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Cemunap 6: Boimykiibie MHOXKeCTBa U (DYHKITUT

14 despans 2017 1.

1 BpIrykJjbie MHOXKeECTBa

1.1 Omnpenesienne U OCHOBHbIE TTPUMEPHI

Onpenenenne 1 (Boirykibie muoxkecrsa). [lycts U — BelecTBEHHOE BEKTOPHOE MIPOCTPAHCTBO, () — IO/
MHOKeCTBO U. MHOXKecTBO () HA3BIBAECTCS 6bNYKAbLM, ECIIA JIJISL JIIOOBIX JBYX TOYEK I,y W3 MHOXKECTBa () 1
soboro A € [0, 1] Touka Ax + (1 — A)y TakKe HPUHAIJIEKUT MHOXKECTBY ().

Ipyrumu cjioBaMu, MHOXKECTBO () Ha3bIBAe€TCs BBIMYKJIBIM, €CJIU JJIs KayKJOW mapbl TOUeK &,y € @,
MHOKECTBO () TaKzKe COIEPKUT Bech ompesok [z,y] := { x4+ (1—A)y : 0 < A < 1}. Touka Buga Az + (1 — Ay
st A € [0, 1] HasbiBaeTcst 6unykA0l KoMOUHAYUel TOIeK T, Y.

IIpumep 1 (Tpusuasbhbie BbIyK/ble MHOXKECTBA). Bce npocrpancTtso U, MHOXKECTBO U3 OJHOIO 3JIeMEHTa
{a} (rne a € U) u mycroe MHOXKeCTEO () ABJIAIOTCS BBHITYKJIBIMU. !

IIpumep 2 (MuoxkecTBO perieHuil cucTeMbl JuHEHHbIX orpanndenuii). Ilycrs B npocrpanctse U 3amaH0
(upousBosibHOE) CKaJsispHOe poussenenue (-, +). Ilycrs A — npoussosibHOe (He 0643aTEIbHO KOHEYHOE U He
00s13aT€JIbHO CYE€THOE) UHJIEKCHOEe MHOYKECTBO, U IIYCTh JIJIsl KAXKJI0r0 UHJeKca « € A 3a1aHbl BEKTOD ay € U
u ckausap b, € R. PaccMoTpuM cucremy JIMHERHBIX HEPABEHCTB

(g, ) < by JIs Beex a € A, (1)
rie x € U. Torja cooTBeTcTByIONIEe MHOKECTBO BCEBO3MOXKHBIX pelenuii cucteMbl (1), T. e. MHOXKECTBO
Q:={reU:{ayx) <b, na scex a € A}

SIBJISIETCS BBIITYKJIBIM.
HeficTeurensHo, mycts x,y € Q u A € [0, 1]. Torma mas mo6oro o € A BbIONTHSIETCS

(ag, A 4+ (1 = N)y) = Maa, ) + (1 = MN{aa,y) < Abg + (1 — N)bg = ba.-

HMocnesmee celyeT u3 TOro, 9To He CYMIECTBYET TAKOH Taphbl TOYeK x,y € (), s KOTOPOi OTPEe3OK [T, y] He MPUHAITEIKUT
MHOYKECTBY — JIJIl ITyCTOTO MHOKECTBA, HEJIb3sl MPebIBUThL JayKe TOUKy T € (.

Puc. 1: WmocTparus K onpesiesIeHUIO BBITYKJIOro MHOXKecTBa n3 Bukuneaun. CrieBa: BBITYKJIOE MHOXKECTBO;
CIIpaBa: HEBBIIIYKJI0O€ MHOXKECTBO.
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Puc. 2: Mutrocrpanust Kk npumepam. CiieBa HalpaBo: THIEPILIOCKOCTD, MTOJIYIIPOCTPAHCTBO, MTOJIIIP.

Taxkum obpasom, Az + (1 — Ny € Q.

3aMeTuM, 9TO B 3TOM IpuMepe abCOTIOTHO He TPUHIUINAIBHO, UYTO B CHCTEMe JIMHeHHBIX orpanndenuii (1)
UCIONTBb3YeTCsT IMEHHO HepaBeHcTBO <. HeTpyaHo BHUIEThL, UTO €C/M HEKOTOpbIe (BO3MOXKHO, JaXke BCe) U3
HEpPaBeHCTB < 3aMEHHUTb HA > wim = (wid <, Wik >), TO MHOXKECTBO () HO-IPEKHEMY OCTAHETCS BBIILYK-
apiM. TakuM 06pazoM, MHOHCECTNE0 pewenuti NPOU3EOALHOT CUCTEMDL AUHETIHOLT 02PaHUNEHUT AGAAECMCA
EHINYKADLM.

Paccmorpum Hanbostee momysisipable YacTHBIE cirydan. Bo Bcex mnpumepax Mbl paboOTaeM B IIPOCTPAHCTBE
U :=R" co CKaJsPHBIM OPOU3BEJIEHUeM (T, y) 1= Ty,

1. Tunepnaockocms, T. €. MHOKECTBO BHJIA
{zeR":a’z =0},
rie a € R™\ {0} u b € R, siBasieTcsi BBINYKJIBIM.
2. Iloaynpocmparcmeo, T. €. MHOZKECTBO BUJA
{r eR™:a"x < b},
riae a € R™\ {0} u b € R, aBiasieTcs BBITYKJIBIM.

3. Iloausdp, T. €. MHOZKECTBO BHJIA

{r eR": Az <b, Cz =d},

e A € R™*" b € R™ u C € RP*", d € RP, apusiercst BBILYKJIBIM. (37eCh CUMBOJ = HY’KHO
HOHMMATH Kak IodjeMenTHoe HepaseHcTBo <.) Iosmaap npescrasiser coboil nepecedenne KOHEIHOTO
YUCJIa TOJIYIIPOCTPAHCTB U TUIEPILIOCKOCTENA.

4. PaccmoTpuM 0coObIi CaIyvail momdapas
n
A, =<z eR": x>0, E ;=1
i=1
DTO MHOXKECTBO HA3BIBAETCS CMAHIAPIMHBLM CUMNAEKCOM U SIBJISTETCS BBITYKJIBIM.

IIpumep 3 (Illap B npoussoabHOi HOpMe). IlycTh B ipocTpancrse U 3amana (npousBosibHas) HopMa, || - ||
Torma (3aMkHyTBINH) wap paguyca r > 0 ¢ meHTpoM B Touke @ € U, T. €. MHOXKECTBO

Byy(a,r):={z €U : |z —a| <r},

SIBJIAETCS. BBITYKJIBIM.
Heiicturenbno, mycts @,y € By (a,r) n A € [0, 1]. Torma

Az + (1 =Ny —al =Mz —a)+ (1 =Ny —-a)l <Az—a] + 1=y —bll < Ar+ (1= A)r=r



—

4

Puc. 3: Wiutioctpanus k npumepam. CiieBa HAIPABO: CTAHJIAPTHBIN CHMILIEKC, SJLIATICOUT.

3/1eCh HEPABEHCTBO CJIE/LYET U3 HEPABEHCTBA TPEYroJabHUKA Jjid HOpMbI 1 yesosus A € [0, 1]. Takum o6paszom,
Az + (1 — )\)y S BH.H(CL,T).
Paccmorpum Hanbostee momysnspHbIe YacTHBIE caydan. Bo Bcex mpumepax Mbl paboTaeM B MPOCTPAHCTBE

U:=R".

