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Ãëàâà 1

Ãðóïïû, êîëüöà, ïîëÿ

1.1 Ãðóïïû

Îïðåäåëåíèå 1.1. Ãðóïïîé íàçûâàåòñÿ òðîéêà 〈G, ◦, e 〉,
ãäå G � íåïóñòîå ìíîæåñòâî (íîñèòåëü), e ∈ G � åäè-
íèöà ãðóïïû, à ◦ � òàêàÿ áèíàðíàÿ îïåðàöèÿ íà íîñèòå-
ëå, ÷òî äëÿ ëþáûõ åãî ýëåìåíòîâ x, y, z âûïîëíÿþòñÿ
ñëåäóþùèå çàêîíû èëè àêñèîìû ãðóïïû:[
0) x ◦ y ∈ G � óñòîé÷èâîñòü (çàìêíóòîñòü) íîñè-

òåëÿ;
]

1) (x ◦ y) ◦ z = x ◦ (y ◦ z) � àññîöèàòèâíîñòü;

2) e ◦ x = x ◦ e = x � ñâîéñòâî åäèíèöû;

3) ∀x ∃! y : y ◦ x = x ◦ y = e � ñóùåñòâîâàíèå
îáðàòíîãî ýëåìåíòà ê x, ñèìâîëè÷åñêè y = x−1.

Ãðóïïû G ñî ñâîéñòâîì x ◦ y = y ◦ x íàçûâàþòñÿ
êîììóòàòèâíûìè èëè àáåëåâûìè.

Åñëè |G| = n, òî G � êîíå÷íàÿ ãðóïïà è n � å¼
ïîðÿäîê.

Â êîíå÷íîé ãðóïïå îïåðàöèþ ◦ óäîáíî çàäàâàòü
òàáëèöåé óìíîæåíèÿ (òàáëèöåé Êýëè).
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Ïðèìåð 1.1 (Òàáëèöà óìíîæåíèÿ ãðóïïû Êëåéíà V4).

◦ e a b ab

e e a b ab
a a e ab b
b b ab e a
ab ab b a e

V4 = { e, a, b, ab }
� ÷åòâåðíàÿ ãðóïïà Êëåéíà

ab � îäèí ýëåìåíò,
ãðóïïà àáåëåâà.

Ìóëüòèïëèêàòèâíàÿ çàïèñü ãðóïïîâîé îïåðàöèè:

x · y èëè xy, a0 = e, an = a · . . . · a︸ ︷︷ ︸
n ðàç

, n ∈ N,

è ñïðàâåäëèâû âñå îáû÷íûå ñâîéñòâà ñòåïåíè:

am+n = am · an, amn

= amn, a−n = (a−1)n, . . . .

Ïðèìåðû 1.1.

1. ×èñëîâûå ãðóïïû � âñå îíè àáåëåâû:

� Z, Q, R, C � ãðóïïû îòíîñèòåëüíî ñëîæåíèÿ.
Äëÿ íèõ èñïîëüçóþò àääèòèâíóþ çàïèñü x+ y ,
åäèíè÷íûé ýëåìåíò íàçûâàþò íóëåì (0),
îáðàòíûé ê x � ïðîòèâîïîëîæíûì (−x).

� Íåíóëåâûå ýëåìåíòû Q, R, C � ãðóïïû îòíîñè-
òåëüíî óìíîæåíèÿ; 1 � íóëü ãðóïïû.

2. Áèíàðíûå íàáîðû: α̃ = (α1, . . . , αn) ∈ Bn îòíîñè-
òåëüíî ⊕. Àääèòèâíàÿ çàïèñü:

α̃⊕ β̃ = (α1 ⊕ β1, . . . , αn ⊕ βn)

Íóëü ãðóïïû: 0̃ = (0, . . . , 0).



4 Ãëàâà 1. Ãðóïïû, êîëüöà, ïîëÿ

3. Ñèììåòðè÷åñêàÿ ãðóïïà Sn: âñå ïåðåñòàíîâêè n-
ýëåìåíòíîãî ìíîæåñòâà X = { 1, . . . , n } îòíîñèòåëü-
íî êîìïîçèöèè ∗. Íóëü ãðóïïû � åäèíè÷íàÿ ïåðåñòà-
íîâêà. ßñíî, ÷òî |Sn| = n!.

Ïåðåñòàíîâêè ìîæíî çàïèñûâàòü â âèäå:
a) òàáëèöû �

π =

(
1 2 . . . i . . . n
t1 t2 . . . ti . . . tn

)
,

Íàïðèìåð (ñíà÷àëà âûïîëíÿåòñÿ 2-ÿ ïåðåñòàíîâêà,
ïîòîì � 1-ÿ):(

1 2 3
2 3 1

)
∗
(

1 2 3
1 3 2

)
=

(
1 2 3
2 1 3

)
6=

6=
(

1 2 3
3 2 1

)
=

(
1 2 3
1 3 2

)
∗
(

1 2 3
2 3 1

)
á) ðàçëîæåíèÿ íà öèêëû �

π =
(
t11t

1
2t

1
3 . . . t

1
k1

) (
t21t

2
2t

2
3 . . . t

2
k2

)
. . .
(
tm1 t

m
2 t

m
3 . . . t

m
km

)
.

Âíóòðè êàæäîé ïàðû ñêîáîê ÷èñëà ïåðåñòàâëÿþòñÿ
öèêëè÷åñêè:

π(t1) = t2, π(t2) = t3, . . . , π(tk) = t1;

â ïåðåñòàíîâêå π � m öèêëîâ.
Öèêëû äëèíû 1 = âèäà (t) îáû÷íî îïóñêàþò:(

1 2 3 4 5 6
5 6 3 1 4 2

)
↔ (154)(26)

Êàíîíè÷åñêîå ïðåäñòàâëåíèå öèêëà (t1t2 . . . tk):
t1 � íàèìåíüøåå èç {t1, t2, . . . , tk}.
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Íàïðèìåð, äëÿ ïðåäûäóùåé êîìïîçèöèè ïåðåñòàíîâîê:

(123) ∗ (23) = (12) 6= (13) = (23) ∗ (123).
Ñèììåòðè÷åñêàÿ ãðóïïà Sn ïðè n > 1 ïîðîæäàåò-

ñÿ òðàíñïîçèöèÿìè (1, 2), (1, 3), . . . , (1, n).

4. Ãðóïïû ñèììåòðèè (ñàìîñîâìåùåíèé) îáúåêòà � ñî-
âîêóïíîñòü ïðåîáðàçîâàíèé, ñîâìåùàþùèõ îáúåêò ñ
ñàìèì ñîáîé.

4.1. Ãðóïïû ñèììåòðèè ïðàâèëüíîãî n-óãîëüíèêà
� ãðóïïû äèýäðà Dn

à) Ó ãðóïïû D2k+1, k ∈ N � äâå îáðàçóþùèõ:
(1) âðàùåíèå âîêðóã öåíòðà íà 360◦

2k+1 â âûáðàííîì íà-
ïðàâëåíèè � t è
(2) ñèììåòðèÿ îòíîñèòåëüíî îñè, ïðîõîäÿùåé ÷åðåç âû-
áðàííóþ âåðøèíó è ñåðåäèíó ïðîòèâîïîëîæíîé ñòîðî-
íû � r.

Íàïðèìåð: ãðóïïà ñèììåòðèè ïðàâèëüíîãî òðåóãîëüíè-
êà � ïåðåñòàíîâêà åãî âåðøèí

D3 = 〈 t, r 〉 = { e, (ABC), (ACB),

(A)(BC), (B)(AC), (C)(AB) } = S3.

t � âðàùåíèå íà 120◦ â âûáðàííîì
íàïðàâëåíèè,

r � ñèììåòðèÿ îòíîñèòåëüíî âûáðàííîé
îñè ñèììåòðèè.

Ëþáàÿ ïåðåñòàíîâêà âåðøèí (ñòîðîí)
îïèñûâàåòñÿ ÷åðåç îáðàçóþùèå
è èìååò âèä tmrn.
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á) Ó ãðóïïû D2k, k ∈ N � òðè îáðàçóþùèõ:
(1) âðàùåíèå âîêðóã öåíòðà (â âûáðàííîì íàïðàâëå-
íèè) íà 360◦

2k è äâå îñåâûõ ñèììåòðèé � îòíîñèòåëüíî
ôèêñèðîâàííûõ îñåé, ïðîõîäÿùèõ ÷åðåç ñåðåäèíû ïðî-
òèâîïîëîæíûõ (2) ñòîðîí è (3) âåðøèí.

Ïðèìåð: ãðóïïà ñèììåòðèè êâàäðàòà

D4 = 〈 t, r, f 〉 = { e, (ABCD),
(AC)(BD), (ADCB), (AD)(BC),
(AB)(CD), (BD), (AC) }.

t � âðàùåíèå íà 90◦ â âûáðàííîì
íàïðàâëåíèè,
r � ñèììåòðèÿ îòíîñèòåëüíî îñè m,
f � ñèììåòðèÿ îòíîñèòåëüíî îñè ñèììåòðèè A-C.

Ëþáàÿ ïåðåñòàíîâêà âåðøèí (ñòîðîí)
îïèñûâàòüñÿ ÷åðåç îáðàçóþùèå
è èìååò âèä tmrnfk.

Ïðèìåð: ãðóïïû äèýäðà D6 è D5.

|Dn| = 2n: òîæäåñòâåííàÿ ïåðåñòàíîâêà + (n−1) ïîâî-
ðîòîâ âîêðóã îñè Cn + n îòðàæåíèé âîêðóã îñåé C2.
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4.2. Ãðóïïû âðàùåíèé ïðàâèëüíîãî ìíîãîãðàííè-
êà � ýòî íå âñå ñèììåòðèè ìíîãîãðàííèêà, à òîëüêî
ïîâîðîòû, çåðêàëüíûå îòðàæåíèÿ èñêëþ÷åíû.

Ïÿòü ïëàòîíîâûõ òåë �

T � ãðóïïà òåòðàýäðà,

O � ãðóïïà îêòàýäðà
(âðàùåíèå îêòàýäðà è êóáà),

Y � ãðóïïà èêîñàýäðà
(âðàùåíèå èêîñàýäðà è

äîäåêàýäðà).

Ýòè ãðóïïû áóäóò ðàññìîòðåíû ïîçæå.

Åù¼ îäèí ïðèìåð: ãðóïïà
âíóòðåííèõ âðàùåíèé êóáèêà Ðóáèêà.

Ïîðÿäîê ãðóïïû �

1

2
·211 ·12! ·37 ·8! = 43252003274489856000 ≈ 4,3 ·1019.

÷òî ÿâëÿåòñÿ ñîâñåì íåáîëüøèì ÷èñëîì ïî ñòàíäàðòàì
ñîâðåìåííîé òåîðèè êîíå÷íûõ ãðóïï (≈ îáú¼ì Ìèðîâî-
ãî îêåàíà â êóáîìåòðàõ).

Ïîäãðóïïû è ñìåæíûå êëàññû. Åñëè 〈G, ◦ 〉 �
ãðóïïà, à H � ïîäìíîæåñòâî G, ñàìî ÿâëÿþùåå-
ñÿ ãðóïïîé, òî 〈H, ◦ 〉 � ïîäãðóïïà G, ñèìâîëè÷åñêè
H 6 G.
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Îïðåäåëåíèå ëåâîãî è ïðàâîãî ñìåæíûå êëàññû ïî
ïîäãðóïïå H (ñ ïðåäñòàâèòåëåì x) ñîîòâåòñòâåííî:

H 6 G, x ∈ G ⇒ xH = {xh | h ∈ H },
Hx = {hx | h ∈ H },

ïðè ýòîì

h1 6= h2, h1, h2 ∈ H 6 G 3 x ⇒ xh1 6= xh2.

::::::::::::::::
Óòâåðæäåíèå 1.1. Ñìåæíûå êëàññû ñ ðàçíûìè ïðåäñòà-
âèòåëÿìè ëèáî íå ïåðåñåêàþòñÿ, ëèáî ñîâïàäàþò.

∀x ∈ G : xH = Hx, òî ïîäãðóïïà H � íîðìàëü-
íàÿ. Íîðìàëüíîñòü � îñëàáëåííîå óñëîâèå êîììóòàòèâ-
íîñòè: â àáåëåâîé ãðóïïå âñå ïîäãðóïïû íîðìàëüíû.

Åäèíè÷íàÿ ãðóïïà E = {e} � ïîäãðóïïà ëþáîé
ãðóïïû.

Îïðåäåëåíèå 1.2. Äëÿ ãðóïï 〈G, ∗ 〉 è 〈G ′, ◦ 〉 îòîáðà-
æåíèå ϕ : G→ G ′ íàçûâàåòñÿ èçîìîðôèçìîì, åñëè îíî

1) âçàèìíî îäíîçíà÷íî;

2) ñîõðàíÿåò îïåðàöèþ:

∀ a, b ∈ G : ϕ(a ∗ b) = ϕ(a) ◦ ϕ(b),

à òàêèå ãðóïïû � èçîìîðôíûìè, ñèìâîëè÷åñêè
G ∼= G ′.

Ñâîéñòâà èçîìîðôèçìà ϕ: ϕ(e) = e′ (ñîõðàíåíèå
åäèíèöû), ϕ(a−1) = ϕ(a)−1 (îáðàç îáðàòíîãî ýëåìåí-
òà � îáðàòíûé ê åãî îáðàçó)...
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::::::::::
Òåîðåìà 1.1 (Êýëè). Ëþáàÿ êîíå÷íàÿ ãðóïïà ïîðÿäêà
n èçîìîðôíà íåêîòîðîé ïîäãðóïïå ñèììåòðè÷åñêîé
ãðóïïû Sn.

Åñëè â îïðåäåëåíèè èçîìîðôèçìà ñíÿòü òðåáîâàíèå
áèåêòèâíîñòè ϕ, òî ïîëó÷èì îïðåäåëåíèå ãîìîìîðôèç-
ìà ãðóïï.

Íàïðèìåð, âñåãäà ñóùåñòâóåò ãîìîìîðôèçì ïðîèç-
âîëüíîé ãðóïïû â åäèíè÷íóþ E.

Öèêëè÷åñêèå ãðóïïû. Â öèêëè÷åñêèõ ãðóïïàõ åñòü
ïîðîæäàþùèé ýëåìåíò c (îáðàçóþùèé ýëåìåíò, ãåíå-
ðàòîð) òàêîé, ÷òî êàæäûé ýëåìåíò ãðóïïû ìîæåò áûòü
ïîëó÷åí ìíîãîêðàòíûì (ñ ó÷¼òîì c0 = e) ïðèìåíåíèåì
ê íåìó èëè ê c−1 ãðóïïîâîé îïåðàöèè:
C � öèêëè÷åñêàÿ ãðóïïà, åñëè

∃
C
c ∀
C
x ∃

Z

k : ck = x, ñèìâîëè÷åñêè 〈c〉 = C.

Äëÿ öèêëè÷åñêèõ ãðóïï âîçìîæíû äâà ñëó÷àÿ.

1. Âñå ñòåïåíè ïîðîæäàþùåãî ýëåìåíòà ðàç-
ëè÷íû � ãðóïïà ñîñòîèò èç ýëåìåíòîâ
. . . , a−2, a−1, a0, a1, a2, . . ., ò.å. îíà èçîìîðô-
íà ãðóïïå 〈Z, + 〉 öåëûõ ÷èñåë ïî ñëîæåíèþ.

Ýòî � åäèíñòâåííàÿ áåñêîíå÷íàÿ öèêëè÷åñêàÿ
ãðóïïà.

2. Äâå ðàçëè÷íûå ñòåïåíè ïîðîæäàþùåãî ýëåìåíòà
ñîâïàäàþò: an+m = anam = an ⇒ am = e.

ord a = arg min
m∈N0

{am = e} � ïîðÿäîê ýëåìåíòà a.
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Â ýòîì ñëó÷àå ïîëó÷àåì:

� êîíå÷íóþ ãðóïïó;
� èçîìîðôíîñòü ëþáîé êîíå÷íîé öèêëè÷åñêîé
ãðóïïû ñ ÷èñëîì ýëåìåíòîâ n ãðóïïå

Zn = 〈 {0, 1, . . . , n− 1}, +mod n 〉 .

Ñâîéñòâà öèêëè÷åñêèõ ãðóïï:

� Âñå öèêëè÷åñêèå ãðóïïû àáåëåâû.

� Ëþáàÿ ïîäãðóïïà öèêëè÷åñêîé ãðóïïû � öèêëè-
÷åñêàÿ.

Â ïðèìåíåíèè ê åäèíñòâåííîé áåñêîíå÷íîé öèê-
ëè÷åñêîé ãðóïïå Z ýòî äà¼ò, ÷òî ëþáàÿ íåòðè-
âèàëüíàÿ ïîäãðóïïà H ãðóïïû Z èìååò âèä
H = {mn | n ∈ Z } = mZ , ãäå m � íàèìåíü-
øåå ïîëîæèòåëüíîå ÷èñëî èç H.

Íàïðèìåð:
H = { . . .− 6, −3, 0, 3, 6, . . . } = 3Z.

� Âñÿêàÿ öèêëè÷åñêàÿ ãðóïïà ÿâëÿåòñÿ ãîìîìîðô-
íûì îáðàçîì ãðóïïû Z.

Ó öèêëè÷åñêîé ãðóïïû ïîðÿäêà n ñóùåñòâóåò ðîâíî
ϕ(n) ïîðîæäàþùèõ ýëåìåíòîâ (ãåíåðàòîðîâ).

Îïðåäåëåíèå 1.3. Çíà÷åíèå ôóíêöèè Ýéëåðà ϕ(n) � êî-
ëè÷åñòâî ÷èñåë èç èíòåðâàëà [ 1, . . . , n − 1 ], âçàèìíî
ïðîñòûõ ñ n.

ϕ(1) = 1 (ïî îïðåäåëåíèþ), ϕ(2) = 1, ϕ(3) = 2, . . . ,

ϕ(6) =
∣∣{1, 5}∣∣ = 2, ϕ(7) = 6, ϕ(8) = 4, . . .
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Ñâîéñòâà (p � ïðîñòîå ÷èñëî):

� ϕ(p) = p− 1;

� ϕ(nk) = nk−1ϕ(n), îòêóäà ϕ(pk) = pk−1(p− 1),

� åñëè m è n âçàèìíî ïðîñòû, òî ϕ(m ·n) = ϕ(m) ·
ϕ(n).

Ïðèìåðû: ϕ(15) = ϕ(3·5) = ϕ(3)·ϕ(5) = 2·4 = 8
ϕ(16) = ϕ(24) = 23 · 1 = 8.

Ðèñ. 1.1. Ïåðâûå 99 çíà÷åíèé ϕ(·)

�

∑
d|n ϕ(d) = n, ϕ(1) +ϕ(2) +ϕ(3) +ϕ(4) +ϕ(6) +

+ϕ(12) = 12;

Â ãðóïïå Z6 = 〈 { 0, 1, 2, 3, 4, 5 }, +6 〉 � ϕ(6) = 2
ãåíåðàòîðà.

ñêîëüêî ãåíåðàòîðîâ â Z?
Îòâåò: äâà � 1 è −1.
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Êîíêðåòíûé Ïðèìåð öèêëè÷åñêîé ãðóïïû: ãðóïïà〈
2π
n

〉
âðàùåíèé â ïëîñêîñòè âîêðóã öåíòðà ïðàâèëüíîãî

n-óãîëüíèêà, ñîâìåùàþùèõ åãî ñ ñîáîé.

Òåîðåìà Ëàãðàíæà è ñëåäñòâèÿ èç íå¼

::::::::::
Òåîðåìà 1.2 (Ëàãðàíæà). Ïîðÿäîê ïîäãðóïïû êîíå÷íîé
ãðóïïû äåëèò ïîðÿäîê ñàìîé ãðóïïû:

|G| = |H| · [G : H].

[G : H] � èíäåêñ ïîäãðóïïû H ïî ãðóïïå G.

:::::::::::::
Ñëåäñòâèÿ. 1. Ïîðÿäîê ëþáîãî ýëåìåíòà êîíå÷íîé

ãðóïïû äåëèò ïîðÿäîê ãðóïïû.

2. Ãðóïïà G ïðîñòîãî ïîðÿäêà p:

� öèêëè÷åñêàÿ è ëþáîé å¼ îòëè÷íûé îò åäè-
íèöû ýëåìåíò � ïîðîæäàþùèé;

� íå èìååò íåòðèâèàëüíûõ (îòëè÷íûõ îò E
è G) ïîäãðóïï.

1.2 Êîëüöà è ïîëÿ

Êîëüöà: îïðåäåëåíèå, îñíîâíûå ñâîéñòâà

Îïðåäåëåíèå 1.4. Àáåëåâà ãðóïïà 〈R, +, 0 〉 íàçûâàåòñÿ
êîëüöîì, ñèìâîëè÷åñêè 〈R, +, ·, 0 〉, åñëè íà íåé îïðå-
äåëåíî óìíîæåíèå ·, ñâÿçàííîå ñî ñëîæåíèåì äèñòðè-
áóòèâíûìè çàêîíàìè

x · (y + z) = x · y + x · z è (y + z) · x = y · x+ z · x.
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Îáû÷íî ðàññìàòðèâàþò àññîöèàòèâíûå êîëüöà ñ àñ-
ñîöèàòèâíîé îïåðàöèåé óìíîæåíèÿ:

(x · y) · z = x · (y · z).
Åñëè â êîëüöå èìååòñÿ åäèíè÷íûé ýëåìåíò 1 ïî

óìíîæåíèþ (x · 1 = 1 · x = x), òî êîëüöî íàçûâàåò-
ñÿ êîëüöîì ñ åäèíèöåé èëè óíèòàëüíûì, ñèìâîëè÷åñêè
〈R, +, ·, 0, 1 〉.

Òðèâèàëüíîå êîëüöî � {0}; â í¼ì è òîëüêî â í¼ì
0 = 1.

Åñëè îïåðàöèÿ óìíîæåíèÿ êîëüöà êîììóòàòèâíà, òî
è êîëüöî íàçûâàåòñÿ êîììóòàòèâíûì.

Ýëåìåíò a óíèòàëüíîãî êîëüöà íàçûâàåòñÿ îáðàòè-
ìûì, åñëè ñóùåñòâóåò ýëåìåíò b òàêîé, ÷òî

a · b = b · a = 1.

Êîëüöî R áåç äåëèòåëåé íóëÿ � ñî ñâîéñòâîì
∀ r1, r2 ∈ R : (r1 · r2 = 0) ⇒ (r1 = 0) ∨ (r2 = 0).

Âàæíîå äëÿ íàñ
Îïðåäåëåíèå 1.5. Öåëîñòíûì êîëüöîì íàçûâàþò íåòðè-
âèàëüíîå óíèòàëüíîå àññîöèàòèâíî-êîììóòàòèâíîå
êîëüöî áåç äåëèòåëåé íóëÿ.

Ïðèìåðû 1.2. 1. Êîëüöî öåëûõ ÷èñåë Z ñ îáû÷íû-
ìè îïåðàöèÿìè ñëîæåíèå è óìíîæåíèå íà í¼ì �
öåëîñòíîå; îáðàòèìûå ýëåìåíòû â í¼ì � ±1.

2. Ïðèìåð êîëüöà áåç åäèíèöû � êîëüöî ÷èñåë 2Z.

3. Zn = { 0, 1, . . . , n− 1 } � êîëüöî êëàññîâ âû÷å-
òîâ ïî ìîäóëþ n (âû÷åò = îñòàòîê), ðåçóëüòàòû
îïåðàöèè � ïî mod n.
Êîëüöî íåöåëîñòíî ïðè ñîñòàâíîì n: íàïðèìåð â
Z6 èìååì 3 · 2 = 0.
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Îïðåäåëåíèå 1.6. Ïóñòü 〈R, +, · 〉 è 〈R ′, ⊕, ⊗〉 �
êîëüöà. Îòîáðàæåíèå ϕ : R → R ′ íàçûâàåòñÿ ãîìî-
ìîðôèçìîì, åñëè

ϕ(r1 + r2) = ϕ(r1)⊕ ϕ(r2), ϕ(r1 · r2) = ϕ(r1)⊗ ϕ(r2).

Âçàèìíî-îäíîçíà÷íûé ãîìîìîðôèçì êîëåö íàçûâàåòñÿ
èõ èçîìîðôèçìîì, ñèìâîëè÷åñêè R ∼= R ′.

Îïðåäåëåíèå 1.7. Ïîäìíîæåñòâî S êîëüöà
〈 R, +, ·, 0 〉 íàçûâàåòñÿ åãî ïîäêîëüöîì, åñëè a−b ∈ S
(ÿñíî, ÷òî òîãäà è 0 ∈ S) è a · b ∈ S äëÿ âñåõ a, b ∈ S.

Ïîäêîëüöî ñîáñòâåííîå, åñëè S 6= R.

Êñòàòè, òåðìèí ¾ñîáñòâåííûé¿ íå ÷òî èíîå, êàê
íåóäà÷íûé ïåðåâîä ñëîâà ¾proper¿, ñëåäîâàëî áû ãîâî-
ðèòü ¾ïðàâèëüíûé¿ èëè ¾íàñòîÿùèé¿, íî ýòî óæå èñ-
òîðè÷åñêè ñëîæèëîñü è íå èñïðàâèòü...

Ïðè n < m êîëüöî Zn íå åñòü ïîäêîëüöî Zm:
íàïðèìåð, â Z5 � 3 · 3 = 4, 3 + 3 = 1, à â Z8 �
3 · 3 = 1, 3 + 3 = 6. Ýëåìåíò 3 â ïåðâîì êîëüöå îòëè÷à-
åòñÿ îò ýëåìåíòà 3 âî âòîðîì, êàê Âàñÿ Ïåòðîâ îò Âàñè
Èâàíîâà. Ýòî îìîíèìû � îäèíàêîâî çâó÷àùèå ñëîâà ñ
ðàçíûì ñìûñëîì.

Èäåàëû êîëåö è ôàêòîðê�îëüöà

Îïðåäåëåíèå 1.8. Ïîäêîëüöî I êîììóòàòèâíîãî êîëüöà1

R íàçûâàåòñÿ åãî èäåàëîì, ñèìâîëè÷åñêè I �R, åñëè

∀ i ∈ I ∀ r ∈ R : ri ∈ I.
1Äëÿ íåêîììóòàòèâíîãî êîëüöà ââîäÿò ïîíÿòèÿ ïðàâûõ è ëåâûõ èäåàëîâ,

íî îíè íàì íå ïîíàäîáÿòñÿ.
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Ñàìî êîëüöî è åãî íóëü 0 � òðèâèàëüíûå èäåàëû
êîëüöà. Èäåàëû, íå ñîâïàäàþùèå ñî âñåì êîëüöîì �
ñîáñòâåííûå.

Îïðåäåëåíèå 1.9. Èäåàë I óíèòàëüíîãî êîììóòàòèâíî-
ãî êîëüöà R íàçûâàåòñÿ ãëàâíûì è ïîðîæä¼ííûì ýëå-
ìåíòîì a ∈ R , åñëè

I = { ar | r ∈ R } = (a).

