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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apaya BoccTaHOBNEHMS MIOTHOCTW pacnpepeneHus
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenenuii

BoccraHoBneHue NnoTHOCTN — 3ajada oby4veHus 6e3 yuutens

Oano: npoctas (i.i.d.) seibopka X! = {x1,...,x} ~ p(x).

HaiiTu napameTpnyeckyto MOLENb NAOTHOCTU PacnpeAeneHus:
p(x) = ¢(x;0),

roe 6 — napametp, ¢ — pMKCMpoBaHHAS PYHKUNSA.

KpuTtepuii — makcumym (norapucma) npasgonognobus ebibopku:

¢ ¢
L(#; X*) = Ianp(x,-; 0) = Z Ino(x;; ) — max.
i=1 i=1
Heobxoanumoe ycnosue onTuMyma:

2[_(9. X4 = ze: 92 Ino(x;j;0) =0
00 ' — 00 " '
roe dyHkums o(x; 0) gocTaTouHo rnagkas no napamerpy 6.
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BoccTraHoBneHne MHoromMepHoli rayccoBCKoil MAOTHOCTHM
Paspenenune cmecu pacnpegenenuii

BocctaHoBneHne MHOroMepHOW rayCCOBCKOW NAOTHOCTU

MycTb 06bekTbl X onuckiBatoTcst n npusHakamu fi(x) € R
1 BbIbOpKa NOPOXKAEHA N-MEPHON rayCCOBCKON MAOTHOCTLIO:

exp(—%(x — /J,)TZ’I(X — /1,))
(2m)"det X
p € R" — BeKTOp MaTEMATUYECKOrO OXKUAAHUS,

Y € R™" — koBapuaLMoOHHasa MaTpuua
(CMMMETPUYHAS, HEBBIPOXKAEHHAS, NONOXKNTENBHO ONPeeNnéHHas ).

p(x) = N(x;p, X) =

BbiOOpoYHbIE OLEHKU MaKCUMabHOro npasgononobus:

1 ¢
£ 2%

d
%mL(u,z;xf):o = fi

9 - xly — - T YAV A
a—ZInL(u,Z,X)_O = Z_EE(X’ 2)(xi — i)

K. B. BopoHuos (voron@forecsys.ru) BoccTaHoBneHme nnotHocTu 4/41



MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BoccTraHoBneHne MHoromMepHoli rayccoBCKoil MAOTHOCTHM
Paspenenune cmecu pacnpegenenuii

FeomeTpuyeckuii CMbICZ1 MHOrOMEpPHO# HOPMAbHOW NJAOTHOCTHU

Innuncous paccesHns — obnako TOYEK SNAUNTUHECKONH popMmbl:

Mpn ¥ = diag(c?,...,02) ocn s3anunconga napannenshsl opTam.
B obwem cnyuae: ¥ = VSVT — cnekTpanbHoe pasnoxeHue,
V = (vi,...,V,) — OpTOroHanbHble COBCTBEHHbIE BEKTOPbI,
S =diag(\1,. .., Ap) — cobCcTBEHHbIE 3HAYEHUSI MATPULbI X

(=) T (x—p) = (x=p) VSTV (x—p) = (X' =) TS THX =)

x' = VTx — pexoppenupyroiyee opToroHansHoe npeobpasosaHue
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BoccTraHoBneHne MHoromMepHoli rayccoBCKoil MAOTHOCTHM
Paspenenune cmecu pacnpegenenuii

Mpobnema mynuTukonnuHeapHoOCTU

A

Mpobnema: npu £ < n mMaTpuua X BLIPOXKAEHA, HO A2XKe
npu £ > n oHa MOXET OKa3aTbCs NJ0X0 ODYCNOBAEHHOINA.

Perynapusayua koBapuauyuoHHoii matpuusbl > + 7/, yseandneaer
COBCTBEHHBIE 3HAYEHUS HA T, COXPaHsis COBCTBEHHbIE BEKTOPbI
(napameTp T MOXHO nogbupaTs NO CKOMB3SILLEMY KOHTPOIO)

Awuaronanunsauns KOBapuaLMOHHOW MaATPULbI — OLEHNBaHNE
N OAHOMEpHBIX NAOTHOCTel npusHakos fi(x), j=1,...,n:

a2 ]
pi(§) = \/i&j eXP(—%), j=1...,n

rae fij w “J? — OLEHKIN CPefHEro n Ancnepcuiy npusHaka J:
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

3apaya BOCCTAHOB/IEHUSI CMECU pacnpepeneHuii

Mopoxxparowas Mogens cMecu pacnpegeneHuii:
k
p(x) =D _wip(x,0), > wi=1,  w;>0,
j=1 Jj=1

k — 4MCA0 KOMNOHEHT CMECH;
o(x,0;) = p(x|j) — pyHkuus npasgonofobus j-ii KOMNOHEHTHI;
w; = P(j) — anpuopHasi BeposiTHOCTb j-ii KOMMOHEHTSI.

