He paBeH Hynto?)

Wckntovas, Kak caenaHo paHee, AenMMOCTb Ha & + 1, nosy4vaem
ycnosue a + b # 0, T.e.

a=0,b=1,
a=1,b=0.

.. Hag Fo cyuwiecTByeT ABa HEMPUBOAVMMbLIX MHOFO4YJIEHA CTEMEHU 3:
370

2?4+l v+ +1.




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

.|
YersépTas crenenb: 2t + ax® + ba? + cx + 1
Wckntouenne pennmocTtu Ha x + 1 npuBogut K ycnosuto a +b+c =1,
T.e. uMeeTcsi 4 BapmaHTa, KOTopble AaloT 3 pelleHns:

a | b | c | MHOrounex

ojo|1|2t+zx+1

01|00 |z*+22+1 — NPVBOANMBIT
1(0(0|z*+23+1

1|11 |z*+23+22+2+1




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

.|
YersépTas crenenb: 2t + ax® + ba? + cx + 1
Wckntouenne pennmocTtu Ha x + 1 npuBogut K ycnosuto a +b+c =1,
T.e. uMeeTcsi 4 BapmaHTa, KOTopble AaloT 3 pelleHns:

a | b | c | MHOrounex

ojo|1|2t+zx+1

01|00 |z*+22+1 — NPVBOANMBIT
1(0(0|z*+23+1

1|11 |z*+23+22+2+1

OTKyaa B3sACA eLE OauH NPUBOANMbIA MHOTOYIEH !




MpuknagHas anrebpa
Mons Manya
Mons BbIYETOB NO MOAY/IO MPOCTOro HYucna

Henpusogumbie MHoro4ynexbl Hag [Fo

.|
YersépTas crenenb: 2t + ax® + ba? + cx + 1
Wckntouenne pennmocTtu Ha x + 1 npuBogut K ycnosuto a +b+c =1,
T.e. uMeeTcsi 4 BapmaHTa, KOTopble AaloT 3 pelleHns:

a | b | c | MHOrounex

ojo|1|2t+zx+1

01|00 |z*+22+1 — NPVBOANMBIT
1(0(0|z*+23+1

1|11 |z*+23+22+2+1

OTkypa B3s/CS eWwé ofuH NPUBOANMBIA MHOTOYIEH?

HailigeHbl MHOTOUMEHBI, Y KOTOPbIX HET JINHENHbLIX AENUTENENR
(ctenenmn 1). Ho mMHorousieH 4-ii CTENEHN MOXET pasnaratbcsi B
npou3BefeHne ABYX HEMPUBOAUMbIX MHOTOYJIEHOB 2-ii CTENEHN:

rt+224+1 = (22 +x+1)2




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Henpusogumbie MHoro4yneHbl Hapg [

Mone F3 = <{O, 1,2}, +3, -3> = KoJibLO MHorouneros [3[z].



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Henpusogumbie MHoro4yneHbl Hapg [

Mone F3 = <{O, 1,2}, +3, -3> = KoJibLO MHorouneros [3[z].
MHorouneHsl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakune n3 Hux HeI'IpI/IBO,EI,I/IMbI?



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Henpusogumbie MHoro4yneHbl Hapg [

Mone F3 = <{O, 1,2}, +3, -3> = KoJibLO MHorouneros [3[z].
MHorouneHsl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakune us Hux Henpusoaumbl? Beel



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Henpusogumbie MHoro4yneHbl Hapg [

Mone F3 = <{O, 1,2}, +3, -3> = KoJibLO MHorouneros [3[z].
MHorouneHsl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakune us Hux Henpusoaumbl? Beel

Henpusoanmblie MHorounensl nopsigka 2 B Fslx| (oHun He umetoT
kopHeii 0, 1, 2):

2?41 227 42

e ) 222 +x+1

2 20+ 2 222 4 2z + 1



MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.




MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.

— OOKa>XEM MNO3XKeE.



MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.

— OOKa>XEM MNO3XKeE.

Kak B [F[x] HaiiTu Henpusogumeiii MHOro4neH?




MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.

— OOKa>XEM MNO3XKeE.

Kak B [F[x] HaiiTu Henpusogumeiii MHOro4neH?

OTseT: HeT 3dbheKTUBHBIX aNirOpUTMOB



MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.

— OOKa>XEM MNO3XKeE.

Kak B [F[x] HaiiTu Henpusogumeiii MHOro4neH?

fx

OteeT: HeT 3(ppekTNBHBLIX anropuTMoB &)

(n3 Tabnuny, anropntm n3 5-it rnaebl «Anrebper» Ban gep
BapgaeHa, anroputm Bepnekamna...)



MpuknagHas anrebpa
Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

CyLIJ,eCTBOBaHVIe N HaxoXaeHune HenpmeogunMbiX MHOro4ieHoB

Teopema (0 CyLeCTBOBAHMN HENPUBOAUMbIX MHOFO4/1IEHOB)

Ans nobeix HaTypansHoro n u npoctoro p Haa ), cywectsyer
HENnpUBOZUMBINA MHOIOYJIEH CTEMEHU M.

— OOKa>XEM MNO3XKeE.

Kak B [F[x] HaiiTu Henpusogumeiii MHOro4neH?

e

Oteet: HeT 3pheKTUBHBIX anropuTMoB HED)

(n3 Tabnuny, anropntm n3 5-it rnaebl «Anrebper» Ban gep
BapgaeHa, anroputm Bepnekamna...)

Ecnu mHorouneH He umeeT KopHeli, 3TO €lE He 3HAYMT, YTO OH
Henpusoaum. lNMovemy?




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoeHue koHeuYHbIX nonen

— C UCMOJIb30BaHNEM HEMPUBOAUMBIX MHOTOYJIEHOB.
© Buibupaem npoctoe p u dpukcupyem none
Fp, = <{ﬁ, I, ..., p—1}, +modps -modp>.
@ Ob6pasyem konblo Fp[z] MHOroUNEHOB Hah HUM.
© Buibupaem HaTypanbHOe 1 U HEMPUBOAUMBIA MHOTOYJIEH
P(z) = apa™ + ...+ a1z +ag € Fplz].

Q Wgean (P(x)) nopoxpgaeT caktopmuoxectso Fp[z]/(P(z)),
3/1EMEHTbI KOTOPOro CyTb coBokynHocTb { R(x)} octatkos ot
penennsi muorouneros f € Fplz] Ha P(x):

f(z) = Qz) - P(x) + R(x).



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoeHue koHeuYHbIX nonen

— C UCMOJIb30BaHNEM HEMPUBOAUMBIX MHOTOYJIEHOB.
© Buibupaem npoctoe p u dpukcupyem none
Fp, = <{ﬁ, I, ..., p—1}, +modps -modp>.
@ Ob6pasyem konblo Fp[z] MHOroUNEHOB Hah HUM.
© Buibupaem HaTypanbHOe 1 U HEMPUBOAUMBIA MHOTOYJIEH
P(z) = apa™ + ...+ a1z +ag € Fplz].

Q Wgean (P(x)) nopoxpgaeT caktopmuoxectso Fp[z]/(P(z)),
3/1EMEHTbI KOTOPOro CyTb coBokynHocTb { R(x)} octatkos ot
penennsi muorouneros f € Fplz] Ha P(x):

f(z) = Qz) - P(x) + R(x).

VT1BepxaeHue

Mroxecteo {R(x)} sisasercs nonem lanya GF (p").




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoeHue KoHeYHbIX NONEN...

HokazaTtenbcTBo

© «kosnbyo mroroyuneros x| esknugoso, npean (P(x)) —
makcumanshbili = {R(z)} — none;

Q |[{R(x)}| = wucno mHorounenos ag ), crenenn He sbiwe
n—1, re. |{R(z)}| =p".




MpuknagHas anrebpa

Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

MocTpoeHue KoHeYHbIX NONEN...

HokazaTtenbcTBo

© «kosnbyo mroroyuneros x| esknugoso, npean (P(x)) —
makcumanshbili = {R(z)} — none;

Q |[{R(x)}| = wucno mHorounenos ag ), crenenn He sbiwe
n—1, re. |{R(z)}| =p".

Mone Manya {R(z)} HasbiBaeTcs
pacwmpennem n-ii ctenenu noas [, n obosHavaetcs Fy.

[loyemy B obosHayerun [} He ucnonbsyercs muoroqnen P(z), ¢
MOMOLLbIO KOTOPOro MOCTPOEHO nosie?




MpuknagHas anrebpa

Mons Manya

MNons BbIYeTOB NoO MOoAynto NPOCTOro 4Yucna

MocTpoeHue KoHeYHbIX NONEN...

HokazaTtenbcTBo

© «kosnbyo mroroyuneros x| esknugoso, npean (P(x)) —
makcumanshbili = {R(z)} — none;

Q |[{R(x)}| = wucno mHorounenos ag ), crenenn He sbiwe
n—1, re. |{R(z)}| =p".

Mone Manya {R(z)} HasbiBaeTcs
pacwmpennem n-ii ctenenu noas [, n obosHavaetcs Fy.

[loyemy B obosHayerun [} He ucnonbsyercs muoroqnen P(z), ¢
MOMOLLbIO KOTOPOro MOCTPOEHO nosie?

Teopema

Jl0boe koHeyHoe nose nsomopgHo kakomy-Hubyas nonto lanya Fy.




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Mpumep: noctpoetue nons 3

Bbibepem Henpusogumbiii MHorounen B Fz]: 2% + 1.
Wckomoe none ectb

F2 = F3fz]/(2® +1) =
={0,1,2, 2,241, 2+2,2z, 20 +1,2z+2}

MoxkHo cocTaBuTb T36J'IVILI,y CNOXEHNA N YMHOXXEHNA B 3TOM nose C

yuéTom 22 = —1 =3 2.
Hanpumep:
(z4+1) + (z +2) =2z, (z)- (2z) =1,
2z +1)+ (z) =1, 2z+1) - (z) =z +1,

nT.Aa.



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoenue nons F3...

3ameTuM, H4TO, Hanpumep,

(z+ 1) =2 +1,
(x4 1)? =2z,
(z+1)3 =224+1
(z+1)* =2,



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoenue nons F3...

3ameTuM, H4TO, Hanpumep,

(z+ 1) =2 +1, (x+1)5—2a:+2
(z+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—x—|—2
(z+1)* =2, (x+1)% =

70 3HauNT, 4TO X + 1 — NpUMUTNBHBIA 3neMeHT (renepaTop)
MynbTURAMKaTUBHON rpynnbl nons F3.



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoenue nons F3...

3ameTuM, H4TO, Hanpumep,

(z+ 1) =2 +1, (x+1)5—2a:+2
(z+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—1:+2
(z+1)* =2, (x+1)% =

70 3HauNT, 4TO X + 1 — NpUMUTNBHBIA 3neMeHT (renepaTop)
MynbTURAMKaTUBHON rpynnbl nons F3.

Yro byneT, ecau npu nocTpoeHun noas emecto x> + 1 B3aTh
Apyroii Henpusogumbiii B F3[x] mHoro4neH?
Hanpumep, 2z + x4+ 17




MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

MocTpoenue nons F3...

3ameTuM, H4TO, Hanpumep,

(z+ 1) =2 +1, (x+1)5—2a:+2
(z+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—1:+2
(z+1)* =2, (x+1)% =

70 3HauNT, 4TO X + 1 — NpUMUTNBHBIA 3neMeHT (renepaTop)
MynbTURAMKaTUBHON rpynnbl nons F3.

Yro byneT, ecau npu nocTpoeHun noas emecto x> + 1 B3aTh
Apyroii Henpusogumbiii B F3[x] mHoro4neH?
Hanpumep, 2z + x4+ 17

Ortser: nony4nTca none, VI3OMOpCbHO€ NOCTPOEHHOMY.



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Hucno HenpusoanmMbix MHorouneHos B none [

Henpueogumbiii mHorouner f(x) — B none I, — NpUMNTUBHBI
3/1eMeHT (MU reHepaTop) MyNbTUMANKATUBHON pynbi Fy*, Te.

o (f(:c))pnfl =1m (f(:c))l #1pa0<i<p®—1,

@ aons noboro mHorouneHa g(x) € F™ nalipnércs cteneHsb ¢
P

Takas, 4to g(z) = (f(z))’,i€{0,1,...,p" =1}



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Hucno HenpusoanmMbix MHorouneHos B none [

Henpueogumbiii mHorouner f(x) — B none I, — NpUMNTUBHBI
3/1eMeHT (MU reHepaTop) MyNbTUMANKATUBHON pynbi Fy*, Te.

o (f(:c))pnfl =1m (f(:c))l #1pa0<i<p®—1,

@ aons noboro mHorouneHa g(x) € F™ nalipnércs cteneHsb ¢
P

i
Takas, 4to g(z) = (f(z))', i€ {0,1,...,p"—1}.
Ecim a — npumunTueHblii anemenT nons GF(q), To noboii apyroii
NPUMUTUBHBI SIEMEHT MOXET BbiTh MosyyeH Kak cTenens af, roe
k — uenoe 4ncno B3aMMHO NpocToe ¢ ¢ — 1 = KOMYeCTBO
Pa3NIMYHBIX MPUMUTUBHBIX SN1eMeHTOB B nose [ pasHo e(p" —1).



MpuknagHas anrebpa
Mons Manya
Mons Bbi4eTOB MO MoAynto MPOCTOro 4Yucna

Hucno HenpusoanmMbix MHorouneHos B none [

Henpueogumbiii mHorouner f(x) — B none I, — NpUMNTUBHBI
3/1eMeHT (MU reHepaTop) MyNbTUMANKATUBHON pynbi Fy*, Te.

o (f(:c))pnfl =1m (f(:c))l #1pa0<i<p®—1,

@ aons noboro mHorouneHa g(x) € F™ nalipnércs cteneHsb ¢
P

Takas, 4to g(z) = (f(z))’,i€{0,1,...,p" =1}
Ecim a — npumunTueHblii anemenT nons GF(q), To noboii apyroii
NPUMUTUBHBI SIEMEHT MOXET BbiTh MosyyeH Kak cTenens af, roe
k — uenoe 4Mcno B3aWMHO MPOCTOE C ¢ — 1 = KOJNINYECTBO
Pa3NIMYHBIX MPUMUTUBHBIX SN1eMeHTOB B nose [ pasHo e(p" —1).
Hanpumep, B none [Fg n3 64 snemeHTOB
©0(63) = p(32-7) =31-1-2-6 = 36

NMPUMUTUBHbLIX 21IEMEHTOB = HEMNPUBOANMbBIX MHOIO4YJIEHOB.



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Paspen |

o KoHeuHble nons nnun nons Manya

@ Bbluncnenne 31eMeHTOB B KOHEYHbIX MONAX



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Paspen Il




MpuknapHas anrebpa 30/ 465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Paspen Il




MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga —

— npumensitoT ans Haxoxgenuss HOZ(a, b) HaTypanbHbix a u b.

HabntopeHne: ecnn d — obwwnii genntens napbl vucen (a,b), 1o d
ocTaércs obwnm genntenem aas ducen (a — b, b).



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga —

— npumensitoT ans Haxoxgenuss HOZ(a, b) HaTypanbHbix a u b.

HabntopeHne: ecnn d — obwwnii genntens napbl vucen (a,b), 1o d
ocTaércs obwnm genntenem aas ducen (a — b, b).

Ortcropa:

@ napsi yucen (a,b) n (a — gb,b) (¢ € Z) vnmeet opuHakosble
obuwue genuTenn;



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga —

— npumensitoT ans Haxoxgenuss HOZ(a, b) HaTypanbHbix a u b.

HabntopeHne: ecnn d — obwwnii genntens napbl vucen (a,b), 1o d
ocTaércs obwnm genntenem aas ducen (a — b, b).

Ortcropa:
@ napsi yucen (a,b) n (a — gb,b) (¢ € Z) vnmeet opuHakosble
obuwue genuTenn;

@ BMecCTO a — kb MOXHO B35ITb OCTaTOK 7'y OT [AESEHUS HALENo a
Hab: a =bg+r19, g€ Z,0< 10 <V



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga —

— npumensitoT ans Haxoxgenuss HOZ(a, b) HaTypanbHbix a u b.

HabntopeHne: ecnn d — obwwnii genntens napbl vucen (a,b), 1o d
ocTaércs obwnm genntenem aas ducen (a — b, b).

Ortcropa:

@ napsbl yucen (a,b) n (a — gb,b) (¢ € Z) nmeeT ofgnHakoBble
obuwue genuTenn;

@ BMecCTO a — kb MOXHO B35ITb OCTaTOK 7'y OT [AESEHUS HALENo a
Hab: a =bg+r19, g€ Z,0< 10 <V

@ 3aTeEM, NeEpPeCTaBmMB 4HUCNa B Nape, MOXXHO NOBTOPUTb
npouenypy; OHa 3aKOHYUTCA, T.K. HMUCNa B Nape€ YMEHbLLUAKOTCA,
HO OCTAKOTCA HEOTpUUATENbHbBIMN.



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga —

— npumensitoT ans Haxoxgenuss HOZ(a, b) HaTypanbHbix a u b.

HabntopeHne: ecnn d — obwwnii genntens napbl vucen (a,b), 1o d
ocTaércs obwnm genntenem aas ducen (a — b, b).

Ortcropa:

@ napsbl yucen (a,b) n (a — gb,b) (¢ € Z) nmeeT ofgnHakoBble
obuwue genuTenn;

@ BMecCTO a — kb MOXHO B35ITb OCTaTOK 7'y OT [AESEHUS HALENo a
Hab: a =bg+r19, g€ Z,0< 10 <V

@ 3aTeEM, NeEpPeCTaBmMB 4HUCNa B Nape, MOXXHO NOBTOPUTb
npouenypy; OHa 3aKOHYUTCA, T.K. HMUCNa B Nape€ YMEHbLLUAKOTCA,
HO OCTAKOTCA HEOTpUUATENbHbBIMN.

B pesynbraTe: 3a koHe4Hoe 4ucno waros obpasyetcs napa (ry,0).

Acho, uto HO(a,b) = ry,.



MpuknagHas anrebpa
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anroputm EBknnpa: obuwias cxema (a > b)

HOA(a,b)[=]

Lar (—2): r_9 = a — nonaraem gns ypobcrea;
LWar (—1): r—; = b — nonaraem ans ypobcTsa;
War 0: r_o = r_1go + 70 — BA€NUM T_5 Ha T_1, OCTATOK T(;

Lar 1: r—1 = Toq1 -+ 71 — OeNUM T_1 Ha 7, OCTAaTOK 7T';
BCErfa Aemm ¢ ocTaTkom bOJibLiee Yncao Ha
MeHbLLEee, OCTaBISIEM MeHbLUEe (OHO CTAHOBUTCS
66/1b1IMM) M OCTaTOK;

War n: rp_9 = rn_1Gn + 7T — OENUM T2 HA Thy_1,
OCTaToOK Ty,

LWar n 4+ 1: rp,—1 = Thqn+1 + 0 — OeneHne Haueno = OCTAHOB.

Becerma ro>2r_1>rg>r>...>r, 2 1. [=]ry.



MpuknapHas anrebpa 33 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga: npumep

HOZ(252, 105)[=]




MpuknapHas anrebpa 33 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga: npumep

HOZ(252, 105)[=]

Lar (—2): r_o = 252;

Lar (—1): 7y = 105 = (252,105);
Lllar 0: 252 = 105-2 + 42 = (105, 42);
Lar 1: 105 = 42-2+4 21 = (42,21);
Lar 2: 42 = 21-2 40 = (21,0).

=]21.



MpuknapHas anrebpa 33 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Anropntm EBknnga: npumep

HOZ(252, 105)[=]

Lar (—2): r_o = 252;

Lar (—1): 7y = 105 = (252,105);
Lllar 0: 252 = 105-2 + 42 = (105, 42);
Lar 1: 105 = 42-2+4 21 = (42,21);
Lar 2: 42 = 21-2 40 = (21,0).

=]21.

HOA(a,b,c) = HOA(a, (HOA(D,c))



MpuknagHas anrebpa
Mons Manya

BbluncneHne aneMeHTOB B KOHEYHbIX NOASIX

CootHouweHue Besy

VT1BepxpaeHue (cootHoweHune Gesy)

Lnsi nobbix HaTypaneHeix a,b u d = HOA(a,b) HaiigyTcs yenbie
koagppuymentsl besy x,y Takme, 4yto d = ax + by.




MpuknagHas anrebpa

Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

CootHouweHue Besy

VT1BepxpaeHue (cootHoweHune Gesy)

Lnsi nobbix HaTypaneHeix a,b u d = HOA(a,b) HaiigyTcs yenbie
koagppuymentsl besy x,y Takme, 4yto d = ax + by.

JokaszaTenbLcTBO

Paccmatpusaem anroputm EBknnpa ¢ KoHUYa K Hadasy:

d = 1ry, = rp_2 — n_1Gn, 3aTEM, MNOACTABJISIS Clo4a 3HAYEHUE
Tn—1 = Th—3 — n—2qn—1, MOJYHaeEM

d = —qurn-3+ (1 + QHQH—I)Tn—Q = arp—3 + Bra—2

A5 HekoTopbix o, 3 € Z n T.4.




MpuknagHas anrebpa

Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

CootHouweHue Besy

VT1BepxpaeHue (cootHoweHune Gesy)

Lnsi nobbix HaTypaneHeix a,b u d = HOA(a,b) HaiigyTcs yenbie
koagppuymentsl besy x,y Takme, 4yto d = ax + by.

JokaszaTenbLcTBO

Paccmatpusaem anroputm EBknnpa ¢ KoHUYa K Hadasy:

d = 1ry, = rp_2 — n_1Gn, 3aTEM, MNOACTABJISIS Clo4a 3HAYEHUE
Tn—1 = Th—3 — n—2qn—1, MOJYHaeEM

d = —qurn-3+ (1 + QHQH—I)Tn—Q = arp—3 + Bra—2

A5 HekoTopbix o, 3 € Z n T.4.

Ons Haxoxgerus no nape 4ucen (a,b) nx HOL n koacdpcpuynertos
Besy npumeHstoT paclumperHbiii anroputm Eskanga.



MpuknapHas anrebpa 35 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

PacwwupeHHbii anroputm EBknupa —

— nosTopsieT cxemy (npocToro) anroputma Esknuga, B kKotopom
Ha KaXXJOM Luare:

@ [ONONIHNTENBbHO BbIHUCAAKOTCA T; U Y; NO cbopmynaM

Ti = Ti—2 — GTi-1, Yi = Yi-2 — ¢Yi-1, it =0,1, ..

T_g = y_1 = 1.

@ CnpaBeaMBO COOTHOLUEHNE

T = Ti—2—qiTi—1 = (a$i72+byi72)_(h(a$ifl +byi71) =
= a(Ti—2 — ¢ii—1) + b(Yi—2 — qiYi—1) = ax; + by;.



36 /465

MpuknagHas anrebpa

Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

PacwwupeHHbii anroputm EBknupa: npumep

3agaqa. Haiitn HaTypanbHoe d n uenbie T u y Takue, 4TO
d = HO[(a,b) = 252x + 105y.

Pewenve. Vimeem z; = w2 — qiri—1, ¥i = Yi—2 — qi¥Yi—1-
Ceepném Bce BblMMCEHNUs B Tabauuy:

war i | rio | Tie1 | G | Ti | Ti| Yi
-2 252 | 1 0
-1 106 0 |1
0| 252 | 105 | 2 | 42 1]-2
1 105 42 2121 |-2|5
2 42 21 2 0

Otger: d =21,z =-2,y=>5.



MpuknapHas anrebpa 37 /465

Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

B none Z/(101) pewnts ypasHenne 4z = 1. (%)




MpuknapHas anrebpa 37 /465

Mons Manya
Bbluncnenne sneMeHTOB B KOHEYHBIX NOMSIX

B none Z/(101) pewnts ypasHenne 4z = 1. (%)
Q 4z = k-101+1 = 102, 203, 304, ...; =z = 304/4 = 76.

70 pewueHne nepebopom.




MpuknapHas anrebpa 37 /465
Mons Manya

BbluncneHne aneMeHTOB B KOHEYHbIX NOASIX

B none Z/(101) pewnts ypasHenne 4z = 1. (%)

Pewwenue

Q 4z = k-101+1 = 102, 203, 304, ...; = = 304/4 = T6.
70 pewueHne nepebopom.

@ [lockonbky 101y =101 0, BMecTo (%) MOXHO pacLuMpeHHbIM
anroputmom EBknvga pewatb ypasHeHue

4+ 101y = 1.




MpuknapHas anrebpa 37 /465

Mons Manya

BbluncneHne aneMeHTOB B KOHEYHbIX NOASIX

B none Z/(101) pewnts ypasHenne 4z = 1. (%)

Q 4z = k-101+1 = 102, 203, 304, ...; = = 304/4 = T6.
70 pewueHne nepebopom.

@ [lockonbky 101y =101 0, BMecTo (%) MOXHO pacLuMpeHHbIM
anroputmom EBknvga pewatb ypasHeHue

4+ 101y = 1.
B pesynetate paboter anroputma: 4 - 76 4+ 101 - (—=3) = 1.




MpuknapHas anrebpa 37 /465

Mons Manya

BbluncneHne aneMeHTOB B KOHEYHbIX NOASIX

B none Z/(101) pewnts ypasHenne 4z = 1. (%)

Q 4z = k-101+1 = 102, 203, 304, ...; = = 304/4 = T6.
70 pewueHne nepebopom.

@ [lockonbky 101y =101 0, BMecTo (%) MOXHO pacLuMpeHHbIM
anroputmom EBknvga pewatb ypasHeHue

4+ 101y = 1.
B pesynetate paboter anroputma: 4 - 76 4+ 101 - (—=3) = 1.

AHanoruyHoO pellaroTcsl ypaBHeHUS
axr = ¢, ar—+by =-c

(nepeg pewenunem a, b n ¢ Hago nogennTb Ha ux obwwmii HOL).



MpuknapHas anrebpa 38 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

HaxoxpaeHune obpaTHbix 31eMeHTOB B paclunperusx nonei [,

Anroputm EBknuga n ero paclwuimpeHHas Bepcus
0CTaéTcs CnpaBedJiMBbLIM B JIOOOM EBKINAOBOM KOJIbLE,
cnepoBatenibHO, U B itobom none Manya.




MpuknapHas anrebpa 38 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

HaxoxpaeHune obpaTHbix 31eMeHTOB B paclunperusx nonei [,

Anroputm EBknuga n ero paclwuimpeHHas Bepcus
0CTaéTcs CnpaBedJiMBbLIM B JIOOOM EBKINAOBOM KOJIbLE,
cnepoBatenibHO, U B itobom none Manya.

MNoaTtomy:
obpaTHbIi 3neMeHT y(x) ANst HEKOTOPOro MHorouneHa b(z) B none
F =TF,[z]/(a(x)) onpenensieTcs cooTHOLLEHNEM

b(x)-ylx) =1 < a(x) x(@)+b(z) y(r) = 1



MpuknapHas anrebpa 38 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

HaxoxpaeHune obpaTHbix 31eMeHTOB B paclunperusx nonei [,

Anroputm EBknuga n ero paclwuimpeHHas Bepcus
0CTaéTcs CnpaBedJiMBbLIM B JIOOOM EBKINAOBOM KOJIbLE,
cnepoBatenibHO, U B itobom none Manya.

MNoaTtomy:
obpaTHbIi 3neMeHT y(x) ANst HEKOTOPOro MHorouneHa b(z) B none
F =TF,[z]/(a(x)) onpenensieTcs cooTHOLLEHNEM

b(x)-ylx) =1 < a(x) x(@)+b(z) y(r) = 1

OHO MOXET ObITb PELLEHO MYTEM MPUMEHEHWUS PACLUVPEHHOrO
anroputma Esknanga ans napsl muorouneros (a,b) B none F.

PeweHune gaHHbIX ypaBHeHW CyLLECTBYET BCErAa: NOCKObKY G —
HenpuBoanMblii MHorouneH u degb < dega = HO[(a,b) = 1.



MpuknapHas anrebpa 39 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Mpumep: Haiitn (22 + 2 + 3)~! B none Fr[x]/(z* + 23 + 22 + 3)



MpuknapHas anrebpa 39 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Mpumep: Haiitn (22 + 2 + 3)~! B none Fr[x]/(z* + 23 + 22 + 3)

Mpumensisi paclumpenHbiii anroputm EBknnga, pewmm ypasHeHue

a(z)(z* + 2> + 22 +3) + b(z)(2®2 +2+3) =1 (%)



MpuknapHas anrebpa 39 /465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Mpumep: Haiitn (22 + 2 + 3)~! B none Fr[x]/(z* + 23 + 22 + 3)

Mpumensisi paclumpenHbiii anroputm EBknnga, pewmm ypasHeHue

a(z)(z* + 2> + 22 +3) + b(z)(2®2 +2+3) =1 (%)

War 0. r_o(x) =a*+ 23 +2%+3,

roi(z)=z2*+x+3

y—2(r) =0,

y_1(z) =1 — 3a/1aHKe HaYasbHbIX 3HAYEHUA.
War 1. r_o(x) =r_1(x)qo(x) + ro(z),

qo(7) = 2% +5,

ro(x) = 2x 4 2

yo(z) = y-2(2) — y-1(2)qo(x) = —qo(z) = —2* = 5.
War 2. r_i(z) =ro(z)q1(z) + ri(x),

¢1(x) = 4z,

ri(x) =3, degri(z) =0

y1(x) = y-1(z) — yo(2)qu(z) = 1+ 4z (a? +5) =

= 42 + 62 + 1.



MpuknapHas anrebpa 40 / 465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Mpumep... [F2: a(@)(z*+23+22+3)+b(x)(@®> +2+3) = 1 (%)

Anroputm 3akaH4MBaeT CBOK paboTy Ha ware 2, TK. r1(x) =3 n
degri(z) = degl = 0 (1 — mHorouneH B npaBoii Hactu (x))



MpuknapHas anrebpa 40 / 465
Mons Manya

BbluncneHne aneMeHTOB B KOHEYHbIX NOASIX

Mpumep... [F2: a(@)(z*+23+22+3)+b(x)(@®> +2+3) = 1 (%)

Anroputm 3akaH4MBaeT CBOK paboTy Ha ware 2, TK. r1(x) =3 n
degri(z) = degl = 0 (1 — mHorouneH B npaBoii Hactu (x))
3amevaHue: Npu nTepayusax anropuTmMa HeT HeobXxoAMMOCTH
BbluncnaTh x;(z) — koscbduuyment npn xt 4+ 23 + 22 + 3, — Tk
Hac MHTepecyeT Tobko ¥;(z) — koadduymenT npu 2 + x + 3.



MpuknapHas anrebpa 40 / 465
Mons Manya
BbluncneHne snemMeHTOB B KOHEYHBIX MONSIX

Mpumep... [F2: a(@)(z*+23+22+3)+b(x)(@®> +2+3) = 1 (%)

Anroputm 3akaH4MBaeT CBOK paboTy Ha ware 2, TK. r1(x) =3 n
degri(z) = degl = 0 (1 — mHorouneH B npasoii HacTn (%) ).
3amevaHue: Npu nTepayusax anropuTmMa HeT HeobXxoAMMOCTH
BbluncnaTh x;(z) — koscbduuyment npn xt 4+ 23 + 22 + 3, — Tk
Hac MHTepecyeT Tobko ¥;(z) — koadduymenT npu 2 + x + 3.

OctaTok 71(z) = 3 oTnnyaeTcst oT 1 Ha MHOXKUTENb-KOHCTAHTY.

Y10b6bl NonyunTh pelteHne ypaBHeHUs () BbIMUCISIEM NEMEHT
37! =7 5 n joMHOXaeM Ha Hero ¥i:

Sy1(z) = 5(4a3 + 62+ 1) =7 62° 4 22 + 5.

Oteet: B none Fr[x]/(z* + 23 + 2% + 3)
(22 + 2 +3)"" = 62° 422+ 5.



MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Paspen |

o KoHeuHble nons nnun nons Manya

@ JluHeiiHasi anrebpa Haj KOHEYHBLIM MOJIEM



MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Paspen Il
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MpuknagHas anrebpa
Mons Manya
Jlnneilinas anrebpa Haf KOHEYHBIM nonem

BekTopHOe npocTpaHCTBO: onpegeneHuve

A6CTPaKTHLIM BEKTOPHBIM MPOCTpaHCTBOM Hag nonem k = {«, ...}
Ha3bIBAETCS1 ABYXOCHOBHasl anrebpaunyeckas cuctema V = (V, k;+,-), rae

o V={0,v,...} — nponsBoNbHOE MHOXECTBO,

@ + — buHapHas onepauusa cnoxenusi Hag V: V x V 5 Vv,

@ - — buHapHas onepauusi yMHOXeHUs snemenTa («4ucnay) us k Ha
anemenT («BekTop») u3 V: kx V =V,




MpuknagHas anrebpa
Mons Manya
Jlnneilinas anrebpa Haf KOHEYHBIM nonem

BekTopHOe npocTpaHCTBO: onpegeneHuve

A6CTPaKTHLIM BEKTOPHBIM MPOCTpaHCTBOM Hag nonem k = {«, ...}
Ha3bIBAETCS1 ABYXOCHOBHasl anrebpaunyeckas cuctema V = (V, k;+,-), rae

o V={0,v,...} — nponsBoNbHOE MHOXECTBO,
@ + — buHapHas onepauusi cioxenust Hag V: V x V 5 Vv,
@ - — BuHapHas onepauusi yMHOXeHuUst anemeHTa («umcnay) us k Ha
anemenT («BekTop») u3 V: kx V =V,
NpU4émM onepaunm + 1 - yA0BJETBOPSIOT CeAYIOLM aKCMOMaM:

L1: V — kommyTaTuBHasi rpynna no cnoxenuto, 0 — eé
HeNTPaNbHbIA NEMEHT.

L2: a-(v1+wv)=a-v1+a-ve, (g +az) - v=01-v+ay-v,
(ZMCTpnbYTUBHOCTL + OTHOCUTENBHO +),

L3: «a-(8-v) = (af)- v (komMno3uuus yMHOXeHUI Ha ABa
3/1EMEeHTa NOoJs COBMAAAET C YMHOXKEHNEM UX NPOU3BEAEHNE,
«aCCcoLMaTUBHOCTL» OMNepauuii YMHOXEHNS NOAs 1 -),

L4: 1-v=wv (yHuTanbHOCTb).




MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

KoopguHaTHoe npocTpaHCcTBO

Mycte V' = k™ — MHOXECTBO NOCNefoBaTENbHOCTEN ANNHBI 1,
COCTaBJIEHHbIX U3 31eMeHTOB nons k.
CnoXeHMe 1 YMHOXKEHME HA YUCIO ONPELENSIOTCS MOKOMMOHEHTHO.

Mony4ymBluasicss cTpykTypa — BEKTOPHOE MPOCTPAHCTBO.
Ero HasbiBaloT n-MepHbIM KOOPANHATHBIM MPOCTPAHCTBOM Hag nosem k.

AnctpnbyTuBHOCTL OTHOCUTENBHO BblYMTaHUs: - v — - v = (e — ) - v:
(a=pB)-v+B-v=(a—F+pF)-v=a-v.

OTtctoga nony4yaem, 4to 0-v =0, TaKKaKO-v:(l—l)-v:v—v:0m
—v = (—1) - v TaK KaK

v+ (-1)-v=1-v+(-1)-v=(1-1)-v=0-v=0.



MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

MpnmeHeHue nuHeRHoi anredpbl K N3yHEHUIO KOHEYHbIX nose

lone k xapaktepuctuku p > 0 ecTb BeKTOPHOE NPOCTPaHCTBO Hag [Fp.




MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

MpnmeHeHue nuHeRHoi anredpbl K N3yHEHUIO KOHEYHbIX nose

lone k xapaktepuctuku p > 0 ecTb BeKTOPHOE NPOCTPaHCTBO Hag [Fp.

JokasaTenbcTBO

CnoXXeHue — HacJ/iegqyeTcs onepayns CJI0XKEHUA B 10J1€ H(,'
YMHO>XXeHue — [10CKOJIbKY p—1

Fp=F={0,1,14+1,...,1+...+41}Ck,
TO npy yMHOXeHun «4ucaa» u3 noas b, moxHo
3aMeHsITb Ha COOTBETCTBYIOLYNE SN1EMEHTLI U3 noas F';
AKCMOMbl BEKTOPHOIO NPOCTPAHCTBA —  BbIMNOJIHAIOTCS B CUJTY
CBOVICTB apughmeTnyeckux onepaunii B nose k.




MpuknagHas anrebpa

Mons Manya

JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

MpnmeHeHue nuHeRHoi anredpbl K N3yHEHUIO KOHEYHbIX nose

lone k xapaktepuctuku p > 0 ecTb BeKTOPHOE NPOCTPaHCTBO Hag [Fp.

JokasaTenbcTBO

CnoXXeHue — HacJ/iegqyeTcs onepayns CJI0XKEHUA B 10J1€ ﬂ(,‘

YMHO>XXeHue — [10CKOJIbKY p—1

Fp=F={0,1,14+1,...,1+...+41}Ck,
TO npy yMHOXeHun «4ucaa» u3 noas b, moxHo
3aMeHsITb Ha COOTBETCTBYIOLYNE SN1EMEHTLI U3 noas F';
AKCMOMbl BEKTOPHOIO NPOCTPAHCTBA —  BbIMNOJIHAIOTCS B CUJTY
CBOVICTB apughmeTnyeckux onepaunii B nose k.

CnepactBune

KoneuHoe nose (kak BEKTOPHOE MPOCTPAHCTBO) COCTOUT U3 p™
3/1EMEHTOB, P — MPOCTOE, N — HATYPasIbHOE.




MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Mons Nanya kak Konblia BbIYETOB UM BEKTOPHbIE NMPOCTPAHCTBA

one ™ ecTb KoHe4Has C 2N1EMEHTAMU-MHOFOYIEHAMM
Mn Fy AC
M = {ag +az+ ... +ap_jx" ! } C Fplz],

KOTOPYIO MOXHO paccMaTpuBaTb Kak

@ (haKTOPKOJIbLO BbIHETOB MO MOAYJIIO HEKOTOPOro
HeNnpMBOAMMOrO MHoro4sieHa f(x) ctenenu n Hag nonem [F):

B (Fp[e)/(f(@)); +pr )
nnm Kak

@ 7N-MepHOe KOOpAMHATHOE MPOCTPaHCTBO Haa nonem [

FZ = <M7 Fp; +p, 'p>'



MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Basuc B [F;}

Teopema

dnementsl 1, T, ..., a1 obpasyior basuc ).




MpuknagHas anrebpa

Mons Manya
Jlnneilinas anrebpa Haf KOHEYHBIM nonem

Basuc B [F,;}

Teopema

dnementsl 1, T, ..., a1 obpasyior basuc ).

JokasatenbcTBO

o Jlroboii anemeHT [Fg npeacTaBuM B BUAE JINHENHOMN
KOMOUHALNN yKa3aHHbIX BEKTOPOB:

a+ax+...+ap_12" ! = apl+ a1z + ... +ap_jx" L.
@ O6patHo, nycts g(x) = bol + 1T+ ...+ by~ 1 = 0.
70 03Hayaet, 410 MHoro4seH g(x) crenenu n — 1 geantcs Ha
HEKOTOPbIN MHOFOYJIEH NI CTEMEHN, YTO BO3MOXHO JINLLIb MPU

bop = by = ... = b,—1 = 0, Te. cucrema {T, T, ...,x”*l}

JINHENHO He3aBUCUMa.




MpuknagHas anrebpa

Mons Manya

JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

C — pacwmpenue nons R

3ameyaHue.

MNocTpoeHue Nonsi ¢ NOMOLLBLIO BEIHETOB MO MOAY/IIO HEKOTOPOro
HEeMpPUBOAMMOro MHOFOYJIEHA 1 aHAIOMN AOKAa3aHHbIX TEOPEM
cnpaBef/INBbl HE TOMIbKO B C/ly4ae KOHEYHbIX MOneil.



MpuknagHas anrebpa
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

C — pacwmpenue nons R

3ameyaHue.

MocTpoeHue Noasi ¢ NOMOLLBIO BLIYETOB MO MOAYAHO HEKOTOPOro
HEMPUBOANMOrO MHOrOYIEHA U aHaNOM AOKa3aHHbLIX TEOPEM
CNpaBeaanBbl He TOJIbKO B CJIyHae KOHEYHbIX MOJIEi.

Hanpumep:
@ paccmoTpum none aeiicTBuTENbHBIX Yncen R u kosbuo
MHorouneHos R[x] Hag Huwm;
Q & R[z] Bo3bMEM HenpusogUMbIli MHorounen 2 + 1;
© noctpoum none F kak caktopkonbuo: F = R[z]/(z? + 1);

Q@ F Takke n BeKTOpHOe NpocTpaHcTeo Hag R; ero basuc — {1, 7 }
N KaXkabli ero anemenT 2z € ' MOXHO NpeacTaBuTb B BUAE
z=al +bT, a,beR;

© TMone F nzomopdHO MOS0 KOMMIEKCHBIX YUCEN
C = {a +ib|a,beR,i?=—1 }: nsomopunsmM 3agaéTcs
cootBeTcTBMEM 1 — 1, T > 1.



MpuknapHas anrebpa 50 / 465
Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Mopnons [F;

Ecan none [F;‘ COBEPXUT MoAMosE Fx, 10 k | n.




MpuknapHas anrebpa 50 / 465

Mons Manya
JluneiiHas anrebpa Haf KOHe4YHbLIM noJsieMm

Mopnons [F;

Jlemma

Ecan none [F;‘ COBEPXUT MoAMosE Fx, 10 k | n.

| A\

HokasatenbcTBO

Ecan none ki cogepxutcs B none ki C kg, 170 anementsi ko
MOXHO YMHOXaTb Ha 37eMeHTbl 13 K1, a pe3ynbTaTbl CKAa4bIBaTh.
lMoatomy nosne ko sB/ASETCS BEKTOPHBLIM MPOCTPAHCTBOM HaZ MOJIEM
k| HekoTopo#i pazmepHOCTU d — 3HAYUT, B HEM |U<1]d 3/IEMEHTOB.

Ans Hawero cayyas: p* = (p¥)¢, yto u osHaqaer k | n.

SlcHo, uto [, — Bcerpa noanone [y (cnyyaii k = 1).



MpuknagHas anrebpa
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

Paspen |

o KoHeuHble nons nnun nons Manya

("] KOpHVI MHOTO4YJIEHOB Had KOHEYHbIM NOJIEM



MpuknagHas anrebpa
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

Paspen Il




MpuknapHas anrebpa 53 /465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

Paspen Il




MpuknagHas anrebpa

Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MuHuManbHbIN MHOrO4YAEH

Paccmotpum none F?, a B HEM — Kakoil-HUbyab nemeHT 8 1
Oysem MHTepecoBaTLCSt MHOTOYJIEHAMM, AN KOTOPbIX STOT 3JIEMEHT
ABJISIETCS KOPHEM.

Onpepenernne

Muorounen mg () HasblBaeTC MUHUMATIBHBIM (M.M.) NN
MUHUMAJIbHON yHKUMeENR A5 [3, €CAN 3TO HOPMUPOBAHHbIIA
MHOIOYJIEH MUHUMAJIEHOI CTEMNEHU, AN KOTOPOro (3 siBfsieTcs
KOpHeM.

ﬂ,pyI'VIMVI cnoBaMun, OOJIXXHbl BbINOJIHATLCA TpU CBoOIiCTBa:

Q mp(B) =0;
Q Vf(z) € Fplz]: (deg f(z) < degmg(z) = f(B) # 0);

© «oacbpuumeHT npu cTaplueil ctenenn B mg(x) paseH 1.



MpuknapHas anrebpa 55 /465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MuHuManbHbIN MHOFO4YNEH N3 Henpunsogunmoro

Paccmotpum none I} = Fyz]/ (a(z)).
3peck a(z) = ag + a1z + ... + apz™ — Henpusogumblii B [ [x]
MHOFOYNEH.

V6eaumcsi, uto ansi anementa T € [ mHorounen a;,'a(z) —
MUHUMaJTbHbIT.



MpuknapHas anrebpa 55 /465

Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MuHuManbHbIN MHOFO4YNEH N3 Henpunsogunmoro

Paccmotpum none I} = Fyz]/ (a(z)).
3neck a(x) = ap+ a1x + ... + a,x™ — Henpusogumsblii B [ [x]
MHOTOUJIEH.

V6eaumcsi, uto ansi anementa T € [ mHorounen a;,'a(z) —
MUHUMaNbHbI. [elicTBuTensHo:

Q al+aT+...+a, " = ay+az+...+a2" =, 0,
T.e. T — KopeHb a(z), HO Toraa T — kopeHb U a;, 'a(z).

© [llycTb cywecTByeT MHorouneH by + b1x + ...+ bp_12™ L, pns
KOTOpOro

bol+b1T+. . oAby 17" = bol4+b1T+. . .+by_12" 1 = 0.

DTO paBeHCTBO 3a4a€eT JINHENHYIO 3aBUCUMOCTL MEXAY
knaccamn 1, T, ..., "~1, koTopble 0bpasytoT 6asuc nons Fy
Kak BEKTOPHOro mpocTpaHcTea Hag [

Moatomy bg =by =...=b,_1 =0.



MpuknagHas anrebpa
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

CBoiicTBa MUHUMAJIbHbIX MHOIO4/1IEHOB

VT1BepxgeHue

MuHumanbHble MHOFOYEHBI HEMNpnBogNMbI.

56 / 465




MpuknapHas anrebpa 56 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbIX MHOIO4/1IEHOB

VT1BepxgeHue

MuHumanbHble MHOFOYEHBI HEMNpnBogNMbI.

HokasatenbcTBO

[Tycte mg(xz) — m.m. gns f n mg(z) = my(x)me(z).
Toraa

mi(8) =0
me(8) =0’

Ho degmy < degm u degmeo < degm u 3 He MoxeT bbIThb
kopHeM Hu my(x), HU ma(x).

mg(ﬂ) =0 =




MpuknagHas anrebpa

57 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

VTBepxaeHue

IMycTb B HekoTopom mone [anya mg(x) — mM.m. Ansi anemeHTa 3, a
f(z) — mHorounen Takoii, 4to f(f) = 0.

Torga f(x) aenntcs Ha mg(x).




MpuknapHas anrebpa 57 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

VTBepxaeHue

IMycTb B HekoTopom mone [anya mg(x) — mM.m. Ansi anemeHTa 3, a
f(x) — mHoro4nen takoii, yto f(5) = 0.
Torga f(x) geantcs Ha mg(x).

JokasaTenbcTBo

Pasgenum f(x) Ha mg(x) ¢ ocTaTkoM:

f(x) = u(x)mg(xz) + v(x), degv < degm.

lloacTasnsisi B 3T0 paBeHCTBO 3, MoJyHaem

0=f(8) =u(B)m (B)+v() v(B),

T.e. B — KopeHb v(x), YTO MPOTMBOPEYUT MUHUMANBLHOCTYU M3 (T).




MpuknapHas anrebpa 58 /465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

CnepactBue

ﬂﬂﬂ Ka>x4oro 3J1IeMeHTa noJisd CyLeCTBYET He bosee O4HOro M.m.




MpuknapHas anrebpa 58 /465

Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

CnepactBue

ﬂﬂﬂ KaXX4oro 3J1IEMEHTA NoJis CYyLeCTBYET HE bosee O4HOro M.m.

HokasatenbcTBO

nyCTb MWHWMAaJIbHbIX MHOIO4YJ1IEHOB /ABa.

OHu B3auMHO BENSIT APYr ApYyra, @ 3HaYUT, Pa3INyaroTCs Ha
0b6paTUMBbIi MHOXNTE/Ib-KOHCTAHTY.

nOCKO.ﬂbe MUHUMAaIbHbIA MHOIOY/1EH HOPMWPOBAH, 3Ta KOHCTAHTa
paBHa 1, T.€. MHOIro4JieHbl COBMagaroT.




MpuknagHas anrebpa

59 /465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

VYTBepxaeHue

Ans kaxgoro snementa 3 nons by cywectsyer m.m. v ero cTeneHs
He MpeBOCXOANT N.




MpuknagHas anrebpa

Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

CBoiicTBa MUHUMAJIbHbLIX MHOTO4YJIEHOB. ..

Ans kaxpgoro anementa B nons b)) cywectsyet M.m. u ero cTeneus
He MpeBOCXOANT N.

HokasaTenbcTBo

Paccmotpum cnegyrowme anements nons i 1, B, B2, ..., B —
uxn+1 wryka, a pasmepHocTsb [} Kak BEKTOPHOro MpocTpaHcTBa
paBHa N = 3TU 3JIEMEHTbI JINHENHO 3aBUCUMbI, T.€. CyLJECTBYIOT

Takmue He Bce pasHble 0 KOIGDUUNEHTHI Cy, - . ., Cp, HTO

cot+cf+...+c,B8" = 0.

Takum o0bpasom, 3 — KOpeHb MHOro4YJieHa
flx)=co+ciz+...+cpz™

MuHumansHbiM MHOroYeHOM Ans 3 byaeT HEKOTOPbIi
HOPMUPOBAHHBIA HEMPUBOAUMBIN fennTens f(z).




MpuknapHas anrebpa 60 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA

Teopema

J1toboli HeHyneBowi 31EMEHT Mo [, siBrseTcs kopHem
7
mHoroyneHa P 1 — 1, te.

"1 =(z—61) ... (= Bpr-1),
rae { Bi, .., Bpr—1 } = FI* = F2 < {0}




MpuknapHas anrebpa 60 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA

Teopema

J1toboli HeHyneBowi 31EMEHT Mo [, siBrseTcs kopHem
7
mHoroyneHa P 1 — 1, te.

"1 =(z—61) ... (= Bpr-1),
rae { Bi, .., Bpr—1 } = FI* = F2 < {0}

HokasatenbcTBO

F5* — umknndeckas rpynna no ymHoxenuto nopsgka p" — 1.
lNopspok deg a noboro anementa o € F1* (T.e. nopsgok
yukandeckoi nogrpynnel {«)) no Teopeme JlarpaHxa feant
MOPSIAOK rPynnsl.

Mostomy p" —1 = ¢-dega, ad8® = 1y

o'l 1 = a8 1 = (qd8)7 1 =191 = 0.




MpuknagHas anrebpa
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

CnepactBue

Bce snemeHnTbI nons [F;L, HE UCKIt0Yasi HyJIs, SIBASIFOTCS KOPHSIMU
'3
MHoro4daeHa xP — x.




MpuknagHas anrebpa

Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

CnepactBue

Bce anementsi nons by, He nckmoyas Hyns, SBASIOTCS KOPHAMM

T
MHoro4daeHa xP — x.

Joka3aTtenbcTBo

| A

BbiHecem x 3a cKObKy:

(o

P —a:::r:(a:pn_l—l).

V BTOpOro coMHoXuTENSI KOPHSAMU bYZYT BCE HEHYJIEBbIE
anemeHThl, a y nepsoro — (.

A\




MpuknagHas anrebpa
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

Teopema

(" —=1):(z™ - 1) & n:m.




MpuknagHas anrebpa

Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

Teopema

(" —1): (2™ —1) & n:m.

HokazatenbcTBO

@ [lycte n = mk. Cgenaem 3ameny: x™ =y, Torga
2" —1=y*—1ua™—1=y—1. Jemmocts o4esugHa,
nockonbky 1 siensiercs kopHem y* — 1.




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

Teopema

(" —1): (2™ —1) & n:m.

HokazatenbcTBO

@ [lycte n = mk. Cgenaem 3ameny: x™ =y, Torga
2" —1=y*—1ua™—1=y—1. Jemmocts o4esugHa,
nockonbky 1 siensiercs kopHem y* — 1.

o [Ipegnonoxum, 410 n /m ren=km+r, 0<r <m, Torga

z" (2™ — 1)(z™ — 1)
xm —1
7 mk
—1 .
_rw =7 ( )(ajm—l)+$7—l.

gt = 1l

" —1= +z"—-1=




MpuknapHas anrebpa 63 /465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

llocnenHee BbipaxkeHne 3afa€eT pe3yabtat geaeHus x™ — 1 Ha

™ — 1 ¢ ocTaTKOM, MOCKOJIbKY A | aenntcs Ha ™ — 1 no

JOKa3aHHOMY BbiLLIE.
Ocratok z" — 1 # 0 B custy GAENAHHBIX MPEANOTONKEHNIA.

. x™ — 1 He geantcs Ha ™ — 1.




MpuknapHas anrebpa 63 /465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM noJjem: CBOWCTBA...

llocnenHee BbipaxkeHne 3afa€eT pe3yabtat geaeHus x™ — 1 Ha
™ — 1 ¢ ocTaTKOM, MOCKOJIbKY A | aenntcs Ha ™ — 1 no
JOKa3aHHOMY BbiLLIE.

Ocratok z" — 1 # 0 B cusly caenaHHbIX NpeanoioXeHnii.

. x™ — 1 He geantcs Ha ™ — 1.

Teopema faéT BO3MOXKHOCTb packiafblBaTb MHOrouUeHbl 2/ — 1
NPy COCTaBHbIX N.

Hanpumep, paznoxum 25 + 1 B none xapaktepuctukm 2

(rae —1 = +1):

P+l = @B+ D@2+ + 285+ 23 4+1), (3]15).

npOﬂ,OJ'I)KI/ITb 3TO PaA3JIOKEHMNE NOMOraeT cnefyrowas TeopemMa.



MpuknagHas anrebpa
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Teopema

Bce Henpusogumbie mHoroynexsl n-ii ctenenn uz x| ssasworca
7
aeamtensmu P — x.




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Bce Henpusogumbie mHoroynexsl n-ii ctenenn uz x| ssasworca
7
aeamtensmu P — x.

o
HokasatenbcTBO

n = 1. Vbexgaemcs, 4to (x —a) | (2 — ), raea € Fp: npna =0
3TO O4EBUAHO, @ B OCTAJIbHbIX CJYHasix JOKA3aHO, H4TO 4 —
kopeHb mMHorodneHa xP~t — 1 = (2P — x)/x.




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Bce Henpusogumbie mHoroynexsl n-ii ctenenn uz x| ssasworca
7
aeamtensmu P — x.

o
HokasatenbcTBO

n = 1. Vbexgaemcs, 4to (x —a) | (2 — ), raea € Fp: npna =0
3TO O4EBUAHO, @ B OCTAJIbHbIX CJYHasix JOKA3aHO, H4TO 4 —
kopeHb mMHorodneHa xP~t — 1 = (2P — x)/x.

n > 1. Crpoum no Henpueogumomy n (6e3 orpaHnyeHns obLyHocTn —
HopMupoBaHHomy) MHorounery f(x) crenenn n none .
B s1om none T — koperb u f(x), naP 1 — 1, npuqém
f(x) — m.m. gns Hero.
IMo ceoricteam m.m. zP"~1 — 1 genutca Ha f(x).




MpuknapHas anrebpa 65 / 465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Vicnonb3ys aokasaHHyto TeOpemy, 3aBEPLLMM PasAOKeHUE
P41 = @B+ D@2+ 2%+ 28+ 23+ 1) (%)
Ha Henpusogumble Hag Fo (rae —1 = +1) MHOrouneHb!.



MpuknapHas anrebpa 65 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Vicnonb3ys aokasaHHyto TeOpemy, 3aBEPLLMM PasAOKeHUE
P41 = @B+ D@2+ 2%+ 28+ 23+ 1) (%)
Ha Henpusogumble Hag Fo (rae —1 = +1) MHOrouneHb!.

