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Îïðåäåëåíèå àíñàìáëÿ

X ℓ = (xi , yi )
ℓ
i=1

⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y∗(xi)

at : X → Y , t = 1, . . . ,T � îáó÷àåìûå áàçîâûå àëãîðèòìû

Èäåÿ àíñàìáëèðîâàíèÿ (Þ.È.Æóðàâë¼â): êàê èç ìíîæåñòâà

ïî îòäåëüíîñòè ïëîõèõ àëãîðèòìîâ at ïîñòðîèòü îäèí õîðîøèé?

Äåêîìïîçèöèÿ áàçîâûõ àëãîðèòìîâ at(x) = C (bt(x))

at : X
bt−→ R

C−→ Y , ãäå R � óäîáíîå ïðîñòðàíñòâî îöåíîê,

bt � àëãîðèòìè÷åñêèå îïåðàòîðû, C � ðåøàþùåå ïðàâèëî

Àíñàìáëü (êîìïîçèöèÿ) áàçîâûõ àëãîðèòìîâ a1, . . . , aT ,
F : RT → R � êîððåêòèðóþùàÿ (àãðåãèðóþùàÿ) îïåðàöèÿ

a(x) = C
(
F (b1(x), . . . , bT (x))

)
,

Þ.È.Æóðàâë¼â. Îá àëãåáðàè÷åñêîì ïîäõîäå ê ðåøåíèþ çàäà÷ ðàñïîçíàâàíèÿ èëè

êëàññè�èêàöèè. Ïðîáëåìû êèáåðíåòèêè, 1978.

M.Kearns, L.G.Valiant. Cryptographi
 limitations on learning Boolean formulae and

�nite automata. 1989.
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Ïðîñòðàíñòâà îöåíîê è ðåøàþùèå ïðàâèëà

Ïðèìåð 1: êëàññè�èêàöèÿ, Y � êîíå÷íîå ìíîæåñòâî,

R = Y , C (b) ≡ b � ðåøàþùåå ïðàâèëî íå èñïîëüçóåòñÿ.

Ïðèìåð 2: êëàññè�èêàöèÿ íà 2 êëàññà, Y = {−1,+1},
a(x) = sign

(
b(x)

)
,

R = R, b : X → R � real-valued 
lassi�er, C (b) ≡ sign(b).

Ïðèìåð 3: êëàññè�èêàöèÿ íà M êëàññîâ Y = {1, . . . ,M},
a(x) = argmax

y∈Y
by (x),

R = R
M
, b : X → R

M
, C (b1, . . . , bM) ≡ argmax

y∈Y
by .

Ïðèìåð 4: ðåãðåññèÿ, Y = R = R,

C (b) ≡ b � ðåøàþùåå ïðàâèëî íå èñïîëüçóåòñÿ.
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Àãðåãèðóþùèå (êîððåêòèðóþùèå) �óíêöèè

Îáùèå òðåáîâàíèÿ ê àãðåãèðóþùåé �óíêöèè:

F (b1, . . . , bT , x) ∈
[
mint bt ,maxt bt

]
� ñðåäíåå ïî Êîøè ∀x

F (b1, . . . , bT , x) ìîíîòîííî íå óáûâàåò ïî âñåì bt

Ïðèìåðû àãðåãèðóþùèõ �óíêöèé:

ïðîñòîå ãîëîñîâàíèå (simple voting):

F (b1, . . . , bT ) =
1

T

T∑
t=1

bt

âçâåøåííîå ãîëîñîâàíèå (weighted voting):

F (b1, . . . , bT ) =
T∑
t=1

αtbt ,
T∑
t=1

αt = 1, αt > 0

ñìåñü àëãîðèòìîâ (mixture of experts)

ñ �óíêöèÿìè êîìïåòåíòíîñòè (gating fun
tion) gt : X → R

F (b1, . . . , bT , x) =
T∑
t=1

gt(x)bt(x)
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Ïðîáëåìà ðàçíîîáðàçèÿ (diversity) áàçîâûõ àëãîðèòìîâ

Èçìåðåíèå ñ.â. ξ ïî íåçàâèñèìûì íàáëþäåíèÿì {ξt}:
E 1

T
(ξ1 + · · ·+ ξT ) = Eξ � ìàòîæèäàíèå ñðåäíåãî

D 1

T
(ξ1 + · · · + ξT ) =

1

T
Dξ � äèñïåðñèÿ → 0 ïðè T → ∞

Íî áàçîâûå àëãîðèòìû íå ÿâëÿþòñÿ íåçàâèñèìûìè ñ.â.:

ðåøàþò îäíó è òó æå çàäà÷ó

íàñòðàèâàþòñÿ íà îäèí öåëåâîé âåêòîð (yi )

îáû÷íî âûáèðàþòñÿ èç îäíîé è òîé æå ìîäåëè

Ñïîñîáû ïîâûøåíèÿ ðàçíîîáðàçèÿ áàçîâûõ àëãîðèòìîâ:

îáó÷åíèå ïî ðàçëè÷íûì (ñëó÷àéíûì) ïîäâûáîðêàì

îáó÷åíèå ïî ðàçëè÷íûì (ñëó÷àéíûì) íàáîðàì ïðèçíàêîâ

îáó÷åíèå èç ðàçíûõ ïàðàìåòðè÷åñêèõ ìîäåëåé

îáó÷åíèå ñ èñïîëüçîâàíèåì ðàíäîìèçàöèè

(èíîãäà äàæå) îáó÷åíèå ïî çàøóìë¼ííûì äàííûì
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Ìåòîäû ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ

Ñïîñîáû ïîâûøåíèÿ ðàçíîîáðàçèÿ ñ ïîìîùüþ ðàíäîìèçàöèè:

bagging (bootstrap aggregating) � ïîäâûáîðêè îáó÷àþùåé

âûáîðêè ¾ñ âîçâðàùåíèåì¿, â êàæäóþ âûáîðêó ïîïàäàåò

1−
(
1− 1

ℓ

)ℓ → 1− 1

e
≈ 63.2% îáúåêòîâ, ïðè ℓ → ∞

pasting � ñëó÷àéíûå îáó÷àþùèå ïîäâûáîðêè

random subspa
es � ñëó÷àéíûå ïîäìíîæåñòâà ïðèçíàêîâ

random pat
hes � ñëó÷. ïîäìí-âà è îáúåêòîâ, è ïðèçíàêîâ


ross-validated 
ommittees � âûáîðêà ðàçáèâàåòñÿ íà

k áëîêîâ (k-fold) è äåëàåòñÿ k îáó÷åíèé áåç îäíîãî áëîêà

Ïóñòü µ : (G ,U) 7→ b � ìåòîä îáó÷åíèÿ ïî ïîäâûáîðêå U ⊆ X ℓ
,

èñïîëüçóþùèé òîëüêî ïðèçíàêè èç G ⊆ F n = {f1, . . . , fn}

Tin Kam Ho. The random subspa
e method for 
onstru
ting de
ision forests. 1998.

Leo Breiman. Bagging predi
tors // Ma
hine Learning. 1996.
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Ìåòîäû ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ â îäíîì ïñåâäî-êîäå

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòðû: T ,

ℓ′ � îáú¼ì îáó÷àþùèõ ïîäâûáîðîê,

n′ � ðàçìåðíîñòü ïðèçíàêîâûõ ïîäïðîñòðàíñòâ,

ε1 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà îáó÷åíèè,

ε2 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà êîíòðîëå;

Âûõîä: áàçîâûå àëãîðèòìû bt , t = 1, . . . ,T ;
äëÿ âñåõ t = 1, . . . ,T :

Ut := ñëó÷àéíàÿ ïîäâûáîðêà îáú¼ìà ℓ′ èç X ℓ
;

Gt := ñëó÷àéíîå ïîäìíîæåñòâî ìîùíîñòè n′ èç F n
;

bt := µ(Gt ,Ut);
åñëè Q(bt ,Ut) > ε1 òî íå âêëþ÷àòü bt â àíñàìáëü;

åñëè Q(bt ,X
ℓ\Ut) > ε2 òî íå âêëþ÷àòü bt â àíñàìáëü;

Àíñàìáëü � ïðîñòîå ãîëîñîâàíèå: b(x) = 1

T

T∑
t=1

bt(x)
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Íåñìåù¼ííàÿ îöåíêà îøèáîê

Out-of-bag � íåñìåù¼ííàÿ îöåíêà àíñàìáëÿ íà îáúåêòå:

OOB(xi ) =
1

|Ti |

∑
t∈Ti

bt(xi), Ti = {t : xi /∈Ut}

Íåñìåù¼ííàÿ îöåíêà îøèáêè àíñàìáëÿ íà îáó÷àþùåé âûáîðêå:

OOB(X ℓ) =
ℓ∑

i=1

L
(
OOB(xi ), yi

)
,

ãäå L
(
b(xi), yi

)
� çíà÷åíèå �óíêöèè ïîòåðü íà îáúåêòå xi .

Îöåíèâàíèå âàæíîñòè ïðèçíàêîâ fj , j = 1, . . . , n:

importan
ej =
OOB

j(X ℓ)− OOB(X ℓ)

OOB(X ℓ)
· 100%,

ãäå ïðè âû÷èñëåíèè bt(xi ) äëÿ OOB

j
çíà÷åíèÿ ïðèçíàêà fj

ñëó÷àéíûì îáðàçîì ïåðåìåøèâàþòñÿ íà âñåõ îáúåêòàõ xi /∈ Ut .
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Ïðåîáðàçîâàíèå ïðîñòîãî ãîëîñîâàíèÿ âî âçâåøåííîå

Ëèíåéíàÿ ìîäåëü íàä ãîòîâûìè ïðèçíàêàìè bt(x):

b(x) =
T∑
t=1

αtbt(x)

Îáó÷åíèå: ÌÍÊ äëÿ ðåãðåññèè, LR äëÿ êëàññè�èêàöèè:

Q(α,X ℓ) =
ℓ∑

i=1

L
(
b(xi ), yi

)
→ min

α
.