3apaya 1: npu dukcuposartom k,
umest npoctyto Beibopky X’ = {x1,...,x} ~ p(x),

oueHnTb BekTOp napametpos (w,0) = (wi, ..., wg,01,...,0k).

3apauya 2: oueHuTs ewé un k.
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apaya BoccTaHOBNEHMS MIOTHOCTW pacrpepenieHus
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

Makcumusauua npasgonogobus n EM-anroputm

3agaya makcumusauuu norapudma npasgonogobus
4 V4 k
L(w,6) =In Hlp(x;) = Z} In Z} wjp (i, 05) — max
1= 1= J:

Npn OrpaHnYeHunax Zjl-;l wij=1; w; > 0.

WUtepauynonubii anropntm Expectation—Maximization:

HaYanbHoe npubaumxenne napametpos (w,0);
NoBTOPSITL
oLieHKa CKpbITbIX nepementbix G = (gij), gij = P(j|xi):
G := E-war(w, 0);
MaKCMMU3auns npasgonofobus oTAeNbHO N0 KOMMOHEHTaM:
(w,0) := M-war(w, 0, G);
noka w,f n G He cTabunanzupyrorcs;
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apaya BoccTaHOBNEHMS MIOTHOCTW pacrpepenieHus
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

EM-anroputm kak cnocob pelueHuss CMCTeMbl YpaBHEHWIA

Teopema (Heobxogumble BUSI 9KCTpemyma)

Touka (WJ-,GJ-)J’-‘:1 nokanbHoro akctpemyma L(w,0) ynoenetsopsier
cUCTeMe ypaBHEHU OTHOCUTENbHO W), 0 1 gjj:

wjp(x;, 0;)
le(:l Wsp(xi, Os)

4
M- : 0 = ,"| ,',9, ':1,...,/(;
war: 6; argméaxz;gj no(xi,0), Jj
=

l
1 .
Wj:ﬁélgij, j=1... k.
=

E-war: gj = , i=1,....0, j=1,...,k;

EM-anropntm — 370 MeTog nNpoCTbIX UTepaunii Aasi €€ peweruns
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

BeposaTHOCTHaa nHtepnpertayus

E-war — sto dopmyna Baiieca:

b il = PUIPGil)) _ wip(xi,05) _ wie(xi, 0))
&i = PUjx) p(x;i) p(xi) Zi(:l Wscp(x;,Qs)'

. Nk —
OueBngHO, BLIMOJIHEHO YCAOBNE HOPMUPOBKM: ijl gij =L

M-war — 370 MakcuMu3auusl B3BELLEHHOrO npasgononobus,
C Becamun 0bbekTOB gjj AN j-ii KOMMNOHEHTLI CMECH:

¢
0 — 10 o 0
j argmglegu ne(x;, 0),

1 {4
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH

3apgada BOCCTaHOBJ/IEHMS MJIOTHOCTM pacnpeaeneHns
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH

Paspenenune cmecu pacnpegenexuii

HAokazatenbctBo. YcenoBua Kapywa—KyHa—Takkepa

Narpatxnan ontummusaymnoHHoii 3agaun L(w, ) — max:

l k k
0= (3wl 6)) - (X w 1)
i=1 j=1 j=1
p(xi)
MpupaBHuBaem Hysto npomssop,Hble'
l
0L _ wje(xi, 05) X,ﬁj
aij:O = A=0 w= Z Zgu,
= h,_/
&ij
02 zz:wf“(x"’ef) 9 (i, 0) = 2 ze: Ino(xi,0;) = 0
an Xis = a5 ij Xi,Uj) =U.
06; p(x) o6, "7 00, £ 811 LT
i=1 < , i=1

&ij
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apaya BoccTaHOBNEHMS MIOTHOCTW pacrpepenieHus
1

BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

EM-anroputm

exom: X = {x1,...,x}, k;
BbIXOA;: (WJ-,QJ-)J’-‘:1 — napameTpbl CMeCK pacnpegeneHuii;

NHULMANN3NPOBATD (Qj)j-‘zl, W = &
noBTOPATH
E-war (expectation): gnascex i =1,...,¢, j=1,... k
o = kV‘/J'SO(Xh@j)

25:1 wsp(Xj, 95),

M-war (maximization): gns Bcex j = 1,...

