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Ïëàí

Ëèíåéíàÿ è ëîãèñòè÷åñêàÿ ðåãðåññèÿ

�åãóëÿðèçàòîðû: âëèÿíèå íà ïåðåîáó÷åíèå è ðàçðåøèìîñòü

Àïðèîðíîå ðàñïðåäåëåíèå, ïîîùðÿþùåå ðàçðåæåííîñòü

Eviden
e (îáîñíîâàííîñòü)

Ïðèíöèï ìàêñèìóìà eviden
e (îáîñíîâàííîñòè)

Eviden
e äëÿ ëèíåéíîé ðåãðåññèè

Eviden
e äëÿ ëîãèñòè÷åñêîé ðåãðåññèè
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Ëèíåéíàÿ è ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ëèíåéíàÿ ðåãðåññèÿ

y ∈ R
n, X ∈ R

n×d, w ∈ R
d
.

y = Xw + ε, ε ∼ N(0, β−1I).
p(y|X, w) = N(y|Xw, β−1I).

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Äâà êëàññà: {−1, 1}.
Äëÿ îáúåêòà xi âåðîÿòíîñòü

ïðèíàäëåæàòü êëàññó yi åñòü

p(yi|xi,w) =
1

1 + exp(−yiwT

xi)
.

p(y|X, w) =
n∏

i=1

σ(yiw
T

xi).
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y = 0.6 − 4.8x + 3.2x2 − 98.7x3 − 16.7x4 + 543.8x5 + 33.0x6 − 963.6x7 − 18.6x8 + 514.9x9

y = 1 − x2 + ε, ε ∼ N (0, 1)

−1.5 −1 −0.5 0 0.5 1 1.5
−40

−30

−20

−10

0

10

20

30

40

x

y

Àäóåíêî Àëåêñàíäð Îáîñíîâàííîñòü ìîäåëåé 3 / 27



Ïåðåîáó÷åíèå è ðàçðåøèìîñòü

Ëèíåéíàÿ ðåãðåññèÿ è

èçáûòî÷íûå ïðèçíàêè
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y = 0.6 − 4.8x + 3.2x2 − 98.7x3 − 16.7x4 + 543.8x5 + 33.0x6 − 963.6x7 − 18.6x8 + 514.9x9

y = 1 − x2 + ε, ε ∼ N (0, 1)
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ðåãðåññèè

Ïðîáëåìà: îïòèìàëüíîå

ðåøåíèå èìååò ‖w‖2 =∞
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�åãóëÿðèçàöèÿ

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

Prior: w ∼ N(0, τ−1I)
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Ñâîéñòâà:

+ Îáå çàäà÷è ñòàíîâÿòñÿ

ðàçðåøèìû

+ Äëÿ ëèíåéíîé ðåãðåññèè åñòü

àíàëèòè÷åñêîå ðåøåíèå

� Ñëàáî ïîîùðÿåò

ðàçðåæåííîñòü

l1�regularization
Prior: w ∼ Laplace(0, τ−1)
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+ Îáå çàäà÷è ñòàíîâÿòñÿ

ðàçðåøèìû

� Äëÿ ëèíåéíîé ðåãðåññèè íåò

àíàëèòè÷åñêîãî ðåøåíèÿ

� Íåäè��åðåíöèðóåìàÿ

öåëåâàÿ �óíêöèÿ

+ Ïîîùðÿåò ðàçðåæåííîñòü
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Ïðèìåð ñ ðåãðåññèåé íà ïîëèíîìû

Äàííûå

y = x+ x2 + ε, ε ∼ N(0, 1),
yi ∼ p(y|xi), i = 1, . . . , 10, ãäå x1, . . . , x10
âûáðàíû ðàâíîìåðíî íà [−1, 1].
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Íàèëó÷øèå ïîëèíîìû
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Ïðèìåð "òîìîãðà�èÿ"

Ïîñòàíîâêà çàäà÷è

y = Xw + ε, ε ∼ N(0, β−1I),

y ∈ R
m, X ∈ R

m×n2

, m < n2
.

w ∈ [0, 1]n
2

.

Ïàðàìåòðû: m = 1000, n = 50.

