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Cruenkype «Teopus najaéKHOCTU O0YUEHUs IO TPEIEICHTAM» YUTACTCS CTY/ICHTAM
kadepol «Maremarnyueckue meTosbl iporuosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHEHNEe K o0g3aTelbHOMY KadeapagabHoMy Kypcy «MaremaTnmdaeckme MeTOJIbl PACIo-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJAEHTOB C COBPEMEHHBIM COCTOSHHEM TeOo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaeTcst
pobjieMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUIECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toit Teopun ObLin coBerckme Marematuku B. H. Bamauk u A. f. Yeponenkuc.
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OIICHUTH CIIOCOOHOCTDH AJTOPUTMOB KJIACCU(MDUKAIUYA U ITPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIMPUIECKUX (DAKTOB. B KaKMX cjaydasx MOXKHO YTBEDXKJIaTh, 9TO OOIUE 3aKOHOMED-
HOCTH, BBISBJIEHHBIE 110 TaCTHBIM TpereleHTaM, He OKayKyTcs JIOKHbIMI! Kak n3bekarh
1epeodyvenHns — CUTyallud, KOTJIa OTBETHI aJrOPUTMa CJIUIIKOM TOYHBI Ha OOydJaromnieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B jmamnoMm mocobum u3jaraercs YacTh Kypca, OCHOBAaHHasl Ha pe3y/ibTaTax aB-
TOpa W ero ydeHukoB — crTyjaeHToB n acmupantoB MOTU, BMK MI'Y u BII PAH:
JI. KouenpikoBa, A.lBaxumenko, U.Pemernska, A.®pes, U. Tomcruxuwna, II.Borora,
M. UBanoBa. /Ipyras gacTb Kypca, MOCBAIIEHHAS 0030py COBpeMeHHbIX jiocTrzkennit SLT,
He BOIILJIA B JIAHHOE TIOCODHeE.

OcHoBHas 11e/Ib CIIENKyPCa — [I0Ka3aTh Ha MpUMepe KOMOMHATOPHOW Teopuu mepe-
o0yueHns, Kak co3/IaéTcd MaTeMaTuiecKas TeOpUs, U BOBJI€Yb CTYJIEHTOB B 9TOT yBJICKa-
TeJIbHBII TBOpUecKuil mporecc. Bropas 1e1sb — JaTh TiIyOOKOoe TOHNMAaHNe JBJIEHUS Tepe-
o0ydJeHns, HeOOXOIMMOe TIPU PeIleHny TPUKIIHBIX 33/ 00yUeHus 10 IIPere/IeHTaM.

Kaxkprit maparpad coorBeTcTBYeT OJHON JieKIuu. B KomHIile OOIBITUHCTBA JIEKITHit
nMeroTcd yrpaxkuenud. [lj1g KaxkJioro yrpakHeHusi B CKOOKax yKa3aHa OIeHKa CJIOXKHO-
cTh. YTpaKHeHusd, TOMEYCHHbIE 3BE3/I0UKOI, ABIAIOTCA OTKPBITHIMU ITPOOIEMaMU Ha, MO-
MEHT HaIMCaHUs MOCOOMs. DTO O3HAYAET, YTO OHU HambOJIee MHTEPECHBI, XOTd 1 He 00s-
3aTeIbHO CJIOYKHBI — JI0 MHOTHX 3a/lad IPOCTO He JOXOJAWIN pyKu. B KOoHIle HEKOTOPBIX
JIEKIIMI MMEIOTCs 3aJIaHus JJIs1 BBIYUCIUTE/IHHOTO ITPAKTUKYMA.

Cxema 3aBUCUMOCTHU JICKITUIA:
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1 [Npobnema nepeobyyeHns n cnabasi BepoATHOCTHas

dKCMNOMAaTUnNKa

MarmuaHoe 00ydeHme Win 0byverue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peniaTh 3a/la9y ITPOrHO3UPOBAHUS U IPUHATHUS PEIICHUN B YCIOBUIX,
KOl 3HAHWI O MpeJIMEeTHON 00JIacTi He XBaTaeT sl IOCTPOECHUS 0OOCHOBAHHBIX MaTe-
MATHIECKUX MOJIesIel, HO 3aT0 UMEIOTCsI 3HAUNTE/IbHBIE MACCUBBI SMIINPUIECKUX JTAHHBIX.

Tunuaaeiii npuMep — 381891 MEIUIUTHCKON JTUATHOCTUKM. 31eCh OJ JAHHBIMHU I10-
HUMAIOTCS 3JICKTPOHHBIE ucTopuu Oosie3uu. laHubie 00 OT/Ie/IbHOM KJIUHUYECKOM CJIyYdae
BKJIIOYUAIOT aHaMHEe3, pe3y/IbTaThbl 00C/Ie/I0BaHNil, Ha3HaYeHHbIe JIeIeOHbIe MEPOIPUITHSI,
[IoKa3aTe/ Il Pe3y/IbTATUBHOCTH JIeUeHus, U T. . Tpedyercs MmocTpouTh ajJrOpuTM, KOTO-
pBIil Ha OCHOBE MMeoIelcs NH(MOPMAIIME O HOBOM TAIMEHTE MOT ObI TOCTABUTH JTMATHO3,
PEKOMEHTOBATH JIEYeHNe WU MPEJICKA3aTh NCXOJT 3a00/1eBanms. 3a1ada 00y ueHus no npe-
yedenmam 3aKJII0IAETCSI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Y4a10u,et
6bL00PKYU — COBOKYITHOCTH IIPEIEIeHTOB, HAOIIOABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIpa-
BUJIbHBIE JIMATHO3BI (PEIeHUs, HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit npumep — 3aga4a kpedummozo cKOpuHaa. 31eCh MPENeIeHThl — 9TO 3aIBKU
Ha IoJIyueHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTEJsT BKIIOIAIOT: BO3PACT, TOJI,
obpazoBanue, mpodeccuio, craxk padbOThI, JOX0J CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajam4dne TejiedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI IO OOydaroIieit
BBIOOpPKE 3aEMIIUKOB C YK€ M3BECTHON KPEeJIUTHON MCTOPUil IOCTPOUTH aJIlOPUTM, IIPE/I-
CKa3BIBAIONINN, OY/IyT JIN Y JJAHHOTO 3asIBUTEIS TPOOJIEMbI C MOTAITEHNEM KPeTITa.

Hetpy/iHO HOCTPOUTH aJIrOPpUTM, KOTOPBIH BBIJIAET IIPABUIbHBIE PEITEHU JIjId 00bEK-
TOB oOy4aromeil Beioopku. Harmpumep, on Mor 6bI cpaBHUBATH HOBBIH OOBEKT € KaXKIbIM
u3 00yYaoMNUX 00BHLEKTOB, U B CJIydae MOJTHOIO COBIIAJICHUS BbIIaBAThL [IPABUILHOE PeIlie-
HUe, 3aIllUCAHHOE B TADJIUIE UCXO/IHBIX JIAHHBIX, & BO BCEX OCTAJILHBIX CJIyYasX BHIOUPATH
caydaiinoe perrenne. OUeBUIHO, TaKOH aJropuT™M HUKOrO He ycrpouT. s ycmemrHoro
00ydeHms BaXKHO HE TOJBKO 3allOMUHATH, HO 1 0000maTh. CIIocOOHOCTD aJIrOpUTMOB IIpa-
BIJIbHO HAXOUTH OOIIIE 32aKOHOMEPHOCTH 110 YACTHBIM SMIINPUIECKIM JTaHHBIM Ha3bIBAIOT
obobwaroweti cnocobrocmuvio (generalization ability).

OcHoBHas 3aJa49a MeopuL cmamucmu1eckozo obyvenua’ (statistical learning theory,
SLT) sak/rouaercs B TOM, 9TOOBI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OIIEHKHU O0OOIIAOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaroliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHbIX 11pobeM SLT — oTHOCKHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOYKHBIE OIEHKHU, PACCINTAHHBIE HA XY/IIUH CIydail, Ha TPAKTHKe MOT'YT IIPU-
BOJIUTH K OMIMOOYHBIM peleHnsAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcss HOBOE Ha-
npasyieane B SLT — komOuHaTopHasi Teopus 0600MAONEeil ClIOCOOHOCTH, TTO3BOJIAIONIAS
0oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEOOYICHMSI.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Paszymunst mexx iy COLT u SLT soBosibHO yesoBabl. B wactHoct, COLT BKIto9aeT B cebst mpobyieMaTuky
BBIYHMCJIUTETBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHne n nepeobyueHue

[IycTh 3a/1laHO KOHEYHOE MHOYKECTBO OObeKTOB X = {w1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100pKOTl; MHOXKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Ooumnapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) =1, TO TOBOPSAT, Y4TO AJITOPUTM G OMIUOAETCsT HA OOBEKTE .

Yucsio omubok ajaropurMma a Ha Bbibopke X C X ecTb

n(a, X) = Z I(a,z).
zeX
Yacmomoti owubox airopurma a Ha BeiOOpKe X C X Ha3bIBAETCH OTHOIIECHUE
n(a, X)
X1

3apgayva obyyveHus no npeuegeHTam. Jlomycrum, 9To reHepasbHas BHIOOpKa pasbuTa

via, X) =

Ha JBe noaseibopkn, X = X L X. Beibopka X HaszbBaeTcsa Haba100aemoti Wi 0b6y4aro-
wieti, 171 06BbEKTOoB & € X M3BECTHBI 3HAYCHHUs HHIuKaTopa ommokn I (a, 7). Bobopka X
Ha3bIBACTCS CKPLIMOUT WA KOHMPOALHOT, N Ha Hell 3HaYeHUs] NHIUKATOPa OIMNOKN HEU3-
BECTHBI. 3a/1a9a COCTOUT B TOM, YTOOBI HAWTU aJTOPUTM @ € A ¢ MEHUMAIBHBIM YHUCIOM
ommbOK Ha TeHEePaTbHO BBIOOPKE N (a, X), MoIb3yACh TOIBKO nHOopMaImeil 0 HabIo1a-
eMoit BeiOOpKe. /lanHas 3aja4da B 00IIeM ciiydae He UMeeT TOYHOTO PeIIeHusI, IIOCKOJIbKY
AJICOPUTM @ BbIOUpaeTcs 1o HerosHol nabopmaruu. [losTomy craBuTcs 3ajada MOUCKa
MPUOIMKEHHOTO PENIeHUsT U OIEHUBAHUSI €r0 TOYHOCTH.

