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Îïòèìèçàöèîííàÿ ïîñòàíîâêà çàäà÷ ìàøèííîãî îáó÷åíèÿ

X � ïðîñòðàíñòâî îáúåêòîâ

Y � ìíîæåñòâî îòâåòîâ (ïðåäñêàçàíèé / îöåíîê / ïðîãíîçîâ)
y(x), y : X → Y � íåèçâåñòíàÿ çàâèñèìîñòü (target function)

Äàíî: {x1, . . . , xℓ} ⊂ X � îáó÷àþùàÿ âûáîðêà (training set)
a(x ,w), a : X×W → Y � ïàðàìåòðè÷åñêàÿ ìîäåëü çàâèñèìîñòè

Íàéòè: w ∈ W � âåêòîð ïàðàìåòðîâ ìîäåëè

Êðèòåðèé � ìèíèìóì ýìïèðè÷åñêîãî ðèñêà ñ ðåãóëÿðèçàöèåé:
ℓ∑

i=1

L (w , xi ) + τR(w) → min
w

(empirical risk minimization, ERM)

L (w , x) � ôóíêöèÿ ïîòåðü (loss function) � òåì áîëüøå,
÷åì ñèëüíåå a(x ,w) îòêëîíÿåòñÿ îò ïðàâèëüíîãî îòâåòà y(x),

R(w) � ðåãóëÿðèçàòîð ñ êîýôôèöèåíòîì ðåãóëÿðèçàöèè τ
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ

Äàíî: {x1, . . . , xℓ} � îáó÷àþùàÿ âûáîðêà (training set)
xi =

(
f1(xi ), . . . , fn(xi )

)
� âåêòîð ïðèçíàêîâ îáúåêòà xi

yi = y(xi ) ∈ R � ¾îòâåò ó÷èòåëÿ¿ íà îáó÷àþùèì îáúåêòå xi

Íàéòè: ïàðàìåòðû w ∈ Rn ìîäåëè ëèíåéíîé ðåãðåññèè:

a(x ,w) =
n∑

j=1

wj fj(x) = ⟨w , x⟩ = w òx , w , x ∈ Rn.

Ìàòðè÷íûå îáîçíà÷åíèÿ:

F
ℓ×n

=

f1(x1) . . . fn(x1)
. . . . . . . . .

f1(xℓ) . . . fn(xℓ)

 , y
ℓ×1

=

y1
. . .
yℓ

 , w
n×1

=

w1

. . .
wn

 .

Êðèòåðèé � ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ):

Q(w ,X ℓ) =
ℓ∑

i=1

(
a(xi ,w)− yi

)2
= ∥Fw − y∥2 → min

w
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Íîðìàëüíàÿ ñèñòåìà óðàâíåíèé

Íåîáõîäèìîå óñëîâèå ìèíèìóìà â ìàòðè÷íîì âèäå:

∂Q(w)

∂w
= 2F ò(Fw − y) = 0,

îòêóäà ñëåäóåò íîðìàëüíàÿ ñèñòåìà çàäà÷è ÌÍÊ:

F òFw = F òy ,

ãäå F òF � ñèììåòðè÷íàÿ ìàòðèöà ðàçìåðà n×n

Äîïóùåíèå: F è F òF � ìàòðèöû ïîëíîãî ðàíãà n è ℓ ⩾ n

Ðåøåíèå ñèñòåìû: w∗ = (F òF )−1F òy = F+y

Çíà÷åíèå êðèòåðèÿ: Q(w∗) = ∥PF y − y∥2,
ãäå PF = FF+ = F (F òF )−1F ò � ïðîåêöèîííàÿ ìàòðèöà
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Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ÌÍÊ

Ëèíåéíàÿ îáîëî÷êà ñòîëáöîâ ìàòðèöû F = (f1, . . . , fn), fj ∈ Rℓ:

L (F ) =
{ n∑
j=1

wj fj

∣∣∣ w ∈ Rn
}

PF = F (F òF )−1F ò � ïðîåêöèîííàÿ ìàòðèöà
PF y � ïðîåêöèÿ âåêòîðà y ∈ Rℓ íà ïîäïðîñòðàíñòâî L (F )
(Iℓ − PF )y � ïðîåêöèÿ y íà åãî îðòîãîíàëüíîå äîïîëíåíèå

ÌÍÊ � ýòî îïóñêàíèå ïåðïåíäèêóëÿðà â Rℓ èç y íà L (F )
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Ñèíãóëÿðíîå ðàçëîæåíèå

Ïðîèçâîëüíàÿ ℓ×n-ìàòðèöà ïðåäñòàâèìà â âèäå
ñèíãóëÿðíîãî ðàçëîæåíèÿ (singular value decomposition, SVD):

F = VDUò.