Q z(z¥+1) =242 = 2" 4z, OTKyAa BCe HENPUBOANMBIE
MHOTOuNeHbl 4-ii cTenenn 6yayT aenutensamu 6 +  n,
CcNefoBaTeNbHO, 2 4+ 1. Takux muorouneHos 3: 2t + 2 + 1,
4 +lnat +22 +22+2+1, nunx npovssegeHne acT
BTOPOIi COMHOXUNTENDb B ().



MpuknapHas anrebpa 65 / 465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Vicnonb3ys aokasaHHyto TeOpemy, 3aBEPLLMM PasAOKeHUE
P41 = @B+ D@2+ 2%+ 28+ 23+ 1) (%)
Ha Henpusogumble Hag Fo (rae —1 = +1) MHOrouneHb!.

Q z(z¥+1) =242 = 2" 4z, OTKyAa BCe HENPUBOANMBIE
MHOTOuNeHbl 4-ii cTenenn 6yayT aenutensamu 6 +  n,
CcNefoBaTeNbHO, 2 4+ 1. Takux muorouneHos 3: 2t + 2 + 1,
4 +lnat +22 +22+2+1, nunx npovssegeHne acT
BTOPOIi COMHOXUNTENDb B ().

2
Q z(2®+1) =2* 4+ 2 =22 4 x, oTkyna BCce HenpuBOAUMbIe
MHOTOUNeHbl 2-ii cTenenn byayT aenutensmu x4 + x u,
cneposatensHo, o3 + 1. Takoli MHOFOUMEH TONLKO OAWH:
22 +z+1mnotaopa 22 + 1= (v + 1) (22 + 2+ 1).
B nTore nonyunm

oP+1 = (z+1) (2t +z+1) (e +23+1) (et 4+ 23+ 2%+ +1) (2 +2+1).



MpuknapHas anrebpa 66 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Teopema

~ ~ o
Jlioboii HenpuoguMbIii genntens mMHorodnena xP" 1 — 1 umeer
CTeneHb, HE MPEBOCXOZALLYIO M.




MpuknapHas anrebpa 66 / 465
Mons Manya

KOpHI/I MHOro4,1I€HOB HaAg KOHEYHbIM nosem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

~ ~ o
Jlioboii HenpuoguMbIii genntens mMHorodnena xP" 1 — 1 umeer
CTeneHb, He NMPEeBOCXOZSILLYIO M.

[JokasatenbcTBO

| \

ycTb @ — HenpusoaumMbIi genntens ©P" — x cTenemn k.
def
Torpa F = F,/(p) — none, koTopoe paccMoTpuM Kak BEKTOPHOE

npoctpaxcTso Hag [ ¢ basncom {T, T,..., k"1 }




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

— s -
ObozHaunm T = «. [Tockonbky (xP — x) :p, T0o B F' nmeem

o' —a=0.
k=1 '
Jlroboii snemeHT F' Boipaxaetcs 4epe3 basuc: B = Y a;a’.
i=0
Boszeegs obe yactu s3TOro paBeHcTBa B cTeneHb P, nosayH4um

. k=1 A\P" k-1
pr = (Z aioﬂ> = > aa’ =B,
i=0 i
T.e. [} — KOpeHb ypaBHEHUS
" —z = 0. (%)

Utak, kaxabiii snemenT noasi F' ssnsietcs kopHem (x), HO y (%) He
bonee p paznuyHbix kopHeii, a |F| = pF.
n=>k.




MpuknagHas anrebpa

68 / 465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

VYT1BepxxaeHune

llycts 8 € [}y umeet nopsgok 1, a ero m.m. m(x) umeet crenewsb k.

Torga (a) (p* —1):l, aecmr <k, 1o (b) (p" — 1) /L.




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

llycte B € F, umeet nopsgok l, a ero m.m. m(xz) umeer crenens k.

Torga (a) (p* —1):l, aecmr <k, 1o (b) (p" — 1) /L.

Joka3aTenbcTBo

(a) lo Henpusogumomy mHoroqneHy k-ii crenenun m(x) ctpoum
none uz p* anemenTos. Bce ero HeHyneBble 3neMeHTbI, B TOM YuC/e
o

u B, sensoTca kopHamu ypasHenus xP L —1 =0, Te.

)l ko
Bl —1=0upr—t=1n degB=1=1|(@p"—-1).
(b) Mycts (p" —1):l nr < k. Torga 3 — KopeHb ypasHeHns

i r .
a? —1=0, a tk. m(x) —mm. gas 3, 7o (zP — 1):m(x) (bbi10
BOKa3aHo). Mbl HaLAW HEMPUBOANMBIN JENNTENL MHOMOY1eHa

'
xP — 1 crenenuun k, HO k > r, 4TO NMPOTUBOPEYNT JOKA3AHHOMY
paHee.




MpuknapHas anrebpa 69 / 465

Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Cnenytowas TeopemMa No3BOJISIET pacKaafbiBaTb MHOMOYJIEHbI HA
MHOXUNTENN.

Teopema (CBOCTBO KOpPHE HENPUBOAMMOIO MHOMOY

Myctb B — KopeHb HenpusogMMoro MHoroqeHa f(x) creneHn n ¢
koacpcpumentamu us . Torga snementsr 3, 8P, BP°, ... BF"

© Bce pazinyHbl;
@ ucuepnbiBatoT crincok Bcex n kopHeni f(x) (ux HasbiBaroT
CMEXHBIMY).

T.e. 4TOBbLI NONYHNTL BCE KOPHU HEMPUBOZUMOrO MHOTOYJIEHA,
JOCTAaTOYHO HalTV OfAMNH U3 HUX W BO3BOAUTL €ro MoCaAe40BaTE/NLHO B
CTeneHb p.



MpuknapHas anrebpa 69 / 465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

Cnenytowas TeopemMa No3BOJISIET pacKaafbiBaTb MHOMOYJIEHbI HA
MHOXUNTENN.

Teopema (CBOCTBO KOpPHE HENPUBOAMMOIO MHOMOY

Myctb B — KopeHb HenpusogMMoro MHoroqeHa f(x) creneHn n ¢
koacpcpumentamu us . Torga snementsr 3, 8P, BP°, ... BF"

© Bce pazinyHbl;
@ ucuepnbiBatoT crincok Bcex n kopHeni f(x) (ux HasbiBaroT
CMEXHBIMY).

T.e. 4TOBbLI NONYHNTL BCE KOPHU HEMPUBOZUMOrO MHOTOYJIEHA,
JOCTAaTOYHO HalTV OfAMNH U3 HUX W BO3BOAUTL €ro MoCaAe40BaTE/NLHO B
CTeneHb p.

Joka3aTenbcTBo

(1) lNMokaxem, 4To ecnn 3 — kopeHb f(x), To BP — ToXe KOpeHb.




MpuknapHas anrebpa 70 / 465
Mons Manya
KopHu MHOro4neHos Haj KOHeYHbIM noJsieM

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

.|
lockonbky af = a gna scex a € ), TO cnpasegmneso

(ao + a1z + ... + agz®)’ = af + afaP + dha® + ... + a2 =

= ag + a1(2P) 4+ az(2P)? + ... + ap(2P)*,

T.e. 4151 Aroboro mHoroqnena ¢(x) € Fplx] Bbinonusiercs paBeHcTso
(e(@)" = @(aP). (%)

Orcroga:

fB)=0 & f(BFY=0« f(B)=0
nB, BP, ..., B

— KopHu MHorousieHa f(x).




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHsi Ha4 KOHeYHbIM NOJIEM...

A
n—1
(2) Ocranoce gokasats, 4to Bce 3, BP, ..., PP~ pazmmdsi, n
Torga (MOCKO/IbKY MHOTOYJIEH CTENeHU 1. UMeET He bosiee . KOpHei)
MOXHO yTBEPXAATb, YTO HalifeHbl BCE KOPHU MHoroyseHa f(x).
! k
lpegnonoxum, 4to P = PP un 6e3 orpaHnyeHus obLyHOCTH
Il < k. Nmeem:
Y2

© nockosbky
/Bpn _ /Bpk.pn—k _ <5pk)17

p"
TO [ — KOpeHb ypaBHEHUS X

n— 77—

k
p _
- () =
-l_1=0.
N3 Teopembl «Bce HenpuBoanmeie MHOMOYAEHbI N~ CTEMNEHN HAA

T
F, asnaotca genntenamu xP° — x» nonyqHaem
n—k+1l>n = | >k — npotusopeuue.

k+1




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHbl Hag, KOHEYHbIM MOJIEM: pelLleHne ypaBHEeHW

PaccMoTpum Henpusoaumblii Hag Fo muorounen f(z) = x* + 23 +1
u Haligem ero Kophu B pacwmperun Folz]/ (f(x)).




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHbl Hag, KOHEYHbIM MOJIEM: pelLleHne ypaBHEeHW

PaccMoTpum Henpusoaumblii Hag Fo muorounen f(z) = x* + 23 +1
u Haligem ero Kophu B pacwmperun Folz]/ (f(x)).
OpuH KOpeHb MOJTy4aeM HEMEAJIEHHO: .




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHbl Hag, KOHEYHbIM MOJIEM: pelLleHne ypaBHEeHW

PaccMoTpum Henpusoaumblii Hag Fo muorounen f(z) = x* + 23 +1
u Haligem ero Kophu B pacwmperun Folz]/ (f(x)).

OpuH KOpeHb MOJTy4aeM HEMEAJIEHHO: .

Mo ToNbKO YTO [OKA3aHHON TEOPEME MOXKHO BbINUCATb OCTasbHbIE:
z2 x4:x3+1, 2= +1=02+2%+2.

)




MpuknagHas anrebpa
Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

MHorouneHbl Hag, KOHEYHbIM MOJIEM: pelLleHne ypaBHEeHW

PaccMoTpum Henpusoaumblii Hag Fo muorounen f(z) = x* + 23 +1
u Haligem ero Kophu B pacwmperun Folz]/ (f(x)).

OpuH KOpeHb MOJTy4aeM HEMEAJIEHHO: .

Mo ToNbKO YTO AOKa3aHHOM TEOPEME MOXKHO BbINNCATh OCTasbHbIE:

z2 x4:x3+1, 2= +1=02+2%+2.

)

MokaxeMm, 4To, Hanpumep, =2 aelicTeBUTeNbHO KopeHb f(2):

x4+x3+1|wr—>w2 = w4.2+w4+2+1|$4r—>w3+1 =
= @@ +12+ @+ D)2 +1 =24+ A+2°+22+ 1 =

=28+ 422 =22t +23+1) =22 0=0.
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Mons Manya
KopHU MHOro4YneHOB Haj KOHEYHBIM nonem

Kak pewaTtb ypaBHenus f(z) =0, korga KopHei Het?

ANropntmM HaxoXAEeHUs1 BCEX KOPHE MHOrousieHa
f(@) € Fyla]
© Pasnoxutb f(x) Ha HenpuBoguMble MHOXMTeNN Hag [

f(@) = g1(z) - ga(=) - ... - gr().

@ [ns kaxporo mHorouneHa g;(x), i = 1,k paccmoTpeTb
pacwupenue Fplz]/(gi(z)), B koTOpom oH ByaeT nmeTb KOpHU
P pdeggifl
r=a,al ... « :

3anucatb faHHble KOPHU Kak MHorodnenbl n3 [Fplx]/(gi(z)).

© ObbeauHnTbL BCe KOPHU B oaHOM obliem pacwupenun F7) roe
m = HOK (deggla degg2a ) deggk )




MpuknagHas anrebpa
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Paspen |

o KoHeuHble nons nnun nons Manya

("] CyIJJ,eCTBOBaHI/Ie N €ANHCTBEHHOCTb NOaA Fanya n3 pn
3JIEMEHTOB
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Paspen Il
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Paspen Il




MpuknapHas anrebpa 77/ 465
Mons Manya

Cyu.l,ec‘rsosarwle N €0UHCTBEHHOCTE Nons ranya ns pn 3N1E€MEHTOB

BbluncneHns B MynbTUNAMKATMBHOW rpynne pacluvupeHusi nons

Mpumep (none

[Mone [F% MOXHO CTPOUTbL C MNOMOLLIbIO N0BOro U3 Tpex
HenpueoanMbIX Hag [y MHOrouneHoB (HO Moka He [OKa3aHO):

vz +l, +23+1, 422422+ z+1

Cpenaem 370, B35B MHorouned f(x) = 2%+ + 1.
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Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

BbluncneHns B MynbTUNAMKATMBHOW rpynne pacluvupeHusi nons

Mpumep (none

[Mone [F% MOXHO CTPOUTbL C MNOMOLLIbIO N0BOro U3 Tpex
HenpueoanMbIX Hag [y MHOrouneHoB (HO Moka He [OKa3aHO):

vz +l, +23+1, 422422+ z+1

Cpenaem 370, B35B MHorounen f(z) = x* 4+ x + 1.

Byaem 3agaBaThb anemenTsl 3 Habopamu koadbduumenTos
MHOrOY/IEHa-0CTaTKa MpW AesieHnn Ha f, 3annCbiBasi X B NOPSIAKE
BO3paCcTaHUsl CTENEHENA.

Mopoxaalowmm SBASIETCA SNEMEHT v = 2, KOTOPbIA 3anncbiBaeTCs
kak (0,1,0,0).

Bbluncaum crenenn o, ceegs pesynbTaThl B Tabnuuy.




MpuknagHas anrebpa
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

MynsTunnukatusHas rpynna nons 5 = Fofz]/(2* + 2 + 1)

at=a+1 crteneib e 1z 2% 23

a= (0, 1, 0, 0

2= (0, 0, 1, 0)

&= (0, 0, 0 1)

l+a=a*= (1, 1, 0, 0)

at+a?=a’= (0, 1, 1, 0)

a?+at=a%= (0, 0 1, 1)
B+a+tl=ad+a*=a"= (1, 1, 0 1)
l+a?=a+1+a?+a=a®= (1, 0, 1, 0)
at+a’=a’= (0, 1, 0, 1)
?+1+a=a?+at=a"= (1, 1, 1, 0)
at+a?+ad=al'= (0, 1, 1, 1)
l+at+a?+al=a?+ad+a*=a?2= (1, 1, 1, 1)
l+a?+ad=a+a?+a®+at=a®= (1, 0, 1, 1)
I+l =a+a®+at=0a%= (1, 0, 0 1)
l=a+a*=0a%= (1, 0, 0, 0)




MpuknapHas anrebpa 79 / 465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Nmes Takyto Tabnuuy, o4eHb NPOCTO NPOM3BOAUTL YMHOXXEHMUE

(B34+z+1)-(22+2+1) =7
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Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Nmes Takyto Tabnuuy, o4eHb NPOCTO NPOM3BOAUTL YMHOXXEHMUE

(B34+z+1)-(22+2+1) =7

4

© nepeMHOXUTL, yunTbiBast ° = & + 1 — MOXHO, HO CJIOXHO...
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Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Nmes Takyto Tabnuuy, o4eHb NPOCTO NPOM3BOAUTL YMHOXXEHMUE

(B34+z+1)-(22+2+1) =7

4

© nepeMHOXUTL, yunTbiBast ° = & + 1 — MOXHO, HO CJIOXHO...

@ c nomoupto Tabanubi:
@ MpeACTaBIsiEM MHOIOYJEHbI B BEKTOPHOU hopMe 1 no Hell — B
BUAE CTEMNeHel o = x:

B +r+1e(1,1,0,1) < o,
2 +z+1 (1,1,1,0) & of

o nepemHoxas, nonydaem: a’al? = a7 = a? = 2.

Takum obpazom: (:U3 +x+1)- (g;z +z+1) = 2.




MpuknagHas anrebpa

80 / 465
Mons Manya

Cymec‘rsosanme N €0UHCTBEHHOCTE Nons ranya n3 ]Jn 3N1E€MEHTOB

Mopsagok aniemeHTa KOHEYHOW rpynnbl

JNemma (0 nopsigke 3fnemeHTa KOHEYHOW rpynnbl)

[TycTb . — MakcMManbHbIl MOPSIZOK S/1EMEHTA B KOHEYHOM
abenesoii rpynne G = (G, o, e).

Torga nopsigok noboro snementa © € G geant m.




MpuknagHas anrebpa
Mons Manya

CymeCTBosanme N €0UHCTBEHHOCTE Nons ranya ns pn 3N1E€MEHTOB

Mopsagok aniemeHTa KOHEYHOW rpynnbl

Jlemma nopsifiKe 3/1IeMeHTa KOHEYHOM rpynnbi)

MycTs M — MaKCMMAanbHbIA NOPSAOK 31EMEHTA B KOHEYHOM
abenesoii rpynne G = (G, o, e).
Torga nopsigok noboro snementa © € G geant m.

HokasatenbcTBO

Ipynna G 04HO3Ha4YHO pa3naraeTcs B NPsMyto CYMMY LUKINYECKUX
rpynn, nopsiiku KOTOPbIX SBASIOTCS CTENEHSIMU MPOCTbIX YUCES.
Llnsi kaxgoro npocToro gennTess p; NopsaKka rpynnbl Haigem
LMKNYECKYIO DYy MaKCUMAaabHOro nopsigka pri.

Ob6o3Hauum npoussegeqmne yucen p*i yepes M. [ns noboro

x € G Buinonusiercs ™ = e, T.e. nopsgok = geant M.

Ho npounsseaenve Bcex BbIbpaHHbIX UNKANYECKUX FPYNI UMEET
nopsigok M. [Nostomy m = M.




MpuknagHas anrebpa
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

MyTn pokasartenncrBa

Tenepb MOXXHO BEPHYTLCSI K BOMPOCY O CYLLECTBOBAHUN

a) KoHeuHoro nons [, pa3mepa ¢, nokasas, 4To BCerga
q=7p"
6) HENPMBOAMMOIrO MHOro4JyieHa CTeENEHN N HapL [Fp.

(Be3pe p — NpocToe, N — HaTypasbHOE).



MpuknagHas anrebpa
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

MyTn pokasartenncrBa

Tenepb MOXXHO BEPHYTLCSI K BOMPOCY O CYLLECTBOBAHUN

a) KoHeuHoro nons [, pa3mepa ¢, nokasas, 4To BCerga
q=7p"
6) HENPMBOAMMOIrO MHOro4JyieHa CTeENEHN N HapL [Fp.

(Be3pe p — NpocToe, n — HaTypasbHOE). ITO MOXHO CAenaThb
AByMsi cnocobamu.

a) = 0) pAOKasaTb CyLLECTBOBAHUE NOAS U3 P’ 3/1EMEHTOB,
OTKYfia BbIBECTM CYLLECTBOBAHUE HEMPUBOANMOrO
MHOrouneHa ctenenn n Hag Fp;

6) = a) YCTaHOBMTb CyLIECTBOBAHNE HEMPUBOAUMOIO
mHorouneHa f crenenn n Hag [y, oTkysa yxe
ClefyeT CyLeCcTBOBaHMe noas 3 p” Kak
chakTopkonbua no ugeany (f).

Mbl noiigém BTOPLIM NyTEM.



MpuknagHas anrebpa
Mons Manya

Cymec‘rsosanme N €0UHCTBEHHOCTE Nons ranya n3 ]Jn 3N1E€MEHTOB

CyLIJ,eCTBOBaHVIe HenpnsogunMoro MHoro4seHa

Bynem pokasbiBaTh CylLleCTBOBaHUE HOPMUPOBAHHOMO
HENPUBOAMMOrO MHOro4dsieHa B nonsx [anya.

[ns Taknx MHOrO4NEHOB BLIMOAHAETCS aHANIOr OCHOBHOI TEOPEMbI
apUMPMETUKI: KaXKAbIN HOPMUPOBAHHBIN MHOMOHY/IEH OfHO3HAYHO
pa3araeTcsi Ha NPOU3BELEHNE CTENEHEN HEMPUBOANMbIX
MHOIO4YJIEHOB.



MpuknagHas anrebpa
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

CyLIJ,eCTBOBaHVIe HenpnesoagunMoro MHoro4seHa

Bynem pokasbiBaTh CylLleCTBOBaHUE HOPMUPOBAHHOMO
HENPUBOAMMOrO MHOro4dsieHa B nonsx [anya.

[ns Taknx MHOrO4NEHOB BLIMOAHAETCS aHANIOr OCHOBHOI TEOPEMbI
apUMPMETUKI: KaXKAbIN HOPMUPOBAHHBIN MHOMOHY/IEH OfHO3HAYHO
pa3araeTcsi Ha NPOU3BELEHNE CTENEHEN HEMPUBOANMbIX
MHOro4seHoB. [elicTBUTENbHO:
A

® Ppas/IoXeHNe B EBKINZOBOM KOJIbLE OfHO3HAYHO (C TOYHOCTBIO
B0 YMHOXeHUsI HAa 0bpaTUMBble 3/1EMEHTbI — AENTENN);

@ B C/ly4ae KoJibLa MHOMOYJIEHOB Haj nosem obpaTumMele
3/1EMEHTbI — 3TO KOHCTaHTbI (MHOro4nensi crenenu 0);

@ BbIbop cTapluero koaghpuymenta 1 04HO3HAYHO OnpesensieT
COMHOXUTENN.




MpuknapHas anrebpa 83 /465
Mons Manya

Cymec‘rsosanme N €0UHCTBEHHOCTE Nons ranya n3 ]Jn 3N1E€MEHTOB

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIro4siaeHOB

Nemma (o uncne d,)

Ecan dn — YNCJIO HEMNPUBOZNMbBIX HOPMUPOBAHHbBIX MHOIO4/1€HOB

3 F? 1o
P > om-dy, = p".
mln
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Mons Manya

Cyu.l,ec‘rsosarwle N €0UHCTBEHHOCTE Nons ranya ns pn 3N1E€MEHTOB

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFro4iaeHoOB

Nemma (o uncne d,)

Ecan dn — YNCJIO HEMNPUBOZNMbBIX HOPMUPOBAHHbBIX MHOIO4/1€HOB

n3 2, 10
P > om-dy, = p".

mln

HokasatenbcTBO

3aHymepyem i = 1, ..., d,, BCe HEMPUBOANMbIE HOPMUPOBAHHbIE
MHOMOYJIeHbI CTEMEHN N U COMOCTABUM UM (POPMAsIbHYIO
nepemenHyto f; , = MpPON3BOJILHOMY TaKOMY MHOIMOYJIEHY
OfHO3HAYHO COMOCTaB/IeH MOHOM (MHOrousieH cTenenu n; bepércs
B CTenenu s;):

T
S1 Sr e —
fitny oo filn,, npudem Zlnjs] = n.
J:




MpuknagHas anrebpa
Mons Manya

Cyu.l,ec‘rsosarwle N €0UHCTBEHHOCTE Nons ranya ns pn 3N1E€MEHTOB

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFO4,€HOB...

Joka3aTtenbcTBo

[MosToMy BCE HOPMUPOBAHHbBIE MHOMOYIEHBI NEPEHNCSIOTCS
hopMasibHbIM 6ECKOHEYHBIM POU3BEAEHNEM

TL(D ) =Dt i, (*)
k=0

,Mm

(PackpbiTbl ckobku n beckoHeqHOE MPON3BEAEHNE 3aMNCAHO B BUAE
¢hopmanbHoro psiga).

Caenaem 3ameHy nepemerHbIX f; , = 1", KoTOpas fenaet sce
MHOIroO4J1EHbI O,[.{HOV7 CTerneHn HepasindmmMmbIMU.




MpuknapHas anrebpa 85 /465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFO4,€HOB...

TI(D ) =Dt i, (+)
k=0

i\n
lNpuBeseHne nogobHbIx NPpUBEAET K TOMY, HTO:

B NpaBoi YacTu (x) byger psg oT nepemeHHoli t.
Kosppuriment npu t" B 3TOM psige paseH 4ncay
HOPMUPOBAHHBIX MHOMOY/IEHOB CTENEHN N, T.€. pP':

[e¢]
Z pt".
n=0




MpuknapHas anrebpa 86 / 465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFO4,€HOB...

(0.0 [o¢]

k _ nyn

IT( > ) = Do (+)

i,n  \k=0 n=0

B JIEBOW YaCTU BCE HEMPUBOAUMbLIE MHOMOYJIEHbI CTEMEHU N,
BaAyT OANHAKOBbIN MHOXUTENDL (CYMMY bECKOHEYHOIT
reoMeTpU4ECKOIi nporpeccuu co 3HameHatesnem t") u
(*) npeBpaiyaetcs B

59 d

H Ztnk _ ipntn'
n=0

n k=0




MpuknapHas anrebpa 87 / 465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFO4,€HOB...

o popmyne cymmbl 6ECKOHEYHO r€OMETPUHECKOI MPOrPECCUN:

H 1 1
(1— tn)dn 1—pt’

n

Mponorapngpmupyem («—>» B 0benx 4acTsix paBeHCTBA
COKpaLLaroTcs, n — m):

> dyIn(l — ™) = In(1—pt).
m
Mpoanchepeperympyem no t («—>» B obenx 4acTsix paBeHCTBA

COKpaLLaroTcsi):
S =
m = .
— Il = g 1—pt




MpuknapHas anrebpa 88 /465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Konunuecrtso HenpneogunMbiX HOPMUPOBAHHbIX MHOIFO4,€HOB...

CHoBa BOCMO/Ib3yeMCsi GhOPMYJION CYMMOI r€OMETPUHECKOM

nporpeccun:
demtmfltmk _ anJrltn'
n

m,k

VYmHoxaem Ha t o6e HacTn paBEHCTBA:
S D = 3
m,k n

PageHcTBO KO3¢C,bVILU/IeHTOB npu O4NHAKOBbIX CTEMNEHAX t n ectb

yTBepxgeHue aemmel (Y m - dpy, = p").
mln




MpuknapHas anrebpa 89 /465
Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Ba>kHble 3amevarHuns

3amevaHune (0 cyuieCTtBOBaHUMN HenpuBoauUMbIX MHOFO‘-IIIEHOB)

W3 paHHoW nemmbl cnepyeT HepaBeHcTBO nd, < p”. [lpocTas oueHka

n—1

ndy, = p"— Y kdy >p' =Y pF=p"-
kn, k<n k=0

pt—1
— > 0.
p—1

[OKa3bIBaeT, 4To d,, > 0, a 3TO 03HAYaeT, YTO CYLUECTBYET XOTs Obl
OAVH HEMPUBOAWMbBI/I MHOTFO4YJIEH CTEMEHUN M.




MpuknapHas anrebpa 89 /465

Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

Ba>kHble 3amevarHuns

3amevaHune (0 cyuieCTtBOBaHUMN HenpuBoauUMbIX MHOFO‘-IIleHOB)

W3 paHHoW nemmbl cnepyeT HepaBeHcTBO nd, < p”. [lpocTas oueHka

n—1

ndy, = p"— Y kdy >p' =Y pF=p"-
kn, k<n k=0

pt—1
— > 0.
p—1

[OKa3bIBaeT, 4To d,, > 0, a 3TO 03HAYaeT, YTO CYLUECTBYET XOTs Obl
OAVH HEMPUBOAWMbBI/I MHOTFO4YJIEH CTEMEHUN M.

3amevaHune (0 cpegHemM 4ucsie HenpnBoAMMbIX HOPMUPOBAHHbIX

MHOrO4/1€HOB)

13 paHHOl neMMbl BbITEKaeT, 4TO Npu n — 00 UMeeM d,, ~ p'/n.
Takum obpasom, HENPUBOAUMBIE HOPMUPOBAHHbLIE MHOMOUJIEHI
COCTaBASIOT NpuUbAN3NTENBHO 1/N-10 YacTb BCEX MHOTOYIEHOB
cTeneHn n Hag nosem us [,




MpuknapHas anrebpa 90 / 465

Mons Manya

Cymec‘rsosanme N €0UHCTBEHHOCTE Nons ranya n3 ]Jn 3N1E€MEHTOB

N3omopcdusm nonenn MNanya c oguHaKOBbLIM 4YUCAOM 3/1EMEHTOB

[okaxkem BTOPYIO 4aCTb OCHOBHOW TEOPEMbl O KOHEYHbIX MOJIAX:
ntobble ABa NOMA C OANHAKOBLIM YNC/IOM 3/1EMEHTOB N30MOPHBI.

Teopema

[lycts m — mutnmansHelii mHorounen anementa o € by m d — eé

d
crenenb. Torga none [Fy[x]/(m) nsomopgro nognonio ¢,
MOPOXKAEHHOMY CTEMNEHSIMU (L.




MpuknapHas anrebpa 90 / 465

Mons Manya
CyuiecTBoBaHMEe U eaUHCTBEHHOCTL nons [anya us p”* anemeHTos

N3omopcdusm nonenn MNanya c oguHaKOBbLIM 4YUCAOM 3/1EMEHTOB

[okaxkem BTOPYIO 4aCTb OCHOBHOW TEOPEMbl O KOHEYHbIX MOJIAX:
ntobble ABa NOMA C OANHAKOBLIM YNC/IOM 3/1EMEHTOB N30MOPHBI.

Teopema

[lycts m — mutnmansHelii mHorounen anementa o € by m d — eé
d

crenenb. Torga none [Fy[x]/(m) nsomopgro nognonio ¢,

MOPOXAEHHOMY CTEMEHIMU (.

HokasatenbcTBO

Crenenn o npuHagnexxat d-MepHOMY MPOCTPAHCTBY ¢ basncom
1, a, a2, ..., a% !, koropoe siBnsiercs nognonem nons F7,
MOCKOJIbKY 3aMKHYTO OTHOCUTEILHO CJIOXEHUSI U YMHOXEHUS U

cogepxunt 0 n 1.




MpuknagHas anrebpa
Mons Manya
Linknuyeckne nognpocTpaHcTea

Paspen |

o KoHeuHble nons nnun nons Manya

@ Llnknnyeckne nognpocTpaHcTBa



MpuknagHas anrebpa
Mons Manya
Linknuyeckne nognpocTpaHcTea

Paspen Il




MpuknapHas anrebpa 93 /465
Mons Manya
Linknuyeckne nognpocTpaHcTea

Paspen Il




MpuknagHas anrebpa

Mons Manya

Linknuyeckne nognpocTpaHcTea

Konbuo Fp[z]/(f)

B MPUNOXKEHNAX HACTO NCNONB3YETCA KOJIbLLO MHOIrO4,1€HOB

K(p, f) =Fp,lz]/(f) no mogynto rnasHoro ngeana He obsisatensHo
HenpuBoguMoro mHorouneHa f € Fplx].

Ecim f Henpusogum, To K (p, f) — none u 3ToT ciyyaii yxxe pacCMOTPeH.



MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

Konbuo Fp[z]/(f)

B MPUNOXKEHNAX HACTO NCNONB3YETCA KOJIbLLO MHOIrO4,1€HOB

K(p, f) =Fp,lz]/(f) no mogynto rnasHoro ngeana He obsisatensHo
HenpuBoguMoro mHorouneHa f € Fplx].

Ecim f Henpusogum, To K (p, f) — none u 3ToT ciyyaii yxxe pacCMOTPeH.

B ntobom cnyuae K (p, f) — BekTopHoe npocTpaHcTso Hag [Fp,
COBOKYMHOCTb MHOro4sieHos ctenenn < deg f.
Fplz] ={0,1,...,p—1,z,z+1, ..., f, ... }
(f) = f={t-f}, teby[z];
[FP/(f) :{fa ?a h7 }7 degfa deggy g degff]-;

g={t-f+g}
h={t-f+h};
g+f=9. g9-f=7Ff



MpuknapHas anrebpa 95 / 465
Mons Manya
Linknuyeckne nognpocTpaHcTea

HopmupoBaHHbIi AenuTenb NOPoOXKAAOLWEro 3jeMeHTa naeana

[lycTb (0 — HENpMBOZVMBIN HOPMUPOBAHHBLIN MHOFOYJIEH, KOTOPbIL
aent f. Torga

@ COBOKYMHOCTbL BCEX BbIHETOB, KPAaTHbIX (, 0bpa3yeT npean B
KOJIbL{E€ KJIACCOB BbIYETOB MO MOZY/HO f:
def
I, = {t- ¢} QFp[a]/(f).
© ¢ — eauHCTBEHHbIN HOPMUPOBAHHbIN MHOFOYJIEH
MUHUMAanbHON cTenenn B I,.




MpuknapHas anrebpa 95 / 465
Mons Manya
Linknuyeckne nognpocTpaHcTea

HopmupoBaHHbIi AenuTenb NOPoOXKAAOLWEro 3jeMeHTa naeana

[lycTb (0 — HENpMBOZVMBIN HOPMUPOBAHHBLIN MHOFOYJIEH, KOTOPbIL
aent f. Torga

@ COBOKYMHOCTbL BCEX BbIHETOB, KPAaTHbIX (, 0bpa3yeT npean B
KOJIbL{E€ KJIACCOB BbIYETOB MO MOZY/HO f:

def
I, = {t- ¢} QFp[a]/(f).
© ¢ — eauHCTBEHHbIN HOPMUPOBAHHbIN MHOFOYJIEH
MUHUMAanbHON cTenenn B I,.

v
JokasatenbcTBO

(f) =tf, ts,pelplz], degf > degp =k
go:a0+a13:+...—|—ak_1;vk_1+1-xk, f = Y.




MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

HopmupoBaHHbIli genutens...

96 / 465

llposepum, uto I, — ngean.

o

2]




MpuknapHas anrebpa 97 / 465
Mons Manya
Linknuyeckne nognpocTpaHcTea

HopmupoBaHHbIli genutens...

A
lNokaxem, 4to B 1, HET Apyrux, kpome

Y = ao—i-alsc—i-...—kak,la:k*l—i-a:k

HOPMUPOBAHHbIX MHOIOY/IEHOB CTENEHN, MeHbLuel k = deg .
llycTb
w="by+bx+...+2".

Torpa:
wel, & w=1tp = degw =m > degp.




MpuknagHas anrebpa

98 / 465
Mons Manya

Linknuyeckne nognpocTpaHcTea

Mogbigean kak BEKTOpPHOE NPOCTPAHCTBO

Teopema

MycTb @ — HEnpUMBOAUMBIK HOPMUPOBAHHbIA AENNTENb
mHoroynena f € Fplx] ommyaneii ot f, deg f = n, degp = k.
Torga ngean (@) — BEKTOPHOE MPOCTPAHCTBO pasmepHocTn n — k.




MpuknapHas anrebpa 98 / 465
Mons Manya

Linknuyeckne nognpocTpaHcTea

Mogbigean kak BEKTOpPHOE NPOCTPAHCTBO

Teopema

MycTb @ — HEnpUMBOAUMBIK HOPMUPOBAHHbIA AENNTENb
mHoroynena f € Fplx] ommyaneii ot f, deg f = n, degp = k.
Torga ngean (@) — BEKTOPHOE MPOCTPAHCTBO pasmepHocTn n — k.

HokasatenbcTBO

Ges gokazatenbcrsa.




MpuknapHas anrebpa 99 / 465
Mons Manya
Linknuyeckne nognpocTpaHcTea

LUnknnyeckoe NnpocTpaHCTBO: onpeaesieHne

@ [lyctb V' — n-mepHoe BEKTOPHOE MPOCTPAHCTBO Hag,
HekoTOpbIM noniem F.

@ Dukcupyem HekoTopblii basuc V.

o Torga
V2 F=
{(ao,...,an_l) ’ a; € F,i=0,1, ..., n—l} —
KOOPAMHATHOE NPOCTPAHCTBO.

OnpeaeneHue

MoanpocTpaHCTBO KOOPANHATHOMO NpocTpaHcTBa F™ HasbiBaeTcs
YMKINHECKUM, ECNIN BMeCTE C Habopom (aq, . .., an—1) OHO
COAEPXUT LMKAUYECKU CABUM 3TOro Habopa, T.e. Habop

(an_l, QAQy - .-y an_Q).




MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

Konbuo knaccoB BbIYETOB MO MOAY/O MHOro4aeHa z' — 1

B konbue F,/(z™ — 1), paccmaTpuBaeMoM Kak BEKTOPHOE
ue ry
npocTpaHcTeo Hag nonem [, B basuce {1, 7, ..., an 1 }.

Lnknuyeckuii casur koopauHaTt B 3ToM basuce paBHocueH
YMHOXEHUIO Ha T:

(ap+ a1z + ... +ap_12n 1) - T =

= (apx + 122+ ...+ a,_q12") =

= (ap—1 +apr +a122 + ... + ap_oz™ 1),



MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

Npean B F,/(z" — 1) — umknnyeckoe npocTpaHCTBO

Teopema
Mycts I CFp/(z™ —1).

Torpa I — yuknndeckoe npoctpancteo < I < Fp/(z" —1)




MpuknagHas anrebpa
Mons Manya
Linknnyeckne nognpocrpaHcTea

Npean B F,/(z" — 1) — umknnyeckoe npocTpaHCTBO

Mycts I CFp/(z™ —1).
Torpga I — yuknndeckoe npoctparcteo < I < Fp/(z"™ —1).

HokasatenbcTBO

@ Ecaun nognpoctpaHcTBo I — vgeasn, To OHO 3aMKHYTO
OTHOCUTEJILHO YMHOXEHUS HA T, @ 3TO YMHOXEHUE U €CTb
LUNKINYECKUIA CABUT.

N




MpuknagHas anrebpa
Mons Manya
Linknnyeckne nognpocrpaHcTea

Npean B F,/(z" — 1) — umknnyeckoe npocTpaHCTBO

Mycts I CFp/(z™ —1).
Torpga I — yuknndeckoe npoctparcteo < I < Fp/(z"™ —1).

HokasatenbcTBO

@ Ecaun nognpoctpaHcTBo I — vgeasn, To OHO 3aMKHYTO
OTHOCUTEJILHO YMHOXEHUS HA T, @ 3TO YMHOXEHUE U €CTb
LUNKINYECKUIA CABUT.

@ [lyctb I — yukanyeckoe nognpoctpaHctso I n g € 1.
Torga g -, g- a2, ... — UUKANYECKUE CABUATY, T.€. TAKXKE
npuHagnexar 1.
3Haunt, g - f € I gns aoboro mMHorounena f,
nostomy I — unpean.

N




MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

MpuMuTUBHBLIE KOPHYU

MokasaHo: s1t060ii MHOro4neH ¢ kosggpuymentamu ns I,
pasnaraetcs Ha sHeiiHble MHOXUTenn B HekoTopom none =7
XapaKTEPUCTUKN .

Myctb [, — none xapakTepucTuku p, B KOTOPOM pasnaraercs
MHoro4sieH ™ — 1.



MpuknagHas anrebpa
Mons Manya

Linknuyeckne nognpocTpaHcTea

MpuMuTUBHBLIE KOPHYU

MokasaHo: s1t060ii MHOro4neH ¢ kosggpuymentamu ns I,
pasnaraetcs Ha sHeiiHble MHOXUTenn B HekoTopom none =7
XapaKTEPUCTUKN .

Myctb [, — none xapakTepucTuku p, B KOTOPOM pasnaraercs
mHorounen x" — 1. Cnpaseanmso:

e B [, BoinonHserca pasencteo 27 — 1 = (zF — 1)P, noatomy
VHTepeceH C/lyyaid, Korga n B3aUMHO MPOCTO C p: Torga y
MHorouneHa ™ — 1 KpaTHbIX KOpHEii HeT (OH B3aWMHO MPOCT
co cBoeii nponssoaHoii na™1).

@ PageHcTBO 2" = 1 03Ha4aEeT, 4YTO NOPSIAOK BMEMEHTA T
B MyNbTUNANKATUBHOV Lnknuyeckoii rpynne By aenut n.

BbiBog: kopHu ypaBHeHus x™ — 1 = 0 obpasytoT rpynny kopHeii
crenenn n n3 eguxnyel — noarpynny B .

DTa NOArpynna Takxe LUMKANYECKAs; eé NOPOXAAIOLLNE SSIEMEHTI
Ha3bIBAIOTCS MPUMUTUBHBLIMU KOPHSIMU CTENEHN M.



MpuknagHas anrebpa
Mons Manya
Linknuyeckne nognpocTpaHcTea

KonuyectBo n crteneHn HenpuBogumbix genutenein z'* — 1

Mogrpynna B uuknuyeckoli rpynne cywectsyer iff eé nopsigok
OeNNT NOpAJOK LIMKANYECKOW rpynnbl =



MpuknagHas anrebpa
Mons Manya
Linknuyeckne nognpocTpaHcTea

Konu4yectBo n crteneHn HenpuBogumbix aenutenein z’ — 1

Moarpynna B umknuyeckoli rpynne cywecteyet iff eé nopsgok
AENUT MOPAAOK LMKAnyeckoit rpynnbl = none [, cogepxut rpynny
KopHeli n3 egutnubl crenenu n iff n | g — 1.

Pasnoxenne " — 1 Hapg [ ):

© B none [, Ha nuHeliHbie MHOXUTENN (KOPHN CTeneHn n n3
equHNLbI);
@ B none [, Ha HenpMBOAMMbIE MHOXNTENN.

Kakune kopHu 13 eanHuubl byayT HeMpuBOAMMBLIMU AeANTENAMN
2" —18F,?

2
Ecan § — kopeHb f(x), To BP, SP” u T.5. — TakxKe ero KopHu =
KOMIMYECTBO M CTEMEHN HEMPUBOAMMBIX AennTenei ™ — 1 MOXHO
HaiiTu, pa3bus [, Ha opbuTel oTobpaxerus t — pt mod n.



MpuknagHas anrebpa
Mons Manya
Linknnyeckne nognpocrpaHcTea

PasnoxkeHne muorounena z'° — 1 nag nonem [y

PaccMoTpum ewé pas pasnoxeHne MHorounena z° — 1 vag Fo.
OTHOCMTENBHO YMHOXKEHUS Ha 2 BbIYETLI MO Mogynto 15
pasbuBaloTCs Ha Takme opbuThbl:

{0}, {1, 2,4, 8}, {3, 6,

MosTomy x'5 — 1 pasnaraeTcs B nponssegeHue

12,9}, {5, 10}, {7, T4, 3, 11}

@ OOHOro HENPUBOAMMOIO MHOro4YJiEHa CTENEHN 1,
@ OAHOro HENPUBOAMMOIrO MHOIo4YJIEHA CTENEHM 2,
@ Tpex HeENpMBOANMbIX MHOIFO4YEHOB CTENEHN 4.

KoHnkpeTHo (pasnoxeHue bbino paHblue): o1° + 1 =

= (z+1)(2?®+z+ D) (z*+z+D(@* + 23+ 1) (z* + 23 + 22+ +1).




MpuknagHas anrebpa
Mons Manya
Linknnyeckne nognpocrpaHcTea

PasnoxkeHne muorounena z23 — 1 nag nonem [y

PaccMoTpum pasnoxeHue mHorouneHa 23 — 1 Hag Fo.
OTHOCMTENEHO YMHOXEHNS Ha 2 BbIYETHI MO MOAYIO 23
pasbueatoTcs Ha Tpu opbuThl:

{5, 10, 20, 17, 11, 22, 21,19,15,7,14 }
|_|O3TOMy .1,‘23 —1 pa3narae€Ttcsa B NnponssBeeHnNeE oaHOro

HENPUBOAMMOrO MHOro4sIeHa cTeneHn 1 n AByX HEMPUBOLNMbIX
MHOro4sieHos cteneHmn 11.




MpuknagHas anrebpa
Mons Manya
3apaun

Paspen |

o KoHeuHble nons nnun nons Manya

@ 3apaun



MpuknagHas anrebpa
Mons Manya
3apaun

Paspen Il



MpuknagHas anrebpa
Mons Manya
3apaun

Paspen Il




MpuknagHas anrebpa
Mons Manya

3apaun

(Nr-1 — Teopema Bunbcoxa)

Jokazate, yto (p — 1)! =, —1 gn1s npocroro p.
p




MpuknagHas anrebpa
Mons Manya

3apaun

(Nr-1 — Teopema Bunbcoxa)

Jokazate, yto (p — 1)! =, —1 gn1s npocroro p.
p

Pewenne

p=2: — yTBepXAeHue TPUBUAJIbHO.




MpuknagHas anrebpa
Mons Manya
3apaun

(Nr-1 — Teopema Bunbcoxa)

Jokazate, yto (p — 1)! =, —1 gn1s npocroro p.
p

Pewenne

p=2: — yTBepXAeHue TPUBUAJIbHO.

p > 2: Inementsl ), ABAAIOTCA KOPHAMY YpaBHEHUS
xP~1 — 1 = 0 u gpyrux kopHeli y 3T0oro ypasHeHus
HeT (MHoro4seH cteneqn p — 1 umeer He bosbLue
p — 1 KopHsi).
[lo Teopeme Bueta ux npoussegeHvne pasHo
cBobogHomy yneHy -1.




MpuknagHas anrebpa
Mons Manya

3apaun

Haiity x =17 12006 + 92006 4 162006.




MpuknagHas anrebpa
Mons Manya
3apaun

Haiftn @ =y7 12000 4. 22006 4 162006,

o i, ={1,2,...,16} = (3):
31=1,32=9,32=27=17,10, 30 =17 13,39 =17 5...;

o G = {12006 22006 "~ 162006} — yukanyeckas nogrpynna
nopsaaka k rpynnsi F7;.

@ JnemeHTbl G — KOpHU ypaBHEHNS

-1=0 (%)
@ Ux cymma no teopeme Bueta ectb koaghcpuument npu ¢t B

(x), Te. 0.




MpuknagHas anrebpa
Mons Manya
3apaun

lMocTtponutb none n3 4-x anemeHTOB.




MpuknagHas anrebpa
Mons Manya
3apaun

lMocTtponutb none n3 4-x anemeHTOB.

Pewenne

370 none F2, oHo MoxXeT bbITb MOCTPOEHO Kak GhaKTOP-KO/bLIO
Folx]/ (a(x)), rae a(x) — Henpusogumbiii mHoro4neH n3 [z
crenenm 2.

Ho Takoii MHOro4YseH To/IbKO OAWH: z2 +x+ 1.
Cnegosatensto, F3 = {0, 1, 2,z +1}

| +] 1 [ = [z+1] | x| 1 | & [z+1]
1 0 r+1 T 1 1 T r+1
z|x+1 0 1 T x r+1 1

r+1 T 1 0 r+1|x+1 1 T




MpuknagHas anrebpa
Mons Manya
3apaun

llpoussogHas mHoro4dneHa f % 0 Hag MosieM XapakTEPUCTUKU P
TOX/gecTBeHHO paBHa 0.
Jloka3zaTb, 4TO 3TOT MHOroYEH MPUBOANMBII.




MpuknagHas anrebpa
Mons Manya

3apaun

llpoussogHas mHoro4dneHa f % 0 Hag MosieM XapakTEPUCTUKU P
TOXXAeCcTBEHHO pasHa 0.
JlokazaTb, 4TO 3TOT MHOro4/€H MPUBOANMBII.

Pewenne

@ npouzsogHas moroma (z") = nax" !

iffn=,0< pln;

TOXAECTBEHHO paBHa (0

o f'=0 = nokasaTenn cTeneHel BCeX MOHOMOB MHOIOY/1EHA
f aensatca Ha p;

@ noatomy f(x) = g(aP) = gP(x).
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Hokasate, 410 mobas dyrkyus f: F) — F)) Moxer bbiTh
NPEACTaBAEHa MHOMOYIEHOM.
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Mons Manya

3apaun

Hokasate, 410 mobas dyrkyus f: F) — F)) Moxer bbiTh
NPEACTaBAEHa MHOMOYIEHOM.

Pewenne

| \

MoxHo, Hanpumep, NCroiL30BaTh UHTEPNOASLYNOHHBIN MHOrO4Y/1EH
JlarpaHxa:

. Hbeﬂ'_g\{a} (CU - b)
flz) = Z[F O ey @B




MpuknagHas anrebpa
Mons Manya
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Mrorounen x° + 3 + 22 4+ 1 PasyioXKnUTb Ha HENPUBOANMbIE
MHOXXUTENN HAJ MOJIEM BbIYETOB 110 MOAYIO 2.




MpuknagHas anrebpa
Mons Manya

3apaun

Mrorounen x° + 3 + 22 4+ 1 PasyioXKnUTb Ha HENPUBOANMbIE
MHOXXUTENN HAJ MOJIEM BbIYETOB 110 MOAYIO 2.

Pewenne

Q f(x) =2°+23+22+1, f(1) = 0 = 1 — kopeHs f.
Q Jenum f Ha x =1, nonyyaem xt + 23 + x + 1 = fi(z).
Q f1(1) =0 = 1 — kopeHs fi; xf—il =22 +1 = fo(z).

Q f2(1) =0 = 1 — kopeHb fa; gcf—jl =z’ +z+1.

© MhuorouneH 22 + x + 1 HENpUBOANM.

Orser: 2 + 23+ 22 +1 = (z +1)3(2® +z + 1).
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Mrorounen f = 3 + 222 + 4x + 1 pasnoxuTs Ha HENPUBOAUMBIE
MHOXUTEMN Hag nonem [Fs.




MpuknagHas anrebpa
Mons Manya

3apaun

Mrorounen f = 3 + 222 + 4x + 1 pasnoxuTs Ha HENPUBOAUMBIE
MHOXUTEN Hag nonem [F.

Pewenune

Q@ f(2)=2%+2-224+4.224+1 =25 =50, (x—2) =5 (z+3)

° 22 +22% +4x +1 z+3
z® + 322 x°+4x + 2
422 + Az
422 + 2z
2x + 1
2z + 1

0

© wHorounen fi = x? + 4x + 2 Henpusogum B F s

Otser: v3 + 222 + 4z + 1 = (z + 3) (22 + 4z + 2).
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Mrorounen f(z) = x* + 23 + x + 2 paznoxute Ha HenpusoguMbIe
MHOXUTENN HAZ MOJIEM BbIHETOB 10 MOZYIO 3.




MpuknagHas anrebpa
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3apaun

Mrorounen f(z) = x* + 23 + x + 2 paznoxute Ha HenpusoguMbIe
MHOXUTENN HAZ MOJIEM BbIHETOB 10 MOZYIO 3.

Pewexune

Q 0, 1,2 — ne kopuu f(x) = f(x) AuHeiinbix geanteneri He
COBEPXKUT.

© Henpusogumeie mHoroynensl Hag 3 crenenn 2:
22 +1,
4+ 2,
z? + 2z + 2.

© Tlogbopom nonyqaem: f(z) = (22 +1)(2? + x + 2).

Orser: (2% + 1)(z% + = + 2).
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Mrorounen z* + 323 + 222 + . + 4 Pa3IoOXNTL Ha HEMPUBOAUMbIE
MHOXXUTENN HAJ MOJIEM BbIHETOB 10 MOAY/HO 5.




MpuknagHas anrebpa
Mons Manya
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Mrorounen z* + 323 + 222 + . + 4 Pa3IoOXNTL Ha HEMPUBOAUMbIE
MHOXXUTENN HAJ MOJIEM BbIHETOB 10 MOAY/HO 5.

Pewenne

1. Vbexpaemcs, 4To mHorodneH f(x) = x* 4 323 + 222 + 2 + 4
He MMEET JINHENHbLIX AE/NTENEN:
f(x) # 0 Hu npn ogHom x = 0,1,2,3,4.

2. lNepebupasi Henpuogumelie MHorodseHbl ctenenn 2 Hag s,
nosay4aem

f(x) = (@® + 2 +1)(z% + 2z +4).
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Paznoxunts Ha HENpunBoANMbIE MHOXUTEJIN HaAA4 MOJIEM BblIHE€TOB 10
MOoAYyo 2 Bce HOPMUPOBAHHbBIE MHOIO4Y/1€HbI BTOpOﬁ CTEMNEHN OT X.
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Paznoxuts Ha HENpunBoANMbIE MHOXUTEJIN HaAA4 MOJIEM BblIHE€TOB 10
MOoAYyo 2 Bce HOPMUPOBAHHbBIE MHOIO4Y/1€HbI BTOpOﬁ CTEMNEHN OT X.

V
Pewwenue

A\
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Paznoxunts Ha HENpunBoANMbIE MHOXUTEJIN HaA4 MOJIEM BblIHE€TOB 4O
MOoAYyo 2 Bce HOPMWPOBAaHHbIE MHOIO4YJ1€HbI TpeTbelZ CTEMNEHN OT X.




MpuknagHas anrebpa
Mons Manya

3apaun

Paznoxutb Ha HENpunBoANMbIE MHOXUTEJIN HaA4 MOJIEM BblIHE€TOB 4O
MOoAYyo 2 Bce HOPMWPOBAaHHbIE MHOIO4YJ1€HbI TpeTbelZ CTEMNEHN OT X.

Pewwenue

=23 + 22 —i—l—Henpl//Bo,qMM
=3+l +r=x(?+z+1),
=234+ 4+z4+1=(z+1)>
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Haritu Bce HOpmMUpPOBaHHbBIE MHOIOY/EHBI BTOPOI CTENEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.
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Haritu Bce HOpmMUpPOBaHHbBIE MHOIOY/EHBI BTOPOI CTENEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.

Pewwenue

Homxro beite: f(0) #0, f(1) #0, f(2) #0.

| \
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Haritu Bce HOpmMUpPOBaHHbBIE MHOIOY/EHBI BTOPOI CTENEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.

Pewwenue

Homxro beits: f(0) # 0, f(1) #0, f(2) # 0. [lepebopom
KO3(hhNLINEHTOB B BbipaxkeHn T2 + b -+ ¢, HaxXoAUM NoAXoAsALLme
MHOIOY./1EHbI:

| \

fl(x) = 33‘2 aF 1,
fa(z) = 22+ x+2,
f3(x) = 2* + 2z + 2.
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Haritu Bce HOpMUPOBaHHbBIE MHOIOY/IEHbLI TPETLEN CTEMEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.
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Haritu Bce HOpMUPOBaHHbBIE MHOIOY/IEHbLI TPETLEN CTEMEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.

Pewwenue

Homxro beite: f(0) #0, f(1) #0, f(2) #0.
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Haritu Bce HOpMUPOBaHHbBIE MHOIOY/IEHbLI TPETLEN CTEMEHU OT T,
HenpuBoOAUMbIE HaJ MOJIEM BbIYETOB M0 MOAY/HO 3.

Pewwenue

Homxro beits: f(0) #0, f(1) #0, f(2) #0.
fi(z) = 2* + 22 41,
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@ [lMposeputs, 4to F = F7[z]/ (2% + x — 1) sBnseTca nonem.

Q Bbipasuts obpathbii k 1 —x B F 8 6asuce {1, T }.
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@ [lMposeputs, 4to F = F7[z]/ (2% + x — 1) sBnseTca nonem.

Q Bbipasuts obpathbii k 1 —x B F 8 6asuce {1, T }.

QO fl)=a2+z—1, f(0)=6, 1) =1, f(2) =5, f(3) =4,
f(4) =6, f(5) =1, f(6) =6 =

mHoro4neH f(x) — nenpusogum 8 F7 n F — none (= F2).
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@ [lMposeputs, 4to F = F7[z]/ (2% + x — 1) sBnseTca nonem.
Q Bbipasuts obpathbii k 1 —x B F 8 6asuce {1, T }.

Pewenune

QO fl)=a2+z—1, f(0)=6, 1) =1, f(2) =5, f(3) =4,
f(4) =6, f(5) =1, f(6) =6 =

mHoro4neH f(x) — nenpusogum 8 F7 n F — none (= F2).

(2]
ﬂ_% = {am+b|a,b6[F7, a;2:1—x:6g;+1}
(ax+0b)- (6z+1) = ... = (2a+6b)z+ (6a+b) = 1
6a+b =1 N a=1
a+3b =0 b=2

Mposepka: (6x +1)(z +2) =622 +13z+2=1+ Tz = 1.
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HaiiTu nopsigok anementa x + 2 B MynbTUNAUKATUBHON rpynne
Q@ nons Fofx)/(z* + 2+ 1);
Q nons Falx)/(z* + 23 + 1).
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HaiiTu nopsigok anementa x + 2 B MynbTUNAUKATUBHON rpynne
Q@ nons Fofx)/(z* + 2+ 1);
Q nons Falx)/(z* + 23 + 1).

