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Âåðîÿòíîñòíàÿ ïîðîæäàþùàÿ ìîäåëü

D � êîíå÷íîå ìíîæåñòâî äîêóìåíòîâ

W � êîíå÷íîå ìíîæåñòâî òåðìèíîâ

T � êîíå÷íîå ìíîæåñòâî òåì

D ×W × T � âåðîÿòíîñòíîå ïðîñòðàíñòâî

p(d ,w , t) � ðàñïðåäåëåíèå â ýòîì ïðîñòðàíñòâå

Èñõîäíûå äàííûå � íàáëþäàåìûå ïåðåìåííûå:

X = (di ,wi )
n
i=1 = (wdi )D×nd = (ndw )D×W

Ñêðûòûå ïåðåìåííûå, îáúÿñíÿþùèå ïîÿâëåíèå äàííûõ:

Z = (ti )
n
i=1

Ïàðàìåòðû âåðîÿòíîñòíîé ìîäåëè p(w |d) =
∑

t∈T

φwtθtd :

Ω = (Φ,Θ), φwt = p(w |t), θtd = p(t|d)

Çàäà÷à: ïî X íàéòè Ω
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Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ

Ïóñòü ñêðûòûå ïåðåìåííûå Z èçâåñòíû: ln p(X ,Z |Ω) → max
Ω

.

�èïîòåçà íåçàâèñèìîñòè ýëåìåíòîâ âûáîðêè (di ,wi , ti )
n
i=1:

p(X ,Z |Ω) =
n∏

i=1

p(di ,wi ,ti |Ω) =
∏

d,w ,t

p(d ,w ,t|Ω)ndwt =
∏

d,w ,t

(φwtθtdpd)
ndwt

ãäå ndwt =
∑n

i=1[di =d ] [wi =w ] [ti = t], pd = p(d) = nd
n
.

Ìàêñèìèçàöèÿ ëîãàðè�ìà ïðàâäîïîäîáèÿ

∑

d,w ,t

ndwt ln
(
φwtθtd

)
→ max

Φ,Θ

ïðè îãðàíè÷åíèÿõ íîðìèðîâêè è íåîòðèöàòåëüíîñòè

φwt > 0;
∑

w

φwt = 1; θtd > 0;
∑

t

θtd = 1
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�åøåíèå çàäà÷è ìàêñèìèçàöèè ïðàâäîïîäîáèÿ

×òîáû ïðèìåíèòü óñëîâèÿ ÊÊÒ, âûïèñûâàåì ëàãðàíæèàí:

L (Φ,Θ) =
∑

d,w ,t

ndwt lnφwt −
∑

t

λt

(∑

w

φwt − 1
)

+

+
∑

d,w ,t

ndwt ln θtd −
∑

d

µd

(∑

t

θtd − 1
)

Óñëîâèÿ ÊÊÒ äëÿ ñòàöèîíàðíîé òî÷êè ëàãðàíæèàíà:

∂L

∂φwt
=
∑

d ndwt
︸ ︷︷ ︸

nwt

1
φwt

− λt = 0

nwt = λtφwt

nt = λt

φwt =
nwt
nt

∂L

∂θtd
=
∑

w ndwt
︸ ︷︷ ︸

ntd

1
θtd

− µd = 0

ntd = µdθtd

nd = µd

θtd = ntd
nd

Ê.Â. Âîðîíöîâ (vokov�fore
sys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 5 / 43



EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Âåðîÿòíîñòíûå ìîäåëè ñî ñêðûòûìè ïàðàìåòðàìè

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Ïðîìåæóòî÷íûé èòîã

Åñëè çíà÷åíèÿ ñêðûòûõ ïåðåìåííûõ Z = (t1, . . . , tn) èçâåñòíû,
òî ðåøåíèåì çàäà÷è ìàêñèìèçàöèè ïðàâäîïîäîáèÿ

ln p(X ,Z |Ω) → max
Ω

ÿâëÿþòñÿ ÷àñòîòíûå îöåíêè óñëîâíûõ âåðîÿòíîñòåé

φwt =
nwt
nt

= norm
w∈W

(nwt), nwt =
∑

d∈D

ndwt ;

θtd = ntd
nd

= norm
t∈T

(ntd ), ntd =
∑

t∈T

ndwt .

Íó... ìû ýòî óæå äàâíî çíàëè :)

Òåì íå ìåíåå, ýòî ïðîñòîå ðåøåíèå íàì åù¼ íå ðàç ïðèãîäèòñÿ.

Òåïåðü ïåðåéä¼ì ê ñëó÷àþ, êîãäà Z íå èçâåñòíû.
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Ïðîáëåìà � âîçíèêàåò ñóììà ïîä ëîãàðè�ìîì:

ln p(X |Ω) = ln
∑

Z

p(X ,Z |Ω) → max
Ω

Ôîðìóëà óñëîâíîé âåðîÿòíîñòè:

p(X ,Z |Ω) = p(Z |X ,Ω)p(X |Ω) ⇒ p(X |Ω) = p(X ,Z |Ω)
p(Z |X ,Ω)

Äëÿ ïðîèçâîëüíîãî ðàñïðåäåëåíèÿ q(Z )

ln p(X |Ω) =
∑

Z

q(Z ) ln p(X |Ω) =
∑

Z

q(Z ) ln p(X ,Z |Ω)
p(Z |X ,Ω) =

=
∑

Z

q(Z ) ln p(X ,Z |Ω)−
∑

Z

q(Z ) ln q(Z )

︸ ︷︷ ︸

L(q,Ω) � íèæíÿÿ îöåíêà ln p(X |Ω)

+
∑

Z

q(Z ) ln q(Z)
p(Z |X ,Ω)

︸ ︷︷ ︸

KL
(
q(Z)

∥
∥p(Z |X ,Ω)

)
>0
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Èäåÿ ÅÌ-àëãîðèòìà. Çàäà÷à Å-øàãà

Ìàêñèìèçèðîâàòü íèæíþþ îöåíêó L(q,Ω) òî ïî q, òî ïî Ω:

E-øàã: L(q,Ω) → max
q

M-øàã: L(q,Ω) → max
Ω

Çàäà÷à Å-øàãà.