V4
Zgu

~ = X

4
f; ;= arg max Yo giilne(xi,0);  wji=
i=1

I
_

noka w;,6; w/vnn gj He cownunce;
k
BepHYTb (w;, 0;)/1;
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

Mpumep

[lge rayccosckue kOMMOHeHTbl k = 2 B npocTpaHcTee X = R2.
PacnonoxeHne KOMNOHEHT B 3aBUCMMOCTN OT HOMEPa uTepaummn L:

5

"

L=20 . .t*;'}
@
0 0 . hee
?..- T
N (/0
-2 I O
-2 0 2 =2 0 2 -2 [i] 2
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MapameTpuyeckne meToabl BOCCTaHOBNEHUS NJOTHOCTH 3apgava BOCCTaHOBAEHUSI MNOTHOCTM pacrnpepeneHns
BocctaHoBneHne MHoromMepHoIli rayccoBCKoil MAOTHOCTH
Paspenenune cmecu pacnpegenexuii

EM-anroputm c gobasneHuem n yganeHmem KOMMOHEHT

Mpobnemsbl bazosoro sapuanta EM-anroputma:

o Kak Bblbupatb HavansHoe npubamxerne?

o Kak onpesensite 4ncio KOMNOHeHT?

o Kak yckopuTtb cxoanmoctb?

Oobasnenune n yaganenne komnoxvent 8 EM-anropurme:

o Ecnn cavwikom MHOro 0bbeKTOB X; UMEIOT CIULIKOM HU3KUE
npasgonofobus p(x;), To co3gaém HoBYH K-+1-t0 KOMNOHEHTY,
no 3TuM obbekTam CTpouM eé HavasbHOe NpubAMKeEHNE.

o Ecnn y j-ii KOMNOHEHTBI CANLIKOM HWU3KWUIA Wj, yaansem eé.

k
Perynspusauus L(w,0) —7 > Inw; — max:
j=1

14
mm(KZgU—T>
i=1

+
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BoccTaHoBneHne ogHoOMepHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop spgpa v wimpuHbl okHa

3a,qaqa HernapamMmetTpmn4eckoro BOCCTaHoBJ/1eHUs NJO0THOCTHU

. { _ L
3apaua: no Beibopke X© = (x;);_; OUeHUTb NAOTHOCTL P(X),
be3 BBeAEHNS NapamMeTPNHECKO MOAENN NAOTHOCTU

OunckpeTtHblid cnyyaii: x; € D,

mn:;émzﬂ

OpHoMepHbIii HenpepbiBHbIA cny4aii: x; € R. Mo onpegenerunto
nnoTHocTu, ecnn Pla, b] — BeposiTHoCTHas mepa oTpeska [a, b]:

. 1
p(x) = lim &Plx — h,x -+

SMNuMprYeckas OueHKa NJIOTHOCTU MO OKHY WMPUHbI h
(3ameHsieMm BepOSITHOCTb Ha JoMt0 06beKTOB BbIGOPKN):

Ph(x) = 27 % ;[lx—Xil < h]
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BoccTaHoBneHne ogHoOMepHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop spgpa v wimpuHbl okHa

JlokanbHaga HenapameTpuyeckasi oueHka Map3eHa-Po3eHbnartra

3MI'IVIpI/I‘-IeCKa$| OU€HKa NAOTHOCTN MO OKHY LWWPUHBI h:

1 &1 |x — x|
ﬁh(x)zéhz2[hl<1}
i=1

06006weHue: oyenka lMapseHa-Pozenbnatra No OKHY WUpPUHBI h:

i) = 137 k(2
Phx—ghz1 h )

1

rae K(r) — sapo, yposnetsopsitowiee TpeboBaHnsim:

— yértHasa dyHKuus;

— HopmuposatHas dyrkuus: [ K(r)dr=1;

— HeBo3pacTatowas npu r > 0, HeoTpuLaTenbHas PyHKLMA.