Pewenne

r+z2 = z(zx+ 1)
@t =2z+1

(2 +2)? =at+2? =2+ +1,
(2 +2)3 = z(z+ 1) +z+1) =223 +1) =
=tz =c+1l+z=1.

Ortser: 3.
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Q 2t =23+1

(22 +2)? =2t + 22 = 3+ 2241,

(423 =2+ D)@ +224+1) = 2@ +22+2+1) =
=@+l +z) =t + 23422 = 22+ 1,

(2 + )t = (2®+2)(2®+2)° = (PP +2)(a*+1) =
=ttt = 41422428+ =
= :E2+1‘+1,
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Havitu konnuectso HENnpunBoagNMbIX MHOIO4/71€HOB

@ crenenn 7 Hag nonem [Fo;
@ crenenn 6 Hag nonem Fs;
© crenenn 24 Hag nonem [Fs.
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Havitu konnuectso HENnpunBoagNMbIX MHOIO4/71€HOB

@ crenenn 7 Hag nonem [Fo;
@ crenenn 6 Hag nonem Fs;
© crenenn 24 Hag nonem [Fs.

> mdy, = p"
m|n

Q dr =7
Smdy, =27 =1-dy+7-d7 = 128.

m|7

di =2 (z,z+1) = d7 = (128 —2)/7 = 126/7 = 18.
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Yemy paBHO npousBegeHne BCeX HEHYIEBLIX 3JIEMEHTOB MOJIS [Fg ?




MpuknagHas anrebpa
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Yemy paBHO npousBegeHne BCeX HEHYIEBLIX 3JIEMEHTOB MOJIS [Fg ?

Pewenne

Bce HEHYJIEBbIE 3JIEMEHTbI [10J15 ﬂ:g ABJ/IAKOTCA KOPHAMU YPaBHEHUA
6__
g1 =gt = 0. (%)

Mo Teopeme Bueta ux nponsseneHne paBHo cBobOAHOMY YJEHY,
Te. —1 =5 1.
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Yemy pasHa cymma scex anemenTos nons .




MpuknagHas anrebpa
Mons Manya

3apaun

Yemy pasHa cymma scex anemenTos nons .

Pewenne

Bce anemeHTsI nons IF% SIBJISIFOTCSI KOPHSIMU Y PaBHEHUSI

2 —p =22 g = 0. ()

IMo Teopeme Bueta ux cymma pasHa kosghcpuumenty nepes 22156,

T.e. 0.
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Ans nons F3 = Fslz]/(—22% + x + 2) noctponTs Tabauwy
COOTBETCTBUI MEXAY MOSNHOMUATLHBIM U CTENEHHBIM
NpeACTaBiEHNEM AJISi HEHYJIEBbIX SIEMEHTOB.

C nomoLybto faHHON TabanLbl BbIYUCINTE BbIPaXKeHNEe

1 (22)"(2)
204+1  ()9(z+2)
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Ans nons F3 = Fslz]/(—22% + x + 2) noctponTs Tabauwy
COOTBETCTBUI MEXAY MOSNHOMUATLHBIM U CTENEHHBIM
NpeACTaBiEHNEM AJISi HEHYJIEBbIX SIEMEHTOB.

C nomoLybto faHHON TabanLbl BbIYUCINTE BbIPaXKeHNEe

1 (22)"(2)
204+1  ()9(z+2)

PeweHnue

charF% = 3, nostomy —22% + 2 +2 =3 2 + 2+ 2 = f(z).
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Ans nons F3 = Fslz]/(—22% + x + 2) noctponTs Tabauwy
COOTBETCTBUI MEXAY MOSNHOMUATLHBIM U CTENEHHBIM
NpeACTaBiEHNEM AJISi HEHYJIEBbIX SIEMEHTOB.
C nomoLybto faHHON TabanLbl BbIYUCINTE BbIPaXKeHNEe
1 (22)7(2)
204+1  ()9(z+2)

PeweHnue

charF% = 3, nostomy —22% + 2 +2 =3 2 + 2+ 2 = f(z).

F2* cogepmut 32 — 1 = 8 anemeHToB U BCE OHM MOrYT 6biTb
MPpeACTaBAEHbI KaK cTeneHn o', i = 1,8 NnpUMUTUBHOIO 3/1EMEHTA (.
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Ans nons F3 = Fslz]/(—22% + x + 2) noctponTs Tabauwy
COOTBETCTBUI MEXAY MOSNHOMUATLHBIM U CTENEHHBIM
NpeACTaBiEHNEM AJISi HEHYJIEBbIX SIEMEHTOB.

C nomoLybto faHHON TabanLbl BbIYUCINTE BbIPaXKeHNEe

1 (22)"(2)
204+1  ()9(z+2)

PeweHnue

charF% = 3, nostomy —22% + 2 +2 =3 2 + 2+ 2 = f(z).

F2* cogepmut 32 — 1 = 8 anemeHToB U BCE OHM MOrYT 6biTb
npeAcTaBaeHbl Kak cTeneny o', i = 1,8 NpUMUTUBHOrO 3MeMeHTa (.
Ecau anemMeHT T okaxxeTcs NPUMUTUBHBIM, TO MOJIOKUM (. = T U,
nockonbky Buiuncnenus 8 F3 nposogstcs mo mod f(z), 6ysem umers
22+ 4+2=0=22=-—2—-2=22+1.
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Pewenne (MM-19... 2% =2z +1)

2z + 1,
rrt=x2z4+1)=2224+2=202z+1)+z=2c+2,
A=z 23 =2(22+2) =222 420 =22z +1) + 2z =2,
x- 334:2:157
r-2°=202=22z+1)=x+2,

-2 =z(x+2) =2 4+22=20+1+22=2+1,
8 — (nposepouka)x -2 =x(x+1) =2+ =22+14+z=1.
— T.€. T — NPUMUTUBHBIIN 371EMEHT (MOBE3NI0, NHAYE Ero MPULLIOCh Obl
NCKaTb);
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Pewenne (MM-19... 2% =2z +1)

2z + 1,
rrt=x2z4+1)=2224+2=202z+1)+z=2c+2,
A=z 23 =2(22+2) =222 420 =22z +1) + 2z =2,
-zt = 2x
r-2°=202=22z+1)=x+2,

-2 =z(x+2) =2 4+22=20+1+22=2+1,
— (nposepouka)z -z’ =x(x+1) =2’ 4+2=2204+14+2=1.
— T.e. T — NPUMUTUBHBIN 271€MEHT (MOBE3/I0, NHAYE ero npuLLIoCh bkl
UCKaTb); Tenepb BbIYUCAUM 3HaqeHue Bbipaxenns (28 = 256 =3 1):

1 (2z)"(2) 1 g’ 28 2Ta®

204+1  (2)9%(x+2) a2 2928 2 g5

=5 1=z4+2-1=2+1.
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Ans nonsa F3 = Fs[z]/(z% + 1) noctpouts Tabnuwy cootsercTauii
MEXAy MONMHOMUATLHBIM U CTENEHHLIM MPEACTABIEHNEM JJIsI BCEX
HEHY/IEBbIX 3/IEMEHTOB MOJISI.
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Ans nonsa F3 = Fs[z]/(z% + 1) noctpouts Tabnuwy cootsercTauii
MEXAy MONMHOMUATLHBIM U CTENEHHLIM MPEACTABIEHNEM JJIsI BCEX
HEHY/IEBbIX 3/IEMEHTOB MOJISI.

Pewenne

B panHom none 22> +1=0 = 22 = —1 =3 2.
1. Haiigém nopsigok snemeHTa x = MPOBEPUM CTEMNEHU,
asastolymecs: geantensimn 3° —1 =8, T.e. 2 n 4:
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Ans nonsa F3 = Fs[z]/(z% + 1) noctpouts Tabnuwy cootsercTauii
MEXAy MONMHOMUATLHBIM U CTENEHHLIM MPEACTABIEHNEM JJIsI BCEX
HEHY/IEBbIX 3/IEMEHTOB MOJISI.

Pewenne

B panHom none 22> +1=0 = 22 = —1 =3 2.
1. Haiigém nopsigok snemeHTa x = MPOBEPUM CTEMNEHU,
asastolymecs: geantensimn 3° —1 =8, T.e. 2 n 4:

z2 =2, z* = 1.

CnegosatenbHo, snement deg x = 4 n T He sBaaeTcs
NMPUMUTUBHBLIM 3JIEMEHTOM. TaK)Ke HE ABJIAIOTCA NMPUMUTUBHbLIMU
Bce cTenenu snementa x: 2 = 2, 23 = 2z, z* = 1.
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Pewenwne (Mr-20...)

2. Haiigém nopsgok anementa x + 1:
(z+1)? =2*+20+1=2z, (z+1)* = (22)* = 2,

T.e. © + 1 okazasncs NMPUMUTUBHBLIM 3JIEMEHTOM.
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Pewenwne (Mr-20...)

2. Haiigém nopsgok anementa x + 1:

(z+1)? =2*+20+1=2z, (z+1)* = (22)* = 2,

T.e. © + 1 okazasncs NMPUMUTUBHBLIM 3JIEMEHTOM. Ero crenenu:

a=x+1,

a” = 2x,

a
a

o3 =2z(x+1) =22+1, o =z(x+1) =zx+2,
a

at = (a2)2 = 2




MpuknagHas anrebpa
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Pewenwne (Mr-20...)

2. Haiigém nopsgok anementa x + 1:

(z+1)? =2*+20+1=2z, (z+1)* = (22)* = 2,

T.e. © + 1 okazasncs NMPUMUTUBHBLIM 3JIEMEHTOM. Ero crenenu:

a=z+1, o® =2 +1) = 2z +2,

a? = 2x, ab =a?-at = x,

o3 =2z(x+1) =22+1, o =z(x+1) =zx+2,
o

at = (ozg)2 = 2

3ameTum, 4TO BbIYUCAEHUE OYepesHOI cTenenn o't yacTo bbiBaeT
yA0bHLIM nposecTn Kak o - o, a He Kak o - ot =
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B cpaktopkonsue F3[x]/(z* + 1) HaiiTu Bce anemenTbI rnagHoro
uaeana (x2 +x+ 2).
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B cpaktopkonsue F3[x]/(z* + 1) HaiiTu Bce anemenTbI rnagHoro
uaeana (332 +x+ 2).

Pewenne

1. CHavana npoBepuM, sSIBASIETCS I MHOMOY/IEH
f(z) = 22+ x + 2 genurenem x* + 17
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B cpaktopkonsue F3[x]/(z* + 1) HaiiTu Bce anemenTbI rnagHoro
uaeana (x2 +x+ 2).

Pewenne

1. CHavana npoBepuM, sSIBASIETCS I MHOMOY/IEH
f(z) = 22+ x + 2 genurenem x* + 17

zt4+1 = (224+2+2)- (2?2 +22+2) — ga!

[MoaTomy uckomblIii ngean cocTaBsT MHOro4JieHbl Kobya (T.e.
cTenenn He Bbilwe 3), kpaTHble f(x):

(e +2+2) = {(e®+5+2) (az+b)|a,beFs3}.

[lpoBeném ymMHOXXeHNE:

(22 +2+2) (ax+b) = az3 + (a+ b)2? + (2a + b)z + 2.
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Pewenne (MNr-21...)

2. Tenepsb, nepebupasi Bce BO3MOXHbIE 3HaYeHusi a,b € [F3, Harigém
Bce anementsl ugeana (z? + x +2):

a|b|ard+(a+b)x?+ (2a+b)z+2b
olofo

0| 1| 224x+2

0|2| 2224+2z+1

10| 23 +22+22

1|1 23422242

1|12 22+z+1

210| 2234+ 222+«

211 223 4+22x+2

21 2| 223 4+22+1
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B none Fr[x]/(x* + 23 + 22 + 3) Haitn obpaTHbIii sneMeHT Ans
2+ + 3.
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B none Fr[x]/(x* + 23 + 22 + 3) Haitn obpaTHbIii sneMeHT Ans
2+ + 3.

Pewenne

lpouye Bcero obpaTHLIN SNEMEHT MOXHO HAUTU MyTEM PELLIEHNS]
YpaBHeHUsI

(z*+ 234+ 2243) - a(x) +(z2+2+3)-b(z) = 1 (%)

=0

C nomouybro paclumpeHHoro aaroputma Eskavga — torga b(z)
byaeT NCKoMbIM 0bpaTHBIM 371EMEHTOM.

3ameyqanmne: BbIYUCATE KOSPPULNEHT npu zt+ 23+ 2243
(xi(x)) HeT HeobxogumocTu (Hac MHTEPeCYeT TOLKO KO3GhPULNEHT
npu 22 +x + 3, Te. yi(z)).
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Pewenne (MNIr-22...)

War 0. 7 o(x) = 2* + 23+ 2% +3, // Wnnynannzayus

r_1(z) = 2 +z + 3,
y—2(z) =0,
y-1(z) = 1.
War 1. r_o(x) = r—1(x)qo(x) + ro(x),

// Hdennm r_o(x) Ha r_i(x) c ocTaTkom

qo(z) = 22 +5,

ro(z) = 2+ 2,

yo(z) = y—a(x) —y-1(x)q(z) = —qo(x) = —2* = 5.
War 2. r_1(z) = ro(x)q1(z) + ri(z),

// dennm r_1(x) Ha ro(x) ¢ octaTkom

a(z) = 4z,

ri(z) = 3,

y1(z) = y_1(2) —yo(z)q1(z) = 1+ 4z(2? +5) =

= 4x3 + 6z + 1.




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenne (Nr-22...)

Anroputm 3akaHumBaeT ceoto paboty Ha LLlare 2, T.k. cteneHb 0
o4epegHoro octatka r1(x) = 3 paBHa CTENEHU MHOrO4YJIEHA B MPaBoi
yactu (%): 1 — MHoro4nen 0-if cTeneHn.




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenne (Nr-22...)

Anroputm 3akaHumBaeT ceoto paboty Ha LLlare 2, T.k. cteneHb 0
o4epegHoro octatka r1(x) = 3 paBHa CTENEHU MHOrO4YJIEHA B MPaBoi
yactu (%): 1 — MHoro4nen 0-if cTeneHn.

B pesynbtate paboTel aqroputMa nosyHeHo:

(22 +x+3)(42® + 62 +1) = ri(z) = 3.




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenne (Nr-22...)

Anroputm 3akaHumBaeT ceoto paboty Ha LLlare 2, T.k. cteneHb 0
o4epegHoro octatka r1(x) = 3 paBHa CTENEHU MHOrO4YJIEHA B MPaBoi
yactu (%): 1 — MHoro4nen 0-if cTeneHn.

B pesynsTate paboTsl anroputMa nosyHeHo:
(22 +x+3)(42® + 62 +1) = ri(z) = 3.
Y106b1 Haiitn b(x), HyxHO goMHOXUTb y1(z) Ha 371 = 5:

b(x) = 5yi(z) = 5- (42 + 62 +1) = 62 + 22+ 5.




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenne (Nr-22...)

Anroputm 3akaHumBaeT ceoto paboty Ha LLlare 2, T.k. cteneHb 0
o4epegHoro octatka r1(x) = 3 paBHa CTENEHU MHOrO4YJIEHA B MPaBoi
yactu (%): 1 — MHoro4nen 0-if cTeneHn.

B pesynsTate paboTsl anroputMa nosyHeHo:
(22 +x+3)(42® + 62 +1) = ri(z) = 3.
Y106b1 Haiitn b(x), HyxHO goMHOXUTb y1(z) Ha 371 = 5:

b(x) = 5yi(z) = 5- (42 + 62 +1) = 62 + 22+ 5.

lMposepka: b(z)(z* + 2+ 3) = (623 + 22 +5)(z> + 2+ 3) =
= 62° +62* + 623 + 4z +1 =
= 6x(—2> —22 —3) + 62 + 62>+ 4z +1 = 1.




MpuknagHas anrebpa
Mons Manya

3apaun

B none F2 = Fs[x]/(x? + 3x + 3) Haiftu obpaTHyto A1 MaTpuybl

[ 3r+4 xH+2
M= ( r+3 3x+2>'




MpuknagHas anrebpa
Mons Manya
3apaun

B none F2 = Fs[x]/(x? + 3x + 3) Haiftu obpaTHyto A1 MaTpuybl

[ 3r+4 xH+2
M= ( r+3 3x+2>'

Pewwenue

Lns matpuy pasmepa 2x2 obpaTHas MaTpuua 3anucbiBaeTCs B

Buge
a b\ 1 d b
c d ad—bc\ —c a )

1. CHavana Beidncaum det M = ad — be ¢ yuétom 2> = 2z + 2:

det M = (3z+4)(3z+2)—(z+2)(z+3) = 42°+3z+3—2°—1 =
= 322 4+3c+2 =32c4+2)+3x+2 = 4z +3.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenne (Mr-23...)

2. [anee Harigém obpaTHbiii k 4x + 3 31€MEHT peluasi ypaBHeHue
(x2 + 32+ 3) - a(x) + (42 + 3) - b(z) = 1.

C MOMOLYbIO paclumpeHHoro aaroputma Eskanga:
War 0. r_o(x) = 2%+ 3z +3, // Wnnymnannzayns

r—i(z) = 4z + 3,
y—2(z) =0,
y-1(z) = 1.

War 1. r_2(x) = r-1(z)qo(z) + ro(7),
// Qenum r_o(x) Ha r_i(x) ¢ ocTaTkom

qo(x) = 4z + 4,

ro(x) = 1,

yo(z) = y—2(z) —y-1(2)q(x) = —qo(x) =
—4xr —4 =z + 1.

Te (4x+ _) b(x) = yo(z) = v+ 1.




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenue (Mr-23... z2 =5 2z +2)

3. HakoHew, Bbiducamm obpaTHyto MaTpuyy

3z + 2 4x+3> _ (:c+3 1 >

4z 3z

-1
M= = ($+1)(4x+2 3z + 4




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (Mr-23... z2 =5 2z +2)

3. HakoHew, Bbiducamm obpaTHyto MaTpuyy

3z 42 4x+3> B (:c+3 1 >

Mt = (x—l—l)(

dr +2 3z +4 4r  3x

lMposepka (apngpmeTndeckne owmnbku Bo3mMoxHbI!):

3r+4 xw+2 » r+3 1 .
r+3 3x+2 dr 3z )

_{ Bz+)(x+3)+4x(z+2) 3x+4+3x(x+2) \ _
N (z + 3)% + 4z(3z + 2) r+3+3z(3z+2) )
_ 202+ 4+2 3x24+4x+4 _

T\ 3224 4r+4 422 +22+3 )

o 22zx+2)+x+2 32z+2)+4x+4)\ (1 0
S\ 32z+2)+4x+4 42z +2)+22+3 )  \ 0 1 )/°




MpuknagHas anrebpa
Mons Manya

3apaun

Paznoxunts Ha HENpunBoANMbIE MHOXUTEJIN MHOIO4Y/1€H

flz) =2t + 2% + 28 + 2t + 23 + 22 + 1 € Fala].




MpuknagHas anrebpa
Mons Manya

3apaun

Paznoxuts Ha HENpunBoANMbIE MHOXUTEJIN MHOIO4Y/1€H

fiz) =z + 2%+ 28 + 2t + 23 + 22 + 1 € Fafa].

Pewenne
1. CHavana nbitaemcs Haiitu kopHu f(z) B Fa:
f0)=1, f(1)=1.

3HaunT, f(x) He nmeet kopHeii B Fo T.€. He UMEET HENHbIX
MHOXXUTEJIEN.




MpuknagHas anrebpa
Mons Manya

3apaun

Paznoxuts Ha HENpunBoANMbIE MHOXUTEJIN MHOIO4Y/1€H

fiz) =z + 2%+ 28 + 2t + 23 + 22 + 1 € Fafa].

Pewenue

1. CHavana nbitaemcs Haiitu kopHu f(z) B Fa:

f0)=1, f1)=1.

3HaunT, f(x) He nmeet kopHeii B Fo T.€. He UMEET HENHbIX
MHOXXUTEJIEN.

2. fanee nwem genntenn f(x) cpegm HenpuBOANMBIX
MHOIO4Y/IEHOB CTENEHN 2.

Takosbix Hag Fo Tonbko ogun — x2 + x + 1.

Mpu genernn f(x) Ha 2 + x + 1, nonyqaem

flz) = @ +z+1) - P +28+2" +2+ 2t + 23 + 22 + 2+ 1).




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenne (Mr-24...)

[lpogonxaem ganviue geanTb Ha 22+ x+1:

g(z) = L R LR T ey N [

= (@ +z+ )" +2t+ 3+ 22424+ 1) 42,

re 12+ 2z + 1 — genmtens f(z) kpatHocTy 1.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenne (Mr-24...)

[lpogonxaem ganviue geanTb Ha x? +x+1:
gx) =2+ +2" 4+ b+t ¥ 241 =
= (@ +z+ )" +2t+ 3+ 22424+ 1) 42,
re 12+ 2z + 1 — genmtens f(z) kpatHocTy 1.

3. Henpusogumebix mHoro4nenos ctenenu 3 Hag Fo gBa: o3 + x + 1
u 3 + 2% + 1. Mpobyem nogenuts g(z) Ha x> + x + 1:

i N R g R o
= (@ +z+1)(a" +2° +2° + 27 +1).

v




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenne (Mr-24...)

lMpoussoas panee nonbitku penenns h(x) = x5 +2° + 23 + 22 + 1
Ha MHOro4YneHbl 3-i cTeneHu, noay4aem

B +d+23 42241 = (@B +z+ 1)@ +22+24+1) + 22,
S+l +224+1 = @B +22+ D)3+ 22 41,




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenne (Mr-24...)

lMpoussoas panee nonbitku penenns h(x) = x5 +2° + 23 + 22 + 1
Ha MHOro4YneHbl 3-i cTeneHu, noay4aem

2 2 2
B +d+23 42241 = (@B +z+ 1)@ +22+24+1) + 22,
S+l +224+1 = @B +22+ D)3+ 22 41,
T.k. kKak MHoro4seH 6-oii ctenexu h(x) He umeet gennteneii 3-ii n
MEHbLUNX CTENeHeN, TO OH SIBJSIETCS HEMPUBOANMBIM: €Cu bbl OH

UMes fAe/INTeNb, CKaXeM, cTeneHu 4, To y Hero bbi bbl n fenanTens
creneHn 6 — 4 = 2.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenne (Mr-24...)

lMpoussoas panee nonbitku penenns h(x) = x5 +2° + 23 + 22 + 1
Ha MHOro4JieHbl 3-Vi CTeneHu, nosy4aem
2 2 2
B +d+23 42241 = (@B +z+ 1)@ +22+24+1) + 22,
S+l +224+1 = @B +22+ D)3+ 22 41,
T.k. kKak MHoro4seH 6-oii ctenexu h(x) He umeet gennteneii 3-ii n
MEHbLUNX CTENeHeN, TO OH SIBJSIETCS HEMPUBOANMBIM: €Cu bbl OH

UMes fAe/INTeNb, CKaXeM, cTeneHu 4, To y Hero bbi bbl n fenanTens
creneHn 6 — 4 = 2.

B utore 8 [Fa[z] umeem paznoxerue

f@)y=al+2° +B+at+P +22+1 =
= (@ +z+ 1)@ +z+1) (@b +2° + 23 +22 +1).




MpuknagHas anrebpa
Mons Manya

3apaun

Haiitn MuHumanbHoe nose xapakTepucTuku 3, B KOTOPOM
mHorounen f(z) = a3+ x + 2 € F3[z] packnagbisaercs Ha
JIUHENHBIE MHOXUTEIN.

B paHHOM nosie HaliTy BCe KOPHU JAHHOTO MHOMOY/IEHA.




MpuknagHas anrebpa
Mons Manya
3apaun

Haiitn MuHumanbHoe nose xapakTepucTuku 3, B KOTOPOM
mHorounen f(z) = a3+ x + 2 € F3[z] packnagbisaercs Ha
JIUHENHBIE MHOXUTEIN.

B AaHHOM rioJie HaiTn BCe KOPHW [aHHOIro MHOIo4J/1€HA.

Pewwenue

1. Havigém paznoxenune mHoroynena f(x) Ha Henpusogumble
mHoxuTean Hag [Fg.
o [lposepsiem koprn: f(0) = 2, f(1) = 1, f(2) = 0.
Tk z—2=3z+1, 70 f(z) = (z+ 1)(z® + 2z + 2).

@ Haiiném paznoxermne mHorounena g(x) = x? + 2x +2 € F3[z].
OH He MeeT KOpHeii, ero cTeneHb = 2 = OH HEMPUBOAUM.

@ OxonuatensHo: f(z) = (x + 1)(2? + 2z + 2).




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenue (MIr-25...)

2. WzBecTHo, 4TO ecan g(x) — HENPUBOANMBIN MHOFOYIEH CTENEHN
n Hag KoHe4HbimM nosnem [, 1o oH:




MpuknagHas anrebpa
Mons Manya
3apaun

Pewenue (MIr-25...)

2. WzBecTHo, 4TO ecan g(x) — HENPUBOANMBIN MHOFOYIEH CTENEHN

n Hal KOHEYHbIM [1OJIEM ﬂ:p, TO OH!

@ B nosne ceoero pacwupenns F = Fplz]/(g(z))
PacKNagbIBAETCS Ha N IMHENHbBIX MHOXUTENEN —

giz) = (@—a)-(x—a?) - (z—a?)-... - (x—a?" "),
rae o — npon3BosbHbii Koperb g(x) B F;
@ He UMEET KOPHEN HN B KAKOM KOHEYHOM [OJI€, COAEPXKALLNM
MeHee, 4eMm P 3/1IEMEHTOB.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (MIr-25...)

2. WzBecTHo, 4TO ecan g(x) — HENPUBOANMBIN MHOFOYIEH CTENEHN
n Hag KoHe4HbimM nosnem [, 1o oH:

@ B nosne ceoero pacwupenns F = Fplz]/(g(z))
PacKNagbIBAETCS Ha N IMHENHbBIX MHOXUTENEN —

giz) = (@—a)-(x—a?) - (z—a?)-... - (x—a?" "),
rae o — npon3BosbHbii Koperb g(x) B F;
@ He UMEET KOPHEN HN B KAKOM KOHEYHOM [OJI€, COAEPXKALLNM
MeHee, 4eMm P 3/1IEMEHTOB.

3. Paccmotpum none [F3lx]/(g(x)) pacwmpenns mHoro4iena
g(z) = 2%+ 2z + 2.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (MIr-25...)

2. WzBecTHo, 4TO ecan g(x) — HENPUBOANMBIN MHOFOYIEH CTENEHN
n Hag KoHe4HbimM nosnem [, 1o oH:

@ B nosne ceoero pacwupenns F = Fplz]/(g(z))
PacKNagbIBAETCS Ha N IMHENHbBIX MHOXUTENEN —

giz) = (@—a)-(x—a?) - (z—a?)-... - (x—a?" "),
rae o — npon3BosbHbii Koperb g(x) B F;
@ He UMEET KOPHEN HN B KAKOM KOHEYHOM [OJI€, COAEPXKALLNM
MeHee, 4eMm P 3/1IEMEHTOB.

3. Paccmotpum none [F3lx]/(g(x)) pacwmpenns mHoro4iena
g(x) = 2%+ 22 + 2. B 370m none ecan o — kopersb g(x), TO

0?2 =-"2a-2=a+1;




MpuknagHas anrebpa
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Pewenue (MIr-25...)

2. WzBecTHo, 4TO ecan g(x) — HENPUBOANMBIN MHOFOYIEH CTENEHN
n Hag KoHe4HbimM nosnem [, 1o oH:

@ B nosne ceoero pacwupenns F = Fplz]/(g(z))
PAacKAaAbIBaeTCsa Ha 1. IMHENHbLIX MHOXUTEEN —
giz) = (@—a)-(x—a?) - (z—a?)-... - (x—a?" "),
rae o — npon3BosbHbii Koperb g(x) B F;

@ HE UMEET KOPHEN HU B KAKOM KOHEYHOM MOJE, COAEPXKALUNM
MeHee, 4eMm P 3/1IEMEHTOB.

3. Paccmotpum none [F3lx]/(g(x)) pacwmpenns mHoro4iena

g(x) = 2%+ 22 + 2. B 370m none ecan o — kopersb g(x), TO
ea’=-2a0-2=a+1;
° o}

ala+1) = a® +a = 2a+ 1 — Toxe kopeHsb ()




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenune (MNIr-25... a?=a+1)

JeiictButensHo (nog4épkusaem cnaraemvie, gatrowme B cymme 0):

(z-—a)(z—2a—-1) = (z+20) - (z+a+2) =
= 2% + az + 22 + 2ax + 2a° + da =
=224+ 20 +20+2+4a = 22+ 22+ 2.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenune (MNIr-25... a?=a+1)

JeiictButensHo (nog4épkusaem cnaraemvie, gatrowme B cymme 0):

(z-—a)(z—2a—-1) = (z+20) - (z+a+2) =
= 2% + az + 22 + 2ax + 2a° + da =
=224+ 20 +20+2+4a = 22+ 22+ 2.

lNoctpoenHoe pacwuperne — none Fslx]/(z? + 22 + 2) —
COLEPXKUT HaZEHHbIN paHee KOpeHb 2, Mo3ToMy MHoro4neH f(x) B
STOM [10J1€ PpaCK/1a4blBA€TCA Ha CAeEZyroLyne JIMHENHBIE MHOXXUTEN:

f@x)=234+24+2=(z-2)(zr—a)(z—2a—-1) =
(x+1)(x+20)(z+a+2).




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (MIr-25...)

4. Onpegenntb kopHu mHorodsneHa g(x) = (z —a)(x —2a—1) B
none F3[z]/(x? + 2z + 2) nerko:




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (MIr-25...)

4. Onpegenntb kopHu mHorodsneHa g(x) = (z —a)(x —2a—1) B
none F3[z]/(x? + 2z + 2) nerko:

BCErfa MOXHO B3STb (L = I,

OTKy#a BTOpoii kopeHb o = 20+ 1 = 22 + 1.




MpuknagHas anrebpa
Mons Manya

3apaun

Pewenue (MIr-25...)

4. Onpegenntb kopHu mHorodsneHa g(x) = (z —a)(x —2a—1) B
none F3[z]/(x? + 2z + 2) nerko:

BCErfa MOXHO B3STb (L = I,

OTKy#a BTOpoii kopeHb o = 20+ 1 = 22 + 1.

5. Takum obpasom, B none F3[x]/(x? + 2z + 2) MHorouneH
f(z) = 23 + 2 + 2 umeer kopHu

2, x n 2x+ 1.




MpuknagHas anrebpa
Mons Manya
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Havitn murumanshbiii miorounen m(z) € Fslz|, koTopeiii umeer

KOPEHb 043, rge ¢ — I'lpl/IMl/ITl/IBHbIIZ SJIEMEHT I10J15

F2 = Fslz]/(2? + 2 + 2).




MpuknagHas anrebpa
Mons Manya

3apaun

Havitn murumanshbiii miorounen m(z) € Fslz|, koTopeiii umeer

KOPEHb 043, rge ¢ — I'lpl/IMl/ITl/IBHbIIZ SJIEMEHT I10J15

F2 = Fslz]/(2? + 2 + 2).

PeweHune

1. V3BecTHO, 4TO MUHUMabHbINA MHOro4neHd m(x) B nose
XapaKTepUCTUKN 5 BMeCTe C KOPHEM > COePXMUT BCe CMEXHbIE C

T (a3)5 = alb, (a3)52 =, (a3)53 =3 g




MpuknagHas anrebpa
Mons Manya
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Havitn murumanshbiii miorounen m(z) € Fslz|, koTopeiii umeer

KOPEHb 043, rge ¢ — I'lpl/IMl/ITl/IBHbIIZ SJIEMEHT I10J15

F2 = Fslz]/(2? + 2 + 2).

PeweHune

1. Vi3BecTHO, 4TO MUHUMAIbHBIA MHOro4YseH m(x) B noae

XapaKTepucTuku b emecte ¢ KopHem a’ COAEPXKUT BCE CMEXHbIE C
2 3

HUM (a3)5 — a15, (a3)5 — a75, (a3)5 = a3y T.4.

2
-1 = % = 1. Mostomy 3zeck

3 copepxuT ToNBKO fBa

2. B none F2 6yzem umets
CMEXHBIN Knacc, obpa30BaHHbIA «
anementa o u o' = MUHUManNbHLIG MHOroYneH umeet

cTeneHb 2 u MOXeT bbIThb NnpeACTaABJ/IEH KakK

m(z) = (x —a®)(z — al®) = 22 — (a3 + a'®)z + '8,
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m(z) = 22 — (a3 + a®)z + ')

Pewenue (Mr-26...

3. Haiigém kosgppnymenTsl MHoroqneHa m(x) y4érom
—a—2=4a+ 3:
o =a-0® = alda+3) = 40> +3a =
= 4(4a+3)+3a = 4a +2,
a® = (0®)° = 4a+2)° =4a°+2 =
= 40%0% 4+ 2 = 4(4a +3)(4a+2)+2 =
=4(a®4+1)+2 = 4(4a+4)+2 = a+3,

a? =

B +al® =4a+2+a+3 =0,
30l = (4a+2)(a+3) =

(1{18204
= 4(4a+3)+4a+1 = 3.




MpuknagHas anrebpa
Mons Manya
3apaun

m(z) = 22 — (a3 + a®)z + ')

Pewenue (Mr-26...

3. Haiigém kosgppnymenTsl MHoroqneHa m(x) y4érom
—a—2=4a+ 3:
o =a-0® = alda+3) = 40> +3a =
= 4(4a+3)+3a = 4a +2,
a® = (0®)° = 4a+2)° =4a°+2 =
= 40%0% 4+ 2 = 4(4a +3)(4a+2)+2 =
=4(a®4+1)+2 = 4(4a+4)+2 = a+3,

a? =

B +al® =4a+2+a+3 =0,
30l = (4a+2)(a+3) =

(1{18204
= 4(4a+3)+4a+1 = 3.

B utore:
m(z) = =%+ 3.




MpuknagHas anrebpa
Mons Manya
YTto Hapgo 3HaTH

Paspen |

o KoHeuHble nons nnun nons Manya

@ Y70 Hapmo 3HaTH
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Paspen Il
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MpuknagHas anrebpa
Mons Manya
YTto Hapgo 3HaTH

@ KoHeuHoe nosie n ero xapaktepuctuka. MynbtunnmkatmsHas
rpynna, npUMMUTUBHbIA SnemMeHT nonst [anya u ero
HaxoxgeHne. OcHoBHas Teopema anrebpsbl.

@ Anropntm EBknunga n ero npumeneHue.
Teopema besy u pacwmpeHHbliii anroputm Esknuga.

@ Henpneogumblie MHOFOUYNEHBI: CYLLLECTBOBAHNE U HAXOXKAEHME
HENPUBOANMBIX MHOFOYJIEHOB B KOHEYHbIX nonsix. [locTpoeHune
KOHEYHbIX MOJeN C NOMOLLbIO HEMPUBOLMMbIX MHOFOYIEHOB
(npusectn npumep). N3omMopdunam KoHeUHbIX Moneid.

@ BektopHroe npoctpancTeo mHorounedos. basuc B ). [ons
lanya kak BekTOpHble npocTpaHcTBa. [lognons koHe4YHOro
noss.



MpuknagHas anrebpa
Mons Manya
YTto Hapgo 3HaTH

@ MuHnMasnbHble MHOTO4YJ1EHbI Ha KOHE€YHbIM NOJIEM: NPUMEpPDI
N CBOIACTBA. KOpHﬂMI/I KaKOro MHOro4si€Ha ABasitOTCA BCE
3N1EMEHTbI KOHEYHOro nons? ﬂ'eJ'II/ITEJ'IﬂMI/I KaKOro MHOro4a€eHa
ABNAKOTCA BCE HENPUBOANMbIE MHOIO4YJ1IEHDbI n-ii crenenn?

@ Teopema o cTeneHun NtobOro HeENPUBOAUMOro AEAUTENS
n__
mHorounena P 1 — 1.

@ TeopeMa O KOpHSIX HEMPUBOAUMOrO MHOro4YneHa. MHoro4neHbl
HaJ, KOHEYHbIM MOJIEM: peLUeHne YPaBHEHUNA.

@ Kak pewatb ypaBHeHUs1, KOraa KOpHel HeT (anaroputm
HaXOXAEHUs BCEX KOpHe MHorouneHa f(z)
Hag nosem [anya F,)?

@ MynbTunankaTuMBHasA rpynna pacLMpeHUst Noas.
CyuiecTBoBaHNE HEMNPUBOAMMOrO MHOrFOYJIEHA CTEMNEHN 1 HAf
nonem [,



MpuknagHas anrebpa
Mons Manya
YTto Hapgo 3HaTH

@ Jlemma o yucne HENpPUBOANMbIX HOPMUPOBAHHbLIX MHOIO4YJ1IEHOB
n3 [Fg Cpe,u,Hee HNCNo HenpmneoAMMbIX MHOIO4Y/1€HOB.

@ lsomopdunam noneii Manya ¢ OANHAKOBBLIM YUCAOM 3/1IEMEHTOB.

@ TeopeMa 0 HEMPUBOZMMOM HOPMUPOBAHHOM MHOrFO4YJeHe —
LEeNnTesNe NOPOXKAAIOLLErO 3/IeMEHTA ngeana.

@ Llnknnyeckoe NpocTpaHCTBO: onpefeneHne U NpuMepsI.
KonunyecTBo u cTeneHn HenpreoAnMbIX fenuteneid x™ — 1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn

@ [NomexoycToiiuneoe kogupoBaHue. bnokosoe kogmpoBaHue.
Kopgbl XammuHra



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Paspen Il




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Paspen Il




MpuknapHas anrebpa 158 / 465

Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

3agava NoMexoycToMYMBOro KOAMPOBaHUS: MOAXOAbl K PELUEeHUI0o

Mo kaHany ¢ WyMOM NpoxoanT NOTOK buToBON MHopMaLuK.

@ Mogenb noToka: ciy4vaiiHblii HEKOPPENNPOBAHHbIIA.

@ Mogenb wyma: HekoTopble BUTLI CAyYaiiHO U HE3ABUCUMO
APYr OT Apyra MOTyT OKa3aTbCsl MHBEPTUPOBAHHbIMU (HeT
AobasneHuii/cTupaHnii GUToB) — MoAeNb CiyqaniHbIX owmnboK.

@ 3apaya: obecneunTb aBTOMATUYECKOE MCNpPaB/ieHne OWNbOK.



MpuknapHas anrebpa 158 / 465

Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

3agava NoMexoycToMYMBOro KOAMPOBaHUS: MOAXOAbl K PELUEeHUI0o

Mo kaHany ¢ WyMOM NpoxoanT NOTOK buToBON MHopMaLuK.

@ Mogenb noToka: ciy4vaiiHblii HEKOPPENNPOBAHHbIIA.

@ Mogenb wyma: HEKOTOpbIE BUTBI CyHaRHO 1 HE3aBUCUMO
APYr OT Apyra MOTyT OKa3aTbCsl MHBEPTUPOBAHHbIMU (HeT
AobasneHuii/cTupaHnii GUToB) — MoAeNb CiyqaniHbIX owmnboK.

@ 3apava: obecneynTb aBTOMATUYECKOE UCMPaBieHNe OLLNOOK.

[Mopxop K pelleHuto:

Q ExogAwWmMiA NOTOK nHopMauun pasbuts Ha cooblyeHnss —
Henepecekatowmecs 6710k puKCUpoBaHHOl AAUHbI k.
©Q «kaxablii 6BAOK MOXHO KOAUPOBATL —
a) He3aBNUCUMO OT APYrux — bJIOKOBOE KOZUPOBAHUE;

6) B 3aBMCMMOCTM OT NpeabIAYLNX — CBEPTOYHOE
koguposaHmne (Typbo-kogpl 1 ap.).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

3agayun 6,10k0BOro KOANpPOBaHUS

[anee bynem paccmaTpuBaTh UCK/IOYNTENBLHO BIOKOBOE KOAMPOBAHME.

@ Ectb Habop coobuyennii S1, ..., S, BAnHbI k Kaxkgoe, KoTopble
HY>KHO nepefaTth MO KaHajy CBS3N C LUYMOM.

o [lnsa obecnevyeHns NoMexo3aLnILIEHHOCT BMECTO STUX COODLLEHNI
nepefatoT BJ0KN AAUHBLI 1 > k KaXk[oe — KOAOBbIE C/I0BA.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

3agayun 6,10k0BOro KOANpPOBaHUS

[anee bynem paccmaTpuBaTh UCK/IOYNTENBLHO BIOKOBOE KOAMPOBAHME.

@ Ectb Habop coobuyennii S1, ..., S, BAnHbI k Kaxkgoe, KoTopble
HY>KHO nepefaTth MO KaHajy CBS3N C LUYMOM.

o [lnsa obecnevyeHns NoMexo3aLnILIEHHOCT BMECTO STUX COODLLEHNI
nepefatoT BJ0KN AAUHBLI 1 > k KaXk[oe — KOAOBbIE C/I0BA.

3agaqa (ocHOBHas):  MOCTPOWTb  KOA ~ MUHUMANbHOW — ANWHBI - M,
NO3BOJISIIOLLNIA BOCCTAHOBUTL CooblieHne, copepxaliee He bonee r
oLnboK.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

3agayun 6,10k0BOro KOANpPOBaHUS

[anee bynem paccmaTpuBaTh UCK/IOYNTENBLHO BIOKOBOE KOAMPOBAHME.

@ Ectb Habop coobuyennii S1, ..., S, BAnHbI k Kaxkgoe, KoTopble
HY>KHO nepefaTth MO KaHajy CBS3N C LUYMOM.

o [lnsa obecnevyeHns NoMexo3aLnILIEHHOCT BMECTO STUX COODLLEHNI
nepefatoT BJ0KN AAUHBLI 1 > k KaXk[oe — KOAOBbIE C/I0BA.

3agaqa (ocHOBHas):  MOCTPOWTb  KOA ~ MUHUMANbHOW — ANWHBI - M,
NO3BOJISIIOLLNIA BOCCTAHOBUTL CooblieHne, copepxaliee He bonee r
oLnboK.

3apaya (BcnomoraTtesnbHas): 3afaHbl

@ 1 — AsimHa Koga (obblYHO 3aBUCUT OT mapameTpa m, ¢, . ..);

@ 7 — MaKCUMaJIbHOE KOJIMHYECTBO UCNPaBUMbIX OLIJVI6OK.
Tpebyetcst nocTpouTb KOA, MaKCUMUSUPYHOWUG Yucno t coobuieHni,
KOTOPOE MOXHO Nepeaats.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

HekoTopble noHaTus, cBa3aHHble C OyneBbiM Kyoom

Pelwaem BcriomoratesnbHyro 3agady — OHa npoLue.

N3 auckpeTHoil MaTeMaTuKm

@ Hopma ‘HH = 4YNCNIO EAVHUYHBIX KOOPAMHAT B ¥ € B™.

@ Metpuka (BCnomMuHaem, 4TO 3TO Takoe) Ha MHOXKeCTBe
BuHapHbIX HabopoB — xammuHroBo paccrosiHue (G — cymma
no mod 2):

p(@ B) = |[d@ 5.
@ Lllap XamMmuHra c 4eHTpoMm B & U paguycom r —

def

s(@ < {Blp@p<r}.



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

KopoBoe paccrosiHue

MuHnmansHoe PaCCTOoAHNE MeXAy C/0BaMWN KOAQ HA3bIBAETCA
KOL4OBbIM PaCCTOSHUEM.

| \

VT1BepxxgeHue

MHoxectBo C' 0bpa3yeT Koz ¢ MCnpaBieHneM He MeHee 1 OLLMDOK,

ecin Sy(a) N Sy () = @ ans Bcex a, f € C Takux, 410 & # 3.




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

KopoBoe paccrosiHue

Onpepenernune

MuHnmansHoe PaCCTOoAHNE MeXAy C/0BaMWN KOAQ HA3bIBAETCA
KOL4OBbIM PaCCTOSHUEM.

VT1BepxxgeHue

| \

MHoxectBo C' 0bpa3yeT Koz ¢ MCnpaBieHneM He MeHee 1 OLLMDOK,

ecin Sy(a) N Sy () = @ ans Bcex a, f € C Takux, 410 & # 3.

JokasatenbcTBO

| \

Ecan npu nepegade coobiyenns o cgenaHo He bonee r owmbok, To
Habop octaHetcsi B wape Sy ().

Ecnvn wapbi He nepecekaroTcs, TO MCKOMOE KOJOBOE CJIOBO (v —
bavkaiiliee K nosy4eHHomMy Habopy.

A\




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

KopoBoe paccrosiHue...

CnepactBue

V koga, ucnpasnasioiero r omnboK, KOgoBoe PACCTOSHNE AOIKHO
b6bITb He meHee 21 + 1.

OnpepeneHune KOAOBOro paccTosiHus d NPOU3BOSILHONO KO4A —
CNOXKHas 3agava.

MoaToMy npu NOMEXOYCTOWYNBOM KOAUPOBAaHWUM Ha MEPBbIA MaaH
BbIXOAUT Npobaema NOCTPOeHUst KOAOB C 3a[aHHbIM KOAOBbIM
PaCcCTOSIHNEM.

OHa pelaeTcst npu ncnonb3oBaHum, Hanpumep, T.H. BYX-koaos,
KoTopble byayT pacCMOTpeHbl Aanee.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

BnokoBoe koavpoBaHve 1 OeKOAVPOBaHME: OnpeaeneHus u
TPUBMAJIbHbLIV Npumep

Grokosoe KOAMPOBaHMe — B3aMMHO-OAHO3HAYHOE
npeobpasosaHue COODLLEHNIA ANUHBI k B KOAOBbLIE C/MIOBA AJMHbI
n > k.

Lekoguposarnne — obpaTHoe npeobpasoBaHue.

Mpumep (TpusBuanbhbiii kog n =3, k=1, d = 3)

NHdbopmaumnsa pasbusaetcs Ha 6aokn anuuel k = 1, T.e.
nepenatoTcs aga coobuieHns: S =0wn S; = 1.
KoanposaHue

0 < 000 1+ 111

NCNpPaBAsiET OAHY OWwunbKYy!
OgpHako, Takoe kogupoaHue (Bbibop k = 1) kpaiite
HEa(h(HEKTVBHO: AJIMHA COODLUEHNS YTpanBaeTCs.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

BnokoBoe kogupoBaHue: obo3HaveHUs 1 onpegeneHns

Ob6o3Haunm ofHO cooblueHne aanHbl k BEKTOPOM-CTONOLIOM
(nonyxupHbiii wpndT) u € {0, 1}

U1

Uk

COAEPXKALUNM MHGOPMALNOHHBIE BUTBI.

@ v — KOAOBOE CJIOBO AJIMHBLI M = k + m, COAep»Kallee NOMUMO
MHPOPMALMOHHBIX BUT, M MPOBEPOYHBIX OUT;

@ MHoxecTBo {v1, ..., Vqr } Bcex 2F kopoBbIx cnos —
(n, k)-6n0koBbii Kog;

@ R =k/n — ckopocTb Koja.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Bnokosbiii (n, k) Koa: kogMpoBaHue 1 owmnbKK nepegayin

BHOKOBOG KOANPOBAHNE HE BbI3blBA€T NPUHUMNNNANBHbBIX
TpyaHOCTel: oTobpaxkeHne S — v BCerga MOXeT bBbiTb
OCYLLLECTBIEHO C MCMOJ/Ib30BAHNEM COOTBETCTBYIOLLEA MaTpULLbl
pasmepa 2" xn (4To, ofHako, BecbMa HesthheKTUBHO).




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Bnokosbiii (n, k) Koa: kogMpoBaHue 1 owmnbKK nepegayin

BHOKOBOG KOANPOBAHNE HE BbI3blBA€T NPUHUMNNNANBHbBIX
TpyaHOCTel: oTobpaxkeHne S — v BCerga MOXeT bBbiTb
OCYLLLECTBIEHO C MCMOJ/Ib30BAHNEM COOTBETCTBYIOLLEA MaTpULLbl
pasmepa 2" xn (4To, ofHako, BecbMa HesthheKTUBHO).

[Mpu nepepave No KaHany C LWYMOM KOZOBOE C/I0BO ¥
NnpeBpaLLaeTcs B NPUHATOE CJOBO W TOW >Xe AJINHbI T

fo - w=v+e.
3peck e € {0,1}"™ — BekTop owwmnbok:

1, ecnu B i-oM BuTe npomsolna owunbka.
e =
! 0, ecnm ownbkn HeT.

(n, k)-610K0BbIi KOA C KOBOBLIM paccTosiHneM d cnocobeH
ncnpasnTb He meree [(d — 1)/2] ownbok.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Bnokosbliii (n, k) koa: aekogmpoBaHue

D'eKO,lJ,I/IpOBaHVIe nobbIx KOAOB BCeraa 3HA4YUTENbHO CZIOXKHEE
KOOANPOBAHWNA.

[Hexoguposatue (n, k)-kofa ¢ KOAOBLIM PacCTOsiHNEM d OCHOBAaHO
Ha

@ pasbuennn eguHuyHoro kyba B™ Ha k obnacTeii, copepxalymnx
wapsl paguyca r = [(d — 1)/2] ¢ yeHTpamMn B KOAOBbIX
cnosax;

@ MPEeAnONOKEHUN, HTO NPU NepeAaye NpPon3oLI0 MUHUMANbHOE
KOJINYECTBO OLINOOK.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Bnokosbiii (n, k) Koa: ABa 3Tana AeKOANPOBAHUSA

1-i atan: BoccraHoBnieHne nepeaaHHOro KOAOBOMO C/OBA V Kak
Banxaiilero K w B MeTpuke XaMMUHra, T.€.
HaXOXKAEHWNE LieHTPa COOTBETCTBYIOLLErO LWApa.

SicHO, 4TO Asis 3TOro Hago, BoobLue roBops,
nepebpaTb Bce 2F kogOBbLIX C/OB.

Ecnn paccrosiHne fo HalijeHHOro LeHTpa wapa
npesbiwaet BenndnHy r = [(d — 1)/2], To npw
nepefade nNpomsoLio bosblue ownbok, Yem MoXeT
NCNPaBUTbL KOA N anropuTM AEeKOANPOBAHNS JOJIKEH
BbIAATb OTKa3.

2-1i atan: [o cnoBy ¥ BOCCTaHABAMBAKOT MCXOAHOE COoobLLEHMeE.
FcHo, 4To B 0bWeM cyyae 3To noTpebyer
MCNoNb30BaHMS MaTpuLsl pasmepa 2F x n.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

BnokoBoe KoavpoBaHue: 00LLas cxemMa U C/I0XKHOCTb

KoAupoBaHue ownbka Aekoq.-1 R Aekog.-2
v w

v
1N36bITOYHOCTb +e B6anX. Kof. CNOBO  ypasieHne usbbiT.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

BnokoBoe KoavpoBaHue: 00LLas cxemMa U C/I0XKHOCTb

KoAupoBaHue ownbka Aekoq.-1 R Aekog.-2
v w

v
1N36bITOYHOCTb +e B6anX. Kof. CNOBO  ypasieHne usbbiT.

13 BbIlWEnprBeAEHHBIX OLIEHOK CIESYET: NCMONb30BAHME
NPOM3BOLHOMO (1, k)-610KOBOrO KOAA BO3MOXHO JINLLb MpW
HeboMbLIMX 3HaYeHnsX 1 1 k.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

BnokoBoe KoavpoBaHue: 00LLas cxemMa U C/I0XKHOCTb

KoAupoBaHue ownbka Aekog.-1 R Aekos.-2 R
v w

v
1N36bITOYHOCTb +e B6anX. Kof. CNOBO  ypasieHne usbbiT.

13 BbIlWEnprBeAEHHBIX OLIEHOK CIESYET: NCMONb30BAHME
NPOM3BOLHOMO (1, k)-610KOBOrO KOAA BO3MOXHO JINLLb MpW
HeboMbLIMX 3HaYeHnsX 1 1 k.

OpfHako, NpuHSIB psif, AOMOJHATESbHBIX OrPaHNYeHUli Ha
MHO>XECTBO KOAOBbIX CJIOB, MOXXHO MePeiTu OT SKCMOHEHLMANbHbIX
TpeboBaHuii N0 MaMATU AJ1s1 XPAHEHUS KOAA W MO CIOKHOCTY
aIrOPMTMOB KOAMPOBaHMS/ LEKOANPOBAHNS K NIHEHBIM MO 1 1 k.

VYKazaHHble OrpaHnM4eHnsa npueBoaAT K UCNOJIb30BAHUIO 610KOBbIX

KOAOB CNeumanbHOro sBnaa: rpynnoBbiX, a U3 rpynnoBbIX —
LUNKNNYECKNX.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

MnoTtHas ynakoBka wwapoB B bynes kyb

Y1061 NOCTPONTL KOL MaKCMMaNbHOMO pasMepa, UCMpaBnsowni r
OLWNDOK, HYXXHO BIOXKWUTbL B e4NHNYHbIA Ky6 B™ MakcumansHo

BO3MOX>XHOE YMC/IO HENepeceKaloLNXCcs LapoB paguyca r — 3aja4qa
M/IOTHOU YaKOBKM.

Bonpoc: [pu kakux n n r 8 Ky6 B™ MOXHO YNOXUTb
HEMepeceKaoWwMecs wapsl paguyca r «bes octatka» ?



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

MnoTtHas ynakoBka wwapoB B bynes kyb

Y1061 NOCTPONTL KOL MaKCMMaNbHOMO pasMepa, UCMpaBnsowni r
OLWNDOK, HYXXHO BIOXKWUTbL B e4NHNYHbIA Ky6 B™ MakcumansHo

BO3MOX>XHOE YMC/IO HENepeceKaloLNXCcs LapoB paguyca r — 3aja4qa
M/IOTHOU YaKOBKM.

Bonpoc: [pu kakux n n r 8 Ky6 B™ MOXHO YNOXUTb
HEMepeceKaoWwMecs wapsl paguyca r «bes octatka» ?

Ovset: Takoe ygaércs B caydasx:

QO n=27—-1,r =1 — kogbl XammuHra
(npaBunbhee kogbl Xammura-lones-Puiepa);

Q@ n=23,r=3.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Konunuecrtso KOO 0OBbIX CNOB

Teopema (Xammunra)

[pn 2r < n MakcumasibHOE YUCAO t KOZOBbLIX C/I0B HAXO4UTCS B
npegenax




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
MomexoycToiiunsoe koguposaHue. Brokosoe koguposarue. Kogpl Xammunra

Konunuecrtso KOO 0OBbIX CNOB

Teopema (Xammunra)

[pn 2r < n MakcumasibHOE YUCAO t KOZOBbLIX C/I0B HAXO4UTCS B
npegenax
2" 2"
t <
n n n n n n
(0)+<1>+...+<2T> (0>+(1)+...+<T>

HokasatenbcTBO

t eCTb MaKCUMAasIbHOE YNC/IO HEMEPECEKAIOLYMNXCS LIAPOB Pajmyca r,
nometyarolymxcsi 8 kybe B™.

BepxHss oleHka — wwap paguyca T COAEPXUT TOYKU: Cam

LIEHTP + BCE TOYKM C OFHOM, ABYMS, ..., T U3MEHEHHBIMMU
koopgunatamu, T.e. scero () + (1) + (3) + (7) wryk u wapsr He
MepeceKaroTcs.