1. (Esrummuos map) Iycrs ||z|| := ||z||2 := VaTz — eBkangosa HOpMa. B aToM ciiydae paccMOTpEHHBIH
BBIIIE aOCTPAKTHBIH IIap IIEPEXOJUT B MHOMKECTBO

Bs(a,r) :={x e R": ||z —a|=2 <7},

KOTOPOE HA3BIBALTCH (3AMKHYTBIM) €6KAUJO6bM wapom (C TEHTPOM B TOYKE @ U PAILYCOM 1) U sIBJIs-
€TCs BBIIIYKJIBIM.

2. (Qmmncoun) Hycrs P € S, mnyers ||z := ||z| p := VaT Pz. B sToM ciryyae paccCMOTPEHHBII BbIIITe
abCTPAKTHBIN Map TMEPEXOJUT B MHOKECTBO

E:={zecR": (x —a)TP(x —a) < r?},
KOTOpOE HA3BIBAETCH 24AUNCOUdoM (C TIeHTPOM B TOUKE @ W PAJITYCOM T) U SIBJIAETCH BBITYKITBIM.?

3. (Tunepokrasap) Ilycrs ||z| := ||z||1 := Y.i; |zi| — 1-HOpMa. B 3TOM cilydae pacCMOTPEHHBI BbIIe
abCTPaKTHBIN 1Iap MMEPEXOIUT B MHOKECTBO

n
Bi(a,r):=qz eR": g |z —ai] <7y,
i=1
KOTOPOE Ha3bIBAETCH 2Unepokmasdpom (C IEHTPOM B TOUKE @ U PAJIAYCOM T') U SABJISIETCS BBITYKJIBIM.

4. (Tunepky6) Ilycts ||z|| = ||2]|0o := Mmaxi<i<n |¥;| — ¢1-HOpMa. B 9TOM cilytae pacCMOTPEHHBIN BBIIIe
abCTPAKTHBII 1IAD MEPEXOJUT B MHOKECTBO

Byo(a,r) ={x eR":a; —r<z;<a;+r amaseex 1 <i<n},
KOTOpO€e Ha3bIBAETCs 2unepkybom (¢ IEHTPOM B TOUKE @ U PAJIYCOM 7°) U SIBJISIETCSI BBILYKJIbIM.
Sameyanue 1. AHAJIOIHIHO MOKHO MOKA3aTh, ITO M OMKPuLMbt map, T. . MHOkecTBo {2 € U : ||z —al| <

r}, Takxke siBjsiercst BRINYKJbIM. OfHaKo cepa, T. e. MHOKecTBO {x € U : || — a|| = r}, yKe ne siBasercs
BBIIYKJIBIM (1I04eMy?).

2 ITpyroe TOMyJIsIpHOE TIPEJICTABIIeHIE SJITHIICONIa — 3TO acdbUHHbI 06pa3 eJUHUYHOTO eBKIHIoBoro mapa: £ = {Qz +a :
lzll2 < 1}, rae Q € R™*™ — meswipoxennas marpuna (taxas, uro QT PQ = I,,). DTo mpecTaB/eHme MOKHO HOIYIHTD U3
[IPUBEEHHOTO paHee, CAeJIaB 3aMeHy IIEePEMEHHOI.
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Puc. 4: JIumnu yposus f(x) = ||x||, 4ns pa3in<IHBIX 3HATEHHI .

ITpumep 4 (MHOXKECTBO IIOJIOXKUTEJIBHO IIOJIYOIIPE/IeJeHHBIX MATPHIl). B IPOCTPaHCTBE CUMMETPHYHBIX
MaTpHI S" MHOXKECTBO IIOJIO?KUTETHHO IIOJIyOIPe/Ie/IEHHBIX MATPUIL, S’} ABJIACTCA BBITYK/IbIM.

Heiicrsurensno, mycts X, Y € S' — npe nosoxxurensbno nosyonpeenennsie Marpunpl u A € [0, 1]. Torza
st sioboro u € R™ BepHO

u'OX + (1= NY)u = " Xu+ (1 - NulYu>0.

31ech TOCTIe/IHEe HEPABEHCTBO CJIEJIyeT U3 HOJIOKUTENBHON mostyonpeaenernoctn X u 'Y u yenosust A € [0, 1].
Takum obpazom, marpura AX + (1 — )Y Takzke GyJer 0JI0KUATEIHHO OJLYOIPEIEIeHHOI.

Sameydanue 2. AHAJOITYHO MOXKHO TIOKa3aTh, YTO M BHYTPEHHOCTH MHOXKecCTBa Sf, T. €. MHOJKECTBO BCEX
n
(cTPOro) MmoIOKHUTETLHO ONpeeeHHbIX MaTpuIl S} | , TAKKe ABJIFACTCS BBIITYKIBIM.

1.2 Omnepalum, COXpaHSIOIAE BBIMYKJIOCTh MHOYKECTB

VYrBepxkaenune 1 (Oueparyu, coxpaHsIoONye BBILYKJIOCTh MHOXKeCTB). Caedyioujue onepayuy, corpanisom
BHLINYKAOCND MHOIHCECTNE.

1. (Hepecewenue) Iycmv U — sewecmeentoe sexmoproe npocmpancmso. ITyems A — npouseoavroe
(He 00643aMEABHO KOHEUHOE U HE 00A3AMEADLHO CHEMHOE) UHIEKCHOE MHOMCECTNEO, U NYCNL OAA KAXHC-
dozo undexca o € A 3adaro mmoorcecmeo Q, 6 npocmpancmee U. Ecau wastcdoe us mmodxcecms Qg
ABAACNCA BLINYKABLM, 0200 U UL NepeceyeHue

ﬂQa::{x:xEQa oas ecer o € A}

acA
mawxatce ABAAEMCA BbINYKADIM MHOHCECTNBOM 6 NPOCIPAHCINGE U.

2. (IIpamoe npoussederue) Mycmo Uy, . .., U, — sewecmsernvie 6eKmopHoie npocmparemea, u Q1, ..., Qn —
MmHoocecmea 6 npocmpancmeax Uy, . .., U, coomeememeenno. Ecau xaorcdoe uz mmootcecms @1, ..., Qp
ABAACTNCH BLINYKABLM, M020a U UT npsmoe (dexapmoso) npoussederue

Q1 XX Qpn:={(x1,...,2n) : 2; € Q; O 6cex 1 <i<n}

ABAAEMCA BbINYKABIM MHOHCECTBOM 6 NPOCMPAHCIMEE U1 X e X Un

3. (Hpoexyus) ITycmo Uy, ..., U, — sewecmeennvie sexmopnvie npocmpancmsa, u Q1,...,Qn — MmHo-
arcecmea 6 npocmpancmeax Uy, ..., U, coomeemcmeernno. IHycms makoice 1 < i < n. Ecau xaorc-
doe u3 mnoocecms Q1, ..., Qn ABALKELMCA BLINYKABIM, MO200 U NPOEKUUL UL NPAMO20 NPOU3BEICHUSA

Q1 X -+ X Qpn HA T-Y10 0Cb, M. €. MHONHCECTEO

{:’L‘i : (x17"'7$n) te X Qn}7

ABAAEMCA BBINYKABIM MHOHCECTBOM 68 NPOCMPAHCINEGE Uz
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Puc. 5: Ionykpyr B npocrpancrse R2.