Ïîäñòàâèì p(X ,Z |Ω) = p(Z |X ,Ω)p(X |Ω) â �îðìóëó L(q,Ω):

∑

Z

q(Z ) ln p(Z |X ,Ω) +
∑

Z q(Z )
︸ ︷︷ ︸

=1

ln p(X |Ω)
︸ ︷︷ ︸

const ïî q

−
∑

Z

q(Z ) ln q(Z ) → max
q

KL
(
q(Z )

∥
∥ p(Z |X ,Ω)

)
→ min

q

Óòâ. 1. q(Z ) = p(Z |X ,Ω) � òî÷íîå ðåøåíèå çàäà÷è Å-øàãà.

Óòâ. 2. L(q,Ω) � òî÷íàÿ íèæíÿÿ îöåíêà ln p(X |Ω).
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EM-àëãîðèòì. Îáîñíîâàíèå ñõîäèìîñòè

Ìû âûâåëè EM-àëãîðèòì äëÿ Z è Ω îáùåãî âèäà:

E-øàã: q(Z ) = p(Z |X ,Ω)

M-øàã:

∑

Z

q(Z ) ln p(X ,Z |Ω) → max
Ω

è äîêàçàëè åãî ñõîäèìîñòü â ñëàáîì ñìûñëå:

íà êàæäîì øàãå ïðàâäîïîäîáèå ln p(X |Ω) óâåëè÷èâàåòñÿ;

íå ãàðàíòèðóåòñÿ äîñòèæåíèå max ñ çàäàííîé òî÷íîñòüþ;

íå ãàðàíòèðóåòñÿ ãëîáàëüíàÿ ñõîäèìîñòü, òàê êàê

çàäà÷à â îáùåì ñëó÷àå ìíîãîýêñòðåìàëüíàÿ

(íà ïðàêòèêå âàæåí âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ).

N.B. Åñëè ñêðûòàÿ ïåðåìåííàÿ Z íå äèñêðåòíà, à íåïðåðûâíà,

òî ñóììèðîâàíèå

∑

Z çàìåíÿåòñÿ èíòåãðèðîâàíèåì

∫

Z
.

Ê.Â. Âîðîíöîâ (vokov�fore
sys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 9 / 43



EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Âåðîÿòíîñòíûå ìîäåëè ñî ñêðûòûìè ïàðàìåòðàìè

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Ìàêñèìèçàöèÿ ðåãóëÿðèçîâàííîãî ïðàâäîïîäîáèÿ

D ×W × T × {Ω} � âåðîÿòíîñòíîå ïðîñòðàíñòâî

p(Ω) � àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè

Ïðèíöèï ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè:

ln p(X ,Ω) = ln p(X |Ω) + ln p(Ω)
︸ ︷︷ ︸

R(Ω)

→ max
Ω

�åãóëÿðèçàòîð R(Ω) ìîæåò äàæå è íå èìåòü âåðîÿòíîñòíîé

èíòåðïðåòàöèè, òåì íå ìåíåå, âñå âûêëàäêè îñòàþòñÿ â ñèëå!

E-øàã: q(Z ) = p(Z |X ,Ω)

M-øàã:

∑

Z

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

�åãóëÿðèçàòîðû èñïîëüçóþòñÿ äëÿ �îðìàëèçàöèè

äîïîëíèòåëüíûõ òðåáîâàíèé ê âåðîÿòíîñòíîé ìîäåëè.
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�åãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

Íàïîìèíàíèå: Ω = (Φ,Θ), X = (di ,wi )
n
i=1, Z = (ti )

n
i=1.

E-øàã: â ñèëó íåçàâèñèìîñòè ýëåìåíòîâ âûáîðêè

q(Z ) = p(Z |X ,Ω) =
n∏

i=1

p(ti |di ,wi ) =
n∏

i=1

norm
ti

(
φwi ti θtidi

)

M-øàã:

∑

Z∈T n

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

∑

(t1,...,tn)∈T n

n∏

k=1

p(tk |dk ,wk)
n∑

i=1
ln p(di ,wi ,ti |Ω) + R(Ω) → max

Ω

n∑

i=1

∑

t1∈T

· · ·
∑

tn∈T

n∏

k=1

p(tk |dk ,wk) ln p(di ,wi ,ti |Ω) + R(Ω) → max
Ω

n∑

i=1

∑

t∈T

p(t|di ,wi ) ln p(di ,wi ,t|Ω) + R(Ω) → max
Ω
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... ïðîäîëæàåì âûâîä �îðìóëû Ì-øàãà:

n∑

i=1

∑

t∈T

p(t|di ,wi ) ln p(di ,wi ,t|Ω) + R(Ω) → max
Ω

∑

d∈D

∑

w∈W

∑

t∈T

ndwp(t|d ,w)
︸ ︷︷ ︸

îáîçíà÷èì ndwt

ln
(
φwtθtd

)
+ R(Φ,Θ) → max

Φ,Θ

Òàêóþ çàäà÷ó ìû óæå ðåøàëè, òîëüêî áåç ðåãóëÿðèçàòîðà.

×òîáû ïðèìåíèòü óñëîâèÿ ÊÊÒ, âûïèñûâàåì ëàãðàíæèàí:

L (Φ,Θ) =
∑

d,w ,t

ndwt lnφwt −
∑

t

λt

(∑

w

φwt − 1
)

+

+
∑

d,w ,t

ndwt ln θtd −
∑

d

µd

(∑

t

θtd − 1
)

+ R(Φ,Θ)
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�åãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

Óñëîâèÿ ÊÊÒ äëÿ ñòàöèîíàðíîé òî÷êè ëàãðàíæèàíà:

∑

d ndwt
︸ ︷︷ ︸

nwt

1
φwt

+ ∂R
∂φwt

= λt

(
nwt + φwt

∂R
∂φwt

)

+
= λtφwt

φwt = norm
w∈W

(
nwt + φwt

∂R
∂φwt

)

∑

w ndwt
︸ ︷︷ ︸

ntd

1
θtd

+ ∂R
∂θtd

= µd

(
ntd + θtd

∂R
∂θtd

)

+
= µdθtd

θtd = norm
t∈T

(
ntd + θtd

∂R
∂θtd

)

Åù¼ ðàç âûâåëè �îðìóëû ARTM, òåïåðü èç îáùåãî EM-àëãîðèòìà.

×àñòíûå ñëó÷àè:

PLSA: R(Φ,Θ) = 0.

