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Îïðåäåëåíèå êîìïîçèöèè (íàïîìèíàíèå)

X ℓ = (xi , yi )
ℓ
i=1 ⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y∗(xi);

a(x) = C (b(x)) � àëãîðèòì, ãäå

b : X → R � áàçîâûé àëãîðèòì (àëãîðèòìè÷åñêèé îïåðàòîð),

C : R → Y � ðåøàþùåå ïðàâèëî,

R � ïðîñòðàíñòâî îöåíîê;

Îïðåäåëåíèå

Êîìïîçèöèÿ áàçîâûõ àëãîðèòìîâ b1, . . . , bT

a(x) = C
(
F (b1(x), . . . , bT (x))

)
,

ãäå F : RT → R � êîððåêòèðóþùàÿ îïåðàöèÿ.

Çà÷åì ââîäèòñÿ R?

Â çàäà÷àõ êëàññè�èêàöèè ìíîæåñòâî îòîáðàæåíèé

{F : RT → R} ñóùåñòâåííî øèðå, ÷åì {F : Y T → Y }.
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Ïðèìåðû êîððåêòèðóþùèõ îïåðàöèé (íàïîìèíàíèå)

Ïðèìåð 1: Ïðîñòîå ãîëîñîâàíèå (Simple Voting):

F
(
b1(x), . . . , bT (x)

)
=

1

T

T∑

t=1

bt(x), x ∈ X .

Ïðèìåð 2: Âçâåøåííîå ãîëîñîâàíèå (Weighted Voting):

F
(
b1(x), . . . , bT (x)

)
=

T∑

t=1

αtbt(x), x ∈ X , αt ∈ R.

Ïðèìåð 3: Ñìåñü àëãîðèòìîâ (Mixture of Experts)

F
(
b1(x), . . . , bT (x)

)
=

T∑

t=1

gt(x)bt(x), x ∈ X , gt : X → R.
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×òîáû àëãîðèòìû â êîìïîçèöèè áûëè ðàçëè÷íûìè

èõ îáó÷àþò ïî (ñëó÷àéíûì) ïîäâûáîðêàì,

ëèáî ïî (ñëó÷àéíûì) ïîäìíîæåñòâàì ïðèçíàêîâ.

Ïåðâóþ èäåþ ðåàëèçóåò bagging (bootstrap aggregation)

[Breiman, 1996℄, ïðè÷¼ì ïîäâûáîðêè áåðóòñÿ äëèíû ℓ
ñ ïîâòîðåíèÿìè, êàê â ìåòîäå bootstrap.

Âòîðóþ èäåþ ðåàëèçóåò RSM (random subspa
e method)

[Duin, 2002℄.

Ñîâìåñòèì îáå èäåè â îäíîì àëãîðèòìå.

F = {f1, . . . , fn} � ïðèçíàêè,

µ(G ,U) � ìåòîä îáó÷åíèÿ àëãîðèòìà ïî ïîäâûáîðêå U ⊆ X ℓ
,

èñïîëüçóþùèé òîëüêî ïðèçíàêè èç G ⊆ F .
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Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòðû: T

ℓ′ � äëèíà îáó÷àþùèõ ïîäâûáîðîê;

n′ � äëèíà ïðèçíàêîâîãî ïîäîïèñàíèÿ;

ε1 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà îáó÷åíèè;

ε2 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà êîíòðîëå;

Âûõîä: áàçîâûå àëãîðèòìû bt , t = 1, . . . ,T ;

1: äëÿ âñåõ t = 1, . . . ,T
2: U := ñëó÷àéíîå ïîäìíîæåñòâî X ℓ

äëèíû ℓ′;
3: G := ñëó÷àéíîå ïîäìíîæåñòâî F äëèíû n′;

4: bt := µ(G ,U);
5: åñëè Q(bt ,U) > ε1 èëè Q(bt ,X

ℓ \ U) > ε2 òî
6: íå âêëþ÷àòü bt â êîìïîçèöèþ;

