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1 [Npobnema nepeobyyeHunsi n cnabasi BepOSATHOCTHas

dKCMOMAaTUKa

MarmuaHoe 0OydeHne Win obyuenue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peliaTh 3a/ia9y ITPOrHO3UPOBAHUS U IIPUHATHUS PEIIeHUl B YCIOBUIX,
KOTJia 3HAHMUI O MpeJIMEeTHON 00/1acTi He XBaTaeT sl IOCTPOEeHUs 0OOCHOBAHHBIX MaTe-
MaTHIeCKUX MOJeseil, HO 3aT0 MMEIOTCA 3HAUNTEIbHbIE MACCUBBI SMIIMPUICCKUX JTAHHbBIX.

Tunuasaelii npuMep — 381891 MEIUITHCKON JTHArHOCTUKN. 31eCh O/ JTAHHBIMH I10-
HUMAIOTCS 3JIEKTPOHHBIE ucTOpuu Oosie3uu. [aHHbie 00 OT/IE/IHHOM KJIMHUYECKOM CJIyYdae
BKJIIOYAIOT aHaMHE3, Pe3y/IbTaThl 00C/Ie0BaHn, Ha3HAYEHHbIE JIedeOHbIe MEePOIPUATHSI,
[IOKA3aTeIn Pe3yAbTaTUBHOCTH JIeUeHus, U T. 1. Tpebyercs MoCTpOuTh aJrOpUTM, KOTO-
PBIif HA OCHOBE UMeOIIeiicst mH(OPMAaIUA O HOBOM ITallieHTe MOI' ObI IIOCTABUTE TUATHO3,
PEKOMEHIOBATH JIEYeHNe MU MTPEJICKA3aTh NCXOJT 3a00/IeBanms. 3aa9a 00y ueHus no npe-
yedenmam 3aKJII0IAETCI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Yy4arou,et
6bL00PKU — COBOKYITHOCTH IIPEIEeHTOB, HAOIIOJABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIPa-
BUJIbHBIC JIMATHO3BI (PEIeHNs], HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit npumep — 3agada kpedummozo cKopuHaa. 37eCh MPENeIeHTH — 9TO 3aIBKU
Ha MOJIyJeHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTE/sT BKIIOIAIOT: BO3PACT, IO,
obpa3zoBanue, mpodeccuio, craxk padbOThI, JOXOJ CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajau4dne TeynedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI 1O OOydaroIieit
BBIOOPKE 3aEMIIUKOB C YK€ M3BECTHON KPEeJIUTHON MCTOPUil IMOCTPOUTH aJIlOPUTM, IIPE/I-
CKa3BIBAIOININ, Oy/IyT JIN Y JAHHOTO 3asIBUTEI MPOOJIEMBI ¢ TIOTAIIeHUEM KPeJIITa.

Hetpy/iHo mocTpouTh aJirOpuT™M, KOTOPBIH BBIJIAET IIPABUIbHBIE PEITEHU JIjId 00bEK-
TOB oOy4aromeil Beioopku. Harpumep, o Mor 6bI cpaBHHBATH HOBBIN OOBEKT € KaXKIHIM
13 00yJamuX 00bEKTOB, U B CJIydae MOJHOI'O COBIAJCHUS BBIIABATH IIPABUILHOE peIle-
HIe, 3allCAHHOe B TaOJIUIE MCXOIHBIX JAHHBIX, & BO BCEX OCTAJbHBIX CIydasX BbIOMpATh
caydaiinoe perrenne. OUeBUIHO, TAKOH aaropuT™M HUKOrO He ycrpouT. s ycmemrHoro
0o0ydeHns BaXKHO He TOJBKO 3allOMUHATH, HO 1 0000maTh. CIIoCOOHOCTD aJIrOpUTMOB Ipa-
BUJIBHO HAXOJIUTH OOIIHE 3aKOHOMEPHOCTH 110 YACTHBIM SMITMPUICCKUM JTAHHBIM HA3bIBAIOT
obobwaroweti cnocobrocmuio (generalization ability).

OcHoBHasg 3aJia49a Meopuu cmamucmuieckozo obyqenua’ (statistical learning theory,
SLT) 3ak/rogaercs B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OTIEHKHU ODOOIIAIOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaloliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOKHBIE OIEHKN, PACCUNTAHHBIE HA XYM CIydail, Ha IpaKTUKe MOI'YT IPH-
BOJIUTH K OMIMOOYHBIM pereHusAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcs HOBOE Ha-
npasyieare B SLT — komOuHaTopHasi Teopusi 0600mAioOeil criocoOOHOCTH, TTO3BOJIAIONIAS
6oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEODY ICHMS.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Pasmmaus mexxay COLT u SLT nesnaunTebHbI U J0BOJBbHO ycsioBHBL. B dactHoctu, COLT BrIOUaer
B cebsi MpobJIeMaTUKy BBIYUCIUTEIBHOM CJIOKHOCTH aJIrOPUTMOB 00y YeHMSI.
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§1.1 OO6y4eHune n nepeobyueHune

[IycTh 3a/1aHO KOHEYHOE MHOXKECTBO 0ObeKTOB X = {m1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100PKOTl; MHOKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Oounapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) = 1, TO TOBOPST, 4TO AJITOPUTM @ OIMIUOAETCsI HA OOBEKTE .

Yucyio omumbok anropurMma a Ha Bhibopke X C X ecTb

n(a, X) = Z I(a, ).

rzeX

Yacmomot owubox anropurma a Ha BeiOOpKe X C X Ha3bIBAETCH OTHOIIECHUE

n(a, X)
X1

3apgayva obyyveHus no npeuegeHTam. Jlomycrum, 9To reHepasbHasi BHIOOPKa pas3buTa

via, X) =

Ha JBe noaseibopkn, X = X L X. Beibopka X HaszbBaeTca Haba100aemoti W 06y4aro-
wieti, 171 06BbEKTOB & € X M3BECTHBI 3HAYMEHUs HHauKaTopa onmbokn I (a, 7). Boibopka X
Ha3bIBACTCS CKPLIMOU WA KOHMPOAbHOTU, N Ha Hell 3HaYeHUsT NHIUKATOPa OIMINOKN HEU3-
BECTHBI. 3a/1a9a COCTOUT B TOM, 9TOOBI HAWTHU aJroOpuT™M @ € A ¢ MUHIMAJBHBIM THCJIOM
omuboK Ha reHepaJsibHOil BIGopKe n(a, X), mosb3ysich ToIbKO nHpopMalueil o HabJIo/1a-
eMoit BeIOOpKe. /lanHast 3ajia1da B 00IIIeM ciiydae He UMeeT TOYHOTO PEIeHus, TOCKOIbKY
AJICOPUTM @ BbIOUpaeTcs 1o HerojHoi nHbopmaruu. [losTomy craBuTcs 3ajada MoucKa
HpI/I6J'H/I}KéHHOFO penrennd 1 oneHuBaHnud €ero TO9YHOCTHU.

Memodom obyuenua® HasbBaeTcs oTobparkenue ji: 25 — A, KOTopoe ITpOn3BOILHOI
obyuaroreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBI ajroputm a = X u3 A.

Haubosiee ecrectBenHast crparerus oOydeHHsT — HafTH aJroOpuTM, JOIYCKAIONIN
HAMMeHbIIlee JUC/I0 omuboK Ha obydatorieil Beibopke. O6oznaunm vepes A(X) moamuo-
JKECTBO aJIFOPUTMOB @, Ha KOTOPBIX YnCJI0 ommboK n(a, X ) MUHUMAJBHO:

AX) = Argzneiiln(a,X) ={a€ A:n(a,X) < n(d,X), Vd' € A}. (1.1)

Ecmu pX € A(X) st smoboro X C X, 10 METOJ (@ HA3BIBAETCA METOIOM MUHUMU-
3QUUY IMNUPULECKO20 PUCKG.

Iepeobyuenmocmoio Merona o npu pasbuenun X L1 X = X HasplBaeTcs pasHOCTD
YaCcTOT OIMMMOOK ajroputMa (X Ha KOHTpPOJIE U Ha O0y4YeHUN:

6/1(X> = V(/“LX7X> _V<:U’X7X)'

Ecmu 0,(X) > € upu nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 49TO
METOJI (i nepeobyyaemcs Ha BbIOOpKe X .

2B aHTI093bIMHO# IMTEpaType MeTo | 00yYeHNs IIPUHATO HA3BIBATH an20pummom obyuenus (learning
algorithm) [44], a amropurm a: X — Y — knaccudukaropom (classifier), runoresoit (hypothesis), pe-
matorieit dyuknueit (decision function), sm6o npocro dbyuxiueit (function). Tepmun «asropurm» Kax
oTODpaskeHne N3 MHOXKECTBa OOHEKTOB BO MHOYKECTBO OTBETOB yHOTPEO/sSIeTCs B paboTax HayTIHON KO-
abl akagemuka FO. . 2Kypasaésa [18]. TepMuHBI «MeTO» M «AJITOPUTM», 0GO3HAUAIONIME HPOIELYPY
nocTpoennst (PyHKIMU @ 10 BBHIGOPKE JAHHBIX yIIOTPEOJISIOTCS B OTEIECTBEHHON JTUTEPaType BIIEPeMerK-

Ky [9, 1, 20, 19].



I
o
I

S
=

Q
o

Q
3

Q
3

x
T2
T3
Tyq
Ts
Tg
T
g
g

X — nabsoaemast 00ydaromasi BBIOOpKa

X — ckpbITasi KOHTPOJIbHAS BBIOOPKA

e e === S
I—‘HO)—‘)—‘HOO)—‘I—\G%

[N eNel el Eal =l
HP—KOOOOOHOP—‘[\%
HHOOOH»—A»—!O»—!C%
== O R KRR OO
OO OO OO OO
=Nl loNoelloNeNoNal

T10

Puc. 1.1. IIpumep marpurnsr omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pazbuenuii BLIOOPKK HA HAOJIIOIAEMYIO U CKPBITYIO IMOJABBIOOPKHU. MeTom MuHm-
MU3BAIIH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISAETCH ePeodyIeHHBIM
OTHOCHUTEILHO JIAHHOMN Mapbl BBIGOPOK, npudéM 1pu Jiodom & € (0,1).

MaTpuua owwmnbok. Bunapublii BekTOp-CcTOIOEI] @ = (I (a,xi))le OyJ/ieM Ha3bIBATH GEK-
mopom owubok asropurma a. COBOKYITHOCTD BCEX MOIMTAPHO PA3INIHBIX BEKTOPOB OIMMOOK,
MOPOXK TAaeMbIX ajiropuTMamu a € A, obpazyer mampuuyy owubor paszmepa Lx D. Ctpo-
KU 9TON MaTPHITBI COOTBETCTBYIOT 0OBEKTAM, CTOJIOIBI — ajropurmam. ducyio ctosbdmnos D
MOZKET OBbITh MeHblIe |A|, TaK Kak pasjmIHble aJrOPUTMbI MOTYT HOPOKJIATH OJMHAKOBbIE
BEKTOPBI OMUO0K. MHOKECTBO aJITOPUTMOB A BITOJIHE MOYKET ObITh U HECKOHEUHBIM, OJ[HA~
KO 4nc/io D TIoHapHO PasImdHbIX BEKTOPOB OIMMMOOK BCEr/a KOHEIHO M He HpeBbimaet 2%
B naipHeiiem nMeHHO MaTPUIA OMNOOK, a He MCXOTHOE MHOKECTBO aJITOPUTMOB A, Oy1er
JUIsT HAC OCHOBHBIM O0beKTOoM mccieaoBanusi. OObIIHO OyIeT cpasy HMpenoaraTbes, 9To
A —5T0 KOHEYHOEe MHOXKECTBO aJI'OPUTMOB C IOIIAPHO PA3JIMIHBIMI BEKTOPAMU OIIHOOK.

ITpumep 1.1. Marpura ommbok Ha puc. 1.1 pazdbura Ha 00ydJaIOIyI0 U KOHTPOJILHYIO
BBIOODKHU TakK, YTO aJrOPUTM (4, MUHUMUIUPYIONINI SMIUPUYECKHUIT PUCK, JIOIMYCKAET

OmMOKM Ha BCeX 00beKTaxX KOHTPOJIBbHON BBIOOPKH. DTO U €CTh IepeodydeHne.

MozkHO TIPeIIoIoKUTE, 9TO B JIAHHOM IPUMepe repeodydenne OKa3aJI0Ch CJIe/ICTBU-
eM HeyJIaYHOTO pas3dueHns BLIOOPKY Ha 00ydeHre U KOHTPOJIb. B j1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X U MeTO/T
0Oy9eHNUd (i, ¥ HEe 3aBUCHAT OT Caydaiinoro pasomenms X, X.

3apgaum knaccucukaumm n BoccTaHoBAeHUst perpeccun. Jlomycrum, 910 KazkI0My
obbekty x € X coorBercrByer npasusvhuiti omeem y(x) € Y. @yuknns y: X — Y Hazbl-
BaeTcs yenesol sasucumocmouio (target function).

B kauectBe asnzopummos OyjieMm paccMaTpuBaTh (PYHKIIUU TOTO Ke BUJA @ X — Y,
Joryckaromie 3hGeKTUBHYIO peaan3aliiio Ha KOMIIbIOTepe.

B kagectBe MHOXKecTBa A gale Bcero 3aaéTcs HEKOTOPOE IMapaMeTpruIecKoe cemeti-
cmeo anzopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — dukcupoannas dpyHK-
1ust, © — MHOYKECTBO JIOIYCTUMBIX 3HAYEHUIT apaMerpa , Ha3bIBaeMOe NpPoCmpaHcmeom
NapaMempos Wil NpocmpaHcmseom noucka (search space).

B kauectBe undurxamopa owubru BozbMéM OmHapuyo dyskmmio [: A x X — {0,1},
paBHyto 1, Korja mpejickazanne a(zr) CyIECTBEHHO OTJIIMYAETCsI OT MPAaBHJIBHOTO OTBE-
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ta y(x). UaukaTop onmbKI MOKET OIPEIENISIThCS T0-PA3HOMY B 3aBUCHMOCTH OT TIOCTa-
HOBKHM 331241, IJIAaBHBIM 00pPa30M — OT IIPUPO/IbI MHOXKECTBA, JIOIMYCTUMBIX OTBETOB Y .

B sajmadax kaaccugurayuu MHOKECTBO KJIACCOB Y KOHETHO, W WHIXKATOP ONTNOKH
yale Beero 3aJ1aéred B BHIES

I(a,z) = [a(z) £ y(z)], z€X, a€A

B 3amagax soccmanosaenus peepeccun m MHOTHX 3aa9ax npozrnosuposarus Y = R,
U BEJUIHUHY OMIMOKHU IPHUHSATO XapaKTePU30BaTh HEIPEPBIBHON ¢ynryuets nomeps (loss
function), nanpumep, ksagparuunoit: £ (a,x) = (a(z) — y(x))z. Tem He MeHee, MOXKHO
ONPEJIETIATh U OUHAPHBIE (DYHKIIUN IT0TE€Ph, HAIIPUMED,

I(a,2) = [la(z) —y(z)| = 6(z)], z€X, acA,

rje §(z) — moporoBblii ypoBeHb, HEZKe KOTOPOTO OTKJIOHEHWE He CYUTAeTCsl OIMMOKOIA.
SameTnM, 4YTO OMHAPHAs (DYHKIIAA TOTEPD ABJIAETCA pobacmHotl, TO eCTh HeIYBCTBUTE b
HOIT K 6b10pocam — GOJIBIIUM OTKJIOHEHUSM OTBETa aaroputma a(r) or UuCTUHHOTO y(xT).

ITpumep 1.2. Ilyctb oObEeKTaMU SABJSIOTCA N-MEpHBIE YUC/IOBBIE BEKTOpHI, X C R™.
O6oznaunm uepes (£, 0) = 101 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPoB B R™.
Jlunetinvle cemeticmea arzopummos OIpeesaioTCs CAeAYIOMmNUM 00pa3oM:

A= {a(z) =sign (z,0) : 0 € R"} — nus1 sanau knaccudukanun, Y = {—1,+1};
A= {a(z) = (z,0) : § € R"} — nna 3ana1 BoccranoBIeHns perpeccun, Y = R.

JIuHeHbI aropuT™ KIacCu@UKAIIY IPeJICTaB/isieT cOO0i THIIEPILIOCKOCTD C HAIIPABJIs-
IOIIIM BEKTOPOM 6, pa3ie/diolnLyio IIpocTPaHCTBO Ha JBe 00JacTu — Kjaacchl —1 un +1.

B reopun nepeobydeHns MOHATHE «aJrOPUTMa» MOKHO HE KOHKDETU3UPOBATD, TIPE/I-
HoJiarasi JIMIilb, 9TO 9TO JIEMEHTBI HEKOTOPOro abcTpakTHOro Muoxkectsa A. [nasuoe, aro-
6b1 151 106010 aJIropuT™Ma @ ObLIA BO3MOXKHOCTH OIPEJIEUTh, JOIMYCKAET JIi OH OMIUOKY
Ha 00bekTe x. Takoe HOHNMAHUE «aJOPHTMAa» C OJIHON CTOPOHBI PACIIMPSIET KJIACC PAC-
CMATPUBAEMbBIX 33/1a4, HO C JIDYTOi CTOPOHBI OIPAHUYIMBAET €r0 TEMU 3aJ[a4aMi, B KOTO-
PBIX BaxKeH JIUITh (GakT OMmuOKY, HO He BarKHa BeJIMdnHa OTKJIOHeHus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npuseién npumep 3a/1a4u KjiaccuuKaIium ¢ JIByMs Kacca-
v, |Y| = 2. O6bekramu sBistiorest L = 10 TO9eK MIOCKOCTH, 0 5 0ObEKTOB B KAZKJIOM
KJIacce, aJTOPUTMAMI — BCEBO3MOYKHBIE PA3/IENISIONe MpAMble, TO €CTh B JIAHHOM CJIy-
qae A —9T0 ceMeiicTBO Aunelinur Kiaccugpuramopos. B marpurie ommbOK COMepKUTCA
OJIH HyJIEBOI cToJiber] (06bEeKThI PA3JIEIAIOTCs IPSAMOil 6e3 ommboK ), 5 cToJIOIOB ¢ OjI-
HOIl OIMMOKOI, 8 CTOJIOIOB € JIByMs OIUOKAMM, U T. .

[Ipu periennn NpUKIaIHBIX 3a8/1a4 IepeodyIeHne HaO I0/IaeTCd TPAKTUIECKH BCET/IA.
Benmmunna nepeodydeHHOCTH MOXKET 0Ka3aThCs KaK IPUeMJIEMO MaJIoif, TaK W HellpueMJIe-
MO OoutbItioit. [Ijist yrpaBiieHust mporeccoM o0ydeHusi XOTeJIOCh Obl UMEeTh TOYHbIE KOJIU-
YECTBEHHBIE OIEHKU 11epe00y YeHHOCTH.

3KsasipaTHble CKOOKH TIepeBOJIAT JIOTHYECKOe 3HadeHue B 9UucaoBoe: [oxkb] = 0, [ncruna] = 1.
D10 0YeHb HpaKTUIHOE 0003HAYEHUE, HA3bIBaeMOe Homayuel Ateepcona [14].
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Puc. 1.2. [Ipumep MaTpuiipl ormmodOK, MTOPOKIAEMON CeMeCTBOM JIMHEHHBIX aJIrOPUT-
MOB KJyaccudukanun Ha BbIOOpKe mamabl L = 10, comep:karreit 5 00bEKTOB OJHOIO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCE aJrOPUTMBI C MOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIIHOOK, C 9HC/IOM OIMUOOK, COOTBeTCTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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Puc. 1.3. Basucumocrs v(puX, X) or v(pX, X) s 3a1a4u IpOrHO3UPOBAHUS 0TI~
JIEHHOI'O Pe3yJIbTaTa XUPYPrUIeCKOro JIEUeHIs ATEePOCKIEPO3a.

ITpumep 1.4. Ha puc. 1.3 ToukaM COOTBETCTBYIOT &JITOPUTMBbI, TOCTPOEHHBIE PA3JITIHbI-
MU MeTOJaMu OOyUeHus IO OJHON U TOM Ke BBLIOOPKe B 3aJiade MPOIHO3UPOBAHUS OTIa-
JIEHHOT'O pe3yJibTaTa XUPYPIUIecKOoro JiedeHus arepockyieposa. OObekTaMu x; SBJISIOTCS
onrcanust OOJBHBIX JI0 IIPOBEJICHUS ONePAINN (JIaHHBIE TEeMOJINHAMUKN U UMMYHOJIOT Y-
ckoro obcrenoBanust ); orBerhl y; € {0, 1} KOIUPYyIOT pe3ybrar JedeHnst 9epes rojl IoCye
oneparuu: 0 — ycnex, 1 — pecteHos myHTa U noBTOpHas oneparys. [lo ropusonTambHOi
oCH OTJIOYKEeHa JacTOTa OMIMOOK Ha O0YYeHUH, [0 BEPTUKAJIBLHON — Ha KoHTposie. Habirro-
JIACTCs CUCTEMAaTUYIeCKOe CMeIleHrne TOUYeK IpaduKa BBEPX; MMOYTH BCE TOUKU JIEYKAT BBIIIIE
OMCCEKTUPUCHL. DTO U €CTh epeodyIeHHe.
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OcHoBHas 3a/1a4a CTATUCTUYIECKOI'O 00YU€EHUs 3aK/II09aeTCsd B TOM, YTOOBI 110 HaOJTIO-
JlaeMoii obyvaroreit BEIOOpKe HailTu B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KAK MOYKHO
MeHbIIe OMMOOK Ha CKPBITON KOHTPOJIBHBIN BBIOOpKe. Bompoc MOXKHO cTaBUTH U TakK: Ka-
KUMHU CBOHCTBaMM JIOJIZKHBI 00JIa/IaTh MHOXKECTBO aJrOPUTMOB A m MeToy oOydeHus fi,
4TOOBI BEPOATHOCTH I€peodyUeHus Oblia MUHUMAJILHON! YTOObI MOIyInTh OTBET, HEOO-

XOOAUMMO CHa4aJla YTOYHUTDH, B KaKOM CMBICJ/I€ 31€Ch IIOHUMaeETCAd «BEPOATHOCTDL>.

§1.2 Cnabas BepossiTHOCTHasi akCMOMaTUKA

By‘ﬂeM noJjiaraTb, 9TO O6'beKTBI N3 KOHEYHOTI'O HeCHy‘{aﬁHOFO MHOZKECTBa X IIOABJIAKOT-
cd B CIyYaiiHOM TOpPSIKe, WK, IPYTUME CJIOBAMU, 9TO Bee L! mepecTtaHOBOK reHepasibHOI
BBIOOPKHU X PABHOBEPOSTHBL. DTO MPEJIIOJIOKEHIE Mbl OyIeM HA3BIBATh CAAO0U (UAU nepe-
CMaM0804H0T) 6EPOAMHOCMHOU aKcuoMamukrot. JIpyrue BeposSTHOCTHBIE IPE/IIIOIOKEHST
HaM He ITOHa100saTcs. [lamee MbI yBHIUM, UTO OZHOTO 9TOIO YK€ BIIOJIHE JTOCTATOTHO ISt
MOJTyYeHUsT MHOTUX (DYHIAMEHTAJIHHBIX (PaKTOB TEOPUU BEPOSATHOCTEH, MaTeMaTHIeCKOM
CTATUCTUKU, TEOPUU CTATHCTUIECKOTO OOYIEHUS.

Ob6osnaunMm depes Sy, IpyIILy BceX IepecTaHOBOK L sjeMeHTOB. BeceBo3MoOXKHBIE T1e-
pPeCTaHOBKHU I'eHepaJIbHOI BBIOOPKH OyIeM 0003HaYaTh depe3 TX, T € Sp.

Onpenenenne 1.1. Ilycrs sajan npesukar: X — {0,1}. Eco (7X) = 1, 1o 6y1em
TOBOPHUTH, 9TO COOBITHE ) MPOU3OIILIO Ha HMEPECTAHOBKe TX. Bepoammocmuio cobvimusd, 1
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO IMPOU3OIILIO:

P, y(rX) = % > w(rX). (1.2)

TESL

B cnaboit akcrnomaruke BEpOSTHOCTb COOBITHS 3aBUCUT OT COCTaBa OObEKTOB I'€He-
paJbHOI BBIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX nepeduncsienns. OyHKIMS pacipe/ie-
JIEHUs ¥ MaTeMaTHIecKOoe OXKHJIaHUe TaKyKe 3aBUCAT OT BHIOODKH.

Onpenenenne 1.2. Ilyers &: XY — R — pemecrsennas ¢pyurmms. Pynxyuets pacnpe-
desenus Besmannbl  Ha BbIOOpKe X Oynem HaszbBarh QyHknuio Fe: R — [0, 1] Buga

Fe(z) = P [£(7X) < z]. (1.3)

Omnpepenenne 1.3. Mamemamuneckum osrcudaruem seamaunsr &: X — R ma BoI6op-
ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMEeTHIECKOe IT0 BCeM IIepeCTaHOBKaM T:

E,£(rX) = % 3 ¢(rx). (1.4)

’ TES],

Bamerum, uro 3Haku P, u E. MOXKHO mOHMMAThL Kak OIEpaIdio CPeHero apudme-

THYECKOrO 110 BeeM Iepectanoskam: Pr = E- = £ 3", 10 ectb B ciaboit akcnomaruke
resy
BEPOSITHOCTD M MaTeMaTHIeCKOe OKuIanne (POPMAILHO OIIPEJIEISIIOTCA O/[HAKOBO.
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Ecmu npeukar 1 siasiercs dyHkimeit 18yx moaBei60pok X, X u 3uadenue (X)) =
= ¢(X, X) e 3aBUCHT OT MOpPsijiKa JIEMEHTOB B MoBBIOOpKax X u X, T0 seposmmocmy
cobvimus 1) orpeiesigeTcs Kak 10/ pa3Ouennii renepaabHON BHIOOPKH:

Pso(X,X>:Ciﬁ S (X, X),

Xe[x)¢

rye [X]¢ — MHOecTBO Beex (-3/IeMeHTHBIX TIOMHOMKECTB TeHepasbHoi BRIGOPKH X.
[TockosibKy renepasibHas Bbibopka X dukcupoBana u X = X \ X, B jasbHeiimem
Hapsy ¢ (X, X) Oynem moIb30BaThCs COKPANIEHHOM 3ammchio ¢(X).

BeposiTHOCTb nepeobyyveHus onpejesercs Kak 10/ pasbueruii BLIDOPKH, IPU KOTO-
pbIX Iepeobydennocts 0, (X ) npessliaer 3aganublii mopor € € (0,1):

Q. = Qu(1,X) = P[5,(X) > €] = P[u(uX, X) — v(uX, X) > €]. (1.5)

BepositHOCTh TIepeoOyUenHnsi XxapakTepusyeT 0OODIIAIOINLYIO0 CIIOCOOHOCTbH METOJA [t
Ha BbIOOpKe X. Eé onennBanme OyaeT OCHOBHOM 3ajadeil Ha IMPOTAXKEHNN BCEro Kypca.

Hapsiny ¢ Q). Oymem Tak»Ke OIEHUBATH GEPOAMHOCTIL O0ALWOT “ACTOMYL 0ULUOOK
Ha, CKPBITOI KOHTPOJILHOW BBIOOPKE:

R. = R.(1,X) = P[v(uX, X) > ¢], (1.6)

a TaKyKe CPEIHIOI (II0 BCeM Pa30HeHUsIM) YaCTOTy OMHMOOK Ha KOHTPOJIBHON BBIOODKE,
HA3BIBACMYIO NOANbIM CKOAb3AULUM Kormpoaem (complete cross-validation, CCV) [55]:

C=C(p,X) =Ev(uX, X). (1.7)

Bamernm, aro CCV gpistercst MmareMaTiiecKuM oxunanuem, a (1 — R.) — dbyHakrmeit
pacrpe/ienenns ciaydaitaoit Besmannsr v(puX, X).

O6pawerune ouerok. Ilycrs Q). < 1(g) — BepxHsIs OIEHKA BEPOSTHOCTH MEPEOOY ICHMUST
u cymectByer dyukius €(n), obparuas k 7)(e). Torga n(e(a)) = a as moboro « € [0, 1].
Cnenosarenbuo, P [(L(X ) > e(n)] < 1), 1 HaIlla BEePXHsIsI OIeHKa MOYKET OBITH mepedopmy-
JIMPOBAHAa B 9KBUBAJIEHTHOM BUJIE: C BEPOSITHOCTLIO He MeHee (1 —n) crpaBejinBa BepXHsist
OIIEHKa YaCTOThI OMMOOK Ha CKPBITON BBIOOPKE:

v(uX, X) < w(pX, X) +=(n). (L8)

[TapaMeTp & HAa3BIBAIOT MOYHOCMLIO, & 1) — HAENHCHOCMbIO OoneHKH [6].
Amnanornvro, ecm HaiijeHa BepxHss orieHKa R. < n(e) u e(n) — dbyukiwms, obparHast
K 7(€), TO ¢ BEPOSATHOCTBIO He MeHee (1 — 7)) crpaBejinBa BEPXHsIsI OIIEHKA

v(pX, X) < e(n).

Urak, or BepxHUX OIEHOK (). wian R, JIerKO MmepexouTh K BEPXHUM OIEHKAM Ya-
crorbl omuboK Ha KoHTpoJie. O6braHO u3 oneHkn (1.8) BBIBOJAAT HOBbI Kpurepuii 06y te-
HIsI, OTJIMYAIONUICS OT MUHUMU3AINE SMIUPUIECKOTO prucka v(a, X ) JOTOJTHUTETbHBIM
cjaraeMbIM €(1). DToT npuéM gBJsgeTcst 0YeHb BaxKHbIM B SLT, Tak Kak OH MO3BOJISET
IIpeBpallaTh TEOPETUIECKNEe OMEHKN B HOBBIE ONTHUMUBAIMOHHBIE METO/IbI 00y IeHNU .
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OMnupuyeckne OLEHKU BEpPOSTHOCTM MepeodyqeHUst N CKOJb3SLWMIA KOHTPOIIb.
HamoMHWMM, 9TO BEpOSITHOCTH COOBITHSI (¢ MBI OIpejessieM Kak cpefree 3Hadenue p(X)
1o MuoxkectBy Beex Cf pazéuennit X = X U X:

P o(X) =Ci£ S p(x).

Xe[x]¢

HemnocpeacrBennoe BBIUNC/IEHNE 3TOM BEINIMHBI BO3MOYKHO TOJIBKO P HEOOIBITNX
sHavennax { wim k. B Tunmanbx cayuaax aucio pasouennit Ct orpommo. Ipubmmxén-
Hoit onerkoit st P (X)) aBisercs cpejiHee Mo HEKOTOPOMY HOAMHOXKeCTBY /N BBIOOPOK
JUTAHBL , He CJIUIIKOM OOJIBIIIOMY, UTOOBI CYMMa BBIUHC/I/IACH 3a IIPUEMJIEMOE BPeMsI,

HO 1 HE CJIMIIKOM MaJIEHBKOMY, ITOODI HpI/I6.HI/I}KeHI/Ie ObLLIO JO0CTaTOYHO TOYHDbIM:

~

Po(X) = ﬁ S o(X).

XeN

layiee cumBoJiaMu PukE OyzeT 0003HaAYATHCS ONePAI YCPETHEHU 110 HEKOTOPOMY
[TO/IMHOKeCTBY pa30menuii V.

Ecim nommuozkecTBO BBIOOPpOK N hopMHUPYyeTCs MyTEM CJIydaifHOrO BBIOOpPA, TO T'O-
BOPAT 00 orieHKe memodom Mowme-Kapao.

B mamumnaoM 00ydyeHnn oneHuBaHUE 110 MOJAMHOXKECTBY pa3ObMeHHUil UCIOIb3YIOT /I
SMITMPUIECKOTO U3MepeHus ODOOIMIAIONIel CIIOCOOHOCTH U HA3BIBAIOT CKOAL3AULUM KOH-
mpoaem (cross-validation, CV). Ou HezaMeHHUM B TeX CIydagdx, KOTJa TeopeTudecKue
OIIEHKH ODOOIAOIIE CIIOCOOHOCTH He U3BECTHBI MM HEJOCTATOYHO TOUHBI. CKOIb3SIII
KOHTPOJIb Jie-(haKTO SBJISIETCS CTAH/IAPTHON METOJMKON TeCTUPOBAHUS U CPABHEHUS aJl-

T'OPpUTMOB MalllMHHOI'O 06yqu1/151.

CBsA3b C CUNIbHOW BEpOSAATHOCTHOW akcuomaTukoii. Kiaccuiaeckast TeopeTuKo-MepHast
akcromarnka A. H. Kosnvoroposa (6yem HasbIBaTh €6 CHIIbHOIT) OCHOBaHA HA MOHATUH Be-
posiTHOCTHOTO TipocTpancTBa (2, ), P), e 2" — MHOXKECTBO JI0IyCTUMBIX 00'bEKTOB, {2 —
aIIUTUBHAsA o-aarebpa cobbiTuii Ha 2 , P — BepodTHOCTHAas Mepa, OIpeIe/IEHHas Ha CO-
OpITHgx u3 2. B 3aauax craTucTUIeCKOro aHaIn3a JaHHBIX OOBITHO IIPEIIIOIaraeTCsl, ITO
MHOKeCTBO 00beKTOB X = {x1,...,2} dBagercs npocmot 6v60pKoti, TO €CTb 00bEKTHI
BBIOMPAIOTCS U3 MHOYKECTBa 4 CJIyJaifHO U He3aBUCHMO COTJIACHO BEPOSITHOCTHOM Mepe P.
He3aBncnMocTh 03HAMACT, YTO BEPOATHOCTHAA Mepa, Ha, MHOYKECTBE BRIOOPOK 2 © mnBapn-
AHTHA OTHOCUTEJILHO IIePECTaHOBOK 3JIEMEHTOB BLIOOPKH. B IPUIOKEeHNAX MHOKECTBO 2,
KaK IpaBuUjIo, OeCKOHEYHO, a Mepa P nen3secTHA.

B cmaboit akcmoMmarmke MHOMXKECTBO £ BCEX I'MIIOTETUYIECKH BO3MOYKHBIX O0OHEKTOB
He BBOJuTCA. PaccMaTpuBaeTcs TOJBKO KOHEYHOE MHOXKECTBO OOBEKTOB — 2€HEPANLHAA
evioopra X. OHO MOXKeT BKJIOYATh B ceOs KakK OObEKThI, HAOJIOJABIINECS paHee, Tak
1 CKPBIThIE OOBEKTHI, KOTOPbIE CTaHyT U3BECTHBI B Oy/IyIeM. BeposTHOCTHBIM IIPOCTPaH-
CTBOM $IBJISIETCSI KOHEYHOE MHOYKECTBO BCEX ITEPECTAHOBOK IMeHEePAJIbHOI BEIOOPKH X, Ha KO-
TOPOM 3aJIaéTCsd paBHOMEPHOE pacipejienenne. Takum o0pa3oM, CIydailHbIMU ITOJIAratoTCs
He caMu OOBEKTBI, a JIUIIb MOPSI0K UX TOSIBJICHUS, YTO COOTBETCTBYET IIPEJIIIOIOKEHIIO
0 HE3aBUCUMOCTU OObEKTOB BBIOOPKH B CHJILHON aKCHOMATHUKE.
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Cremyroras TeopeMa yTBEPZKIaeT, ITO JIjIsI IePeBOa OIEHKN U3 ¢1aboil akcrnoMaTh-
K B CHUJIBHYIO JIOCTATOYHO B3STh €€ MaTeMaTUuIecKoe OXKUJaHue 110 BhIOOpKe X.

Teopema 1.1. Ilycrp B ciraboit akcmoMaTHKe Hai/IeHO 3HAYCHHE BEePOSITHOCTH
P, (rX) = £(X). (1.9)
Tora B cu/IbHOMH aKCHOMATHKE BBIITOJIHSIETCS PDABEHCTBO

Px(X) = Ex[(X). (1.10)

JokazareabcTBo. B cuty He3aBUCUMOCTH HAOJIIOJEHNI B BBIOOPKE X J1JIs1 TPOU3BOJILHOIM
nepecTaHoBKY T crpaseinBo paseHcTBo Py 1(X) = Px 1(7X). Bo3bMéM cpejitee 110 Bcem
HepecTaHOBKAM T OT JIEBOW M IIPABOil dacTeil STOr0 paBeHCTBA:

Px¢(X) = % Z Px (7X) = P, Exy(7X) = Ex P, (7X) = Ex f(X),

TESL

9TO 1 TPeDOBAJIOCH JI0KA3aTh. [ |

B cayuasx, korya onenka f(X) He 3aBucur or BIGOPKH X, KOHEUHBIH pe3ysbrar —
orenka B npasoit yacrtu (1.9) u (1.10) — Oyaer onuHaKOB B 00€MX aKCHOMATHKAX.

®uHnTapHble U UHUHNUTaPHbIE BEepoATHOCTU. Paccmorpum dyHIaMeHTAIBHYIO 3a-
JIady TeOPHUU BEPOATHOCTel, TEeCHO CBA3AHHYIO C 3A4KOHOM OOALUWUL “UCen: OIEHUTDL Be-
POSITHOCTD OOJIBIIIOrO OTKJIOHEHHsT JacTOThl V(S, X)) cobbITus S Ha KOHEIHON BBIGOpKEe X
ot BeposgtHOCTH P(S) ITaHHOr0 COOBITHS:

P? =Px{|v(S,X) — P(9)| > ¢e}. (1.11)

B mpakTiuecknx 3aadax aHaan3a JaHHbIX BEPOATHOCTb cobbiTns P(.S) HeBO3MOXKHO
y3HATH TOYHO, IIOCKOJIbKY BEPOATHOCTHAS MepPa Ha MHOXKECTBE OOBEKTOB, KAaK IIPABHIIO,
HensBecTHa. [IpoBectn GecKoHETHOE THCI0 HAOJIIOCHIN TaKyKe HEBO3MOXKHO. B pesymbra-
Te OKA3bIBACTCsI, UTO BEPOATHOCTD GOJIBINOrO OTKJIOHEHUs P° HErocpe/ICTBeHHO He MOKeT
ObITH H3MepeHa B SKCIepHMeHTe Kak uactora cobbitus { X : |[v(S, X) — P(S)| > e}, no-
CKOJIbKY CaMO HACTYILIEHHE 9TOrO COOBITHS He MOYKET ObITh TOYHO H/IEHTHMDUIIPOBAHO.

Jammas mpobsemMa He BO3HHKAET, €CJIM C CaMOro Hadasa OTKa3aTbCs OT yHoTpebiie-
uust BepositHoctu P(S). Ona onpenensiercst Kak mpejen dactorsl v(S, X') coberrus S
Ha [POM3BOJIbHON cirydaiinoii Beibopke X' mpu | X'| — 0o. B 1o ke Bpewmsi, mpakTude-
CKHIl MHTEpeC mpejcTaBisgeT nMerHo dacrora v(S, X'), Kak BeJMYHHA, HEIOCPECTBEHHO
HabJiojlaeMas B 9kcrepumente. M3mennm nocranosky 3ajadn (1.11) u Gymem onenusarhb
BEPOSTHOCTH GOJIBINOIO OTKJIOHEHHS IacTOT COOBITHS S B JBYX PA3JIMIHBIX BEIOOPKAX:

Q2 =Px x{|v(5,X) —v(S,X')| > e} (1.12)

Ecim npe/amoJiaraTb, 9T0 BbI60pKI/I XuX HE3aBUCUMBI, TO JIJId OIIpE/Ie/IEHUA BeE-

POATHOCTHU Qf yKe He HY?KHO HM OECKOHEYHOI'0 YHUCJ/Ia UCIbITAHWI, HU CYIIEeCTBOBAHUS
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BEPOATHOCTHON Mepbl Ha MCXOJIHOM HPOCTpaHcTBe cobbITuit. Bepoarnoctsh QF apisercs
dunumaprol m MOXKeT OBITH BBIYNC/TIEHA KOMOMHATOPHBIMI METOIAMU KaK JI0JIs pasoue-
it X = X U X, Ipu KOTOPBIX HMeeT MeCTO GOJIbIIOe OTKJIOHEeHHe JacToT. Kpome Toro,
OHa MOXKeT ObITH U3MePeHa B SKCIIEPUMEHTE 10 [TOJIMHOYKECTBY Pa3OMeHnii, TaK KaK UJeH-
tudukanus cobbitus { X, X': [v(S,X) — v(S,X')| > €} He BbI3BIBaCT 3aTpY/HEHMIL.

Taxum obpazom, epoataoctu P(S) u P B (1.11) uMeoT pa3amyuHyio HPUPOJLY.
Bepositnocts P(S) npuHIunmuaibio ungurumapra — Jjisi €€ onpeiesieHns TpebyeTcst JIv-
60 3HATH BEPOATHOCTHYIO Mepy P Ha GeckoHeunoMm MHOXKecTBe £, OO OCYIIECTBUTH
npegesbubiil epexon v(S, X') — P(S) upu | X'| — 00, 4T0 HEBO3MOMKHO TIPU PAKTUYIE-
CKOM aHa/m3e Jannblx. Bepostnocts PP takske undunutapna, o mocie samenst P(S)
na gacrory v(S, X’) ona npunnMaer dbunnTApHLIH Bt QF, MOMyCKAIOMuil 1 TOUHOE BbI-
YUCJIEHUE, U SMIIMPUIECCKOE U3MEPEHNE.

DT coobparKeHus: Kak pa3 U MPUBOJAT K CJIaDOH BEPOATHOCTHONW AKCHOMATHUKE, 3a-
IIPEIAIoNIeil NCIoIb30Banne NHPUHUTAPHBIX BEPOATHOCTEN U «COOBITHITY, KOTOPbIE HE MO-
ryT ObITh UJAeHTUMUIMPOBAHbI B dKciiepuMenTte. [IpuBeiém HecKobKO MeHee (hopMasib-
HBIX COOOpaKeHUi B MOJIb3Yy CJ1a00i aKCHOMaTHKMY.

CoBpemMenHast TeOpusi BEPOITHOCTEN BOZHUKJIA U3 CTPEMJIEHUST OObEINHATE B pAMKaX
eJIMHOro (hopMaJIM3Ma JaCTOTHOE TOHATHE BEPOSATHOCTU, Oepyllee HAYAJI0 OT a3apTHBIX
UTrp, ¥ KOHTUHYyaJbHOE, UJIyIee OT TeOMETPUUIeCKUX 3a/ad Tula 3a1a4u bioddona o Be-
POATHOCTH TONAAHNS UTJIBI B TAPKETHYIO 1e/Th. B akcmomaruke KosmMoroposa KOHTHHY-
aJbHOE TIOHSITHE DepETcs 3a OCHOBY Kak OoJiee obiee. Paju 3Toit 00ITHOCTH B TEOPUIO Be-
POATHOCTEN IPUBHOCATCS TUIIOTE3BI CUTMa-aJIATUBHOCTHA W M3MEPUMOCTH — TEXHUIECKIE
MIPEJIIOJIOZKEHUST U3 TEOPUU MePbl, UMEIOITUE JIOBOJILHO CIadble SMIUPUIECKe 000CHOBA-
uus [2]. Takum obpaszom, Jjist U3yUueHnst JUCKPETHBIX SIBJIEHUI, CBSI3aHHBIX CO CJIyJaifHo-
CTBIO, OIIPeJIeIeHNE BEPOSTHOCTU KAaK KOHTUHYAJILHOM Mephl M3HAYAIHLHO M30BITOYHO.

O6parum BHuManue Ha 3amedanne A.H.Kommoroposa B [22, ctp. 252|: «mpescras-
JIsieTcs BayKHOM 3a/1a9a OCBOOOXKIEHNS BCIOJLY, TJle 9TO BO3MOYKHO, OT U3JIUIITHUX BEPOST-
HOCTHBIX jlonytenuii. Ha HezaBucuMoil eHHOCTH 9MCTO KOMOMHATOPHOI'O MOJIX0/IA K TEO-
pun uHGOPMAIUK I HEOJHOKPATHO HACTAWBAJ B CBOUX JieKiuax». OJUH U3 BapuaHTOB
KOMOMHATOPHO-A/INeOPANnIeCKOT0 TIOCTPOEHUS TeOPUN NHMOPMAITUY MOZKHO HAWTU B KHU-
re B. JI. Tormer [13]. BeickaseBanme Kosmoroposa B 3HAYHTETBLHOM CTEIEHH OTHOCHTCS
7 K MaTeMaTUIECKOIl CTATUCTUKE, KOTOpas TaKzKe NMeeT JIeJI0 ¢ KOHETYHBIMU BBIOOPKaAMU.

Yuennk A. H. Kosmoroposa 1O. K. Bensie B ipeiucioun K Kaure «BeposTHOCTHBIE
METO/IbI BEIDOPOYHOTO KOHTPOJIST» IHUIIET: «BO3HUKJIO IIyOOKOe YOeXKIeHe, ITO B TeOPUU
BBIOOPOYHBIX METOJIOB MOXKHO TOJIYYUTH COJEPKATE/IbHbIE aHAJIOTH OOJIBITUHCTBA OCHOB-
HBIX YTBEP:K/IEHNIT TEOPUN BEPOSITHOCTEN W MATEMATHIECKO CTATUCTUKN, KOTOPhIe K Ha-
CTOSAIIEMY BPEMEHU HailJIeHbl B MPEIINOI0KEHINN B3aNMHON HE3aBUCUMOCTHU Pe3yJIbTaTOB
usmepenuii» |3, crp. 9.

YmecTHo mpuBectH emé oaHo BbicKasbBanue A. H. Komvoroposa: «Yucras marema-
TUKa OJIATOIOJIYyYHO PA3BUBAETC KaK I10 IPEUMYIIECTBY HayKa 0 OeCKOHedHOM. . . BecbMa
BEPOATHO, UTO C PA3BUTUEM COBPEMEHHON BBIUNCIUTE]HHON TEXHUKN OYIeT MOHATO, UTO
B OYeHb MHOTUX CJIydagxX PasyMHO H3y4YeHUe PeaJIbHBbIX ABJIEHUIl BecTH, m30eras Ipo-
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I\/Ie)KyTO‘IHbHU/I 9Tall UX CTU/IU3allur B JAyXe Hpe,ZLCTaB.HeHI/Iﬁ MaTeMaTUKH OECKOHEYHOTO

U HEIPEPBIBHOTO, MEPEXO/id MPsIMO K JUCKPETHBIM MOJeIsaAM» 22, crp. 239).

AcumnToTnyeckue oueHkN. BeckonedHo JI/IMHHBIE BBIOOPKU HE PEAIU3YIOTCS Ha IIPaK-
THKe, IIPOCTO IMOTOMY, YTO KOHEYHA MMaMsITh KOMIIBIOTEPOB U BPEMs:, OTIIYIIEHHOE MCCTIe-
JIoBaTeIAM Ha SKCIHEPUMEHTDHI. B Kilaccnieckoil BEepOogTHOCTHON aKCHOMaTUKe JIaHHOe 00-
CTOSITEJILCTBO HE MPUHUMAETCs BO BHUMAHUE, B YACTHOCTHU, KOIJIa, ITHIIYT

P(S) = |)}‘igoo v(S, X),
rje P(S) — BepositHocTh cobprtust S, v(S, X) — gacrora cobpitus S B BoIOOPKe X .

B ciraboit akcrnomatruke 3amuch | X| — 0o 3arperreHa, u MOHITHE BEPOATHOCTH COObI-
tug P(S) me onpeseneno. Mbl He BpaBe IIpenoiaraTh, YT0 BEIOOPKA PEATHHBIX 00bhEK-
TOB MOKET OBITH CKOJIb YI'OJIHO JiIMHHON. TeM He MeHee, ObIIIO OBbI HEJIETIO OTKA3BIBATHCS
OT MPENMYIIECTB OOraToro MareMaTHIeCcKOro amrmapara acCUMITOTHIECKOrO0 aHAIN3a.

[IpocToit KOMIIPOMUCC 3aKJIIOYAETCA B TOM, YTOOBI PA3PENTUTH ACUMIITOTUIECKIIT aHa-
JIU3 TIOJIy9aeMbIX YUCAEHHBIT OUEHOK, PACCMATPUBAs €ro JIMIIb KaK CIO0CO0 MPHUOIKEH-
HbIX Bbruucienuii. Hampumep, mosydus B csiaboit akCHOMATHUKE OIEHKY, 3aBUCSIILYIO OT
Jymabl BeIOopKH, P 1)(7X) = f(L), MBI MOXKeM HCCIeI0BATH ACUMITOTHIECKOE MOBEJIe-
Hue unciaoBoit dyukiuu f(L) npu L — oco. OUeBUIHO, IPU ITOM HET HEOOXOIAUMOCTH
[IpeJIoJiaraTh CyIecTBOBAHNUE CKOJIb YIOJIHO JIIMHHON BBIOOPKH.

O npupoge nepeobyuqenusi. Hedopmasbho, mnepeobydenne —3T0 Ipe3MEpHO TOYHAS
ITOJITOHKA aJITOPUTMa ¢ IO KOHKPETHYIO 00y4daiontyio BEIOOPKY X B yiepb ero 060bwaro-
weti cnocobrocmu. OKUIAETCsT, ITO METOJ, [t OOHAPYZKUT HEKHe O0IIne 3aKOHOMEPHOCTH
reHepaJbHON BBIOOPKH X, HO OH HAXOJIUT JIUIIb YACTHBIE 3aKOHOMEPHOCTH, XapaKTePHbIE
ToJibKO Jitd X . [lepeobydenune nocuT pyHIaMEeHTAIBHBIN XapaKTep U CBA3aHO ¢ HEIIOJHO-
Toit mHMOPMAIIUY B MOMEHT ITPUMEHEHUS METOA /L.

