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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà: P(A|B) =
P(B|A)P(A)

P(B)
;

Ôîðìóëà ïîëíîé âåðîÿòíîñòè: P(B) = P(B|A)P(A) + P(B|A)P(A);

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâî. Äîñòàòî÷íûå ñòàòèñòèêè.

Naive Bayes. Ñâÿçü öåëåâîé �óíêöèè è âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: êëàññè÷åñêèé ïîäõîä, ñâÿçü ÌÍÊ è ML-îöåíêè,

ðåãóëÿðèçàöèè è MAP-îöåíêè äëÿ âåêòîðà ïàðàìåòðîâ w.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.
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ÁË�: Àïîñòåðèîðíîå ðàñïðåäåëåíèå

p(w|X, y, α) =
p(y, w|X, α)

p(y|X, α)
=

p(y|X, w)p(w|α)
p(y|X, α)

∝ p(y|X, w)p(w|α).
Òîãäà log p(w|X, y, α) ∝ log p(y|X, w) + log p(w|α).
Íîðìàëüíîå àïðèîðíîå ðàñïðåäåëåíèå.

�àññìîòðèì p(w|α) = N (0, τ−1I), òîãäà

− log p(w|X, y, α) ∝ 1
2σ2 ‖y −Xw‖2 + τ

2‖w‖2 = 1
2σ2y

T

y − 1
σ2y

T

Xw+
1

2σ2w
T

X
T

Xw + τ
2w

T

w ∝ 1
2

(

w
T

(τI+ 1
σ2X

T

X)w − 2
σ2y

T

Xw
)

∝
1
2(w −m)

T

Σ−1(w −m), ãäå

m =
(

X
T

X+ τσ2I
)−1

X
T

y, Σ =
(

τI+ 1
σ2X

T

X
)−1

.

Òàêèì îáðàçîì, p(w|X, y, α) ∝ e−
1
2 (w−m)

T

Σ−1(w−m)
.

Âîïðîñ 1: ×òî ìû ìîæåì ñêàçàòü ïðî ðàñïðåäåëåíèå p(w|X, y, α)?
Âîïðîñ 2: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëî âçÿòî

Laplace(0, τI) ?
Âîïðîñ 3: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëà âçÿòà

ñìåñü íîðìàëüíûõ ðàñïðåäåëåíèé

∑

k

πkN (mk, Σk) ?
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)p(w)

Øàã Íàáëþäàåìûå Ñêðûòûå �åçóëüòàò

Îáó÷åíèå (Xtrain, ytrain) w p(w|Xtrain, ytrain)

Êîíòðîëü Xtest ytest p(ytest|Xtest, Xtrain, ytrain)

p(w|Xtrain, ytrain) =
p(ytrain, w|Xtrain)

∫
p(ytrain, w∗|Xtrain)dw∗

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest, w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest, Xtrain, ytrain)p(w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Ïóñòü èìååòñÿ K > 1 ìîäåëåé.

Ïðîöåññ ïîðîæäåíèÿ âûáîðêè:

Ïðèðîäà âûáèðàåò ìîäåëü èç K äîñòóïíûõ ìîäåëåé ñ àïðèîðíûìè

âåðîÿòíîñòÿìè p(Mi), i = 1, . . . , K.

Äëÿ âûáðàííîé ìîäåëè i∗ ïðèðîäà ñýìïëèðóåò âåêòîð ïàðàìåòðîâ

w∗
èç àïðèîðíîãî ðàñïðåäåëåíèÿ pi∗(w)

Èìåÿ i∗, w∗
ïðèðîäà âûáèðàåò Xtrain è ñýìïëèðóåò ytrain èç

pi∗(y|Xtrain, w
∗)

(Xtrain, ytrain) äàíû íàáëþäàòåëþ.