Öåëîñòíûå êîëüöà, â êîòîðûõ âñå èäåàëû ãëàâíûå,
íàçûâàþòñÿ êîëüöàìè ãëàâíûõ èäåàëîâ (ÊÃÈ).

Ïðèìåð 1.2. (n) = nZ � Z, Z � ÊÃÈ.

Ïðèìåð ïðàâîãî íåãëàâíîãî èäåàëà â êîëüöå ìàòðèö ïîðÿä-

êà n: ñîâîêóïíîñòü ìàòðèö, ó êîòîðûõ âñå ñòîëáöû, êðîìå 1-ãî

íóëåâûå.

Ñâîéñòâà èäåàëîâ êîëåö

� Áèíàðíîå îòíîøåíèå � íà ìíîæåñòâå èäåàëîâ
êîëüöà ÿâëÿåòñÿ ÷àñòè÷íûì ïîðÿäêîì.

� Åñëè R � ïðîèçâîëüíîå êîëüöî è n ∈ Z, òî
nR = {na | a ∈ R } � R.

� Åñëè I1, I2 � R, òî
ïåðåñå÷åíèå èäåàëîâ (I1 ∩ I2)�R,

ñóììà èäåàëîâ
I1 + I2 = {x+ y | x ∈ I1, y ∈ I2 } � R,

ïðîèçâåäåíèå èäåàëîâ

I1 · I2 =
{
x1 · y1 + . . .+ xn · yn | x1 ∈ I1, y1 ∈ I2,

i = 1, n, n ∈ N
}
� R.
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Êëàññîì âû÷åòîâ ïî ìîäóëþ èäåàëà I êîëüöà
〈R, +, · 〉 íàçûâàåòñÿ ñìåæíûé êëàññ ïî íîðìàëüíîé
ïîäãðóïïå 〈 I, + 〉 àääèòèâíîé ãðóïïû êîëüöà ñ íåêî-
òîðûì ôèêñèðîâàííûì ïðåäñòàâèòåëåì r ∈ R:

{ r + i | i ∈ I } , ñèìâîëè÷åñêè [r]I .

Êëàññû âû÷åòîâ ðàçíûõ ïðåäñòàâèòåëåé ïî ìîäóëþ
äàííîãî èäåàëà ëèáî ñîâïàäàþò, ëèáî íå ïåðåñåêàþòñÿ
è â îáúåäèíåíèè äàþò R, ò.å. îáðàçóþò ðàçáèåíèå R.

Ìíîæåñòâî êëàññîâ âû÷åòîâ � ôàêòîðêîëüöî êîëü-
öà R ïî ìîäóëþ èäåàëà I, ñèìâîëè÷åñêè R/I.

Ïðèìåð 1.3.

� I = 2Z = (2) = �Z;

� Z/2Z = { [0]I , [1]I }, ïðè ýòîì
[0]I = I, [1]I = 2Z+ 1.

Îïðåäåëåíèå 1.10. Èäåàë I íàçûâàåòñÿ ìàêñèìàëüíûì
â êîëüöå R, åñëè íå ñóùåñòâóåò òàêîãî èäåàëà I ′, ÷òî
I ⊂ I ′ ⊂ R.

Ïðèìåð 1.4. Â Z:

1) èäåàëû (2) è (3) ìàêñèìàëüíû;

2) èäåàë (6) íå ìàêñèìàëåí: îí ñîäåðæèòñÿ è â (2), è
â (3): ëþáîå ÷èñëî, äåëÿùååñÿ íà 6 äåëèòñÿ òàêæå
è íà 2, è íà 3.

ßñíî, ÷òî â Z ìàêñèìàëüíûé èäåàëû èìåþò âèä
(p), ãäå p � ïðîñòîå ÷èñëî.

::::::::::::::::
Óòâåðæäåíèå 1.2. Â àññîöèàòèâíî-êîììóòàòèâíîì
óíèòàëüíîì êîëüöå ñóùåñòâóåò ìàêñèìàëüíûé èäåàë.
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Åâêëèäîâû êîëüöà

Îïðåäåëåíèå 1.11. Öåëîñòíîå êîëüöî, â êîòîðîì êàæäûé
íåíóëåâîé ýëåìåíò x ëèáî îáðàòèì, ëèáî îäíîçíà÷íî ñ
òî÷íîñòüþ äî ïåðåñòàíîâêè ñîìíîæèòåëåé è óìíîæåíèÿ
íà îáðàòèìûé ýëåìåíò ïðåäñòàâëÿåòñÿ â âèäå ïðîèçâå-
äåíèÿ íåðàçëîæèìûõ ýëåìåíòîâ, íàçûâàåòñÿ ôàêòîðè-
àëüíûì.

� Z � ôàêòîðèàëüíîå êîëüöî.

� Âñå ÊÃÈ � ôàêòîðèàëüíû.

� Êîëüöî Zn ∼= Z/nZ ÿâëÿåòñÿ ôàêòîðèàëüíûì
(è, ñëåäîâàòåëüíî, îáëàñòüþ öåëîñòíîñòè), åñëè è
òîëüêî åñëè n � ïðîñòîå ÷èñëî.

Îïðåäåëåíèå 1.12. Öåëîñòíîå êîëüöî 〈R, +, · 〉 íàçûâà-
åòñÿ åâêëèäîâûì, åñëè äëÿ êàæäîãî åãî íåíóëåâîãî ýëå-
ìåíòà x îïðåäåëåíà íîðìà N(x) ∈ N0 ñî ñâîéñòâàìè
äëÿ ëþáûõ ýëåìåíòîâ a è b 6= 0:

1) ñóùåñòâóþò òàêèå åãî ýëåìåíòû q è r, ÷òî

a = q · b+ r è ëèáî r = 0, ëèáî N(r) < N(b);

2) N(a · b) > N(a) è N(a · b) > N(b).

Íàëè÷èå ó ýëåìåíòîâ íîðìû äà¼ò âîçìîæíîñòü ïðî-
èçâîäèòü èõ äåëåíèå äðóã íà äðóãà ñ îñòàòêîì.

Ïðèìåð 1.5. � Êëàññè÷åñêèé ïðèìåð åâêëèäîâà
êîëüöà � êîëüöî öåëûõ ÷èñåë Z; íîðìà � àáñî-
ëþòíàÿ âåëè÷èíà ÷èñëà.
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� Êîëüöî ìíîãî÷ëåíîâ k[x] îò ôîðìàëüíîé ïåðå-
ìåííîé x íàä ïîëåì k:

k[x] =
{
f(x) = anx

n + . . .+ a1x+ a0 |
an, . . . , a0 ∈ k, n ∈ N0

}
� âàæíûé äëÿ íàñ ïðèìåð åâêëèäîâà êîëüöà;
çäåñü íîðìà � ñòåïåíü deg f(x) = n ìíîãî÷ëå-
íà.

Åâêëèäîâû êîëüöà � ÊÃÈ.

Ïîëå

Îïðåäåëåíèå 1.13. Öåëîñòíîå êîëüöî 〈R, +, ·, 0, 1 〉, â
êîòîðîì êàæäûé, êðîìå 0, ýëåìåíò îáðàòèì, íàçûâàåò-
ñÿ ïîëåì.

Ïîäìíîæåñòâî ïîëÿ K, ñàìî ÿâëÿþùååñÿ ïîëåì è
óñòîé÷èâîå îòíîñèòåëüíî ñóæåíèÿ íà íåãî îïåðàöèé èç
K, íàçûâàåòñÿ ïîäïîëåì.

Ïðèìåðû áåñêîíå÷íûõ ïîëåé è ïîäïîëåé: ÷èñëîâûå
ïîëÿ Q ⊂ R ⊂ C.

Ïîëå K, íå îáëàäàþùåå íèêàêèì ñîáñòâåííûì ïîä-
ïîëåì, íàçûâàåòñÿ ïðîñòûì.

::::::::::::::::
Óòâåðæäåíèå 1.3. Â êàæäîì ïîëå ñîäåðæèòñÿ òîëüêî
îäíî ïðîñòîå ïîäïîëå, êîòîðîå èçìîðôíî ëèáî Q, ëèáî
Zp, p � ïðîñòîå.
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Ðèñ. 1.2. Îò êîëåö ê ïîëÿì

1.3 Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à 1.1. Âûÿñíèòü, îáðàçóþò ëè ãðóïïû ñëåäóþùèå
ìíîæåñòâà ïðè óêàçàííîé îïåðàöèè íàä ýëåìåíòàìè:

1. Öåëûå ÷èñëà îòíîñèòåëüíî ñëîæåíèÿ? Äà

2. ×åòíûå ÷èñëà îòíîñèòåëüíî ñëîæåíèÿ? Äà

3. Öåëûå ÷èñëà, êðàòíûå äàííîìó íàòóðàëüíîìó
÷èñëó n, îòíîñèòåëüíî ñëîæåíèÿ? Äà

4. Ñòåïåíè äàííîãî äåéñòâèòåëüíîãî ÷èñëà
a, a 6= 0,±1, ñ öåëûìè ïîêàçàòåëÿìè îòíîñè-
òåëüíî óìíîæåíèÿ? Äà
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5. Íåîòðèöàòåëüíûå öåëûå ÷èñëà îòíîñèòåëüíî ñëî-
æåíèÿ? Íåò (ïðîòèâîïîëîæíîãî ýëåìåíòà)

6. Íå÷åòíûå öåëûå ÷èñëà îòíîñèòåëüíî ñëîæåíèÿ?
Íåò (óñòîé÷èâîñòè)

7. Öåëûå ÷èñëà îòíîñèòåëüíî âû÷èòàíèÿ?
Íåò (àññîöèàòèâíîñòè)

8. Ðàöèîíàëüíûå ÷èñëà îòíîñèòåëüíî ñëîæåíèÿ?
Äà

9. Ðàöèîíàëüíûå ÷èñëà îòíîñèòåëüíî óìíîæåíèÿ?
Íåò (îáðàòíîãî ó 0)

10. Ðàöèîíàëüíûå ÷èñëà, îòëè÷íûå îò íóëÿ, îòíîñè-
òåëüíî óìíîæåíèÿ? Äà

11. Ïîëîæèòåëüíûå ðàöèîíàëüíûå ÷èñëà îòíîñèòåëü-
íî óìíîæåíèÿ? Äà

12. Ïîëîæèòåëüíûå ðàöèîíàëüíûå ÷èñëà îòíîñèòåëü-
íî äåëåíèÿ? Íåò (àññîöèàòèâíîñòè)

13. Êîðíè n-é ñòåïåíè èç åäèíèöû (êàê äåéñòâèòåëü-
íûå, òàê è êîìïëåêñíûå) îòíîñèòåëüíî óìíîæå-
íèÿ? Äà

14. Ìàòðèöû ïîðÿäêà n ñ äåéñòâèòåëüíûìè ýëåìåí-
òàìè îòíîñèòåëüíî óìíîæåíèÿ? Íåò (îáðàòíûõ
ó âñåõ)

15. Íåâûðîæäåííûå ìàòðèöû ïîðÿäêà n ñ äåéñòâè-
òåëüíûìè ýëåìåíòàìè îòíîñèòåëüíî óìíîæåíèÿ?
Äà

16. Ìàòðèöû ïîðÿäêà n ñ öåëûìè ýëåìåíòàìè è îïðå-
äåëèòåëåì, ðàâíûì 1 îòíîñèòåëüíî óìíîæåíèÿ?



1.3. (III ïîòîê) 21

Äà

17. Ìàòðèöû ïîðÿäêà n ñ öåëûìè ýëåìåíòàìè è îïðå-
äåëèòåëåì, ðàâíûì ±1 îòíîñèòåëüíî óìíîæåíèÿ?
Äà

18. Ìàòðèöû ïîðÿäêà n ñ äåéñòâèòåëüíûìè ýëåìåí-
òàìè îòíîñèòåëüíî ñëîæåíèÿ? Äà

19. Ïåðåñòàíîâêè ÷èñåë 1, 2, . . . , n îòíîñèòåëüíî
êîìïîçèöèè ïåðåñòàíîâîê? Äà

20. Âçàèìíî îäíîçíà÷íûå îòîáðàæåíèÿ ìíîæåñòâà
íàòóðàëüíûõ ÷èñåë íà ñåáÿ, êàæäîå èç êîòîðûõ
ïåðåìåùàåò (îòîáðàæàåò íå â ñåáÿ) ëèøü êîíå÷-
íîå ÷èñëî ÷èñåë, åñëè çà ïðîèçâåäåíèå îòîáðàæå-
íèé s è t ïðèíÿòà êîìïîçèöèÿ s ◦ t îòîáðàæå-
íèé (ïîñëåäîâàòåëüíîå âûïîëíåíèå îòîáðàæåíèé
t , çàòåì s)? Äà

21. Ïðåîáðàçîâàíèÿ ìíîæåñòâà M , ò.å. âçàèìíî îä-
íîçíà÷íûå îòîáðàæåíèÿ ýòîãî ìíîæåñòâà íà ñåáÿ,
îòíîñèòåëüíî êîì- ïîçèöèè îòîáðàæåíèé? Äà

22. Ýëåìåíòû n-ìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà
Rn îòíîñèòåëüíî ñëîæåíèÿ? Äà

23. Ïàðàëëåëüíûå ïåðåíîñû òðåõìåðíîãî ïðîñòðàí-
ñòâà R3 îòíîñèòåëüíî êîìïîçèöèè äâèæåíèé?
Äà

24. Ïîâîðîòû òðåõìåðíîãî ïðîñòðàíñòâà Rn âîêðóã
ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç äàííóþ òî÷êó O îò-
íîñèòåëüíî êîìïîçèöèè äâèæåíèé? Äà
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25. Âñå äâèæåíèÿ òðåõìåðíîãî ïðîñòðàíñòâà Rn îò-
íîñèòåëüíî êîìïîçèöèè äâèæåíèé? Äà

26. Äåéñòâèòåëüíûå ìíîãî÷ëåíû ñòåïåíè íå âûøå n
îò íåèçâåñòíîãî x è íóëåâîé ìíîãî÷ëåí îòíîñè-
òåëüíî ñëîæåíèÿ? Äà

27. Äåéñòâèòåëüíûå ìíîãî÷ëåíû ëþáûõ ñòåïåíåé
(âêëþ÷àÿ 0 ) îò ïåðåìåííîé x îòíîñèòåëüíî ñëî-
æåíèÿ? Äà

Çàäà÷à 1.2. Íàéòè ñòåïåíè è ïîðÿäêè âñåõ ýëåìåíòîâ
àáåëåâîé ãðóïïû ïîðÿäêà 6.
Êàêèå èç íèõ ÿâëÿþòñÿ ïîðîæäàþùèìè?

Ðåøåíèå. Z6 = { 0, 1 . . . , 6 }, 0 � åäèíèöà ãðóïïû.

ord 0 =1 | 6;
1 = 1, 1 + 1 = 2, . . . = 6 · 1 = 6 ≡6= 0 ⇒

⇒ ord 1 = 6 | 6;
2 = 2, 2 + 2 = 4, 2 + 2 + 2 = 0 ⇒ ord 2 = 3;

3 = 3, 3 + 3 = 0 ⇒ ord 3 = 2 | 6;
4 = 4, 4 + 4 = 2, 4 + 4 + 4 = 0 ⇒ ord 4 = 3;

5 = 5, 5 + 5 = 4, 5 + 5 + 5 = 3, . . . , 6 · 5 = 0 ⇒
⇒ ord 5 = 6.

Ïîðîæäàþùèå ýëåìåíòû � 1 è 5.

Çàäà÷à 1.3. Ïîêàçàòü, ÷òî

ϕ(n) = n ·
(
1− 1

p1

)
· . . . ·

(
1− 1

p1

)
,
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åñëè n = pα1
1 · . . . · p

αk
k � ïðèìàðíîå ðàçëîæåíèå n.

Ðåøåíèå.

ϕ(n) = ϕ (pα1
1 )·. . .·(pαkk ) = pα1−1

1 ϕ(p1)·. . .·pαk−1k ϕ(pk) =

= pα1−1
1 · . . . · pαk−1k ϕ(p1) · . . . · ϕ(pk) =

=
n

p1 · . . . · pk
(p1 − 1) · . . . · (pk − 1) =

= n ·
(
1− 1

p1

)
· . . . ·

(
1− 1

pk

)
.

Çàäà÷à 1.4. Íàéòè âñå ïîäãðóïïû öèêëè÷åñêîé ãðóïïû
ïîðÿäêà 24.

Ðåøåíèå. Öèêëè÷åñêàÿ 24-ýëåìåíòíàÿ ãðóïïà
C = { a0 = 1, a1, a2, . . . , a23 } èìååò (öèêëè÷åñêèå)
ïîäãðóïïû, ãåíåðàòîðàìè êîòîðûõ áóäóò ýëåìåíòû am,
ãäå m | n, ò.å. m = 1, 2, 3, 4, 6, 8, 12, 22.
Ïîðÿäîê ñîîòâåòñòâóþùåé ïîäãðóïïû � n/m.

m = 1 : { 1, a1, a2, . . . , a24 } = 〈a1〉 = C ∼= Z24;

m = 2 : { 1, a2, a4, a6, . . . , a22 } = 〈a2〉 ∼= Z12;

m = 3 : { 1, a3, a6, a9, . . . , a21 } = 〈a3〉 ∼= Z8;

m = 4 : { 1, a4, a8, a12, . . . , a20 } = 〈a4〉 ∼= Z6;

m = 6 : { 1, a6, a12, a18 } = 〈a6〉 ∼= Z4;

m = 8 : { 1, a8, a16 } = 〈a8〉 ∼= Z3;

m = 12 : { 1, a12 } = 〈a12〉 ∼= Z2;

m = 24 : { 1 } = 〈1〉 ∼= E � åäèíè÷íàÿ.
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Çàäà÷à 1.5. Âûÿñíèòü, êàêèå èç ñëåäóþùèõ ìíîæåñòâ
ÿâëÿþòñÿ êîëüöàìè, íî íå ïîëÿìè, è êàêèå ïîëÿìè
îòíîñèòåëüíî óêàçàííûõ îïåðàöèé.

Åñëè îïåðàöèè íå óêàçàíû, òî ïîäðàçóìåâàþòñÿ
ñëîæåíèå è óìíîæåíèå ÷èñåë.

1. Öåëûå ÷èñëà Z? Êîëüöî.

2. ×¼òíûå öåëûå ÷èñëà? Êîëüöî.

3. Öåëûå nZ, n > 0? Êîëüöî.

4. Ðàöèîíàëüíûå ÷èñëà Q? Ïîëå.

5. Äåéñòâèòåëüíûå ÷èñëà R? Ïîëå.

6. Êîìïëåêñíûå ÷èñëà C? Ïîëå.

7. Êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñ öåëûìè ýëå-
ìåíòàìè îòíîñèòåëüíî ñëîæåíèÿ è óìíîæåíèÿ
ìàòðèö?
Êîëüöî (îáðàòíîé ìàòðèöû ìîæåò íå áûòü).

8. Êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñ äåéñòâèòåëü-
íûìè ýëåìåíòàìè îòíîñèòåëüíî ñëîæåíèÿ è óìíî-
æåíèÿ ìàòðèö?
Êîëüöî (îáðàòíîé ìàòðèöû ìîæåò íå áûòü).

9. Ìíîãî÷ëåíû îò îäíîãî íåèçâåñòíîãî x ñ öåëû-
ìè êîýôôèöèåíòàìè îòíîñèòåëüíî îáû÷íûõ îïå-
ðàöèé ñëîæåíèÿ è óìíîæåíèÿ?
Êîëüöî (ìíîãî÷ëåíû a0 + a1x+ a2x

2 + . . .+ anx
n

â ñëó÷àå a0 = 0 íåîáðàòèìû).

10. Ìíîãî÷ëåíû îò îäíîãî íåèçâåñòíîãî x ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè îòíîñèòåëüíî îáû÷-
íûõ îïåðàöèé?
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Êîëüöî (ìíîãî÷ëåíû a0 + a1x+ a2x
2 + . . .+ anx

n

â ñëó÷àå a0 = 0 íåîáðàòèìû).

Çàäà÷à 1.6. ßâëÿåòñÿ ëè îòîáðàæåíèå
f : Z → 2Z, f(x) = 2x ãîìîìîðôèçìîì êîëåö?

Ðåøåíèå. Íåò!
Õîòÿ f(x + y) = 2(x + y) = 2x + 2y = f(x) + f(y), íî
f(xy) = 2xy 6= (2x) · (2y) = f(x) · f(y).

Çàäà÷à 1.7. ßâëÿåòñÿ ëè ïîëå Z2 ïîäïîëåì ïîëÿ Z5?

Ðåøåíèå. Íåò!
Â Z2 : 1 + 1 = 0, à â Z5 � 1 + 1 = 2,
ò.å. îïåðàöèÿ ñëîæåíèÿ â Z5 íåóñòîé÷èâà ïðè ïåðåõîäå
ê ñâîåìó ïîäìíîæåñòâó {0, 1}.
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Ãëàâà 2

Êîíå÷íûå ïîëÿ

2.1 Ïîëÿ âû÷åòîâ

� Z � êîëüöî öåëûõ ÷èñåë åâêëèäîâî, âîçìîæíî äå-
ëåíèå ñ îñòàòêîì.

� p � ïðîñòîå ÷èñëî.

� (p) =
{
np | n ∈ Z

}
= pZ =

{
0, ±p, ±2p, . . .

}
�

èäåàë, ïîðîæä¼ííûé ÷èñëîì p.

� Z/(p) = Z/pZ =
{
0, 1, . . . , p− 1

}
� êîëüöî

âû÷åòîâ ïî ìîäóëþ ýòîãî èäåàëà = êëàññû îñòàò-
êîâ îò äåëåíèÿ íà p:

0 = 0 + (p) ,
1 = 1 + (p) ,
· · · · · · · · ·
p− 1 = p− 1 + (p)

 ⇒ Z = 0∪1∪. . .∪p− 1.

×åðòó íàä ñèìâîëàìè êëàññîâ âû÷åòîâ ÷àñòî íå ñòàâÿò.

Ïîñêîëüêó p � ïðîñòîå, òî Z/(p) � íå ïðîñòî êîëü-
öî, à ïîëå, è â í¼ì âîçìîæíî äåëåíèå áåç îñòàòêà íà
ëþáîé íåíóëåâîé ýëåìåíò.

Ýòî êîíå÷íîå ïîëå, òî÷íåå ïðîñòîå ïîëå Ãàëóà, îáî-
çíà÷åíèå � Fp èëè GF (p) ; âñå îïåðàöèè â í¼ì � ïî
mod p.
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Ïðèìåðû: ïîëå F3 = Z/(3) è ôàêòîð-êîëüöî Z/(4) �

F3 :

+ 0 1 2

0 0 1 2
1 1 2 0
2 2 0 1

× 0 1 2

0 0 0 0
1 0 1 2
2 0 2 1

Z/(4) :

+ 0 1 2 3

0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

× 0 1 2 3

0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

Â Z/(4) äâàæäû äâà ðàâíî íóëþ!
Îäíàêî ïîëå èç 4 ýëåìåíòîâ ñóùåñòâóåò...

Õàðàêòåðèñòèêà ïîëÿ. Ïóñòü k � ïðîèçâîëüíîå
ïîëå, 1 � åãî åäèíèöà.
Ñêëàäûâàåì åäèíèöû: 1 = 1 , 1 + 1 = 2 , . . ..

Â êîíå÷íîì ïîëå âñåãäà íàéä¼òñÿ ïåðâîå k òàêîå, ÷òî

1 + . . .+ 1︸ ︷︷ ︸
k ðàç

= 0.

Òîãäà k � ïîðÿäîê àääèòèâíîé ãðóïïû ïîëÿ k =

= õàðàêòåðèñòèêà ïîëÿ k, ñèìâîëè÷åñêè chark.

Åñëè âñå ñóììû âèäà 1+ . . .+1 ðàçëè÷íû, òî ïîëàãàþò
chark = 0 (à íå ∞ ;)).
Q, R � ïîëÿ íóëåâîé õàðàêòåðèñòèêè.
{0, 1, 2, . . . , chark− 1} � ìèíèìàëüíîå ïîäïîëå ïîëÿ k.
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Ïðèìåð 2.1 (Áåñêîíå÷íîå ïîëå ñ ïîëîæèòåëüíîé õàðàê-
òåðèñòèêîé). Ïóñòü k � íåêîòîðîå ïîëå. Ïîñòðîèì:

1. k[x] � êîëüöî ìíîãî÷ëåíîâ (îò ôîðìàëüíîé ïåðå-
ìåííîé x) íàä ïîëåì k:{
P (x) = a0 + a1x+ . . .+ anx

n | a0, . . . , an ∈ k
}
;

k[x] ↔
{
(a0, . . . , an) ∈ kn | n ∈ N0

}
.

2. k(x) � ïîëå ðàöèîíàëüíûõ ôóíêöèé íàä k; â í¼ì:

ýëåìåíòû � �äðîáè� P/Q (åñëè Q 6= 0), ãäå
P,Q ∈ k[x];

óìíîæåíèå � (P/Q) · (U/V ) = (PU)/(QV );

ýêâèâàëåíòíîñòü � P1/Q1 = P2/Q2,
åñëè P1Q2 = P2Q1;

ñëîæåíèå � äðîáè ìîæíî ïðèâîäèòü ê îáùåìó
çíàìåíàòåëþ è ñêëàäûâàòü:
P/Q+ U/V = (PV +QU)/(QV );

âêëþ÷åíèå � ïîñêîëüêó k[x] ⊂ k(x), òî êàæäûé
ìíîãî÷ëåí P îòîæäåñòâëÿåòñÿ ñ P/1.

Åñëè â êà÷åñòâå k âçÿòü Fp, òî Fp(x) � áåñêîíå÷-
íîå ïîëå ïîëîæèòåëüíîé õàðàêòåðèñòèêè p.

::::::::
Ëåììà 2.1 (òîæäåñòâî Ôðîáåíèóñà, ñèëüíîå óïðîùåíèå
âû÷èñëåíèé â êîíå÷íîì ïîëå). Â ïîëå õàðàêòåðèñòèêè
p > 0 âûïîëíåíî òîæäåñòâî

(a+ b)p = ap + bp.
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Äîêàçàòåëüñòâî. Â ëþáîì êîììóòàòèâíîì êîëüöå âåðíà
ôîðìóëà äëÿ áèíîìà

(a+ b)p = ap + C1
pa

p−1b+ . . .+ Cp−1
p abp−1︸ ︷︷ ︸

=0

+bp,

à ïðè i = 1, . . . , p − 1 ÷èñëèòåëü êîýôôèöèåíòà
C i
p = p!

i!(p−i)! äåëèòñÿ íà p, à çíàìåíàòåëü � íåò, îòêó-

äà C i
p ≡p 0. �

:::::::::::::
Ñëåäñòâèå. Â ïîëå õàðàêòåðèñòèêè p > 0 ñïðàâåäëèâî
(a+ b)p

n

= ap
n

+ bp
n

.