Emé oxny maTEpnpeTanuio mepeodydeHns JaéT CJIeYIONINN MBICIEHHBIH SKCIEePHU-
menT. [lycTh 3a/1aH0 KOHETHOE MHOXKECTBO U3 [ aJIrOPUTMOB, KOTOPBIE JIOMYCKAIOT Ha Te-
HepaJIbHON BBIOOPKE X OJIHO U TO Ke THCJI0 OIMHMOOK 1M, HE3aBUCUMO JIPYT OT JApyTra. Yucsio
ommbOOK JIFOOOTO M3 TUX AJTOPUTMOB Ha, obydarorieil Bbibopke X MOJUUHAETCA OJIHOMY
U TOMY K€ pacipejieJIeHuIo (TuepreoMeTpuieckoMy, Kak Oyier mokasaHo jajee). Boiou-
pasd aJI'OPUTM ¢ MUHUMAJILHBIM YHCJIOM OIMMUOOK § Ha 00ydYarorieil BLIOOpKe, Mbl (haKTH-
YeCKU HaXOJUM MWHUMYM 13 [) He3aBUCUMBIX OJIMHAKOBO PaCIPeIeIEHHBIX CJIYIaiiHBIX
BestmunH. MartemaTndeckoe OxKujlaHe MUHUMYMa yMeHbIaeTcs ¢ pocrom uunciia D. Ciie-

m—s S m

— _ L
J0BaTeJIbHO, Hep606y‘I8HHOCTb o = 7 = &k S@ yBEJIMIUBaECTCA C POCTOM D.

DTH pacCyKJIeHus OCTAIOTCA B CUJIe U B ODIEM CiIydae, KOIJia aJlOPUTMbI HE SBJISIOTCS

HE3aBUCUMBIMU (MMEIOTCsT CXOXKHe aJTOPUTMBI) ¥ JIOMYCKAIOT PA3IMIHOE YHCIO0 ONHOOK
(MMeeTcs pacc/IoeHIe MHOYKECTBA aJITOPUTMOB 110 YPOBHSIM YrcIa OmuboK m). OTeHnBaTh
3 deKTI crodemea U paccroerus JTOBOJIBHO TPYJIHO, HO UMEHHO 9TUM MbI U 3aifiMEMCs
B JlaJIbHEIIeM, TaK KaK OHU CYIIECTBEHHO IOHUKAIOT BEPOATHOCTD 11€pe00y IeHM.
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Pe3iome

Bsejienbl ocHOBHBIE TOHATHS, KOTOPBIE OY/IyT UCIOJIH30BATHC Ha, IPOTAZKEHUN BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd o0ydaionias BbIOOpKa, CKPbITas KOHTPOJIb-
Hasl BBIOOpPKa, MeTO/I 00yUIeHusl, Iepeo0yIeHHOCTb, MAaTPHUIA OITHOOK.

Bgesena ciiabast BeposgTHOCTHAsSI aKCHOMATUKA, OCHOBaHHAsT HA IIPE/IITOJIOKCHIN, ITO
BCE ITEPECTAHOBKN KOHETHON reHepaJIbHON BHIOOPKH MMEIOT PABHBIE IIAHCHI PEAM30BATh-
ca. Ilo cyru, aTo snementapHas Teopus BepogTHocTeit XVII-ro Beka, KoTopas CBOIUTCS
K KoMOunaropuke. /laee Mol yoenaumcest, 1To MHOTHE (DyHIaMEeHTaIbHbBIE CTATUCTHICCKUE
¢daKkThl MOT'YT OBIThH aJeKBATHO BBIPAKEHBI B TEPMHUHAX JaCTOT U HE HYKJIAIOTCsS B Teope-
TUKO-MepHO#l BeposiTHOCTH. Criabasi akCHOMATHKa a/IeKBATHA MHOTUM 3a/adaM aHan3a
JIAHHBIX, ITOCKOJIBKY OHA MMeeT JeJI0 MCKJIIOUNTE/IFHO ¢ KOHEIHBIMU BBIOOPDKAMU U BeJIH-
YUHAMY, HEIIOCPEJICTBEHHO M3MEPUMBIMU B KOHEUYHOM SKCIIEPUMEHTE.

[TocTaByiena ocnoBHas 3ajiada — MOJydeHHe KaK MOYKHO Oojiee TOUHBIX, 3D deKTUB-
HO BBIYUC/IUMBIX OIIEHOK BEPOATHOCTH Tepeobydenus (1.5), b0 BepogTHOCTH GOJIBINON
9acTOThI OMmuboK Ha KoHTposie (1.6), mbo moaHoro cKosb3sero KontTposs (1.7).

B cnepytowein nekumun Mo j1ajiuM TOTHOE PEIIEHUE OCHOBHOM 3a/1a91 JIjId ITPOCTEHIIero,
HO BayKHOT'O YACTHOTO CJIydasi, KOIjia ceMeficTBO A COCTOUT M3 eJMHCTBEHHOTO aJrOPHUT-
Ma. PakTHIecKd, 3TO O3HAYAET, YTO HUKAKOro obdydenus HeT. [lig 3amannoro dukcn-
POBAHHOI'O aJrOPUTMAa 110 U3BECTHON YacToTe OmubOK Ha HabJ0/laeMoil BRIOOpKE OyIeT
OTIEHUBATHLCS YacTOTa €ro OIMMMOOK Ha CKPLITOW BBIOOPKE.

Ynpa>kHeHust

Bamaua 1.1 (1). B sazmaue xiaccudukanun ¢ asymsa kiaaccamn Y = {—1,1} Boibopka

3aJlaHa TOYKaMM HpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJrOpUT-
MoB Kjaccudukamun ag(x) = sign(x — 0) ¢ mapamerpom 6 € R mocrpouts Mmarpuiry

ommboK 1 rpaduk 3aBucumoctu n(ag, X) or @, ecu 1eeBas 3aBUCKMOCTb UMEeT BUI:

1) y(z) = signx; 3) y(z) = signsinrz, |x| < M;

2) y(x) = signsinwz; e signx, |x| > M,
CKOJIBKO Pa3/IMIHBIX BEKTOPOB OIMHOOK IOPOXKIAET TAHHOE CEeMEHCTBO AJrOPUTMOB?
CKOJIBKO M3 HUX JI0mycKaloT m ommbok (m = 0, ..., L) Ha reHepasbHoil BbIOOpKe X7

Bamada 1.2 (2). B zagmave kmaccudukanuu ¢ apyms knaccamu Y = {—1,1} Boibopka
3a/laHa TOYKAMK Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, i=1,... ,L}.
[esnesas saBucumocTh umeer Buj y(z) = signéy, z = (£,&) € RE Jlna cemeiictsa
JIMHEHHBIX aaropuT™MoB Kiaccudukanuu ag(z) = sign(61&; + 6285 + 6y), ¢ napamerpom
0 = (601,05, 03) € R? mocrpours (onucars) marpuily omu6oK. CKOJIBLKO Pas/IMIHBIX BEK-
TOPOB OIMIUOOK TTOPOXK/IAET JaHHOE ceMeiicTBO ajropuTMoB? CKOJBKO U3 HUX JOIMYCKAIOT

posrO m omubok (m =0, ..., L) Ha reHepasbHOil BeIOOpKe X7

Bamada 1.3 (5). KakoBo MakcumasibHOE YUC/IO PA3JIUIHBIX BEKTOPOB OMIUOOK, TIOPOK-
JIAeMBIX JIMHEHHBIMI aJIropuT™MaMu Kiaaccudukaryn Ha Beibopke X = {x1,...,x} C R"?
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2 OueHuBaHME 4acTOTbl CODLITUA N rnnepreoMmeTpu-
Yyeckoe pacnpegesieHue

Hagném ¢ camoro mpocToro 9acTHOIO CJydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJMHCTBeHHOTO 3jemenTa, A = {a}. Torga BeposiTHOCTE HIEpEOOyYYeHMsI IEPEXO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS YacTOT B JIBYX BbIOOpKax. OHa TeCHO cBA3aHA
¢ 3aKOHOM OOJIBIIUX YHCeJI, UMEIuM (pyHIaMeHTaIbHOe 3HAUYeHNE JIJIT TeOPUN BEPOSIT-
nocreit. [Tosromy Mbr 3a0yjeM HEHAJIOTO PO AJTOPUTMBI U TepeiijiéM K OoJiee oOIeit
TEPMUHOJIOTHH, 3a0/IHO0 HEMHOT'O YIIPOCTUB 0003HAYUEHUS.

§2.1 3apaua oueHuBaHua (NpepckasaHus) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOXKECTBO OOBEKTOB; Oy/IeM HA3BIBATH €0 «COOBITHEM».
CobpiTie S ¥ BEKTOD ONIMOOK aJrOPUTMAa @ B3AUMHO OJJHO3HATHO COOTBETCTBYIOT JIPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [z; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemernmos cobbitus S Ha TPOU3BOJILHOMN
koneunoit Beibopke U C X a uepes v(U) = n(U)/|U|— wacmomy cobvimus S na U.

Bajata mpeicKa3anus YacToThl COOBITHS COCTOUT B TOM, 9TOOBI OIIEHUTD YaCTOTY CO-
ObITHSL S Ha CKPBITOH BBIOOPKE X 110 €ro 4acToTre Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTH
HAJIEXKHOCTD TIPEJICKA3aHus, TO eCTh MOy YNTh OIEHKY BU/A

PIv(X) = v(X)] > e] <nle); (2.1)

B Tex ciyuasax, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTaBUTLCH 3a/1a9a IOJIyIeHUs] OJJHOCTOPOHHEN BepXHell OleHKN:

PV(X) - v(X) > <] < (o). (2.2)

JIemma 2.1. Ecym n(X) = m, 10 4mcio 2JeMeHTOB coObITHs S B HAOJIOJaeMOI MO

soibopre n(X) m B ckpprroit mogspIbopke n(X) MOMTHHIIOTCS 2UNEP2eoMEMPUUECKOMY

pacnpedeneruro:

3 Cs OK—s

P[n(X) = 3} = P[n(X) =m — s} = hﬁm(s) = —mcf_m,
L

rje s npuaEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

HokazaTeabcTBo. OTOOpaTh S 97eMEHTOB cOObITHA S B HAOIIOMAEMYIO IMOJIBBIOOPKY
MoxkHO CF pasyimyaHbiMu criocobamu. Jlis KazK1oro u3 TUX CIOCOO0B MMeeTcst C’f:srn
c110co60B ¢(hOPMUPOBATH OCTABIIYIOCA YaCTh HAOJII0/IaeMO#l MOJIBBIOOPKH U3 0O0BHEKTOB,
He NPUHAJJIeKAINX S. SHATUT, C’;Cﬁ__‘jn — YUCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKECTBa S MONAJal0T B HAOI0aeMyT0 MOBBIOOPKY, OCTAIbHBIE (11 — §) — B CKPBITYIO.
Ix fo1s B obuieM gucie pasouenuit C4 xax pas u cocrasisier ho ™ (s). ]

Bameuanue 2.1. Ecuu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM [0JIaraTb, 9TO
C? = 0. Ananoruuno, ecau He BoinoJHseTcs yeaosue 0 < £ —s < L —m, 1o Cﬁ‘fm = 0.
0 <s< ho™(s) =0

TCIOJIA CJIEJLYeT, 9TO €CJIH He BBIIOJHACTCS YCJI0BHe o < § < s1, To hy ™ (s) = 0.



= 17 =
CeueHne m=100 s [unepreometpudeckoe pacnpepenerue h(m,s) npu L=200, k=100
100 A 100 4
80 ] 80 ] /
60 - 60 - ;
R el ‘

0 005 010 0 20 40 60 80 100 120 140 160 180200 m

Ceuenve s=50

0.10 1

0.05

0 20 40 60 80 100 120 140 160 180 200

Puc. 2.1. O6nacrb onpejiesieHust ruriepreoMeTpuieckoii pyuknuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepeeomempuueckoe pacnpedenerue HOCUT GyHIAMEHTAIBHBIN XapaKTep U BO3HU-
KaeT BO MHOTUX 3aJjiladaXx. B JaHHOM naparpade mepednc/isiioTcs B CIIPABOTHOM MTOPSIIKE
OCHOBHBIE CBOCTBA M'MIIEPreOMEeTPHIECKOrO pacipeenenus (3, 4].

l—s

1. Ilpu dpukcupoBanubix L u ¢ dpyHKImsd hf:’m (s) = ’S”C—i?*m ompe/iesieHa Ha MHOYKe-
crBe map nesbix gucest (m,s): 0 < m < L, max{0,m — k} = sy < s < 57 = min{¢, m}.
DTO MHOXKEeCTBO mMmeeT (opMy mapaJsuienorpamma, puc. 2.1. Bae sToit obsacti npuHATO
nomarars hy ™ (s) = 0.

2. Beeném cireytonue 0003HaYEHNS JIJIsT CYMM KPaWHUX JIEBbIX W KPAHUX ITPaBbIX

YJICHOB I'MIIepreoMeTpruviecKoro paciipeae/JaeHmugd:

[2] 51
Hp™(z)=) hp™(s);  H™(2)= Y hp™(s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopmyJia MoJIHON BEPOATHOCTH:

51
> BE™(s) = Hp™ (s1) = Hp™ (s0) = 1.

S=50

[Tpu dukcuposanubix L, { u m dbysxius h(s) = hé’m (s) sABIIETCA OJIHOMEPHBIM
JIICKPETHBIM paciupejesieruen. st npumepa Ha puc. 2.1 ciesa nokasana gynkuus h(s)
npu buxcuposansom m = 100. Oynxuus h'(m) = hY™ (s) pacnpemeennen, Boobime
rOBODSI, He SIBJIAETCS, TaK KAK He yJIOBJIETBOP:ET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantaoM s = 50.

3. Tlapamerpe! £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h7™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsATh pasHocramm: hy ™ (s) = hy L7 (0 — s).
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5. CrpaBe/lJIUBBI TOXKIECTBA:
W™ () = B P (= ) = () = b (m = ) = B (m ).

6. OTcroma BbITEKaOT ToxKaecTBa s byuxumit H u H:

S S

HE™(5) = Zhgm@) = Zh’;m(m—j) = HF" (m—s).

J=s0 Jj=s0

7. Pacupenenienne h(s) sBiasgercsa yHuMogaabHbiM (nmeer popmy mmka). MakcuMaiib-
(m+1)(+1)
L+2
8. Tabmuma rumepreoMeTpuIecKoro pacipe/ie/enns coaep:kuT fk HeHy/IeBbIX 3HaTe-

HO€E 3Ha4YeHUE JJOCTUT'a€TCAd IIPpU s* = , C TOYHOCTBIO /IO OKPYIJIECHUI.

nuit. K€ Moxkno 3hdeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIIECHUIA:
‘67 0 —_ .
hL (O) - 17
m+ 1 E—m+s
m+1l—s L-—m ’

W™ (s) = R (s)

— {—s (2.5)
hé,m 1 :hf,m m S_ .
st = hy (8)5—1—1 k—m+s+1
S k—m+s

By (s —1) = hp" (s)

m—s+1 (—s+1°

YT00bI n36€:KaTh BBIYUCIUTEIBHBIX MOI'PEITHOCTe!, 3HAUeHUs hZLm (s) pekomerLy-
eTCsd BBIYHUCJISTD IOCIEI0BATE/IHbHO Jisd BceX m = 0,..., L, Ipu 3TOM JjIs KaxKJ0ro m
[EPBBIM BBIUHUC/IATH 3HAUCHUE, OJIM3KOe K MaKCHMAJbHOMY (HAIPUMED, MPH S = Smax),
3aTeM MEHBIINEe 3HAYEHNUs BBIUUCIATh Yepe3 OOJIbIINe.

9. Maremarudeckoe O2KHMJIaHEe BEJIMYUHBI S €CTh

A= Zsh%m(s) = ﬁfm

S$=50

10. /Iucnepcus BeJIMYUHBI S €CTh

S1
k(L —m)
2 214,m
o° = §—=A)h; 7 (s) = A—F=.
Ss=50
11. Tlpu Gosbriix 3HaYMEHUAX TApamMeTpoB L, £, m mpeie/IbHbIMU PaCIIPe e/ IeHUsIMU
st B(s) = hY™ () MODYT GBITH TOIBKO PACIPEJIE/IEHIS OIHONO U3 YeTHIPEX THIIOB:

— mpu A — 00 Hopmasvhoe pacnpedeserue h(s) — \/%7 exp(— (52;’\2)2);

— npu 7 — p bunomuarvroe pacnpedesenue h(s) — C7 p*(1 — p)
upu % — p bunomuasvroe pacnpedeaenue h(s) — C2 p*(1 —p)™=%,
— mpu F — 0 mm % — 0 pacnpedeaenue ITyaccona h(s) — e N\ /s!;

— npu A — 0 BBIPOXKJIEHHOE pacrtipejenienune s = (.

12. TlN'unepreomeTpudeckoe pacupeeaeHne JIOBOJILHO TOTHO MPUOIUKAETCHA C TTOMO-
mbio anmpokcumarmu Mosenapa:
2m — s

hs) = Cp’(1—p)°, p= i1



=19 =

§2.3 3akoH bonbwunx Yncen B cnaboin akcnomaTtTmke

[Ipomosmzkum pacemorpenne 3aaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cpaBeyinBel TOUHbIE OLEHKH:

P[v(X) <] = Hp™ () (2.
P[v(X) > e] = Hy™ (m — ek); (2.7)

Pv(X) —v(X) =e] = Hy™ (sm(e)), Sm(e) = £(m —ek);  (2.8)
PI(X) = v(X)| > e] = H™ (sm(2)) + HL ™ (3m(2)) . Smle) = £(m+2k).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHKY SIBJISTFOTCST HEIIOCPEICTBEHHBIM Cie/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X)=s] =) hy™(s) = H; ™ (c0);
¢ |m—ek]|
Pv(X)ze]=) [2=2>e|Pn(X)=m—s] = Z ho™(s) = Ho™ (m — k).

o

s= s=s0

TpeTbH OI€HKa I10JIyd9aeTCAd aHaJIOTUIHO HepBOﬁ, C TOM JIMIIb paSHI/IHefI, qTo ycJjioBue

v(X )% < e zamensiercs yeaosueM v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHbBIME
" ¢
IpeobpPasoBaHUAMY HOTyIaeM BEePXHUIT MpejieT cyMMupoBamnd s < 7 (m — k).

Haxowner, JBycTOpOHHsisE OlleHKa (2.9) moJiydaercs, ecjim MpeJiCTaBUTh MHOYKECTBO
pa3buenuit B Bujie 00beIMHEHNsT JIBYX HEIEPECEKAIOMNXCA TOIMHOXKECTB:

Pllv(X)—v(X)|ze] =P(X)—v(X)>e] +Pu(X) —v(X) 2e] =
= Hp " (s,(e) + Hy™ (3m(€))- .

O ckopocTu cxogumocTu B 3akoHe bonblwwux yncen. [lpu npornoprroHaaILHOM yBe-
audennn L, ¢ m m oTHOCUTeJbHAA IMIUPUHA TUIEPreOMeTPUYeCKOro IMUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YI'OJHO TOYHOE IpeJICKa3aHNe
ckpbITOit wacToTsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaer cko-
POCTH CXOJMMOCTH YaCTOT COOBITUA B JIByX BHIOOPKAX.

Krnaccudecknit 3akoH OOJIBINIX YHCES YTBEPXKIAET CXOIUMOCTb HaCTOTHI COOBITHA
K eé BepoaTHoCTH. OHAKO B caboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KaK AHAA02 3AKOHA OOALWUL
wucen B cj1aboit akcnomaTuke. OCHOBaHUEM JIJIl TAKOM NHTEPIIPETAIH TaKKe CJIyKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUS YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSTHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OIEHUBAIOTCS CBEPXY JPYT depe3 JApyra, Kak nokasano B [6]. I[To cyru, stu
JIBE OIIEHKH OTJINYAIOTC HE IPUHININAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xéddmaunra [51]
OIIEHNBAIOT CKOPOCTB CXOJMMOCTHU B 3aKOHE OOJIBINNX dncesl. Bee OHI ABJISIOTCA aCUMIITO-
TUYCCKUMH U J1aI0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTU OOJIBIIOTO OTKJIOHEHHA. BhIpazke-
ure (2.9) spisiercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTUYECKON) OICHKOI, U MOTOMY
€r0 MOYKHO CUHTATh HAMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX THCEI.
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H l'Mnepreometpuyeckoe pacnpeaenenue npu L=300, k=100, m=30, eta=0.05

0.16
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H 'vnepreomeTpuyeckoe pacnpepenermne npu L=1500, k=500, m=150, eta=0.05
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0.05 1

0.04
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0
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110 120 130 140 15

0 0

Puc. 2.2. lN'unepreomerpudeckast byHKIUs h%m (s). Bepxuuii rpacduk nosydes mnpu
L =300, £ = 200, m = 30. Beijesens! Kpaiiaue JeBble, [So, sy ()] = [0, 15], u kpaii-
HUE TIPaBbIe Sy, (€), s1] = [25, 30], "wieHbI pacipe/e/eHns, COOTBETCTBYIOINHE 3HAUYCHIIO
Hagéxuocta 1 = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpomoOpI-
OHAJILHO YBEJMYEHHBIX B D pas.

MeomeTpuyeckas nHtepnpetauus coornomennit (2.3), (2.8) u (2.9). Paccmorpnm mps-
moyrosbayio cerky {0,...,L} x {0,...,¢} ua puc.2.3. Ionoxum b; = [x; € X]|. Torna
b; = 1 o3Havaer, 4TO0 OOBEKT T; TOIMAJAeT B HADIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJe TPACKTOPHH, TIPOXOJAIIEH 110 y3J1aM CeTKH M3 TO4U-
ku (0,0) B Touky (L, £) coryiacHo npaBuiy: ecjiu b; = 1, TO cMeIaeMcsi Ha JIMHUILY BIIPaBO-
BBepX; ecyim b; = 0, TO cMelaeMcs Ha eUHUILY BIIPaBo. Bee Takue TpaeKTopuu He BHIXOIAT
3a TIPeJIe/Ibl MapaJlie/lorpaMMa, BbIJIEJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKUX TPaeK-
TOpHil M30MOPMHO MHOKECTBY pasbuenuii Bbioopkr X = X L X, n 06a oHE H30MOPMHBI
MHOKECTBY L-MepHBIX OGHHAPHBIX BEKTOPOB (b1, ..., by ), cojep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra dncia pasdbueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIMINX TPACKTOPUIA.

Y1005 BeIBECTH (2.3), IPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITOOBI IIEePBBIE 1M 00hEK-
TOB IpUHA/ KN MHOKecTBY S. Torma 3aatua cBeeTes K MOACIETY JT0JIU TPACKTOPHIi,
IPOXOJSAIIUX Yepe3 Touky (m,s). HaszoBém Takme Tpaekropun donycmumvimu. Tucio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske or (0,0) mo (m,s) pasuo C?

m?

n JIJId KaXK 101
l—s -
Tpaekropunu cymecrsyer C;_° BapuanToB eé mnpojosnkenust ot (m,s) mo (L, ). Cremo-
BaTEe/bHO, THCJIO JIONMYCTUMBIX TPACKTOPUN PABHO C;Cﬁ_jn. Pasnenus na obree wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | nosydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICUUTATEH TUCJIO TPACKTOPH, TIPOXOJISIIIUX e~
pe3 Jo0yto TouKy (m, §), JeKallylo HuzKe JuaroHasn Ha e wm Gouee. st aToro cym-

Mupyetcs wucio Tpaexropuit C5CE % 10 BeeM s = sq, . . ., Sm(€).
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Puc. 2.3. Tpaekropus mnocsienoBaTeIbHOCTH {bi}szo = 0101100010110010, mpu
L =16, (=17, ¢ =0.3. IlpoBesens! juaun s = %m us = %(m + ¢k). IIppy m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHUU, S = S, (), U HIKe HUKHEH JInHuH, § < Sy, (€).

st BBIBOJIA JIBYCTOPOHHEH olleHKu (2.9) TOJCYUTHIBAETCA YUCIO TPACKTOPH, OT-
CTOSIIUX OT JUATOHAJIM Ha £ wm Gosee. B 9ToM cilyuae cyMMupoBaHue HiST 10 BeeM
S =50,-..,5m(€), 3aTEM IO BCeM § = S,,(€), ..., S1.

BbIOOpPOYHbIi KOHTPO/Ib KadecTBa — 5TO HpUMep HPHUKJIAJIHON 3aJaui, B KOTOPOii
orenku Teopembl 2.2 TPUMEHUMBbI HETIOCPEICTBEHHO |[3].

[Iycte X — muO)ecTBO m3jzesmit, S C X — MOJAMHOXKECTBO J1eMEKTHBIX U3JIEIUIA.
Wsroropjiena naprusd u3geanii X, U3 HUX 1M OKa3aUCh JepeKTHbIMHU. TUCI0 m Hens-
BecTHO. [IpoBepuTh BCIO MAPTHIO MOMITYYHO HE IPEJCTABIAECTCS BO3MOXKHBIM. [losTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHU
BBIOMpaeTcs moaMHOKeCTBO X C X, 9TO PaBHOCHJIBHO CJIYIAfHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag gomo gedektos B Habmomaemoil Bridopke v(X),
TpebyeTcs TpecKasaTh 100 1eeKToB B cKpbiToil Bribopke v(X ). Ecim npu saman-
HOM TOUHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
[IPUHUMAETCS, MHaYe OHa e TMKoM Opakyercs. [lapaMeTpsr € u 1) moadbuparoTcst U3 SKOHO-
MUYIECKUX COOOPayKeHU — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJHOTO W3JE/INA W BEJTUINHbBI
[IOTEPH OT HCIIOJIH30BaHUs J1e(DEKTHOTO W3/IE/IHsI.

§2.4 Tlepexopn ot HeHabnwogaemon oueHKN K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB 1M COObITHS S B MeHepaJIbHON Bbi-
bopke X, KOTOpOe HEBO3MOXKHO Y3HaTh, II0Ka HEM3BECTHA CKPhITas I0JBbIOOPKa. B Taknx
CJIydasx TOBOPSIT, UTO OIEHKA sIBJIsieTCs henabatodaemoti (unobservable bound). Curyartis
Ha IePBBIIl B3IVI] TapajoKcaabHa. IToObI OIEHUTh BEPOSATHOCTH OOJIBIIOTO OTKJIOHEHHS
YaCcTOT B HAOJIIO/IA€MOIl U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH 4ncsao m. OJgHako ec-
Jit ObI MBI €ro 3HaJjid, TO 1o Hab/roaeMoii dacrore v(X) TyT Ke BBIYUCIH Obl TOYHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHsin oueHka. Ilpocreiimiee perienne 1mpoOeMbl HEM3BECTHOTO 1M 3aKJII0YAETCS
B TOM, YTOOBI B34Th MaKCUMYM II0 1M W HOJYIUTH BMECTO TOYHOI ONEHKHU 3aBBINEHHYIO
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H(m)
0.24 1
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Puc. 2.4. 3asucumocts H(m) = HP ™ (s,,(€)) or m npu L = 300, £ =200, e = 0.05.
BEPXHIOIO OIICHKY:

P[v(X) —v(X) > €] < mr_r{)aXLHi’m (sm(€)) =T (e). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m ot [ek] no |L — el], tak kak npu
OCTaJIbHBIX SHa4Y€HUAX 7111 JiIeBad 1aCTb HEPpABEHCTBa paBHa HYJIIO.

K coxasenno, (2.10) — m1oBosbHO rpybast OeHKa IPU MAJIBIX 1M, cM. puc. 2.4. ITo s7oii
IPUYIMHE JAHHBIH MOIX0 He IIPUEMJIEM JJId 3a4a49 BLIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YEHUS 110 MPEIeJIeHTaM, U JIPYTUX CIydaes, KOrja MMEHHO MaJible 3HAYEHUs 1M, [IpeIcTaB-
JISIIOT OOJILIION IPAKTUIECKUN HHTEPEC.

I3BecTHA BepxXHsIsl OINEHKA <«XBOCTAa» THIIEPIEOMETPUYECKOro pactpesesennst [39),
C TIOMOITIBIO KOTOPOH MOXKHO OIEHUTH CBEPXY HpaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_%Qﬁ) .

OTa ornenka eré bostee rpydasi. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
¢ opauHaroit 0.89, HO OHa He ToKa3aHa, MOCKOJIBKY IMPOXOINT MHOI'O BbINIe. ACUMIITOTHAYE-
CKH 9Ta OIEHKA CXOJUTCs K HYJIIO IIPU OJHOBPEMEHHOM cTpemyieHnn £ u k K 66CKOHEIHOCTH,
YTO eIé Pa3 MOATBEPKIACT CBA3b TOTHBIX OIeHOK (2.8) u (2.9) ¢ 3axorom borvwur wucen.

TouHas uHTepBanbHasa oueHka. Creyrorias TeopeMa MOKa3bIBAeT, KaK 01y IaTh TOU-

uble Bepxuue n Hrpkane onenku 1yt n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim s = n(X) — quc/io smeMenToB cobbitst S B HAOIIOLAEMOI BHIOOD-
K€, TO JUIs 9HCJIa JTeMEHTOB coObITHs S B MOJHOH BBIOOpKe ¢ BeposiTHOCTBIO (1 — 1)
CHPABEINBA BEPXHsIsI OLICHKA:

n(X) < max{m =mg,...,L ‘ Hﬁ’m(s) > n}, e mo = ’—s% - W (2.11)

Hoka3zarenabcTBo. PaccMoTpuM 0/JHOCTOPOHHIOW TOYHYIO OIEHKY (2.7), 0603HaYMB Pa-
ByI0 €€ qacThb depe3 H (e, m), riue m = n(X) — HemsBecTHasT BEJMIHHA:

Plv(X) > e] = Hy™ (m — k) = H(e,m). (2.12)
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t, uucno snemenmos S 6 ckpwuimoii 8bibopKe
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Puc. 2.5. Tounble BepxHue n HUZKHEIE OleHKE dnciaa t = n(X ) sjeMeHToB cobbiTust S
B CKDPBITOl BBIOOPKE B 3aBUCUMOCTH OT ux uncia s = n(X) B Hab/rogaeMoii BbIGOPKe.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Torya ¢ BepoaTHocThio (1 — 1) crpasemmba onenka ceepxy v(X) < E(n,m), tae
E(n, m) — obparnas dbyukiust or H (e, m). Obpaitenne Ipou3BoUTCs 10 MEePBOMY apry-
MEHTY IPH KaXKJIOM 3HAYEHHH BTOPOIO apryMeHTa 171, KOTOPbIA BBICTYIIAET B POJIU IIa-
pamerpa. [lockonbky byukims E(n, m) He BO3pacTaeT MO MEPBOMY apryMeHTY, U3 OIEH-

m—Ss

kn v(X) < E(n,m) caenyer nepasencrso H(v(X),m) > n. Honcrapnasa v(X) = 2

B dyukiuo H(v(X),m), onpegensemyio cormacuo (2.12), moydaem, 9To ¢ BEpOSTHO-
4, m

croio (1 —n) cupasemuBo nepasenctBo H;'™ (s) = n. UT0o0bI paspemuTs nanHoe Hepa-

BEHCTBO OTHOCHTEJILHO M Ipu (PUKCHUPOBAHHOM S, HAJIEM MAKCUMAJLHOE 3HAYeHUe M,

Ipu KOTOPOM OHO BBIIIOJIHEHO. HpI/I MaKCHUMaJIbHOM 3Ha4YCHUHN 11 3Ha4YCHHUEe S JOJIZKHO Ha-

1)(£+1
XOJIUTCS JIeBee TOUKN MAaKCUMyMa TMIePreOMeTPUIecKOr0 pacipeeseHnsd s° = %,
Crenosarenso, s(L +2) < (m + 1)(€ + 1). ITosTomy /st HAXOXKJICHIST MAKCHMAJILHOTO
3HAMEHHS 1M JOCTATOUHO HepeCpaTh 3HAYCHHs M, He MeHblme s72 — 1. n

CaenctBue 2.3.1. Amnajorndno orneHuBaercs cKpbiroe ducao n(X) 1o HabIogaeMoMy
ancity s = n(X): ¢ BepositHOCTBIO (1 — 1)) BBIIOJHEHO HEPABEHCTBO

n(X) < max{t =to,..., k } Hﬁ’s+t (s) = 77}, to = ’—S% - -‘ (2.13)

CuexncrBue 2.3.2. AHAJOIHYIHO CTPOSTCS U HHXKHUE OIEHKH: ¢ BEPOSITHOCTBHIO (1 — 1)

n(X) > min{sz,...,mo ‘ ﬁim( ) > 7)}7
n(X)}min{tzo,...,to‘Hi’sﬂ 27]}

Borauciienune 1oy 9eHHBIX BEPXHUX 1 HI?KHUX OIEHOK C MCIIOJIb30BAHIEM PEKYPPEHT-
HBIX coorHomennit (2.5) Tpebyer nopsiaka O(n(X)n(X)) oneparpuit.

Ha pwuc.2.5 nokasanbl BepxHHE U HUKHHUE OIEHKHU YHC/Ia IJEMEHTOB COOBITHA S
B CKpBITOH BRIGOpKe t = n(X) B 3aBECHMOCTH OT WX HHCIa B HAOIIOTAEMOH BHIGOD-
ke s = n(X). Toscreie cTyneHYaTbie JIUHUN — FPAHUIHBIE 00JIACTH, B KOTOPBIX BbIIOJIHSI-
eTCsl paBEHCTBO Hﬁ’ ' (5) = 1. Tounas BepXHslsl OIEHKA COBIAJACT C BEPXHEil MpaHMIeH
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BepxHeil obyracTu, TOYHAs HUXKHSIS — C HUXKHeH rpaHurieit Huxkueit obsracru. Bmecre onn
onpenensaior 1 — 2n = 90%-it moBepuTeNLHBIA HHTEPBAJ I YUCIa ¢ IPU KasKJIOM 3Ha-
JeHnn s. TOHKHWe cTyleH4YaThle JIMHUW — 9TO OINEHKHU 10 HAUXY/IIEMY 1M, BBIYHCJIEHHbIE
corsacuo (2.10). VIx TounocTs najaer mo Mepe npubizkennsd m K 0 wim K L.

O BeposaTHOCTU HYNb-cobObITUA. [Tosb3ysick Teopemoii 2.3, HETPYIHO TOCUUTATH BEPX-
HIOIO JIOBepuTesibHYy0 OneHKy n(X) st nyav-cobvimus |15] — rakoro cobbiTHs, KOTOpOEe
BoobGIe He Habmonamoch, n(X) = 0. lannas 3ajada umeer TodHoe pererne (2.13), B Ko-
Topoe HaJlo 1nojcTaBuTh § = (. B wacTtHOoCTH, 110 TpaduKy Ha pUC. 2.5 JIETKO OIPEIeTUTh,
gro npu § = 0 u jymne Hab/0MaeMoit BoIOOpKH ¢ = 100 4uncyio coObITHII B CKPBITO
BbIOOpKe bl k = 100 He npes3oiaér 4 ¢ Bepogrnocthio 1 — 1 = 95%. Huxkusa nose-
puresbHas oreHka n(X) 1yt HyTb-COOBITHSI, pA3yMeeTcsl, paBHa HYJTIO.

§2.5 OpHo3anemeHTHOE cemMeiicTBO aJIropuTMoB

Bepuémcs K 3ajiate OleHUBAHUsT BEPOSITHOCTU TIEPEOOYUIeHUsT U PACCMOTPUM OJTHO-
sJIeMeHTHOe cemeiicTBo asroputmMoB A = {a}. B arom ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: uX = a s Jjoboit Beibopku X. Pyurimonan Q.(u, X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMOIEALHO20 AA2OPUMMA.

Teopema 2.4. Ilycrs aiaropurM a JOIycKaeT m OMIHOOK Ha I'eHePaJbHOI BbIOOPKE:
n(a,X) = m. Torga ms soboro ¢ € [0, 1] cupaBeInBeI TOYHbIE OLECHKH:

Q- =Plv(a,X) —v(a,X) > ¢] = Hy™ (£(m —ek)) ; (2.14)
R. =Pv(a,X) > ¢] —H™ (m — k) ; (2.15)
C = Ev(a, X) = (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mu3 Teope-
Mbl 2.2, ecan BBectH cobbitne S = {x; € X: I(a,x;) = 1}. Jlna nokasarenscrsa (2.16)

3alluiieM OlIpeae/JICHUA En v, 3aTeM liepeCcTaBUM 3HaKU CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = CEZ]CLZU, Z[xieX]:kaLﬁl:%.

Cr Xe[x]¢ LGX | Xelx)t

vV vV
0
m Cr_4 |

Pe3iome

Bajiaua oneHnBaHUs YacTOThI COOBITHS (HAIIPUMED, OMUOKN (DUKCHPOBAHHOTO aJIr0O-
pUTMa @) Ha CKPBITOI BBIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BBIOOPKE UMeeT TOYHOe
pelenne, KOTOpoe BbIparKaeTcsl depe3 IUIepreoMeTpruyecKoe pacipeieieHue.

B ciraboit BeposgTHOCTHOI aKCHOMATHUKE 3T, OIEHKA OIUCHIBAET CKOPOCTb CXOIUMOCTH

YacTOT B JIBYX BBIOOPKAX WM SABJISETCI aHAJOTOM 3aKOHA OOJILIIIX YKUCEI.
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Heyn06cTBO 91001 OlleHKN 3aK/II049aeTcst B TOM, 9TO OHA 3aBUCUT OT HEM3BECTHOW Ya-
CTOTBI COOBITHS Ha TeHepasibHOI BhIOOpKe m. lIpobiiema peraercsa OO B3ATHEM Mak-
CUMyMa TI0 M, W TOIJa IOJyJaeTCs 3aBbIIIeHHAs OIeHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBIPAYKAETCH B BHUJE SIBHON (DOPMYIIBI.

B cnepytowein nekunun Mol niepeiiiéM K oleHKaM BEPOSITHOCTH 1epeo0ydeHus JIjisd IPo-
U3BOJIbHBIX CEMEICTB aJrOPUTMOB U IIPOU3BOJILHBIX METO/IOB 00yueHus (. B sTom ciydae
I10JIyIeHUe TOYHBIX OIIEHOK CTaHOBHUTCs JOBOJIBHO CJIOXKHOM 3aj1adeii. Mbl HaUHEM ¢ BepX-
HIX OIleHOK Bamauka-YepBoHEHKNCA, KOTOPHIE HCTOPUIECKN OBLIN HepBbiMU. OHM OTHO-

CUTEJIbHO HECJIO?KHO BBIBOJIATCA, HO CUJILHO 3aBbLIIICHDI.

Ynpa>xHeHus

Bamada 2.1 (1). IMocrpoursh rpaduku 3aBUCUMOCTH BeJUYUHbI ()., OIpejessieMoil
o ¢opmyste (2.14), or ¢ npu dukcupoBantom k, or k npu dukcupoBantnom £ u ot £ = k.

Bamagda 2.2 (2). BeiBectu TOUHYIO OIEHKY BEPOSTHOCTH HepeobydeHns Q). Js cemMeli-
cTBa U3 JBYX aaroputMoB A = {ai, as}, ecim 3a/laHbl YeThIpe MapaMeTpa

mys = #{x € X: I(ar, ) =r, I(a,z) = s}, r,s € {0,1}.

[TocTponuTh rpaduKl 3aBUCUMOCTH (). OT X3MMUHIOBA PACCTOSHUS MEXKJLy AJrOPUTMAMU
p12 = Mo1 + My, B IBYX ciydasix: 1) mpu mo; = myg; 2) upu mg; = 0.

Bamada 2.3 (3). BeiBecTu TOUHYIO OIIEHKY BEPOSITHOCTH Iepeobydennst Q. Jisi cemeli-
crBa u3 Tpéx aaroputMoB A = {ay, as, az}, eciu 3ajaHbl BOCEMb IIapAMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(az,z) =t}, r,s,t € {0,1}.

[TocTpouTts rpadukn 3aBUCUMOCTH (). OT XIMMUHIOBA PACCTOAHHUS MEXKy aJrOPUTMaMK
P12 = Moio + Migo + Mo11 + My1, B ABYX ciaydasgx: 1) mpu mypg = Mig = Moyn =
= M00 = Mo10 = o015 2) IIPU M10 = M1l = Migo = Moio = 0, Mo11 = Moo1-
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3 Teopus BanHuka-YHepBoHeHkuca

Craructnieckasi TeOpUs BOCCTAHOBJICHIS 3aBUCHMOCTEH 110 SMIUPUICCKUM JTAHHBIM
(VC-reopus) 6bL1a nipesyiokena B. H. Bannukom u A. ¢1. YepBonenkucom B konrie 60-x —
nadase 70-x romos |7, 8, 9, 6]. B cepenune 80-x onHa mosyUmiIa MUPOKYI MUPOBYIO W3-
BecTHOCTD |65, 66, 67| 1 BMecre ¢ paboramu Basmanra [64] Ha MHOTHE TOJBI OMPEIE/IILIA
reHepasjbHOE HaIlpaBJIeHNe PA3BUTUS TEOPUU CTATHCTUIECKOTO OOyUIeHUs.

PaccmoTpuM ocHOBHBIE TIPeIIONOKEHUS U pe3yibraTbl VO-Teopun B paMKax cyraboit
BEPOSATHOCTHON aKCHMOMATUKU, UCIIOJIb3ys 0003HAUEHUS IIPEIbILYIIEH IJIaBbI.

§3.1 KoaddununeHTtbl paszHoobpasusa n npocdpunnsb paccsoeHus

Hamomunm, aro X = {z1,..., 2} — KOHe1IHOE MHOXKECTBO 00BEKTOB, A — MHOKECTBO
asroput™MoB, I (a,x) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (I (a, xz))le BBeiéM emnié HECKOJIBKO MOHATHN M 0003HAYEHUI.

A= {6: a € A} — MHOKECTBO BEKTOPOB OINMUOOK, IMTOPOKIAEMbIX MHOKECTBOM aJIro-
purmoB A Ha 3ajanHOil BeIOOpKe X. MornocTs |A| KOHeuHa, He HPEBBINIAET MOITHOCTU
MHozKecTBa, A 1 He mpesbimaer 27 — umesia pasnImIHLIX 6YIEBEIX BEKTOPOB JJIHHBI L.

A(AX) = Vﬂ — xoapunuenm pasnoobpasus (shattering coefficient)? muoxectsa
anropuTMoB A Ha BeIOOpKe X. B 3amauax kiraccuduraimm Ha J1Ba Kaacca KoM UIIEHT
pasHOOOpas3ns PaBeH YHUCILY Pas3JIndHBbIX duzromomut (cnocoboB pasienuTbh BHIOOPKY X
Ha J[BA KJIACCA), PEATN3YEeMbIX BCEBO3MOXKHBIMU aJropurMaMu u3 A.

A =AY (p,X) = {puX: X CX, |X|={} — MHOKECTBO aJrOPHTMOB, HHIYIUpPYe-
MBIX METOJIOM OOy4YeHWs [ Ha BCEBO3MOXKHBIX OOydJalommx ojaBbioopkax X. Mor-
nocth |AY | koneuna u He mpesbimmaer C'f — umema pasmmaHbx pasonennit X L X = X.

Al = AT (1, X) = A(AY (1, X), X) — sokanvroiti kosduyuenm pasnoobpasus (local
shatter coefficient) meroma p wa BoiOOpKe X. JloKasbHbIl KO3GbMUIMEHT pazHOOOpa3ust
ne mpesocxout Cf. OH MOXKeT oKasaThcst U cTporo Memnbiine C% TIOCKOIbKY MeTOJ fi
MOXKET CTPOUTH I10 PA3JIMIHBIM BBIOOPKAM COBIAJIAIOIINE AJITOPUTMbI; KPOME TOT'O, pa3-

JIMYHbIC aJITOPUTMBI MOI'YT IIOPO2K/IaTh OJMHAKOBbIC BEKTOPLI OIIMUOOK.

AA(L) = max A(A, X) — 2aobanrvrvitl kosgguyuenm pasnoobpasus (global shatter

coefficient), HaspiBaemblit Takke gynruyuet pocma (growth function) MuOXKecTBa amroput-
MoB A 9, 67]. Makcmvym 6epércst 1o BCeBO3MOKHbBIM BbIGOpKaM X C 2 jyinHbl L 13 HEKO-
TOPOro (Kak MpaBmio, GECKOHEYHOT0) MHOYKECTBa JIOMYCTUMBIX 00beKToB 2 . OyHKIIs
pocTa sIBJIZ€TCS MEpOil CJI0KHOCTH MHOYKECTBa aJiIropuTMOB A. B oriimdne oT JIoKaIbHOTO

4B mexonmbix paborax B. H. Barmmuka n A. 4. Yepsonenkuca [8, 9, 6] koaddurment pasnoobpasust Ha-
BBIBAJICA UHOEKCOM CUCMeEMb, cobbimut. AJIropurM a MHAyUpyeT cobbitue S, = {m e X ‘ I(a,z) = 1}.
CewmeiictBo A unaynupyer cucremy cobbiruii S = {S,|a € A}. Mauexc cucrembl cobbiTuil S ecTh 4ucIo
PA3IMYIHBIX [OJIMHOXKeCTB Buja S, N X, rje a npoberaer BCE MHOXKECTBO A, 9TO PaABHOCHJIBLHO OIpejie-
JIEHWIO YIepe3 |/T| B anrmogserareix pabortax mpmikmiaca TepMuH shattering — gmemo pasdumenuit Bcemu
BO3MOXKHBIMHE CTIOCO6aMu, OYKBAIbHO «BiapeGesrn». Jpyroii BapmaHT nepesoma — «apobsiernes [30].
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ko3 durmenTa pasHoodpasusi, OHA He 3aBUCUT HU OT 33J1a4i (BLIOOPKU X U BOCCTAHABJIH-
BaeMoii zasucumoctu y(x)), Hu oT MeTosia obydenus . [lostomy A (L) moxer okazarbes
cymectsenno Gosbine Af (u, X). Cupaseyasa sepxuss onenka A4(L) < 25,

A, = {a € A: n(a,X) = m} — MHOKeCTBO anropuTMoB u3 A ¢ m omubKamu Ha re-
HepasbHOil BblOOpKe X. Bymem naszbiBarh mojMHOMXKecTBa A, CAOAMU U TOBOPHTDH, YTO
A paccaausaemesn no yposuam owubokr. OdaeBumao, A = AgLl--- L Af.

Ap = A, X) = A((AL), X) — n0KabHblil KodduImenT pasnoobpasus m-ro
ciost muozkectsa aropurmos A4 (u, X). Cosokynnocers seqmuun (A,,)% _, Gynem nazbi-
BaTh npoguaem paccroerua’. Ogesnmno, A = Ag+ -+ Ap.

§3.2 Ouenka BanHunka-YepBoHeHkuca

MpuHuun pasBHomepHol cxogumocTu BeoauTca B VC-Teopur 1 MHOTHX TTOCTIE LY IOIINX
paborax (cm.0630psI [68, 37, 10]), 9T00BI MOIyIATH BEPXHUE ONEHKN BEPOATHOCTH TI€Pe-
O6yquI/Iﬂ, HE 3aBUCAIIAC OT METOLA [L. HpI/IH]_H/IH 3aKJII09aeTCd B TOM, qTO6bI 3aMCHUTH
yHKImoHAT Q- €ro BepxHeil OLEHKOMH (). — BEPOSTHOCTBIO GOJIBIION0 PABHOMEPHOIO OT-
KJIOHEHHUS 9aCTOT B JIBYX HMOJBBIOOPKAX:

ngégzP max d(a, X) 25} :Pmax[é(a,X) 25], (3.1)
acAf acAf
re 0(a, X) = v(a,X) — v(a, X). Tepmun crodumocmo o3nadaer, aro ecan Q. — 0

npu {, k — oo mst yoboro € € (0,1), To mepeobyUeHHOCTh TaKyKe CXOAUTCA K HYJIIO:
d(a, X)) — 0. Tepmun pasnomeprocms o3Hadaer, 9ro Beanduaa o(a, X ) CXOAUTCS K Hy-
JTIO OJTHOBPEMEHHO JIJTs BeeX ajropuTMoB a € A% B ToM wmene ays anroputva a = pX,
KaKUMU ObI HU OBLIU METOJ, 00y4YeHus i 1 BIOOpKa X .

O 3aBbILLIEHHOCTUN OLEHKN paBHOMEPHOI cxoaMMocTu. Pasymeercs:, 3aMeHa BeTUIN-
Hbl 0(a, X) eé MakCUMyMOM 110 BceMy cemeiicTBy a € A siBigercs rpy6oii orienkoii. Tem e
MeHee, OHa MOYKET OKa3aThCsl TOUHOM Jlazke B TeX CJIydasiX, KOTJa MOITHOCTH |A| oueHb Be-
muka. Crie/tyromast Teopema MoKas3blBaeT, ITo HepaBeHCTBO (3.1) obparaercst B paBeHCTBO,
KOT/Ia MHOYKECTBO ajiropuT™MoB A} me paccraueaemcea o ypoBHIM OMHOOK.

Teopema 3.1. Ecsim Meron {1 MEHEMH3HPYET SMIHPHICCKHH DHCK, H BCE AJTOPHTMBI
a € AL mmeror oauHAKOBBII Yposery owubox m = n(a,X), To Bepxuss onenka (3.1) 0b-
palraercss B TO9HOe paBeHCTBO: (). = ()..

HokazareabcTBo. MunnmMuszaims smiupudeckoro pucka v(a, X) mnpu (bUKCHPOBAH-
HOM ™M 9KBHUBaJEHTHA MaKCUMUZAINH [T€PEOOYIEHHOCTH, TTOCKOJIbKY

-/ X L
da,X) = %@) —v(a, X) = % — Eu(a,X).
Teopema j0kazana. |

°B cratbe [69] ona HasbiBamach npodusem pazroobpazus MHOXKECTBa alropuTMoB A Ha BbIGOPKe X.
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Eciu ke muoxectBo AY paccianmpaercs 1o yposHsim onm6ok, To (3.1) MozkeT oka-
3aThCsl KaK TOYHOM, TaK W CUJIbHO 3aBBIIIEHHON BepXHEH OIEHKO, UTO Oy/IeT IMoKa3aHO
B JlaJIbHEleM Ha mpuMepax. B obiiem ciydae TpebOoBaHME PABHOMEPHOM CXOJMMOCTHU
SIBJIIETCS M30BITOYHO CUJIBHBIM U JIAET JIUIIb JIOCTATOYHOE YCJIOBHE 00YIaeMOCTH.

OcHosHas Teopema VC-Teopun. 3jech IPUBOIUTCS JI0KA3ATEILCTBO, CYIIECTBEHHO 60~

Jlee KpaTKoe, YeM B HCXOJIHBIX paborax [8, 9, 6.