Íàñòîÿùèé w

x

y
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Ïðèìåð "òîìîãðà�èÿ β = 100

l1�ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]
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Ïðèìåð "òîìîãðà�èÿ β = 4

l1�ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]
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Eviden
e

Ìîäåëü Mi: pi(T, θ|X) = pi(T |X, θ)p(θ)

Øàã Íàáëþäàåìûå Ñêðûòûå �åçóëüòàò

Îáó÷åíèå (Xtrain, Ttrain) θ p(θ|Xtrain, Ttrain)

Êîíòðîëü Xtest Ttest p(Ttest|Xtest, Xtrain, Ttrain)

p(θ|Xtrain, Ttrain) =
p(Ttrain, θ|Xtrain)

∫
p(Ttrain, θ∗|Xtrain)dθ∗

p(Ttest|Xtest, Xtrain, Ttrain) =

∫

p(Ttest, θ|Xtest, Xtrain, Ttrain)

p(θ|Xtest,Xtrain, Ttrain)dθ =

∫

p(Ttest, θ|Xtest)p(θ|Xtrain, Ttrain)dθ

Àäóåíêî Àëåêñàíäð Îáîñíîâàííîñòü ìîäåëåé 10 / 27



Eviden
e.

Ìîäåëü Mi: pi(T, θ|X) = pi(T |X, θ)pi(θ)
Ïóñòü èìååòñÿ K > 1 ìîäåëåé.

Ïðîöåññ ïîðîæäåíèÿ âûáîðêè:

Ïðèðîäà âûáèðàåò ìîäåëü èç K äîñòóïíûõ ìîäåëåé ñ

àïðèîðíûìè âåðîÿòíîñòÿìè p(Mi), i = 1, . . . , K.

Äëÿ âûáðàííîé ìîäåëè i∗ ïðèðîäà ñýìïëèðóåò âåêòîð

ïàðàìåòðîâ θ∗ èç àïðèîðíîãî ðàñïðåäåëåíèÿ pi∗(θ)

Èìåÿ i∗, θ∗ ïðèðîäà âûáèðàåò Xtrain è ñýìïëèðóåò Ttrain èç

pi∗(T |Xtrain, θ
∗)

(Xtrain, Ttrain) äàíû íàáëþäàòåëþ.

Ïðèðîäà âûáèðàåò Xtest è ñýìïëèðóåò Ttest èç

pi∗(T |Xtest, θ
∗)
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Eviden
e

Ìîäåëü Mi: pi(T, θ|X) = pi(T |X, θ)pi(θ)
Îáùàÿ ìîäåëü M : p(T, θ, Mi|X) = p(Mi)pi(θ)pi(T |X, θ)

p(Ttest|Xtest, Xtrain, Ttrain) =

K∑

i=1

pi(Ttest|Xtest, Xtrain, Ttrain)p(Mi|Xtest, Xtrain, Ttrain) =

K∑

i=1

pi(Ttest|Xtest, Xtrain, Ttrain)p(Mi|Xtrain, Ttrain)

p(Mi|Xtrain, Ttrain) =
p(Ttrain, Mi|Xtrain)

P (Ttrain|Xtrain)
∝ p(Ttrain,Mi|Xtrain) =

∫

p(Ttrain, θ, Mi|Xtrain)dθ = p(Mi)pi(Ttrain|Xtrain)
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Ïðèìåð âûáîðà ìîäåëè

a � appli
ant, r � reviewer

a, r =

{

0, íåò PhD,

1, PhD.

d � de
ision

d =

{

1, ïðèíÿòü,

0, îòâåðãíóòü.

r = 0 d = 0 d = 1

a = 0 9 0

a = 1 132 19

r = 1 d = 0 d = 1

a = 0 97 6

a = 1 52 11

Ñëó÷àè:

1 p(d|a, r) = p(d)

2 p(d|a, r) = p(d|a)
3 p(d|a, r) = p(d|r)
4 p(d|a, r) = p(d|a, r)

