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Ïðîáëåìà

Öåëü èññëåäîâàíèÿ
Ïðåäëîæèòü ñòðàòåãèþ âûáîðà óñòîé÷èâûõ ìîäåëåé â óñëîâèÿõ

ìóëüòèêîëëèíåàðíîñòè âûáîðêè â çàäà÷àõ íåëèíåéíîãî

ðåãðåññèîííîãî àíàëèçà.

Â ðàáîòå ïðåäëîæåía
Ïðîöåäóðà ïîëó÷åíèÿ ìîäåëè ñ îïòèìàëüíûì ÷èñëîì

ïàðàìåòðîâ, èñïîëüçóþùàÿ ìåòîäû ïîñëåäîâàòåëüíîãî

äîáàâëåíèÿ è óäàëåíèÿ ýëåìåíòîâ ìîäåëè.

Ïëàí ïðåçåíòàöèè

1 Âèä ôóíêöèè îøèáêè

2 Ìåòîä îöåíêè êîâàðèàöèîííîé ìàòðèöû

3 Îïèñàíèå ïðîöåäóðû Add-Del
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Ïîñòàíîâêà çàäà÷è

Âûáîðêà: D = {xi , yi}, i ∈ I = {1, . . . ,m}.

Ðåãðåññèîííàÿ ìîäåëü: f : (w,X) 7→ y, ãäå X ∈ Rm×n,
w = [w1, . . . ,wj , . . . ,wt ], j ∈ J = {1, . . . , t}.

Íåéðîííàÿ ñåòü: f(x,w) = W(2)a, a = tanh(W(1)x), ãäå W(1),

W(2) � ìàòðèöû âåñîâ ïåðâîãî è âòîðîãî ñëî¼â íåéðîííîé

ñåòè, w = vec(W(1)|W(2)).

Òðåáóåòñÿ íàéòè òàêîå ìíîæåñòâî èíäåêñîâ A∗ ⊆ J , ÷òî:

A∗ = argmin
A⊆J

S(w∗A|D, f), w∗A = argmin
w∈Rt

S(w|D, f),

ãäå S(w) � ôóíêöèÿ îøèáêè ìîäåëè.
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Ôóíêöèÿ îøèáêè

Ïóñòü ìíîãîìåðíàÿ ñëó÷àéíàÿ âåëè÷èíà y ∼ N (f,B) èìååò
íîðìàëüíîå ðàñïðåäåëåíèå

p(y|X,B) =
1

(2π)
m
2 det

1
2 (B−1)

exp

(
−1

2
(y − f)

T
B(y − f)

)
=

exp(−ED)

ZD(B)
.

Âåêòîð ïàðàìåòðîâ w ìîäåëè f � ìíîãîìåðíàÿ ñëó÷àéíàÿ

âåëè÷èíà ñ ìàòåìàòè÷åñêèì îæèäàíèåì w0 è êîâàðèàöèîííîé

ìàòðèöåé A−1

p(w|A) =
1

(2π)
t
2 det

1
2 (A−1)

exp

(
−1

2
(w −w0)

T
A(w −w0)

)
=

=
exp(−Ew)

Zw(A)
.
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Ôóíêöèÿ îøèáêè

p(D|w,B) =
exp(−ED)

ZD(B)
, p(w|A) =

exp(−Ew)

Zw(A)
.

Àïîñòåðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè äëÿ

çàäàííûõ êîâàðèàöèîííûõ ìàòðèö A−1 è B−1 èìååò âèä:

p(w|D,A,B) =
p(D|w,B)p(w|A)

p(D|A,B)
=

exp
(
−(ED + Ew)

)
ZDZw p(D|A,B)

.

Îïðåäåëèì ôóíêöèþ îøèáêè S(w):

S(w) = Ew + ED =
1

2
(w −w0)

T
A(w −w0) +

1

2
(y − f)

T
B(y − f).
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Îöåíêà êîâàðèàöèîííîé ìàòðèöû

Êîâàðèàöèîííàÿ ìàòðèöà ñëó÷àéíîé âåëè÷èíû w ∈ Rt :

A−1 = E
[
(w − Ew)(w − Ew)

T
]

= E[ww
T

]− E[w] · E[w
T

].

