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Normalizing flow is a differentiable, invertible mapping from data x
to the noise z.

» Normalizing - convert data distribution to noise.
» Flow - sequence of such mapping is also a flow
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Flows
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» Likelihood is given by z = f(x, 8) and change of variables.

» Sampling of x is performed by sampling from a base
distribution p(z) and applying x = f~1(z,0) = g(z, 9).
» Latent representation is given by z = f(x, 8).

https://arxiv.org/pdf/1605.08803.pdf
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RevNets, 2017

» Modern neural networks are trained
via backpropagation.
» Residual networks are state of the

. ‘e . OHDOV @ )OO
art in image classification. @

» Backpropagation requires storing
the network activations.

Problem
Storing the activations imposes an increasing memory burden.

GPUs have limited memory capacity, leading to constraints often

exceeded by state-of-the-art architectures (with thousand layers).

https://arxiv.org/pdf/1707.04585.pdf
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RevNets, 2017
NICE

Z1 = Xy, o X1 =2y,
z; = xp + F(x1,0); X2 = 23 — F(z1,6).

RevNet

y1 = x1 + F(x2,0); o x2 =Yy> — F(y1,0);
y2 = x2 + G(y1,6); x1 =y1 — G(x2,0).

X, —& +> Y, X, —(—) Y,

@ % e Yy X >

https://arxiv.org/pdf/1707.04585.pdf
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RevNets, 2017

CIFAR-10 [15] CIFAR-100 [15]
Architecture

ResNet RevNet ResNet  RevNet
32 (38) 714%  7.24% 29.95%  28.96 %

110 574%  5.76% 26.44%  25.40%
164 524%  5.17% 23.37%  23.69%

» If the network contains non-reversible blocks (poolings,
strides), activations for this blocks should be stored.

» To avoid storing activations in the modern frameworks, the
backward pass should be manually redefined.

https://arxiv.org/pdf/1707.04585.pdf
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i-RevNet, 2018

Hypothesis

The success of deep convolutional networks is based on
progressively discarding uninformative variability about the input
with respect to the problem at hand.

> It is difficult of recovering images from their hidden
representations.

» Information bottleneck principle: an optimal representation
must reduce the MI between an input and its representation
to reduce uninformative variability + maximize the Ml
between the output and its representation to preserve each
class from collapsing onto other classes.

https://arxiv.org/pdf/1802.07088.pdf
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i-RevNet, 2018

Hypothesis

The success of deep convolutional networks is based on
progressively discarding uninformative variability about the input
with respect to the problem at hand.

ldea

Build a cascade of homeomorphic layers (i-RevNet), a network that
can be fully inverted up to the final projection onto the classes, i.e.
no information is discarded.

https://arxiv.org/pdf/1802.07088.pdf
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i-RevNet, 2018

Zo Tjp1 - TJ
.
Zo Tjy1 oo- Ty
o Tjy1 o0 X
z Mo,
j0 ij+1 e Xy
Architecture Injective Bijective Top-1error Parameters
ResNet - - 24.7 26M
RevNet - - 25.2 28M
i-RevNet (a) yes - 24.7 181M
i-RevNet (b) yes yes 26.7 29M

https://arxiv.org/pdf/1802.07088.pdf
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Glow, 2018

https://arxiv.org/pdf/1807.03039.pdf
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Glow, 2018

| affine coupling layer

t

| invertible 1x1 conv I

A

https://arxiv.org/pdf/1807.03039.pdf
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Glow, 2018

Description

Function

Reverse Function

‘ Log-determinant

Actnorm.
See Section‘l 1.

Vi,j:yij =80 +b

Vijixiy = (viy - b)/s

h-w - sum(log |s|)

Invertible 1 x 1 convolution.
W : e xd].

Vi, j i yi; = WX 5

Vi, j X = W‘lyw

h-w - log|det(W)|
or

See Seclionpi h - w - sum(log |s|)
(see eq. (10))
Affine coupling layer. Xa,Xp = split(x) Ya:¥b = split(y) sum(log(|s|))

See Section|3.3 and
(Dinh et al., 2014)

(logs, t) = NN(xp)
s = exp(logs)
Ya=80OXqa+t
Yo =Xp

y = concat(ya,ys)

(logss, t) = M(yy)
s = exp(logs)

Xa = (Ya —t)/s
Xp =Yp

X = concat(Xa,Xp)

https://arxiv.org/pdf/1807.03039.pdf
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Glow, 2018

Invertible 1x1 conv
Cost to compute det(W) is O(c3).
LU-decomposition reduces the cost to O(c¢):

W = PL(U + diag(s)).

