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A simple model and its structure a € B”

1

0.9r

Regression model: f = wy + wol® + w32 + (&), let x = [€0,€1,€2]T,

model to select from: f = acwx,

optimal structure: a4 = [1, 0, 17,
optimal parameters: W = [0.2839,n/a,0.2412]".
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Linear Maps (geometrically) are spatial transforms that...
1. Keep gridlines parallel
2. Keep gridlines evenly spaced
3. Keep the origin stationary
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(Images taken from the American Math Society.)



128 2. 8. Opmozonasrbusie npoekyuu u mMemod Haumerbiux Keadpamos

b n(b‘l, bZ)

a= (ah 02_)

Puc. 3.2. Kocunyc yraa =0 —a.

CHHyCa yIJia o0 B BHJE

sin o = —= COS O = -
iall”’ lal
To ke camoe cnpaBeqJIUBO M JAJiS BEKTOpa b € COOTBETCTBYIOIIM
yrJom f: ero cuHyc pasen b,/|b|, a xocunyc pasen b;/jb|. Tencps,
MOCKOJbKY yroJ 0 B TOYHOCTH paBeH P—a, €ro KOCUHYC Haercs
XOPOILIO H3BECTHBIM TPUTOHOMETPHYECKHM TOXKJIECTBOM

a101+ asb

1 1+ 2¥' 2 . (l)
lalliol

Uucaureab 370H (POPMyJibl COBNALAET CO CKAJSIPHBIM IPOU3BEAEHUEM

BEKTOPOB b M @, OTKyJa MBI U MoJyyaem TpebyemMoe COOTHOLIEHHE:

cos@=cosfcosa-}sinfsina =

3A. Kocunyc yera medxcoy 08Yyms 6eKmopamu pasew
alh

[aleT (2)

e

Cos 0 =

t

OTMeTHM, 4TO 3Ta (POpPMyJa NpPaBUJbHA U B METPUUECKOM OTHOLIE-
HUHW: €CJH Mbl BABOE€ VYBEJUUUM BeKTOP b, TO Kak YHCJUTEJb, TaK
¥ 3HaMeHaTeJb YBEJHUYATCd BJABOE M KOCHHYC OCTAHETCH HEH3MEHHBIM,
M3meHneHHe 3HAaKa BEKTOpa b HaA NPOTUBOIOJOMKHBIH OJHOBPEMEHHO
M3MEeHHUT 3HAaK Yy cosB, yTto O3HauaeT usMmenenue yrJaa Ha [180°.

Jameuarue. TOT xKe caMblidi pe3yJbTaT MOXKeT ObITb MOJIYYEH H U3
TeOPEMBI KOCHUHYCOB, KOTOpAs CBsI3bIBAET AJHHBI CTOPOH B IPOH3BOJIb-
HOM TPEYTOJbHUKE W HMEEeT BUJ

|b—ai?=[b[*+]a|*—2{b]]afcos0. (3)

Ecan 0 gBisercs npsaAMbIM yrJjom, TO MbI pUXOAUM K Teopeme [Tuda-
ropa, a mnpu Mnpous3BoJbHOM O BhpaxkeHue |b-—a|* MOxeT ObITh 3a-

§ 3.1. Craasnpuvie npoussedenuss u mMpaHCNOHUPOBAKUE 129
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niucano B Bujge (b—a)' (b—a) u Bmecto (3) moayuaem:

b'b—2a"b+ata=>b"b +a%a—2|b|{alcosb.

[locne coxpawenu#i Mbl npuxogum K QopMyse (2) aasi KocHHYycA.
DaKTHYECKH 3TO JOKA3bIBaeT W Hamy (GOpMYJy IJIS n-MEPHOro CAy-
yasi, MOCKOJIbKY BC€ NMPOUCXOAMUT JHUIIb B NJOCKOM TpeyroabHuke Oab.