Ïðèðîäà âûáèðàåò Xtest è ñýìïëèðóåò ytest èç pi∗(y|Xtest, w
∗)
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Îáùàÿ ìîäåëü M : p(y, w, Mi|X) = p(Mi)pi(w)pi(y|X, w)

p(ytest|Xtest, Xtrain, ytrain) =

K∑

i=1

p(ytest|Xtest, Xtrain, ytrain, Mi)p(Mi|Xtest, Xtrain, ytrain) =

K∑

i=1

pi(ytest|Xtest, Xtrain, ytrain)p(Mi|Xtrain, ytrain)

p(Mi|Xtrain, ytrain) =
p(ytrain, Mi|Xtrain)

P (ytrain|Xtrain)
∝ p(ytrain,Mi|Xtrain) =

∫

p(ytrain, w, Mi|Xtrain)dw = p(Mi)pi(ytrain|Xtrain)

6 / 23



Ïðèìåð âûáîðà ìîäåëè

a � appli
ant, r � reviewer

a, r =

{

0, íåò PhD,

1, PhD.

d � de
ision

d =

{

1, ïðèíÿòü,

0, îòâåðãíóòü.

r = 0 d = 0 d = 1

a = 0 9 0

a = 1 132 19

r = 1 d = 0 d = 1

a = 0 97 6

a = 1 52 11

Ñëó÷àè:

1 p(d|a, r) = p(d)

2 p(d|a, r) = p(d|a)
3 p(d|a, r) = p(d|r)
4 p(d|a, r) = p(d|a, r)
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Ïðèìåð âûáîðà ìîäåëè

1) p(d|a, r) = p(d)
Ïîýòîìó p(d|w) = Be(w). Prior : p(w) = U [0, 1]

p(y|X) =

∫

p(y|X, w)p(w)dw =

∫ 1

0
C0
9 (1− w)9

C97
103w

6(1−w)97C132
151w

19(1−w)132C52
63w

11(1−w)52dw = 2.8·10−51CCCC

2) p(d|a, r) = p(d|a)
Ïîýòîìó p(d|a = 0) = Be(w1), p(d|a = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) =

∫

p(y|X, w1, w2)p(w1)p(w2)dw1dw2 =

∫ 1

0

∫ 1

0
C0
9 (1−w1)

9C97
103

w6
1(1−w1)

97C132
151w

19
2 (1−w2)

132C52
63w

11
2 (1−w2)

52dw1dw2 = 4.7·10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè

3)p(d|a, r) = p(d|r)
Ïîýòîìó p(d|r = 0) = Be(w1), p(d|r = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) = 0.27 · 10−51CCCC

4) p(d|a, r) = p(d|a, r)
Ïîýòîìó p(d|a = 0, r = 0) = Be(w1), p(d|a = 0, r = 1) = Be(w2),
p(d|a = 1, r = 0) = Be(w3), p(d|a = 1, r = 1) = Be(w4).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1],
p(w3) = U [0, 1], p(w4) = U [0, 1]

p(y|X) = 0.18 · 10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè
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Âûáîð ìîäåëè: çàâèñèìîñòü îò ðàçìåðà âûáîðêè
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Ïðîñòîå ïîíèìàíèå îáîñíîâàííîñòè

Evidence : pi(y|X) =

∫

pi(y|X, w)pi(w)dw

pi(w|X, y) =
pi(y|X,w)pi(w)

p(y|X)
.

Ïðåäïîëîæåíèÿ:

w îäíîìåðíûé

Àïðèîðíîå ðàñïðåäåëåíèå pi(w) ïëîñêîå ñ øèðèíîé ∆wprior

Àïîñòåðèîðíîå ðàñïðåäåëåíèå pi(w|X, y) ñêîíöåíòðèðîâàíî âîêðóã

wMAP ñ øèðèíîé ∆wpost

Òîãäà: log pi(y|X) ≈ log pi(y|X, wMAP ) + log

(
∆wpost

∆wprior

)

.

