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Îïðåäåëåíèÿ è îáîçíà÷åíèÿ

X � ïðîñòðàíñòâî îáúåêòîâ;

F = {f1, . . . , fn}, fj : X → {0, 1} � áèíàðíûå ïðèçíàêè (items);

X ℓ = {x1, . . . , xℓ} ⊂ X � îáó÷àþùàÿ âûáîðêà.

Êàæäîìó ïîäìíîæåñòâó ϕ ⊆ F ñîîòâåòñòâóåò êîíúþíêöèÿ

ϕ(x) =
∧

f ∈ϕ

f (x), x ∈ X .

Åñëè ϕ(x) = 1, òî ¾ïðèçíàêè èç ϕ ñîâìåñòíî âñòðå÷àþòñÿ ó x¿.

×àñòîòà âñòðå÷àåìîñòè (ïîääåðæêà, support) ϕ â âûáîðêå X ℓ

ν(ϕ) =
1

ℓ

ℓ
∑

i=1

ϕ(xi ).

Åñëè ν(ϕ) > δ, òî ¾íàáîð ϕ ÷àñòûé¿ (frequent itemset).

Ïàðàìåòð δ � ìèíèìàëüíàÿ ïîääåðæêà, MinSupp.
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Îïðåäåëåíèå

Àññîöèàòèâíîå ïðàâèëî (asso
iation rule) ϕ→ y � ýòî

ïàðà íåïåðåñåêàþùèõñÿ íàáîðîâ ϕ, y ⊆ F òàêèõ, ÷òî:

1) íàáîðû ϕ è y ñîâìåñòíî ÷àñòî âñòðå÷àþòñÿ,

ν(ϕ ∪ y) > δ;

2) åñëè âñòðå÷àåòñÿ ϕ, òî ÷àñòî âñòðå÷àåòñÿ òàêæå è y ,

ν(y |ϕ) ≡
ν(ϕ ∪ y)

ν(ϕ)
> κ.

ν(y |ϕ) � çíà÷èìîñòü (
on�den
e) ïðàâèëà.

Ïàðàìåòð δ � ìèíèìàëüíàÿ ïîääåðæêà, MinSupp.

Ïàðàìåòð κ � ìèíèìàëüíàÿ çíà÷èìîñòü, MinConf.
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Êëàññè÷åñêèé ïðèìåð

Àíàëèç ðûíî÷íûõ êîðçèí (market basket analysis) [1993℄

ïðèçíàêè � òîâàðû (ïðåäìåòû, items)

îáúåêòû � ÷åêè (òðàíçàêöèè)

fj(xi ) = 1 � â i -ì ÷åêå çà�èêñèðîâàíà ïîêóïêà j-ãî òîâàðà.

Ïðèìåð: ¾åñëè êóïëåí õëåá ϕ, òî áóäåò êóïëåíî è ìîëîêî y


 âåðîÿòíîñòüþ ν(y |ϕ) = 60%; ïðè÷¼ì îáà òîâàðà ïîêóïàþòñÿ

ñîâìåñòíî 
 âåðîÿòíîñòüþ ν(ϕ ∪ y) = 2%¿.

Öåëè àíàëèçà:

- îïòèìèçèðîâàòü ðàçìåùåíèå òîâàðîâ íà ïîëêàõ,

- �îðìèðîâàòü ïåðñîíàëüíûå ðåêîìåíäàöèè,

- ïëàíèðîâàòü ðåêëàìíûå êàìïàíèè (ïðîìî-àêöèè),

- áîëåå ý��åêòèâíî óïðàâëÿòü öåíàìè è àññîðòèìåíòîì.
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Ïðèìåð 2

Âûÿâëåíèå òåìàòèêè â êîëëåêöèÿõ òåêñòîâûõ äîêóìåíòîâ

ïðèçíàêè � òåðìèíû (îòäåëüíûå ñëîâà èëè âûðàæåíèÿ)

îáúåêòû � òåêñòîâûå äîêóìåíòû

fj(xi ) = 1 � â i -ì òåêñòå (÷àñòî) óïîòðåáëÿåòñÿ j-é òåðìèí.