Teopema 3.2. /L sobbix pu, X u € € [0, 1] cupaesmmBa oreHKa

Q- < AL(1,X) mI:nlaXLHf’m (sm(e)),  sm(e) = £ (m — k). (3.2)

EERAE)

S

JokazaTeabcTBo. Bocrob3yeMcs MPUHITUIIOM PABHOMEPHO CXOIUMOCTU U 3aMETHM,
910 MakcumyM B (3.1) J0CTATOYHO B3ATH TOJBKO IO aJlOPUTMAaM, HEPA3JIUYUMbBIM HA
BBIGOPKE X, T. €. 10 MHOJKECTBY BEKTOPOB OIMMO0K AY:

Q.<Q. = P max[§(a, X) > ¢]. (3.3)

— _’[
acAy

OneHnM MakcuMyM OMHADHBIX BEJMYUH UX CyMMOI®, mepectaBuM MecTaMyu 3HaKH
cymmuposanus: Py = Y P u samumenm sepositaocts P[d(a, X) > €| ans orgenshoro
ajroputrma a corjacuo Teopeme 2.4:

Q-<Q.= Y PlaX)>el =3 Hi"(smle), m=n(a,X). (3.4)

V4 P Y4
acAy acAy

[Ipejcrasum cymmy 1o @ € A} jiBoitHoit cyMMoit: cHAUAIA TTO CIOSIM 1M, 3aTeM 10 aJl-
roputMam m-ro cios @ € (A%),,. Torna

Q- = D ALHP™ (si(e)) (3.5)

¢
Onernm comuozkuresab Hy ™ (8,,(€)) cBepxy MaKCUMYMOM 110 77, BBIHECEM €0 38 3HAK
CYMMBI 110 1 U BOCHOJIb3yeMcs paBencTBoM AY = Ag + -+ - + Ap:

Q- < Q- < Qe < A max HY ™ (5,(2)) (3.6)

Teopema joxkazana. [

[TostHOCTBIO aHAJIOTUYHO JIOKA3bIBACTCS BEPXHSASA OIEHKa U Jiid (pyHKIMoHAa ..

CaencrBue 3.2.1. /Jls jrobbix p, X u € € [0, 1] cupaBemnBa onenka

R. < Z Ho™ (m—ck) < A (1, X) max Hy™ (m — k).

gooey

i
acAy

6370 MOXKHO TPAKTOBATHL U KAK OIECHKY BEPOSTHOCTH OOLEIMHEHMS COOLITHIL [5(a,X ) > 5] CBEPXY
cyMMoit ux BeposTHOCTeil. K€ HaspiBaior Takke nepasencmeom Byas mim union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawbGosiee Tounas orenka (3.4) —3T0 cymMMa BepoOSTHOCTEl epeobydeHnst 110 BCeM
AJrOPUTMAaM CeMeficTBa ¢ TOIAPHO PA3IMIHBIMU BEKTOPAMU OIIUOOK.

Otnerka (3.2) 4yTh XyzKe — 9TO BEPOSITHOCTD MepeolydeH sl HAUXY/IIIero aaropurMa
(Maxcumym HY™ (sp,(€)) mocruraercss npu m mopsiaka L/2), TOMHOKEHHASI Ha €HCIIO
AJITOPUTMOB C MONAPHO PA3JINIHBIME BEKTOPAMU OIMTHOOK.

B ncxomubix paborax |8, 9] Bmecto (3.1) ucnosnbzoBasack 6osiee Tpybast OIEHKa, He 3a-
BUCSINAst OT BHIOOPKM ¥ MeTOJIa 00yUeHHsI — MAaKCUMyM OpaJics 110 BCEM aJrOPUTMAaM Ce-
MeiicTBa A, BKJIIOUast U T€, KOTOPble HUKOT/Ia He BHIOMPAIOTCS METOJ0M O0ydeHus. JIerko
NoHsATE, uTo 3aMena A% na A B dyHKIMOHAE (). UPUBOINT K 3aMeHe B (3.2) JIOKAJIbHOTO
Ko purmenTa paznoodpasusi Ha (PYHKIIUIO POCTA:

AL (1, X) < A(D). (3.7)

Hakownerr, oyHKIUIO MAIEPreoMeTputieckKoro pacipeeieHuss MOXKHO 3aMEeHUTh 9KC-
MOHEHIINAJILHOI BepXHeil OIleHKOi, nMeroreil ocobo mpocroit i npu £ = k [6]:

max Hy™ (s,m(e)) < %e’w, =k (3.8)

m

B urore nosyuaercsa naubosiee ussecrnasg u3 VC-onenok [67]:
Caexncrsue 3.2.2. st yiobbix 1, X, e € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
Q. < AA(20) - 3=, (3.9)

KoppekTHble MeTtoabl obydenusi. B VC-reopun [6] ormensro paccmarpuBaercst Tak
HasbIBaeMast 0emMePMUHUCTICKAA NOCMAHOGKA 3a0a4u’ , KOTJIa METOJL, [i KOPPEKTMEH, TO €CTh
n(uX, X) = 0 na s06oit 00y varoreii BeI6opke X .

Teopema 3.3. Ecim meron j1 KoppekteH, To st moobix X, € € [0, 1]

=~ . C} dOren _ ag (R
Q-< Y A5 < ALC—g < AN(L) (E) . (3.10)
m=/[ek]

JokazareabcTBo. Hauasio jokasare/ibcTBa B TOYHOCTHU ITOBTOPSET JIOKA3aTEIbCTBO Teo-
peMbl 3.2, HO K BBIPAXKEHUIO JjIs BEPOATHOCTHU I1€peodyueHns] aJropuT™a a J00aBJIsIeTCs
YCJIOBUE KOPPEKTHOCTH:

Plo(a, X) > ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] Ry ™ (0).

"B 3apyGesKHOI JIITEpaType CIOXKUIACh JAPYras TePMUHOJIOTH. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIa9M HA3BIBAIOT peasusyemovim obyuenuem (realizable learning), umest B BuLy, 9T0 ¢ HOMOLIBIO ceMeficTBA
aJaropuTMOB A BO3MOXKHO peasin30BaTh UCTUHHYIO 3aBUCUMOCTD y(x). OBIIYI0 HOCTAHOBKY 3a/a49U HA3bI-
BAIOT HEpeaJIn3yeMbIM UJIN a2HOCTuNeckum obyyweruem (agnostic learning), moaépKuBast IPUHIUIIAATB-
HYIO HEBO3MOXKHOCTb 3HATD, HAXOJUTCSI JIM UCTUHHAS 3aBUCHUMOCTH B ceMeiicTBe A, WIu HeT.
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TToacTaumM 510 Bhipazkenue B (3.4) u, ¢ yuérom hy™ (0) = C%_ /C%, nomyuum

~ L ol
Qz—: g Qs - Z Amﬁ

m=/[ek]

Maxkcumym C¢_/C% nocturaercsa npu namvenbiiem m = [ek]. C yuérom onenok
AL <AYNL)u Cf_, /08 < (£)", nomyuaem nenouxy nepasencrs (3.10). ]
CaencrBue 3.3.1. Ecim meron ji koppekren, To jist Jirobbix X, € € [0, 1] npu { = k

Q. < AY(20) - 275",

Takum oOpasom, B ciiydae KOPPEKTHOCTH OIEeHKa (). CTAHOBUTCSI CYIIECTBEHHO 0O-
Jlee TOYHOM W MpUHUMAaeT Hanbosiee mpocToit B, OJHAKO OTCIO/IA COBEPIIEHHO HE CJie-
JIyeT, YTO Ha TPAKTHKE HAJIO ITOJb30BATHCH KOPPEKTHBIMU MeTojaMu oOydenus. [lrs
obecrieveHnsi KOPPEKTHOCTH MPUJIETCS YCIOKHATH KOHCTPYKITUIO CEMEHCTBA aJIlOPUTMOB,
YTO MOJKET TIPUBECTH K yBesndenuio gpyHkiumu pocta A4 (L), HACTONBKO 3HAYUTEIHLHOMY,
YTO OHO IMOJTHOCTHIO CKOMIIEHCHDPYET yMeHbIeHne KOMOMHATOPHOTO MHOXKHUTE . [1o3T0-
My B VC-Teopuu NpUHATO CUUTATh, 9TO HE CJEyeT JIOOMBATHCS 0e30MMO0THON pabOTHI
aJiropuTMa Ha obydarornieM marepuasie. C JIpyroit CTOpOHbBI, yCJIOXKHEHe KOHCTPYKIIUU aJl-
FOPUTMOB MOYKET U He YBeJMUUBaTh A0Kaavhbiti Kosdduiment pasnoodbpasus A (u, X).
Taxum 0Opa3oM, BOIPOC O BJIMIHUU KOPPEKTHOCTU Ha BEPOATHOCTH MEPEOOyUIEHUs CPEJI-
crBamu VC-Teopun, 110 BCell BUIUMOCTHU, HE PENIAeTCs.

§3.3 Meropg CTPYKTYpPHOW MUHUMU3ALNN PUCKA

QyHKIMA POCTa HE 3aBUCUT HU OT BBIOODKM, HU OT METOJa OOyYeHUs, U SBJIAETCH
MepOii CJI0KHOCTH MHOXKecTBa ajaroputmoB A. Ha ciemyrommeit JeKun Mbl BBISICHUM, UTO
C Hefl TeCHO CBs3aHa eIE OJIHA XapaKTePUCTHKA CJIOZKHOCTHU, HA3bIBaeMasi EMKOCbIO W
pasmeprocmoro Bannuka- Yepsonenkuca (VC-dimension). Tloka mbl He Oyjem jaBarh eé
ompejiesieHne, a yIoMsaHeM JIUIIb JBa dakTa. Bo-1epBbix, EMKOCTh ceMeicTBa JTUHEHHBIX
KJ1acCU(PUKATOPOB PABHA B TOYHOCTH PA3MEPHOCTH [IPOCTPAHCTBA IIPU3HAKOB. BO-BTOPBIX,
ec/in ceMeiicTBO mMeeT EMKOCTb h, TO BMECTO TPUBHAJIBHON SKCIIOHEHITNAJIbHON OIEeHKN
AA(L) < 2! Bepna 6osee Tounas MOIMHOMHUAILHAA OTIEHKA

3 LM

A (L) <02+0;+---+C§<§F. (3.11)

B stom ciyaae npaBas dacth (3.9) crpemurcs K Hymo npu £ — 00. DTO O3HAYAET, UTO

cemeiicrBo A obsrasiaer cBoiicTBoM obyuaemocmu (learnability).

Teopema 3.4. Ilpu{ = k gj1st 106010 pactpeneeHust Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He MeHee 1 — 1) QHOBPEMEHHO JI/IsT BCeX aJrOPUTMOB a € A cIpaBeimBO HEPABEHCTBO

v(a, X) < v(a, X) + %m (2—‘%) PN (3.12)
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Hoxkazareabcrso. [lojgcrasum B (3.9) BepxHioo onenky dyukimn pocra (4.1), onenus h!
cauzy 1o dopmyne Crupsmara. [lomyaennas ornenka mveer Bui Q. < 1(g, 4, h). Tpume-
HUM K Heil TexHuky obparerust (1.8): BbipasuM & Kak (byHKIMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ u 3uadenus 7. B pesyabrare noayaum (3.12). |

[IepBoe ciraraemoe B 9TOit orieHKe — sMInpudecKuii puck. OH He BOZpAcTaeT ¢ POCTOM
éMKOCTH h, TIOCKOJIbKY |1eM OOJIbIlle B CeMeiicTBe aJrOpUTMOB, TeM 00Jjiee TOUHO MOXKHO
AIMPOKCUMHUPOBATH BBIOOPKY. BTOpoe ciraraemoe Bo3pacraer ¢ POCTOM EMKOCTH, U €r0
MOYKHO PACCMATPHUBATh Kak wmpad 3a caroocrocms (complexity penalty). Cynmma B ob1iem
caydae JIOCTUTaeT MUHUMYMa IPU HEKOTOPOM h.

JLis1 opesiesieHnst ONTUMAJIBLHOM c10sKHOCTH Mojiesin B VC-Teopun 1mpejaraeTcs Me-
TOM, CMPYKMypHot Munumusayuu pucka. B cemeiictBe A 3apamnee 3a71aéTCst cmpyxmypa
BJIOYKEHHBIX I10/ICEMeiCTB Bo3pacTarolieil éMxoctn A; C Ay C -+ C A, = A. Sazaga 06y-
JeHHsI PeIaeTcst B KaxKI0M M3 3TUX IIOJCeMeiicTB, Bcero h pa3. Beibupaercs: mojgcemeiicTBo
ONTUMAJILHON EMKOCTH, JIJIsi KOTOPOIO JIOCTUIAeTCst MUHUMYM 1paBoil qactu (3.12).

MeTom cTpyKTYPHOIM MUHUMHU3AINE PUCKA sIBISETCS BarKHEHITNM KOHCTPYKTHBHBIM
cnegcrueM VC-teopun. Ilpocieanm emé pas3 oOILyro JIOTHKY BCEro, 4To OBLIO IIPo/jie-
garo. CHadaja MBI TOJYYIUIN BEPXHIO OIEHKY BEPOSITHOCTH Iepeo0ydeHrs, KOTOpast
crpaBeJi/InBa Jijid Ji000i BRIOOPKN X 1 JI000r0 MeToja obydenus f. K 3Toil oreHKe MbI
NIPUMEHUIA TEXHUKY OOpallleHusT W TOJYUMIH BEPXHIOI OINEHKY IS JacTOTHI OIIUOOK
na xonrpose. Oma cupasemmmsa mis m06ex X, X, jt, ¢ BepoaTnocTsio (1 — 1), 6amsKoi
K equnuiie. Tenepb pacnopsiimMcs ¢BOOOIO0M BBIOOPA [4 TaK, YTOOBI MUHUMU3UPOBATH Ya-
croTy ormuboK Ha KoHTpoJse. [losyaennbrit MeTo1 00y IeHnsT HA3bIBACTCT MUHUMU3AUUET
owmpaghosarnozo amnupuueckozo pucka (penalized empirical risk minimization).

OTa Ke 00Iasg JIOTUKa SKCIIyaTHPyeTcsd OOJIBITUHCTBOM COBPEMEHHBIX I10JIX0/I0B
B TEOPHUHU CTATHCTHIECKOro obyuenust [37].

§3.4 [Mpobnema 3aBbiweHHocTn VC-oueHok

IkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoii anuHbl obydeHus. OcHOBHAasI IPO-
6siema VC-01I€HOK B TOM, YTO OHU YPE3BLIYANHO 3aBBLIIMICHBI — HACTOJBLKO, UTO UX IPHU-
MeHEeHUe MPAKTUIECKH TepsdeT CMBICI. UTOObI B 9TOM yOeIUThCs, JOCTATOYHO BBITOJIHUTH
YUCJICHHBIN pAcUeT TpedyeMoil JIJInHbI 00y Uaroleil BHIOOPKHU ¢ Kak (DYHKINH OT EMKOCTH h,
TOYHOCTH € U BEPOSTHOCTHU TiepeolydeHus (). .

Pesymerarer npusenens B Tabaunax 3.1, 3.2, 3.3. Bece nannbre Berancens upu { = k.
[lepBore aBe TAOIUIBI TOCTPOEHBI JJI OOINEro Cydasl, TPeThs — JJIsl JIeTEPMUHUCTCKOMN
nocTaHoBKM 3ajia4u. [Ipu nmocrpoennn nepBoit TabJIMIBI NCIOJIH30BAHbBI 3aBLIITIEHHBIE All-
npokcuMaluy pyHKiuu pocra (4.1) u ruepreoMeTpudeckoro comHoKuTe st (3.8).

OcCHOBHBIE BBIBOJIBI CJIEJTYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Ciydae Tpebyemasi JTmHa 0O0yIeHus Ha HECKOJIBKO I10-
PSIKOB TIPEBBIAET Te XapaKTepPHbIE JIMHBI BEIOOPOK, ¢ KOTOPBIMEI OOBIYHO ITPUXOINTCS
UMeTh JIeJIO B NPUKJIAJIHBIX 3aa4ax. [[pakTuka mokasbiBaeT, 4To 4TO XOopolias o0y4ae-

MOCTDb BO3MOZKHa M IIO BbI60pKaM CyHaieCTBeHHO MEHbIIEeR JJIMHDBI.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001]|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 3.1. 3aBUCHMOCTD JIOCTATOYHON JAIUHBI 00ydenus £ oT éMKocT h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHAA COLIACHO OleHKe Qe < 7 = 537 - 5 exp(—e“f)
u3 Teopembr 3.2. DTO HamMeHee TOUHAsI OIEHKA, HUCIOJb3YIONAs alllPOKCUMAIIIIO
dbyukimu pocra (4.1) U anIPOKCUMAIMIO MUIIEPreOMeTPHYECKOro COMHOXKUTENs (3.8).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=0.1]e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabauma 3.2. 3aBUCHMOCTH JHOCTATOYHON JInHBI 00ydeHust £ or émrocTu h, TOU-
HOCTU € W HaJEXKHOCTHU 1), BBLIYUC/IEHHAS COTJIACHO OIleHKe () < 717 = (Cg 4+ -+
CMTY (¢,1). Dro Takxe onernka Teopembr 3.2, HO bYHKIHS POCTa W THIEPTEOMETDH-
YECKUI COMHOXKUTEIb BBIYUC/IAIOTCS 110 TOYHLIM hopMyJiaM, 6€3 IPpUMEeHEeHUs] AlllIPOK-

CHUMAIINii.
n =0.01 n=1
h e=001]e=005|e=01|e=02|e=001|e=005]|e=0.1]e=0.2
0 800 140 70 35 100 20 10 5
2 2800 440 200 85 2000 300 120 45
) 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Ta6sma 3.3. 3aBUCUMOCTD JOCTATOUHON JIJTMHBI 00y YeHUA OT éMKOCTH h, TOUHOCTH &
W HAJIEXKHOCTH 1), 10 JIeTePMUHUCTCKOl onerike Qe < n = (CY + .- + C%)Cﬁi(sk] /CY
n3 Teopewmbr 3.3, 6e3 TpUMeHEHHUT AIIITPOKCUMAITIIA.
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2. Omnenku B Tabmuie 3.1 cymmecTBeHHO Xy:Ke, 9eM B Tabsunax 2 u 3. B maabheii-
eM MbI OyJieM m30eraTh UCIOIb30BaHNS 3aBbIICHHBIX alllIPOKCUMAIIUI U CTABUTD 331849y
nosrydenns 3pOEKTUBHBIX BEIMUCINTEILHBIX METO/IOB, a He KOMIAKTHBIX (hOpPMYIT.

3. IlpaBble 1MOIOBUHBI TAOJIHUI] COOTBETCTBYIOT 3HAYEHUIO 1) = 1 1 IMOKA3bIBAIOT T'PAHU-
1y npumennmoctu VC-orenok. [Ipu Menbiux ¢ BepXHsis OIeHKA BEPOATHOCTU BBIPOXK 1A~
ercs — ctanoBuTcs OoJibiie 1. Comocras/ieHne mpaBoii u JIeBOii MOJIOBUH TAOJIUIT ITOKA3bIBA-
€T, 4TO J0CTaTOYHad JIJIMHA OOYYCHUS CYIICCTBEHHO 3aBUCUT OT EMKOCTUA h M TOYHOCTH &,
HO cJIab0 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeodyIeHus 7).

4. TlepBas cTpoka TabJIHUIBI COOTBETCTBYET CeMeHcTBY U3 oJiHOro ajropurma, h = 0.
[Ipu sTOM JHOCTUTaETCsT HAMIYUIast BO3MOXKHas orenka. OIHAKO 9TOT cIydail He mHTepe-
CEH C TOYKH 3PEHUA CTATUCTUYIECKOrO OOyUeHUs.

5. Yuér anpuopHoil MHMOPMAIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOUHSET
VC-onenku, HO, CyJd 10 JOKa3aTe/JIbCTBAM, HE YCTPaHSeT HU OJIHOIO U3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

[Ipwaunsr 3aBbimennocTr VC-0IIEHOK BUJIHBI U3 JI0KA3aTEIbCTBa TeopeMbl 3.2, B KO-
TOPOM CJIeJIAHBI TPU OIEHKHU CBEpXY, a 1pu nosydenun Crenacreus 3.2.2 — emé ase. Kirac-
cuveckast VC-orerka (3.9) He 3aBUCHT OT KOHKPETHOM BBIOOPKH X U MeTojia 00y IeH sl (i,
CJIEJIOBATEJILHO, sIBJIAETCS OIEHKOI Xy/Imero ciaydas (worst case bound), KoTopslii, ckopee
BCET0, HUKOT/Ia HE Peau3yeTcs Ha MPaKTHKE.

JkcnepumMeHT 2: oueHkn PaKTOPOB 3aBbILLIEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJMUUBAETCsI OIEHKA Ha KayKJIOM 3HakKe < B Ielovke HepaBeHCTB (3.6), ObLI mpoBe-
JIEH 9KcIepuMeHT [69] ¢ JormdecknMm 3aKOHOMEPHOCTSIMU Ha, TIECTH PeasbHBbIX 3ajadax
n3 penosuropust UCI, cm. Tabmmmny 3.4. B kaxmoit 3aa1e metoom Monte-Kapio Berauc-
JISUIACH OLICHKA BEPOSTHOCTH mepeobydenns (.. Ilogeans eé Ha (yHKIMIO IHIICPreoMer-
PUYECKOTO PACIPEIETICHIS, MOXKHO TOJYIUTh IPPexmushoill A0KaroHbLT KoIPPuyuenm
pasnoobpasus (DJIKP) A, NOKa3bIBAIONII, KAKAM JIOJGKHO GBLIO OBl GBITH 3HAYEHHE AY
4TOOBI OIEHKA BEPOSITHOCTH TIepeodydeHus He Oblta 3aBbieHHoi. [[ockobKy jlorudeckue
3aKOHOMEPHOCTH CTPOSATCS OT/AEJIHHO O KJlaccaM, B TabJ/IHUIe KazK 10l 3ajiatde COOTBETCTBY-
eT jiBe cTpoKH (110 umcty KiaccoB). OmycKas TeXHUYIECKUe JIeTal 3TOr0 SKCIEePUMEHTa,
[IPUBEJIEM JIUIID €10 PEe3YIbTATHI.

[Ton pbaxkTOpamMu 3aBBIIEHHOCTH TTOHUMAIOTCH KOI(MDMOUIIMEHTHI 71, 7'y, I3, BHIYHCITC-
MbIe 110 SMIIMPHYECKUM OIEHKAM ITPOMEKYTOUHBIX WIEHOB B IENOYKe HepaBeHCTB (3.6):

Q-1 -rary = AMNL) - B

2

DakTOp 1 BO3HUKAET U3-3a TOro, 910 VC-OIeHKN He yINTHIBAOT 3(D(PEKTh JIOKa-
JIN3AIAN U PACCIOEHUsT CEMECTBa AJITOPUTMOB.

DPderm a0kaNU3a6UUYL COCTOUT B TOM, 9TO HEKOTOPBIE aJITOPUTMbI U3 A MOI'YT He BbI-
JIABaTHCA METOJIOM OOYYEeHU (L HU Ha OJHON M3 00YHYAaIONIUX MOJIBBIOOPOK; B TAKOM CJIydae
HepaBeHCTBO (3.7) OKayKeTcsl 3aBBIIIEHHBIM.

8B HaImm JHE cTpeMJIeHNe 0Ty IATE IPOCTLIe ACHMIITOTHICCKHE (DOPMYIILI ABASETC CKOPee MePerKIT-
KOM JIOKOMITBIOTEPHON STOXM, YeM HACYIIHON HeoOXOnuMOCThIo. Muenune criopHoe, II09TOMY B CHOCKE.
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Tabauma 3.4. Qakropbl 3aBBIMIEHHOCTH T'1, T9, T3 U OlEHKa A ¢ JOBEPUTEIbHBIM

urrepsagom [Ar; Ag].

3aJ1a9a KJIacC | 0ObEKTOB 1 ) r3 | A [Al; AQ]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 | 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 225 | 15 [12;27]
horse-colic 1 191 151 4500 7.2 7 [2; 9]
2 109 504 3400 73| 6 [3:6]
hypothyroid 0 3012 | 1964200 400 16.5 | 21 [3; 220]
1 151 | 581400 460 28.7 | 30  [2;44]
promoters 0 53 555 340 9.8 | 72 [36;230]
1 53 510 790 6.9 | 18 [9; 22]

Afierm paccaoenus COCTOMT B TOM, 4TO Ha MHOKecTBe anroputmos A (1, X) Bos-
HIUKaeT CyIeCTBEHHO HepaBHOMepHOe pacipejesenue BepositHoctn P(a) = PluX = al.
AJIrOpUTMBI ¢ MEHBIITUM YUCJIOM ONTHOOK Ha MeHePATbHON BRIOOPKE BBIJIAIOTCS CYIIECTBEH-
HO Yalle, B TO K€ BpeMsl, UX CYIIeCTBEHHO MeHble. JkcrepuMentsl |50, 49| moarsep-
Kjaor, 9To npoduisb paccioenus A(A,,, X), kak npaBuio, umeer hopMy y3KOTO IHUKA,
CKOHIICHTPUPOBAHHOIO B CPEJHUX CI0sIX m ~ L /2.

DakTop 1. VC-0IEHKN He YUUTBIBAIOT CXOJCTBO aJlOPUTMOB B ceMmeiicTre. [Ipu-
MeHeHne HepaBeHcTBa Byis B (3.4) IPUBOIUT K CHJIBHOI 3aBBINIEHHOCTH, KOTJA CPEJIH
BEKTOPOB OIIMOOK UMEETCsSI MHOI'O IOXOKHUX. 3aMETUM, YTO HEPaseHcmeo byas

Pmax[d(a, X) > ] < Y P[5(a, X) >¢],
“ a

obpalaeTcss B paBeHCTBO TOJIBKO Korja cobbitust [0(a, X) > €] necoBmectnsl. Ecim ke
BEKTOPBI OMHUOOK AJTOPUTMOB @, @' CXOXKH, TO COOTBETCTBYIONIHE UM COOLITHS Oy/IyT Cy-
IIECTBEHHO COBMeCTHBIMU. Ha IpakTuke 4acTo IPUMEHSIOTCI C6A3HVIE CEMETCMEa AIro-
PUTMOB, B KOTODPBIX JIJIsT KAyKJI0T0 ajiropur™a a € A Hailfyrcs Ipyrue ajaroputMel a’ € A
TaKWe, 9TO BEKTOPHI OMUOOK @ M @ OTINIAIOTCs TOJIBKO Ha 0JHOM obbekTe [63]. CrsisHbIe
ceMeiicTBa MOPOKIAIOTCH, B YaCTHOCTH, METOJ[AMU KJIaCCH(UKAIIN C HEIIPEPBIBHOM T10 I1a-
paMeTpaM pasesdIoneil HoBepXHOCThI0. K HUM oTHOCATCA JIMHeHbIe KJIacCU(MDUKATOPSHI,
MAIIIHBI OIIOPHBIX BEKTOPOB C HENIPEPBIBHBIMHU $/IPAMU, HEIPOHHBIE CETU C HEIIPEPBIBHBI-
MU (QYHKIUSMHA aKTHBAIUH, PEIIAONIIe JIePEBbs C HOPOrOBBIME YCJIOBUSAMU BETBJICHUS,
u MHorue jpyrue. Takum oO6pa3oM, HepaBeHCTBO Byiid cuiibHee BCero 3aBbLIIIEHO KaK pa3
B HanOoJIee MHTEPECHBIX C IIPAKTHYCCKON TOYKN 3PEHHA CIydadx.

PaKTOp 73 ABIAETCA «TEXHUIECKUM» U CBA3aH, [VIABHBIM 00Pa30M, C NCIIOJIH30BAHN-
€M allPOKCUMAIHil ruepreoMeTpuydeckoro pacupeesenus. Kak sugao us Tadsmier 3.4,

OH HanMeHee 3Ha4YMM.
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BameTnM, uTO 3KcIepuMenTaabhble sHadenns JIKP umetor nopsgox 10°. .. 102, To-
rfa Kak GyHKIM pocTa HaxoauTed B npesenax 107 ... 100, Dro oznauaet, aro VC-oreHKn
3aBBINIEHBI Ha HECKOJIBKO MOPsiikoB. Bostee Toro, onenka DJIKP nmpaktudeckn Hukoria
He TPEBBIMaeT JJINHY BBIOOPKHU. K ObI MBI 3aX0Te/IN ONPEIEC/IUTD TOHITHE IPdermue-
HOU NOKANOHOT EMKOCNMU, TO OHA HE TPEBBINIaa Obl €JIMHUIIBI, TO €CTh ObLIa ObI BHIPOXK-
nena. OTcroja BO3HUKAIOT COMHEHUS B COCTOSITEIbHOCTH U TTOJIE3HOCTU TOHATHSA EMKOCTU
JIJIS OTIEHOK ITepeodyIeHM.

B mMetoae CTPYKTYpPHOW MWUHMMM3ALMN PUCKA 3aBBIINIEHHOCTH OMEHOK (3.2) u (3.12)
MIPUBOJUT K BBIOOPY IO/ICEMENCTBa 3aHMKEHHON EMKOCTH, TO €CTh K ITePEYITPOITEHIIO aJl-
FOPUTMOB, UTO TIOJTBEPIKIAETCs U B 9KCIIEPUMEHTaX Ha MOJIEIbHbIX JaHHbIX [47]. Pactipo-
cTpaHCHHON OImMubKOI B MHTEpIpeTanun pe3yabraToB VO-Teopun sB/isieTcst BBIBOJL O HEOO-
XOJIMMOCTH OTPAHUIMBATDL CJIOZKHOCTD ceMeiicTBa airopuTMoB. Takoit BLIBO OBLT ObI cIipa-
Be B, ecn Obl VC-OmeHKr ObLIN JTOCTATOIHO TOUHBIMU. [Ipmmep asropurMma 6ycmum-
2a 42| nokaszwiBaeT, 9T0 OOOBINAIONIAS CIOCOOHOCTD MOYKET YIIyUIIAThCS JIAZKe [PU TPAK-
THYIECKN HEOIPAHUYIEHHOM POCTE CJIOXKHOCTU CeMeiCcTBa.

O ckonb3siwem koHTpone. [Ipu nmpakTHIecKOM IPUMEHEHUH CTPYKTYPHONH MUHUMUA3A-
UM PUCKA BMECTO 3aBBIINEHHON TeopeTrueckoii orenku (3.12) 4acTo peKOMEHIYIOT MpH-
MEHATH OINEHKY CKOJIB3AIIEr0 KOHTPOJIS Ey(a, X). OnHako Takast 3aMeHa CTABUT O] CO-
MHEHUE TIEHHOCTb TEOPETUIECKIX PE3YIbTATOB, IIOCKOIBKY CKOIB3SIINI KOHTPOJIb He OIN-
paerca ma VC-teopuio. C IpaKTHYECKOW TOYKHM 3PEHUS CKOJIL3AININI KOHTPOJIb UMEEeT
PsLJI, CYTIECTBEHHBIX HEJIOCTATKOB. BO-11€pBBIX, 3TO pecypcoémKas mporie/rypa. Bo-BTopbix,
OIIEHKA CKOJIb34IIEro KOHTPOJISA UMeeT OOJIBIIYIO JIUCIEPCUIO, YTO MOYKET ITPUBOIUTH
K OImuOKaM IpH BBIOOPE ONTHUMAJILHON CJIOXKHOCTHU T10jiceMeiicTBa h. B-TpeTbux, CKOJIb-
34 KOHTPOJIb yI00€H JJIs SMIIMPUYECKOr0 OIEHNBAHUs KadecTBa MeToja O0ydeHus,
HO He y/100€eH Il KOHCTPYUPOBAHUs HOBBIX MeTOJI0B. [lo aTuMm mpuumnam 3ajia4a moy-
YEHUST TOYHBIX TEOPETUIECKUX OIEHOK He TepseT aKTYaJbHOCTH.

Pe3iome

VC-reopust ocHOBaHA Ha MPUHIUIIE paBHOMEPHOI cxoammocTu. OHa MTO3BOJISIET OIle-
HUBATb BEPOSTHOCTH Iepeobyuenns cBepxy (YHKIUEH OT JJIMHBI BHIOOPKU U CJIO2KHOCTHU
ceMeiicTBa aJropuTMoB. Mepoii CJI0’KHOCTH sSIBJIsieTcsd KO puImeHT pa3noodpasusi, Olpe-
JIeJITeMbIHl KaK 91CJIO TTONMAPHO PA3JIMIHBIX OMHAPHBIX BEKTOPOB OIMMOOK, WHIYITHPYEMbIX
BCEBO3MO2KHbBIMU aJITOPUTMaMU ceMelicTBa Ha SaﬂaHHOIU/I BbI60pKe.

KouctpykruabiM Beixo0M VC-TeOpun sABISIETCST METO/T CTPYKTYPHOW MUHUMUA3ATTIH
pucka. OH IPUBOINT K TPUHITUITY MUHIMHI3AIIN OIITPA(DOBAHHOTO SMIIMPUIECKOTO PUCKA.
BeteicrBue 3aBBIIEHHOCTH OIEHOK €0 HEITOCPEICTBEHHOE TPUMEHEHIEe MOYKeT IIPUBOINTH
K HEOITUMAJILHOMY BBIOOPY CJIMIIIKOM IIPOCTBIX aJIOPUTMOB.

OcHoBHOIT puunHOil 3aBbiieHHOCTH VC-0IEHOK sB/IsieTcs nmpeHebpexkenne 3 dex-
TaMHU PpacCCJIOeHUA U CBASHOCTU, KOTOPbIMHA O6.Ha.,Z[aIOT MHOI'IE CEMENCTBA AJITOPUTMOB, IIPpH-
MeHsieMble Ha ITPaKTHKe.
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B cnepytoweii nekuynm OyiyT paccMOTPEHBI BEPXHUE OIEHKN (DYHKITUU POCTA U EMKO-
CTH KakK JIjIg OOIero cjaydvasi, Tak U JJIsi HEKOTOPBIX KOHKPETHBIX CEMEHCTB aJrOpUTMOB.
Kazamoch ObI, 9T0 HEKOTOpPOE OTCTYIJIEHHE OT OCHOBHOM IeJn Kypca — HOJIydeHus TOU-
HBIX OIEHOK BEPOSITHOCTHU Iepeolydenus. Tem He MeHee, oneHuBaHue QyHKINN POCTa —
9TO KJIACCUYECKas U BeChMa I0JIe3Has KOMOMHATOPHAsS TEXHUKA, HEOOXOIUMAasT JIJIsl TOHM-

MaHWd BHYTPEHHEHR CTPYKTYPBI CEMENCTB aJrOPUTMOB.

Ynpa>kHeHus

Bamada 3.1 (1). /[lokazars Teopemy 3.4, ucnonbsys dopmyny CrupiiuHra.

Bamada 3.2 (2). Cmenenvio nexkoppexmmocmu MeTona oOydeHus (@ Ha BbIOOpKe X Ha-
3bIBAETCH MAKCUMAJIbHAS JacTOTa ONMMOOK HA BCEBO3MOYKHBIX O0YHAIONIUX MOIBBIOOPKAX:

o(p,X) = mz{u}cﬁ v(pX, X). Hokazarsb, 9T0 i JIOObIX [, X ¢ OPPAHUYEHHON HEKOPPEKT-
XeX
HocThio 0 (11, X) < o usmoboro € € [0, 1] cipaBenBa onenka, obobmaromnias (3.2) u (3.10):

Q. <AL max HY™(spm(e,0)), (3.13)
meM (e,0)
rae M(e,0) = {m: ek <m < k+ol}, s,(e,0) =min{s,(e),ol}.
[TocTponTs rpadukn 3aBUCUMOCTH OTHOIICHH OreHKY (3.2) K onenke (3.13) or cre-
IIeHU HEKOPPEKTHOCTH 0.

Bama4da 3.3 (2). Cuenysa [36], mokasarh, WTO €CJM MHOXKECTBO BEKTODPOB OIMIMOOK
{(a)x: a € A} xnacrepusyercs no paccrosamo Xsmuura Ha S(r) KIacTepos pasy-
ca r KaxKJblid, TO

P[6,(X) = e+2] <S(r)- max H;™(si(e)).

m=1,...,.L
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4 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokasbisaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2", 6o pacTéT MOMMHOMMAIBHO MO L, IPHYEM HPOMEKYTOUHBIX BApUAHTOB
He cymiectByer. Kak ciepyer u3 (77), B IOJMHOMUATIBLHOM CJIydae IpaBas 4acTh OINEHKU
crpeMuTcst K Hysmo npu £,k — 00, ciaegoBaTe/bHO, 00yUeHne aCUMITOTUIECKH COCTOsI-
TebHo. Pazdepém 3ToT dyHjaMeHTaIbHbIN pe3y/IbTaT 0oJiee o IpOOHO.

8§4.1 OnpeaeneHne éMKOCTU 1N e€ cBA3b C pyHKLMe pocTa

Onpenenenune 4.1. FEcim cymecrByer 1esioe 4ucjao h Takoe, 9TO AA(h) = 2" g
AA(h+1) < 2", 10 ono maspBaerca émxocmuio mmr pazmeprocmvio Bannuxa- epeo-
nenkuca (VC-dimension) cemeticra anropurmon A. Ecin takoro qucia h He cymecTByer,
TO TOBOPSIT, 9TO ceMeiicTBO A mmeeT beckoHewHy1o EMKOCMD.

Eciu cemeiicTBO nMeeT KOHEUHYIO €MKOCTD A, TO ero (DyHKITUIO POCTa MOXKHO OIEHUTD
CBEPXY BEJUYUHON, 3aBucsdineit or L momunomuasabno npu L > h. Jlna jokasaresibcTsa
9Toro pakTa HaM MOHAJI00ATCH HEKOTOPBIE BCIIOMOTATEIHHBIE TOCTPOEHUS.

Jdemma 4.1. Qynxnus O = OV + CL + -+ + CV, onpenenéunas npu nevix h n L,
rakux, 910 0 < h < L, o/fHO3HAYHO 3a/1a6TCsT PEKYyPPEHTHBIMH COOTHOIITEHUSIMHI

Y =1,  dEk=2L =0 4" 0<h<L

JloKazaTembCTBO ClleyeT W3 TOTo, uTo OGmHOMuaTbHbie Koaddumnuentor CF ompesie-
JIIOTCA aHAJOIMYHBIM PeKYPPEeHTHBIM cooTHomenneMm Ch = CP | + ij U OTJIUIAIOTCS
TOJILKO IpaHuHbiM yejaosuem CL = 1.

Jlemma 4.2 (Banuuk, Yepsouenkuc [6]). Ecjmu jyist mo6oit noassibopkn X1 s X
poimosasercs AN (XML) < 2"+ 1o AA(XE) < Db,

okazareabcTBo. JlokazaTeabCTBO MPOBEJAEM UH/IyKIIEH 110 h.

Ipu h = 0 u3 Toro, uro A (x;) < 2 s Beex z; € XL poirexaer AY(XE) =1 = @Y,
cJIe/I0BaTe/IbHO, YTBEPIK/IeHUE JIEMMbI cripaBe/iinBo. [Ipesonaras, 1To OHO CrpaBe/JInBO
a7t h — 1, mokazkeM, 9TO OHO CIIPaBEJJIMBO Tak:Ke U Jijisg h mpu BceX L, 60bIux h.

s Toro pn pUKCUPOBAHHOM h IPUMEHUM WUHJLYKIIHIO 110 L.

Ilpu L = h+ 1 mveem A4(XPH) <201 — 1 = @F || sHauuT yTBepIKIeHNE JEMMBL
BbIoHeno. JlomyeTuy Terephb, 9To oHO BhImosHaeTcs mia A4(XE), u omenmm cpepxy
AA(XEHY). TIpencrasum Boibopky XX+ B suge (XL w4 1).

Bynem ropoputh, 9T0 anropuT™ a Ha 3aJaHHONE BeIOOpKEe U undyyupyem nodsvibop-
ky U', ecim U' = {x € U: a(x) = 1}. PaccmoTpuM MHOKECTBO BCeX MOJBBIOOPOK, MH-
nymmpyeMmbix Ha X T Bcemm anropmtmamu cemeiictBa A. Bynem pasimmdaTh mogBHIOGOPKH
JIByX THUIIOB:

1) taxue nogsbbopku X" uz XL, uro anropurmsr cemeiicta A mmynmpytor na X L1
kak X", rak u (X", x41);
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2) BCce OCTaJIbHBIE MOJIBBIOODKIL.
Ob6o3HaYUM YIMCJIO TOABBIOOPOK IepBoro Tumna K, a sroporo tuma Ks. Torma

ANXE) = K| + K,
ANXI) = 2K + Ky,

ciegoarenbio, AN XEH) = A4(XL) + K.

PaccMOTpUM HOIMHOMKECTBO anroputMos A’ nnaynupytomux #a X * ToJIbKO HOIBHI-
6opku mepsoro tuna. Torma K = A4 (XF).

NnmeeTcst j1Be BO3SMOXKHOCTH.

1. Homyctum, Haiinérca momseibopka X" C XF rakas, gro AA/(X M)y = 2" D10
OBHAYAET, YTO AJITOPUTMbI MHOXKecTBa A’ nnjtynupytor na X", a snauut u na (X" xp),
Bee Bo3MoKHbIe TToBbIcopKn X” C X" Tlo onpenenenuto muoxectsa A’ na (X" xp,4)
WH/TYIIUPYIOTCsT TaK:Ke Bee moBbibopku Buga (X', zp.1). CiemoBaresbHo

A (XM gy ) = 20 4 2h = okt

Ho torma A4(X", zp, 1) = 2" w10 nmpoTHBOpEYnT YCIOBUIO JTEMMBI.
2. Jlomycrum Terepb, 4To Jiist o6oit noaseibopku X" C X peimosneno yciosue
/ / —
AY(XM) < 2" To npeanonoxenuo unykiuu orciona soitekaer A4 (XF) < =1 Ta-
KM 00pas3oM

AT = AM(XE) + AY(XE) < @) + @) = B

VTBepkKIeHre UHIYKIUN JoKa3aHo aasa L+ 1. ]

Jlemma 4.3. CrupapenjnBa OIeHKa CD% < 1.5Lh—';, 0<h<L.

JI0Ka3aTeIbCTBO SBIACTCA HECJIOXKHBIM TEXHUIECKUM ylpazkKHeHneM [6).

Teopema 4.4 (Bannuk, YepBoneukuc [6]). Ecuu cemeiictBo A nveer KoHeUHYIO EM-
Koctb h, To npu L > h ¢ynkmus pocra A*(L) sasucut or L mogmHOMEAIBHO:
b

AYNL) < Pt < Lo—. (4.1)
JokazaresbcTBo. Ilycts L < h. Torma uz yenosus A4(h) = 2" Bertexaer, uro cy-
[eCTBYeT BBIOOPKa JIMHBI L, Ha KOTODOIl ajJropuTMBbl cemeiicTBa A MHIyIUPYIOT BCE
BO3MOZKHBIE T10/BBICOpKH. 3naunt A4 (L) = 2L

[Iycts L > h. Bosbmém mpoussosbHyio BeIGOpKy X Y. Jlna meé BbIIOMHEHO yCI0-
Bue jlemmbl 4.2, tak kak A4(h + 1) < 21 Caenosaresnsno AN XE) < & u B cuny
npousBobHOCTH BhIGopKH A4(L) < OI.

Teopema s0Ka3aHa. [ |
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§4.2 @yHKUNSA pOCTa N EMKOCTb KOHEHHOI0 MHOXXECTBA

[Tycts MuOXKecTBO A KOHEUHO. YNMCI0 ATOPUTMOB, TOMTAPHO HEPA3ININMBIX Ha BbI-
6opke X%, me mpesbImaeT Uncia BCeX aJaTOPUTMOB, TOTOMY I (PYHKITMN POCTa CIIPa-
BEJIJTUBA OIEHKa

AML) < |A].

EMkocTh Takoro cemeiicTsa ne npesbimaet |log, |A|], Tax kax B IpoTHBHOM CiTyUae dbyHK-
st POCTa OKasasIach Ol OosibIe |Al.

MuozkecTBa aJIrOPUTMOB, PEATN3YEeMbIX HA KOMIIbIOTEPE, BCera KOHeIHbI. Ko s
XpaHeHWs] BCEX MapaMeTpOB aJrOPUTMa HCIOJIb3yeTcs He Oojiee n OUT, TO YUCTO aIro-
PUTMOB B TaKOM ceMelicTBe He IpeBbIaeT 2", a ero éMKOCTh He IIpeBbliaeT log, 2" = n.
Yr1o065s! 9Ta orleHKa He ObL/I1a 3aBBIIIEHHOMN, JIJIsI TI0ICIETa HEOOXOIMMOI0 TUCIa OUT JOJI2KHO
HCHOJIB30BATHCS MAKCUMAALHO IKOHOMHOE Koduposarue TlapaMerpos [16].

Cortacno Teopeme 3.2, 4eM MEHbIIe JIJINHA 3aIICH aJITOPUTMAa, TEM TOYHEee OIeHUBA~
eTcs 9acToTa OIMMUOOK Ha KOHTPOJIE 110 9acToTe ommboK Ha o0ydennu. OTCio/ia BbITEKAET
T. H. TPUHIUAT Munumyma daunse onucanus (Minimal Description Length, MDL) [59].

§4.3 @yHKUNSA POCTa MHOXECTBA KOHbLIOHKLWA

Jna ciryaas, Korga 00beKTBl OIMACBIBAIOTCSA TUCKPeTHbIMI TpusHakamu f;: X — D,
|D;| < 00, oreHnM (GyHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKIHIT paHra He BbImre [ :

A={a(z) = \lfi(@) = &}

jeJ

JC{l,....n}, || <K, d eDj}.

Eciu J — npousBo/bHOE HOAMIOXKECTBO HHJIEKCOB u3 {1,...,n}, TO IHCI0 KOHBIOHKINIT
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TIPpU3HAaKaM u3 .J, eCThb

()= > T] D)l

J'CJ je
7=k
Eciu muoxkecrsa D; pasnomorust, |D;| = d, ro Hy(J) = C’llf”dk. B obmmem cirydae Besn-
aqnHa Hy(J) J1Ierko BBIMHCIISACTCS 110 PEKYPPEHTHBIM COOTHOIICHUSIM:
Hy(J) =0, k> [J[;
H(JU ) = Bud) + 1Dy Hea(D), k< |J, j=1...n.

CDyHKHI/IH poOCTa OoleHHUBaACTCA CBEPXY YHUCJ/IOM KOH'I)IOHKHI/Iﬁ PpaHI'a HE BbIIIE K, KOTOphbIE
MO2KHO IIOCTPOUTD IIO0 BCEM T IIpU3HaAKaM:

AYL) < in{l,...,n}.
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§4.4 EmMkoCTb cemeiicTBa NINHENHbIX KaaccudukaTopos

[Iycts X =R™ Y = {0,1}, A — cemeiicTBO JIMHEHHBIX KJIACCU(DUKATOPOB:
A= {a() = [{w,7) > 0] | w € R"},

rie (w, r) — CKaJSIPHOE IIPOU3BEJICHNe BEKTOPOB w 1 . Kaxkaplil aaropurm 3moro cemeii-
CTBa 3a/1a€Tcs BEKTOpoM w u3 R™.

Teopema 4.5. EMKocTh cemeiicTBa JTHHEHHBIX KJIaCCH(pUKATOPOB A paBHA pa3zMepHOCTH
MIPOCTPAHCTBa N.

Unes nokazarenbcTBa 3aK/II0YAETCS B TOM, UTO B IIPOCTPAHCTBE Pa3MEPHOCTHU 7, de-
pe3 IIPOU3BOJIbHBIE 7 TOYEK MOXKHO IIPOBECTH DPa3/leJIAoIlyI0 I'MIIEPILJIOCKOCTb, a depe3
HEKOTOpbIe . + 1 — yiKe Heb34.

HoxkazaTenbcTio. [lokaxkem cnauana, uro A(n) = 2", Coracno onpeesnennio dpyHK-
I[N POCTa 9TO PABHOCUIBHO CIIEJYIONIEMY BBICKA3bIBAHUIO:

X" V(z1,...,2,) €Y" JacA Vi=1,....n a(z;) = z.

Bosbmém n BekropoB X™ = {x1,...,z,} u3 X Takux, 9ro0 y i-0ro BEKTOPa i-as KOMIOHEH-
Ta paBHa 1, a ocrajbuble paBHbI 0. Pacemorpum anropur™m a € A, 3agaBaeMblii BEKTOPOM
ko durmenro w = (wy, ..., w,). Kakum Obr #Hu ObLT GUHADHBIT BEKTOD (21, ..., 25),
JIErKO 1107106paTh KO3GDUIUEeHTh w; Tak, 9TOObI BBIIOJHAIOCH a(x;) = [w; = 0] = z;.
Takum obpazoM, Mbl yKazau 2" ajJropuTMOB, PA3JIUIHBIM 00PA30M JIC/IAIINX BBIOOPKY
X" Ha JBa KJacca.

Teneps noxazkem, aro A4(n + 1) < 2"F1. 910 paBHOCHIBHO BLICKA3ZLIBAHIIO

VX" F(z, o zng) €Y Vo€ A Fi=1,....n+1 a(z) # 2.

Bosbmém iponsBosibHbIE 1 + 1 BEKTOPOB Z1, . . ., Ty U3 X. YHUCTIO0 BEKTOPOB MPEBBIIIAET
UX Pa3MEpPHOCTh, TOITOMY CPEJIM HUX HAMJIETCs XOTd Obl OJWH, ABJIAIONINICA JTUHEHHOMN

KOMOMHAIIEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOMIHOCTH, YTO 9TO Ly i1:

Tpy1 = blxl + e+ bnxna (42)
rie by, ...,b, — neficTBUTE/IbHbIE YUCIIA.

[Tosoxkum z; = [b; = 0] g Beex i = 1,... ,nu 2,1 = 0. PaccemorpuM pon3BosIbHbI
anroput™m a € A ¢ koadpdurmenramu w = (wy, ..., w,). Jonycrum, aro a(z;) = z; mis
Beex @ = 1,...,n+ 1. YMuHOKHM 06e gactu paBeHCcTBa (4.2) CKAISPHO Ha w:

(W, Tny1) = by (w, 1) + - + by (w0, 1) .
JleBasg 9acTh 3TOrO paBEeHCTBA CTPOrO MEHbBIIE HYJIsI, TTOCKOJIbKY

[(w, Zny1) 2 0] = a(Tny1) = 2011 = 0.
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B TO 2K€ BpeMd, KaxK/10€e CJiaraceMoe B HpaBOﬁ HJaCTU paBeHCTBa HECOTPpUIATE/IbHO, TaK KaK
[(w,x;) 20| =a(x;) =2z=[b; 20}, i=1,...,n.