Îñíîâíûå ñâîéñòâà ñèíãóëÿðíîãî ðàçëîæåíèÿ:

1 ℓ×n-ìàòðèöà V = (v1, . . . , vn) îðòîãîíàëüíà, V
òV = In,

ñòîëáöû vj � ñîáñòâåííûå âåêòîðû ℓ×ℓ-ìàòðèöû FF ò;

2 n×n-ìàòðèöà U = (u1, . . . , un) îðòîãîíàëüíà, U
òU = In,

ñòîëáöû uj � ñîáñòâåííûå âåêòîðû n×n-ìàòðèöû F òF ;

3 n×n-ìàòðèöà D äèàãîíàëüíà, D = diag
(√

λ1, . . . ,
√
λn

)
,

λj ⩾ 0 � îáùèå ñîáñòâåííûå çíà÷åíèÿ ìàòðèö F òF è FF ò.
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Ðåøåíèå ÌÍÊ ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Ïñåâäîîáðàòíàÿ F+ = (F òF )−1F ò, âåêòîð ÌÍÊ-ðåøåíèÿ w∗,
ÌÍÊ-àïïðîêñèìàöèÿ öåëåâîãî âåêòîðà Fw∗ è L2-íîðìà ∥w∗∥:

F+ = (UDV òVDUò)−1UDV ò = UD−1V ò =
n∑

j=1

1√
λj

ujv
ò
j ;

w∗ = F+y = UD−1V òy =
n∑

j=1

1√
λj

uj(v
ò
j y);

Fw∗ = PF y = (VDUò)UD−1V òy = VV òy =
n∑

j=1

vj(v
ò
j y);

∥w∗∥2 = ∥UD−1V òy∥2 = ∥D−1V òy∥2 =
n∑

j=1

1

λj
(v òj y)

2.

Òîæäåñòâà: (AB)−1 = B−1A−1, (AB)ò = BòAò, ∥w∥2 = wòw
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Ìóëüòèêîëëèíåàðíîñòü è ïåðåîáó÷åíèå â ëèíåéíûõ ìîäåëÿõ

Ìóëüòèêîëëèíåàðíîñòü � ëèíåéíàÿ çàâèñèìîñòü ïðèçíàêîâ:

ïóñòü ïîñòðîåíà ëèíåéíàÿ ìîäåëü: a(x ,w) = w òx
ìóëüòèêîëëèíåàðíîñòü: ∃u ∈ Rn: ∀x ∈ X uòx = 0
íååäèíñòâåííîñòü ðåøåíèÿ: ∀γ ∈ R a(x ,w) = (w+γu)òx

÷àñòíûé ñëó÷àé: ℓ < n, íåäîñòàòî÷íûé îáú¼ì âûáîðêè

Ïðîÿâëåíèÿ ìóëüòèêîëëèíåàðíîñòè:

F òF èìååò íóëåâûå (èëè áëèçêèå ê íóëåâûì) ñ.ç. λj → 0

F òF èìååò áîëüøîå ÷èñëî îáóñëîâëåííîñòè (ñì. äàëåå)

ñëèøêîì áîëüøèå âåñà |w∗
j | ðàçíûõ çíàêîâ

âåñà wj íå èíòåðïðåòèðóþòñÿ êàê âàæíîñòè ïðèçíàêîâ

íåóñòîé÷èâîñòü ëèíåéíîé ìîäåëè a(x ,w) = w òx

Q(X ℓ) ≪ Q(X k) � ïåðåîáó÷åíèå
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Ìóëüòèêîëëèíåàðíîñòü è ÷èñëî îáóñëîâëåííîñòè ìàòðèöû

×èñëî îáóñëîâëåííîñòè n×n-ìàòðèöû S :