Memodom obyuenua® nasbiBaeTcs oTobpazKkenue ji: 25 — A, KOTOpoe ITpON3BOILHOI
oby4aroreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBI ajroput™ a = X u3 A.

Haubosiee ecrectBeHHast crparerus oOydeHHsT — HafTH aJrOpUTM, JIOIYCKAIONIN
HaUMEHbIIIee THICJI0 OIHUOOK Ha oOywaromeit Boibopke. Obosnaunm depe3 A(X) mommuo-
JKECTBO aJITOPUTMOB @, HAa KOTOPBIX YnCJI0 OmmboK n(a, X') MUHUMAJBHO:

AX) = Argmign(a,X) ={a€ A:n(a,X) <n(d, X), Vd' € A}. (1.1)
ac

Ecmu pX € A(X) st smoboro X C X, 70 METOJ @ HA3BIBAETCA METOIOM MUHUMU-
3QUUL IMNUPULECKO20 PUCKG.

Iepeobyuenrocmoio Merona i npu pasbuennn X L1 X = X HazplBaeTcss pasHOCTD
4acTOT OMUOOK ajropuT™a (X Ha KOHTPOJIE U Ha O0y4YeHUN:

6,“(X> = V(MX7X> - V(:U’XvX)

Ecmu 0,(X) > € upu nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

2B aHTI03bIMHOI ITEpaTyPe MeTo/ 00y YeHUs IPUHATO HAZLIBATD an20pummom obyuenus (learning
algorithm) [47], a amropurm a: X — Y — knaccudukaropom (classifier), rumoresoit (hypothesis), pe-
mratorieit dyuknueit (decision function), 6o npocro dbyuxiueit (function). Tepmun «asropurm» Kax
oToOpazkeHne n3 MHOXKECTBa O0OHEKTOB BO MHOYKECTBO OTBETOB YyIOTPEO/ISIETCsS B paboTax HayTHON IIKO-
abl akagemuka FO. . 2Kypasnésa [19]. TepMuHBI «MeTOI» U «AJITOPUTM», 0GO3HAUAIONINE POIEAYDPY
nocTpoeHnst (PyHKIIMU @ TI0 BBHIGOPKE JAHHBIX yIIOTPEOJISIOTCS B OTEIECTBEHHON JTUTEPaType BIIEPEMerK-

xy [9, 1, 21, 20].
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Puc. 1.1. IIpumep marpunst omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pa3buenuii BLIOOPKHU HA HAOJIOIAEMYIO U CKPBITYIO OABBIOOpKH. MeTo MuHu-
MU3BAIUH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISETCH ePeodyIeHHBIM
OTHOCHUTEIHLHO JIAHHON Mapbl BBIGOPOK, npudéM 1pu Jrobom & € (0,1).

MaTpuua ownbok. BunapHbiii BekTOp-CcTOIOEIL 0 = (I (a, xi))le Oy1eM Ha3bIBATH GEk-
mopom owubok aaropurma a. COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIIMOOK,
MOPOXKIAEeMBIX ajiropuT™Mamu a € A, obpazyer mampuuy owubox paszmepa LxD. Ctpo-
KU 9TON MaTPHILBI COOTBETCTBYIOT 0ObEKTAM, CTOJIOIBI — ajropurmam. ducsio ctosbdmios D
MOZKeT OBbITh MeHblIe |Al, TaK Kak pasjndHble aJropUTMbl MOTYT HOPOKIATH OJMHAKOBbIE
BEKTOPBI OMUO0K. MHOKECTBO aJITOPUTMOB A BITOJIHE MOYKET ObITh U HECKOHEUHBIM, OJ[HA~
KO Y9UCJIO D IIOIIapHO Pa3/IMYHBLIX BEKTOPOB OH_H/I6OK BcerJa KOHEYHO 1 HE IIPEBLIIIacT 2L.
B naipHeiiem nMeHHO MaTPHUIA OMNOOK, a He MCXOTHOE MHOXKECTBO aJlrOpuTMOB A, Oy1er
JIUIT HAC OCHOBHBIM OObeKTOM mccieaoBanusi. OObIIHO OyaeT cpasy HMpenoaraTbes, 9To
A —5T0 KOHEYHOEe MHOXKECTBO aJI'OPUTMOB C IOIIAPHO PA3JIMIHBIMEI BEKTOPAMH OIIHOOK.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00ydJaIOIyI0 U KOHTPOJILHYIO
BBIOODKU TaK, 9TO aJrOPUTM @4, MUHUMUBUPYIOMIMI SMIIMPUIECKUAN PUCK, JOIIYCKAET

OmMOKM Ha BCeX 00beKTaxX KOHTPOJIbHON BBIOOPKH. DTO U €CTh IepeodyueHne.

MokHO TTPeIoIOKUTE, YTO B JIAHHOM IIpUMepe repeolydenne OKa3aI0Ch CJIe/ICTBU-
eM HeyJIa9HOT0 pas3dueHns BLIOOPKY Ha 00ydeHre u KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTID NEPEOOYUEHUA — BEJIMUNNY, KOTOPas XapaKTePU3YyeT BBIOOPKY X M MeTOJ
0Oy9eHus fi, ¥ HEe 3aBUCAT OT Caydaiinoro pasbmenms X, X.

3apgaun knaccucukaumm n BoCcCcTaHoBAeHUs perpeccumn. Jlomycrum, 910 Kazk oMy
obbekry x € X coorBercrByer npasusvhuil omeem y(xr) € Y. @ynuknns y: X — Y Hazbl-
BaeTCs 4enesotll 3asucumocmoio (target function).

B kauectBe asrzopummos Oyjiem paccMaTpuBaTh (PYHKIIUN TOTO Ke BHJA a: X — Y,
Joryckaromne 3 eKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOKecTBa A galie Beero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anszopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1ust, © — MHOYKECTBO JIOIYCTUMBIX 3HAYEHUIT apaMerpa , Ha3bIBAeMOe NPOCmpaHcmeom
NApaMempos Wil npocmpaHcmeom noucka (search space).

B kauectBe undurxamopa owubku BosbMéM OmHapuyto dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanne o) CyIMECTBEHHO OTJIIMYAETCsI OT MPAaBHJIBHOTO OTBE-
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ta y(x). IuKaTop onmmbKI MOKET OIPEIENISIThCS T0-PA3HOMY B 3aBUCHMOCTH OT TIOCTa-
HOBKHM 331241, TJIABHBIM 00pPa30M — OT IIPUPO/IbI MHOXKECTBA, JIOIMYCTUMBIX OTBETOB Y .

B sajauax kaaccugurayuu MHOKECTBO KJIACCOB Y KOHETHO, W MHIXKATOP ONNOKH
Jalre BCero 3a7aéTcsd B B

I(a,z) = [a(z) £ y(z)], z€X, acA

B 3amagax soccmanosaenus peepeccun m MHOTHX 3aa9ax npoznosuposanus Y = R,
U BEJUYHUHY OMIMOKHU IIPHUHSATO XapaKTePU30BaTh HEIPEPBIBHON ¢ynryuets nomeps (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))2 Tem He MeHee, MOXKHO
ONPEJIETIATh U OUHApPHBIE (DYHKIIUK T0TEPb, HAIIPUMED,

I(a,z) = [la(z) —y(z)| = é(z)], z€X, acA,

rje §(z) — moporoBblii ypoOBeHb, HUZKEe KOTOPOTO OTKJIOHEHWE He CYUTAeTCsl OIMMMOKOI.
SameTuM, 4YTO OMHApPHAs (DYHKIINAA TOTEPD ABJIAETCA pobacmHotl, TO eCTh HEIYBCTBUTE b
HOIT K 6b10pocam — GOJIBITUM OTKJIOHEHUSAM OTBETa aaroputMma a(r) oT UCTUHHOTO y(x).

ITpumep 1.2. Ilyctb oObEeKTaMU SABJSIOTCSA N-MEpHBIE YHCIOBBIE BEKTOPHI, X C R™.
O6oznaunm uepes (£, 0) = 1601 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPOB B R™.
Jlunetinvie cemeticmea an2opummos OUPeIesIAiOTC CAeLYIOMNUM 00pa3oM:

A= {a(z) =sign (z,0) : € R"} — na1 sanau knaccudukanun, Y = {—1,+1};
A= {a(z) = (z,0) : § € R"} — na1 3ana1 BoccraHOBIeHNs perpeccun, Y = R.

JIuHeHbIl aropuT™ KaacCu@UKAIN IPeICTaB/sieT coO0O0i THIIEPILIOCKOCTD C HAIIPABJIs-
IOIIIM BEKTOPOM 6, pa3ie/idioniyio MpocTpaHCTBO Ha JBe o0sacTu — Kjaacchl —1 n +1.