Ìóëüòèïëèêàòèâíàÿ ãðóïïà è ïðèìèòèâíûé ýëå-
ìåíò êîíå÷íîãî ïîëÿ. F∗p = Fpr{0}� ìóëüòèïëè-
êàòèâíàÿ ãðóïïà ïîëÿ Fp.

::::::::::::::::
Óòâåðæäåíèå 2.1. F∗p � öèêëè÷åñêàÿ ïî óìíîæåíèþ
ãðóïïà ïîðÿäêà p− 1.

Êàê ëþáàÿ êîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà, F∗p ñîäåð-
æèò ãåíåðàòîð = ïðèìèòèâíûé ýëåìåíò α:

� ëþáîé ýëåìåíò β ∈ F∗p ÿâëÿåòñÿ íåêîòîðîé åãî

íàòóðàëüíîé ñòåïåíüþ: β = αi, i ∈ {1, . . . , p−1};
� ïðè÷¼ì 1 = αp−1 è αi 6= 1 äëÿ 1 6 i 6 p− 2.

� F∗p èìååò ϕ(p− 1) ïðèìèòèâíûõ ýëåìåíòîâ.

Ðàññìîòðèì ïîëå F11. Åãî ìóëüòèïëèêàòèâíàÿ ãðóï-
ïà åñòü F∗11

∼= 〈 { 1, 2 . . . , 10 }, ×〉 è îíà èìååò
ϕ(10) = 4 ïðèìèòèâíûõ ýëåìåíòà.

1 � íå ãåíåðàòîð, ïðîâåðÿåì 2:
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k 1 2 3 4 5 6 7 8 9 10
2k 2 4 8 5 10 9 7 3 6 1

� ò.å. 2 � ãåíåðàòîð F∗11, ord 2 = 10.

Ïðîâåðÿåì 3:

k 1 2 3 4 5
3k 3 9 5 4 1

� ò.å. ord 3 = 5 è 3 � íå ãåíåðàòîð, è ò.ä.

Êàê óñêîðèòü ïðîöåññ?
Åñëè ïðèìàðíîå ðàçëîæåíèå p− 1
� èçâåñòíî ⇒ ýëåìåíò α ∈ Fp ïðèìèòèâåí i�

α
p−1
q 6≡p 1 äëÿ êàæäîãî ïðîñòîãî q | (p− 1)

(ò.ê. αk ordα = 1, k ∈ N).
Ïðèìåð: 1) p = 11 (íàø ñëó÷àé), p− 1 = 10 = 2 · 5,

q ∈
{

10
2 = 5, 10

5 = 2
}

22 = 4 6= 1, 25 = 32 ≡11 10 6= 1 ⇒ 2 � ïðèìèòèâíûé,

32 = 9 6= 1, 35 = 243 ≡11 1 ⇒ 3 � íå ïðèìèòèâíûé.

2) p = 37, p− 1 = 36 = 22 · 32. Íàõîäèì: 36
2 = 18,

36
3 = 12; ïîýòîìó äëÿ âûÿñíåíèÿ, ÿâëÿåòñÿ ëè α ∈ F∗p
ãåíåðàòîðîì, íóæíî ïðîâåðèòü íå áîëåå äâóõ ðàâåíñòâ:
α12 = 1 è α18 = 1.

� íåèçâåñòíî ⇒ ýôôåêòèâíîãî àëãîðèòìà íå íàéäåíî;
èñïîëüçóþò òàáëèöû, âåðîÿòíîñòíûå àëãîðèòìû...

Îäíàêî, åñëè íàéäåí îäèí ïðèìèòèâíûé ýëåìåíò α
ïîëÿ Fp, òî ëþáîé äðóãîé åãî ïðèìèòèâíûé ýëåìåíò ìî-
æåò áûòü ïîëó÷åí êàê ñòåïåíü αk, ãäå k � âçàèìíî ïðî-
ñòî ñ p− 1.
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Ïðèìåð (íàø): p = 11, 2 � ïðèìèòèâíûé ýëåìåíò F11

k ∈ { 1, 3, 7, 9 } � âçàèìíî ïðîñòûå ñ 10, ïîëó÷èì

21 =2, 23 =8,

27 =128 ≡11 7, 29 =512 ≡11 6,

ò.å. 6, 7 è 8 � òàêæå ïðèìèòèâíûå ýëåìåíòû F11.

Çàìåòèì, ÷òî

0 6= α ∈ Fp ⇒ αp−1 = 1 ⇒ αp−2 = α−1.

Íàïðèìåð, íàéä¼ì îáðàòíûé ýëåìåíò ê 4 â ïîëå F11:

4−1 = 411−2 = 49 = 262144 = 23831 · 11 + 3 ≡11 3 .

Äåéñòâèòåëüíî, 3 · 4 ≡11 1.

Äåëåíèå â êîëüöå ìíîãî÷ëåíîâ. Êîëüöî ìíîãî-
÷ëåíîâ k[x] íàä ïîëåì k � åâêëèäîâî, � çíà÷èò ìíî-
ãî÷ëåíû ìîæíî äåëèòü äðóã íà äðóãà ñ îñòàòêîì.

Íàïðèìåð, ïîäåëèì ¾óãîëêîì¿ x4 íà x2+1 â êîëüöå
Z2[x]:

ò.å. x4 = (x2 + 1)2 + 1.

Ñàìîñòîÿòåëüíî: äåëåíèåì ìíîãî÷ëåíîâ ¾óãîëêîì¿
ïîêàæèòå, ÷òî ÷àñòíîå îò äåëåíèÿ ìíîãî÷ëåíà 2x5 +
x4 + 4x + 3 íà ìíîãî÷ëåí 3x2 + 1 â êîëüöå F5[x] åñòü
4x3 + 2x2 + 2x+ 1, à îñòàòîê � 2x+ 2.

Ïðèìåð 2.2. Â êîëüöå Z2[x] ðàçäåëèì ìíîãî÷ëåí
f(x) = x7+x4+x2+1 íà g(x) = x3+x+1 ñ îñòàòêîì:
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Èòàê, f(x) = g(x)(x4 + x2 + 1) + x.

Íåïðèâîäèìûå ìíîãî÷ëåíû. Êîëüöî ìíîãî÷ëåíîâ
k[x] íàä ïîëåì k � åâêëèäîâî ⇔ îíî ôàêòîðèàëüíî-
ãî ⇔ êàæäûé åãî ýëåìåíò îäíîçíà÷íî ñ òî÷íîñòüþ
äî ïåðåñòàíîâîê ðàçëàãàåòñÿ â ïðîèçâåäåíèå ïðîñòûõ
(íåðàçëîæèìûõ).

Ïðîñòûå (íåðàçëîæèìûå) ýëåìåíòû êîëåö k[x] íà-
çûâàþò íåïðèâîäèìûìè ìíîãî÷ëåíàìè, îíè íå èìåþò
íåòðèâèàëüíûõ äåëèòåëåé.

Ñâîéñòâî ¾íåïðèâîäèìîñòè¿ çàâèñèò îò ïîëÿ: ìíî-
ãî÷ëåí x4+1 íåïðèâîäèì â íàä Q[x], íî ïðèâîäèì íàä
F2[x]: x4 + 1 = (x3 + x2 + x+ 1) · (x+ 1).

Âîïðîñû äëÿ êîëüöà ìíîãî÷ëåíîâ íàä äàííûì ïîëåì:

1) êàêèå ìíîãî÷ëåíû íåïðèâîäèìû?

2) êàê èõ íàõîäèòü?

Íåïðèâîäèìûå ìíîãî÷ëåíû íàä C, R è Q:

ïîëå C � òîëüêî ìíîãî÷ëåíû 1-é ñòåïåíè;

ïîëå R � 1) ìíîãî÷ëåíû 1-é ñòåïåíè,

� 2) ìíîãî÷ëåíû 2-é ñòåïåíè ñ îòðèöàòåëüíûì
äèñêðèìèíàíòîì;

ïîëå Q � ñóùåñòâóþò íåïðèâîäèìûå ìíîãî÷ëåíû
ïðîèçâîëüíîé ñòåïåíè.
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Äàëåå íàñ áóäóò èíòåðåñîâàòü íåïðèâîäèìûå (è ÷à-
ùå � íîðìèðîâàííûå) ìíîãî÷ëåíû â êîíå÷íûõ ïîëÿõ.

ßñíî, ÷òî êîëè÷åñòâî íîðìèðîâàííûõ ìíîãî÷ëåíîâ
ñòåïåíè n íàä ïîëåì Fp � âèäà

xn + an−1x
n−1 + . . .+ a1x+ a0, ai ∈ Fp, i = 0, n− 1

� ðàâíî pn.

Íåïðèâîäèìûå ìíîãî÷ëåíû êîëüöà F2[x]. Íàéä¼ì â

F2[x] âñå íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíåé 2, . . . , 5.

Âòîðàÿ ñòåïåíü: x2 + ax+ b.
ßñíî, ÷òî b = 1, èíà÷å x2 + ax = x(x + a) ⇒ èùåì
íåïðèâîäèìûé ìíîãî÷ëåí â âèäå x2 + ax+ 1.
Åñëè a = 0, òî x2 + 1 = (x+ 1)2;

a = 1, òî ïîëó÷àåì åäèíñòâåííûé íåïðèâîäèìûé
ìíîãî÷ëåí ñòåïåíè 2 íàä F2: x2 + x+ 1.

Òðåòüÿ ñòåïåíü: x3 + ax2 + bx+ 1.
(ïî÷åìó ñâîáîäíûé ÷ëåí íå ðàâåí íóëþ?)

Èñêëþ÷àÿ, êàê ñäåëàíî ðàíåå, äåëèìîñòü íà x + 1,
ïîëó÷àåì óñëîâèå a+ b 6= 0, ò.å.[

a = 0, b = 1 ,
a = 1, b = 0 .

Ñëåäîâàòåëüíî íàä F2 ñóùåñòâóåò äâà íåïðèâîäè-
ìûõ ìíîãî÷ëåíà ñòåïåíè 3:

x3 + x2 + 1 è x3 + x+ 1 .
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×åòâ¼ðòàÿ ñòåïåíü: x4 + ax3 + bx2 + cx+ 1.
Èñêëþ÷åíèå äåëèìîñòè íà x + 1 ïðèâîäèò ê óñëîâèþ
a+ b+ c = 1, ò.å. èìååòñÿ 4 âàðèàíòà, êîòîðûå äàþò 3
ðåøåíèÿ:

a b c ìíîãî÷ëåí
0 0 1 x4 + x+ 1
0 1 0 x4 + x2 + 1 � ïðèâîäèìûé
1 0 0 x4 + x3 + 1
1 1 1 x4 + x3 + x2 + x+ 1

Íàéäåíû ìíîãî÷ëåíû, ó êîòîðûõ íåò ëèíåéíûõ äåëè-
òåëåé. Íî ìíîãî÷ëåí 4-é ñòåïåíè ìîæåò ðàçëàãàòüñÿ â
ïðîèçâåäåíèå äâóõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ 2-é ñòå-
ïåíè:

x4 + x2 + 1 = (x2 + x+ 1)2.

Ïÿòàÿ ñòåïåíü: x5 + ax4 + bx3 + cx2 + dx+ 1.
Èñêëþ÷åíèå äåëèìîñòè íà x + 1 ïðèâîäèò ê óñëî-
âèþ: ÷èñëî íåíóëåâûõ êîýôôèöèåíòîâ a, b, c, d äîëæ-
íî áûòü íå÷¼òíûì, ò.å. ëèáî 1, ëèáî 3, ÷òî äà¼ò 8 ìíî-
ãî÷ëåíîâ.

Äàëåå íåîáõîäèìî èñêëþ÷èòü äåëèìîñòü íà
ìíîã÷ëåíû 2-é è 3-é ñòåïåíè, íî íåïðèâîäèìûõ
ìíîãî÷ëåíîâ 2-é ñòåïåíè îäèí, à 3-é � äâà, è èõ
ïðîèçâåäåíèå äà¼ò äâà ìíîãî÷ëåíà.

Èòîãî: ñóùåñòâóåò 6 íåïðèâîäèìûõ ìíîãî÷ëåíîâ 5-
é ñòåïåíè. Äëÿ ñïðàâêè: âîò îíè �

x5 + x2 + 1, x5 + x3 + 1,

x5 + x3 + x2 + x+ 1, x5 + x4 + x2 + x+ 1,

x5 + x4 + x3 + x+ 1, x5 + x4 + x3 + x2 + 1.
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Íåïðèâîäèìûå ìíîãî÷ëåíû èç F3[x].
Ìíîãî÷ëåíû ñòåïåíè 1:

x x+ 1 x+ 2

2x 2x+ 1 2x+ 2

Êàêèå èç íèõ íåïðèâîäèìû? Âñå! (øóòêà).

Âîò íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè 2 â F3[x]
(îíè íå èìåþò êîðíåé 0, 1, 2):

x2 + 1 2x2 + 2

x2 + x+ 2 2x2 + x+ 1

x2 + 2x+ 2 2x2 + 2x+ 1

Äëÿ âñåõ ëè p è n ñóùåñòâóþò íåïðèâîäèìûå ìíîãî-
÷ëåíû â Fp?

::::::::::
Òåîðåìà 2.1 (î ñóùåñòâîâàíèè íåïðèâîäèìûõ ìíîãî÷ëå-
íîâ). Äëÿ ëþáûõ ïðîñòîãî p è íàòóðàëüíîãî n â Fp[x]
ñóùåñòâóåò íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè n.

� äîêàæåì ïîçæå.

Èòàê, â êîëüöàõ Fp[x] åñòü íåïðèâîäèìûå ìíîãî÷ëåíû
ëþáîé ñòåïåíè, íî êàê èõ íàéòè?

Îòâåò: íåò ýôôåêòèâíûõ àëãîðèòìîâ (èç òàáëèö, àë-
ãîðèòì Áåðëåêýìïà...)

Çà÷åì íóæíû íåïðèâîäèìûå ìíîãî÷ëåíû?
Ñ ïîìîùüþ íåïðèâîäèìûõ ìíîãî÷ëåíîâ ìîæíî ñòðîèòü
íîâûå êîíå÷íûå ïîëÿ � ðàñøèðåíèÿ ïðîñòûõ ïîëåé Fp:

1. Âûáèðàåì ïðîñòîå p � ôèêñèðóåì ïîëå Fp.

2. Ðàññìàòðèâàåì êîëüöî Fp[x] ìíîãî÷ëåíîâ íàä Fp.
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3. Âûáèðàåì íàòóðàëüíîå n è íåïðèâîäèìûé ìíî-
ãî÷ëåí

a(x) = anx
n + . . .+ a1x+ a0 ∈ Fp[x], an 6= 0.

4. Èäåàë (a(x)) ïîðîæäàåò ôàêòîð-êîëüöî
Fp[x]/(a(x)), ýëåìåíòû êîòîðîãî ñóòü ñîâîêóï-

íîñòè r(x) ìíîãî÷ëåíîâ, äàþùèõ ïðè äåëåíèè íà
a(x) îñòàòîê r(x):

r(x) =
{
f(x) ∈ Fp[x] | f(x) = a(x) ·q(x)+r(x)

}
.

Èíîãäà ãîâîðÿò, ÷òî ýëåìåíòû f, g ∈ r(x) ñðàâíèìû ïî
äâîéíîìó äâîéíîìó ìîäóëþ � p è a(x):

a(x) ∈ Fp[x], f(x) ≡a(x) g(x).

Ðàñøèðåíèÿ ïðîñòûõ ïîëåé

::::::::::::::::
Óòâåðæäåíèå 2.2. Ìíîæåñòâî

{
r(x)

}
ÿâëÿåòñÿ ïî-

ëåì Ãàëóà GF (pn).

Äîêàçàòåëüñòâî.

1. Êîëüöî ìíîãî÷ëåíîâ Fp[x] åâêëèäîâî, èäåàë

(a(x)) � ìàêñèìàëüíûé ⇒
{
r(x)

}
� ïîëå.

2. Åãî ìîùíîñòü
∣∣∣ { r(x)} ∣∣∣ = ÷èñëî ìíîãî÷ëåíîâ

íàä Fp ñòåïåíè íå âûøå n− 1, ò.å. pn.
�

Ïîëå
{
r(x)

}
= GF (pn) íàçûâàåòñÿ ðàñøèðåíèåì

n-é ñòåïåíè ïðîñòîãî ïîëÿ Fp; àëüòåðíàòèâíîå îáîçíà-
÷åíèå � Fnp .
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Ïî÷åìó â îáîçíà÷åíèè Fnp íå èñïîëüçóåòñÿ ìíîãî÷ëåí
a(x), ñ ïîìîùüþ êîòîðîãî ïîñòðîåíî ïîëå?

::::::::::
Òåîðåìà 2.2. Ëþáîå êîíå÷íîå ïîëå èçîìîðôíî êàêîìó-
íèáóäü ïîëþ Ãàëóà Fnp .

Ïðèìåð 2.3 (ïîñòðîåíèå ïîëÿ F2
3). Âûáåðåì â F3[x]

íåïðèâîäèìûé ìíîãî÷ëåí: ïóñòü ýòî áóäåò x2 + 1.
Òîãäà èñêîìîå ïîëå 9-ýëåìåíòíîå ïîëå åñòü

F2
3
∼= F3[x]/

(
x2 + 1

)
=

=
{
0, 1, 2, x, x+ 1, x+ 2, 2x, 2x+ 1, 2x+ 2

}
.

Ìîæíî ñîñòàâèòü òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ â
ýòîì ïîëå ñ ó÷¼òîì x2 = −1 ≡3 2.
Íàïðèìåð:

x+ 1 + x+ 2 =2x, x · 2x =1,

2x+ 1 + x =1, 2x+ 1 · x =x+ 1,

è ò.ä.

×åðòó íàä ýëåìåíòàìè ïîëÿ Fp[x]/(a(x)) îáû÷íî íå ñòà-
âÿò è íàçûâàþò èõ ¾ìíîãî÷ëåíàìè¿.
Íî íàäî ïîìíèòü, ÷òî ýòî ñîâîêóïíîñòè ìíîãî÷ëåíîâ,
äàþùèõ ïðè äåëåíèè íà a(x) îäèí è òîò æå îñòàòîê...

Çàìåòèì, ÷òî

(x+ 1)1 =x+ 1, (x+ 1)5 =2x+ 2,

(x+ 1)2 =2x, (x+ 1)6 =x,

(x+ 1)3 =2x+ 1, (x+ 1)7 =x+ 2,

(x+ 1)4 =2, (x+ 1)8 =1.
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Ýòî çíà÷èò, ÷òî x+ 1 � ïðèìèòèâíûé ýëåìåíò ïîëÿ
F2
3 (à x � íåò, ïîñêîëüêó x4 = 4 ≡3 1).
À ÷òî áóäåò, åñëè ïðè ïîñòðîåíèè ïîëÿ âìåñòî x2+1

âçÿòü äðóãîé íåïðèâîäèìûé â F3[x] ìíîãî÷ëåí?
Íàïðèìåð, 2x2 + x+ 1?

Îòâåò: ïîëó÷èòñÿ ïîëå, èçîìîðôíîå ïîñòðîåííîìó.

Ïðèìåð 2.4 (âû÷èñëåíèÿ â êîíå÷íîì ïîëå). Îïåðåäèòü,
ÿâëÿåòñÿ ëè:

1) ìíîãî÷ëåí a(x) = x3 + 2x+ 4 ∈ F5[x] � íåïðè-
âîäèìûì?

2) ýëåìåíò 4x2 + 2 � êîðíåì a(x) â ôàêòîðêîëü-
öå/ïîëå F5[x]/

(
x3 + 2x+ 4

)
?

Ðåøåíèå. 1. Ïåðåáîðîì ýëåìåíòîâ èç
GF (5) = {0, 1, 2, 3, 4}:
a(0) = 4, f(1) = 2, a(2) = 1, a(3) = 2, a(4) = 1

óáåæäàåìñÿ a(x) � íåïðèâîäèìûé ìíîãî÷ëåí (à åñëè
áû ýòî áûë ìíîãî÷ëåí 4-é ñòåïåíè?).

Ñëåäîâàòåëüíî, ôàêòîð-êîëüöî F5[x]/
(
x3 + 2x+ 4

)
ÿâëÿåòñÿ ïîëåì è â í¼ì x3 = −2x− 4 = 3x+ 1.

2. a(4x2 + 1) =
(
2(2x2 + 2)

)3
+2 ·2(2x2 + 1)+4 =

= 3(3x6+2x4+ x2+1)+ 3x2+3 = 4x6+ x4+ x2+1 =
= 4(3x+ 1)2 + 3x2 + x+ x2 + 1 = x2 + 4x+ 4 + 3x2 +
x+ x2 + 1 = 0.

Êàê íàéòè ïðèìèòèâíûå ýëåìåíòû ïîëÿ Fnp?
α � ïðèìèòèâíûé ýëåìåíò ïîëÿ F = Fnp , åñëè ïðè èç-

ìåíåíèè k = 1, 2, . . . , pn − 1 çíà÷åíèå αk ïðîáåãàåò
çíà÷åíèÿ âñåõ ýëåìåíòîâ F ∗. Êàê ñëåäñòâèå:

� αp
n−1 = 1;
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� åñëè k âçàèìíî ïðîñòî ñ pn − 1, òî αk � äðóãîé
ïðèìèòèâíûé ýëåìåíò ïîëÿ F .
Òàê ìîãóò áûòü ïîëó÷åíû âñå ïðèìèòèâíûå ýëå-
ìåíòû F : èõ ϕ(pn−1)øòóê = êîëè÷åñòâî âçàèìíî
ïðîñòûõ ñ pn − 1 ÷èñåë.

Íàïðèìåð, â ðàññìîòðåííîì 9-ýëåìåíòíîì ïîëå F2
3

èìååòñÿ ϕ(8) = 4 ïðèìèòèâíûõ ýëåìåíòà, îáðàçîâàí-
íûõ ñòåïåíÿìè 1, 3, 5, 7 (âçàèìíî ïðîñòû ñ 8) óæå
íàéäåííîãî ãåíåðàòîðà:

x+ 1, (x+ 1)3 = 2x+ 1, (x+ 1)5 = 2x+ 2,

(x+ 1)7 = x+ 2.

ß ÷òî-òî íå ïîíèìàþ: íåïðèâîäèìûå ìíîãî÷ëåíû � ýòî
ïðèìèòèâíûå ýëåìåíòû?
Âåäü áûëî: äëÿ ïîèñêà è òåõ, è äðóãèõ íåò ýôôåêòèâ-
íûõ àëãîðèòìîâ...

� Íåïðèâîäèìûå ìíîãî÷ëåíû èùóò â êîëüöå ìíîãî-
÷ëåíîâ Fp[x] íàä ïðîñòûì ïîëåì Fp � íàïðèìåð,
÷òîáû ïîñòðîèòü ðàñøèðåíèå ïîëÿ.

� Ïðèìèòèâíûå ýëåìåíòû èùóò â ìóëüòèïëèêàòèâ-
íîé ãðóïïå ïîëÿ � íàïðèìåð, ÷òîáû èìåòü óäîá-
íîå ïðåäñòàâëåíèå íåíóëåâûõ ýëåìåíòîâ ïîëÿ ÷å-
ðåç ñòåïåíè ïðèìèòèâíîãî ýëåìåíòà.

Çàìå÷àíèå. Â ïîëå ïîíÿòèå ¾íåïðèâîäèìûé ìíîãî÷ëåí¿
íå èìååò ñìûñëà: òàì ëþáîé ìíîãî÷ëåí äåëèòñÿ íà ëþ-
áîé íåíóëåâîé. Íàïðèìåð, â F3[x]/

(
x2 + 1

)
:

x+ 1

2x+ 1
= x.
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Ìîæåò ëè ïðèâîäèìûé ìíîãî÷ëåí áûòü ïðèìèòèâíûì
ýëåìåíòîì?

1. Âîçüì¼ì ïîëå F2 = { 0, 1 }.
2. Âîçüì¼ì íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí
x3 + x+ 1.

3. Ïîñòðîèì ïîëå F = F2[x]/
(
x3 + x+ 1

) ∼= F3
2;

îíî ñîäåðæèò âñå ïîëèíîìû èç F2[x] ñòåïåíè 6 2.

4. Ìíîãî÷ëåí b(x) = x2+x = x(x+1) � ïðèâîäèì
â ëþáîì êîëüöå, â ò.÷. � â F2[x], è îí ïðèíàäëå-
æèò F .

5. ßâëÿåòñÿ ëè b(x) � ïðèìèòèâíûì ýëåìåíòîì ïî-
ëÿ F ?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F ñîäåðæèò
23 − 1 = 7 ýëåìåíòîâ, ýòî ïðîñòîå ÷èñëî ⇒ â ìóëü-
òèïëèêàòèâíàÿ ãðóïïå âñå ϕ(7) = 6 íååäèíè÷íûõ ýëå-
ìåòîâ � ãåíåðàòîðû ⇒ îòâåò íà îáà âîïðîñà � ÄÀ!

Óäîñòîâåðèìñÿ, ÷òî α = x2+x = x(x+1) � ïðèìè-
òèâíûé ýëåìåíò ïîëÿ F = F2[x]/

(
x3 + x+ 1

)
.

Â F x3 = x+ 1 è

α =x2 + x,

α2 =x4 + x2 = 6x2 + x+ 6x2 = x,

α3 =α · α2 = x3 + x2 = x2 + x+ 1,

α4 =(α2)2 = x2,

α5 =α2α3 = x3 + x2 + x = 6x+ 1 + x2+ 6x = x2 + 1,

α6 =x4 + x2 + 1 = x2 + x+ x2 + 1 = x+ 1,

α7 =x2(x2 + x+ 1) = x4 + x3 + x2 =

= 6x2+ 6x+ 6x+ 1+ 6x2 = 1.
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Âñåãäà ëè íåïðèâîäèìûé ìíîãî÷ëåí åñòü ïðèìèòèâíûé
ýëåìåíò?

1. Âîçüì¼ì ïîëå F5 = { 0, 1, 2, 3, 4 }.
2. Âîçüì¼ì íåïðèâîäèìûé íàä F5 ìíîãî÷ëåí
x2 + x+ 1.

3. Ïîñòðîèì ïîëå F = F5[x]/
(
x2 + x+ 1

) ∼= F2
5;

îíî ñîäåðæèò òîëüêî ïîëèíîìû 0-é è 1-é ñòåïå-
íåé èç F5[x].

4. Âñå ìíîãî÷ëåíû 1-é ñòåïåíè íåïðèâîäèìû, èìåþò
âèä ax+ b è èõ � 20 øò.
Âñå ëè îíè � ïðèìèòèâíûå ýëåìåíòû ïîëÿ F ?

Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ F ñîäåðæèò 52−
1 = 24 ýëåìåíòà èç êîòîðûõ ϕ(24) = 8 ïðèìèòèâíûõ
⇒ íå âñå ìíîãî÷ëåíû 1-é ñòåïåíè � ãåíåðàòîðû ⇒
îòâåò íà îáà âîïðîñà � ÍÅÒ!