B wacthoctu, npu K(r) = %[|r| < 1] umeem 3MNupnHECKyIO OLEHKY.
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n BoccTaHoBneHne ogHoOMepHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop spgpa v wimpuHbl okHa

ObocHoBaHue oueHku Mapsena-Posenbnarra

Teopema (ogHOMepHbIi cny4yaii, x; € R)

MycTb BbINOMHEHBI CAEAytOLLNE YCIOBUSI:

1) X’ — npocras seibopka u3 pacnpegenenus p(x);

2) sppo K(z) nenpepbisHo u orpannyeno: [, K?(z) dz < oo;

3) nocneposatenshocTb hy: lim hy =0 n lim £hy = cc.
{—00 {—00

Torpa:

1) pn,(x) = p(x) npu £ — oo pns no4Tn BCex x € X;
2) CKOPOCTb CXOANMOCTU MMEET MOPSAOK 0(6_2/5)_

A kak bbITb B MHOrOMepHOM ciiydae, korga x; € R"7
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BoccTaHoBneHne ogHOMEpHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOroMepHbIX NJOTHOCTEM
Bbibop spgpa v wimpuHbl okHa

[OBa BapuaHTa 0606L1eHNA HA MHOrOMEpHbI Cny4aii

© Ecnm obbekThl onuckiatoTes n npusHakamu f;: X — R:

Ph... eZHh <);6(X)>

i=1j=1 J

@ Ecnm Ha X 3apana cyHkums pacctositus p(x, x'):

1 <& p(x, i)
5 - - K| B2/
rae V(h fX ( (x:) )dx — HOPMMWPOBOYHbII MHOXUTENb

Cdchepuyeckoe rayccoeckoe si4po — 4acTHbliA ciydaii obounx:
£ n
_1 1 (fi(x) — fi(x)>
9= e

K. B. BopoHuos (voron@forecsys.ru) BoccTaHoBneHme nnotHocTn 18 /41




BoccTaHoBneHne ogHOMEpHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop sgpa v winpuHbl okHa

Bbibop aapa

081 0

06 n

0.4 1

20 -15 -1.0 05 0.0 05 1.0 15 20

E(r)= %(1 — r?)[|r] < 1] — ontumanshoe (Enaneurukosa);
Q(r) = %—2(1 — r?)?[|r| < 1] — ksapTudeckoe;

T(r)= (1= 1r])[|Ir] < 1] — Tpeyronshoe;

G(r) = (2r) Y2 exp(—3r?) — rayccosckoe;

r(r) = %Ur\ < 1] — npsmoyronkHoe.
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BoccTaHoBneHne ogHOMEpHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop sgpa v winpuHbl okHa

Bbl60p AA0pa NOYTN He BANAET Ha Ka4eCTBO BOCCTAHOBJIEHNS

chHKLWIOHaJ'I Ka4€CTBa BOCCTAHOBAEHNA NNOTHOCTU!

+o00
J(K) = / E(pn(x) — p(x))” dx.

AcumntoTnyeckne 3Hadvenus otHowewus J(K*)/J(K) npu £ — oo
He 3aBMCST OT Buga pacnpegeneHus p(x).

sapo K(r) cTeneHb rNafKocTy J(K*)/J(K)
Enaneunnkoa K*(r) | pj, paspbisHa 1.000
KeapTudeckoe P} paspbiBHa 0.995
TpeyronsHoe P}, paspbiBHa 0.989
layccosckoe oo gudpbeperumpyema | 0.961
[MpsiMmoyronsHoe Ph pa3pbiBHa 0.943
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BoccTraHoBneHne ogHomepHbIX NAoTHOCTEN

HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop sgpa v winpuHbl okHa

3aBuUcMMocCThb OUEHKN NNOTHOCTU OT WNPUHbI OKHA

Ouerka Pp(x) npu pasanyHbIX 3HAYEHMSIX WMPUHBI OKHA h:

Density
0.00.102030405

I T
-3 -2 -1 0 1 2 3

X

o KauecTBO BOCCTAHOBNEHUS MAOTHOCTU CYLLECTBEHHO 3aBUCUT
OT WNpWUHBLI OKHa h, HO cnabo 3aBucuT OT BUaa saapa K