Teneps MBI XOTHM HaHTH NPOEKUHIO p. IJTa TOYKA JOJKHA OBITH
KpaTHa BEKTOpPY @, T. €. p==Xx@, [OCKOJbKY J100ass TOUKa 5TOH Nps-

MOH KpaTHa @, U 3ajaya COCTOUT B OTbICKAHHUU Ko3z(pduiueHTa X.
151 3TOr0 HaM HYKEH JIHIIb MPOCTOH reOMETPUYECKHH (haKT, COCTOS -
LIHH B TOM, yTO HpfAMasi, COEQUHSIONIAs KOHell BEKTOopa b ¢ TOuKoi p,
NeprnesaukKyaapHa K BEKTOPY a:

T

- T — L . a b
(b—xa) [ a, uwm a (b—xa)=0, wuaum x: -

3B. [Ipoekyus p mouku b Ha npamyro, onpeceseHHYO 6eKmMOopom q,
3a0aemca Gopmyaol

alb
p=—5—a (4)

Paccmosanue (6 keéadpame) om 3moud mouxu 00 npamol pasHaemcs

([4' b aTa ¢ ; —_b b 2 aTa aTa aa=
(6Tp) (a' a) —(a’b)?
o\ oy . (5)

DTO MO3BOJISIET HaM MOBTOPUTH puC. 3.1 yxXe ¢ ykKaszaHuem GopMmyJibl
JIS ONMpelesieHUus1 Touku p (puc. 3.3).
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Puc. 3.3. Tlpoekuua BekTopa b Ha BEKTOp a.



Tpebyercss MUHIMU3MPOBATH €BKJINIOBO PACCTOSHIE OT BEKTOPA Y M0 BEKTOpa XW. DTOT BEK-
TOP JIEXKUT B IIPOCTPAHCTBE CTOJIOIOB MATPHUIBLI X, TaK KaKk XW — 3TO JIMHEHHAas KOMOWHAITMS
CTOJIOIOB 3TOi MAaTPHUIILI ¢ KOI(MDDUIITUEHTAMHA W1, . . . , Wy. 3aJa9a OLIEHKA W SKBUBAJIEHTHA 33,1a9€
HAXOXKJIEHUS TOYKH p = XW, OJKalineil K y U HaXOJsIIeics B IPOCTPAHCTBE CTOJIOIOB MaTPH-
bl X. CieoBaTe/IbHO, BEKTOP P JOJ2KEH ObITH IPOEKIINEl Yy Ha IIPOCTPAHCTBO CTOJIOIOB, BEKTOD
PErPECCUOHHBIX OCTATKOB XW — Yy JTOJI?KEH OBITH OPTOrOHAJIEH 3TOMY IIPOCTPAHCTBY. PaccMoTpum

IIPOU3BOJIbHBINA BEKTOP XV, OPTOrOHAJIBHBINA BEKTOPY PErPECCHOHHBIX OCTATKOB XW — Y
(Xv)'(Xw —y) =v(XXw — X"y) =0.

Tak KaK 3TO paBEHCTBO JOJIXKHO OBITH CIIPABEJJIMBO JIJIsI IIPOU3BOJILHOTO BEKTOpPa V, TO X' XW —
X"y = 0, cm. puc. ??. Eciu cronbupl Marpunbl X JHHEHHO HE3aBUCUMBI, TO MaTpuia X'X

obpaTuMa M ypaBHEHUE NUMEET €INHCTBEHHOE PEeIleHNuEe OTHOCUTEILHO apaMeTPOB

w = (X"X) ' Xy. (38)

Puc. 6. IIpoeknust BeKTopa 3aBUCUMOI IIEPEMEHHOM Ha, IPOCTPAHCTBO CTOJIOIOB MATPUILLI ILJIAHA.
[Tpoekiyst BeKTOpa y Ha MPOCTPAHCTBO CTOJIONOB MATPHUIBI X MMEET BHJI
p = Xw = X(X"X) X"y = Py.

Matpuna P = X(X"X) !XT masbiBaerca marpuneii npoektupobanus. OHa OHa MIEMIIOTEHTHA,

P? = P, u cummerpuuna, PT = P.



Phase trajectory of the accelerometer time series

— Phase trajectory

s(t-2)|| st
0 1 . 3g(t-1) 3

)

dim(s) ~ 1000
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208 Singular sectrum slysis - Wikipdia

SSA can be used as a model-free technique so that it can be applied to arbitrary time
series including non-stationary time series. The basic aim of SSA is to decompose the
time series into the sum of interpretable components such as trend, periodic components
and noise with no a-priori ions about the parz ic form of these

Consider a real-valued time series X = (%1, ...,%n) of length N. Let L (1 < L < N)
be some integer called the window length and K = N — L +1.

Main algorithm
1st step: Embedding.