4. (JTunetinas wombunavyusa)® Iycmv U — sewecmeenoe eexmoproe npocmpancmeo, u Q1,...,Qn —
muooicecmea 6 npocmpancmee U. Tyems makoice aq, . . ., — CKAAAPDL (NPOU3BOALHO20 3Haka). Feau
xaotcdoe uz mroocecms Q1, ..., Qr ABAAEMCA SLINYKABIM, M0200 U UL AUHETHAA KOMOUHAUUS

k
a1Q1+ -+ apQr = Zaixi:ziGQi onsa scex 1 <i<k
i=1

mawxatce ABAAEMCECA BbINYKADIM MHOHCECTNBOM 6 NPOCTMPAHCINGE U.

5. (O6pas npu agdurmnom npeobpazosanuu) Ilyecmo U u'V — sewecmeennvie 6eKmopHsie npocmpancmead,
u Q — mnoocecmeo 6 npocmpancmee U. Iycmv A : U — V. — addunnoe npeobpazosarue u3 npo-
empanemea U 6 npocmpanemeo V, m. e. npeobpasosanue euda A(x) = Lr +a, 2de L : U -V —
aunetnoe npeobpazosanue u a € V. Ecau mnoocecmeo (Q ABAAEMCA SNYKAbM, Mo20a u e20 0bpa3
npu apdunrom npeobpazosaruu A, m. e. MHOIHCECMBO

AQ) = {A(z) : x € Q},
ABAACMCIA EHINYKABLM MHONCECTIEOM 6 npocmparncmee V.

6. (Obpamnwii 0bpas npu agdurrnom npeobpasosanuu) ITycmo U u'V — sewecmeennvie sexmophvie npo-
cmpancemea, u S — mmoocecmaso 6 npocmparcmee V. Iyecmv A : U — V' — adipunnoe npeobpasosarue
ug npocmparcmsa U 6 npocmpancmeo V, m. e. npeobpasosanue suda A(x) = Lr+a, 2de L: U -V —
aunetinoe npeobpasosanue u a € V. Ecau muosicecmao S ABAAEMCA 8bINYKABLM, 0200 U €20 00PAMHbIT
0bpa3 npu addurrom npeobpasosanuu A, m. e. MHOIICECMEO

AYS) :={z cU: A(z) € S},
ABAACTNCA GBINYKADLM MHOIICECTNIGOM 6 npocmparcmee U.
IIpumep 5. Paccmorpum B poctpanctse R? noaykpye (puc. 5)
{x eR? x4+ 22 <1, 23 >0}

CorsacHO yTBEPKIEHUIO 1, 3TO MHOYKECTBO SIBJISIETCS BBITYKJIBIM KAaK TIEPECETEHNe eINHNTHOTO KPYTa {T €
R? : 22 + 23 < 1} m nomynpocrpancrsa {x € R? : x5 > 0}.

IIpumep 6. & Bynem paborats B mpoctpanctse R2. IlycThb a/1s Kaska0ro o € [—7, 7] 3a/1aH0 MOJIyIIPOCTpaH-
CTBO

Qo = {x € R?*: (cosa)z; + (sina)zy < 1},

IIOPOXKJIEHHOE KACATEIbHON K €IUHUYHON OKPYXKHOCTH B TOYKE, COOTBETCTByIOIIedl yriy «. Paccmorpum
repecevdenne BCeX MOJIYIPOCTPAHCTB (g, T. €. MHOYKECTBO

Q=[] Qa

a€[—m,m]

3 [lamnast omepanust B JIUTEpAType YacTO BCTPEYAETCH IO/ HA3BAHUEM cymma Munkoeckozo.
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Puc. 6: E,I(I/IHI/I‘-IHBIﬁ KpPYyT KaK IlepecedeHne 1moJaynpocTpaHCcTB, 06pa,3013aHH1>1x BCE€BO3MOZKHBIMU KacCaTeJIbHbI-
MMH.

Puc. 7: [Ipamoit Kpyrosoit muanHap.

CornacHo yTBepKIeHWIO 1, MHOXKECTBO () SIBJISETCS BBITYKJIBIM KaK Iepecevenne (IIPOU3BOJLHOTO THCIIA)
BBIITYKJIBIX MHOXKECTB (TI0JynpocTpaHcTs). HeTpyMHO TOHATE, 9TO MHOXKECTBO (), Ha CAMOM JI€JI€, SBIISETCS
€JIMHUIHBIM KPYI'OM, KOTODBIN, KAK MBI y>Ke 3HAeM, JIeHCTBUTENBHO, SIBJISIETCSI BBILYKJIBIM (cM. puc. 6).

IIpumep 7. Paccmorpum B poctpanctse R? npamoti kpyezosoti yuiundp (puc. 7)
{reR:2?+2i<1, -1<a3<1}

CornacHo yTBEpKAECHUIO 1, 3TO MHOMKECTBO SIBJISETCS BBIMYKJIBIM KaK NPAMOE MPOU3BEJCHUE €IMHUTHOTO
kpyra {x € R?: 2?2 + 23 < 1} B npocrpancrse R? u orpeska [—1, 1] B mpoctpancTse R.

IIpumep 8. Paccmorpum B npocrpancrse R? cireryrommuil s/ummconm;:
{z € R®: 2} + 23 + 523 < 1}.
ITpoexiueii 3TOro MHOXKECTBA Ha IUIOCKOCTh (X1, Tg) OYIeT MHOXKECTBO
{reR?: 2+ 22 <1},

[IPEJICTABJISIONIEe CODOI e IMHUIHBINA KPYT.



Puc. 8: Cymma kpyra u mpsMOyTOJbHIKA IPEACTABIISAET OO0 MPSIMOYTOTLHUK OOJIBIITETO pa3Mepa C 3aKpyT-
JICHHBIMU yTJIaMU.

ITpumep 9. Bysem pa6orats B mpocrpanctse R2. Iyers @ := {x € R? : 2% + 23 < 1} — equnuunbIii Kpyr
c meHTpoM B Hyste 1 Qg = {x € R? : =1 < 27 <4, -3 < my < 1} — npamoyrospauk. CyMMa MHOKECTB
Q1 u Q2 Gyuer upeACcTaBaATh cO00H yBeIMIEHHbBIH IPIMOYIOJbHUK (2 € 3aKpyIJIeHHbIMU yryiamu (puc. 8).
CorytacHo yTBepxKIeHUIO 1, MHOXKeCTBO (1 + Q2 OY/IeT BBILYKJIBIM.

ITpumep 10. Paccmorpum B npocrpanctee R"™ sasuncoud
{Lx+a:zeR", ||z <1},

rae L € R™*™ — neppipoxkieraHas Marpuna u a € R™. CoriacHO yTBEPXKICHUIO 1, 9TO MHOXKECTBO ABJISIETCS
BBIIIYKJIBIM KaK 00pa3 eJIMHAYHOrO eBKJINI0Boro mapa Bs(0,1) npu adbdunnom npeobpasosanun A : R" —
R™, zagannoro dopmyioit A(x) = Lz + a.

IIpumep 11 (Muoxecrso perennit LMI). Ilycrs Ay, ..., Ay u B — marpunpl B npocrpancrse S™. Pacemor-
puM aunetinoe mampuuroe nepagercmeo (LMI)

T1A1 + -+ xR Ak X B,

rae x1i,...,Tr € R. PaccMOTpUM MHOKECTBO BCEBO3MOXKHBIX PEIIEHUN 9TOrO JUHEHHOr0 MaTPUIHOIO Hepa-
BEHCTBa, T. €. MHOKECTBO
{xGRk:xlAl—l—---—i—xkAk =< B}.