Óäîñòîâåðèìñÿ, ÷òî α = x íå åñòü ïðèìèòèâíûé
ýëåìåíò ïîëÿ F = F5[x]/

(
x2 + x+ 1

)
.

Â F : x2 = −x− 1 = 4x+ 4 è

α =x

α2 =4x+ 4,

α3 =4x2 + 4x = 16x+ 16 + 4x = 1.

Âîïðîñ: êîãäà êîðåíü x (ñàì íåïðèâîäèìûé ìíîãî-
÷ëåí!) íåïðèâîäèìîãî íàä Fp ìíîãî÷ëåíà a(x) áóäåò
ïðèìèòèâíûì ýëåìåíòîì ïîëÿ Fp[x]/(a(x))?

Îòâåò: ýòî áóäåò åñëè è òîëüêî åñëè ìíîãî÷ëåí a(x)
ïðèìèòèâåí äëÿ x, ò.å. m = pn − 1 � íàèìåíüøèé
ïîêàçàòåëü, ïðè êîòîðîì a(x) | xm − 1.
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Ïðèìåðû 2.1. 1. Íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí
x3 + x+ 1 ïðèìèòèâåí:

x2
3−1 − 1 = x7 + 1 = (x3 + x+ 1) · (x4 + x2 + x+ 1)

è xt − 1 6
... x3 + x+ 1 íè ïðè êàêîì 1 6 t < 7 = m.

Ïîýòîìó

F∗2[x]/
(
x3 + x+ 1

)
=
{
x0 = 1, x1, x2, x3 = x+ 1,

x4 = x2 + x, x5 = x2 + x+ 1, x6 = x2 + 1
}

� âñå ìíîãî÷ëåíû ñòåïåíè íå âûøå 2.

2. Íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí x4+x3+x2+x+
1 íå ïðèìèòèâåí: îí äåëèò íå òîëüêî áèíîì x2

4−1 −
1 = x15 − 1, íî è áèíîì x5 − 1:

x5 − 1 = x5 + 1 = (x4 + x3 + x2 + x+ 1) · (x+ 1),

èëè, ÷òî òîæå, ordx = 5 6= 15:

x5 = (x4 + x3 + x2 + x+ 1) · (x+ 1)︸ ︷︷ ︸
=0

+1 = 1.

2.2 Âû÷èñëåíèå â êîíå÷íûõ ïîëÿõ

Àëãîðèòì Åâêëèäà � ïðèìåíÿþò äëÿ íàõîæäåíèÿ
ÍÎÄ(a, b) íàòóðàëüíûõ ÷èñåë a è b.

Íàáëþäåíèå: îáùèé äåëèòåëü ïàðû ÷èñåë (a, b), òî îñòà-
¼òñÿ èì è äëÿ ïàðû (a− b, b) (ñ÷èòàåì, ÷òî a > b).

Îòñþäà:

� ïàðû ÷èñåë (a, b) è (a− kb, b) èìååò îäèíàêîâûå
îáùèå äåëèòåëè;
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� âìåñòî a − kb (äëÿ ¾óñêîðåíèÿ¿) ìîæíî âçÿòü
îñòàòîê r0 îò äåëåíèÿ íàöåëî a íà b : a = bq +
r0, q ∈ N, 0 6 r0 < b;

� çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ìîæíî ïîâòî-
ðèòü ïðîöåäóðó; îíà çàêîí÷èòñÿ, ò.ê. ÷èñëà â ïàðå
óìåíüøàþòñÿ, íî îñòàþòñÿ íåîòðèöàòåëüíûìè.

Â ðåçóëüòàòå: çà êîíå÷íîå ÷èñëî øàãîâ îáðàçóåòñÿ ïàðà
(rn, 0) è ÿñíî, ÷òî ÍÎÄ(a, b) = rn ( ÍÎÄ � àíãë. gcd).

Àëãîðèòì Åâêëèäà: îáùàÿ ñõåìà (a > b)

Øàã (−2): r−2 = a � ïîëàãàåì äëÿ óäîáñòâà;

Øàã (−1): r−1 = b � ïîëàãàåì äëÿ óäîáñòâà;

Øàã 0: r−2 = r−1q0 + r0 � äåëèì r−2 íà r−1,
îñòàòîê r0;

Øàã 1: r−1 = r0q1+r1 � äåëèì r−1 íà r0, îñòàòîê r1;

... âñåãäà äåëèì ñ îñòàòêîì áîëüøåå ÷èñëî íà ìåíü-
øåå, íà ñëåäóþùåì øàãå ìåíüøåå ÷èñëî îíî
ñòàíîâèòñÿ áîëüøèì, à îñòàòîê � ìåíüøèì;

Øàã n: rn−2 = rn−1qn + rn � äåëèì rn−2 íà rn−1,
îñòàòîê rn;

Øàã n+ 1: rn−1 = rnqn+1 � äåëåíèå íàöåëî ⇒
ÎÑÒÀÍÎÂ.

ÍÎÄ (a, b) = rn

Âñåãäà r−2 > r−1 > r0 > r1 > . . . > rn > 1.
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Ïðèìåð 2.5. Ïî àëãîðèòìó Åâêëèäà íàéä¼ì
ÍÎÄ (252, 105).

Øàã (−2): r−2 = 252;

Øàã (−1): r−1 = 105 ⇒ (252, 105);

Øàã 0: 252 = 105 · 2 + 42 ⇒ (105, 42);

Øàã 1: 105 = 42 · 2 + 21 ⇒ (42, 21);

Øàã 2: 42 = 21 · 2 + 0 ⇒ (21, 0).

ßñíî, ÷òî

ÍÎÄ (a, b, c) = ÍÎÄ (a, (ÍÎÄ (b, c))

::::::::::::::::
Óòâåðæäåíèå 2.3 (ñîîòíîøåíèå Áåçó; îòêðûòî çà 106 ëåò
äî ðîæäåíèÿ Ý. Áåçó). Äëÿ ëþáûõ íàòóðàëüíûõ a, b è
d = ÍÎÄ (a, b) íàéäóòñÿ öåëûå êîýôôèöèåíòû Áåçó
x, y òàêèå, ÷òî d = ax+ by.

Äîêàçàòåëüñòâî. Ðàññìàòðèâàåì àëãîðèòì Åâêëèäà ñ
êîíöà ê íà÷àëó: d = rn = rn−2−rn−1qn, çàòåì, ïîäñòàâ-
ëÿÿ ñþäà çíà÷åíèå rn−1 = rn−3 − rn−2qn−1, ïîëó÷àåì

d = −qnrn−3 + (1 + qnqn−1)rn−2 = αrn−3 + βrn−2

äëÿ íåêîòîðûõ α, β ∈ Z è ò.ä. �

Çàìå÷àíèå: êîýôôèöèåíòû Áåçó îïðåäåëåíû íåîäíî-
çíà÷íî:

ÍÎÄ (12, 30) = 6 = 3 ·12+(−1) ·30 = (−2) ·12+1 ·30.
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Ðàñøèðåííûé àëãîðèòì Åâêëèäà � íàõîäèò ïî
äâóì íàòóðàëüíûì ÷èñëàì a è b èõ íàòóðàëüíûé
ÍÎÄ d è äâà öåëûõ x, y êîýôôèöèåíòà Áåçó (òàêèõ,
÷òî |x| < |b/d|, |y| < |a/d|).

Ðàñøèðåííûé àëãîðèòì Åâêëèäà ïîâòîðÿåò ñõåìó
(ïðîñòîãî) àëãîðèòìà Åâêëèäà, â êîòîðîì íà êàæäîì
øàãå:

1) äîïîëíèòåëüíî âû÷èñëÿþòñÿ xi è yi ïî ôîðìó-
ëàì

xi = xi−2 − qixi−1, yi = yi−2 − qiyi−1, i = 0, 1, ...;

x−2 = y−1 = 1 , x−1 = y−2 = 0 ;

2) ñïðàâåäëèâî ñîîòíîøåíèå

ri = ri−2 − qiri−1 =

= (axi−2 + byi−2)− qi(axi−1 + byi−1) =

= a(xi−2− qixi−1)+ b(yi−2− qiyi−1) = axi + byi.

Ïðèìåð 2.6. Ðàñøèðåííûì àëãîðèòìîì Åâêëèäà íàéä¼ì
íàòóðàëüíîå d è öåëûå x è y òàêèå, ÷òî

d = ÍÎÄ (252, 105) = 252x+ 105y.

Èìååì xi = xi−2 − qixi−1, yi = yi−2 − qiyi−1.
Ñâåä¼ì âñå âû÷èñëåíèÿ â òàáëèöó:

øàã i ri−2 ri−1 qi ri xi yi
−2 252 1 0
−1 105 0 1
0 252 105 2 42 1 −2
1 105 42 2 21 −2 5
2 42 21 2 0
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Îòâåò: d = 21, x = −2, y = 5, ò.å.

21 = 252 · (−2) + 105 · 5.

Ïðèìåð 2.7. Â ïîëå Z/(101) ðåøèòü óðàâíåíèå

4x = 1. (∗)

Ðåøåíèå.

1. 4x = 1 + k · 101 = 102, 203, 304
x = 304/4 = 76.
Ýòî ðåøåíèå ïåðåáîðîì.

2. Ïîñêîëüêó 101y ≡101 0, âìåñòî (∗) ìîæíî ðàñøè-
ðåííûì àëãîðèòìîì Åâêëèäà ðåøàòü óðàâíåíèå

4x+ 101y = 1 .

Â ðåçóëüòàòå ðàáîòû àëãîðèòìà ïîëó÷èì:

4 · 76 + 101 · (−3) = 1.

Àíàëîãè÷íî ðåøàþòñÿ óðàâíåíèÿ

ax = c è ax+ by = c

(a, b è c íàäî ïîäåëèòü íà èõ îáùèé ÍÎÄ).

Àëãîðèòì Åâêëèäà è åãî ðàñøèðåííàÿ âåðñèÿ îñòà-
þòñÿ ñïðàâåäëèâûìè â ëþáîì åâêëèäîâîì êîëüöå, ñëå-
äîâàòåëüíî, è â ëþáîì ïîëå Ãàëóà.

Ïîýòîìó îáðàòíûé ýëåìåíò y(x) ýëåìåíòà b(x) â
ïîëå Fp[x]/

(
a(x)

)
, îïðåäåëÿåìûé ñîîòíîøåíèåì

a(x) · χ(x)︸ ︷︷ ︸
=0

+ b(x) · y(x) = 1

äëÿ ïàðû ìíîãî÷ëåíîâ
(
a(x), b(x)

)
, ìîæåò áûòü íàéäåí

ðàñøèðåííûì àëãîðèòìîì Åâêëèäà.
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Ðåøåíèå äàííûõ ñîîòíîøåíèé ñóùåñòâóåò âñå-
ãäà: ò.ê. a(x) � íåïðèâîäèìûé ìíîãî÷ëåí è
deg b(x) < deg a(x), òî ÍÎÄ (a(x), b(x)) = 1.

Ïðèìåð 2.8. Íàéä¼ì (x2 + x+ 3)−1 â ïîëå

F7[x]/
(
x4 + x3 + x2 + 3

)
.

Äëÿ ýòîãî ðàñøèðåííûì àëãîðèòìîì Åâêëèäà ðå-
øèì ñîîòíîøåíèå
(x4 + x3 + x2 + 3) · χ(x) + (x2 + x+ 3) · y(x) = 1. (∗)

Øàã 0: r−2(x) = x4 + x3 + x2 + 3,
r−1(x) = x2 + x+ 3,
y−2(x) = 0,
y−1(x) = 1 � çàäàíèå

íà÷àëüíûõ çíà÷åíèé.
Øàã 1: r−2(x) = r−1(x)q0(x) + r0(x),

q0(x) = x2 + 5,
r0(x) = 2x+ 2,
y0(x) = y−2(x)− y−1(x)q0(x) = −q0(x) =

= −x2 − 5.
Øàã 2: r−1(x) = r0(x)q1(x) + r1(x),

q1(x) = 4x,
r1(x) = 3, deg r1(x) = 0
y1(x) = y−1(x)− y0(x)q1(x) =

= 1 + 4x(x2 + 5) = 4x3 + 6x+ 1.

Àëãîðèòì çàêàí÷èâàåò ñâîþ ðàáîòó íà øàãå 2, ò.ê.
deg r1(x) = deg 1 = 0

(1 � ìíîãî÷ëåí â ïðàâîé ÷àñòè (∗) ).
Çàìå÷àíèå: ïðè èòåðàöèÿõ àëãîðèòìà íåò íåîáõîäèìî-
ñòè âû÷èñëÿòü χi(x), ò.ê. íàñ èíòåðåñóåò òîëüêî çíà÷å-
íèÿ yi(x), i = 0, 1, . . ..
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Îñòàòîê r1(x) = 3, îòëè÷àåòñÿ îò 1 íà ìíîæèòåëü-
êîíñòàíòó. ×òîáû ïîëó÷èòü ðåøåíèå óðàâíåíèÿ (∗) âû-
÷èñëÿåì ýëåìåíò 3−1 ≡7 5 è äîìíîæàåì íà íåãî y1:

5y1(x) = 5(4x3 + 6x+ 1) ≡7 6x3 + 2x+ 5.

Îòâåò: â ïîëå F7[x]/
(
x4 + x3 + x2 + 3

)
èìååì

(x2 + x+ 3)−1 = 6x3 + 2x+ 5.

2.3 Àëãåáðà âåêòîðîâ íàä êîíå÷íûì

ïîëåì

Âåêòîðíîå ïðîñòðàíñòâî

Îïðåäåëåíèå 2.1. Àáñòðàêòíûì âåêòîðíûì ïðîñòðàí-
ñòâîì íàä ïîëåì k = { 1, α, β, . . . } íàçûâàåòñÿ äâóõ-
îñíîâíàÿ àëãåáðàè÷åñêàÿ ñèñòåìà V = 〈V, k; +, · 〉,
ãäå

� V = { 0, v, . . . } � ïðîèçâîëüíîå ìíîæåñòâî âåê-
òîðîâ,

� + � áèíàðíàÿ îïåðàöèÿ ñëîæåíèÿ íàä V :

V × V +→ V ,

� · � áèíàðíàÿ îïåðàöèÿ óìíîæåíèÿ ýëåìåíòà
(¾÷èñë�à¿) èç k íà âåêòîð èç V : k× V ·→ V ,

ïðè÷¼ì îïåðàöèè + è · óäîâëåòâîðÿþò ñëåäóþùèì àê-
ñèîìàì:

1) V � êîììóòàòèâíàÿ ãðóïïà ïî ñëîæåíèþ +, 0 �
å¼ íåéòðàëüíûé ýëåìåíò;
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2) α·(v1+v2) = α·v1+α·v2, (α1+α2)·v = α1·v+α2·v;
3) α · (β · v) = (αβ) · v ;
4) 1 · v = v .

Ïðèìåð 2.9. Ïóñòü V = k
n � ìíîæåñòâî êîíå÷íûõ ïî-

ñëåäîâàòåëüíîñòåé äëèíû n ýëåìåíòîâ ïîëÿ k.
'Ñëîæåíèå' è 'óìíîæåíèå íà ÷èñëî èç k' ýëåìåíòîâ èç
V îïðåäåëÿþòñÿ ïîêîìïîíåíòíî.

Ïîëó÷èâøàÿñÿ ñòðóêòóðà � âåêòîðíîå ïðîñòðàí-
ñòâî, åãî íàçûâàþò n-ìåðíûì êîîðäèíàòíûì ïðî-
ñòðàíñòâîì íàä ïîëåì k.

Äèñòðèáóòèâíîñòü îòíîñèòåëüíî âû÷èòàíèÿ
(α− β) · v = α · v − β · v:

(α− β) · v + β · v = (α− β + β) · v = α · v

Îòñþäà ïîëó÷àåì, ÷òî
� 0 · v = 0, òàê êàê 0 · v = (1− 1) · v = v − v = 0,

� è −v = (−1) · v, òàê êàê

v+(−1) ·v = 1 ·v+(−1) ·v = (1−1) ·v = 0 ·v = 0.

::::::::::::::::
Óòâåðæäåíèå 2.4. Ïîëå õàðàêòåðèñòèêè p > 0 åñòü
âåêòîðíîå ïðîñòðàíñòâî íàä GF (p) (p � ïðîñòîå).

Äîêàçàòåëüñòâî. Â ðàññìàòðèâàåìîì ïîëå GF (q),
q > p:
ñëîæåíèå � íàñëåäóåòñÿ îïåðàöèÿ ñëîæåíèÿ â GF (q);

óìíîæåíèå � ïîñêîëüêó
GF (p) =

{
0, 1, . . . , p− 1

}
⊆ GF (q),

òî ïðè óìíîæåíèè ¾÷èñåë¿ èç ïîëÿ GF (p) íà âåê-
òîðû èç GF (q) ìîæíî çàìåíÿòü íà óìíîæåíèå
ýëåìåíòîâ GF (q);
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àêñèîìû âåêòîðíîãî ïðîñòðàíñòâà � âûïîëíÿþòñÿ â
ñèëó ñâîéñòâ àðèôìåòè÷åñêèõ îïåðàöèé â ïîëå
GF (q).

�

:::::::::::::
Ñëåäñòâèå. Ïîëå Ãàëóà GF (q) õàðàêòåðèñòèêè p êàê
âåêòîðíîå ïðîñòðàíñòâî ñîñòîèò èç pn ýëåìåíòîâ:
q = pn.

Ïðåäñòàâëåíèå ýëåìåíòîâ êîíå÷íûõ ïîëåé. Ïî-
ëå Fnp ñ ýëåìåíòàìè Mp,n(x) =

=
{
b0 + b1x+ . . .+ bn−1x

n−1 | b0, b1, . . . , bn−1 ∈ Fp
}
,

ìîæíî ðàññìàòðèâàòü êàê

1) ôàêòîð-êîëüöî Fp[x]/
(
a(x)

)
âû÷åòîâ Fp[x] ïî

èäåàëó íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà

a(x) = a0 + a1x+ . . .+ anx
n, a0, a1, . . . , an ∈ Fp

èëè êàê

2) n-ìåðíîå êîîðäèíàòíîå ïðîñòðàíñòâî íàä Fp:〈
Mp,n(x), Fp; +, ·

〉
(âñå îïåðàöèè � ïî mod p ) è â îáîèõ ñëó÷àÿõ ìîæíî
îïðåäåëèòü îïåðàöèþ äåëåíèÿ íà íåíóëåâîé ýëåìåíò.

::::::::::
Òåîðåìà 2.3. Áàçèñ Fnp îáðàçóþò ýëåìåíòû

1, x, . . . , xn−1.
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Äîêàçàòåëüñòâî. 1. Ëþáîé ýëåìåíò Fnp ïðåäñòàâèì â
âèäå ëèíåéíîé êîìáèíàöèè óêàçàííûõ âåêòîðîâ:

b0 + b1x+ . . .+ bn−1xn−1 = b01 + b1x+ . . .+ bn−1xn−1

2. Ïóñòü

c(x) = c01 + c1x+ . . .+ cn−1xn−1 = 0.

Ýòî îçíà÷àåò, ÷òî ìíîãî÷ëåí c(x) ñòåïåíè n−1 äåëèò-
ñÿ íà íåêîòîðûé ìíîãî÷ëåí n-é ñòåïåíè, ÷òî âîçìîæ-
íî ëèøü ïðè c0 = c1 = . . . = cn−1 = 0, ò.å. ñèñòåìà{
1, x, . . . , xn−1

}
ëèíåéíî íåçàâèñèìà. �

Çàìå÷àíèå. Ïîñòðîåíèå ïîëÿ ñ ïîìîùüþ âû÷åòîâ ïî ìî-
äóëþ íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà è àíàëîãè
äîêàçàííûõ òåîðåì ñïðàâåäëèâû íå òîëüêî â ñëó÷àå êî-
íå÷íûõ ïîëåé.

Íàïðèìåð:

1) ðàññìîòðèì ïîëå äåéñòâèòåëüíûõ ÷èñåë R è êîëü-
öî ìíîãî÷ëåíîâ R[x] íàä íèì;

2) â R[x] âîçüì¼ì íåïðèâîäèìûé ìíîãî÷ëåí x2 + 1;

3) ïîñòðîèì ïîëå F êàê ôàêòîð-êîëüöî:
F = R[x]/

(
x2 + 1

)
;

4) F òàêæå è âåêòîðíîå ïðîñòðàíñòâî íàä R; åãî áà-
çèñ �

{
1, x

}
è êàæäûé åãî ýëåìåíò z ∈ F ìîæ-

íî ïðåäñòàâèòü â âèäå z = a1 + bx, a, b ∈ R;
5) ïîëå F èçîìîðôíî ïîëþ êîìïëåêñíûõ ÷èñåë

C =
{
a+ ib | a, b ∈ R, i2 = −1

}
,

èçîìîðôèçì çàäà¼òñÿ ñîîòâåòñòâèåì
1 7→ 1, x 7→ i.
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::::::::
Ëåììà 2.2. Ïîëå Fnp ñîäåðæèò ïîäïîëå Fkp i� k | n.

Äîêàçàòåëüñòâî. Åñëè ïîëå k1 ñîäåðæèòñÿ â ïîëå
(k1 ⊂ k2), òî ýëåìåíòû k2 ìîæíî óìíîæàòü íà ýëå-
ìåíòû èç k1, à ðåçóëüòàòû ñêëàäûâàòü.

Ïîýòîìó ïîëå k2 ÿâëÿåòñÿ âåêòîðíûì ïðîñòðàí-
ñòâîì íàä ïîëåì k1 íåêîòîðîé ðàçìåðíîñòè d� çíà÷èò,
â í¼ì |k1|d ýëåìåíòîâ.

Íàø ñëó÷àé: pn = (pk)d, ÷òî è îçíà÷àåò k | n.
Îáðàòíîå ñëåäóåò èç ñóùåñòâîâàíèÿ è åäèíñòâåííî-

ñòè (ñ òî÷íîñòüþ äî èçîìîðôèçìà) ïîëåé Ãàëóà. �

ßñíî, ÷òî Fp � âñåãäà ïîäïîëå Fnp (ñëó÷àé k = 1).

Íàèáîëåå óïîòðåáèìû äâà ïðåäñòàâëåíèÿ ýëåìåíòîâ êî-
íå÷íîãî ïîëÿ F = Fnp :

âåêòîðíîå � êàæäûé ýëåìåíò F çàïèñûâàåòñÿ êàê

âåêòîð â áàçèñå
{
1, x1, x2, . . . , xn−1

}
;

ñòåïåííîå � êàæäûé íåíóëåâîé ýëåìåíò F çàïèñû-
âàåòñÿ êàê íåêîòîðàÿ ñòåïåíü ãåíåðàòîðà ìóëüòè-
ïëèêàòèâíîé ãðóïïû F ∗.

Êñòàòè, ÷òî òàêîå x ?
Â ïîëå Fnp = Fp[x]/

(
a(x)

)
� x åñòü ñîâîêóïíîñòü âñåõ ìíîãî÷ëåíîâ èç Fp[x],
äàþùèõ ïðè äåëåíèè íà a(x) îñòàòîê x;

� x = (0, 1, 0, . . . , 0) ∈ (Fp )
n.

Â äàëüíåéøåì, êàê ïðèíÿòî, âìåñòî x îáû÷íî ïèøåì
ïðîñòî x.
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Çàìå÷àíèå. Ïåðåõîä îò ñòåïåííîãî ïðåäñòàâëåíèÿ ê âåê-
òîðíîìó äîñòàòî÷íî ïðîñò, à îáðàòíûé ïåðåõîä � î÷åíü
ñëîæåí, ò.ê. ñâÿçàí ñ âû÷èñëåíèåì äèñêðåòíîãî ëîãà-
ðèôìà (íàòóðàëüíîãî z â ðàâåíñòâå αz = b).

Íà ñëîæíîñòè ýòîé çàäà÷è (èçâåñòíû íå áîëåå, ÷åì
ñóáýêñïîíåíöèàëüíûå àëãîðèòìû å¼ ðåøåíèÿ) áàçèðó-
þòñÿ ìåòîäû êðèïòîãðàôèè ñ îòðûòûì êëþ÷îì.

2.4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì

ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí. Ðàññìîòðèì ýëåìåíò
β êîíå÷íîãî ïîëÿ è áóäåì èíòåðåñîâàòüñÿ ìíîãî÷ëåíà-
ìè, äëÿ êîòîðûõ îí ÿâëÿåòñÿ êîðíåì.

Îïðåäåëåíèå 2.2. Ìèíèìàëüíûì ìíîãî÷ëåíîì (ì.ì.)
ýëåìåíòà β ∈ GF (pn) íàçûâàåòñÿ ïðèâåä¼ííûé ìíîãî-
÷ëåí mβ(x) ∈ Fp[x] íàèìåíüøåé ñòåïåíè, äëÿ êîòîðîãî
β ÿâëÿåòñÿ êîðíåì.

Äîêàæåì äàëåå, ÷òî ì.ì. äëÿ êàæäîãî ýëåìåíòà β:

1) ñóùåñòâóåò,
2) åäèíñòâåíåí,
3) íåïðèâîäèì.

Ñðàçó çàìåòèì, ÷òî ìèíèìàëüíûé ìíîãî÷ëåí ìîæ-
íî ïîëó÷èòü èç íåïðèâîäèìîãî.
Ðàññìîòðèì ïîëå F = Fp[x]/

(
a(x)

)
, ïîðîæäàåìîå

íåïðèâîäèìûì ìíîãî÷ëåíîì

a(x) = a0 + a1x+ . . .+ anx
n
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è óáåäèìñÿ, ÷òî ìíîãî÷ëåí a−1n a(x) � ìèíèìàëüíûé
äëÿ ýëåìåíòà x = ( 0, 1, 0, . . . , 0 ) ∈ F .

ßñíî, ÷òî

x2 = x2 = (0, 0, 1, 0, . . . , 0), . . . , xn−1 = (0, . . . , 0, 1)

Äàëåå, ñ îäíîé ñòîðîíû x � êîðåíü a(x), ò.ê.

a0 + a1x+ . . .+ an(x)
n = a0 + a1x+ . . .+ anxn = 0,

à çíà÷èò è a−1n a(x).
Ñ äðóãîé �

åñëè ∃ b(x) = b0 + b1x+ . . .+ bn−1(x)
n−1 = 0,

òî b01 + b1x+ . . .+ bn−1xn−1 = 0,

ò.å. èìååì ëèíåéíóþ çàâèñèìîñòü ìåæäó ýëåìåíòàìè{
1, x, . . . , xn−1

}
� áàçèñà ïîëÿ F êàê âåêòîðíî-

ãî ïðîñòðàíñòâà íàä Fp, ÷òî âîçìîæíî òîëüêî ïðè
b0 = b1 = . . . = bn−1 = 0.

Ïðèìèòèâíûå ìíîãî÷ëåíû

Ïðèìåðû 2.2.