LDA: R(Φ,Θ) = ln
∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α).
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Âåðîÿòíîñòíûå ìîäåëè ñî ñêðûòûìè ïàðàìåòðàìè

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Ïðîìåæóòî÷íûé èòîã

Ìû óçíàëè áîëåå îáùèé âàðèàíò EM-àëãîðèòìà:

òàêæå ñíàáæ¼ííûé âîçìîæíîñòüþ ðåãóëÿðèçàöèè,

äëÿ êîòîðîãî èìååòñÿ äîêàçàòåëüñòâî ñëàáîé ñõîäèìîñòè,

ïðèìåíÿåìûé äëÿ ïîñòðîåíèÿ áîëåå ñëîæíûõ ìîäåëåé,

èñïîëüçóåìûé òàêæå â ìåòîäàõ áàéåñîâñêîãî âûâîäà.

Äàëåå ìû ðàññìàòðèâàåì áàéåñîâñêèé âûâîä:

Îí äà¼ò àïîñòåðèîðíûå ðàñïðåäåëåíèÿ p(Ω|X ),
õîòÿ â ÂÒÌ èñïîëüçóþòñÿ òîëüêî òî÷å÷íûå îöåíêè Ω.

Îí íàìíîãî áîëåå ãðîìîçäêèé ïî ñðàâíåíèþ ñ ARTM,

õîòÿ â ëèòåðàòóðå èìåííî îí â îñíîâíîì è èñïîëüçóåòñÿ.

Îí ïðåòåíäóåò íà òî, ÷òîáû îöåíèâàòü ìåíüøå ïàðàìåòðîâ,

õîòÿ íà äåëå îöåíèâàåò òå æå Φ è Θ, ïëþñ ãèïåðïàðàìåòðû.
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Òåìàòè÷åñêàÿ ìîäåëü LDA (Latent Diri
hlet Allo
ation)

Àïðèîðíîå ðàñïðåäåëåíèå ñ ãèïåðïàðàìåòðàìè α ∈ R
T
, β ∈ R

W
:

p(Φ,Θ|α, β) =
∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α)

�àñïðåäåëåíèÿ Äèðèõëå:

Dir(φt |β) =
Γ(β0)
∏

w

Γ(βw )

∏

w

φβw−1
wt , φwt > 0; β0 =

∑

w

βw , βt > 0;

Dir(θd |α) =
Γ(α0)
∏

t

Γ(αt)

∏

t

θαt−1
td , θtd > 0; α0 =

∑

t

αt , αt > 0;

Ïðèìåð:

Dir(θ|α), |T | = 3,
θ, α ∈ R

3
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Ìàòåìàòè÷åñêîå îæèäàíèå:

Eθt =
∫
θtDir(θ;α) dθ =

αt

α0
= norm

t
(αt)

Ìîäà: θ̂t =
αt−1
α0−T

= norm
t

(αt − 1)

Äèñïåðñèÿ: Dθt =
αt(α0−αt)
α2
0(α0+1)

Ìàòåìàòè÷åñêîå îæèäàíèå ëîãàðè�ìà:

E ln θt =
∫
ln θtDir(θ;α) dθ = ψ(αt)− ψ(α0),

ãäå ψ(x) = Γ′(x)
Γ(x) � äèãàììà-�óíêöèÿ.

Ïðîñòàÿ, íî î÷åíü òî÷íàÿ àïïðîêñèìàöèÿ

ýêñïîíåíòû îò äèãàììà-�óíêöèè:

E (x) = exp(ψ(x)) =

{
x2

2 , 0 6 x 6 1

x − 1
2 , 1 6 x

0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0

0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

4,0
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Îñíîâíûå èäåè Variational Bayesian inferen
e

EM-àëãîðèòì äëÿ ñêðûòûõ ïåðåìåííûõ Z è ïàðàìåòðîâ Ω:

E-øàã: KL
(
q(Z )

∥
∥ p(Z |X ,Ω)

)
→ min

q

M-øàã:

∑

Z

q(Z ) ln p(X ,Z |Ω) → max
Ω

Èäåÿ 1. Åñëè q(Z ) = p(Z |X ,Ω) íå âû÷èñëÿåìî, òî èùåì q(Z )
â âèäå �àêòîðèçàöèè ïî ãðóïïàì ïåðåìåííûõ Zj , j ∈ J:

q(Z ) =
∏

j∈J

qj(Zj)

Èäåÿ 2. Åñëè òåïåðü p(Φ,Θ|α, β) =
∏

t Dir(φt |β)
∏

d Dir(θd |α),
òî ïàðàìåòðû âåðîÿòíîñòíîé ìîäåëè � (α, β) âìåñòî (Φ,Θ),
è òîãäà ñêðûòûå ïåðåìåííûå � (Z ,Φ,Θ) âìåñòî Z .
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Îñíîâíàÿ òåîðåìà âàðèàöèîííîãî áàéåñîâñêîãî âûâîäà

Òåîðåìà. �åøåíèå çàäà÷è KL
(
q(Z )

∥
∥ p(Z |X ,Ω)

)
→ minq

â ñåìåéñòâå �àêòîðèçàöèîííûõ ðàñïðåäåëåíèé

q(Z ) =
∏

j qj(Zj) óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé

ln qj(Zj) = Eq\j ln p(X ,Z |Ω) + const,

ãäå Eq\j � ìàòîæèäàíèå ïî âñåì ïåðåìåííûì êðîìå Zj ,


onst � íîðìèðîâî÷íûé ìíîæèòåëü ðàñïðåäåëåíèÿ qj .

Äëÿ ðåøåíèÿ ýòîé ñèñòåìû èñïîëüçóþò ìåòîä ïðîñòîé èòåðàöèè.

Èäåÿ äîêàçàòåëüñòâà: ðàñïèñûâàåì KL(·‖·) è ñâîäèì çàäà÷ó ê

∑

Zj

qj(Zj)
∑

Z\Zj

∏

i 6=j

qi(Zi ) ln p(X ,Z |Ω)

︸ ︷︷ ︸

Eq\j ln p(X ,Z |Ω)

−
∑

Zj

qj(Zj) ln qj(Zj) → min
q
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Äîêàçàòåëüñòâî

1. Â îïòèìèçàöèîííîé çàäà÷å ìîæíî ïåðåêèäûâàòü X ÷åðåç óñëîâíóþ ÷åðòó:

∑

Z

q(Z ) ln p(Z |X ,Ω)
q(Z)

→ max
q

⇔
∑

Z

q(Z ) ln p(X ,Z |Ω)
q(Z)

−
∑

Z

q(Z ) ln p(X |Ω) → max
q

2. Áóäåì ìèíèìèçèðîâàòü KL-äèâåðãåíöèþ ïîî÷åð¼äíî ïî âñåì Zj .