B reopun nepeobydeHns MOHATHE «aJrOPUTMa» MOKHO HE KOHKDETU3UPOBATH, IPE/I-
oJiarasi Jinlilb, 9TO 9TO JIEMEHTBI HEKOTOPOro abcTpakTHOro Muoxkectsa A. [nasuoe, aro-
6b1 15t 106010 aJropuT™Ma @ ObLIA BOSMOXKHOCTH OIPEJIEUTh, JOIMYCKAET JIi OH OMUOKY
Ha o0bekTe x. Takoe MOHMMAHUE «aJIPOPHTMa» C OJIHON CTOPOHBI PACIIHPSIET KJIACC PAC-
CMATPUBAEMbBIX 33/1a4, HO C JIDYTOi CTOPOHBI OPAHUIMBAET €r0 TEeMU 3aJ[adaMi, B KOTO-
PBIX BaxKeH JIUITh (akT OMmuOKN, HO He BarKHa BeJIMdnuHa OTKJIoHeHus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npuseién npumep 3a/1a4u KjiaccuuKaIium ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistorest L = 10 TO9eK MIIOCKOCTH, TI0 5 0ObEKTOB B KAZKJIOM
KJIacce, aJropuTMaMy — BCEBO3MOXKHBIE Pa3JIe/IsIoniue IpsaMble, TO €CTh B JIAHHOM CJIy-
qae A—9T0 ceMeficTBO AuHelHbT Kaaccuduramopos. B Marpuile ommbOK COMEp:KUTCS
OJIH HyJIeBOI cTosiber (06bEeKThl PA3JIeIAIOTCs IPSAMOil 6€3 omuboK ), 5 cToJIOIOB ¢ OjI-
HOIT OIIMOKOI, 8 CTOJIOIOB € JIByMsl OITUOKAMU, U T. .

[Ipu perrennn NpUKIaIHBIX 3a/1a4 IIepeodyIeHrne HaO I0/IaeTCsd TPAKTUIECKH BCETIA.
Benmunna nepeodydeHHOCTH MOXKET 0Ka3aThCs KaK IPUEeMIeMO MaJIoil, TaK U HellpUeMJIe-
MO OoutbItioit. [Ijst yrpaBiieHust mporeccoM oO0ydeHust XOTeJIOCh Obl UMeTh TOYHbIE KOJIU-
YECTBEHHDIE OIEHKU 11epe00y YeHHOCTH.

3KsasipaTHble CKOOKH TIEpPEBOJIAT JIOTMYECKOe 3HadeHue B umuciaoBoe: [oxkb] = 0, [ncruna] = 1.
D10 oYeHb HpaKTUIHOE 0003HAYEHUE, HA3bIBaeMOe Homayuel Ateepcona [14].
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z (01 0 0O O O|1 0 O O O 1 1 0
z (00 1 0 0O 0|1 1 0 0 0 0 0 O
z3 (0|0 O 1 O OO0 1 1 0 0 0 0 1
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w0 |0[0 O O O 0|0 O O O O O 0 O

Puc. 1.2. [Ipumep MaTpuiibl ormmodOK, TOPOKIAEMON CeMeCTBOM JTMHEHHBIX aJIrOPUT-
MOB KJyaccrmukamnun Ha BbIOOpKe maumabl L = 10, comep:karmeit 5 06bEKTOB OJHOTO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCe aJrOPUTMBI C MTOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIMTHOOK, C 9HCIOM OITUOOK, cooTBeTcTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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91 T T* ¢
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3 4 5 6 7 8 9 10 11 12
Yacmoma owubok na o6yuenuu, %

Puc. 1.3. Basucumocrs v(uX, X) or v(uX, X) s 3a1a491 IPOrHO3UPOBAHUST OTJIa-
JIEHHOTO pe3y/IbTaTa XUPYPIrUIeCKOro JIeUeH sl aTepPOCK/IEPO3a.

ITpumep 1.4. Ha puc. 1.3 ToukaM COOTBETCTBYIOT &JITOPUTMBbI, TOCTPOEHHBIE PA3JITIHbI-
MU MeTOJaMi OOyUYeHUs IO OJHON U TOM Ke BBHIOOPKe B 3aJiave IMPOIHO3UPOBAHUS OTIA-
JIEHHOT'O pe3yJibTaTa XUPYPIUIeCcKOoro JiedeHus arepockyieposa. O0bekTaMu x; SBJISIOTCS
onrcanust OOJIBHBIX JI0 TIPOBEJICHNUST ONEPAINH (JIaHHBIE TeMOJINHAMUKN U UMMYHOJIOTHIE-
ckoro obcrenoBannst ); orBerhl ¥; € {0, 1} KOAupyroT pesybrar JedeHnst depes Tojl IOCIe
oneparuu: ) — ycnex, 1 — pecTenos mryHTa U noBTOpHas oneparys. [lo ropusonTambHOI
OoCH OTJIOYKEeHa JacTOTa OIMMOOK Ha O0YYeHUH, [0 BEPTUKAJIBLHON — Ha KoHTpoJie. Habirro-
JIAeTCs CUCTEMAaTUYIeCKOe CMEIeHrne TOYeK I'paduKa BBEPX; MOYTH BCE TOUKU JIEYKAT BBIIIIE
OMCCEKTUPUCHL. DTO U €CTh epeodyIeHue.
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OcHoBHas 3a/1a9a CTATUCTUYIECKOI'O 00YU€EHUs 3aK/II09aeTCsd B TOM, YTOOBI 110 HaOJTIO-
JlaeMoii obyvaroreit BEIOOpKe HailTu B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KAK MOYKHO
MeHbIIle OMMOOK Ha CKPBITOI KOHTPOJIbHBIN BBIOOPKe. BOpoc MOYKHO CTaBUTh U TaK: Ka-
KAMHU CBOHCTBAME JIOJIZKHBI 00JIaJIaTh MHOXKECTBO aJrOPUTMOB A U MeTos o0ydeHus fi,
4TOObI BEPOATHOCTH IepeodyUeHus Oblia MUHUMAJILHON! YTOObI MOyInTh OTBET, HEOb-

XOJMMO CHa4daJia YTOYHUTDL, B KaAaKOM CMBbICJI€ 31€Ch ITOHUMaETCAd «BEPOATHOCTDL».

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKA

OcHoBHas akcnoma. Byjiem mosiararh, 910 00BEKTHI KOHETHOIO HECJIyIaifHOrO MHOYKE-
cTtBa X TOSBJISIIOTCS B CJIyYailHOM IOPsJiKe, MpUIeéM Bce L! rmepecTaHOBOK reHepasibHOI
BBIOOPKHU X PaBHOBEPOSITHBI. DTO MPEJIINOIOKEHUE Mbl OyIeM HA3bIBATh CAAO0U (UAU nepe-
CMar06804H0T) 6EPOAMHOCMHOU aKcuomamurot. JIpyrue BeposgTHOCTHBIE IPE/IIOJIOKEHST
HaM He MoHaI00aTcs. [lamee MbI yBHIUM, YTO OJHOTO 3TOIO yKE BIOJIHE JIOCTATOTHO JIJIs
IIOJIYyH9€HNAd MHOTI'MX (bYHﬂ;aMeHTaﬂbeIX (baKTOB Teopun BepOﬂTHOCTeI‘/)I7 MaTeMaTUdeCcKOl
CTATUCTUKU, TEOPUU CTATHCTUIECKOTO OOYIEHUS.

Ob6osnauuMm 4depes Sy, IpyIny BcexX HepecTaHOBOK L sjeMeHToB. BeceBo3MoOKHBIE TTe-
pPeCTaHOBKHU T'eHepaJIbHOI BBHIOOPKK OyaeM 0003HaYaTh Uepe3 TX., T € Si.

Onpenenenne 1.1. Ilycrs sajan npesukar): X — {0,1}. Ecm (7X) = 1, 1o 6y1em
TOBOPHUTB, 9TO COOBITHE ) ITPOU30IILIO Ha MepecTaHOBKe TX. Bepoammocmuio cobvimud, 1)
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO HMPOU3OILIO:

P, ¢(rX) = % > e(rX). (1.2)

TESL

B cnaboit akcnomaruke BEpOSTHOCTb COOBITUS 3aBUCUT OT COCTaBa OOBEKTOB I'€He-
paJIbHOI BBIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX mnepeduncsenns. OyHKIMsS pacipe/ie-
JIEHUs W MaTeMaTUIecKOoe OXKHJIaHUe TaKyKe 3aBUCIAT OT BBIOODKH.

Onpenenenne 1.2. Ilyers &: XY — R — pemecrsennas ¢pyurmnms. Qynxyuets pacnpe-
desenus Besmannbl  Ha BbIbopke X Oyznem HasbBars Qynknuio Fe: R — [0, 1] Buga

Fe(z) = P [£(7X) < z]. (1.3)

Omnpepenenne 1.3. Mamemamuneckum ostcudaruem semaunst &: X* — R ma BbI6Op-
Ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMEeTHIECKOe IT0 BCeM IIepeCTaHOBKaM T:

(%) = =1 3 €(7X). (14)

'TESL

Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATHL Kak OIEpaluio cpejHero apudme-

THYMECKOTO 110 BeeM nepecranoskam: Pr = E- = £ 3", 10 ectb B ciaboit akcnomaruke
TESL
BEPOSTHOCTH U MaTeMaTHIeCKOe OKHIaHne (DOPMAIBLHO OIPEIEISIIOTCA O/[IHAKOBO.
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BepositTHOoCTb kak pons pa3bueHuin reHepanbHoit BblbOpku. Ilycres mpepukar
(X, X) aBngerca bynkmmeit monssicoprn X C X, eé monommenns X = X\ X, u He 3a-
BHCHT OT TIops/iKa 31eMenToB B X u X. IockosmbKy BhIGOpKa X (bUKCHpOBaHA, BTOPOI
apryment morosopumca omyckarh, ¢(X) = (X, X). Torma sepoammocmyv cobvimus
ompeiesisieTcst Kak 0oasA pa3dbuenuti TeHepaibHOM BHIOOPKU:

Po(X)= o 3 wl(X)

L xexp

ryie [X]¢ — MHOecTBO Beex (-3/IeMeHTHBIX TIO/MHOYKECTB I'eHepasIbHOf BHIGOPKH X.