1. Ìíîãî÷ëåí a(x) = x3+x+1 íåïðèâîäèì â F2[x],
ñëåäîâàòåëüíî F = F2[x]/(a(x)) � ïîëå è ïî äî-
êàçàííîìó ðàíåå a(x) � ìèíèìàëüíûé ìíîãî÷ëåí
äëÿ x.

Ïðèìèòèâåí ëè ýòîò ýëåìåíò x ∈ F ∗?

Ïðîâåðÿåì, ÷òî â F = GF (23) a(x)6 | (xt−1) ïðè
t = 3, 4, 5, 6 (à äåëèìîñòü x7 − 1 íà a(x) âñåãäà
áóäåò èìåòü ìåñòî: x7+1 = (x3+x+1)(x4+x2+
x+ 1)).
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Ýòî îçíà÷àåò, ÷òî x� ïðèìèòèâíûé ýëåìåíò ïîëÿ
F ⇔ ãåíåðàòîð F ∗ ⇔ ordx = 7.

2. Ìíîãî÷ëåí a(x) = x4 + x3 + x2 + x + 1 íåïðè-
âîäèì â F2[x], ñëåäîâàòåëüíî F = F2[x]/(a(x)) �
ïîëå è ïî äîêàçàííîìó ðàíåå a(x) � ìèíèìàëü-
íûé ìíîãî÷ëåí äëÿ x.

Ïðèìèòèâåí ëè ýëåìåíò x?

Èìååì â F = GF (24):

a(x) | (x5−1) : x5+1 = (x4+x3+x2+x+1)(x+1).

Èëè: |F ∗| = 15 = 3 · 5, x3 6= 1, íî

x5 = x · x4 = x · (x3 + x2 + x+ 1) = 1.

Ýòî îçíà÷àåò, ÷òî x � íå åñòü ïðèìèòèâíûé ìíî-
ãî÷ëåí è x� íå ãåíåðàòîð F ∗, ò.ê. ordx = 5 6= 15.

Îïðåäåëåíèå 2.3 (ýêâèâàëåíòíîå äàííîìó ðàíåå). Ìèíè-
ìàëüíûé ìíîãî÷ëåí ïðèìèòèâíîãî ýëåìåíòà ïîëÿ íàçû-
âàåòñÿ ïðèìèòèâíûì ìíîãî÷ëåíîì.

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ

::::::::::::::::
Óòâåðæäåíèå 2.5. Ìèíèìàëüíûå ìíîãî÷ëåíû íåïðèâî-
äèìû.

Äîêàçàòåëüñòâî. Ïóñòü mβ(x) � ì.ì. ñòåïåíè m äëÿ β
è mβ(x) = m1(x) ·m2(x).

Òîãäà

mβ(β) = 0 ⇒
[
m1(β) = 0
m2(β) = 0

,

íî ñòåïåíè ìíîãî÷ëåíîâ m1(x) è m2(x) ìåíüøå m, è
ïîýòîìó β íå ìîæåò áûòü èõ êîðíåì. �
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Ðèñ. 2.1. Ñîîòíîøåíèå ìíîæåñòâ íåïðèâîäèìûõ, ìèíè-
ìàëüíûõ è ïðèìèòèâíûõ ìíîãî÷ëåíîâ

::::::::::::::::
Óòâåðæäåíèå 2.6. Ïóñòü â íåêîòîðîì ïîëå Ãàëóà
mβ(x) � ì.ì. äëÿ ýëåìåíòà β, à f(x) � ìíîãî÷ëåí
òàêîé, ÷òî f(β) = 0. Òîãäà f(x) äåëèòñÿ íà mβ(x).

Äîêàçàòåëüñòâî. Ðàçäåëèì f(x) íà mβ(x) ñ îñòàòêîì:

f(x) = u(x) ·mβ(x) + v(x), 0 6 deg v < degmβ(x).

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî β âìåñòî x, ïîëó÷àåì

0 = f(β) = u(β)mβ(β)︸ ︷︷ ︸
=0

+v(β) = v(β) ,

ò.å. β � êîðåíü v(x), ÷òî ïðîòèâîðå÷èò ìèíèìàëüíîñòè
mβ(x) è ïîýòîìó v(x) ≡ 0. �
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:::::::::::::
Ñëåäñòâèå. Äëÿ êàæäîãî ýëåìåíòà ïîëÿ ñóùåñòâóåò
íå áîëåå îäíîãî ì.ì.

Äîêàçàòåëüñòâî. Ïóñòü ìèíèìàëüíûõ ìíîãî÷ëåíîâ äâà.
Îíè âçàèìíî äåëÿò äðóã äðóãà, à çíà÷èò, ðàçëè÷àþòñÿ
íà îáðàòèìûé ìíîæèòåëü-êîíñòàíòó.

Ïîñêîëüêó ìèíèìàëüíûé ìíîãî÷ëåí íîðìèðîâàí,
ýòà êîíñòàíòà ðàâíà 1, ò.å. äàííûå ìíîãî÷ëåíû ñîâïà-
äàþò. �

::::::::::::::::
Óòâåðæäåíèå 2.7. Äëÿ êàæäîãî ýëåìåíòà β ïîëÿ Fnp
ñóùåñòâóåò ì.ì. mβ(x) è åãî ñòåïåíü íå ïðåâîñõî-
äèò n: degmβ(x) 6 n.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëåäóþùèå ýëåìåíòû ïîëÿ
Fnp : 1, β, β

2, . . . , βn � èõ n+1 øòóê, à ðàçìåðíîñòü Fnp
êàê âåêòîðíîãî ïðîñòðàíñòâà ðàâíà n ⇒ ýòè ýëåìåíòû
ëèíåéíî çàâèñèìû, ò.å. ñóùåñòâóþò òàêèå íå âñå ðàâíûå
0 êîýôôèöèåíòû c0, . . . , cn, ÷òî

c01 + c1β + . . .+ cnβ
n = 0,

⇒ β � êîðåíü ìíîãî÷ëåíà f(x) = c0+ c1x+ . . .+ cnx
n.

Ìèíèìàëüíûì ìíîãî÷ëåíîì äëÿ β áóäåò íåêîòîðûé
íîðìèðîâàííûé íåïðèâîäèìûé äåëèòåëü f(x). �

Äàëåå áóäóò äîêàçàíû åù¼ äâà ñâîéñòâà ì.ì. mβ(x)
ýëåìåíòà β ïîëÿ Fnp :

1. mβ(x) |
(
xp

n − x
)
.

2. Ìíîãî÷ëåí mβ(x) � ìèíèìàëüíûé äëÿ{
β, βp, βp

2

, . . . , βp
degmβ(x)−1

}
� ñîïðÿæ¼ííûõ

ñ β ýëåìåíòîâ Fnp .
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Ñâîéñòâà ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì
Ïîëå ðàçëîæåíèÿ ìíîãî÷ëåíà f(x) ∈ Fp[x] � íàè-

ìåíüøåå Fnp , n = min ðàñøèðåíèå ïîëÿ Fp, íàä êîòî-
ðûì f(x) ðàçëàãàåòñÿ â ïðîèçâåäåíèå ëèíåéíûõ ìíî-
æèòåëåé.

::::::::::
Òåîðåìà 2.4 (î ïîëå ðàçëîæåíèÿ). Ëþáîé íåíóëåâîé ýëå-
ìåíò ïîëÿ F = Fnp ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà

xp
n−1 − 1:

xp
n−1 − 1 = (x− β1) · . . . · (x− βpn−1)

ãäå
{
β1, . . . , βpn−1

}
= F ∗, ò.å. F � ïîëå ðàçëîæåíèÿ

äàííîãî ìíîãî÷ëåíà.

Äîêàçàòåëüñòâî. F ∗ � öèêëè÷åñêàÿ ãðóïïà ïî óìíîæå-
íèþ ïîðÿäêà pn − 1.

Ïîðÿäîê ordα ëþáîãî å¼ ýëåìåíòà (= ïîðÿäîê öèê-
ëè÷åñêîé ïîäãðóïïû 〈α〉 � ïî òåîðåìå Ëàãðàíæà) äå-
ëèò ïîðÿäîê ãðóïïû.

Ïîýòîìó pn − 1 = q · ordα è

αp
n−1 − 1 = αq ordα − 1 = (αordα)q − 1 = 1q − 1 = 0,

ò.å. α � êîðåíü xp
n−1 − 1. �

:::::::::::::
Ñëåäñòâèå (òåîðåìà Ôåðìà). Âñå ýëåìåíòû ïîëÿ Fnp , íå

èñêëþ÷àÿ íóëÿ, ÿâëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà xp
n−x.

Äîêàçàòåëüñòâî. Âûíåñåì x çà ñêîáêó:

xp
n − x = x

(
xp

n−1 − 1
)
.

Ó âòîðîãî ñîìíîæèòåëÿ êîðíÿìè áóäóò âñå íåíóëåâûå
ýëåìåíòû ïîëÿ, à ó ïåðâîãî � 0. �

Èíûìè ñëîâàìè, Fnp � ïîëå ðàçëîæåíèÿ ìíîãî÷ëåíà

xp
n − x.



2.4. (III ïîòîê) 59

::::::::::
Òåîðåìà 2.5. Â êîëüöå ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì

(xn − 1)
... (xm − 1) ⇔ n

... m.

Äîêàçàòåëüñòâî.

� Ïóñòü n = mk. Ñäåëàåì çàìåíó xm = y, òîãäà
xn − 1 = yk − 1 è xm − 1 = y − 1.
Äåëèìîñòü î÷åâèäíà, ò.ê. 1 � êîðåíü yk − 1.

� Ïðåäïîëîæèì, ÷òî n 6
... m, ò.å. n = km + r,

0 < r < m, òîãäà

xn − 1 =
xr(xmk − 1)(xm − 1)

xm − 1
+ xr − 1 =

=
xr(xmk − 1)

xm − 1
(xm − 1) + xr − 1.

Ïîñëåäíåå âûðàæåíèå çàäàåò ðåçóëüòàò äåëåíèÿ
xn−1 íà xm−1 ñ îñòàòêîì, ïîñêîëüêó xmk−1 äåëèò-
ñÿ íà xm − 1 ïî äîêàçàííîìó âûøå.
Îñòàòîê xr − 1 6= 0 â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé.
Ñëåäîâàòåëüíî xn − 1 íå äåëèòñÿ íà xm − 1. �

Òåîðåìà äà¼ò âîçìîæíîñòü ðàñêëàäûâàòü ìíîãî÷ëå-
íû xn − 1 ïðè ñîñòàâíûõ n.

Ïðèìåð 2.10. Ìíîãî÷ëåí x15+1 ∈ F2[x] (ãäå −1 = +1)
äîëæåí äåëèòüñÿ íà x3 + 1 è x5 + 1.

Äåéñòâèòåëüíî,

x15 + 1 = (x3 + 1)(x12 + x9 + x6 + x3 + 1) =

= (x5 + 1)(x10 + x5 + 1).
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::::::::::
Òåîðåìà 2.6. Âñå íåïðèâîäèìûå ìíîãî÷ëåíû n-é ñòå-
ïåíè èç Fp[x] äåëÿò ìíîãî÷ëåí xp

n − x.

Äîêàçàòåëüñòâî.

n = 1. Óáåæäàåìñÿ, ÷òî (x − a) | (xp − x), ãäå a ∈ Fp:
ïîñêîëüêó ap = a, îáà äàííûõ ìíîãî÷ëåíà èìåþò
êîðåíü a.

n > 1. Âûáèðàåì íåïðèâîäèìûé íîðìèðîâàííûé ìíîãî-
÷ëåíó f(x) ñòåïåíè n èç Fp[n] (ïîêà íå äîêàçà-
íî!1) è ñòðîèì ïîëå Fp[x]/

(
f(x)

)
.

Â í¼ì x � êîðåíü è ñâîåãî ì.ì. f(x), è xp
n−1− 1.

Ïî ñâîéñòâàì ì.ì. xp
n−1 − 1 äåëèòñÿ íà f(x).

�

Ïðèìåð 2.11 (ïðîäîëæåíèå Ïðèìåðà 2.10). Ïðîäîëæàåì
ðàçëîæåíèå x15 + 1 ∈ F2[x].

Ïîñêîëüêó 15 = 24−1, âñå íåïðèâîäèìûå ìíîãî÷ëå-
íû 4-é ñòåïåíè áóäóò äåëèòåëÿìè x16 − x è, ñëåäîâà-
òåëüíî, x15 + 1. Òàêèõ ìíîãî÷ëåíîâ 3:

x4 + x+ 1, x4 + x3 + 1 è x4 + x3 + x2 + x+ 1.

Èìååì

x15+1 = (x3+1)(x4+x+1)(x4+x3+1)(x4+x3+x2+x+1).

Çàìå÷àåì, ÷òî 3 = 22− 1, è ïîýòîìó âñå íåïðèâîäè-
ìûå ìíîãî÷ëåíû 2-é ñòåïåíè áóäóò äåëèòåëÿìè x4− x
è, ñëåäîâàòåëüíî, x3+1. Òàêîé ìíîãî÷ëåí òîëüêî îäèí:
x2 + x+ 1.

Îêîí÷àòåëüíî ïîëó÷àåì ðàçëîæåíèå x15+1 íà íåðàç-
ëîæèìûå íàä F2 ìíîãî÷ëåíû:

1Òåîðåìà 2.1



2.4. (III ïîòîê) 61

x15 + 1 = (x+ 1)(x2 + x+ 1)×
× (x4 + x+ 1)(x4 + x3 + 1)(x4 + x3 + x2 + x+ 1).

::::::::::
Òåîðåìà 2.7. Ëþáîé íåïðèâîäèìûé äåëÿùèé xp

n − x
ìíîãî÷ëåí èìååò ñòåïåíü, íå ïðåâîñõîäÿùóþ n.

Äîêàçàòåëüñòâî. Ïóñòü ϕ � íåïðèâîäèìûé äåëèòåëü
xp

n − x ñòåïåíè k.

Òîãäà F
def
= Fp/(ϕ) � ïîëå, êîòîðîå ðàññìîò-

ðèì êàê âåêòîðíîå ïðîñòðàíñòâî íàä Fp ñ áàçèñîì{
1, x, . . . , xk−1

}
.

Îáîçíà÷èì x = α. Ïîñêîëüêó (xp
n − x)

... ϕ, òî â F
èìååì αp

n − α = 0.
Ëþáîé ýëåìåíò F âûðàæàåòñÿ ÷åðåç áàçèñ:

β =
k−1∑
i=0

aiα
i.

Âîçâåäÿ îáå ÷àñòè ýòîãî ðàâåíñòâà â ñòåïåíü pn, ïîëó-
÷èì

βp
n

=

(
k−1∑
i=0

aiα
i

)pn

=
k−1∑
i=0

aiα
i = β,

ò.å. β � êîðåíü óðàâíåíèÿ

xp
n − x = 0 (∗)

Èòàê, êàæäûé ýëåìåíò ïîëÿ F ÿâëÿåòñÿ êîðíåì (∗),
íî ó (∗) íå áîëåå pn ðàçëè÷íûõ êîðíåé, à |F | = pk;
ïîýòîìó n > k. �
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Èòàê, âîïðîñ: êàêèå íåïðèâîäèìûå ìíîãî÷ëåíû
f(x) ∈ F[x] äåëÿò xp

n − x?
Îòâåò: ëèáî (1) ëþáîé � ñòåïåíè n, ëèáî (2) íåêîòî-
ðûé � ñòåïåíè < n è (3) äðóãèõ íåò.

Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò íàõîäèòü âñå êîðíè
ìíîãî÷ëåíà, åñëè èçâåñòåí êàêîé-ëèáî êîðåíü èçâåñòåí:
äîñòàòî÷íî âîçâîäèòü åãî ïîñëåäîâàòåëüíî â ñòåïåíè p.

::::::::::
Òåîðåìà 2.8 (ñâîéñòâî êîðíåé íåïðèâîäèìîãî ìíî-
ãî÷ëåíà). Åñëè β � êîðåíü íåïðèâîäèìîãî ìíîãî-
÷ëåíà f(x) ñòåïåíè n èç Fp[x], òî ýëåìåíòû

β, βp, βp
2

, . . . , βp
n−1

èñ÷åðïûâàþò ñïèñîê âñåõ n åãî
êîðíåé.

Äîêàçàòåëüñòâî. 1. Ïîêàæåì, ÷òî åñëè β � êîðåíü
f(x), òî βp � òîæå êîðåíü.

Ïîñêîëüêó ap = a äëÿ âñåõ a ∈ Fp, òî ñïðàâåäëèâî(
a0 + a1x+ . . .+ akx

k
)p

=

= ap0 + ap1x
p + ap2x

2p + . . .+ apkx
kp =

= a0 + a1(x
p) + a2(x

p)2 + . . .+ ak(x
p)k,

ò.å. äëÿ ëþáîãî ìíîãî÷ëåíà ϕ(x) ∈ Fp[x] âûïîëíÿåòñÿ
ðàâåíñòâî (

ϕ(x)
)p

= ϕ(xp). (∗)
Îòñþäà f(β) = 0 ⇔ f(β)p = 0 ⇔ f(βp) = 0 è

β, βp, . . . , βp
n−1

� êîðíè ìíîãî÷ëåíà f(x).

2. Îñòàëîñü äîêàçàòü, ÷òî âñå β, βp, . . . , βp
n−1

ðàç-
ëè÷íû, è òîãäà (ìíîãî÷ëåí ñòåïåíè n èìååò íå áîëåå
n êîðíåé) ìîæíî óòâåðæäàòü, ÷òî íàéäåíû âñå êîðíè
ìíîãî÷ëåíà f(x).
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Ïðåäïîëîæèì, ÷òî βp
l

= βp
k

, ñ÷èòàÿ l 6 k. Äàëåå,
ïîñêîëüêó

β = βp
n

= βp
k·pn−k =

(
βp

k
)pn−k

=
(
βp

l
)pn−k

= βp
n−k+l

,

òî β � êîðåíü óðàâíåíèÿ xp
n−k+l−1 − 1 = 0.

Ïî Òåîðåìå 2.6 ïîëó÷àåì n − k + l > n ⇒ l > k,
ò.å. l = k è âñå âûøåîïèñàííûå êîðíè ðàçëè÷íû. �

Êîðíè β, βp, βp
2

, . . . , βp
n−1

íåïðèâîäèìîãî ìíîãî-
÷ëåíà f(x) ñòåïåíè n íàçûâàþò ñîïðÿæ¼ííûìè è ÿñ-
íî, ÷òî îíè ëåæàò â ïîëå Fp[x]/

(
f(x)

)
.

Íàõîæäåíèå êîðíåé íåïðèâîäèìîãî ìíîãî÷ëåíà

Ïðèìåðû 2.3. 1. Íàéòè êîðíè íåïðèâîäèìîãî íàä F2

ìíîãî÷ëåíà
f(x) = x4 + x3 + 1.

Ðåøåíèå. Îäèí êîðåíü ïîëó÷àåì íåìåäëåííî: ýòî x.
Ïî òîëüêî ÷òî äîêàçàííîé òåîðåìå ìîæíî âûïèñàòü

îñòàëüíûå êîðíè â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + 1, x8 = x6 + 1 = x3 + x2 + x.

Ïîêàæåì, ÷òî, íàïðèìåð, x2 � äåéñòâèòåëüíî êî-
ðåíü f(x): ïîñêîëüêó f(x2) = x4+x3+1

∣∣
x 7→x2

= x8+

x6 + 1 è x8 = x6 + 1, òî f(x2) = 0.

2. Ðåøèòü óðàâíåíèå

f(x) = x4 + x3 + x2 + x+ 1 = 0, f(x) ∈ F2[x].
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Ðåøåíèå. Óáåæäàåìñÿ, ÷òî ìíîãî÷ëåí f(x) íåïðèâî-
äèì â F2[x]. Ïîýòîìó îäèí åãî êîðåíü � x, è ïî äîêàçàí-
íîé òåîðåìå âûïèñûâàåì îñòàëüíûå â ïîëå F2[x]/(f(x)):

x2, x4 = x3 + x2 + x+ 1, x8 = x6+x4+x2+1 = . . . = x3.

Ïîêàæèòå ñàìîñòîÿòåëüíî, ÷òî x3 � äåéñòâèòåëüíî êî-
ðåíü f(x), ò.å. ÷òî

f(x3) = x12 + x9 + x6 + x3 + 1 = 0.

3. Ðåøèòü óðàâíåíèå

f(x) = x2 + 2x− 1 = 0, ãäå f(x) ∈ F3[x].

Ðåøåíèå. Ïåðåáîðîì ýëåìåíòîâ x ∈ F3 = { 0, 1, 2 }
óáåæäàåìñÿ f(x) � íåïðèâîäèìûé ìíîãî÷ëåí.
Íî òîãäà â ïîëå F3[x]/

(
x2 + 2x+ 2

)
îí èìååò êîðíè x

è x3.

Ïîñêîëüêó x2 = −2x+ 1 = x+ 1, òî

x3 = x2 + x = 2x+ 1.

Óáåäèìñÿ, ÷òî 2x+ 1 � êîðåíü f(x):

f(x2 + x) = (2x+ 1)2 + x+ 1 =

= x2 + x+ 1 + x+ 1 = 3 · (x+ 1) = 0.

Îòâåò: ìíîãî÷ëåí f(x) = x2 + 2x − 1 ∈ F3[x] èìååò
êîðíè x è 2x+ 1 â ïîëå F3[x]/

(
x2 + 2x+ 2

)
.
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Àëãîðèòì íàõîæäåíèÿ âñåõ êîðíåé ìíîãî÷ëåíà
f(x) ∈ Fp[x].

1. Ðàçëîæèòü f(x) íà íåïðèâîäèìûå ïðîèçâåäå-
íèå íåïðèâîäèìûõ ìíîãî÷ëåíîâ:

f(x) = g1(x) · g2(x) · . . . · gk(x).

2. Äëÿ êàæäîãî ìíîãî÷ëåíà gi(x), i = 1, k ðàñ-
ñìîòðåòü ðàñøèðåíèå Fp[x]/

(
gi(x)

)
, â êîòîðîì

îí áóäåò èìåòü deg gi êîðíåé

α, αp, αp
2

, . . . , αp
deg gi−1

.

3. Îáúåäèíèòü âñå êîðíè â îäíîì îáùåì ðàñøèðå-
íèè Fnp , ãäå n = HOK (n1, . . . , nk ).

Ïðèìåðû 2.4. 1. Ðåøèòü óðàâíåíèå

f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå f(x) ∈ F5[x].

Ðåøåíèå. Âû÷èñëÿåì çíà÷åíèÿ f(x) äëÿ âñåõ
x ∈ F5 = { 0, 1, 2, 3, 4 }: f(0) = 4, f(1) = 1,
f(2) = 0 è ò.î. x = 2 � êîðåíü f(x).

Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x − 2 = x + 3,
ïîëó÷èì 2x4+x3+4x2+4 = (x+3) · (2x3+4x+3).

Äëÿ óäîáñòâà íîðìèðóåì ÷àñòíîå 2x3 + 4x+ 3 : ò.ê.
2−1 = 3, òî âìåñòî óðàâíåíèÿ 2x3 + 4x + 3 = 0 ìîæíî
ðåøàòü óðàâíåíèå

f2(x) = 3 · (2x3 + 4x+ 3) = x3 + 2x+ 4 = 0.

Ïåðåáîðîì ýëåìåíòîâ x ∈ F5 �
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f(0) = 4, f(1) = 2, f(2) = 1, f(3) = 2, f(4) = 1,

óáåæäàåìñÿ, ÷òî f2(x) = x3 + 2x+ 4 � íåïðèâîäèìûé
ìíîãî÷ëåí2.

Â ïîëå F5[x]/
(
x3 + 2x+ 4

)
êîðíÿìè ìíîãî÷ëåíà

f2(x) = 0 áóäóò x, x5, x25.

Âû÷èñëÿåì � ñ ó÷¼òîì x3 = −2x− 4 = 3x+ 1:

x5 = x2(3x+ 1) = 3x3 + x2 = 4x+ 3 + x2 =

= x2 + 4x+ 3;

x25 =
(
x5
)5

=
(
x2 + 4x+ 3

)5
= x10 + 45x5 + 35 =

= x10 + 4(x2 + 4x+ 3) + 3 = x10 + 4x2 + x.

(ïîñêîëüêó 45 = 210 = 1024 è 35 = 81 · 3 = 243).
Íàéä¼ì îòäåëüíî x10:

x10 =
(
x5
)2

=
(
x2 + 4x+ 3

)2
=

= x4 + x2 + 32 + 3x3 + 4x+ x2 =

= x4 + 3x3 + 2x2 + 4x+ 4 =

= 63x2+ 6x+ 64x+ 3+ 62x2 + 4x+ 4 = 4x+ 2.

Ïðîäîëæàåì:

x25 = x10 + 4x2 + x = 64x+ 2 + 4x2+ 6x = 4x2 + 2.

Îòâåò: óðàâíåíèå f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå
f(x) ∈ F5[x] èìååò êîðíè 2, x, x2+4x+3, 4x2+2 â ïîëå
F = F5[x]/

(
x3 + 2x+ 4

)
(ïîñêîëüêó êîðåíü 2 ∈ F ).

2. Ðåøèòü óðàâíåíèå

f(x) = x8 + x4 + x2 + x+ 1 = 0, ãäå f(x) ∈ F2[x].

2à åñëè áû ýòî áûë ìíîãî÷ëåí 4-é ñòåïåíè?
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Ðåøåíèå. Â òàáëèöàõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ äàí-
íûé ìíîãî÷ëåí îòñóòñòâóåò.

Ïîäáîðîì íàõîäèì, ÷òî f(x) ðàçëàãàåòñÿ â ïðîèç-
âåäåíèå äâóõ íåïðèâîäèìûõ íàä F2 ìíîãî÷ëåíîâ:

x8+x4+x2+x+1 = (x4 + x3 + 1)︸ ︷︷ ︸
f1(x)

· (x4 + x3 + x2 + x+ 1)︸ ︷︷ ︸
f2(x)

.

Óðàâíåíèÿ f1(x) = 0 è f2(x) = 0 ðàíåå áûëè ðåøå-
íû: èõ êîðíè ñîîòâåòñòâåííî ñóòü

x, x2, x3+1, x3+x2+x â ïîëå F1 = F2[x]/
(
x4 + x3 + 1

)
è

x, x2, x3, x3 + x2 + x+ 1

â ïîëå F2 = F2[x]/
(
x4 + x3 + x2 + x+ 1

)
.

Ñòåïåíè îáîèõ ðàñøèðåíèé ïîëÿ GF (2) ñîâïàäàþò
(=4) è ïîëÿ F1 è F2 èçìîðôíû (ïîêà íå äîêàçàíî!),
ò.î. âñå 8 êîðíåé óðàâíåíèÿ f(x) = 0 ëåæàò â ïîëå
GF (24).

Äëÿ çàïèñè äàííûõ êîðíåé âûáåðåì ïðåäñòàâëåíèå
F1 ïîëÿ GF (24). Òîãäà çàïèñü êîðíåé f1(x) = 0 îñòà-
íåòñÿ áåç èçìåíåíèé, à êîðíè f2(x) = 0 íàäî ïðåäñòà-
âèòü êàê ýëåìåíòû F1.