µ(S) = ∥S∥∥S−1∥ =
max

u : ∥u∥=1
∥Su∥

min
u : ∥u∥=1

∥Su∥ =
λmax

λmin

Ïðè óìíîæåíèè îáðàòíîé ìàòðèöû íà âåêòîð, z = S−1u,
îòíîñèòåëüíàÿ ïîãðåøíîñòü óñèëèâàåòñÿ â µ(S) ðàç:

∥δz∥
∥z∥ ⩽ µ(S)∥δu∥∥u∥

Ïîãðåøíîñòè èçìåðåíèÿ fj(xi ) è yi óñèëèâàþòñÿ â µ(F òF ) ðàç
ïðè âû÷èñëåíèè âåêòîðà ÌÍÊ-ðåøåíèÿ w∗ = (F òF︸︷︷︸

S

)−1 F òy︸︷︷︸
u

,

Ñòðàòåãèè óñòðàíåíèÿ ìóëüòèêîëëèíåàðíîñòè è ïåðåîáó÷åíèÿ:
1 ðåãóëÿðèçàöèÿ: ∥w∥ → min
2 îòáîð ïðèçíàêîâ: f1, . . . , fn → fj1 , . . . , fjm , m ≪ n
3 ïðåîáðàçîâàíèå ïðèçíàêîâ: f1, . . . , fn → g1, . . . , gm, m ≪ n
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Ãðåáíåâàÿ ðåãðåññèÿ (ridge regression)

Øòðàô çà óâåëè÷åíèå L2-íîðìû âåêòîðà âåñîâ ∥w∥:

Qτ (w) = ∥Fw − y∥2 + τ
2
∥w∥2,

ãäå τ � íåîòðèöàòåëüíûé ïàðàìåòð ðåãóëÿðèçàöèè.

Ìîäèôèöèðîâàííîå ÌÍÊ-ðåøåíèå (τ In � ¾ãðåáåíü¿, ridge):

∂Qτ (w)

∂w
= 2F ò(Fw − y) + 2τw = 0

w∗
τ = (F òF + τ In)

−1F òy .

Ïðåèìóùåñòâî ñèíãóëÿðíîãî ðàçëîæåíèÿ:
ìîæíî ïîäáèðàòü ïàðàìåòð τ , âû÷èñëèâ SVD òîëüêî îäèí ðàç.
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Ðåãóëÿðèçîâàííûé ÌÍÊ ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Âåêòîð ðåãóëÿðèçîâàííîãî ÌÍÊ-ðåøåíèÿ w∗
τ

è ÌÍÊ-àïïðîêñèìàöèÿ öåëåâîãî âåêòîðà Fw∗
τ :

w∗
τ = U(D2 + τ In)

−1DV òy =
n∑

j=1

√
λj

λj + τ
uj(v

ò
j y);

Fw∗
τ = VDUòw∗

τ = V diag

(
λj

λj + τ

)
V òy =

n∑
j=1

λj

λj + τ
vj(v

ò
j y);

∥w∗
τ ∥2 = ∥(D2 + τ In)

−1DV òy∥2 =
n∑

j=1

λj

(λj + τ)2
(v òj y)

2.

Fw∗
τ ̸= Fw∗, íî çàòî ðåøåíèå ñòàíîâèòñÿ ãîðàçäî óñòîé÷èâåå.
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Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè
L2-ðåãóëÿðèçàöèÿ: ãðåáíåâàÿ ðåãðåññèÿ
Íåãëàäêèå ðåãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Âûáîð ïàðàìåòðà ðåãóëÿðèçàöèè τ

Êîíòðîëüíàÿ âûáîðêà: X k = (x ′i , y
′
i )

k
i=1;

F ′
k×n

=

f1(x
′
1) . . . fn(x

′
1)

. . . . . . . . .
f1(x

′
k) . . . fn(x

′
k)

 , y ′

k×1

=

y ′1
. . .
y ′k

 .

Âû÷èñëåíèå ôóíêöèîíàëà Q íà êîíòðîëüíûõ äàííûõ T ðàç
ïîòðåáóåò O(kn2 + knT ) îïåðàöèé:

Q(w∗
τ ,X

k) = ∥F ′w∗
τ − y ′∥2 =

∥∥∥F ′U︸︷︷︸
k×n

diag
(√

λj

λj+τ

)
V òy︸︷︷︸
n×1

−y ′
∥∥∥2.