Äëÿ M -ìåðíîãî w: log pi(y|X) ≈ log pi(y|X, wMAP )+M log

(
∆wpost

∆wprior

)

.
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Ïðèìåð îïòèìèçàöèè eviden
e

yi = w + εi, εi ∼ N (ε|0, β−1)
y1|w, . . . , yn|w ∼ N (yi|w, β−1), w ∼ N (w|0, α−1).

p(y|α, β) = βn/2α1/2

(2π)n/2
√
nβ + α

exp

(

−1

2
β

n∑

i=1

y2i +
β2(
∑n

i=1 yi)
2

2(nβ + α)

)

.

(α∗, β∗) = argmax
α, β

p(y|α, β).
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

n2β∗

β∗(
∑n

i=1 yi)
2 − n

,
|∑n

i=1 yi|√
n

︸ ︷︷ ︸

Tn(y|w, β)

>
1√
β∗,

+∞, èíà÷å.

1

β∗ =

∑n
i=1(yi − y)2

n− 1
.
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Îáîñíîâàííîñòü äëÿ ëèíåéíîé ðåãðåññèè

y = Xw + ε, w ∼ N (w|0, A−1), ε ∼ N (ε|0, σ2I)
Ñîâìåñòíîå ïðàâäîïîäîáèå: p(y, w|X, A, σ2) = p(y|X, w, σ2)p(w|A).
Îáîñíîâàííîñòü:

p(y|X, A, σ2) =

∫

p(y, w|X, A, σ2)dw =

∫

p(y|X, w, σ2)p(w|A)dw.

y|X, A, σ2 ∼ N (y|0, σ2I+XA−1X
T

)
Ïîýòîìó:

log p(y|X,A, σ2) ∝ −1
2 log det(σ

2I+XA−1X
T

)− 1
2y

T

(σ2I+XA−1X
T

)−1y.

Ïðèìåð

yi = sinxi + εi, xi ðàâíîìåðíî âûáðàíî íà [−π/2, π/2], εi ∼ N (0, σ2)
w ∼ N (w|0, α−1I)
Çíà÷åíèÿ ïàðàìåòðîâ: α = 0.01, σ2 = 0.1.
Ïðèçíàêè: 1, xi, x

2
i , . . . , x

k
i , . . ..
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Ïðèìåð: ñðàâíåíèå ìîäåëåé
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Áàéåñîâñêàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïóñòü X ∈ R
m×n

� ïðèçíàêîâàÿ ìàòðèöà, à y ∈ {±1}m � ìåòêè êëàññà.

p(y, w|X, A) = p(y|X, w)p(w|A), ãäå p(y|X, w) =

m∏

j=1

σ(yjw
T

xj).

−5 0 5
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−5

−4

−3

−2

−1

0

x

y

 

 

y = logσ(x)
y = x

y = 0

p(yj|w, xj) = σ(yjw
T

xj) =
1

1+exp(−yjw
T

xj)
.

Âîïðîñ 1: êàê âûáðàòü p(w|A)?
Âîïðîñ 2: Ïóñòü p(w|A) = N (0, A−1), A = diag(α).
×òî ïðîèñõîäèò, êîãäà αi → ∞?

Ïðèìåðû íåîäíîçíà÷íîñòè âûáîðà ðàçäåëèòåëüíîé ïðÿìîé.
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Âîïðîñ 3: ÷åìó ðàâíà w
ML

äëÿ âûáîðîê íà ðèñ. âûøå?
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Îáîñíîâàííîñòü äëÿ ëîãèñòè÷åñêîé ðåãðåññèè

Ïóñòü X ∈ R
m×n

� ïðèçíàêîâàÿ ìàòðèöà, à y ∈ {±1}m � ìåòêè êëàññà.

p(y, w|X, A) = p(y|X, w)p(w|A), ãäå p(y|X, w) =
m∏

j=1

σ(yjw
T

xj).

Èäåÿ: âûáðàòü ìîäåëü ñ ìàêñèìàëüíîé îáîñíîâàííîñòüþ.