Êîìïîçèöèÿ � ïðîñòîå ãîëîñîâàíèå: a(x) = C
( T∑

t=1
bt(x)

)

.
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Ñðàâíåíèå: boosting � bagging � RSM

Áóñòèíã ëó÷øå äëÿ áîëüøèõ îáó÷àþùèõ âûáîðîê

è äëÿ êëàññîâ ñ ãðàíèöàìè ñëîæíîé �îðìû

Áýããèíã è RSM ëó÷øå äëÿ êîðîòêèõ îáó÷àþùèõ âûáîðîê

RSM ëó÷øå â òåõ ñëó÷àÿõ, êîãäà ïðèçíàêîâ áîëüøå, ÷åì

îáúåêòîâ, èëè êîãäà ìíîãî íåèí�îðìàòèâíûõ ïðèçíàêîâ

Áýããèíã è RSM ý��åêòèâíî ðàñïàðàëëåëèâàþòñÿ,

áóñòèíã âûïîëíÿåòñÿ ñòðîãî ïîñëåäîâàòåëüíî

È åù¼ íåñêîëüêî ýìïèðè÷åñêèõ íàáëþäåíèé:

Âåñà àëãîðèòìîâ íå ñòîëü âàæíû äëÿ âûðàâíèâàíèÿ îòñòóïîâ

Âåñà îáúåêòîâ íå ñòîëü âàæíû äëÿ îáåñïå÷åíèÿ ðàçëè÷íîñòè

Êîðîòêèå êîìïîçèöèè èç ¾ñèëüíûõ¿ àëãîðèòìîâ òèïà

SVM ñòðîèòü òðóäíåå, ÷åì äëèííûå èç ñëàáûõ
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Ñëó÷àéíûé ëåñ (Random Forest)

Îñíîâíûå èäåè: [Breiman, 2001℄

áýããèíã íàä ðåøàþùèìè äåðåâüÿìè

ïðèçíàê â êàæäîé âåðøèíå äåðåâà âûáèðàåòñÿ

èç ñëó÷àéíîãî ïîäìíîæåñòâà k èç n ïðèçíàêîâ

ðåêîìåíäàöèè:

� äëÿ ðåãðåññèè k =
⌊
n/3

⌋

� äëÿ êëàññè�èêàöèè k =
⌊√

n
⌋

Îñíîâíûå ñâîéñòâà:

ñëó÷àéíûé ëåñ � îäèí èç ñàìûõ ñèëüíûõ ìåòîäîâ

ìàøèííîãî îáó÷åíèÿ

îáû÷íî ëèøü íåìíîãî óñòóïàåò ãðàäèåíòíîìó áóñòèíãó

íî íàìíîãî ïðîùå ðåàëèçóåòñÿ è ðàñïàðàëëåëèâàåòñÿ
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Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Çàäà÷à ðåãðåññèè: Y = R

Êâàäðàòè÷íàÿ �óíêöèÿ ïîòåðü: L(y , a) =
(
a(x)− y

)2

Âåðîÿòíîñòíàÿ ïîñòàíîâêà: X ℓ = (xi , yi )
ℓ
i=1 ∼ p(x , y)

Ìåòîä îáó÷åíèÿ: µ : 2X → A, ò.å. âûáîðêà → àëãîðèòì

Ñðåäíåêâàäðàòè÷íûé ðèñê:

R(a) = Ex ,y(a(x) − y)2 =

∫

X

∫

Y

(
a(x)− y

)2
p(x , y) dx dy

Ìèíèìóì ñðåäíåêâàäðàòè÷íîãî ðèñêà, ¾íåäîñòèæèìûé èäåàë¿:

a∗(x) = E(y |x) =
∫

Y

y p(y |x) dx

Îñíîâíàÿ ìåðà êà÷åñòâà ìåòîäà îáó÷åíèÿ µ:

Q(µ) = EX ℓEx ,y

(
µ(X ℓ)(x) − y

)2
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�àçëîæåíèå îøèáêè íà øóì, âàðèàöèþ è ñìåùåíèå