Ïðèðàâíèâàÿ ìíîãî÷ëåíû, ïîðîæäàþùèå äàííûå
ïîëÿ, ïîëó÷èì

x4+x3+1 = x4+x3+x2+x+1 ⇒ x2+x = x(x+1) = 0.

ßñíî, ÷òî ïðè ïîäñòàíîâêå x 7→ x + 1 ïîëó÷åí-
íîå ðàâåíñòâî îñòàíåòñÿ ñïðàâåäëèâûì. Ïðèìåíèì äàí-
íóþ ïîñòàíîâêó äëÿ èçîìîðôíîãî ïðåîáðàçîâàíèÿ ïî-
ëåé F1 ↔ F2.
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Íàõîäèì ïðåäñòàâëåíèÿ êîðíåé ìíîãî÷ëåíà f2(x) â
ïîëå F1:

x 7→ x+ 1,

x2 7→ (x+ 1)2 = x2 + 1,

x3 7→ (x+ 1)3 = x3 + x2 + x+ 1,

x3 + x2 + x+ 1 7→ (x3 + x2 + x+ 1) + (x2 + 1)+

+ (x+ 1) + 1 = x3.

Óäîñòîâåðèìñÿ, ÷òî, íàïðèìåð, x2+1� êîðåíü f(x):

f(x2+1) = (x2+1)8+(x2+1)4+(x2+1)2+(x2+1)+1 =

= (x16 + 1) + (x8 + 1) + (x4 + 1) + x2.

Î÷åâèäíî x16 = x, x4 = x3+1 è x8 = (x3+1)2 = x6+1.
Ïîñêîëüêó x5 = x4 + x = x3 + x+ 1, òî
x6 = x4 + x2 + x = x3 + x2 + x+ 1 è x8 = x3 + x2 + x.

Ïîäñòàâëÿÿ â âûðàæåíèå äëÿ f(x2+1) ïîëó÷åííûå
ïîëèíîìèàëüíûå ïðåäñòàâëåíèÿ ñòåïåíåé x, ïîëó÷èì

f(x2 + 1) = (x+ 1) + (x3 + x2 + x+ 1) + x3 + x2 = 0.

Îòâåò: ìíîãî÷ëåí f(x) = x8 + x4 + x2 + x + 1 ∈ F2[x]
èìååò êîðíè x, x2, x2 + 1, x3, x3 + 1, x3 + x2 + x,
x+ 1, x3 + x2 + x+ 1 â ïîëå F2[x]/

(
x4 + x3 + 1

)
.

3. Íàéòè êîðåíü ìíîãî÷ëåíà

f(x) = x4 + 2x+ 2 = 0 ∈ F3[x].

Ðåøåíèå. Âûÿñíèì ñíà÷àëà ðàçëîæèìîñòü f(x).
Ïîñêîëüêó f(0) = f(1) = 2, f(2) = 1, òî f(x) ëèíåé-
íûõ äåëèòåëåé íå èìååò.
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Ïðîâåðèì ñóùåñòâîâàíèå êâàäðàòè÷íûõ äåëèòåëåé:

f(x) = x4 + 2x+ 2 = (x2 + ax+ b)(x2 + cx+ d) =

= x4+ cx3+ dx2x+ax3+acx2+adx+ bx2+ bcx+ bd =

= x4 + (a+ c)x3 + (b+ ac+ d)x2 + (ad+ bc)x+ bd.

Îòñþäà

1) c = −a è êîýôôèöèåíò ïðè x2 åñòü b−a2+d = 0;

2) èç bd = 2 ñëåäóåò, ÷òî ëèáî b = 1 è d = 2, ëèáî
b = 2 è d = 1, ò.å. â ëþáîì ñëó÷àå b+ d = 3 = 0;

3) íî òîãäà èç ï. (1) a2 = 0, ò.å. a = c = 0 è êîýô-
ôèöèåíò ïðè x ðàâåí 0 ⇒ ïðîòèâîðå÷èå.

Ò.î. ïîëèíîì f(x) = x4+2x+2 = 0 íàä F3 íåïðèâîäèì.

Òåïåðü ðàññìîòðèì ïîëå F3[x]/
(
x4 + 2x+ 2

)
.

Â í¼ì f(x) = x4 + 2x+ 2 = 0, ò.å. x4 = x+ 1 = 0, è
êîðíè f(x) ñóòü x, x3, x3

2

, x3
3

.
Âû÷èñëèì x9 è x27:

x9 =
(
x4
)2
x = (x+ 1)2x = x3 + 2x2 + x;

x27 =
(
x9
)3

= (x3 + 2x2 + x)3 = x9 + 2x6 + x3 =

= (x3 + 2x2 + x) + 2x2x4 + x3 =

= x3 + 2x2 + x+ 2x3 + 2x2 + x3 =

= x3 + x2 + x.

Îòâåò: â ïîëå F3[x]/
(
x4 + 2x+ 2

)
óðàâíåíèå

f(x) = x4 + 2x+ 2 = 0

èìååò êîðíè x, x3, x3 + 2x2 + x, x3 + x2 + x.
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4. Ðåøèòü óðàâíåíèå f(x) = x5 + x2 + 1 = 0, ãäå
f(x) ∈ F2[x].

Ðåøåíèå. Ïîñêîëüêó f(0) = f(1) = 1, ïîëèíîì f(x)
ëèíåéíûõ äåëèòåëåé íå èìååò. Êðîìå òîãî, ëåãêî óñòà-
íàâëèâàåòñÿ, ÷òî

x5 + x2 + 1 = (x2 + x+ 1)(x3 + x2) + 1,

ò.å. ïîëèíîì f(x) íå èìååò è (åäèíñòâåííîãî) êâàäðà-
òè÷íîãî íåðàçëîæèìîãî äåëèòåëÿ è, ïîñêîëüêó åãî ñòå-
ïåíü ðàâíà 5, òî îí íåïðèâîäèì.

Ðàññìîòðèì òåïåðü ïîëå F2[x]/
(
x5 + x2 + 1

)
.

Â í¼ì f(x) = x5 + x2 + 1 = 0, ò.å. x5 = x2 + 1 = 0 è
êîðíè f(x) ñóòü x, x2, x2

2

, x2
3

, x2
4

.
Âû÷èñëèì x8 è x16:

x8 = x5x3 = (x2 + 1)x3 = x5 + x3 = x3 + x2 + 1;

x16 =
(
x8
)2

= (x3 + x2 + 1)2 = x6 + x4 + 1 =

= x5x+ x4 + 1 = (x3 + x) + x4 + 1 =

= x4 + x3 + x+ 1.

Îòâåò: â ïîëå F2[x]/
(
x5 + x2 + 1

)
óðàâíåíèå

f(x) = x5 + x2 + 1 = 0

èìååò êîðíè x, x2, x4, x3 + x2 + 1, x4 + x3 + x+ 1.

5. Ðåøèòü óðàâíåíèå f(x) = x2 + x+ 1 = 0, åñëè

(1) f(x) ∈ F2[x]; (2) f(x) ∈ F3[x]; (3) f(x) ∈ F5[x].

Ðåøåíèå. deg f(x) = 2 è ïîýòîìó f(x) èìååò 2 êîðíÿ.

(1) Ïîëèíîì f(x) íåïðèâîäèì íàä F2 ⇒ åãî êîðíè
x è x2.
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(2) Ïîëèíîì f(x) ïðèâîäèì íàä F3:

x2 + x+ 1 = x2 − 2x+ 1 = (x− 1)2,

ïîýòîìó f(x) íàä F3 èìååò êîðåíü 1 ñòåïåíè 2.

(3) Ïîëèíîì f(x) íåïðèâîäèì íàä F5 ⇒ åãî êîðíè
x è x5.

2.5 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü

ïîëÿ GF (pn)

Âû÷èñëåíèÿ â ìóëüòèïëèêàòèâíîé ãðóïïå ðàñ-
øèðåíèÿ ïîëÿ. Ïîñòðîèì ïîëå F4

2. Åãî ìîæíî ïðåä-
ñòàâèòü êàê ôàêòîðêîëüöî F2/

(
a(x)

)
ïî ëþáîìó (ïîêà

íå äîêàçàíî!) èç òðåõ íåïðèâîäèìûõ íàä F2 ìíîãî÷ëå-
íîâ 4-é ñòåïåíè:

x4 + x+ 1, x4 + x3 + 1, x4 + x3 + x2 + x+ 1.

Ñäåëàåì ýòî, âçÿâ ìíîãî÷ëåí a(x) = x4 + x+ 1.

Áóäåì çàäàâàòü ýëåìåíòû F4
2 íàáîðàìè êîýôôèöè-

åíòîâ ìíîãî÷ëåíà-îñòàòêà ïðè äåëåíèè íà a(x), çàïè-
ñûâàÿ èõ â ïîðÿäêå âîçðàñòàíèÿ ñòåïåíåé.

Ïîðîæäàþùèì ÿâëÿåòñÿ ýëåìåíò α = x, êîòîðûé
çàïèñûâàåòñÿ êàê (0, 1, 0, 0).

Âû÷èñëèì ñòåïåíè α, ñâåäÿ ðåçóëüòàòû â òàáëèöó.
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α4 = α + 1 ñòåïåíü α 1 x x2 x3

α (0, 1, 0, 0)
α2 (0, 0, 1, 0)
α3 (0, 0, 0, 1)

1 + α = α4 (1, 1, 0, 0)
α + α2 = α5 (0, 1, 1, 0)
α2 + α3 = α6 (0, 0, 1, 1)

α3 + α + 1 = α3 + α4 = α3α4 = α7 (1, 1, 0, 1)
1 + α2 = α + 1 + α2 + α = α8 (1, 0, 1, 0)

α + α3 = α9 (0, 1, 0, 1)
α2 + 1 + α = α2 + α4 = α10 (1, 1, 1, 0)

α + α2 + α3 = α11 (0, 1, 1, 1)
1 + α + α2 + α3 = α2 + α3 + α4 = α12 (1, 1, 1, 1)
1 + α2 + α3 = α + α2 + α3 + α4 = α13 (1, 0, 1, 1)

1 + α3 = α + α3 + α4 = α14 (1, 0, 0, 1)
1 = α + α4 = α15 (1, 0, 0, 0)

Èìåÿ òàêóþ òàáëèöó, ìîæíî î÷åíü ïðîñòî ïðîèçâî-
äèòü óìíîæåíèå.

Ïðèìåð: (x3 + x+ 1) · (x2 + x+ 1) = ?

1. Ïåðåìíîæèòü, ó÷èòûâàÿ x4 = x+ 1 � ìîæíî, íî
ñëîæíî...

2. Ñ ïîìîùüþ òàáëèöû:

� ïðåäñòàâëÿåì ìíîãî÷ëåíû â âåêòîðíîé ôîð-
ìå è ïî íåé � â âèäå ñòåïåíåé α:

x3 + x+ 1 ←→ (1, 1, 0, 1) ←→ α7,

x2 + x+ 1 ←→ (1, 1, 1, 0) ←→ α10

� ïåðåìíîæàÿ, c ó÷¼òîì α15 = 1, ïîëó÷àåì:

α7α10 = α17 = α2 = x2.
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Òàêèì îáðàçîì: (x3 + x+ 1) · (x2 + x+ 1) = x2.

Íàõîæäåíèå ìèíèìàëüíûõ ìíîãî÷ëåíîâ. Ïóñòü
a(x) � íîðìèðîâàííûé íåïðèâîäèìûé ìíîãî÷ëåí íàä
Fp.

Äëÿ íàõîæäåíèÿ ì.ì. mβ(x) ýëåìåíòà β ïîëÿ
Fp[x]/

(
a(x)

)
âû÷èñëÿåì ñîïðÿæ¼ííûå ñ íèì ýëåìåíòû

βp, βp
2

, . . . ïîëÿ, ïîêà íà íåêîòîðîì øàãå d îêàæåòñÿ,
÷òî

� ëèáî βd = x, òîãäà mβ(x) = a(x) è
degmβ(x) = deg a(x);

� ëèáî βd = β, òîãäà
mβ(x) = (x − β) · (x − βp) · . . . · (x − βp

d−1

) è
degmβ(x) = d 6 deg a(x).

Ïðèìåð 2.12. Íàéä¼ì ìèíèìàëüíûå ìíîãî÷ëåíû äëÿ
ýëåìåíòîâ x2 + x, x è x+ 1 ïîëÿ

F = F2[x]/
(
x4 + x+ 1

)
.

Â ýòîì ïîëå x4 = x+ 1.

1. β = x2 + x. Âû÷èñëÿåì ýëåìåíòû, ñîïðÿæ¼ííûå
ñ β:

β2 =(x2 + x)2 = x4 + x2 = x2 + x+ 1,

β4 =(x2 + x+ 1)2 = x4 + x2 + 1 = x+ 6 1 + x2+ 6 1 =

=x2 + x = β.

Ò.î. ì.ì. mβ(x) èìååò 2 êîðíÿ: β è β2, åãî ñòå-
ïåíü ðàâíà 2 è mβ(x) = x2 + x + 1 � åäèíñòâåííûé
íåïðèâîäìûé ìíîãî÷ëåí èç F2[x].
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2. β = x. Âû÷èñëÿåì ýëåìåíòû, ñîïðÿæ¼ííûå ñ x:

x2,

x4 = x+ 1,

x8 = (x+ 1)2 = x2 + 1

x16 = (x2 + 1)2 = x4 + 1 = x+ 6 1+ 6 1 = x.

Ò.î. ì.ì. mx(x) èìååò 4 êîðíÿ: x, x2, x4, x8, åãî ñòå-
ïåíü ðàâíà 4 è mx(x) = x4 + x + 1 � ïîðîæäàþùèé
ìíîãî÷ëåí ïîëÿ F (x � ïðèìèòèâíîé ýëåìåíò F , à
x4 + x+ 1 � ïðèìèòèâíûé ìíîãî÷ëåí).

3. β = x+ 1. Âû÷èñëÿåì ýëåìåíòû, ñîïðÿæ¼ííûå ñ
β:

β2 =x2 + 1,

β4 =x4 + 1 = x+ 1 + 1 = x.

Ò.î. ì.ì. mx+1(x) òàêæå åñòü ïîðîæäàþùèé ïîëå F
ìíîãî÷ëåí x4 + x+ 1.

Ñóùåñòâîâàíèå ïîëÿ GF (pn) äëÿ âñåõ n. Ìû
óæå ïîêàçàëè, ÷òî ëþáîå êîíå÷íîå ïîëå èìååò pn ýëå-
ìåíòîâ (p � ïðîñòîå, n � íàòóðàëüíîå).

Òåïåðü óñòàíîâèì ñóùåñòâîâàíèå íåïðèâîäèìîãî
íîðìèðîâàííîãî ìíîãî÷ëåíà f ñòåïåíè n íàä GF (p),
îòêóäà ïîñëåäóåò ñóùåñòâîâàíèå ïîëÿ èç GF (pn) êàê
ôàêòîðêîëüöà ïî èäåàëó (f).

Äëÿ òàêèõ ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì ñïðà-
âåäëèâ àíàëîã îñíîâíîé òåîðåìû àðèôìåòèêè: êàæäûé
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íîðìèðîâàííûé ìíîãî÷ëåí ðàçëàãàåòñÿ íà ïðîèçâåäå-
íèå íåïðèâîäèìûõ ìíîãî÷ëåíîâ îäíîçíà÷íî ñ òî÷íî-
ñòüþ äî ïîðÿäêà ñîìíîæèòåëåé.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî:

� ðàçëîæåíèå íà ìíîæèòåëè â åâêëèäîâîì êîëüöå
îäíîçíà÷íî;

� â ñëó÷àå êîëüöà ìíîãî÷ëåíîâ íàä ïîëåì îáðàòè-
ìûå ýëåìåíòû � íåíóëåâûå êîíñòàíòû;

� âûáîð ñòàðøåãî êîýôôèöèåíòà 1 îäíîçíà÷íî
îïðåäåëÿåò ñîìíîæèòåëè.

�

Ñèìâîëîì ((n)) îáîçíà÷èì ÷èñëî íîðìèðîâàííûõ
íåïðèâîäèìûõ ìíîãî÷ëåíîâ ñòåïåíè n íàä ïîëåì Fp.

::::::::
Ëåììà 2.3.

∑
d|n

d · ((d)) = pn.

Äîêàçàòåëüñòâî. Çàíóìåðóåì i = 1, . . . , ((n)) âñå íå-
ïðèâîäèìûå íîðìèðîâàííûå ìíîãî÷ëåíû ñòåïåíè n è
ñîïîñòàâèì èì ôîðìàëüíóþ ïåðåìåííóþ fi,n ⇒ ïðî-
èçâîëüíîìó ìíîãî÷ëåíó îäíîçíà÷íî ñîïîñòàâëåí ìîíîì
(ìíîãî÷ëåí ñòåïåíè nj áåð¼òñÿ â ñòåïåíè sj):

f s1i1,n1 · . . . · f
sr
ir,nr

, ïðè÷åì
r∑
j=1

njsj = n.

Ïîýòîìó âñå íîðìèðîâàííûå ìíîãî÷ëåíû ïåðå÷èñ-
ëÿþòñÿ ôîðìàëüíûì áåñêîíå÷íûì ïðîèçâåäåíèåì∏

i,n

( ∞∑
k=0

fki,n

)
=
∑

f s1i1,n1 · . . . · f
sr
ir,nr

(∗)
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(ðàñêðûòû ñêîáêè è áåñêîíå÷íîå ïðîèçâåäåíèå çàïèñà-
íî â âèäå ôîðìàëüíîãî ðÿäà).

Ñäåëàåì çàìåíó ïåðåìåííûõ fi,n = tn, êîòîðàÿ äå-
ëàåò âñå ìíîãî÷ëåíû îäíîé ñòåïåíè íåðàçëè÷èìûìè.

Ïðèâåäåíèå ïîäîáíûõ ïðèâåä¼ò ê òîìó, ÷òî:

â ïðàâîé ÷àñòè (∗) áóäåò ðÿä îò ïåðåìåííîé t.
Êîýôôèöèåíò ïðè tn â ýòîì ðÿäå ðàâåí ÷èñëó íîð-
ìèðîâàííûõ ìíîãî÷ëåíîâ ñòåïåíè n, ò.å. pn:

∞∑
n=0

pntn.

â ëåâîé ÷àñòè âñå íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè
n äàäóò îäèíàêîâûé ìíîæèòåëü (ñóììó áåñêîíå÷-
íîé ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì
tn) è (∗) ïðåâðàùàåòñÿ â∏

n

( ∞∑
k=0

tnk

)((n))

=
∞∑
n=0

pntn.

Ïî ôîðìóëå ñóììû áåñêîíå÷íîé ãåîìåòðè÷åñêîé
ïðîãðåññèè: ∏

n

1

(1− tn)((n))
=

1

1− pt
.

Ïðîëîãàðèôìèðóåì (¾−¿ â îáåèõ ÷àñòÿõ ðàâåíñòâà ñî-
êðàùàþòñÿ, n 7→ d):∑

d

((d)) ln(1− td) = ln(1− pt) .
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Ïðîäèôôåðåíöèðóåì ïî t (¾−¿ â îáåèõ ÷àñòÿõ ðàâåí-
ñòâà ñîêðàùàþòñÿ):∑

d

((d))
dtd−1

1− td
=

p

1− pt
.

Ñíîâà âîñïîëüçóåìñÿ ôîðìóëîé ñóììîé ãåîìåòðè÷å-
ñêîé ïðîãðåññèè:∑

d,k

((d))dtd−1tdk =
∑
n

pn+1tn.

Óìíîæàåì íà t îáå ÷àñòè ðàâåíñòâà:∑
d,k

d((d))td(k+1) =
∑
n

pntn.

Ðàâåíñòâî êîýôôèöèåíòîâ ïðè îäèíàêîâûõ ñòåïåíÿõ t
è åñòü óòâåðæäåíèå ëåììû. �

:::::::::::::
Ñëåäñòâèÿ.

1. Ñóùåñòâîâàíèå íåïðèâîäèìûõ ìíîãî÷ëåíîâ.

Äîêàçàòåëüñòâî. Ïðîñòàÿ îöåíêà

n((n)) = pn −
∑
k|n

k · ((k)) > pn −
n−1∑
k=0

pk =

= pn − pn − 1

p− 1
> 0 .

äîêàçûâàåò, ÷òî ((n)) > 0 ⇒ ñóùåñòâóåò õîòÿ áû îäèí
íåïðèâîäèìûé (è íîðìèðîâàííûé) ìíîãî÷ëåí ñòåïåíè
n; áîëåå òî÷íàÿ îöåíêà � pn

2n 6 ((n)). �
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2. Ñðåäíåå ÷èñëî íåïðèâîäèìûõ íîðìèðîâàííûõ
ìíîãî÷ëåíîâ: ((n)) ∼ pn/n.

Äîêàçàòåëüñòâî. Ïåðåõîä ê ïðåäåëó ïðè n → ∞ â ïî-
ëó÷åííîé ôîðìóëå. �

Ò.î. íåïðèâîäèìûå íîðìèðîâàííûå ìíîãî÷ëåíû ñî-
ñòàâëÿþò ïðèáëèçèòåëüíî 1/n-þ ÷àñòü âñåõ ìíîãî÷ëå-
íîâ ñòåïåíè n íàä ïîëåì Fp.

Åù¼ îäíà ôîðìóëà äëÿ ÷èñëà ((n)) íåïðèâîäèìûõ íîð-
ìèðîâàííûõ ìíîãî÷ëåíàõ ñòåïåíè n íàä Fp.

Ôóíêöèÿ Ì¼áèóñà µ(n) îïðåäåëåíà äëÿ âñåõ n ∈ N:

µ(n) =



1, åñëè ïðèìàðíîå ðàçëîæåíèå n ñîñòîèò
èç ÷¼òíîãî ÷èñëà ðàçëè÷íûõ
ñîìíîæèòåëåé;

−1, åñëè ïðèìàðíîå ðàçëîæåíèå n ñîñòîèò
èç íå÷¼òíîãî ÷èñëà ðàçëè÷íûõ
ñîìíîæèòåëåé;

0, èíà÷å (ïðèìàðíîå ðàçëîæåíèå
íå ñâîáîäíî îò êâàäðàòîâ).

Íàïðèìåð:

µ(1) = 1 (ïî îïðåäåëåíèþ), µ(6) = 1,

µ(2) = −1, µ(7) = −1,
µ(3) = −1, µ(8) = 0,

µ(4) = 0, µ(9) = 0,

µ(5) = −1, µ(10) = 1.
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Îñíîâíîå ñâîéñòâî ôóíêöèè Ì¼áèóñà:∑
d|n

µ(d) =

{
1, n = 1,

0, n > 1.
.

::::::::::
Òåîðåìà 2.9 (ôîðìóëà Ãàóññà).

((n)) =
1

n

∑
d|n

µ(d) p
n
d .

Íàïðèìåð:

p = 2, ((4)) = 1
4

[
µ(1)24 + µ(2)22 + µ(4)2

]
=

= 1
4

[
24 − 22 + 0

]
= 3;

p = 2, ((5)) = 1
5

[
µ(1)25 + µ(5)2

]
= 1

5 [32− 2] = 6;

p = 3, ((6)) = 1
6

[
µ(1)36 + µ(2)33 + µ(3)32 + µ(6)3

]
=

= 116.

Äîêàæåì òåïåðü, ÷òî ëþáûå äâà ïîëÿ ñ îäèíàêîâûì
÷èñëîì ýëåìåíòîâ èçîìîðôíû.

::::::::::
Òåîðåìà 2.10. Ïóñòü mα(x) � ìèíèìàëüíûé ìíîãî-
÷ëåí ýëåìåíòà α ∈ Fnp è d � åãî ñòåïåíü.

Òîãäà ïîëå Fp[x]/
(
mα(x)

)
èçîìîðôíî ïîäïîëþ Fdp,

ïîðîæäåííîìó ñòåïåíÿìè α.

Äîêàçàòåëüñòâî. Ñòåïåíè α ïðèíàäëåæàò d-ìåðíîìó
ïðîñòðàíñòâó ñ áàçèñîì 1, α, α2, . . . , αd−1, êîòîðîå ÿâ-
ëÿåòñÿ ïîäïîëåì ïîëÿ Fnp , ïîñêîëüêó çàìêíóòî îòíîñè-
òåëüíî ñëîæåíèÿ è óìíîæåíèÿ è ñîäåðæèò 0 è 1. �
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2.6 Öèêëè÷åñêèå ïðîñòðàíñòâà

Äàëåå áóäåì ðàññìàòðèâàòü êîëüöî ìíîãî÷ëåíîâ
R = Fp[x]/(f) ïî ìîäóëþ ãëàâíîãî èäåàëà (f) âîç-
ìîæíî ïðèâîäèìîãî ìíîãî÷ëåíà f ∈ Fp[x].

Åñëè f íåïðèâîäèì, òî R � ïîëå è ýòîò ñëó÷àé óæå
ðàññìîòðåí. Íî â ëþáîì ñëó÷àå R � âåêòîðíîå ïðî-
ñòðàíñòâî íàä Fp ò.å. ñîâîêóïíîñòü ìíîãî÷ëåíîâ ñòåïå-
íè ìåíüøåé deg f .

(f) = { t · f } , t ∈ Fp[x];
Fp[x]/(f) =

{
(f), g, h, . . .

}
, deg g, . . . < deg f.

g =(f) + g, . . . .

Íîðìèðîâàííûé äåëèòåëü ïîðîæäàþùåãî ýëå-
ìåíòà èäåàëà

::::::::::
Òåîðåìà 2.11. Ïóñòü ϕ � íåïðèâîäèìûé íîðìèðîâàí-
íûé ìíîãî÷ëåí, êîòîðûé äåëèò f . Òîãäà
1) ñîâîêóïíîñòü âñåõ âû÷åòîâ, êðàòíûõ ϕ, îáðàçó-

åò èäåàë â êîëüöå êëàññîâ âû÷åòîâ ïî ìîäóëþ f :

Iϕ
def
= { t · ϕ } C Fp[x]/(f) .

2) ϕ � åäèíñòâåííûé â Iϕ íîðìèðîâàííûé ìíîãî-
÷ëåí ìèíèìàëüíîé ñòåïåíè.

Äîêàçàòåëüñòâî.

u, v, ϕ ∈ Fp[x], k = degϕ 6 deg f

ϕ = a0 + a1x+ . . .+ ak−1x
k−1 + xk, f = ψϕ.

1. Ïðîâåðèì, ÷òî Iϕ � èäåàë â êîëüöå Fp[x]/(f).



2.6. (III ïîòîê) 81

1. {
g ∈ Iϕ
h ∈ Fp[x]/(f), h ⊆ g

⇔
{
g = uϕ
h = vg = vuϕ

⇒

⇒ h ∈ Iϕ.

2.

g, h ∈ Iϕ ⇔
{
g = uϕ
h = vϕ

⇒ g+h = (u+v)ϕ ∈ Iϕ.