Çàâèñèìîñòü Q(τ) îáû÷íî èìååò õàðàêòåðíûé ìèíèìóì.
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè
L2-ðåãóëÿðèçàöèÿ: ãðåáíåâàÿ ðåãðåññèÿ
Íåãëàäêèå ðåãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Ðåãóëÿðèçàöèÿ ñîêðàùàåò ¾ýôôåêòèâíóþ ðàçìåðíîñòü¿

Ñæàòèå (shrinkage) èëè ñîêðàùåíèå âåñîâ (weight decay):

∥w∗
τ ∥2 =

n∑
j=1

λj

(λj + τ)2
(v òj y)

2 < ∥w∗∥2 =
n∑

j=1

1

λj
(v òj y)

2.

Ïî÷åìó ãîâîðÿò î ñîêðàùåíèè ýôôåêòèâíîé ðàçìåðíîñòè?

Ðîëü ðàçìåðíîñòè èãðàåò ñëåä ïðîåêöèîííîé ìàòðèöû:

tr F (F òF )−1F ò = tr(F òF )−1F òF = tr In = n.

Ïðè èñïîëüçîâàíèè ðåãóëÿðèçàöèè:

tr F (F òF + τ In)
−1F ò = tr diag

(
λj

λj + τ

)
=

n∑
j=1

λj

λj + τ
< n.

Òîæäåñòâî: tr(AB) = tr(BA)
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè
L2-ðåãóëÿðèçàöèÿ: ãðåáíåâàÿ ðåãðåññèÿ
Íåãëàäêèå ðåãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Íåãëàäêèå ðåãóëÿðèçàòîðû äëÿ îòáîðà è ãðóïïèðîâêè ïðèçíàêîâ

Îáùèé âèä ðåãóëÿðèçàòîðîâ (µ � ïàðàìåòð ñåëåêòèâíîñòè):

ℓ∑
i=1

L (w , xi ) +
n∑

j=1

Rµ(wj) → min
w

.

Ðåãóëÿðèçàòîðû ñ ýôôåêòàìè îòáîðà è ãðóïïèðîâêè ïðèçíàêîâ:

LASSO (L1): Rµ(w) = µ|w |

Elastic Net: Rµ(w) = µ|w |+ τw2

Support Feature Machine (SFM):

Rµ(w) =

{
2µ|w |, |w | ⩽ µ;

µ2 + w2, |w | ⩾ µ;

Relevance Feature Machine (RFM):

Rµ(w) = ln
(
µw2 + 1

)
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè
L2-ðåãóëÿðèçàöèÿ: ãðåáíåâàÿ ðåãðåññèÿ
Íåãëàäêèå ðåãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Ñðàâíåíèå L2 (Ridge) è L1 (LASSO) ðåãóëÿðèçàöèè

Òèïè÷íûé âèä çàâèñèìîñòè âåñîâ wj îò ñåëåêòèâíîñòè µ

Â LASSO ñ óâåëè÷åíèåì µ óñèëèâàåòñÿ îòáîð ïðèçíàêîâ
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïîñòàíîâêà çàäà÷è è îñíîâíàÿ òåîðåìà
Ìåòîä ãëàâíûõ êîìïîíåíò äëÿ ëèíåéíîé ðåãðåññèè
Îáîáùåíèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò (Principal Component Analysis, PCA)

Äàíî: âûáîðêà îáúåêòîâ {x1, . . . , xℓ};
f1(x), . . . , fn(x) � ÷èñëîâûå ïðèçíàêè îáúåêòîâ

Íàéòè:
g1(x), . . . , gm(x) � íîâûå ÷èñëîâûå ïðèçíàêè, m ⩽ n, è
ëèíåéíóþ ðåêîíñòðóêöèþ ñòàðûõ ïðèçíàêîâ fj(x) ïî íîâûì:

f̂j(x) =
m∑
t=1

gt(x)ujt , j = 1, . . . , n, ∀x ∈ X ,

Êðèòåðèé: òî÷íîñòü ðåêîíñòðóêöèè fj íà îáó÷àþùåé âûáîðêå:

Q =
ℓ∑

i=1

n∑
j=1

(
f̂j(xi )− fj(xi )