Òåîðåìà

Â ñëó÷àå êâàäðàòè÷íîé �óíêöèè ïîòåðü äëÿ ëþáîãî µ

Q(µ) = Ex ,y

(
a∗(x) − y

)2

︸ ︷︷ ︸

øóì (noise)

+

+ Ex ,y

(
ā(x)− a∗(x)

)2

︸ ︷︷ ︸

ñìåùåíèå (bias)

+

+ Ex ,yEX ℓ

(
µ(X ℓ)(x) − ā(x)

)2

︸ ︷︷ ︸

ðàçáðîñ (varian
e)

,

ā(x) = EX ℓ

(
µ(X ℓ)(x)

)
� ñðåäíèé îòâåò îáó÷åííîãî àëãîðèòìà
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Ìåòîä k áëèæàéøèõ ñîñåäåé

Âåðîÿòíîñòíàÿ ìîäåëü äàííûõ: p(y |x) = f (x) +N (0, σ2)
Ìåòîä k áëèæàéøèõ ñîñåäåé:

a(x) =
1

k

k∑

j=1

y(x(j)),

ãäå x(j) � j-é ñîñåä îáúåêòà x

a∗(x) = f (x) � èñòèííàÿ çàâèñèìîñòü

ā(x) =
1

k

k∑

j=1
f (x(j)) � ñðåäíèé îòâåò

�àçëîæåíèå bias-varian
e:

Q(µ) = σ2

︸︷︷︸

øóì

+ Ex ,y

(

ā(x)− f (x)
)2

︸ ︷︷ ︸

ñìåùåíèå

+ 1
k
σ2

︸︷︷︸

ðàçáðîñ
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Ïðîñòîå ãîëîñîâàíèå

Îáó÷åíèå áàçîâûõ àëãîðèòìîâ ïî ñëó÷àéíûì ïîäâûáîðêàì:

bt = µ(X k
t ), X k

t ∼ X ℓ
, t = 1, . . . ,T

Êîìïîçèöèÿ � ïðîñòîå ãîëîñîâàíèå: aT (x) =
1

T

T∑

t=1
bt(x)

Ñìåùåíèå êîìïîçèöèè ñîâïàäàåò ñî ñìåùåíèåì îòäåëüíîãî

áàçîâîãî àëãîðèòìà:

bias = Ex ,y

(

a∗(x) − EX ℓbt(x)
)2

�àçáðîñ ñîñòîèò èç äèñïåðñèè è êîâàðèàöèè:

varian
e =
1

T
Ex ,yEX ℓ

(

bt(x)− EX ℓbt(x)
)2

+

+
T − 1

T
Ex ,yEX ℓ

(

bt(x)− EX ℓbt(x)
)(

bs(x) − EX ℓbs(x)
)
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�åçþìå. Ïî÷åìó áóñòèíã è áýããèíã ðàáîòàþò?

áýããèíã óìåíüøàåò ðàçáðîñ

áóñòèíã óìåíüøàåò è ñìåùåíèå, è ðàçáðîñ

êîìïîçèöèè òåì ìåíåå ý��åêòèâíû, ÷åì ñèëüíåå

êîððåëèðóþò áàçîâûå àëãîðèòìû

ñëó÷àéíûé ëåñ óìåíüøàåò êîððåëÿöèè áàçîâûõ àëãîðèòìîâ

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Êîìïîçèöèè êëàññè�èêàòîðîâ 13 / 20



Ñòîõàñòè÷åñêèå ìåòîäû ïîñòðîåíèÿ êîìïîçèöèé
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Ïîñëåäîâàòåëüíîå íàðàùèâàíèå ñìåñè

Êâàçèëèíåéíàÿ êîìïîçèöèÿ (ñìåñü àëãîðèòìîâ)

Ñìåñü àëãîðèòìîâ (Mixture of Experts)

a(x) = C

(
T∑

t=1
gt(x)bt(x)

)

,

bt : X → R � áàçîâûé àëãîðèòì,

gt : X → R � �óíêöèÿ êîìïåòåíòíîñòè, øëþç (gate).