CorylacHO yTBEep:KJICHHIO 1, 9TO MHOYKECTBO SBJISETCA BBIIYKJIBIM B IpocTpanctse RF xax obparTmbli obpas
MHOXKECTBa, [OJIOXKHUTEJILHO MOTyolpeIeeHHbX MaTpul, S npu addunnom npeodpazosanun A : RF — 8™,
3aJIAHHOTO KaK

A(x):=B —x1A1 — - — 2, A,.

(ITouemy a0 npeobpazosanue addunuoe?)

2 Bwoimmykibie pyHKIIUN

2.1 OmnpeaesieHue n IpuMepbI

Onpenenenune 2 (Bomykibie dyuxiun). [ycrs U — BelecTBeHHOE BEKTOPHOE IIPOCTPAHCTBO, () — HEILy-
croe BbIyKjoe MHOXKeCTBO B U. Oyukmus f : () — R HazpiBaercst ewnykaotl, ecan st JIIOObIX T,y € Q u
moboro A € [0, 1] BbmonHsgeTcs

fOz+ (1 =XNy) < Af(x) + (1 =) f(y). (2)

Ecim 510 HepaBeHCTBO siBjisieTécsi crporuM st Bcex © # y u 0 < A < 1, To dyHKIUs f Ha3bIBaeTCsA Cmpozo
6uINYKA0U.
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Puc. 9: WiutrocTparus K OIpee/ieHuo BBIMYKJION (MYHKIME. XOpa JIEXKUT [EJTUKOM HaJl rpadukoM (ByHK-
Iu.

3ameuanune 3. 3aMeTUM, YTO B STOM OIPEIEJIEHUN OAPAa3yMEBAETCs, 9TO JJIsl JIIOOBIX JIBYX JOIIYCTUMBIX
TOUEK T,y € Q OYHKIMIO [ BOBMOXKHO «BBIYUCIUTH> B JIOOON IIPOMEXKYTOUHON TOUYKe oTpesKa [z, y]. men-
HO [IO9TOMY B OmpejiesieHnu Tpebyercs, 9ToObl 00sacTh onpeeneHns () dyHKnun f SBIISIACD BBITYKJIIBIM
MHOKECTBOM.

ABCOTIOTHO aHAJIOTUYIHO BBOJUTCS MOHSITAE BOTHYTON (hyHKInu. EIuHCTBEHHOE OT/IMYHe 110 CPABHEHUIO
C OIpeJie/IeHNeM BBIILYKJION (DYHKIIMM COCTOUT B TOM, YTO HEPABEHCTBO < 3aMEHSETCd Ha .

Ounpenesnenne 3 (Boruyreie dyuxkimn). [Iycrs U — BerecrBeHHOE BEKTOPHOE IIPOCTPAHCTBO, () — HEIlycToe
BBIILYKJIOe MHOXKecTBO B U. @yukiwms f : () — R HazbIBaercst 602Hymoti, ecu JJjist JIOObIX T,y € () u J1060ro
A € [0,1] BbimosnHsteTCS

fAz+ 1 =Ny) = Af(2)+ (1= A)f(y)

Ecsin nepaBencrso (2) siBiisiercst crporum st Bcex © # y u 0 < A < 1, To dbyskuus f Ha3bIBAETCS CMPo2o
602HYMO.

Sameuanue 4. I3 onpesesneHnst Jerko BUIETh, 9TO (QYHKIUs f siBjsieTcst (CTPOro) BBIMYKJION Torja u
TOJIBKO TOrJia, Korja GyHKIwms — f siBjsieTcst (CTPOro) BOIHYTOMA.

ITpumep 12 (Adunnas dysxuus). I[ycrs B npocrpancte U 3a1aH0 (IIPOM3BOJIBHOE) CKAJSIPHOE IIPOU3BE-
genue (-, ). IIycrs f: U — R — adppunnan gynruua

f() :=(a,z) + B,

rae a € U u B € R. Bamerum, uro it 910ii DyHKIMH HEpaBeHCTBO (2) IepexoauT B paBeHCTBO. Takum
obpazom, adpdbunnas GyHKIM ABIAETCS OIHOBPEMEHHO U BBIILYKJION, M BOIHYTO# (HO He CTPOIO).

IIpumep 13 (Ilpoussosibhas nopma). Ilycrs B npocrpancrse U 3ainana (npoussosibHast) Hopma || - ||. Torma
dbyukiusa f: U — R, 3agannas dopmyioi

f@) =,

ABJIAETCS BBILYKJIOI.
HeiicrBurensho, nycrs x,y € U u A € [0, 1]. Torua

fOz+ (1 =XNy) = [[Az+ (1 =Nyl < Azl + (1 =Nyl = Af(z) + (1 =2 f(y)-
3/1ech HEPABEHCTBO CJIEJyeT U3 HEPABEHCTBA TPEYTOJbHUKA JIJIsl HOPMBL 1 ycsosus A € [0, 1].

Bameuanne 5. Paccmarpusaemast GbyHKIms & — ||z|| He sBisiercs cTporo BBIUIYKIIOH (modemy?).

2.2 IlIpocreiimnue cBoiicTBa BBIMYKJIBIX (DYHKITUA

VYreepxkaenue 2 (Hepasencrso Uencena). ITycmo U — sewecmeentoe 6eKmoproe npocmpancmeo, Q —
Henycmoe suinykaoe muoocecmso 6 U, u f 1 Q — R — swnyxaaa dynwkyua. Iycmv maxorce x1, ..., T, —



Mouky 60 muodcecmee Q U Ay, ..., A\ — HEOMPUYAMENLHVLE KOIPHUUUEHMDL, CYMMUPYOWUECH 8 eOUHULY:
n
Xi>0wud A =1. Toeda cnpasedauso caedyrousee HePAGEHCMEO:

k k
f Z Az | < Z Aif (i),
i=1 i=1

npUNEM PABEHCME0 J0CTUGEMCH Mo20a U MOAbKO Mo2da, k0204 ynkyus [ asasemcs aPdunnot uiu ko2da
6ce MOYKY CO8NGJGIOM: T1 =« ++ = Tf.

Hpyrumu cjaoBamu, HepaBeHCTBO VleHceHa roBopuT O TOM, i BBIMYKJOH (DyHKIuUN 3HadeHune (DyHK-
[I7 OT BBILYKJION KOMOMHAIINKA TOYEK HE IIPEBOCXOJINT COOTBETCTBYIONIEN BBIIYKJION KOMOUHAIMN 3HATEHUI

byHKINN.

3ameuanne 6. Hepasencrso Hencena Takzke 0600MmaeTcs: 1 Ha CTydaii BBITYKIOH KOMOHHAIINN GECKOHETHO-
ro (C49eTHOro MM HECYETHOI'O) YKCJIAa TOUeK. B cilyuae C4eTHOrO YMCsIa TOUEK Ty, Ta,... € () COOTBETCTBYIO-
L€ CyMMBI [IEPEXOJAT B GECKOHETHBIE CyMMBL Y .o NiZ; B 9 ooy A f(x;), tme A1, Ao, ... > 0m Y ooy Ay = 1.
B nan6osiee obmeit hopMme ([/Is HECUETHOrO YHCIa TOUeK) HepaBeHcTBo emncena (hopMymupyeTcs B TepMu-
HAX BEPOSTHOCTHBIX MHTEIPAJIOB WM MaTeMaTUIeCKUX oxkujanuit. JleiicrBuTeibHO, TpeOOBAHWE O TOM, UTO
Beca B BBIIMYKJIOW KOMOWHAIMH JOJ?KHBI OBITh HEOTPUIATEIBHBIMU U CYMMHPOBATBCS B €JIMHUILY, B 0DIIEM
cJlydyae O3HAYAET, YTO HA MHOXKEeCTBe () JI0J2KHO OBITh 3aJ[aHO BEPOSITHOCTHOE pacIIpejiesieHue, 110 KOTOPOMY
BBINOJIHSIETCS] yCPe[HEHNe ToueK MHOKecTBa. CopMmympyeM HepaBeHCTBO VeHceHa JUIst CIIyYailHBIX BeJIH-
quH. [lycrs dyuknus [ Beimykiasi, u X — ciaydaiiHas BeJIMYWHA, IPUHAMAIONAS 3HAYECHUS BO MHOYXKECTBE
Q. Torma cupaBejyITMBO HEPABEHCTBO

JEX) <Ef(x),

opu yCJIOBUHU, YTO COOTBETCTBYIOIINE MaTeMaTHICCKHUEC OXKHIAaHNA CYIIECTBYIOT.

epi f

Puc. 10: Mnmocrpanus K onpefenennio Haarpaduka OyHKINAN.