Òåìà � ýòî ñîâîêóïíîñòü òåðìèíîâ, ñîâìåñòíî âñòðå÷àþùèõñÿ

â óçêîì ïîäìíîæåñòâå äîêóìåíòîâ, òî åñòü ÷àñòûé íàáîð.

Íåäîñòàòîê: ñëèøêîì æ¼ñòêîå òðåáîâàíèå, ÷òîáû â òåêñòå

âñòðå÷àëèñü âñå ñëîâà òåìû. Âåðîÿòíîñòíûå ìîäåëè àäåêâàòíåå.

Öåëè àíàëèçà:

- ïîëó÷åíèå ïðèçíàêîâ äëÿ âûäåëåíèÿ òåðìèíîâ;

- âûäåëåíèå íàèáîëåå ÷¼òêèõ òåì;

- �îðìèðîâàíèå íà÷àëüíûõ ïðèáëèæåíèé äëÿ Topi
 Models.
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Àññîöèàòèâíûå ïðàâèëà � ýòî ëîãè÷åñêèå çàêîíîìåðíîñòè

Îïðåäåëåíèå

Ïðåäèêàò ϕ(x)�ëîãè÷åñêàÿ ε, δ-çàêîíîìåðíîñòü êëàññà c ∈ Y:

Dc(ϕ,X
ℓ) =

pc(ϕ)

ℓ
> δ; Ec (ϕ,X

ℓ) =
nc(ϕ)

pc(ϕ) + nc(ϕ)
6 ε,

pc(ϕ) = #
{

xi : ϕ(xi ) = 1 è y(xi ) = c
}

+ïðèìåðû êëàññà c ;

nc(ϕ) = #
{

xi : ϕ(xi ) = 1 è y(xi ) 6= c
}

−ïðèìåðû êëàññà c .

Äëÿ ¾ϕ→ y¿ âîçüì¼ì öåëåâîé ïðèçíàê y(x) =
∧

f ∈y

f (x). Òîãäà

ν(ϕ ∪ y) ≡ D1(ϕ) > δ;
ν(ϕ ∪ y)

ν(ϕ)
≡ 1− E1(ϕ) > 1− ε ≡ κ.

Âûâîä: ðàçëè÷èÿ äâóõ îïðåäåëåíèé � ÷èñòî òåðìèíîëîãè÷åñêèå.
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Äâà ýòàïà ïîñòðîåíèÿ ïðàâèë. Ñâîéñòâî àíòèìîíîòîííîñòè

Ïîñêîëüêó ϕ(x) =
∧

f ∈ϕ

f (x) � êîíúþíêöèÿ, èìååò ìåñòî

Ñâîéñòâî àíòèìîíîòîííîñòè:

äëÿ ëþáûõ ψ,ϕ ⊂ F èç ϕ ⊂ ψ ñëåäóåò ν(ϕ) > ν(ψ).

Ñëåäñòâèÿ:

1

åñëè ψ ÷àñòûé, òî âñå åãî ïîäìíîæåñòâà ϕ ⊂ ψ ÷àñòûå.

2

åñëè ϕ íå ÷àñòûé, òî âñå íàáîðû ψ ⊃ ϕ òàêæå íå ÷àñòûå.

3 ν(ϕ ∪ ψ) 6 ν(ϕ) äëÿ ëþáûõ ϕ,ψ.

Äâà ýòàïà ïîèñêà àññîöèàòèâíûõ ïðàâèë:

1

ïîèñê ÷àñòûõ íàáîðîâ

(ìíîãîêðàòíûé ïðîñìîòð òðàíçàêöèîííîé áàçû äàííûõ).