Taxkum obpazoMm, cjielaHHoe JIONYIIeHUe MPUBOJUT K IHpoTHBOpednio. Kakoii Obl
HE 6bl1a BEIOOpKa X", agropurmer u3 A He peammsyioT Bcex 2! croco6oB momesmTh
eé Ha 2 Kjacca.

Teopema j1o0kazana. [

§4.5 OpHonapameTpuyeckoe cemMeicTBO GeCKOHe4HOI EMKOCTU

YTO CBHJIETEILCTBYET O HETPUBHAJIBHOCTH IOHATHS EMKOCTH C OJHOH CTODOHBI,
1 0 GECKOHEYHBIX BBIPA3UTENIBHBIX CIIOCOOHOCTSX JIEHICTBUTEIHLHOIO THCIa ¢ APYToii [66].
Pacemorpum cemeiictso dyrknuit a: R — {0, 1} ¢ oganm mapamerpom v € R:

a(z;7y) = [sin(yz) < 0].

BosbMEM KOHKPETHYIO BEIGOPKY 00beKToB x; = 107%, i = 1, ..., (. KaxoBa 6bI nu ObI-
a eé nymna £, 1is moboro BeKTopa oTBeToB (Y;)f_, MOXKHO Tak mojo6paTh mapamerp 7,
N . .. - ¢ ;
a1o0bl a(2;Y) = y;. JleficTBUTEIbHO, BO3SBMEM § = T + T » =1 Yj 107. Torma

: i1 o sinyy < 0], y; = 0;
a(zi;y) = sin(wyi +7l0" 47 Z ) yj102_3> <0| = [sin Ly
J:

Yo

[Sin’)/() >O]7 yi = L.

U3 onpejesienns BemdnHbL Y, ciaeayer, uto 71078 < 7y < 0.37, mosTomy 3HaMeHMe
sin 7y MOJIOKUTETbHO, U IIpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.
Paccemorpennblit mpumep sIBJISeTCd UCKYCCTBEHHBIM. FKcm Jitsd mpejcTaBiennus quc-

JIa, 7Y MCIOJIB30BaTh KOHETHOE YUCJIO OUT, EMKOCTH y2Ke He OyJieT O€CKOHETHOI.

8§4.6 [pyrue oueHkn émMkocTun

Oterkn éMKOCTH ObLIM TOJIyU€eHbI Jijisi HeHpoHHBIX cereil [33, 32, 46, 54|, peraio-
mux jiepeBbeB [17], KOPPEKTHBIX MOJUHOMOB HaJI aJIlOPUTMAMU BBIYHUCJIEHHs OIEHOK [27],
KOMUTETHBIX PEIIAONIIX TPAaBU [53], 1 APYIUx ceMencTs.

EMKOCTB — HeTpUBHAJIBHOE TIOHSTHE, I JAJEKO HE BCEI[a OHA CB3aHA C IHCJIOM Ia-
pamMeTpoB ajaropuTMa. V3BecTHBI IpUMepbl MHOTOIIAPAMETPUYECKAX CEMENCTB éMKOCTH 1
U, KaK MbI yKe BHJIEJIA, OJIHOTIAPAMETPUICCKIX CeMEHCTB OECKOHETHOM EMKOCTH.

Emxocts CceMeNCTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bcell oOydalomieil BHIOOPKH,
Kak TpaBuiio, 6eCKoHedHa (HAIPUMED, Y aJropuTMa OJIHKARIIIX coce/ie). EMmKkocts ce-
MeHCTB, TapaHTUPYIONUX KOPPEKTHOCTD (OTcyTeTBHE OMUOOK) Ha 00yJarorieil BhIOOpKe,
TaK:Ke, KaK IMPaBujIo, OeCKOHeYHa. XOTs, eCTh U UCK/IodeHus: B padborax B. JI. MaTpocosa
CTPOATCH KOMIIO3UIUN AJTOPUTMOB BBIYUCJIEHUS OIEHOK, MMEIOIIe KOHEYHYI0 EMKOCTD
U OJIHOBPEMEHHO TapaHTHPYIOIe KOPPeKTHOCTD |26, 27, 28, 29].
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Pe3iome

Emkocts min pasmeprocts Bammmka-epBOHEHKICA — 9TO KJIACCHUIECKAS XapaKTe-
PUCTHUKA CJIOXKHOCTH CeMeiCTB ajaropuTMoB. Ha3Banme onpasibiBaeTcss TeM, YTO JIJIs JIU-
HEHHBIX CeMeNCTB 9T0 OYKBAJbHO PA3MEPHOCTH MPOCTPAHCTBA napaMeTpoB. OIHAKO JI/isd
JPYTUX ceMefcTB éMKOCTh He CTOJIb TPUBUAJBHO BbIpazKaeTcs depe3 YUCJIO MTapaMeTpOB.
CyIecTByOT IIPUMEPBI, KOT/IA ITapaMeTpoB MHOTO, a éMKOCTb paBHA €JIMHUIIE, U, HA00O-
POT, KOTJIa IapaMerp OJIfH, & EMKOCTh OECKOHEeJHa.

B cnepyrowein nekumun ™Mbl yoemMcesi, 9TO 3HAHUS OJIHOIO JIUIIb KO PUITMEHTa pas3-
HOOOpa3us KaTEeropuIecKu HEJ0CTATOYHO I MOJYyYEHUs] TOYHBIX OINEHOK BEPOSATHOCTHU
nepeobyuenns. He mocraTrodHo 3HATH, CKOJIBKO IMOIMAPHO PA3JIHYIHBIX BEKTOPOB OITHOOK
CceMeiiCTBO aJI'OPUTMOB MH/IyIIUPYeT Ha JIaHHOU BbIOOpKe. Heobxommo eré yuuThiBaTh
CTelleHb UX Pa3JIMIHOCTHU.
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5 Tllopoxaatouime v 3anpeuiatolime MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
TOYHBIE (HE 3aBBbIIIEHHbIEC, He ACHMIITOTHYECKUE) OlleHKN obobiaroreii criocobnoctu [72].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§5.1 [llpocrtasa runortesa N3M

I'unoresza 5.1. Ilycrs mHOKEcTBO A, BBIOOpKA X H METOJ [i TAKOBBI, 9TO JIJISI KaXKJ[0-
ro ajaropurma a € A MOXKHO yKa3aTbh ITapy HellepeceKaloInxcst moaMHoxectB X, C X
n X! C X, yJIoBIeTBOPSIOILYIO YCIOBUIO

[nX=a] = [X, C X][X, C X], VXe[X" (5.1)

Mmoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X| — 3anpewyarousum
JUig ajgroputMma a. ['mmore3a 5.1 o3nadaer, YTO METOJI [t BLIOMpPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4Jarolieil BbIoopKe X HAXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
U HU OJIHOI'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nore3a 5.1 BBIIOJIHAETC.

Jlemma 5.1. /[ 110605t BeiObopku X cHpaBeIIHBO TOXKECTBO
> [pX=a] =1. (5.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUpPAET OJIMH U TOJIBKO OJIH aaroputM. ToxKmecTBo (5.2) MOXKET UCIOIB30BATHCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHs B IpaBoii wactu (5.1) chopmMympoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 5.2. FEcim rumoreza 5.1 crpaBejinBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, = P[,uX:a} = Lo
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HoxkazareabcTBo. Coracuo rumnorese 5.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

Q- = ZPaP(é(a,X) > a).
acA

YcemoBHast BEpOSITHOCTD Jlaércest Teopemoit 2.4, eciin y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTPOJIbHBIX, ITOJIYYHUM:
P(6(a, X) > ¢ | a) = H»™ (s4(e)),

[JIe M, — IACJI0 OMMOOK AJTOPUTMA (@ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obbekrax X \ X,, Iprn KoTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHNE 9acToT ommboK, d(a, X) > &:

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOI BEPOATHOCTBHIO MO2KET ITOKa3aTbhCsdA HE BIIOJIHE OYEeBUIHBIM. HI/I}KG npejacTaBJIeH CTPO-

i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 5.3. FEcju rumoresa 5.1 crpaBeainBa, TO BEPOSITHOCTh HePeoOyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q- (1, X) = Z PaH%:ma (sa(2)) -
acA
HoxkaszareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cyMMupOBa-
Hug 110 X emg JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — 10 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJIrOPUTMA, d
Ha noaseibopke X \ X,. OueBujino, 3Ha4venne (). OT 3TOMO HE U3MEHUTCH:

Lla

Q- = P[0u(X) > ¢] =P} _[uX=a] }_[nlo, X\X) =] [o(0, X) 2] (5:3)

a€A s=0
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIeJI0BATEJIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)]| = [s < s4(e)].

Ioncrasum nosydennoe soipazenne B (5.3), 3arem samernm [puX = a] upasoit wa-
crbio paBeHcTBa (5.1) U mepecTaBUM 3HAKH CyMMHUPOBaHUsI (OUeBHIHO, P TakKe MOKHO
paccMaTpuBaTh KakK CyMMHPOBAHNIE):

=y Z P[X, € X][X, C X][n(a, X\X,) = 5] [s < sq(c)]. (54)

a€eA s=0 M

N(a)

Boienennoe B nannoit dhopmysie Boipazkenne N(a) ecThb 1o/ pa3bueHuit reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
) _
MHOKeCTBO 00beKTOB X 1esmkoM JieskuT B X, u B moasbibopky X\ X, jmuner £, mnoma-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX AJTOPUTM @ JIOIYCKAET OITUOKY.
JL1s HATJISITHOCTH TIPEJICTaBUM BEKTOD OIMMOOK ¢ PA30UTHIM Ha IMIECTh OJIOKOB:

— r—zi
a:(Xa;1,...,1;0,...,0-X;,1,. ,1;0,...,0).
X\X, X\X,
X X

Hucno ommbOK ajropuT™Ma a Ha O0beKTax, He mnonajamonmx Hu B X,, HE B X!,
paBHO M. Cymecrsyer C), — c1ocob6oB BbIOpaTh U3 HUX S 0OBEKTOB, KOTOPbIE IIOHAJLyT
B X\X,. 1 Kaxkjaoro m3 sTux CrocoboB MMEETCs POBHO C’ﬁj‘;a c110co00B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAeT OIMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambiM ofHO3HAYHO omnpejersercsa cocta Bbibopku X \ X, a, 3Ha4WT,
u coctan BbiGopku X \ X/ . Takum obpazom, N (a) = C%, C’é ../ CL. oacrasum 510 BbIpa-
kenre B (5.4) u BbIeMM B HEM (DOPMYJIY THIIEPTeOMETPUIECKOi (DYHKIMU BEPOSITHOCTH:

e fa Cs Ofa .
=2 2l S sa@) g = S RHL™ (54(6)).
acA S$=50 acA
TeopeMa JOKa3aHa. |

§5.2 0606uwérHas runortesa N3M

['umoresa 5.1 HAKIA/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHIMYEHUs] Ha BBIOOPKY X, ceMeii-
ctBo A u meton p. [losromy Teopemy 5.3 yaaércs npuMeHsITh JINIIb B HEKOTOPBIX CITEIIN-
aJBHBIX ciIydasx. PaccMoTrpuM ectecTBenHoe obobmienue runores3nl H.1. IIpesamonoxum,
9TO JIJId KaXKJ0T0 aJrOPUTMa ¢ CYIIECTBYIOT PAa3/IMIHbIe BApUAHTHI BbIJICJICHUS MTOPOXK-
JIAIONINX U 3aIIPENIAIONIIX MHOXKECTB.
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I'mnoresza 5.2. Ilycrs mHOXKecTBO A, BbIOOpKa X H METOJ [I TAKOBDBI, ITO JIJIsI KAXKJI0T0
ajgropur™Ma a € A MOXKXHO yKa3aTb KOHETHOE MHOYKECTBO HHIEKCOB V,, H JJIST KaXKJO0I0
nHIekca v € V, MOXKHO yKa3aThb nopoostcdaroujee MHOXKeCTBO X4, C X, s3anpewarouiee MHO-
sxecrBo X!, C X u kosapurent c,,, € R, yoBirerBopsiomue ycaoBusimMm

(nX=a] = caw[Xaw € X][X], € X], VX € [X]" (5.5)

[Ipu ycnoBun c,, = 1 runoreza 5.2 o3HaYaET, YTO METOJ, (4 BHIOUPAET AJTOPUTM @
TOTJIa U TOJIBKO TOTJIa, KOIJa B O0YYaIONLyI0 BHIOOPKY X IONAJIAI0T BCe 0OBEKTHI U3 X,
U HI ofHoro u3 X!, POBHO JyIst O/HOM n3 map MuoxecTs (X0, X.,), v e Vg

B TEEL ] &aX

pX=a: | |Xal | ] | (X Xa)
B P [ G X)) V=1Vl
X X

OuerutHo, yeaosue (5.5) H0JIKHO OBITH 3aJIaHO TaK, YTOOBI MpaBas 9acTh IPUHUMA-
JIa, TOJIbKO JiBa 3HadeHus — Jjuoo 0, mubo 1. D10 TpeboBaHme HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOIMHOXKECTB (Xoy, X! ), v € V,, u Ha KOIDDUITHEHTHI Cqy .
B uacrtrocTH, 1npu c,, = 1 ycioBus [X,w cCX } [X I C X } HE MOT'YT BBITIOJTHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX UHJIeKcoB v, v € V, uu ipu Kaxkom pasouennn (X, X)), nHate sHaueHMe
B IIPABOI YaCTU OKaXKeTCs OOJIBINUM €JIMHUITHI.

K nacrosinmeMy MOMEHTY He M3BECTHBI CJIydar, KOT/ia IPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIUEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBniHO, TUIOTE3a 5.1 ABJISETCS YACTHBIM CJIyIAeM THIOTE3bI 5.2, KOIJia BCe MHO-
KecTBa V), OIHO3JIEMEHTHBIE U Cqy = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a H.2 BepHa BCErja.

Teopema 5.4. Jlus.mo6bix X, A u i cymecrByior muoxecrsa Vy, X a0, X!

av?’

IIPH KOTOPBIX
cripaBe IuBo 1pejacrapiaenne (5.5), mpuaéM cq, = 1 st Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIH amroputrm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BCeX MoaBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxum X, = v, X! =X\ v, ¢4 = 1. Torga jast sio-
ooro X € [X]* cpaseyiuso npejicrasienue, umeromniee suj (5.5):

[,uX:a] = Zv[v:X] = Zv[v:X] [X\v:X\X] = ZV [v C X} [X\v - X},

npuaéM, ecsnt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIbHbIE
pPaBHBI HYJIIO; ecyin Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. ]

Teopema 5.4 aBigercd TUIUYIHON TeopeMoil cyrecTBoBanus. VCIo/Ib30BaHHbBIN TTPU
eé JIoKa3aTe/IbCTBE CII0COD TMOCTPOCHUS NHJIEKCHBIX MHOXKECTB V, TpedyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKHU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEI(DDEKTUBHBIM OIEHKAM
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BeposiTHOCTH TIepeodydenns. OHako npejcrasienue (5.5) B 001IeM cirydae He € IMHCTBEH-
HO. OTIeIbHOM TPOBJIEMOTT IBJISIETCS MOUCK TAKOTO MPEJICTABIEHN, B KOTOPOM MOIITHOCTHU
muoxecTB |V, | Xool, | XL, | bl 661 Kak MOKHO MeHbIIe. XOTs MuinoTes3a 5.2 BepHa Bee-
IJa, Mbl OyJeM ITPOJIOJIZKATh HA3bIBaTh €€ <«TUIOTE30i», MMes B BHUJLY IIPEJIIIOI0KEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicrasienus Buja (5.5), 6osee 3¢hHeKTUBHOTO, TeM UC-
110JIb30BAHHOE B JlOKa3arebcTBe Teopembl 5.4.

Beeném s kaxkgoro aaropurMa a € A n KaxKa0ro mHAeKca v € V, 0003HAYEHUSI:

Loy = L — | Xao| — | X0 |5
law = € — | Xaol;
My = n(a,X) — n(a, Xow) — nla, X,,);
Sav(€) = %(n(a, X) — ak) —n(a, Xoy).

B ycioBusx rumoresst 5.2 ciipaBeIuBbl COOTBETCTBYIONIIE 0000IEHNs JIEMMbBI O Be-
POATHOCTSIX TTOJIyUIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTHU TEPEOOy ICHUSI.

Jlemma 5.5. FEcim rumoresa 5.2 cripaBegmba, TO JIsT Bcex a € A BepOSITHOCTH IOJIY-
YUTH B pe3y/IbTaTe 0O0ydeHus aarOpUTM G PaBHA

P, = P[/LXZG} - Z Cav Pov; (56>
veEV, CZ‘“’
Puy = P[Xa C X][X,, C X] = CL;: (5.7)

HokazarenbcTBo. [JocTarouno npuMeHuTs onepaiuio Pk jesoit u npasoit gactam (5.5).
JlabHelie paccyzKIeHns aHAJIOTUYHbBI JIOKA3aTeTLCTBY JleMMbI 5.2. |

Teopema 5.6. FEcim rumoresa 5.2 cripaBejiiBa, TO BEPOSITHOCTh HEPEOOYIeHUsT BITHC-
JISIETCST 110 (bopMyJIe

Q:(1:X) =D ) Car P H" ™ (500(2)) (5.8)
a€A ’UEVa

JokazaTeabCcTBO. AHAJIOIMYHO JoKa3aTeabCTBY TeopeMbl 5.3, BEpOSTHOCTD 1epeolyde-
HIsI TIPUBOJIUTCST K BBIPAYKEHUIO, KOTOPOoe oTmdaercst oT (5.4) MosiBJIeHreM 3HaKa CyMMU-

poBaHus 110 v, KOIMDDUIIMEHTOB €y, U JIBOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX 4:

Q- = Z Z anv P[X‘w < X} [Xt/w - X} [n(a’7 X\ch) = 3] [S < Sav(&?)],

acAveV, s=0

B ocrasmbnoMm j0Ka3aTeIbcTBO aHAJOIMYHO JI0Ka3aTebcTBY Teopembr H.3. [ ]

OueHkn dyHkumnoHana R. (1.6) jgokaswpiBaoTCd aHAJOTUYHO, C TOM JIUINb PAa3HUIIE,

Y9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIY 3aMEHSETCsI Ha

st (e) = n(a,X) — ek — n(a, Xov).

av
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§5.3 KoppekTHOoe cemeincTBO aJiroOpMTMOB

Asroput™m a, He momyckaroruii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HowM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJllOPUTM (g, KOPPEKTHBII Ha reHe-
pasibHOI BeIOOpKE X, TO MHOXKecTBO A Oymem Ha3blBaTh kKoppexmuvim. B aTOoM ciydae
dbopmysia (5.8) crIbHO yIpoIaeTcs.

Jlemma 5.7. B ciaygae m = 0 pyHKIIMS rumepreoMeTpuaecKoro paclpeiejieHust BhIPOXK-
0,0
gaercs: Hy ™ (s) = [s > 0.

2.0
HoxkazareabcrBo. [Ipu s > 0 cymma H; " (s) B (2.4) cocTOUT U3 OJJHOTO CJIaraeMoro,
pasuoro 1. I[Ipu s < 0 4nciio craraeMbiX PaBHO HYJIIO, U BCsA CyMMa DaBHA HYJTIO. ]

Teopema 5.8. Ilycrpb runoresa 5.2 cripaBejjinBa, METOJ [ SIBJIST€TCS MUHUMHU3AIIHE 9M-
IMIPHIECKOTO PUCKa, MHOXKECTBO A KOppeKTHO. Torjia BeposiTHOCTD 11epeody deHusT IPHHH-
maeT 6o.Jiee MPOCTO BHIL:

Q-(1,X) = [n(a,X) > ck] P, (5.9)

acA

HokazaTeabcTBO. PaccMoTpuM mpon3BOJIbHBIN aaroput™M ¢ € A U IPOU3BOJIbHBIN WH-
nekc v € V,. Ecin HeKoTOpbIii 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIMHMOKY, COMEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHIMU3UPYIOMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpaTh JaHHBI aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIA AJITOPUTM ag, He J10-
nyckatomunii ommboxk Ha X. CremoBaTe/bHO, MHOXKECTBO OOBEKTOB, HA KOTOPBHIX AJTO-
PHUTM @ JOIyCKaeT OMIMOKY, HEeJHKOM Copep:KuTcsd B X, . SHAYHUT, aJrOPUTM ¢ HE JOIyC-
KaeT OIMOOK Ha HeHTpaJbHBIX 00beKTax U My, = 0. Torna, cormacuo Jlemme 5.7,

HE? (300(9)) = [sa0(e) 2 0] = [£ (nla, X) —ek) —n(a, Xav) > 0] = [n(a.X) > ek].

[Toncrasists 910 Beipazkenue B (5.8), momydaem (5.9). ]

CrunencrBue 5.8.1. Ecam B cemetictBe A COMEPXKUTCS ajaropuTM, KOPPEKTHBIH Ha BCe
reHepaJibHOI BbIOOPKe, To Bbipazkenne (5.9) cupasepmupo u jist pyrkmmonata Re(p, X).

§5.4 ®yHKUMOHAN NOJSIHOIO CKOJ1b3SLLEro KOHTPOIS

PaccmorpuM (byHKIMOHA TIOJTHOTO CKOJIb3sIero KouTposst (1.7). Ilpuanun mopox-
JIQIOIIUX ¥ 3alPEIaroNniX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHyo oreHky [11].

Teopema 5.9. FEcjm runioresa 5.2 cripaBeiyinBa, TO OIEHKa II0JTHOIO CKOJIB3SIIIETO KOH-
TPOJISI BBITHCJISIETCST 110 (DOPMYJIe

1 Cz(w Lav - Eav gav /
C(p,X) = = Z Z Caw Céw ( T n(a,X) + Lmn(a,X(w)) : (5.10)

acAveV,
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HokazarenbcTBo. 3anmmem onpesesnenns E n v, 3arem mozgcrasum (5.5) cormacHo ru-
rmorese 5.2 W mepecTaBUM 3HAKNW CYMMUPOBAHUS:

CuX) = o 3 Y [pX=dy Y Haw) =

L xe[x)t aca zeX
L
_ %Z S o Ta,2:) P[Xo € X][X), € X] [ € X].
acAveV, i=1 ~
p(a,v,x;)
Ecm z; € X),, ro [X], € X|[z; € X] = [X], € X| n, cornacno (5.7),
ZU/U
pla,v, ;) = P[X(w C X} [X:w C X} = % =P,
L
Ecmn ; ¢ X, ro (X}, C X]|[z; € X] = [{a;} U X], C X] u, cornacro (5.7),
Cav _
pla,v,z;) = P[ X, C X|[{z;} UX], C X]= CLz_l = PM,M.
Cr Lo,
Cobupas BMecte jBa ciydas, x; € X, u x; ¢ X!, . moaydnm

plav.n) = Pa ([ € X0 ] + [ X, E22 00 ).

[ToncTaByisist 3TO BhIpazKeHne B CYMMY II0 %, TTOJTydaeM

L
Z I(a7 xi)p(aa v, xz) - Pav (’I’L(CL, thw) + (n(a, X) - n((l7 thzv)) L‘“’L_ gav) )
i=1 av

oTKyia BhITekaer Tpebyemoe paBerncTBo (5.10). Teopema nokazana. [

Pe3iome

Ipunyun noposrcdarowur u 3anpewaowus MHOACECME OCHOBAH Ha THIIOTE3e, ITO
JUTS KazKJIOTO aJITOPUTMa MOYKHO yKa3aTh MHOYKECTBO N0postciaowur 0ObeKTOB, KOTOPhIe
00s13aHbI OBITH B 00y JaroIeil BHIOOPKE, M MHOYKECTBO 3aNpeu,aowur 00beKTOB, KOTOPBIX
He JIOJIKHO OBITH B 00y Yaloleil BLIOOPKe, 9TOOBI METOJ 00yYeHUs BHIOPAJ UMEHHO JTAHHBIT
AJICOPUTM. DTO JIOBOJILHO CUJILHOE TIPE/IITOJIOZKEHIE, i OHO BLITIOJIHICTCH JTAJIEKO He BCET/IA.
B obmmem ciryuae /17151 KayKJI0r0 aJaropuTMa MOYKHO YKa3aTh HECKOIBKO AP MOPOXK TAIONTIX
U 3aIpeNaonuX MHOXKeCTB. Ecm oHn U3BECTHBI, TO Jlajiee JIETKO BBIYHC/IAIOTCH BEPOST-
HOCTH TIOJIYIUTh KaK/IbIil U3 aJIrOPUTMOB, BEPOSITHOCTD 11epeo0yIeH s, 1 OIICHKA TTOJIHOTO
CKOJIB3SIIIEr0 KOHTPOJIsI. BBIOOP CHCTEMBI TTOPOXKTAOIIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCST UCKYCCTBOM. UeM UX MeHbINle, W 9eM MEHBIIe UX MOIHOCTH, TeM 3(hdeKTuBHee

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyroweinn nekumu ¢ 1oMoIbio IPUHIIATIA TTOPOXKIAIONIIX U 3aIlIPENIAoNuX MHO-
JKECTB MBI IIOJIyIUM TOYHBIE OIIEHKU BEPOSITHOCTH IePeodydeHsl 11T HEKOTOPBIX MOJIE/Thb-

HBIX CEMENCTB AJI'OPUTMOB.



= 50 =

6 Uenwn anroputmos

YT00BI BOCIIOJIB30BATHCSA MPUHITUIIOM ITOPOXKJIAIONINX W 3AIPEIIaloNinX MHOYKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METO| OOYUIEHUS [ U CeMeicTBO ajroputMoB A. Mbr Hat-
HEM € MeTojla MUHUMU3AINN SMIIUPUIECKOTO PUCKA W MOHOTOHHON eI aJrOpPUTMOB —
CcaMoro IIPOCTOT0 MOJIEJIBLHOI'O ceMeiicTBa, yKe 00J1aJafoIero CBOHCTBaAMHU PACCIOCHUS
" cBA3HOCTH. UTOOBI MOJAKPENUTH TCOPETUIECKOE UCC/IEIOBAHNE SKCIEPUMEHTAMHE, TTIPE/I-
JlaraeTcs HaIlMCaTh HECJIOXKHYIO ITPOrPpaMMY JIJI BBIYUC/IEHUA BEPOSITHOCTH IIePeody deH st
JIIOOBIX CeMeficTB, 3a/laBaeMbIX HEIIOCPEJICTBEHHO MATPUIEi OmMrOOK.

§6.1 Pa3HOBMAHOCTN MUHUMM3ALNN SMNNPUYHECKOrO PUCKa

Byznem mosaraTrh, 9To A — KOHEYHOE MHOYKECTBO, I BCE aJITOPUTMBI HMEIOT IOIAPHO
paszsmanble BeKTOPbI omubok. Obosmnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MHUHH-
MaJIbHBIM YHCJIOM OIMMOOK Ha obydarorieit Bbioopke X :

AX) = Argmiiln(a,X). (6.1)

ac

Omnpenestenne 6.1. Meros ob6ydenns i HA3BIBACTCS MUHUMUSAUUET IMNUPUMECKO20
pucka, MOP (empirical risk minimization, ERM), ecoin uX € A(X) npu eex X € [X]*.

Ecau muoxkectBo A(X) cofep:kur 6oJiee OJHOIO 3JIEMEHTa, TO BOZHUKAET MpodJIe-
Ma HEeOJIHO3HAYHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHavasa jiBa KpailHuX ciiydas —
KOTJ[a BBIOMPAETCsT HAWTYIIuii win Hauxyamuit aaropurm u3 A(X).

Onpenenenune 6.2. Meronq MuHIMH3AIMUNT SMITPUIECCKOIO PUCKA [L HAZBIBACTCS ONMU-
mucmunoim, ecan pX = arg min n(a, X).

acA(X)
Onpenenenue 6.3. Meronq MuHHMHI3AIUMN SMIIIPHICCKOIO PUCKA (I HA3BIBACTCS NECCU-

mucmuinoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctnanas u neccumuctudrass MOP wa mpakTuke He peajm3yeMbl, TakK Kak
CKPBITYIO KOHTPOJILHYIO BBIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenms. TeopeT-
YeCKM OHU MHTEPECHBI T€M, YTO JIal0T HUKHIOIO U BEPXHIOIO OIIEHKU BEPOATHOCTU Ilepe-
obydenus. [Ipu 006X Apyrux crocobax pasperieHus HeopHo3HadHoct B Metone MOP
BEPOATHOCTH TIePeo0ydYeHNs TapaHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMU.

BoJjtee npakTuIHBIM TIpejicTaBIgeTcs Crocod pasperieHus HeoHO3HAYHOCTH, OCHO-
BaHHBIN Ha CIyIaifHOM BBIOOpe asropurma u3 muoxkectBa A(X).

Onpenenenne 6.4. Meros MEHIMH3AIUMA SMIIHPAICCKOTO DHCKA [i HA3BIBACTCS PaHO-
MUBUPOBAHHIM, eCTH (1X — 3TO IPOU3BOJIBHDII aJIrOPUTM, BEIOPAHHBIH CJIy9IaiiHo U paB-
HOBEPOSITHO M3 KOHETHOI'O MHOXKecTBa aropurmoB A(X).

Pammomuzalius ¢cTaHOBUTCS BTOPBIM HE3aBUCUMBIM UCTOYHHKOM CJIYYAWHOCTH B 3a-
Jlade cTaTUCTUYIecKoro oOydenus. Ecim paHee pejnosarajoch, UTO CIYYailHO TOJIBKO
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pasbuenne X LI X, To Teneph cirydaeH TakxKe U BBIOOD ajroputMa a n3 MHOXKecTBa A(X).
CooTBeTcTBYIOMIIM 00pa30M M3MEHSIETCS W OIIPEIe/IeHIe BEPOSITHOCTH 11epe00y IeHIA:
1 _

Q. = Em ag(:X) [v(a, X) —v(a, X) >¢]. (6.2)

BosbmmueTBo mosyaeMbIX jiajiee OleHOK OCHOBAaHbI JTUOO Ha MeCCHMUCTUYIHOM, OO0
Ha paxjgomusupoBanHHoit MIOP. DkcrepuMeHTh TOKA3BIBAIOT, ITO 3aBBIIIEHHOCTD OIEHOK
neccumuctuanoit MIOP weBenuka. OUTUMUCTHIHBIE, TECCAMUCTUYHBIE U PAHIOMUA3HUPO-

BaHHbBIE OIEHKHU CXOJISATCS JIPYT K JIPYTY € POCTOM JIJIMHBI BHIOOPKU L.

§6.2 MogenbHble cemeiicTBa aaropmTmoB

HamomuuMm, 910 HAIIIMM OCHOBHBIM OO'BEKTOM UCCICIOBAHUS sIBISIETCS ONHAPHAS MaT-
puiia omubok pasmepa L x D, nopoxjaeMas 33 aHHoil Bei6opkoit X = {x1,..., 2z} u 3a-
JIAHHBIM CEeMEHCTBOM aJITOPUTMOB, U3 KOTOPOTO BBIOMPAIOTCS BCE AJITOPUTMBI C ITOIAPHO
pazmmaHbIME BekTOpamu ommbok, A = {aq,...,ap}.

Mpr1 OyjieM paccMaTpUBaTh MOJEAbHBIE CEMETUCMEA AA20PUMMOG, KOTOPbIE 3aIal0TCs
HEITOCPEJICTBEHHO CBOMMHK MaTpHUIIaME OIHO0K. MojgeabHoe ceMeiicTBO — 9TO UCKYCCTBEH-
HBIIT OOBEKT UCCIeI0OBAHNUS, He CBI3aHHBIN ¢ KaKOW-1100 peabHOl BEIOOPKOiT. MarTpuirbt
OIIMOOK MOJIE/TBHBIX CEMENCTB 00J1aJIaI0T OIPEJICIEHHBIMI «PETYISIPHBIMU CTPYKTYPaMU »,
qTO 00JIerdaeT BBIBOJL TOYHBIX KOMOMHATOPHBIX OIEHOK. J[/Isi HEKOTOPBIX MOJIEIbHBIX Ce-
MeNCTB yJIaéTCsd CTPOUTDH IIPUMEPHI TOPOXK,IA0IINX UX BEIDOPOK. Kak mpaBusio, 3To BecbMa
9K30THUYIECKIE YacTHRIE ciiydan. PeajibHbIe ceMeiicTBa B MOJIAB/ISIONIEM OOJIBITMHCTBE CJIY-
JaeB He 00J1a/1al0T KaKOi Obl TO HU OBLIO PeryasapHoOil CTPYKTYPOil.

Tem He Menee, nzyvyeHne MoOJIEIbHBIX CEMENHCTB ITPEJICTABIISIET UHTEPEC MO0 HECKOJIb-
KUM NpUIrHaM. Bo-IepBbIX, OHU MO3BOJISIOT UCCIEI0BATD BiugHue 3h(MEKTOB paccioe-
HUA U CBI3HOCTU HA BEPOATHOCTDL Iepeodydenus. Bo-BTOPBHIX, Ha HUX OTpadaTBIBAIOTCS
MaTeMaTHICCKUe IPUEMBI, KOTOPBIE MOI'YT OKA3aThCs ITOJI€3HBIME IIPU IOy Y€HUN OIEHOK
OoJiee 001IeTO BHUjIA. B-TpeThux, n3BecTHBI MOJIe/IbHBIE ceMeiicTBa, 00J1a/Ialolie TeEMH JKe
KJIFOYEBBIME CBOICTBAME, YTO U PeabHbIe — PACCJIOCHUEM, CBA3ZHOCTHIO U PA3MEPHOCTDIO.
BeposiTHOCTD 11epeobydenmst TaKUX CeMEHCTB MOYKET JOBOJILHO TOYHO AIIIPOKCUMUPOBATD
BEPOATHOCTD 11€Pe0byUeHNsT PEAIbHBIX CeMeHCTB, CM., HarpumMep, [5].

§6.3 Cssa3Hble cemeiicTBa anropnTmos

OmnpesiesinM paccTosiHre MeXK/ly aJlOPUTMaMU KaK paccmoanue Xommurea MezKTy
UX BEKTOpaMU OIIHOOK:

L
pla,a’) = Z}I(a,xi) —I(d,z;)|, Va,d € A.
i=1

Onpepenenne 6.5. Koneunoe muoxkecrso ajropurmoB A = {ay,...,ap} HazpBaercs
uenwvlo arzopummos, ecau p(aq_1,aq) = 1 st Bcex d =2, ..., D.
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Onpepenenne 6.6. MHoxkecTBO agropuTMoB A Ha3bIBACTCST C6A3HBIM, €CJIH JIJIST JTFOOBIX

a,a’ € A B A cymecrByer 1jelib a = aq,da, ...,ap = d’.
Onpepenenne 6.7. Ilens amropurmos A = {ag,ay,...,ap} HA3BIBACTCS MOHOMOHHOTU,
ec n(aq, X) = m + d st Bcex d = 0,..., D, nupu Hekoropom m > 0. Ajropurm ag

Ha3bIBaCTCA AYHUUM 6 UENU.

B monoronnoit et I(ag_1,x;) < I(ag, z;) mug seex x; € X, d=1,...,D.
B cay4yae MOHOTOHHOl Henn 00beKThI BLIOOPKU MOYKHO IIePeHYMepOBaTh TaK, YTOObI

(ag,z;) =[i<m+d], i=1,...,L, d=0,...,D.

[Hernb a/IropuTMOB MOZKET MTOPOKIATHCH, B 9ACTHOCTH, OJHOTIAPAMETPUIECKUM CeMeii-
CTBOM KJIACCU(PUKATOPOB € HEIPEPBIBHON 110 MapaMeTpy JUCKPUMUHAHTHON (DyHKIIHEId.
Ecan mpm HempepbIBHOM CMEIEHNH TTapaMeTpa B CTOPOHY OT ONTHMAJIHLHOIO 3HAYEHUS
YUCJIO OMIMOOK Ha IOJIHOI BBHIOOPKE MOHOTOHHO He YOBIBaeT, TO 0Opa3yeTcs MOHOTOHHAs
tierib. MOHOTOHHAS TIEIb — 9TO OJIHO U3 MPOCTEHINNX MOJETBHBIX CeMeiCTB, 0bIa/1arree
CBOICTBAMU PACCAOEHUA U CEAZHOCTU.

IIpumep 6.1. Ilyctb A — ceMeHCTBO AUHETUHBIT GAOPUMMOE KAACCUPUKAUUU — TTapa-
Merpudeckux orobpazkennit u3 X = R" B Y = {—1,+1} Buya

a(x,w) = sign (xywy + -+ + xwy,), x=(1,...,2,) € R,

re mapaMerp w € R™ — HaAmpaBIAOMN BEKTOP THIIEPILIOCKOCTH, Pa3JIeISIONIel mpo-
crpancTBo R™ Ha jiBa mosymnpocrpancTBa — Kjaaccbl —1 u +1. [lyers dynknmsa morepb
umeer sug I(a,z) = [a(z,w) # y(z)], rae y(z) —ucrunnas knaccudukanus obbexra ,
U MHOXKECTBO OOBEKTOB X JIMHEIWHO pasjenmMo, T.e. CyIlecTByeT BekTop w* € R™, npn
KOTOpOM ajiroputm a(x, w*) He momyckaer ommOok Ha X. Torma MHOKECTBO aJrOpPUTMOB

As = {a(z,w* +16): t € [0,400)}

MOPOZK/IA€T MOHOTOHHYTO TeTTh 1pu JI000oM § € R, 3a ncKIr09eHneM, ObITh MOXKET, HEKOTO-
POro KOHEYHOI'O MHOXKECTBa BEKTOPOB. [Ipu sTom m = 0 B custy JIMHENHHOW pa3/ e IMMOCTH.

§6.4 DkcnepuMmeHT C UensMu aaropmTMoB

Peub moit€ér o nmpocToM M OYUeHb HAIVIATHOM SKCIEPUMEHTE, KOTOPBIi IMOKa3bIBaeT,
4T0 3(PDEKTHI PACCTIOCHUS ¥ CBA3HOCTH OIPEJIC/IAIONIM 00pa30M BIUSIOT HA BEPOATHOCTH
nepeobyuenus |70, 71]. VIMeHHO ¢ 9TOro 3KCHEpUMEHTa U HAYATIOCh AKTUBHOE Da3BUTHE
KOMOMHATOPHOI Teopuu 1epeodyIeHus.

OMNuMpuYecKoe oOueHMBaHWE BeposiTHOCTU nepeobydveHuss Nno maTpuue owunbok.
Autroput™m 6.1 BBIYHUC/ISET JIBE SMITMPUIECKNE OIEHKN BEPOSITHOCTH MEPEOOYIEHUsI: BEPX-
naa (). coorsercTByeT meccumucTmanoii MIP, moxnas (. — ontumuctnanoii. Onenkn
BBIMUC/ISIOTCS Memodom Monme-Kapao, To ecTb IIyTéM yCpeIHEHHS 110 CIIyIafHOMY IO/~
MHOXKECTBY pa30menuii renepasibuoil Beioopku X = X L X.
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AaropurMm 6.1. Beraucjienue SMITPUIECKUX OIEHOK BEPOATHOCTH 1T€Pe00yIeHUsA.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Broixoj: BepxHsist oneHka ()., HUXKHsIS OIeHKa ().

: Qs = 0; @s = 0;
2: s Becex N coydaitueix paszomennit X LU X = X
A(X) := Argminv(a, X);

acA

4 a:=argmaxv(a,X); Q.:= Q5+%[5(d,X) 25};
acA(X) B

5. a:=argminv(a, X); Q.:=Q.+ [ (a,X) > 8}
a€A(X) -

—_

6: BepHYTb ()., Q-

AnroputMm 6.2. DddekTuBHOE TTOCTPOCHIE IPADUKOB 3aBUCUMOCTH BEPOSTHOCTH TIepe-
obydeHns oT Yucsa d MepBbIX aaropuT™MoB B cemeiictse {aq, ..., ap}.

Bxon: marpuna ommbok A = {ay,...,ap}; ancno pasduennii N; mopor &;
Boixoa: Bepxusis onenka Q. (d) u nmkuss onenka Q. (d) jis noamuoxkectsa {ay, . .., aq}.

1: crenepupoBarh N CIydallHbIX pa3OneHMii:
X, UuX,=X n=1,...,N;
2: aJITOPUTM, BHIODAHHBIN [TPU 1-M Pa3sOUeHN: MeCCAMUCTUIHON 1 onTuMucTiuaIHOit MIP:

Qp, Qp 1= A1, ’I'L:]_ 7N7
_ N
3 QE(1)7 Qs(l) = % ;1[ (CL17 ) 2 g:|7

4: past Bcex d:=2,...,D

5  ngist Bcex n:=1,..., N
6: ecau n(aq, X,) < n(a, X,) nm
n(ag, Xp,) = n(an, X,,) m n(aqg, X,) > n(a,, X,) To
7 Q:(d) := Qc(d — 1) — % [6(an, X)) = €] + % [0(aa, X») = €];
Qy, = ag;
8: ecau n(aq, X,) < n(a,, X,,) nm
n(ag, Xpn) = n(an, X,) 1 nlaq, X,) < n(an, X,) T0
9: Q=(d) 1= Q(d — 1) — % [0(an, Xp) = ¢] + +[0(aa, X)) > €];
Ay = ag;

Asroputm 6.1 cocronT W3 JABYX BJIOKEHHBIX IHUKJIOB. BHermHuil muki mepedbupaet
N pasOuennii, BHyTpeHHUN UK/ BbiOMpaer u3 A jBa ajropmrva, MUHUMU3UPYIOMIIX
SMIIUPUYECKUI PUCK MIPU JAHHOM Pa30UeHUN — MEeCCHMUCTUIHBIN @ U ONTUMUCTUIHBIN .

[TomeHsiB MecTaMu JiBa BJIOKEHHBIX IUKJIa Tiepebopa B Ajiropurme 6.1, mosryanm Aji-
roputM 6.2. OH MO3BOJISET 3a OJINH 3AIYCK CTPOUTDH rpaduKi 3aBUCUMOCTEH BEPOSITHOCTU
nepeobydeHnst OT YUC/Ia TEePBbIX d aJrOPUTMOB B mojicemeiictse {ay, ..., aq}. B aT0M ciy-
Yae CTAHOBUTCSH BAYKEH MOPSIIOK AJITOPUTMOB A1, . . . , ap. OOBIYHO OyIeT IpeInoaraTbes,
YTO AJITOPUTMbI YIIOPSIOYEHBI 110 HEYOBIBAHUIO TUC/Ia OMUOOK HA TeHepasbHOil BHIOODKE,
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Puc. 6.1. Pacupesenenne ajiropurMoB 110 4acTOTe OMUOOK HA T'C€HEPAJILHON BLIOOPKE
B MOJIETIBHBIX IEIISIX C PACCAOCHNEM U 6e3 paccyioeHusi. 3aBUCuMocTb V(ag, X) oT d pn
{ =k =100, m = 10.

n(a;,X) < ... < n(ap,X). Yucno pasbuennit N pexomenmyercst 6parsb #e menee 1000,
YTOOBI 10JIyYaTh JIOCTATOYHO IV IKuEe TPadUKH.

IJKCNepuMEeHT C 4eTbipbMs MoOAeNbHbiMU cemencTBamu. CreHepupyemM MaTPHUILHI
OIIMOOK JIBYX MO/IEJIbHBIX TIeTIeil.

1. Ienv ¢ paccaroenuem. Jlyamumit aaropuT™ ap JOIyCKaeT m OIIMOOK Ha IOJIHOM
BhIOOpKe. KaxKiplil ciieaytonuii BEKTOP OMMO0K Gy IMOJIYIaeTCs U3 dg_1 IIyTEM MHBEPCUN
OJIHOI crydaifHo BBIOpAHHON KoOpAuMHATHL. Ecim 1ens jmocrarodno jymuaas (D > L),
TO GOJIBIIMHCTBO AJITOPUTMOB JIOIYCKAIOT YUCIO0 OMUOOK m, 6mskoe K L /2.

2. Ilenv 6e3 paccaoenus. Jlydmmit aIropuT™ a, TakKxKe JIOMYCKAeT 1M OIMNOOK Ha T0JI-
HOIT BeIOOPKe. KarKblii BEKTOP OIIHOOK (g TaKKe IOJIYIaeTCs U3 (g_q IIyTEM HHBEPCUU
OJIHOM CJIYYaiiHO BBIOpAHHOI KOOPIMHATHI, HO IPU HEYETHBIX d IIPOU3BOISITCS TOJIHKO HH-
Bepcuu 0 — 1, a npu 9éTHbIX d — ToIBKO 1 — 0. B pesybrare 9ucsio onmmboK aJropuTMoB
Ha TIOJIHOI BBIOOPKE, Yepejlysch, IPUHUMAET 3HaYeHust m u m + 1.

Ha puc. 6.1 mokaszaHbl 3aBHCHMOCTH YaCTOTHI OMMOOK V(ag4, X) OT MOPSIIKOBOTO HO-
Mepa d aJiropuT™a Jijisl Ieln ¢ paccjoerueM (cyieBa) u 6e3 paccioenus (Crpasa).

JIjisi IPOU3BOJILHON TIENU @y, . .., Ap MOXKHO MOCTPOUTH COOTBETCTBYIOILYIO el He-
uenv aj,...,ay, ¢ TakuM xe pacupesenaenneM dactor omuook: v(al, X) = v(ag, X) ms
Beex d = 1,...,D. Urobbl cocejiHue ajaropuTMbl aj |, @, CYIIECTBEHHO Da3/INYAJINCD,

KOMIIOHEHTBI BEKTOPOB OIMHUOOK @, GyJeM IeHepupoBaTh CJIydailHO M HE3aBHCHMO, Tak,
94TOOBI YUC/IO €IMHUIL B BEKTOPE d; PABHSIOCH N(d4, X).

Wroro, crposTcs deThbipe MOJIETLHBIX ceMeCTBa: TEb ¢ PacCJI0CHUEM, Telb 0e3 pac-
CJIOEHUS W JIBE COOTBETCTBYIOIINE MM He-llenn. Bce oHM 3a/1a10TCS MaTpHUIIAMU ONTIOOK
pasMepa L XD u UMeoT o/IuHaKOBbIe 3HavUeHus napamerpa m. ComocTaBieHne 3TUX ve-
TBIPEX CJIYYaAEB MO3BOJIAET PA3JCIUTh BIUSIHUAE C8A3HOCTNU U PACCAOEHUSA Ha BEPOATHOCTH
nepeoOyyeHnst 1 OTBETUTH Ha BOIPOC — KAKOe U3 ITUX JIBYX CBOHCTB BarKHEE.

Ha puc. 6.2 u puc. 6.3 mokazanbl 3aBUCHMOCTH BEPOATHOCTH ITepeodydenns (). OT Inc-
Jia agroputMoB D Jijis 4eThIpéx cemeiicTs, ipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yuco pasbuennit 8 Mmerone Monre-Kapio N = 10%. Venosnble obosnauenus Ha rpadu-
kax: +L — mens, -l — He-nens, +P — ¢ paccimoenunem, —P — 6e3 pacciioeHus.
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Puc. 6.2. 3aBucumocTh BEpOSITHOCTA
nepeobyuennst Q. u DJIKP A or unc-
Jia agroputmoB D. Ilpocras 3ajada:
v(ai,X) = 0.05.

Uucuio aireopummos, D

Puc. 6.3. 3aBucumocTh BEpOSITHOCTH
nepeobyuennst Q. u DJIKP A or unc-
Jia ajiroputmoB D. Tpynanasa 3ajiada:
v(a,X) = 0.25.

[Tokazanbl Takzke rpacduku 3apucumoctu DJIKP —addekruBHoro jokaaibHOro Ko-
s dunmenTa paznoodbpaszuss A or unciaa agsropurmoB D. DJIKP B mannoMm ciydae ompe-
JIeJISIeTCsT KaK OTHOIIEHNEe BePOSTHOCTH Iiepeodydenust mojcemeiictsa {ay,...,ap} K Be-

POSITHOCTH TIepeoby eHNnsT OTHOIIEMEHTHOTO TiojicemeiicTBa {a; }.

OcHoBHble BbIBOAbI.

1. s cemeiicTB 6e3 paccooeHus U CBA3HOCTH MepeodydeHne MOXKeT OKa3aThCs 3Ha-
YUTEJILHBIM y2Ke MPU HECKOJILKUX JIeCITKaX ajaropuTmoB B cemetictse. [Ipu Gosbrmx D
TOJIBKO OJTHOBPEMEHHOE HAJIMYMe PACCIOCHIA U CBI3HOCTH IO3BOJISIET N30€2KATH CUITHLHOIO
nepeobydennst (HuKHIe KpuBble Ha rpadukax). Takum 06pasoM, BaxKHBI 00a CBOWCTBA.

2. CBA3HOCTD CHIXKAET TeMIT pocTa 3aBucnMocTi Q. (D).

3. Pacciioenne moHMKaeT ypoBeHb TOPU30HTAIBHON acuMiTorbl () (D), mpuuaém
B OoJibleil creneHn s «JIETKUX 3ajad» € MEHBINM 3HadeHuem m, puc.6.2. B ciy-
Yae PacC/IOeHUs] BEPOATHOCTDL IepeodydeHrns (). MOXKET MPOXOJUTL CYIIECTBEHHO HUKE
€JIMHATIBI. DTO O3HAYAET, YTO BEPOATHOCTHL BBHIOPATH B peE3yJbTaTe OOyUeHUs AJTOPUTM
13 BEPXHUX CJIOEB OUEHb OBICTPO MaJIaeT ¢ POCTOM HOMEPA CJIOH.
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4. ]It OTHOCUTEIBHO ITPOCTHIX 3a/1a1, KOTJIa CYIIEeCTBYET aJrOPUTM C MaJIbIM TUCIOM
OIINOOK, paccjioeHne CyNeCTBEHHO YMEHbIaeT BepPOSITHOCTD Iepeodydennsd, puc. 6.2. [Ipn
YBEJIMYEHUN CJIOYKHOCTU 3aJIa49U BJIMAHUE PACCIOCHUS YMEHbIaeTcd, puc. 6.3.