2. Ïîêàæåì, ÷òî â Iϕ íåò äðóãèõ, êðîìå

ϕ = a0 + a1x+ . . .+ ak−1x
k−1 + xk

íîðìèðîâàííûõ ìíîãî÷ëåíîâ ñòåïåíè, ìåíüøåé
k = degϕ.

Ïóñòü
g = b0 + b1x+ . . .+ xm .

Òîãäà:

g ∈ Iϕ ⇔ g = uϕ ⇒ deg g = m > degϕ = k.

�

::::::::::
Òåîðåìà 2.12. Ïóñòü ϕ � íåïðèâîäèìûé íîðìè-
ðîâàííûé äåëèòåëü ìíîãî÷ëåíà f ∈ Fp[x] è
degϕ = k < deg f = n.

Òîãäà èäåàë (ϕ) � âåêòîðíîå ïðîñòðàíñòâî ðàç-
ìåðíîñòè n− k.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �
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Öèêëè÷åñêîå ïðîñòðàíñòâî. Áóäåì èçó÷àòü êîëü-
öî âû÷åòîâ ïî ìîäóëþ xn − 1.

� Ïóñòü V � n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä
íåêîòîðûì ïîëåì F .

� Ôèêñèðóåì íåêîòîðûé áàçèñ V .

� Òîãäà V ∼= F n =
= { ( a0, . . . , an−1 ) | ai ∈ F, i = 0, 1, . . . , n− 1 }
� êîîðäèíàòíîå ïðîñòðàíñòâî.

Îïðåäåëåíèå 2.4. Ïîäïðîñòðàíñòâî êîîðäèíàòíîãî ïðî-
ñòðàíñòâà F n íàçûâàåòñÿ öèêëè÷åñêèì, åñëè âìå-
ñòå ñ íàáîðîì (a0, . . . , an−1) îíî ñîäåðæèò öèê-
ëè÷åñêèé ñäâèã âïðàâî ýòîãî íàáîðà, ò.å. íàáîð
(an−1, a0, . . . , an−2) (à ñëåäîâàòåëüíî è âñå öèêëè÷å-
ñêèå ñäâèãè íà ïðîèçâîëüíîå ÷èñëî ïîçèöèé âëåâî è
âïðàâî).

Â êîëüöå Fp[x]/(x
n − 1), ðàññìàòðèâàåìîì êàê âåê-

òîðíîå ïðîñòðàíñòâî íàä ïîëåì Fp èìååòñÿ áàçèñ{
1, x, . . . , xn−1

}
.

Öèêëè÷åñêèé ñäâèã êîîðäèíàò â ýòîì áàçèñå ðàâíî-
ñèëåí óìíîæåíèþ íà x:

a0 + a1x+ . . .+ an−2xn−2 + an−1xn−1 · x =

= a0x+ a1x2 + . . .+ an−2xn−1 + an−1xn =

= an−1 + a0x+ a1x2 + . . .+ an−2xn−1 ,

ò.ê. â ýòîì êîëüöå xn = 1.
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::::::::::
Òåîðåìà 2.13. Ïóñòü I � ïîäïðîñòðàíñòâî êîëüöà
Fp[x]/(x

n − 1). Òîãäà

I � öèêëè÷åñêîå ⇔ I C Fp[x]/(x
n − 1)

Äîêàçàòåëüñòâî.

� Åñëè ïîäïðîñòðàíñòâî I � èäåàë, òî îíî çàìêíóòî
îòíîñèòåëüíî óìíîæåíèÿ íà x, à ýòî óìíîæåíèå
è åñòü öèêëè÷åñêèé ñäâèã ⇒ I � öèêëè÷åñêîå.

� Ïóñòü I � öèêëè÷åñêîå ïîäïðîñòðàíñòâî êîëüöà
Fp/(x

n − 1) è g ∈ I.
Òîãäà g · x, g · x2, . . . � öèêëè÷åñêèå ñäâèãè, ò.å.
òàêæå ïðèíàäëåæàò I.
Çíà÷èò, g ·f ∈ I äëÿ ëþáîãî ìíîãî÷ëåíà f , ïîýòî-
ìó I � èäåàë.

�

Ïðèìèòèâíûå êîðíè (ò.å. èç 1). Áûëî ïîêàçàíî:
ëþáîé ìíîãî÷ëåí ñ êîýôôèöèåíòàìè èç Fp ðàçëàãàåò-
ñÿ íà ëèíåéíûå ìíîæèòåëè â íåêîòîðîì ïîëå (ðàçëîæå-
íèÿ) GF (q) = Fnp õàðàêòåðèñòèêè p, q = pn.
Ïóñòü Fq � ïîëå õàðàêòåðèñòèêè p, â êîòîðîì ðàçëà-
ãàåòñÿ ìíîãî÷ëåí xn − 1. Ñïðàâåäëèâî:

� Â Fq âûïîëíÿåòñÿ ðàâåíñòâî xkp− 1 = (xk− 1)p,
ïîýòîìó èíòåðåñåí ñëó÷àé, êîãäà n âçàèìíî ïðî-
ñòî ñ p: òîãäà ó ìíîãî÷ëåíà xn − 1 êðàòíûõ êîð-
íåé íåò (îí âçàèìíî ïðîñò ñî ñâîåé ïðîèçâîäíîé
nxn−1).

� Ðàâåíñòâî xn = 1 îçíà÷àåò, ÷òî ordx | n â öèê-
ëè÷åñêîé ãðóïïå F∗q.
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Âûâîä: êîðíè óðàâíåíèÿ xn − 1 = 0 îáðàçóþò ãðóïïó
êîðíåé ñòåïåíè n èç åäèíèöû � ïîäãðóïïó â F∗q.

Ýòà ïîäãðóïïà òàêæå öèêëè÷åñêàÿ; å¼ ïîðîæäàþ-
ùèå ýëåìåíòû íàçûâàþòñÿ ïðèìèòèâíûìè êîðíÿìè
ñòåïåíè n.

Ïîäãðóïïà â öèêëè÷åñêîé ãðóïïå ñóùåñòâóåò i� å¼
ïîðÿäîê äåëèò ïîðÿäîê öèêëè÷åñêîé ãðóïïû ⇒ ïîëå
Fq ñîäåðæèò ãðóïïó êîðíåé èç åäèíèöû ñòåïåíè n i�
n | (q − 1).

×òîáû âåðíóòüñÿ îò ðàçëîæåíèÿ xn−1 íà ëèíåéíûå
ìíîæèòåëè â ïîëå GF (q) = Fnp (êîðíè èç 1) ê ðàçëî-
æåíèþ íà íåïðèâîäèìûå ìíîæèòåëè â ïîëå Fp, íóæíî
ïîíÿòü, êàêèå êîðíè èç åäèíèöû áóäóò âõîäèòü â íåïðè-
âîäèìûé äåëèòåëü f(x).

Åñëè β � êîðåíü f(x), òî βp, βp
2

è ò.ä. � òàêæå
åãî (ñîïðÿæ¼ííûå) êîðíè ⇒ êîëè÷åñòâî è ñòåïåíè
ìíîãî÷ëåíîâ-íåïðèâîäèìûõ äåëèòåëåé xn − 1 ìîæíî
íàéòè, ðàçáèâ Fp íà îðáèòû îòîáðàæåíèÿ

ω 7→ pω mod n.

Ïðèìåðû 2.5. 1. Ðàññìîòðèì åù¼ ðàç ðàçëîæåíèå ìíî-
ãî÷ëåíà x15− 1 íàä F2. Îòíîñèòåëüíî óìíîæåíèÿ íà 2
âû÷åòû ïî ìîäóëþ 15 � { 0, 1, . . . , 14 } ðàçáèâàþòñÿ
íà îðáèòû:

{ 0 }, { 1, 2, 4, 8 }, { 3, 6, 12, 9 }, { 5, 10 },
{ 7, 14, 13, 11 }

Ïîýòîìó x15 − 1 ðàçëàãàåòñÿ â ïðîèçâåäåíèå

� îäíîãî íåïðèâîäèìîãî ìíîãî÷ëåíà ñòåïåíè 1,
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� îäíîãî íåïðèâîäèìîãî ìíîãî÷ëåíà ñòåïåíè 2,

� òðåõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ ñòåïåíè 4.

Êîíêðåòíî (ðàçëîæåíèå áûëî ðàíüøå):

x15 + 1 = (x+ 1) · (x2 + x+ 1) · (x4 + x+ 1)·
· (x4 + x3 + 1) · (x4 + x3 + x2 + x+ 1).

2. Ðàññìîòðèì ðàçëîæåíèå ìíîãî÷ëåíà x23−1 íàä F2.
Îòíîñèòåëüíî óìíîæåíèÿ íà 2 âû÷åòû ïî ìîäóëþ 23
ðàçáèâàþòñÿ íà òðè îðáèòû:

{ 0 }, { 1, 2, 4, 8, 16, 9, 18, 13, 3, 6, 12 },
{ 5, 10, 20, 17, 11, 22, 21, 19, 15, 7, 14 }

Ïîýòîìó x23 − 1 ðàçëàãàåòñÿ â ïðîèçâåäåíèå îäíîãî
íåïðèâîäèìîãî ìíîãî÷ëåíà ñòåïåíè 1 è äâóõ íåïðèâî-
äèìûõ ìíîãî÷ëåíîâ ñòåïåíè 11.

Êîëüöà ìíîãî÷ëåíîâ Fp[x] è êîíå÷íûå ïîëÿ: ðå-
çþìå

� Ëþáàÿ êîíå÷íîå öåëîñòíîñòíîå êîëüöî ÿâëÿåòñÿ
ïîëåì.

� Õàðàêòåðèñòèêà êîíå÷íîãî ïîëÿ � ïðîñòîå ÷èñëî.

� Ëþáîå êîíå÷íîå ïîëå õàðàêòåðèñòèêè p ñîñòîèò
èç q = pn ýëåìåíòîâ n ∈ N.

� α ∈
{
GF (q)r 0

}
⇒ ordα | q − 1.
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� Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ GF (q) ÿâëÿåò-
ñÿ öèêëè÷åñêîé: â íåé ñóùåñòâóåò ϕ(q − 1) ïðè-
ìèòèâíûõ ýëåìåíòîâ (ãåíåðàòîðîâ, ýëåìåíòîâ ïî-
ðÿäêà q − 1).

Äëÿ íàõîæäåíèÿ ñàìèõ ãåíåðàòîðîâ íåò ýôôåê-
òèâíûõ àëãîðèòìîâ.

� Ëþáûå äâà êîíå÷íûõ ïîëÿ, ñîäåðæàùèõ îäèíàêî-
âîå êîëè÷åñòâî ýëåìåíòîâ, èçîìîðôíû.

� GF (pm) � ïîäïîëå GF (pn) ⇔ m | n.

� Îäíî÷ëåíû
{
1, x, x2, . . . xn−1

}
� áàçèñ

â âåêòîðíîì ïðîñòðàíñòâå íàä êîëüöîì
Fp[x]/

(
a(x)

)
, deg a(x) = n.

� Äëÿ êàæäîãî íàòóðàëüíîãî n â êîëüöå ìíîãî÷ëå-
íîâ Fp[x] íàä ïðîñòûì ïîëåì Fp èìåþòñÿ íåïðè-
âîäèìûå (íå èìåþùèå íåñîáñòâåííûõ äåëèòåëåé)
ìíîãî÷ëåíû.

Êîëüöî Fp[x] � êîëüöî ñ îäíîçíà÷íûì ðàçëîæå-
íèåì ìíîãî÷ëåíîâ íà íåïðèâîäèìûå. Äëÿ íàõîæ-
äåíèÿ íåïðèâîäèìûõ ìíîãî÷ëåíîâ íåò ýôôåêòèâ-
íûõ àëãîðèòìîâ.

� Èäåàë
(
a(x)

)
, ïîðîæä¼ííûé ìíîãî÷ëåíîì

a(x) ∈ Fp[x] ñîñòàâëÿþò ìíîãî÷ëåíû, êðàò-
íûå a(x).

� Ôàêòîð-êîëüöî Fp[x]/(a(x)) ÿâëÿåòñÿ ïîëåì, åñëè
è òîëüêî åñëè a(x) � íåïðèâîäèìûé ìíîãî÷ëåí â
êîëüöå Fp[x].

Åñëè ïðè ýòîì deg a(x) = n, òî ýëåìåíòû



2.7. (III ïîòîê) 87

Fp[x]/
(
a(x)

)
� êëàññû ìíîãî÷ëåíîâ ñòåïåíè < n

(èõ âñåãî pn ýëåìåíòîâ).

� Ìèíèìàëüíûé ìíîãî÷ëåí ýëåìåíòà β ðàñøèðåí-
íîãî ïîëÿ åñòü íîðìèðîâàííûé ìíîãî÷ëåí ìèíè-
ìàëüíîé ñòåïåíè, äëÿ êîòîðîãî β ÿâëÿåòñÿ êîð-
íåì. Ìèíèìàëüíûå ìíîãî÷ëåíû íåïðèâîäèìû è
åäèíñòâåííû äëÿ êàæäîãî β.

� Ëþáîé ýëåìåíò ïîëÿ F = Fnp ÿâëÿåòñÿ êîðíåì

ìíîãî÷ëåíà xp
n − x:
xp

n − x =
∏
a∈F

(x− a).

� Äëÿ òîãî, ÷òîáû âåêòîðíîå ïîäïðîñòðàíñòâî V
êîëüöà R = Fp[x]/(x

n − 1) áûëî öèêëè÷åñêèì,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíî áûëî èäåà-
ëîì R.

Ìíîãî÷ëåí g(x) ïîðîæäàåò èäåàë R, åñëè îí ÿâ-
ëÿåòñÿ äåëèòåëåì xn − 1.

2.7 Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à 2.1. Ñóììó íåíóëåâûõ ýëåìåíòîâ ïîëÿ Fp.

Ðåøåíèå. Âñå ýëåìåíòû F∗p � êîðíè óðàâíåíèÿ

xp−1 − 1 = 0,

èõ ñóììà ïî òåîðåìå Âèåòà åñòü êîýôôèöèåíò ïðè xp−2

â ýòîì óðàâíåíèè), ò.å. 0.
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Çàäà÷à 2.2 (Òåîðåìà Âèëüñîíà). Äîêàçàòü, ÷òî

(p− 1)! ≡p −1

äëÿ ïðîñòîãî p.

Ðåøåíèå.
p = 2: � óòâåðæäåíèå òðèâèàëüíî.

p > 2: Ïîðÿäêè âñåõ ýëåìåíòîâ ìóëüòèïëèêàòèâíîé öèê-
ëè÷åñêîé ãðóïïû F∗p = { 1, . . . , p − 1 } äåëÿò å¼
ïîðÿäîê ò.å. âñå îíè ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

xp−1 − 1 = 0. (∗)
Äðóãèõ êîðíåé ó ýòîãî óðàâíåíèÿ íåò (ìíîãî÷ëåí
ñòåïåíè p− 1 èìååò íå áîëüøå p− 1 êîðíåé).
Ïî òåîðåìå Âèåòà èõ ïðîèçâåäåíèå ðàâíî ñâîáîä-
íîìó ÷ëåíó (∗), ò.å. −1.

Åù¼ îäíî Ðåøåíèå. Äëÿ p = 2 óòâåðæäåíèå î÷å-
âèäíî.

Ïðè p > 2 îáîçíà÷èì

P = 1 ·
=π︷ ︸︸ ︷

2 · . . . · (p− 2)︸ ︷︷ ︸
÷¼òíîå ÷èñëî ñîìíîæèòåëåé

·(p− 1) = (p− 1)!

è çàìåòèì, ÷òî

(p− 1)2 = p2 − 2p+ 1 ≡p 1.

Ëåãêî âèäåòü, ÷òî π = 1: êàæäûé èç ýëåìåíòîâ
2, . . . , p−2 ïîëÿ Fp èìååò îáðàòíûé, íî ýòî íå p−1 �
îí îáðàòåí ñàì ê ñåáå. Ïîýòîìó P = p− 1.

Èëè, ÷òî òî æå, (p− 1)! ≡p −1.
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Çàäà÷à 2.3. Ïîñòðîèòü ïîëå èç 4-õ ýëåìåíòîâ.

Ðåøåíèå. Ýòî ïîëå F2
2, îíî ìîæåò áûòü ïîñòðîåíî êàê

ôàêòîð-êîëüöî F2[x]/ (a(x)), ãäå a(x) � íåïðèâîäèìûé
ìíîãî÷ëåí èç F2[x] ñòåïåíè 2.
Íî òàêîé ìíîãî÷ëåí òîëüêî îäèí: x2 + x+ 1.
Ñëåäîâàòåëüíî, F2

2 = { 0, 1, x, x+ 1 } è x2 = x+ 1
(÷åðòó íàä ýëåìåíòàìè íå ïèøåì).

Òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ â ïîëå:

+ 1 x x+ 1

1 0 x+ 1 x
x x+ 1 0 1

x+ 1 x 1 0

× 1 x x+ 1

1 1 x x+ 1
x x x+ 1 1

x+ 1 x+ 1 1 x

Àëüòåðíàòèâíàÿ çàïèñü ïîëÿ:

F2
2 =

{
0, 1, x, x2

}
, x2 = x+ 1.

Çàäà÷à 2.4. Äîêàçàòü, ÷òî åñëè ïðîèçâîäíàÿ íåíóëåâî-
ãî ìíîãî÷ëåíà íàä ïîëåì õàðàêòåðèñòèêè p òîæäå-
ñòâåííî ðàâíà 0, òî îí ïðèâîäèì.

Ðåøåíèå. Èìååì:

� ïðîèçâîäíàÿ ìîíîìà (xn)′ = nxn−1 òîæäåñòâåííî
ðàâíà 0 i� n ≡p 0 ⇔ p | n;
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� f ′ = 0 ⇒ ïîêàçàòåëè ñòåïåíåé âñåõ ìîíîìîâ
ìíîãî÷ëåíà f äåëÿòñÿ íà p;

� ïîýòîìó f(x) = g(xp) = gp(x).

Çàäà÷à 2.5. Íàéòè

ÍÎÄ
(
x5 + x2 + x+ 1, x3 + x2 + x+ 1

)
íàä Z2[x].

Ðåøåíèå. Âîñïîëüçóåìñÿ àëãîðèòìîì Åâêëèäà:

x5 + x2 + x+ 1 = (x2 + x)(x3 + x2 + x+ 1) + (x2 + 1),

x3 + x2 + x+ 1 = (x+ 1)(x2 + 1) + 0.

Îòâåò: ÍÎÄ
(
x5 + x2 + x+ 1, x3 + x2 + x+ 1

)
= x2+1.

Çàäà÷à 2.6. Ïåðå÷èñëèòü âñå ïîäïîëÿ ïîëÿ GF
(
230
)
.

Ðåøåíèå. Ïîëå Fnp ñîäåðæèò ïîäïîëå Fkp i� k | n,
ïîýòîìó ïîäïîëÿìè GF

(
230
)

áóäóò ïîëÿ GF (2),

GF
(
22
)
, GF

(
25
)
, GF

(
26
)
, GF

(
210
)
, GF

(
215
)
è ñàìî

ïîëå GF
(
230
)
.

Çàäà÷à 2.7. Ìíîãî÷ëåí f(x) = x5 + x3 + x2 + 1 ∈ F2[x]
ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

Ðåøåíèå. Â ïîëå F2 èìååì x− 1 = x+ 1.

1. f(1) = 0 ⇒ 1 � êîðåíü f .

2. Äåëèì f(x) íà x+ 1, ïîëó÷àåì

x4 + x3 + x+ 1 = f1(x).
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3. f1(1) = 0 ⇒ 1 � êîðåíü f1;
f1
x+1 = x3+1 = f2(x).

4. f2(1) = 0 ⇒ 1 � êîðåíü f2;
f2
x+1 = x2 + x+ 1.

5. Ìíîãî÷ëåí x2 + x+ 1 íåïðèâîäèì.

Îòâåò: x5 + x3 + x2 + 1 = (x+ 1)3(x2 + x+ 1).

Çàäà÷à 2.8. Ìíîãî÷ëåí f(x) = x3+2x2+4x+1 ∈ F5[x]
ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

Ðåøåíèå.

1. f(2) = 23 + 2 · 22 + 4 · 22 + 1 = 25 ≡5 0,

(x− 2) ≡5 (x+ 3)

2.
x3 + 2x2 + 4x + 1 x+ 3
x3 + 3x2 x2 + 4x+ 2

4x2 + 4x
4x2 + 2x

2x + 1
2x + 1

0

3. Ïåðåáîðîì óáåæäàåìñÿ, ÷òî ìíîãî÷ëåí x2+4x+2
íåïðèâîäèì â F5.
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Çàäà÷à 2.9. Ìíîãî÷ëåí f(x) = x4 + x3 + x + 2 ∈ F3[x]
ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

Ðåøåíèå.

1. 0, 1, 2 � íå êîðíè f(x) ⇒ f(x) ëèíåéíûõ äåëè-
òåëåé íå ñîäåðæèò.

2. Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F3 ñòåïåíè 2:

x2 + 1,

x2 + x+ 2,

x2 + 2x+ 2.

3. Ïîäáîðîì ïîëó÷àåì: f(x) = (x2 + 1)(x2 + x+ 2).

Îòâåò: x4 + x3 + x+ 2 = (x2 + 1)(x2 + x+ 2).

Çàäà÷à 2.10. Ìíîãî÷ëåí

f(x) = x4 + 3x3 + 2x2 + x+ 4 ∈ F5[x]

ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

Ðåøåíèå. 1. f(x) 6= 0 íè ïðè êàêîì x = 0, 1, 2, 3, 4,
ò.å. f(x) íå èìååò ëèíåéíûõ äåëèòåëåé.

2. Ïåðåáèðàÿ íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè 2
íàä F5, ïîëó÷àåì

Îòâåò: f(x) = (x2 + x+ 1)(x2 + 2x+ 4).
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Çàäà÷à 2.11. Ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòå-
ëè âñå íîðìèðîâàííûå ìíîãî÷ëåíû 3-é ñòåïåíè èç
F2[x].

Ðåøåíèå. Âû÷èñëÿÿ çíà÷åíèÿ ìíîãî÷ëåíîâ ïðè
x = 0, 1, ïðèõîäèì ê âûâîäó, ÷òî

f1(x) = x3 = x · x · x,
f2(x) = x3 + 1 = (x+ 1)(x2 + x+ 1),

f3(x) = x3 + x = x(x+ 1)2,

f4(x) = x3 + x2 = x2(x+ 1),

f5(x) = x3 + x+ 1 � íåïðèâîäèì,

f6(x) = x3 + x2 + 1 � íåïðèâîäèì,

f7(x) = x3 + x2 + x = x(x2 + x+ 1),

f8(x) = x3 + x2 + x+ 1 = (x+ 1)3.

Çàäà÷à 2.12. Íàéòè âñå íîðìèðîâàííûå íåïðèâîäèìûå
ìíîãî÷ëåíû 2-é ñòåïåíè íàä GF (3).

Ðåøåíèå. Äîëæíî áûòü: f(0) 6= 0, f(1) 6= 0, f(2) 6= 0.
Ïåðåáîðîì êîýôôèöèåíòîâ b, c ∈ { 0, 1, 2 } â âûðà-

æåíèè x2 + bx + c, íàõîäèì ïîäõîäÿùèå ìíîãî÷ëåíû:

f1(x)= x2 + 1,

f2(x)= x2 + x+ 2,

f3(x)= x2 + 2x+ 2.
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Çàäà÷à 2.13. Íàéòè âñå íîðìèðîâàííûå ìíîãî÷ëåíû 3-
é òðåòüåé ñòåïåíè, íåïðèâîäèìûå íàä ïîëåì âû÷åòîâ
ïî ìîäóëþ 3.

Ðåøåíèå. Äîëæíî áûòü: f(0) 6= 0, f(1) 6= 0, f(2) 6= 0.
f1(x) = x3 + 2x+ 1,

f2(x) = x3 + 2x+ 2,

f3(x) = x3 + x2 + 2,

f4(x) = x3 + 2x2 + 1,

f5(x) = x3 + x2 + x+ 2,

f6(x) = x3 + x2 + 2x+ 1,

f7(x) = x3 + 2x2 + x+ 1,

f8(x) = x3 + 2x2 + 2x+ 2.

Çàäà÷à 2.14. 1. Ïðîâåðèòü, ÷òî

F = F7[x]/
(
x2 + x− 1

)
ÿâëÿåòñÿ ïîëåì.

2. Âûðàçèòü îáðàòíûé ê 1− x â F .

Ðåøåíèå. 1. a(x) = x2 + x − 1, a(0) = 6, a(1) = 1,
a(2) = 5, a(3) = 4, a(4) = 6, a(5) = 1, a(6) = 6, ò.å.
ìíîãî÷ëåí a(x) � íåïðèâîäèì â F7 è F � ïîëå (∼= F2

7).

2. F2
7 =

{
ax+ b | a, b ∈ F7, x

2 = 1− x = 6x+ 1
}

(ax+ b) · (6x+ 1) = . . . = (2a+ 6b)x+ (6a+ b) = 1{
6a+ b = 1
a+ 3b = 0

⇒
{
a = 1
b = 2

Îòâåò: (1− x)−1 = x+ 2 â F .
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Çàäà÷à 2.15. Íàéòè ïîðÿäîê ýëåìåíòà β = x + x2 â
ìóëüòèïëèêàòèâíîé ãðóïïå

1. ïîëÿ F1 = F2[x]/
(
x4 + x+ 1

)
;

2. ïîëÿ F2 = F2[x]/
(
x4 + x3 + 1

)
.

Ðåøåíèå. β = x+ x2 = x(x+ 1).
Ìóëüòèïëèêàòèâíàÿ ãðóïïà óêàçàííûõ ïîëåé ñîñòîèò
èç 24 − 1 = 15 ýëåìåíòîâ.
Ïðèìàðíîå ðàçëîæåíèå 15: 15 = 3 · 5, ïîýòîìó ðà-
âåíñòâî βd = 1 íóæíî ïðîâåðèòü äëÿ d = 15

5 = 3 è
d = 15

3 = 5.

1. x4 = x+ 1
(x2 + x)2 = x4 + x2 = x2 + x+ 1,

(x2 + x)3 = x(x+ 1)(x2 + x+ 1) = x(x3 + 1) =

= x4 + x = x+ 1 + x = 1.

Îòâåò. Â ïîëå F1 ord β = 3.

2. x4 = x3 + 1

(x2 + x)2 = x4 + x2 = x3 + x2 + 1,

(x2 + x)3 = x(x+ 1)(x3 + x2 + 1) =

= x(x4 + x2 + x+ 1) = x(x3 + x2 + x) =

= x4 + x3 + x2 = x2 + 1 6= 1,

(x2 + x)5 = x2x3 = (x3 + x2 + 1)(x2 + 1) =

= (x5 + x4 + x2 + x3 + x2 + 1) = . . .

. . . = (x3 + 1)x = x4 + x = x3 + x+ 1 6= 1.