AMNupnyeckne OueHKN BeposiTHOCTU. Hemocpe/icTBeHHOE BBIYNCIEHNE BEIMYUHBI
P (X)) xak gom pasbueHnii BO3MOKHO TOJBKO IpH HeGOJIbINNX 3HadeHnsax £ win k. B tu-
IUIYHBIX CTydadx uuciao pasouenuit C% orpomno. [pubiuxkénnoit onenkoit msa P p(X)
ABJIAETCA CpejiHee 110 HekoTopomy noamuokectBy N C [X] BbIGOpoK aymmnb £, He Coui-
KOM OOJIBIIOMY, YTOOBI CyMMa BBIYHC/ISIACH 32 IIPUEMJIEMOE BPEMs, HO U HE CJIUIIKOM
MaJIEHbKOMY, YTOOBI IPpUO/IMZKEHNE OBLIO JJOCTATOYHO TOYHBIM:

Py(X) = ﬁ S (X).

XeN

Hasnee cumBosiamu P u E Oyner obo3nauarbes onepaliusi yCpeJHEeHUs 110 HEKOTOPO-
My TIOJIMHOXKeCTBY pazbuenuit N. Ecian nojmuoxkecTBO BBIOOPOK N hopMuUpyeTCs yTEM
CIy9aitHOrO BBIOOPA, TO TOBOPAT 00 oreHKe memodom Mowme-Kapao.

§1.3 BeposaTHOCTb nepeoby4eHus

Bepoammnocmv nepeobyuenus onpeensercs Kak 10/ pa3ouennii BBIOOPKHU, TIPU KO-
TOPBIX HepeobydeHHOCTD 0§, (X ) mpesblaer 3a1annblii mopor € € (0, 1):

Q. = Qu(1,X) = P[5,(X) > £] = P[u(uX, X) — v(uX, X) > €]. (1.5)

BepositHocTh mepeoOyvenusi xapakTepusyeT 0OO0DIIAIONLYIO CIIOCOOHOCTbH METOJA [i
Ha BbIOOpPKe X. Eé onenmBanme OyjieT OCHOBHOI 3a/1aveil Ha MPOTSIXKEHUN BCETro Kypca.

Hapsiny ¢ (). MOXKHO TakKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDBL OULUOOK
Ha CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(1,X) = P[v(uX, X) > ¢], (1.6)

a TakXkKe CpPeJHIO (0 BceM pas3OueHnsM) 4acToTy OmmbOK Ha KOHTPOJIBHON BBIOODKE,
HA3BIBACMYIO NOAHbM CKOAb3AUUM Kormposem (complete cross-validation, CCV) [59]:

C =0(u,X)=Ev(uX,X). (1.7)

Bamerum, uro CCV sBisercss MaTeMaTHaecKuM oxkujanueM, a (1 — R.) — dyukiueii
pactpejesienusi caydaitaoi Besmannnt v(pX, X).
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O6pawenune ouerok. Ilycrs Q). < 7(g) — BepxHsIs OIEHKA BEPOSTHOCTH MEPEOOY ICHUST
u cymectyer dyrknus €(n), obparaas k 7(e). Torga n(e(a)) = « ams moboro « € [0, 1].
CureoBaresbio, P [(L(X ) > 5(7])] < 1, ¥ HaIlla BEPXHsAS OIEHKA MOYKET ObITH repedopMy-
JIMPOBaHa B 9KBUBAJIEHTHOM BUJIE: C BEPOSITHOCTBIO He MeHee (1 —n) crpaBejjinBa BepXHsist
OIIEHKA YaCTOTBI OIMUOOK Ha CKPBITOH BHIGOPKE:

v(uX, X) < v(pX, X) +=(n). (18)

[TapameTp € HA3BIBAIOT MOUHOCTVIO, & 1) — HAdExCcHOCmbIO0 OtleHKH [6].
Amnasnornyno, ecm HaiijeHa BepxHss orenka R. < n(e) u (n) — dbyukims, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 7)) crpaBejinBa BePXHsIsI OIICHKA

v(pX, X) < e(n).

Urak, or BepxHuX OI1EHOK (). win R. JIerKO 1MepexouTh K BEPXHUM OICHKAM Ya-
crorbl omuboK Ha KoHTpoJie. O6braHO u3 oneHku (1.8) BBIBOJAAT HOBBIH KpuTepuii 0byte-
HIsI, OTJIMYAIONUIACS OT MUHUMU3AINE SMIUPUIECKOT0 prucka v(a, X ) JOMOJHATETbHBIM
cjaraeMbIM €(n). DToT npuéM gABJseTCst 0YeHb BaxKHbIM B SLT, Tak Kak OH MO3BOJISIET
IIpeBpaIaTh TEOPETUIECKUE OIEHKU B HOBLIE ONTUMHU3AIMOHHBIE METOJIbI OO0y YeHUs.

Ckonb3awmii KoHTponb. B marmmaHOM 06yYeHNN OIEHKY EV(,UX , X)) 110 HOJMHOKECTBY
pas3dueHnit NCIOIB3YIOT JIJIS SMITMPUIECKOT0 U3MepeHns 0000Iaioneil crrocoOOHOCTH U Ha-
3BIBAIOT CKoAb3AWUM Konmpoaem (cross-validation, CV). On HesaMeHHM B TeX CJIydasX,
KOTJIa TeOpeTUIeCcKre OIeHKN 0000IIaIeil crrocOOHOCTH He U3BECTHBI MM HEJIOCTATOTHO
To4UHBI. CKOJIB3AIIUN KOHTPOJIb sABJsIeTCs Jie-(haKTo CTaHIapTHON METOIMKON TeCTUpOoBa-
HUS U CPaBHEHUsI AJITOPUTMOB MAITHHHOTO O0YJIeHHSI.

O npupoge nepeobyuenunsn. Hedopmaibao, mepeobydeHne —3T0 Ipe3MEpPHO TOUHAsI
IIOJIOHKA aJI'OPUTMA @ T10]i KOHKPETHYIO 00yJaloILyo BEIOOPKY X B yiiepd ero obobuwaro-
weti cnocobnocmu. OKUIAETCsT, ITO METOJ, [t OOHAPYZKUT HEKHe O0Ire 3aKOHOMEPHOCTH
reHepasbHOIN BBIOOPKH X, HO OH HAXOJUT JIUIIh YaCTHbIE 3aKOHOMEPHOCTH, XapaKTepHbIe
tosbKo 1 X . [lepeobyuenne nocut dbyHaMeHTATBHBII XapaKTep U CBI3aHO C HEIOJIHO-
Toit mHMOPMAIIUY B MOMEHT ITPUMEHEHUS METOIA /L.

Emé ommy mHTeprpeTanuio mnepeoOydeHus JIaéT CJIeIYIONII MbICJIEHHBI SKCIIePU-
MeHT. IlycTb 3a/1aH0 KOHETHOE MHOXKECTBO U3 [ aJropuTMOB, KOTOPBIE JIOITYCKAIOT Ha, I'e-
HEPAJILHON BEIOOPKe X OJIHO M TO YKe YNCJIO OIMMUOOK 1M, HE3ABUCHMO JPYT OT JApyTra. Jucjio
omubOK JIFOOOr0 U3 TUX AJITOPUTMOB Ha OOydarorieil BbiOopKe X MOTIUHSETCHA OTHOMY
U TOMY K€ PacHpeJieJIeHUIo (TUIepreoMeTprieckoMy, Kak OyeT moka3aHo jaJjee). Boiou-
pasd aJI'OPUTM C MUHUMAJILHBIM YHCJIOM OIMUOOK § Ha 00ydYarolieil BLIOOpKe, Mbl (haKTH-
YeCKM HaXOJMM MUHUMYM U3 [) HE3aBUCUMBIX OJIMHAKOBO PACIIPEICIEHHBIX CJIyYailHbIX
BesimunH. Maremarndeckoe OxKUjIaHne MIHIMYMa YMeHbIaeTcs ¢ pocroM ducia D. Cie-

m—s S m

JIOBATEJIbHO, MEPEOOYUEeHHOCTh 0 = - =2

- 7 o SZ% yBeJInuuBaeTcsad ¢ pocrom D.
DTU paccykJIeHsl OCTAIOTCS B CUJIE U B ODIIEM CJIydae, KOrjia ajJrOPUTMbI HE SBJISTIOTCS
HE3aBUCUMBIMU (MMEIOTCsT CXOXKIe aJITOPUTMBI) ¥ JIOMYCKAIOT PA3IMIHOE THCIO0 ONTHOOK
(MMeeTcst pacc/IoeHIe MHOYKECTBA aJITOPUTMOB 110 YPOBHSIM Yrcia omubok m). OreHnBaTh
3 deKTI crodemea U paccroerus JTOBOJTBHO TPYJIHO, HO UMEHHO 9TUM MbI U 3aiiMéMCs

B ,ZLaJIbHeI'?'IH_[eM, TaK KaK OHM CYIIECTBEHHO ITOHNZKaIOT BEPOATHOCTD Hepeo6yquI/Iﬂ.
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§1.4 OO6cy>xxageHue cnaboii akKCMOMaTUKK

CBA3b C CUNBLHOW BEpPOSATHOCTHOI akcuomMmaTukoi. Kiraccuaeckast TeOpeTHKO-MepHast
akcromarnka A. H. Kosnvoroposa (6yiem HasbIBaTh €6 CUIIbHOIT) OCHOBaHA HA MIOHATUY Be-
pogTHOCTHOTO TipocTpancTBa (2, ), P), e 2 — MHOXKeCTBO JIOIYCTUMbBIX OOBEKTOB, () —
aJIUTUBHAsA o-ajarebpa cobbiTuii na 2, P — BepodTHOCTHAsI Mepa, OIpeIe/IeHHas Ha CO-
OpITgx u3 2. B 3aauax craTucTUIeCKOro aHAIN3a JaHHBIX OOBITHO IIPEIIIOIaraeTCsl, YT
MHOKeCTBO 00beKTOB X = {x1,...,2} gBagercs npocmot 6vi60pKoti, TO €CTh 00bEKTHI
BBIOMPAIOTCS U3 MHOXKECTBa £ CJIyUIaiiHO U He3aBUCUMO COTJIACHO BEPOSITHOCTHOI Mepe P.
He3aBncnMoCTh 03HAMAET, YTO BEPOATHOCTHAA Mepa, Ha, MHOYKECTBE BRIOOPOK 2 © maBapn-
AHTHA OTHOCUTEJILHO IePECTaHOBOK 3JIEMEHTOB BLIOOPKH. B IPUIoKeHnIX MHOKECTBO 2,
KakK MPaBUIo, OECKOHEYHO, a Mepa P Hem3BecTHA.