N




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
MomexoycToiiunsoe koguposaHue. Brokosoe koguposarue. Kogpl Xammunra

Mpopon>keHne gokasaTenbCTBa

A
Lns oueHku CHU3Y MOCTPOUM KoA:

© obepem nponssonsHyto Todky B™ n cTpoum Bokpyr HEE wwap
paauyca 2r;

@ bepem nponsBoSILHYIO TOYKY BHE MOCTPOEHHOrO LWapa v
CTPOUM BOKPYr HEE Liap paguyca 2r;

© v T.5., Kax[as HOBasi TOYKA BLIBUPAETCS BHE MOCTPOEHHBIX
wapos. B pesynbraTe:

@ Lapbl, BOSMOXHO, MNMepeECEKarOTCs, HO Ka)K,qblﬁ wap 3aHNMmaeT

)+ () +...+ (5) Touex 2:n> LapoB He MeHee

O+ ()

@ Lwapbl paguyca 1 C YEHTPaMy B BbIOPaHHbIX TOYKAX HE
rnepeceKkaroTcsl.




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4nsoe koguposaHue. Bnokosoe koguposaHue. Kogbl Xammunra

Puc. 1. K teopeme XammuHra



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Kog Xammuura n =29 — 1, r = 1: nocTpoeHue

on

Mokaxkem, 4TO B faHHOM ciy4vae t = T

Teopeme X3MMUHra JOCTUraeTcs.
MocTponm koA, a MOTOM OMpPEeAEnM ero KOGOBOE PacCTOSHIE.
Paccmotpum Tabauuy:

T.€. BEPXHAA OUEHKA B

100...000 1100...000
010...000 1010...000
001...000 1001...000
k=29—(g+1)
000...100 1111...101
000...010 1111...110
000...001 1111...111

29—(g+1) g=n—-k=m

CneBa — egnHuyHas maTpuua nopsigka 29 — (¢ + 1), cnpaa — Bce
buHapHble Habopbl ANMHBI ¢, COAEPXKALUME HE MEHee ABYX eAUHIL,.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Kog Xammuura n =29 — 1, r = 1: kogoBoe paccrosiHue

Mpocymmunpyem BCEBO3MOXHbIE COBOKYMHOCTU CTPOK 3TOIA
q__
Tabnuusl, Noay4ns BCEro ok — 929—(

9+1) pazanyHbIx
Habopoe—kogoBbIx cnos. Ho

201
92!=(a+1) — r = 2" = maxt.
2q




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Kog Xammuura n =29 — 1, r = 1: kogoBoe paccrosiHue

Mpocymmunpyem BCEBO3MOXHbIE COBOKYMHOCTU CTPOK 3TOIA
q__

Tabnuuel, nonyume seero 28 = 22'~(@+1) paznuymix

Habopoe—kogoBbIx cnos. Ho

22‘1—1 on
= > = o = maxt.

927—(q+1)

Haligém KofoBoe paccTosiHie MOCTPOEHHOIO KOZAa.
Ecnn cymmunpyem

[lBe CTPOKM — B NeBol 4acTu byaeT ABe equHULBI, a B
npasoii — xoTsa 6bl ofHa,

He MeHee TPEx CTPOK — B NieBoli 4acTu byaeT He MeHee Tpex
eanHNLL,

T.e. BCerga p (&,B) > 3 = wapsbl pagnyca 1 c ueHTpamun B

nonyyeHHbIX Habopax He nepecekaoTcs.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
MomexoycToiiunsoe koguposaHue. Brokosoe koguposarue. Kogpl Xammunra

Kog, XaMmuura gnviel n =23 —1=7

CocTaBum Tabnuuy koga XaMMuHra anvHel 7,
Te.q=3,k=21—(¢+1)=4

1 0 0 01 1 O
01 0 0|1 0 1
0 01 00 1 1
0 0 0 1|1 1 1

CknagbiBasi no mod 2 Npon3BoOJIbHbIE COBOKYMHOCTU AaHHbIX 4-X
cTpok, nonyuyaem 16 = 27/(1 4 7) paznuuHbix GuHapHbIX Habopos,
KOTOPbIMU MOXXHO 3aKOANPOBaTb 16 coobuuyeHmii: Hanpumep,

10 u,mcbp}pasp,enmenb‘ = ‘ 4 ‘ — ] X |—




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
MomexoycToiiunsoe koguposaHue. Brokosoe koguposarue. Kogpl Xammunra

Kog, XaMmuura gnviel n =23 —1=7

CocTaBum Tabnuuy koga XaMMuHra anvHel 7,
Te.q=3,k=21—(¢+1)=4

1 0 0 01 1 O
01 0 0|1 0 1
0 01 00 1 1
0 0 0 1|1 1 1

CknagbiBasi no mod 2 Npon3BoOJIbHbIE COBOKYMHOCTU AaHHbIX 4-X
cTpok, nonyuyaem 16 = 27/(1 4 7) paznuuHbix GuHapHbIX Habopos,
KOTOPbIMU MOXXHO 3aKOANPOBaTb 16 coobuuyeHmii: Hanpumep,

10 u,mcbp}pasp,enmenb‘ = ‘ 4 ‘ — ] X |—

SBnsietcst nn kopom XeMmuHra TpusmansHbiii (3, 1)-kog?



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Cnyvaii n =23, r=3

B 3ToM cnyyae BepxHssi rpaHuULa HMCA BAOXKEHHbLIX LLIAPOB
pagnyca 3 B 23-MepHbIl eANHNYHBIA Kyb

223 223 223
—_ =22 = 4096

1+23+ 23222 i 23-262-21 ~ 2048 ~ oll

TakXe JOCTUraeTCss — UMeeM MJIOTHYIO YNAKOBKY, Kak 1 B paHee
PacCMOTPEHHbIX CNy4asiX.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

MomexoycToii4neoe koguposaHue. Bnokosoe koguposaHue. Kogel Xammunra

Cnyvaii n =23, r=3

B 3ToM cnyyae BepxHssi rpaHuULa HMCA BAOXKEHHbLIX LLIAPOB
pagnyca 3 B 23-MepHbIl eANHNYHBIA Kyb

223 223 223
—_ =22 = 4096

1+23+ B2 BRI~ 543 2l

TakXe JOCTUraeTCss — UMeeM MJIOTHYIO YNAKOBKY, Kak 1 B paHee
PacCMOTPEHHbIX CNy4asiX.

Opyrux nap (n, ), yAOBNETBOPSIOWMNX YCNOBUIO

2n

(g)+(q)+...+<jﬁ)

HEeM3BECTHO (@ eC/in TakoBbIE M €CTb, TO Y HUX M >> 1 1 TaKoii KOA
He NPeACTaBAsIET NPaKTUYECKOro MHTepeca).

— uenoe



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Paspen Il

@ [pynnoBsble (NMHeliHbIE) KOAbI



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Paspen Il




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
[pynnoBble (nuHeliHble) KOAbI

[pynnoBble koabl: onpeaesneHne

Bénblwas yacTe Teopnmn KOAMPOBaHUS NOCTPOEHA Ha T.H. JIMHENHbIX
WAW rpynnoBbix GNOKOBbIX Kogax, obpasytowux rpynny
OTHOCUTEJIbHO onepaunn .

VT1BepxgeHue

Ycroiiausas cosokynHocTs kogoseix cnos C' = {at, ..., a'}
obpasyeT rpynny Mo CAOKEHNIO OTHOCUTENLHO onepaLuy & .




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

[pynnoBble koabl: onpeaesneHne

Bénblwas yacTe Teopnmn KOAMPOBaHUS NOCTPOEHA Ha T.H. JIMHENHbIX
WAW rpynnoBbix GNOKOBbIX Kogax, obpasytowux rpynny
OTHOCUTEJIbHO onepaunn .

VT1BepxgeHue

VcToliunBasi CoBOKYNHOCTL KogoBbIx cnos C' = { al, ..., at }
0bpasyeT rpynmny rno CAOMKEHNIO OTHOCUTENLHO onepauny &.

JokasatenbcTBO

| \

VcToiumnBocTb: 415 mobbix KogoBbix cioB &, ol € C
BuimosHsETCI 0 B o =aF € C, 1 < k<t —

npeAnosaraeTcs,
AccoumnaTuBHOCTbL: CBOMCTBO onepaumn @ ;
~ .~ def ~
CywectsoBanne 0: a®a = (0,...,0) = 0;

MpoTBONONOXKHbLIE 3IEMEHTbI: —(& = (& — CM. BbILLE.

A\




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

CBOWCTBO KO4OBOr0 PacCTOSIHUSA JINHEWHOro Koaa

Teopema

Kogosoe paccrosiine d aunneriHoro koga C' pasHo

d = min p (&,8) = min |,
a#p 7#0

rge &, B u~ — kogosbie cioBa n3 C.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

CBOWCTBO KO4OBOr0 PacCTOSIHUSA JINHEWHOro Koaa

Kogosoe paccrosiine d aunneriHoro koga C' pasHo

d = min p (&,8) = min |,
a#p 770

rge a, 8 uy — kogosbie cioBa n3 C.

JokasaTenbcTBoO

[1751 npon3BosibHBIX KOFOBLIX C/IOB & 1 3 BCErAa CylecTBYeT ux

CyMMa — KOBOBOE CJIOBO 7Y: P (&,,6) = H& @ ,BH = |7

npuyem 5 £ 0 npu & # B

Ortctoga nony4aem oyeHky min p (&, B) > min |||
a#p 7#0

’

JTa oyeHka gocturaercs, Hanpumep, npyn 3 = 0.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Kog Xammudra —

— YaCTHbI cny4vaii 6JOKOBOrO rpynmnoBOro Koga — 3TO
(29—-1,27—(q+1) )-kop.

XapaKTepucTukym koga XaMMUHra:

@ Koposoe paccrosiHue d = 3, T.e. OH ucnpasasieT r = 1 ownbky;

20—1—¢
20—1

@ ckopocTb R = 5T
@ OCyLLECTBASIET MNOTHYIO ynakoBky — Kyb B2'~1 pasbusaetcs
_ 2" _ 929—(gq+1 _
Ha t= 23 =2 (a+1) \apoe paguyca = 1 ¢ ueHTpamu B
KOZOBbLIX C/IOBaX.
MnoTHyto ynakoBKy ocyulecTBasieT elwé Tonbko (23, 12 )-kog,

ucnpaeastowmii He MeHee 3-x ownbok.

Hukakue gpyrue koabl He obecneynBatoT NAOTHON YNaKOBKM LIAPOB
B €4MHUYHBIA Kyb.




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Jlnneiinblie 610kOBbIE KOAbI

{0,1}™ — n-mepHoe koopguMHaTHOE (JIMHENHOE) NPOCTPaHCTBO HAf
koHeuHbiM nosiem {0, 1}.

Onpepenexne

Baokosbiii (n, k)-kog C Ha3biBaeTCs JIMHENHBIM, €Cin OH obpasyeT
JINHEAHOE MOANPOCTPAHCTBO Pa3MEPHOCTU k KOOPANHATHOrO
npoctpaxcrea {0, 1}".




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

Jlnneiinblie 610kOBbIE KOAbI

{0,1}™ — n-mepHoe koopguMHaTHOE (JIMHENHOE) NPOCTPaHCTBO HAf
koHeuHbiM nosiem {0, 1}.

Onpepenexne

Baokosbiii (n, k)-kog C Ha3biBaeTCs JIMHENHBIM, €Cin OH obpasyeT
NVHEHOe NOANPOCTPaHCTEO Pa3MEPHOCTU Kk KOOPAMHATHOIO
npoctpaxcrea {0, 1}".

ITo 03HavaeT, 4TO B AuHelHoM koge C' —

CyMMa nobbIx KOAOOBbIX CJZIOB — KOOOBOE CJI0OBO,

i

o
@ kopoBoe paccTosiHne d = gnig 17
ye

© cywectsyet 6asuc us k BekTopos { go, g1, - - -, gk—1 | 1 Nt0bOIi
BekTOp v € C' MOXET BbITb NpeacTaBfieH Kak

k—1
v = Zulgz u; € {0,1}.

=0



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

DNIeMeHT JINHenHoro KOOa: MaTpu4dHoe npencrassieHune

v = uig; = Gu, rae Goxr = [90g1 -+ gr—1] —

— nopoxJjaroujasa MatpvLa Koga.



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

DNIeMeHT JINHenHoro KOOa: MaTpu4dHoe npencrassieHune

k-1
v => wgi = Gu, rae Gnxk = [gog1 --- Gr1] —
=0
— nopoxJjaroujasa MatpvLa Koga.

Mpumep (kop XamMuHra gnvHel n =7, k = 4)

PaHee bObina nosyyeHa Tabinua, CAOXKEHMEM MPOU3BOJIbHBIX CTPOK
koTopoii nonyyatotcs Bce 24 = 16 kogoBbIx cnos. MopoxaatoLas
MaTpuLa MOJTYHaeTCsl TPAHCMOHUPOBAHMEM 3TOl Tabauubl:

[1 0 0 0

Grxa =

O = = O OO
= O = O O =
= O O~ O
=== -=O O




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

JlnHeliHble 610KOBbLIE KOAbI: KOAMpPOBaHUe

KoauposaHue
u —— v=G3Gu
N36bITOYHOCTb

Ha NPaKTUKe yp,o6Ho ncnonb30BaThb

CUCTEMATUYECKOE KOAWPOBAHME, MPU KOTOPOM k BUT mMcxomHoOro
coobuyeHnst KonupytoTes B omkcupoBaHHble k 6GUT KofgoBoro coBa,
a 3aTEM BbIHUNCNAKTCA OCTaJIbHblE T — N — k NPOBEPOYHbIX 6V|T.

Bo3MOXHOCTL CUCTEMATNYECKOrO KOAUPOBAHNS OCHOBaHA Ha TOM,
yto MaTpuua G onpefeneHa C TOYHOCTBIO IO SKBUBANEHTHBIX
npeobpasosaHuii cTonbuos (nepexoq Kk apyromy basucy).

[Mpwn ero ncnonb3oBaHun 2-ii 3Tan AeKOAMPOBAHNA — yhajeHue
N3bbITOYHOCTN U — U — CTAHOBUTCSA TPUBUASBHbBIM.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

CucrtemaTuyeckoe KogvpoBaHue: npumMmep

MycTb nuHeliHbIl kOg 3agaH nopoxaatowein matpuuein G.

@ C nomoLbio 3KBUBANEHTHLIX Npeobpa3oBaHmii cTonbuoB
maTtpuua G MoXeT ObITb NpuBefeHa K Bugy, B kotopom (be3
noTtepn obwHOCT — nepBble) k CTPOK 0bpasytoT eguHNYHYO
nogmatpuuy I:

~ I
ank — ank = |:P k k:|
mx

o Torpa kogupoeaHne v = Gu bygeT cncTeMaTUyeCKUM:
nepeble k BUT KOAOBOrO CA0Ba ¥ SABAAKOTCA BUTAMM NCXOLHOrO
coobLieHns u.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

OpToroHanbHoe gonosiHeHWe K NoAnpOCTPaHCTBY KoAaa

Paznoxenne npoctpancrea {0, 1}" B npsimyto cymmy
NOANPOCTPAHCTB:

NPOCTPaAHCTBO ‘ {0,1} = C + C+
dim ‘ n k m=mn-—k

C+ — opToroHansHoe gononHeHue (NOANPOCTPAHCTED) K
nognpocTpaHcTey koga C, T.e.

V(veC,wECJ—) vl x w =0

CKansipHOe NponsBefeHne

(UT — TPaHCMOHMPOBAHHBI BEKTOP V).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

JluHeiiHble 610KOBbIE KOAbI: MPOBEpOYHas MaTpuua

Nycte { ho, ..., Apm—_1} € {0,1}"* — 6asuc C*. Torga maTpuua
T
hy
hi
Hpxn =
T
hm—l

Ha3blBaeTCs poBepoyHol matpuyeii kopa C.

ScHo, 4To
eVve(C (Hv =0);

@ MNpoBepoYHasi MaTpuULa onpefesieHa C TOYHOCTbIO 0
SKBUBAJIEHTHBIX Npeobpa3oBaHnii CTPOK.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

MocTpoeHue cncrtemaTnyeckoii NPOBEPOYHON MaTpPULbi

Ecnn 6nokosblii kog C' 3afiaH UCXOAHOR NOpOXAAtoLLER MaTpuLEei
G n noctpoeHa maTpuua

~ 1
ank = |:P b k:| ;
mX

To npoeepoyHoli maTtpuueli H koga C byget

Hyxn = [Proxk Inm)
(I v I, — epnHNYHbIE MaTpuubl nopsgkos k n m).
[eiictButensHo, B 3ToM cny4yae

Hv = HGu = (P + P)u = 0.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

JlnHenHblii cuctemaTuyeckuin 610KOBbIA KOA: 3agaHne

Takum obpasom, NuHeliHbIA Kog Afs coobuleHuii annHbl k nmeer
annHy n =k + m n 3apaércs

nmbo nopoxaatolleli maTpuuein pasmepa nxk,

nmbo NpoBEPOYHO MaTpuLeli pasmepa mXn.

OTu MaTpuLb

@ onpegeneHbl C TOYHOCTHIO JO SKBUBAJIEHTHbLIX NpeobpasoBaHuii
cToNBLOB 1 CTPOK COOTBETCTBEHHO, YTO COOTBETCTBYET
BLIGOPY pa3nyHbIX Basncos B npoctpancTeax C' n Ct,

@ 0fHaKO (PUKCMPOBaHME NO3ULNIA NHAPOPMALIMOHHBLIX BUT npu
CUCTEMATUYECKOM KOLMPOBAHNM 3a43ET MOPOXAAIOLLYIO U
NPOBEPOYHYIO MaTpULy OAHO3HAYHO.

VBenuyeHne m BeAET K YBENNYEHNIO KOLOBOIO paccTosiHus d u,
CNefoBaTENbHO, K YBEIMHEHNIO KOJIMYECTBA OWMOOK, KOTOpbIe
MOXET MCNpPaBnTb Ko (Kak KOHKPETHO — HUKTO HE 3HaeT).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
[pynnoBble (nuHeliHble) KOAbI

BoKoBbIVi NUMHENHBIW KOA: NpUMep KogupoBaHUs

[aHo: nunelinbiii 6nokosbili (6,3)-kog C' 3agaH nopoxaatoLeit
MaTpuLen

Gexz =

O R Rk = = O
== =0 O O
_— O = O = =

Tpebyetcs:
© c ucnonb30BaHMe JAHHOTO KOZA OCYLLECTBUTH (a)

HecucTemaTuyeckoe 1 (6) cmcTemaTnyeckoe KogMpoBaHMe
sektopos w1 = [0 1 1T nuy = [1 0 1]7;

© nocTponTb npoBepoyHyto MaTpuuy H koga;

0 onpenennTb KOAOBOE PaCCTOAHUE d.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

1(a). Hecucrematuyeckoe KoanpoBaHue Haxoanm
HENOCPEACTBEHHO:

[’01’02] = G x [ulug] =

O R R =) = O
== =0 OO
— O R O~
X
e )
=

O = OO = =

== O = O




MpuknagHas anrebpa

Kopgbl, ncnpaensitowyme owmnbk

n

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

1(6). [ins cnctemMaTyeCcKoro KOAMPOBAHNS C MOMOLLBIO
SKBUBAJIEHTHbIX NpeobpasosaHuii cTonbuos Bbigesum B MaTpuue G
efUHUYHYIO nogMaTpuuy pa3mepa 3X3 (Hag CTpenkoll ykasaHo
npoBoguUMOoe npeobpasosaHue Hag cTonbuamu):

O~ = = = O

=== O O O

O = O = =

1142
—_—

_— 0 O = = O

== -0 O O

_ o = O = =

B nocnepHeii matpuue B ctpokax (3, 5, 1) ctout eguHnyHas

nogmaTpuua.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

Haiigém cnctemaTiyeckoe KOAMpOBaHNE U1, Uo, NPU KOTOPOM
6utebl 1, 2, 3 ncxoaHoro cooblueHns nepexogat B butebl 3, 5, 1
KOLOBOrO C/I0Ba COOTBETCTBEHHO:

0 0 1 1 1
10 1 10
0 1
~ 1 0 0 0 1
[vivs] = G X [ugup] = 01 1|~ i (1) S0
010 1 0
11 1] 0 0

2. C y4eTOM eAuHUYHOR NoagMaTpuLbl B MOPOXAAIOLLER MaTpuLe
(G, HaxoguM npoBepoyHyto MaTpuuy H.

[ns storo copmupyem matpuuy Psy3 n3 ctpok GG, OTAUYHBIX OT
CTPOK C eAVHNYHOI NogMaTpuuei.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

1 01
Pz =10 1 1
1 11

[ns noctpoeHns npoeepoyHoii MaTpuubl H HyxHO

@ rnocnenoBaTeNbHO pa3MecTuTs ctonbusl P B 3-oM, 5-om 1

1-om eé cTonbuax cooTBETCTBEHHO,
@ ocTanbHble 2-0i, 4-bili n 6-0li cTonbubl H AOAXKHbI

0bpasoBbIBaTL €4UHNYHYIO NOAMATPULLY:

111 0 00
H3xg= |1 00 1 1 0
101 011



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

MpoBepuM, 4TO B pe3ynbTaTe KakK CUCTEMATUHECKOrO
kopmposaHusi 1(a), Tak n HecuctemaTnyeckoro 1(6) Bbiin
OeACTBUTENbHO HalijeHbl KOA4OBbLIE C/IOBA:

11 11

Ciaooa 1010
H x [vivpvijvs] = |1 0 0 1 1 0f x =
101 011 0001

1 110

01 0 0

0000

=10 0 0 O

00 0O



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BokoBbIVi NUMHENHbIW KOA: NpUMEp KOgUpPoBaHUS...

3. Haiigem kopoBoe pacctosiHue d, Aasi HEro NOCTPOUM MaTpuLly BCEX
28 =8 KOZOBbIX C/IOB U HalileM MUHWMAJIbHbIA HEHYIEBOW X3MMMUHIOB

BeC — d = 3: [v1 ...v8] = GX[up ... ug] =
[0 0 1]
18(1] 00001111
=1y 1 1| *[001 10011} =
01 0 01010101
1 1 1]
01 0 1 0 1 0 1]
01 01 1010Q0
100001111
uy, ..., ug — BCE 8 01101001
BO3MOXHBbIX COODLLeHNi 00111100
011001 1 0




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

JekogupoBaHue rpynnoBoro Koga: CUHAPOM

Onpepenernune

CUHAPOMOM MPUHATOrO CJI0BA W, 3aKOAUPOBAHHOMO IPYMMOBLIM
(n, k)-kOBOM 1, BOSMOXXHO, COAEPXKALLErO OLUNOKMN, HA30BEM BEKTOP
s = Hw € {0,1}™, rae H — npoBepoyHas matpuua, m = n — k.

CeolicTBa cuHgpoma:

@ s=Hw=H(v+e) = Hv + He = He, s € {0,1}";
@ s = 0 & w — KoJoOBOE CJIOBO;

@ BeKTOp oWNbOK € yAOBNETBOPSET CUCTEME JINHERHBIX
ypaBHeHuii H,,xne = s.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

BbiluncneHve BekTopa ownbok no cuHapomy

Pewenune otHocuTensHo BekTopa ownbok e CJTAY

(%)

Byaem nckaTb B Buge € = €+ Gu: nogctasnsis ero B (), noayHum

He + HGu = s,
N
=8 O
rae

@ € — NpoN3BOJILHOE YaCcTHOE pelueHne cuctemsl He = s;
@ U — NpPOU3BOJIbHbIA BEKTOP AJMUHbI k;

@ O — maTpuua Hyneii pasmepa m X k.

SAcHo, 4to Gu € {0,1}"™ — npon3sBoNbHOE peLLeHne OGHOPOAHON
cuctembl Hx = 0.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
[pynnoBble (nuHeliHble) KOAbI

pynnoBble kKoabl: 00LLas cxema AekogupoBaHUs

Mocne HaxoXAeHUst YaCTHOrO PELLEHUSt €, BCEBO3MOXHbIE

W1, ..., Ugr BAPUAHTBLI BXOAHOTO BekTopa AaayT 2F BapnanTos
BekTOpa € = € + Gu.

PeweHne ¢ HayMeHbLINM X3MMUHIOBBIM BECOM AAET WCKOMBbIi
BEKTOP OLLMOOK.

Mocne nonyyeHus BekTopa OWMOOK € AeKOZUPOBaHMe
OCYLLECTB/IAETCS MO NpaBuay v = w + e.

Cxema gekogupoBaHus:

s=Hw —— e=¢e+Gu —— v=w+e

w -~
He=s |le||—min

[nsi kaxporo 3 2™ cuHAPOMOB Heobxogumo nepebupats 2F
pewerunii ovepearoin CJTAY — anroputm gekoamposaHus
JINHENHOTO KOAA B OBLLEM C/ly4ae MMEET SKCMOHEHLMAbHYIO
TPYAOEMKOCTE 1 MO NaMATK, W MO YUCIY Oonepauuii.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

dexkoaupoBaHue nuHeiiHOro koga: npumep

Bo3bMém nuHeliHblii Kog N3 pacCMOTPEHHOrO paHee npuMepa.

Mycts ncxogmbiii sextop w = [0 1 1]7.

CVlCTeMaTI/IHeCKOG KOANPOBaHME O1A HEro 6b|J'|O NoJIy4€HO paHbLUE:
v=_[110010]".

MycTb npn nepepaye nponcxoauT owmnbka Bo BTopoMm bute, T.e.

npuHsATHIA BekTop w = [1 000 1 07,

Hexkoanposanue
1. Haiigém cnHapom npuHATOro cooblueHust w:

V)
I
=
g
|
= =
S O =
= o =
o = O
— = O
_ o o
X
O = O O O
|
S O =




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

dexkopupoBaHue nuHeiHOro koga: npumep...

2. Haxopum sce pewenns cuctemsl He = s = [1 0 0]7.

2.a Haxopum wacTHoe peluerue € 3Toii cuctemsl. MNockonbky B
cTonbuax 2,4, 6 nposepoyHoii maTpuusl H cTouT efnHnyHas
nogmaTpuua, BO3bMEM KoopanHaTel 1,3 n 5 BeKTOpa € HyNeBbIMU:
61283:€5ZOMT0FA332251:1,8428220,56:83:0,
Te.e=[010000]7.

2.a Bce pelwenns ogHopogHoli cuctemel yxe bbino HaligeHo
paHbLUE MPN BbIYUCAEHUN KOLOBOIO PaccTosiHus d:

01010101
010110710
000071111

Gxlur...us] =101 7 01 ¢ 01
00111100

0110011 0



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

[pynnoBble (nuHeliHble) KOAbI

dexkopupoBaHue nuHeiHOro koga: npumep...

Takum obpasom, Bce 8 peluennii cuctembl He = s 3anucbiBatoTcs
kak cymma sektopa € = [0 1 0 0 0 0] co Bcemn cTonbuyamu

mMaTpuubl G X [ug ... ug]:
[0 1.0 1 0 1 0 1]
101 00101
00001111
01 1010O01
00111100
01100110

Bbibrpaem cpegy HUX pelueHne C HAMMEHBLUMM BECOM — 3TO
nepebiii ctonbey e = (0100 0 0]7.

Otcopa @ =w +e = [1 100 1 0] n ncxopHoe coobierne v
BOCCTaHOBJIEHO.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
[pynnoBble (nuHeliHble) KOAbI

IpynnoBoe kogb! (n, k): pe3tome

@ KoanposaHune ocyulecTBASIETC 0COBEHHO MPOCTO: st 3TOro
HaZl0o YMHOXUNTb BEKTOP-COODLUEHNS1 HA MaTpuULy pasMepa
n x k.

(] ,D,eKO/J,VIpOBaHVIe TAKX€ 3HA4YUTENbHO YyNpPOLWaeTCA:

o B obuiem cnyyae Tpebyetcs nepebpats 2 pewennii CJTAY c
mMaTpuueil pasmepa m X n (m =n — k);

@ OCYLLECTBNAETCA C NOMOLbBIO JIEFKO BblHUCNAEMbIX CUHAPOMOB;

e 3Tan 2 npn CUCTEMATNHECKOM KOANPOBAHNWN BbIMOJIHAETCA
SQ1EMEHTAapPHO.
OpHako HECMOTPsI Ha YKa3aHHOE YNpOLLEHUNE, NMPOLLECC
[eKOANPOBAHNS OCTAETCsl BCE eLlé AOCTATOYHO TPYAOEMKUM:
OBLNIA aNropuTM MMEET SKCMOHEHLMATIBHYHO CIIOKHOCTL MO k.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Paspen Il

("] LlVIKﬂI/I‘-IECKVIe KOAbI



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Paspen Il




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckue kogbl: onpeaesieHve

Onpepenernune

Kon C' HasbIBaeTCA LMKANYECKMM, ECI OH UHBAapPUAHTEH
OTHOCUTENBHO UMNKINYECKNX COABUTOB, T.€. AN J1IO6OFO
0 < s <n—1 cnpaBegnnso

(o, ooy ap—1) € C = ((sy Qsg1y ooy A1, Qy - .., as—1) € C.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckue kogbl: onpeaesieHve

Onpepenernune

Kon C' HasbIBaeTCA LMKANYECKMM, ECI OH UHBAapPUAHTEH
OTHOCUTENBHO LMKJINYECKNX CABUIOB, T.€. ANs ntoboro
0 < s <n—1 cnpaBegnnso

(g, ooy ap—1) € C = (s, Qs1y -vny A1, QOy - .., as—1) € C',

PaHee paccmaTpusanock n bbino nokasaHo:

o B konbue Fplx]/(z™ — 1), paccmaTprnBaeMoM Kak anHeiiHoe
BEKTOPHOE MPOCTPAHCTBO Hag nonem [, umeercs 6asuc

{T,f, ...,x"—l}.

Lnknnyecknii caBur KOOpAMHAT B 3TOM Ha3uce paBHOCWIIEH
YMHOXEHMIO Ha .



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckue kogbl: onpeaesieHve

Onpepenernune

Kon C' HasbIBaeTCA LMKANYECKMM, ECI OH UHBAapPUAHTEH
OTHOCUTENBHO LMKJINYECKNX CABUIOB, T.€. ANs ntoboro
0 < s <n—1 cnpaBegnnso

(g, ooy ap—1) € C = (s, Qs1y -vny A1, QOy - .., as—1) € C',

PaHee paccmaTpusanock n bbino nokasaHo:

o B konbue Fplx]/(z™ — 1), paccmaTprnBaeMoM Kak anHeiiHoe
BEKTOPHOE MPOCTPAHCTBO Hag nonem [, umeercs 6asuc

{T,f, ...,x"—l}.

Lnknnyecknii caBur KOOpAMHAT B 3TOM Ha3uce paBHOCWIIEH
YMHOXEHMIO Ha .

o Teopema: Jlunerinoe nognpoctpancteo I C Fy[z]/(a™ — 1)
signsiercs: ynkamdeckum iff 1T < Fplz]/(z™ — 1).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

L',VIKJ'IVI‘-IeCKVIe KOAbl: nges noCcTtpoeHuns

MoaToMy MOCTPOUTL ABOMYHBIVE LNKANYECKUT KOZ MOXHO TaK:
© Bbibnpaem HekoTopblli genuTtens g(x) MHorodnena " + 1;

@ & konbue Fofx]/(z™ 4+ 1) obpasyem ngean (g(z)).

g(x) — nopoxgarowmii (0bpasyrowynii) MHOro4eH.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

L',VIKJ'IVI‘-IGCKVIE KOAbl: nges noCcTtpoeHuns

MoaToMy MOCTPOUTL ABOMYHBIVE LNKANYECKUT KOZ MOXHO TaK:
© Bbibnpaem HekoTopblli genuTtens g(x) MHorodnena " + 1;

@ & konbue Fofx]/(z™ 4+ 1) obpasyem ngean (g(z)).

g(x) — nopoxgarowmii (0bpasyrowynii) MHOro4eH.

OkasbiBaeTcs:

@ npu yaa4yHoMm Bbibope g(z) Ko3pDULMEHTEI MHOrOHIEHOB,
nprHagaexawumx 3Tomy ugeany, byayT gaBaTb XOpownii KOA;

@ eCTb TOJIbKO HECKOJIbKO KOHCTPYKLUMUIA LUKINYECKMX KOJOB
C XOpOoLWMMMN NapaMeTpamu;

@ BOMPOC O KOZOBOM PaCCTOSIHUMN MPOU3BOJILHOTO LMKINYECKOrO
KOAA Ype3BblHaliHO TPyAeH.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

JluHelHble uMkAn4eckne Kogbl

N3 Bcex nuHeiliHbix  Bnokosbix  (n, k)-kogos  bymem  panee
paccMaTpuBaTh Te, KOTOPbIE SABAAOTCA TAKXKE U LIVKINYECKNMU.

YCTaHOBMM COOTBETCTBIE BEKTOPA U KOOPAMHATHOTO MPOCTPAHCTBA
{0,1}" n nonnnoma v(z) € Falz]:

v = [v0, V1, ..., n_1]t = v(x) = voFviT+ ... F vz L

Torpa cBoOICTBO rNaBHOro uaeana nepedopMynnpyercs:
ans Kaxgoro (n, k)-umkandeckoro 6710K0BOrO KoAa HalgeTcs
nopoxaatownii nomHoM g() Takoid, 4To

© 55 nroboro Kogosoro cnosa v(x) cnpaBesIMBoO
npegcrasnerve v(x) = g(z)q(x), rae g(x) — HekoTOpbIiA
nonunom, degq(z) < k — 1;

Q degg(z)=m=n—k n g(x |x + 1.

Jioboli nonuHom, senstowmiica genutenem x™ + 1, saensercs
MOPOXAAOLWMM AN1S1 HEKOTOPOrO LMKJINYECKOTO KOAA AJINHBI M.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

L',VIKJ'IVI‘-IGCKVIE KOAbl: KOOonpoBaHue

MycTb 3agaH nopoxgatowmii nonuHom g(x) crenenn m =n — k —
3TO YMC/IO NPOBEPOYHbLIX BuToB y Byaywero koga C.
PaccMoTpM  BO3MOXHblE ~ METOAbI  MOCTPOEHWUS  JIMHERHbIX
UMKAnYeckux  (n, k)-kopoB,  KOGUPYIOLYMX — COOBLLEHMS—MONMHOM
u(x) cTenenn k — 1:

u(z) — v(z)

PesynbtaT — kogoBoe cnoso—noautom v(x) € C ctenenn n — 1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

L',VIKJ'IVI‘-IGCKVIE KOAbl: KOOonpoBaHue

MycTb 3agaH nopoxgatowmii nonuHom g(x) crenenn m =n — k —
3TO YMC/IO NPOBEPOYHbLIX BuToB y Byaywero koga C.
PaccMoTpM  BO3MOXHblE ~ METOAbI  MOCTPOEHWUS  JIMHERHbIX
UMKAnYeckux  (n, k)-kopoB,  KOGUPYIOLYMX — COOBLLEHMS—MONMHOM
u(x) cTenenn k — 1:

u(z) — v(z)

PesynbtaT — kogoBoe cnoso—noautom v(x) € C ctenenn n — 1.

HecucrtemaTuyeckoe KogmpoBaHue:
u(z) = v(x) = g(z)u(r)
B nopoxpgatowein matpuue Gpxr = [go-..gk—1] AaHHOro Koaa

BasncHble BEKTOPLI g; COOTBETCTBYIOT nosMHoMam x'g(x),
1=0,k—1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

L',VIKJ'IVI‘-IGCKVIG KO4bl: CUCTEMAaTU4HECKOEe KOognpoBaHUe...

CuctemaTunyeckoe KogMpoBaHme.
Obpasyem nonutom z™u(zx) (cTeneHn n — 1) n nogennm ero Ha
g(x) c octaTkoM:

2Mu(z) = g(x)q(z) + r(x) n degr(xz) <m.
Torpa z™u(z) + r(z) = g(z)q(x) € C.

N CUCTEMATUHECKOE KOANPOBAHNE MOXET 6bITh 3a4aHO KakK

u(z) = v(z) = 2Mu(r) +r(x), raer(r) =4 "u(r).

SicHO, 4TO nonuHOM v () UMeET B KpaiiHux npasbix no3uuusx (npw
cTapwmx creneHsx x) k koabdnuneHToB noanHoma u(x).

B nopoxgatowein matpuue Gpxi = [go-..gk—1] AaHHOro Koaa
BasmncHble BEKTOPbI g; COOTBETCTBYIOT nosmHoMam " + r;(z),
roe 7i(z) =gy 2™, i =0,k — 1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckuii kog: npumMep KogupoBaHUs

MycTb TpebyeTcs NOCTPOUTL ABOVNYHBIA LMKANYECKNIA KOL AJIVHBI
n=="1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

Unknnyeckuii kog: npumMep KogupoBaHUs

MycTb TpebyeTca NOCTPOUTL ABOUYHbIA LNKANYECKNT KOA ANMHBbI
n="r.
370 o3HavaeT, uTo pabotaem B konsue Flz]/ (27 + 1).

1. Haxogum pasnoxeHue noamHoma 27+ 1 Ha HeNnprUBOAVMbIE
MHOXUTENU.

Tak kak 7 = 23 — 1, To kopHamu z7 + 1 SBRAOTCS BCe HeHyneBble
aneMeHThbl nons B = Fg.

N3BecTHO, yTO:!

@ KaXKAblli MHOro4YsieH f Hafg KOHEYHbIM MOJIEM COLEPXKUT B
pacLUIMPEHNI STOrO MOt BMECTE C JIODbIM CBOVMM KOpHeM (3
2
TakKe CMeXHble KOpHU Buga (32, B2, .. .;

@ ecan f nNpuBOAMM, TO UMEETCS HECKOJIBKO CEpUIA TaKmx
CMEXHbIX KOpPHEi.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

MycTb @ — NPON3BOALHBIA NPUMUTUBHbIN 3aeMeHT nonsa F.
Torpa c ydetom o = 1 Haxogum pasbuenne kopHeii =7 4 1 (Bcex
anemeHToB F') Ha CMexHble Knacchl:

Takum 06pazom, MHorounen =7 + 1 MMeeT oAMH HeNpUBOANMBbIi
fenntenb 1-ii cTeneHn n gBa HeNPUBOANMBIX AennTens 3-ii CTeneHu.
B pesynbtaTte nonydaem pasnoxeHue

274+ 1 = (z+ D)@ +z+ 1) (23 + 22 +1).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

MycTb @ — NPON3BOALHBIA NPUMUTUBHbIN 3aeMeHT nonsa F.
Torpa c ydetom o = 1 Haxogum pasbuenne kopHeii =7 4 1 (Bcex
anemeHToB F') Ha CMexHble Knacchl:

2 4. (A3 A6 ABY. AT
(a7a7a)7 (a7a7a)7a 71
Takum 06pazom, MHorounen =7 + 1 MMeeT oAMH HeNpUBOANMBbIi
fenntenb 1-ii cTeneHn n gBa HeNPUBOANMBIX AennTens 3-ii CTeneHu.
B pesynbtaTte nonydaem pasnoxeHue

274+ 1 = (z+ D)@ +z+ 1) (23 + 22 +1).

2. Bbibupaem nopoxaatowmii nonmHom g(x).

MoxHo BbibpaTh stoboii genutens 27 +1 = Bbibepem

gx) =23 +2z+1, Torpam=degg(z) =3, k=n—m=4un
MOCTPOEH LuKandecknii (7, 4)-Kog.

Ero kogosoe paccTosiHue (T.e. CKOJIbKO OLUNOOK OH CMOXET
NCnpaBensTL) —



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

MycTb @ — NPON3BOALHBIA NPUMUTUBHbIN 3aeMeHT nonsa F.
Torpa c ydetom o = 1 Haxogum pasbuenne kopHeii =7 4 1 (Bcex
anemeHToB F') Ha CMexHble Knacchl:

2 4. (A3 A6 ABY. AT
(a7a7a)7 (a7a7a)7a 71
Takum 06pazom, MHorounen =7 + 1 MMeeT oAMH HeNpUBOANMBbIi
fenntenb 1-ii cTeneHn n gBa HeNPUBOANMBIX AennTens 3-ii CTeneHu.
B pesynbtaTte nonydaem pasnoxeHue

274+ 1 = (z+ D)@ +z+ 1) (23 + 22 +1).

2. Bbibupaem nopoxaatowmii nonmHom g(x).

MoxHo BbibpaTh stoboii genutens 27 +1 = Bbibepem

gx) =23 +2z+1, Torpam=degg(z) =3, k=n—m=4un
MOCTPOEH LuKandecknii (7, 4)-Kog.

Ero kogosoe paccTosiHue (T.e. CKOJIbKO OLUNOOK OH CMOXET
ncnpasnsTe) — bosbLIoii Bompoc...



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

3. Mpoeeaém kogmposanue nonuHoma u(x) = x° + 2.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

3. Mpoeeaém kopmposaHue nonuHoma u(x) = a3 + 2.
3.1. HecucremaTnyeckoe kofnpoBaHMe:
v(z) = u(x)g(z) = (P +22) (@3 +2+1) = 28 + 25 4+ 2% + 22

nin B BeKTOpHOM npeacTasnedun uw = [0011], v = [0010111].




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

Unknnyeckuii kog: npuMep KogMpPOBaHUS...

3. Mpoeeaém kopmposaHue nonuHoma u(x) = a3 + 2.
3.1. HecucremaTnyeckoe kofnpoBaHMe:
v(z) = u(x)g(z) = (P +22) (@3 +2+1) = 28 + 25 4+ 2% + 22

nin B BeKTOpHOM npeacTasnedun uw = [0011], v = [0010111].

3.2. Cucrematuyeckoe koguposatue. Haxogum octatok r(x) ot

feneHus MHorodneHa zou(x) Ha g(x):

a3+ 2?) =25 +2° = (B + 22+ )@+ 22+ 1) + o,
nostomy v(z) = u(z) +r(xr) = 2% +2° + 2

WA B BEKTOPHOM npeacTasiednn w = [0011], v = [0100011].

Mol BUAUM, 4TO BUTLI BXOGHOTO COODLLEHUS U BOCMPOU3BOASATCS B
KpaiiHMX NpaBbix BUTax KOAOBOro C/0Ba V.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

LUunknuyeckue Kopgbl: AekoaMpoBaHue

Onpepenernune

CuHgpomom npuHsiTOro noamHoMa w(x), 3aKoLMPOBAHHOTO
LMKInHeckuM (1, k)-KogoM C MOpOXAAOLMM NOSMHOMOM ¢(z) u,
BO3MOXHO, COAEPXKALLEro OLnbKM, Ha30BEM M0IMHOM

s(x) =4(2) w(x).

CeoiicTBa cuHapoma w(x):
0 0 < degs(z) < m=n-—k;
0 5(2) =g v(z) +e(r) =g(z) e(r) =pny1 w(x)h(z);
° s(z) = 0 & w(x) — kopoBOE CNOBO;

OnpegeneHue cuHapoMa A1 UMKJINYECKOrO KOAA, OHEBUAHO, €CTb
nepedpasnpoBka B TEPMUHAX MOJIMHOMOB CUHAPOMA AJist
rPYyNMoBbIX KOAOB.



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

Lnknuyeckne kogbl

LUunknuyeckue Kogbl: AeKOAMPOBaHME... N CBOWCTBA

[exkoanposaHune LUKANYECKOrO KOAA NPOXoauT no obuieli cxeme
[eKOANPOBaHUNS JIMHERHOrO Koga:

o
(2]

o

BbIYUCNSETCS CUHAPOM uweTes () npuHsToro cnosa w(x);

nweTcs pewenme cuctembl e(x) = s(x) + g(z)u(x) ana scex 2F
BO3MOXHbIX MOJMHOMOB () cTenenn k — 1;

NOJIMHOM OLLINBOK OonpeaendaeTCsa Kak peweHne ¢ MUHUManbHbIM
HYNCNOM HEHYNEBbIX CllaraeMblx;

BblYMCASIETCS nepepaHHoe coobuenne u(x) = w(z) + e(x).



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
Lnknuyeckne kogbl

Lluknuyeckue rpynnosoe kogbl (1, k): pesiome

(] LLI/IKﬂI/ILIeCKI/Ie KOAblI — NOoAKNaCC rpynnoBbIX.

o KogunpoBaHue Npon3BoguTCs C MOMOLLLIO MOPOXAALOLLErO
NoJINHOMaA, SABAAIOWNACA AennTesieMm MHorodneHa =™ + 1.
Mpu sToM:

© /15 3afaHNS LNKINYECKUX KOLOB AOCTAaTOYHO YKa3aTb
NOPOXKAAIOLLNIA NMOJNHOM;

o BbIOOp AenuTeNs, NOPOXKAAIOLWErO KOJ, C BOMbLLINM KOAOBbLIM
pacCTosiHMEM — CNOXHas 3ajavda.

o [lekopunpoBaHne OCYLLECTBASETCS C NOMOLLbLIO BbIHYUCASEMOrO
CMHAPOMA MPUHATOrO NOAMHOMA, B pe3yabTaTe:

@ BMECTO YMHOXEHUNS MaTpuL, Ha BekTopbl n pewerune CJTAY
(kak B nuHeliHbIX kogax oblero BuAa) ucnonbaytoTcs bonee
NPOCTble ONepPaLn YMHOXKEHNS NMOJIMHOMOB U UX OeNEHNs C
OCTaTKOM;

o ObWuKii anropnT™, OLHAKO, AEKOANPOBAHNS MO-MPEXKHEMY
VIMEET 3KCMOHEHLMAIbHYIO CIIOKHOCTL Mo k.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Paspen Il

@ Koabl BHX



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Paspen Il




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX — koabl anuubl n = 29 — 1

PaccmaTtpusaemblii ganee cnocob NocTpoeHnst «XOpoLLEro» Koaa,
NCMPaBASIIOLLEr0 « MHOTO» owubok npegnoxunu Pagx Yangpa
Boys un [ealigxengpa Kamap Peii-Hoyaxypu 8 1959 r. un
HesaBucumo Anekcuc XoksuHrem B 1960 r.

Onn HasbiBatoTCst kogamu boysa-Hoyaxypu-XoksuHrema nan
BE4YX-kogamu (BCH, Bose-Chaudhuri-Hocquenghem) — s70 knacc
LMKJIMHECKMX KOAOB, NCMPaBAsitoLnX KpaTHble (2 n bonee) ownbku.

TeopeTudecku kogbl BYX MoryT ucnpaensTe nponsBonbHoOe
KOJINYECTBO OLINDBOK, HO MpU 3TOM CYLLECTBEHHO YBENYUNBAETCS
AJIIHA KOAOBOro C/10Ba (4TO MPUBOAMT K YMEHBLLEHNIO CKOPOCTU
nepefiayun JaHHbIX W YCNOXKHEHMIO NPUEMHO-NEepeAatoLLei
annapaTypbi).

Kogbl XaMMrHra — 4acTHblii cnyyaii BYX-kopos.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CBoiicTBa MMHNUMAanNbHbLIX MHOTO4NeHOB ms(x) nons )

BcnomuHaem:
Q@ VB el (IMmpg(x)) n degmp(r) = n;
Q ecmn [y = Fylz]/ (a(x)), T0 ay, La(z )— M.M. A1 T;

Q@ f(B)=0 = f(x):mp(x);
Q mp(x) — HeNpUBOANMBIV MHOTFOUNEH.

B wactHoCTM, M.M. NnpuMUTMBHOrO (NOPOXAAtOLLEro) a1eMeHTa
Q. — reHepaTopa rpynnbl [FZ*) Ha3bIBAETCS MPUMUTUBHBIM
MHOIO4J1EHOM.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CBoiicTBa MMHNUMAanNbHbLIX MHOTO4NeHOB ms(x) nons )

BcnomuHaem:
Q@ vVpely (Mmg(x)) n degmp(z) =
Q ecmn [y = Fylz]/ (a(x)), T0 ay, La(z )— M.M. A1 T;

Q@ f(B)=0 = f(x):mp(x);
Q mp(x) — HeNpUBOANMBIV MHOTFOUNEH.

B wactHoCTM, M.M. NnpuMUTMBHOrO (NOPOXAAtOLLEro) a1eMeHTa
Q. — reHepaTopa rpynnbl [FZ*) Ha3bIBAETCS MPUMUTUBHBIM
MHOIO4J1EHOM.

N ewg: ecnm B — KOpeHb HEMPUBOAMMOrO MHOTO4JIEHA
o(x) € Fplx] cTenenn n, 1o

{B.p0.67, .. 87"}

— BCE N Pa3NNyHbIX (CMEXHbIX) KOpHel ().




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

LnknoToMmuyeckuini cCMexXHblii Knacc aneMmeHTa nons

Onpepenernune

Mycte n < N. UnknoTommyeckum CMeXHbIM K1aCCOM Hag, NOJEM
[, NOPOXAEHHBIM HEKOTOPbIM 3/IEMEHTOM (v € [Ff,v* Ha3blBaeTCs
MHOXECTBO BCEX Pa3JIMYHbIX 3JIEMEHTOB [Fi)v, ABNAOLUXCSA P"-bIMK

CTENEHAMN (x.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

LnknoToMmuyeckuini cCMexXHblii Knacc aneMmeHTa nons

Onpepenernune

Mycte n < N. UnknoTommyeckum CMeXHbIM K1aCCOM Hag, NOJEM
[, NOPOXAEHHBIM HEKOTOPbIM 3/IEMEHTOM (v € [Fi,v* Ha3blBaeTCs

MHO>XECTBO BCEX PA3J/INHHbIX 3JIEMEHTOB [F;{)V, ABNAKOLWLNXCA pn-bIMVI
CTENEHAMN (.

CBoiicTBa LMKNOTOMUYECKNX KJ1AaCCOB

@ LuknomaTtuyeckne Knaccbl CMEXHOCTN PasinyHbIX 3J1EMEHTOB
nmbo coenagatoT, AmMbo He nepecekaroTcs.
Takum 0bpa3oM, COBOKYMHOCTb BCEX LUKAOTOMUYECKNX
KJ1aCCOB 3JIEMEHTOB OIS [FZ])V obpasyet ero pasbuenune ero
MYJALTUMINKATUBHON FPynmbl.



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CBoiicTBa LMK/IOTOMNYECKUX KJ1aCCOB...

@ Ecnu o — npumuTtueHeiii anement [, @ =V, 1o
- N—-1
LMKIOTOMUYECKNIA Knacc {a, al, ..., al } Hajg nosaem

Fq, ¢ = p" copepxut N — 1 snemeHTOB [Fzg-

N
I'Ipmmepbl (pasnoervm MYJIbTUNJIMKATUBHbLIX rpynn ["_2 Ha

uuknoTommnyeckme knaccol Hapg [5)

Q@ n =1, N = 3: nyctb & — npumuTuBHbIi anemeHT nons F3, Toraa
paccMaTprBaEMOE Pa3/IoKeEHUNE eCcTb

{1}, {a, &% o}, {a?, o, a'? =ad).

@ n =2, N = 4: nycTb & — NpUMUTUBHbI 3nemeHT nons 3, Toraa
paccMaTprBaEMOe pPa3sIoKEHNE eCTb

{1}, {a, o}, {a%, %}, {a®, o},
{a5 }7 {alo }7 {a67 Ozg}, {a7’ a13 }7 {04117 a14}




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CBoiicTBa LMK/IOTOMNYECKUX KJ1aCCOB...

@ Ecim oo € 5 n m — MOLLHOCTL €ro LMKNOTOMUNYECKOro
Kflacca Hag HekoTopbiM noanonem « € F%, To noanHom

m—1
2! -1 —2
g(x) = H(x—i—a ) = 2T A2 T L i+ N
=0
ABASETC M.M. v (a TakKe [Jis1 BCEX SIEMEHTOB, BXOAALLNX B
€ro LMKIOTOMUYECKMI KN1ACC CMEXHOCTH).



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CBoiicTBa LMK/IOTOMNYECKUX KJ1aCCOB...

@ Ecim oo € 5 n m — MOLLHOCTL €ro LMKNOTOMUNYECKOro

Kflacca Hag HekoTopbiM noanonem « € F%, To noanHom
m—1 )

g@) = [J@+a®) = 2™ '+ A 0a™ 4.+ Az + Ao
i=0

ABASIETC M.M. o (@ TaKXKe ANsi BCEX S/IEMEHTOB, BXOAALNX B
€ro LMKIOTOMMUYECKNA K1ACC CMEXHOCTM).

OTCIOp,a BbIBOANTCA METOL NOCTPOEHNA MUHNMAJIBHOIO NOJIMHOMaA

ons

o

2]

3a4aHHOro 3JIEMEHTA NONA <.

onpenennTb 4Ncno m 3NEMEHTOB LNKITIOTOMUYECKOro
CMEXHOro KJjlaCCa 3JIEMEHTA «;

HalTV KO3PPULNEHTBI NONNHOMA M, () NyTEM
i . |+
NepeMHOXEHNA MHOroYNeHoB = + a ans Beex i = 0,m — 1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

CneunanbHble LUKANYECKUE KOAbl

Ecan pnuna yuknmyeckoro koga n = 29 — 1, To:

@ KOPHSMU MHOro4sieHa ™ + 1 ABNSIOTCA BCE HEeHyneBble
anemenTbl nons F4;

@ MOPOXKAAIOLMMI MHOFOUIEHAMI LINKANYECKOrO KOfa MOFyT
BbITb TONLKO MUHMMATIbHBIE MHOFOU/IEHbI A1l HEKOTOPOI
COBOKYNHOCTM 3nemenTos [ 3.

Takue kogbl:

1) SBASIOTCS MOAMHOXECTBOM LMKINHECKNX KOAOB, NMEIOLMM
YKa3aHHYIO yA0DHYO CBSA3b MEXAY NOPOXAAIOLNM
NONMHOMOM 1 3nemeHTamu u3 F;

2) y>e He MOTYT UMEeTb NPOU3BOJIbHbIE AnliHbl (n = 27 — 1).
Ectb cnocob oboiiTn 3To orpaHunyieHne — 1CMosb30BaHNE T.H.
yKopoueHHbix kogoB 54X, koTopble Mbl He paccmaTpuBaem.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

BYX-koabl: onpeaenerne

Myctb BbIbpaHbl napameTpbl g n d < n = 29 — 1. Kogom b4X
Ha3bIBAETCsl JIMHEIHBINA LUKINYeCKnii kog (cumBoanyeckn —

(n, k,d)-kog) ¢ KOLOBbIM paccTosiHneM d, B KOTOPOM
NOpOXAatoLWnii MHOroUNeH g(x), UMEOWNA CTeneHb m, SBASIETCA
MWUHUMAaJIbHBIM A1t HekoToporo asiemenTa « nons Flx]/ (a(z)),
dega(zx) =¢q, k=n—m.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

BYX-koabl: onpeaenerne

Myctb BbIbpaHbl napameTpbl g n d < n = 29 — 1. Kogom b4X
Ha3bIBAETCsl JIMHEIHBINA LUKINYeCKnii kog (cumBoanyeckn —

(n, k,d)-kog) c KogoBbIM paccTosiHneM d, B KOTOPOM
NOpOXAatoLWnii MHOroUNeH g(x), UMEOWNA CTeneHb m, SBASIETCA
MWUHUMAaJIbHBIM A1t HekoToporo asiemenTa « nons Flx]/ (a(z)),
dega(zx) =¢q, k=n—m.

Mopoxaatowmii MHorounex (n, k, d)-kopa g(x) crenenn m:

Q sBnsieTCca M.M. 415 3neMeHToB a, a2, o, ..., o™ ! nons FY,

KOTOpble HasbiBatoTcs Hyssmu bYX-koga;
@ = HOK (mq(x), my2(x), ...,mgm-1(x) ).

Mpn noctpoennn BYX-kopa aelicTBUTENBHOE KOAOBOE PacCTOsIHNE
MOXET MOJTy4nThCA Aaxe bonbluie BoibpaHHoro 3Havenus d (3a
CYéT ymeHbLluerus k).



MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: cungpombi

Mockonbky BCE KOAOBbLIE COBA LMKANYECKOrO KOAA AENATCA Ha
g(x), a g(x) — m.m. ans wyneit a, o2, ..., a®"! koga BYX C, 1o

v(r) €C & v(a') =0,i=1,d— 1.

Onpepenexue

CuHgpomamu npuHATOro noauHoMa w(x), 3aKOANPOBAHHOTO
BYX-kogom ¢ Hynamm o*, i = 1,d — 1 1, BO3MOXXHO, COAepXaLLero
ownbkM, Ha3oBEM 3HaueHnst w(x) B HyNsxX koga: s; = w(a’).

ScHo, uTo
«BCE CUHAPOMBI PaBHbI HytO» < w(T) — KOBOBOE CJOBO.
Onpegenerne cungpoma gns BY4X-koma, o4eBngHo, ecTtb

nepepasnpoBka B TEpPMUHAX HYNER KOAa MOAMHOMOB CUHAPOMA
ON1St LMKNYECKOrO KOAa.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

MocTpoeHue kogos BYX: npumep

Mycts ¢ = 3, T.e. cTpoum BYX-koabl ans nons F =F3 un = 7.
EOvHCTBEHHBIVE HENpUBOAUMBIA MHOro4vneH 3-ii ctenenn Hag o
ectb a(z) = 2% + 2 + 1. OH sBAsAETCA MUHUMATBHLIM ANS
HEKOTOPOro NMPVMUTUBHOIO 3EMEHTA (¥ MOJIS

F 2= Fafz]/(z3 + x4+ 1) u F* packnagbisaeTcs Ha cnegyiolime
uuknoToMunyeckue Hag [Fo knaceoi:

{1}’ {a? 0‘27 Oz4}, {O‘37 0‘67 a’ }



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

MocTpoeHue kogos BYX: npumep

Mycts ¢ = 3, T.e. cTpoum BYX-koabl ans nons F =F3 un = 7.
EOvHCTBEHHBIVE HENpUBOAUMBIA MHOro4vneH 3-ii ctenenn Hag o
ectb a(z) = 2% + 2 + 1. OH sBAsAETCA MUHUMATBHLIM ANS
HEKOTOPOro NMPVMUTUBHOIO 3EMEHTA (¥ MOJIS

F 2= Fafz]/(z3 + x4+ 1) u F* packnagbisaeTcs Ha cnegyiolime
uuknoToMunyeckue Hag [Fo knaceoi:

{1}’ {a? 0‘27 Oz4}, {O‘37 a6’ a’ }

1. Kog BYX, ucnpaensiowmii r = 1 ownbky (kog XammuHra).
Torpa d — 1 > 2r = 2 n nopoxgatownii NOANHOM ¢(Z) CTPOMM Kak
M.M. My (2) CTeneHn 3 ANs NPUMUTUBHLIX 3N1EMEHTOB o U &’ mons
F. Onu BXOAAT B OAVNH LMKIOTOMUYECKUIA KIACC CMEXHOCTHU, a
MOJINHOM, UMEIOLLNIA KOPHU U3 3TOrO Knacca ecTb a(z).

Takum obpasom, g(z) = a(z) = 23 +2+1,k=7-3 =4, nse
pesynbTate nonydaem (7,4, 3)-koa.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

MocTpoeHue kogos BYX: npumep...

2. Kog BYX, ncnpasastowuii He meHee © = 2 ownbOK.
Nmeem d — 1 > 2r = 4 = nopoxgatowyuii nonmHom g(x) crponm
Kak M.M. A1 IPUMUTUMBHBIX 31eMeHToB «, a2, o, o nons.
DTN 3/1eMeHTbI BXOAST B [1Ba LMKIOTOMUYECKMX KJlacca

CMEXHOCTU, NOPOXAaeMbIX &x N 043, cnepoBaTeNbHO

g9(x) = ma(x) - mas(z).
MonuHom mey(x) yxke Haiigen B n. 1: my(z) = 23 + 2 + 1.

Haiigem mM.m. ms(z):

mas(z) = (x4 a3)(z 4+ o) (z +a’) =

=23+ (@3 +a® + a2 + (@@ + o + o)z + o't



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

MocTpoeHue kogos BYX: npumep...

Boiuncium kosdduumenTsl m,s(x), ucnonbsys pasexctsa o’ = 1
ma® = a+1, TK. @ — NPUMUTUBHBI 3N1eMeHT nonis

Falz]/ (2® + z + 1):
B+’ +a® =a+1+(a+1)?+a?(a+l) =
=a+14+a’+14+a+a® =1,
A+l =’ +a+a' = +atala+1) =0,

at =1,

Takum obpasom, mys(z) = 22 + 22 +1 u

g(x) = ma(z) -ms(z) = (® +2+1)(@° +2° +1) =
= 242042t 42 42?241, degg(z) =6, k=7-6=1.
B pesynbtaTe noctpoen kog ¢ d = 7, 1.e. BYX (7,1, 7)-kog,

ncnpasnstowmii ¥ = 3 ownbKM 1 04EBUAHO, COLEpPXKaLLNii BCEro
ABa KogoBbix cioBa v1 = [0000000], vo = [1111111].



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

[OekopuposaHue koga Xammuura (n =27 — 1)

Kog XammuHra sinsietcs npocteiiwmm kogom BYX.

V Hero r =1, d = 3 1 No3TOMy HynsiMn Koaa XaMMUHra siBASIOTCS

an Oé2, roe o — I'IpI/IMVITVIBHbIVI SJIEMEHT nons [Fg



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

[OekopuposaHue koga Xammuura (n =27 — 1)

Kog XammuHra sinsietcs npocteiiwmm kogom BYX.
V Hero r =1, d = 3 1 No3TOMy HynsiMn Koaa XaMMUHra siBASIOTCS
o n a2, rae @ — NpUMUTMBHBIG 3nemeHT nons F.

[ns pekoanpoBaHUsi NPUHATOrO CoBa w(x) BbIYMC/ISIEM CUHAPOM

51 = w(a) (s2 = w(a?) = (w(a))? = s? — Ham He noTpebyetcs).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

Kogbl BYX

OexoauposaHue koga Xammunra (n =27 —1)

Kog XammuHra sinsietcs npocteiiwmm kogom BYX.
V Hero r =1, d = 3 1 No3TOMy HynsiMn Koaa XaMMUHra siBASIOTCS
o n a2, rae @ — NpUMUTMBHBIG 3nemeHT nons F.

[ns pekoanpoBaHUsi NPUHATOrO CoBa w(x) BbIYMC/ISIEM CUHAPOM

51 = w(a) (s2 = w(a?) = (w(a))? = s? — Ham He noTpebyetcs).

Ecnu
s1 =0, To owmnbkm He nponsowno n v(z) = w(x).

s1 # 0, To npu nepegaye NPoU3OLLIN OLWIMBKM.
Mpn epgnHnyHONM owmbke B j-0i NO3MLMM NOANHOM OLIMBOK
e(r) = 27, Torpa w(x) = v(x) + =7 n nosTomy ecnn
e 51 = a’, To j — UCKOMas NO3NLMSA OLINBKU;

e 51 # a’, 7 =0,n— 1, To npousowino 6osee ofHON OLWINGKM.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

OekogupoBaHne koga XammuHra: npumep

BepHémcsi k paHee paccmoTperHomy (7,4) kogy XammuHra B none
F3 = Folx]/(z+2+1).

IOns exogHoro nonuHoma u(zr) = 2% + 22 cuctematuueckoe
KoAMpoBaHue bbino yxe Haligero: v(z) = 2% + 2% + x.

MycTb npn ero nepegaye npomsowwna owmnbka B nosmuyum 5, T.e.
(HewssecTHBIN) nonnHoMm owmbok e(z) = x5 n npunsTo coobieHne
w(r) = 2%+ .

Ins pekognpoBaHusi HallgeM CUHLPOM

51 =w(a) = ab+a = (a3)?+a = (a+1)?+a = a’+a+1 # 0.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

DekogunpoBaHne koga XamMmMuHra: npumep...

Tenepb Boluncium of ans j =0,...,6 (T.e. Bce HeHyneBble
anemenTbl Fofz]/(23 + x + 1)):

=ala+1) = a2+a,

«
a

a

ad = a—+1,
a

o =ad*a+l) =at4+a® =’ +a+1=s,
a’ — MOXHO Y€ He BblYnCsTh!

OTcroga cnepyeT, 4To owmnbka NponsoLna B NO3NLUMA 5 U, TaKuM
obpasom, U(z) = w(x) +2° = 25+ 25+ 1 = v(x).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekognpoBaHue

MycTb npu nepepade coobuieHus, 3akoauposaHoro kogom BYX B
none F4 = Flz]/ (a(x)) npousowno v owmbok.

Torga e(z) = 2t + 272 + -+ + 2,

rae CTeneHu ji, ..., Jy, — NO3vuum owmnbok.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekognpoBaHue

MycTb npu nepepade coobuieHus, 3akoauposaHoro kogom BYX B
none F4 = Flz]/ (a(x)) npousowno v owmbok.

Torga e(z) = 2t + 272 + -+ + 2,

rae CTeneHu ji, ..., Jy, — NO3vuum owmnbok.

3anuwem pasencTBa s5; = w(al) = e(al), i = 1,2r kak cuctemy:

=alt + a2 + ...+ alv,
s2 = (a71)? + (a2)? + ... + (a?)?,



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekognpoBaHue

MycTb npu nepepade coobuieHus, 3akoauposaHoro kogom BYX B
none F4 = Flz]/ (a(x)) npousowno v owmbok.

Torga e(z) = 2t + 272 + -+ + 2,

rae CTeneHu ji, ..., Jy, — NO3vuum owmnbok.

3anuwem pasencTBa s5; = w(al) = e(al), i = 1,2r kak cuctemy:

51 = ol + o2 + ...+ odv,
s2 = (a71)? + (a2)? + ... + (a?)?,

JTioboe pewerne pgaHHoii cuctembl (Ji, ..., j, ) AN HEKOTOPOro
v < t BypeT nckombiM (Takoe peLueHne BCErAa CyLecTBYET 1

€ANHCTBEHHO, T.K. KOZ MO MOCTPOEHUIO CMocobeH MCnpaBasTh Ao ¢
owwmnbok).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

Beens obosHauenus ; = afi, i = 1, 2r, nepenuiiem cuctemy:

s1 =01+ B2+ ... + By,

sor = B2 4+ B3 + ...+ B

PaccmoTpum nosimHom okaTtopos owwnbok

12
o(z) = H(l-i-ﬂ,-x) =140+ 092® +---+0,2",
i=1

KOPHSIMU KOTOPOroO SIBASIOTCA BEJNYUHbI Bi_l = a7, i=1,2r



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

Beens obosHauenus ; = afi, i = 1, 2r, nepenuiiem cuctemy:

s1 =01+ B2+ ... + By,

sor = B2 4+ B3 + ...+ B

PaccmoTpum nosimHom okaTtopos owwnbok

12
o(z) = H(l-i-ﬂ,-x) =140+ 092® +---+0,2",
i=1

KOPHSIMU KOTOPOroO SIBASIOTCA BEJNYUHbI Bi_l = a7, i=1,2r

[ns npoaBUHYTLIX: 3TO NPON3BOASLYNUI MOSTNHOM.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

CesaAsb Mexay o u 3; onpegensiet Teopema Buera:

or=p1+ P2+ ... + By,

o2 = B1B2 + B2f3 + P1B3 + ... + Bu_1Bu,

o3 = > BiBiBis (2)
11<i2<13




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

CesaAsb Mexay o u 3; onpegensiet Teopema Buera:

or=p1+ P2+ ... + By,

o2 = B1B2 + B2f3 + P1B3 + ... + Bu_1Bu,

o5 =Y. BiBiBis (2)
11<i2<13

= BiBa.. By

BBeAéHHbIe CNCTEMbI 3a4al0T BENYUHBI CNHOAPOMOB 1"
KO3CbeVILI,VIeHTOB NOJIMHOMaA NNOKAaTOpPOB OLWNBOK COOTBETCTBEHHO
KaK 3Ha4Y€HNsA CUMMETPUYECKNX NOJIMHOMOB!

(1) — cymmsbl k-bix cTeneneli 3;, k = 1,2r;
(2) — anemeHTapHoro.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

CesaAsb Mexay o u 3; onpegensiet Teopema Buera:

or=p1+ P2+ ... + By,

o2 = B1B2 + B2f3 + P1B3 + ... + Bu_1Bu,

o5 =Y. BiBiBis (2)
11<i2<13

= BiBa.. By

BBeAéHHbIe CNCTEMbI 3a4al0T BENYUHBI CNHOAPOMOB 1"
KO3CbeVILI,VIeHTOB NOJIMHOMaA NNOKAaTOpPOB OLWNBOK COOTBETCTBEHHO
KaK 3Ha4Y€HNsA CUMMETPUYECKNX NOJIMHOMOB!

(1) — cymmsbl k-bix cTeneneli 3;, k = 1,2r;
(2) — anemeHTapHoro.

CooTHOLWEHNS MEXAY 3TVMU LBYMSI TUMAMU CUMMETPUYECKNX
NOJMHOMOB 3ajatoTcst ToxgecTsamu HeroToHa-XKupapa.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

B nsoununoii apudmeTunke Toxaectea Hetotona-Kupapa
3aMnUCbIBAOTCA Kak

s1+o01 =0,
s + o181 + 202 = 0,

s3 + 0189 + 0251 + 303 = 0,

Sy +o018,-1+ ... + o151 + vo, = 0,
Sy+1 + o018, + ... + 0p_189 + 0,51 = 0,
Sy+2 + 01Sp41 + ... + 0u-183 + ous2 = 0,
KntoyeBoe
......................................... ypaBHeHMe

Sor + 01827—1 + ... + Op_1S2r—pt1 + OuS2r— = 0.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

B nutepatype no kogam nocnegHue 2r — v + 1 ypaBHeHWi A faHHOM
CUCTEMbI MONYHNIN HAa3BAHWUE K/IHOYEBOrO YPaBHEHUST — OHO
asnsietcst CJTAY oTHocuTensHo o, ..., Oy.

PelueHne KN0HEBOro ypaBHEHNS MO3BOMAET HAlTW NONMHOM
NoKaTopoB owwnbok ().

[anee nonHbiM nepeboOpoM MOXHO HaiiTu BCe KOpHK o (), a no
HUM — NO3ULMM OWNBOK j;.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

B nutepatype no kogam nocnegHue 2r — v + 1 ypaBHeHWi A faHHOM
CUCTEMBI MONYYUAN HA3BAHUE KJIHOHYEBOIO YPABHEHUS — OHO
asnsietcst CJTAY oTHocuTensHo o, ..., Oy.

PeweHne knto4eBoro ypaBHeHMS NO3BOAET HAWTN NOJIMHOM
NoKaTopoB owwnbok ().

[anee nonHbiM nepeboOpoM MOXHO HaiiTu BCe KOpHK o (), a no
HUM — NO3ULMM OWNBOK j;.

OcHoBHasi TPYAHOCTb B PELLEHNUN KIIKOHEBOrO YPaBHEHWUSI COCTOUT B
TOM, YTO 3HAYEHUNE I/ HEU3BECTHO.

PaccmoTpum gBa Haubonee npocThix cnocoba pelleHunst KI4YeBoro
YPaBHEHUSI — WX HA3bIBAOT JEKOLEPAMMU.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

1. Jexogep PGZ (Peterson-Gorenstein-Zierler) —
COCTONT B NOCNEAOBATENBHOM PELLUEHNI KNHOYEBOrO YPABHEHNS NS

v =t t—1,... go Tex nop, noka matpuua odepegHoii CJ/TAV He
OKa)XKeTCsi HEBbIPOXKAEHHO (Npu nepexope ot ¢ k t — 1 nonaraem
o = 0)

2. [ekopep Ha baze paciumperHoro anroputma Esknnga
[lns HaxoXXAeHMst MOIMHOMA NIOKaTOPOB OWKUBOK o () N ero KOpHeii
BBELEM BCMNOMOraTeNbHbIA CUHAPOMHBINA MOJNHOM

s(z) = 1+ s12+ $9x% + ...+ sopa®”,

rae s; = w(at), i =1,...,2r — cCUHAPOMBI.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

1. Jexogep PGZ (Peterson-Gorenstein-Zierler) —
COCTONT B NOCNEAOBATENBHOM PELLUEHNI KNHOYEBOrO YPABHEHNS NS

v =t t—1,... go Tex nop, noka matpuua odepegHoii CJ/TAV He
OKa)XKeTCsi HEBbIPOXKAEHHO (Npu nepexope ot ¢ k t — 1 nonaraem
o = 0)

2. [ekopep Ha baze paciumperHoro anroputma Esknnga
[lns HaxoXXAeHMst MOIMHOMA NIOKaTOPOB OWKUBOK o () N ero KOpHeii
BBELEM BCMNOMOraTeNbHbIA CUHAPOMHBINA MOJNHOM

s(z) = 1+ s12+ $9x% + ...+ sopa®”,

rae s; = w(at), i =1,...,2r — cCUHAPOMBI.

[ns NpoaBMHYTBIX: 3TO TOXKE NPOU3BOASLLUY NOJVHOM.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

MepeMHOXNM NONMHOMBI — CUHAPOMHBIA 1 JIOKaTOPOB OLINBOK:
Mz) = s(z)o(x) = 1 4+ Mz 4+ Xz + ... + dopqz® ™,

U Y/ e
3neck \j = > 7 5i0j—; — K03hhULIMEHTLI ONpeaenstoTcs
COOTHOLLEHNEM NS NPOU3BEAEHNS MHOTOYIEHOB.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

MepeMHOXNM NONMHOMBI — CUHAPOMHBIA 1 JIOKaTOPOB OLINBOK:
Mz) = s(z)o(x) = 1 4+ Mz 4+ Xz + ... + dopqz® ™,

U Y/ e
3neck \j = > 7 5i0j—; — K03hhULIMEHTLI ONpeaenstoTcs
COOTHOLLEHNEM NS NPOU3BEAEHNS MHOTOYIEHOB.

nOCKOJ'Ibe oy = 1 kntoyeBoe YPaBHEHNE SKBUBANIEHTHO YC/NOBUIO
AV+1 = )\V+2 = ... = )\Qr = O, T.€.

AMz) = (1+/\11‘+)\2$2+...+/\ny) +

+ ()\2r+1$2r+1 + ...+ >\2T+Vx2r+u) .



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

MepeMHOXNM NONMHOMBI — CUHAPOMHBIA 1 JIOKaTOPOB OLINBOK:
Mz) = s(z)o(x) = 1 4+ Mz 4+ Xz + ... + dopqz® ™,

U Y/ e
3neck \j = > 7 5i0j—; — K03hhULIMEHTLI ONpeaenstoTcs
COOTHOLLEHNEM NS NPOU3BEAEHNS MHOTOYIEHOB.

nOCKOJ'Ibe oy = 1 kntoyeBoe YPaBHEHNE SKBUBANIEHTHO YC/NOBUIO
Ay+1 = )\V+2 = ... = )\Qr = O, T.€.

AMz) = (1+/\11‘+/\2$2+...+/\ny) +

2r+1 2
+ ()\2r+1l’ T+ + .ot Ao T—H/) .
PaccmoTpum ocTaTok oT genenns A(z) Ha 22"+, Scho, 4o

ANz) =port1 1+ Mz 4+ A2,



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

Taknm 0bpa3om, HeKOTOPLI MHOTOYAEH A(Z) N NOANHOM
NI0KaTOpOB OLWNOOK 0 () YAOBNETBOPSIOT YPaBHEHNIO

s(x)o(z) + 22 a(z) = Ax). (%)
(Hanomunatue: pabotaem B none F4 = Fz]/ (a(z)) ).

[anHoe ypaBHeHNe MOXeT BbITh PELLeHO C NOMOLLbIO
paclumperHoro anroputma Eeknuaa ans napbl MHOrouneHos
(¥ 1 s(x)) co coiicTBaMu:

@ YCNOBME OCTAHOBKN — CTEMeHb O4epeaHOro octatka < r;
@ KONNYECTBO (haKTUHECKM COBEPLUEHHBIX OWwnbok v = dego(x).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: pekoguposatue...

Taknm 0bpa3om, HeKOTOPLI MHOTOYAEH A(Z) N NOANHOM
NI0KaTOpOB OLWNOOK 0 () YAOBNETBOPSIOT YPaBHEHNIO

s(x)o(z) + 22 a(z) = Ax). (%)
(Hanomunatue: pabotaem B none F4 = Fz]/ (a(z)) ).

[anHoe ypaBHeHNe MOXeT BbITh PELLeHO C NOMOLLbIO
paclumperHoro anroputma Eeknuaa ans napbl MHOrouneHos
(¥ 1 s(x)) co coiicTBaMu:

@ yCnoBnE OCTAHOBKN — CTENEHb O4YEPEAHOro OCTaTKa <7

@ KONNYECTBO (haKTUHECKM COBEPLUEHHBIX OWwnbok v = dego(x).

3ameyvarue: Hanbonee ahdhekTUBHBIM AekoaepoM Kogoe BYX
apnsietca gekogep bepnekemna-Macen.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Kogbl BYX: obuias cxema aekogmpoBaHus

MycTb NpuHATO CNoBo w(x), SABASIOWEECS HEKOTOPBIM COODLLEHNEM,
3aKOANPOBaHHbBIM C nomoLbto koga BYX (n, k, d), n, Bo3MoxHO,
copepxatlee owmnbKu.

@ [ns cnosa w(x) Halitn Bce cunapomsl s; = w(at), i = 1,d — 1.

@ Haiitn noanHom nokatopos owmnbok o(z), NCnonb3ys TOT nUin
WHOI pJekoaep.

© Haiitn Bce kopHu o (x) NONHBIM NepebOPOM BCEX 7IEMEHTOB
nons Fd (ux 27 — 1 = n, T.e. anropuT™m AuHeiiHbIii NO N, Yero n
fobusanuc!); nycTb HaligenHble kopHu cyTb aft, ... ofv.

Q Haiitu nosnuyun ownbok j; =, —k;, i = 1,v.

© Wcnpaeutb owmnbku, nony4me cnoso
U(x) = w(x) + 2/t + ... a7,

O Haiitn Bce 3Havenus v(a’), i = 1,d — 1; ecnn He BCe oHU
paBHbl HY/IO, TO BbIAATb OTKa3 OT AEKOANPOBAHNS.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: npumep gekogupoBaHus

~

Paccmotpum none F3 = Faofz]/ (a(z)), rae a(z) = a2t +2+ 1, ns
Hém — (15,5,7)-kog BYX (3pecs r = 3).
MycTb paHo coobuienme [01101] < u(z) = z* + 22 + 2. MNpn
CMCTEMATUYECKOM KOAMPOBAHUM — OMYCTUM 3TOT 3Tan — KOAOBOE
C/I0BO
v(z) = e + P+t a4t 4+t o o
< [011110001001101]

(ybexxpaemcsi, 4To BUTbI COOBLLUEHUS HAXOAATCS B KpaliHe npasbIx
MO3MLMsIX KOLOBOrO C/OBA).

MycTs nonuHom ownbok  e(z) = 22+ 20+ 1
< [100000100000100],
TOrAa NpPUHSITOE CJIOBO —

w(z) = e+t +a8+ab -+t 23 +2? +2+1 & [HanuwuTe camul!].



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: npumep gekogupoBaHus...

Henynesbie anementsl nons Falz]/ (z* + 2 + 1):

ol |«

a? | o?

a’ | ad

ot a+1

ad | a? + «

ab | ad + a?

o’ o +a+1

o | a?2+1

o | &+«
a2 4+a+1
all | o + a? + «
a? | ad+a2+a+1
a® | ad4+a2+1
alt | o 41
al® |1




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
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Koabl BYX: npumep gekogupoBaHus...

1. Haiigém cuHapombl NS NPUHATOrO CNoOBa:

s1 = w(a) =
=ad+1+a+altat+al+1+ad+al+a+1+a’+
+al+a+1=aq,

53 = w(a?) = (w(@))® = o®,

s3 = w(a®) = a®+a®+a+a®+a?+a’+af+a’ +1 =
=a?+a+a+ad+a?+a+af+ad +1 =
=af+al+1=0a4a’4+a®+1=0a%+1= 0

s1 = w(a') = (w(a?))® = o',

s5 = w(@®) = a0+ +a+a o a5 +all 1o’ +1 =
:a10+a10+a10+1+a5+1+a10+a5+1: 1’

s6 = w(a®) = (w@*)? = @ +1)2 =a'+1 = a.

Takum obpasoM, CMHAPOMHBIN NOANHOM

s(z) = axb + 2% + at2t + B2 + o?2? + ax + 1.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: npumep gekogupoBaHus...

2. Bbibupaem pekonep Ha base paclumpeHHOro anroputma
Esknupa, n ncnonbsys ero pewaeMm ypasHeHue
27a(z) + s(x)o(x) = Mz):

War 0. 7 o(x) = 27,
r_1(z) = s(z) = axb + 2% + atzt + B3+
+a22? + az + 1,

LWar 1. x) = r_1(x)qo(x) + ro(z),

() = otz +al?,

ro(z) = o82% + al?zt + atlad + al3,
()

= y-o(z) +y-1(x)q(z) = q(z) = oz +a'?



MpuknagHas anrebpa
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Koabl BYX: npumep gekogupoBaHus...

War 2. r_i(z) = ro(z)q(z) + ri(x),

x
(z)
(x) = oMzt + o323 + 22 + alla,
(z) = y-1(z) + yo(z)q1(z) = a’2? + allz.
War 3. 7o(z) = r1(z)g2(x) + r2(x),
(r) = o',
(@) = o’z + a'?,
() = yo(x) + y1(2)q2(x) = az® + o’z + otz + ol

70 nocnepHuii war anroputma EBknmnga, T.K. Tekywymii octaTok
ro(x) umeet crenenb 1 < r = 3.
Takum 0bpa3oM, NONNHOM JIOKaTOPOB OLINBOK HaliaeH:

o(z) = ya(z) = az® + a®2? + otz + ol?

n v =dego(zr) = 3.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: npumep gekogupoBaHus...

3. Haiigém kopHu o(z) nonnbim nepebopom (a* = o+ 1):

a) =a'+a"+1+a"? = o?,
2

=d +a’+a+a® =P +a®+q,

(
o(a”)
o(@®) = o+ o +a?+a!? =0,
oe®) = aB®+a® 1 a® +al® = a2 41,
o(@®) = a+1+at+a®=a'
0@ = at+a’+a’ +ab® = ad+a?,
o@) =a"+at+ab+ab® = ad+1,
o(@®) =P +af+a"+a!? = 3 +a?+1,
0(0®) = a® +af +ad +al® = 0,
0@ = a+a®+a+a® = q,
o)y = a'+a?+a'%+a"® = o +q,
o@?) ="+t +alt ol =1,
o@®) = a%+a+a?+a® =a?+a+1,
@) = a® P a1 al® = a2 41,
(™)

=a+a®+a'+a® = 0.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
Kogbl BYX

Koabl BYX: npumep gekogupoBaHus...

4. TMo HalifeHHbIM KOPHAM Q°, @, '° BbIYMCAAEM NO3NLMAN
ownbok:

jl = -3 =15 12,
J2 = =9 =15 6,
j3 = —15 =15 0.

5. Otciopa e(z) = 12 + 2541,
U(z) = w(z) +e(x) =
=4t ¥ et o = o)
N KOLOBOE C/IOBO BOCCTaHOBIEHO.

6. Jlerko nposepsietcs, uto v(a) = v(a?) = ... = v(ab) = 0,
(T.e. BOCCTaHOB/IEHME BEPHOE).



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
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BYX (n, k,d)-kopbl: pestome

@ BYX-kogbl ABAAOTCA NOAKNACCOM LMKINYECKUX.

@ Ba)kHoe CBOWCTBO — BO3MOXKHOCTb NOCTPOEHNA KOAa C

3afaHHbIM KOAOBbLIM PaccTosiHneM d.
CeoiicTBO LeHHOE, T.K. B 0bliemM cnyyae onpeaenerune d —
OYeHb C/IOXKHas 3ajava.

@ KogunpoBaHue oCyLWECTBASETCS C MOMOLLbLIO MOPOXKAAIOLLErO
MOJIMHOMA, CTPOALLErOCS MO MPUMUTUBHBLIM 3JIEMEHTAM MOJIS.
[ns BeIbOpa MUHUMANBLHBIX MHOTOYJIEHOB MPU MOCTPOEHNN
BYX-kogoe cocTaBneHbl cneunansHble Tabanubl.

@ [lekogupoBaHue MOXeT ObiTb MPOBEAEHO C MOMOLLLIO
appekTuBHbIX anroputmos (Popru, Bepnekemna-Macen,
MuTtepcona-lopeHcTeiina-Unpnepa, EBknngos anroputm u

Ap.).
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Kopgpbl, ncnpaensitowyme ownbkmn
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Koabl Pupga—ConomoHa: obuine ceeaeHus

LLInpoko mcnonb3yembiM HacTHbIM criydaem kogos BYX asnsitotcs
kogbl Puga-Conomona (Reed-Solomon codes), kotopble
NO3BO/IAIOT UCMPABASATL MAKETbI OLIMOOK.

MakeT ownbok xapakTepusyercsi BekTopom owmnbok (1 — cumeon
ownboyeH, 0 — HET) Takux, YTO NEPBbIV N NOCAEAHUN U3 HUX
OT/INYHBI OT HYJSA.

Koabl Puga—Conomona:

@ HebuHapHble (B 4aCTHOCTW, OYeHb PaCMpPOCTPaHEHbI KOAb!
Puga—Conomona, paboTatowme c baitamn);

@ LIMPOKO UCMOB3YIOTCS B YCTPOlCTBaxX LudpoBoii 3anmcu
3BYKa, B TOM 4MCJIe HA KOMMAKT-AUCKMN.



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn
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Paspen Il

@ 3agaun
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3apaun

JIuHelitbli Kog 3afaH CBOEN NpoBEPOYHON MATPULE
001 1 11
H = 01 0110
111010

Tpebyetcsi nocTpouts nopoxaaroilyto matpuyy koga G gas
CUCTEMATUYECKOIO KOAUPOBAHWS, MPU KOTOPOM bUTBI NCXOAHOIO
coobuyeHns NepexoasT B MociaeaHne butbl KOAOBOro C/0Ba.
Havitn cuctemaTuyeckoe KoanposaHue AJisi BEKTOPOB

up = [110]7, ug = [101]7.
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3apaun

JIuHelitbli Kog 3afaH CBOEN NpoBEPOYHON MATPULE
001 1 11
H = 01 0110
111010

Tpebyetcsi nocTpouts nopoxaaroilyto matpuyy koga G gas
CUCTEMATUYECKOIO KOAUPOBAHWS, MPU KOTOPOM bUTBI NCXOAHOIO
coobuyeHns NepexoasT B MociaeaHne butbl KOAOBOro C/0Ba.
Havitn cuctemaTuyeckoe KoanposaHue AJisi BEKTOPOB

up = [110]7, ug = [101]7.
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Pewenne (TK-1 ...-1)

Mopoxaarowas matpuua koga G, obecnequsaroujas Tpebyemoe

P
CUCTEMATUHECKOE KOAUPOBAHNE, AOJIXHA NMETb BUJ [ .l rge Is —
3

eANHNYHas MaTpuya nopsgka pasmepa 3.
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Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Pewenne (TK-1 ...-1)

Mopoxaarowas matpuua koga G, obecnequsaroujas Tpebyemoe

CUCTEMATUHECKOE KOAUPOBAHNE, AOJIXHA NMETb BUJ [ I ] rge Is —
3

E€ANHWNYHAs MaTpuLa nopsgka pasmepa 3.

Takyto MaTpuLy MOXHO MOJYHYUTb, €CAU MPUBECTU MPOBEPOYHYIO
matpuyy H k sugy [13 P], T.€. C MOMOLYbK SKBUBAJIEHTHbIX
npeobpa3oBaHnii CTPOK BbIAEANTb B NEPBbLIX TPEX KOJOHKAX
EAVHUYHYIO MAaTpULy:

001111 111010
010110/ 2%]o101 1 o 2+
111010 001111
101100 100011
o101 101010110
001111 001111




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenve (TK-1 ...-2)

Tenepb MOXHO MOCTPOUTL TPebyemyto MOPOXAAIOLLYIO MATPULY U
ocyuecteutb koguposanne ans wi = [1 107, ug =[1 0 1]7:

OO = = = O
O R O = = =
_— O O = O =




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenve (TK-1 ...-2)

Tenepb MOXHO MOCTPOUTL TPebyemyto MOPOXAAIOLLYIO MATPULY U
ocyuecteutb koguposanne ans wi = [1 107, ug =[1 0 1]7:

[’01,’02] = GX [’U,l,’U,Q] =

O = = O O =

—_ O = O = =

OO = = = O
O R O = = =
_— O O = O =




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Lnknndecknii (9, 3)-koZ 3a4aH CBOUM MOPOXKAZAOLYAM MOTNHOMOM

g(z) =x® + 23+ 1.

Tpebyetcs onpeaennTs MUHUMAIbHOE PacCTOsHUE Koaa d, a Takxe
OCYLLIECTBUTL CUCTEMATUHECKOE KOAUPOBAHUE MOANHOMA

u(z) = z2 +z « [011].




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Lnknndecknii (9, 3)-kog 3a5aH CBOMM MOPOXAAIOLYNM [OSANHOMOM
g(z) =x® + 23+ 1.

Tpebyetcs onpeaennTs MUHUMAIbHOE PacCTOsHUE Koaa d, a Takxe
OCYLLIECTBUTL CUCTEMATUHECKOE KOAUPOBAHUE MOANHOMA

u(z) = z2 +z « [011].

Pewenne
Lns onpegenennss MUHUMAa/IbLHOrO KOZOBOrO PacCcTosiHNsS d Hangém

BCEé KO4oBbI€ MOJINHOMBbI:

v(z) = g(z)(az® + bz +c) = (@8 + 23+ 1)(az? + bz +¢) =
= ar®+ bz +cab +ax® + bat + ca® + ax’ + br+ ¢, a,b,c € Fo.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenve (TK-2 ...-2)

B BEKTOPHOM Buae€ BCE KOAOBbIE CJZI0OBA MNPEACTABJ/IAIOTCA KAaK

[a, b, ¢, a, b, c, a,b, c].

Cﬂe,qOBaTeﬂbHO, MUWUHWUMAaJIbHbIA X3MMWHIOB BEC HEHYJ1IEBOIrO
KOZOBOro C/ioBa paseH 3, T.e. d = 3.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenve (TK-2 ...-2)

B BEKTOPHOM Buae€ BCE KOAOBbIE CJZI0OBA MNPEACTABJ/IAIOTCA KAaK

[a, b, ¢, a, b, c, a,b, c].
CﬂeAOBaTeﬂbHO, MUWUHWUMAaJIbHbIA X3MMWHIOB BEC HEHYJ1IEBOIrO
KOZOBOro C/ioBa paseH 3, T.e. d = 3.
[MpoBogum cuctemaTnyeckoe KogmposaHme coobiyermns u(z):
v(z) = z%u(z )+7“( z) [=]
r(z) = g(z) x° ()Ex6+x3+1x8+x7:x5+x4+x2+x,
[=]2%+2"+2° + 2" +2° + 2 + [011011011]

u ybexkgaemcsi, 470 buTbl coobLyeHns HaXOASATCS B KPAHE MpPaBbIxX
Mo3nLNaX KoJoBOro C/0Ba.




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Paccmotpum kog XamMmuHra, Hojib KOTOPOro OnpenensieTcs
npumMuTuBHBIM 3nemenTom o € Falx]/ (23 + 2 +1).
TpebyeTcsi feKoANPOBATE MOJYHEHHBIN MOJNHOM

w(z) = 2" + 28 + 22+ 1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Paccmotpum ko XaMmuHra, Hojlb KOTOPOro OfnpeAesieTcs
npumMuTuBHBIM 3nemenTom o € Falx]/ (23 + 2 +1).
TpebyeTcsi feKoANPOBATE MOJYHEHHBIN MOJNHOM

w(z) = 2" + 28 + 22+ 1.

Pewwenue

Boruncanm cungpom ¢ y4érom o = o + 1:
s=wla) =a +a®+a?+1 =a(@®)?+ () +a?+1 =
= ala+1)?+(a+1)?+a?+1 = alc®+1)+a?+1+a?+1 =
=a+a=a+14+a =1




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Paccmotpum ko XaMmuHra, Hojlb KOTOPOro OfnpeAesieTcs
npumMuTuBHBIM 3nemenTom o € Falx]/ (23 + 2 +1).
TpebyeTcsi feKoANPOBATE MOJYHEHHBIN MOJNHOM

w(z) = 2" + 28 + 22+ 1.

Pewwenue

Boruncanm cungpom ¢ y4érom o = o + 1:
s=wla) =a +a®+a?+1 =a(@®)?+ () +a?+1 =
= ala+1)?+(a+1)?+a?+1 = alc®+1)+a?+1+a?+1 =
=a+a=a+14+a =1

Janee Heobxogumo HaiiTy nonuHom owmbok suga e(x) = x*

Takoli, 4To e(a) = s, T.e. HaiiTu Takoe k, 4To ok =1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Paccmotpum ko XaMmuHra, Hojlb KOTOPOro OfnpeAesieTcs
npumMuTuBHBIM 3nemenTom o € Falx]/ (23 + 2 +1).
TpebyeTcsi feKoANPOBATE MOJYHEHHBIN MOJNHOM

w(z) = 2" + 28 + 22+ 1.

Pewwenue

Boruncanm cungpom ¢ y4érom o = o + 1:
s=wla) =a +a®+a?+1 =a(@®)?+ () +a?+1 =
= ala+1)?+(a+1)?+a?+1 = alc®+1)+a?+1+a?+1 =
=a+a=a+14+a =1

Janee Heobxogumo HaiiTy nonuHom owmbok suga e(x) = x*
Takoli, 4To e(a) = s, T.e. HaiiTu Takoe k, 4To ok =1.

Ouesmngro, 4to k =0 = U(z) = w(z) +e(x) = 27 + 20 + 22




MpuknagHas anrebpa

Kopgpbl, ncnpaensitowyme ownbkmn

3apaun
(TK-4)
[ns koga BYX ¢ Hynsmu o', i =1,...,4, rge o — npuMUTUBHEIG

anement nons Fo[x]/(z* + x + 1), u npunsToro cnosa
w(z) = 214 + 210 + 25 + 2.

HarfTN MOJMHOM JI0KaTopoB ownbok o (x).




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

[ns koga BYX ¢ Hynsmu o', i =1,...,4, rge o — npuMUTUBHEIG
anement nons Fo[x]/(z* + x + 1), u npunsToro cnosa

w(z) = 214 + 210 + 25 + 2.

HarfTN MOJMHOM JI0KaTopoB ownbok o (x).

Pewwenue

| A

Lns yrobetea BbiyncaeHnii B nose [l-_é1 noctpoum Tabauyy
COOTBETCTBUI MEXAY CTENEHHBIM U MOJIMHOMUALHBIM
npeAcTaBAeHNEM 3/1IEMEHTOB MOJ14.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenne (TK-4

Q

Q O Q0 0 R0 QD0
© o N o ot w1

e e e
=W N = O

S L o Q0L D0
o




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenne (TK-4 ...-3)

C nomotbro 37100 Tabanibl BbIYUCIUM CUHAPOMBI:

s1 = w(a) =+ a9+’ +a = a,
s = w(a?) = (w(a))? = o',

s3 =w(d) =a2+14+14a'2 =0,
s4 = w(at) = (w(e?))? = o'




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenne (TK-4 ...-3)

C nomotbro 37100 Tabanibl BbIYUCIUM CUHAPOMBI:

s1 = w(a) =+ a9+’ +a = a,
s = w(a?) = (w(a))? = o',

s3 =w(d) =a2+14+14a'2 =0,
s4 = w(at) = (w(e?))? = o'

Cungpomubiii nonnHom — s(z) = aB3z* + a*z? + o’z + 1.
CuHapomoB Bcero Yetwipe, cieqoBaTenbHo, t = 2.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenne (TK-4 ...-3)

C nomotbro 37100 Tabanibl BbIYUCIUM CUHAPOMBI:

s1 = w(a) = a*+a® +a° +at = af,
s = w(a?) = (w(a))? = o',

s3 =w(d) =a2+14+14a'2 =0,
54 = w(a?) = (w(a?)? = o'’

Cungpomubiii nonnHom — s(z) = aB3z* + a*z? + o’z + 1.
CuHapomoB Bcero Yetwipe, cieqoBaTenbHo, t = 2.
lMonnHom nokatopos owmnbok o () SBASETCA peLIeHNEM ypaBHEHNS

¥ a(z) + s(z)o(x) = AMx), deg \(z) < t.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenve (T
27 la(z) + s(z)o(z) = Az), deg A\(z) < t)

Pewaem ¢ nomowybto paciumperHoro aaroputma Eskanga:
War 0. r_o(x) = x5, // Unuynannsayus

r_1(z) = a3zt 4+ o222 + o'z + 1,

y—2(x) =0

y—1(z) = 1.

r

War 1. r_s(x) = r—1(x)qo(z) + ro(z),

// Henum r_o(x) Ha r_1(x) ¢ ocTaTkom

qo(z) = oz,

ro(z) = az?® + a%2% + o?x,
Y(z) = y-a(z) — y-1(2)g0(z) = —qo(z) = o’z.
War 2. r_i(z) = ro(z)qi(x) + r1(x),
// Hennm r_1(x) Ha ro(x) ¢ ocTaTkom
q1(z) = o'z + ad,
ri(z) = aM2? +1,
v(@) = ya(@) —w@al) =
= 14 a?z(al?z 4+ a®) = o224 o’z + 1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Pewenne (TK-4 ...-5)

Takum O6pa3OM, WCKOMBbII MOJINHOM JIOKaToOpPOB olnbok

o(z) = aM2? + o'z + 1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Paccmotpum kog BYX, Hyim koToporo onpenensitoTcsi cTeneHsiMmu
, rge o — npumuTusHbiii snement nons Fo[z]/(zt + x + 1).
[lycTb A1 HEKOTOPOro MPUHSITOro ¢10Ba w(x) MOJMHOM JIOKATOPOB
ownbok o(x) = o?z? + oz + 1.

Tpebyetcsi onpegennts nosuyum owmnbok B w(x).




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Paccmotpum kog BYX, Hyim koToporo onpenensitoTcsi cTeneHsiMmu
, rge o — npumuTusHbiii snement nons Fo[z]/(zt + x + 1).
[lycTb A1 HEKOTOPOro MPUHSITOro ¢10Ba w(x) MOJMHOM JIOKATOPOB
ownbok o(x) = o?z? + oz + 1.

Tpebyetcsi onpegennts nosuyum owmnbok B w(x).

Pewwenune

Hariném kopHu nonanHoma s10kaTopos oLmnbOK MoJIHLIM nepebopom.
Lns Boiuncnennii byaem nosb308aTbCs Tabavyei cOoTBETCTBUI
MeXXAy CTENeHHbIM U MOJIMHOMUNAJIbHLIM MPEACTABIEHNEM
3/IEMEHTOB M0J1s, BbIYUCAEHHON B npeabigyLyeii 3agade TK-4.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

oz2—|—a+1,
:a3—|—a2—|—1,
=ad+a+1 =0,
®+14+1=0ad?+aq,

)




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
3apaun

Pewenne (TK-5

Oéll

0412

(@)
(@) =
U(QIS)
(a')
(@)

0415

.-2)

= o’ —|—a +1 =04+’ +a+1,

—|—a +1
a13—|—0z4+1

o+ a+1,

—a3+a2—|—a+1,
=14+a°+1 =0+,

=a’4+a%+1=0a%+1.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Pewenne (TK-5 ...-2)

11

=ad+a?+1 =+ +a+1,

ola™)

o@?) =a'+ad+1 =a?+a+1,
cl@®) =aB¥+ot+1 = +2+a+1,
o) =14+a5+1=0a’+aq,

c@®) =a?+af+1=0a>+1.

3ameTum, 4TO MOAMHOM STOKaTOPOB OWNbOK o () ABASETCS
MOJINHOMOM Ha/J MoJyiemM I].‘421 I703TOM_)/ 34€Cb HE BbINOJIHAETCA
cgoricto o(a?) = (o(a))?.




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

3apaun

Pewenne (TK-5 ...-2)

@ =+’ +1 =+’ +a+1,
(@?) =a'+ad3+1 =a?+a+1,
cl@®) =aB¥+ot+1 = +2+a+1,
(@) =1+a°+1 = a?+aq,

(@®) =a?+a®+1=0a®+1.

3ameTum, 4TO MOAMHOM STOKaTOPOB OWNbOK o () ABASETCS
nonuHomom Hag nonem 3. [losTomy 34eck He BbIMONHSAETCS
cgoricto o(a?) = (o(a))?.

ObpaTHbie sn1eMeHTbI A5 0OHAPY)KEHHBIX KOPHEN
cootsercteenHo, o'’ u a’.

OTCfO,qa noJsiy4aem, 4T1o noJinHom owmnbok ecTb

e(xr) = 20+ 27,

> u o pasHbl,




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

YTto Hapgo 3HaTH

Paspen |

9 Kogbl, ucnpasnsiowme owinbkn



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

YTto Hapgo 3HaTH

Paspen Il

@ Y70 Hapmo 3HaTh



MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn

YTto Hapgo 3HaTH

Paspen Il




MpuknagHas anrebpa
Kopgpbl, ncnpaensitowyme ownbkmn
YTto Hapgo 3HaTH

3afaun NoCTPOEHUst KOAOB, UCMPaBASOWMNX OWNOKN.
OCHOBHbIE MOHSATUSI METPUKU Ha EAVHUYHOM Kybe.

@ [pynnoBble Kogbl: onpeaeneHne, NOCTPOEHUE, CBOWCTBA.
KonoBoe paccTosiHue.

Teopema XammuHra. [Mpumep noctpoeHust koga XaMMUHra.

o Lnknnyeckne kogbl: onpegeneHne, KogupoeaHue un
LeKoanpoBaHMe, CBOMCTRA.

Koabl BYX: onpeaeneHune noctpoeHne KogoB 1 UX CBOWCTBA.

LlnknoTommyeckmne knaccol: onpegesieHne, UCnosib30BaHne npu
nekogumposanun BYX-kogos.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Paspen |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Paspen Il

© Teopus nepeuncnenus Moiia

@ [leiicTBue rpynnbl Ha MHOXeCTBe



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Paspen Il




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiicTBue rpynnbl HAa MHOXXeCTBe: ABa onpeaesieHns

o [pynna G = (G, o, ¢), |G| = n.
@ Muoxecteo T, |T| = N.

e Bij(T) — mHoxecTo Bcex buekyuli (nepectaHoBoK)
anemeHToB T.
o Symm(T) — cummeTpuyeckas rpynna mHoxectsa 1

Symm(T) = (Bij(T), x, 1),



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiicTBue rpynnbl HAa MHOXXeCTBe: ABa onpeaesieHns

o [pynna G = (G, o, ¢), |G| = n.
@ Muoxecteo T, |T| = N.

e Bij(T) — mHoxecTo Bcex buekyuli (nepectaHoBoK)
anemeHToB T.
o Symm(T) — cummeTpuyeckas rpynna mHoxectsa 1

Symm(T) = (Bij(T), x, 1),

Onpepenexne (1)

a € Hom (G, Symm(T) ).

Hevictene « rpynnbl G Ha MHOXecTBe 11 CUMBOSIMYECKN —
G:T.

(e}



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiicTtBue rpynnbl HAa MHOXXeCTBe: Ba ONpeaesieHuns. ..

Onpegenexue (2)

e G x G > G — rpynnosas onepauus;

*
G x T — T — HoBasl onepauus.
AKcnombl gns onepauuii:

@ ext =t
@ (goh)xt = hx(gxt).

3anuck onepauum *x: g(t) = t’.

Akcnombr: e(t) =t u (goh)(t) = h(g(t)).

T.e. anemenTbl g rpynnel G nopoXpatoT nepectaHosku Ha T,
obnagatowyne BbllLeyKa3aHHbIMI CBOCTBaMN.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiictBue rpynnbl HA MHOXXecCTBe

Puc. 2. K onpegeneruio AeAiCTBIAS MPyNNbl HA MHOXeCTBe



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
HeiicTBue rpynnel Ha MHOXXecTBe

Ona paHHOW nepecTaHoOBKU g:

Beeném oTHolleHne skBUBaNeHTHOCTU ~, Ha 1T —

trogt! Elk:(gk(t) - t’).

o CMe)KHbIe KJ1aCCbl 9KBUBANEHTHOCTN ~g Ha3blBAOT
g-ynkiaamu.

@ Yuncno Bcex cmexHbIx knaccos obosnauum C(g).

o Konuyectea umknos gnuubl 1, 2, ..., N obosHavatoT
Vi, V2, oo, N wm vi(g), va(g), ..., vn(9).

@ VnopsifoHEHHYO COBOKYMHOCTb KOJIMYECTB LMKIIOB
(v1, V2, ..., UN ) Ha3bIBAIOT TUMNOM MEPECTAHOBKU ¢ W
oboszHauvatot Type(g).

N N
MownsiTHo, uto C(g9) = > vk(g9) m > k-vi(g) = N.
k=1 k=1



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Twn nepectaHoBku: npumep

Mycte

Torpa

Type(g) = (2,1,2,0,...,0),
Clg)=2+14+2=5 |T|=2-1+1-242-3 = 10.



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

[MelicTBue rpynnel Ha MHOXXecTBe

MNnaTtoHoBLI Tena — npasuJjibHble 3-x MepHble MHOrorpaHHuKu

ST0 TeTpasap

A 370 — KybuK

OkTasgp gBolcTBEHEH KYDY



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

284 / 465

MNnaTtoHoBLI Tena — npasuJjibHble 3-x MepHble MHOrorpaHHuKu

[MnaToHoBBLI Tena

[pynna cummeTpun

Mopsaok rpynnbi

TeTpasgp
Ky 1 okTasap
MKOCasap U LOAEKAdAP

T TeTpasgpa
O okTasapa
Y wnkocasgpa

4.3 =12
8-3 =24
125 = 60

OkTasgp

Nkocasap

Honekasap



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

T — rpynna BpalleHus TeTpasgpa

T = (t, f), 3= f?=e¢, rne:

< . t — BpalyeHune Ha 120° Bokpyr ocwm,
NpoxoAsiLLe Yyepes BepLUNHY
n ueHTp TeTpasgpa (A—A);

O Takux oceii 4.
f — BpaweHnue Ha 180° Bokpyr ocw,
NpoXoAsiLleli Yepes LEeHTPbl ABYX
npoTusononoxHsix pébep (C—0);
Takux oceii 3.

IT| =2-441-34+1 = 12.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

[Oevicteue T Ha rpavu (Man BepwuHbl) TETpasgpa: TUnb
nepecTaHOBOK

< O : Type(t) = Type(t*) = (1,0,1,0);
A Type(f) = (0,2,0,0).

IT| =2-441-34+1 = 12.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

[Oevicteue T Ha rpavu (Man BepwuHbl) TETpasgpa: TUnb
nepecTaHOBOK

< O : Type(t) = Type(t*) = (1,0,1,0);
A Type(f) = (0,2,0,0).

IT| =2-441-34+1 = 12.

TeTpasgp ABOICTBEHEH camoMy cebe =
JeliCTBNE HA FpaHnm =
[OeCTBME HA BepPLUUHBI.




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia
HeiicTBue rpynnel Ha MHOXXecTBe

O — rpynna BpalieHus Kyba

O = (t, f,r),t*=f>=r3=c¢, rne

t — BpaweHune Ha 90° Bokpyr ocwm,
npoxoasileli yepes cepeauHbl ABYX
NPOTMBONONOXKHbIX rpaxeil (O—0),
f — Bpawenmne Ha 180° Bokpyr ocwu,
npoxoasileli yepes cepeauHbl ABYX
MPOTUBOMONOXHbIX pebep (0—o),

r — BpauieHue Ha 120° Bokpyr ocwu,
npoxofsieii Yepes ABe NPOTMBOMNOIOKHbIE
Bepwntbl (A—A)

Ckonbko ocen kaxaoro Tuna?



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia
HeiicTBue rpynnel Ha MHOXXecTBe

O — rpynna BpalieHus Kyba

O = (t, f,r),t*=f>=r3=c¢, rne

t — BpaweHune Ha 90° Bokpyr ocwm,
npoxoasileli yepes cepeauHbl ABYX
NPOTMBONONOXKHbIX rpaxeil (O—0),
f — Bpawenmne Ha 180° Bokpyr ocwu,
npoxoasileli yepes cepeauHbl ABYX
MPOTUBOMONOXHbIX pebep (0—o),

r — BpauieHue Ha 120° Bokpyr ocwu,
npoxofsieii Yepes ABe NPOTMBOMNOIOKHbIE
Bepwntbl (A—A)

Ckonbko oceii kaxgoro Tuna? 3, 6 1 4 COOTBETCTBEHHO.

0] =3-3+1-6+2-441 = 24.



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Oeiicteue O Ha BepluunHbl KyDa: TUNbl NepecTaHOBOK

O : Type(t) = Type(t?) =
=(0,0,0,2,0,...),
Type(t*) = (0,4,0,...);

o: Type(f) =(0,4,0,...);

A: Type(r) = Type(r?) = (2,0,2,0,...).




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Mo Bceii rpynne G:

OTHoweHne 3KBUBaANEHTHOCTN ~g Ha T —

Knaccbl 3Toii 5KBUBaNIEHTHOCTU Ha3bIBAlOT OpbuUTamuy.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Mo Bceii rpynne G:

OTHoweHne 3KBUBaANEHTHOCTN ~g Ha T —

Knaccbl 3Toii 5KBUBaNIEHTHOCTU Ha3bIBAlOT OpbuUTamuy.

Yucno opbut (knaccos skeusaneHtHoctn) — C(G).



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Mo Bceii rpynne G:

OTHoweHne 3KBUBaANEHTHOCTN ~g Ha T —

Knaccbl 3Toii 5KBUBaNIEHTHOCTU Ha3bIBAlOT OpbuUTamuy.

Yucno opbut (knaccos skeusaneHtHoctn) — C(G).

Ecim C(G) = 1 (noboit anemeHt T MOXeT ObITb NepeBeféH B

ntoboit), To peiicteue G : T Ha3bIBAIOT TPAH3UTUBHBIM.
«

Knacc 5KBMBaNEHTHOCTU, B KOTOPYIO MOMAAJAET 3MeMeHT ¢ Dyaem
obosnaqate Orb (7).



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

®ukcatop n crabunusartop. Jlemma BépHcaiiga

Mpy BLINOMHEHUN 3TOrO PaBEHCTBA MOXHO (DUKCMPOBATL ¢ UM g.

© Dukcupyem g, T.e. HaxXOANWM BCE 3/EMEHTbLI MHOXeCTBa 1,
KOTOpblE MEPECTaHOBKA ¢ OCTABASiET Ha MecTe (cpukcaTop):

{(teT|g(t) =t} ¥ Fix(g) C T.



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

®ukcatop n crabunusartop. Jlemma BépHcaiiga

Mpy BLINOMHEHUN 3TOrO PaBEHCTBA MOXHO (DUKCMPOBATL ¢ UM g.

© Dukcupyem g, T.e. HaxXOANWM BCE 3/EMEHTbLI MHOXeCTBa 1,
KOTOpblE MEPECTaHOBKA ¢ OCTABASiET Ha MecTe (cpukcaTop):
def .
{teT|gt) =t} = Fix(g) € T.
@ ODukcupyem t, T.e. HaxoANM BCe MEPECTAHOBKU ¢, KOTOpbIe
OCTaBJISIIOT [AHHbIA S7IEMEHT HEMOABUKHbIM (cTabuanzatop):

{geGlgt) =t} ¥ Stab(t) C G.