Îòâåò. Â ïîëå F2 ord β = 15.
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Çàäà÷à 2.16. Íàéòè êîëè÷åñòâî íîðìèðîâàííûõ íåïðè-
âîäèìûõ ìíîãî÷ëåíîâ

1) ñòåïåíè 7 íàä ïîëåì F2;

2) ñòåïåíè 6 íàä ïîëåì F5.

Ðåøåíèå. ∑
d|n

d · ((d)) = pn.

1. ((7)) íàä F2∑
d|7
d((d)) = 27 = 1 · ((1)) + 7 · ((7)) = 128.

((1)) = 2: ýòî x è x + 1, îòñþäà

((7)) =
128− 2

7
= 18.

2. ((6)) íàä F5

((6)) =
1

6

∑
d|6

µ(d) 5
6
d =

1

6

[
µ(1)56 + µ(2)53+

+µ(3)52 + µ(6)5
]
=

1

6
[ 15625− 125− 25 + 5 ] = 2 580.

Çàäà÷à 2.17. Äëÿ ïîëÿ F = F3[x]/
(
−2x2 + x+ 2

)
ïî-

ñòðîèòü òàáëèöó ñîîòâåòñòâèé ìåæäó ïîëèíîìè-
àëüíûì è ñòåïåííûì ïðåäñòàâëåíèåì åãî íåíóëåâûõ
ýëåìåíòîâ.

Ñ ïîìîùüþ äàííîé òàáëèöû âû÷èñëèòü âûðàæå-
íèå

S =
1

2x+ 1
− 2(2x)7

(x)9(x+ 2)
.
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Ðåøåíèå. charF = 3, ïîýòîìó
−2x2 + x+ 2 ≡3 x

2 + x+ 2 = a(x).

F = F2
3, F

∗ ñîäåðæèò 32 − 1 = 8 ýëåìåíòîâ è âñå
îíè ìîãóò áûòü ïðåäñòàâëåíû êàê ñòåïåíè αi, i = 1, 8
ïðèìèòèâíîãî ýëåìåíòà α.

Åñëè ýëåìåíò x îêàæåòñÿ ïðèìèòèâíûì, òî ïîëî-
æèì α = x è, ïîñêîëüêó âû÷èñëåíèÿ â F2

3 ïðîâîäÿòñÿ
ïî mod a(x), áóäåì èìåòü

x2 + x+ 2 = 0 ⇒ x2 = −x− 2 = 2x+ 1.

Íàéä¼ì ïîðÿäîê ýëåìåíòà x: ò.ê. 8 = 23, 8
2 = 4,

ïðîâåðèì ðàâåíñòâî x4 = 1:

x4 = (x2)2 = (2x+ 1)2 = x2 + x+ 1 = 6 2x+ 1+ 6 x+
1 = 2 6= 1,

ò.å. x � ïðèìèòèâíûé ýëåìåíò F : ordx = 8, x8 = 1.

Ïîâåçëî: a(x) = x2 + x + 2 îêàçàëñÿ ïðèìèòèâíûì
ìíîãî÷ëåíîì íàä F3, èíà÷å ãåíåðàòîð F ïðèøëîñü áû
èñêàòü.

Òåïåðü âû÷èñëèì çíà÷åíèå çàäàííîãî âûðàæåíèÿ.
Èìååì 28 = 256 ≡3 1, x+ 2 = −x2, x4 = 2 è äàëåå:

S =
1

2x+ 1
− (2x)7(2)

(x)9(x+ 2)
=

1

x2
+

x7

x9x2
=

x8

x2
+
x7x8

x11
=

= x6+x4 = (x2)3+2 = (2x+1)3+2 = 2x3+ 6 1+ 6 2 =

= 2x(2x+ 1) = x2 + 2x = 2x+ 1 + 2x = x+ 1.
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Çàäà÷à 2.18. Äëÿ ïîëÿ F = F3[x]/
(
x2 + 1

) ∼= F2
3 ïî-

ñòðîèòü òàáëèöó ñîîòâåòñòâèé ìåæäó ïîëèíîìè-
àëüíûì è ñòåïåííûì ïðåäñòàâëåíèåì äëÿ âñåõ íåíó-
ëåâûõ ýëåìåíòîâ ïîëÿ.

Ðåøåíèå. Â äàííîì 9-ýëåìåíòíîì ïîëå
x2 + 1 = 0 ⇒ x2 = −1 ≡3 2.

1. Íàéä¼ì ïîðÿäîê ýëåìåíòà x, äëÿ ÷åãî ïðîâåðèì
ðàâåíñòâî x4 = 1 (ò.ê. 9− 1 = 8 = 23, 8

2 = 4):

x4 = (x2)2 = 4 ≡3 1.

Ñëåäîâàòåëüíî ordx = 4 6= 8 è ýëå-
ìåíò x íå ÿâëÿåòñÿ ãåíåðàòîðîì ãðóïïû F ∗ (è
x2 + 1 � íå åñòü ïðèìèòèâíûé ìíîãî÷ëåí íàä F3:
x4 − 1 = x4 + 2 = (x2 + 1)(x2 + 2)).

2. Ïðîâåðèì íà ïðèìèòèâíîñòü ýëåìåíò x+ 1:

(x+ 1)4 = (x+ 1)(x+ 1)3 = (x+ 1)(x3 + 1) =

= (x+1)(2x+1) = 2x2+ 6x+ 62x+1 = 4+1 = 2 6= 1

ò.å. α = x+ 1 îêàçàëñÿ ïðèìèòèâíûì ýëåìåíòîì.
Åãî ñòåïåíè:
α1 = x+ 1, α5 =2(x+ 1) = 2x+ 2,

α2 = x2 + 2x+ 1 = 2x, α6 =α2 · α4 = 4x = x,

α3 = 2x(x+ 1) = 2x+ 1, α7 =x(x+ 1) = x+ 2,

α4 = 2, α8 =(α4)2 = 1.

Çàìå÷àíèå: âû÷èñëåíèå î÷åðåäíîé ñòåïåíè αi+j ÷à-
ñòî áûâàåò óäîáíûì ïðîâåñòè êàê αi · αj, à íå êàê
α · αi+j−1.
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Çàäà÷à 2.19. Â ôàêòîðêîëüöå R = F3[x]/
(
x4 + 1

)
íàé-

òè âñå ýëåìåíòû ãëàâíîãî èäåàëà
(
x2 + x+ 2

)
.

Ðåøåíèå. 1. Ñíà÷àëà ïðîâåðèì, ÿâëÿåòñÿ ëè ìíîãî-
÷ëåí f(x) = x2 + x+ 2 äåëèòåëåì x4 + 1?

x4 + 1 = (x2 + x+ 2) · (x2 + 2x+ 2) � äà, ÿâëÿåòñÿ

Ïîýòîìó èñêîìûé èäåàë ñîñòàâÿò ýëåìåíòû êîëüöà
(ìíîãî÷ëåíû ñòåïåíè íå âûøå 3), êðàòíûå f(x):(

x2 + x+ 2
)
=
{
(x2 + x+ 2)(ax+ b) | a, b ∈ F3

}
.

Ïðîâåä¼ì óìíîæåíèå:

(x2 + x+ 2)(ax+ b) = ax3 + (a+ b)x2 + (2a+ b)x+ 2b.

2. Òåïåðü, ïåðåáèðàÿ âñå âîçìîæíûå çíà÷åíèÿ
a, b ∈ F3, íàéä¼ì âñå ýëåìåíòû èäåàëà

(
x2 + x+ 2

)
:

a b ax3 + (a+ b)x2 + (2a+ b)x+ 2b
0 0 0
0 1 x2 + x+ 2
0 2 2x2 + 2x+ 1
1 0 x3 + x2 + 2x
1 1 x3 + 2x2 + 2
1 2 x3 + x+ 1
2 0 2x3 + 2x2 + x
2 1 2x3 + 2x+ 2
2 2 2x3 + x2 + 1

À åñëè áû f(x) = x2 + x+ 2 6 |x4 + 1 = a(x)?
Òîãäà êðàòíûå f(x) ñîñòàâÿò â R èäåàë
(ÍÎÄ(f(x), a(x))).
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Çàäà÷à 2.20. Â ïîëå F = F7[x]/
(
x4 + x3 + x2 + 3

)
íàé-

òè ýëåìåíò, îáðàòíûé ê x2 + x+ 3 .

Ðåøåíèå. Îáðàòíûé ýëåìåíò ê b = x2+x+3 íàõîäèì,
ðåøàÿ óðàâíåíèå

(x4 + x3 + x2 + 3) · χ(x)︸ ︷︷ ︸
=0

+(x2 + x+ 3) · y(x) = 1 (∗)

ñ ïîìîùüþ ðàñøèðåííîãî àëãîðèòìà Åâêëèäà: èì áóäåò
ïîëèíîì y(x). Âû÷èñëÿòü ïîëèíîì χi(x) íåò íåîáõîäè-
ìîñòè.

Øàã 0. r−2(x) = x4 + x3 + x2 + 3,
// Èíèöèàëèçàöèÿ
r−1(x) = x2 + x+ 3,
y−2(x) = 0,
y−1(x) = 1.

Øàã 1. r−2(x) = r−1(x)q0(x) + r0(x),
// Äåëèì r−2(x) íà r−1(x) ñ îñòàòêîì
q0(x) = x2 + 5,
r0(x) = 2x+ 2,
y0(x) = y−2(x)− y−1(x)q0(x) =
= −q0(x) = −x2 − 5.

Øàã 2. r−1(x) = r0(x)q1(x) + r1(x),
// Äåëèì r−1(x) íà r0(x) ñ îñòàòêîì
q1(x) = 4x,
r1(x) = 3,
y1(x) = y−1(x)− y0(x)q1(x) =
= 1 + 4x(x2 + 5) =
= 4x3 + 6x+ 1.
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Àëãîðèòì çàêàí÷èâàåò ñâîþ ðàáîòó íà Øàãå 2, ò.ê.
ñòåïåíü 0 î÷åðåäíîãî îñòàòêà r1(x) = 3 ðàâíà ñòåïå-
íè ìíîãî÷ëåíà â ïðàâîé ÷àñòè (∗): 1 � ìíîãî÷ëåí 0-é
ñòåïåíè.

Â ðåçóëüòàòå ðàáîòû àëãîðèòìà ïîëó÷åíî:

(x2 + x+ 3)(4x3 + 6x+ 1︸ ︷︷ ︸
= y1(x)

) = r1(x) = 3.

×òîáû íàéòè y(x), íóæíî äîìíîæèòü y1(x) íà
3−1 ≡7 5:

y(x) = 5y1(x) = 5 · (4x3 + 6x+ 1) = 6x3 + 2x+ 5.

Çàäà÷à 2.21. Â ïîëå F = F5[x]/
(
x2 + 3x+ 3

)
íàéòè

îáðàòíóþ ê ìàòðèöå

M =

(
3x+ 4 x+ 2
x+ 3 3x+ 2

)
.

Ðåøåíèå. Äëÿ ìàòðèö ðàçìåðà 2×2 îáðàòíàÿ ìàòðèöà
çàïèñûâàåòñÿ â âèäå(

a b
c d

)−1
=

1

ad− bc

(
d −b
−c a

)
.

1. Ñíà÷àëà âû÷èñëèì detM = ad − bc ñ ó÷¼òîì
x2 = 2x+ 2:

detM = (3x+ 4)(3x+ 2)− (x+ 2)(x+ 3) =

= 4x2 + 3x+ 3− x2 − 1 =
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= 3x2 + 3x+ 2 = 3(2x+ 2) + 3x+ 2 = 4x+ 3.

2. Íàéä¼ì îáðàòíûé ê 4x+3 ýëåìåíò, ðåøàÿ óðàâ-
íåíèå

(x2 + 3x+ 3) · χ(x) + (4x+ 3) · y(x) = 1.

ñ ïîìîùüþ ðàñøèðåííîãî àëãîðèòìà Åâêëèäà:

Øàã 0. r−2(x) = x2 + 3x+ 3, // Èíèöèàëèçàöèÿ
r−1(x) = 4x+ 3,
y−2(x) = 0,
y−1(x) = 1.

Øàã 1. r−2(x) = r−1(x)q0(x) + r0(x),
// Äåëèì r−2(x) íà r−1(x) ñ îñòàòêîì
q0(x) = 4x+ 4,
r0(x) = 1,
y0(x) = y−2(x)− y−1(x)q0(x) = −q0(x) =
= −4x− 4 = x+ 1.

3. Âû÷èñëèì îáðàòíóþ ìàòðèöó

M−1 = (x+ 1)

(
3x+ 2 4x+ 3
4x+ 2 3x+ 4

)
=

(
x+ 3 1
4x 3x

)
.

Ïðîâåðêà:(
3x+ 4 x+ 2
x+ 3 3x+ 2

)
×
(
x+ 3 1
4x 3x

)
=

=

(
(3x+ 4)(x+ 3) + 4x(x+ 2)

(x+ 3)2 + 4x(3x+ 2)

3x+ 4 + 3x(x+ 2)
x+ 3 + 3x(3x+ 2)

)
=

=

(
2x2 + x+ 2 3x2 + 4x+ 4
3x2 + 4x+ 4 4x2 + 2x+ 3

)
=
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=

(
2(2x+ 2) + x+ 2 3(2x+ 2) + 4x+ 4
3(2x+ 2) + 4x+ 4 4(2x+ 2) + 2x+ 3

)
=

=

(
1 0
0 1

)
.

Çàäà÷à 2.22. Ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòå-
ëè ìíîãî÷ëåí

f(x) = x11 + x9 + x8 + x4 + x3 + x2 + 1 ∈ F2[x].

Ðåøåíèå.
1. Ñíà÷àëà ïûòàåìñÿ íàéòè êîðíè f(x) â F2: ïî-

ëó÷èì f(0) = f(1) = 1, è çíà÷èò f(x) íå èìååò êîðíåé
â F2 ò.å. íå èìååò ëèíåéíûõ ìíîæèòåëåé.

2. Äàëåå èùåì äåëèòåëè f(x) ñðåäè íåïðèâîäèìûõ
ìíîãî÷ëåíîâ ñòåïåíè 2.

Òàêîâûõ íàä F2 òîëüêî îäèí � x2 + x+ 1.
Ïðè äåëåíèè f(x) íà x2 + x+ 1, ïîëó÷àåì

f(x) = (x2 + x+ 1)·
· (x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1︸ ︷︷ ︸

g(x)

).

Äåëèì ÷àñòíîå g(x) íà x2 + x+ 1:

g(x) = x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1 =

= (x2 + x+ 1)(x7 + x4 + x3 + x2 + x+ 1)+x,

íå äåëèòñÿ íàöåëî, ò.å. x2+x+1 � äåëèòåëü f(x) êðàò-
íîñòè 1.
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3. Íåïðèâîäèìûõ ìíîãî÷ëåíîâ 3-é ñòåïåíè íàä F2

òîëüêî äâà: x3 + x+ 1 è x3 + x2 + 1.
Ïðîáóåì ïîäåëèòü g(x) íà x3 + x+ 1:

x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1 =

= (x3 + x+ 1)(x6 + x5 + x3 + x2 + 1︸ ︷︷ ︸
h(x)

)

� äåëèòñÿ!
Ïðîèçâîäÿ äàëåå ïîïûòêè äåëåíèÿ h(x) íà íåïðè-

âîäèìûå ìíîãî÷ëåíû 3-é ñòåïåíè, ïîëó÷àåì

x6 + x5 + x3 + x2 + 1 =

= (x3 + x+ 1) · (x3 + x2 + x+ 1) + x2,

x6 + x5 + x3 + x2 + 1 = (x3 + x2 + 1) · x3 + x2 + 1.

Ïîñêîëüêó ìíîãî÷ëåí h(x) 6-îé ñòåïåíè íå èìååò äå-
ëèòåëåé 3-é è ìåíüøèõ ñòåïåíåé, òî îí ÿâëÿåòñÿ íåïðè-
âîäèìûì.

Îòâåò: Â F2[x] ñïðàâåäëèâî ðàçëîæåíèå

f(x) = x11 + x9 + x8 + x4 + x3 + x2 + 1 =

= (x2 + x+ 1)(x3 + x+ 1)(x6 + x5 + x3 + x2 + 1).

Çàäà÷à 2.23. Íàéòè ïîëå õàðàêòåðèñòèêè 3, â êîòî-
ðîì ìíîãî÷ëåí f(x) = x3 + x + 2 ∈ F3[x] ðàñêëàäûâà-
åòñÿ íà ëèíåéíûå ìíîæèòåëè.

Â äàííîì ïîëå íàéòè âñå êîðíè äàííîãî ìíîãî÷ëå-
íà.
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Ðåøåíèå. 1. Íàéä¼ì ðàçëîæåíèå ìíîãî÷ëåíà f(x) íà
íåïðèâîäèìûå ìíîæèòåëè íàä F3.

� Èùåì êîðíè: f(0) = 2, f(1) = 1, f(2) = 0.
Ïîñêîëüêó x− 2 ≡3 x+ 1, òî
f(x) = (x+ 1)(x2 + 2x+ 2).

� Ïðîáóåì ðàçëîæèòü ìíîãî÷ëåí g(x) = x2+2x+2:
îí íå èìååò êîðíåé â F3, åãî ñòåïåíü = 2 ⇒ îí
íåïðèâîäèì.

� Îêîí÷àòåëüíî: f(x) = (x+ 1)(x2 + 2x+ 2) ∈ F3[x].

2. Èçâåñòíî, ÷òî åñëè g(x) � íåïðèâîäèìûé ìíîãî-
÷ëåí ñòåïåíè n íàä Fp, òî îí:

� â ïîëå ñâîåãî ðàñøèðåíèÿ F = Fp[x]/(g(x)) ðàñ-
êëàäûâàåòñÿ íà n ëèíåéíûõ ìíîæèòåëåé �

g(x) = (x−α)·(x− αp)·
(
x− αp2

)
·. . .·

(
x− αpn−1

)
,

ãäå α � ïðîèçâîëüíûé êîðåíü g(x) â F ;

� íå èìååò êîðíåé íè â êàêîì êîíå÷íîì ïîëå, ñîäåð-
æàùèì ìåíåå, ÷åì pn ýëåìåíòîâ.

3. Ðàññìîòðèì ïîëå F3[x]/(g(x)) ðàñøèðåíèÿ ìíî-
ãî÷ëåíà g(x) = x2 + 2x+ 2.

Â ýòîì ïîëå åñëè α � êîðåíü g(x), òî è α3 � òîæå
åãî êîðåíü. Âû÷èñëÿåì:

α2 = − 2α− 2 = α + 1,

α3 =α(α + 1) = α2 + α = 2α + 1

Ïîñòðîåííîå ïîëå F3[x]/
(
x2 + 2x+ 2

)
� ñîäåðæèò

íàéäåííûé ðàíåå êîðåíü 2, ïîýòîìó ìíîãî÷ëåí f(x)
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â ýòîì ïîëå ðàñêëàäûâàåòñÿ íà ñëåäóþùèå ëèíåéíûå
ìíîæèòåëè:

f(x) = x3 + x+ 2 = (x− 2)(x− α)(x− 2α− 1) =
= (x+ 1)(x+ 2α)(x+ α + 2).

4. Îïðåäåëèòü êîðíè ìíîãî÷ëåíà g(x) = (x −
α)(x − 2α − 1) â ïîëå F3[x]/

(
x2 + 2x+ 2

)
ëåãêî:

âñåãäà ìîæíî âçÿòü α = x, îòêóäà âòîðîé êîðåíü
α3 = 2α + 1 = 2x+ 1.

Îòâåò: ìíîãî÷ëåí f(x) = x3 + x + 2 èìååò êîðíè
2, x, 2x+ 1 â ïîëå F3[x]/

(
x2 + 2x+ 2

)
= GF (32).

Çàäà÷à 2.24. Íàéòè ì.ì. äëÿ âñåõ ýëåìåíòîâ β ïîëÿ

F2/
(
x4 + x+ 1

)
.

Ðåøåíèå.
β = 0: m0(x) = x.
β = 1: m1(x) = x+ 1.
β = α: ñîïðÿæ¼ííûå ñ α ýëåìåíòû � α2, α4, α8 è

mα(x) = (x− α)(x− α2)(x− α4)(x− α8) =

= x4 + x+ 1.

β = α3: ñîïðÿæ¼ííûå ñ α3 ýëåìåíòû ñóòü α6,α12,
α24 = α9, èõ ì.ì. �

mα3(x) = (x− α3)(x− α6)(x− α9)(x− α12) =

= x4 +
(
α3 + α6 + α9 + α12

)
x3+

+
(
α3α6 + α3α9 + α3α12 + α6α9 + α6α12+
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+α9α12
)
x2+

(
α3α6α9 + α3α6α12 + α3α9α12 + α6α9α12

)
x+

+
(
α3α6α9α12

)
= x4 +

(
α3 + (α3 + α2) + (α3 + α)+

+ (α3 + α2 + α + 1)
)
x3 + (. . .)x2 + (. . .)x+ α30 =

= x4 + x3 + x2 + x+ 1.

β = α5: åäèíñòâåííûé ñîïðÿæ¼ííûé ñ α5 ýëåìåíò �
α10 (ò.ê. α20 = α5), èõ ì.ì. �

mα5(x) = (x− α5)(x− α10) = x2 + x+ 1.

β = α7: ñîïðÿæ¼ííûå ñ α7 ýëåìåíòû � α14,
α28 = α13, α56 = α11, èõ ì.ì. �

mα7(x) = (x− α7)(x− α11)(x− α13)(x− α14) =

= x4 + x3 + 1.

Çàäà÷à 2.25. Íàéòè ìèíèìàëüíûé ìíîãî÷ëåí
m(x) ∈ F5[x], êîòîðûé èìååò êîðåíü α3, ãäå α �
ïðèìèòèâíûé ýëåìåíò ïîëÿ

F = F5[x]/
(
x2 + x+ 2

)
.

Ðåøåíèå.
1. Èçâåñòíî, ÷òî ìèíèìàëüíûé ìíîãî÷ëåí

m(x) â ïîëå õàðàêòåðèñòèêè 5 âìåñòå ñ êîð-
íåì α3 ñîäåðæèò âñå ñîïðÿæ¼ííûå ñ íèì
(α3)5 = α15, (α3)5

2

= α75, (α3)5
3

= α375 è ò.ä.

2. Â ïîëå F áóäåò α52−1 = α24 = 1 ⇒ ñî-
ïðÿæ¼ííûì ñ α3 áóäåò òîëüêî ýëåìåíò α15 (ò.ê.
α75 = α24·3+3 = α3). Ïîýòîìó ìèíèìàëüíûé ìíîãî÷ëåí
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m(x) èìååò ñòåïåíü 2 êëàññ, îáðàçîâàííûé α3 ñîäåð-
æèò òîëüêî äâà ýëåìåíòà α3 è α15:

m(x) = (x− α3)(x− α15) = x2 − (α3 + α15)x+ α18.

3. Íàéä¼ì êîýôôèöèåíòû ìíîãî÷ëåíà m(x) ó÷¼òîì
α2 = −α− 2= 4α + 3:

α3 = α · α2 = α(4α + 3) = 4α2 + 3α =

= 4(4α + 3) + 3α = 4α + 2,

α15 = (α3)5 = (4α + 2)5 = 4α5 + 2 =

= 4α2α3 + 2 = 4(4α + 3)(4α + 2) + 2 =

= 4(α2 + 1) + 2 = 4(4α + 4) + 2 = α + 3,

α3 + α15 = 4α + 2 + α + 3 = 0,

α18 = α3α15 = (4α + 2)(α + 3) =

= 4(4α + 3) + 4α + 1 = 3.

Îòâåò: m(x) = x2 + 3.
Çàäàíèå: óáåäèòåñü, ÷òî x � ïðèìèòèâíûé ýëåìåíò

ïîëÿ F .

Çàäà÷à 2.26. Íàéòè êîðíè ìíîãî÷ëåíà

f(x) = x3 + 3x2 + 4x+ 4 ∈ F5[x].

Ðåøåíèå. Âû÷èñëÿåì çíà÷åíèÿ f(x) äëÿ
x ∈ GF (5) = { 0, 1, 2, 3, 4 }:

f(0) = 4, f(1) = 2, f(2) = 1, f(3) = 0.

Òàêèì îáðàçîì, x = 3 � êîðåíü f(x).
Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x − 3 (èëè íà

x+2 ), ïîëó÷èì x3+3x2+4x+4 = (x−3) ·(x2+x+2).
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Ïåðåáîðîì ýëåìåíòîâ x ∈ GF (5) óáåæäàåìñÿ
f2(x) = x2 + x+ 2 � íåïðèâîäèìûé ìíîãî÷ëåí.

Â ïîëå F5[x]/
(
x2 + x+ 2

)
êîðíè ìíîãî÷ëåíà

f2(x) = 0 ñóòü
{
x, x5

}
è x2 = −x− 2 = 4x+ 3.

Âû÷èñëÿåì:

x5 =
(
x2
)2
x = x(4x+ 3)2 = x(x2 + 4x+ 4) =

= x(4x+ 3 + 4x+ 4) = x(3x+ 2) = 3x2 + 2x =

= 2x+ 4 + 2x = 4x+ 4.

Îòâåò: { 3, x, 4x+ 4 }.

Çàäà÷à 2.27. ßâëÿåòñÿ ëè ìíîãî÷ëåí

f(x) = x2 + x+ 2 ∈ F5[x]

ïðèìèòèâíûì?

Ðåøåíèå. Ïîäñòàíîâêîé â f(x) âñåõ ýëåìåíòîâ
0, . . . , 4 ïîëÿ F5 óáåæäàåìñÿ, ÷òî äàííûé ìíîãî÷ëåí
2-é ñòåïåíè íå èìååò ëèíåéíûõ äåëèòåëåé è, ñëåäîâà-
òåëüíî, íåïðèâîäèì.

Ïîðÿäîê ìóëüòèïëèêàòèâíîé ãðóïïû GF (52) åñòü
25− 1 = 24 = 23 · 3. Îïðåäåëèì ïîðÿäîê ýëåìåíòà å¼ x,
äëÿ êîòîðîãî x2 = −x− 2 = 4x+ 3.

Ïîñêîëüêó ïðîñòûå äåëèòåëè 24 ñóòü 2 è 3, ïðîâå-
ðèì ðàâåíñòâî xd = 1 äëÿ d ∈

{
24
2 = 12, 24

3 = 8
}
.

Èìååì:

x4 =(x2)2 = (4x+ 3)2 = x2 + 4x+ 4 = . . .

. . . = 3x+ 2 6= 1,

x8 =(x4)2 = (3x+ 2)2 = −x2 + 2x+ 4 = . . .
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. . . = 3x+ 1 6= 1.

x12 =x8x4 = (3x+ 1)(3x+ 2) = −x2 + 4x+ 2 = . . .

. . . = 4 6= 1.

Ñëåäîâàòåëüíî ordx = 24 è ðàññìàòðèâàåìûé ìíîãî-
÷ëåí ïðèìèòèâåí â ïîëå F5[x]/

(
x2 + x+ 2

)
.