)2 → min
{gt(xi )},{ujt}

Çàäà÷à ïðåîáðàçîâàíèÿ ïðèçíàêîâ (feature transformation)
� ýòî çàäà÷à îáó÷åíèÿ áåç ó÷èòåëÿ, òóò íåò îòâåòîâ yi
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïîñòàíîâêà çàäà÷è è îñíîâíàÿ òåîðåìà
Ìåòîä ãëàâíûõ êîìïîíåíò äëÿ ëèíåéíîé ðåãðåññèè
Îáîáùåíèÿ

Çàäà÷à íèçêîðàíãîâîãî ìàòðè÷íîãî ðàçëîæåíèÿ

Ìàòðèöû ¾îáúåêòû�ïðèçíàêè¿, ñòàðàÿ è íîâàÿ:

F
ℓ×n

=

f1(x1) . . . fn(x1)
. . . . . . . . .

f1(xℓ) . . . fn(xℓ)

 ; G
ℓ×m

=

g1(x1) . . . gm(x1)
. . . . . . . . .

g1(xℓ) . . . gm(xℓ)

 .

Ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ íîâûõ ïðèçíàêîâ â ñòàðûå:

U
n×m

=

u11 . . . u1m
. . . . . . . . .
un1 . . . unm

 ; F̂ = GUò õîòèì
≈ F .

Êðèòåðèé â ìàòðè÷íîì âèäå � èùåì îäíîâðåìåííî G è U:

ℓ∑
i=1

n∑
j=1

(
f̂j(xi )− fj(xi )

)2
=

∥∥GUò − F
∥∥2 → min

G ,U
,
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Îáîáùåíèÿ

Îñíîâíàÿ òåîðåìà ìåòîäà ãëàâíûõ êîìïîíåíò

Òåîðåìà

Åñëè m ⩽ rkF , òî ìèíèìóì
∥∥GUò − F

∥∥2 äîñòèãàåòñÿ, êîãäà
ñòîëáöû U � ýòî ñ.â. ìàòðèöû F òF , ñîîòâåòñòâóþùèå
m ìàêñèìàëüíûì ñ.ç. λ1, . . . , λm, à ìàòðèöà G = FU.

Ïðè ýòîì:

1 ìàòðèöà U îðòîíîðìèðîâàíà: UòU = Im;

2 ìàòðèöà G îðòîãîíàëüíà: G òG = Λ = diag(λ1, . . . , λm);

3 UΛ = F òFU; GΛ = FF òG ;

4

∥∥GUò − F
∥∥2 = ∥F∥2 − trΛ =

n∑
j=m+1

λj .

Òîæäåñòâî: ∥F∥2 = tr(F òF ) =
∑n

j=1 λj
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Îáîáùåíèÿ

Ñâÿçü ñ ñèíãóëÿðíûì ðàçëîæåíèåì

Ïðîèçâîëüíàÿ ℓ×n-ìàòðèöà F ïðåäñòàâèìà â âèäå SVD:

F = VDUò; UòU = Im; V òV = Im; D = diag
(√

λ1, . . . ,
√

λn

)
Åñëè âçÿòü m = n, òî:

1

∥∥GUò − F
∥∥2 = 0

2 ïðåäñòàâëåíèå F̂ = GUò = F òî÷íîå è ñîâïàäàåò ñ SVD,
åñëè ïîëîæèòü G = V

√
Λ, D =

√
Λ:

F = GUò = V
√
ΛUò;

3 ëèíåéíîå ïðåîáðàçîâàíèå U ðàáîòàåò â îáå ñòîðîíû:

F = GUò; G = FU.

G òG = Λ � íîâûå ïðèçíàêè íåêîððåëèðîâàíû,
U � äåêîððåëèðóþùå ïðåîáðàçîâàíèå Êàðóíåíà�Ëîýâà
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
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Îáîáùåíèÿ

Ýôôåêòèâíàÿ ðàçìåðíîñòü âûáîðêè

Óïîðÿäî÷èì ñ.ç. F òF ïî óáûâàíèþ: λ1 ⩾ . . . ⩾ λn ⩾ 0.

Ýôôåêòèâíàÿ ðàçìåðíîñòü âûáîðêè � ýòî
íàèìåíüøåå öåëîå m, ïðè êîòîðîì

Em =
∥GUò − F∥2

∥F∥2
=

λm+1 + · · ·+ λn

λ1 + · · ·+ λn
⩽ ε.