�åãóëÿðèçàöèÿ: αt > 0 ëèáî LASSO:

T∑
t=1

|αt | 6 κ.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð ïðåäïîëàãàåò

íåçàâèñèìîñòü ñ.â. bt(x) è äà¼ò àíàëèòè÷åñêîå ðåøåíèå:

αt = ln
1− pt

pt
, t = 1, . . . ,T ,

pt � îöåíêà âåðîÿòíîñòè îøèáêè áàçîâîãî àëãîðèòìà bt .
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Ñëó÷àéíûé ëåñ (Random Forest)

Îáó÷åíèå ñëó÷àéíîãî ëåñà:

áýããèíã íàä ðåøàþùèìè äåðåâüÿìè, áåç pruning

ïðèçíàê â êàæäîé âåðøèíå äåðåâà âûáèðàåòñÿ èç ñëó÷àéíîãî

ïîäìíîæåñòâà k èç n ïðèçíàêîâ. Ïî óìîë÷àíèþ

k =
⌊
n/3

⌋
äëÿ ðåãðåññèè, k =

⌊√
n
⌋
äëÿ êëàññè�èêàöèè

Ïàðàìåòðû, êîòîðûå ìîæíî íàñòðàèâàòü (â ÷àñòíîñòè, ïî OOB):

÷èñëî T äåðåâüåâ

÷èñëî k ñëó÷àéíî âûáèðàåìûõ ïðèçíàêîâ

ìàêñèìàëüíàÿ ãëóáèíà äåðåâüåâ

ìèíèìàëüíîå ÷èñëî îáúåêòîâ â ðàñùåïëÿåìîé ïîäâûáîðêå

ìèíèìàëüíîå ÷èñëî îáúåêòîâ â ëèñòüÿõ

êðèòåðèé ðàñùåïëåíèÿ: MSE äëÿ ðåãðåññèè,

ýíòðîïèéíûé èëè Äæèíè äëÿ êëàññè�èêàöèè

Breiman L. Random Forests. Ma
hine Learning, 2001.
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Ïîñòåïåííîå ñãëàæèâàíèå ðàçäåëÿþùåé ïîâåðõíîñòè

Ïðèìåð ðàçäåëåíèÿ âûáîðêè ñ ïîìîùüþ îòäåëüíûõ äåðåâüåâ

(ïîêàçàíû ñîîòâåòñòâóþùèå áóòñòðåï-ïîäâûáîðêè)

è ñëó÷àéíîãî ëåñà ñ ÷èñëîì äåðåâüåâ 10, 100, 1000:

https://dyakonov.org/2019/04/19/àíñàìáëè-â-ìàøèííîì-îáó÷åíèè
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�àçíîâèäíîñòè ðåøàþùèõ ëåñîâ

Ñëó÷àéíûé ëåñ (Random Forest)

Èñïîëüçîâàíèå áîëüøîãî ÷èñëà ïðîñòûõ ðåøàþùèõ

äåðåâüåâ â êà÷åñòâå ïðèçíàêîâ, â ëþáîì êëàññè�èêàòîðå.

Oblique Random Forest, Rotation Forest

fv (x) � ëèíåéíûå êîìáèíàöèè ïðèçíàêîâ, âûáèðàåìûå

ïî ýíòðîïèéíîìó êðèòåðèþ èí�îðìàòèâíîñòè.

�åøàþùèé ñïèñîê èç ðåøàþùèõ äåðåâüåâ:

� ïðè îáðàçîâàíèè ñòàòèñòè÷åñêè íåíàä¼æíîãî ëèñòà

ýòîò ëèñò çàìåíÿåòñÿ ïåðåõîäîì ê ñëåäóþùåìó äåðåâó;

� ñëåäóþùåå äåðåâî ñòðîèòñÿ ïî îáúåäèíåíèþ ïîäâûáîðîê,

ïðîøåäøèõ ÷åðåç íåíàä¼æíûå ëèñòû ïðåäûäóùåãî äåðåâà.

https://en.wikipedia.org/wiki/Random_forest
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Îáùåå îïðåäåëåíèå àíñàìáëÿ

Áýããèíã è ñëó÷àéíûå ïîäïðîñòðàíñòâà

Ñëó÷àéíûå ëåñà

Ïðåèìóùåñòâà è îãðàíè÷åíèÿ ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ

Ïðåèìóùåñòâà:

ìåòîä-îá¼ðòêà (envelop) íàä áàçîâûì ìåòîäîì îáó÷åíèÿ

ïîäõîäèò äëÿ êëàññè�èêàöèè, ðåãðåññèè è äðóãèõ çàäà÷

ïðîñòàÿ ðåàëèçàöèÿ è ïðîñòîå ðàñïàðàëëåëèâàíèå

âîçìîæíîñòü ïîëó÷åíèÿ íåñìåù¼ííûõ îöåíîê OOB

âîçìîæíîñòü îöåíèâàíèÿ âàæíîñòè ïðèçíàêîâ

RF � îäèí èç ëó÷øèõ óíèâåðñàëüíûõ ìåòîäîâ â ML

Îãðàíè÷åíèÿ:

òðåáóåòñÿ îîîîîî÷åíü ìíîãî áàçîâûõ àëãîðèòìîâ

òðóäíî àãðåãèðîâàòü óñòîé÷èâûå áàçîâûå ìåòîäû îáó÷åíèÿ

https://dyakonov.org/2016/11/14/ñëó÷àéíûé-ëåñ-random-forest
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Áóñòèíã äëÿ çàäà÷è êëàññè�èêàöèè ñ äâóìÿ êëàññàìè

Âîçüì¼ì Y = {±1}, bt : X → {−1, 0,+1}, C (b) = sign(b).
bt(x) = 0 � îòêàç (ëó÷øå ïðîìîë÷àòü, ÷åì ñîâðàòü).