Âîïðîñ 1: ÷åì îòëè÷àþòñÿ ðàçíûå ìîäåëè áàéåñîâñêîé ëîãèñòè÷åñêîé

ðåãðåññèè, îïèñàííûå âûøå?

Âû÷èñëåíèå îáîñíîâàííîñòè.

Ïóñòü äàëåå p(w|A) = N (0, A−1), A = diag(α).

Òîãäà A∗ = argmax
A

p(y|X, A) = argmax
A

∫

p(y|X, w)p(w|A)
︸ ︷︷ ︸

Q(w)

dw.

Ïðîáëåìà: èíòåãðàë àíàëèòè÷åñêè íå âû÷èñëÿåòñÿ.

Àïïðîêñèìàöèÿ Ëàïëàñà

logQ(w) ≈ logQ(w
MAP

) + 1
2 (w −w

MAP

)
T

−H−1

︷ ︸︸ ︷

∇∇ logQ(w
MAP

)(w −w
MAP

).

A∗ = argmax
A

(

Q(w
MAP

)

∫

e−
1
2 (w−w

MAP

)
T

H−1(w−w
MAP

)dw

)

.

Âîïðîñ 2: Êàê îïðåäåëÿåòñÿ w
MAP

?
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Âàðèàöèîííûå íèæíèå îöåíêè

Îïðåäåëåíèå. g(x, ξ) âàðèàöèîííàÿ íèæíÿÿ îöåíêà äëÿ f(x) ⇐⇒
1 f(x) ≥ g(x, ξ) ∀ x, ξ
2 f(ξ) = g(ξ, ξ).

Âìåñòî f(x) → max
x

ðàññìîòðèì g(x, ξ) → max
x, ξ

1 ξn = argmax
ξ

g(xn−1, ξ)

2 xn = argmax
x

g(x, ξn)

VLB äëÿ ñèãìîèäíîé �óíêöèè

σ(x) ≥ σ(ξ) exp

(

− 1

4ξ
(2σ(ξ)− 1)(x2 − ξ2) +

x− ξ

2

)

.

−5 0 5
0

0.2

0.4

0.6

0.8

1

y

 

 

σ(x)
Gaussian variational LB

Âîïðîñ: â ÷åì ïðåèìóùåñòâî

èñïîëüçîâàíèÿ VLB ïðè ìàêñèìèçàöè

îáîñíîâàííîñòè â ëîãèñòè÷åñêîé ðåãðåññèè?
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LB äëÿ îáîñíîâàííîñòè â ëîãèñòè÷åñêîé ðåãðåññèè

p(y, w|X, A) =

m∏

j=1

σ(yjw
T

xj)
√
detA

(2π)n/2 e
−1
2w

T

Aw ≥ VLB(w, ξ, A) =

√
detA

(2π)n/2 e
−1
2w

T

Aw
m∏

j=1

σ(ξj) exp

(

−2σ(ξj )−1
4ξj

(w
T

xjx
T

j w − ξ2j ) +
yjw

T

xj−ξj
2

)

=

√
detA

(2π)n/2

m∏

j=1

σ(ξj)e
2σ(ξj )−1

4ξj
ξ2j−

ξj
2 e−

1
2w

T

A
′

w+w
T

v
, ãäå

A
′

= A+

m∑

j=1

2σ(ξj )−1
2ξj

xjx
T

j , v = 1
2

m∑

j=1

yjxj .

Òîãäà p(y|X, A) ≥ LB(A, ξ) =

∫

VLB(w, ξ, A)dw → max
A, ξ

.

Èëëþñòðàöèÿ îòáîðà ïðèçíàêîâ â ëîãèñòè÷åñêîé ðåãðåññèè
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Àïîñòåðèîðíîå ðàñïðåäåëåíèå â ëîãèñòè÷åñêîé ðåãðåññèè

p(y, w|X, A) = p(y|X, w)p(w|A), ãäå p(y|X, w) =
m∏

j=1

σ(yjw
T

xj).

p(w|X, y, A) =
p(y, w|X, A)

p(y|X, A)
=

∏m
j=1 σ(yjw

T

xj)N (w|0, A−1)

p(y|X, A)
.