@ [py HEOAHOPOAHOCTI JIOKASBHBIX CIYLLEHNIA MAOTHOCTH
MoxHo 3agasaTh hi(x) = p(x, x(**1)), rae k — uucno cocepeii
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BoccTaHoBneHne ogHOMEpHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop sgpa v winpuHbl okHa

Bbibop wnpuHbl okHa

Ckonb3siwmii koHTpoab Leave One Out Ans OUEHKN MAOTHOCTU:

14
LOO(h) = — Y Inpu(xi; X\ x; in,
00(h) Z} n Bn(xi; X\ x;) — min
Tununyneiii eug 3asucumoctn LOO(h) nan LOO(k):
LOO

5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 21 22
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BoccTaHoBneHne ogHOMEpHbIX NAOTHOCTEN
HenapameTpunyeckoe BoccTaHoBeHNE NAOTHOCTH BoccTaHoBneHne MHOrOMepHbIX NJOTHOCTEM
Bbibop sgpa v winpuHbl okHa

Pestome: Tpu nogxoaa K oueHUBAHUIO NAOTHOCTe

O [NlapameTpuyeckoe oueHuBaHue NMNJAOTHOCTU:

p(x) = ¢(x,0).

© BoccraHoBieHue cMmecu pacrnpegeneHuii:
k
p(x) =D wip(x,6;), k<L
j=1

© HenapameTtpuueckoe oueHnBaHne NMJIOTHOCTU:

B(x) = ZZ: Evl(h) K(p(X;,Xi)> '

=
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OntumanebHbiid 6aliecoBcknii knaccudukaTop
HaueHbili 6aliecosckunini knaccudukatop
Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudrkaTopos

3agava knaccupukaumn: MUHUMU3AUNA BEPOSAITHOCTMU OLLIMOKK

X — obbekTbl, Y — knaccel, X X Y — B.M. ¢ nAoTHOCTBIO p(X, y)
Dano: X* = (x;,yi)_; ~ p(x,y) — npocTas sbibopka (i.i.d.);
Haiitu: a: X — Y ¢ MuHUMansHol BEPOSITHOCTBLIO OLWINGKM.

BpemeHHoe pgonyuieHune: nycTb M3BeCTHA COBMECTHAs MAOTHOCTb

p(x,y) = p(x) P(y|x) = P(y)p(x|y)-

P(y) — anpuopHas BeposTHOCTL Knacca y;
p(x|y) — cpynkumns npasgonogobus knacca y;
P(y|x) — anoctepuopras BeposiTHOCTb Knacca y;

MpuHynn makcMMmyma anoCTEPUOPHON BEPOATHOCTMU:

a(x) arg max (v|x) arg max (v)p(xly)
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Knaccudukayma no makcumymy cyHkuum npasgonogaobus

YHacThbiii cnyyaii: a(x) = arg ma\>/<p(x\y) npn pasHbix P(y).
ye
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OnTumansHbiii baiecoBckuii knaccudcpukaTop

Teopema

Mycte P(y) n p(x|y) nssecthsl, A, > 0 — notepsi ot owmbku
Ha obbekTe knacca y € Y. Toraa MUHNMYM CpefHero pucka

R@) =3 A, / [a(x) # y] p(x, y)dbx

yeyY
fpocturaercs 6aiecoBCKUM KIaccughmkaTopom

a(x) = argmax A, P(y)p(x|y).
yeyY

3ameyvaHue 1: nocne NOACTAHOBKM SMMNPUHECKIX OLLEHOK
P(y) n p(x|y) baiiecoBckuii knaccudukaTop yxe He ONTUMAaeH.

3ameuaHue 2: 33a4a OLUEHNBAHNSA NJOTHOCTU pacnpeaeneHns —
bonee cnoxHas, 4em 3agadva knaccucbukauun.
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OntumaneHbiid 6aiiecoBcknii knaccudunkaTop
HaueHbili 6aliecoBckunini knaccudukatop
Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudrkaTopos

HausHbiii BaiiecoBckuii knaccudumkatop (Naive Bayes)

Mpeanonoxexne (peicTBUTENBHO HAUBHOE):
npusHakn f;: X — D; — HesaBncumMble ciydaiiHble BeSIMYUHBI
c naoTHocTsmu pacnpepenenusi, pi(&ly), y € Y, j=1,...,n.