Âçâåøåííîå ãîëîñîâàíèå:

a(x) = sign

( T∑

t=1

αtbt(x)

)
, x ∈ X .

Ôóíêöèîíàë êà÷åñòâà êîìïîçèöèè � ÷èñëî îøèáîê íà X ℓ
:

QT =

ℓ∑

i=1

[
yi

T∑

t=1

αtbt(xi) < 0

]
.

Äâå îñíîâíûå ýâðèñòèêè áóñòèíãà:

�èêñàöèÿ α1b1(x), . . . , αt−1bt−1(x) ïðè äîáàâëåíèè αtbt(x);

ãëàäêàÿ àïïðîêñèìàöèÿ ïîðîãîâîé �óíêöèè ïîòåðü [M 6 0].
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

�ëàäêèå àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü [M < 0]

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

5

S

LV    
E          

        Q G    

M

E (M) = e−M
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

L(M) = log2(1 + e−M) � ëîãàðè�ìè÷åñêàÿ (LogitBoost);

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (GentleBoost);

G (M) = exp
(
−cM(M + s)

)
� ãàóññîâñêàÿ (BrownBoost);

S(M) = 2(1 + eM)−1
� ñèãìîèäíàÿ;

V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (èç SVM);
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Ýêñïîíåíöèàëüíàÿ àïïðîêñèìàöèÿ ïîðîãîâîé �óíêöèè ïîòåðü

Îöåíêà �óíêöèîíàëà êà÷åñòâà QT ñâåðõó:

QT 6 Q̃T =

ℓ∑

i=1

exp

(
−yi

T−1∑

t=1

αtbt(xi )

)

︸ ︷︷ ︸
wi

exp
(
−yiαTbT (xi )

)

Íîðìèðîâàííûå âåñà: W̃ ℓ =
(
w̃1, . . . , w̃ℓ

)
, w̃i = wi

/ ∑ℓ
j=1

wj .

Âçâåøåííàÿ äîëÿ îøèáî÷íûõ (negative) è ïðàâèëüíûõ (positive)

êëàññè�èêàöèé ñ íîðìèðîâàííûìè âåñàìè Uℓ = (u1, . . . , uℓ):

N(b,Uℓ) =

ℓ∑

i=1

ui
[
b(xi ) = −yi

]
; P(b,Uℓ) =

ℓ∑

i=1

ui
[
b(xi ) = yi

]
.

1− N − P � âçâåøåííàÿ äîëÿ îòêàçîâ îò êëàññè�èêàöèè.

Y.Freund, R.E.S
hapire. A de
ision-theoreti
 generalization of on-line learning and an

appli
ation to boosting. 1995
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Îñíîâíàÿ òåîðåìà áóñòèíãà (äëÿ AdaBoost)

Ïóñòü B � äîñòàòî÷íî áîãàòîå ñåìåéñòâî áàçîâûõ àëãîðèòìîâ.

Òåîðåìà (Freund, S
hapire, 1996)

Ïóñòü äëÿ ëþáîãî íîðìèðîâàííîãî âåêòîðà âåñîâ Uℓ

ñóùåñòâóåò àëãîðèòì b ∈ B, êëàññè�èöèðóþùèé âûáîðêó

õîòÿ áû íåìíîãî ëó÷øå, ÷åì íàóãàä: P(b;Uℓ) > N(b;Uℓ).

Òîãäà ìèíèìóì �óíêöèîíàëà Q̃T äîñòèãàåòñÿ ïðè

bT = argmax
b∈B

√
P(b; W̃ ℓ)−

√
N(b; W̃ ℓ).

αT =
1

2
ln

P(bT ; W̃
ℓ)

N(bT ; W̃ ℓ)
.

R.E.S
hapire, Y.Singer. Improved boosting using 
on�den
e-rated predi
tions. 1999

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÌÌÌÎ: ëèíåéíûå àíñàìáëè 18 / 37



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Äîêàçàòåëüñòâî (øàã 1 èç 2)

Âîñïîëüçóåìñÿ òîæäåñòâîì ∀α ∈ R, ∀b ∈ {−1, 0,+1}:
e−αb = e−α[b=1] + eα[b=−1] + [b=0].

Ïîëîæèì äëÿ êðàòêîñòè α = αT è bi = bT (xi). Òîãäà

Q̃T =

(
e−α

ℓ∑
i=1

w̃i [bi =yi ]

︸ ︷︷ ︸
P

+ eα
ℓ∑

i=1

w̃i [bi =−yi ]

︸ ︷︷ ︸
N

+
ℓ∑

i=1

w̃i [bi =0]

︸ ︷︷ ︸
1−P−N

)
ℓ∑

i=1

wi

︸ ︷︷ ︸
Q̃T−1

=
(
e−αP + eαN + (1− P − N)

)
Q̃T−1 → min

α,b
.

∂
∂α

Q̃T =
(
−e−αP+eαN

)
Q̃T−1 = 0 ⇒ e−αP = eαN ⇒ e2α = P

N
.

Ïîëó÷èëè òðåáóåìîå: αT = 1

2
ln P

N
.
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Äîêàçàòåëüñòâî (øàã 2 èç 2)

Ïîäñòàâèì îïòèìàëüíîå çíà÷åíèå α = 1

2
ln P

N
îáðàòíî â Q̃T :

Q̃T =
(
e−αP + eαN + (1− P − N)

)
Q̃T−1 =

=
(
1 +

√
N
P
P +

√
P
N
N − P − N

)
Q̃T−1 =

=

(
1−

(√
P −

√
N
)2
)
Q̃T−1 → min

b
.