OKasbIBaeTCsl, 9YTO BBIYKJIble (DYHKIIMU U BBIILYKJIbIE MHOXKECTBA TECHO CBS3aHBI. B 4acTHOCTH, UCCIIEI0-
BaHUe BI)IIIyKJ'IOCTI/I Sa,ZLaHHOﬁ dpyHKHI/II/I BCer/Jia MOzKeT 6bITb CBEJICHO K HCCJIe/JOBaHUIO BI)IIIyKJ'IOCTI/I Cclrenu-
AJIbHOI'O MHOXKECTBA, aCCOIMUPOBAHHOIO C (PYHKIIHEl, KOTOPOE HA3BIBAETCS HaJ2padurom.

Onpenenenne 4 (Haarpaduk). IIycrs U — BemecTBeHHOE BEKTOPHOE IIPOCTPAHCTEO, () — HEIyCTOe MHO-
xkectBo B U. Hadepagurom dbyukmunu f: ) — R Ha3bIBaeTCH MHOXKECTBO

Epi(f) :=={(z,1) € @ x R: f(z) < t}.
(D10 MHOXKecTBO JiexkuT B npocrpancrse U x R.)

Cuteryroriee yTBEpK/I€HIHE MOYKHO CINTATh aJIbTEPHATUBHBIM OIIPEJICJIEHUEM BBITYKJIOCTH (DYHKITHH.



= O

Puc. 11: Konyc Jlopernmna mna x € R2.

VYreepxkaenue 3 (Onpeesenue Boinykaoctu depes nagarpaduk). Hycme U — sewecmeennoe sexmoproe
npocmpancmeo, Q — menycmoe swnykaoe muoocecmeo 6 U. Pynxuyusa f 1 Q — R asasemca svinykaot
mozda u moavko mozda, xozda ee nadepagur Epi(f) asanemes unykivim MHONCECMBOM 8 NPOCMPAHCMEE
U x R.

ITpumep 14 (Konyc Hopmer). Ilycrs B npocrpancrse U 3amana (npoussosbHast) HopMa || - ||. Pacemorpum
MHOKECTBO

K :={(z,t) e U xRy : |z|| < t},

npejicTaBisoniee coboit Haarpabuk dyHkpn & — ||z]|. 9To MHOXKecTBO HazbIBaeTCs KoHycom Hopmwvi. Co-
[VIACHO YTBEPIKICHUIO 3, MHOXKECTBO MHOXKECTBO K SIBJISIETCSI BBIITYKJIBIM.

B cuyuae, korga U = R™ u ||z|]| = ||z||2 (eBkimmoBa HOpMa), aGcTpakTHOE MHOXKECTBO K IEpexojuT B
MHOKECTBO

{(z,t) e R* x Ry : ||z|2 <t} ={(z,t) e R" x Ry : VaTz < t}.

D10 MHOXKECTBO Ha3bIBaeTcst Konycom Jlopenua (puc. 11). AnbrepHaTUBHBIE HAZBAHUS: KOHYC 6MOPO2O MO-
PAJKA WA KOHYC MOPOIAHCEHOZO.

Creryroriee yTBep:K/JIeHIE MOKA3BIBAET, YTO Y BBIMYKJIONH (DYHKIMH BCEe JIMHUN YPOBHS SABJISIIOTCS BBITYK-
JIBIMA MHOXKECTBaMU.

VYreepxkaenue 4 (Boinykiocrs MHOXKECTBa JuHUN ypoBHs). [Tycms U — sewecmeennoe exmoproe npo-
cmpancmeo, QQ — nenycmoe mnoocecmeo 6 U, u nycmov f : Q — R — swnyxaasa dpynkyua. Tozda das
a106020 o € R coomsememeyrowee MHoocecmeo auruli Yyposna

Levi(a) :={z € Q: f(z) < a}
ABAACNCHA SONYKADIM.

U3z sroro YTBEpXK/AeHUS CPpa3y 2Ke CJIelyeT, 9TO B BbIHyKJIOfI 3a/lave OIITUMU3alI MHO>KECTBO OIITUMAaJIb-
HbIX pemeHHﬁ ABJISAETCS BBIIIYKJIBIM.

CaenctBue 1. Ilycmov U — sewecmsentoe sexmoproe npocmparcmeo, (Q — nenycmoe mmoorcecmeo 6 U,
unyemo f:Q — R — swnyxaasa dynxyus. Obosnawum f* :=infcq f(x). Tozda mnoorcecmeo

Xt i={reQ: flz)=f"}

ABAAEMCA 8BINYKABIM.
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Puc. 12: JIunun yposus dyukimn Pozendpoka.

A

Puc. 13: IIpumep KBa3WBBIMTYKJIOH (DyHKIMH, KOTOpasi He sIBJsieTCs BRIMTYKoi (13 Buknmnennm).

ITpumep 15. C nomompio yrBepKaeHust 4 WHOTIa MOYKHO yCTAHABIUBATE HE6binykaAocmy dynkinn. Ha-
npumep, GyHKIms Po3eHOpOKa, JIUHUE yPOBHS KOTOPOH NMPUBEJIEHB! Ha pUC. 12, He MOXKET ObITH BBIILYKJIOI,
[IOTOMY YTO MMEET HEBBIILYKJIbIE JIMHUY yYPOBHSI.

3ameuanmue 7. OyHKIUU, KOTOPbIE 00JIAAIOT YKA3aHHBIM BBIIIE CBOWCTBOM, T. €. YTO MHOYKECTBO JINHUI
yposus Lev ;(a) fBiseTcs BLITYKJIBIM I8 J1I000r0 o € R, Ha3bIBaoTcs K6a3usuinykivimu. Kak moxaspiBaer
9TO yTBepKeHue, jobas BIMyKJas (DyHKIUs SABJISIETCS KBAa3UBBLIMYKIOH. OHAKO 0OpaTHOE YyTBEPKICHUE
He BEPHO: CYIIECTBYIOT KBAa3WBBINYKJble (DYHKINH, KOTOPhIE HE SIBIAIOTCS BBIMyKIbIME (cM. puc. 13). Ham
He TIOHAI00UTCS NOHATHE KBAa3UBBIIYKJ/IONH (DYHKIMU B 9TOM KypCe.