5. Ilo mepe yBemmuenust D Kak BepOATHOCTD mepeodydenus, Tak u DJIKP Boixogar
Ha TOPU30HTAJBHYIO ACUMIITOTY U IlepecTaioT 3apucetb oT D. B 1o xe Bpemsi, VC-orenka
JnHelHa 110 D 1 BOOOIe He MMeeT TOPU30HTAJIBHON acuMIITOTHI — Ha rpadukax DJIKP
VC-ornenke coorserctByer mpsivast A(D) = D. VC-oneHka 10CTHIAeTCsT TOJBKO JIJIsT He-
Tereit m TOJIBKO P MaJIbix ) B TaHHOM 3KcriepuMenTe — nipu D < 10; mpu D nopsaka 20
OHA y2Ke IMPEBOCXOJIUT €IMHUILY.

§6.5 TouHas oueHKka A5t MOHOTOHHOI LENN anropuTMoB

Teopema 6.1. Ilycte A = {ag, a4, ...,ap} —MOHOTOHHAS IE1b AIrOpUTMOB, L > m + D,
m = n(ag, X), MeTO] 06YYEHHUs |1 SIBJISIETCS [eCCAMUCTHIHON MUHUMU3AIHEN IMITHDUIe-
ckoro pucka. Torga B ciaydae D > k

Q. = zk:PdHﬁ‘ld’"} (sale));  Fa= % d=0,....k
d=0 L
B ciaydae D < k
D—1
Q=Y PaH, 5™ (sa()) + PoHp™, (sp(e));
d=0
-1
pd:%, d=0,....,D—1; Pp= CéiD,

e Py = P[uX = aq) — BeposiHoCTS HOMYYnTE amroputy ag; sq4(€) = £(m+ d — ek).

HokazareabcTBo. [lepenymepyeM 0OBEKTHI TaKUM 00pa30M, 9TOOBI KarKJIbI U3 ajIro-
PUTMOB agq, d = 1,..., D momyckas ommbOKy Ha 00beKTax Iy, ..., Tq. OUeBUIHO, JIyUIInil
AJITOPUTM @y HE JIOIYCKAET OIMUOKY HU Ha OJIHOM U3 3TuX 00bekToB. Hymeparus octaib-
HBIX OOBEKTOB HE UMEET 3HAYCHUS, TAK KAK AJITOPUTMbI HE PA3/IMINMbI Ha, HUX.

JL1g HADJISITHOCTH TIPEJICTaBUM BBLIOOPKY X paszouToil Ha Tpu OJioKa:

Ty Ty T3 Tp P
dy=( 0, 0, 0, 0, 0,...,0, 1,...,1 );
a=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
dy=( 1, 1, 0, 0, 0,...,0, 1,...,1 );
is=( 1, 1, 1, 0, 0,...,0, 1,...,1 );
ip=( 1, 1, 1, ... 1, 0,...,0, 1,...,1 );

[Ipn paccMoTpeHUN ajarOpuTMa Gy BOSMOMKHBI TPHU CJIyUasd.
1. Eciu k < d, To aucyio ommbOK ajaropurMa ay Ha 00beKTax {ry, ..., Ty} IpeBbIlia-
eT JIJINHY KOHTPOJIbHO# BBIOOPKHU. HacTh ommboK o0s3aTe/IbHO OKasKeTcsl B 00ydarorieit
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OABLIOOPKE X, M METOJI, (4 BBIOEpeT JApyroil ajaroputM. B aTom cirydae
(WX=a4] = 0.

2. Ecm d = D < k, To MeTo1 (t BbIOEpeT HAMXY/IIUN aJrOpUTM B IENU ap TO-
[Jla U TOJIBKO TOTJIA, KOIjia Bee 00beKThI {Z1, ..., rp} OyIyT HAXOAUTHCS B KOHTPOJIHHOMN
noiBbIOOpKe X . B saToMm ciyuae

[:uX:ad] = [.771, ..., Tp € X]

3. Bo Bcex ocTaJIbHBIX CIydasx METOJI [t BBIOEPET aJrOPUTM dg, €CJIU TOJBKO BCE
0OBEKTHI {21, ..., Ty} OYIyT HAXOAUTHCH B KOHTPOJIBHOMN MOABBIOOPKE X, & 00BEKT Tg11 —
B oOy4arorieil moasbeioopke X . B atom ciydae

(WX =a4] = [2441 € X][21,...,14 € X].

Teneps moxkno nmpumenuts Teopemy 5.3.

Ecim D > k, To ajiropurMy ay COOTBETCTBYIOT CJIEyIONIAE 3HAYEHUSA apaMeTpPOB
(f1st yuporrenust 0003HAYEHHI BMECTO JIBOHBIX UHJIEKCOB L,, Oy/1eM HCIO/IBb30BATD O/H-
Hapuele Lg): Lg=L—d—1, lg=0—1, mg=m+d—d=m, s4(c) = %(m—i—d—ek‘).
Orcrona morydaeM yTBEpzKIeHIE TeOpeMbl i caydas D > k.

Ecim D < k, To aaropur™mam ag, . . .,ap_1 COOTBETCTBYIOT T€ K€ 3HAYCHUS ITapaMeT-
poB, uto u ipu D > k. Jljisg HAuXy/AIero ajropurMa ap OTJIAIAeTCsT TOJIBKO HapaMeTp
(p = (. Orciofia nojiydaeM yTBEP2KJIeHIe TeopeMbl Jjisd ciaydas D < k. [

3ameuanme 6.1. B xoje jjokazaTe/ibcTBa M0JIE3HO TPOBEPUTD, ITO BEPOSATHOCTH Py BbI-
YUCJIEHBI KOPPEKTHO W B cyMMe JatoT eauHuity. s cioydas D > k npoBepKa CBOIUTCS
K TPUMEHEHWIO M3BECTHOIO KOMOMHATOPHOTO TOYKJIECTBA!

D k D
SoR=Y a3 0= (OO =
d=0 d=0 d=Fk+ L

s ciiydag D < k To Ke caMoe TOXKJIECTBO MPUXOIUTCA IPUMEHUTD JIBAXK I, 3aMe-
THUB, 9TO Cﬁ_D = C’fj_lD_l 4+ C’f:

1
Pd = E(Ciil Cé —|— Ci D) = 1.
L

NE

T
o

BbiuncnutenbHblii akcnepumenT. [locTponM 3aBUCHMOCTH BEPOATHOCTU IIEPEOdyUe-
Hug (). OT TOYHOCTU £ U JUIMHBI nenu . 3a0JHO IPOBEPUM IOJIyUIEHHYIO (DOPMYIIY,
CPABHUB PE3YJIBTAT C IMIUPUIECKON OTEHKON Qg, BBIMUC/IEHHON Memodom Monwme-Kapao
mo N = 1000 ciyuaitabix pasduennii. ['pacdukn Ha puc. 6.4 mocrpoenst npu £ = k = 100
um = 20, To ecTb Korja Jgyqmuii aaroput™ gomyckaer 10% ommbok Ha moJHoit BLIGOpKe.
[TeccumucTuanas u pangoMusupoBannasgs MIP naror mouru oguHakoBbie OMeHKHT ().,
ONTUMUCTUIHAS — 3aMEeTHO 3aHUKEHHYIO OIEHKY, CM. JIeBblil rpaduk Ha puc. 6.4.
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6eposmHOCIIL nepeodyyenus 3ABLIUCHHOCTb (YHKYUOHALA PABHOMEPHOU CXOOUMOCHIU
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Puc. 6.4. CiyieBa: 3aBUCHMOCTD OIEHOK BEPOSITHOCTU TepeolydeHust (). OT €: TOU-
nag orenka n3 Teopewmbr 6.1 u UeTbIpe OIEHKHU, BhlaucaeHHBIC MeTooM MonTte-Kapiio
mo 1000 ciayvailupix pasbueHuii: Jijig MeCCUMUCTUTHONW, ONTUMUCTUIHON W PaHIOMU-
supoanHoii MOP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIMOHAY PaBHO-
MepHoit cxommmoctn Po. Cripasa: CTENeHDb 3aBbIICHHOCTH dyHKIIMOHAIA PABHOMEDHOIT
exomocta P / Q<. Bee rpadukn nocrpoenst mpu £ = k = 100, m = 20.

seposmnocmy nepeodyyenus, npu eps=0.0500501 8EPOSMHOCHL
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—— To4yHasi oueHka —— necc.MOP — paHg.MOP —— BepOSTHOCTb anroputva P(d)  —— BeposiTHOCTb nepeobyyeHus
—— paBHomepHas ~ —— onT.MOP —— Bknag d-ro anropumva B Qeps

Puc. 6.5. CieBa: 3aBUCUMOCTH BEPOATHOCTH I1epeolydeHus () OT YHCia aJrOpHUT-
MoB D. CropaBa: BepOSATHOCTD IMOJIYUIEHUsT KarKI0ro u3 aaroputmos Py = PluX=ay],
BKJIAJT KAXKJIOTO &JITOPUTMa B BEPOATHOCTH TIepeodyueHus (., 3HaueHue (; st IecCu-
muctuaaoit MOP 1o noaMuO)KeCTBy ajropur™Mos {ag, . .., a4} Kak MYHKIUS OT IUCIa
asropuTMoB d. Bee rpadukn nocrpoenst npu £ = k = 100, m = 20, ¢ = 0.05.

B skcriepuMenTe BbIMHCIsIIACh TaK:Ke IMIIMPUYIEcKas OlleHKa (DyHKIIMOHAJA PABHO-
MEPHON CXOAUMOCTH,

P. = Is[maxé(a,X) >

acA
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On «aBjsieTcsl 3aBBLIIMIEHHON BepXHEH OIEHKON BepodTHOCTH Tepeodyuenus, (). < P,
cM. crp. 27. IlpaBbiit rpaduk Ha puc. 6.4 MOKa3BIBAET, YTO 3Ta OIEHKA MOXKET ObITh 3a-
BBIINICHHON B COTHU Pa3.

JleBorit rpaduk Ha puc.6.5 TOKa3bIBAET, YTO ¢ POCTOM YHUCJA AJTOPUTMOB B MOHO-
TOHHOIT 11e1n (DYHKITMOHAJ PABHOMEPHON CXOMUMOCTH P, TIPOJI0JIZKAEeT BO3pACTaTh, TOT/IA
KaK BEPOSTHOCTD TepeolydeHus (). moce H—8 aJropuTMOB BBIXOUT HA TOPU30HTAILHYTO
acuMmirrory. Cornacuo Teopeme 3.1, oreHKa paBHOMEPHOW CXOJMMOCTH 3aBBINIEHA N3-38,
TOrO, UTO OHa He yunTbiBaer sddeKT paccioenus. [1osTomy Kpusyio P. (BepxHsisi KpHBasi
Ha JieBoM Tpaduke puc.6.5) MOXKHO paccMaTpUBaTh Kak OINEHKY BEPOATHOCTH Iepeody-
YeHUus JiA yenu 6e3 paccaoenus. TosbKo coBMecTHOE posiBicHue 3hMEKTOB paccioe-
HUsI U CBI3HOCTH TOHUZKAET BEPOSITHOCTD TIepeo0yIeHusT 0 MPUEeMJIEMO MAJIbIX 3HATEHUIA.
DTOT K€ BBIBOJL OBLIT CJIeJIaH BBIMIE B SKCIIEPUMEHTAX CO CJIYIaHBIMU TIETISIMA.

Braadom Q- (a) areopumma a B BEpOSITHOCTH 1epeodydenust (). OyjieM Ha3bIBaTh Cla-
raemoe IoJl, 3HAKOM CyMMBbI » . B obireit (hopmysie BepositHocTH TIepeobyuenus (5.8):

a€A
Qs - sz'uf)av]{f,{w7 av (Sav (5)) .
av
acAveV,
Q- (a)

Puc. 6.5 (crpaBa) OKa3bIBaET, 9TO CYIIECTBEHHBIE BKJIAJIbI B BEDOSTHOCTD II€PE0dy de-
HUsI BHOCSAT TOJIBKO AJITOPUTMbI HECKOJIBKUX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO

JJISE MOHOTOHHBIX IIelei, HO U JIJIsl MHOTHUX JIDYTUX CEMENCTB aJrOpuTMOB.

Pe3iome

MojiebHBIE CeMelicTBa aJrOPUTMOB 3a/[al0TCsI HEIOCPEJICTBEHHO MaTPUIIAMU OIH-
00K, a He peaJbHbIMUH BbIOOpKaMu. MoOHOTOHHAsI IIeNb AaJrOPUTMOB — 3TO IPOCTOE,
U B TO K€ BpeMs HeTPUBHUAJILHOE, MOJEJIbHOE CeMelCcTBO, 00JIa aolnee CBOMCTBAMI pac-
CAOEHUSA U CBAZHOCTNU.

MeTo 1 TOpOXKIAIONUX U 3AIIPEIIAIONINX MHOXKECTB JIAET TOYHYIO OICHKY BEPOATHO-
CTH TIepeobyIeHus JIJIsT MOHOTOHHOM TEIN aJrOPUTMOB

MonoToHHas Ielb aJropuTMOB IOYTH HE IepeodydaeTcs. JTOT (aKT CIYKUAT KOC-
BEHHBIM ODOCHOBAHUEM JIJIsl IIPOIEIYP OJIHOMEPHON ONTHUMHU3AINU, KOTOPbIE YACTO IIPH-
MEHAITCA B MallITUHHOM O6y‘{eHI/II/I JJI Bbl60pa O/THOI'O KPUTHUYCCKHU BazKHOI'O ITapaMeTpa
o orozerHoit Beibopke (hold-out model selection), Hampumep, KOHCTAHTBI PeTy/IspHU3a-
AN, TIAPWHBI OKHA, CIJIa’KUBAHUS, W T. I1.

B cnepytowein nekuuun Mbl BBEJEM TOHATHE TI'pada PacC/IOeHUsI—CBI3HOCTU CeMeli-
CTBa aJrOPUTMOB U MOy 9UM BEPXHIOIO OIEHKY BEPOSTHOCTH 11epeodyIeHns, IPUMEHUMY IO
K IIPOM3BOJILHBIM CeMeiicTBaM, KaK MOJIEJIbHBIM, TaK U peajbHbIM. B olIeM cirydae 910
MMEHHO BEepXHd OIEHKa, OJHAKO JIJIT MOHOTOHHBIX TleNeil 1 HEKOTOPHIX JIPYTUX MOJC/Tb-

HBIX CEMEHCTB aJrOpUTMOB OHA ABJAACTCA TOYHON.
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Ynpa>kHeHust

B ciepyomux ynpaxKHEeHUSIX TPEJIaraeTcs BbIBECTH TOYHYIO ONEHKY BEPOATHOCTU
nepeobydenust (). JJiT HEKOTOPOI'O MOJEIBLHOTO ceMeiicTBa ajiropuTMoB A, B KOTOpoMm Bce
BEKTOPBI OMIMOOK TorapHo pasndubl. [Ipesmnonaraercsa 4ro MeTo/1 00yUeHus [ sABJISAETCS

IIeCCUMUCTUYHOI MI/IHHMI/IS&HI/IQIZ OMIIMPUIECKOI'O pHUCKa.

Bamada 6.1 (1). MnuoxectBo A ects m-it cioit L-meproro OymeBa kKyba. Cocrout
n3 Bcex C]' aJropuTMoB, JIOIYCKAIOIINX POBHO 1M OMIMOOK Ha ITOJIHOW BBIOOPKE X.

Bamada 6.2 (2). Uurepsas panra m B L-meproMm Gysesom Kybe. 3agaéres pasbueHuem
BceX OOBbEKTOB Ha TPHU I'PYIIBL: My «BHYTPEHHUX» OOBHEKTOB, HA KOTOPBIX HU OJUH U3 aJl-
FOPUTMOB HE JIOITYCKAET OIMUOOK; 1M1 «IyMOBBIX» 00BEKTOB, HA KOTOPBIX BCE AJITOPUTMbI
JIOITYCKAIOT OIMUOKHU; U 1M <«IIOI'PAHUYHBIX» O00BEKTOB, Ha KOTOPBIX peanusyiorcsd Bce 2
BapUaHTOB JIONMYCTUTH OmMuOKU. Ipyrux o6bekToB Her: mgy + my +m = L.

Bamada 6.3 (1). IlommHO)KecTBO MHTepBasa paHra m B L-mepHOM GysieBoM Kybe, co-
CTOsIIIee U3 TeX U TOJIBKO Te€X aJrOPUTMOB, KOTOPBIE JIOIYCKAIOT POBHO ¢ OMMOOK Ha I10-
rpaHUYHbIX 00bekTax (t-ii csioit maTepBasa cocrout uz Cf aaropurMos).

Bamada 6.4 (1). ITogMmHOXKeCTBO MHTEpBaJa paHra m B L-MepHOM Gy/1eBoM Ky6e, coCTo-
sIee U3 TeX U TOJBKO TeX aJI'OPUTMOB, KOTOPBIE JIOIYCKAIOT He Oojiee t ommboK Ha I10-
IPAHUYHBIX 00bEKTax (t HUKHUX CJIOEB UHTepBaJia, C% + -+ Cfn a.HFOpI/ITMOB).

Bamaga 6.5 (1). A= {ap,a1,...,ap} — equHUYHAT OKPECTHOCTH JIy9UIErO AaJIrOPUT-
Ma ag. Comepzkur D aJropuTMOB € IIOIAPHO PA3IMYIHBIMUA BEKTOPAMHU ONIMOOK, KazKIbIi
U3 KOTOPBIX JIOIIYCKAeT Ha OJHY OMUOKY GOJIbINe, 9eM dq.

Bama4da 6.6 (3). A={ap,a1,...,ap,d},...,ap} — cuMmMerpudHas yHUMOJATbHAS [IE1Th
asropuT™MoB. Jlesas 6emen ag, ay, . ..,ap U NPa6as 6MEs ag, dl, . .., a, SBJISIOTCI MOHO-
TOHHBIME IEIsAMEI ¢ OOIIUM aJIFOPUTMOM (g, KOTOPBI HA3BIBACTCA AYHULUM 6 UEnU.

Bamagda 6.7 (4). A= {ap,a1,...,ap,a},...,da} — HecuMMeTpHUUIHAS YHUMOIATbHAS
nenb anaropur™os, D # D'. Jlesas eemev ag,aq,...,ap U NPa6as 6emev g, dy, .. .,an

ABJIAIOTCA MOHOTOHHBIMU ITEIIAMU C 06H_II/IM AYHUUM AJITOPUTMOM A .

Bama4da 6.8 (5%). BoimpsimiienHas 1ielib ¢ YPOBHEM OIMUOOK 1M — MHOYKECTBO BEKTOPOB
omuboK ag, ay, . ..,ap Takoe, 910 n(aq, X) = m + (d mod 2) u XIMMUHIOBO PACCTOSIHIE
plag,aq) = |d — d| s mobsix d,d =0,...,D.

Bagaua 6.9 (5%). Marpuia ommboK m-JuaroHajibHa, TO €CTh AJTOPUTM (g JOIYCKAET
OMMMOKM Ha O0BEKTAX Tgiq, - - -, Latm, d =10,...,D.

Bamaga 6.10 (10*). IIpomsBosibHAas IENb AJITOPUTMOB.
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NpakTnkym

B npakTnaeckoMm 3a1aHIn Mpe/ytaraeTcs peaan3oBarh Aaroputm 6.2 1 HCIo/Ib30BaTh

ero JJid IIPOBEPKN TEOPETUYICCKUX OICHOK M MCCJIeJOBaHMsA HOBBLIX CEMENCTB.

Bamada 6.11 (5). Hanucarh nporpaMmy, mo3BOJISIFOIILYTO:

reHepHpOBATh MOJIebHbIe cemeiicTBa asroputmoB A = {aq,...,ap} B Buje OGuHap-
HOIT MaTpuIpl ommMboK pasmepa L X D (B MarTpurie ommboK He JIOJKHO ObITH OJI¥-
HAKOBBIX BEKTOPOB OIMMOOK ); JIETKO 3aMEHSTh T€HEPATOPDI JAHHBIX;

BBIYTUC/IATH TOYHBLIEC BEPXHHE M HHUXKHUE OICHKN BEePOATHOCTU Hep€O6y‘{eHI/IH, eCcJin
COOTBETCTBYIOIIIUE (bOpMYJIbI HU3BECTHDI;

BBIYUC/IATH IMIUPUIECKHE OIEHKU BEPOATHOCTU Iepeolydenusi Metojom MomnTte-
Kapso, 1.e. mo ciayvaitnomy mogamuoxkectBy u3 N pasbuennit (X X ); Tpebyercst
BBIYUC/ISATh TPHU OIEHKU, COOTBETCTBYIOIIME TPEM CTpATErHaM BbIOOpaA aJrOPUTMA
B cJIydadxX HEOTHO3HATHOIO MUHUMYMa, SMIUPUIECKOTO PUCKA!

— BepXHsAS ONeHKa (. JIJTA TECCUMUCTIIHOTO [hyec (Xy/Tmmit U3 Ty g ) ;

— HUKHSS OIIEHKA @6 JUTSL OIITUMUCTUIHOTO [lopy (JIYUIIUI U3 JTy 9IITHX );

— CpeJTHss OleHKa (. [T PAHIOMUSUPOBAHHOTO [lpay (CIIyTIalHDIN U3 JIyIIIHX);

CTPOUTDH TpadUKM, OTKJIJbIBAS 110 OCH X YHCJIO HEPBbIX d ajropurMos (b0, Kak
BapUaHT, HOMEp CJIOs M), 10 OCH Y :

— SMIHUPHUYECKHe OIeHKH (., Q Q- VISt TIOIMHOKECTBA A(d) =A{aq,...,aq};

— TouHbIe 3HAUEHNS ()., Q QE qutst opmuozkectBa A(d) (ecom n3BecTHBI);

ecsm 10 0cu X OTKJIQJIBIBACTCA 11, TO 110 OCH Y JIOTIOJTHUTEIHHO OTKJIAIbIBAT:

— YHCJI0 aJTOPUTMOB B 11-M CJIOE;

— J10J11 pa3bueHnit, Ha KOTOPBIX N(fyec X, X) = m;

m
— JI0J1s1 pa3bueHuii, Ha KOTOPBIX N flonr X, X) = m;

crpouTh rpaduKu, B KOTOPBIX MO OCH Y OTKJI&JIbIBAIOTCS TOYHBIE (€CIIM MU3BECTHDI )
1 SMIIPUUCCKHE 3HAUeHns (., Q Qa, o ocu X:

— YUCJI0 ONMUOOK JIYUIIEro aJrOpUuTMa 1m;

— nyinHa 00y deHus ¢, pu OJTHOBPEMEHHOM pPOCTe JIJIMHBI KOHTpOoss { = k;

— JunHa o0y4eHus ¢ npu (PUKCUPOBAHHON JI/IMHE KOHTPOJIA k)

— JUTHHA KOHTPOJI k 1pu (DUKCUPOBAHHOM JijTiHEe 00ydeHus £.

Crenyromas cepust 3ajad HANpaB/IeHa Ha SKCIEPUMEHTATLHYIO IPOBEPKY OIeHOK

U HMCCIIeI0BaHIe 3aBUCHMOCTel (., Q Q6 OT TTapaMeTpPOB MOJIETLHOTO CeMelCTRA.

Bamada 6.12 (3). MonoroHHas 1enovuka ¢ mapaMerpamu m u D.

Bamada 6.13 (3). YuumojasibHag 1eMouKa ¢ napamerpamu m u D.

Bamada 6.14 (3). Eaunudnas OKpeCcTHOCTH ¢ mapamerpamu m u D.
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Bamagda 6.15 (8). Unrepsas OyieBa Kyba ¢ mapaMeTpaMu 1My, mq, M.

Cretyromuit SKCIIepUMEHT HallpaB/IeH Ha IPOBEPKY I'MIIOTE3bI, YTO MOHOTOHHAIA Ile-
[OYKA U IerovKa CIyIailHbIX HHBepCHil |71] BemyT cebs NpakTuIecKu OJuHAKOBO ¢ TOUKH

3peHus 1epeodyIeHusl.

Bagaua 6.16 (3). CpaBHuTb, IpeJICTABUB HA OHOM I'paduKe, TOUHbIE 3HAUCHUST (. J1JIsT
MOHOTOHHO# TEIOYKHU, UX IMIIMPUIECKAE OIEHKU U SMIMPUIECKUE ONEHKU (). JJIs Tie-
MMOYKK CJIYyIaflHbIX WHBEPCHUIl TP OJMHAKOBBIX m. Kak MeHdroTcs pa3andns Mexay (-

MOHOTOHHO TMEMOYKN U TEIMOYKN CJIyIaifHbIX mHBepcuii ¢ pocroMm £ u m?
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7 OueHkun paccnoeHUss—CBSA3HOCTU

IlepBble oneHKN BepodgTHOCTU IepeoOyueHns Jjisd IPOU3BOILHOIO MHOXKECTBaA aJro-
PUTMOB A, yYUTBIBAaBIINE PACCIOCHHE U CBA3HOCTD, Oblin nostydensl B 2009 romy nezaBu-
cumo [1. Kouegpikoseim u U. Permmernsaxom. B |72] 6bu1a npe/ioxkena omeHKa, OCHOBAHHAST
Ha PEKYPPEHTHOM BBIMUCICHUH HOPOZKIAIONMX U 3alIPEIAIONINX MHOXKECTB IIPH I0OYe-
péIHOM J100aBIeHNH aaropuT™MoB B A. Eé mokasaTesbeTBO OBLIO TOBOJIBLHO IPOMO3IKIM;
KpOMe TOro, TpeboBasock, 4ToObl B A cylecTBoBaj KOPPEKTHBII aJIrOPUTM, He JIOIyCKa-
oIl OIMMOOK Ha reHepaJsibHOI BbIOOPKe. [To3xke onenka Oblia yirydineHa, orpaHudeHne
KOPPEKTHOCTHU CHATO, U HaiiJIeHO IIPOCTOE JI0KA3aTeIbCTBO, KOTOPOEe IPUBOJANTCA HUZKE.

§7.1 [pad paccnoeHns—cBsi3HOCTU

Hamomuum ocHOBHBIE 0003HAYECHUS:

X ={x1,...,2,} — KOHEUIHOE MHOKECTBO OOBEKTOB;

A — MHOXKECTBO aJIrOPUTMOB;

I(a,x) — napukarop omubku aaropurma a € A Ha obbekre r € X;

n(a, X) — aucsio omubox anroputma a #Ha Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEK/Iy BEKTOPAMHU OMMOOK aIropuT™MoB a u b;
A, ={a € A: n(a,X) = m} —m-t caoti muoxkecTBa A.

Bynem nostarath, 910 Bce BEKTODPBI OMIMOOK 4 = (I (a,xi))le, [OPOKJIa€MbIE AJIIO-
put™mamu a u3 A, monapHo paziandibl. Ecu 31o He Tak, TO aJropuTMbl, COOTBETCTBYIOIIIE
JIyOJIMPYIONINM BEKTOPAM OIMMOOK, UCKJIIOUNM U3 MHOXKeCTBa A.

Bgeném na A ecrecTBeHHOE OTHOIIEHHE MTOPsiIKA: ¢ < b TOTIa U TOJIBKO TOI/Ia, KOT/Ia
I(a,z) < I(b,x) na Becex x € X. Oupenenum a < b ecim a < b u a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 9to a npedwecmeyem b
u 3amuceBarh a < b. OueBnano, 1ro n(a, X) + 1 = n(b, X).

Onpenenenune 7.1. ['pagom paccroerus—ceasHoCmu MHOMKECTBA aJIrOPATMOB A Oyrem
HasbIBaTh HanpasJeHHbli rpag (A, E) ¢ maoxkecTBOM pébep E = {(a, b): a < b}.

['pad paccioeHusI—CBI3HOCTU SIBJISIETCST MHOI'OJOJBHBIM, JTOJIM COOTBETCTBYIOT CJIO-
M A, pEOpaMu MOTYT COEIUHSITHCST TOJIBKO aJTOPUTMBI COCEJTHUX CJIOEB.

Kazxtomy pebpy a < b rpada pacc/ioeHusi—CBI3HOCTU COOTBETCTBYET OJUH M TOJILKO
OJIMH O0BEKT Ty € X, Takoil, uro [(a, xq,) = 0 u 1(b, x4) = 1.

IIpumep 7.1. Ha puc. 7.1 nokazan rpad paccioeHusCBA3HOCTH, TTOPOKIAEMbBII ceMeii-
CTBOM JIMHEHHBIX aJTOPUTMOB Kjaaccudukaiuu Ha BbiOOpke bl L = 10. Havaabubrit
¢dparMeHT ero MaTpHUIlbl OMMUOOK IMPUBOIUICA Ha puc. 1.2, crp. 8. Bribopka jmHeitHo pas-
JieJINMa, TI09TOMY B rpade nmMeeTcs HyJIeBOI CJI0N, COCTOANINN U3 €IMHCTBEHHON BEPIIIIHDI,
COOTBETCTBYIOIEH Hy/IeBOMY BeKTOPY oimubok. [lepBoiit ciioit obOpasyercs H ajropurMamu

C OJIHO¥ OMMOKO#t, BTOPOIl /IO — 8 aJI'OPUTMAMU C JIByMsI OIMUOKAMM, U T. .

B Tunmunom ciaydae rpad paccioenus—CBA3HOCTH n30MopdeH rpady TPaH3UTUBHOM
PEeyKITUU OTHOIIEHUST TOpsIKa <, Ha3bIBAEMOMY Takxke duazpammoti Xdcce. Oriuine
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Puc. 7.1. llpumep rpacda pacciioeHus—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBLHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kiaccudukanuu Ha BbIOOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kjacca (BBepXy
crpasa). [lepsbiii cioit o6pasyercst 5 ajaropurMamu ¢ OJHOl omubKkoii (BHU3Y ciieBa),

BTODOIt €J10#i — 8 ajropurMamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B TOM, 4TO B rpade (A, ) pébpamu COeJIUHSAIOTCS TOJBKO AJTOPUTMBI, OTINIAIONTHECS
Ha OJIHOM OOBbEKTe, TOIJIa KaK B JiarpaMMe Xacce péOpaMu COEJMHSIIOTCA TaKxKe U ajl-
TOPUTMBI a, b, oTyimgatonuecs 6ojiee 4eM Ha OJIHOM O0bEKTe, €CJIU He CYIIECTBYET TaKOTO
c € A aro a < ¢ < b. B obmem ciaydae rpad paccioeHUSI—CBI3HOCTH SABJISETCS I0/I-
rpadoM JuarpaMMbl Xacce eCTeCTBEHHOINO OTHOIIEHNS MTOPSAIKa Ha MHOYKECTBE OMHAPHBIX
BEKTOPOB OIINOOK BCEX AJITOPUTMOB cemeiicTBa A.

§7.2 OueHku paccnoeHnsi—CBSA3HOCTU

OcnabneHne metoga nopoxkaatowmx 1M 3anpeLaromx MHoxecTB. HamomuanM, 910
JUUTS TIOJTYY€HUsT TOYHBIX OTIEHOK 0000IIAOIIEeN CTIOCOOHOCTH MBI 3ITMCHIBAIN HEOOXOIMMOe
u jocrarogroe yciaosue (5.5) Toro, 4To aaroput™m a € A BbIAETCS METOJIOM [t B PE3Y/Ib-
Tate obyuenns 1o Bobopke X € [X]%:

nX=a] = 3" 6 [Xeo C X] [X, € X].

veVy
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Ociabum 310 ycjioBue.

Bo-niepBbix, orpanndanMcst HeOOXOIUMBIM YCJIOBUEM, YTO PABHOCUJILHO 3aMeHe paBeH-
CTBa OLEHKOW CBEpXY.

Bo-BTOpBIX, 4TOOBI yIIPOCTUTD OIEHKH, JIJIs KaXKJIOT'0 aJI'OPUTMa Oy/IeM UCKATh TOJIb-
KO OJIHY IIapy U3 HMOPOXKJAIONIEr0 U 3allpelialoniero MHOXKeCTBa, U 1oJaraTh Cqy = 1.

I'unoresa 7.1. Ilycrs MHOMKECTBO A, BBIOODKA X H METOJ i TAKOBBI, ITO JIJIST KAXKJ[OT'0
ajropurmMa a € A MOXKHO yKazaTh nopooicdarowee MHOKecTBO X, C X I 3anpewarowiee
mvuoxkectBo X! C X, y/10B/I€TBOPSIONTHE YCTOBUIM

[1X=a] < [X, C X][X, CX], VX e[X" (7.1)

Ecau runoresa 7.1 BepHa, TO clipaBe//INBa BEpPXHsisl OIEHKA, aHAJOIMIHAA TOIHOI
onerke u3 Teopembr 5.3 (J0Ka3aT€IHCTBO TPUBUAJILHO BOCIIPOM3BOUTCS AL 38 IArOM):

_ . _ O
Q-< Q.= PH"™ (s4(2)); Pu= R (7.2)
acA L
La::-L'_|)QJ'_|A$h
by =0 — | X,l;

mg = n(a, X\ X\ X));

sa(e) = £(n(a,X) — ek) — n(a, X,).

Besmuwnna P, sBiisiercss BepxHeil orenkoit Bepositaoctu P, = P[uX = a] noxyuurs

aJropuT™ @ B pedysabrare odydenus. [lockonbky > P, =1 u P, > P,, Beqmuuna » , P,
acA acA
CKOpee BCero, okazkercs Oosibieii ejaunuipl. OHa Oyaer NpuOIM3UTEIHHO paBHa CTEIeHN

3aBBIINIEHHOCTU OIEHKHU BEPOSITHOCTH ITepeodyIeHnst (). .

BepxHsas oueHka BeposaTHOCTU nepeobyyeHus. st KaxKjioro aaroputMa a € A orpe-
JICJTM JIB& MHOXKECTBa 00BEKTOB: X, — MHOXKECTBO OOBEKTOB X 45, COOTBETCTBYIOIIUX BCE-
BO3MOXKHBIM pébpam rpada (a,b) € E, ucxonsmmm u3 a:

X, = {xab eX:a< b}, (7.3)

u X — MHOXKeCTBO 00BbEKTOB & € X, TaKNX, ITO ¢ ONHOAETCS HA T U CYNIECTBYET JIy it
ajroput™ b < a, KOTOPBIi He ormmbaeTcs Ha X:

X, ={z€X:b<c<a}. (7.4)

Jlemma 7.1. FEcim p — MeTos; HeCCHMUCTHIHOH MHUHUMH3AIAA SMIHPHIECKOIO DHCKA,
ro muoxkecrBa X, (7.3) u X! (7.4) ABssiorcss, cCOOTBETCTBEHHO, ITOPOXK TAIOIIHM U 3aIIDE-
MarOIIIM JIJIS aJlOPHTMAa @ B cMbIcje I'umore3pr 7.1.

HokazarenbcTBo. Jlokaxkem or mporuBHOro, uro ecin puX = a, 1o X, C X u X! C X.
Homycrum, aro Haiinéres xq, € X,, He nexamuit B X. Torma n(a, X) = n(b, X),
ITOCKOJILKY BEKTOPBI OIMHUOOK @ U b OTJIMIAIOTCA TOJBLKO Ha 00BEKTE Xy, B TO 2Ke Bpems,
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n(a,X) + 1 = n(b,X), mosTomy i1 METONA (i, B CUIYy €r0 HECCHMUCTHIHOCTH, BBIOOD
ajropurma b 11o Beioopke X OyIeT mpearouTuTeIbHee, 9eM @, 9TO IPOTHBOPEUHUT YCIOBUIO
uX = a. 3naqunt, X, C X.

Homyctim teneps, aro maiinéres x € X!, nexammuit B X. Torma cymectyer b € A,
st koroporo n(b, X) < n(a, X). Tlockosbky MeTOH (1 MUHUMHU3UPYET SMIUPUIECKUI
PHUCK, BBIOOD ajropuT™a b OyJeT NpeouTuTe/ IbHee, YeM @, YTO POTUBOPEYHUT yCJIOBHUIO
puX = a. 3naunt, X! C X.

Jlemma J1oKa3aHa. [

Ounpenesienne 7.2. Beprnet ceaznocmuio q(a) (upper connectivity) amropurma a € A
OyJ1eM Ha3bIBATH 9HCJIO PEOED rpaca, UCXOJANIUX U3 BEPIIHHBI O

q(a) = |X,| = #{zw € X: a < b}.

Onpenenenne 7.3. Huowchel ceasnocmoro d(a) (lower connectivity) aiaropurva a € A
OyJIeM Ha3bIBATH YHCJIO PEOED rpaca, BXOJSIINX B BEPIIHHY O

d(a) = |D,| = #{ap. € X: b < a}.

Cesasnoctb ¢(a) (wm d(a)) ectb peanusyemoe ceMeiicTBOM A 9UCIO CrIOCOGOB H3Me-
HUTBH aJIFOPUTM @ TaK, 9TOObI OH CTas JieJaTh HA OJHY ONMOKY GoJiblie (UM MEHbIIE).
CB#3HOCTb MOYKHO MHTEPIPETUPOBATH KaK IHUCJIO CTereHeil cBobobl cemefictBa A B J10-
KaJIbHOI OKPECTHOCTH aJroputMma a € A.

Onpenenenne 7.4. Heonmumanvrocmuvio r(a) (inferiority) amropurma a € A 6ymem
Ha3bIBATH IHCJIO OOBEKTOB T € X, Ha KOTOPBIX aJTOPHTM G OIIHOAETCSI, IPH TOM, UTO

cymectByer ajropurm b € A, sryummii, yem a (To ectb b < a), He ommbaronuiicst Ha T:
r(a) = |X}| = #{zp. € X: b < c < a}.

B repmmnax rpada pacciaoeHus—CBA3HOCTH 1(a) €CTh YHCIIO0 PA3JIMIHbIX 0ObEKTOB
Tpe, COOTBETCTBYIOIIMX BCEBO3MOXKHBIM péGpaM (b, ¢) Ha MyTdAX, BEJLyIIUX K BEPIIUHE a.

CupaseminBo Hepasenctso d(a) < r(a) < n(a, X).

Pagencrso r(a) = d(a) qocruraercst Ha BCceX aaropuTMax JABYX CAMBIX HIZKHUX CJIOEB.

Pagencrso 7(a) = n(a, X) mocruraercst B cydae, Korja CymecTByeT KOPPEKTHbIH ajl-
roput™m ag € A: n(ag, X) = 0.

Teopema 7.2 (ormeHKa pacciioeHusi—CBSI3HOCTH). [IycTh 1 — MeToj HecCUMHUCTHY-
HOH MHHHUMH3AIIHH SMIIHPAIECKOrO PHCKA, BEKTOPBI OIMMUOOK BCeX ajropuTMoB u3 A mo-
IapHO pa3/mdHbl. 1or/1a HMEeT MECTO BEPXHSIST OIEHKa BEPOSITHOCTH IEPeodyIeHUs:

CLlr pyrgmer
Qe X) <Y =5 Hy 0 (£(m = <k)), (7.5)
acA L

e q = q(a) — BepxHsist cBsi3HOCTH, T = 1(a) — HeonTUMaIbHOCTH, M = n(a, X) — 4mcso
OIIMOOK aJrOPHTMA G Ha TeHepaJIbHOH BBIOOPKE.
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HokazareabcTBo. [laHHas OIEHKa CJIelyeT HEloCpeICTBEeHHO u3 obieii orenku (7.2)
u Jlemmbr 7.1, ecin 3aMeTUTh, 9TO MPOU3BOJIBHBIN ajaroput™ a € A ommubaercss Ha BCex
00bEeKTaX 3aIPEeIaioNero MHoKecTBa X, 1 He omubaeTcs Ha BCeX 00BEKTax MOPOKIAi0-
mero muoxkectBa X0 | X,| = q(a), n(a, X,) =0, |X!| =n(a,X])=r(a). ]

PaCCMOTpI/IM HEKOTOPbIE CBOIICTBA OIEHKHN PaCCJIOCHUA—CBASHOCTHU.

1. Braromapsi KOMOMHATOPHOMY COMHOXKHUTEJTIO Ci_—?}—r /C% BKJ1aJ] KasK10r0 aaropuT-
Ma G B OIEHKY Qe SKCIIOHCHIINAJILHO y6bIBaeT C POCTOM HEOIITUMAJIBHOCTH 7" 1 CBA3HO-
ctu q. OTcrofa CIeIyioT JiBa BayKHBIX JIJIsT TIPAKTUKKA BBIBOA. BO-TIEPBBIX, CBSI3HBIE Ce-
MelicTBa MeHee IMOJIBEPXKEHbI MepeoOydeHnio. Bo-BTOPBIX, TOJIBKO HUXKHUE CJIOU BHOCAT
CYIIIECTBEHHBIN BKJIaJ| B IlepeoOydenue. Biarojaps rnocjiemsHeMy oOCTOATENIbCTBY CTaHO-
BUTCS BO3MOXKHBIM 3P DeKTUBHOE TPUOJIMKEHHOE BBITUCICHIE QE 110 CJIOAM CHU3Y BBEpPX.

2. Ecnm nmpenebpedb pacc/ioeHUEM U CBA3HOCTBIO, MOJIOKUB 7 = ¢ = () 71 KazKJI0ro
a € A B dopmyre (7.5), o nomyuanrcs sydrras uz VC-onenok (3.4):

Q-(1,X) <Y H™ (£(m —ek)) .

acA

3. Omnenka paccIoeHns CBA3HOCTH fABJIAeTCA JocTHKIMOi. Hepasencrso Q. < Q.
HEepeXoJIUT B PABEHCTBO, Korja ycjosue (7.1) sBigercs paBencTsoMm. lpyrumu ciioBa-
MH, Korjia ycsaosue [ X = a], BbIpazKeHHOE C ITOMOIIBIO €IMHCTBEHHON HAapbl MHOXKECTB
(X4, X)) nst moboro anroputma a € A, sIBIsIeTCS He TOJIBKO HEOOXOMMBIM, HO U J0CTa-
TOYHBIM. DTO TaK, B YACTHOCTH, JIJIsl MOHOTOHHOI TieTn ajaropuT™oB (cTp. 56) u eé MHOrO-
MepHOro 0000ITEeHNsT — MOHOTOHHOI CeTH aJI'OPUTMOB, KOTOpas Oy/IeT pacCMOTPEHa, HUKE.

4. OrneHKa pPacc/I0eHUsi-CBI3HOCTU TPUHUMAET OCOOEHHO IMPOCTON BUJI, KOIJa B Ce-
MeiicTBe A CyIecTByeT KOPPEKTHBIN aaroput™ ag: n(ag, X) = 0. Takue cemeiicra Oynem
Ha3bIBAThb KOPPEKMHBLMU OTHOCUTEIHLHO BHIOOPKHU X.

Teopema 7.3. FEcim p— MeTos MeCCAMUCTHIHON MUHUMHU3AIHA IMITHPUIECCKOTO DUCKA
1 ceMeiicTBO A KOPpPEKTHO, TO

oF
Q-(1,X) <) LC_—qf_m [m > ek], (7.6)

acA
e ¢ = q(a), m = n(a,X).

HokazaTenabcTBo. Eciim B A cymecTByeT KOPPEKTHBIN aJrOPUTM (g, TO HEOIITHMA/Ib-
HOCTB J1I000ro asropur™a a € A paBHa unciay ero ommbok, r(a) = n(a,X). ITosromy

B (7.5) moxuo mojcrasuth m — r = 0. Torga, cormacuo Jlemme 5.7 (cTp.48), runepreo-
a0 (£(m —¢ck)) = [m > ek]. Orciona

BBITEKACT YTBEPXKICHUE TEOPEMBI. |

MeTpUIeCKOe paclpeiesieHue BbIpoxKaaercs: Hy o-

§7.3 Tlpocdunnb paccnoeHNss—CBA3HOCTHU

B psne caygaes obmias onerka (7.5) npuBoguTes K 6oJiee yI00HOMY BHLY.
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Onpenenenue 7.5. [Ipopurem paccroenus—cea3zHocmu MHOXKECTBA aJrOPUTMOB A Ha-
3BIBAETCSI  MATPHILA (Amq) pasmepa (L+1)x(L+1), rge A,,, — 9uc10 aaropurMoB
B M-M CJIOE CO CBSI3HOCTDHIO (:

JAWE Z[n(a,X) =m][q(a) = q].

acA

Teopema 7.4. Ilyctp rpach paccioeHUs-CBI3HOCTH HMEET HCTOK — €JHHCTBEHHBIH aJI-
TOPUTM (g, OT KOTOPOIO MOXKHO JI0OpaThCs 110 pébpam 10 JIIoOOTo JPYroro aJropurMa
 mg = n(ag, X). Tora cripaBeynBa BepXHsIsi OIEHKA BEPOSITHOCTH 11€PE00Y ICHUST

L L
C m-+mo mo
Q=< ZAqu"O—ﬁHi “ I (£ = k). (7.7)

m=mo q=0

HokazaTeabcTBO. Bo3bmém mpousBosibHbIl ajaroput™ a € A. B cuny eauncTBerHOCTH
HCTOKa BCEe 3allperiaone 00beKThl n3 X, Haxoudaresd na pédbpax rpada, CoCTaBIISIONIX
BCEBO3MOKHBIE TIYTU MeKJy BepITMHAMU ag U a. [IocKoIbKy Bce 3TH myTH MMeT 00-
Iee HAvaJo ag ¥ OOIIHiT KOHEI| a, 9NCJI0 00BeKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) —mg. C 1pyroii cTOpoHbI, OHO 2Ke paBHO 7'(a). 3HATWT,

f q(a)

Z Z o Q(a m+m0 Hi q(((jz)iZSerg (%(m—ek)).

m=mg a€Am

HeperyHHI/IpOBaB CJlara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIpEJC/ICHUEM HpO(bI/IJIH pacCJIOEHUA—
CBA3HOCTHU, IIOJIYIUM YTBEP2KACHUEC TCOPEMDI. |

Teopema 7.5. IlycTp BepHBI IIPEAIIOIOMKEHNST MPEIBLIYINEH TeOPEeMbl U UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mg = n(ag, X) = 0. Torga crpaBeymmBa BepXHsIsI OIIEHKA
BEPOSITHOCTH 1TePe00y IeHI T

- CL ~L—g—m

:( q:

HokazarenbcTBo. B onenky (7.7) mogacrasum mg = 0. ['unepreomerpudaeckoe pacipejie-
JIeHWe BBIPOXKIaercs coraacHo Jlemme 5.7, oTkyna u mosydaem orenky (7.8). ]

CyIHeCTBOBaHI/Ie HNCTOKa — JOBOJIbHO CHJIbHOE IIPEIIIOJIOZKEHNEe, 1N B OOJILIITNHCTBE
HPaKTUIECKUX CI/ITyaHI/If/'I OHO H€ BBIIIOJIHACTCA. HpeﬂHOJIO}KeHI/IQ KOPPEKTHOCTU eLue CHJIb-
Hee, ITOCKOJIbKY BBOJAUTCA JOIIOJIHUTEJIbHOE Tpe6OBaHI/Ie, 4TOOBI UCTOK OBLI KOPPEKTHBIM

asropuT™oM, mgy = n(ag, X) = 0.

NmnoTte3a o cenapabenbHocTu npodcduna paccnoeHusi—ceasHoctu. Ha puc. 7.2 1no-
Ka3aHbl TpadUKH 3aBHCHMOCTH Apg OT M ¥ ¢, JJI MHOXKECTBA JIHHEHHBIX aJIrOPUTMOB
KJIacCUpUKAIUN U JIMHEHHO Pas3Jie/IMMbIX JIByMEPHBIX BBIOOPOK Jiinubl L = 20, 50, 100.
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mq A

mq

20 50

Puc. 7.2. IIpoduiu paccioeHnsi—CBI3HOCTH JJIsi IBYMEPHBIX BBIOOPOK JiyinHbl L = 20,
50, 100, 200. IIpodunae A,,; —3TO KOJUIECTBO aJITOPUTMOB C UHCIOM OIIHOOK m
Ha T'eHePaJIbHOM BBIOOPKE U CBA3HOCTBIO (.

Buano, 9To npoduib CBA3HOCTH KOHIIEHTPUPYETCA B TOYKE ¢ = 2, YTO COBIAJIACT
¢ pa3MepHOCTHIO mpocTparcTBa. C yBeTmdeHneM JIJIMHBI BBIOOPKHU JIOMIHUPOBAHIE JTAHHOMN
KOMITOHEHTBI ITPOMUIIsT TOJTHKO YCUIUBACTCH.

[nsas vHa rpaduKu, MOXKHO BBIABUHYTH T'HIIOTE3Y, YTO HPOMUIL PACCIOCHUI—CBI3-
HOCTH A, AABJIAETCH C BBICOKOI TOUYHOCTBIO CENnapabesvHvim:

Amg S AmAg,

rae A, —xodddunuenT pasHoobpaszusa m-ro Caod, A, — JOJId aJITOPUTMOB, MMEIOITIX

cBs13HOCTH ¢. OYeBUIHO, BBITIOJHSIETCS YCJIOBHE HOPMUPOBKU Ag + - - - + A\, = 1.

L

L
Bekrop (A,,) IpeJIIaraeTcst HasbIBaTh NPofiuaem paccaoenus, a BEKTop (Ag) =g —

m=0

npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.
JlokazaTeIbCTBO THIIOTE3BI certapabesIbHOCTH MTOKa OCTAETCsS OTKPBITOI IIPOOJIeMOii.

ngI‘{I/ICJII/ITeﬂbeIe 9KCIIEPUMEHTDI BLIIIOJIHEHDbI Nieéit Pemmernsikom.
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Pe3iome

MeTo TOPOXKTAIONNX W 3AIIPENTAIONINX MHOYKECTB CYIIECTBEHHO YIIPOIAETCs, eCIIH
JUTA KazKJIOTO aJFOPUTMA 3aIMCaTh JIUIIb HEOOXO/IUMbIe YCJIOBUS TOTO, YTO OH OyJEeT I0-
JlydeH B pe3dyJibrare ooyuenus. [Ipu 3ToM BMECTO TOUHBIX OIEHOK BEPOSTHOCTH I1E€PE0Dy-
YeHus MoJIyvaioTcs BepxHue orenkn. Ouu cymectBenno tounee VC-OIEHOK, MTOCKOIbKY
YUUTBIBAIOT CTPYKTYPY I'pada paccioennsd—cBa3HoCcTH. BK1a1 ajropurMa B BEPOATHOCTH
repeoOyvenns yObIBaeT SKCIIOHEHITNAIBHO C POCTOM CBI3HOCTH W HOMEDPA CJI0s, B KOTOPOM
Haxojures aaropurMm. Orciosia ciielyer, 9To CBA3HbIE ceMeficTBa MeHee CKJIOHHBI K Iepe-
00ydeHnto, a Jijisl NPUOJUKEHHOTO BBIMUC/IEHUsT BEPOATHOCTU 11epeolyYeH s, BO3MOXKHO,

6y,ZLeT J0CTaTOYHO B34ATbh aJI'OPUTMbI U3 HECKOJIbKUX HHU2KHUX CJIOEB.