×åì áîëüøå gt(x), òåì âûøå äîâåðèå ê îòâåòó bt(x).

Óñëîâèå íîðìèðîâêè:

T∑

t=1
gt(x) = 1 äëÿ ëþáîãî x ∈ X .

Íîðìèðîâêà ¾ìÿãêîãî ìàêñèìóìà¿ SoftMax: RT → R
T
:

g̃t(x) = SoftMaxt
(
g1(x), . . . , gT (x); γ

)
=

eγgt (x)

eγg1(x) + · · · + eγgT (x)
.

Ïðè γ → ∞ SoftMax âûäåëÿåò ìàêñèìàëüíóþ èç T âåëè÷èí.
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Âèä �óíêöèé êîìïåòåíòíîñòè

Ôóíêöèè êîìïåòåíòíîñòè âûáèðàþòñÿ èç ñîäåðæàòåëüíûõ

ñîîáðàæåíèé è ìîãóò îïðåäåëÿòüñÿ:

ïðèçíàêîì f (x):
g(x ;α, β) = σ(αf (x) + β), α, β ∈ R;

íåèçâåñòíûì íàïðàâëåíèåì α ∈ R
n
:

g(x ;α, β) = σ(xòα+ β), α ∈ R
n, β ∈ R;

ðàññòîÿíèåì äî íåèçâåñòíîé òî÷êè α ∈ R
n
:

g(x ;α, β) = exp(−β‖x − α‖2), α ∈ R
n, β ∈ R;

ãäå α, β ∈ R � ïàðàìåòðû, ÷àñòè÷íî îáó÷àåìûå ïî âûáîðêå,

σ(z) = 1
1+e−z � ñèãìîèäíàÿ �óíêöèÿ.
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Âûïóêëûå �óíêöèè ïîòåðü

Ôóíêöèÿ ïîòåðü L (b, y) íàçûâàåòñÿ âûïóêëîé ïî b, åñëè

∀ y ∈ Y , ∀ b1, b2 ∈ R , ∀ g1, g2 > 0: g1 + g2 = 1, âûïîëíÿåòñÿ

L (g1b1 + g2b2, y) 6 g1L (b1, y) + g2L (b2, y).

Èíòåðïðåòàöèÿ: ïîòåðè ðàñòóò íå ìåäëåííåå, ÷åì âåëè÷èíà

îòêëîíåíèÿ îò ïðàâèëüíîãî îòâåòà y .

Ïðèìåðû âûïóêëûõ �óíêöèé ïîòåðü:

L (b, y) =







(b − y)2 � êâàäðàòè÷íàÿ (ÌÍÊ-ðåãðåññèÿ);

e−by
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

log2(1 + e−by ) � ëîãàðè�ìè÷åñêàÿ (LR);

(1− by)+ � êóñî÷íî-ëèíåéíàÿ (SVM).

Ïðèìåð íåâûïóêëîé �óíêöèè ïîòåðü: L (b, y) = [by < 0].
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Îñíîâíàÿ èäåÿ ïðèìåíåíèÿ âûïóêëûõ �óíêöèé ïîòåðü

Ïóñòü ∀x
T∑

t=1
gt(x) = 1 è �óíêöèÿ ïîòåðü L âûïóêëà.

Òîãäà Q(a) ðàñïàäàåòñÿ íà T íåçàâèñèìûõ �óíêöèîíàëîâ Qt :

Q(a) =

ℓ∑

i=1

L

( T∑

t=1

gt(xi )bt(xi), yi

)

6

T∑

t=1

ℓ∑

i=1
gt(xi)L

(
bt(xi ), yi

)

︸ ︷︷ ︸

Qt(gt ,bt)

.