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

®ukcatop n crabunusartop. Jlemma BépHcaiiga

Mpy BLINOMHEHUN 3TOrO PaBEHCTBA MOXHO (DUKCMPOBATL ¢ UM g.

© Dukcupyem g, T.e. HaxXOANWM BCE 3/EMEHTbLI MHOXeCTBa 1,
KOTOpblE MEPECTaHOBKA ¢ OCTABASiET Ha MecTe (cpukcaTop):

{(teT|g(t) =t} ¥ Fix(g) C T.

©Q Dukcupyem t, T.e. HAXOAUM BCE MEPECTAHOBKU ¢, KOTOpbIE
OCTaBJISIIOT [AHHbIA S7IEMEHT HEMOABUKHbIM (cTabuanzatop):

{geG|lgt) =t} ¥ stab(t) C G.
CI'IpaBe,EI,ﬂI/IBbI PaBEHCTBA

C(G G’Z’leg‘ |G|Z’Stab(t)

geG teT




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

®ukcatop n crabunusartop. Jlemma BépHcaiiga

Mpy BLINOMHEHUN 3TOrO PaBEHCTBA MOXHO (DUKCMPOBATL ¢ UM g.

© Dukcupyem g, T.e. HaxXOANWM BCE 3/EMEHTbLI MHOXeCTBa 1,
KOTOpblE MEPECTaHOBKA ¢ OCTABASiET Ha MecTe (cpukcaTop):

{(teT|g(t) =t} ¥ Fix(g) C T.

©Q Dukcupyem t, T.e. HAXOAUM BCE MEPECTAHOBKU ¢, KOTOpbIE
OCTaBJISIIOT [AHHbIA S7IEMEHT HEMOABUKHbIM (cTabuanzatop):

{geG|lgt) =t} ¥ stab(t) C G.
CI'IpaBe,EI,ﬂI/IBbI PaBEHCTBA

C(G G’Z’leg‘ |G|Z’Stab(t)

geG teT

nepBoe HasblBaeTcs siemmoni béprcariga (W.Burnside, 1911).



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Crabunusatop ectb nogrpynna rpynnsl G

© Fix(g) — ¢pukcatop nepectaHoBkn g 3nemenTa rpynnsl G;
@ Stab (t) — crabuanzatop sanementa t mHoxectsa 7.

Stab (t) < G.




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Crabunusatop ectb nogrpynna rpynnsl G

© Fix(g) — ¢pukcatop nepectaHoBkn g 3nemenTa rpynnsl G;
@ Stab (t) — crabuanzatop sanementa t mHoxectsa 7.

Stab (t) < G.

Joka3aTtenbcTBo

3agpukcupyem t € T' u paccmotpum g, h € Stab (t). Torga
g(t) = h(t) =t uh~L(t) = t. CnegosatensHo,

(goh™ )%t =t = goh™ ! cStab(t).




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

Crabunusatop ectb nogrpynna rpynnsl G

© Fix(g) — ¢pukcatop nepectaHoBkn g 3nemenTa rpynnsl G;
@ Stab (t) — crabuanzatop sanementa t mHoxectsa 7.

Stab (t) < G.

Joka3aTtenbcTBo

3agpukcupyem t € T' u paccmotpum g, h € Stab (t). Torga
g(t) = h(t) =t uh~L(t) = t. CnegosatensHo,

(goh™ )%t =t = goh™ ! cStab(t).

‘ Stab (t)‘ > 1, nockonbky Bcerga e € Stab (t).



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

SnemMeHT MHOXXeCTBa: AJsiMHa opbuTbl n ctabununsatop

Jlemma

Lnuna opbutsr Orb (t) pasHa nHgekcy Stab (t) B rpynne G, Te.
| Orb (t)| = |G| : | Stab (¢)|.

v

Mycte T' — MHOXecTBO BeplwimnH Kyba. Haiitu Stab (¢) Bepwmnbl ¢
npu AelicTBUN rpynnbl okTasapa Ha 1.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

SnemMeHT MHOXXeCTBa: AJsiMHa opbuTbl n ctabununsatop

Jlemma

Lnuna opbutsr Orb (t) pasHa nHgekcy Stab (t) B rpynne G, Te.
| Orb (t)| = |G| : | Stab (¢)|.

| \

Mpumep

Mycte T' — MHOXecTBO BeplwimnH Kyba. Haiitu Stab (¢) Bepwmnbl ¢
npu AelicTBUN rpynnbl okTasapa Ha 1.

Pewenue: Stab (t) & Z3 — rpynna BpaweHnii Ha 120° Bokpyr
anaroHann kyba, npoxoasieli Yepes AaHHYIO BEPLUMHY.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
[JelicTBue rpynnel Ha MHOXecCTBe

SnemMeHT MHOXXeCTBa: AJsiMHa opbuTbl n ctabununsatop

Jlemma

Lnuna opbutsr Orb (t) pasHa nHgekcy Stab (t) B rpynne G, Te.
| Orb (t)| = |G| : | Stab (¢)|.

| \

Mpumep

Mycte T' — MHOXecTBO BeplwimnH Kyba. Haiitu Stab (¢) Bepwmnbl ¢
npu AelicTBUN rpynnbl okTasapa Ha 1.

Pewenue: Stab (t) & Z3 — rpynna BpaweHnii Ha 120° Bokpyr
anaroHann kyba, npoxoasieli Yepes AaHHYIO BEPLUMHY.

V1BepxaeHue (cneacrsve fiemmbl)

Yucno anemeHTOB B rpynne BpaLyeHUs NpPaBuIbHOro
MHOIrOrpaHHNKa ecTb ‘V‘ . ‘EO , rae ‘V‘ — YUC/I0 BEPLUNH, a
|E0| — yncno pébep, BbIXOASLMNX N3 O4HON BEPLUNHBI.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiicTtBue rpynnbl Ha MHOXXeCTBe: nNpumep

Jevicteue rpynnbl V4 Ha mHoxectee T = {t1, ..., tg }
ollef[alb]ab] grt [ ta[ta [ts | ta|ts [ t6 ]
(& (& a b ab e t1 | t2 t3 ty4 t5 t6
a a e |ab | b a to | t1 | t4 | t3 | tg | t5
b b ab e a b t3 t4 tl tQ f5 t6
ab ab b a e ab tq t3 to | 11 tﬁ t5

a: t —— 1y ts b: ty ta t5
tg «—— 14 16 13 171 16
ab : t 123 ts

t3 ty to



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

HeiicTBue rpynnel Ha MHOXXecTBe

HeiicTtBue rpynnbl HAa MHOXXeCTBe: NpuMep...

Type(e) = (6,0,0,0,0,0), Type(a) = (0,3,0,0,0,0),
Type(b) = (2,2,0,0,0,0), Type(ab) = (0,3,0,0,0,0).
C(e) =6, C(a) = C(ab) = 3, Cb) =4.
Stab (tl) = Stab (tg) = Stab (tg) = (t4) =e < Vy,
Stab (t5) = Stab (t) = (e, b> <Vy.
Fix(a) = Fix(ab) = @, Fix(b) = {ts,ts}, Fix(e) =T.

4 4
1 6+2
EZ‘FIX(Q)’ :T:27
geG
1 4-1+2-2
12 |Stab()] = . =2



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Paspen |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Paspen Il

© Teopus nepeuncnenus Moiia

@ [NpumeHenne nemmbl BépHcaiifa ansa pelerus
KOMOWHaTOPHBIX 3ajau



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Paspen Il




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mpumep npumeHeHna nemmbl BEpHcaiiga

(npo cnoga)
Cocragnsatorcs cnoBa gavHbl | > 2 n3 anghasuta
A={ai, ..., am }. CroBa cynTatoTCsi SKBUBANEHTHLIMY, €CIN
OHU MOJYHaIOTCS O4HO U3 JPYroro NeEPECTAHOBKOM KpaiHmx byKB.
Onpesennts 4ncao S HEeSKBUBAIEHTHbIX CJIOB.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mpumep npumeHeHna nemmbl BEpHcaiiga

Cocragnsatorcs cnoBa gavHbl | > 2 n3 anghasuta

A={ai, ..., am }. CroBa cynTatoTCsi SKBUBANEHTHLIMY, €CIN
OHU MOJYHaIOTCS O4HO U3 JPYroro NeEPECTAHOBKOM KpaiHmx byKB.
Onpesennts 4ncao S HEeSKBUBAIEHTHbIX CJIOB.

| A

Pewwenue

T — MHoxecTBO cnos Anukbl | B angpasute A, N = |T| = m!.

Hazo npencraButs 5KBUBAaNEHTHOCTU Kak opbUTbl HEKOTOPOIo
Aaevicteus nogxogsweii rpynnsi G Ha T'.

Ouesugro, g> = e n nostomy nogxogut G = 75 = {e, g}
LeiicTeue: g nepectaBasiet B ciose kpaiiHue byKBbl.

A\




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mpumep npumeHeHns nemmbl BEpHcaiiga...

Yucno S HEIKBUBANEHTHBIX CJIOB €CTb YUC/IO KIACCOB
aksusaneHtHoctn C(G) pgeiictsus Zg T —

|Fix(e)] = |T| = m!,  |Fix(g)] = m'"2-m = m"".
1 . ; l+ /l*l =1 +1
S = O(2y) = : Z!FIX (9)] = m 2m _m (;n ) '

Ansl=3, m=2= S=%=6 (43 scero 8)




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mpumep npumeHeHns nemmbl BEpHcaiiga...

Yncno S HesKBMBANEHTHbLIX CJIOB €CTb YUCJIO KJIACCOB

sksusanentHoctn C(G) peiicteus Zy : T —
(6%

|Fix(e)] = |T| = m!,  |Fix(g)] = m'"2-m = m"".
1 . . l+ /l*l l—1 +1
S = O(2y) = : Z!FIX (q)’ _m 2m _m (;n )

Ansl=3, m=2= S=%=6 (43 scero 8)
Mycte A = {a, b}. [MokasaHbl cnoBa u KAACChI.

aaa baa
aab bab
aba bba

abb bbb




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

300 /465
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LnknoBoit nuaekc

CyuiecTByeT yHUBEpCabHbIA CNOCOb BbIYUCAEHNS YMCa
i 2 |Fix(g)]

C(G) knaccos skBuBaneHTHocTn (opbuT).
geG

Conocrasum kaxgoi nepectavoske g € G Bec w(g) no npasuny

Type(g) = (v1,...,vN) = w(g) = a7 -... 2y .

MOHOM



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

300 /465
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LnknoBoit nuaekc

CyuiecTByeT yHUBEpCabHbIA CNOCOb BbIYUCAEHNS YMCa
i 2 |Fix(g)]

C(G) knaccos skBuBaneHTHocTn (opbuT).
geG

Conocrasum kaxgoi nepectavoske g € G Bec w(g) no npasuny

Type(g) = (v1,...,vn) = w(g) = (... 2"y

Onpepaenerne

CpegHuii BeC MOLCTAHOBOK B Fpyrnne Ha3blBAeTCsl
LnKNoBbIM uHgekcom peiictena G : T

1 1 ) ,
P(G;T,xl,...,xN):@Zw(g) lel-...-xNN

geG ‘G’ geG




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

300 /465
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LnknoBoit nuaekc

CyuiecTByeT yHUBEpCabHbIA CNOCOb BbIYUCAEHNS YMCa
i 2 |Fix(g)]

C(G) knaccos skBuBaneHTHocTn (opbuT).
geG

Conocrasum kaxgoi nepectavoske g € G Bec w(g) no npasuny

Type(g) = (v1,...,vn) = w(g) = (... 2"y

Onpepaenerne

CpegHuii BeC MOLCTAHOBOK B Fpyrnne Ha3blBAeTCsl
LnKNoBbIM uHgekcom peiictena G : T

1 1 ) ,
P(GO:lT,ml,...,xN):@Zw(g) lel-...-xNN

geG ‘G’ geG

[ns npoaBUHYTLIX: 3TO NPON3BOASLYUI MOSTNHOM.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LUunknoBoit nHaekc: o6o3HaveHnst u cBoiicTa

Opyrue obosnaverus: Pg(z1, ..., zny) n Pg, P(G).

e G =G’ = Pg = Pg/ — pa, ecan feiicTensa onpegeneHbl
OAMHAKOBO (COrNacoBaHo)

@ Pc = Ps: & G = G’ — Hert, ecTb KOHTprpumep



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LUunknoBoit nHaekc: o6o3HaveHnst u cBoiicTa

Opyrue obosnaverus: Pg(z1, ..., zny) n Pg, P(G).

e G =G’ = Pg = Pg/ — pa, ecan feiicTensa onpegeneHbl
OAMHAKOBO (COrNacoBaHo)

@ Pc = Ps: & G = G’ — Hert, ecTb KOHTprpumep

Kak npumeHsaTs nemmy «He-BépHcainpaa?»

Lnsi npumerenns ynnsepcansHoro cnocoba seidncnenns C(G)
HaZo MPeACTaBUTL SKBUBAJIEHTHbIE 2JIEMEHTbLI MHOXECTBA KaK
KJ1aCCbl SKBUBAJIEHTHOCTU AENICTBUSI HEKOTOPOU rpymnibl Ha 3TOM
MHOXXECTBE.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Hucno HesKBMBANEHTHbIX PAaCKpPacokK

MycTb 3apaHo peiicteue G : T rpynnel G Ha mHoxecTBe T
o



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Hucno HesKBMBANEHTHbIX PAaCKpPacokK

MycTb 3apaHo peiicteue G : T rpynnel G Ha mHoxecTBe T
o

o [lpunnwem kaxaomy anemeHTy T 0fHO U3 T 3HAYEHMIA
(HedbopmanbHoO: nokpacum B oanH 13 1 uBeToB). Beero
umeetcs " packpacok.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Hucno HesKBMBANEHTHbIX PAaCKpPacokK

MycTb 3apaHo peiicteue G : T rpynnel G Ha mHoxecTBe T
o

o [lpunnwem kaxaomy anemeHTy T 0fHO U3 T 3HAYEHMIA
(HedbopmanbHoO: nokpacum B oanH 13 1 uBeToB). Beero
umeetca Y packpaco.

@ He bygem pasnuyaTb packpacku, ecau npu npeobpasoBaHunu
g :t — t' anemenT coxpaHsieT uBeT (¢ pacKpaLueH Takxe Kak
t', M KaXAbIA g-LMK PacKpalleH OfHUM CBOUM LIBETOM).

Puc. 3. MoeopoT Ha 90° (Takas nepecTaHoBKa) He JaéT HOBOrO
packpaluMBaHUs BEPLUUH KBajpaTa



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Hucno HesKBMBANEHTHbIX PAaCKpPacokK

MycTb 3apaHo peiicteue G : T rpynnel G Ha mHoxecTBe T
o

o [lpunnwem kaxaomy anemeHTy T 0fHO U3 T 3HAYEHMIA
(HedbopmanbHoO: nokpacum B oanH 13 1 uBeToB). Beero
umeetca Y packpaco.

@ He bygem pasnuyaTb packpacku, ecau npu npeobpasoBaHunu
g :t — t' anemenT coxpaHsieT uBeT (¢ pacKpaLueH Takxe Kak
t', M KaXAbIA g-LMK PacKpalleH OfHUM CBOUM LIBETOM).

Puc. 3. MoeopoT Ha 90° (Takas nepecTaHoBKa) He JaéT HOBOrO
packpaluMBaHUs BEPLUUH KBajpaTa

Bonpoc: Ckosibko CyLLECTBYET HESKBUBANEHTHBIX PAaCKPaCcoK —
knaccos skeusaneHTHoctn C'(G)?



MpuknapHas anrebpa 303 /465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Buiuncnenne C(G) vepes LMKNOBON NHAEKC

@ Kaxablli Knacc 3KBUBANEHTHOCTMN 3TO g-LMKA; UX
C(g) = v1+ ...+ vy wryk.

@ Kaxpas nepectanoska g € G ¢ tunom ( vy, ..., vy ) byaer
umetb rC9) HenopBMKHBIX ToYeK.



MpuknapHas anrebpa 303 /465
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Buiuncnenne C(G) vepes LMKNOBON NHAEKC

@ Kaxablli Knacc 3KBUBANEHTHOCTMN 3TO g-LMKA; UX
C(g) = v1+ ...+ vy wryk.

@ Kaxpas nepectanoska g € G ¢ tunom ( vy, ..., vy ) byaer
umetb rC9) HenopBMKHBIX ToYeK.

CneposatenbHo, no nemme bépcaiiga, 4ncio noayyeHHbIX K1accos
5KBUMBANIEHTHOCTH, T.€. HEIKBMBAJIEHTHBIX PAaCKPaCOK
(npunucbiBaHNii) ecTb

Teopema




MpuknapHas anrebpa 303 /465
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Buiuncnenne C(G) vepes LMKNOBON NHAEKC

@ Kaxablli Knacc 3KBUBANEHTHOCTMN 3TO g-LMKA; UX
C(g) = v1+ ...+ vy wryk.

@ Kaxpas nepectanoska g € G ¢ tunom ( vy, ..., vy ) byaer
umetb rC9) HenopBMKHBIX ToYeK.

CneposatenbHo, no nemme bépcaiiga, 4ncio noayyeHHbIX K1accos
5KBUMBANIEHTHOCTH, T.€. HEIKBMBAJIEHTHBIX PAaCKPaCOK
(npunucbiBaHNii) ecTb

Teopema

CG:T)=PG:T,z1,...,2N) = Pg(r, ..., r).
@ o T1=..=TN=T

Hanpumep, Pg(1, ..., 1) = 1: ecin BCe 3neMeHTbI NOKPacUTL B

OAWNH UBET, TO TaKNX PaCKpaCoOK OAHa.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

(npo cnosa)

Cocrasnsitotcs cnosa ganHbl | > 2 n3 angasuta

A ={ai, ..., am}. CroBa c4nTaroTCs SKBUBANEHTHBIMY, €CIN
OHU MOJyHaIOTCS OJHO U3 APYrOro MePeCTaHOBKON KpaiiHux OyKs.
Onpegennts 4ucno S HEIKBUBANEHTHBIX CJIOB.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

(npo cnosa)

Cocrasnsitotcs cnosa ganHbl | > 2 n3 angasuta

A ={ai, ..., am}. CroBa c4nTaroTCs SKBUBANEHTHBIMY, €CIN
OHU MOJyHaIOTCS OJHO U3 APYrOro MePeCTaHOBKON KpaiiHux OyKs.
Onpegennts 4ucno S HEIKBUBANEHTHBIX CJIOB.

1 -1
Bbino pewetne: S = %



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

(npo cnosa)

Cocrasnsitotcs cnosa ganHbl | > 2 n3 angasuta

A ={ai, ..., am}. CroBa c4nTaroTCs SKBUBANEHTHBIMY, €CIN
OHU MOJyHaIOTCS OJHO U3 APYrOro MePeCTaHOBKON KpaiiHux OyKs.
Onpegennts 4ucno S HEIKBUBANEHTHBIX CJIOB.

1 -1
. m +m
Bbino pewetne: S = 5 - o

——
Opyroe pewenne: G ={e, g} = Zs; T: OO...O0O.
—_———
!




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

(npo cnosa)

Cocrasnsitotcs cnosa ganHbl | > 2 n3 angasuta

A ={ai, ..., am}. CroBa c4nTaroTCs SKBUBANEHTHBIMY, €CIN
OHU MOJyHaIOTCS OJHO U3 APYrOro MePeCTaHOBKON KpaiiHux OyKs.
Onpegennts 4ucno S HEIKBUBANEHTHBIX CJIOB.

1 -1
. m +m
Bbino pewetne: S = 5 - o

—_—
Opyroe pewenne: G ={e, g} = Zs; T: OO...O0O.
—_———

DNIeMEHT rpynnbl g Type(g) w(g) #MOHOMOB
e (1,0,...,0) x} 1
g (1-2,1,0,...,0) | 2\7%x} 1
L l-2.1
Uvknosoii nugekc: P(xq, ..., x7) = W

P(.fl, Tt xl>‘$1:...:xl:m - S



MpuknapHas anrebpa 305 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Knaccuyeckas kombuHaTopHas 3agada 006 oxkepenbsax

Oxepesibe — OKPYXKHOCTb, Ha KOTOPOIA Ha PaBHbIX PAaCCTOSHUSIX MO
pyre pacnonaratotcs «bycuHbl» (BycuHbl pacnonaratotcs B
BEPLUMHAX MPaBUIbHOrO MHOIOYTOJIbHIIKA).



MpuknapHas anrebpa 305 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Knaccuyeckas kombuHaTopHas 3agada 006 oxkepenbsax

Oxepesibe — OKPYXKHOCTb, Ha KOTOPOIA Ha PaBHbIX PAaCCTOSHUSIX MO
pyre pacnonaratotcs «bycuHbl» (BycuHbl pacnonaratotcs B
BEPLUMHAX MPaBUIbHOrO MHOIOYTOJIbHIIKA).

(06 oxxepenbsix)

CKOIbKO Pas/inydHbIX OXEepPesnii MOXXHO cocTaBuTe u3 N bycuH r
yBeTOB?




MpuknapHas anrebpa 305 / 465

Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Knaccuyeckas kombuHaTopHas 3agada 006 oxkepenbsax

Oxepesibe — OKPYXKHOCTb, Ha KOTOPOIA Ha PaBHbIX PAaCCTOSHUSIX MO
pyre pacnonaratotcs «bycuHbl» (BycuHbl pacnonaratotcs B
BEPLUMHAX MPaBUIbHOrO MHOIOYTOJIbHIIKA).

(06 oxxepenbsix)

CKOIbKO Pas/inydHbIX OXEepPesnii MOXXHO cocTaBuTe u3 N bycuH r
yBeTOB?

BapuanTtel. Oxepenbs pashbl iff ogHo nonyyaercs
n3 gpyroro (CUMMETPUsi B MIOCKOCTM UAN B MPOCTPAHCTBE):

© nosopotom (BycuHbl nnockme,
OKpalleHbl C OAHOV CTOPOHbI);

© rnoBopoToM n oceBoii cumMmeTpues
(BbycuHbl Kpyrabie);



MpuknapHas anrebpa 306 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apayva ob oxepenbax: N =5r =3

CKOJIbKO pa3HbIX OXXEepesinii MOXXHO COCTaBUTbL U3 5 bycuH 3 uBeToB?




MpuknapHas anrebpa 306 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apayva ob oxepenbax: N =5r =3

CKOJIbKO pa3HbIX OXXEepesinii MOXXHO COCTaBUTbL U3 5 bycuH 3 uBeToB?

T — BepLumHbI NpaBuabHOrO nsaTuyronbHuka. #Col(3) =7
o

O>xepenbsi OANHAKOBbLI, ECAIN OAHO MOJYHAETCS U3 APYroro NOBOPOTOM




MpuknapHas anrebpa 306 / 465

Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apayva ob oxepenbax: N =5r =3

CKOJILKO Pa3HbIX OXEPENNii MOXHO COCTaBUTL U3 5 bycuH 3 LBeToB?

T — BepLumHbI NpaBuabHOrO nsaTuyronbHuka. #Col(3) =7

o

Omepenbﬂ OAWNHAKOBbI, €C/IN O4HO NONYHaAETCA U3 APYroro noBopoToOM

Pewenne

G2Z5=(t),t5=¢e,n=>5.

dnemenT rpynnel g Type(g) w(g) | # mMoHomoB

e (5,0,0,0,0) | a9 1

t, 12, 13, t4 (0,0,0,0,1) | x5 4
Unknosoii nugekc: P(x1, 2, 3,24, 25) = % [z3 + 4x5).

#Col(3) = P(3,...,3) = £+43 _ 385 _ 3.17 _ 5],




MpuknapHas anrebpa 307 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apgava Onumnuagbl «lMokopu Bopobbérbl ropbl — 2009»

Ansa 50 peteii getckoro caga 3akynneHbl 50 ognHaKOBbIX TapPEJIOK.
Mo kpato kaxzgol Tapeskun PaBHOMEPHO PACOIOXKEHO 5 besibix
KpY»O04KoB. Bocnutatenn xoTaT nepekpacutb Kakue-nbo m3 sTmx
KPY>KOYKOB B APYroii BET Tak, 4Tobbl BCe TapeiKku CTaam
pazandHbiMu. Kakoe HauMeHbLLIEE YUCA0 AONOJHNTENbHBIX L|BETOB
notpebyercs um as 3Toro?

> ¢



MpuknapHas anrebpa 308 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Kak AO0JI>KHbI Obinn pewaTb WKONbHUKN

Pewenne

Myctb Tpebyercs r yBetoB. OTOPOCUM T BAPUAHTOB PaCKpacku B
oanH yBeT. Yncno ocTanbHbix BapuaHToB 6e3 y4éTa BO3MOXHOCTYU
MoBOpPOTa Tapenkn — 1° — 1, C y4ETOM MoBOpoTa — ’"ST_’” (kaxgblii
BapuaHT nosTopsitcsi 5 pas).

5 5 4
Wroro: #Col(r) = (— 3 LA il Jg T,‘
Mpu 2-x gononuntensHbix ysetax #Col(3) = 51.




MpuknapHas anrebpa 309 / 465
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apayva ob oxepenbax: N =5,r = 3, 2-ii BapuaHT

© Oxxepenbs 0ANHAKOBLI, €CN OAHO MOJY4YaETCss U3 ApYroro
NMOBOPOTOM WV NEPEBOPOTOM.




MpuknapHas anrebpa 309 / 465

Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apayva ob oxepenbax: N =5,r = 3, 2-ii BapuaHT

© Oxxepenbs 0ANHAKOBLI, €CN OAHO MOJY4YaETCss U3 ApYroro
NMOBOPOTOM WV NEPEBOPOTOM.

Pewenne
G — rpynna guaagpa:
G§D5 = <t,f>, t5 :f2 =€ n= ’D5’ = 10.

INEMEHT rpynnbi g Type(g) w(g) | # mMoHomoB

e (5,0,0,0,0) | % 1

G B (0,0,0,0,1) | =5 4

fotf, ..., tif (1,2,0,0,0) | x23 5

Bcero 10
Unknosoii nngekc: P = %0 [:c? + dxs + 5x1x§].

514, 23
#Col(3) = P(x1,...,25)| 4= —poe3 = 443453 = 39.

3anomMHum 3TOT OTBeET. |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apgayva o packpacke kyba

(packpacka rpaHeit kyba B ABa uBeTa)

[paru kyba packpawwmsarot B 2 u 3 ysera.
CKOJIbKO CyLLIECTBYET Pa3/InyHO OKPaLUeHHbIX KyboB?




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

3apgayva o packpacke kyba

(packpacka rpaHeit kyba B ABa uBeTa)

[paHu kyba packpawmsarot B 2 u 3 yseTa.
CKOJIbKO CyLLIECTBYET Pa3/InyHO OKPaLUeHHbIX KyboB?

Hanomunanne: G = O = (t, f, r), |O] = 24.

t — BpawyeHme Ha 90° Bokpyr ocw,
npoxoAsiLyeli Hepes cepeauHbl BYX
MPOTUBOMOJIOXKHbBIX FPaHen (D—D, 3 ocu )

f — Bpawenne Ha 180° Bokpyr ocu,
npoxoasiLeil Yepe3 cepeanHbl ABYX
NPOTNBONOIOKHLIX pEbep (o—o, 6 oceri);

r — BpawjeHne Ha 120° Bokpyr ocu,
npoxogsieii Yepes ABe MPOTUBOMOTIOKHbIE
BepwmnHbl (A—A, 4 ocn).




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHerne nemmel BépHcaiifa ans pewennsi KOMBMHATOPHBLIX 3aa4

3apayva o packpacke Kyba...

A
Obo3Haqum Hepe3 F' mHoxecTBo rpaHeii kyba, |F| = N = 6.
Bribepem HekoTopyto rpavb Kyba (kBagpat) n obosHaqdum eé @,

a napasnesnbHyto eii — @.

llepeHymepyem nocnegosatenbHo BepLnHbl rpaHu O ducaamu
1, ..., 4, a BepiumHbl rpaHn @ — qucnamu 5, ..., 8 Tak, 4TO
BEPLUNHA C HOMEPOM i CMEXHA C BEPLUNHON C HOMEPOM
i+4,1=1,2,3,4.

lNepecTaHoBKYU fanee yka3aHbi [ CyHasi, KOrga OCb BPALEHUs

(t) npoxogut yepes cepeauHbl rpaveri O n @,
(f) nmpoxogmt 4epes cepeamnHbl pébep (3-7) n (1-5),
(s) npoxoguT yepes sepumnbl (1) u (7),

a rpaHn 0bo3HaqeHbI:

(1-2-6-5) qepes @, napannenvHas eii rpaHe — ®,

rpaHb (2-3-7-6) — yepes @, napannenbHas eii rpaHb — ©.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHerne nemmel BépHcaiifa ans pewennsi KOMBMHATOPHBLIX 3aa4

3apayva o packpacke Kyba...

g € O | nepecraHoBka Type(g) ‘ w(g) ‘ #w(g)
e (@)...(®) (6,0,...) i 1
tt3 | (®)(@)(®@8®) | (2,0,0,1,0,) |zrs|3-2=6
£ | (©@)(@9)(@6) | (2,2,0,...) |aiz3| 3
f (@)(®)(®©)(@®) | (0, 3,0, ...) 3 6
r,r: | (D@®)(@®®) (0,0,2,0,...) | 23 |4-2=38
Bcero 24
1
P(zy, ..., z6) = o [w? + 62224 + 32223 + 625 + 8:5%]
26+12.23+3.24+8.22
#Col(2) = P2, ..., 2) = = ;43 82 g,
6 12 - 3 .4 .22
#Col(3) = P(3,...,3) = o iz:3 343 T8 48




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LinknoBoit nHaekc AencTevsa rpynnbl okTasgpa —

— Ha MHoXecTBO R pébep kyba (|R| = N = 12):

g €0 | Type(g) w(g) | #wl(g)
e (12,0, ...) i 1
t,t3 (0,0,0,3,0,0) | 3 |3-2=6
t2 (0,6,0,...) x5 3
f (2,5,0,...) rixd 6
ror? | (0,0,4,0,...) | x4 |[4-2=38
Bcero 24

LinknoBoii nHaekc:

1
P(O(:XR) =21 (212 + 625 + 325 + 62725 + 825 ] .



MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

LinknoBoit nHaekc AencTevsa rpynnbl okTasgpa —

— Ha mMHoXxecTBo V' Beplun kyba (|V| = N = 38):

g € O | Type(g) w(g) | #w(g) |
e (8,0,...) zf 1
t,t3 (0,0,0,2,0,0) | 22 3-2=6
t2 (0,4,0,...) 5 3
f (0,4,0,...) T3 6
rr? 1(2,0,2,0,...) | 2323 | 4.2=8
Bcero 24

LlnknoBoii nHaekc:

P(O(;V) =

24

[a;?f + 625 + 923 + 83:%3:%] .




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

(Mepeuncnenue rpadgos)

CKOJIbKO UMEETCS HEOPUEHTUPOBAHHBIX HEMOMEYeHHbIX rpachos (be3
neTesb U KPaTHeix pébep) ¢ Tpems BepLumHamu?




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne nemmbl BépHcaiiga ans peweHnsi KOMBMHATOPHBIX 3aa4

(Mepeuncnenue rpadgos)

CKOJIbKO UMEETCS HEOPUEHTUPOBAHHBIX HEMOMEYeHHbIX rpachos (be3
neTesb U KPaTHeix pébep) ¢ Tpems BepLumHamu?

Pewenne
T — cTopoHbl TpeyronbHuka, N = 3. B
G = S3 — Bce nepecTaHOBKU TPEX BEPLLNH,
n=3! = 6.
G : T — pericTBue nepecTaHoOBOK
“ BEPLUNH HA CTOPOHBI.

lpachbl HeopueHTpoBaHHbIE —
r =2 — noMmeTku «ecTb pebpo/HeT pebpas

Sz = {e, 2% (ABC), 3% ((A)(BQC)) }.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mepeuncnenne rpados...

Ss = {e, 2% (ABC), 3  (A)(BC)) }.
~— —_——




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mepeuncnenne rpados...

Ss = {e, 2% (ABC), 3  (A)(BC)) }.
~— —_——

91 92
Inement rpynnel g | Type(g) | w(g) | #w(g)
e = (a)(b)(c) (3,0,0) | «¥ 1
g1 = (abe) (0,0,1) | =3 2
g2 = (a)(bc) (1,1,0) | zlxd 2
Bcero 6




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mepeuncnenne rpados...

Ss = {e, 2% (ABC), 3  (A)(BC)) }.
~— —_——

91 92
Inement rpynnel g | Type(g) | w(g) | #w(g)
e = (a)(b)(c) (3,0,0) | «¥ 1
g1 = (abe) (0,0,1) | =3 2
g2 = (a)(bc) (1,1,0) | zlxd 2
Bcero 6

Py(x1, 9, 23) = %[m?+2xé+3x%:p%], Pi(2,2,2) = 4.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Mepeuncnenne rpados...

[Nepedncaum opueHTMpoBaHHbIE: MyCTON rpagh n rpagsi
©] O
\ \
O O O «<— O
o O
\ 7\
O — O [¢] o
©] @]
RN VRN
O O O «<— O
— Bcero 7 rpaghoB HEOPUEHTUPOBAHHLIX — 4.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumereHne nemmbl BépHcaiipa ans peweHns KOMBUHATOPHBIX 3aga4y

Linknosble nHgekcbl caMopeiicTems un
aevicteua O Ha 3nemeHTbl Kyba

x]liQ.nxjn
P(S,) = - 172 n
() _ Z ; (11 411)(292591) ... (ndn gy )

151 +24g+...4njn=n

1 n
== E @(d)xd/dv © — dyHKUmMs Diinepa,
n

djn
P(D ) 1P(Z )+ 235 ac(gn 1)/2 €CJZIN M HEYETHO,
) i ( 3/2 + x%xén_m/g) , €CAN n YE€THO,

1
(O V) ﬂ I:I:Ul +9$2+6$4+6x4+8$1x3]

1
(O E) =54 1% [ +3x2+8x3+6x4+8x1x2+6x4]

1
(O F) = — [0 + 32723 + 6272y + 625 + 823 | .

l\D

4



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Paspen |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Paspen Il

© Teopus nepeuncnenus Moiia

@ [TpumeHermne Teopemsl [Moiia s peleHnsi KOMOUHATOPHBIX
3ajad



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Paspen Il




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Teopema [Moiia

K mHoxectsy 7', |T'| = N, rpynne G, |G| = n n geiicteuo G : T
[0

pobasum mHoxectBo R = {c1,..., ¢}, meTok («kpacok»), n
cookynHocTb cyHkumii F = RT — npunuceisanns metok
(packpaimsamnii) snementam 1.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Teopema [Moiia

K mHoxectsy 7', |T'| = N, rpynne G, |G| = n n geiicteuo G : T
[0

pobasum mHoxectBo R = {c1,..., ¢}, meTok («kpacok»), n
cookynHocTb cyHkumii F = RT — npunuceisanns metok
(packpaimsamnii) snementam 1.

G, peiictByst Ha T, pelicTBYeT U Ha RT —o:RT"xG = RT.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Teopema [Moiia

K mHoxectsy 7', |T'| = N, rpynne G, |G| = n n geiicteuo G : T
[0

pobasum mHoxectBo R = {c1,..., ¢}, meTok («kpacok»), n
cookynHocTb cyHkumii F = RT — npunuceisanns metok
(packpaimsamnii) snementam 1.

G, peiictByst Ha T, pelicTBYeT U Ha RT —o:RT"xG = RT.
Mpuaagum sec anementam R: w(c;) = yi, i = 1,7.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

Teopema [Moiia

K mHoxectsy 7', |T'| = N, rpynne G, |G| = n n geiicteuo G : T
[0

pobasum mHoxectBo R = {c1,..., ¢}, meTok («kpacok»), n
cookynHocTb cyHkumii F = RT — npunuceisanns metok
(packpawmnsannii) snementam 7.

~ - (o]
G, peiicteys Ha T, peiicteyet u Ha RT — o: RT x G = RT.
Mpuaagnm Bec anementam R: w(e) = yi, i = 1,7.

Teopema (Peadunga-MNoia)

Uuknosoii nnaekc geiicteusi rpynns G Ha R ects

P(G: RT) = P(G:T,x1, ..., zN)

=y +...+yk




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

CnepcrtBue

Ecnn Bce Beca BbibpaHbl oguHakosbiMu (y; = ...y, = 1), T0
x1=...xny =1 n W(F) — 41cno knaccos sKBUBaIEHTHOCTY

C(G:RTY=0C(G:T)=P(G:T,r,...,1).

— snemma bépHcaiiga.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

CnepcrtBue

Ecnn Bce Beca BbibpaHbl oguHakosbiMu (y; = ...y, = 1), T0
x1=...xny =1 n W(F) — 41cno knaccos sKBUBaIEHTHOCTY

C(G:RTY=0C(G:T)=P(G:T,r,...,1).

— snemma bépHcaiiga.

Y10 MoXHO onpeaennTb (NOACYMTATL) C MOMOLLbLIO:

nemmbl BépHcaiiga — obuiee 4NCIO HESKBUBANEHTHBLIX
pa3mMeToK (packpacok);

Teopema Peadmnpa-lNoita — 4yucno pasmeTok gaHHOro Tuna,
T.€. COAEPXaLMX AaHHOE KOIMHECTBO SIEMEHTOB
KOHKPETHOro LiBeTa.



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHerne Teopemel lMolia ansA pelweHnsi KOMBUHATOPHbLIX 3a4a4

YcnoxHum 3agady o6 oxepenbsax N =5, r =3

(06 oxepenbsix: 5 bycun 3 usetos —)

— KPacHbIi, CUHWU, . Oxepenibsi 0f/MHAKOBbI, €C/IN OBHO
MoJyHaeTCsi U3 APYroro noBOPOTOM U/UN MEPEBOPOTOM.
CKOJIbKO MMEETCS OXXEPENNii, UMEIOLLUX POBHO 2 KpacHble bycuHbl?




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ans peweHnsi KOMBUHATOPHBIX 3aa4

YcnoxHum 3agady o6 oxepenbsax N =5, r =3

(06 oxepenbsix: 5 bycun 3 usetos —)

— KPacHbIid, CUHWA, . Oxxepenibsi 0aNHaKOBbI, €C/IN OfHO
MoJly4aeTCs U3 [PYroro noBOPOTOM U/NJN NEPEBOPOTOM.
CKOJILKO MMEETCSI OXKEPEnnii, UMEIOLLINX POBHO 2 KpacHble bycuHbl?

Pewenne

Boino: G = Ds, ynknosoii nigexkc P = 55 [2% + 4as + 5zya3].
Bcero oxepennii P(3,...,3) = 39 (tonbko nosopor — 51).




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ans peweHnsi KOMBUHATOPHBIX 3aa4

YcnoxHum 3agady o6 oxepenbsax N =5, r =3

(06 oxepenbsix: 5 bycun 3 usetos —)

— KPacHbIid, CUHWA, . Oxxepenibsi 0aNHaKOBbI, €C/IN OfHO
MoJly4aeTCs U3 [PYroro noBOPOTOM U/NJN NEPEBOPOTOM.
CKOJILKO MMEETCSI OXKEPEnnii, UMEIOLLINX POBHO 2 KpacHble bycuHbl?

Pewenne

Boino: G = Ds, ynknosoii nigexkc P = 55 [2% + 4as + 5zya3].
Bcero oxepennii P(3,...,3) = 39 (tonbko nosopor — 51).

Ti=y1+Yet+ys, 2=y +y3+yd, ..., me=yf + 95 + b




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ans peweHnsi KOMBUHATOPHBIX 3aa4

YcnoxHum 3agady o6 oxepenbsax N =5, r =3

(06 oxepenbsix: 5 bycun 3 usetos —)

— KPacHbIid, CUHWA, . Oxxepenibsi 0aNHaKOBbI, €C/IN OfHO
MoJly4aeTCs U3 [PYroro noBOPOTOM U/NJN NEPEBOPOTOM.
CKOJILKO MMEETCSI OXKEPEnnii, UMEIOLLINX POBHO 2 KpacHble bycuHbl?

Pewenne

Boino: G = Ds, ynknosoii nigexkc P = 55 [2% + 4as + 5zya3].

Bcero oxepennii P(3,...,3) = 39 (tonbko nosopor — 51).
T1=y1+y2tys, 2 =Y Y3+ U3, -, 2=yt +Hyb s
o r1 =y+2
w(KpacHblii) = yi, . e
w(cuHmi) = Yo, { o = %2 =Y +2
. o o Y2 = Yz = 1,
w(3enéubii) = ys,

X5 :y5+2.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

1
P(zy, ..., z5) = 10 [x? + 4xs +5x1x%]

5
oy +2, k=15, P(y) = Zuiyi,
i=1




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

P(zy, ..., z5) = x?+4x5+5x1x%]

- |

5
oy = y* 2, k=135 P(y) = Y wy,
=1

1
P(y) = 15 [vo+wmy +uy’ +... +usy’] =

= = [+ 2 465 +2) 45y + 292 +2)°] =
%[ O+ +5(y+2) (v +4yP+4)] =
:%[...+(10-8+5-2~4)y2+...].
80 + 40

= 12

Uy =




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

BepLUl/IHbI Ky6a NOMeEYarT KPAaCHbIMU N CUHUM LBETAMMU.
CKoJIbKO CyLyecTByeT

Q pasHonomedeHHbIX KybOB;
@ KyboB, y KOTOPbIX MOIOBUHA BEPLUNHBI KPACHBIE,

© «kybos, y KoTOpbIX He bosiee 2-x KPACHLIX BEPLUNH?




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

BepLUl/IHbI Ky6a NOMeEYarT KPAaCHbIMU N CUHUM LBETAMMU.
CKoJIbKO CyLyecTByeT

Q pasHonomedeHHbIX KybOB;
@ KyboB, y KOTOPbIX MOIOBUHA BEPLUNHBI KPACHBIE,

© «kybos, y KoTOpbIX He bosiee 2-x KPACHLIX BEPLUNH?

Pewenne

Lnknosoii ungekc gericteunsi rpynnsi O Ha BepLunHbl Kyba

P(O&V) (2% + 627 + 975 + 8z723 ] .

24




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

BepLUl/IHbI Ky6a NOMeEYarT KPAaCHbIMU N CUHUM LBETAMMU.
CKoJIbKO CyLyecTByeT

Q pasHonomedeHHbIX KybOB;
@ KyboB, y KOTOPbIX MOIOBUHA BEPLUNHBI KPACHBIE,

© «kybos, y KoTOpbIX He bosiee 2-x KPACHLIX BEPLUNH?

Pewenne

Lnknosoii ungekc gericteunsi rpynnsi O Ha BepLunHbl Kyba

PO:V) = ¥ + 623 + 925 + 82373 | .
(e

1
2l
© Yucno pasHonomedeHHbIx KyboB —

2
#Col(3) = Ploye. —nges = % _ 93,




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

A
Q w(kpachbii) =y, w(cummit) =1, zp =y* +1, k=1,8:

1
#Col(4,4) = oo [(+D°+9- (P + ' +6- (' +1)°+
+8 - (y+ 12 +1)%] =
24[ A28y + Oyt 4+ (. AyP 6yt )+
62yt 82y ) 2 ) ]
1 168
u = [70+9-6+6-2+48-2-2] = o~ = 7.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

A
Q w(kpachbii) =y, w(cummit) =1, zp =y* +1, k=1,8:

1
#Col(4,4) = oo [(+D°+9- (P + ' +6- (' +1)°+
+8 - (y+ 12 +1)%] =
24[ 4282+ Coyt 4. 9 At 6yt )+
62yt 82y ) 2 ) ]
1 168
u4:ﬂ[70+9~6+6-2+8-2-2] =57 =7
Q #Col(< 2,%) = up+uy +uz. wy=mu; =1.
1
up = [ A28y% . A9( . A4y )8( Ay )] =

24
28+36+8 72

. < 5 = = 5
o =5 = 3. #Col(<2,%) = 1+1+3 =5




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

Paccmatpusarotcs monekynbl 4-x BaneHTHoro yrnepoga C:
X CHg
X C X Cl C CHj3
X Cl
rae Ha Ha mecte X moryT Haxogutcs CHs (metun), CoHs (a1un),
H (Bogopog) nan Cl (xnop). Hanpumep — auxnopbyraH.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

(npoponxerune)

Havitu
Q obuyee uncno M Bcex mMonekyn;

© uucno monekyn c H = 0, 1, 2, 3, 4 atomamu Bogopoza.




MpuknapHas anrebpa 330/ 465

Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

Pewenne

Kakasi rpynna geiicTByeT Ha KaKoM MHOXecCTBe?




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

Pewenne

Kakasi rpynna geiicTByeT Ha KaKoM MHOXecCTBe?

T = (t, f),t3 = f2 =e rge ¢
A o
< 2 ©9¢

t — Bpawenne Ha 120° Bokpyr ocu,
npoxoAsLyeii 4epes BEPLLUNHY

n yeHTp TeTpasgpa (A—N);

f — Bpawernne Ha 180° Bokpyr ocwu,
NpoxosiLyeri 4epe3 LeHTPbl ABYX
npotusononoxHsix pébep (L1—).

; _ 17,4 2
P(TdV) = 5[zt + 8z1z3 + 323 .




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

Pewenne

Kakasi rpynna geiicTByeT Ha KaKoM MHOXecCTBe?

T = (t, f),t3 = f2 =e rge ¢
A o
< 2 ©9¢

t — Bpawenne Ha 120° Bokpyr ocu,
npoxoAsLyeii 4epes BEPLLUNHY

n yeHTp TeTpasgpa (A—N);

f — Bpawernne Ha 180° Bokpyr ocwu,
NpoxosiLyeri 4epe3 LeHTPbl ABYX
npotusononoxHsix pébep (L1—).

; _ 17,4 2
P(TdV) = 5[zt + 8z1z3 + 323 .

O
MNouemy nepes x1x3 KoshhuumeHT 8, Beab oceli A—A Bcero 47




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

MpumeHeHmne Teopemsl lMolia AnsA pelweHns komMbUHaTOpPHbIX 3aAa4d
(npoponkerue)
© /VIimeem N = 4, geiicteue T Ha BepLUnHbI TETPA3Apa:

1
P(T:V) = —[af + 8z1z3 + 323 ].
o 12

Bcero monekyn (4 pagukana) —

(401 8.4.443.42] = 102 _

12

M = P(4,...,4) 36.

1
D)
e Beca.'yI:H,y2:y3:y4:1. L

Moactanoska B P: x, = HF +3, k=1,4.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
MpumeHeHne Teopemsl lMoiia ansi peweHnsi KOMBUHATOPHBIX 3aa4

P(z1, 73, ¥3) = 15[ 2] + 87125 + 323 ].

Mposogum nogcTakosky — o — HF +3, k=1,2,30.

1
P(H) = - [(H+3)* +8(H + 3)(H® + 3) + 3(H? + 3)?] =
1
= [ (H +4-H-34+6-H*-9+4.H-27+81)+
+8(H* + 3H? + 3H +9) + 3(H* + 6H* + 9) | =

= 1H* + 3H% + 6H? + 11H + 15.

NToro nmeercs mMosiekyn C 4MCAOM aTOMa BOAOPOAaA:
c4ma —1wrt,c3mMa—3wr,c2-ma—6 wr, cl-m — 11 wr,,
6es aTomos Bogopoga — 15 wrT,,

Bcero —1+3+6+4+ 114 15 = 36.




MpuknapHas anrebpa 333 /465
Teopus nepeduncnerus lMoiia

3apaun

Paspen |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

Paspen Il

© Teopus nepeuncnenus Moiia

@ 3apaun



MpuknapHas anrebpa 335 /465
Teopus nepeduncnerus lMoiia

3apaun

Paspen Il




MpuknapHas anrebpa 336 /465
Teopus nepeduncnerus lMoiia

3apaun

TMn-1

llokazate, 410 ecnv anemeHTsl g M h rpynnsi G conpsixeHsl, TO
Stab (g) = Stab (h).
(T-e. cTabunnzatopel ConpsiKEHHBIX IEMEHTOB IPynbl COBNAZAAIOT)




MpuknapHas anrebpa 336 /465
Teopus nepeduncnerus lMoiia

3apaun

TMn-1

lMokazatb, 41O ecnv anementbl g u h rpynnsi G conpsikeHbi, TO
Stab (g) = Stab (h).

(T-e. cTabunnzatopel ConpsiKEHHBIX IEMEHTOB IPynbl COBNAZAAIOT)
”

Pewwenue

gf = fh = Stab(gf) = Stab (g) N Stab (f) = Stab (fh) =
= Stab (f) N Stab (k) = Stab (g) = Stab (h).

V.




MpuknapHas anrebpa 337 /465
Teopus nepeduncnerus lMoiia

3apaun

Tn-2

Havitn yuknoBoii nHaekc camogeiicTBusi rpynmbl CUMMETPUN
paBUIbHOrO TPEYrosbHUKA.




MpuknapHas anrebpa 337 /465
Teopus nepeduncnerus lMoiia
3apaun

Tn-2

Haiitn yuknosoli nHaekc camogericTBusi rpynnsl CAMMETPUN
paBUIbHOrO TPEYrosbHUKA.

Pewenne

lpynna cummeTpuy npaBubLHOro TPeyrofbHUKa — rpynna An34pa
D3 = S3. D3 = (t,s), 12 = s = ¢, t?s = st, |Ds| = 6.

dnemeHT rpynnsl g Type(g) | w(g)
e=(1)(2)3) (3,0,0) |z}
t=(123), 2 = (132) | (0,0, 1) | x5
s=(1)(23), st, st> | (1,1,0) | z122

UuknoBoii nHgexkc —

Pg, = ~[a}?+2x3+3x1x2].

| =




MpuknapHas anrebpa 338 /465
Teopus nepeduncnerus lMoiia

3apaun

T™Thn-3

Haiity ynkioBoi NHAEKC TPaH3UTUBHOIO CaMOAENCTBUS rpynnbl Zg.




MpuknapHas anrebpa 338 /465
Teopus nepeduncnerus lMoiia
3apaun

T™Thn-3

Haiitn yuknoBO# MHAEKC TPaH3UTUBHOIO CaAMOZENCTBUS rpynnbl Zg.

PeweHne
3aHymepyem nocnesoBaTesbHO BEPLUNHBI G-1 YroabHUKA HUCAaMM
1,...,6
Inement g rpynnsi Zg | Type(g) w(g)
e=(1)...(6) (6,0,...) a3 R
g = (123456) (0,0,0,0,0,1) | x¢
g% = (135)(246) (0,0,2,0,...) | 23 ¢ A
¢ =19E)E6) | (0,3,0,..) |2 -
g* = (153)(264) (0,0,2,0,...) | 22
g = (165432) (0,0,0,0,0,1) | ¢
1 6 3 2
P26:6[$1+$2+2.’E6+2$3].

A,




MpuknapHas anrebpa 339 /465
Teopus nepeduncnerus lMoiia
3apaun

TT-3 -1

A
LinknoBoii nHgekc

1
PD7($1, 000 l’7) = ﬂ[azz+6x7+7x1x§].

Yucno paznuyHbix packpacok B T LYBETOB —

P(r,...,r) = i[r7+6r+7r4].

Lns r =2 nmeem

1
14

128 + 12+ 112

14

252
= — = 18.
14

P(2,...,2) [27+1247-16] =




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

TMn-4

OnpesennTs YUCno pas3ingdHbIX PackpPacok MpPaBuabHON 4-X YroabHO
nupamugsl 1 B 3 yseta.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
3apaun

TN-4

OnpesennTs YUCno pas3ingdHbIX PackpPacok MpPaBuabHON 4-X YroabHO
nupamugs 1 B 3 useta.

PeweHnune

3aHymepyem nocnegoBatensHo bokosbie rpanu [1 yncnamum 1, . .. 4,
ocHoBaHne — 5. G = Z4 = (t), t — Bpawenne Ha 90°.

InemeHT rpynnel g Type(g) w(g)
e=(1)(2)(3)(4)(5) | (5,0,0,0,0) | 2%
r = (1234)(5) (1,0,0,1,0) | x124
r? = (12)(34)(5) (1,2,0,1,0) | 2123
r3 = (1432)(5) (1,0,0,1,0) | 124
1, . ) 136
Pg = 1[x1+:r1x4+x1x2+x13:4], P(2) = - = 34.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

TM-5

CKOJIbKUMU reOMETPUYECKU Pa3NYHbIMU criocobamu Tpu abcositoTHO
OAMNHAKOBbIE MyXU MOTYT YCECTbCS B BEPLUMHAX MPaBUJIbHOIO
CEMUYro/IbHUKA, HAPUCOBAHHOro Ha aucte bymaru?




MpuknagHas anrebpa

Teopus nepeduncnerus lMoiia
3apaun

TM-5

CKOJIbKUMU reOMETPUYECKU Pa3NYHbIMU criocobamu Tpu abcositoTHO
OANHAKOBbIE MyX¥ MOTYT YCECTbCS B BEPLUNHAX MPaBUJIbHOMO
CEMUYro/IbHUKA, HAPUCOBAHHOro Ha aucte bymaru?

Pewenue
Mroxectso T — BepLumHbl CEMUYro/IbHNKA, HA KOTOPbIE ZeficTBYeT
rpynna Z; = (t), t" =e.

Inement g € Z7 | Type(g) w(g)
e (7,0,...) x]
t,t?, ..., t8 (0,...,0,1) | z7
Bcero 7

[$Z+6x7].

~|

Unknosoii ungekc: Pz (1, ..., x7) =




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

-5 -1

A
Yucno paznnyHeix packpacok B 2 yseta (Myxa ecTb/HET), npu
YC/I0BUN OKPACKU POBHO 3-X BEPLUNH U3 7-U €CTb KOIPPPULUNEHT U3
npu y* nocne nogcranoskn 1+ y+ 1, x7 =y +1 8 P(Z7):

P(y) = %[(?/+1)7+6(y+1)] = % [...+<7)y3+...].

3
7! 56
7-3!-4] 3!

u3




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

TMN-6

Gokosble rpaHu npaBunbHOU 6-u yrosbHOW nupamugb!
OKPALUMBAIOTCS B KPACHBIM, CuHui n 3enénbiri yseta. Onpenennts

a) YUCIO Pa3INYHbIX 2-X U 3-X UBETHbIX MUPAMUZ;
6) 4Ymcao nupamug ¢ OfHON KpacHoW rpaHbo?
B) YUC/IO NUPaMug, y KOTOPbIX HE MEHEE TPEX KPACHbIX MPaHer;




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

TMN-6

Gokosble rpaHu npaBunbHOU 6-u yrosbHOW nupamugb!
OKPALUMBAIOTCS B KPACHBIM, CuHui n 3enénbiri yseta. Onpenennts
a) YUCIO Pa3INYHbIX 2-X U 3-X UBETHbIX MUPAMUZ;

6) 4Ymcao nupamug ¢ OfHON KpacHoW rpaHbo?

B) YUC/IO NUPaMug, y KOTOPbIX HE MEHEE TPEX KPACHbIX MPaHer;

Pewenne

Vimeem TpaH3uTuBHoe camogericTeue Zg.

(a) Obuyee 4ucno nupamug.

P(Zs) = 33 pld) 2" =




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

3apaun

TMn-6 -1

d=1,2,3,6. p(1)=¢(2) =1, p(3) =¢(6) =2.