Toraa dyHkuMM NpaBaonoaobus KNaccos NPeACTaBUMbl B BUAE
Npon3BefeH s OJHOMEPHbIX MIOTHOCTER no npusHakam, x/ = fi(x):

p(xly) = pi(xty) - pa(X"y), x=(x}...,x"), yeY.

Mponorapudpmuposas nog argmax, NoaAyHuM KnaccudpukaTop

a(x)—argmax(ln)\ P(y —i—Zlnpj xf]y>

ye

BoccranoBneHne n 0gHOMEpPHbBIX MIOTHOCTEN
— HamHoro bonee npocTas 3ajada, Yem OfHON N-MEpHOIA.
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Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudrkaTopos

HaueHbiii baiecoBckuii knaccucgpukatop B 0buiem suae

npep,HOHO)KeHI/Ie: OHHOMeprle ANOTHOCTM 3KC|'|OHeHL|||/|aJ'|be|:
: xi0,; — c(0,;) :
p(X |y Oy, 0y7) = exp(”@,” +h(xl, 0y)
v

rae 6y, ¢,; — napametpsi, c(6), h(y, ) — napameTpbi-byHKLMN.

3agava makcumusauuu log-npaegononobus

-y Z(Z inp(x! ]y 6y W,)) - max
J=lyeY *xeX, 0.
pacnajaeTcs Ha He3aBnCuMble noa3agadm ans kaxgoro (y,Jj):
xi0,; — c(0,; ;
Z <yj (6) + h(xJ,gpyJ-)> — max
X, Pyj Oyi sy

Mo 6,; 3apaya pellaeTcs aHaIUTUYECKK, NO ©,; He BCeraa.
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HaueHbili 6aliecoBckunini knaccudukatop
Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudrkaTopos

MpuBepeHne pacnpegeneHnii K 3KCNoOHeHLManbLHon dpopme

Mpumepsl (rae 0 = g(11) — dyHKLMM CBA3M, 1 — MaTOXUZAHME):

Y —1 2
\/2170 exp(—(xza‘é) ) = exp(% -5 -3 In(27r02))

(1 — p)t> = exp(xln o+ in(1 - 1))

Clp(1 — p)k=> = exp(xIn (1—p)+InC)

%e_“ux = exp(xln —In x!)
pacnpegaenexune | 3Ha4eHust c(0) 0 [1T72)| ¢ h(x, )
HOpMaJbHOE R 10° 0 z o2 —% - @
Beprynnn {0,1} In(1 + e?) 1+el*9 Ini=z |1 0
6urommanshoe | {0,..., k} | kin(1+ €?) He%g Int=z |1 In G
Myaccona {0,1,...} e’ e’ Inz 1 —Inx!
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OntumaneHbiid 6aiiecoBcknii knaccudunkaTop
HaueHbili 6aliecoBckunini knaccudukatop
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JlnHeliHbli HaNBHbIA GaiiecoBckuini kKnaccudukaTop

Pewenue 0,; 4epes cpesHee 3HaYeHue NpusHaka j B knacce y:

oL X 15
90, 0 = d(0y)=2X X = Oy =17 (%y)
Yi XiEXy| yl

Pewenve ,; He BCErga BbIpaXKaeTCs U3 ypaBHEHUA o = 0, Ho
i
Ans pacnpegenennii lyaccona, Bepuynnun, bunommnanshoro ¢,; = 1;
ANS FayCCOBCKOrO pacnpefeneHnst (1 ecam ¢,; He 3aBUCAT OT y):
14 . 2
Pyj = 7 Z:l(X{ - Xy,'j)
1=

B ntore Naive Bayes okasbiBaeTcs AnHERHBIM KaaccndrkaTopom:

0 nc(6,; .
a(x )—argmax(Z xi 4 +In(A, P(y)) — ZM—i—h S yj)
yey Pyj j=1 Pyj m

HE 3aBUCUT

Woi
yj by
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Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudukatTopos

MeTop napseHoBckoro okHa (Parzen window)

HenapameTpuyeckas ouenka nnotHocTu lMapsena—Posenbnatra
¢ dyHKUMElR paccToaHus p(x,x’), O15 KaXKJoro knacca y € Y:

. p(x, x;)
p(xly) = Z K( : >
ly =y
MeTtoa okHa [MapseHa — 370 MeTpuyeckuii kKnaccudpukaTop:

a(x):argymeayx )\ypg(j/) > K(p(xhx)>

iryi=y

. 7 XXr
3ameuanue: Hopmupyowuii mHoxutens V (h fX ( )dx
COKpPaLLAETCS MOA argmax, ec/ii OH He 3aBUCMT OT X; U V.
3ameyvaHue 2: umeem npobnemsl Boibopa
agpa K(r), wupunsl okHa h, dyHkunm pacctositus p(x, x').
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Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudukatTopos

KBagpaTu4Hblii AMCKPUMUHAHT

MMnoTe3sa: kaxablii knacc y € Y nMeeT n-MepHY rayCCOBCKYHO
MIOTHOCTb C LIEHTPOM [i, N KOBApWaLMOHHOW mMaTpuua X :
1 -1
exp(—i(x - ,uy)TZy (x — My))
(2m)"det X,

p(xly) = N(x; py, Xy) =

Teopema

1. Pa3sgensitowas noBepxHOCTb, ONPEeAeNsieMasi YypaBHEHNEM
Ay P(y)p(x|y) = AsP(s)p(x|s), kBappaTudHa ans Bcex y,s € Y.
2. Ecim X, = X5, TO NOBEPXHOCTb BbIPOXKAAETCS B JINHEAHY!IO.

KBagpaTu4HbIii UCKPUMWHAHT — NOACTAHOBOYHbIM afropuTMm:

a(x) = arg max (In AyP(y)— 3 (x— ﬂy)Ti;l(X —fiy) — 3 Indet fy)
ye
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HaueHbili 6aliecosckunini knaccudukatop
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JInHeliHblii guckpumMuHaHT @uwepa

Mpobnema: ans ManoHUCNEHHBIX KNacCoB BO3MOXHO det >, = 0.
MycTb KoBapuaLMOHHbIE MaTPULbl KNACCOB paBHbl: Xy =3, y € Y.

OueHka makcumyma npasgonogobus gns X:
- — . ~ . ~ T
L=, (xi = fy ) (i = fly;)
JInHelHbIi AUCKPUMWHAHT — NOACTaHOBOYHbIA aJirOPNTM:

a(x) = argmax A\, P(y)p(xly) =
yey

= arg max (In()\yls(y)) - %,&;i_l,&y +x" ffl,&y);
yeyY ——
By Qy

a(x) = argmax (x'a, + By).
yey

HepocTaTok: BCé paBHO npuxoauTcs obpawaTts MaTpuuy s
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Ontuma Gali KA ccncpukaTop
HaueHbili 6 7 dbukaTop
Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudukatTopos

FeomeTpuyecknii CMbICN KBagpaTUHHOro AUCKPUMUHAHTA

/ m',' ““\\\
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Baiiecosckas Teopus knaccudukayum O630p baiiecoBckux knaccudukatTopos

FeomeTpuyeckas nHTepnpeTaums JMHENHOro AUCKPUMUHAHTA

B ogHomepHOIli NpoekLMmM Ha HaNpaBASIIOLWNKA BEKTOP pa3gensitoLuei
FMNepnAOCKOCTI KNacChl pasaensitoTcst Hauaydwmm obpasom,
TO €CTb C MUHUMALHON BEPOSTHOCTLIO OWINOKN.

(]

(=]

-2

Fisher R. A. The use of multiple measurements in taxonomic problems. 1936.

K. B. BopoHuos (voron@forecsys.ru) BoccTaHoBneHme nnotHocTn 35/41



OntumaneHbiid 6aiiecoBcknii knaccudunkaTop
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rayCCOBCKaSI CMeCb C AnaroHasibHbIMU MaTpuuamm KoBapuauunm

Mayccoeckas cmece GMM — Gaussian Mixture Model

DonyuweHus:
1. ®ynkuyun npasgonogobus knaccos p(x|y) npegcraBumsl B Buge
cmeceill k, komnouent, y € Y ={1,..., M}

2. KOMNOHEHTBI NMEOT N-MepPHbI€ rayCCOBCKMNE NJIOTHOCTN
C HEKOPPENNPOBAHHBIMUN NPpNU3HAaKaMu:

i = (s oo iyin), Tyj = diag(ogy, o 03)e S =1 ky:

p(xly) ZW}’J'D}/J s pyi(x) = N(xi pyj, Ty,
ky
Z wy =1, wy,; > 0;
j=1
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AMNUpnNYEcKne OLEeHKN CPeaHNX u ancnepcui

Yucnoebie npusHaku: fy: X - R, d=1,...,n.