Êðèòåðèé ¾êðóòîãî ñêëîíà¿: íàõîäèì m: Em−1 ≫ Em:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

-0.1

0

0.1

0.2

0.3

0.4

m-1 m m+1

λ
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Ðåøåíèå çàäà÷è ÍÊ â íîâûõ ïðèçíàêàõ

Çàìåíèì F
ℓ·n

íà å¼ ïðèáëèæåíèå G
ℓ·m

· Uò

m·n
, ïðåäïîëàãàÿ m ⩽ n:

∥G Uòw︸︷︷︸
z

−y∥2 = ∥Gz − y∥2 → min
z

.

Ñâÿçü íîâîãî è ñòàðîãî âåêòîðà êîýôôèöèåíòîâ:

z = Uòw ; w = Uz .

Ðåøåíèå çàäà÷è íàèìåíüøèõ êâàäðàòîâ îòíîñèòåëüíî z :

z∗ = D−1V òy ; w∗ = UD−1V òy =
m∑
j=1

1√
λj

uj(v
ò
j y);

Gz∗ = VV òy =
m∑
j=1

vj(v
ò
j y);

Åäèíñòâåííîå îòëè÷èå îò ïðåæíåãî w∗ � m ñëàãàåìûõ âìåñòî n
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Ñïåêòðàëüíûé ìåòîä íàèìåíüøèõ êâàäðàòîâ

1. Ïîñòðîèòü SVD-ðàçëîæåíèå, óïîðÿäî÷èòü λ1 ⩾ · · · ⩾ λn

2. Îòäåëèòü n −m íàèìåíüøèõ ñ. ç. îò íóëÿ: λ′
j := λj + δj

×àñòíûå ñëó÷àè:

λ′
j := λj + τ � ãðåáíåâàÿ ðåãðåññèÿ

λ′
j := λj +∞[j > m] � ìåòîä ãëàâíûõ êîìïîíåíò

λ′
j := λj + τ [j > m] � íå÷òî ïðîìåæóòî÷íîå

3. Ïðèìåíèòü ôîðìóëû SVD äëÿ ìîäèôèêàöèè ÌÍÊ-ðåøåíèÿ:

w∗ =
n∑

j=1

1√
λj

uj(v
ò
j y) −→ w∗ =

n∑
j=1

√
λj

λ′
j

uj(v
ò
j y)

Fw∗ =
n∑

j=1

vj(v
ò
j y) −→ Fw∗ =

n∑
j=1

λj

λ′
j

vj(v
ò
j y)
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Ðàçðåæåííîå íèçêîðàíãîâîå ìàòðè÷íîå ðàçëîæåíèå

Äàíî: ìàòðèöà F = (fij)ℓ×n, (i , j) ∈ Ω ⊆ {1, . . . , ℓ} × {1, . . . , n}
Íàéòè: ìàòðèöû G = (git)ℓ×m è Uò = (utj)m×n

Êðèòåðèé:
∥∥F − GUò

∥∥2
Ω
=

∑
(i ,j)∈Ω

(
fij −

∑
t
gitutj

)2

→ min
G ,U

Êëàññè÷åñêèé SVD ñòàíîâèòñÿ íåïðèìåíèì, êîãäà

äàííûå ðàçðåæåííûå: |Ω| < ℓn, ÷àñòî |Ω| ≪ ℓn
ôóíêöèÿ ïîòåðü íåêâàäðàòè÷íàÿ
ìàòðè÷íîå ðàçëîæåíèå íåîòðèöàòåëüíîå: git ⩾ 0, utj ⩾ 0
èëè ñòîõàñòè÷åñêîå:

∑
t
git = 1,

∑
t
utj = 1, git ⩾ 0, utj ⩾ 0

Ñèòóàöèè ïðèìåíåíèÿ:

ñíèæåíèå ðàçìåðíîñòè âåêòîðà ïðèçíàêîâ, m ≪ n
âûÿâëåíèå ëàòåíòíîé âíóòðåííåé ñòðóêòóðû äàííûõ
âîññòàíîâëåíèå ïðîïóùåííûõ çíà÷åíèé (missing values)
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïîñòàíîâêà çàäà÷è è îñíîâíàÿ òåîðåìà
Ìåòîä ãëàâíûõ êîìïîíåíò äëÿ ëèíåéíîé ðåãðåññèè
Îáîáùåíèÿ