2

âûäåëåíèå àññîöèàòèâíûõ ïðàâèë

(ïðîñòàÿ ý��åêòèâíàÿ ïðîöåäóðà â îïåðàòèâíîé ïàìÿòè).
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Àëãîðèòì APriory (îñíîâíàÿ èäåÿ � ïîèñê â øèðèíó)

Âõîä: X ℓ
�îáó÷àþùàÿ âûáîðêà;

ìèíèìàëüíàÿ ïîääåðæêà δ; ìèíèìàëüíàÿ çíà÷èìîñòü κ;

Âûõîä: R =
{

(ϕ, y)
}

� ñïèñîê àññîöèàòèâíûõ ïðàâèë;

1: ìíîæåñòâî âñåõ ÷àñòûõ èñõîäíûõ ïðèçíàêîâ:

G1 :=
{

f ∈ F
∣

∣ ν(f ) > δ
}

;

2: äëÿ âñåõ j = 2, . . . , n
3: ìíîæåñòâî âñåõ ÷àñòûõ íàáîðîâ ìîùíîñòè j :

Gj :=
{

ϕ ∪ {f }
∣

∣ ϕ ∈ Gj−1, f ∈ G1\ϕ, ν(ϕ ∪ {f }) > δ
}

;

4: åñëè Gj = ∅ òî

5: âûõîä èç öèêëà ïî j ;

6: R := ∅;

7: äëÿ âñåõ ψ ∈ Gj , j = 2, . . . , n
8: Asso
Rules (R , ψ,∅);
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Âûäåëåíèå àññîöèàòèâíûõ ïðàâèë

Ýòàï 2. Ïðîñòîé àëãîðèòì, âûïîëíÿåìûé áûñòðî,

êàê ïðàâèëî, ïîëíîñòüþ â îïåðàòèâíîé ïàìÿòè.

Âõîä è Âûõîä: R � ñïèñîê àññîöèàòèâíûõ ïðàâèë;

(ϕ, y) � àññîöèàòèâíîå ïðàâèëî;

1: Ï�ÎÖÅÄÓ�À Asso
Rules (R , ϕ, y);
2: äëÿ âñåõ f ∈ ϕ: idf > max

g∈y
idg (÷òîáû èçáåæàòü ïîâòîðîâ y)

3: ϕ′ := ϕ \ {f }; y ′ := y ∪ {f };
4: åñëè ν(y ′|ϕ′) > κ òî

5: äîáàâèòü àññîöèàòèâíîå ïðàâèëî (ϕ′, y ′) â ñïèñîê R ;

6: åñëè |ϕ′| > 1 òî
7: Asso
Rules (R , ϕ′, y ′);

idf � ïîðÿäêîâûé íîìåð ïðèçíàêà f â F = {f1, . . . , fn}
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�àçâèòèå àëãîðèòìîâ èíäóêöèè àññîöèàòèâíûõ ïðàâèë

Ìîäè�èêàöèè àëãîðèòìîâ èíäóêöèè àññîöèàòèâíûõ ïðàâèë

Áîëåå ý��åêòèâíûå ñòðóêòóðû äàííûõ äëÿ áûñòðîãî

ïîèñêà ÷àñòûõ íàáîðîâ.

Ñàìïëèíã ñ ïîñëåäóþùåé ïðîâåðêîé ïðàâèë íà ïîëíîé

âûáîðêå.

Èåðàðõè÷åñêèå àëãîðèòìû, ó÷èòûâàþùèå èåðàðõèþ

ïðèçíàêîâ (íàïðèìåð, òîâàðíîå äåðåâî).

Ó÷¼ò âðåìåíè: èíêðåìåíòíûå è äåêðåìåíòíûå àëãîðèòìû.

Ó÷¼ò âðåìåíè: ïîèñê ïîñëåäîâàòåëüíûõ øàáëîíîâ

(sequential pattern).

Ó÷¼ò èí�îðìàöèè î êëèåíòàõ.
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Ïðå�èêñíîå FP-äåðåâî (FP � frequent pattern)

Â êàæäîé âåðøèíå v äåðåâà T çàäàþòñÿ:

ïðèçíàê fv ∈ F ;

ìíîæåñòâî äî÷åðíèõ âåðøèí Sv ⊂ T ;

ïîääåðæêà cv =ν(ϕv ) íàáîðà ïðèçíàêîâ ϕv =
{

fu : u∈ [v0, v ]
}

,

ãäå [v0, v ] � ïóòü îò êîðíÿ äåðåâà v0 äî âåðøèíû v .