Èòåðàöèîííûé ïðîöåññ, àíàëîãè÷íûé EM-àëãîðèòìó:

1: íà÷àëüíîå ïðèáëèæåíèå �óíêöèé êîìïåòåíòíîñòè gt ;

2: ïîâòîðÿòü

3: M-øàã: ïðè �èêñèðîâàííûõ gt îáó÷èòü âñå bt ;

4: Å-øàã: ïðè �èêñèðîâàííûõ bt îöåíèòü âñå gt ;

5: ïîêà çíà÷åíèÿ êîìïåòåíòíîñòåé gt(xi ) íå ñòàáèëèçèðóþòñÿ.
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Àëãîðèòì ME: îáó÷åíèå ñìåñè àëãîðèòìîâ

Èòåðàöèîííûé ïðîöåññ, àíàëîãè÷íûé EM-àëãîðèòìó:

Âõîä: âûáîðêà X ℓ
, íîðìèðîâàííûå (gt)

T
t=1, ïàðàìåòðû T , δ, γ;

Âûõîä: gt(x), bt(x), t = 1, . . . ,T ;

1: ïîâòîðÿòü

2: g0
t := gt äëÿ âñåõ t = 1, . . . ,T ;

3: M-øàã: ïðè �èêñèðîâàííûõ gt îáó÷èòü âñå bt :

bt := arg min
b

ℓ∑

i=1
gt(xi )L

(
b(xi), yi

)
, t = 1, . . . ,T ;

4: Å-øàã: ïðè �èêñèðîâàííûõ bt îöåíèòü âñå gt :

gt := argmin
gt

ℓ∑

i=1

L

(∑T
s=1 e

γgs (xi )bs(xi )
∑T

s=1 e
γgs (xi )

, yi

)

, t = 1, . . . ,T ;

5: íîðìèðîâàòü êîìïåòåíòíîñòè:

(
g1(xi ), . . . , gT (xi )

)
:= SoftMax

(
g1(xi), . . . , gT (xi ); γ

)
;

6: ïîêà max
t,i

∣
∣gt(xi )− g0

t (xi )
∣
∣ > δ.
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Îáó÷åíèå ñìåñè ñ àâòîìàòè÷åñêèì îïðåäåëåíèåì ÷èñëà T

Âõîä: âûáîðêà X ℓ
, ïàðàìåòðû ℓ0, L0, δ, γ;

Âûõîä: T , gt(x), bt(x), t = 1, . . . ,T ;

1: íà÷àëüíîå ïðèáëèæåíèå:

b1 := argmin
b

ℓ∑

i=1
L

(
b(xi ), yi

)
, g1(xi ) := 1, i = 1, . . . , ℓ;

2: äëÿ âñåõ t = 2, . . . ,T
3: ìíîæåñòâî òðóäíûõ îáúåêòîâ:

Xt :=
{
xi : L (at−1(xi), yi ) > L0

}
;

4: åñëè |Xt | 6 ℓ0 òî âûõîä;
5: bt := arg min

b

∑

xi∈Xt

L
(
b(xi ), yi

)
;

6: gt := argmin
gt

ℓ∑

i=1
L

(
t∑

s=1
gs(xi )bs(xi ), yi

)

;

7: (gs , bs)
t
s=1 := ME

(
X ℓ, (gs)

t
s=1, t, δ, γ

)
;
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�åçþìå

Îáó÷åíèå ñìåñåé àëãîðèòìîâ îñíîâàíî íà ïðèíöèïå

¾ðàçäåëÿé è âëàñòâóé¿.

Ñìåñè àëãîðèòìîâ èìååò ñìûñë ñòðîèòü â òåõ çàäà÷àõ,

ãäå åñòü àïðèîðíûå ñîîáðàæåíèÿ î âèäå îáëàñòåé

êîìïåòåíòíîñòè.

Êðîìå ïîñëåäîâàòåëüíîãî ìåòîäà ïîñòðîåíèÿ ñìåñåé

àëãîðèòìîâ, èçâåñòåí åù¼ èåðàðõè÷åñêèé.
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