2.3 PacmmupeHnwue BBITYKJIOW (DYHKIIMM HA BCE IPOCTPAHCTBO

IIpu pabore ¢ BoimykabiMu dyaxiusaymu f @ () — R okasbiBaercs yaoOHBIM CUATATD, UITO (DYHKIUS 3a/aHA
HE TOJBKO HA CBOEHl «UCTHHHOI» obJsiacTy ompejejeHus (), HO TakyKe U 3a ee IpejeaaMu. B srom ciyuae
TOBOPAT O PACHIMPEHUH BBIITYKJIOH (DYHKIMH Ha BCe IPOCTPAHCTBO, W CUMUTAIOT, UYTO 3a IIpEeJesIaMH CBOEei
«UCTUHHON» 00JIaCTU OIIpe/ieieHns! (DYHKIUSI IPUHIMAET 3HAUEHHEe —+00.

Onpenenenne 5 (ddbdexrupnas obsacts oupegenenus). [Iycrs U — BeKTOpHOE HPOCTPAHCTBO, U f :
U — R* — dyuxims, MpUHAMAIONAs 3HAYEHN BO MHOYKECTBE PACITUPEHHBIX BENIECTBEHHBIX dmces R* 1=

11



R U {+o00} U {—o0}. Bynem nasbiBarh aifexmushoti obaacmovio onpedeserus GbyHKIUU f MHOXKECTBO BCEX
TOYeK, B KOTOPLIX (PyHKIMs IPUHUMAET KOHCUHbIC 3HAYCHUSI:

Dom f:={z €U :|f(x)] < +o0}.

Ounpenesnenne 6 (Boiiykible u BoruyThle pacimpenHozHaunble Gyukuuu). [lycts U — BekTOpHOE 1po-
crparcrso. [Iyers dynkmus f: U — RU {400} 3a7aHa Ha BCeM IIPOCTPAHCTBE U NPUHAMAET PACIIUPEHHbBIE
BEIECTBEHHbIE 3HaYeHus. OyHKIUS [ HA3BIBACTCH GuiNYKAOU, €Cu 1ist JHoObIX &,y € U u mobbix A € (0, 1)
BBITIOJTHEHO

fOz 4+ (1= Ny) <Af(z) + (1 =N f(y). 3)
Awnagoruuno, ecim f 1 U — RU {—o0}, u qya Beex z,y € U u A € (0,1) yka3aHHOe Bblllle HEPABEHCTBO
BBITIOJIHEHO C TTPOTUBOIOJIOKHBIM 3HAKOM, TO (DYHKIHA f HA3BIBAETCS BOTHYTOIA.

3ameuanue 8. CoryiacHO ONPEIEIEHUIO, BBITYKJIasi pACIINPEHHO3HATHAS (DYHKITNS MOXKET TPUHUMATD TOJIh-
KO OJTHO PACIIUPEHHOE 3HAYEHNE — 3HAYCHUE +00. AHAJIOTUIHO, BOIHYTasl BEIECTBEHHO3HATHAS (DYHKIIHS
MOXKET IIPUHUMATH TOJBKO —00. OyHKINN, KOTOPbIe B HEKOTOPBIX TOUYKAX IPUHUMAIOT +00, & B HEKOTOPBIX
—00, He PACCMaTPUBAIOTCH.

3ameuanne 9 (Ouepanuu B R*). Ouepanuyu BoO MHOXKECTBE PACHIMPEHHBIX BEIIECTBEHHBIX YUCEJI 10 [IUHSI-
IOTCsI CJIEJIYIOIIMM €CTECTBEHHBIM ITPABUJIAM.

1. OHepaL[I/II/I C BeIIeCTBEHHbLIMU YUCJIaMU IIOHUMalOTCA B OOBLIYHOM CMBICJIE.

2. (Iopsimok) JIio6oe BEMIECTBEHHOE YUCJIO CTPOrO MEHbINE +00, a Takke —00 < +00. AHAJOIMYIHO JIJis
—00.

3. (Cymma) Cymma +00 u JiI060r0 BEIIECTBEHHOIO YHCJIA, & TaK¥Ke JBYX 400 paBHa +00. AHAJOIUYIHO
Jist —o0o0. CymMma 400 U —00 He OlpejiesIeHa.

4. (Ipoussenenue) IIpoussesenne +00 U MOJOKUTEILHOIO BEIMIECTBEHHOIO YHCJIA, & TAKKE IIPOU3BEIE-
e +0o0 u +00 paBHO +00. [IponsBesenne +00 U OTPUIIATETHHOTO BEMIECTBEHHOTO YHCJIA, & TaKyKe
pou3BeJIeHne +00 U —00 PaBHO —00. AHasornduo iyt —oo. [IpousBeienue «6ECKOHETHOCTHY U HYJIsI
He OIpeeJIeHO.

Bameyanme 10. Onpejesienne 6 aBTOMATHYECKN HAKJIA/IBIBAET YCJIOBHE Ha BBILYKJIOCTH (3(beKTuBHOMN)
obsactu oupezenenus byukuun f. Heficrsurensro, nycrs x,y € Dom f u A € [0,1]. Tlockoubky z,y €
Dom f, o f(x) u f(y) asisiorca konednsimu. OTCIOa CJeyeT, 9TO paBas YaCTh B HepaBeHCTBe (3) TakxkKe
KOHe4Ha. HO 9T0 BO3MOXKHO JIMIIL B TOM CJIydae, KOIJA U JleBasd 9acTb B HEPABEHCTBE (3) KOHEUHA. SHAUWT,
fOz+(1=XNy) < +oou Az+(1—A)y € Dom f. Takum 06pa3oM, pacIIMpeHHOE OIIPe/IeIeHNe BbITYKJIOCTH
9KBUBAJIEHTHO BBEJIEHHOMY JI0 9TOTO OOBIYHOMY OIIPEJIEJIEHUIO BBIMYKJIOCTH 2 (B KOTOPOM (bYHKIUS 33/ aHa
ua MuoxkecTBe () := Dom f).

IIpumep 16 (MuaukaTop BBILyKJIOro MHOXKecTBa). Ilycts U — BEKTOPHOE IPOCTPAHCTBO, M MyCTh ) —
BBIIIYKJI0e MHOXKecTBO B U. Pacemorpum dyukimio dg : U — R U {+o0}, sagannyio dopmystoit

0, ecn T € Q,

%o(@) = 400, ecmm x & Q.

Ora byHKIM HABBIBAETCH UHOUKGMOPOM MHOXKECTBA () U SIBJISIETCH BBILYKJION (modemy?).

2.4 JduddepeHninajibHble KPUTEPUU BBIILYKJIOCTH

VYrBepxkaeHue 5 (YcioBue BBIIYKIOCTH IEPBOro mopsizka). [Tycms Dom [ asasemea omypuimoim mHo-
otcecmeom, u pyruryus [ oupdepenyupyema scrody na Dom f. Qynxuusa f asasemces swnyxaoti mozda u
moavko mozda, xoeda Dom f asasemca 8bNYKAbIM MHONHCECTNEOM U

fy) = f@) +(Vf(2),y —2)

dan ecex x,y € Dom f.
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f(y)

Puc. 14: NnmocTpalius K yCIOBUIO BBIMTYKJIOCTUA MEPBOTO MOpsaka. |'paduk OYHKINNA JIE2KUT BCIOY BBIIIIE
KacaTeJIbHOIl, MPOBEIEHHOI K rpaduKy B 000 TOUYKe T.

VYreepxkaeuune 6 (dubdepennuanbioe yceaoBue ONTUMAIBHOCTH JJisl BBILyKJIoH dynkuun). I[Tycmo f :
U — RU{+00} — sunykaas dynryus, u nycmsv £* — nexkomopas snympennsas moywka mnodtcecmsa Dom f .
Touka x* aeanemca 2A00aAbHOM MURHUMYMOM Pynryuy f mozda u moavko moezda, kozda V f(x*) = 0. Apy-
2UMU CAOBAMU, A100GA CTNAUUOHAPHAA MOYKA GEMOMAMUYECKU ABAAETNCA 2A00QNDHBIM MUHUMYMOM HYHK-

yuu f.