Àäóåíêî Àëåêñàíäð Îáîñíîâàííîñòü ìîäåëåé 13 / 27



Ïðèìåð âûáîðà ìîäåëè

1) p(d|a, r) = p(d)
Ïîýòîìó p(d|θ) = Be(θ). Prior : p(θ) = U [0, 1]

p(T |X) =

∫

p(T |X, θ)p(θ)dθ =

∫ 1

0
C0
9 (1− θ)9

C97
103θ

6(1−θ)97C132
151θ

19(1−θ)132C52
63θ

11(1−θ)52dθ = 2.8·10−51CCCC

2) p(d|a, r) = p(d|a)
Ïîýòîìó p(d|a = 0) = Be(θ1), p(d|a = 1) = Be(θ2).
Prior : p(θ1) = U [0, 1], p(θ2) = U [0, 1]

p(T |X) =

∫

p(T |X, θ1, θ2)p(θ1)p(θ2)dθ1dθ2 =

∫ 1

0

∫ 1

0
C0
9 (1−θ1)9C97

103

θ61(1−θ1)97C132
151θ

19
2 (1−θ2)132C52

63θ
11
2 (1−θ2)52dθ1dθ2 = 4.7·10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè

3)p(d|a, r) = p(d|r)
Ïîýòîìó p(d|r = 0) = Be(θ1), p(d|r = 1) = Be(θ2).
Prior : p(θ1) = U [0, 1], p(θ2) = U [0, 1]

p(T |X) = 0.27 · 10−51CCCC

4) p(d|a, r) = p(d|a, r)
Ïîýòîìó p(d|a = 0, r = 0) = Be(θ1), p(d|a = 0, r = 1) = Be(θ2),
p(d|a = 1, r = 0) = Be(θ3), p(d|a = 1, r = 1) = Be(θ4).
Prior : p(θ1) = U [0, 1], p(θ2) = U [0, 1],
p(θ3) = U [0, 1], p(θ4) = U [0, 1]

p(T |X) = 0.18 · 10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè
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Model sele
tion example
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Ïðîñòîå ïîíèìàíèå îáîñíîâàííîñòè

Evidence : pi(T |X) =

∫

pi(T |X, θ)pi(θ)dθ

pi(θ|X, T ) =
pi(T |X, θ)pi(θ)

p(T |X)
.

Ïðåäïîëîæåíèÿ:

θ îäíîìåðíûé

Àïðèîðíîå ðàñïðåäåëåíèå pi(θ) ïëîñêîå ñ øèðèíîé ∆θprior

Àïîñòåðèîðíîå ðàñïðåäåëåíèå pi(θ|X, T )
ñêîíöåíòðèðîâàíî âîêðóã θMP ñ øèðèíîé ∆θpost

Òîãäà: log pi(T |X) ≈ log pi(T |X, θMP ) + log

(
∆θpost
∆θprior

)

.

Äëÿ M -ìåðíîãî θ:

log pi(T |X) ≈ log pi(T |X, θMP ) +M log

(
∆θpost
∆θprior

)

.
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Eviden
e äëÿ ëèíåéíîé ðåãðåññèè

T = Xθ + ε, θ ∼ N(θ|0, α−1I), ε ∼ N(0, β−1I)
Ñîâìåñòíîå ïðàâäîïîäîáèå:

p(T, θ|X, α, β) = p(T |X, θ, β)p(θ|α).
Eviden
e: p(T |X, α, β)

T |X, α, β ∼ N(T |0, β−1I+ α−1XX
T

)
Ïîýòîìó: log p(T |X, α, β) ∝
−1

2 log det(β
−1I+ α−1XX

T

)− 1
2T

T

(β−1I+ α−1XX
T

)−1T .

Ïðèìåð

yi = sinxi + εi, xi ðàâíîìåðíî âûáðàíî íà [−π/2, π/2],
εi ∼ N(0, β−1)
θ ∼ N(θ|0, α−1I)
Çíà÷åíèÿ ïàðàìåòðîâ: α = 0.01, β = 10.
Ïðèçíàêè: 1, xi, x

2
i , . . . , x

k
i , . . ..
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Ïðèìåð: ñðàâíåíèå ìîäåëåé
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Ïðèìåð îïòèìèçàöèè eviden
e

ti = w + εi, εi ∼ N(ε|0, β−1)

t1, . . . , tn ∼ N(t|θ, β−1), θ ∼ N(θ|0, α−1).

Eviden
e: p(t|α, β)

p(t|α, β) = βn/2α1/2

(2π)n/2
√
nβ + α

exp

(

−1

2
β

n∑

i=1

t2i +
β2(
∑n

i=1 ti)
2

2(nβ + α)

)

(α∗, β∗) = argmax
α, β

p(t|α, β).

α∗ =







n2β

β(
∑n

i=1 ti)
2 − n

, β

(
n∑

i=1

ti

)2

> n,

+∞, èíà÷å.