Ïîñêîëüêó Q̃T−1 íå çàâèñèò îò αT è bT , ìèíèìèçàöèÿ Q̃T

ýêâèâàëåíòíà ëèáî ìàêñèìèçàöèè

√
P −

√
N ïðè P > N , ëèáî

ìàêñèìèçàöèè

√
N −

√
P ïðè P < N , îäíàêî âòîðîé ñëó÷àé

èñêëþ÷¼í óñëîâèåì òåîðåìû.

Ïîëó÷èëè bT = argmax
b

√
P −

√
N . Òåîðåìà äîêàçàíà.
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Ñëåäñòâèå 1. Ñõîäèìîñòü

Òåîðåìà

Åñëè íà êàæäîì øàãå ñåìåéñòâî B è ìåòîä îáó÷åíèÿ

îáåñïå÷èâàþò ïîñòðîåíèå áàçîâîãî àëãîðèòìà bt òàêîãî, ÷òî√
P(bt ; W̃ ℓ)−

√
N(bt ; W̃ ℓ) = γt > γ

ïðè íåêîòîðîì γ > 0, òî çà êîíå÷íîå ÷èñëî øàãîâ áóäåò

ïîñòðîåí êîððåêòíûé àëãîðèòì a(x).

Äîêàçàòåëüñòâî. QT ñõîäèòñÿ ê íóëþ ñî ñêîðîñòüþ

ãåîìåòðè÷åñêîé ïðîãðåññèè:

QT+1 6 Q̃T+1 = Q̃T (1− γ2) 6 · · · 6 Q̃1(1− γ2)T .

Íàñòóïèò ìîìåíò, êîãäà Q̃T < 1.
Íî òîãäà QT = 0, ïîñêîëüêó QT ∈ {0, 1, . . . , ℓ}.
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Ñëåäñòâèå 2. Èñõîäíûé (êëàññè÷åñêèé) âàðèàíò AdaBoost

Ïóñòü îòêàçîâ íåò, bt : X → {±1}. Òîãäà P = 1− N.

Òåîðåìà (Freund, S
hapire, 1995)

Ïóñòü äëÿ ëþáîãî íîðìèðîâàííîãî âåêòîðà âåñîâ Uℓ

ñóùåñòâóåò àëãîðèòì b ∈ B, êëàññè�èöèðóþùèé âûáîðêó

õîòÿ áû íåìíîãî ëó÷øå, ÷åì íàóãàä: N(b;Uℓ) < 1

2
.

Òîãäà ìèíèìóì �óíêöèîíàëà Q̃T äîñòèãàåòñÿ ïðè

bT = arg min
b∈B

N(b; W̃ ℓ).

αT =
1

2
ln

1− N(bT ; W̃
ℓ)

N(bT ; W̃ ℓ)
.

Y.Freund, R.E.S
hapire. A de
ision-theoreti
 generalization of on-line learning and an

appli
ation to boosting. 1995
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Àëãîðèòì AdaBoost (â èñõîäíîì âàðèàíòå)

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòð T ;

Âûõîä: áàçîâûå àëãîðèòìû è èõ âåñà αtbt , t = 1, . . . ,T ;

èíèöèàëèçèðîâàòü âåñà îáúåêòîâ: wi := 1/ℓ, i = 1, . . . , ℓ;
äëÿ âñåõ t = 1, . . . ,T :

îáó÷èòü áàçîâûé àëãîðèòì:

bt := argmin
b

N(b;W ℓ);

αt :=
1

2
ln

1− N(bt ;W
ℓ)

N(bt ;W ℓ)
;

îáíîâèòü âåñà îáúåêòîâ:

wi := wi exp
(
−αtyibt(xi )

)
, i = 1, . . . , ℓ;

íîðìèðîâàòü âåñà îáúåêòîâ:

w0 :=
∑ℓ

j=1
wj ;

wi := wi/w0, i = 1, . . . , ℓ;

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÌÌÌÎ: ëèíåéíûå àíñàìáëè 23 / 37



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Ýâðèñòèêè è ðåêîìåíäàöèè

Áàçîâûå êëàññè�èêàòîðû (weak 
lassi�ers):

� ðåøàþùèå äåðåâüÿ � èñïîëüçóþòñÿ ÷àùå âñåãî;

� ïîðîãîâûå ïðàâèëà, ò.í. ¾ðåøàþùèå ïíè¿ (data stumps)

B =
{
b(x) =

[
fj(x) ≶ θ

] ∣∣∣ j = 1, . . . , n, θ ∈ R

}
;

� äëÿ SVM áóñòèíã íå ý��åêòèâåí.

Îòñåâ øóìà: îòáðîñèòü îáúåêòû ñ íàèáîëüøèìè wi .