Ðàçîáüåì ìíîæåñòâî èíäåêñîâ âûáîðêè I íà b ïîäìíîæåñòâ, íà

êàæäîé ïîäâûáîðêå îöåíèì âåêòîð ïàðàìåòðîâ w ìîäåëè f:

W = [w̃1, . . . , w̃b] ∈ Rt×b.

Öåíòðèðóåì êàæäóþ ñòðîêó Wj − EWj 7→Wj è îöåíèì

êîâàðèàöèîííóþ ìàòðèöó ïàðàìåòðîâ ìîäåëè f:

A−1 =
1

b
WW

T
.
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Âûáîð âåëè÷èíû b

Çàâèñèìîñòü ôóíêöèè ED îò b (äàííûå winequality, UCI):
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Ñòðóêòóðà ìîäåëè

Îïðåäåëèì ñòðóêòóðó ìîäåëè êàê àöèêëè÷åñêèé íàïðàâëåííûé

ãðàô ñ òðåìÿ ìíîæåñòâàìè âåðøèí ôèêñèðîâàííîé

ìàêñèìàëüíîé âàëåíòíîñòè:

(0) � ìíîæåñòâî âåðøèí ñâîáîäíûõ ïåðåìåííûõ ðàçìåðà

n + 1;

(1) � ìíîæåñòâî âåðøèí ôóíêöèè àêòèâàöèè ïåðâîãî ñëîÿ

ðàçìåðà M + 1;

(2) � ìíîæåñòâî âåðøèí ôóíêöèè àêòèâàöèè âûõîäíîãî ñëîÿ

ðàçìåðà 1.

Ðåáðà ãðàôà ìîãóò èäòè òîëüêî èç (0)→ (1) èëè (1)→ (2).
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Ñòðóêòóðà ìîäåëè

Ïðåäñòàâëåíèå íåéðîííîé ñåòè â âèäå ãðàôà:
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Ïîñëåäîâàòåëüíàÿ ìîäèôèêàöèÿ ìîäåëè

Çàäàäèì âåêòîð z ∈ {0, 1}t :

zj =

{
0, åñëè wj + ∆wj = 0, ò. å. ðåáðà íåò â ãðàôå;

1, èíà÷å.

z, n è M îäíîçíà÷íî çàäàþò âèä ãðàôà, à çíà÷èò è ñòðóêòóðó

ìîäåëè.

Ïðåäñòàâèì ïðîöåäóðó ïîñëåäîâàòåëüíîé ìîäèôèêàöèè

ñòðóêòóðû ìîäåëè â âèäå ïóòè âíóòðè t-ìåðíîãî ãèïåðêóáà Z,
êàæäàÿ âåðøèíà êîòîðîãî ÿâëÿåòñÿ áèíàðíûì âåêòîðîì

z = {0, 1}t .

Ñîñåäíèå âåðøèíû ãèïåðêóáà Z îòëè÷àþòñÿ åäèíñòâåííîé

êîìïîíåíòîé âåêòîðà z.
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Îïðåäåëåíèå ñòðàòåãèè àëãîðèòìà Add-Del

Ñòðàòåãèÿ çàäàåòñÿ ñëåäóþùèìè ìàòåìàòè÷åñêèìè îáúåêòàìè:

• íàáîðîì êðèòåðèåâ êà÷åñòâà {Q};
• íàáîðîì îãðàíè÷åíèé íà ñòðóêòóðó è ïàðàìåòðû ìîäåëè

A ∈ J , w = w∗A;

• êðèòåðèÿìè îñòàíîâà øàãîâ óäàëåíèÿ è äîáàâëåíèÿ

ñòðóêòóðíûõ åäèíèö â ìîäåëü;

• êðèòåðèåì îñòàíîâà ïðîöåäóðû âûáîðà ìîäåëè.

Òî åñòü, äåéñòâóÿ ñîãëàñíî ñòðàòåãèè, áóäåì èçìåíÿòü

ñòðóêòóðó ìîäåëè, óäàëÿÿ èç íå¼ ýëåìåíòû è äîáàâëÿÿ èõ äî

òåõ ïîð, ïîêà çíà÷åíèå êðèòåðèåâ êà÷åñòâà íå ñòàáèëèçèðóåòñÿ.
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Äîáàâëåíèå ñòðóêòóðíûõ ñâÿçåé

Ïóñòü íà øàãå q èçâåñòíà ïðàâäîïîäîáíàÿ íåëèíåéíàÿ ìîäåëü

ñóáîïòèìàëüíîé ñëîæíîñòè, òî åñòü èçâåñòíû îöåíêè å¼

ïàðàìåòðîâ w∗Aq
è ãèïåðïàðàìåòðîâ w∗0q è A∗q:

fAq

∣∣
w=w∗Aq

: X 7→ y.