B cnepylouiein nekuuMu Mbl IPUMEHUM OIEHKY PACCIOCHUSI-CBI3HOCTUH K CEMEHCTBY
KOH'BIOHKTUBHBIX JIOTUYECKUX TPABUJ HAJ[ BEIIECTBEHHBIMHU NTPU3HAKAMN, KOTOPBIE IH-

POKO UCIIOJIb3YIOTCA B JIOTUYECKUX aJI'OPpUTMax KJIaCCI/I(bI/IKaIII/II/I.

Ynpa>xHeHus

Bamauda 7.1 (3*). Kakue orpanuuenus HeoOX0MMO HAJIOKUTH HA ceMeiicTBO A, 4To0bI
yesosue (7.1) ObLIO HE TOJIBKO HEOOXOIUMBIM, HO U JIOCTATOYHBIM, CJI6JI0BATEIHHO, OIIEHKA
paccyioerns—cBst3HocTn (7.5) obparanack Obl B paBeHCTBO? Bo3mozkHO s cchopmymmpo-
BaTh 9TH OTPAHUYIEHUS B TEPMUHAX Tpada pacCcIOeHUsI—CBI3HOCTH !

Bamada 7.2 (10*). O6ocHoBaTh runoTesy cenapabesbHOCTH JJisl JIHHEHHBIX aJIropuT-
MOB KJIACCU(PUKAIIIN.
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8 KOHBIOHKTUBHbIE JlIOrn4yeckune 3dKOHOMEPHOCTWN

Mpbr o6pasinch, HAKOHEIT, /IO TEPBOr0 MPAKTUIECKOTO NMPUMEHEHNsT KOMOMHATOPHOMN
TEOPHUH IepeodydeHns. A IMEHHO, OIIeHKH PaCcCI0€HUsI—CBA3HOCTU OYIYT MPUMEHEHDI JIJIs1
VILYUIIEHUS A02UMECKUL MEMODOE KAACCUPUKAUUU.

§8.1 Jlornuyeckne metoabl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanun. Jlomyctm, 910 KaxKjoMy 00beKTy x; € X co-
OTBETCTBYET NPasusbHuili omeem y; € Y, riae Y — KOHEIHOEe MHOYKECTBO UMEH KJIACCOB.
OO0BeKTHl onuchBaIOTCA HAOOPOM 1 IUCIOBBIX npushakos fi: X — R, j=1,...,n.

Jlornaeckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, ITOCTPOCHUH KOMITO3UIINH HHMOP-

MATHUBHBIX, XOPOIIO UHTEPIPETUPYEMBIX JOI'MTYCCKIX 3aKOHOMEPHOCTEI.

Norunyeckue npasuna n TpebosaHne nHtepnpetupyemocTu. Ipeduramom Gyjuem Ha-
3BIBATH MTPOM3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecom r(x) = 1, 1o Gyzem roso-
PUTH, YTO HPEUKAT 6bi0eAAen OOHEKT T

IIpasu.nom (rule) GyjieM Ha3BIBATD IIPEJUKAT U3 HEKOTOPOTO (DUKCUPOBAHHOTO CeMeii-
crBa npeukaros R. [IpaBuia oTIMyarorces OT IPeIMKaToB TeM, 9To 00J1a1ai0T CBOCTBOM
UHMEPNPEMUPYEMOCTU — JIOIYCKAIOT 3alliCh Ha eCTeCTBEHHOM sI3bIKE B TeDMUHAX IIPEJl-
METHOH 00J1aCTH, JOCTATOYHO IIPOCTHI U MOHITHBI IPUKJIAHBIM CIIENUAIICTAM. DTU TPEe-
GoBanust HbopMaNN3YIOTCA B caMoil KOHCTPYKIU cemeiictBa R. Mbl paccMOTPUM TOJIBKO
OJIMH BUJI IIPABILI, OKAJYIl, CAMBIil PACIIPOCTPAHEHHBIN Ha IPAKTHKE — KOHbIOHKIUH (J10-
ruveckoe ) sjieMeHTapHbBIX [OPOrOBBIX [PEJINKATOB:

r(s0) = [T 5 ¢), (8:1)
JjE€J
rne J C{l,...,n} — nogamuoxkecTBO Npu3HaKoB, 6/ € R — nopoz 1o j-My Npu3HAKY,

0 = (67)jc; — eexmop nopozos, <; — OIMH U3 3HAKOB OTHOIIeHUsI {<, >, =}. Yncso uc-
[OJIb30BAHHBIX B IIPABIJIE IPU3HAKOB | J| HA3BIBAETCS TAKXKe PaH2oM KOHBoHKUyuL. OOBId-
HO OHO OI'DAHUYMBAETCS CBEPXY B YOy TOM ke mHTepiperupyemoctu. Kak yrsep:iaror
IICKXOJIOTH, JIFOJIAM TPY/HO TOMHHTBH U IOHHMATh IIpaBUJIA, cojepzKarliie 6osee 7 yeio-
Buii. Ha npakTuke orpanuyenue Ha |J| ycraHaB/IMBaeTCs NPUKJIAIHBIME CHEIHATACTAME
HCXOJIsT U3 CIIEUpUKN 3a/aH.

IIpumepsbl 3akoHOMepHOCTE. 113 3a1a41 MeIMITMTHCKOTO TTPOTHO3UPOBAHUSA: €CJTH BO3-
pact naruenTa Boirie 60 jier U panee on nepenéc nHdapKT, TO ONEPAIUIO JIEIaTh HE CTOUT.
N3 3aa4um KpequToBaHus (hU3MIECKUX JIUIL: €CJIN 3aEMIUK yKa3a/l B AaHKeTe CBOI JoMalll-
nuii resedpon U ero sapmiara npesbimaer $2000 B Mecsn VI cymma Kpeaura He IpeBblIia-
er $5000, TO KpeauT MOXKHO BbLaaTh. V3 3amaum pacrno3naBaHust cliaMa: €CJIM B IIHCHME
IIPUCYTCTBYET CJI0BO «DectiaTHo» I ykazan mockoBckuii Teseconnbiii Homep U momen
oTIIpaBHUTE s HaxouTed B Kurae, To 910 criam.

MoHaTna 3akoHoOMepHOCTU U MHAPOPMATUBHOCTU. 3SakoHoMmepHoCTbIO Kiaacca iy € Y
Oy/ileM Ha3bIBaTh IpaBUIoO 1 € R, BhIe/sIONee Ha 3a1aHH0il BbIOOpKe X C X J10CTATOYHO
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MHOI'0 O00BEKTOB KJjacca Yy U Majgo O0bEeKTOB BCeX OCTaJbHBIX KjaccoB. s dpopmasn-
3aIii STOro TpebOBaHUST BBOJAT JBa (DYHKIMOHAIA KadecTBa mpasmi: p(r, X) — ducio
NOAOAHCUMENDHBIT NPUMEPOE — O0BLEKTOB KJIacca Y, BblIAeIAeMbIX mpaBuaom 1, u n(r, X) —
YUCTIO OMPUUAMENDHBLT NPUMEPOS — OOBEKTOB BCEX OCTATBLHBIX KJIACCOB, BBIIEITEMBIX
npasuioMm 7. [l oncka 3aKOHOMepHOCTEl B cemeiicTBe mpaBus R 110 00yJalorieil Bbi-
6opke X ecTecTBEHHO CTABUTDH 33149y JBYXKPUTEPUATHLHON OMTUMUBAIIIN:

p(r, X) = #{IZ e X ‘ r(z;) =1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

Ha npakTuke gasa pyHKIMOHAIA KAIECTBaA IPEAIOUATAIOT CBOPAYNBATL B OJIUH CKa-
JIFPHBI Kpumeputds un@opmamueHocmu 1 perarh 3aj1ady ontuMusanun S (p,n) — max.
3BecTHBI JIECATKU Pa3/IMIHBIX KpUTEpUueB WH(MOPMATUBHOCTH: IBPUCTUIECKHUE CBEPTKU
tuna p —yn 21|, xpurepuit 6ycrunra (/p — \/n 62|, suTponumiinpli KpuTepuit, HHICKC
Jlzxunn, Tounbtiit Tect Ouiepa, Tect x?, Tect w?, u gpyrue [52]. Muorne Kpurepuu oreHu-
BAIOT CTEIeHb HeCTy9aiiHocT pasbunenns BEIOOPKU X Ha HOJIMHOXKECTBA HOJIOMKUTEILHBIX
U OTPUIATE/IBHBIX IIPUMEPOB OTHOCUTEILHO UCXOHOTO pasbuenust BLIOOpKH X Ha KJ1acchl.
OJ1HaKO HU OJIMH U3 KPUTEPUEB HeJlb3s Ha3BaTh Hanbosee 000CHOBAHHBIM UJIN GE3yCIOBHO
PEIIOYTUTEIHLHBIM. BbIbop Kpurepnst nHMGOPMATUBHOCTH SIBJIAETCS SBPUCTUKOIA.

O6osnaunm uepe3 P(X) = #{z; € X:y; =y} u N(X) = #{z; € X: y; # y}, co-
OTBETCTBEHHO, YHUCJIO MOJIOKUTETHHBIX TPUMEPOB (00beKTOB (DPUKCUPOBAHHOIO KJIacca y)
U 9HCJIO OTPUIATETBHBIX MPUMEPOB (00bEKTOB BCEX OCTAIBHBIX KJIaCCOB) B BbIOOpKe X .

ITpumep 8.1 (Tounsiii Tect Purrtepa). Ecium npunsarh B KauecTBe HYJIEBO THIIOTE3bI
[IPE/IIIOJIOKEHIE, ITO TIPeJUKAThI 7'(x) 1 [y(x) = y] ABJIAIOTCA HE3aBUCUMBIMU CJ1yYaiiHbI-
MU BEJIMYMHAME, TO NMPHU (DUKCUPOBAHHOM YHCJIE BBIJIE/ISEMbIX 3HAYeHUil (p + n) ducio
BbIJICJIFEMbIX OTPUIIATEIBHBIX IPUMEPOB 7 HOAYUHACTCA TUIICPreOMeTPUYECKOMY paciipe-
JEeJICHUIO h’;fﬁ\’,N (n). locTuraeMbrit ypoBeHb 3HATUMOCTH JTAETCsT PYHKIIHEH MImepreoMer-
pudeckoro pacipejiesierus. OH paBeH BEPOATHOCTH YUCTO CJIYUaiHOM pean3aiun HabJTio-
JlaeMbIX 3HaYeHU p u n. YeM OH MeHbIIe, TeM MeHee MPAaB/IONoI00Ha HyJIeBasi THIIOTE3a.
[TosToMy OH MOMKET CJIyKUTh MepOil Hec/ydaifHOCTH BeJUIUHBI 7 (), a HeCIydailHOCTh
MOXKHO TPAKTOBATb KaK 3aKOHOMEPHOCTh. B KadecTBe MaKCUMU3UPYEMOI'O KPUTEPHUs WH-

dbopmaruBHOCTH GEpyT MHHYC JIOrapudM JOCTUTAEMOrO YPOBHA 3HAYMMOCTH:
_ p+n, N
H(p,n) = —log HR'y™ (n).

IIpumep 8.2 (suTpONUiiHBIN KpUTEpUil). AcUMITOTHIECKUM TPUOJINKEHUEM TUTIED-
PeOMETPUIECKOI0 KPUTEPUS ABJISIETCS AHMPONUTHILT KPUMEPUT UHPOPMAMUSHOCTIU LI
Beiurpoint undopmarmu  (information gain, IGain) [56]:

P _ptn p _|X|—p—nh P—p
P+ N |X| p+n |X| I X|—p—n

[Gain(p,n) = h

rie h(q) = —qlog, ¢ — (1 — q) logy(1 — q) — dyHKIWs SHTPONUN TAPBI UCXOJOB C BEPOST-
HOCTAMU ¢ 1 1 — q.
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ITpumep 8.3 (kpurepwmii Joxuuu). Ha npakTuke ucnosnn3yior Takzxke underc Jorcunu
(Gini impurity), ommuaatormuiicst ot 1Gain toasko dyukiweit h(q) = 2¢(1 — q), Koropas
Ha CaMOM JieJie OYeHb OJIn3Ka K QYHKIMN SHTporun [38).

Komno3nyun 3akoHomepHocTen. Kaxias 3aKOHOMEPHOCTH BbIJIE/ISET JIUIb YaCTh BbI-
OOPKM M OTHOCHUT €€ K OJIHOMY M3 KJ1accoB. [109TOMy 3aKOHOMEPHOCTH MOYKHO PacCMaTpH-
BaTh KaK «HEIOJIHOIEHHDBIE» KJIACCU(MUKATOPHI, & «ITOJTHOIECHHBINY KIacCuUKATOp CTPO-
UTh KaK KOMITO3UIINIO 3aKOoHOMepHOCTel. OMHuM 13 HauboJjiee PacipoCTPaHEHHBIX THUIIOB
KOMIIO3UIIUIT ABJISIETCHA 636CUEHHOE 2040COBUHUE:

riae R, — MHOXKECTBO 3aKOHOMEPHOCTell Kiacca y, w, > 0 — Bec 3aKOHOMEPHOCTH 7.

[TocTpoerne Takux KOMIO3HUIMI MOXKHO BecTH Ho-pasnoMy. OjiHa U3 cTpareruii 3a-
KJIIOYAEeTCA B TOM, 9TOOBI CHAadYasIa IHOCTPOUTH CIIMCKH 3aKOHOMepHOcTell R, 3aTeM, pac-
cMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KAaK HOBble NPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBIH
KaaccnuKaTop JIOOBIM U3 M3BECTHBIX METOJIOB, HAIIPUMED, JOIMCTUYECKOR perpeccueit
WJIM METOJIOM OIOpHBIX BeKTopoB [43|. Jlpyras crparerns 3ak/rodaercs B TOM, ITOOBI
CTPOUTH 3aKOHOMEDPHOCTH 110 OYepein, U Jijisi KarKJI0i 3aKOHOMEPHOCTHU T° Cpas3y OIlpe/ie-
14Tk Bec w,. Tak, B gacTHOCTH, paboTaioT ajroputmbl 6yctunra [41].

Mepeoby4eHHOCTb NorMyeckmx 3akoHomepHocTeil. Vrak, umeercs Tpu THUIa Hapa-
MEeTPOB, KOTOPbIe HACTPAMBAIOTCs 110 00y JaroIieil BIOOpKe:

1) noporu 7, j € J nias KaxKI0ro Habopa MpU3HAKOB .J;
2) Habop mpu3HAKOB J /I KazK/0i 3aKOHOMEPHOCTH T
3) BeC w, JIsl KazKJI0i 3aKOHOMEDHOCTH 7.

CoOTBETCTBEHHO, UMEIOTC W TPU MCTOUYHHUKA IepeodydeHus. Briojme ecrecTBeHHO
[peJIrnosiaraTh, 9To aJroput™M Kiaccudukaiuu a(z) Oyaer obaagaTh BbICOKOH 06001a0-
miefi CrrocoOHOCTRIO JIUIIB B TOM CJIydae, €CJIM COCTABJISIONIAE €ro 3aKOHOMEPHOCTH 7'(X)
He repeodydennl. [losToMmy Harmeil 1me/ibio Oy/ieT yMeHbIeHue mepeodydenns OT/IeTbHBIX
zakoHomepHocteit. [Ipobemoit iepeodydeHns BeCoB w, MbI 3aHUMAThLCA He OyJieM, oTda-
CTU [IOTOMY, 4TO OHA OTHOCHTEJIbHO Jiydlle ucciejoBana 34, 61, 48|.

O6brunble Kputepun nHAGOPMATUBHOCTU HE YUUTBLIBAIOT HepeobydeHue Hoporos 67
[Tosromy B pesyabrare ontumusanuu p(r, X) u n(r, X)) no obyqatomieit Bbiboopke X coot-
sercTBytomue sHadenns p’ = p(r, X) u n’ = n(r, X) #a KOHTpOILHO# BHIGOPKe X MOTYT
0Ka3aTbhCs BeCbMa JIAJIEKUMU OT ONTUMaJIbHBIX. Harr 3aMbices1 3aK/IiouaeTcs B TOM, 9TO0bI

1) mostyYnTh OIEHKY PaCcC/IOeHUsI—CBA3HOCTH JIjIst ceMeiicTBa npaBui (8.1);
2) 06paTHTb 3Ty ONEHKY, 9TOOBI ONEHNTE P, n' Ha KOHTPOJIE Yepe3 p, n Ha 0Oy ICHUM;

p(?“, X) 2 %p(?’, X) - 5?(77)7

n(r, X) < %n(r, X) + en(n);

T =

3) mojcraBuTh oneHku p',n’ B Kpurepuii MHGOPMATHBHOCTU BMECTO P, 1

H'(p,n) = t%ﬂ(p —Llep(n),n + Eﬁn(ﬂ))-
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Taxum obpazom, Kpurepuit orbopa 3aKOHOMEpPHOCTEH n3MeHuTcs u OyJer, hakTute-
CKH, OIEHUBATH HE KOHKPETHBIE MpaBu/ia, a HabOPhI MPU3HAKOB J ¢ yIETOM BO3MOKHOTO
nepeo0ydenns MOPOroB 0 KaxKIOMY U3 ITPU3HAKOB.

Munyc npejaraeMoii ¢cXeMbl B TOM, UTO OHA HE YIUTBIBACT TIepeodydeHue pu BbIOO-
pe MOIMHOXKeCTB J U BECOB W,., 3HAYUT, HE JTAET OKOHYATETHLHOTO PEIIeHns ITPODJIeMbI TIe-
peobyuennst jiyisa anroputma a(z). [lmroc ke B TOM, 9TO OHa HEYEro He MEHSIET B METO/aX
MTOMCKA JIOTHYECKUX 3aKOHOMEDPHOCTel, 3a UCK/II0YeHHeM KPHUTepus HH(MOPMATUBHOCTH,
MO9TOMY €€ JIETKO BCTPAWBAThL B UMEIOIINecs ONOJINOTEKN aJrOPUTMOB.

Hauném ocyrecTBiienne HaIero 3aMbIcJia ¢ OIUCAHNST MHOZKECTBA BEKTOPOB OIMMUO0K,
WHJTyIIUPYEMbIX KOHBIOHKITHAMEI Buja (8.1).

§8.2 KOHBIOHKLMN 3/71eMeHTapHbIX NOPOroBbIX MNPaBUJI

OreHKN BEpOSATHOCTH T1epeo0yIeH s, IOy YeHHbIE B O0IIEM CIydae Jjis aJIrOPUTMOB,
JIETKO TIEPEHOCATCS Ha JIOTUYECKHE TIPABUJIA, €CH ONPEJIEJUTh WHINKATOD OMUOKN Kak
I(r,z;) = [r(2;) # [yi=y]], rae y € Y — pukcuposaumnbiii kiaacc. Ilocie atoro mis npasu,

KaK 1 paHee JJId aJlOPUTMOB, BBOJATCS BEKTOPHI OIMMNOOK 77 = (I (r, xl)) iL:Iv

OTHOIIIEHUSI
MOPSJIKA W ITPEITIECTBOBAHUS.

Bynem monarats, uro B nmpaBuiax Buja (8.1) MHO)KeCTBO MpuU3HAKOB J (DUKCHPOBAHO
¥ BCe 3HAKM cpaBHeHnd cyTh <. IIpejnoaraerca TakzxKe, uro nepebop 217 I conerammit
HAa0OPOB TPU3HAKOB U 3HAKOB <, 2>, He 00S3aTe/IbHO TOJIHBIN, OCYIIECTBIIIETC HEKOTOPHIM
CTaH/IAPTHBIM MEXaHU3MOM ITONCKa HHMOpMaTHBHBIX 1paBuii. Harra 3a1a4ua 3akodaercs
B TOM, YTOOBI OIIEHUTH BEPOSTHOCTH IEPEOOYUeHHs, BOSHUKAIOIIETO B PE3Y/IbTaTe OITHU-

Mu3anun 6ekmopa nopozos 6 = (67);c; no obyqatomeii BbIGopke X.

OnucaHne CTpyKTYypbl K/1aCCOB 3KBUBANIEHTHOCTU B TepMHUHAX CTAHIAPTHBIX MPE-
cTaBUTEsEHl U TPAHUYHBIX MOJIMHOXKECTB, KOTOPOe MBI CeffYac pacCMOTPHUM, MPEJIOKEHO
A. UBaxuenko. VM 2Ke TOATOTOBJIEHBI BCe WLTIOCTPAIINH, BBIIOJHEHA IPOrpaMMHAsT pea-
JIN3AINS U SKCIECPUMEHTHI HA PEaIbHBIX 3a/1a9aX KJIACCUPUKAIIIN.

JIOIyCTHM, UTO 3HAMEHHS T) = fj(x;) xaxkmoro npusnaka j € J Ha Bcex 00BbEKTAxX
r; € X nomapHo pasznndHbl. Torga 6e3 orpaHuteHusi OONIHOCTH MOXKHO IIPeIojararhb,
YTO BCe NIPU3HAKH ITPUHUMAIOT IeJIble 3HaYeHud 1, . .., L, 1 HuKakue JBa 00beKTa He MMe-
10T PaBHBIX 3HAYEHMIT OJIHOrO NpHU3HAaKa. 3HadeHus noporos ¢ B npapmiax (8.1) MOXKHO
BBIOMPATH TaKKe u3 1e/bix 3Hadennit 0, . . ., L.

Nuukarop ommOKN WHIYIUPYET Ha MHOXKECTBE NMpPaBUI R KAGCCH, 9KEUBAAECHMMHO-
cmu. JIBa paBuIa SKBUBAJIEHTHBI, I' ~ 1’| €CJIM UX BEKTOPHI OMMUOOK COBIIAIAIOT.

JL1st IpOM3BONILHBIX BEKTOPOB U = (u)jey, v = (v7)jc; BBEIEM €CTECTBEHHOE OTHO-
menue nopska: (u < v) «» Vj € J (v <v?). Monoxum (u < v) <> (u<vuu+#v).

ITpumep 8.4. Ha puc. 8.1 nokazan npumep 3ajadn ¢ n = 2 npusnakamu, L = 10 o0b-
ekramu u cemeiicrso npasui 7(x;0) = [z < 0] = [x! < 0'][2? < 6?]. Kaxgomy npasuiy
COOTBETCTBYET y3eJl IeJOUUCIeHHOM psiMoyroabaoil cerku (01, 6%) € {0, ..., L}?.



— 75 —

1ol ©° -4 .3 .2 .3 4 5
ol ‘ 02 .3 .4
AN I VR PR D R R PR RGP
41 *l 0 1,2
sl lz_l Iz 1 2,3
5l *4 3 2 .3 .4
al 04 .5
3f ilt?’ | .4
2F ol
il L L1 ]

ok 5

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

0 1 2 3 4 5 6 7 8 9 10

l O Class0(5) % Class 1(5)‘

Puc. 8.1. /Isymepnast Beioopka u3 L = 10 06beKTOB, 110 5 00BHEKTOB B KaXKI0M KJIacce.
OO6BEKTBI OTMEUEHDBI KPYITHBIMA TOYKaMU. [IpaBmimaM COOTBETCTBYIOT MEJIKHE TOUKH
B y3J/ax CEeTKHM. DKBHUBAJIEHTHBIE IIPABUJIA COEJUHEHBI OTpPE3KaMu. Ps/IoM ¢ KarKbIM
KJIACCOM 9KBUBAJCHTHOCTH YKA3aHO YHCJIO OIMUOOK Ha reHepaJsbHOil Boibopke n(r, X).

Jlemma 8.1. Ilycrs E C R — Kjacc sKBUBaJIeHTHOCTH IIpaBu.i, 03 — mopor 1o j-my 1pu-
suaky B npasuie 1. Torna kinaccy E npunajiexur takxke mnpasuio 1(x;0g), rie

¢’ = min¢’, je .
rel m J
JokazareabcTBO. B cuily SKBUBaJIEHTHOCTU U OMHAPHOCTHU paBWI r € F| npeaukar
ro(x) = [ r:6,)
relk

[IpUHUMAET Ha BceX 00beKTax & € X Te Ke 3HaYeHUs, 9TO U JIIo0oe MpaBujao r u3 k),
re(x) = r(z;6,). Kpome Toro, npemukar rg npejacrasuM B Buje (8.1):

re(z) = H H[zf <0 = H[x] < Erélg@i] = H[:L‘j < HH =r(z;0p).

reE jeJ jeJ jeJ
Takum obpaszom, npaswio 7(z; 0p) Takyke npunaiexut F. Jlemma nokasana. |

Bynem masweiBarh nipasuiio rr(z) = r(x;0g) cmandapmmuvim npedcmasumenem Kirac-
Ca 9KBUBAJICHTHOCTU E. Ha puc. 8.1 CTaHJJapPTHBIE IPEACTAaBUTE/IN COOTBETCTBYIOT JIEBHIM
HIKHIM TOYKaM Kazk/1oro Kiacca sksusasentnocru: (0,0), (1,8), (2,5), (5,1), n T .

I'panuanot mowkot nopmuoxkecTBa S C X Ha30BEM BEKTOD (g ¢ KOOpJMHATAMI

¢, = maxa’, j € J.
€S ’

HazoBéM 0OLEKT 2 HOIMHOXKECTBA S 2paHUMHbLM, eCln 1/ = Gfg [P HEKOTOPOM 7.
Hazosém moamuoxkectBo S C X 2paruvHvLm, €CITU BCe ero 00bEeKThl TPAHNIHBI.
[TycToe MHOXKECTBO Oy/IeM CUNTATH TPAHUIHBIM C FPAHUYIHON TOYKOM 0. =0, JjedJ.
Bamernwm, aro 7(z,0s) = 1 mua moboro x € S.
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Jlemma 8.2. FEcm BeKTOp HOpOroB § siBjsieTcst TpaHuIHOH TOYKOH HEKOTOPOIrO I'DaHH Y-
HOI'O MTOJIMHOYKECTBA, TO 3TO HOJMHOXKECTBO OJJHO3HAYHO OIPEIE/TSETCS 110 BEKTOpY 0:

ngU{xEX|xj:6j, r(z,0) =1}. (8.2)

jeJ

HoxkazareabcTBo. Eciu 0 = 0,4, To Sy = @ no oupejenenunio. Nuade uz toro, aro 6
SIBJISIETCS IPAHMYHON TOYKOIA, CJIe/lyeT, 94To JIJId KazKI0ro nHjaekca j € J Haljercs 00bekT
r € X rakoit, uro 27 = 67 u 27 < ¢ g seex ungekcos 7€ J \ {j}. Torma r(z,0) = 1,
u u3 (8.2) cieayer, 9To 0ObEKT T JIEXKUT B Sy. B ey npousBosbHOCTH HHJEKCA § € J
BEKTOD 0 ABJII€TCSI TPAHUYHON TOYKOI TojMHOKecTBa Sy. TlojMHOKecTBO Sy ABIIsIETCST
IPAHUYHBIM, TIOCKOJIBKY KaxKJblil ero 00beKT, coriacHo (8.2), ABAAeTCS TDAHUYIHBIM. B

Bameuanue 8.1. Kax0e MHOXKECTBO 110J] 3HAKOM 0ObejinHeHust B (8.2) cojep:KuT He
boJiee OHOIO OObeKTa OJiarojaps IPeIoI0KEeHNI0, ITO 3HAUYEHUS KayKJIOro IIpU3HaKa
IIOIAPHO Pas3/IMIHbl Ha Beeil BhIOOpKe X. MOXKHO OTKa3aThbCsl OT 9TOIO ITPEJIITOIOXKEHUS,
HO TOTJIa IIPUJIETCSI YCJIOXKHUTH OIPeJie/IeHIe TPAHUIHOIO TTOIMHOYKECTBA.

Teopema 8.3. KaxkjoMmy KJjaccy SKBHBAJEHTHOCTH F B3auMHO OJHO3HAYHO COOTBET-
CTByeT IPAHHIHOE MOJMHOXKeCTBO S, Takoe, 910 O = fg.

okazareabcTBo. PaccMOTpuM 1MpOM3BOJILHBII KJIACC SKBUBAJIEHTHOCTU [ CO CTaH1apT-
HBIM 1pejictaBuTeneM r(x;0g). B cury Jlemmbr 8.1 ymenbIeHne mopora (9;3 Ha eJIWNHU-
Iy 1o JioboMy HmpusHaky j € J NpUBOAUT K n3MeHeHHto 3HadeHus 1(r;0p) Ha HEKOTO-
poMm obberTe r € X. DTO MOKET OBITH TOJBLKO OOBEKT, JIeKalluil HuXKe, © < O, mpu-
aém smadenue 7(z,0p) MoxeT TOMBKO yMmenbmmThcs: |7 < 6] =1, [27 < 6L —1] =0,
Orcrona caeayer paBeHcTBO 17 = 91;. SHAYUT, T ABJIIETCH TPAHUIHBIM 00BEKTOM MHOYKE-
CTBA {3:’ e X' < GE}. B cuty nponsBoIbHOCTH j 9TO O3HAYAET, 9TO BEKTOP Op SBISIETCS
IPAHUYIHON TOYKOHN 1, coryiacHo jiemme 8.2, 33/1aéT IPAHIIHOE MTOIMHOZKECTBO.

Bepno u obparnoe. [Ipon3BoibHOMY TPAHUYIHOMY HOJIMHOXKECTBY S COOTBETCTBYET
rpanngnas Touka fg. [Ipasmwio r(x;0g) jgeKUT B HEKOTOPOM KJIacce SKBUBAJEHTHOCTH F
W SBJISICTCS €rO CTAH[APTHBIM IIPEICTABITE/ICM, TOCKOILKY yMEHbBIICHHE TOpPora # 110 Jito-
6ol M3 KOOD/MHAT MPUBEIET K M3MEHEeHUIo 3HadeHus r(x;0g) Ha OTHOM M3 TPAHIIHBIX
00'BEKTOB MHOXKECTBA S.

Takum 06pa3oM, CyIecTByeT B3aUMHO OJTHO3HATHOE COOTBETCTBIE MEXK Ty TPAHUIHbI-
MU TIOJIMHOXKECTBAME S U CTAHIAPTHBIMU [TPEJICTABUTEISIMI KJIACCOB 9KBUBAJIEHTHOCTH
npuaém 0 = 0. Teopema mokazana. [

CsoiicTBa rpaHun4Hbix nogmHoxecTs. O6o3HauuM depe3 M, MHOKECTBO BCEX I'DAHIY-

HBIX ITIOJAMHO2KECTB MOIITHOCTH ¢ W II€PEIUCJINM HMX OCHOBHDbIE CBOIiCTBA.

1. M, cocrour u3 Beex L onrosnementrbix noamuoxkecrs, My = {{z1},... {z1}}.

2. M, cocrouT u3 Bcex map HECPABHUMBIX OObEKTOB U3 X.
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3. MOIHHOCTI) I'PaHUYIHBIX ITOJIMHOZKECTB HE MOZKET IIPEBbIIIaTh paHI'a KOHbIOHKIIWUN:
M, =@ upu q > |J|.

4. T'panumvnoe moJIMHOZKECTBO MOXKET COCTOATH TOJIBKO M3 TOIIAPHO HECPABHUMBIX 00b-
ekToB. OTHAKO HE BCIKOE TOIMHOXKECTBO U3 TPEX U 0oJiee MOMapHO HECPaBHUMBIX

OO'BEKTOB ABJACTCS I'PpaHUIHBIM.

5. Jlroboe mojmuOKecTBO S’ C S TPAHUTIHOIO MOJIMHOXKECTBA S TaKKe TPAHUIHOE.

Mcxonis U3 3TUX CBOMCTB, MOXKHO IIPEJIOKUTD CJICLYIONUI aJropuT™ uepedopa Beex
IPAHUYIHBIX IOJIMHOMKECTB.

Ha nepsom mare crpourcst Muoxkecrso M; Bcex L OJHO3JIEMEHTHBIX ITOAMHOYKECTB.
Hasee na xkaxx oM mare ¢ = 2, .. ., |.J| k kaxxgomy nogvmoxkecrtsy S’ € M,y nobassercs
BCEME BO3MOXKHBIMHE criocobamu ermé ot o0bekT x € X \ S, 1 eciu mosydeHHoe mo/T-
muoKecTBo S = S' U {2} rpanudHoe (4TO JIErKO IPOBEPSIETCS IO ONMPEJIEJIEHHI0), TO OHO
BKJIIO9aeTcd B M.

JJ1s1 BBIYUC/ICHUS OIIEHKH PACCIOCHUSI—CBA3HOCTH (7.5) 9TOT AJIrOPUTM HE JOCTATOYIHO
s deKTUBEH, TaK KaK OH He IepeOupaeT IPaBua 10 CJI0sIM CHU3Y BBEPX U HE ITOJCUUTHI-

BaeT XapaKTEPUCTUKU CBA3HOCTU N HCOIITUMaJIbHOCTU KazKI0T'O IIpaBUJIA.

Ipachuyeckue npeacraBneHns KnaccoB 3kBuBaneHTHocTu. Ha puc. 8.2 uzobparken
epagh ceazetll MEXKJTy KJIacCaMU SKBUBAJCHTHOCTU. Bepiuib rpada coOTBETCTBYIOT CTAH-
JIAPTHBIM TIPEJICTABUTE/ISIM KJIACCOB SKBHUBAJIEHTHOCTU. PEéOpaMu coeMHEHbI MPaBUIIA,
BEKTOPBI OIMMOOK KOTOPBIX PA3JIMIAIOTCd HA OJHOM oObekTe. ['pad cBs3eit 3aBUCUT TOJIb-
KO OT OOBEKTOB T';, HO HE 3aBUCUT OT UX Kjaccudukaruii ;.

Eciu yaects Knaccudukarum o0beKTOB, TO JJIsi KaxKJI0T0 KJIacca SKBUBAJEHTHOCTH F
MOYKHO BBIYHCJUTH 4ducsio omubok n(rg, X). Ha Puc. 8.2 ono ykazano psajgom ¢ Kax/oi
TOYKOI — CTAHJAPTHBIM IIPEJICTaBUTEIEM KJjacca SKBUBaJeHTHocTH. ['pad paccioenus-
CBSIBHOCTH JIAHHOI'O ceMmeiicTBa mpaBusi n3omMopden rpady cBazeil u sBJsieTCsS MHOIO-
J0abHBIM. Ero m-if cioit obpasyercs BceMm HpaBuiaMu, i KOTOpbIX n(rg, X) = m,
cm. Puc. 8.3. Cron pacriosiaraiorcst B OPsiIKe BO3pACTAHUsT IUC/Ia OMTUOOK CHU3Y BBEPX.

§8.3 [lMpumeHeHune oueHKN pacCcIOeHNA—CBA3HOCTHN

Pacemorpum Temneph agroputM mepebopa IIpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCIATh XapPaKTEPUCTUKU CBSI3HOCTU U HEOIITUMAJIbHOCTH KaXKJI0TO IIPABUJIa U, JIBUTAsIChH

110 CJIOAM CHHU3Y BBEPX, BOBPEM IIPEPbIBATH BbIIMUC/IEHUE ONEHKU PACC/JIOCHUA—CBA3HOCTH.

MocTpoeHne okpecTHoCcTN npaBuna. PaceMoTpuM CIIeayIonyo BCIOMOIATEILHYIO 3a-
nady. 3aano npaeuio 7(x; 0) ¢ Bekropom noporos 6 = (67) ¢ ;. TpeGyercs mocTpouTs ero
okpecmmocmyd Vo — MHOKECTBO Beex mpaBui 7(x,0'), BeKTOpbI OMmubOK KOTOPHIX OTIHYa-
IOTCS OT €ro BEKTOpa OMMOOK TOJILKO Ha OJTHOM OObEKTE.

[Ipy HOCTPOEHMU OKPECTHOCTH OyIAyT 3a0AHO (DOPMUPOBATHCS U XapaKTEPUCTUKU
npasuia 7(z, f), HeOOXOAUMBIE /IS BBIYUCICHUST OIEHKH PAaCCIOCHUA—CBI3HOCTH:

Xy — mopoxgaroriee MHOKeCTBO, ((0) = |Xy| — BepxHsIsi CBA3HOCTB;



=78 =

10+

6
5
alb N4 5
3
2

‘ O Class0(5) % Classl(s)‘

Puc. 8.2. I'pad cBsazeit Mex 1y cTaHIapTHBIMU [IPEICTABUTE/IAMHI KJIACCOB dKBUBA-
JICHTHBIX TPABUJI JIJIsT BRIOOPKH, IIpejicTaBieHHoil na Puc. 8.1.

Puc. 8.3. I'pad paccnoenusi—cBsa3noctu, m3omopdubiii rpady csazeit na Puc. 8.2.
ITo BepTUKAIBHON OCH OTJIOXKEHO 4YHCII0 OmuboK npasui n(r, X).

X — sanperatoriee MHO)KecTBO, 1(0) = | X)| — HEeOmTUMATBHOCTS;

Dy — mu0KecTBO 00beKTOB BXOdAuX pédep, d(0) = |Dy| — HIKHSASA CBA3HOCTD;

m(6) — aucsio ommbOK MpaBu/ia Ha MeHepabHON BBIOODKE.

BysieM ¢TponuTh TOJILKO TaKKie BEKTOPDI ITIOPOroB #’, KOTOPBIE ABJISIOTCS IPAHIIHBIME
TOUKaMH 1, coryiacio Teopeme 8.3, 0MHOBPEMEHHO CTaHIAPTHBIMHU IPEICTABATE/ISIMI KJIaC-
COB 9KBUBAJICHTHOCTH IIpaBuiI. IlocTpoenne pasbusaercsa Ha apa rana, cM. Aaroputm 8.1.

Ha nepsowm stane (maru 1-5) crpostesa Bee cocennue npasuia r(x; 0'), nomydaemple
u3 6 1myTéM yMeHbIIEeHUsT HEKOTOPBIX 1moporos, # < 6. Jljas 5Toro u3 rpaHuIHOrO MHO-
JKecTBa Sy II00YepPEHO MCKII0YaeTesl OJIUH U3 00beKTOB U COOTBETCTBYIOIINE opord 67,
10 KOTOPBIM OH M OBLJ I'PAHUYHBIM, YMEHBIIAIOTCA. THCII0 Oy 9aeMbIX TaKUM CIIOCOGOM
COCEJTHUX TIPABUJI B TOTHOCTH PABHO |Sp|.
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Anropurm 8.1. [Tocrpoenne okpecrnoctu Vy npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0§ = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.
Brixon:

Vi, Xo, X}, Do, q(0), 7(0), d(0), m(0).

Otarr 1 — mocTpoeHne OKPECTHBIX MPABUJI IIYTEM YMEHbBIIICHHST ITOPOIOB:

1. V= @,
2: muist Beex x € X rakux, uro r(x;0) =1u 35 € J: 7 = 2
3:  pgdg Beex j € J Taxkux, uro 77 = 67
4: 07 = max{xg |2 € X, 2 < 0};
5. [Jobasuts (0,0, x);
IoaroroBka K sTamy 2 — IIOMCK MaKCHMAJIBLHOI MPAHITIHON TOUYKH 0:
6: 1mJis Bcex j € J

7. 6 i=max{L,2! |z €X, 2/ >0, 2" <O, t#j};
Oram 2 — 1mocTpoeHne OKPeCTHBIX MPABUJI IyTEM YBEJIMIEHHST [IOPOTOB:
8: mJisg Bcex j € J
JUISL BCeX T Takux, aTo 67 < a7 < 67
10: ecn v < 0 n ZT.MPOBEPEH = HET TO
11: Mposeputs(z);

12: ITIPOLIETYPA [posepnts(x)
13: ngig Beex j € J Takux, uro 07 < z7
14:  jJig Bcex 7 Takux, 4ro () < 3/ < 27

15: ecamu ) < T < x TO

16: Z.NPOBEPEH := NJIOXOIA;

17: ecJyiu Z.nposepeH = HeT TO [NpoBeputs(I);
18: BBIXOJT;

19: x.NpoBepeH := XOPOLUNii;
20: 07 := max{07, 27}, nnsa Beex j € J;
21: [lobasuts (0, ', x);

22: IIPOLUEYPA [obasuts(d,0', x;)
23: n06asuTh #' B crmcok Vip;
24: ecam r(x;;0) = [y;=y| TO
npasuio ' HaxoauTCs cJoeM BbImie, 9eM 6:
25: Xy := XoU{z;}; q(0) = |Xql;
26: MHa4e
npapuio ' HaxomuTes coeM HHzKe, deM 0:
27 Dy := Dy U{x;}; d(0):=|Dyl;
28: o= XU Xy U{x}; r(0) =Xy
29:  m(0) :=m(0) + 1;
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AsroputMm 8.2. Brruncienne oneHKN pacCcJI0eHUsSI—CBI3HOCTH JIJIsI CeMeiicTBa ITOPOTrOBBIX
KOH'BIOHKIIIIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJI, X — BBhIOOPKA.
Beixon: (). — onenka BeposgTHOCTH TIepeodyuenus (7.5).

1. ©:= Argmeinn(H,X); Q. :=0;

2: MOBTOPSTH

3 Qem=0; O :=

4: g Becex 0 € ©

5: IIOCTPOUTDH OerCTHOCTb Vjy ¢ momompio Anropurma 8.1;

6 Qs,m = Qz—:m + C’l OZ (;?9)) 7«( )Hi 2((.9)) TEQ; 7"( ) (%(m(e) - 8k>)7
7 S ::@’U{Q’EV};. m(0') =m(0) + 1};

8 Qe = Qa + Qs,m; O = @/;

9: TOKa BKJIaJ c10A ()c ,,, HE CTAHET MaJL.

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 1 (xz; 0'), nomydaemble
yTEM YBeJIMUEHNs HEKOTOPBIX TOporos, # > 6. D1o Gojiee CIOXKHBIN cirydail, U 37eCh
PUXOINTCS TpuberaTh K peKypcuBHOil ipore/ype. CHadasta jie/1aeTcs Mo IroTOBUTEIbHA
pabora (maru 6,7): 0 KaxKJ10ii KoopjuHate j € J onpeensercs MaKCUMalbHasi IPaHU-
na 7, BBl KOTOPOil COCEHUX MPABHUI OBITH He MOYKET. JTO HeobOA3aTEIbLHOE TOCTPOe-
HUe, HO OHO TIO3BOJIUT B JAJIbHENIIEM COKPATUTDb MOUCK. KaxIblit 06beKT BHIOOpKHN & € X
MOZKET HAXOJUTHCsI B OJHOM U3 TPEX COCTOSTHUIL: =.NPOBEPeH € {HEeT, NNOXOi, XOpPOoLUNii}.
Cragajia Bce 0OBbEKTBI HE IMPOBEPEHBI. 3aTeM ITPOCMATPUBAIOTCS BCe OOBEKTHI & € X, 0~
KpbIBaeMble TpaBIoM 7(x; #), HO He IOKphIBaeMble TpaBuiIoM 7(x; #). DTo o3Hadgaer, 4To
XOTsl ObI 110 OJIHOI KOOpAUHATE OOBLEKT I JIeXKUT Bbile mopora: 67 < zf. Jljna Kaxkaoro
TAKOro 00bEKTa BBI3BIBAETCs Tporeaypa [poseputs(z). OHa ycraHABIMBAET COCTOSHIE
06bEKTa . XOPOLNiA, ecyiu cyIecTByeT npasusio 7 (x;0’), moKpbIBaroIee TOIBKO 00bEKT &
1 BCe 00BEKTHI, MOKpbIBaeMble mpasuioM 7 (x;0). Eciu ke npasuio r(x; "), vapany c z,
HOKPBIBAET €IMé OJIMH 00bEKT T, He MOKPbIBAEMbIil paBujioM r(z; ), To ycTaHABINBAETCS
cocrostHue OObeKTa T.MNoxol, u mporeaypa [poBepuTs(T) BbI3bIBAETCS PEKYPCUBHO JIJIsI
obbekTa T. Kaxkiplii «xopomtuity 00beKT & HHynupyeT cocejtee npasuio ' = max{0, z},
KOTOpPOE U JI00aBJIsgeTCd B CIIUCOK Vy. BBejienne ctaTycoB 00bEKTOB MTO3BOJISIET N30eKaTh
UX MMOBTOPHOTO Tepebopa B OCHOBHOM ITHKJIE BTOPOI'O JTaria.

OTUMU JIBYMs STAllAMU TOUCK OKPECTHBLIX IIPaBUJI orpaHuduBaercs. pyrue ciyuan
paccMaTpuBaTh He HYXKHO, TaK KaK €CJU [OPOr YMEHBIAaeTCs IO OJIHOM KOOp/UHATE,
0" < ¢, u ysesmauBaercs 1o apyroit, 08 > 6!, To rpanmumbe Touku 0 u ' He MOTYT OLITD
COCEJIHUMU, MTOCKOJIBKY BEKTOPDI OIMTHOOK COOTBETCTBYIONIUX UM ITPABUJI OTJIUIAIOTCS, KAK
MUHUMYM, Ha JBYX O0BHEKTaX.

DddekTuBnas peanuzaius Agropurma 8.1 mpemosraraet, ITo 1Mo KaxKI0My MpU3Ha-
Ky f; 3apaHee CTPOUTCA MHIEKC — MaCCHB HOMEPOB OOBEKTOB, yIOPSAJIOUCHHBIX IO BO3-
pacTaHuio 3HadeHuil mpu3Haka. Torja Ha marax 4, 7, 9, 14 MoxkHo Oyj1eT mpocMaTpuBaTh
TOJIBKO HYKHbI€ OOBEKTHI, HE Tiepedupast BCIO BHIOOPKY.
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MocnoiiHbin nepebop knaccoB 3kBuMBaneHTHoCTU. Ajmropurm 8.2 BbrUHCHAET () —
OIEHKY BEPOSTHOCTH mepeobyuernus (7.5), mepebupas MpaBuiia MO CJIOSM CHHU3Y BBEPX.
Cuagasa dopmupyercs HKHEI caoit. Ha kaxkgom mare cioit © cocrout u3 mpasui 6
C OJIMHAKOBBIM YnCJIOM OIMOOK m(f) Ha rerepasbhoit Beibopke. it kaxkgoro mpasmta ¢
BBIUMCJISIETCS €TI0 BKJIAJ, B BEPOATHOCTH IEPeoOyUIeHUsI, CTPOUTCS OKPECTHOCTH, U 00b-
e/IMHEHNEe BEPXHUX YaCTell BCEeX MOJIy9YeHHBIX OKPECTHOCTEH CTAHOBUTCS CJIEIYIONIIM CJI0-
em ©'. [Ilaru OBTOPAIOTCS JI0 TEX TIOP, TIOKa He OyaeT HabpaHO JOCTATOTHOE IHUC/IO CJIOEB
1 BKJIJ[ O9EPETHOTO CJIOS HE OKAayKeTCs MPeHeOPesKnMO MaJl.

IKCnepuMeHT Ha peasibHbiX 3ajadax knaccudmkaumm. Mbl He Oyaem 3jech OIu-
ChIBATH JICTAJIM PeaJn3allui JOIMIECKUX aJTOPUTMOB KJIACCU(MUKAIIIN, UCIOIb30BAHHBIX
B 9TOM 3KcrepuMenTte. CKaxKeM JIHUIb, 9TO nH(GOPMATUBHOCTD ITPABUJI OIICHUBAJIACH C T10-
MotIpio TouHoro Tecta Purepa [52]; 1yt hopMupoBanus nHGOPMATHBHBIX HAGOPOB TIPH-
3HAKOB MPUMEHSIJICsI TIOUCK B IMUPUHY U aJalTUBHbI coydaitHbiii nouck |25, 24|; mys
[TOCTPOEHUsT KOMITO3UIINN 3aKOHOMepHOCTel npumensiinch Tpu ajaropurma: LR, DL, WV.

Jlozucmuneckasn peepeccus (LR, logistic regression) — 1o jmHeiHbIl Kiiaccuduka-
TOP, Ha BXOJ[ KOTOPOMY BMECTO OOBIYHBIX OMHAPHBIX ITPU3HAKOB MIO/IAI0TCS 3aAKOHOMEPHO-
CTH, OCTPOEHHBIE HE3aBUCUMO JIPYT OT JapyTa [45];

Pewarowuii cnucox (DL, decision list) —5T0 »Ka bl aJiroput™M, B KOTOPOM KazK-
Jlasi cJeayronas 3aKOHOMEPHOCTh 00yYaeTcs 10 BBIOOPKE OOBEKTOB, €IE He MOKPbITHIX
peIbLLY IUMEI 3aKoHOMepHOCTsIMU [60].

Bssewenmnoe 2onocosanue (WV, weighted voting) — 310 Gycrunr 3akoHOMEpPHOCTEIH,
noxoxkuit Ha Meros SLIPPER [41]. B mém nepen mocrpoerneM KazkI0ii Caeyomnieil 3aKo-
HOMEPHOCTHU TTPOU3BOJIUTCS ITEPEOIEHKA BECOB 00YJAIONMNX 00bEKTOB, B Pe3y/IbraTe KOTO-
poii 3aKOHOMEPHOCTH HACTPAUBAETCs MPEUMYIIECTBEHHO Ha TeX 00bEeKTax, KOTOPhIe OKa-
3a/IUCh HAubOoJIee TPYIHBIMU JJIsI BCEX MPEIbIIYIIINX 3aKOHOMEPHOCTEI].

Beutn peanmzoBanbl e Mopudukanuu kpurepust uwaGopmarusHoctn ' (p,n).
SC-momcukalnsi OCHOBaHa Ha OIeHKe paccyioeruns—cBs3HocTr. MC-Momudukaimst 0cHO-
BaHa Ha HEIOCPEICTBEHHON oreHke ¢gpyHKImonaa (). merojgom Monte-KapJo o 100 ciry-
qaitneiM pazouennsam X = X U X. Jlnsa obenx Momudukaimii moarauocsk £ = k.