Ïðèìåíèì �àêòîðèçàöèþ è âûíåñåì ñëàãàåìîå ñ qj(Zj ) âïåð¼ä:

∑

Zj

qj (Zj)
∑

Z\Zj

∏

i 6=j

qi(Zi ) ln p(X ,Z |Ω)

︸ ︷︷ ︸

Eq\j ln p(X ,Z |Ω)

−
∑

Zj

qj(Zj )
∑

Z\Zj

∏

i 6=j

qi (Zi)
∑

k∈J

ln qk(Zk)

︸ ︷︷ ︸

ln qj (Zj ) + const

→ max
qj

3. Ïî÷åìó âòîðóþ �èãóðíóþ ñêîáêó ìîæíî çàìåíèòü íà ln qj(Zj ):

∑

Z\Zj

∏

i 6=j

qi (Zi)
∑

k 6=j

ln qk(Zk)

︸ ︷︷ ︸

íå çàâèñèò îò qj

+
∑

Z\Zj

∏

i 6=j

qi (Zi)

︸ ︷︷ ︸

1

ln qj (Zj )

4. Ââåä¼ì r(Zj ) ∝ exp
(
Eq\j ln p(X ,Z |Ω)

)
, òîãäà KL

(
qj(Zj )

∥
∥r(Zj )

)
→ min

qj
5. Òî÷íîå ðåøåíèå äàííîé çàäà÷è qj (Zj ) = r(Zj ), ñëåäîâàòåëüíî,

ln qj(Zj ) = Eq\j ln p(X ,Z |Ω) + const. �
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Ñíîâà ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

(Z ,Φ,Θ) � òåïåðü ýòî ñêðûòûå ïåðåìåííûå,

Ω = (α, β) � à ýòî ïàðàìåòðû âåðîÿòíîñòíîé ìîäåëè.

Çàäà÷à ìàêñèìèçàöèè íåïîëíîãî ïðàâäîïîäîáèÿ:

p(X |α, β) =
∑

Z

∫

Φ

∫

Θ
p(X ,Z ,Φ,Θ|α, β)dΦdΘ → max

α,β

ÅÌ-àëãîðèòì äëÿ ðåøåíèÿ äàííîé çàäà÷è èìååò âèä:

E-øàã: KL
(
q(Z ,Φ,Θ)

∥
∥ p(Z ,Φ,Θ|X , α, β)

)
→ min

q

M-øàã:

∑

Z

∫

Φ

∫

Θ
q(Z ,Φ,Θ) ln p(X ,Z ,Φ,Θ|α, β)dΦdΘ → max

α,β

Òåïåðü âñ¼ ïðîèñõîäèò íà Å-øàãå (àíàëîã ñòàðûõ Å è Ì øàãîâ)

Íîâûé Ì-øàã ÷àñòî îïóñêàþò, �èêñèðóÿ α, β áåç îïòèìèçàöèè
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Âàðèàöèîííàÿ àïïðîêñèìàöèÿ äëÿ òåìàòè÷åñêîé ìîäåëè LDA

Íàéòè q(Z ,Φ,Θ) â îáùåì âèäå íå óäà¼òñÿ, ïîýòîìó èùåì

â ñåìåéñòâå �àêòîðèçîâàííûõ ðàñïðåäåëåíèé:

q(Z ,Φ,Θ) =

n∏

i=1

qi (ti )
∏

t∈T

qt(φt)
∏

d∈D

qd (θd) ≡
∏

j∈J

qj(Z ,Φ,Θ),

J = {1, . . . , n} ⊔ T ⊔ D � èíäåêñû âñåõ ñêðûòûõ ïåðåìåííûõ.

Îñíîâíàÿ òåîðåìà âàðèàöèîííîãî áàéåñîâñêîãî âûâîäà

�åøåíèå çàäà÷è Å-øàãà óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé

ln qj = Eq\j ln p(X ,Z ,Φ,Θ|α, β) + const,

ãäå Eq\j � ìàòîæèäàíèå ïî âñåì ïåðåìåííûì êðîìå j-é,


onst � íîðìèðîâî÷íûé ìíîæèòåëü ðàñïðåäåëåíèÿ qj .

Äëÿ ðåøåíèÿ ýòîé ñèñòåìû èñïîëüçóþò ìåòîä ïðîñòîé èòåðàöèè.
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïèñûâàåì ëîãàðè�ì p(X ,Z ,Φ,Θ|α, β)

Ïðèìåíÿÿ îñíîâíóþ òåîðåìó, ïåðåâîäèì íåçàâèñÿùèå

îò ñêðûòûõ ïåðåìåííûõ ìíîæèòåëè â 
onst:

ln p(X ,Z ,Φ,Θ|α, β) =

= ln
n∏

i=1
p(di ,wi , ti |Φ,Θ)

∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α) =

=
n∑

i=1

lnφwi ti θtidi +
∑

t,w

(βw−1) lnφwt +
∑

d,t

(αt−1) ln θtd + const.

Òåïåðü íàäî áðàòü ìàòîæèäàíèÿ Eq\j îò ýòîé âåëè÷èíû

ïî âñåì ðàñïðåäåëåíèÿì qt(φt), qd (θd), qi(ti ), êðîìå j-ãî.

Çàìå÷àíèå, ñèëüíî óïðîùàþùåå âûêëàäêè:

åñëè ñëàãàåìîå S íå çàâèñèò îò j-é ïåðåìåííîé, òî EqjS = const.
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EM-àëãîðèòì

Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèÿ ñêðûòûõ ïåðåìåííûõ qt(φt), qd (θd ), qi (ti )

�àñïðåäåëåíèå ñêðûòîé ïåðåìåííîé φt ∈ R
W
:

ln qt(φt) =

n∑

i=1

Eqi (ti )[ti = t] lnφwi ti +
∑

w∈W

(βw−1) lnφwt + const =

=

n∑

i=1

∑

w∈W

[wi =w ]qi (t) lnφwt +
∑

w∈W

(βw−1) lnφwt + const =

=
∑

w∈W

( n∑

i=1
[wi =w ]qi(t)

︸ ︷︷ ︸

nwt

+βw − 1
)

lnφwt + const =

= lnDir(φt |β̃t).