1 Íàéäåì òàêîé ýëåìåíò ìíîæåñòâà J \ Aq, ÷òî:

j∗ = argmin
j∈J\Aq

S(wAq∪{j}|D, fAq∪{j}).

2 Äîáàâèì íîâûé ýëåìåíò j∗ ê òåêóùåìó íàáîðó

Aq+1 = Aq ∪ {j∗}

è áóäåì ïîâòîðÿòü ýòó ïðîöåäóðó, ïîêà∣∣∣S(w∗Aq+1
|D, fAq+1)− S(w∗Aq

|D, fAq)
∣∣∣ ≤ ∆S1.
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Óäàëåíèå ñòðóêòóðíûõ ñâÿçåé. Ìåòîä Áåëñëè.

Ïðåäñòàâèì îöåíêó êîâàðèàöèîííîé ìàòðèöû íà øàãå q êàê

A−1q = (LL
T

)−1. Çàïèøåì ñèíãóëÿðíîå ðàçëîæåíèå ìàòðèöû L:

L = UΛV
T
,

ãäå U è V � îðòîãîíàëüíûå ìàòðèöû, à Λ � äèàãîíàëüíàÿ

ìàòðèöà ñ ñîáñòâåííûìè çíà÷åíèÿìè λj íà äèàãîíàëè, òàêèìè
÷òî

λ1 > λ2 > . . . > λq > 0.

Èíäåêñîì îáóñëîâëåííîñòè ñ èíäåêñîì j áóäåì íàçûâàòü:

ηj =
λmax

λj
.
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Óäàëåíèå ñòðóêòóðíûõ ñâÿçåé. Ìåòîä Áåëñëè.

Çàïèøåì ìàòðèöó A−1q â âèäå:

A−1q = (LL
T

)−1 = (VΛ
T

U
T

UΛV
T

)−1 = VΛ−2V−1.

Îöåíêàìè äèñïåðñèè ïàðàìåòðîâ áóäóò äèàãîíàëüíûå ýëåìåíòû

ìàòðèöû A−1q :

αii =
t∑

j=1

v2ij
λ2j
.

Äèñïåðñèîííîé äîëåé rij áóäåì íàçûâàòü âêëàä j-ãî ïðèçíàêà

â äèñïåðñèþ i-ãî ýëåìåíòà âåêòîðà ïàðàìåòðîâ w:

rij =
v2ij /λ

2
j

t∑
j=1

v2ij /λ
2
j

.
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Óäàëåíèå ñòðóêòóðíûõ ñâÿçåé

1 Âû÷èñëèì èíäåêñû îáóñëîâëåííîñòè ηj è ìàòðèöó äîëåâûõ

êîýôôèöèåíòîâ R = [rgj ] äëÿ wAq .

2 Íàéäåì èíäåêñ g∗ ìàêñèìàëüíîãî èíäåêñà

îáóñëîâëåííîñòè ηmax.

3 Â ìàòðèöå äîëåâûõ êîýôôèöèåíòîâ R íàéäåì èíäåêñ

ñòîëáöà j∗.
j∗ = argmax

j∈Aq

sg∗j .

4 Óäàëèì èíäåêñ j∗ èç ìíîæåñòâà Aq:

Aq+1 = Aq \ {j∗}

è áóäåì ïîâòîðÿòü ýòó ïðîöåäóðó, ïîêà∣∣∣S(w∗Aq+1
|D, fAq+1)− S(w∗Aq

|D, fAq)
∣∣∣ ≤ ∆S2.
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Âûáîðêà

Ðèñ.: èíäåêñû îáóñëîâëåííîñòåé è ìàòðèöà äèñïåðñèîííûõ äîëåé.
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Êðèòåðèé îñòàíîâà ïðîöåäóðû Add-Del

Â êà÷åñòâå êðèòåðèÿ ñòàáèëèçàöèè ñòðóêòóðû ìîäåëè

ïðåäëàãàåòñÿ èñïîëüçîâàòü ýíòðîïèþ:

H(A,A′) = −ρ(z, z
′
) ln
(
ρ(z, z

′
)
)
,

ãäå ρ(·, ·) � ðàññòîÿíèå Õýììèíãà ìåæäó âåêòîðàìè z è z
′
, ãäå

zj =

{
0, åñëè wj + ∆wj = 0, ò. å. j /∈ A;

1, èíà÷å.