Îáîçíà÷åíèÿ:

V (T , f ) =
{

v ∈ T : fv = f
}

� âñå âåðøèíû ïðèçíàêà f .

C (T , f ) =
∑

v∈V (T ,f )

cv � ñóììàðíàÿ ïîääåðæêà ïðèçíàêà f .

Ñâîéñòâà FP-äåðåâà T , ïîñòðîåííîãî ïî âñåé âûáîðêå X ℓ
:

1 T ñîäåðæèò ïîëíóþ èí�îðìàöèþ î âñåõ ν(ϕ), ϕ ⊆ F .

2 C (T , f ) = ν(f ) äëÿ âñåõ f ∈ F .
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Ïðèìåð: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Óïîðÿäî÷èì âñå ïðèçíàêè f ∈ F : ν(f ) > δ ïî óáûâàíèþ ν(f ).

Òîãäà êàæäûé îáúåêò îïèñûâàåòñÿ ñëîâîì â àë�àâèòå F ;
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Àëãîðèòì FP-Growth

Ýòàï 1: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Ýòàï 2: ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Àëãîðèòì FP-growth

Âõîä: X ℓ
�îáó÷àþùàÿ âûáîðêà;

Âûõîä: FP-äåðåâî T , 〈fv , cv ,Sv 〉v∈T ;

1: óïîðÿäî÷èòü ïðèçíàêè f ∈ F : ν(f ) > δ ïî óáûâàíèþ ν(f );
ÝÒÀÏ 1: ïîñòðîåíèå FP-äåðåâà T ïî âûáîðêå X ℓ

2: äëÿ âñåõ xi ∈ X ℓ

3: v := v0;

4: äëÿ âñåõ f ∈ F òàêèõ, ÷òî f (xi) 6= 0
5: åñëè íåò äî÷åðíåé âåðøèíû u ∈ Sv : fu = f òî

6: ñîçäàòü íîâóþ âåðøèíó u; Sv := Sv ∪ {u};
fu := f ; cu := 0; Su := ∅;

7: cu := cu + 1/ℓ; v := u;

8: ÝÒÀÏ 2: ðåêóðñèâíûé ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó T

FP-�nd (T ,∅,∅);
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Àëãîðèòì FP-Growth

Ýòàï 1: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Ýòàï 2: ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Ýòàï 2: ðåêóðñèâíûé ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Âõîä: FP-äåðåâî T , íàáîð ϕ ⊂ F , ñïèñîê ÷àñòûõ íàáîðîâ R ;

Âûõîä: äîáàâèòü â R âñå ÷àñòûå íàáîðû, ñîäåðæàùèå ϕ;

1: Ï�ÎÖÅÄÓ�À FP-�nd (T , ϕ,R);
2: äëÿ âñåõ f ∈ F : V (T , f ) 6= ∅ ïî óðîâíÿì ñíèçó ââåðõ

3: åñëè C (T , f ) > δ òî
4: äîáàâèòü ÷àñòûé íàáîð ϕ ∪ {f } â ñïèñîê R :

R := R ∪ {ϕ ∧ f };
5: ïîñòðîèòü óñëîâíîå FP-äåðåâî T ′ := T |f , à èìåííî:

T ′ := FP-äåðåâî ïî ïîäâûáîðêå

{

xi ∈ X ℓ : f (xi ) = 1
}

;

6: íàéòè ïî T ′
âñå ÷àñòûå íàáîðû, âêëþ÷àþùèå ϕ è f :

FP-�nd

(

T ′, ϕ ∪ {f },R
)

;

Óñëîâíîå FP-äåðåâî T ′ := T |f ìîæíî ïîñòðîèòü áûñòðî,

èñïîëüçóÿ òîëüêî FP-äåðåâî T è íå çàãëÿäûâàÿ â âûáîðêó.
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Àëãîðèòì APriory

Àëãîðèòì FP-Growth

Ýòàï 1: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Ýòàï 2: ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Óñëîâíîå FP-äåðåâî

Ïóñòü FP-äåðåâî T ïîñòðîåíî ïî âûáîðêå X ℓ
.