Ýòî ðàñïðåäåëåíèå Äèðèõëå ñ ïàðàìåòðàìè β̃wt = nwt + βw ,
nwt � îöåíêà ÷èñëà ãåíåðàöèé òåðìèíà w èç òåìû t.
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèÿ ñêðûòûõ ïåðåìåííûõ qt(φt), qd (θd ), qi (ti )

�àñïðåäåëåíèå ñêðûòîé ïåðåìåííîé θd ∈ R
T
:

ln qd (θd ) =

n∑

i=1

Eqi (ti )[di =d ] ln θtidi +
∑

t∈T

(αt−1) ln θtd + const =

=

n∑

i=1

[di =d ]
∑

t∈T

qi(t) ln θtd +
∑

t∈T

(αt−1) ln θtd + const =

=
∑

t∈T

( n∑

i=1
[di =d ]qi(t)

︸ ︷︷ ︸

ntd

+αt − 1
)

ln θtd + const =

= lnDir(θd |α̃d ).

Ýòî ðàñïðåäåëåíèå Äèðèõëå ñ ïàðàìåòðàìè α̃td = ntd + αt ,

ntd � îöåíêà ÷èñëà òåðìèíîâ òåìû t â äîêóìåíòå d .
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Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå
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Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèÿ ñêðûòûõ ïåðåìåííûõ qt(φt), qd (θd ), qi (ti )

�àñïðåäåëåíèå ñêðûòîé ïåðåìåííîé ti ∈ R:

ln qi(t) = Eq\i

(
lnφwi ti + ln θtidi

)
+ const =

= Eqt(φt) lnφwi t + Eqd (θd ) ln θtid + const =

= ψ
(
nwi t + βwi

)
− ψ

(∑

w (nwt + βw )
)
+

+ ψ
(
ntdi + αt

)
− ψ

(∑

t(ntdi + αt)
)
+ const

Âîñïîëüçóåìñÿ ïðèáëèæåíèåì exp(ψ(x)) ≈ x − 1
2 :

qi (t) = norm
t∈T

(

nwi t + βwi
− 1

2
∑

w (nwt + βw )−
1
2

·
ntdi + αt −

1
2

∑

t(ntdi + αt)−
1
2

)

Ïîõîæå íà îáû÷íóþ �îðìóëó E-øàãà p(t|di ,wi ) = norm
t∈T

(φwi tθtdi )
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Ñýìïëèðîâàíèå �èááñà

Ñîáèðàåì âñ¼ âîåäèíî

Â èòåðàöèîííîì ïðîöåññå ÷åðåäóþòñÿ äâà øàãà:

1) ðàñïðåäåëåíèå òåðìèíîâ (di ,wi ) ïî òåìàì, E (x) = exp(ψ(x)):

qi(t) = norm
t∈T

(

E
(
nwi t + βwi

)

E
(∑

w (nwt + βw )
) ·

E
(
ntdi + αt

)

E
(∑

t(ntdi + αt)
)

)

2) àêêóìóëèðîâàíèå ñ÷¼ò÷èêîâ nwt è ntd :

nwt =
n∑

i=1

[wi =w ] qi (t) ntd =
n∑

i=1

[di =d ] qi(t)

Òî÷å÷íûå îöåíêè ïàðàìåòðîâ ïî ìàòîæèäàíèþ èëè ìîäå:

Eφwt = norm
w∈W

(
nwt+βw

)
Eθtd = norm

t∈T

(
ntd+αt

)

φ̂wt = norm
w∈W

(
nwt+βw−1

)
θ̂td = norm

t∈T

(
ntd+αt−1

)
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Ñýìïëèðîâàíèå �èááñà

Ïðîìåæóòî÷íûé èòîã

Ôîðìóëû äëÿ MAP è VB î÷åíü ïîõîæè [Asun
ion℄:

� ïðè nwt , ntd ≫ 1 ðàçëè÷èÿ íåîùóòèìû,

� ïðè nwt , ntd . 1 òåìà t íåçíà÷èìà äëÿ w èëè d .

�àñïðåäåëåíèå Äèðèõëå, êàê â ðîëè ðåãóëÿðèçàòîðà,

òàê è â ðîëè ñîïðÿæ¼ííîãî ê ìóëüòèíîìèàëüíîìó

â áàéåñîâñêîì âûâîäå, ïðèâîäèò ê ñõîæèì àëãîðèòìàì.

Ìîæíî äîáàâèòü M-øàã äëÿ îïòèìèçàöèè α, β [Walla
h℄.

Íåñêîëüêî ñìóùàåò ðàçíîîáðàçèå îöåíîê... êàêàÿ ëó÷øå?

Asun
ion A., Welling M., Smyth P., Teh Y. W. On smoothing and inferen
e

for topi
 models // Int'l 
onf. on Un
ertainty in Arti�
ial Intelligen
e, 2009.

Hanna Walla
h, David Mimno, Andrew M
Callum. Rethinking LDA:

why priors matter. Neural Information Pro
essing Systems, 2009.
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ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Îñíîâíûå èäåè Gibbs Sampling

Ω = (α, β) � ïàðàìåòðû âåðîÿòíîñòíîé ìîäåëè.

Ïîî÷åð¼äíîå âûïîëíåíèå äâóõ øàãîâ (àíàëîã EM-àëãîðèòìà):

E-øàã: Z ∼ p(Z |X ,Ω)

M-øàã: (Φ,Θ) ∼ p(Φ,Θ|X ,Z ,Ω)

Îñíîâíàÿ òåîðåìà î ñõîäèìîñòè ñýìïëèðîâàíèÿ �èááñà

Ïðîöåññ ñýìïëèðîâàíèÿ îäíîìåðíûõ ñëó÷àéíûõ âåëè÷èí

t
(k+1)
i ∼ p(ti |X ,Z\i ,Ω) =

p(X ,Z |Ω)

p(X ,Z\i |Ω)
,

ãäå k � íîìåð èòåðàöèè, Z\i = (t
(k+1)
1 , . . . , t

(k+1)
i−1 , t

(k)
i+1, . . . , t

(k)
n ),

ñõîäèòñÿ ê ìíîãîìåðíîìó ðàñïðåäåëåíèþ Z ∼ p(Z |X ,Ω)
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ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèå Äèðèõëå � ñîïðÿæ¼ííîå ê ìóëüòèíîìèàëüíîìó

θ ∼ p(θ|α) � àïðèîðíîå ðàñïðåäåëåíèå Äèðèõëå,

X = (t1, . . . , tn) ∼ p(t|θ) � ìóëüòèíîìèàëüíûå äàííûå; òîãäà

p(θ|X , α) � àïîñòåðèîðíîå ðàñïðåäåëåíèå � òîæå Äèðèõëå.