Form the trajectory matrix of the series X, which is the Lx K matrix

T T By ... Tk
o2 @ Tx41
LK _ .-
X=[X1:...: Xx]=(@g)ijcy = | T8 ™ @5 Tk42

TL TLyl TL42 ..o ITN

where X; = (4, -+, Z40-1)T (1 < i < K) are lagged vectors of size L. The matrix
X is a Hankel matrix which means that X has equal elements @ on the anti-diagonals
i+ j = const.

2nd step: Singular Value Decomposition (SVD).

Perform the singular value decomposition (SVD) of the trajectory matrix X. Set
8 = XXT and denote by Ay, .- -, Az, the eigenvalues of 8 taken in the decreasing order
of magnitude (A > ... > Az > 0) and by Uy, ..., Uy the orthonormal system of the
eigenvectors of the matrix 8 corresponding to these eigenvalues.

Set d = rank X = max{i, such that )y > 0} (note that d =L for a typical real-life
series) and V; = X*U;/ /X (i = 1,-..,d). In this notation, the SVD of the trajectory
matrix X can be written as

X=X;+...+ Xg,

where

X = /NUVT
are matrices having rank 1; these are called elementary matrices. The collection
(v/2:,U;, V;) will be called the ith eigentriple (abbreviated as ET) of the SVD. Vectors Uy
are the left singular vectors of the matrix X, numbers ,/ re the singular values and

provide the singular spectrum of X this gives the name to SSA. Vectors 4/A;V; = XTU;
are called vectors of principal components (PCs).

tpsen wikipedia org ik Singulr_spectrum_analysis o5



MaTpurua aBTOperpeccum
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Heliues P.I"., Katpyua A.M., Ctpuxoe B. Beibop onTumansHoro Habopa npusHakos u3
MynbTUKOPPENnMpYIOLEro MHOXeCTBa B 3ajade nporHosuposarus // 3asopackas nabopatopus. [duarHoctuka
maTtepuasios, 2016.



How many parameters must be used to forecast?

The color shows the value of a parameter for each hour.
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Estimate parameters w(7) = (XTX)1XTy, then calculate the
sample s(7) = w'(7)xp11 for each 7 of the next (m + 1-th) period.



Feature2

1-st Principal Component
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PaccMOTpHM KBapaTHHEL aTOPHTA permierst 570ft 3aawn. Hafliem 0c1e/10BaTeIbH0 Bek-
TOPHI Uy, Vi B cryapHse wena M i k = 1,...,7. B Katectse STHX BeKTOpOB GepyTes
HOPMHUDOBAHHEIC 3HAYEHH BEKTOPOB @y 1 by, COOTBETCTBEHHO

a by

L T
mx1 ||ag]| ixn b
BekTopst ax 1 by HaxoasTCs KaK npejest nociejosatesbHoctedt Bektopos {ax,} u {by,}, coor-
sercraento
ac = lim (ax,) ubs = lim (by,).

Cunrynsproe wme:o A Kax HOPM BeKTOpOB
e = llael - el
Xb,
'
ﬂl‘
1
Puc. 13. npoueypa VSPHBIX BEKTOPOB.

TIpotte/typa HAXOK/ICHIA IOCIEIOBATETHHOCTE i BEKTOPOB a,, by, Wk, Vi HAMHHAETCH C BHIGO-
pa naubombmedi 1o Hopse crpoki by, Matpmust X. Lt k = 1 opMYTB HAXOXKEHHA BeKTO-
pos ay,, by, mieior B

Xb], a] X
a, =i b= =12
ma bibLT G alay
JUisi BRIMHCIIEHNS BEKTOPOB Uy, Vi, Ipi k = 2, ..., T HCHOMb3yeTcs BhIIenpuBe/iennas Gopmyia, ¢

Toit pasnmeit, wTo MaTpiKa X 3aMeRsCTCH Ha CKOPPEKTHPOBAHHYIO Ha k- mare Marpuiy Xis1 =
Xi—ughivi. Ha pricynixe ?? nokasanms: ase nepammt, s = 1,2, neproro mara k = 1 ynpomentoit

CHHIVIISIDHOTO



Linear model, neural net, and autoencoder

€= X

f= akowZak_l oW, 10 o0---oWho;0W; x €9

1x1 nox1 n1><n’7><1
A g
Vv
E= X lxi—r(x)l3
X €D
N -
v
2
Ep= X (}’i*f(xi))
(xj,y;)€D

S=MEp+ MEx+ \3Ey=ATs

E. is some regularisation error, for
principal component analysis: WTW = I,,,
skip block: W =1,, 0 = id,

classification: o € {logistic, softmax, ReLu, ... }.
.. including LM, LR, PCA, AE, SAE, 2NN, DLL, CNN, etc.