B cnaboit akcmomaTnke MHOXKECTBO £ BCEX THMIIOTETHIECKH BO3MOYKHBIX OObEKTOB
He BBOJUTCA. PaccMaTpuBaeTcss TOJIBKO KOHEIHOE MHOXKECTBO OOBEKTOB — 2€HEPANLHAA
evioopra X. OHO MOXKET BKJIIOYATbh B cebs KaK OObEKThI, HAOJIOJABIINECS paHee, Tak
1 CKPBIThIE OOBEKTHI, KOTOPBIE CTAHYT U3BECTHBI B OyyIieM. BeposTHOCTHBIM IIPOCTpaH-
CTBOM SIBJISIETCSI KOHEYHOE MHOYKECTBO BCEX ITEPECTAHOBOK MeHEPAIbLHOI BEIOOPKH X, Ha KO-
TOPOM 3aJIaéTCsd paBHOMEPHOE pacipe/ienenne. Takum o0pa3oM, CiydailHbIMU [TOJIArar0TCst
He caMu OOBEKTBI, a JIUIIb MOPSI0K UX IOSIBJICHUSI, ITO COOTBETCTBYET IIPEIIIOJIOKEHITIO
0 HE3aBHCHMOCTHU OOBbEKTOB BBIOOPKH B CHJILHON aKCHOMATHUKE.

Crenyromas TeopeMa yTBePZKIaeT, ITO JIJIsI IEPEBOa OIEHKN U3 C1abo0il akcrmoMaTn-
KI B CHJIBHYIO JIOCTATOYHO B3ATh €€ MaTeMaTHIeCKOe OXKUJIaHue 10 BHIOOPKE X.

Teopema 1.1. Ilyctp B ci1aboit akcmoMaTnke HaiJ€HO 3HAYEHHE BEePOSITHOCTH

P (7X) = f(X). (1.9)
TOF,ZIEL B CHJIbHOI aKCHOMATHUKE BBIIOJIHSIETCS paBeHCTBO
Px(X) = Exf(X). (1.10)

HokazareabcTBo. B cuty nezaBucuMocT HAOIOEHNN B BLIOOPKE X J17Ts1 TPOU3BOJILHOMN
[IEPECTAHOBKY T crpaBeyinBo paBeHcTBo Px ¢(X) = Px ¢ (7X). Bospmém cpemee mo Beem
nepecTaHoOBKaM T OT JIEBOW M IIPABO YacTel 3TOTO paBEHCTBA!

P (X) = 71 3 Pxu(rX) = P, Exd(rX) = Ex P, Y(rX) = Exf(X),

TES]
9T0 U TPpeDOBAJIOCH JI0KA3ATh. [ |

B ciyuasix, korja omnenka f(X) He 3aBUCAT OT BBIOOPKH X, KOHEUHBIH PE3YIBTAT —
orierka B 1pasoii wactu (1.9) u (1.10) — OGymer oauHAKOB B 006X aKCHOMATHKAX.

duHuTapHble U NHPUHUTaAPHbIE BeposiTHOCTU. PacemorpuM dyHIAMEHTAIBHYIO 3a-
Jlady TEOPHH BEPOSTHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM 00ALUWUL “UCeA: OIEHUTH Be-
POATHOCTD OOJIBITIONO OTKJIOHEHUs 9acToThl V/(.S, X)) cobbitus S Ha KoHEUHOI BBIGOpKE X
ot BepogtHOCTH P(S) IaHHOr0 COOBITHS:

PS5 =Py {|u(S,X) — P(S)| > ¢} (1.11)
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B npakTuvecknx 3a/1auax aHAIN3a JTAHHBIX BEPOSATHOCTD cOObITHSA P (.S) HEBO3MOKHO
y3HATh TOYHO, ITOCKOJILKY BEPOSITHOCTHAs Mepa Ha MHOXKECTBE O0BEKTOB, KaK ITPABUJIO,
nensBecTHa. [IpoBecTu HeckoHedHOE YHC/I0 HAOJIIO/ICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOMBIIOTO OTKIOHeHHs PP HemocpeicTBeHHO He MOKeT
OBITH M3MepeHa B 9KCIEpUMeHTe Kak dacrora cobbitus {X: |v(S, X) — P(S)| > ¢}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYKET ObITh TOYHO MICHTUMUIIMPOBAHO.

Jlannas mpobsieMa He BO3ZHUKAET, €CJIM C CaMOro HavaJjia OTKa3aThCd OT yIoTpedJie-
uns BepogtHocTH P(S). Ona ompenensiercst kak mpejern dactorsl v(S, X') coberrus S
Ha [POU3BOJIbHON ciryuaiinoii Beibopke X' npu | X'| — 0o. B 10 ke Bpemsi, npakTude-
cKkuil uHTEpec mpejcrasiger uMenno dacrora (S, X'), Kak BeIMUNHA, HEITOCPEICTBEHHO
HabJmfo1aeMast B sKciiepuMente. Vsmernm mocranoBky 3azgaqu (1.11) u 6yaem oneHnBaTh

BepOHTHOCTb 6OJIBHIOFO OTKJIOHEHUA 9aCTOT CO6bITI/IH S B ,ZLByX paSJH/I‘{HbIX BbI60pKaX:
Q2 =Px x{|v(5,X) —v(S,X")| > e} (1.12)

Eciin npesnonarars, yro Boibopkrn X u X' He3aBUCHMBI, TO /IS OIIPEJIEJICHUsT Be-
posTHOCTH (Q y¥Ke He HysKHO HHM GECKOHEIHOTO YHC/Ia MCHLITAHWE, HU CYMIECTBOBAHMU
BEPOSTHOCTHON MepbI Ha MCXOJIHOM IIpocTpaHcTse cobbiTuit. Beposthocts QF spisercs
Ppurumaproti 1 MOXKeT ObITh BBIYHMC/IEHA KOMOMHATOPHBIME METOIAMK KakK J0Jid pa30oue-
muit X = X U X, 1pu KOTOPBIX UMEET MeCTO GOJIbIIOe OTKJIOHeHHe dacToT. Kpome Toro,
OHa MOXKET ObITH U3MEPEHA B SKCIIEPUMEHTE TI0 [TOJIMHOXKECTBY Pa3dbUeHMit, TaK KaK UICH-
tudukanus cobpirus { X, X': |[v(S,X) — v(S, X')| > €} ne BbI3bIBacT 3aTpYAHEHNIL.

Taxum obpazom, seposrhoctn P(S) u PSP B (1.11) uMmeorT pasjiudmyio HpUPOILY.
Beposithocts P(S) npuHIUNUAIbHO uHGuHumapha — Jjisi €€ onpeieJieHns TpebyeTcs Jiv-
60 3HATH BEPOATHOCTHYIO Mepy P Ha GecKoOHeYHOM MHOXKecTBe 2, b0 OCYyIIeCTBUTH
upegenbubiit iepexos v(S, X') — P(S) upn |X’'| — 0o, 9TO HEBO3BMOMXKHO CJIeJIATh PU
[IPaKTUIECKOM aHaJIM3e JaHHBIX. BeposiTHOCTH PES TakxKe WHPUHATAPHA, HO IIOCTE 3a-
menbt P(S) wa uwacrory v(S, X’) ona upunumaer dunuTapubiii Bug QF, jomyckaionuii
U TOYHOE BBIYUC/IECHUE, U SMINPUIECKOE M3MEPEHHE.

OTu coobpazkeHusi Kak pa3 U MPUBOIAT K CJIa00N BEPOSTHOCTHON aKCHOMAaTUKE, 3a-
MIPEIAOIIEil NCIIOIb30BaHNe NH(PUHUTAPHBIX BEPOSITHOCTEN U «COOBITHIT» , KOTOPBIE HE MO-
IyT OBITHb MJIEHTU(DUIMPOBAHBI B 3KcrepuMmenTe. [IpuBeném emé HeckobKO MeHee (hop-
MaJIbHBIX COOOPayKeHuil B MOJIB3Y CJ1ab0i aKCHOMATUKU.