Âûâîä àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ Φ,Θ ïðè èçâåñòíûõ Z :

p(Φ,Θ|X ,Z , α, β) ∝ p(Φ,Θ,X ,Z |α, β) ∝ p(X ,Z |Φ,Θ)p(Φ,Θ|α, β)

∝
∏

d,w ,t

(φwtθtd )
ndwt

∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α)

∝
∏

t∈T

∏

d,w

φndwtwt φβw−1
wt

∏

d∈D

∏

w ,t

θndwttd θαt−1
td

∝
∏

t∈T

∏

w

φnwt+βw−1
wt

∏

d∈D

∏

t

θntd+αt−1
td

∝
∏

t∈T

Dir(φt |β̃t)
∏

d∈D

Dir(θd |α̃d ), β̃wt = nwt+βw , α̃td = ntd+αt .
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Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèå p(X ,Z |α, β) äëÿ ñõåìû ñýìïëèðîâàíèÿ �èááñà

Ïîäûíòåãðàëüíîå ðàñïðåäåëåíèå ìû òîëüêî ÷òî âûâåëè,

íî òåïåðü áóäåì àêêóðàòíåå ñ íîðìèðîâî÷íûìè ìíîæèòåëÿìè:

p(X ,Z |α, β) =

∫

Φ

∫

Θ
p(X ,Z |Φ,Θ)p(Φ,Θ|α, β)dΦdΘ =

=

∫

Φ

∫

Θ

∏

d,w ,t

(φwtθtd )
ndwt

∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α)dΦdΘ =

=
∏

t∈T

Γ(
∑

w βw )∏

w Γ(βw )

∫

φt

∏

w

φβ̃wt−1
wt dφt

︸ ︷︷ ︸

∝ Dir(φt |β̃t)

∏

d∈D

Γ(
∑

t αt)
∏

t Γ(αt)

∫

θd

∏

t

θα̃td−1
td dθd

︸ ︷︷ ︸

∝Dir(θd |α̃d )

=

=
∏

t∈T

Γ(
∑

w βw )∏

w Γ(βw )

∏

w Γ(β̃wt)

Γ(
∑

w β̃wt)

∏

d∈D

Γ(
∑

t αt)
∏

t Γ(αt)

∏

t Γ(α̃td )

Γ(
∑

t α̃td )
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

�àñïðåäåëåíèå p(X ,Z\i |α, β) äëÿ ñõåìû ñýìïëèðîâàíèÿ �èááñà

Èòàê, ìû òîëüêî ÷òî ïîëó÷èëè ðàñïðåäåëåíèå

p(X ,Z |α, β) =

=
∏

t∈T

Γ(
∑

w βw )∏

w Γ(βw )

∏

w Γ(β̃wt)

Γ(
∑

w β̃wt)

∏

d∈D

Γ(
∑

t αt)
∏

t Γ(αt)

∏

t Γ(α̃td )

Γ(
∑

t α̃td )

�àñïðåäåëåíèå p(X ,Z\i |α, β) îòëè÷àåòñÿ îò íåãî ëèøü òåì, ÷òî

îíî ïîñòðîåíî ïî âûáîðêå áåç îäíîé i -é òî÷êè (di ,wi , ti ):

p(X ,Z\i |α, β) =

=
∏

t∈T

Γ(
∑

w βw )∏

w Γ(βw )

∏

w Γ(β̃wt−δ
i
wt)

Γ(
∑

w (β̃wt−δ
i
wt))

∏

d∈D

Γ(
∑

t αt)
∏

t Γ(αt)

∏

t Γ(α̃td−δ
i
td )

Γ(
∑

t(α̃td−δ
i
td ))

ãäå δiwt = [w=wi ][t= ti ], δitd = [t= ti ][d=di ]
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Ñýìïëèðîâàíèå �èááñà

Åù¼ ÷óòü-÷óòü... îñòàëîñü òîëüêî ïîäåëèòü îäíî íà äðóãîå

Äëÿ ñýìïëèðîâàíèÿ �èááñà íóæíî îäíîìåðíîå ðàñïðåäåëåíèå

p(ti |X ,Z\i , α, β) =
p(X ,Z |α, β)

p(X ,Z\i |α, β)
=

Â ÷èñëèòåëå è çíàìåíàòåëå ñîêðàòÿòñÿ âñå ìíîæèòåëè êðîìå i -õ:

=
Γ(nwi ti +βwi

) Γ(
∑

w (nwti +βw )−1)

Γ(nwi ti +βwi
−1) Γ(

∑

w (nwti +βw ))

Γ(ntidi +αti ) Γ(
∑

t(ntdi +αt)−1)

Γ(ntidi +αti −1) Γ(
∑

t(ntdi +αt))

Âîñïîëüçóåìñÿ ñâîéñòâîì ãàììà-�óíêöèè

Γ(x)
Γ(x−1) = x − 1:

p(t|X ,Z\i , α, β) = norm
t∈T

(
nwi t + βwi

− 1
∑

w (nwt + βw )− 1
·

ntdi + αt − 1
∑

t(ntdi + αt)− 1

)

Ïîõîæå íà îáû÷íóþ �îðìóëó E-øàãà p(t|di ,wi ) = norm
t∈T

(φwi tθtdi )
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Ñýìïëèðîâàíèå �èááñà

Ñîáèðàåì âñ¼ âîåäèíî

Âûäåëåíû îòëè÷èÿ îò âàðèàöèîííîãî àëãîðèòìà

1) äëÿ êàæäîãî (di ,wi ), i = 1, . . . , n ñýìïëèðîâàíèå òåìû ti :

ti ∼ pi(t) = norm
t∈T

(
nwi t + βwi

− 1
∑

w (nwt + βw )− 1
·

ntdi + αt − 1
∑

t(ntdi + αt)− 1

)