Loxazameavcmeo. CorjacHO yCJIOBHIO OIITUMAJIBHOCTH IIEPBOTO MOPsiIKa, /Jist Becex © € Dom f cupasemimBa
OITIEHKA,

fl@) =2 f(&7) +(Vf(a"),x —2%) = f(z7).
O

IIpumep 17. D10 yTBEpXKJEHNE TO3BOJIET I BBILYKJBIX Jud@epeHIupyeMblX (QyHKIUNA HE 3a/yMbl-
BaTbCsS O TOM, JOCTUTAETCS JIM TJIODAJBHBII MUHUMYM mind HeT. Hampumep, BCIIOMHUM 3a/lady perpeccun
HaMMEHBINUX KBapaToB f : R™ — R:

rcR”

min {f(a:) = ;||Ax—b|§}

Ara byHKIUs siBasercs seoxy auddepenimpyemoit (Dom f = R™), u, 3HAUUT, IONCK €6 MUHUMYMa SKBU-
BAJIEHTEH PEIIEHUIO CUCTEMbl YDaBHEHUN

Vf(z) = AT(Az —b) =0.

CoryracHO yCTAHOBJIEHHOMY YTBEPKJICHUIO, PEIEeHIs 334l — 9TO B TOYHOCTH BCE PENICHUST ITONU CHCTEMBI
JIMHEHHBIX YpaBHEHU, 1 TOIbLKO oHn. Taxum 06pa3oM, MOKHO IIPOCTO PEIIAThH CUCTEMY JTUHEHHBIX YPABHEHUH
U He TIEPEKUBATDH O TOM, UYTO TAKUM 00PA30M MOTYT OBITH HAIEHBI KAKUE-TO CTAIIMOHAPHDBIE TOUYKH, KOTOPbIE
He SIBJISIFOTCS TVI00AJIbHBIME pereHnsMu 3aa49u. ([IJist HeBbIIyKIIbIX (DYHKIMHA TaK jes1arh Heqb3si!)

VYrBepxkaenue 7 (YcioBue BBILYKIOCTH BTOPOro mopsiika). Iycms Dom f asasemea omypuimowm mHo-
arcecmeom, u Pynruyus f deastcov dupgepernyupyema na Dom f. Qyuryua f asasemces svinykaol mozda u
MoAvko moada, xozda Dom f AGAAEMCA BLINYKABLM MHONCECTNGOM U

D2f(@)[h, h] =: (V> f(a)h,h) > 0

das ecex x € Dom f u 6cex h € U. Ecau U = R™, mo 9mo 9K6UBAAEHMHO NOAOAHCUMEALHOT NoAYONpede-
AEHHOCTNU 2€CCUANA:

V2 f(z) = 0.

das ecex x € Dom f.
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ITpumep 18 (Oxuomephbie BBIMyKIbe dhyHkmun). Cremyronme GQYHKIUN SIBIISTFOTCST BBILYKJIBIMIU:
e (OkcnonenTa) exp(z) Bbimykia Ha R
e (Munyc smorapudnm) — Inz Boimyksa va Ry 4
o (Crenennas ¢ynkims)
— 2 ape{l,2,...} naR
— 2P gnap>1ma Ry
— —a? 1m0 <p<1ma Ry
— 1/2P pqa p > 0 na Ryt
e zlnz Bemykisa Ha Ry
Jloxka3bIBaeTCcst Uepe3 ycsIoBue BTOPOTO IMOPSIIKA.

IIpumep 19 (Ksagparuunas dbyuxius). [Iycte A € S*, b € R™. Kpagparuunas GyHkius

flx):= %mTAm — bz

SIBJISIETCS BBIIIYKJIOW TOTJ@ U TOJIBKO Torja, Koraa A = 0 m BOrHyTOl TOrJa M TOJBKO Torma, korma A =< 0.
DT0 cieyeT U3 ycJaoBus BToporo nopanka: V2 f(r) = A.

IIpumep 20 (Log-sum-exp). @yuknua f: R” — R

f(z):=In (Z e“)
i=1
sABJIIeTCs BBINYKIIOH. Ee reccman pasen
V2 f(z) = Diag{n(x)} — () (z)",

rie m(x) := exp(r) /1T exp(x) (mosnemenTro). Leccnan oKa3bIBACTCS MOMOKHATETHLHO TIOTYOIPETeTeHHBIM:
2

u' V2 f(z)u = T Diag{r}u — (77u)? = Zmuf — Z mu; | > 0.
i=1 i=1

Tlocnennee nepaBencTBo cieayer u3 HepaseHcTBa Komu-ByHsikoBckoro u Toro ¢axra, 9To Z?:l m = 1.
IIpumep 21 (Munyc sorapudm onpenenurens). Oynkius
f(X) := —InDet(X)
ABJIAETCA BBIILYKJION Ha Sﬁ 1. JeficTBUTEIbHO, PACCMOTPUM
D?*f(X)[H,H] = Te(X 'HX'H).
Hokazkem, uro D? f(X)[H, H] > 0 nusi Beex X € S| nBcex H € S™. Ilockonbky X sIBIISIETCS CHMMETPUIHOM
ITOJIOXKHUTEIBHO OIIPE/ICICHHON MATPHUIIEH, MOYKHO PaccMOTpeTh ee Kopers X /2. Torma
D*f(X)[H,H] = Te(X " YV2HXY2X 12X~V = Te([X " Y2HX1/?)?)

Marpuna X ~V/2H X ~1/2 gasercss cuMMeTpraHOii. 3HAYNT, €€ KBAIPAT TAPAHTHPOBAHHO GY/IET CHMMETPH -
HOI HEOTpHUIATEIBLHO onpeesaeHuoit marpureil. [lockopky cien paBeH cymme COOCTBEHHBIX 3HAYEHUI, U B
JIAHHOM CJIydae Bce OHM HeoTpumatesbnbie, To D? f(X)[H, H] > 0.

CJIe/:l,onmee CBOWCTBO ITO3BOJISIET C IIOMOIIBIO IPOU3BOJHBIX JIOKAa3aTh BBIITYKJ/IOCTH Ha BHYTPEHHOCTU MHO-
2KeCTBa, a 3aTeM PaCIIHPUTH 3TO IMOHATHE Ha BCE€ MHOXKECTBO — €CJIN (byHKL[I/ISI HEIIpEepbIBHA Ha MHOXKECTBE.

VYrBepxkaeuue 8 (IlosesHoe cBoiicTBo paciupenus Ha 3ambikanue). [Tyems dynkyus [ asasemcs oinyk-
a01 6c100y Ha enympernnocmu Dom f, u nenpepwvisroti 6ctody na Dom f. Toeda f sasasemcesa svinykaoll Ha
ecem Dom f.
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2.5 Omnepanumn, cOXpaHSIOIINE BBITYKJIOCTb (DYHKITU

VYreepxkaenue 9 (Ouneparyu, coxpaHdiomue BBILyKJIOCTh DyHKIuit). Caedyroujue onepayus corpaniom
BLINYKAOCTNY PYHKUUT.

1.