Îïð. Óñëîâíîå FP-äåðåâî (
onditional FP-tree) � ýòî FP-äåðåâî

T ′ := T |f , ïîñòðîåííîå ïî ïîäâûáîðêå

{

xi ∈ X ℓ : f (xi ) = 1
}

,

èç êîòîðîãî óäàëåíû âñå âåðøèíû v ∈ V (T ′, f ) è âñå èõ ïîòîìêè.

Ïðîäîëæåíèå ïðèìåðà: CFP-äåðåâî T |“e”
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Àëãîðèòì FP-Growth

Ýòàï 1: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Ýòàï 2: ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Áûñòðîå ïîñòðîåíèå óñëîâíîãî FP-äåðåâà T ′ = T |f

Âõîä: FP-äåðåâî T , ïðèçíàê f ∈ F ;

Âûõîä: óñëîâíîå FP-äåðåâî T ′ = T |f ;

1: îñòàâèòü â äåðåâå òîëüêî âåðøèíû íà ïóòÿõ èç âåðøèí v

ïðèçíàêà f ñíèçó ââåðõ äî êîðíÿ v0:

T ′ :=
⋃

v∈V (T ,f )

[v , v0];

2: ïîäíÿòü çíà÷åíèÿ ñ÷¼ò÷èêîâ cv îò âåðøèí v ∈ V (T ′, f )
ñíèçó ââåðõ ïî ïðàâèëó

cu :=
∑

w∈Su

cw äëÿ âñåõ u ∈ T ′
;

3: óäàëèòü èç T ′
âñå âåðøèíû ïðèçíàêà f ;

èõ ïîääåðåâüÿ òàêæå íå íóæíû è äàæå íå ñîçäàþòñÿ, ò.ê.

â ìîìåíò âûçîâà FP-�nd âñå íàáîðû, ñîäåðæàùèå ïðèçíàêè

íèæå f , óæå ïðîñìîòðåíû.
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Àëãîðèòì APriory

Àëãîðèòì FP-Growth

Ýòàï 1: ïîñòðîåíèå ïðå�èêñíîãî FP-äåðåâà

Ýòàï 2: ïîèñê ÷àñòûõ íàáîðîâ ïî FP-äåðåâó

Ý��åêòèâíîñòü àëãîðèòìà FPGrowth

Îäíà èç òèïè÷íûõ çàâèñèìîñòåé log âðåìåíè ðàáîòû àëãîðèòìà

îò MinSupp (íà âûáîðêå äàííûõ 
ensus).

Íèæíèå êðèâûå � äâå ðàçíûå ðåàëèçàöèè FP-growth.

Christian Borgelt. An Implementation of the FPgrowth Algorithm. 2005.
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Àëãîðèòì APriory

Àëãîðèòì FP-Growth

�åçþìå â êîíöå ëåêöèè

Ïîèñê àññîöèàòèâíûõ ïðàâèë � îáó÷åíèå áåç ó÷èòåëÿ.

Àññîöèàòèâíîå ïðàâèëî (ïî îïðåäåëåíèþ) � ïî÷òè òî æå

ñàìîå, ÷òî ëîãè÷åñêàÿ ε, δ-çàêîíîìåðíîñòü.

Ïðîñòûå àëãîðèòìû òèïà APriory âû÷èñëèòåëüíî

íåý��åêòèâíû íà áîëüøèõ äàííûõ.

FP-growth � îäèí èç ñàìûõ ý��åêòèâíûõ àëãîðèòìîâ

ïîèñêà àññîöèàòèâíûõ ïðàâèë.

Äëÿ ïðàêòè÷åñêèõ ïðèëîæåíèé ÷àñòî èñïîëüçóþòñÿ åãî

èíêðåìåíòíûå è/èëè èåðàðõè÷åñêèå îáîáùåíèÿ.
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