β∗ =
n− 1

∑n
i=1(ti − t)2

.
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Îòáîð ïðèçíàêîâ ñ ïîìîùüþ eviden
e äëÿ ëèíåéíîé

ðåãðåññèè

p(T, θ|X,A, β) = p(T |X, θ, β)p(θ|A) = N(T |Xθ, β−1I)N(θ|0, A−1).

Ìàêñèìèçàöèÿ eviden
e: p(Ttrain|Xtrain, A, β)→ max
A, β

.

log p(Ttrain|Xtrain, A, β) ∝

−1
2 log det(β

−1I+XA−1X
T

)−1
2T

T

(β−1I+XA−1X
T

)−1T → max
A, β

.

Ââåäåì µ = βΣX
T

T , ãäå Σ = (βX
T

X +A)−1
.

1
2 log det Σ+ n

2 log β+
1
2 log detA− 1

2β‖T−Xµ‖2− 1
2µ

T

Aµ→ max
A, β

.
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Èòåðàòèâíûé àëãîðèòì ìàêñèìèçàöèè eviden
e

1
2 log det Σ+ n

2 log β+
1
2 log detA− 1

2β‖T−Xµ‖2− 1
2µ

T

Aµ→ max
A, β

.

�àññìîòðèì f(x, g(x))→ max
x

. Ïðåäïîëîæèì

∂f

∂x
= 0,

∂f

∂g
= 0 ëåãêî ðåøàþòñÿ, à

df

dx
= 0 ñëîæíî.

Èòåðàöèîííûé ïðîöåññ:







xn = argmax
x

f(x, gn−1),

gn = argmax
g

f(xn, g).

1 αn
j =

1− αn−1
j Σn−1

jj

µ2
j

2 βn =
n

‖T −Xµn−1‖2 + tr(ΣTXTX)

3 µn = βn(βnX
T

X +An)−1X
T

T .
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Eviden
e äëÿ ëîãèñòè÷åñêîé ðåãðåññèè
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x

σ
(x

)
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−1

0

x

y

 

 

y = logσ(x)
y = x
y = 0

p(ti|xi, θ) =
1

1 + exp(−tθTx)
= σ(tθ

T

x).

p(T |X, θ) =

n∏

i=1

p(ti|xi, θ),

p(θ|A) = N(θ|0, A−1)

A∗ = argmax
A

p(T |X, A) =

argmax
A

∫

p(T, θ|X, A)dθ =

argmax
A

∫

p(T |X, θ)p(θ|A)
︸ ︷︷ ︸

Q(θ)

dθ.
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Àïïðîêñèìàöèÿ Ëàïëàñà

Àïïðîêñèìàöèÿ

logQ(θ) ≈ logQ(θMP ) +
1
2(θ − θMP )

T∇∇ logQ(θMP )(θ − θMP )

log p(T |X, A) ≈ log p(T |X, θMP )−
d
2 log(2π) +

1
2 log det(A) +

1
2 log det Σ−

1
2θ

T

MPAθMP , ãäå Σ
−1 = X

T

RX +A.

1 αn
j =

1− αn−1
j Σn−1

jj

θ2MPj

2 θnMP ← IRLS −3 −2 −1 0 1 2 3
−8

−7

−6

−5

−4

−3

−2

−1

x

y

 

 

log t(x)
Quadratic approximation
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Âàðèàöèîííûå íèæíèå îöåíêè

Îïðåäåëåíèå. g(x, ξ) âàðèàöèîííàÿ íèæíÿÿ îöåíêà äëÿ

f(x)⇐⇒
1 f(x) ≥ g(x, ξ) ∀ x, ξ
2 f(ξ) = g(ξ, ξ).

Âìåñòî f(x)→ max ðàññìîòðèì:

1 ξn = argmax
ξ

g(xn, ξ)

2 xn = argmax
x

g(x, ξn)

−5 0 5
0

0.2

0.4

0.6

0.8

1

x

y

 

 

σ(x)
Gaussian variational LB

VLB äëÿ ñèãìîèäíîé �óíêöèè

σ(x) ≥
σ(η) exp

(
1

4η
(1− 2σ(η))

(x2 − η2) +
x− η

2

)

p(T |X, A) ≥ LB(A, η)→ max
A, η
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