CoBpeMenHasi TeOpHUsi BEPOSATHOCTENH BO3HUKJIA U3 CTPEMJICHNsT O0beINHUTD B PaMKax
eJIMHOr0 (bOopMaIM3Ma JaCTOTHOE TIOHSTHE BEPOSITHOCTU, Oepyllee HAYaJI0 OT a3apTHBIX
UT'D, U KOHTUHYAJILHOE, WJIYIee OT TeOMEeTPUYIECKUX 3a/1ad Tulla 3aja4n bioddona o Be-
POSITHOCTH TIOTIA TaHKS UTJIbI B TTAPKETHYIO Iesth. B akcnomatnke Kommoroposa KOHTHHY-
aJIbHOE TTOHATHE OEepETCs 3a OCHOBY Kak OoJjiee obiee. Paji 9Toit 00IIHOCTH B TEOPUIO Be-
POATHOCTE IPUBHOCATCA THIIOTE3BI CUTI'Ma-aJINTUBHOCTA U U3MEPUMOCTHU — TEXHUICCKUE
[IPEJIIOJIOXKEHUsST U3 TEOPUU MePbl, UMEIOIIUE JIOBOJILHO CJIa0ble SMINPUIECKHe 000CHOBA-
aust [2]. Takum obpasom, st H3yUeHnst JUCKPETHBIX SIBJICHNUI, CBI3aHHBIX CO CJIyJaiiHO-
CTBIO, OIIPeJIeICHUE BEPOTHOCTU KaK KOHTUHYAJIHHOW MePhl NM3HAYAIHLHO M30BITOYHO.

O6parum BHumanue Ha 3amedanue A.H.Konmoroposa B (24, cp. 252|: «upejcras-
JITeTCsT BayKHOM 3a/1a9a 0CBOOOXKIEHUST BCIOY, TJ/I€ 9TO BO3MOXKHO, OT U3JIUIIHUX BEPOSIT-
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HOCTHBIX jlomytiennii. Ha HezaBucuMoil eHHOCTH 91CTO KOMOMHATOPHOI'O MO/IX0/IA K TE€O-
pun nndopMaIuu g HEOJIHOKPATHO HACTAMBAJ B CBOUX JieKIuax». OJnH M3 BapuaHTOB
KOMOMHATOPHO-a/IredpaniecKoro oCTPOeHNs TeOPUN HHMOPMAINN MOYKHO HAMTH B KHIH-
re B.JI. Tonmer [13]. Beickaspisanue Kosmoroposa B 3HAYHTEIBLHO CTENEHH OTHOCHTCS
U K MaTEMATUIECKOI CTATUCTUKE, KOTOPAs TAKXKe UMeeT JIJI0 C KOHEUHBIMU BBIOOPKAMHU.

Yuenuk A. H. Kosmmoroposa FO. K. Bessie B ipejiuciopun ¥ kuure «BepositHocTHBIE
METO/IbI BLIDOPOYTHOIO KOHTPOJI» THUIIET: «BO3HUKJIO ITyOOKOe yOEeXKICHUE, YTO B TCOPUH
BBIOOPOYHBIX METO/IOB MOXKHO MOJIYYUTh COJlepKaTe/IbHbIe aHAJIOTN OOJIBITTHCTBA OCHOB-
HBIX YTBEPK/IEHNIl TEOPUU BEPOSITHOCTEN U MATEMATUYECKON CTATUCTUKU, KOTOPbIE K Ha-
CTOAIIEMY BPEMEHU HailJIeHbl B IIPEIIIOJIOKEHIN B3aUMHON HE3aBUCUMOCTH PE3YJILTATOB
u3Mepenuii» |3, cTp. 9).

YmecTHo mpuBectH emmé oaHo BhicKasbiBanue A. H. Komvoroposa: «Yucras marema-
THKa OJIATOMOJIYYHO PA3BUBAETC KaK 10 MIPENMYIIECTBY HayKa O OeCKOHeIHOM. . . Becbma
BEPOSITHO, UTO C PA3BUTHEM COBPEMEHHOI BBLIUNCIUTEILHON TEXHUKU OYIeT MOHATO, UTO
B OYeHb MHOTHMX C/IydasX pa3yMHO U3y4YeHUe peasIbHbIX dBJIEHWIl BecTu, m30erast mpo-
MEXKYTOYHBII dTall X CTUIM3AIUUA B JIyXe IPEJCTAB/IEHUI MaTeMaTUKu OeCKOHEYHOI'O

U HEIPEPBIBHOTO, MePeXo/is MPsiMO K JMCKPETHBIM MojiesaM» |24, crp. 239).

AcnmnToTnyeckme oueHkU. BeckoHedHo JIMHHbIe BHIOOPKH HE PEaIM3yIOTCs Ha ITpaK-
THKE IIPOCTO MOTOMY, YTO KOHEYHA MAMATH KOMIBIOTEPOB U BPEMs, OTIIYIIEHHOE UCCJTIe-
JIOBaTEJIAM Ha SKCIEPUMEHTHI. B Kjlaccn1ueckoil BepOgTHOCTHON aKCUOMAaTUKE JIAHHOE 00-
CTOATEIHLCTBO HE NMPUHUMAETCS BO BHUMAaHUE, B YACTHOCTU, KOTJIA ITHUIIYT

P(S) = lim_v(S.X)
riae P(S) — BepositHocTh cobpitus S, v(S, X)— gacrora cobbitust S B BeIOOpKE X .

B ciaboit akcnomaruke 3anuch |X| — 00 3alperneHa, U MOHATHE BEPOATHOCTH CO-
6uiTust P(S) me onpeenero. Mbl He BIpaBe IpeJioiaraTh, 9T0 BHIGOPKA PeaJbHBIX 00b-
€KTOB MOKET OBITh CKOJIb yTOJHO JTUHHOM. Tem He MeHee, ObLIO ObI HEJIENO OTPUIATH
MaCCy CTATUCTUYECKUX (PaKTOB, KOTOPbIe NMEIOT HA/IEYKHbIE SMIUPUIECKIE TIOITBEPK JIe-
HUs, HO GOPMYIUPYIOTCS U JIOKA3bIBAIOTCH C ABHBIM MJIN HESIBHBIM MCIIOJIb30BAHUEM TaKUX
IIpeJIeJIbHBIX 1Tepexo/10B. He nckimodeno, 4To nx BO3MOXKHO 11epeopMyIMpoBaTh U B (pu-
nutapuoMm Bujie. CTOJIb Ke HEeJIEO OTKA3bIBATHCHA OT MPEUMYINECTB ACUMIITOTHIECKOTO
aHaJm3a. 3/1eCb KOMIPOMUCC 3aKII0IACTCA B TOM, YTOOBI IIPUMEHSITD ACHMIITOTHKN JIUIIDH
K YUCAEHHBLM 0UEHKAM, KAK OJINH U3 CIOCOOOB MPUOINKEHHBIX Bhruucaennit. Hampumep,
HOJTy9nB B €1aboii akcnomatuke orenky P, (7X) = f(L), 3aBucsiiyio oT JyinHbl BEIOOP-
KI1, MbI MOXKEM HCCJIEJIOBATh aCHMIITOTHYECKOe ToBeeHre ducaoBoit dyukmun f(L) mpu
L — oo. [Ipu sTOM CyTecTBOBaHME CKOJIb YTOHO JTUHHONW BHIOOPKHU HE ITPEIIOIAraeTcs.

Pe3iome

BBesiennr ocHOBHBIE TOHATHS, KOTOPBIE Oy/IyT MCIOIBL30BATHCA HA MPOTIAKEHUN BCETO
Kypca: reHepaJjibHas BbIOOpKa, HAOJII0aeMast 00yvaroliast BbIOOPKA, CKPbITasi KOHTPOJIb-
Hag BBIOOPKa, MeToJi 00y4eHus, epeo0yYeHHOCTb, MATPHUIA OIMTUOOK.
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Beenena ciabasi BeposITHOCTHasl AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOKCHIH
0 TOM, YTO BCe pa3dueHnsi KOHETHOI reHepabHON BRIOOPKU UMEIOT PaBHbIE MAHCHI peaJIu-
3oBaThcA. PaKTUIECKN, OHA HE BBIXOJIUT 3a IIPEJIEJIbl SJIeMEeHTapHO TeOPUN BEPOSITHOCTET
XVII-ro Beka, 1 Bce BEPOSITHOCTH OIPEJIE/IAIOTCS IyTEM KOMOMHATOPHOI'O TOJICIETa Bapu-
anToB. MokHo Ob110 Ob1 BOOOIIE HE BBOJIUTH TEPMUH «BEPOATHOCTH» U TOBOPUTH TOJIb-
KO O YacTOTaX U <«JIOJgX Pas0OueHuii BHIOOPKU», OJHAKO BEPOATHOCTHAS TEPMHUHOJIOTUS
n oboznadenus P, E 6osiee mpusbrannl. Jlasee Mbl yoeuMces, 910 MHOTHE (DYHIAMEHTA b
Hble (DAKThl MaTeMaTHYeCKOW CTATUCTUKUA MOTYT OBITH BBIDAyKEHbI B TEPMHHAX YacCTOT
U He HYXKJAI0TCs B TEOPETHKO-MEPHOM olpejesiennn BepoaTHocTu. Cradas akCHOMATHKA
BIIOJIHE JIEKBATHA 3aJ/ladaM aHaJn3a JaHHBIX, MOCKOJIbKY OHa MMEET JIeJI0 TOJIHLKO C KO-
HEYHBIMU BBLIOOPDKAMU U BEJIMYMHAME, HETIOCPEICTBEHHO U3MEPUMBIMU B SKCIIEPUMEHTE.

[TocTaBiena ocHOBHAaA 3a/iada — IMOJIYIEHHE KaK MOXKHO 00jiee TOIHBIX, 3D PeKTuB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSITHOCTH nepeodydenusi (1.5), b0 BEPOSITHOCTH OOJIBITION
9acTOThI OMmubOK Ha KoHTposie (1.6), mbo mosHoro ckoJb3siero Kourposs (1.7).