16 / 53



Selection of a stable set of features of restricted size

The sample contains multicollinear xy, X, and noisy xs, X features,
columns of the design matrix X. We want to select two features from six.

Stability and accuracy for a fixed complexity

The solution: x3, X4is an orthogonal set of features minimizing the
error function.

8/40



Multicollinear features to forecast: possible configurations

y Y

Adequate and redundant Adequate and correlated

Katrutsa A.M., Strijov V.V. Stresstest procedure for feature selection
algorithms // Chemometrics and Intelligent Laboratory Systems, 2015, 142 :

172-183.
9/40



Time series and phase space
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Transform from time domain to frequency domain is essential trick.

3Thanks to Ed. Vladimirov
Isachenko R.V., Strijov V.V. Quadratic Programming Optimization with Feature
Selection for Non-linear Models // Lobachevskii Journal of Mathematics, 2018, 39(9) :

1179-1187.
11/ 27



Ensemble of models for brain computer interface

t,u € R

! : x = Pt + e,
X; ' ' ‘ ' R" y:Qu_|_ey

t —
Mg\t A cov(t, u) — max

)

Isachenko R.V., Strijov V.V. Quadratic programming feature selection for
multicorrelated signal decoding with partial least squares // Expert Systems with
Applications. Volume 207, 30 November 2022.
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An element of the form v ® w is called the tensor product of v and w. An element of V' ® W is a tensor, and the tensor
product of two vectors is sometimes called an elementary tensor or a decomposable tensor. The elementary tensors span
V ® W in the sense that every element of V' ® W is a sum of elementary tensors. If bases are given for ¥ and W, a basis
of V' ® W is formed by all tensor products of a basis element of ¥ and a basis element of .

The tensor product of two vector spaces captures the properties of all bilinear maps in the sense that a bilinear map from
V' x W into another vector space Z factors uniquely through a linear map V. ® W — Z (see Universal property).

VxW 4 -V ® w Universal property of tensor &
}_ product: if 4 is bilinear, there is a
h h unique linear map h that makes the
2 diagram commutative (that is,

h=hoy).



Cartesian product as an object in category theory

Paccmorpum gekapro-
BO npoussejieHne X X Y JIBYX MHOXKECTB, COCTOsIIEe, KAK OOBIYHO, U3 BCEX
yIOpsiiodeHHbIx nap (z,y) suementoB ¢ € X u y € Y. Ilpoekuuu npous-
Bezenust (x,y) — x,(x,y) — y Ha ero ocu X u Y mpexacrasisior coboit
byukmun p: X xY = X, ¢: X xY —= Y. Jliobas dynkuus h: W — X x
XY u3 rperbero muoxkectsa W 0IHO3HAYHO ONPEAEISAETCS KOMIO3UIHSIMEI
pohu goh. Obparhno, eciin gano muokecrso W u byukunu f u g, rakue,
KaK Ha [OC/IE/LyIOIIel 1HarpaMme, TO CyIeCcTBYeT eJINHCTBeHHAs (DY HKI[H
h, KOTOpast Je/IaeT AMarpaMMy KOMMYTATHBHOI; a nvMenno, hw = (fw, gw)
st Kazkgioro w € W

w

S

X=5—XxY—>V

Taxum obpasoM, juist Jauubix X u'Y dyukuns (p, q) yHuBepcaibHa cpeu

Beex nap (yHKUUil, 0TOOpazKalomuX HEKOTOPOe MHOXKeCTBO B X u B Y, 4d (3,20)
HOCKOJIbKY Jitobasi Apyrasi Takas napa (f,g) OZHO3HAYHO MPOITYCKAETCsI
(mocpeacrsom h) depes napy (p, ¢). DT0 CBOHCTBO ONpeEIseT 1eKapTOBO
OPOU3BECHIE €INHCTBEHHBIM 00Pa30M (C TOYHOCTHIO JO OHEKIHN): )0 30

MakneinH Tae-Danae Bradley