(Honootcumenvnasn essewennan cymma) Iyems U — eewecmsennoe 6eKmopHoe npocmpancmeo u
fisoo s fe : U = RU{+o0} — dynryuu. Hycemo makoice wy, . .., w, — noaoscumenvhvie Koahhuuyu-
ewmor. Pacemompum ezsewennyro cymmy gynwkuuis fi, ..., fx ¢ Kosdduyuenmamu wy, ..., W, m. e.
bynryuro ¢ : U = RU {+o0}, onpedesernyro no gopmyae

k
P(z) == Z w; fi(x).

Ecau xaocdan uz dynrxuut fi, ..., fr Asasemces sunykaot, moada u ¢ bydem svinyrroti Gyrryuer.

(Adpunnan nodemarosxa apeymenma) Iycmov U u V' — sewecmeentvie 6exmophvie NpocmpaHcmea,
uf:V = RU{+o0} — dynryua. IIycmv A:U — V — adpunnoe npeobpazosanue us npocmparcmed
U 6 npocmpancmeo V', m. e. npeobpasosarue suda A(x) = Lz + a, 2de L : U — V — aunetinoe npe-
obpaszosanue u a € V. Pacemompum dymnryuto, noaysarowyrocs us gynxyunu f ¢ nomowspio agdunmot
nodcmarnosku apeymernma, m. e. gynkyuro ¢ : U — R U {400}, onpedeaennyro no gopmyse

o(z) = f(A()).
Ecau pyrnxyus f ewnyxaan, mozda u pynxyusa ¢ maxotce 6ydem evinykiot.

(Homouewnwiti cynpemym) yems U — sewecmeennoe sexmoproe npocmparcemeo. ITycms A — npo-
U360ABHOE (HE 0BAZAMENEHO KOHEHHOE U HE 00A3AMEADHO CHEMHOE) UNIEKCHOE MHONCECTNBO, U NYCMb
das Kaovtcdoeo undexca o € A 3adana gynxyus f : U — RU{400}. Paccmompum nomovewnvils cynpe-
mym Pynruyud fo, m. e. pynryuro ¢ : U — RU {+oo}, onpedeaennyro no gopmyae

6() = sup fula).

acA
Ecau xaorcdasn us pymnxuyul fo, asasemcesa svnykrot, moada u Gyrkyus ¢ maxotce 6ydem evinykiol.

(Monomonnan cynepnosuyus) ITycmo U — sewecmeennoe eekmoproe npocmpancmso, u fi, ..., fp
U —= R — ¢gynruyuu. ITyemov makorce g : R = RU{+o00} — dynruua. Pacemompum Pyrryuro, asas-
owyca cynepnosuyuel GyRKUuY g U f1,. .., fn, m. e. gynryuro ¢ : U — R U {400}, onpedeaennyro
no gopmyae

o(@) = g(f1(@), .. ., ful2)).

Ecau xaorcdan us dynwxuud f1,..., fn Aeasemcs evnykiol, a GyHKUUA § ABAAEMCA BVINYKAOTL U
MOHOMOKHO Heybusatowed, m. e. g(y) < g(y') dasn ecex y < y', mozda Pynruyus ¢ maxoce 6ydem

8uINYKAOU.

(Qacmuunas munumuszayua) Hyemo U vV — sewecmsennvie sexmoproie npocmparcemsa, u f: U X
V = RU{+o0} — ¢ynryua. Pacemompum dyrxyuro ¢ : U — RU {+oo} U {—o0}, onpedesernyro no
Ppopmy.ne
z) := inf f(x,y).

o(a) i= int f(o.y)
Ecau gynxyus | asasemes eunyraol (kax Gynkyus 00HOBPEMEHHO 08YT NEPEMEHHHT T U Y), mozda
@ aAsasemcs eunykaol Gynkyueld (Npu Ycaosuu, wmo ¢ Hu 6 00HOT MOoYKe HE NPUHUMAET, SHAMEHUE
—00).
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Puc. 15: Unmoctparnus K mpuMepy MOTOYEUHBII MaKCUMyM. Tak Kak JimHeiHas (DyHKIUS — BBIIYKJas),
MaKCHUMYM U3 JIMHEHHBIX (DYHKIUH — BBITYKJIast QyHKITUS.

IIpumep 22 (Bspemennas cymma u adduHHAs MOACTaHOBKA aprymenra). Ilycrs a,b € RF u ¢ € Rﬁ.
DyHKIHST
k

f(z):= Z C exp(a?w + b;)

i=1

SIBJISIETCS BBIYKJION KaK B3BEIIEHHAs CyMMa SKCIOHEHT ¢ addUHHON TOACTAHOBKON apryMeHTa.

IIpumep 23 (IToroueunsiit makcumy™m). Ilyers fi, ..., fr — Beinykibsle dyukiun. Torga

¢($) = rnax{fl(x), sy fk(I)}
OyeT BBIIYKJION (DyHKIHEH, [IOTOMY YTO MAKCUMyM — 3TO YaCTHBIN CIydail CylpeMyMa.
ITpumep 24 (MuHnMaILHOE U MAKCUMAJIbHOE COOCTBEHHbIE 3HAUEHNsT). PaboTaeM B IIPOCTPAHCTBE CUMMET-

puaHbIX MaTpull S”. OYHKIUA Amax(X) sBISETCS BBITYKJION, & QYHKIMS Amin(X) siBJIs€TCS BOrHYTOH. DTO
CJIeJIyeT U3 MPEJICTABICHUS

Amax (X) := max{u” Xu:u € Sy}, Amin(X) := min{u” Xu:u € S§ 1Y,
e Sy~ 1= {u € R" : |jullz = 1} — esksmmona chepa B mpocrpancTse R”.

3ameuanne 11 (Onopnas dyukius maoxkecrsa). Ilycrs M — npousBoiibHOe (He 0643aTE/IBHO BIILYKJIOE)
HEITyCTOEe MHOKECTBO. Torma onophas Gynruyus 3TOr0 MHOKECTBA

Sn(y) = sup (y, )
xeM

SIBJISIETCS BBIMYKJION KaK IMOTOYEUHBINH cynpeMyM OT adpdUHHBIX QYHKIHIA.

IIpumep 25 (Hopma B crenenn). Ilycrs || - || — upoussosbhas wopma. Torga dyHkiust

f(@) = [|l=|]”

SIBJISIETCS BBIYKJIOH pu p > 1 Ha BCeM NPOCTPAHCTBE. 3ECh UCIOJIb3YETCd KOMIIOZUIHS BBILYKJIOH MOHO-
TOHHO BO3pacTaoIeil ojHoMepHoil dyHKImu P u BbimyKiIo# GyHKIwH ||z
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IIpumep 26 (PaccrosiHue 70 BBITYKJIOrO MHOXKeCTBA). 1lycTh () — BBINYKJIOE MHOXKECTBO, || - || — mpous-
BoJIbHasI HOpMa, 1 nycTh = € U, Torna dpyHkms

f(z) = p(z,Q) = yigg |z —yll

SIBJISIETCS BBILYKJION KaK JacTHIHAs MUHIMu3anus ||z —y||+dg(y) mo y (modemy ||z —y|| BbImyKIa cOBMECTHO
no (z,y)?).

ITpumep 27. Ilycts f — Bommykiaa dyakmus. Torma dynkims
() == inf{f(y) : Ay = o}
TaK»Ke BBITyKJIasl KaK 9acTUYHAs MUHUMU3AIUs 110 Y (pyHKIIn

g(z,y) = {f(y)> ecmn Ay = x,

+00, uHaJe,

KOTOpasl ABJIA€TCA COBMECTHO BBIHyKJ'IOﬁ 10 (.’E, y)
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