B posin sTasionoB s cpaBHEHHS BBICTYHAJM U3BECTHDLIC JIOTMYECKUE AJTOPUTMBI
kinaccudurannm: C4.5 58], C5.0 [57], RIPPER [40] u SLIPPER [41].

Tabsmma 8.1 nmokaszpiBaeT, 4T0 HEeMOAMMUIIMPOBaHHbIe Bepcun ajaroputMoB WV, DL
UMEIOT KavueCTBO KJIACCHMUKAIIUNN, COIIOCTABUMOE C 3TAJOHHBIMK aJiropuTMamu. B3seren-
Hoe rojiocoBanne WV HemMHOTO JTydIne pertatoriero ciucka DL, aTo cormacyercst ¢ pe3yiib-
TaTamu Apyrux ucciaepoanuii. O6e moandukammu, SC- u MC-, Bo Becex cirydasix onepezka-
0T CBOM HeMOn(UITMPOBAHHBIE BEPCUN W 3HAYNMO CHUKAIOT 1epeodydenne. Pazmutans
mexky SC- 1 MC-momudukanusavu e 3uaanMbl. OTCIOfa Clle/lyeT BBIBOJI, UTO OIEHKA
PacCI0eHUA—CBA3HOCTHA, HECMOTPS Ha HEKOTOPYIO 3aBBIINEHHOCTH, XOPOIIO CITPABJISIETCS
¢ POJIBIO KpuTepus ordbopa MpaBul.



= 82 =

Tabauna 8.1. Pesysbrars! sKkciiepuMenToB Ha 6 peajbHbIX 3a/auax KIacCuhuKaimn
u3 penosuropusi UCI. [T kaxkzoii mapel (3aja4a, aJroput™M) B TabimIe BbIBEICHA
cpepHsis omubKa (B nporerTax) no 10-KparHoMy CKOJIb3siIeMy KOHTpOJIo. Jljisi KaxK-
JIOM 38191 YKUPHBIM BbIJICJIEHBI TPU JIyYIIUX Pe3y/abrara. AJIropuTMbl 1-7 BBICTYIAIOT
B poJi 3TajIoHHbIX. O003HaYeHUsT HAIIX aJaropuTMoB: WV — B3BeIIEHHOE T'0JIOCOBa-
nne, DL — pematommii cincok, +SC u +MC — momudukaiuy Ha OCHOBE OICHKU
pacciioeHnsI—CBsi3HOCTH 1 MeToga MonTe-Kapo cooTBecTBEHHO.

3a/1a91

JITOPHTMEL australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5| C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8 | WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7

11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8

12 | WV4SC 14.1 3.2 19.3 18.1 13.4 30.2

13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3
Pesiome

Jlornyaeckue aJropuTMbl KJIacCUPUKAIUN TTPEJICTABIAIOT OO0 KOMIIO3UITUN UHMOP-
MaTHBHBIX JIOTUYECKHUX IPaBIJI — 3aKOHOMepHocTeil. B kKauecTBe mpaBuj 9acTo UCIOJIb-
3YIOTCA KOHBIOHKIUU ITOPOI'OBbLIX yCJIOBI/IfI HaJ[ 9UCJIOBBIMUA ITpU3HaAKaMM. ,Z[aHHOQ ceMeli-
CTBO IIpaBUJI OIIMCbIBACTCA CUCTEeMOH Bcex I'PaHUYIHBIX ITOJIMHOXKECTB MOIIIHOCTH, HE IIpe-
BBIMAIOINIEN paHra KOHBIOHKINN. {11 TPaKTUIeCKOTO BBHIYUCIEHUS OIeHKH PaCCIOeHUST—
CBSI3HOCTH TIpejjiaraercs mepeOuparTh IIpaBmja 10 CJIOSM CHU3Y BBEpPX, W IIPEKpallarh
mmepebop B TOT MOMEHT, KOTJIa HOBBIE CJIOM IEPECTAHyT BHOCHUTDH CYIIECTBEHHBIN BKJIAT
B oreHKy. C IMOMOIIBIO 9TOH METOMMKH OBLT IIOCTPOEH MONMUIMPOBAHHBII KPUTEPUil OT-
Oopa MpU3HAKOB. 3aMEHUB CTAHIAPTHBIN KPUTEPHil MOIUMPUITMPOBAHHBIM, M HIIEro 0oJiee
He MeHsis B MeTo/ie 00ydeHus jorndeckux kiaccuduraropoB WV u DL, Bo Bcex 6 sxcrie-
PUMEHTaX yJIaJI0Ch ITPOHADIIONATH 3HAYNMOE yBeJImIeHne 0000Imaneil cliocoOHOCTH.

B cnepyroweii nekunn ™Mbl ciesaeM HEOOJBINON IKCKYPC B MATEMATHYECKYIO CTATHU-
CTUKY U PACCMOTPHUM 3aJ1a4y OIECHUBAHMS IMIUPUICCKUX PacIpee/ieHnii. 3a0HO TO3HAa-
KOMUMCS C TaKUMH WHTEPECHBIMU MaTeMaTUIEeCKUMH OObEKTaMH, KaK YCEUYEHHBINH Tpe-
yroabauK [lackans n ognomMepHbIe cirydaitabie Oy anns. OHI TOHAI00ATCS HAM depe3
JIEKITUIO, KOTJIa MBI BEpHEMCH K (PYHKIIMOHAY PABHOMEPHOI'O OTKJIOHEHUS 1 TOKAYKEM, UTO
CBSI3HOCTD JIJIsl HEI'O YYeCTh MOXKHO, & PACCIOEHNE — HEJIb3sd. 3aTEM MbI IIPOJIOJIZKUM H3Y-
qeHrne MOJIeJIbHBIX ceMeHCTB aJropuTMOB M IIOKaKeM, YTO B HEKOTOPBIX HETPUBHUAJIbHBIX

ClIydadX OIEeHKU PaCCJIOCHUA—CBASHOCTU MOI'YT ObITH TOYHBIMU.
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Ynpa>kHeHust

Bamada 8.1 (1). /[lokazaTh, 9TO He BCSIKOE MOJMHOYKECTBO U3 TPEX 1 OOJIee MOMapHO
HECPABHUMBIX OObEKTOB SIBJIAETCS] TPAHUIHBIM.

Bamada 8.2 (2). Onwmcarh CTPYKTYPY KJIACCOB SKBUBAJIEHTHOCTH U MPEJJIOKUTH -
GEKTUBHBIN aJrOPUTM HX ITOCJOWHOTrO Iepedbopa jisd ceMeiicTBa IpaBuI

r(x;01,05) = [0y < 2 < 0],

rie Bee snadennd x; € X C R nomapno pasiaumannl. [Tojgckaska: paccMOTpeTh SKBUBAJICHT-
HOE CeMefiCTBO JIBYXIIPHU3HAKOBBIX KOHBIOHKIWMH 7 (501, 0y) = [—:U < 91] [x < «92].

Bagagda 8.3 (5%). Ommcarh CTPYKTYpY KJIACCOB SKBUBAJIEHTHOCTH ¥ IIPEIJIOKHUTH -
(EKTUBHBIN aJITOPUTM UX MOCJTOWHOIO repedopa Jjisd ciydas, KOrja WHIUKATOD OIMTUOKH
ONPEETACTCA OTICIBLHO JJIsl HOJOKUTEIBHBIX U OTPUIATE/ILHBIX TIPUMEPOB:

Ly(r,z;) = [r(z:) = 0] [yi = y];
Ly(r,a) = [r(z) = 1] [y # y].

Bamada 8.4 (5). Omnwmcarh CTPYKTYPY KJIACCOB SKBUBAJIEHTHOCTH W HPEJIOKUTH -

(PEKTUBHBIN aJTOPUTM UX ITOCJOWHOrO Tepedopa i caydas, KOTJla KayKJIblil MPU3HAK
MOXKET IIPUHUMATH OJIMHAKOBBIE 3HAYEHUs Ha PA3JIHIHBIX 00bEKTaX.

Bamada 8.5 (2). O606muTs Asropurm 8.2 Ha TOT C/Iyvaii, Korja Ha mare 1 BMecTo MHO-
JKeCTBa BCEX IPABUII, JOCTABJIAIOMINX IVI00AIBLHBIA MUHUMYM YHCJIY OIIMOOK, HAXOIUTCS
JIAIIL OJHO JIOKAJILHO ONTHMAaJIbHOE HpaBuio. IIpeaycMoTpers BO3MOXKHOCTD IIEPEXOI0B
OT IPABUJI M-TO CJIOS K HPABIIIAM He TOJIBKO (m + 1)-ro cios, #o u (m — 1)-ro cios.
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9 DSOmMnupuyeckue pacnpegesieHnsa u caydaiiHoe by>K-

naHune

B Jleknuu 2 MBI OIEHUBAIU BEPOATHOCTH OOJIBIIIONO OTKJIOHEHHS YaCTOT B JIBYX
BbIOOPKax. B c¢1aboit BepOSITHOCTHONW aKCHMOMaTHUKE 3Ta 3a/ada sBJISeTCS €CTeCTBEHHBIM
AHAJIOTOM 3aKOHa OOJIBININX YhCe]T W uMeeT TodHoe perneHne. OneHnBaHue BePOSTHOCTH
OOJIBIIIOrO0 OTKJIOHEHUsI JBYX (DYHKIUIT pacipejie/ieHuss — 3TO eIé OjHa KJacCudecKas
3a/a9a MaTeMaTHIeCKON CTATUCTUKU. KE MOKHO MHTEPHPETUPOBATD JIBYMS CIIOCODAMMU.
Bo-tiepBbix, Kak 3aja4y IpejcKa3aHusd: JaHa SMIMpUYIecKas (DYHKINAA Paclpe/ie/IeHIs
CIyYaifHON BeJIMYMHBI Ha HaOJII01aeMOoil BBIOOPKE; TpedyeTcs: ONEHUTh €€ IMIINPUIECKYIO
dyHKIUIO pacipeje/ieHnsl Ha CKPBITOH BBIOOPKe. BO-BTOPBIX, KaK 3aJiady IMPOBEPKU I'U-
[IOTE3bl OJIHOPOJIHOCTH: JIAHBI JIBe HAOJIIOJaeMble BBIOOPKU; TPEOYeTCs OIPEJIE/UTh, M0-
JIYHEHbI JIM OHU U3 OJIHOI'O pacCIIpeIe/ICHUA. ,ZLHH ee penieHnsd UCIOJIb3YIOTCA pa3/JIMYHbIe
CTATUCTHYECKUE KPUTEPHUH, B YACTHOCTH, JBYXBBIOOPOUHBIH KpuTepuit CMUPHOBA.

MpbI paccMOTPUM ITOCTAHOBKY M TOYHOE PEIIeHUe STUX KJIACCUIECKUX 3a/1a9 B CJIab0i
AaKCHOMAaTHKE U IIOKazKeM, 9YTO OHU TE€CHO CBA3aHbl C TaKUMHU MaTEMaTHUIYC€CKUMMU O6’beKTa—

MM, KaK YCeUEHHDIN TpeyroibHuK [lackass u ogHoMepHble cirydaiinble OJIy K IaHnsd.

§9.1 DSwmnupunyeckoe pacnpegeneHue

Omnpenenum st mpon3BosibHOM GyHKIMN £: X — R 1 Tpon3BoOIbHON KOHETHON BbI-
Gopku U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax mommo o6bek-
ToB x BbIOOpKU U, jjisi KOTOPBIX 3Ha4Yenue & () He IMPeBOCXOIUT 2

1
Fe(2,U) = 72 [§(z) < z].

OrnpeneuM 0JIHOCTOPOHHEE U JIBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYE-
CcRuUT Pynruul pacnpedeseHus:

D (X) = fgeaﬂgi(Fg(Z»X) — Fe(2,X));
D (X)= I?eaﬂg(Fg(z,X) — Fe(2,X));
D(X) = I?Eaﬂi(‘Fg(Z, X) = Fe(z,X)| = max{D~(X),D"(X)}.

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOTO OTKJIOHEHUS SMITUPHU-

JeCKUX (PYHKIUI pacipe/ie/IeHus:
P[D(X) > €] <nle), (9.1)

rie BMecto D(X) moryT 6uiTh Takxke nojacrasierbl D (X) wm DT (X).
B cusbHoit akcnomarnke mMeeT MecTo craeyomuii dpakt [31].
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Teopema 9.1 (H. B. CmupuoB). Ecm X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (9.2)
E}ﬁiinoo P{D(X)>z¢e} = 2;(—1)“rl exp (—2526%32'2) ; (9.3)

[Ipasas qacts (9.3) npencraBuma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedenenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

3BecTHB U HEACHMITOTHYECKAE TOYHBIE OIEHKM, HO OHH MMEIOT JOCTATOTHO T'PO-
mozakuil Bu [12]. Mbl mOKazkeM, 9TO TOYHBIE OIEHKH MOTYT ObITh BBIParXKEHBI OoJiee
9JICTAHTHO Yepe3 ycedéHublit Tpeyronbuuk [lackasns [35], mpnaém mokasaTebeTBO nMeer
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

8§9.2 VYceu4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 9.1.  Veeuérunom mpeyzorvnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
G = (G + G ) g <s<gh], meN, sel (9.4)

Vceeuénnbrit TpeyroyibHuK [lackais BBIYUCISeTCs 110 TOMY YK€ PEKYPPEHTHOMY ITPaBH-
JIy, 9TO U KJaccudecKuilt TpeyroybHuk Ilackasis, eciim B HEM OOHYJIMTH BCE 9JIEMEHTHI, Jie-
JKallue 3a 1pejiesiaMu rpasuti (g, , g.-]. «Heyceuéunbrits Tpeyrosbuuk [ackana G2 [0, m]
COBIIA/IAET C KJIACCHYECKUM M JaéT OnHOMuaJibHble Ko3pdunuents: C) .

[Ipu magampaOM yenoBun G = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
o1 G 1ipu 0 < s < m. [Ipyrue HadajibHble YCIOBUS HPUBOJAT K PA3IMIHBIM HEKJIACCH-
qeckuM 0000IeHnsAM TpeyroyibHuKa [lackasis, HO Mbl UX He Oy/JeM paccMaTpUBATh.

Omupeperum Jiist Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHbIe IPaHUIBI (B 1a/Ib-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKATh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc. 9.2 u 9.4 npusejienbl mpuMepbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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§9.3 Teopema CmupHona

Teopema 9.2. /[1s1 npousBoJIbHONH KOHEYHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHU
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PID*(X) <e] = GL[0, 92 ()] /CL;
P[D™(X) <e] =GL[g;(e), L]/CL;
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

> e e Xt leeX ) < 4. (9.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

D(X) = max %Z

m=1..L
i=1 1—b; i=1 by
m {+k L ml
— ooty . B - =
e o I S 2_b Uk e ‘ mp

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.
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Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| _ elk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Ce Z H 9m(€) < Bn(X) < g5 (e)] (9.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (9.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibanka [ackamns (9.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto coBnamaer ¢ (9.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (9.4).
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Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Orocroponnue onenku (9.5) u (9.6) BoBOUTCs anagornvno. Pasiuaue B ToM, 910
JIUTs HAX BBIPAsKEHMe 1101 3HAKOM TTpou3Beiennst B (9.9) mpuHnMaeTr BUJI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yCeu€HHOM TpeyroJbHuKe [lackass, cooTBeTcTBeHHO, MO0 HuUKHEH ¢, (¢) = 0, mmbo
BepxHeil g (¢) = m, u Bce nasbHelime paccyK/eHNs OCTAIOTCS B CUJIE. n

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
g6l (9.9)) MOXKHO IPOBECTH TOPA3J0 KOPOYe U HALJIAIHEE, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausvu. Cornacuo (9.9) dynkumonan P[D(X) < €] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TI0 PEKYPPEHTHBIM cooTHOImeHnsM (9.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIT KOHTPOJIb KadecTBa [3] u anaims BeRKHBaeMoCTH [35)].

§9.4 (0O6o06uieHue Ha cnyyYai BapuaLMOHHOINO psiia CoO CBsiI3KamMu

B Teopeme 9.1 (CymuprOBa) TpeboBaHMe HENPEPHIBHOCTH (DYHKIIUH PACIIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeJIOBATE/ILHO, PAHXKUPOBKA OIPEJIEICHa eMHCTBEHHBIM obpasoM. Ecim
YCJIOBHE HEIIPEPLIBHOCTH HapytaeTcs, pasercTsa (9.2) u (9.3) MOryT He BBIIOIHATHCS [4].

B Teopeme 9.2 TpeboBanue pa3JInaHOCTA BCEX 3JIEMEHTOB BApUAIMOHHOTO psia hop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 3TOro TpebOoBaHMs He CUJILHO MEHAeT BHJ pesyiabrata — B Teopeme 9.2 m3me-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 9.3. Ilyctp £: X — R — npousBosibHast (QyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomaruke crpasesinebl Tounblie ornerkn (9.5), (9.6), (9.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJIOM aHAJIOTUIHO JI0KA3aTeIbCTBY TeopeMbl 9.2, mosToMy ocra-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernue (9.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, IPOCYMMUPOBAB MX B IHOPsiJIKe BO3pacTaHus 3HadeHuit &(x;):

L 1 L

130 -b)[e®) < 2] - 3 3 bile@®) < 2

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiormano (9.9), nosygaem:

= — Inax
k mely

D(X) = B — —|.

L

T

mGIH



= 9] =
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Puc. 9.5. Bepxune g (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (99) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, cM. puc. 9.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 9.1. Eciau Bce cBasku opHodnementusie, {iy,...,ig} = {1,...,L}, 10
a-(€) =gt (), g.(€) =g, (), u Teopema 9.3 nepexomur B Teopemy 9.2.

Sameuanwue 9.2. I[lomydyeHHble OIEHKN SBJSIOTCS TOYHBIMU, HO HEHAOJIIOIAEMBIMI.
MoaudunupoBantble rpaHuibl [, ¢ ] CyIMIECTBEHHO 3aBUCAT OT MOCIEI0BATEIbHOCTI
11,...,%ly, KOTOpas CTPOUTCH II0 BCeil reHepasibHON BbIOOpDKe X; €€ HEeBO3MOXKHO 3HATD,
uMest JIMIb HabJII0/1aeMyto BIOOPKY X. D10 o3HadaeT, 9To Teopemy 9.3 MOXKHO mpumMe-
HSITH JIJId IPOBEPKU T'UIIOTE3bl OJTHOPOJHOCTHU, OJITHAKO HEIOCPEJ/ICTBEHHO OHa HE T'OJUTCS
JIIS TIPEJICKa3aHus SMITUPUYIECKON (DYHKIIUN PACIIPEICTICHUSI.

Pe3iome

BeposiTHOCTH GOJIBIIOT0 OTKJIOHEHHS SMIIMPUIECKUX PACIIPEE/ICHIH UMeeT aCUMIITO-
tuaeckoe Beipazkenne (9.2) wan (9.3), KOTOpoe MPUBOIUTCS BO MHOIHX YIeOHUKAX W CIIPa-
BOUHMKAX 110 CTATUCTHKe. B cjaboil akcnoMaTuKe OHA UMEET TOYHOE BhIPArKeHHe Jepe3
YCeUEHHBINH TpeyroabHuk [lackass u jgerko obobInaercsa Ha cirydaii BapuaiuoHHoOro psijia
CO CBSI3KAMU, TO €CTh Ha PaCIpeIe/IeHHs ¢ Pa3pblBaMU U JIMCKPETHBIE PACIIPE/Ie/ICHHS.
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B cnepytouwiein nekunm mbl BepaéMCs K IpodsieMe 1mepeo0ydeHnss U PacCMOTPUM (DyHK-
IIMOHAJT PABHOMEPHOI'O OTKJIOHEHHST YaCTOTHI OMMOOK B JIBYX BhIOOpKax. OH sIBJIeTCsT 3a-
BBIINIIEHHO! OIEHKOW BEPOSITHOCTH TI€PEOOYUEHIA. 3aBBIIIEHHOCTh MTPUBOJIUT K TOMY, 9YTO
CBSI3HOCTH CceMeficTBa JjId JaHHOTO (DYHKIIMOHAJA yIeCTh MOXKHO, & PAaCcC/JIOCHHE — HET.
JL1sT MOHOTOHHOII TIeT aJrOPUTMOB OY/IET MOJIyUeHa TOUHAs OIeHKA (DYHKITMOHAA PaB-
HOMEPHOro OTKJIOHeHus. HTepecer TOT ¢akT, 9TO OHA TaKyKe CBI3aHA CO CJIyIailHbIMU
OJTY 2K TaHUSIMU, U TaKKe BhIPAXKAETCsT Yepe3 YCeUEHHbBI TpeyTroabHuK [lackasis, a B HEeKO-

TOPBIX CAydasix Jlazke COBIAJIAET C OIEHKON 3 TeopeMbl CMUPHOBA.
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10 OueHkn BepoOSATHOCTU PaBHOMEPHOIro OTKJIOHEHUS

DYHKITMOHAT BEPOATHOCTH OOJIBIIOTO PABHOMEPHO20 OMEKAOHEHUA TACTOT OIMTUOOK
B JIByX BbIOOpKax BBOJuTCH B VC-Teopun n 6epércs 32 OCHOBY BO MHOTUX TOCJIEIYIOIIAX
uccsreioBanugax (cum. 0630psr [68, 37, 10]). O sBisieTcst BepxHeil OIEHKOH BEPOATHOCTH
1epeodyIeHnsl U He 3aBUCHT OT METOJa OOYHUEHUs [, ITO JAET eMy OIpeeICHHOe ITPaK-
TUIecKoe npeumyniectBo. C MOMOIIBI0 OOPAIEHNs U3 HErO MOJIyJIaeTCsd BEPXHss OIEHKA
YACTOTHI OIMMOOK Ha KOHTPOJBLHOI BbIOOpKe. K€ MuHMMUM3aImsa, B CBOIO Ovepesb, MpU-
BOJUT K HOBOMY METOJy OOYYEHUs (i, KOTOPbIN, KOHEUHO K€, OTJINYAETCAd OT OOBIMHOI
MUHUMU3AIIN SMITpuydeckoro pucka. [lo njiee, HOBBII MeTOT (1 TOJIZKEH OBITH MeHee T10/I-
BepzKEeH 1epeodYIEeHHIO, TTIOCKOIbKY OH CTPOWJICA U3 COOOparKeHUi onTuMu3aIum ooooIa-
formeit criocobrocTn. C JIpyroit CTOPOHBI, 3aBBINMIEHHOCTH UCIIOJIb30BAHHON OIEHKH MOYKET
MOBJIEYh 33 cOOOI HEONITUMAJILHOCTE UJIH JlayKe HeaIeKBATHOCTbL HOBOT'O METOJIA.

[TosryuunB HECKOJBKUME CIIOCOOAMU BEPXHUE OINEHKU BEPOSTHOCTH OOJIBIIIONO PABHO-
MEPHOI'0 OTKJIOHCEHMH A, Mbl BBbIZACHHUM, YTO BCE€ OHH YUYUTLIBAIOT CBASHOCTb, HO HE€ YYH-
TBIBalOT pacCCJIOCHHUC. MMeHHO B 9TOM IIPOABJIACTCA 3aBbIINICHHOCTHL OIECHOK BEPOATHOCTU
repeoOyIeHns Yepe3 BEPOSITHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§10.1 TexHuka nopo>XxkgaroLmMx N 3anpeLiaromnx MHOXXECTB

Hanomuuwm, aTo nepeobyuerrocmyio aaropurmMa a Ha BIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €r0o OMIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00yvaromieii:

§(a, X) =v(a, X) — v(a, X).
QO yHKIIMOHAT BEPOSITHOCTH IIePe0dyIeHMS
Q:(1,X) = P[6(uX, X) > ]

OIIEHUBAETCsI CBEPXY BEPOATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX MOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[i(a, X) > ¢] = P[rgeajcé(a,X) > .

MeTtoa makcumMusauum nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOKECTB MOZKET ObITh npuMenén K dyuknnonany Q. (A, X), eciu crenuaabHbM 06pa3oM
BBECTU MeTOJI 00ydeHus. dT1a ujesd npunajie:kut V. Tonctuxuny.

Omnpenenenne 10.1. Meron obydeHust i HA3BIBACTCS MAKCUMUIAUUET NEPeodby uerHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

1] onpeaesieHud cJeAyeT, 9To ecJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb7 TO
BEPOATHOCTD Hep606yq€HI/IH COBIIaIa€T C BEPOATHOCTHIO PAaBHOMEPHOI'O OTKJIOHECHUAD,

Q- (H? X) - @a(A> X)
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Jlemma 10.1. FEcim meTos [t MAKCUMU3HPYET HEePEO0YIEHHOCTD, TO JIJIs KaXKJIOI'0 aJro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba eX: b= a} — BalIperanIuM B cMbicie 1'umore3nr 7.1:

X =] < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b, X) mus Beex b € A. (10.1)

BosbmMéM mpousBosibHbI T4, € X,. Torma I(a,xq) = 0, 1(b,z4) = 1. Ecau gormy-
CTUTh, UTO Tgy € X, TO IIOJIYIUM

6(b,X)=v(b,X)—v(b X)=v(a,X)+;—v(a,X)>da,X),

aro nporusopeunt (10.1), snaunr, x,, € X. B cuty ero npoussosbroctn X, C X.
Bosbmém mpomnsBosbHbIil 1, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gory-

CTUTb, 9TO Tp, € X, TO TOJIyIUM
6(b,X)=v(b,X)—v( X)=v(a,X)—v(a,X)+ ;>0 X),
aro iporusopesant (10.1), sHaunut, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 10.1 u o6mieit onerku paccioenusi—csisnoctu (7.2) cie-
JlyeT OIleHKa CBA3HOCTH JJI BEPOSTHOCTU PABHOMEDHOTO OTKJIOHEHNS.

Teopema 10.2. [lycrs BeKTOpBHI OHNIMOOK BCeX ajJTrOPUTMOB W3 A MOMAPHO Pa3/IHIHBI.
Torta mmeer MecTO BEpXHSIST OIEHKA BEPOSITHOCTH PABHOMEDPHOT'O OTKJIOHEHHS:

~ Ci:qfd L—q, m—d
Q:(AX) <Y C—gHL}q;d (£(m —ek)), (10.2)
acA L
e ¢ = q(a) = |X,| — Bepxusist cBsazrocts, d = d(a) = |X!| — HUXKHSST CBSI3HOCTB

amropurMma a, m = n(a,X) — 4ucja0 omMOOK aJIrOpuTMa G Ha T€HEPaJIbHOH BBIOODKE.

DTa OIEHKA ropa3/o XyzKe aHAJOTHYHON 110 CTPYKTypE OIEHKH DPACCIOCHUS CBSI3-
Hoctu (7.5) miug meccumuctunanoit MOP. EnuHcTBeHHOE pasimdie 3aKI0YAETCS B TOM,
9TO HEONTUMAJBLHOCTD 7(a) 3aMeHsIeTCsl Ha, HUXKHIOW CBsI3HOCTD d(a). HeonmuMaabHOCTH
pPacTér ¢ HOMEPOM CJIOs JIMHEHO, COOTBETCTBEHHO, BKJIAJIBI AJITOPUTMOB B (). yOBIBAIOT
SKCIIOHeHIMa bHo. HuKHsst cBsi3HOCTH d(a) He TpeBbImaet 7(a) U, KaK MOKa3bIBAIOT IKC-
HEePUMEHTHI 23], KOHIIEHTPUPYeTCsi BOKPYT OJHOIO U TOTO K€ 3HAYEHHsI BO BCEX CJIOIX,
[IO9TOMY AJTOPUTMBI BCEX CJIOEB BHOCAT HPUMEPHO paBHBIN BKIaT B orenky (10.2). Takmwm
06pa30M, Ta OIEHKA YIUTBIBACT CBS3HOCTH, HO HE YUNTHIBACT PACCIIOCHUE.
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§10.2 TexHuKa UEnHbIX PAa3JI0>KEHUA

BeposiTHOCTH PABHOMEPHOI'O OTKJIOHEHHsI MOZKHO OIEHUBATH CBEPXY C IOMOIIBIO 4en-
noix pasaoscenuds (chain expansion). Dra Texuuka npeoxena /1. Kovenpikobim [23].

Teopema 10.3. s ymobbix X, A u moboro ¢ € [0, 1]

Q-(4,X) < [ {sale)} < } thﬁmd(sa(s)). (10.3)

acA

e d = d(a) — HUXKHSST CBSI3HOCTB aJropurMa a, m = n(a, X) — 9uc/10 ommnboK ajaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — 5k),

HokazarenbcrBo. O6o3naunm depes U, (X, e) wimm npocro U, uHauKaTop mnepeodydeH-

HOCTH aJITOPUTMa ¢ Ha BBIOOpKe X :
U, = [0(a, X) > ] = [n(a,X) < sq.(¢)].

O6ozuaunm 4depes U, orpunanue U,, To ectb U, = 1 — U,.
Bocmonbsyemcst TeM, 9T0 Ha MHOXKECTBE aJrOpUTMOB A 3a/1aH0 OTHOIIEHNE JacTHY-

HOI'O TIOP$/IKA KaK €CTeCTBEHHOEe OTHOIIEHUE MOpsi/iKa Ha OyJIeBBbIX BEKTOPaX OIMINOOK aJji-
ropuT™MoB. JIOmoOJIHUM 3TO OTHOIIEHUEe JI0 JIMHEHHOIO MOPSIKa ITPOU3BOJIBHBIM 00pa30M.
[IpecTaBuM BEepOATHOCTH MAKCUMyMa OMHAPHBIX BEJIUINH KaK CYMMY BEpOSATHOCTElH, BOC-

IIOJIB30BAaBIINUCHL UENHBIM DA3AOHCEHUEM:

st = PmC?XUa = ZPUQHUI,.

a€A beA
b<a

OcraBuM B IEITHOM pa3/I0KEHUN TOJIBKO Takue comHoxkutem Uy, ato b < a. Ocraib-

Hbl€ COMHOXKUTEJIN TPUBUAJIBHO OLEHUM CBEPXY €IUHUIIEI, Ub 1, b £ a. Torna

< Z PHUan.

acA  beA
b<a

Pacemorpum npoussenenune U,U, 1j1st Tpon3BOIbHBIX b 1 a TakKux, 910 b < a:
U U, = } =
Y

Sa —

[n(a, X) < sa(e)] [n(b, X) > s3(e)
= %—sb()<n(b X) < n(a, X) < sqle)] =
= [sa(e) = £ < n(a, X) < sq(e)] [n(b, X) = n(a, X)] =
= [n(a, X = [sa(e)]] [{50(2)} < £][20a € X],

rae |s| — nmenast gacre s, {s} — npobuas gacrs s. Torma

< STPTT U0 = S PTT [(a: X) = Lsa(e)] [50()} < ] 200 € X

a€A beA acA beA
b=<a b<a
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ComHOXKUTE N, He 3aBUCAINNe OT b, BbIHECEM 3a 3HaK IIPOM3BeeHus. BBeaém MHO-
KecTBO X = {xba eX: b= a} U 3aMETHM, 9TO

[ Il € X] = [X; € X].

beA
b<a

Taxum obpazom,
Q. < S [{54(0)} < £] Pln(a, X) = [s.(2)]] [X, € X].

YuaureiBast, aro | X | = d(a), moayuaum onenky (10.2). Teopema nokaszana. ]

Omenka (10.3) o cBoeit ctpykType anagorndaa orerke (10.2). B neit ects gBa yiryd-
HIEHUST: BO-TIEPBBIX, CYyMMUPOBAHNE IPOU3BOJANTCS HE 10 BCEM CJIOSIM CEMeiiCTBa aaropuT-
MOB (11pst ¢ = k yUIUTBIBAETCSI TOJILKO KAK/IbII BTOPOIA CJION ), BO-BTOPBIX, BMECTO «JIEBOI'O
XBOCTa» TUIEPreOMEeTPUYECcKOro pacipejenenuss H B Heii dpurypupyer snadenue h ru-
[epreoMeTpUIecKOro paciipejiesienus B ojHoii Touke. C jpyroit croponsr, onenka (10.3)
YUUTBIBAET TOJBKO HUKHIOIO CBA3HOCTH, YTO B UTOTe JiejaeT eé¢ Oojiee craboii 1o cpaBHe-
Huto ¢ orenkoit (10.2). ITpu sTom 06e OIeHKN He YyIUTHIBAIOT PACCIOCHHE.

§10.3 TexHuka cny4aiiHbix Gny>XaaHWA

st ponsBosibHOTO cemeiicTBa A BbIpA3uM pABHOMEPHOE OTKJIOHEHUE YacTOThI OIIIH-
6ok B BbibOpKax X u X uepes unjukaroper b; = b;(X) = [x; € X|:

D(X) = I}Lleaj((;(a,X) = I;leaj((V@L,X) —v(a,X)) =

L
= max [(a,xi)(% [z, € X]—7 [ EX]) =
acA — N—— ——’
= 1—b; b
L
L l
= @ I;leaj( a [(CL,LE’@') (E — bz) . (104)
MoHOTOHHAs uenb anropuTmMoB — 310 MojesbHoe cemeiictBo A = {ag, a1, ...,ap},

B KOTOPOM &JITOPUTM @ JOIYCKAET M OIMMOOK Ha reHepasbHON BBIOOPKE, a KayKJIbIi 1Mo-
CJIeJIY IO AJITOPUTM XY2Ke TPe/IBLIYINEro Ha oJHOM o0bekTe (ompeesenue 6.7, cTp. 52).
[Iepernymepyem OOBEKTHI T, . . ., L1, TAKIM 00Pa30M, ITOOBI

lag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (10.5)

Teopema 10.4. /st MOHOTOHHOI! 111 ajaropuTMoB A, MPou3BOJIbLHOH reHepaIbHO BbI-
6opku X m npomnsposibHOrO € € [0, 1] cnpaBenBa TodHAS OLIEHKA BEPOSITHOCTH TOTO, 9TO
PaBHOMEDHOE OTKJIOHEHHEe He IIPEBBICHT €
e —_
] o GL [gL (5)7 L]
=,
CL

e g; (€) — J1eBasi rpaHuna ycedéHHOro Tpeyrojibuuka Ilackass:

Plmaxd(a, X) < ¢
acA

g, (e) = £(t — ek)[m <t <m+ D].
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Hoxka3zareabcTBo. B ciyuae MmonoToHHOI ienu ipejicrasiienue (10.4) yrpormaercst mocie
nojcranoBku B Hero (10.5):

L aaygy L 0(m + d)
D0 = g e Y- (7 -00) = g s (5D - B)

=1
vie Byrqg =01+ -+ byrq. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OIMTUO0K
B BBIOOpPKaxX X 1 X BBIPasKaeTcs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPeIH
IIEPBBIX M + d WIEHOB OMHAPHOI ITOCIeI0BATEILHOCTH] by, . . ., by, OT «0XKIIaeMOroy Incia
equnul £ (m + d).
Haiiém rernepsb BepositHocTh TOro, uro D(X) HE MpEBBIIIALT £:

P[D(X) < 2] = P max (£(m +d) — Bea) < £k =

D L
—PTI[4(m+d—ck) < Busd| =PT]loi () < B].
d=0 t=1
HOqueHHOQ BbIpazKeHne B TOYHOCTH COBIIa/IacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacrpeseseruii (9.9), /1uist KoTopoii yzke HaiiIeHO TOYHOe BbIpa-
xkenwue (9.6) yepes yceuénnblii cieBa rpeyrosibauk [lackass. Teopema jgokaszana. [

Pe3iome

QyHKIIMOHA PABHOMEPHOI'O OTKJIOHEHUS, BBEJICHHBIH B Teopun Barnnka-YepBonen-
KHCa, YIUTHIBAET CBA3HOCTH CEMENCTBA aJlOPUTMOB, HO HE YUUTBHIBAET €r0 PACCJIOEHUE.
N3-3a 5T0r0 OH MOXKET JIaBaTh CHUJIBHO 3aBbIIIEHHBIE OIEHKH BEPOSITHOCTH II€PEOOY IeHMSI.
Tem He MeHee, OH aKTHBHO UCIOIB3YETCH B TEOPUH CTATUCTUYECKOTro obydenus. Ero jo-
CTOMHCTBO B TOM, YTO OH HE 3aBUCUT OT METOJa OOYUEHUs, ITO TO3BOJIAET Pa3padaThiBATH
HOBBIE METOJIbI OOYUCHUS ITyTEM MUHUMHUBAIUN €0 OOPAIEHHBIX BEPXHUX OIECHOK.

[Tpu mosryvyeHnn BEPXHUX OIEHOK BEPOSTHOCTH PABHOMEPHOT'O OTKJIOHEHUSA MOTYT Ha-
KaIJIUBaThCA JOMOJHATEIbHBIE TorpeitHocTu. Cpeau TpEX pacCMOTPEHHBIX TEXHHUK Iep-
BbIe JIBe JIAI0T 3aBblIIeHHbIE OIEHKU, TPEThs JaeT TOYHYIO OIIEHKY, HO TOJIbKO JIJIs 4acT-
HOT'O CJIydasi MOHOTOHHOI Tell aJil'OPUTMOB.

B cnepytowein nekumn Mbl BepHEMCA K MOJIE/IBHBIM ceMeiicTBaM aJropuTMOB U PACCMOT-
PUM HECKOJBKO HETPUBUAJBHBIX YaCTHBIX CIIYYaeB, KOT/AA ONECHKN PACCAOCHUA—-CBA3ZHOCTA
OKa3bIBAIOTCS TOUYHBIMHU.

Ynpa>kHeHust

Bamada 10.1 (5%). IlosyuuThb TOUHYIO OIEHKY BEPOSITHOCTH PABHOMEDHOTO OTKJIOHEHHUSI
Q-(A,X) 11 yHUMOJIATBHO T AJITOPUTMOB.

Bamada 10.2 (10*). Ilosyunts Tounyio onenky Q.(A,X) /st mpOU3BOIBHOIO MHOZKe-
CTBa aJI'OPUTMOB, 33JJAHHOTO I'PAGOM PACCIOCHUI—CBA3HOCTH.
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11 MHoromepHblie ceTu anropnTmMoB

CymiecTByoT IpuMepbl HETPUBHAIBHBIX MOJIEIBHBIX CEMEHCTB aJrOPUTMOB, JIJIsT KO-
TOPBIX OIEHKH PACCIOCHUSACBA3ZHOCTU ABJIAIOTCA TOYHLIMUA. B 9acTHOCTH, 9TO MHOTOMEpP-
HbI€ MOHOTOHHbBIE CE€TH aJI'OPUTMOB. STI/I ceMelcTBa NHTEePEeCHbI emé n TeM, 94TO OHHU 06—
JIQJIAI0T HE TOJBKO PACCJIOCHUEM U CBA3HOCTBIO, HO U PA3MEPHOCTBHIO, TO €CTh BCEMU KJIFO-
YEeBBIMU CBOMCTBAMU PEAJIBHBIX CEMENUCTB.

§11.1 [dsymepHblii cnyyaii

B §6.5 MBI paccMOTpes it MOHOTOHHYIO TEIb AJITOPUTMOB, KOTOPAs SIBJISETCS MOJIEIBIO
OJIHOIIAPAMETPUIECKOTO ceMeiicTBa aaropuTMoB. EcrecTBeHHBIM 0000ITIEHNEM STOM MO/I1€e-
JIM Ha, MHOTOMEPHBIN CJIydail IpejCcTaBiIseTcs ceMeicTBO, rpad pPacc/joeHUusI—CBA3HOCTH
KOTOPOT'O N30MOPdEH MPAMOYTOIBHON PeIéTKe 33/ IaHHON Pa3MePHOCTH h WU HEKOTOPO-
My €€ HeBBIPOXKJIEHHOMY (pparMeHTy TOil YKe Pa3MepHOCTH.

Ha pucynke mokasanbl 4eTblpe HHXKHUX CJI0d IpadOB PACCIOCHHACBA3HOCTH Pas-
Meprocreit 1 (ciaesa) u 2 (cupasa). [opusonTaibHble JIMHUN COOTBETCTBYIOT CJIOSIM, 11 —
YUCJIO0 OMMOOK JIyUIero ajropuTMa Ha reHepasbHON BbIOOPKe. OObEKTHI BIOJIb CTPEIOK
O3HAYAIOT, YTO MPH IEPEeXoJie OT HUYKHErO AJTOPUTMa K BEPXHEMY OIMUOKA IMOSIBJIAETCS
UMEHHO Ha JIAHHOM O0ObEKTe.

h=1 h=2

m—+3 @ m+3

PaccMoTpuM IIPOM3BOJIBHBIH AJITOPUTM Gy U3 €O M+t = Ay, X). Yucso airo-
PUTMOB B 9TOM CJioe paBHO t + 1. Bepxusst cBs3HOCTD ¢(ay,) = 2 COBIAIAET € pa3sMepHO-
crbio h = 2. HeonrrumasibHOCTH 7(@y,) paBHa t, HOCKOJIBKY G, OTIMYAETCA OT JIYUIIero
aJrOpuTMa Ggy POBHO Ha t oObekTax. [lojcTaBuB Bee 3Tu Jannbie B oneHky (7.5) u 3ame-
HUB CYMMY II0 @JIFOPUTMaM CYMMOI 110 CJIOSIM, MOJIyYUM OIEHKY PacCIOCHUsI—CBI3HOCTI
Jist T HUZKHUX CJIOEB JIBYMEPHOI CeTH aJIrOPUTMOB:

T 0372

Qe <Y _(t+ )52 HL 5 (2(m o+t = <k).
t=0 L

[Toka 510 ObLIN IIPeJIBapUTEIbHBIE COOOparKeHNs, TOKA3bIBAIOIINE, UTO NHOI/IA OIeH-
KH PACCJIOEHUsI-CBA3HOCTHU TI0JIyIal0TCA OYeHb MPOCTO. DTa OIEHKA He BIIOJHE KOPPEKT-
Ha, TaK KakK IIPU HOJACIYETe BepXHel CBA3HOCTH aJrOPUTMOB T-T0 CJI0s TPEIIIOIaraioch,
aro (T + 1)-if cyioit cymecTByer, HO ero IpeJCTaBUTE N B CyMMe He ydreHbl. Jlaiee Mbl
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BBEJIEM HEOOXOIMMBIH (hopMasin3M, 0600IIUM OIEHKY Ha CJIydail IPOU3BOJIBHON pa3Mep-
HOCTU M aKKypPaTHO pas3bepéMcs ¢ BepXHUME cjaodMu. Mbl TakzKe yOeuMesd, ITO OIeHKa
PaCCI0eHUA—CBAZHOCTH JIjId h-MepHOIl MOHOTOHHOI CeTH ABJigeTcd TOYHON. [lepBbiM 3Ty
onerky nosyuanit I1. Boros [5].

§11.2 Cnyyaii Nnpon3BOALHON pa3MepHOCTU

[Iycts J = (j1, .. ., jn) — Hea0UnCIeHHDI BeKTOp nHAeKcoB. [lomoxkum | J| = ji+- - -+
Jn- BBeEM Ha BEeKTOpaxX MHJIEKCOB OTHOIIEHUE YaCTUIHOTO HMOPAJIKA: JJI ITPOU3BOJIBHBIX
J=1, - gn) n K = (ky,..., k) monoxum J < K, ecm jg < kg aist Beex d = 1,... k.
[Monoxum J < K, ecmm J < KuJ # K.

Omnpenenenne 11.1. Monomonnoti cemwvio arzopummos pasmepHocTa h u BbicoTbl H
Ha3bIBAETCSI MHOYKECTBO ajJrOPpUTMOB A = {a 5 |J|<H } ¢ II0ITAPHO Pa3JIHIHBIMH BEKTO-
paMu OoImIuOOK, TaKoe, dTO

1) ecmn J < K, 10 ay < ag;

2) n(ay,X) = m+ |J| npu nHekoropom m.

Asropnt™ ag = ao,...0) HasbIBaeTCs AyHwum B A.

JlanHoe ompe/iesieHIE MOXKET 1TOKa3aThCsi HEKOHCTPYKTHUBHBIM, TaK KaK OHO HE OITH-
ChIBAET MATPHILy OMMOOK B sIBHOM Bue. OmIHAKO CJIEAyOIIasi JIEMMa ITOKA3bIBAET, TTO
Ha caMOM JIejle MaTpPHUIla OIMIMOO0K OIIpe/iesieHa OIHO3HATHO.

Jlemma 11.1. MHoxkecTBO 00beKTOB X pacnaaercss Ha 00beKThl TPEX THIIOB:
1) m 06beKTOB, HA KOTOPDIX OMIHOAIOTCS BCE aJIOPUTMBbI;
2) Hh obbekToB {xf: t=0,....,.H-1,d= 1,...,h} rakux, uro [ (az,xd) = [t < jd};

3) Bce ocrajbHBIE OOBEKTHI, Ha KOTOPBIX HH OJH U3 AJTOPHTMOB HE OITHOACTCSI.

HokazareabcTBo. 1. MHOXKecTBO 00bEKTOB, Ha KOTOPBIX OIIHOAIOTCSI BCE AJITOPUTMBI,
COBIAJIAET C MHOYKECTBOM OOBEKTOB, Ha KOTOPBLIX OINOAETCS JIy Uil aJlfOPUTM g, U UX
qucsio paBHo m = n(ag, X). Yro u yTBepKIaeTcst B IEPBOM IIyHKTE JIEMMBbI.

BBeséM Ha BEeKTOpaxX MHIEKCOB IIOKOMIIOHEHTHOE CJIOXKEHHNE U YMHOKEHHE Ha IUCJIO:
J+ K= (1 +k,...,jn+kn) ucl=I(ch,...,cjn) mig upousBoibubix J = (ji,...,Jjn)
u K = (ky,..., k). Oupejennm equHudHbIE BEKTOPBI Fy = ([d:s])i}:l, d=1,... h.

2. Bospmém nponsBosibHbLil asroputm a; € A u e pasmepnocru {d, s} C {1,..., h}
takue, 910 jg < H, js > 0. Iloctpoum BekTopnl unuekcos K = J + Ey, J' = J — E,
K' = K — E,. Yerbipe anroput™ma a;, dx, G, g 00pasyoT rpad paccjioeHnss—CBA3HOCTH
(HATIOMHVIM, 9TO €CJIM aJTOPUTM G TIPEJIIeCTBYeT ajaroputmy b, a < b, To depes x4, 060-
3HAYAETCs] TOT €JIMHCTBEHHBINH 00beKT, Jjist KoToporo I(a,x.) = 0 u 1(b,x4) = 1):



AJITOPUTMBI G,y U Ay OTJIMYAIOTCS TOJHKO HA JIBYX OOBEKTAaX, MOTOMY CPEJIU te-
TBIPEX OOBEKTOB X,/ ;, Ty Tyx, Ti' UMEIOTCSI TOJBKO JIBA PA3JIMIHBIX. FKInHCTBEH-
HBII JIOMYCTUMBINT BaPUAHT COBIAJICHUI — KOTJIA X, = Ty U Xy, = Loy LIpogoskas
110 OYepe/in YMEHbIIAaTh B BeKTopax J m K Bce KOOPJIUHATHI J1, . . ., J KPOME jgq, TPUIEM
B MTOre K TOMY, YTO /IBa aJlOPUTMA U, k5, < O(j,+1)E, TaKKe OTINIAI0TCA Ha O0BEKTe T .
Taxkmm 06pazoM, 00BEKT T, OLPEIENIeTcs TOJbKO KoopauHatoit d € {1,..., h} u 3Haue-
HreM unjekca t = jg € {0,..., H — 1}, 1 He 3aBUCHUT OT OCTAJIbHBIX KOOPAWHAT BEKTOpA J.

O603HauNM 3TOT 06BEKT uepes zo.

JlokazKkeM OT MPOTUBHOTO, YTO Cpe/iu 06LEKTOB T¢ HeT copnajatonux. [lycrs 2¢ = x¢
u s oupenenénnocrn t < . Torna aip, < app,, caegosarensio I(ayp,, zd) = 1. C apy-

roit croponst, I(ayg,, 2%) = 0. [lostomy obbekTbl 28 u 28 e MoryT cosnagars. [Ipesrio-

U ..
JIOzKUM Teriepb, uto zf = 2% upu d # d'. Bosemém anroput™ ay, J = tEy + t'Ey. Anro-

PUTMBI 474 g, U G j4E, OTJIMYAIOTCS OT G Ha 00beKTax xdu xf,' COOTBETCTBEHHO U JIOJIZKHBI
UMeTh pa3/IMIHble BEKTOPHI OIMMUOOK IO OIpe/Ie/IeHuI0 MOHOTOHHO# ceTu. [losromy 00b-
ekt 1 u xf,/, OlATh-TaKW, HE MOT'YT COBIIQ/IaTh.

Urak, mpousBo/ibHBIN aaroput™ a; € A JgomyckaeT ommOKM Ha T€X U TOJBKO TeX
obbekTax xf, Y KOTOPBIX T < jg4, UTO U yTBEPZK/IAETCS BO BTOPOM IIYHKTE JIEMMBI.

3. B BbIOOpKE MOT'yT OCTaBaThCsd OOBLEKTHI T, HA KOTOPBIX aJrOPUTM Gy HE JIOMyCKAeT
omubKy, 1 KOTOPbIE He COBIAJIAIOT HU ¢ OHUM U3 z¢. Ecjiu 6b1 oun u3 anroput™os a € A
JIOIYCKAJI OIMMOKY Ha TaKOM O0BEKTe X, TO CyIIeCTBOBa/IN Obl ajropuTMel b, ¢ € A, Takue,
aro0 b < ¢ < a u & = Xp.. Ho Torma o0bekT = OB ObI OJHUM U3 00HEKTOB x‘tj, Kak ObLIO
mokazano Bbie. TakuM oOpa3oM, HU OJIMH U3 AJITOPUTMOB a € A He MOXKeT JIOIyCKaThb
OImuOKY Ha TAKOM 00bekTe . UTo u yTBepKIaeTcsd BO TPETheM IyHKTE JIEMMbI.