1 ‘
= 5 [20 + 25 + 223 + 226 | = Pgz,(21, ..., T6).

nposepunn, Pz, Mbl yxxe Haxoguan B 3agaqe TI1-3
#Col(2) = P(2,...,2)

1 4
= 6[2f%L23+2.22+2-2] = % = 14.
#Col(3) = P(3,...,3) =
= é[36+33+2-32+2-3] = ? = 130.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
3apaun

TMn-6 -1

A
(6, B) Yucno nupamug ¢ 1-ii 3 < KpacHbIMU rpaHsaMu.
Monaraem y1 =y, y2 = y3 = 1 (crequm Tonbko 3a KpacHbIMU
rpaHsmu), T1 =y +2, xo = y> + 2, 3 = 3> + 2.

Ply) = 2 [(5+2)°+ (2 +2)° +26° + 22 +26° +2)] =

1
= 6[u0+u1y+uzy2+...+u6y6] =

[+ (16-15+12)y* +6- 2%y + (26 + 28 + 28 + 4)] .
up = 84/6 = 14, wu; = 32, wug = (8-5+2)/6 = 42.

S| =

Yucno nupamug c ogHoli kpacHoli bycuHoi — uj = 32,
C HE MEHEE, YeM 3-51 KpaCHbIMU rpaHsIMy —

#C0l(3) — (ug +u1 + ug) = 130 — (14 + 32+ 42) = 130 — 88 = 42.




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

YTto Hapgo 3HaTH

Paspen |




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

YTto Hapgo 3HaTH

Paspen Il

© Teopus nepeuncnenus Moiia

@ YT0 Hapmo 3HaTb



MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia

YTto Hapgo 3HaTH

Paspen Il




MpuknagHas anrebpa
Teopus nepeduncnerus lMoiia
YTto Hapgo 3HaTH

o [leiicTBue rpynnbl HA3 MHOXECTBE: ABa OMPEAENEHUs. §-LNKIbI,
Tun nepectavosku. Opbutsl.
HenogsuxHble Toukn rpynnbl npeobpasosaHuii: dukcaTop u
cTabunusaTop. Jlemma BépHcaiiga.

o [pynnbl BpaweHnii nnaToHoBbIX Ten. [lpumepsl.

@ [lpnmeHeHne nemmbl bépHcaliga ans pelwerus
KOMBUHaTOpHbIX 3aga4. [pumepsl.

@ [leilicTeue rpynnbl BpaweHunii Kyba Ha ero aNemeHTblI.

@ LluknoBsoii ungekc: onpepeneHne u ceolicTea. Beluncnerue
qucna opbut yepes uMKNOBONA uHgekc. Npumepsl.

@ PelleHna kombrnHaTopHO 3agaqun ob oxepenbsx.

@ Teopema Peadunga-loiia n eé npumeHeHune ansi pewieHus
KOMBuHaTOpHbIX 3aga4. [Npumepsl.



MpuknapHas anrebpa 350 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Paspen |




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Paspen Il




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Paspen Il

e HEKOTOpre BONpPOCbI Teopun 4aCTU4HO ynopssgo4eHHbiX
MHO>XXeCTB

@ OcHoBHble NOHATUSA TEOPUNN H.y. MHOXECTB



MpuknapHas anrebpa 353 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

HacTuyHo ynopsifioyeHHble MHOXXEeCTBa: onpegesieHne U NpumMepsbl

Onpepenernune

Mapy P = (P, <), rae P — HenycTtoe MHOXeCTBO, a < —
pebIeKCUBHOE, aHTUCMMMETPUYHOE 1 TPAH3UTUBHOE BUHApHOE
OTHOLLEHWE HA HEM, Ha3bIBAIOT YaCTUYHO YNOPSAOHEHHBIM
MHOXECTBOM (COKPALLEHHO 4.Y. MHOXECTBOM).

PednekcnsHocts: x < ;
AnTucummetpuyHocte: (2 < yY) & (y<z) = z=1y;
TpausutusHocte: (z < y)&(y < z) = x < 2.

Mpumepsl

@ (P(M), C) — knaccuyeckuii Npumep 4.y. MHOXKECTBA
(ynopsinoumBaHme MHOXeCTB 1o Bk/toqeHnto, M # &);
o (N, <) u (N, |)— ABa ynopspo4nBaHnsi OGHOrO MHOXECTBA.




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Y.y. MHoxectBo P = ( P, <) — oCHOBHble nNoHATUSA:

e eamm (z<y)V(y<z) T0x MYy cpaBHumsl (r ~ y), nHa4e OHU
HecpaBHumMbl (x < y);

® nosHbIN (nuHeltbIi) nopsgok, ecan Va, y (x ~ y);

@ ecnn B P HeT Hu O,EI,HOﬁ napbl Pa3JiNYHbIX CPABHUMbIX 2N1EMEHTOB,
TO 3TO TPUBNAJIBHO YTNOPAJOHEHHOE MHOXECTBO;

® I HermocpescTBEHHO NpeaLecTByeT y (Y HENOCPESCTBEHHO CeRyeT
zax),ecmzr<z<y = (z=2)V(z=y) (x <y);
o {xePla<<z<b}— unrepsan[a,b];

def
o v <...<v, = [v1,...,0y] — yens (n nAK n), a COBOKYMHOCTb

nonapHO HECPABHUMbIX 2N1IEMEHTOB — aHTULEMNb B P;

o uenb MakCcumasibHas (I/IJ'II/I HaCbILL{eHHaﬂ), ecnn |'|p|/| ﬂ|06aBﬂeHV||/| K
Hell Ntoboro anemeHTa oHa NepecTaér bbiTh LEnbio;

@ ecm Vz,y ((z < y) (y <)), To < — ABONCTBEHHBII
nopsigok Ha P, 2 < nwin <4=>.



MpuknapHas anrebpa 355 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Auarpammbl Xacce

(¢]
(¢] (¢] (¢} (¢} ¢}
(¢] (¢] (¢] (¢] (¢} O

Puc. 4. Juarpammbl 4-x HETPUBMAIbHBLIX HEMOMEYEHHbBIX 3-3/IEMEHTHbIX
4.y. MHOXECTB



MpuknapHas anrebpa 356 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

YH.y. MHOXXecTBa: 0cobble 3/1eMeHTbI

dnemeHT u € P 4.y. MHOoXecTBa ( P, <) Ha3biBatoT:
@ MaKCUMaJbHbIM, €CIN U < T = U = T,
@ MUHUMAJIbHBIM, €CAN U > T = U = X,
@ Hambosabwum, ecnn T < U,
@ HAaWMEHBLLUNM, ECIN T > U

ans nobeix x € P.




MpuknapHas anrebpa 356 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

YH.y. MHOXXecTBa: 0cobble 3/1eMeHTbI

Onpepenernune

dnemeHT u € P 4.y. MHOoXecTBa ( P, <) Ha3biBatoT:
@ MaKCUMaJbHbIM, €CIN U < T = U = T,
@ MUHUMAJIbHBIM, €CAN U > T = U = X,
@ Hambosabwum, ecnn T < U,
@ HAaWMEHBLLUNM, ECIN T > U

ans nobeix x € P.

DnemeHT HanbonbLINA, eCnn BCE APYrve 2NEMEHTLI COLEPXKATCS B
HEM, N OH MAKCUMaJlbHbIA, €C/IN HET 3JIEMEHTOB, COAEPIKALLUX ErO
(aHanorn4Ho Ansi HAUMEHBLLErO U MUHUMAJIBHOTO 3/1EMEHTOB).



MpuknapHas anrebpa 357 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Ocobble 31eMeHTbl 4.y. MHOXXeCTBa: npumep

L] o [ ]
[e] o (e]
[ ]

® — MaKCUMaJIbHbIE 3JIEMEHTHI;
® — MUHUMAaJbHbIA N HAUMEHBLLUWIA SJIEMEHT;

Haunbonbwnii (1) n nanmenswuii (0) — rpaHnyHbie 31eMeHTbI.

B koHeyHoM 4.y. MHOXXECTBE NMEETCA KaK MUHUMYM NO O4HOMY
MaKCMManbHOMY N MUHUMAJIbHOMY 2N1IEMEHTY.



MpuknapHas anrebpa 358 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Y.y. mHoxecteo ({1, ..., 18}, |)

11 2 13 5 7 17

1 — HanmeHbLNiA 2JIEMEHT, ® — MaKCUMaJibHbIE.



MpuknapHas anrebpa 359 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

PaH>kupoBaHHbIe 4.y. MHOXXeCcTBa

LienHoe ycnoBue XoppaHa-OeapekuHpa

Bce makcumaneHble uenn Mexxay ABymMmsa OaHHbIMU 371EMEHTaMM
JIOKAJIbHO KOHEYHOIo 4.y. MHOXECTBa UMEKOT OAWHAKOBYIO AOJTNHY.

Ecan 4H.y. MHOXXECTBO YOOBNETBOPAET YC/IOBUIO

opgaHa-Leaeknuaa n nmeet HauMeHbLunii sneMeHT 0, TO MOXHO
ONpeaenunTb (byHKUMIO paHra p:

o p(o) = O' ) o ) - p=
Takoe MHOXeECTBO AOJNIXXKHO NMETbLb CJion ° ° ° =

Ecnm mHoxecTBO paHxunpyemo, To ntoboii ero cioit (Ho He
Tonbko!) aBnseTca aHTuuensio.



MpuknapHas anrebpa 360 / 465
HekoTopekle Bonpockl Teopun 4acTUHHO YNOPsiAOYEHHbIX MHOXECTB
OCHOBHbIE MOHATUSA TEOPUMN Y.y. MHOXXECTB

MopsgkoBble romoMopusmbl

Otobpaxenne p: P — P’ nocutenein 4.y. mHoxects P n P’
Ha3bIBAETCA COOTBETCTBEHHO

@ U30TOHHBIM (MOHOTOHHBIM, MOPSIAKOBLIM FOMOMOPEPU3MOM),

ecmz <y = o) < oy);

@ obpatHo nsoToHHbIM, ecin () < p(y) = = < y;

@ aHTUM3OTOHHbIM, ecn = < Yy = (x) = p(y).
Ecnn ¢ n3otoHHo, 0bpaTHO N3OTOHHO U MHBEKTUBHO, TO 3TO
BIOXKEHNE UNN (MOPSIAKOBLIN) MOHOMOPGU3M
(cumBonuyeckn P & P).
CtopbeKTMBHbI MOHOMOPU3M — (MOpPsSAKOBBIN) N30MOphr3M
(cumsonuyeckn P = P’ naun P L P).
N3omopduam 4.y. MHOXeCTBa B cebst —
(nopsigkoBeiii) aBToMOphU3M.




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Npeanbl u mnbTpbl H.y. MHOXECTB

MoamHoxecTBo J anemMeHTOB 4.y. MmHoxecTBa P( P, <)
Ha3bIBAaETCs €ro (MopsiZKOBLIM) MAEaIoM, eClu

(zed)&(y<z) = ye




MpuknagHas anrebpa

HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB
OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Npeanbl u mnbTpbl H.y. MHOXECTB

Onpepenernune

MoamHoxecTBo J anemMeHTOB 4.y. MmHoxecTBa P( P, <)
Ha3bIBAaETCs €ro (MopsiZKOBLIM) MAEaIoM, eClu

(zed)&(y<z) = ye

MogmuoxectBo F' anementos P HasbiBaetcs ero (nopsigkosbim)
DUABLTPOM, ecnm

(reF)&(r<y) = yeF.




MpuknagHas anrebpa
HeKOTOphIe BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

Npeanbl u mnbTpbl H.y. MHOXECTB

Onpepenernune

MoamHoxecTBo J anemMeHTOB 4.y. MmHoxecTBa P( P, <)
Ha3bIBAaETCs €ro (MopsiZKOBLIM) MAEaIoM, eClu

(zed)&(y<z) = ye

MogmuoxectBo F' anementos P HasbiBaetcs ero (nopsigkosbim)
DUABLTPOM, ecnm

(reF)&(r<y) = yeF.

& n BCEé P — nopsigkoBble naeanbl.

BaxkHoe CBOWCTBO: 0ObefMHEHNE N NEpeceHeHne NOPSAKOBbLIX
nheanoB eCTb NOPALKOBbIA naean.

ObozHaueHue: J(P) — MHOXeCTBO BCex MOPSIAKOBbLIX UAEASIOB 4.Y.
MHoxecTBa P.



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
OCHOBHBIE MOHATUS TEOPUM 4.y. MHOXKECTB

KoHycbl

Onpepenernune

Myctb ( P, <) — 4.y. mHoxectBo n A C P. Muoxectsa A% n AV
onpegensiembie yCIOBUSMM

{x€P|Va }mAv:{w€P|Xa(ac<a)}

Ha3bIBAlOTCS BEPXHUM W HUXHUM KOHycamu MHoxecTBa A, a nx
SNEMEHTbI — BEPXHUMMU W HUXKHUMU TPAHSAMUA MHOXECTBA A
cooTBeTCTBEHHO. [l1st ogHOaNnemeHTHOro MHoxectea A = {a}
ncnonb3ytoTcs obosHadeHns a® un a’




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

KoHycbl

Onpepenernune

Myctb ( P, <) — 4.y. mHoxectBo n A C P. Muoxectsa A% n AV
onpegensiembie yCIOBUSMM

{x€P|Va }mAv:{w€P|Xa(ac<a)}

Ha3bIBAlOTCS BEPXHUM W HUXHUM KOHycamu MHoxecTBa A, a nx
SNEMEHTbI — BEPXHUMMU W HUXKHUMU TPAHSAMUA MHOXECTBA A
cooTBeTCTBEHHO. [l1st ogHOaNnemeHTHOro MHoxectea A = {a}
ncnonb3ytoTcs obosHadeHns a® un a’

MousiTHO, 4To ecnm a < b, To a® NbY = [a, b].

xV = J(x) — ngean; x — dunstp P; Takue naeans n punstpsi
Ha3bIBAOT /IABHbLIMU.

. . def v
KoneuHonopoxgéumbiii ngean: (ai, ..., ag) = U a;



MpuknapHas anrebpa 363 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

TouHble rpaHu

Mycte (P, <) — 4.y. mHoxecteon A C P.

@ Haumenblwnii anement B A” HasbiBaeTcsa TOYHOU BEpPXHEN
rpaeto MHoxecTBa A (cumBonmyecku sup A).

@ Hanbonbwmii snement 8 AV HasbiBaeTCs TOYHOM HUXKHEN
rpateto MHoxecTBa A (cumBonmyeckn inf A).




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

OcHOBHbIE NOHATUA TEOPUN 4H.y. MHOXXECTB

TouHble rpaHu

Onpepenernune
Mycte (P, <) — 4.y. mHoxecteon A C P.

@ Haumenbwinii anement 8 A® HasbiBaeTCA TOYHOI BepxHel
rpaHbto MHoxecTBa A (cumBonnyecku sup A).

@ Hanbonbwmii snement 8 AV HasbiBaeTCs TOYHOM HUXKHEN
rpateto MHoxecTBa A (cumBonmyeckn inf A).

363 / 465

Mpumep (sup A n/wnm inf A MoryT u He cywiecTBoBaThb)
{a,b}* = {c,d}, vo mHoxecTso {c,d}
He nmeeT nHdumyma = supi{a, b} orcytcrayer.
Ananoruyo, otcytcreyet inf{c, d}.




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Paspen |




MpuknapHas anrebpa 365 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Paspen Il




MpuknapHas anrebpa 366 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Paspen Il

e HEKOTOpre BONpPOCbI Teopun 4aCTU4HO ynopssgo4eHHbiX
MHO>XXeCTB

@ Onepauunn Hag 4.y. MHOXXeCTBaMu



MpuknapHas anrebpa 367 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mepeceyerne




MpuknapHas anrebpa 367 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mepeceyerne

C
b d N b c = b c
a a d a d

CBoIiCcTBa 4.y. MHOXKECTB MOTYT He COXPaHSIOTCS MpU NepeceqeHnu.
Hanpumep, «bbiTb Lenbioy: ecnn P — uenb, Torga P% — takke
uens, a P N P% — TpuBnanbHo ynopsiao4eHHoe MHOXECTBO.



MpuknapHas anrebpa 368 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsmasa cymma

P=(P <p)unQ=(Q, <Q) — ABa 4.y. MHOECTBa, NPN4ém
PNQ=w2.
P+Q = (PUQ, <pV<Q).




MpuknapHas anrebpa 368 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsmasa cymma

P=(P <p)unQ=(Q, <Q) — ABa 4.y. MHOECTBa, NPN4ém
PNQ=w2.
P+Q = (PUQ, <pV<Q).

CﬂpaBe,qﬂMBbl COOTHOWEHNA
P+Q2P+R=Q=R w (P+Q)?=~PpP'+R?

nP — npsimas cymma n aksemnnsipos P, nl — n-anemeHTHas
aHTUUenNb.

HunarpammMa npsiMmoii cyMMbl COCTOUT 13 ABYX AMArpamMm
COOTBETCTBYIOLLMX Y.Y. MHOXECTB, PacCCMaTPUBAEMbIX Kak eAnHas
Anarpamma.

Y.y. MHOXXECTBO, He ABASOLLEeCs NPsSIMO CYMMOI HEKOTOPbIX ABYX
OPYruX 4.y. MHOXKECTB, Ha3blBaETCA CBSI3HbIM.



MpuknapHas anrebpa 369 / 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsamoe npousBegeHne: onpegeneHuve

npﬂMbIM NN 4eKaPTOBbIM MPON3BEAEHNEM H.Y. MHOXXECTB
P(P, <p)un Q= (Q, <Q) HasblBaeTCs MHOXXeCTBO

PxQ=(PxQ, <),
rae (p, ) < (p', ¢') & (p<pp"&(g<q ¢').



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsamoe npousBegeHne: onpegeneHuve

npﬂMbIM NN 4eKaPTOBbIM MPON3BEAEHNEM H.Y. MHOXXECTB
P(P, <p)un Q= (Q, <Q) HasblBaeTCs MHOXXeCTBO

PxQ =(PxQ,<),
rae (p, ) < (p', ¢') & (p<pp"&(g<q ¢').

P" — npsimoe npoussegeHune n sksemnasipos P: B™ = 2",

Ecnu P v Q parupoBaHbl 1 nx paHrosble hyHKLUN CYTb pp 1 pQ,
10 P X Q Takxxe paHxuposaHo n p(x1, x2) = pp(z1) + po(x2);

CI'IpaBep,J'IVIBbI COOTHOLLUEHNA
PXxR=®QxR=P~Q, P'2Q"= P=(Q,
(PxQ)? = pPlxq@?.

369 / 465



MpuknapHas anrebpa 370/ 465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsmoe npousBegexune: npumep 1

Puc. 5. lNpsimoe nponseeneHune ueneii 3 n 2



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Mpsamoe npousBegeHne: npumep 2

S\

Puc. 6. 3ursaru (nav 3abopsl) Zs n Zy

[¢] [¢]

DTSN

Puc. 7. MNpsmoe npouseenerune Zs X Zy




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Teopema (Ope )

Kaxkabidi 4acTudHbll MOpsiOK N30MOPChEH HEKOTOPOMY
MOAMHOXECTBY [IEKAPTOBA MPOU3BEAEHNS LiENEN.




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

Onepauun Hag 4.y. MHOXeCTBaMu

Teopema (Ope )

Kaxkabidi 4acTudHbll MOpsiOK N30MOPChEH HEKOTOPOMY
MOAMHOXECTBY [IEKAPTOBA MPOU3BEAEHNS LiENEN.

| A

OnpegeneHune

MynbTunankaTnBHOM pa3mMepHOCTbIO Y.y. MHOXecTBa P
Ha3blBaeTCs HauMeHbluee Yncio k nnHeltbix nopsiakos L; Takux,
cywectByeT BaoxeHne P — L X ... X Lg.

/\

NS



MpuknapHas anrebpa 373 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

Paspen |




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Paspen Il




MpuknapHas anrebpa 375 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

Paspen Il

e HEKOTOpre BONpPOCbI Teopun 4aCTU4HO ynopssgo4eHHbiX
MHO>XXeCTB

@ JlnHeapusayus



MpuknagHas anrebpa

376 / 465
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Mpeacrtasnenne P = ( P, <) B Buae nepecevenus uenei

Teopema (LLInunbpaiiHa, NpMHUMN NPOAOAXKEHUA NOPSIAKA)
Q /ltoboii YacTuyHbI NOPSAAOK < MOXET ObITb NPOLOJIKEH [0
JINHENIHOIO Ha TOM XK€ MHOMXECTBE.

@ Kaxblil NopsfoK ecTb nepeceyeHne BCex CBOUX JIMHENHBIX
npogoXeHnii (nnHeapn3ayunii).

P - L, P:Llﬁ...ﬂLe(P),

roe e(P) — MHOXeCTBO BCex NMHeapusaumii 4.y. MHoxecTsa P.
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HekoTopekle Bonpockl Teopun 4acTUHHO YNOPsiAOYEHHbIX MHOXECTB
JlnHeapusauuns

Mpeacrtasnenne P = ( P, <) B Buae nepecevenus uenei

Teopema (LLInunbpaiiHa, NpMHUMN NPOAOAXKEHUA NOPSIAKA)

Q /ltoboii YacTuyHbI NOPSAAOK < MOXET ObITb NPOLOJIKEH [0
JINHENHOrO Ha TOM XK€ MHOXXECTBE.

© Kaxablii NopsigoK eCTb NEPECcEHEHNE BCEX CBOUX JINMHENHbIX
npoZoKeHNi (NnHeapusaymii).

P - L, P:Llﬁ...ﬂLe(P),

roe e(P) — MHOXeCTBO BCex NMHeapusaumii 4.y. MHoxecTsa P.

[Hokasatenscreo (pNa KoHevHoro cny4as, |P| =n)

Q@ Ecm P — ne yens, To B P HalifyTcs HECPaBHUMBbIE 3/IEMEHTbI;
MPON3BOJILHO ONPEAENNM MOPSILOK HA HUX U MPOLOJIXKUM ErO Mo
TPaH3UTUBHOCTU. Ecv noay4mBLUneCs 4.y. MHOXECTBO eLyé He
yenb, TO BbibepeM HOBYIO Mapy HECPABHUMBIX 3J1EMEHTOB U
MOCTYNaeM, Kak yka3aHo Bbille. HYepes KoHe4yHoe 4Mcio waros
noJly4aemM JINHENHbINA MOPSLOK.




MpuknapHas anrebpa 377 /465
HekoTopekle Bonpockl Teopun 4acTUHHO YNOPsiAOYEHHbIX MHOXECTB
JlnHeapusauuns

Tononoruyeckas copTupoBka

A

Q (npogomxerue). T.K. BO3MOXeEH pa3nnydHblii BoiOOp nap
HECPaBHUMBbIX 3/1IEMEHTOB U NPYU KaXKgoM Bblbope MOXXHO
nosnarate toboli X NopsfoK, TO MOXHO MOJy4YUTb BCE
BO3MOXHbIE JINHENHbIE MPOZOJIXKEHNST NCXOZHOIO HaCTUYHOIrO
nopsigka.

© [lepeceqenme Bcex Takux uener 4aCT UCXOAHOE Y.Y. MHOXECTBO:
ecim x < Y, TO aHaJIOrMYHOE CaeqoBaHne byaer n Bo Bcex
MOJTyHEHHbIX INHENHBIX MOPSAKAaX, @ MPpU X ~ Y BCerga Hangéercs
napa yenesi ¢ NPOTUBOMNOJIOXKHbLIM UX CEZ0BAHUEM, HYTO B
nepeceqeHnu Lener u 4acT HECPABHUMOCTb 3TUX 3JIEMEHTOB.

[Ina KOHeUHbIX 4.y. MHOXECTB 3aAaHHbIX Mapamu BUAa a < b, nouck
TaKoro JIMHEHOrO NMPOLOJKEHUSI B TEOPETUHECKOM
NpOrpamMMuUpPOBaHUN HA3bIBAIOT TOMOJOrMYECKON COPTUPOBKOIL.
3apaya pelaeTcs 3a JvHeliHOe BpeMsi.



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

MpeacraBneHuve 4.y. MHOXXECTBa nepeceyeHuem uenen

d

378 / 465
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

HekoTopble 4.y. MHOXecCTBa

o o °

Puc. 8. Manas kopoHa s,

Puc. 9. KopoHna S5
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

«e(P)=7» — NP-nonHasa 3apaya, Ho:

o cP+@ = (") ePr(@, n=[Plm=Qf
@ e(2xn) = ni T <2:> — uucna Katanana;

e(Zy,)x"
g - = tgx + secx,
n!
n=0
3HaveHUsi Z, Npu YETHbIX N — YUC/IA CEKAHCA, @ NMPUN HEYETHBIX —
Yucaa TaHreHca;

e(Sp) = (n+Dl(n—1);




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

BeposiTHOCTHOE NMPOCTPaHCTBO Ha JiInHeape3aLusix

Mpu pewennn 3aaa4 KOMBUHATOPUKN, AUCKPETHOW ONTUMU3ALNN 1
AP. 4acTO pacCMaTpUBAOT CBA3AHHOE C 4.y. MHOXeCTEOM P
BEPOSITHOCTHOE MPOCTPAHCTBO Ha MHoxecTBe Bcex e(P) ero
NNHEapN3aLunii, B KOTOPOM KaXK[as NNHeapu3auns pasHOBEPOSITHA.



MpuknagHas anrebpa

HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

BeposiTHOCTHOE NMPOCTPaHCTBO Ha JiInHeape3aLusix

Mpu pewennn 3aaa4 KOMBUHATOPUKN, AUCKPETHOW ONTUMU3ALNN 1
AP. 4acTO pacCMaTpUBAOT CBA3AHHOE C 4.y. MHOXeCTEOM P
BEPOSITHOCTHOE MPOCTPAHCTBO Ha MHoxecTBe Bcex e(P) ero
NNHEapN3aLunii, B KOTOPOM KaXK[as NNHeapu3auns pasHOBEPOSITHA.
B sTom npocTpaHCcTBe ANs 3N1eMEHTOB I, ¥, 2, ... AAHHOMO 4.y.

MHOXECTBa paccMaTpuBatoT cobbitus E Buga x < y,
(x<y)&(z<z)nTa.



MpuknagHas anrebpa

HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

BeposiTHOCTHOE NMPOCTPaHCTBO Ha JiInHeape3aLusix

Mpwn pelweHnn 3aga4 KOMONHATOPUKM, ANCKPETHOR ONTUMU3ALNN 1
AP. HaCTO PacCMaTPUBAIOT CBSI3aHHOE C 4.y. MHOXecTBoM P
BEPOSITHOCTHOE MPOCTPAHCTBO Ha MHoxecTBe Bcex e(P) ero
JINHeapu3aLnii, B KOTOPOM KaXXAast IMHEApN3aumnsi paBHOBEPOSITHA.
B sToM npocTpaHcTBe ANst SNEMEHTOB T, Y, Z, ... [AHHOTO 4.y.
MHOXECTBa paccMaTpuBatoT cobbitus E Buga x < y,

(x < y)&(z < 2) n 1.4 BepositHocTb Pr[E] Takoro cobbitusi:

__ 4ncno AvHeapusauunii, B KOTOpbIX MMeeT mecto F
Pr[E] = P) :



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

BeposiTHOCTHOE NMPOCTPaHCTBO Ha JiInHeape3aLusix

Mpwn pelweHnn 3aga4 KOMONHATOPUKM, ANCKPETHOR ONTUMU3ALNN 1
AP. HaCTO PacCMaTPUBAIOT CBSI3aHHOE C 4.y. MHOXecTBoM P
BEPOSITHOCTHOE MPOCTPAHCTBO Ha MHoxecTBe Bcex e(P) ero
JINHeapu3aLnii, B KOTOPOM KaXXAast IMHEApN3aumnsi paBHOBEPOSITHA.
B sToM npocTpaHcTBe ANst SNEMEHTOB T, Y, Z, ... [AHHOTO 4.y.
MHOXECTBa paccMaTpuBatoT cobbitus E Buga x < y,

(x < y)&(z < 2) n 1.4 BepositHocTb Pr[E] Takoro cobbitusi:

__ 4ncno AvHeapusauunii, B KOTOpbIX MMeeT mecto F
Pr[E] = P) :

Teopema (XYZ-teopema)

Mycte ( P, <) — 4.y. MHOXecTBO u ., y, z € P. Torga

Priz<y]-Prlz<z] < Pri(z<y) &(x<2)].




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Mpobnema coptuposku n «1/3 — 2/3 npegnonoxxexve»

— onpefennTb NNHeHbIA nopsagk L ¢ noMoLWwbio MUHUMANBHOMO
KOJINYeCTBa BOMPOCOB « BEPHO v, 4T0 & < 1y B Li7».

Obobuwermne: L — 3acpukcmpoBaHHasi, HO HEN3BECTHas
NMHeapu3auns 4.y. MHoxecTea P.

OnTtumansHas npouenypa noncka L ekntoyaeT B cebs HaxoxgeHne

3/IEMEHTOB T U ¥, AN KoTopbIxX Pr [z < y] ~ %



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Mpobnema coptuposku n «1/3 — 2/3 npegnonoxxexve»

— onpefennTb NNHeHbIA nopsagk L ¢ noMoLWwbio MUHUMANBHOMO
KOJINYeCTBa BOMPOCOB « BEPHO v, 4T0 & < 1y B Li7».

Obobuwermne: L — 3acpukcmpoBaHHasi, HO HEN3BECTHas
NMHeapu3auns 4.y. MHoxecTea P.

OnTtumansHas npouenypa noncka L ekntoyaeT B cebs HaxoxgeHne
1

3N1EMEHTOB T 1 ¥, Ans KoTopbix Prz < y| ~ 3.
C.C. Kucanubiv (1968) Bbickazan «1/3 — 2/3 npegnonoxernes
“J1t0boe He ABASIOLYEECS LENbIO Y.Y. MHOXKECTBO COREPXKUT Mapy

HECPaBHUMbIX 37IEMEHTOB T U 1, A5 KOTOPbIX
1 2
— < Priz<y] < =",
3 3

MosgHee 3TO yTBEpXKAEHME HE3aBUCMMO BbIABUHYAN aMepUKaHCKue

nccnegosatenu M. ®@pegman n H. Jlunan.



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

1/3 — 2/3 npegnonoxexue

[Mprmep 2 4 1 nokasbiBaeT,

YTO YKa3aHHble rpaHnLibl
Hecy>xaeMbl (1MMeeTCst U npumep
AECATUSNEMEHTHOrO 4.y. MHOXeCTBA
CO CBsi3aHHOW Anarpammoii Xacce).

383 /465
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

1/3 — 2/3 npegnonoxexue

b [Mprmep 2 4 1 nokasbiBaeT,
YTO YKa3aHHble rpaHuLLbl
Hecy>KaeMbl (MMeeTcst 1 npumMep
DECATUSNEMEHTHOIO 4Y.y. MHOXECTBA

CO CBsi3aHHOW Anarpammoii Xacce).
a C

[laHHoe npefnonoXeHne [O CMX NOP YCMELWHO NPOTUBOCTONT BCEM
NoNbITKaM €ro [oKasaTb U npejcTassser coboii ogHy n3 Hanbosee
VHTPUrytowmnx npobaem KoMbUHaTOPHON TEOPUMN H.Y. MHOXECTB
(C. ®encHep n V.T. Tpotrep).



MpuknapHas anrebpa 383 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

1/3 — 2/3 npegnonoxexue

b [Mprmep 2 4 1 nokasbiBaeT,
YTO YKa3aHHble rpaHuLLbl
Hecy>KaeMbl (MMeeTcst 1 npumMep
DECATUSNEMEHTHOIO 4Y.y. MHOXECTBA

CO CBsi3aHHOW Anarpammoii Xacce).
a C

[laHHoe npefnonoXeHne [O CMX NOP YCMELWHO NPOTUBOCTONT BCEM
NoNbITKaM €ro [oKasaTb U npejcTassser coboii ogHy n3 Hanbosee
VHTPUrytowmnx npobaem KoMbUHaTOPHON TEOPUMN H.Y. MHOXECTB
(C. ®encHep n V.T. Tpotrep).

Ha cerogHsawHmii geHb Hanbonee CuibHLIA pesynbTaT:

0,2764 5-V5 < Prlz <y < 5+0ﬁ’ ~ 0,7236.

1



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Y.y. MHOXecCTBa: cnekTp

Onpegenerne:

Spec (P {Pr b]]a,beP,a;éb}




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Y.y. MHOXecCTBa: cnekTp

Onpegenerne:

Spec (P {Pr b]]a,beP,a;éb}

ScHo, uTo
@ nockonbky Pr{a < b] = 1—Pr[b< a], cnekrp
CMMETPUYEH OTHOCUTENBHO §;

@ /151 BCEX HEOAHO3JIEMEHTHBIX TPUBUAJIBHO YNOPSAAOHEHHbBIX
_ S 1.
MHOXeCTB Spec = { 5 }

° {0, 55 1} — eVHCTBEHHbIVi TPEXINEMEHTHbI CNeKTp;

@ BCe YEeTbIPEX3NIEMEHTHbIE CNEKTPbI JO/KHbI UMETb BUJ
{0, a, 1 —a, 1}, r,u,e0<oa<%;



MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

JlnHeapusauuns

Y.y. MHOXecCTBa: cnekTp

Onpegenerne:

Spec(P) = { Prla<b]|a,be P, a#b}

ScHo, uTo

@ nockonbky Pr{a < b] = 1—Pr[b< a], cnekrp
CMMETPUYEH OTHOCUTENBHO §;

@ /151 BCEX HEOAHO3JIEMEHTHbLIX TPUBUAIBLHO YNOPSAOHEHHbIX
MHOXeCTB Spec = { % };

° {0, 55 1} — eVHCTBEHHbIVi TPEXINEMEHTHbI CNeKTp;

@ BCE YETbIPEXDNIEMEHTHbIE CMEKTPbI AOKHBI UMETL BUJ,
{0, a, 1 —a, 1}, r,u,e0<oa<%;

MmnoTesa (2002): @ = 3.




MpuknapHas anrebpa 385 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

Y.y. MHOXecTBa: pa3mepHOCTb

Mo Teopeme LLnunbpaiita 4.y. mHoxectso P coBnagaet ¢
nepecedeHnem scex e(P) cBoux nuHeapusaunii.

OpfHako TOT e pe3ynbTaT MOXKHO MONYHYUTL, B3SB 3HAYMTENLHO
MeHbLLee YNCNO JNHERHbIX npogoskeHnii. Hanprumep, 4.y.
MHoxecTBo P

b c d

nmeet 6 nuHeapuzauuii, Ho P = [a, b, ¢, d|N[a, d, ¢, b].
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB
JlnHeapusauuns

Y.y. MHOXecTBa: pa3mepHOCTb

Mo Teopeme LLnunbpaiita 4.y. mHoxectso P coBnagaet ¢
nepecedeHnem scex e(P) cBoux nuHeapusaunii.

OpfHako TOT e pe3ynbTaT MOXKHO MONYHYUTL, B3SB 3HAYMTENLHO
MeHbLLee YNCNO JNHERHbIX npogoskeHnii. Hanprumep, 4.y.
MHoxecTBo P

b c d
a
nmeet 6 nuHeapuzauuii, Ho P = [a, b, ¢, d|N[a, d, ¢, b].
Mycte P — u.y. mHoxectBou R = {Ly, ..., Ly} —

COBOKYMHOCTb Leneli Takas, 4to P = Ly N...N L, To rogopsT,
yto R peanusyer P.



MpuknagHas anrebpa

386 / 465
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

Y.y. MHOXecCTBa: pa3MepHOCTb...

Onpepenerne

HaumeHbluee YNCNO NNHERHBIX NMOPSAKOB, AAOLUX B MEPECEHEHNN AAHHOE

4.y. MHOXecTBO P HasbiBaeTcs ero (mopsaKkoBoli) pa3mMepHOCTbIo
(cumBonmnyeckn dim(P)).
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB
JlnHeapusauuns

Y.y. MHOXecCTBa: pa3MepHOCTb...

Onpepenerne

HaumeHbluee 4nciao NuHeliHbIX NOPSAKOB, JAOLNX B NEPECEYEHUN [AHHOE
4.y. MHOXecTBO P HasbiBaeTcs ero (mopsaKkoBoli) pa3mMepHOCTbIo
(cumBonmnyeckn dim(P)).

Teopema (Ope)

| \

nOpﬂ,[{KOBaﬂ U MYJIbTUTIJINKATUBHAST PA3MEPHOCTU 4H.y. MHOXXECTBa
CoBMnagaror.
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

Y.y. MHOXecCTBa: pa3MepHOCTb...

Onpepenerne

HaumeHbluee 4nciao NuHeliHbIX NOPSAKOB, JAOLNX B NEPECEYEHUN [AHHOE
4.y. MHOXecTBO P HasbiBaeTcs ero (mopsaKkoBoli) pa3mMepHOCTbIo
(cumBonmnyeckn dim(P)).

Teopema (Ope)

nOpﬂ,[{KOBaﬂ U MYJIbTUTIJINKATUBHAST PA3MEPHOCTU 4H.y. MHOXXECTBa
CoBMnagaror.

[1,2,3,4,5]N[2,4,1,3,5]: PN
N NS
/ \ / \ / — [a,b,c] x [d,e]
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

dim(P) — Gonee ToHkasa oueHka 4.y. MHOXecTBa, Yem e(P)

PasmepHoCTb ... uMetoT:
1 — TonbKO uenu;

2 — TPUBMANBHO YNOPSAAOYEHHBIE MHOXECTBA
(T.e. pa3MepHOCTL HE MOXET UHTEPNPETUPOBATLCS KaK Mepa
OTNNYNS AAHHOTO 4.y. MHOXKECTBA OT JIMHENHOrO);
_Zn;
— BCe OT/IMYHbIE OT Leneli 4.y. MHoXecTB, npu |P| < 6, kpome

3 — s3, sh n sh? (cm. guarpammer) :

N
NV

[o} (¢}

/N

o o o o

RN

[e] [«]

n—=S,

d

X

a

C

X
b
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

O pa3mepHocTu 4.y. MHoxectBa P = (P, <)

e ¥ # (CP = dim(Q) < dim(P), npn yganenun 1-ro
3/IEMEHTA €ro Pa3MepHOCTb YMEHbLUAETCs He bosee, yem Ha 1;

o dim(P + Q) = max { dim(P), dim(Q) }, ecan xoTs 6
OAHO M3 MHOXeCTB He siBsieTcst uenbto n dim(P + Q) = 2;

o dim(P x Q) < dim(P) + dim(Q);

e dim(P) < |P|/2 npu |P| > 4 (Teopema Xuparyun).
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

O pa3mepHocTu 4.y. MHoxectBa P = (P, <)

e ¥ # () CP = dim(Q) < dim(P), npn yganexun 1-ro
3/IEMEHTA €ro Pa3MepHOCTb YMEHbLUAETCs He bosee, yem Ha 1;

o dim(P + Q) = max { dim(P), dim(Q) }, ecan xoTs 6
OAHO M3 MHOXeCTB He siBsieTcst uenbto n dim(P + Q) = 2;

o dim(P x Q) < dim(P) + dim(Q);

e dim(P) < |P|/2 npu |P| > 4 (Teopema Xuparyun).

Teopema («KOMMAKTHOCTU> )

lyctb P — Takoe 4.y. MHOXeCTBO, 4TO N1t0boe ero KOHEYHOE 4.Y.

MOAMHOXECTBO MMEET PasMEPHOCTb, He npeocxogsiyytro d. Torga
dim(P) < d.




MpuknapHas anrebpa 388 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

O pa3mepHocTu 4.y. MHoxectBa P = (P, <)

e ¥ # () CP = dim(Q) < dim(P), npn yganexun 1-ro
3/IEMEHTA €ro Pa3MepHOCTb YMEHbLUAETCs He bosee, yem Ha 1;

o dim(P + Q) = max { dim(P), dim(Q) }, ecan xoTs 6

OAHO M3 MHOXeCTB He siBsieTcst uenbto n dim(P + Q) = 2;
o dim(P x Q) < dim(P) + dim(Q);
e dim(P) < |P|/2 npu |P| > 4 (Teopema Xuparyun).

Teopema («KOMMAKTHOCTU> )

lyctb P — Takoe 4.y. MHOXeCTBO, 4TO N1t0boe ero KOHEYHOE 4.Y.

MOAMHOXECTBO MMEET PasMEPHOCTb, He npeocxogsiyytro d. Torga
dim(P) < d.

wpl : Z(l “ > <dim(P)<Z<1— c2 ),n:|P|.

a logn logn
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

d—HeCBO,D,VIMbIe 4.y. MHOXeCTBa

Onpepenernune

Y.y. mHoxxecTBo P HasbiBaeTcs d-HecBogMMbIM BNt HEKOTOPOTO
d > 2, ecim dim(P) = d n dim(P’) < d ana nwoboro
cobcTBeHHOro 4.y. noaMmHoxecTea P’ C P.

. HECBOANMbIE MHOXXECTBA:

2 — [Byx3/7eMeHTHas aHTuuenb (e4UHCTBEHHOE);

d .
3 — s3,sh,sh® 4 ... — onucaHbl, perynsipHbl U XOpOLIO N3Y4EHbI;
4 — [OCTaTOYHO YaCTO BCTPEYAtOTCs U BeCbMa NpUuYyAJnBbI;

t — S; (eanHCTBEHHOE 2t-371EMEHTHOE) - ...;

@ KaxJoe {-HECBOANMOE Y.y. MHOXECTBO SIBJISIETCS
4.y. MOAMHOXeCTBOM HekoToporo (t + 1)-Hecsogumoro.
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HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

JlnHeapusauuns

4-HecBOAUMOE 4.y. MHOXXECTBO



MpuknagHas anrebpa

HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

Mpobnema Horuxa

KakoBo Hanbosblee 3Haqenmne 7w(d, n) MOLYHOCTM MHOXECTBA

MaKCUMAaJIbHbIX 3JIEMEHTOB d-HECBOANUMOIO M-3JIEMEHTHOIO Y.Y.
MHoXecTBa npu d > 47

[anHasi npobnema fo cux nop oCTaéTcsi OTKPLITONA.



MpuknagHas anrebpa

HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB
JlnHeapusauuns

Mpobnema Horuxa

KakoBo Hanbosblee 3Haqenmne 7w(d, n) MOLYHOCTM MHOXECTBA

MaKCUMAaJIbHbIX 3JIEMEHTOB d-HECBOANUMOIO M-3JIEMEHTHOIO Y.Y.
MHoXecTBa npu d > 47

[anHasi npobnema fo cux nop oCTaéTcsi OTKPLITONA.

VT1BepxxgeHue

m(d,n)

N

n—d.




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

YTto Hapgo 3HaTH

Paspen |




MpuknapHas anrebpa 393 /465
HekoTopble Bonpockl TeOpun YacTUYHO YNOPAAOYEHHBIX MHOXECTB

YTto Hapgo 3HaTH

Paspen Il




MpuknagHas anrebpa
HeKOTOpI:Ie BOMPOCHEI TEOPUN HAaCTUYHO YNOPAAOYHEHHbIX MHOXECTB

YTto Hapgo 3HaTH

Paspen Il

e HEKOTOpre BONpPOCbI Teopun 4aCTU4HO ynopssgo4eHHbiX
MHO>XXeCTB

@ YT0 Hapmo 3HaThL



MpuknagHas anrebpa
HekoTopblie BONpockl TEOPpUN HacTUHHO YNOPSAAOHEHHBIX MHOXECTB
YTto Hapgo 3HaTH

@ YacTnyHo ynopsifodeHHble (4.y.) MHOXECTBA: OMpeAeseHme,
npUMepbl, OCHOBHbIe NoHATUs. Juarpammel Xacce n ocobble
S/IEMEHTbI Y.Y. MHOXECTB.

@ PaHxxnpoBaHHble 4.y. MHOXecTBa. LlenHoe ycnosune
MopgaHa-Henekunga. MNopsakoesie romoMopguamel

@ Vgeansl n punbTpel 4.y. MHOXKecTB. KoHycbl. To4HblE rpaHM.
@ Onepauunn Hag 4.y. MHOXXECTBAMU.

@ Teopema LnunepaiiHa. JInHeliHoe npofomkeHMe Y.y.
MHOXECTBA 1 TOMOJIOrNYECKasi COPTUPOBKA.

@ JlnHeapusaumu n BEPOSTHOCTHOE NPOCTPAHCTBO Hag HUMN.
XYZ-teopema. Mpobnema coptuposkn n «1/3 —2/3
NPesNONOXKEHNE .

@ CnekTp u pasmepHOCTb 4.y. MHOXecTB. CBoiicTBa
pa3MepHOCTH, d-HECBOAMMbIE MHOXeCTBa 1 npobnema Horuwa.



MpuknapHas anrebpa 396 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

Paspen |




MpuknapHas anrebpa 397 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

Paspen Il




MpuknapHas anrebpa 398 /465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

Paspen Il

© Anrebpanueckue pewéTtkn

@ PewéTku: onpegeneHme, OCHOBHbIE CBOICTBA



MpuknapHas anrebpa 399 /465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTo4Ho ynopsago4eHHOe MHOXXECTBO

Onpepenernune

Y.y. MHOXECTBO, B KOTOPOM AJist JIIODbIX 3N1EMEHTOB a U b

cywecteytoT inf {a, b} n sup{a, b} HaswbiBalOT pewéToyHo
YMOPsiAOHEHHBIM.

PewéTtka HasbiBaeTcsa mosiHoM, ecnn 110boe noAaMHOXKECTBO €&
3/IEMEHTOB MMEET TOYHbIE BEPXHIOK N HUXKHIOK FPaHM.

NS

SN
AN




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

Anrebpavyeckne pelérTku: onpegeseHme

Onpepenernune

Anrebpandeckas pewérka — ato Tpoiika L = (L, L, M), rge L —
HenycToe MHOXecTBo, a LI (obbeguHenne), M (nepeceqerne) —
BuHapHble onepaumn Ha HEM, MOAYNHSIOWMMNCS NapaM 3aKOHOB
KOMMYTaTUBHOCTM, aCCOLMATUBHOCTI, UAEMMOTEHTHOCTU 1
MOFJIOLLEHNS:

Uy =y U x; rMy =yl

zU(yUz)=(xUy Uz zN(yNz) = (xNy) Nz
rUdzx = x

zMN(xUy) = z;

rlx =,
zU(zNy) =z




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
PelwéTkun: onpepaenenne, ocHoBHblE CBONCTBA

Anrebpavyeckne pelérTku: onpegeseHme

Onpepenernune

Anrebpandeckas pewérka — ato Tpoiika L = (L, L, M), rge L —
HenycToe MHOXecTBo, a LI (obbeguHenne), M (nepeceqerne) —
BuHapHble onepaumn Ha HEM, MOAYNHSIOWMMNCS NapaM 3aKOHOB
KOMMYTaTUBHOCTM, aCCOLMATUBHOCTI, UAEMMOTEHTHOCTU 1

NOrNOLEHNA:

Uy =y U x; rMy =yl
zU(yUz)=(xUy Uz zN(yNz) = (xNy) Nz
rUdzx = x rlx =,
zMN(xUy) = z; zU(xNy) = =z

| A\

MNpuHUMN ABOWCTBEHHOCTU ANA pPeLIEToK

Jlioboe yTBepXKaeHne, UCTUHHOE A5 JIHODbLIX MPON3BOJIbHBIX
3JIEMEHTOB PELLETKMN, OCTAETCA TAaKOBbIM MpMW 3aMeHe [1 < L.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PeweéTtka Bcex pa3bueHnii mHo)xectBa — Gennnax

abc

AN

albe blac clab

NV

alble

1121314

Puc. 10. bennvanbl mHoxects {a,b,c} n {1,2,3,4}

|Hn| = B(n) — KoNM4eCTBO BCEBO3MOXHbIX SKBUBAJIEHTHOCTEN
N-3NEMEHTHOM MHOXeCTBe, 4ucsio benna.

B(3) =5, B(4) =15, ..., B(20) =



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PeweéTtka Bcex pa3bueHnii mHo)xectBa — Gennnax

abc

AN

albe blac clab

NV

alble

1121314

Puc. 10. bennvanbl mHoxects {a,b,c} n {1,2,3,4}

|Hn| = B(n) — KoNM4eCTBO BCEBO3MOXHbIX SKBUBAJIEHTHOCTEN
N-3NEMEHTHOM MHOXeCTBe, 4ucsio benna.

B(3) =5, B(4) =15, ..., B(20) = 51724158235372, . . .



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

DKBUBAJIEHTHOCTb pELLIéTOHHO ynopsaao4eHHbIX MHOXXeCTB U

peweTok

Q lycrb (P, <) — pelwéroyHo ynopsiao4eHHOEe MHOXECTBO.
Ecnn pnsi nobbix snemeHtoB x© vy u3 P noaoxuts

Uy % sup{a, y}, 2y < inf{z, y},

10 cTpykTypa ( P, LI, M) 6byaer peLéTkoii.

@ lycre (L, U, M) — pewérka. Ecan gns nobbix snementos
x vy u3z L nonoxuts

r<y = zNy=a (wm xz<y def xUy=1y),

10 cTpykTypa (L, <) byger peliéTo4Ho ynopsifoHeHHbIM
MHOXECTBOM.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

DKBNBAJIEHTHOCTb PELIETOYHO YNOPSAA0YEHHbIX MHOXXECTB U
PeLeToK...

Teopema YCTaHaB/NBAET B3aMMHO-OA4HO3HA4YHOE COOTBETCTBUE

MeXAY PEeLUETOHHO YNOPAAOHEHHBIMI MHOXECTBAMMN 1 PeLLETKAMU:
n3 ogHoii AC BCerga MOXXHO MOJYHUTL APYryHO.

MoaToMy TepMUH «peluéTKay NpUMEHSIIOT AJst 06OUX MOHSATUIA:

Nobyto peldTKy MOXKHO NPeacTaBnTb MbO Kak ynopsigoYeHHoe
MHOXECTBO, N1bo kak anrebpy.

PELIETOYHO  YMOPSiAOHEHHbIE | PeLETKM
MHOXeCTBa

(R, <) (R, max, min)
(N, [) (N, v, A)
(P(4), ) (P(A), U, N)

Bo3MOXXHOCTb Takoro pacCMOTPEHUSI PELLETOK MO3BOJSIET BBOANTb
B HMX KaK MOPsiLKOBbIE, TakK U anrebpanyeckune onepauum, 4To
NPUBOANT K BoraToii U MHOroobpasHoli B NPUJIOKEHNSIX TEOPUN.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
PewéTkun: onpeaeneHne, ocHoBHbIE CBOICTBa

PewéTkn: npumepsbl

Pewérkn (A # @) —
@ Bce bynesbl anrebpb;
@ BCe uenu;
@ efUHCTBEHHble 1-, 2-, 3-aneMeHTHble pelwéTkn — uenu 1, 2, 3

@ 4-3nemeHTHble pelwéTkn — 4 n B2



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

5-3/1eMeHTHblIe peLIéTkn —

NN
%



MpuknapHas anrebpa 406 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

5-371eMeHTHbIE PeLIETKU — NATUYronbHUK N5 n bpunnuvant Mj

0 + uenb 5



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: yHnsepcasbHble rpaHn U aTOMblI

HaumeHblunii snemeHT pewétkn (kak p.y.M.) — eé Hosb (0),
Hanbonblnii — eguunya (L).

O N L PELETKN — e€ YHUBEPCasIbHbIE MPaHM.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: yHnsepcasbHble rpaHn U aTOMblI

HaumeHblunii snemeHT pewétkn (kak p.y.M.) — eé Hosb (0),
Hanbonblnii — eguunya (L).

O N L PELETKN — e€ YHUBEPCasIbHbIE MPaHM.

Peluétka MOXeT 1 He MMeTb yHMBepcanbHbIx rpaHeii: Z, (N, |) —
Tonbko o = 1.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: yHnsepcasbHble rpaHn U aTOMblI

HaumeHblunii snemeHT pewétkn (kak p.y.M.) — eé Hosb (0),
Hanbonblnii — eguunya (L).
O N L PELETKN — e€ YHUBEPCasIbHbIE MPaHM.

Peluétka MOXeT 1 He MMeTb yHMBepcanbHbIx rpaHeii: Z, (N, |) —
Tonbko o = 1.

Bce koHeuHble pelléTku copepxaT o 1 L.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: yHnsepcasbHble rpaHn U aTOMblI

HaumeHbLuinii snemeHT pewétkn (kak p.y.m.) — eé Hosb (0),
Hanbonblnii — eguunya (L).

O N L PELETKN — e€ YHUBEPCasIbHbIE MPaHM.

Peluétka MOXeT 1 He MMeTb yHMBepcanbHbIx rpaHeii: Z, (N, |) —
Tonbko o = 1.

Bce koHeuHble pelléTku copepxaT o 1 L.

Onpepenernne

dnemeHT a # o pewéTkn L ¢ HynéM o Ha3biBaeTCs aToMOM ecnn

ans noboro anemeHTa T 3TON pelléTKn nepecedeHne a .z paBHO
nnbo o, nubo a.

B nocnearem cnyvae roBopaT, YTO 3/1EMEHT T COAEPXUT aTOM a.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
PelwéTkun: onpepaenenne, ocHoBHblE CBONCTBA

Fomomopcusmbl pelwérok

Onpepenernune

Otobpaxerune ¢ pewétkn L B pewétky L’ HasbiBaeTcs
anrebpanyeckum Wan peLEToYHbIM roMOMOPU3MOM, eCAN ANs
nobbix x, y € L cnpaseainebl paBeHCTBa

plzly) = p@)Uely) v e@ny) = o(@)ey).

BuekTnBHbI peléTouHbIi FOMOMOPKU3M eCTb PELIETOYHBII
nzomoppusm. isomopduam pelwétTku B cebst HasbiBaeTcs
aBTOMOPU3MOM.

/IHbekTMBHbIE 1 CIOPBEKTMBHbLIE PELLETOYHBIE FOMOMOPKU3MBbI
Ha3bIBaAlOT peléTodHbiMu (Unu asrebpanyeckumu)
MOHOMOphu3mMamu (BAOXKEHUSIMU) N STUMOPHU3MamMu
COOTBETCTBEHHO.




MpuknapHas anrebpa 409 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

CBa3b NOPAJKOBOro U PELIETOHHOro roMoMopdU3MOB peLLEToK



MpuknapHas anrebpa 409 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

CBa3b NOPAJKOBOro U PELIETOHHOro roMoMopdU3MOB peLLEToK

/ >( / 1) MopsigkoBble romomopdunsmbl
- PELUETOK KakK 4Y.y. MHOXECTB,
BoobLie rosopsi,
\ / HE ABAKOTCA anre6pa|/|'-|eCK|/|M|/|.
— 0
2) Jlioboe oTobpaxkeHne OfHON PELETKM Ha APYrYO, COXpaHsitoLLee

XOTsl Bbl 04HY U3 Pel&TOYHbIX onepauuii, sBaAseTCs
NOPSIAKOBLIM FOMOMOPU3MOM.




MpuknapHas anrebpa 409 / 465
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

CBa3b NOPAJKOBOro U PELIETOHHOro roMoMopdU3MOB peLLEToK

//>( / 1) MopsigkoBble romomopdunsmbl

PELUETOK KakK 4Y.y. MHOXECTB,

\ / BoobLie rosopsi,

HE ABJAKOTCA anre6pa|/|L|eCK|/|M|/|.
—3 1)

2) Jlioboe oTobpaxkeHne OfHON PELETKM Ha APYrYO, COXpaHsitoLLee
XOTs Bbl OAHY U3 Pel&TOYHbIX OnepaLnii, SBNseTCs
NOPSIAKOBLIM FOMOMOPU3MOM.

B cnyyae nzomopdusma npobiembl cHuMatoTCs.