2) àêêóìóëèðîâàíèå ñ÷¼ò÷èêîâ nwt è ntd :

nwt =
n∑

i=1
[wi =w ][ti = t] ntd =

n∑

i=1
[di =d ][ti = t]

Ïàðàìåòðû Φ,Θ ñýìïëèðóþòñÿ èëè îöåíèâàþòñÿ òî÷å÷íî:

(φwt)w ∼ Dir
(
φ
∣
∣(nwt+βw )w

)
(θtd )t ∼ Dir

(
θ
∣
∣(ntd+αt)t

)

Eφwt = norm
w∈W

(
nwt+βw

)
Eθtd = norm

t∈T

(
ntd+αt

)

φ̂wt = norm
w∈W

(
nwt+βw−1

)
θ̂td = norm

t∈T

(
ntd+αt−1

)
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Ñýìïëèðîâàíèå �èááñà

Àëãîðèòì ñýìïëèðîâàíèÿ �èááñà

Âõîä: êîëëåêöèÿ D, ÷èñëî òåì |T |, ïàðàìåòðû α, β;
Âûõîä: ðàñïðåäåëåíèÿ Φ è Θ;

nwt , ntd , nt , nd := 0 äëÿ âñåõ d ∈ D, w ∈ W , t ∈ T ;

äëÿ âñåõ èòåðàöèé k := 1, . . . , kmax

äëÿ âñåõ äîêóìåíòîâ d ∈D è òåðìèíîâ w=w1, . . . ,wnd ∈d

åñëè k > 2 òî t := tdw ; --nwt ; --ntd ; --nt ; --nd ;

p(t|d ,w) = norm
t∈T

(
nwt+βw

nt+β0
· ntd+αt

nd+α0

)
äëÿ âñåõ t ∈ T ;

ñýìïëèðîâàòü îäíó òåìó t èç ðàñïðåäåëåíèÿ p(t|d ,w);
tdw := t; ++nwt ; ++ntd ; ++nt ; ++nd ;

φwt := nwt/nt äëÿ âñåõ w ∈ W , t ∈ T ;

θtd := ntd/nd äëÿ âñåõ d ∈ D, t ∈ T ;

Gri�ths T., Steyvers M. Finding s
ienti�
 topi
s. 2004.
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Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ìîäåëü LDA è ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

Âàðèàöèîííûé áàéåñîâñêèé âûâîä

Ñýìïëèðîâàíèå �èááñà

Ïðîìåæóòî÷íûé èòîã

Ïîõîæèé àëãîðèòì ïîëó÷èòñÿ â ARTM, åñëè íà E-øàãå

âìåñòî p(t|d ,w) áðàòü p̂(t|d ,w) = [t= ti ], ti ∼ p(t|d ,w).

Ôîðìóëû äëÿ MAP, VB è GS î÷åíü ïîõîæè [Asun
ion℄:

� ïðè nwt , ntd ≫ 1 ðàçëè÷èÿ íåîùóòèìû,

� ïðè nwt , ntd . 1 òåìà t íåçíà÷èìà äëÿ w èëè d .

�àçëè÷èÿ â àëãîðèòìàõ êàæóòñÿ âòîðîñòåïåííûìè...

ñòîèëî ëè ïðåîäîëåâàòü ñòîëüêî òåõíè÷åñêèõ òðóäíîñòåé,

÷òîáû ïîëó÷àòü êàæäûé ðàç ïî÷òè îäíî è òî æå?

Áåç ñîïðÿæ¼ííûõ àïðèîðíûõ ðàñïðåäåëåíèé åù¼ òðóäíåå!

Â ìåòîäàõ VB è GS íåò óäîáíûõ ìåõàíèçìîâ ðåãóëÿðèçàöèè,

ò.ê. íåò, ñîáñòâåííî, è çàäà÷è îïòèìèçàöèè ïî (Φ,Θ)

Asun
ion A., Welling M., Smyth P., Teh Y. W. On smoothing and inferen
e

for topi
 models // Int'l 
onf. on Un
ertainty in Arti�
ial Intelligen
e, 2009.
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Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ïëîñêàÿ íîòàöèÿ

Ïîðîæäàþùèé ïðîöåññ

Îïòèìèçàöèîííàÿ ïîñòàíîâêà

�ðà�è÷åñêèé ÿçûê ïëîñêîé íîòàöèè (plate notation)

�ðà�è÷åñêîå ïðåäñòàâëåíèå óñëîâíûõ çàâèñèìîñòåé

p(x) p(x |y) p(x1, x2|y) p(x |y1, y2)

�ðà�è÷åñêîå ïðåäñòàâëåíèå âûáîðêè w1, . . . ,wk ,

ïîðîæäàåìîé äèñêðåòíûì ðàñïðåäåëåíèåì βw = p(w)
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Ïëîñêàÿ íîòàöèÿ

Ïîðîæäàþùèé ïðîöåññ

Îïòèìèçàöèîííàÿ ïîñòàíîâêà

Ïëîñêàÿ íîòàöèÿ: ìîäåëè PLSA è LDA

Ìîäåëü PLSA

êàæäûé d ∈ D ïîðîæäàåò ñêðûòûå òåìû:

ti ∼ p(t|d), i = 1, . . . , nd ;

êàæäàÿ òåìà ti ïîðîæäàåò ñëîâî:

wi ∼ p(w |ti), i = 1, . . . , nd .

Ìîäåëü LDA

α ïîðîæäàåò âåêòîðû äîêóìåíòîâ:

θd ∼ Dir(θ|α), d ∈ D;

β ïîðîæäàåò âåêòîðû òåì:

φt ∼ Dir(φ|β), t ∈ T ;

äàëåå êàê â PLSA.
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ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ïëîñêàÿ íîòàöèÿ

Ïîðîæäàþùèé ïðîöåññ

Îïòèìèçàöèîííàÿ ïîñòàíîâêà

Ïëîñêàÿ íîòàöèÿ: ïðåäñòàâëåíèå ñòðóêòóðû ìîäåëè

Áîëüøîå ñòðóêòóðíîå ðàçíîîáðàçèå òåìàòè÷åñêèõ ìîäåëåé:

David Blei. Probabilisti
 topi
 models // Communi
ations of the ACM, 2012.
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Áàéåñîâñêèé âûâîä â ìîäåëè LDA

ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé

Ïëîñêàÿ íîòàöèÿ

Ïîðîæäàþùèé ïðîöåññ

Îïòèìèçàöèîííàÿ ïîñòàíîâêà

Îáñóæäåíèå ¾Stop using Plate Notation¿

Åäèíñòâåííîå äîñòîèíñòâî è êó÷à íåäîñòàòêîâ:

+ õîðîøî çàïîìèíàþùèéñÿ íàãëÿäíûé îáðàç ìîäåëè

− ìíîæåñòâåííîñòü âàðèàíòîâ îòîáðàæåíèÿ îäíîé ìîäåëè

− íåïîëíîòà è íåîäíîçíà÷íîñòü èíòåðïðåòàöèè

− íå ÿñåí ïåðåõîä îò êàðòèíêè ê ìîäåëè è àëãîðèòìó

− âî ìíîãèõ ñòàòüÿõ ýòîò ïåðåõîä ñêðûò èëè ñêîìêàí

− èëëþçèÿ ïîíÿòíîñòè è ïðàêòè÷åñêàÿ áåñïîëåçíîñòü

Îäèí èç êîììåíòàðèåâ:

Every now and then the topi
 
omes up as to why algorithms and pro
edures

are explained in obtuse forms a
ross the entirety of the paper it is des
ribed in,

usually we just 
on
lude that it would look too simple if it were explained any

other way.

Rob Zinkov. Stop using Plate Notation. 2013-07-28.

http://zinkov.
om/posts/2013-07-28-stop-using-plates
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Ïëîñêàÿ íîòàöèÿ

Ïîðîæäàþùèé ïðîöåññ

Îïòèìèçàöèîííàÿ ïîñòàíîâêà

ßçûê ïñåâäîêîäà ïîðîæäàþùåãî ïðîöåññà (generative story)

Ïðèìåð: âåðîÿòíîñòíàÿ ïîðîæäàþùàÿ ìîäåëü PLSA

Âõîä: p(w |t) äëÿ âñåõ t ∈ T , p(t|d) äëÿ âñåõ d ∈ D;

Âûõîä: êîëëåêöèÿ äîêóìåíòîâ;

äëÿ âñåõ äîêóìåíòîâ d ∈ D

äëÿ âñåõ ïîçèöèé ñëîâ i = 1, . . . , nd â äîêóìåíòå d

âûáðàòü òåìó ti èç p(t|d);
âûáðàòü ñëîâî wi èç p(w |ti);

+ ëåãêî ïîíèìàòü ìîäåëü, îïèñàíèå íåäâóñìûñëåííî

− íå ÿñåí ïåðåõîä îò ìîäåëè ê àëãîðèòìó

− âî ìíîãèõ ñòàòüÿõ ýòîò ïåðåõîä ñêðûò èëè ñêîìêàí
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Îïòèìèçàöèîííàÿ ïîñòàíîâêà

ßçûê çàäà÷ îïòèìèçàöèè: ìîäåëü → êðèòåðèé → àëãîðèòì

1. Âåðîÿòíîñòíàÿ ìîäåëü ïîðîæäåíèÿ äàííûõ:

p(w |d) =
∑

t∈T

p(w |t)p(t|d) =
∑

t∈T

φwtθtd

2. Ïîñòàíîâêà çàäà÷è îïòèìèçàöèè (ARTM):

∑

d,w

ndw ln
∑

t∈T

φwtθtd + R(Φ,Θ) → max
Φ,Θ

3. Àëãîðèòì ðåøåíèÿ � èòåðàöèîííûé ïðîöåññ:

E-øàã:

M-øàã:







ptdw = norm
t∈T

(
φwtθtd

)

φwt = norm
w∈W

(

nwt + φwt
∂R
∂φwt

)

, nwt =
∑

d∈D

ndwptdw

θtd = norm
t∈T

(

ntd + θtd
∂R
∂θtd

)

, ntd =
∑

w∈d

ndwptdw
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Ìàòåìàòè÷åñêèé ÿçûê îïòèìèçàöèîííûõ çàäà÷

Îäèí íåäîñòàòîê è êó÷à äîñòîèíñòâ:

− ïëîõî ïîíÿòåí ñïåöèàëèñòàì ãóìàíèòàðíûõ ïðî�åññèé

+ ÿñíîñòü è îäíîçíà÷íîñòü çàïèñè ìîäåëè

+ ÿñíîñòü êðèòåðèÿ îïòèìàëüíîñòè

+ ÿñíîñòü âàðèàíòîâ âûáîðà ìåòîäîâ îïòèìèçàöèè

+ ïåðåõîä îò ìîäåëè ê àëãîðèòìó � ýòî òåîðåìà

+ âîçìîæíîñòü ñòàíäàðòèçàöèè êîäà (BigARTM)
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�åçþìå

MAP (ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè)

ïîëíîñòüþ ñîâìåñòèìà ñ ARTM.

Áàéåñîâñêèé âûâîä îöåíèâàåò íå (Φ,Θ), à p(Φ,Θ|X ).
Òàê ëè ýòî íåîáõîäèìî â òåìàòè÷åñêîì ìîäåëèðîâàíèè?

Óíèêàëüíàÿ ìàòåìàòè÷åñêàÿ çàäà÷à äëÿ êàæäîé ìîäåëè.

�åøåíèå ïëîõî óíè�èöèðóåòñÿ äî îáùèõ �îðìóë è êîäà.

Â í¼ì íåò óäîáíûõ ìåõàíèçìîâ ðåãóëÿðèçàöèè,

íåò ïîíèìàíèÿ ïðîáëåìû íååäèíñòâåííîñòè ðåøåíèÿ,

ò.ê. íåò, ñîáñòâåííî, è çàäà÷è îïòèìèçàöèè ïî (Φ,Θ).

Òåì íå ìåíåå, èòåðàöèîííûé ïðîöåññ â ìåòîäàõ VB è GS

ïîëó÷àåòñÿ ïðåäåëüíî ïîõîæèì íà òîò, ÷òî äà¼ò MAP.

Ìû ðàññìîòðåëè ëèøü ñàìóþ ïðîñòóþ ìîäåëü (LDA), ãäå

ñîïðÿæ¼ííîñòü ðàñïðåäåëåíèÿ Äèðèõëå óïðîùàåò âûâîä.

Áåç ñîïðÿæ¼ííûõ ðàñïðåäåëåíèé âûâîä åù¼ ñëîæíåå!
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