PeweHune 3apaun M-wara 8 EM-anroputwme:

ANs BCex knaccos y € Y 1 Bcex KOMMoHeHT j = 1,... k,
Wyj = Z 8yij
ityi=
ANS BCEX pa3mepHocTel (an|3HaKOB) d=1,...,n
ﬁ)/jd = Z gyufd XI
iryi=
1 2
A2 ) N2
Tyid = 7w Z gyu(fd(xl) Nyjd) '
YU i yi=y

3ameyaHune: KOMNOHeHTHI «HANBHbI», HO CMECb HE KHAWBHA».
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BaiiecoBcknii knaccucgukatop

MopcTaeum rayccosckyto cmech B bailiecosckuii knaccudpmkaTop:

ky
a(x) = arg max Ay Py Z wyj Nyjexp (— 2pij(x,,uyj))
j=1

Pyj(x)

Iy(x)

n
C— -2 V-1 _ .
Nyj = (2m)~2(oyj1 - Oyjn) HOPMNPOBOYHbBIE MHOXKUTENN;
pyi(X, ptyj) — B3BeweHHas eskangosa metpuka B X = R":
n

)= 600

d=1 " yid

NHTepnpetauma — kak y meTpuyeckoro knaccudumkatopa:
pyj(x) — bansocts 0bbekTa X K j-if KOMMOHEHTE Knacca y;
Iy (x) — 6ansocTs obbekTa X K Knaccy y.
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CeTb paguanbHbix 6a3ucHbix pyHkuuii (RBF)

Tpéxcnoiinas cets RBF (Radial Basis Functions):
k)’

a(x) = arg ymeag/( Ay Py Z Wy pyi(x)
j=1

p11(x)

\W11\

w2

Piky (X) )‘1P1\

r$1ragx — a(x)

b4
pm1(x) A P

WM;(ME Z

PMiy (X)
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EM-anroputm kak MeTog obyyeHUs pagunanbHbIX ceTei

Otanuna RBF-EM ot RBF-SVM:

@ OMOpPHbIE BEKTOPbI [l,j — 3TO HE MOrpaHN4Hble 0BBEKTHI
BbIOOPKM, a LEHTPbI JIOKaJbHbIX CIYLLEHN KNacCoB

@ aBTOMATUYECKU CTPOUTCS CTPYKTYPHOE ONNCAHNE KAXKLOrO
KJacca B BUAE COBOKYMHOCTU KOMMOHEHT — KJIaCcTEpOB
Mpenmywecrtea EM-anroputma:
o EM-anroputm nerko caenaTb yCTOWHMBBIM K LUYMY

@ kak npaeuno, EM-anroputm noBosbHO BbICTpO cxoguTcst

Hepoctatkn EM-anroputma:
@ EM-anroputm 4yBCTBUTENEH K HaYanbHOMY NpubavxeHnto

e Onpegenenune yncna KOMMNOHEHT — TPyAHasi 3ajaqa
(npocTbie 3BPUCTUKM MOTYT NIOXO paboTaTs)
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Pe3tome no Gaiiecoeckoii Teopuun knaccucpukaumm

o [lMonesHast dopmyna: a(x) = arg max AyP(y)p(x]y).
ye

@ OcCHOBHOI HepOCTaTOK: AAsl KnaccuduKaLuy BaXKHa TONbKO
NAOTHOCTb BBAM3M rpaHuLbl; U3OLITOYHO TOYHOE OLEHMBAHUNE
NAOTHOCTM Ha nepudpepnmn NPUBOANT K HEAOPa3yMEHUAM.

@ HaueHbili baliecoBckuii KnaccudoukaTop:
NPEeLNONOXKEHNE O HEABUCUMOCTU MPU3HAKOB.
Kak Hn cTpaHHO, uHorga aTo pabotaer.

Tpu nogxopa K BOCCTaHOBIEHUIO MIOTHOCTU p(x|y) no BbIBOpKE:

o [lapameTpuyecknii nogxoa:
MOLEsb MIOTHOCTN + MakCUMn3auus npasgonofodbus;
o Henapametpuueckuii nogxos:
Hambonee NPoCT, MPUBOSUT K METOLY Map3E€HOBCKOTO OKHa;

o Pasgenenune cmecu pacnpesgeneHunii:
B C/lyvae cMecun rayccuaH npusogut k cetu RBF.
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