JlemMma, oKa3aHa. m

CaencrBue 11.1.1. usijoboroay € A, J = (1, Jdy- .-, jn) mmoborod € {1,... h}
yBesmmuenue uHjgekca t = jg Ha equaniy, K = (ji,...,Jq+1, ..., jn) IPUBOJIAT K IOSIBJIE-

HHIO OITUOKHA Ha 0OBEKTE mf:

ay < ag; I(aJ,xf):O, I(aK,xf)zl.

NuTtepnpetauusa. MonoronHas ceThb pa3MepHOCTH h 1 BbICOTBI H — 3TO MOJIEIb ceMeii-
CTBa AJITOPUTMOB ¢ h HempepbIBHLIME NTapamMeTpamu. MojiebHOe TpeInoioKeHne 3aKIio-
4aeTcs B TOM, UTO 110 Mepe yBeJndeHus d-To rmapamerpa ONIMOKHM BO3HUKAIOT MOCJIEI0-
BaTeIbHO Ha oObeKTax zl, ..., o% |, He3aBUCUMO OT 3HAUECHUI OCTAJLHBIX MapaMeTpPOB.
B peasbubIx 3a/1a1uax 3T0 TpeboBaHue KaK MPaBUIIO, He BBIIOHAETCd. B TO Ke Bpems, ns-
BECTHBI IIPUMEPHI, KOI'JI[a MOHOTOHHAS CETh MOPOXKIAETCH UCKYCCTBEHHOI BHIOOPKOM U pe-

AJIbHBIM CeMeficTBOM aaropurMoB (yrnpaxkuaenus 11.1, 11.2).

Pa3mepHble xapaktepuctukn. 113 Jlemmor 11.1 ciemyer, 9T0 HEOOXOIUMBIM YCJIOBUEM
CyIIeCTBOBaHUs MOHOTOHHOW ceTH siBjisieTcs orpanudenue m + Hh < L.

Yucio aJiropuT™MoB B CJI0€ M + t PABHO YUCIY HEOTPHUIATETHHBIX MEJTOTUC/IEHHBIX
BEKTOPOB uHjekcoB J = (Ji,...,jn) Takux, aro |J| = j; + ... + j, = t. OHO XKe ecThb
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At vh—1
YUCI0 CHOCO00B BHIOpaTh t 1peameros u3 h ¢ nopropenusamu, Cy = Cy7, . IIpocymmu-
POBaB YHUCJIO aJI'OPUTMOB IIO CJIOAM M BOCIIOJIB3OBABIIMCH HU3BECTHBLIM KOM6I/IHaTOprHVI

TOXKJIECTBOM, HETPY/THO HANTU YMCJIO aJrOPUTMOB BO BCell ceTH:

h h— h
Al =Gyl + -+ Cpiyy = Ol

§11.3 Tou4Hasa oueHka pacc/I0eHNsi—CBA3HOCTYN

13 dopmya (7.3), (7.4) u rpada paccioeHus—CBSI3HOCTU CJIEJLYET, YTO JIIs JII0O0Tro
aJITOPUTMa .y U3 MOHOTOHHOI cetu A

X, = {xf: =jg, d=1,..., h} — IOPOXKJIAIoIee MHOYKECTBO;

X = {xf: t < ja, d=1,...,h} — sanpemalomiee MHOKeCTEO.

Jlemma 7.1 maér jaimb HEOOXOIUMOE YCIIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3ysibTarT 00ydeHUs: [uX =a J:| < [X 7 C X } [X hCX ] OjiHako B cjIydae MHOIO-

MEepPHO# MOHOTOHHOI ceTH HEeOOXOUMOEe YCJIOBUE SIBJISIETCA TaKKe U JIOCTATOTHBIM.
Jlemma 11.2. FEciwm p — neccuMucTuIHasT MUHAMHA3AIAS SMITHPUIECKOTO PDHCKA, TO
[MX:aJ} = [XJ C X} [Xf, C X} JIsT KaskJoro ay € A.

HokazarenbcrBo. [lokaxkem, uro ecim X; C X n X C X, TO TOJILKO aJrOPUTM (.
MOZKeT OBITh Pe3yJIbTaTOM OOyUIeHUs.

Asroput™ @y JOIycKaeT ommOKH TOMBKO Ha 0ObeKTax m3 X', HO BCe OHH JIeKaT
B KouTpose X, nosromy n(ay, X) = 0.

PaceMmoTpuM TIpOU3BOJIBHBIN airopuT™M ax Takoii, aro K £ J. DTo o3HavaeT, 4To
kq > jq Aast HeKoTOpoit KoopjauHaThl d. Ho Torga ax jgomyckaer ommOKy Ha 0ObekTe :L‘?d,
KOTOPBIH j1e2KuT B X ;, c/ieJioBaTe/IbHO, 1 B 00ydeHun X . [fosToMy ajroputm ax He MOXKET
OBITH BHIOPAH METOJIOM L, MUHUMUBUPYIOIIMM SMITMPUIECKUN PUCK.

PaccmoTpuM npou3BoJibHBI aropuT™ ayx Takoit, uro K < J. Torma oba asropurMma,
aj M G He JIOIMycKaioT omubok Ha obydenun X . /lomyctum, uto kg < jg /I HEKOTOPOIi
KoopauHaTh! d. Torjga Ha KOHTPOJIBHOM OObEeKTe :Cﬁd U3 JBYX aJTOPUTMOB TOJBKO G J10-
IIyCKaeT OIMIMOKY, IIO3TOMY MEeTOJ, [, Oy/lyIl IMeCCUMUCTUIHBIM, BBIOEPET aJrOPUTM Q.

Takum 0Opa3oM, TOJBKO AJITOPUTM G; MOXKET OBITh PEe3yIbTaTOM 00y UEeHUS. |

Teopema 11.3 (O moHOTOHHOI ceTu anroputmoB). Ilycte A — MOHOTOHHAsI ceTh
pasmepuoctu h un Bercorsr H, MeTOJ i ABJIS€TCS I€CCHMUCTHIHON MUHUMHU3AIIHOH SMIIH-
pHUYecKoro pucka u BbimosiHeHo yciaosue m + Hh < L. Torna

iRk C;H-t 1027(1 t ool
Q:(nX) = Y —HLELHIO (Lm -t —2k)), g = [t<H]h.
L

t=0



JokazareabcTBo. Bo3bMEM MPOU3BOJIBHBIN aJllOPUTM .y U PACCMOTPHUM TPHU CJIydas.
1. Eciu |J| > k, To uncio ommboK ajropurMa a; Ha 3aIlperaoniux oobekrax X

IIPEBBIIIAET JIJIMHY KOHTPOJILHOHN BhIOOPKHU. HacTh ommnboK 00g3aTe IbHO OKaXKeTCsi B 00Y-

Jaroleil moABpIOOpKe X, M MeTOJ 1 BhIbepeT JApyroil aaropurMm. B sTom ciydae

(X =a,] =0.

2. Ecim |J| < kwu |J| = H, 10 ecTh aJI'OPUTM @, HAXOJUTCS B IIOCJIEHEM CJIOE, TO
HOPOZKIAIONINX 0ObEKTOB JJIsI @y HE CYIIECTBYET, CJIeJI0BATE/ILHO,

(X =a,] = [X} € X].

B sTom ciyuae BepxHsst cBsa3HOCTh ¢(ay) = 0, HeonTHMaIbHOCTH 7(ay) = |J|.

3. Ecm |J| < k w |J| < H, 10 peanusyercss OCHOBHOM ciydaii u3 Jlemmbr 11.2:
X =a,] = [X, € X][X C X].

B srom ciaywae Bepxuss cBa3nocts ¢(ay) = | X ;| = h, neontumansiocts r(ay) = |J|.

[IpumeHnM OIIEHKY paccioeHusi—CBsi3HoCTH (7.5), KOTOpasi B IAHHOM CJIydae siBJISeTCs
TOYHBIM PABEHCTBOM:

l—q

C
£— qvm+‘J| 14 o L—q—r
C Y R (), Py = T
J:|JI<H L
rae P; = PlpuX = aj| — BEPOSTHOCTD MOJYYIUTH aJrOPUTM a; B PE3yabTare 0OydeHus,

q = q(ay) — BepxHss CBA3HOCTB, I = r'(ay) = |J| — HEONTHMAIBHOCTH AJTOPUTMA @ .

BepxHsisi CBA3HOCTb U HEONTHMAJIbHOCTH B KaXKJIOM CJIO€ OJIMHAKOBBI ¥ BCEX aJiro-
PUTMOB. DTO TIO3BOJISIET BBIPA3UTH BEPOSITHOCTH TOIO, YTO METOIOM i OYJET IOJIyUeH
HEKOTODBIH aJrOpUTM ay U3 cjios m + t, tae t = |J|:

Ol O
P =Pn(uX,X) =m+t] =Ch,, Py = % (11.1)
L
U 3aTeM 3aMEHUTh CYMMY II0 aJiropurmMam cyMmoi mo cioam t = 0,..., H. Hakowner,

OCTaéTCd y4ecTh, UTO Npu t > Kk aJaropuT™Mbl BOOOIIE He BHOCAT BKJIAJ B OIEHKY, a IPHU
t = H obmuy/seTcst BepXHsIsd CBI3HOCTH ¢, KOTOPas B OCTAJIBHBIX CIydasx paBHa h.
Takum obpaszom,

min{H,k}
Z PH; %™ (L(m 4t —ek)), q=[t<H]h,

9TO ¥ TPeDOBAJIOCH JIOKA3ATh. [
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Puc. 11.1. 3asucumocru P; ot t (cieBa) u Q- or € (cupasa) /Il MOHOTOHHBIX CeTeil
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

§11.4 BbluncaurenbHble 3KCNEPUMEHTbI

JkcnepumMeHT 1: BbluMCNeHMe OueHKU paccnoeHusi—-cea3HocTu. Ha puc. 11.1 cire-
Ba TOKa3aH I'paduK 3aBUCUMOCTH BEPOSATHOCTH F; MOJIyYUTh aJIrOpUTM U3 cjaod m + i,
BbrancaeHHo 1o dopmyste (11.1), or ancra t. Cipasa nmokasan rpaduk 3aBUCHMOCTH Be-
posdTHOCTH TIepeodydeHust (). oT nopora . Ha kaxxjom rpaduke n3o0parkeubl 9 KpUBbIX,
COOTBETCTBYIOINIUX PA3JIMYHBIM 3HAUEHUAM pa3dmeproct h = 1,...,9.

Basucumocts P, muoromepnoit cetn Ha orpeske [0, H — 1] yuumomanbua. Bepost-
HOCTBL IIOCJIEAHEIro CJiod HEMHOI'O BbIIIEe, TaK KaK JIJId HEro BepXHdAd CBA3HOCTL pPaBHA
nyso. [Ipu pocre pasmepnoctu h nosoxkenne mMakcumyma P cMmermaercss BIIpaBo U pac-
TET BEPOATHOCTH TepeodydeHns. JTO O3HAYAET, YTO POCT CBA3ZHOCTHU, KOTOPBINA TPUBOIAT
K 9KCIIOHEHIINATLHOMY YMEHBIIEHUIO BEPOATHOCTEN PP OT/Ie/IbHBIX &JITOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCA POCTOM MOIITHOCTHU CJIOEB.

JKCnepuMeHT 2: cpaBHEHWEe MOHOTOHHbIX CeTell C peasibHbIMU CemeicTBamMu.
Ha ocnose 1rardopmbr RapidMiner Ob1n 1mosiydeHbl 9KCIIepuMeHTaIbHbBIE 3aBUCUMOCTHI
Qe or & s 3amad w3 pernosuropuss UCI (sonar, breast-cancer-wisconsin) Ha meTojmax
kiaccudukannu NaiveBayes, SVM, DecisionTree, NeuralNetwork [5]. Dkcriepumenrtaiib-
Hble KPUBbBIE TIEPEO0YICHHOCTH Qg, oty geHubie MetogoM MonTe-Kapiio, ammpokeuMupo-
BaJINCh KPUBBIMU TIEPEOOYIEHHOCTH MOHOTOHHBIX CeTeil myTéM 1omdopa pasmMepHocTu h
npu duxcupoBanubix L, { u m. OKa3aaochb, 9T0 9eM CI0KHEe CeMeHCTBO aJIfOPUTMOB,
TeM BBIIIE TPOXOJIUT KpHUBas MMepeoOYIEHHOCTH W TEM BBIIIE Pa3MEPHOCTH h AIlIpPOKCHU-
MEpYIOITeil MOHOTOHHO! ceTH, cM. puc. 11.2) 11.3; 11.4 («6osee cTymenvyaTbie» KpPHUBBIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIaJIKIe» — PeaIbHbIM CeMEHCTBAM ).

[Ipumeuaresen Tor dakT, 4YTo Ha 3aja4e breast-cancer-wisconsin meros NaiveBayes
oKa3aJl KPUBYIO epeo0yIeHHOCTH, SKBUBAJIEHTHYI0O MOHOTOHHOW CeTH pasMepHOCTH 1,
puc. 11.4. DdderTuBHass pasMepHOCTh JAHHON 3aJad9M W B caMoM jeje Om3Ka K 1,
TaK KaK OYeHb XOPOIIUM PasJIe/IsiioNM IPU3HAKOM sBJISETCS CyMMa BcexX 9 MpU3HAKOB.
DecisionTree na Tex ke JIAHHBIX HE CMOI HANHTH 9TOT HPU3HAK U HOKA3aJ OOJIBIIYIO Pa3-
MEPHOCTBH, OOIBINYIO TEPe00yIeHHOCTD U OGJIBITYIO OMMUOKY Ha KOHTPOJIE.
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Puc. 11.2. Beposraocts nepeobydenus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pas3mepHOCTell, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactora ommbOK Ha 00ydeHHN/KOHTpose, coorBercrBenHO: (.28/0.32;
0.05/0.20; 0.02/0.26. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 11.3. BepositHocTh tepeobyuenust (). asropurMmoB NeuralNetwork ¢ auciiom Heii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha 00YYEeHWUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. Bagaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 11.4. BepositHocTh nepeobyuennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX ceTeiil pazmeproctu b = 1, 20. CpejiHsist yacToTa OMMOOK Ha 00y YeHnn /
koHTposie, coorsercreenHo: 0.04/0.04; 0.03/0.06. 3amada breast-cancer-wisconsin,
9 npuznakos, L = 700, ¢ = 630.
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Pe3iome

Tounblie o1eHKN BEpOATHOCTH TIEPEOOyUIEHUs K JIAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
Ja MOJIEJIbHBIX CeMeiicTB aJropuTMoB. B ux ducie MHOroMepHbIe MOHOTOHHBIE CETH aJII'0-
PUTMOB, 00JIaJIAIOIIIE CBOMCTBAME PACC/IOCHUS, CBA3HOCTH U Pa3MEPHOCTH, ITO COIMZKAET
X ¢ peaJbHbIMU ceMeiicTBaMu. OIEHKa PACCIOCHUSI—CBI3HOCTU JJIsT MHOTOMEPHOI MOHO-
TOHHOII CeTH dBJIAEeTCAd TOYHOI.

B skcnepumenTax KpuBbIe BEPOSITHOCTH I1€peOOYyUeHUSA pPeabHBbIX CEMENCTB HEILI0-
XO TPUOJIHKAIOTCSA ¢ TOMOIIBI0O MHOTOMEPHBIX MOHOTOHHBIX CeTeil IIPU COOTBETCTBYIOIIEM
11o100pe PasMepHOCTH, KOTOPYIO MOXKHO HHTEPIIPETUPOBATH KaK «3(MhMEKTUBHYIO pa3Mep-
HOCTb» 3aJIa4M.

B cnepyrowen nekunn Mbl paccMOTPUM €I1E HECKOJIBKO MOJEIbHBIX CeMENHCTB U MOJIY-
YUM JIJIsT HUX TOYHBIE OIEHKU BEPOSITHOCTH TIEPEo0yYeHUsI, IPUIEM € TTIOMOIIBIO aIbTepHa-

TUBHBIX IIO/XO/10B, HE OIIMPaACh Ha IIPUHIUII ITIOPO2KIAIONNX 1 3allPEIaionnX MHOZKECTB.

Ynpa>xHeHus

Bagmaua 11.1 (1). Ilpusectu npumep BuIGOPKH B R?, 119 KOTOPOi MHOMKECTBO JTHHE -
HBIX KJIACCUMDUKATOPOB (He 06513aTeIbHO BCEX BO3MOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bajgava 11.2 (3%). Ilpusectn npumep BeiGOpkE B R 17151 KOTOPOIt MHOMKECTBO JTMHE-
HBIX KJIacCHMDUKATOPOB (He 00s13aTeIbHO BCEX BOSMOMKHBIX ) ITOPOK AT MOHOTOHHYTO CETh
AJITCOPUTMOB.

Bamada 11.3 (5%). Cdopmyauposars TpeboBaHus K cCeMeHCTBY aJrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIOCHUSI—CBSI3HOCTH ABJISIETCST TOUHOIA.

Bagaua 11.4 (5). IlosyuuTb OIEHKY BEpOSITHOCTH TEPEOOYUEHUs Jjisi MHOIOMEPHOIT
MOHOTOHHOW CETH, KOTJIa 110 KaKJION pasMepHocTH d 3ajaHa CBOsl BbicoTa H .

Bamada 11.5 (5). IlosyunTsb ONEHKY BEPOSITHOCTH HEePEOOYUeHUsl JJisi YHUMOATBHOI
h-mepHOit ceTn.

Bamada 11.6 (5). I[lomyunTh OIEHKY BEpOATHOCTH IepeodydeHust Jisl ydka h MOHO-
TOHHBIX Iieneil JauHbl [ .
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12 To4Hble nHTepBasabHble N BJI0YHbIE OLEHKN

[Ipomo/KM paccMOTpeHnEe TOYHBIX OIEHOK BEPOSITHOCTH IIePE0OYIeHUS JIJIT MOJIETb-
HBIX CEeMeiCTB aJropuTMOB, 00JIaJIAIONTNX CBOWCTBAMU PACC/IOEHUs U CBA3HOCTU. Hadaném
C ceMelicTBa, BOOOIIE He 0018 IaIOIIEr0 PACCIOEHIEM U ITOKayKeM, 9YTO B 3TOM CJIydae OIleH-
Ka CTaHOBUTCH BBIPOZKJICHHO.

§12.1 Cnown byneBa kyba

Paccmorpum muOXKecTBO A, cocrosiiee n3 Bcex C' ajlropuTMOB, JIOIYCKAIOIIX POB-
HO M OMmuOOK Ha IOJIHONW BBIOOPKe X, W MMEIONIUX IOMAPHO PA3/JIMYHbIE BEKTOPDLI OIHU-
6ok. [lockoyibKy Bce BO3MOXKHBIE BEKTOPBI OITMOOK 00pas3yioT OyJsieB KyO pasmepHocT L,
TO BEKTOPBI OMMUOOK MHOKecTBa A — 310 m-ii cioit OyeBa Kyba.

Teopema 12.1. Ilycth |t — HPOU3BOJIBHBIN METO] MUHUMHU3AIHA SMIIHPHIECKOIO PUCKA,
A —me-ii caroii 6ysea Kyb6a. Torma juist moboro € € [0, 1]

ng[skgmgl/—z—:é].

HoxkazareabcTBo. Corstacno Teopeme 3.1, B ciiydae OJHOIO CJIOs AJTOPUTMOB MU-
HUMU3aIAsl SMIUPUIECKOIO PUCKA SKBUBAJEHTHA MPUHIIUILY PABHOMEPHON CXOIUMOCTH.

CitetoBaTeIbHO,

Q. =P [max (V(&,X') — V(CL,X)) > g],

a€A

Ecmu m < k, To MaKCHUMyM JIOCTUTAETCA Ha TAKOM a € A, y KOTOPOro B KOHTPOJIb

ToTa/IAloT Bee m onmoboK, a B o0ydenne — mu ommoit. Torma v(a, X) =7, v(a, X)=0n

Ecmun m > k, To MakcumMym JOCTHTaeTcsi Ha TakoM a € A, KOTOpBIil jI0mycKaer
ONMMMOKM Ha BCEX KOHTPOJILHBIX 00bekTax. Torma

Q.=Pll-2k > = m<L—cl)= [k <m<L—cl,

OObenHsIsT IBA HECOBMECTHBIX caydas m < k u m > k, moaydaeMm Tpebyemoe. [

Takum o6pazoM, ToUHAS OTIEHKA BEPOITHOCTH IIePEOOYICHUS sIBISIETCS BIPOXK JICHHOM
U npuHUMaeT 3HadeHus 6o 0, mudo 1. XoTd 3TOT pe3yabraT TPUBHAIbLHBIN U B Olpe/ie-
JIEHHOM CMBICJIE OTPUIATEHLHBINA, OH IMO3BOJISET CJIeJIaTh HECKOJIHLKO BaXKHBIX BBHIBOJIOB.

Bo-11epBbIX, aJaropuTMbl CAMBIX HUKHUX CJIOEB, M < (Ek—\, He BHOCAT BKJIa/l B IIepe-
obyuenue.

Bo-Bropbix, HUXKHEIT €10 ceMeiicTBa aJaroOpUTMOB, COAEPIKAIIUI aJIrOPUTMbI C IUC-
JoM ommboK He MeHee [ek], He JIOJKEH COJIEPIKATH 6C€ Takue ajroputMmbl. He mmeer
CMBIC/IA IPUMEHITH MeToJ MOP K cuikoMm 6oraTbiM cemeiicTBaM aJaropuTMOB.
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§12.2 WHTtepBan byneBa kyba n ero paccsioeHue

[IpeamooKuM, ITO BEKTOPHI OMIMOOK BCEX aJITOPUTMOB W3 A MOTApPHO pPa3IHIHBI
)
n 00pa3yioT WHTEpBaJ paHra m B L-MepHOM OyJ/ieBOM KyOe. DTO O3HAYAET, 9TO OObEKTHI
JIeJIATCS Ha TPHU T'PYIIBL Mg «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJUH M3 ajiro-
PUTMOB He JIOIYyCKAeT OIMUOOK; 1M1 <«IIyMOBBIX» OOBEKTOB, Ha KOTOPBHIX BCE AJITOPUTMBI
JIOIYCKAIOT OIIMOKW; M 1M <«IIOIPAHUYHBIX» OOBEKTOB, Ha KOTOPBIX peau3yiorcs Bce 2™
BapUaHTOB JIOIYCTUTH OmMuOKM. JIpyrux o6bekToB HeT: mg + my + m = L. AjroputMmbl
JIOIYCKAIOT OT M4 110 my + m ommbok. Yuceno aaropurmos B A pasao 2™. Narepsan Oy-
JieBa Kyba obJ1ajaeT cBOMCTBAMHU paccoeHust u cBsa3noctu. Ha puc. 12.1 nokaszan npumep
MaTPHUIlbl OIMNOOK JIJIsi UHTEpBaJia OyJieBa Kyba panra m = 7.
06vekmbl
50 1
45 4
40 4
35 4
30 3
25 4
20 7

15 3
10 3

anzopummbol

Puc. 12.1. Marpuna omubok nnrepsasia 0yiesa Kyda npu L = 50, m =7, m; = 10.
Yucso anroputMoB B cemeiictse |A,,| = 2™ = 128. AaropuTMbl IPOHYMEPOBAHBI IO
CJIOSIM CJIEBa HAITPABO, HApUMeEp, Ao — 3T0 nepsbie 29 anropuT™MoB, A3 — nepsbie 64.

st Gosibimieil OOITHOCTH PACCMOTPUM MHOXKECTBO aJroput™moB A;, obpasoBaHHOe
HIDKHUME € CJIOSIMU MHTEepBaJjia OyjeBa Kyba. DTO aJrOPUTMBbI, JOIyCKAoIe He OoJiee
t ommboK Ha MorpaHuYHBIX obbekTax, |A;] = CY + Cl 4 ... 4 C! . Tlapamerp t MoxKeT
npuauMarh 3uadenud 0, ..., m. [Ipu t = 0 umMeem eIMHCTBEHHDIIH aJIrOPUTM, 1Ipu t = m —
MOJIHBIH MHTEPBAJ PAHTa M. DTO MOJEIBHOE CEMEHCTBO MHTEPECHO TE€M, UTO OHO MO3BO-
JISIeT UCCIIeIOBATH 3aBUCUMOCTD BEPOATHOCTHU TepeolyueHus (). OT YuCiIa CIOEB.

Teopema 12.2. Ilycrb p — HeCCHMHCTHYHBIH METOJ MHHHMH3AIUH SMIHPUICCKOTO
pucka, A = A, —HmxkHHe t c/g06B HHTEpBaJja OyaeBa Kyba ¢ M HOTPDAHHIHBIMHU H 1M
nrymoBbiME obbekTamu. Torma jtst jroboro € € [0, 1] BeposiTHOCTD HIEpeobydeHust ecTh

m  mq s vs1 —s—s1
Z Z Omlec —m—my [81 < %(ml + min{t,m - 3} - 5k>]

s=0 s1=0

HokazareabcTBo. O603HaumM depe3 X, X1, S COOTBETCTBEHHO MHOYKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U MOIPAHUYHBIX OOBEKTOB; a 4Yepe3 Sy, S1, S COOTBETCTBEHHO — YHCJIO
BHYTPEHHHUX, IITyMOBBIX U MOTPAHUYIHBIX 00BHEKTOB, MOMABIINX B 00y YAIOINLYIO BRIOOPKY X .

[TockobKy METOJ, ft IECCHMUCTUYHBIN, OH BCerja OyJieT BhIOMpaTh u3 A ajaropur,
KOTODBI He omubaeTcd Ha BCeX OOyYAIONIUX MMOIPAHUYHLIX OObEKTax, HO OIubdaeTcs
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Ha BCEX KOHTPOJIbHBIX ITOI'DaHUYIHbBIX 00 bEKTaX. HOSTOMy

V(MX,X):%; v(pX, X) = (ml_Sl)‘{'Ililln{t,m—s}‘

Yucso paszbuennit X LI X, npu koropsix | Xo N X| = so, |[X1NX|=s1, [SNX|=s,
S S S
pasno Cr0 CP! Cp . CrieJloaTeslbHO, BEPOATHOCTD HepeodyyueHust IpeJICTaBuMa B BUJIe

mocsl Cro [ (my — s1) + min{t,m — s} s
DN —y e
k 14
S0= 081—0 s=0
so+s1+s={
Y10o0BI OTYYUTh YTBEPIKIECHIE TEOPEMBI, JJOCTATOYHO BOCIIOIB30BATHCS COOTHOIIIE-
HUAAMHA Mg+ mq +m = L u sg+ s1 + s = £ u npeodbpazoBaTh HEPABEHCTBO B KBaIPATHBIX
CKOOKaX K BHIY § < %(ml + min{t,m — s} — ck). [

NurepBast OyneBa Kyda gdBJIA€TCA YHUKAJIBLHBIM IIPUMEPOM CEMeHCTBa, /il KOTOPOT'O
3 dekT paccioeHusd MPaKTUIECKN HE CIIOCOOCTBYET CHUKEHUIO TIEPeo0yICHUS.

CaencrBue 12.2.1. FEcjm |4 — neccuMucTHIHAasT MUHUMHA3AIAS SMIIHPUIECCKOTO PHCKA,
A,, — uHTEpBaJI paHra m OyjaeBa Kyba, TO BEPOSITHOCTD mepeobyderns (). COBIIAIaeT C Be-
POSITHOCTBIO PABHOMEPHOI'O OTKJIOHEHUSI:

— 0. = >
Q: = Q- Prgeajd(a,X)/é

HokazareabcTBo. [leccumucTuanbiii METOL (1t BCerjia BhIOUpaeT u3 A,, aJroputm, KOTO-
pblii He omubaeTcd Ha BCEX OOYYAIONINX MOTPAHUIHBIX 00beKTax, HO OIMOAETCS Ha BCEX
KOHTPOJIbHBIX TOTPAHUIHBIX 0O'bEKTAX, UTO IKBUBAJIEHTHO Makcumusanuu d(a, X ). [

BbiuncnurensHbin akcnepumedT. Ha puc. 12.2 npejcrasienbl rpadukn 3aBUCHMOCTH
BEPOATHOCTH TlepeodydenHns: (). OT YHCJIa HIZKHUX CI0EB L = my,...,mi+m. Tpu sKkc-
HepUMEeHTa, OTJIMIAJNCH JIMHON renepaibhoii Boibopku (200, 400, 1000), mpu sTom co-
xpansmch nponopuun 7 = 0.2 u " = 0.05, To ecTb remepajbHasg BbHIOOPKa BCerja
cozepxkaia 20% norpanumanbix u 5% 1myMoBbIX 00beKTOB. Ha rpadukax Takke moKa3aHbl
BKJIQJIBI CJIOEB B 3Hadenne dynkimonaia (.. ToabKo HIKHMIE CJION JTAI0T HEHYJIeBbIe BKJIa-
% = 5, 9TUM
obbscHsieTcs 3yb6uarocTsb rpadukos BKIaioB). OkaspiBaercs, aro 20% morpaHunIHbIX 06b-

bl (K&)K,ZLBIﬁ BTOPOI CJIOi BOODIIE HE BHOCUT BKJIAJ B (). B CUJIY OTHOIIECHUS

€KTOB — 9TO HACTOJIHLKO MOIIHBIN HHTEPBAJI, YTO MIPU BCEX TPEX 3HAYCHUAX L BEPOATHOCTH
nepeobydenust ObICTPO JlocTuraeT 3Hadenus 1. BeposgTaocTs niepeodyvenust 6,iM3Ka K HYJTIO
TOJILKO ecin 6paTh camble HUXKHEE cjiou uHTepBasa (He 6oee 2% OT JTMHBL BBIGOPKN).

MuTtepnpetauuun un BbiBoAabl. llpuxoaurcs KoHcTATHpPOBATH OTPUNATE/BHBIN, 0 Cy-
TH, pe3yabrar. VaTepBas OyieBa Kyba ¢ «pa3yMHBIMU» Ha IEPBBII B3IV ITapamMeTpa-
MU 11, M OKa3bIBAETCSA CJIUIIKOM OOraThiM ceMeiicTBOM ajaropuTMoB. OIEHKN BEPOSITHO-
ctr epeodydenns (), Ui MHTepBaja OJIM3KH K HYJIIO JINIIb [IPH OYeHb HU3KUX 3HAUEHU-

six my, m. OTcroma Cc/IeyIoT JBa BBIBOJIA.
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6ePOSMHOCHIL
10 A

08 1

06 1
04 1
0.2 1

0 A

10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
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1.0
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06 1
04 1
0.2 1

0 4

1.0
0.8 1

06 1
04 1
0.2 1

0 4
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—— BKNag t-ro ypoBHs B Qeps  —— BEPOATHOCTb nepeobyyeHus

Puc. 12.2. 3aBucuMoCcTh BEPOSITHOCTH TepeobydeHrs (). OT duciaa t HUKHUX CJIOEB
npu € = 0.05. Bepxawnit rpaduk: ¢ = k = 100, m; = 10, m = 40. Cpeanuii rpaduk:
¢ =k =200, m; =20, m = 80. Huxunit rpaduk: £ = k = 500, m; = 50, m = 200.

Bo-1repBbix, xopormasi 006001aoIas ClocoOOHOCTh BPsiJi JIM BO3MOXKHA, €CJIU B BbI-
OOpKe eCcTh 3HAYUTEIbHOE KOJTMIECTBO IMOIPAHNIHBIX 00BEKTOB, HA KOTOPBIX aJTOPUTMbI
ceMeiicTBa JIOMYCKAOT OMTUOKH BCeMU BOZMOXKHBIMEU criocobamu. PakTUIECKH, 0151 TAKUX
00bEKTOB J100aB/IsgeTCsd K BeaudnHe nepeodydennoctu. MoxkeT BOBHUKHYTDH I0/I03pEHUE,
YTO 9TO MPOUCKOIUT U3-3a neccuMuctuarHoct MIP, ogHako orneHka st paHI0MUA3UPO-
Barnoro MOP npakrndeckn crosn xe mwioxa (ynpaxknenune 12.2).

Bo-BTOpBIX, HCIOIB30BATH HHTEPBAJ OyiieBa Kyba Kak MOJIeIb peabHbIX CeMeicTB
BP&JI JIU TiesiecooOpasHo. ['umoresa o CyIecTBOBAHUN CJI0sT IIOMPAHUIHBIX 00bEKTOB IIPE/I-
CTaBJISIETCs JJOCTATOYHO pa3yMHoil. OHAKO B PeasIbHBIX 3a/1a9aX aJrOpUTMaMy ceMeificTBa
peaim3yIoTcs, 1Mo Beeit BUIUMOCTH, JIAJIeKO HE BCE CIIOCOOBI JOMYCTUTH OMMUOKHN HA MOTDa-
HUYHBIX 00beKTaxX. Bo3MmoxkHO, Oojiee ajgekBaTHOI ObLa ObI MOJEb, B KOTOPOH TeM HJIN
MHBIM CITOCOOOM BBOJUTCS XapaKTEPUCTHKA «CTEIeHN TPAaHUIHOCTH» OOBEKTOB U OIEHM-
BaeTCs pacipejiesieHne 3Toi XapaKTepPUCTUKHA B BHIOOPKE.

§12.3 bBano4yHas oueHka

Homycrum, 9to BekTOpbI ommboK Beex asjroputmMoB A = {ay,...,ap} momapso
PA3JIMIHBI, METOJ [ — IIeCCUMUCTUYIHAS MUHUMHU3AIUS SMINPUIECKOTO PHUCKA. JHAYe-
uust I(ag,x;) obpasytor 6uHapHytoo L X D-MaTpuily OnmboK, CTOJIONBI KOTOPOii ABJISIOT-
¢ BEKTOpaMU OIHOOK aJIl'OPUTMOB, CTPOKU COOTBETCTBYIOT oObeKTaMm. OOo3HaInM depes
b= (by,...,bp) npousBosbHBI GHHAPHBINA BeKTOP pasMeproctu D. Beibopka X pasdua-
ercd Ha Herepecekatoruecs oa0ku U, C X Tak, 970 BceM 00beKTaM B 0JI0KE COOTBETCTBYET
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oiHa u Ta ke crpoka b = (by,...,bp) B MaTpuiie ommobOK:
Uy = {z; € X| I(ag,z;) = bs, d=1,...,D}.

Ob6ozHaunM depe3 B MHOKeCTBO OMHAPHBIX BEKTOPOB b, KOTOPHIM COOTBETCTBYIOT
nernycroie 670ku Uy. Ouesuano, |B| < min{L,2P}.

O6osuatum my, = |U|.

Kax1oit obyuatomeit eibopke X € [X]¢ moctaBum B COOTBETCTBUE MEJOUUCTCHHBIT
BEKTOD (Sp)pep TakKoi, uro s = | X N U,| —uncio oobekToB n3 6ioka Uy, monagarommx
B 00y4aroniyio BbIOOPKY. MHOXKECTBO BCEX TAKMX BEKTOPOB, COOTBETCTBYIOIINX BCEBO3-
MOKHBIM OOYYAIOIUM BBIOOpKaM, obo3HadnM depe3 S. OueBu iHo, S MOXKHO TaKKe OIpe-
JIEJTATH U JIPDYTEM CIOCODOM:

S = {S = (5p)beB

SbZO,...,mb, ZSbZE}.

beB

BanurreM 9rcyIo OMuO0K aJrOPUTMa (g Ha 0Dydarorieil BbIoopke X U KOHTPOJIBHOM
BbIOOPKEe X B BHUJIE CYMMBI 110 OJIOKAM:

n(ad,X) = Zbd |X N Ub’ = Zbdsb;

beB beB
n(ad,X) = Zbd ’X N Ub’ = Zbd(mb — Sb).
beB beB

Takum 0b6pa3oM, BBIOOD aJrOpUTMa METOJOM [i 3aBUCUT TOJIBKO OT TOIO, CKOJIBKO
00BEKTOB S M3 KazKJI0ro OJIOKa TOMaJIET B 00yYAIONLYI0 BLIOOPKY, HO HE 3aBUCUT OT TOTO,
KaKmne NUMEHHO 9T0 Oy 1yT o6bekThl. Onpegenum dbyukimo d*: S — {1,..., D} kak HOMep
aJIrOpUTMa, BBHIODAHHOTO METOJIOM gt 10 obydarorieii BeiGopke. Eciu munnmywm n(a, X)
JIOCTUTAETCS Ha HECKOJIbKUX aJrOPUTMAax, TO MeCCUMUCTUYHBIN METOJ [t BLIOUPAET aJiro-
puts™ ¢ 66abmmM n(a, X). Ecam e n TakuX aaropuTMOB HECKOJIBKO, OyJieM T0JIaraTh,
YTO BBIOUPAETCST AJITOPUTM ¢ OOIBITNAM MOPSIIKOBBIM HOMEPOM:

A(s) = Argmin > bysp,

d=1,...D beB
A'(s) = Argmax > bg(my — sp),
dEA(s) bEB
d*(s) = max{d: d € A'(s)}, (12.1)

riae depes Argmin f(d) obosnadaercsi MHOKECTBO 3HadYeHWH d, TP KOTOPBIX (DyHK-
d=1,....D

st f(d) mocTuraer MUHUMAJIBHOTO 3HAUEHUSI.

Teopema 12.3. Ilycrb j1 — meccuMucTHIHAsS MUHUMHA3AIAS SMIIPAIECKOTO DHCKA, BEK-
TOPBI OHNIHOOK BCEX aJaropuTMoB a € A nomnapHo passindssl. Torga BepOSITHOCTD HOJIy IUTh
aJrOPUTM (g B PE3yJIbTaTe O0YICHUS:

PluX=a4) = %Z(H C;jgb) [d*(s)=d |; (12.2)

L ses NveB
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BEPOSITHOCTD IEPEOOY IeHUSI:

Q- £Z<chb){25d*s> (myl — syL) > ekt (12.3)

seS “beB beB

lokazareabcTBO.
[IpousBosibHOMY HAOOpY 3HAYEHUH (Sp)pep U3 S COOTBETCTBYET MHOYKECTBO BBIOO-
pok X € [X]¢ Takux, uro |X N Uy| = 5. Uncio Takux BEIGOPOK PABHO MPOM3BEICHUIO

IT Cyv , Tak Kak Jyig Kaxkjoro Oyoka U, cymecrsyer Cib croco6oB oToOpaTh s, 00beK-
beB
TOB B 110/1BBIOOPKY X M Uj,.

[Tockonbky yenoust X = ag u d*(s) = d paBHOCHIBHBI, BEPOSITHOCTH IOJIYIUThH
AJTOPUTM (g B pe3yJabTare 00ydeHHs BBIPAXKACTCH B CJICLYIONEM BUJIE:

PluX=ad = Z [d(s zZ(HC%) [d*(s)=d].

Cl Xex s€S “beB

Tenepb 3alluIeM BEPOATHOCTD Hep606yquI/IHZ

D

Qs = P[éu(X) = 5] = PZ[/LX:CLd} [5(0@,)() > 8].

Pacnuiiiem oTkJIoHEHHE 9acTOT OMIMOOK aJrOPUTMa, (g B BUJIE CYMMBI 110 OJIOKaM:

(5<6Ld, Zbd my — Sb — —Zbdsb = ZZbd(mbK— SbL).

bEB beB

TOFIL& BbIpazKeHune JIJjid BEPpOATHOCTU H€p€06y‘{eHI/IH IIpuMeT BUJI:

Q€:%Z<Hcgb)§:[ [Zbd (myl — syL) > sék}

L ses NveB d=1 beB
Orciosia HeMeJJIeHHO BhITeKaeT Tpebyemoe Bbipazkerue (12.3). ]

O6béM Bhruncsennii o dpopmystam (12.2) u (12.3) sKcroHeHIAIEH 110 JJTHHE BBIGOD-
ku L. B xymamewm ciy4aae, korga Bee 6sioku Up, 0HOY/IEMEHTHBIE, MHOXKECTBO S COCTOUT U3
BCEBO3MOKHBIX OyJIEBBIX BEKTOPOB JUIMHBI L, copepzKaiux posHO ¢ equnauil. Torma dmcio
craraempix B (12.2) u (12.3) pasno CY.

Beraucienus o Teopeme 12.3 sddekTuBHBI TOJIBKO KOrjia qucsio 610koB | B| Hepesn-
KO, B YaCTHOCTH, IIPU MAJIOM 4HC/Ie aropuTMoB. Emé oqun He1ocTaToK O/I0YHOIN OleHKN

B TOM, 9TO OHa B fABHOM BH/I€¢ HE YIHUTBIBACT CBOIICTBAa paccjioeHud U CBA3HOCTH.

§12.4 [lapa anropmntmos

Pacemorpum cemeiicTBo u3 JByx agroputmoB A = {ay, as}. YTobbI BoCTIONB30BaTHCS
610uHOIt orenkoit, mosoxkum B = (11,10, 01, 00).

[Iycts B BeIOOpPKEe X mMeeTcs my; O0BEKTOB, Ha KOTOPBHIX 00a aJITOPUTMAa JIOIYCKa-
0T OIIMOKY; M1y 0OBEKTOB, HA KOTOPBHIX TOJBKO @1 JOIYCKAET OMINOKY; 1Mg; OOBEKTOB,
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Ha KOTOPBIX TOJIBKO (g JIOIyCKaeT OIIHOKY; Moy = L — myi; — Mg — My OOBEKTOB, Ha
KOTOPBIX 00a aJropuTMa Jaf0T BEPHBI OTBET:

i =(1,...,1,1,...,1,0,...,0,0,...,0);
iy =(1,...,1,0,...,0,1,...,1,0,...,0).
—_— Y—— Y—— ~Y—
mi1 mio mo1 moo

Teopema 12.4. I[lycth jt — meccUMUCTHYIHAS MUHAMHA3AI[AST SMITIPUICCKOTO PUCKA, U CE-
MeiicTBO cocTouT u3 JByX ajaropurmoB A = {ay, as}. Torga s moboro e € [0, 1)

mi11  mio Mo1 0311 0510 0801 05*511*810*801

Q _ 2 : § : 2 : mi1 ~mio ~ mo1 ~ L—mi1—mi0—mo1 %
13 C(Z
L

511=05810=0 801=0
X ([310 < 501} [811 + S10

+ [s10 = so1] [s11 + so1

i
£ (myy + moy — ek;)}). (12.4)

HokazaTeabcTBOo. Bocmnosssyemes Teopemoit 12.3. MHOXKecTBO S COCTOUT U3 TEJTOTUC-

JICHHBIX BEKTOPOB S = (511, 510, S01, Soo), JIE KOTOPBIX S11 + S10 + So1 + Soo = £. [loaTomy
mi1 mio mo1

cyMMa » | mpeobpasyeTcst B TPOMHYI0 CyMMy » >, > , IIPH 9TOM Sgo BBIPazKaeTCs He-
sesS $11=0 s10=0 s91=0
pe3 ocTasbHbIE KOMIIOHEHTHI BeKTOpa . Homep d*(s) amropurma, BEIGDAHHOIO METOJIOM [i

1o oby4arorieil BIOOpKe, paseH 1 mpu sjp < So1 U 2 IPH S19 = Sp1. Lenepb mojcTaBuM
3HAYCHUS My, Sp, d*(s) B (12.3):

|: E bd*(s) (mbf — SbL) = elk | = [d*(S)Il} [(mw—i—mn)ﬁ — (810+811>L = 8516] +
beB
) + [d*(s)=2] [(mo1 +mu ) — (so1+11)L > elk].

Orcroza ciejyer Tpebyemast orienka (12.4). ]

BbiuncnurtensHbin akcnepumenT. Ha Puc. 12.3 u 12.4 nokasanbl 3aBUCUMOCTH BEPO-
SITHOCTH TiepeodydeHus (). u orenku DJIKP A 0T pasIMYHOCTH ANIropuTMOB play,as) =
= mg1 + myo upu £ = k = 100, £ = 0.05. Tonkumu jmHEIMHI TOKa3aHbl oneHKn DJIKP,
BeIaucaeHHbIe Memodom Mornme-Kapao o 1000 cirydailHbIX pas3OueHuii.

['pacdbuku 1O3BOIAIOT CAETIATH CJIELYIONIAE BBIBOJIBI.

1. VC-omnenka DJIKP A=2 JIOCTUTAETCS JINTTh B TOM CJIyvae, KOrJla HET pacC/I0eHN s
(aJIrOpUTMBI JIOIYCKAIOT Ha X OJMHAKOBOE YUCJIO OIMHUOOK, Mg = MMjp) U HET CXOJCTBA
(aJIrOpUTMBbI MAKCHMAJIBHO PA3/IMYIHbL, Moy = M1 = 0).

2. Yem cuibHee paccioenue (d = mg; — myg > 0), TeM MeHbIIe BEPOSITHOCTH TIepe-
obydenns, n rem Omzke DJIKP k 1. B mannom skemepumente nipn d = 40 Xy/ammmit u3 IByX
AJITOPUTMOB y2Ke NPaKTHIECKH HUKOI/IA He BHIOMPAETCH.

3. Hem cuibHee cxocTBO (M1, Mg — 0), TeM MeHbIIle BePOSITHOCTD [epeolyYeHuUsT
u tem Osmke DJIKP k 1. C Touku 3peHust mepeodyueHus qBa CXOXKUX AJITOPUTMa BEIYT

cebst IpaKTUIeCKU KaK OJWH aJI'OPUTM.

OcHoBHoii BbiBog,. /laxke B mpocteiitieMm ciydae, KOrja aJroOpuTMOB TOJBKO JiBa, yiKe
BOBHUKAET dABJIEHUE IePeoOydeHUs U MPOABISIOTCA 3((PPEKThl PacC/IoeHnusl U CXOJICTBa,
CHUZKAIOIIIE BEPOSITHOCTD HEePeo0y IeHUsI.
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6eposMHOCTb NepeobyueHus DJIKP

0.50 1
045 1
0.40 1

0.35 1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
XOMMUH20B0 paCCmOﬂHue Me:»cdy azzeopudeMu XOMMUH20B0 paCC’mOﬂHl{e MeOICdy aﬂZOquUl/laMu
— m=20 — m=40 — m=100

Puc. 12.3. 3aBucumocts BeposTHOCTH Iepeodydenus . u onenku IJIKP or pas-
JINYHOCTHU AJI'OPUTMOB, KOTJIa OHU JIOITYCKAIOT OJIMHAKOBOE YHCJIO OIMUOOK, Mg] = M1g.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAUYCHUSM UHC/IA OMIUOOK Ha ITOJHOW BBIOOPKE
m = mo; + my1 € {20,40,100}. ToHkuMU JUHUSIMU TOKA3AHBI SMIUPUIECKIE OIEHKU
meronoM MonTe-KapJiio mo 1000 cayyaitabix pa3buenmii.

6EPOSIMHOCTb NepeodyueHus DJIKP
b 20 -
045 ]
- 1.9 A
0.40 1 18
17 7
0.35 1 :
1 16 1
030 1 15 1
025 14 3
; 1.3 7
0.20 ;
N 1.2 1
0.15 1 14
] 10 ]
0 20 40 60 8 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
XIMMUHS080 paccmosinue Me:»cr)y areopummamu XIMMUH2080 paccmosinue Me:»cdy areopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 12.4. BaBucumocTb BeposiTHOCTH Ttepeody1uenust u oreaku DJIKP or pasmuano-
CTH aJICOPUTMOB, Korja mi; = 20 u BTOPOIl ajJropuT™ HOIyckaeT Ha d OmuboK 60JIb-
me, mo1 = mig + d. Yersipe rpaduka COOTBETCTBYIOT YeTHIPEM DPA3HBIM 3HAUEHUSIM
d € {0,10,20,40}. ToHKnM#M JIMHUAMY TOKA3AHBI SMIMPUYECKIE OIIEHKN MeToZ0M MoH-

te-Kapso mo 1000 ciyvaiiubix pasoueHuii.
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Pe3iome

Tounbie oreHKN BepOATHOCTH TTepeodydeHns K JAHHOMY MOMEHTY U3BECTHBI s PAIa
MO/IeTbHBIX CEMENCTB aJrOPUTMOB: MOHOTOHHBIX M YHUMO/IAJILHBIX Teleil U ceTeil, MHTep-
BaJIOB OyJieBa Ky0a M UX HUXKHHUX CJIOEB, U HEKOTOPBIX JAPYIUX. DTU OIEHKHU IT0JIE3HbI
JJIg TIOHUMaHUS TOTO, KaK CBOMCTBA PacCJAOEHUs U CBA3HOCTHU BJIMAIOT Ha BEPOATHOCTH
repeodyuenns. Kpome Toro, MojebHbIe ceMelicTBa UTPAIOT POJIb UCIIBITATE/THHOIO TTOJIN-
TOHa TIPW CO3JIaHUU KOMOWHATOPHON TEXHUKHU OlleHnBaHUs 1epeobydenus. OmaHAKO JIJIsT
HETIOCPEJICTBEHHOT'O MMPAKTUIECKOTO NPUMEHEeHUs] MOJIeIbHbIE CeMeCcTBa, KaK IPaBUIIO,
He TOJIATCS.

B cnepytouwieii nekunn Mbl pacCMOTPHUM TEOPETUKO-TPYIIIIOBOI TIOJIXO0J, KOTOPbIl 1103~
BOJISIET BBIBOJIUTH TOYHBIE OIIEHKN BEPOATHOCTH TEPEOOYIEHU JIJIsT MOJIE/ILHBIX CEMENCTB,

00J18TAOIINX CBOMCTBOM CUMMETPUH.

Ynpa>kHeHust

Bamada 12.1 (5%). IlosyuuTs OEHKY BEPOSITHOCTH [IepeodydeHUs JIsl ¢t HUZKHUX CJIOEB
uHTepBaJia OyaeBa Kyba depe3 MOPOoXKIAIONINe U 3AIPENIAIoINie MHOXKECTBA.

Bamaua 12.2 (2). IloyuuThb OIEHKY BEPOSITHOCTH TI€PEOOYUEHUs JIJIsd t HUZKHUX CJIOEB
nHTepBasia OyieBa Kyba B ciiydae paHIOMU3UPOBAHHOTO MeTozna MOP.

Bamaga 12.3 (1). Bepno qu Cregcrsue 12.2.1 s cemeiicta Ay, t < m?

Bamaga 12.4 (1). IlomyunTs OINEHKY BEPOATHOCTH HEepeobydeHUs [T Hapbl aJrOPUT-
MOB, TIOJTb3Y$ICh ITPUHITUIIOM MTOPOZK/IAIONINX W 3aIIPENTAONIIX MHOKECTB.
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