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw.

Âîïðîñ 1: Êàê îïðåäåëèòü wMAP? Åäèíñòâåííîå ëè ðåøåíèå?

q(w) = − log p(y, w|X, A) = − log p(w|A)− log p(y|X, w) =

q(wMAP) +
1
2 (w −wMAP)

T

H−1(w −wMAP) +O(‖w −wMAP‖3), ãäå
H−1 = A+X

T

RX, ãäå R = diag(σ(w
T

MAPxj)σ(−w
T

MAPxj)).
Íîðìàëüíàÿ àïïðîêñèìàöèÿ: p(w|X, y, A) ≈ N (w|wMAP, H

−1).

Ïðèìåð. Ïóñòü n = 1, wMAP = 1.
Âîïðîñ 2: ×òî ìîæíî ñêàçàòü ïðî ïðèíàäëåæíîñòü îáúåêòîâ ñ

x = 0; 1; −1; 5; −5 ê êëàññó 1?

Âîïðîñ 3: Êàê ðåçóëüòàò çàâèñèò îò íåîïðåäåëåííîñòè h−1
? ×òî

ïðîèñõîäèò ïðè h → 0 è ïðè h → ∞?
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Íåëèíåéíàÿ ðàçäåëÿþùàÿ ïîâåðõíîñòü

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw.

Ïðîãíîç âåðîÿòíîñòè êëàññà 1 â çàâèñèìîñòè îò íåîïðåäåëåííîñòè h−1

x = 5 x = 1 x = 0 x = −1 x = −5

h = ∞ 0.0067 0.269 0.5 0.731 0.9933

h = 1 0.169 0.301 0.5 0.699 0.831

h = 0 0.5 0.5 0.5 0.5 0.5

Âîïðîñ 1: êàê ó÷åñòü â ìîäåëè, ÷òî êëàññû íå ñáàëàíñèðîâàíû?
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x1
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0

2

4

x
2

Class 0

Class 1

Âîïðîñ 2: ÷òî äåëàòü, åñëè

ðàçäåëÿþùàÿ ïîâåðõíîñòü

íåëèíåéíà?
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Âûáðîñû è ïðîïóñêè â äàííûõ
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x1

−4

−2

0

2

4

x
2
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Âîïðîñ 1: ÷òî äåëàòü, åñëè

ðàçäåëÿþùàÿ ïîâåðõíîñòü

íåëèíåéíà?

Èäåÿ:

x 7→ ϕ(x) = [K(x, xi), i = 1, . . . , m].

Âîïðîñ 2: ×åìó ñîîòâåòñòâóåò îòáîð ïðèçíàêîâ ïðè çàìåíå

x 7→ ϕ(x) = [K(x, xi), i = 1, . . . , m]?
Âîïðîñ 3: ×òî åñëè çíà÷åíèÿ ÷àñòè ïðèçíàêîâ íå çàäàíû èëè

íåêîððåêòíû? ×òî ïðîèñõîäèò ïðè çàìåíå íà ñðåäíåå / ìåäèàíó?

Èñõîäíàÿ ìîäåëü: p(y, w|X, A) = p(y|X, w)p(w|A).
Ïóñòü X = X̃+ Z, X̃ · Z = 0, ãäå Z � ìàòðèöà çíà÷åíèé ïðîïóñêîâ.

Íîâàÿ ìîäåëü: p(y, w, Z|X̃, A) = p(y|X̃, Z, w)p(w|A)p(Z|X̃).

p(w|y, X̃, A) ∝ p(y, w|X̃, A) =

∫

p(y, w, Z|X̃, A)dZ =
∫

p(y|X̃, Z, w)p(w|A) p(Z|X̃)
︸ ︷︷ ︸

âåñ

dZ.
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