Ïðîöåññ ñ÷èòàåòñÿ ñòàáèëüíûì, åñëè èçìåíåíèå ýíòðîïèè

H(A,A′) íå ïðåâîñõîäèò çàäàííîãî ïîðîãà.
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Ïîäáîð íà÷àëüíîãî ïðèáëèæåíèÿ

Ðàññìîòðèì ïîñëåäîâàòåëüíî ïîðîæäåííûå ìîäåëè fAq è fAq+1 .
Íà÷àëüíûå ïðèáëèæåíèÿ ãèïåðïàðàìåòðîâ äëÿ ìîäåëè fAq+1 áóäóò
âûãëÿäåòü ñëåäóþùèì îáðàçîì:

w̃Aq = [wAq ; 0]
T

; Ãq =

(
Aq 0
0 1

)
.

Çàïèøåì ôóíêöèþ ïðàâäîïîäîáèÿ äàííûõ è àïðèîðíîå
ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè fAq+1 ñëåäóþùèì îáðàçîì:

p(D|wAq+1 ,Bq) =
1

(2π)
m
2 det

1
2 (B−1q )

·

· exp

(
−1

2
(y − fAq+1)

T
Bq(y − fAq+1)

)
;

p(wAq+1 |Ãq) =
1

(2π)
t
2 det

1
2 (Ã−1q )

·

· exp

(
−1

2
(wAq+1 − w̃Aq )

T
Ãq(wAq+1 − w̃Aq )

)
.
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Ýêñïåðèìåíò

y = 0.3χ5 + 0.3χ6 + 0.3χ3 + U [0, 1].
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Ýêñïåðèìåíò

y = 0.3χ5 + 0.3χ6 + 0.3χ3 + U [0, 1], ŷ = 0.3χ5 + 0.8χ6 + 0.5χ4.
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Àëãîðèòì Ëåâåíáåðãà-Ìàðêâàðäòà

Àëãîðèòì Ëåâåíáåðãà-Ìàðêâàðäòà ïðåäíàçíà÷åí äëÿ

îïòèìèçàöèè ïàðàìåòðîâ íåëèíåéíûõ ðåãðåññèîííûõ ìîäåëåé.

f(w + ∆w,X) ≈ f(w,X) + J∆w, ãäå J � ÿêîáèàí ôóíêöèè f â

òî÷êå w.

Ôóíêöèÿ îøèáêè:

S = 1
2(w + ∆w)TA(w + ∆w) + 1

2 (f(w + ∆w,X)− y)T B
(
f − y

)
.

Äëÿ íàõîæäåíèÿ ýêñòðåìóìà ïðèðàâíÿåì âåêòîð ÷àñòíûõ

ïðîèçâîäíûõ S ïî w ê íóëþ: ∇S = 1
2(w + ∆w)T (A + AT ) +

1
2

[(
J(w + ∆w)− y

)T
BTJ +

(
J(w + ∆w)− y

)T
BJ
]

= 0.

Âûðàçèâ ïðèðàùåíèå ∆w, ïîëó÷èì ñëåäóþùóþ ðåêóððåíòíóþ

ôîðìóëó: ∆w =
[(

A + AT + JT (BT + B)J
)−1]T (−wT (A +

AT ) + (y − f(w,X))T (BT + B)J
)T

.
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Ðåçóëüòàòû
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Ðåçóëüòàòû
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Çàêëþ÷åíèå
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• ñòðàòåãèÿ ïîøàãîâîé ìîäèôèêàöèè ñòðóêòóðû ìîäåëè;

• ìîäèôèêàöèÿ àëãîðèòìà Ëåâåíáåðãà-Ìàðêâàðäòà äëÿ
ãðàäèåíòíîé îïòèìèçàöèè â ñëó÷àå íåëèíåéíûõ ìîäåëåé.
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