Ìîäè�èêàöèÿ �îðìóëû äëÿ αt íà ñëó÷àé N = 0:

αt :=
1

2
ln

1− N(bt ;W
ℓ) + 1

ℓ

N(bt ;W ℓ) + 1

ℓ

;

Äîïîëíèòåëüíûé êðèòåðèé îñòàíîâêè:

óâåëè÷åíèå ÷àñòîòû îøèáîê íà êîíòðîëüíîé âûáîðêå.
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Àäàïòèâíûé áóñòèíã AdaBoost

Îñíîâíàÿ òåîðåìà AdaBoost

Àëãîðèòì AdaBoost

Ñëó÷àéíûé ëåñ è áóñòèíã â ñðàâíåíèè ñ äðóãèìè ìåòîäàìè

Ýêñïåðèìåíòû íà òð¼õ äâóìåðíûõ ìîäåëüíûõ âûáîðêàõ:

�åøåíèÿ ìîãóò âûãëÿäåòü ñòðàííî... òåì íå ìåíåå, RF è áóñòèíã

� îäíè èç ñàìûõ ñèëüíûõ óíèâåðñàëüíûõ ìåòîäîâ â ML
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Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Ýêñïåðèìåíòû ñ áóñòèíãîì
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Àëãîðèòì ComBoost

Ýêñïåðèìåíòû ñ àëãîðèòìîì êëàññè�èêàöèè AdaBoost

Óäèâèòåëüíîå îòñóòñòâèå ïåðåîáó÷åíèÿ âïëîòü äî T = 1000
(íèæíÿÿ êðèâàÿ � îáó÷åíèå, âåðõíÿÿ � òåñò):

Çàäà÷à UCI:letter Çàäà÷à UCI:satimage

Äî ýòèõ ýêñïåðèìåíòîâ ñ÷èòàëîñü, ÷òî óâåëè÷åíèå ÷èñëà

ïàðàìåòðîâ íåèçáåæíî ïðèâîäèò ê ïåðåîáó÷åíèþ

R.E.S
hapire, Y.Freund, Wee Sun Lee, P.Bartlett. Boosting the margin: a new

explanation for the e�e
tiveness of voting methods. Annals of Statisti
s, 1998.
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Àëãîðèòì ComBoost

Èíîãäà AdaBoost âñ¼ æå ïåðåîáó÷àåòñÿ...

... íî íå ñèëüíî, è íà òûñÿ÷àõ áàçîâûõ êëàññè�èêàòîðàõ.

Ñëåâà: çàâèñèìîñòü îøèáêè íà òåñòîâîé âûáîðêå îò |T |.
Ñïðàâà: ðàçäåëÿþùàÿ ïîâåðõíîñòü ïðè ïåðåîáó÷åíèè.

G.R�ats
h, T.Onoda, K.R.M�uller. An improvement of AdaBoost to avoid over�tting.

1998.
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Àëãîðèòì ComBoost

Îáîñíîâàíèå áóñòèíãà (ñëó÷àé êëàññè�èêàöèè íà 2 êëàññà)

Óñèëåííàÿ ÷àñòîòà îøèáîê êëàññè�èêàòîðà sign b(x), b ∈ B:

νθ(b,X
ℓ) =

1

ℓ

ℓ∑

i=1

[
b(xi)yi 6 θ

]
, θ > 0.

Îáû÷íàÿ ÷àñòîòà îøèáîê ν0(b,X
ℓ) 6 νθ(b,X

ℓ) ïðè θ > 0.

Òåîðåìà (Freund, S
hapire, Lee, Bartlett, 1998)

Åñëè |B| < ∞, òî ∀θ > 0, ∀η ∈ (0, 1) ñ âåðîÿòíîñòüþ 1− η

P[ya(x) < 0] 6 νθ(a,X
ℓ) + C

√
ln |B| ln ℓ

ℓθ2
+

1

ℓ
ln

1

η

Îñíîâíîé âûâîä: îöåíêà çàâèñèò îò |B|, íî íå îò T .

�îëîñîâàíèå íå óâåëè÷èâàåò ñëîæíîñòü ñåìåéñòâà áàçîâûõ

àëãîðèòìîâ, à ëèøü óñðåäíÿåò èõ îòâåòû.
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Îáîñíîâàíèå áóñòèíãà: ÷òî æå âñ¼-òàêè ïðîèñõîäèò?

�àñïðåäåëåíèå îòñòóïîâ:

äîëÿ îáúåêòîâ, èìåþùèõ

îòñòóï ìåíüøå çàäàííîãî θ
ïîñëå 5, 100, 1000 èòåðàöèé

(Çàäà÷à UCI:vehi
le) θ

Ñ ðîñòîì T ðàñïðåäåëåíèå îòñòóïîâ ñäâèãàåòñÿ âïðàâî,

òî åñòü áóñòèíã ¾ðàçäâèãàåò¿ êëàññû â ïðîñòðàíñòâå

âåêòîðîâ ðàñòóùåé ðàçìåðíîñòè

(
b1(x), . . . , bT (x)

)

Çíà÷èò, â îöåíêå ìîæíî óìåíüøàòü âòîðîé ÷ëåí,

óâåëè÷èâàÿ θ ïðè íåèçìåííîé νθ(a,X
ℓ) = ν0(a,X

ℓ).

Ìîæíî óìåíüøèòü âòîðîé ÷ëåí, åñëè óìåíüøèòü |B|,
òî åñòü âçÿòü ïðîñòîå ñåìåéñòâî áàçîâûõ àëãîðèòìîâ.