—— Reverse —+ Reverse
3.65 —+ shuffle 3.65 — shuffle
—— 1x1 Conv —— 1x1 Conv

335 335
3.30 3.30
o 200 400 600 800 1000 1200 1400 1600 1800 o 200 400 600 800 1000 1200 1400 1600 1800
Epochs Epochs
(a) Additive coupling. (b) Affine coupling.

https://arxiv.org/pdf/1807.03039.pdf
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Glow, 2018

Face interpolation

https://arxiv.org/pdf/1807.03039.pdf
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Glow, 2018

Face attributes manipulation

(e) Young

https://arxiv.org/pdf/1807.03039.pdf
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Neural ODE, 2018

X
How did it become possible to train neu-
ome p
ral networks with hundreds of layers? Fx) relu
. . . . X
Skip  connections eliminates explod- weight layer identity

ing/vanishing gradients. Fx) +x

34-layer residual

avgpool
[w ]

34-layer plain

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODE, 2018
Consider ODE

Euler update step

z(t + At) = z(t) + Atf(z(t), 9).

Residual block

zi1 =2z + f(24,0).

It is exactly Euler update step for solving ODE with At = 1!
Euler update step is unstable and trivial.

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODE, 2018
Residual block

zi1 =2 + f(24,0).

What happens as we add more layers and take smaller steps?
In the limit, we parameterize the continuous dynamics of hidden
units using an ODE specified by a neural network:

dz(t

O (.0 2t =x 2(n)=y.

Loss function

Ly) = L(z(t2)) = L <z(to) + /t " (o), 0)dt>

0

= L (ODESolve(z(to), f, to, t1,0))

https://arxiv.org/pdf/1806.07366.pdf

18/28


https://arxiv.org/pdf/1806.07366.pdf

Neural ODE, 2018
Benefits

v

memory efficient;

v

adaptive computation;

» parameter efficient;

v

scalable and invertible normalizing flows.

Residual Network ODE Network

/

=5 0 5 -5 0 5
Input/Hidden/Output Input/Hidden/Output

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODE, 2018

Loss function

L(y) = L(z(t1)) = L (ODESolve(z(to), f, to, t1,0))

How to train such model? How to fit 87 How to compute

efficiently %? — Pontryagin theorem!

Adjoint function

Theorem

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODE, 2018

Theorem
da(t) of(z(t), t,0) _0L(z(t))
s =~ O Ty a0 =

To obtain a(t) along the trajectory we could solve this ODE

backward in time, starting from the initial value a(t;) = 25(z(1)

Theorem

</ f T+ 0f(z(t),t,0)
d@__/to a(t) 58 dt.

All these gradients could be computed at once.

62(1’1) )

https://arxiv.org/pdf/1806.07366.pdf
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Continuous NF, 2018

Discrete NF

2111 = f(24,0); logp(zti1) = log p(z:) — log |det

Zt
Function f should be bijective!
Theorem
dlog p(z(t)) of
T = —trace 782(t) .

Function f is not necessary bijective! (uniformly Lipschitz
continuous in z and continuous in t).

https://arxiv.org/pdf/1806.07366.pdf


https://arxiv.org/pdf/1806.07366.pdf

Continuous NF, 2018

log p(2(1)) = log pl(z(to)) — / " trace (ff) dt.

to

M=2 M=32
A
0 20 30

3 NN v
0 20 30

(a) Target (b) NF (¢) CNF (d) Loss vs. KM

https://arxiv.org/pdf/1806.07366.pdf
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FFJORD, 2018



https://arxiv.org/pdf/1810.01367.pdf

FFJORD, 2018

Hutchinson’s trace estimator

trace(A) = Ey(¢) [ETAE} ; Ele] =0; Cov(e)=1.

o8 pla(t0) = log pla(to)) — | trace (51 )

to

& T Of
zlogp(z(to))—/ Epe) |€ 52 dt

to

ur Lof
= log p(z(t0)) — Ep(e) € 5,€ dt.
to

This reduces the cost from quadratic to linear.

https://arxiv.org/pdf/1810.01367.pdf
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FFJORD, 2018

Method Train on One-pass Exactlog-  Free-form
data Sampling likelihood Jacobian
Variational Autoencoders v v X v

Generative Adversarial Nets
Likelihood-based Autoregressive

Normalizing Flows

Reverse-NF, MAF, TAN

NICE, Real NVP, Glow, Planar CNF
FFJORD

ASRNENEN AN
NENEEN R
NNRNENENIEN
N X X % | X% N

Change of
Variables

https://arxiv.org/pdf/1810.01367.pdf
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FFJORD, 2018

FFJORD

https://arxiv.org/pdf/1810.01367.pdf
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