B cnepytowein nekumu Mbl JI3JIMM TOYHOE PEIIeHre OCHOBHOM 3a/1a9u JIJIs IPOCTEHIIero,
HO BaXKHOI'O YaCTHOI'O CJIydasi, KOIjia cemMeiicTBo A cocTouT u3 eJMHCTBEHHOIO ajroOpuT-
Ma, U 10 U3BECTHOI YacTOTe ero OIMMMOOK Ha HaDJII0JIaeMoil BHIOOPKE TpeOyeTcs OIEeHUTD
YaCcTOTYy €ro ONMOOK Ha CKPBITO# BBIOOPKE.

Ynpa>kHeHus

Bamada 1.1 (1). B sazave kinaccudukanuu ¢ apyms kiaccamu Y = {—1,1} Boibopka

sagana Toukamu npamoit: X = {—£ . =3 113 LY Jng cemeiicra anropnr-
MoB Kiaccubukanun ag(r) = sign(z — 0) ¢ napamerpom 6 € R moctpouth MmaTpuiry

ommubok u rpaduk 3asucumoct n(ag, X) ot 0, eciu 1eseBas 3aBUCUMOCTD MeeT BUJT:

1) y(z) = sign z; signx, |x| > M,
) 3) y(w) =

2) y(x) = signsin wa; signsin ez, |x| < M.

CKOJIbKO Pa3/IMIHBIX BEKTOPOB OMIMOOK IIOPOXKJIAET JAHHOE CeMeHCTBO ajropuTMOB?!
CKOJIBKO M3 HUX J0IycKaloT m ommbok (m = 0,..., L) Ha reHepasbHOil BbIOOpKe X7

Bamaga 1.2 (2). B zagade knaccudukanuu ¢ apyms kiaccamu Y = {—1,1} Bbibopka
3aJlaHa TOYKAMU Ha OKPYZKHOCTH: X = {(sin i, COS ;)i P = (z — %)%’T, i=1,... ,L}.
[TesieBast sapucumocthb y(x) = sign &, o = (&,&) € R2. Jlng cemeiicTba JTMHEHHBIX KJ1ac-
cudpuxaTopos ag(r) = sign(61&; + 025 + 6p), ¢ napamerpom 0 = (01, 0,,05) € R? onucars
Marpuiry ormmuboK. CKOJILKO Pa3/IMIHbIX BEKTOPOB OIIMOOK MOPOKIAET JAHHOEe CeMEHcTBO?

CKOJIBKO M3 HUX JIOIyCKAT poBHO m ommbok (m =0, ..., L) Ha Bbibopke X7

Bamada 1.3 (5). KakoBo MakcnmMmasibHOE YHCJIO PA3JIUIHBIX BEKTOPOB OMIMOOK, TIOPOXK-
JIAeMbIX JIMHEHBIMU ajropurMaMu Kiaaccudukayn Ha soibopke X = {1,..., 2} C R"?
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2 OueHnBaHue 4acToTbl COOLITUA N FMNepreomMmeTpu-
Yyeckoe pacnpegesieHue

Hauném ¢ camoro mpocToro 9acTHOrO CJIydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJUHCTBeHHOTO 3jeMenTa, A = {a}. Torga BeposiTHOCTE HIEpeOdyYeHMsI IepexO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS JacTOT B JIBYX BbIOOpKax. OHa TECHO cBA3aHA
¢ 3aKOHOM OOJIBIIIUX YHCeJI, UMEIuM (pyHaMeHTaIbHOe 3HAUYEHNE JIJI TEOPUN BEPOSIT-
nocreii. [losromy MbI 3a0yjieM HEHAJIOTO PO AJTOPUTMBI U TepeiijieM K OoJiee oOIeit
TEPMUHOJIOTHH, 320/IHO HEMHOTO YIIPOCTUB 0003HAYCHUSI.

§2.1 3apaua oueHuBaHua (NpepckasaHusl) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOYKECTBO O0OBEKTOB; Oy/IeM HA3bIBATH €0 «COOBITHEM».
CobpiTre S U BEKTOp OMIMOOK aJI'OPUTMa @ B3aHUMHO OJHO3HAYHO COOTBETCTBYIOT JPYT
apyry: S = {x;: I(a,z;) = 1}, I(a,z;) = [2; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemenmos cobbitus S Ha IPOU3BOJILHON
koueuHoit Beibopke U C X a uepes v(U) = n(U)/|U| — wacmomy cobvimus S na U.

Bajiaua npeJicKa3aHns 9acTOThl COOBITUS COCTOUT B TOM, YTOOBI OIIEHUTH YaCTOTY CO-
ObITHS S Ha CKPBITOH BBHIOOPKe X 110 €ro 4acTore Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTD
Ha/IE2KHOCTD IIPEJICKA3aHNUSI, TO €CTh HOJIYYNTh OIEHKY BH/JIa

PIv(X) = v(X)] = e] <nle); (2.1)

B Tex ciyuasx, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTAaBUTLCH 3a/a9a MMOJIyUeHUs] OJJHOCTOPOHHEN BepXHell OIeHKN:

PV(X) - v(X) > <] <n(e). (2.2)

Jlemma 2.1. Ecim n(X) = m, 1o dncio s7eMeHTOB coObITusT S B HAOJIIOAAEMOI 110J-

soibopre n(X) m B ckpprroii momsbIbopke n(X) MOTIHHIIOTCS 2UNEP2EOMEMPUUECKOMY

pacnpedesenuro:

3 Cs Cé—s

Pln(X)=s| =PnX)=m—s| = ho™ (s) = —mcf—m’
L

rje s npuHEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

JokazaTeabcTBo. OTOOpaATh S 9JIEMEHTOB COOBITHA S B HAOIIOMAEMYIO IMOBBIOOPKY
Mokio C%, pasiuaubivu criocobamu. [l Karxkaoro u3 9THX crocobos mmeercs Ch %
c11ocob0B ¢(hOPMUPOBATH OCTABIIYIOCA YacTh HAOJII0/IaeMOil MOJBBIOOPKH U3 0O0BHEKTOB,
He MPUHAJJIeKAINX S. SHATUT, C;Ci__sm — 4UCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKeCTBa S MOMaaT B HAO/I0IaeMY0 MOJABBIOOPKY, OCTajIbHbIE (1M — S) — B CKPBITYIO.
Ix so1s B obwieM uucie pasouenuii C4 kak pas u cocrapiser he ™ (s). ]

Bameuanue 2.1. Ecmu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM I[I0JIaraTh, 9TO
Cs = 0. Ananornuno, ecau He BbinosHsIeTCs yenaoBue 0 < £ —s < L —m, 1o Cﬁ’fm = 0.
o) <s < R (s) =0

TCIOJIA CJIEJLYeT, UTO €CJIM He BBIIOJHACTCS YCJI0BHE So < § < S1, To hy ™ (s) = 0.
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CeueHne m=100 s [unepreometpuuieckoe pacnpegenerue h(m,s) npu L=200, k=100
100 A 100 A
80 ] 80 ] /
60 - 60 -
ol ——| ol ‘

0 005 010 0 20 40 60 80 100 120 140 160 180200 m

CeueHne s=50

0 20 40 60 8 100 120 140 160 180 200

Puc. 2.1. O6nacrb onpejiesienust ruriepreoMerpudeckoii pyuakuuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepzeomempuueckoe pacnpedesenue HOCUT (ByHIAMEHTAIbLHDI XapaKTep U BO3HU-
KaeT BO MHOI'MX 3aJa4aX. B manHom naparpade nepeducagioTes B CIIPABOYHOM MOPSIKE
OCHOBHBIE CBOWCTBA I'MIIEPIeOMETPHIECKOrO pacipejenenus (3, 4].

s l—s
C"L L—m

cL
crBe map nesbix guces (m,s): 0 < m < L, max{0,m — k} = s9 < s < 57 = min{¢, m}.

¢
1. Ilpu duxcuposanubix L u ¢ dyukius hy ™ (s) = ompe/iesieHa Ha MHOMKe-
DTO0 MHOXKeCTBO uMeeT (hopmy mapaJuiesorpamma, puc.2.1. Bue sToit objactu mpuHgTO
l,m
nosarate h; " (s) = 0.
2. Beeném cireytorue 0003HaAYEHNS JIJIsT CYMM KPalHUX JIeBbIX W KPafHUX MTPaBbIX
YJIEHOB TUITEPreOMeTPIIECKOr0 PaCIIPe 1€/ IeHNUsI:

2] 51
Hp™(z) =) hp™(s);  H™(2)= Y hp™(s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopMmyJia MoJHON BEPOITHOCTH:

51
> BE™(s) = Hp™ (s1) = Hp™ (s0) = 1.

S=50

[Ipu dukcuposanubix L, ¢ u m byaxus h(s) = him (s) siBIIETCSA OJIHOMEPHBIM
JIUCKPETHBIM pacipejesieruen. st npumepa Ha puc. 2.1 cieBa nokasana gynkuus h(s)
npu dbukcuposansom m = 100. Oynxums h'(m) = hY™ (s) pacnpemenenmen, Boobie
rOBOpSI, HE SIBJIAETCS, TaK KAaK He yJIOBJIETBOPSAET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantoM s = 50.

3. Tlapamerpsl £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsITh pasHocraym: hy ™ (s) = hy L™ (0 — s).
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5. CrpaBe/JIuBbI TOXKIECTBA:
W™ (5) = BT (= ) = ) = b (m = ) = B (m ).

6. OTcroma BbITEKaoT ToxKaecTBa st byuxumit H u H:

S S

Hy™(s)=> hy™(G)=Y_ hy™(m—j)=Hy™(m—s).