R.E.S
hapire, Y.Freund, Wee Sun Lee, P.Bartlett. Boosting the margin: a new

explanation for the e�e
tiveness of voting methods. Annals of Statisti
s, 1998.
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Àëãîðèòì ComBoost

Áýããèíã íå ñòîëü óñïåøíî ðàçäâèãàåò êëàññû

Îøèáêè íà îáó÷åíèè è òåñòå. Ñíèçó ðàñïðåäåëåíèå îòñòóïîâ.

R.E.S
hapire, Y.Freund, Wee Sun Lee, P.Bartlett. Boosting the margin: a new

explanation for the e�e
tiveness of voting methods. Annals of Statisti
s, 1998.
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Àëãîðèòì ComBoost

Íåäîñòàòêè AdaBoost

×ðåçìåðíàÿ ÷óâñòâèòåëüíîñòü ê âûáðîñàì èç-çà e−M

Íåèíòåðïðåòèðóåìîå íàãðîìîæäåíèå èç ñîòåí àëãîðèòìîâ

Íå óäà¼òñÿ ñòðîèòü êîðîòêèå êîìïîçèöèè èç ¾ñèëüíûõ¿

àëãîðèòìîâ òèïà SVM (òîëüêî äëèííûå èç ¾ñëàáûõ¿)

Òðåáóþòñÿ äîñòàòî÷íî áîëüøèå îáó÷àþùèå âûáîðêè

(áýããèíã îáõîäèòñÿ áîëåå êîðîòêèìè)

Ñïîñîáû óñòðàíåíèÿ:

Îòñåâ âûáðîñîâ ïî êðèòåðèþ óâåëè÷åíèÿ âåñà wi

�ðàäèåíòíûé áóñòèíã ñ ïðîèçâîëüíûìè �óíêöèÿìè ïîòåðü

ßâíàÿ îïòèìèçàöèÿ ðàñïðåäåëåíèÿ îòñòóïîâ

Íåñêîëüêî ýìïèðè÷åñêèõ íàáëþäåíèé:

Âåñà àëãîðèòìîâ íå ñòîëü âàæíû äëÿ âûðàâíèâàíèÿ îòñòóïîâ

Âåñà îáúåêòîâ íå ñòîëü âàæíû äëÿ îáåñïå÷åíèÿ ðàçëè÷íîñòè

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÌÌÌÎ: ëèíåéíûå àíñàìáëè 31 / 37



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

Îáîñíîâàíèÿ è âàðèàíòû áóñòèíãà

Ýêñïåðèìåíòû ñ áóñòèíãîì

Òåîðèÿ îáîáùàþùåé ñïîñîáíîñòè

Àëãîðèòì ComBoost

Îïòèìèçàöèÿ ðàñïðåäåëåíèÿ îòñòóïîâ íà êàæäîì øàãå

Èäåÿ: ÿâíî óïðàâëÿòü ðàñïðåäåëåíèåì îòñòóïîâ, ìàêñèìèçèðóÿ

ðàçëè÷íîñòü áàçîâûõ àëãîðèòìîâ è ìèíèìèçèðóÿ èõ ÷èñëî.

Âîçüì¼ì Y = {±1}, b(x) = 1

T

∑T
t=1

bt(x), C (b) = sign(b).

Êðèòåðèé êà÷åñòâà àíñàìáëÿ � ÷èñëî îøèáîê íà îáó÷åíèè:

Q(a,X ℓ) =
ℓ∑

i=1

[
yia(xi) < 0

]
=

ℓ∑
i=1

[
yib1(xi ) + · · · + yibT (xi )︸ ︷︷ ︸

MiT

< 0
]
,

Mit = yib1(xi ) + · · · + yibt(xi ) � îòñòóï (margin) îáúåêòà xi .

Ýâðèñòèêà: bt êîìïåíñèðóåò îøèáêè àíñàìáëÿ,

Q(bt ,Ut) =
∑

xi∈Ut

[
yibt(xi ) < 0

]
→ min

bt
,

Ut =
{
xi : M0 < Mi ,t−1 6 M1

}
, M0, M1 � ïàðàìåòðû ìåòîäà
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Àëãîðèòì ComBoost

Ôîðìèðîâàíèå âûáîðêè äëÿ îáó÷åíèÿ áàçîâîãî àëãîðèòìà

Óïîðÿäî÷èì îáúåêòû ïî âîçðàñòàíèþ îòñòóïîâ Mi ,t−1:

0 20 40 60 80 100 120 140 160 180 200

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

i

Margin

шумовые

пограничные

надёжные

(ℓ0,M0)

(ℓ1,M1)

Ïðèíöèï ìàêñèìèçàöèè è âûðàâíèâàíèÿ îòñòóïîâ.