Ïðèìåðû çàäà÷ íåîòðèöàòåëüíîãî ìàòðè÷íîãî ðàçëîæåíèÿ

1 Âûÿâëåíèå èíòåðåñîâ â ðåêîìåíäàòåëüíûõ ñèñòåìàõ
(recommender systems, collaborative �ltering)

fiu =
∑
t

pitqtu

äàíî: fiu � ðåéòèíãè òîâàðîâ i , ïîñòàâëåííûå ïîëüçîâàòåëåì u
íàéòè: pit � ïðîôèëü èíòåðåñîâ òîâàðà i

qtu � ïðîôèëü èíòåðåñîâ ïîëüçîâàòåëÿ u

2 Ðàçäåëåíèå ñìåñè õèìè÷åñêèõ âåùåñòâ
ïî äàííûì æèäêîñòíîé õðîìàòîãðàôèè

ftλ =
∑
i

cti siλ

äàíî: ftλ � êîíöåíòðàöèÿ íà âûõîäå ÓÔ-äåòåêòîðà

íàéòè: cti � õðîìàòîãðàììà i-ãî âåùåñòâà, t � âðåìÿ

siλ � ñïåêòð i-ãî âåùåñòâà, λ � äëèíà âîëíû
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè è ðåãóëÿðèçàöèÿ

Ìåòîä ãëàâíûõ êîìïîíåíò

Ïîñòàíîâêà çàäà÷è è îñíîâíàÿ òåîðåìà
Ìåòîä ãëàâíûõ êîìïîíåíò äëÿ ëèíåéíîé ðåãðåññèè
Îáîáùåíèÿ

Ïðèìåðû çàäà÷ íåîòðèöàòåëüíîãî ìàòðè÷íîãî ðàçëîæåíèÿ

3 Ëàòåíòíûé ñåìàíòè÷åñêèé àíàëèç êîëëåêöèé òåêñòîâ
(òåìàòè÷åñêîå ìîäåëèðîâàíèå)

fwd =
∑
t

φwtθtd

äàíî: fwd = p(w |d) � ÷àñòîòû ñëîâ w â äîêóìåíòàõ d
íàéòè: φwt = p(w |t) � ðàñïðåäåëåíèÿ ñëîâ w â òåìàõ t

θtd = p(t|d) � ðàñïðåäåëåíèÿ òåì t â äîêóìåíòàõ d

4 Îöåíèâàíèå ýêñïðåññèè ãåíîâ ïî äàííûì
ÄÍÊ-ìèêðî÷èïîâ ñ ó÷¼òîì êðîññ-ãèáðèäèçàöèè

fpk =
∑
g

apgcgk

äàíî: fpk � èíòåíñèâíîñòü ñâå÷åíèÿ p-é ïðîáû íà k-ì ÷èïå

íàéòè: apg � êîýôôèöèåíò ñðîäñòâà p-é ïðîáû g -ìó ãåíó

cgk � êîíöåíòðàöèÿ g -ãî ãåíà íà k-ì ÷èïå
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Ðåçþìå â êîíöå ëåêöèè

Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ
� ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Òðè ïðè¼ìà ïðîòèâ ìóëüòèêîëëèíåàðíîñòè è ïåðåîáó÷åíèÿ
� ðåãóëÿðèçàöèÿ, îòáîð è ïðåîáðàçîâàíèå ïðèçíàêîâ

L2-ðåãóëÿðèçàöèÿ, îíà æå ãðåáíåâàÿ ðåãðåññèÿ
� òîæå ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

L1-ðåãóëÿðèçàöèÿ (LASSO) è äð. íåãëàäêèå ðåãóëÿðèçàòîðû
� ðåãóëèðóåìûé îòáîð ïðèçíàêîâ

Ìåòîä ãëàâíûõ êîìïîíåíò � çàäà÷à ìàòðè÷íîãî ðàçëîæåíèÿ
� ñíîâà ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Äðóãèå ìåòîäû ìàòðè÷íûõ ðàçëîæåíèé è èõ ïðèëîæåíèÿ
� â ñëåäóþùåì ñåìåñòðå
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