Teopema (06 3kBMBaNEHTHOCTU ABYX BUAOB m3omopdusma

pewéTok)

/LBe pelwétku anrebpanyecku nzomopepHsi, iff o nzomopghHbl Kak
Y.y, MHOXECTBA.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

MononHeHne NPon3BOILHOIO 4.y. MHOXeCTBO A0 (NOHON)

peweéTKkun

Teopema (3ambikaHne Maknuna)

Bcsikoe 4.y. MHOXXECTBO MOXHO BJIOXUTb B MOAXOASILLYHO MOJIHYHO
PELLUETKY C COXPaHEHNEM BCEX TOYHbLIX rPAHEN.

,, ,, B / !
N7\ >

F

yHI/IBepCBJ'IbeIe FPaHn N 3N1EMEHTDI,
OTMEYEHHbIE 3HAKOM @ CYyTb CE€YeHUuA MakHuna.

!l/ \h
|



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

MononHeHne NPon3BOILHOIO 4.y. MHOXeCTBO A0 (NOHON)

peweéTKkun

Teopema (3ambikaHne Maknuna)

Bcsikoe 4.y. MHOXXECTBO MOXHO BJIOXUTb B MOAXOASILLYHO MOJIHYHO
PELLUETKY C COXPaHEHNEM BCEX TOYHbLIX rPAHEN.

,, ,, B / !
N7\ >

F

VHMBepcaanble FPaHn N 3N1EMEHTDI,
OTMEYEHHbIE 3HAKOM @ CYyTb CE€YeHUuA MakHuna. / \
Teopema NOKa3bIBA€T, 4HTO 3HAMEHUTOE NOCTpPOEHNE g

P. deaeknHgom peicTBUTENbHBIX YNCEN «CEYEeHUsIMU> /
Ha caMOM Jesie NPUMEHUMO ANs 1toboro 4v.y. MHOXeCTBa. °




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

Npeanbl pelwérok

Onpepenernune

Mycte (L, U, M) — pewérka. Henycroe nogmHoxectso [
aneMeHTOB L HasbiBaeTcs eé (peléToqHbIM) uaeanom, ecim

1) (zel&(y<z) =yel n 2)z,ycl = zxUyecl.

[BoiicTBEHHO, HenycToe nogmMmHoXecTBO F' anemeHToB L
Ha3bIBAETCA €€ PeLETOYHbIM PUIbTPOM, ECN

1) (e F)&x<y) =yeF wn 2 z,yecF = afyeF.

HenycTtoe nogmHoxecTBo I 0OKa3bIBaeTCs PELLETOYHBIM UAEATIOM,
iff ans nobbix €€ anemeHTOB T M Y cnpaBeanuBsa
3KBMBANEHTHOCTb =, y € I < x Uy € I n aHanoru4Ho ans
dunbTpos.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: TeopemMmbl 0 BAOXKEHUSX

Teopema (o npeacrtasneHun pelwérTok)

Bcsikasi peLuétka MoxeT bbITb BJIOXEHA B bysieaH nogxozsiyero
MHOXXECTBA C COXPAHEHNEM BCEX TOYHbIX HUXKHUX FPaHEN.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn
PewéTkun: onpeaeneHne, ocHoBHbIE CBOICTBa

PewéTkn: TeopemMmbl 0 BAOXKEHUSX

Teopema npeacTaB/€HUN PeLLETOo

Bcsikasi peLuétka MoxeT bbITb BJIOXEHA B bysieaH nogxozsiyero
MHOXXECTBA C COXPAHEHNEM BCEX TOYHbIX HUXKHUX FPaHEN.

| A,

Teopema (Maknun)

Bcsikyto peléTky MOXHO BIOXKUTL B MOAXOASLLYIO MOJIHYHO
PELLUETKY C COXPAHEHNEM BCEX TOYHbLIX FPaHE.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

PewéTkn: TeopemMmbl 0 BAOXKEHUSX

Teopema npeacTaB/€HUN PeLLETOo

Bcsikasi peLuétka MoxeT bbITb BJIOXEHA B bysieaH nogxozsiyero
MHOXXECTBA C COXPAHEHNEM BCEX TOYHbIX HUXKHUX FPaHEN.

| A,

Teopema (Maknun)

Bcsikyro pelléTKy MOXHO BAOXUTL B MOAXOASLLYHO MOJHYIO
PELLETKY C COXPAHEHNEM BCEX TOYHbIX FPAHEN.

| \

Teopema

Bcsikyto KOHEUYHYH0 PELLETKY MOXHO BIOXUTbL B KOHEYHYIO PELETKY
pasbueHnii.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

MoapewéTkn

Onpepenernune

Henyctoe nogmHoxecteo L' pewérku L = (L, LI, M) HasbiBaeTcs

eé nogpewétkoii (cumeonuyeckn L’ < L), ecnu L’ ycroiiuneo
OTHOCUTENBHO Cy>KeHuiA Ll 1 .




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

PewéTku: onpeaneneHne, oCHOBHbIE cBoilicTBa

MoapewéTkn

Onpepenernune

Henyctoe nogmHoxecteo L' pewérku L = (L, LI, M) HasbiBaeTcs
eé nogpewétkoii (cumsonnyecku L’ < L), ecan L' ycroiiumeo
OTHOCUTENBHO Cy>KeHuid Ll n M.

Kaxpgoe nogmHoXecTBO peléTkn L saensetca nogpelwéTkon, iff
L — uens.

M3 onpepeneHns cnepyeT, YTO NOAMHOXECTBO 3JIEMEHTOB PELUETKU
L MOXeT bbITh peléTkoli OTHOCUTENBLHO HACTEAYEMOrO HaCTUHHOIO
nopsifika, HO He mogpeléTkoin L.



Puc. 11. {a,b,e,e} < 42, 1o {a,b,e, e} £ 42



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Paspen |




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Paspen Il




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Paspen Il

© Anrebpanueckue pewéTtkn

© MogynsipHble n gucTpubyTnBHbIE pPel&TKN



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

MogaynspHbie peléTku

Onpepenernune

Pewérka ( L, L, ) Ha3bIBAaeTCA MOAY/ISIPHOM, €CAU AN NODbIX
x, Yy, 2 € L B Hell BLINONHAETCA CeayoWmniAi MOAY/ISPHbINA 3aKOH

Mod: z<y = zU(yMNz) = yMN(xzUz).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MogynsipHele n ancTpubyTuBHbIE PELLETKMN

MogaynspHbie peléTku

Onpepenernune

Pewérka ( L, L, ) Ha3bIBAaeTCA MOAY/ISIPHOM, €CAU AN NODbIX
T, Yy, z € L B Heli BbINONHSETCA CNEAYOWNI MOAYISPHBIA 3aKOH

Mod: x<y = zU(yMNz) = yMN(zUz).

© MogynsipHbimu sinsitoTcst Bee Lenu, pewétka (N, | ), bynesbi
anrebpbl U NX NOAPELIETKN.

© Pewértka NSubG Bcex HopmanbHbix nogrpynn rpynnbl G
obpasyer mogynsipHa (nepecedenue rpynn — Bcerga rpynna, a
o0bbeanHeHe HOPMabHbIX MOAMPYMM COBMAAAET C UX
MPOU3BEAEHNEM).

© PewéTka BCEX 3KBMBANIEHTHOCTEN HAa AAHHOM MHOXECTBE B
obuem cnyyae He MomysipHa.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

MarnyronbHnk N; — HeMoaynsipHas peléTka

1234
/ PelwéTka Bcex 3KBUBANEHTHOCTE Ha AAaHHOM

ol MHOXECTBe B ODLLEM Cllydae HE MOAY/IsipHa.

TR o= (12]34), 8= (1]23]4), v = (12[34), a <~
all(yMB) = aldo = a £ AM(allf) = M = .

1/234

N

112/3/4



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

MarnyronbHnk N; — HeMoaynsipHas peléTka

1234
/ PelwéTka Bcex 3KBUBANEHTHOCTE Ha AAaHHOM

ol MHOXECTBe B ODLLEM Cllydae HE MOAY/IsipHa.

1/23/4

o= (1|2[34), B = (1|23]4), v = (12|34), a < v
all(yMB) = aldo = a £ AM(allf) = M = .

1/234

N

112/3/4

HEMOJJ,yJ'IFlpHOCTb N5 OKa3blBaETCs KOYEBOIA:

Teopema (kpuTepuii MOAYISIPHOCTN PELLETKN)

Pewétka mogynsapHa, iff Hukakas eé nogpelwértka He nsomopcHa
naTuyroabHuKy N.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

AnctpubyTneHblie peluéTku

Onpepenernune

Pewérka ( L, L, M) Ha3biBaeTCs gucTpubyTBHOM, €CIN B HEl
BbINOJIHSIOTCS 4UCTPUOYTUBHbIE 3aKOHbI

(xUy)MNz = (xMz)U (yN2);
(zMNy)Uz = (U z) N (yU 2).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MogynsipHele n ancTpubyTuBHbIE PELLETKMN

AnctpubyTneHblie peluéTku

Onpepenernune

Pewérka ( L, L, M) Ha3biBaeTCs gucTpubyTBHOM, €CIN B HEl
BbIMNOJIHAIOTCS ANCTPUOYTUBHbIE 3aKOHbI

(xUy)MNz = (xMz)U (yN2);
(zMNy)Uz = (U z) N (yU 2).

© Bce uenu, bynesbl anrebpbl 1 nX NOAPELIETKN AUCTPUOYTUBHBI.

© PelwéTka BCeX NOANPOCTPAHCTB BEKTOPHOIO NPOCTPaAHCTBA,
YNOMSIHYTas Bbllle B Ka4eCTBE NpUMepa MOAYJISIPHON
PELETKN, HE SIBASIETCS AUCTPUDYTUBHONA.

© Pewértka Sub C Bcex nogrpynn uukanyeckoii rpynnsl C
ANCTPNOYTUBHA.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Bcsikasi guctpubyTtuBHas pewwérka MoaynsipHa

(aUb)Me = tMe=¢ # (alc)U(bMe) = alo=a

/ \ MogynsipHblii 3akoH — ocnabnexHasi popma

BTOPOro AUCTpnBYTNBHOIO Va

3aKOoHa /
(z) (wy) (w)
Vzl = 6 x y7$y> -
\ yerBepHas Kneiina, \ /

pewétka SubVy = M; (pomb) &

nogrpynn Vj (Bce oHU HOpMasbHbI) MOZYAsIpHA, HO
He gucTpubytusHa: a = (x), b = (y), ¢ = (zy),

(aUb)Me =1tMNe=c # (aMNe)U(bMec) = odo = o.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Kputepuii onuctpnbyTMBHOCTU peLIETKY

Hegnctpnbytuerocts M3, 0KasbIBaeTCs KIKOYEBOIA: CnpaBeanmnBa

Teopema

MogynspHas pewétka siBasercs gnctpubytusHoi, iff Hukakas eé
nofApeLéETKa He u3oMopebHa pomby Ms.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Kputepuii onuctpnbyTMBHOCTU peLIETKY

Hegnctpnbytuerocts M3, 0KasbIBaeTCs KIKOYEBOIA: CnpaBeanmnBa

Teopema

MogynspHas pewétka siBasercs gnctpubytusHoi, iff Hukakas eé
nofApeLéETKa He u3oMopebHa pomby Ms.

Cnepcteue (kputepuii AUCTpMOYTUBHOCTU PELLETKN)

PewéTtka guctpubytusHa, iff Hukakas eé nogpelérka He
n3omopepHa Hu naTuyronsHuky Ns, Hu pomby Ms.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

OucTpubyTtusHoctb pewértkn J(P)

J(P) < (P(P),U,N) = peweérka J(P) guctpnbytusHa.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

OucTpubyTtusHoctb pewértkn J(P)

J(P) < (P(P),U,N) = peweérka J(P) guctpnbytusHa.

CV

Puc. 12. 73, J(Z3)



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Hepa3noxxumble anemMeHTbl peléTok

B KoHeuHbIX ANCTPUBYTUBHBIX peLléTKaxX BaXKHYIO posib UrpatoT He
aToMbl (HanpuMep, B KOHEYHON LENU BCEro OAUH aToM), a
HEPA3/IOKINMbIE B OOBEANHEHNE DIEMEHTBI.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Hepa3noxxumble anemMeHTbl peléTok

B KoHeuHbIX ANCTPUBYTUBHBIX peLléTKaxX BaXKHYIO posib UrpatoT He
aToMbl (HanpuMep, B KOHEYHON LENU BCEro OAUH aToM), a
HEPA3/IOKINMbIE B OOBEANHEHNE DIEMEHTBI.

Onpepenernne

DNIEMEHT 2 # 0 PELETKN HA30BEM HEPAZIOKUMbIM, ECIN N3
z = x Uy cnepyetr anbo z = x, nnbo z = y.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Hepa3noxxumble anemMeHTbl peléTok

B kOHEYHbIX ANCTPUBYTUBHBIX PELLETKAX BaXKHYIO POJib UTPatOT HE
aToMbl (HanpuMep, B KOHEYHON LENU BCEro OAUH aToM), a
HEPA3/IOKINMbIE B OOBEANHEHNE DIEMEHTBI.

Onpepenernne

DNEMEHT 2 # 0 PeléTKN HAa30BEM HEPA3/IOKMMbIM, €CIN N3
z = x L1y cnepyet nubo z = x, nmbo z = y.

Q Artombl ft0bol peléTK HEPA3IoKMMbI, 1 B aTOMHOI byneBoii
anrebpe HET APYrux HEPA3IOKMMBbIX SIEMEHTOB.

© B pewérke (N, |) Hepa3noXuMbl B TOHHOCTN CTEMNEHN
MPOCTBIX YMCen.

OB Uennm HN OANH SNEMEHT HE ABNAETCA Pa3/IOKNMbIM.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Hepasznoxxumble 31eMeHTbl peLleTok...

B KoHe4HOI peLéTKe KaXKablii HEHYIEBOI 3JIEMEHT MOXKET ObITb
npeaCcTaB/ieH B Buje O6'be,41/lHeHl/IFI HEPA3JIOXKUMBbIX SJIEMEHTOB.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Hepasznoxxumble 31eMeHTbl peLleTok...

Jlemma

B KoHe4HOI peLéTKe KaXKablii HEHYIEBOI 3JIEMEHT MOXKET ObITb
npeaCcTaB/ieH B Buje O6'be,41/lHeHl/Iﬂ HEPA3JIOXKUMBbIX SJIEMEHTOB.

HokasatenbcTBO

| \

Ecnn snemeHT b Hepaznoxum, To b =b L1 b. [lyctb b= by LI by n
b1 # b # bs.

@ Ecan v by, n by HepazNoXKNUMBbI, TO IEMMA [OKA3aHa.

@ B npotusHom cnyqae npeacrasasiem by u/vwan be B BUAE
0bbeaNHEHNS] CTPOrO COBEPXKALUNXCS B HUX IJIEMEHTOB, U T.A4.
B cuny KOHEHHOCTYU PELLETKN YKAa3aHHLINA MPOLECC 3aKOHYNTCS,
Y MCXOAHBIN 2/1eMeHT b byaeT npescTaBaeH B BUAE
obbeguHeHNs] HEPA3IOKUMBIX SIEMEHTOB.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

MpeacraBneHve Npov3BO/bHBLIX 3JIEMEHTOB PELUETKU Yepe3
HepasNoXumble

Ob6o3Ha4YeHUst ANsi NOAMHOXKECTB 3/1EMEHTOB
(amcTpubytusHoin) pewétkun L

@ Irr L — MHOXeCTBO HepasfioXMMbIX B 0bbeanHeHne
snemenToB L;

o Irr(z) = {yelr L |y <2} — MHOXeCTBO Hepas3NoXUMbIX
anemeHToB L, copgepxxawmxca B x.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN
MpeacTaBneHne NPon3BOJbHbLIX 3/1IEMEHTOB PELLUETKU Yepe3
Hepa3oXumble

Ob6o3Ha4YeHUst ANsi NOAMHOXKECTB 3/1EMEHTOB
(amcTpubytusHoin) pewétkun L

@ Irr L — MHOXeCTBO HepasfioXMMbIX B 0bbeanHeHne
snemenToB L;

o Irr(z) = {yelr L |y <2} — MHOXeCTBO Hepas3NoXUMbIX
anemeHToB L, copgepxxawmxca B x.

Joka3saHHasi neMMa yTBEp)KIAET, HTO B KOHEYHOW peluéTke KaXKablii
HEHY/IEBO S/IEMEHT X LOMYCKAET NpeACTaB/EHNE:



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

N3omopdu3sm 4.y. MHOXKECTBA N HEPa3NOXKUMBbIX 3JIEMEHTOB

pELLIéTKVI ero nopsaaKosbIX ngeasnos

Ecam P — 4.y, mHoxectso, 7o Irr J(P) = P.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

N3omopdu3sm 4.y. MHOXKECTBA N HEPa3NOXKUMBbIX 3JIEMEHTOB

pELIJéTKM ero nopsaaKosbIX ngeasnos

Ecan P — u.y. mHoxectBo, To Irr J(P) = P.

JokasatenbcTBO

Mycts P — 4.y, mHoxecTBO 1 Torga J(P) — guctpubytusHas
peLwéTka ero nopsiaKkoBbix ugeanos. [lopsakosbiii ngean pewéTkm
Hepaznoxum, iff oH ABASETCA raBHbIM:

zV = Irr J(P) & Jo(P) = {2V |z € P}.

Panee 6611 ycTaHOBAEH N30MOPOU3M MEXIY Y.Y. MHOXECTBOM U
COBOKYMHOCTbIO €ro r1aBHbIX UAEasOB:

p: P — J(P), o) =1zY,

nostomy P = Jo(P) = Irr J(P).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

Irr J(P) = P: npumep

6]

Puc. 13. Z3, mHoxecTBo [rr J(Z3) BbigeneHo



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

quHp,ameHTaanasl TeopeMa O KOHe4YHbIX ,D,I/ICTpI/I6yTI/IBHbIX

peléTkax

Teopema (PTKAP, I. Bupkrog)

Bcsikasi koHedHas auctpnbytusHas pewétka L nzomopgpHa

peLUETKE MOPsiAKOBLIX UAEAJIOB Y.Y. MHOXECTBA €€ HEPA3/OKNMbIX
anementoB: L = J(IrrL)




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

q)pr,ameHTaanasl TeopeMa O KOHe4YHbIX ,D,I/ICTpI/IGyTVIBHbIX

peléTkax

Teopema (PTKAP, I. Bupkrog)

Bcsikasi koHedHas auctpnbytusHas pewétka L nzomopgpHa

peLUETKE MOPsiAKOBLIX UAEAJIOB Y.Y. MHOXECTBA €€ HEPA3/OKNMbIX
anementoB: L = J(IrrL)

| \

[okazatenscreo (Habpocok)

Mycte L = (L, U, M) — KoHe4Hasi AucTpnbyTusHasi peléTka u
J(Irr L) — pewétka nopsizkosbix ngeanos 4.y. mHoxectsa Irr L.
Paccmotpum otobpaxerne i) : L — J(Irr L),  ¢(z) = Irr(z).
@ Ortobparkenue 1) ecTb buekuyus.
oz <y & Irr(z) CIrr(y) & ¥(x) S P(y).
" 1) — (nopsigkoseiii) nzomopgusm mexgy L n J(Irr L).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MogynsipHele n ancTpubyTuBHbIE PELLETKMN

PTKAP L = J(IrrL): nnnoctpauuns

SN N
\//\\/

Puc. 14. L IrrL J(IrrL)



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Paspen |




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Paspen Il




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Paspen Il

© Anrebpanueckue pewéTtkn

@ [IpumeHeHmne Teopumn pelwéTok K 3agade knaccudpmkauum



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccucbukauns no npevegeHTam: nocTaHOBKAa 3agaqu



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccucbukauns no npevegeHTam: nocTaHOBKAa 3agaqu

Q@ MHoxecTBo 06bekTOB X' pa3feneHo Ha HECKOIbKO NOAMHOMXECTE
(knaccos).



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccucbukauns no npevegeHTam: nocTaHOBKAa 3agaqu

Q@ MHoxecTBo 06bekTOB X' pa3feneHo Ha HECKOIbKO NOAMHOMXECTE
(knaccos).

© WHdopmaums o Takom pasbueHnn COAEpXKUTCS TONILKO B YKa3aHuu
O NMPUHAOQNEXXHOCTN K AAaHHbBIM KJ1laCCaM 3JIEMEHTOB KOHEYHOW
obyqatowyeri nocnegosatensHocTu (Boibopkn) n3 X, 3neMeHTbI
KOTOPOIi HA3bIBAOT MpeyeseHTaMu.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccucbukauns no npevegeHTam: nocTaHOBKAa 3agaqu

Q@ MHoxecTBo 06bekTOB X' pa3feneHo Ha HECKOIbKO NOAMHOMXECTE
(knaccos).

© WHdopmaums o Takom pasbueHnn COAEpXKUTCS TONILKO B YKa3aHuu
O NMPUHAOQNEXXHOCTN K AAaHHbBIM KJ1laCCaM 3JIEMEHTOB KOHEYHOW
obyqatowyeri nocnegosatensHocTu (Boibopkn) n3 X, 3neMeHTbI
KOTOPOIi HA3bIBAOT MpeyeseHTaMu.

© Ob6bekTbl MMEIOT ONUCaHMe Ha HEKOTOPOM POPMasIbHOM A3bIKE,
YKasblBalowWweM cTeneHb obnaganns obbeKTamMu KOHEYHBIM HUCIOM
npusHakos u3 muoxectea M = {x1,...,2,}.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugbukaums: npocTpaHCTBO 00beKTOB

Pacno3sHaBaHue 06pa3os | mpeuegewr  wnacc

ObbekT 1 A
Ob6beKT 2 B
Ob6beKT L A
06bekT X ?
NpoCTpaHCcTBo 06bEeKTOB J MoucK none3HbIX UCKONaeMbIX

U MeguumnHckan gruarHoctuka
U MporHosuposaHune

[

- 06beKTbI Knacca A

- o6bekTbl KNacca B

- 06bEeKT HEM3BECTHOTO Knacca

24 %

Puc. 15. NHdopmaymnorHas Mogens kiaccudpukaumm



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugpukaymns: npusHakoBas matpuua

YacTo ncnonbsyercs onucaHue B Buae obbeKTHO-MPU3HAKOBO
(0,1)-matpuybi M, B KOTOpOIi OOBEKTAM COOTBETCTBYHOT CTPOKM,
npu3HakaMm — CTosbUbl, @ 2N1EMEHTBI MaTPULLbl KOANPYOT
Hann4ne/OTCYyTCTBNE NPU3HAKOB Yy OOBEKTOB.

H Knacc K; H xl‘@“xn H
ObvekT 1 1 0 |...] 1
ObbekT 2 0 1 |...]1
ObvekT 3 1 1 (...10
Obvextmi | 0 | 1 |...| 0

— Aans Kaxgoro us knaccos Kq, ..., Ky, s > 2. Janee s = 2.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugpukayus: a3bik onucaHus n pelsaroLiee npasBuio

3ag oby4eHus

Mo maTpuue M cdopmynmposaTth peluaroLee npasuio, KOTopoe
Mo ONnMcaHuio HOBOro obbekTa n3 X' ykasbiBano bbl nMsa kiacca,
€ro CofiepXKalLero.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugpukayus: a3bik onucaHus n pelsaroLiee npasBuio

3ag oby4eHus
Mo maTpuue M cdopmynmposaTth peluaroLee npasuio, KOTopoe
Mo ONnMcaHuio HOBOro obbekTa n3 X' ykasbiBano bbl nMsa kiacca,
€ro CofiepXKalLero.

Pewatouiee npaBuio JoaKHO MaKCUMU3UPOBATbL HEKOTOPOL

dyHKLMOHAN, ONpeaenstowWeil KaYecTBO KAacCugpuKaLmi.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugpukayus: a3bik onucaHus n pelsaroLiee npasBuio

3ag oby4eHus

Mo matpuue M cdopmynnpoBaTh peLuaroLjee npaBuao, KOTopoe
Mo ONnMcaHuio HOBOro obbekTa n3 X' ykasbiBano bbl nMsa kiacca,
ero coaepyalyero.

Pewatowee npaBunao JOMKHO MaKCUMN3NPOBaTb HEKOTOPOI
dyHKLMOHAN, ONpeaenstowWeil KaYecTBO KAacCugpuKaLmi.

Takum PyHKLMOHANOM B MOAABSIOLLEM HUC/IE CAYHAEB SBNSETCS
MUHUMYM (He abcontoTHeiiil) Yncna owmnbok knaccudmkaumn,
OfHAKO MOXET TaKXe YYNTbIBAaTbCS, HaNpUMEp, 1 LONsi OTKAa30B.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugbukaumsa: nogxoabl K pelieHnio 3agaqm

meTpuyeckune metogbl (NN, ...);
pasgensitowme nosepxHoctu (SVM, ...);
noTeHUManbHble YHKUNK;

JIOTMYECKIE METOAbI;

KOJIIEKTUBHbBIE pewatolue npasuna (obsactu komneteHyuy,
ronocoBaxue, anrebpanyeckuii nosxos);

@ CTPYKTYPHbIE METOAbI,

@ pensiunonHblii nopxon (AP (FCA), ...)



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugbukaumsa: nogxoabl K pelieHnio 3agaqm

meTpuyeckune metogbl (NN, ...);
pasgensitowme nosepxHoctu (SVM, ...);
noTeHUManbHble YHKUNK;

JIOTMYECKIE METOAbI;

KOJIIEKTUBHbBIE pewatolue npasuna (obsactu komneteHyuy,
ronocoBaxue, anrebpanyeckuii nosxos);

@ CTPYKTYPHbIE METOAbI,

@ pensiunonHblii nopxon (AP (FCA), ...)

Wille R., Ganter B. Formal concept analysis. Berlin; Heidelberg;
New York: Springer-Verl., 1999.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

CooteerctBua lNanya: onpegenerue

Hanee 3anuck oTobpaxeHnii:

m 3anuncbIBaeTCs Kak ; f(A) | 3anuceiBaeTcs kak .



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

CooteerctBua lNanya: onpegenerue

Hanee 3anuck oTobpaxeHnii:

f(a) | 3anucbiBaeTcs Kak ; f(A) | 3anuceiBaeTcs kak .

Mycte P = (P, <p)n Q = (Q, <p) — 4.y. MHOXecTBa. [lapa
otobpaxeHnii (¢, ), ¢ : P — Q, v : Q — P, ygoBnetsopsitoLyas
CBOWCTBaM

Q@ ¢ 1 Y aHTNN3OTOHHBI;

Q ppY = pn qp = q (pY n Yo — onepatopel 3ambikatus (Ha
P n Q cootsetcTBeHHo, p € P, q € Q).

Ha3biBaeTca cooTBeTcTBueM [anya mexay P n Q

CI'IpaBe,D'J'IVIBbI n bonee cuNbHbIE COOTHOLLEHUNS

Sqp & qg<pp n @ =y, P = Ppi.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

MNonatne — 370 ...

... LLeNIOCTHAsi COBOKYMHOCTb CY)XAEHWi, YyTBEpXKAatoLmx ob
OT/INYNTENBHBIX MPU3HAKaX BeLym




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

MNonatne — 370 ...

... LLeNIOCTHAsi COBOKYMHOCTb CY)XAEHWi, YyTBEpXKAatoLmx ob
OT/INYNTENBHBIX MPU3HAKaX BeLym

MNpumepsbi:
VCKYCCTBO, HayKa, ...




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

MNonatne — 370 ...

... LLeNIOCTHAsi COBOKYMHOCTb CY)XAEHWi, YyTBEpXKAatoLmx ob
OT/INYNTENBHBIX MPU3HAKaX BeLym

MNpumepsbi:
VCKYCCTBO, HayKa, ...

OOBLEM NnoHATUA — 3TO ...

. COBOKYIMHOCTb BCEX Beluel, 0bnaaomnx 3apnkCMpoBaHHbLIMU B
[JAHHOM MOHATUM NPU3HaKaMu




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

MNonatne — 370 ...

... LLeNIOCTHAsi COBOKYMHOCTb CY)XAEHWi, YyTBEpXKAatoLmx ob
OT/INYNTENBHBIX MPU3HAKaX BeLym

MNpumepsbi:
VCKYCCTBO, HayKa, ...

OOBLEM NnoHATUA — 3TO ...

. COBOKYIMHOCTb BCEX Beluel, 0bnaaomnx 3apnkCMpoBaHHbLIMU B
[JAHHOM MOHATUM NPU3HaKaMu

WCKYCCTBO: JINTEPATYpa, XXUBOMUCH, apPXUTEKTYPA, ...
HayKa: buosiorus, puanka, XuMMusi. ..




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

MNonatne — 370 ...

... LLeNIOCTHAsi COBOKYMHOCTb CY)XAEHWi, YyTBEpXKAatoLmx ob
OT/INYNTENBHBIX MPU3HAKaX BeLym

MNpumepsbi:
VCKYCCTBO, HayKa, ...

OOBLEM NnoHATUA — 3TO ...

. COBOKYIMHOCTb BCEX Beluel, 0bnaaomnx 3apnkCMpoBaHHbLIMU B
[JAHHOM MOHATUM NPU3HaKaMu

WCKYCCTBO: JINTEPATYpa, XXUBOMUCH, apPXUTEKTYPA, ...
HayKa: buosiorus, puanka, XuMMusi. ..




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

Copep>kaHue NOHATUS — 3TO ...

. COBOKYMHOCTb CBOJCTB, NMPUCYLUNX BCEM ODBbEKTaM AAHHOrO
MoHATUA




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MonsTue: donnocodckoe oTcrynieHue...

Copep>kaHue NOHATUS — 3TO ...

. COBOKYMHOCTb CBOJCTB, NMPUCYLUNX BCEM ODBbEKTaM AAHHOrO
MoHATUA

WCKYCCTBO: Pe3Y/IbTaT OTPAXKEHUsI BENICTBUTENLHOCTU B (hopme
YYBCTBEHHbIX 0BPa30B, CO34aHNE BbIPA3UTEIbHBLIX (POPM, ...
HayKa: MO3HaBaTe/IbHAsH [AEATEbHOCTb, OO bEKTUBHOCTb,
CUCTEMATUHHOCT, ...




MpuknapHas anrebpa 442 / 465
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pelwéTok K 3agade Kaaccucbukaunm

3akoH 0OpaTHOro OTHOLLEHUSI MeXAY Coaep>XXaHuemM N 06bLEMom
NOHATUA:

Bonbiuee no o6vbEmMy noHsiTue uMmeeT MeHblLuee coaep>kaHue )

buonorusa

3yvYyeHne UBOTHbIX

0bBbEeKTUBHOCTb

AHTUMOHOTOHHOCTb COOTBETCTBMIA [aslya OTparkaeT 3TOT 3aKOH



MpuknapHas anrebpa 443 / 465
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccugpukayms: nonoxntenbHbie U oTpuuaTesibHbie NpuMepsbl

PaccmaTtpusatoTcs 3agaun, B KOTOpbIX MHOXecTBO X pa3buTo

Ha [Ba HenepeceKarLMXca Kiacca:

X1 (nonoxurensheiii) n

X~ (oTpuyatenbHblii)

OTHOCUTENBHO obnagaHusi/HeobnagaHnst nx 0B bEKTaMN HEKOTOPLIM
LeneBbIM npusHakoMm z &€ M.

|'|peu,e,quTb| N3 OaHHbIX KNAaCCOB HA3blBAOTCA, COOTBETCTBEHHO,
MNOJIOXKUTETIbHBIMU N OTPULATEJIbHLIMU TPpYMEPAaMU.

Nmeem 2 knaccam z = "z € X7



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

ADI1: hbopmanbHbIi KOHTEKCT

Mycte G v M — MHOXeCTBa, Ha3blBaeMble COOTBETCTBEHHO
MHOXeCTBaMy 0bBLEKTOB N NPU3HAKOB, a I — COOTBETCTBUE MEXAY
G v M oTHOLLEHNEM UHULUAEHTHOCTH.

gI'm o3HauaeT, 4yTo 06BEKT g € G obnapaet npusHakom m € M.

Onpepenexue

Tpoiika K = (G, M, I) Ha3biBaeTcst (popMasibHbIM KOHTEKCTOM.

B KoHe4YHOM criyHqae KOHTEKCT MOXeT ObITb 3afaH B Buge
obbekTHO-Npu3Hakosoii (0, 1)-maTpuubl.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Cootsercteua MNanya 8 AP u HoTauus

VT1BepxgeHue

Ecaun ana npounssonbHbix A C G u B C M BBectu otobpaxeHus
026 5 2M Yo 2M 5 9G takue, yTO

Ap ={mCM|VgeA(gIm)} = A,
By ={gC G|VmeB(gIm)} = B,
10 napa otobpaxennii (@, V) siBaseTcs

cootBeTcTBUEM [anya Mexay 4H.y. MHOXECTBaMu 2G y 2M,
YNOpPsSiAOHEHHBIMY 110 BKTHOHEHUIO.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

®dopmanbHbie 00bEM N cogep>kaHue

Onpepenernune

Myctb gan koHteket K = (G, M, I). Mapa nogmHoxecTs (A, B),
rae AC G, a BC M, nTtakux, yto A’ = B u B’ = A,
Ha3bIBAeTCA (POPMasIbHbIM MOHATUEM [AHHOTO KOHTEKCTA

c popmasibHbIM 0bBEMOM A n ¢hopmanibHbIM cogepxannem B.

Ecnn koHTekcT K npeacTtaeneH B Buge o6 beKTHO-NPU3HAKOBOIA
(0, 1)-maTtpuubl, To hOPMaNbHOMY MOHSATUIO COOTBETCTBYET
MaKCUManbHas €€ NoaMaTpuLa, 3anoNHEHHAs eANHILAMN.

dopmanbHble 06BEM 1 cofepxaHne — 3aMKHYTbIE,
COOTBETCTBEHHO, OTHOCUTENBHO (V1) 1N 1) MHOXECTBA.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

PeweéTtka dpopmasnbHbIX NOHATHUIA

Teopema (ocHoBHas A

MHoxecTBo BCex ¢hopMasibHbIX MOHATUN faHHOro KoHTekcTa K
obpa3syet nosnHyto pewétky, obosHaqaemyro B(K), oTHocutensHo
onepayuii \/ (obbegurenne) n N\ (nepeceyerne):

(Al,Bl) V (AQ, BQ) = ((Bl N BQ)/, BN BQ) ,
(Al, Bl) A (AQ, Bg) = (A1 N AQ, (Al N Ag)/)

Y Ha3bIBAEMYIO PELUETKOM (hOPMasibHbIX MOHSITUI.




MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

PeweéTtka dpopmasnbHbIX NOHATHUIA

Teopema (ocHoBHasi ADIT)

MHoxecTBo BCex ¢hopMasibHbIX MOHATUN faHHOro KoHTekcTa K
obpa3syet nosnHyto pewétky, obosHaqaemyro B(K), oTHocutensHo
onepayuii \/ (obbegurenne) n N\ (nepeceyerne):

(Al,Bl) V (AQ, BQ) = ((Bl N BQ)/, BN BQ) ,
(Al, Bl) A (AQ, Bg) = (A1 N AQ, (Al N Ag)/)

Y Ha3bIBAEMYIO PELUETKOM (hOPMasibHbIX MOHSITUI.

(A1, By) < (A2, By) = (A1 € Ay) &(By 2 By)



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

PeweéTtka dpopmasnbHbIX NOHATHUIA

Teopema (ocHoBHasi ADIT)

MHoxecTBo Bcex hopMmasibHbIX MOHATUN faHHOrO KOHTekcTa K
obpasyet nonHyto pelétky, obosHavaemyto B(K ), oTHOCMTENbHO
onepayuii \/ (obbegurnenne) n A\ (nepeceqerme):

(Al,Bl) V (AQ, BQ) = ((Bl N BQ)/, BN BQ) ,
(Al, Bl) A (AQ, Bg) = (A1 N AQ, (Al N Ag)/)

Y Ha3bIBAEMYIO PELUETKOM (hOPMasibHbIX MOHSITUI.

(A1, By) < (A2, By) = (A1 € Ay) &(By 2 By)

V pewértku B(K) dopmanbHoro koutekcta K = (G, M, I):

equnnna . — dopmansHoe noustue (G, G');
aToMbl — popManbHbie noHaTus suga (g, ¢');

HYJIb 0 — popmanbHoe noHsTue (&, M) ¢ nycTbim obbEMOM.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

[Ba koHTekcTa: 00bEM N cogep>kaHue

HanHble gns obyyveHus knaccmukayum onmcbIBatTCs
nonoxutensHeim K = (G4, M, 1) n oTpuuatensHbim
K_ = (G_,M,I_) koHTekcTamu.

OnepaTopsl [anya B 3Tux KOHTeKCTax obo3HavaoTCA
COOTBETCTBYIOLMMI BepxHUMU UHaekcamu: AT, A~ BT un 1.a.

Onpeaenexue

Popmanshoe nousitue (A, By) € K. Ha3sbiBaeTcs
MONOKNUTESbHBIM.

AL — nonoxutenbHbili popManbHblii 06BEM,

B — nonoxuresnsHoe (hopMasibHOE COAEPKaHuE.

AHaNOrnyYHO oNpeaensatoTCca oTpuLaTesbHble popMasibHbie 0bbEM 1
cofepXaHue ana kKoHtekcta K _.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

FvnoTtes3bl

MonoxuTenbHoe opmanbHoe cogepkaHne B MOAOKMTENBHOrO
noHatus (A, By) HasbiBaeTcs:




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

FvnoTtes3bl

MonoxutensHoe hopmanbHoe cogepatue B NoNOKNTENLHOTO
noHatus (A, By) HasbiBaeTcs:
® 10/10XKNTENBHON (+) MpPearunoTeso, ecamn
V(A_, B_) € K_ (B: # B_), T.e. OHO He siBAsieTCs
hopManbHLIM COLEPXKAHNEM HI OJHOTO OTPULIATENLHOTO MOHATUS;




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

FvnoTtes3bl

MonoxutensHoe hopmanbHoe cogepatue B NoNOKNTENLHOTO
noHatus (A, By) HasbiBaeTcs:
® 10/10XKNTENBHON (+) MpPearunoTeso, ecamn
V(A_, B_) € K_ (B: # B_), T.e. OHO He siBAsieTCs
hopManbHLIM COLEPXKAHNEM HI OJHOTO OTPULIATENLHOTO MOHATUS;

® 110710KNTENBHOI (+) runoTesoii, ecnun
Y(g,97) € K_ (By € g~), T.e. OHO He siBAsieTCs
MOAMHOXECTBOM COAEPXKaHUsi MOHATUS KaKoro-nnbo
OTpULATENLHOrO NpUMEpa ¢;




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

FvnoTtes3bl

MonoxutensHoe hopmanbHoe cogepatue B NoNOKNTENLHOTO
noHatus (A, By) HasbiBaeTcs:
® 10/10XKNTENBHON (+) MpPearunoTeso, ecamn
V(A_, B_) € K_ (B: # B_), T.e. OHO He siBAsieTCs
hopManbHLIM COLEPXKAHNEM HI OJHOTO OTPULIATENLHOTO MOHATUS;

® 110710KNTENBHOI (+) runoTesoii, ecnun
Y(g,97) € K_ (By € g~), T.e. OHO He siBAsieTCs
MOAMHOXECTBOM COAEPXKaHUsi MOHATUS KaKoro-nnbo
OTpULATENLHOrO NpUMEpa ¢;

@ chasbcuhnyMpoBaHHON NONOXKNTENLHON (+) runoTe3od, ecnn
g, 97) e K- (By S g7).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

FvnoTtes3bl

MonoxutensHoe hopmanbHoe cogepatue B NoNOKNTENLHOTO
noHatus (A, By) HasbiBaeTcs:
® 10/10XKNTENBHON (+) MpPearunoTeso, ecamn
V(A_, B_) € K_ (B: # B_), T.e. OHO He siBAsieTCs
hopManbHLIM COLEPXKAHNEM HI OJHOTO OTPULIATENLHOTO MOHATUS;

® 110710KNTENBHOI (+) runoTesoii, ecnun
Y(g,97) € K_ (By € g~), T.e. OHO He siBAsieTCs
MOAMHOXECTBOM COAEPXKaHUsi MOHATUS KaKoro-nnbo
OTpULATENLHOrO NpUMEpa ¢;

@ chasbcuhnyMpoBaHHON NONOXKNTENLHON (+) runoTe3od, ecnn
g, 97) e K- (By S g7).

OTpuuatensHble (—) NpearnnoTessbl, rmnoTesbl,
hanbcudnumposarHbie FUNOTE3bl ONPeaeNAloTCA aHaNOrMYHO.

[MnoTesa siBNsieTCS TakxXe 1 I'Ipep,FVII'IOTe30ﬁ.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccudumkaums c nomouibio runores

mnoTessl NCnoNb3yroTCA OnA KﬂaCCVICbI/IKaLI'I/IVI HOBbIX OBBHEKTOB.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccudumkaums c nomouibio runores

mnoTessl NCnoNb3yroTCA OnA KﬂaCCVICbI/IKaLI'VIVI HOBbIX OBBHEKTOB.

MpocTeiiliee pelwatouiee npasuno

Mycte g ¢ {G4+ UG_} — HoBblii (HeonpefenéHHblii) 0bbeKT.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccudumkaums c nomouibio runores

mnoTessl NCnoNb3yroTCA OnA KﬂaCCVICbI/IKaLI'VIVI HOBbIX OBBHEKTOB.

MpocTeiiliee pelwatouiee npasuno

Mycte g ¢ {G4+ UG_} — HoBblii (HeonpefenéHHblii) 0bbeKT.
Ecan ero dhopmanbHoe cogepxatue g’ cogeput xoTs bbl ogHy

@ |-rnoTe3y N He COAEPXXUT HW OAHOW OTpPULLATENLHON
rMnoTe3bl, TO OH OTHOCUTCS K MOJIOXKUTENBHOMY KJ1accy;

@ —-rMMnoTe3y N He COAEPXXUT HN OOHOW MONOXKMNTENBHON
rMnoTesbl, TO OH OTHOCUTCS K OTPULATENbHOMY KJjaccy.




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Knaccudumkaums c nomouibio runores

mnoTessl NCnoNb3yroTCA OnA KﬂaCCVICbI/IKaLI'VIVI HOBbIX OBBHEKTOB.

MpocTeiiliee pelwatouiee npasuno

Mycte g ¢ {G4+ UG_} — HoBblii (HeonpefenéHHblii) 0bbeKT.
Ecan ero dhopmanbHoe cogepxatue g’ cogeput xoTs bbl ogHy

@ |-rnoTe3y N He COAEPXXUT HW OAHOW OTpPULLATENLHON
rMnoTe3bl, TO OH OTHOCUTCS K MOJIOXKUTENBHOMY KJ1accy;

@ —-rMMnoTe3y N He COAEPXXUT HN OOHOW MONOXKMNTENBHON
rMnoTesbl, TO OH OTHOCUTCS K OTPULATENbHOMY KJjaccy.

OTkas oT knaccudmkaymm NponcxoanT, ecan g':

@ nunbo He COAEPXKUT HUKAKUX TUMNOTES (Heﬂ,OCTaTOK /J,aHHbIX);
@ nubo COOEPXKUNT KaK MOJIOXKUTEJIbHbIE, TaK N OTPULATENbHbIE
rmnoTeE3bl (I'IpOTVIBOpe'-IVIe B ﬂ,aHHbIX).




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MHorosHa4Hble KOHTEKCTbI

B ADI1 npegnonaraercst gBoun4HOV MHPOPMALMKM O MPU3HAKAX.

ﬂ'ﬂﬂ eé NONYyHYEHNA N3 KONNHECTBEHHbBIX N KAa4Y€CTBEHHbIX NMPU3HAKOB
NCNONBb3YETCA Npouenypa WKannpoBaHus.

MHorosHauHbili KoHTekcT — 310 YeTtsépka (G, M, Z, I), rpe

o G, M, Z — MHOXecTBa ODBEKTOB, MPU3HAKOB U 3HAYEHNIA
MPU3HAKOB COOTBETCTBEHHO,

@ | — TepHapHoe oTHoweHune I C G X M X Z, 3aparouiee 3HayYeHne
z € Z npusHaka m € M obbekTa g € G,

npudyem otobpaxkenne G X M — Z dyHKLUMOHANBHO.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

MHorosHa4Hble KOHTEKCTbI

B ADI1 npegnonaraercst gBoun4HOV MHPOPMALMKM O MPU3HAKAX.

ﬂ'ﬂﬂ eé NONYyHYEHNA N3 KONNHECTBEHHbBIX N KAa4Y€CTBEHHbIX NMPU3HAKOB
NCNONBb3YETCA Npouenypa WKannpoBaHus.

MHorosHauHbili KoHTekcT — 310 YeTtsépka (G, M, Z, I), rpe

o G, M, Z — MHOXecTBa ODBEKTOB, MPU3HAKOB U 3HAYEHNIA
MPU3HAKOB COOTBETCTBEHHO,

@ | — TepHapHoe oTHoweHune I C G X M X Z, 3aparouiee 3HayYeHne
z € Z npusHaka m € M obbekTa g € G,

npudyem otobpaxkenne G X M — Z dyHKLUMOHANBHO.

LUKaﬂI/IpOBaHVIe — OTO NpPeaCTaBAEHNE MHOTO3HAYHbIX KOHTEKCTOB
ABY3HA4YHbIMU



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «PpyKTbi»: NOCTaHOBKa 3aga4u

NOCTPOUTL KJaccudnkaTop no LEeNeBoMy CBONCTBY

2 = «SABASTLCA (PPYKTOM>» N CNEAYIOLLEN OOBEKTHO-MPU3HAKOBOI
Tabanue NONOXKUTENLHBIX N OTPULATESbHBLIX NMPUMEPOE:

N | G\ M uBer XXKECTKUIA  rnagkuii chopma hpykT
1 [ s6bnoko »xéntoe HeT na Kpyrnioe +
2 rpenncpyT KENTHIN HeT HeT Kpyriblii +
3 | kuBn 3enéHblii HeT HeT OoBasbHOe +
4 cnvBa CUHASA HeT ba oBaJibHas +
5 | kybuk 3€enEHbIiA aa Aa Kybuyeckunii —
6 | siiuo 6enoe na na oBasnbHoOe —
7 TEHHUCHbIN Genbiii HeT HeT KpYrnblii =
MY




MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «PpyKkTbi»: pe3ynbTaT LLIKAINPOBaHUS

G\M||w y g b|f f|s s|r T hpykT
1 X X X X +
2 X X X | x +
3 X X X X +
4 X X | x X +
5 X X X X —
6 X X X X —
7 X X X | x —

Gy ={1,2,3,4}, G_ ={5,6,7} = oTHoweHmne [ npescrasieHo
BepxHell YacTblo Tabnuubl, a oTHoweHWe I — HUXKHEI.

MpusHaku o3HavatoT:

w — benbii, iy — XEnTolii, g — 3enéHblil, b — CuHW;
f — T1BEpabii, f — Mmsrkuii, s — rnagkuii, S — LIEPOXOBATbLI;

T — KPYIAbli, T — HEKPYIJIbI.



MpuknagHas anrebpa

Anrebpanyeckune pewéTkn

MNMpumeHeHne Teopun pelw&Tok K 3agadve Knaccucpukaumm
Mpumep «PpykTbix: pewétka B(K ) NONOKNTENLHOrO
KOHTEKCTa

(2,35, {F.5}) ({3,4},{f,7}) {12} {f,ry}) ({14}, {f,s})

S >

Bh g, 57 2h{w.f5rh) (4. Fs7) ({1 {y. fosr})

™

\

@, M)



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pelwéTok K 3agade Kaaccucbukaunm

Mpumep «PpykTbix: pewétka B(K_) oTpuuartensHoro
KOHTEKCTa

(

G_, o)

({6, 7}, {w}) ({5,6},{/,s.7})

_—

{7} Aw £33 ({6547 fis,w})  ({53{/.705,90)

|

\

//



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «DpykTbi>»: hopMupoBaHume runores

®dopmanbHble CogepXKaHmns
o {f,7} (Markuii, Hekpyrabiii),
{f,r,y} (Marknii, kpyrabiii, ¥énTeii)

{f,s} (markuii, rnagkuii) sensoTCs +-runoTesamu;
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Mpumep «DpykTbi>»: hopMupoBaHume runores

®dopmanbHble CogepXKaHmns
o {f,7} (Markuii, Hekpyrabiii),
{f,r,y} (Marknii, kpyrabiii, ¥énTeii)
{f,s} (markuii, rnagkuii) sensoTCs +-runoTesamu;
o {f,5} (markuii, wepoxosaTsiii) aBnseTcs
danbcndrumpoBaHHoOi +-runoTesol, T.K. OHa — YacTb

copepxanus {w, f,s,r}
oTpuuaTeNbHOro npumMepa 7 (TEHHWUCHBIA MsY);
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Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «DpykTbi>»: hopMupoBaHume runores

®dopmanbHble CogepXKaHmns
o {f,7} (Markuii, Hekpyrabiii),
{f,r,y} (Marknii, kpyrabiii, ¥énTeii)
{f,s} (markuii, rnagkuii) sensoTCs +-runoTesamu;

o {f,5} (markuii, wepoxosaTsiii) aBnseTcs
danbcndrumpoBaHHoOi +-runoTesol, T.K. OHa — YacTb
copepxanus {w, f,s,r}

OTPNULATENLHOTO NpUMepa 7 (TEHHNCHBIA MsiY);

o {w} (6enbii) n

{f,s,7} (TBEpAbINA, rnagknii, HEKPYr/bIi) SBAAIOTCS
—-runoTesamu.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «DpykTbi»: Knaccudmkaums

Heonpegenéntblii 0bbekT g

@ mupabesnb bygeT knaccnbuunMpoBaH Kak hpykT, T.K. €ro
chopmanbHoe copepkate wénToiii, markuii, rnagkuii ({y, f, s}
COAEPKMUT MONOXKUTENbHYIO FUnoTesy {f, s} 1 He CopepuT HU
OfHOW N3 OTPMLATENbHbIX FMMNOTES);
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MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «DpykTbi»: Knaccudmkaums

Heonpegenéntblii 0bbekT g

@ mupabesnb bygeT knaccnbuunMpoBaH Kak hpykT, T.K. €ro
chopmanbHoe copepkate wénToiii, markuii, rnagkuii ({y, f, s}
COAEPKMUT MONOXKUTENbHYIO FUnoTesy {f, s} 1 He CopepuT HU
OfHOW N3 OTPMLATENbHbIX FMMNOTES);

@ KYCOK caxapa co cBoiicTBaM besibiii, HEKPYibiil, TBEPAbIA Dyger
KnaccnpmumnpoBaH Kak He-ghpyKT;
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Anrebpanyeckune pewéTkn
MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «DpykTbi»: Knaccudmkaums

Heonpegenéntblii 0bbekT g

@ mupabesnb bygeT knaccnbuunMpoBaH Kak hpykT, T.K. €ro
chopmanbHoe copepkate wénToiii, markuii, rnagkuii ({y, f, s}
COAEPKMUT MONOXKUTENbHYIO FUnoTesy {f, s} 1 He CopepuT HU
OfHOW N3 OTPMLATENbHbIX FMMNOTES);

@ KYCOK caxapa co cBoiicTBaM besibiii, HEKPYibiil, TBEPAbIA Dyger
KnaccnpmumnpoBaH Kak He-ghpyKT;

@ bpuket niombupa co ceolictBamn besibiii, MArKui, HEKPYJibii
BbI30BET OTKa3 OT kiaccudbukauum, nockonbky g~ = {w, f,7}
COMEPKMUT KaK MONOXUTENbHYO runoTesy {f,7}, Tak u
oTpuuatensHyto runotesy {w}.
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Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «PpyKTbi»: AONOJHEHUE

Ecnm cumtaThb, 4TO TeHHUCHBIA MY — 3enéHbiit, To B(K_):

(G-, 2)

\
/

({5, 7} {9}) ({5,6},{f.s,7})

{7} Ag. fi5ry)  (BLAT fisg))  ({61{f.7s,w})

~ |

(@, M)

/
\



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «PpyKTbi»: AOMNOJHEHNME...

Mpn Takom n3ameneHnn ceoiicTe obbekTa Ne 7 nsmeHsTcs Tonbko
OTPULATENBHbIA KOHTEKCT.

Tenepb

o {g} = {5,7} sBnserca danbcudunyposaHHoil —-runoTeson,
MOCKOJIbKY OHa COAEPXKUTCS B (POPMAIbHOM COLEPKAHUM
{9, f,3,7} nonoxutensHoro nonstusi {3}.

o {f,s, 7} = {5,6} sBnsercs —-runoTesoii.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

MpumeHeHne Teopun pellé€Tok K 3apade kaaccudbukayum

Mpumep «PpyKTbi»: AOMNOJHEHNME...

Mpn Takom n3ameneHnn ceoiicTe obbekTa Ne 7 nsmeHsTcs Tonbko
OTPULATENBHbIA KOHTEKCT.

Tenepb

o {g} = {5,7} sBnserca danbcudunyposaHHoil —-runoTeson,
MOCKOJIbKY OHa COAEPXKUTCS B (POPMAIbHOM COLEPKAHUM
{9, f,3,7} nonoxutensHoro nonstusi {3}.

o {f,s, 7} = {5,6} sBnsercs —-runoTesoii.
MNosaTomy

@ 0bBEKTbI CO CBONCTBAMU XENTHINM, MArKWil, ragkuii n besasii,
MSIFKUI, HeKpyriblii ByaeT KnaccnuumupoBaHbl Kak (hpyKT;

@ Ha 0bBbEKTE C efUHCTBEHHBIM CBOWCTBOM besibiii MPOU3onAET
OTKa3s OT KJaccudurkaLuu.
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© Anrebpanueckue pewéTtkn

@ YT0 Hamo 3HaTL



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
YTto Hapgo 3HaTH

@ PelwTo4HOo ynopsifioHeHHOE MHOXECTBO, asrebpanyeckue
PELUETKM U UX SKBUBaNEHTHOCTb. [1pumepsi.

@ [oMomopdn3ambl peléTok, CBSA3b NOPSIAKOBOrO N PELLETOYHOrO
romomopcpusmos. CeueHna MakHuna.

o peansl pewétok. MopynsipHble 1 AUCTPUOYTUBHbIE PELLETKN.
Kputepun MogynsipHoCTU v SUCTPUOYTUBHOCTU PELLETKN.

@ Hepa3noxummble 31eMeHTbI PELLIETOK U NPeACTaBlIeHUE
MPOU3BOJIbHbLIX 3/IEMEHTOB PELUETKN Yepe3 Hepas/IoKUMBbIe.
N3oMophuaM 4.y. MHOXKECTBA M HEPA3IOKNMbIX 2JIEMEHTOB
PELLETKN ero MOopsiAKOBbIX MeasoB.

o DyHaameHTanbHasi TEOPEMA O KOHEYHbIX GUCTPUOYTUBHbLIX
peLléTKax.

@ 3apaya knaccucbmkaums no npeuegeHTam. 3akoH obpaTHOro
OTHOLLEHNS MEXIY COAEP>XXaHNEM U ODBEMOM MOHATUS.
Cooteetcteus [anya.



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn
YTto Hapgo 3HaTH

o Ananus popmansHbix noustuii (API). PopmansHble 06bEM
n copepxxanme. PewéTka opManbHbIX NOHATWIA.

@ [unotesbl ADI. MNpocTeiiwee peliatoee nNpasuso
Knaccudpmkaumm.
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Jlekunn no kypcy

«[MpnknagHas anredbpa»
ans Il notoka db-ta BMK MI'VY
SABEPLLEHDI



MpuknagHas anrebpa
Anrebpanyeckune pewéTkn

YTto Hapgo 3HaTH

Jlekunn no kypcy

«[MpnknagHas anredbpa»
ans Il notoka db-ta BMK MI'VY
SABEPLLEHDI

Ilo BcTpeun Ha ak3ameHe!
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