Äâà ñëó÷àÿ, êîãäà bt íà îáúåêòå xi îáó÷àòü íå íàäî:

Mi ,t−1 < M0, i < ℓ0 � îáúåêò xi øóìîâîé;

Mi ,t−1 > M1, i > ℓ1 � îáúåêò xi íàä¼æíî êëàññè�èöèðóåòñÿ.
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Àëãîðèòì ComBoost

Àëãîðèòì ComBoost (Committee Boosting)

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòðû T , ℓ0, ℓ1, ℓ2,∆ℓ;

Âûõîä: b1, . . . , bT ;

b1 := argmin
b

Q(b,X ℓ); îòñòóïû Mi = yib1(xi ), i = 1, . . . , ℓ;

äëÿ âñåõ t = 2, . . . ,T :
óïîðÿäî÷èòü âûáîðêó X ℓ

ïî âîçðàñòàíèþ îòñòóïîâ Mi ;

äëÿ âñåõ k = ℓ1, . . . , ℓ2 ñ øàãîì ∆ℓ:
Ut =

{
xi ∈ X ℓ : ℓ0 6 i 6 k

}
;

btk := argmin
b

Q(b,Ut) � èíêðåìåíòíîå îáó÷åíèå;

âûáðàòü íàèëó÷øèé bt ∈ {btk} ïî êðèòåðèþ Q;

îáíîâèòü îòñòóïû: Mi := Mi + yibt(xi ), i = 1, . . . , ℓ;
îïöèÿ: ñêîððåêòèðîâàòü çíà÷åíèÿ ïàðàìåòðîâ ℓ0, ℓ1,∆ℓ;

ïîêà Q ñóùåñòâåííî óëó÷øàåòñÿ.
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Àëãîðèòì ComBoost

�åçóëüòàòû ýêñïåðèìåíòà íà 4 çàäà÷àõ èç ðåïîçèòîðèÿ UCI

Ïî 50 ñëó÷àéíûì ðàçáèåíèÿì ¾îáó÷åíèå : êîíòðîëü¿ = 4 : 1

ionoshere pima bupa votes

SVM 12,9 24,2 42 4,6

AdaBoost[SVM℄ 15 22,7 30,6 4

AdaBoost[SVM℄, |T | = (65) (18) (15) (8)

ComBoost[SVM℄ 12,3 22,5 30,9 3,8

ComBoost[SVM℄, |T | = (5) (2) (5) (3)

Ïðè îäèíàêîâîì êðèòåðèè îñòàíîâêè |T | ñóùåñòâåííî
ìåíüøå ó ComBoost ïî ñðàâíåíèþ ñ AdaBoost

ComBoost ñïîñîáåí ñòðîèòü àíñàìáëè èç íåáîëüøîãî

÷èñëà ñèëüíûõ è óñòîé÷èâûõ áàçîâûõ àëãîðèòìîâ

Ìàöåíîâ À.À. Êîìèòåòíûé áóñòèíã: ìèíèìèçàöèÿ ÷èñëà áàçîâûõ àëãîðèòìîâ

ïðè ïðîñòîì ãîëîñîâàíèè. ÌÌ�Î-13, 2007.
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Àëãîðèòì ComBoost

Îáîáùåíèå äëÿ çàäà÷ ñ ïðîèçâîëüíûì ÷èñëîì êëàññîâ

Ïóñòü òåïåðü Y = {1, . . . ,M}.
Êîìïîçèöèÿ � ïðîñòîå ãîëîñîâàíèå, ïðè÷¼ì

êàæäûé áàçîâûé àëãîðèòì byt ãîëîñóåò òîëüêî çà ñâîé êëàññ y :

a(x) = argmax
y∈Y

Γy (x); Γy (x) =
1

|Ty |
∑

t∈Ty

byt(x).

Â àëãîðèòìå òîëüêî äâà èçìåíåíèÿ:

� èçìåíèòñÿ îïðåäåëåíèå îòñòóïà Mi :

Mi = Γyi (xi)− max
y∈Y \{yi}

Γy (xi).

� â àëãîðèòìå ComBoost íà øàãå 3 ïðèä¼òñÿ ðåøàòü,

çà êàêîé êëàññ ñòðîèòü î÷åðåäíîé áàçîâûé àëãîðèòì,

êðîìå òîãî, íåìíîãî èçìåíèòñÿ øàã 7 (ïåðåñ÷¼ò îòñòóïîâ).
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�åçþìå

Àíñàìáëè ïîçâîëÿþò ðåøàòü ñëîæíûå çàäà÷è, êîòîðûå

ïëîõî ðåøàþòñÿ îòäåëüíûìè áàçîâûìè àëãîðèòìàìè

Îáû÷íî àíñàìáëü ñòðîèòñÿ àëãîðèòìîì-îá¼ðòêîé (envelop):

áàçîâûå àëãîðèòìû îáó÷àþòñÿ ãîòîâûìè ìåòîäàìè

Áàçîâûå àëãîðèòìû: êîìïðîìèññ êà÷åñòâî/ðàçëè÷íîñòü

Äâå îñíîâíûå ýâðèñòèêè áóñòèíãà (è íå òîëüêî AdaBoost):

� îáó÷àòü áàçîâûå àëãîðèòìû ïî îäíîìó

� èñïîëüçîâàòü ãëàäêóþ çàìåíó ïîðîãîâîé �óíêöèè ïîòåðü

Âàæíîå îòêðûòèå ñåðåäèíû 90-õ: îáîáùàþùàÿ ñïîñîáíîñòü

áóñòèíãà íå óõóäøàåòñÿ ñ ðîñòîì ñëîæíîñòè T

Ïðàêòè÷åñêîå ñðàâíåíèå áóñòèíãà è áýããèíãà:

� áóñòèíã ëó÷øå äëÿ êëàññîâ ñ ãðàíèöàìè ñëîæíîé �îðìû

� áýããèíã ëó÷øå äëÿ êîðîòêèõ îáó÷àþùèõ âûáîðîê

� áýããèíã ëåã÷å ðàñïàðàëëåëèâàåòñÿ
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