Jj=s0 Jj=s0

7. Pacnpenenenue h(s) siBiagercs yHUMOAAIbHBIM (nMeeT hopMy mHKa). MakcuMasb-
(m+1)(4+1)
L+2
8. Tabsmria rumepreoMeTpuvdecKoro paclipe/iesleHus COAePKUT {k HeHy/IeBBIX 3HaUe-

HOE 3Ha4YeHUE JJOCTUT'a€TCA IIPpU st = , C TOYHOCTBIO /IO OKDYIJICHUA.

nuit. Ké MoxkH0 3hdeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIICHUIA:
€7 0 JR— .
hL (O) - 17
m—+1 E—m+s
m+1l—s L-—m ’

W™ (s) = R (s)

— l—s (2.5)
hé,m 1 :hf,m m S. .
s+l = hy <8)s+1 k—m+s+1
S k—m+s

hp™ (s —1) = hp" (s)

m—s+1 f(—s+1°

Yr00b1 n36€:KaTh BBIYUC/IUTEIBHBIX MTOI'PEITHOCTEH, 3HAUEeHUs h%m (s) pekomerLy-
€TCs BBIYHCJISTD ITOC/IeI0BATE/IHbHO Jid BceX m = 0,..., L, Ipu 3TOM JjIs KaxKJoro m
HEPBBIM BBIYUCIIATH 3HAUCHUE, OJIM3KOe K MaKCHMAJbHOMY (HAIPUMED, TPH S = Smax),
3aTeM MEHbIINEe 3HAYEHNU BBIUUCISATE Yepe3 OOJIbIIne.

9. MaremaTndeckoe OXKUJIAHUE BEJIMUUHBI S €CTh

51

A= Zsh?m(s) =7

s=s0

10. /lucnepcus BeJMYUHBI S €CTh

S1
k(L —m)
2 214, m
o° = S—=A)h; 7 (s) = A==
S$=50
11. Tlpu Gosbrmix 3HaMEHUSIX TApaMeTpoB L, ¢, m mpeie/IbHbBIMU PacIpe/Ie/IeHUsIMU
st B(s) = hY™ () MODYT GBITH TOIBKO PACIPEIE/IEHIS OIHOIO U3 YeTHIPEX THIIOB:

— Ipu A — 00 nopmanvroe pacnpedesenue h(s) — \/%7 exp(— (82;2)2);

— npu 7 — p bunomuasvroe pacnpedesenue h(s) — C7 p*(1 — p) s
upu % — p bunomuanvroe pacnpedenenue h(s) — C2 p*(1 —p)™=%;
— mpu F — 0 mm % — 0 pacnpedeaenue ITyaccona h(s) — e *\¥/s!;

— npu A — 0 BBIpOXKJIEHHOE pactipejiesienue s = (.

12. TlNunepreomeTrpudeckoe pacipejeeHne JIOBOJLHO TOTHO MPUOIUKAETCHA ¢ TTOMO-
mbio anmpokcumarmn Mosenapa:
2m — s

hs) = CipP(1—p)°, p= YA
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§2.3 3akoH bonbwmnx Yncen B cnaboin akcnomaTtumke

[Ipomomzkum paccmorperne 3aaa4d (2.1), (2.2) o mpejckazaHun 9acTOThI COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cnpaBeyinBel TOUHBIE OLEHKH:

Plv(X) <e] = Hy™ (<) (2.6)

P[v(X) >e] = Hy™ (m — ck); (2.7)

Pu(X) —v(X) =e] = Hy™ (sm(e)), Sm(e) = £(m — ek);  (2.8)
PI(X) = v(X)| > €] = H™ (sm(2)) + HL ™ (3m(2)) . Smle) = £(m+2k).  (2.9)

HokazarenbcTBo. [lepBbie jiBe ONEHKY SIBJISIFOTCST HETIOCPEICTBEHHBIM CIe/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X) =s] =) hy™(s) = H ™ (c0);
¢ |m—ek]|
Pv(X)ze]=) [2=2>e|Pn(X)=m—s] = Z ho™(s) = Ho™ (m — k).

[e=]

s= S=50

TpeTbH OIl€HKa I10JIy49aeTCd aHaJIOTUIHO HepBOIk/'I7 C TOMA JIMIIb paBHHHeﬁ, qTo ycJjioBue

v(X )% < e 3amensiercs yesosuem v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHBIME
" ¢
IpeobpPasOBAHUAME HOTyIaeM BePXHUI MpejieT CyMMupoBains s < 7 (m — k).

Haxownery, JBycTOpOHHsis OlleHKa (2.9) moJiydaercs, ecjid IpeJiCTaBUTh MHOMKECTBO
pa3buennit B Bujie 00beIMHEHNs JIBYX HEIIEPECEKAIOMNXCS TOIMHOXKECTB:

PIv(X) — v(X)| > €] = P[r(X) — v(X) > ] + P[U(X) —v(X) > ] =
= HY™ (s0(e)) + L™ (500(<)). .

O ckopocTu cxogumocTn B 3akoHe bonblwwux yncen. [lpu npomnoprmroHaaILHOM yBe-
mudennn L, ¢ 1 m OTHOCHUTeJIbHAA IMIUPUHA TUIEPreoOMeTPUYeCKOro IHUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YIOJHO TOYHOE IIpeJICKa3aHNe
ckpoIToit wacTorsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaeT cko-
POCTH CXOJUMOCTHU YaCTOT COOBITUSA B JIByX BHIOOPKAX.

Kraccnyeckuit 3aKoH OOJIBIINX HHCES YTBEPKIAET CXOJUMOCTH YaCTOTHI COOBITHS
K eé BepoaTHOCTH. OHAKO B caaboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KAK AHAA02 34KOHA OOALWUL
wucen B cj1aboit akcrnomaTuke. OCHOBaHUEM JIJIsl TAKOI HHTEPIPETAINN TAKKe CIIyZKUT TOT
daxkr, uro nBa dyHKIOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUST YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSATHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHS OT €ro
BEPOSATHOCTH — OIEHUBAIOTCs CBEPXY JPYT Uepe3 JApyra, Kak nokasano B [6]. [To cyru, sTu
JIBE OIIEHKH OTJIMYAIOTC HE IPUHINIHAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xédbdmaunra [54]
OIIEHMBAIOT CKOPOCTb CXOJMMOCTH B 3aKOHE OOJIBIINX 4ucesl. Bce OHM SBJISIIOTCS aCHMIITO-
TUYCCKUMH U J1al0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTI OOJIBIIOTO OTKJIOHEHH:A. BhIpazke-
uue (2.9) apisercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTHYECKON) OIEHKOI, 1 HOTOMY
€r0 MOYKHO CUHTATh HaMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX IHCEI.
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H 'Mnepreometpuyeckoe pacnpeaenenie npu L=300, k=100, m=30, eta=0.05
0.16 A
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0.06 1
0.04 7
002 1
Oloooooooooooll'll Illo..

0123456 7 8 9101112 1314151617 18192021 22 23 2425 26 27 28 29 30
H I'mnepreometpudeckoe pacnpeaenenue npu L=1500, k=500, m=150, eta=0.05

0.07 1
0.06 o
0.05 1
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Puc. 2.2. lN'unepreomerpuyeckast byHKIUs h%m (s). Bepxuuii rpaduk nosydes mpu
L = 300, ¢ = 200, m = 30. Boiienens! Kpaiinue jesbie, [so, spm(e)] = [0, 15], u kpaii-
HUE TIpaBble [Sy,(€), s1] = [25, 30], wieHbI pacipe/e/eHnst, COOTBETCTBYIOIIIE 3HAUCHIIO
nagéxuaocta 1) = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpoOIOpIH-
OHAJILHO YBEJMYEHHBIX B D pas.

FeomeTpuyeckas nHtepnpetauus coornomenuit (2.3), (2.8) u (2.9). Pacemorpnm mps-
moyrosbayio cetky {0,...,L} x {0,...,¢} wa puc.2.3. Ilonoxum b; = [z; € X]|. Torma
b; = 1 o3Havaer, 4TO0 OOBLEKT T; TOMAJAeT B HAOIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJC TPACKTOPHH, IPOXOJAIIEH 110 y37IaM CeTKH U3 TO4U-
ku (0,0) B Touky (L, £) cornacHo npasuiy: eciau b; = 1, TO cMelnaeMcst Ha eJIMHUILY BIPABO-
BBepX; ecyin b; = 0, TO cMelaeMcs Ha eUHUILY BIIpaBo. Bee Takue TpaeKTopuu He BBIXOIST
3a TIPeJIe/ibl MapaJuie/iorpaMMa, BblJIeJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKuX TpaeK-
TOpHit H30MOPMHO MHOKECTBY pasbuenuil Beibopkr X = X L X, n 06a oHEH H30MOPMHBI
MHOKECTBY L-MepHBIX OMHAPHBIX BEKTOPOB (by, ..., by ), comep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra uncia pasdueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTU YHCJIO COOTBETCTBYIOIINX TPAEKTOPUIA.

Y1065 BeIBECTH (2.3), TPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITO0BI IIEPBBIE 1M 00hEK-
TOB IIpUHA/IEKAIN MHOKeCTBY S. Torma 3aj1atua cBeAeTesa K MOJACIETY J0JIM TPACKTOPHIl,
OPOXOJAIIUX Yepe3 Touky (m,s). HazoBém rakme Tpaekropun donycmumvimu. ducio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske ot (0,0) mo (m,s) pasuo C3

m?

U JIJId KaXK 101
l—s -
Tpaekropun cymecrsyer C;_° Bapuantos eé mnpojosrkenust ot (m,s) mo (L, (). Cremo-
BaTEJIbHO, YUC/IO JIOMYCTUMBIX TPACKTOPUIl PABHO C;Cf:‘;. Pasnenus na obriee wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | noydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICIUTATEH TUCJIO TPACKTOPHH, TIPOXOJISIIIIX e~
pe3 Jio0yIo TOUKy (m, §), JIeXKAILyto HUYKe THArOHAJN Ha 5% i 6ostee. s sToro cym-

Mupyercst uncio Tpaektopuit C%,04 % 110 BeceM § = Sq, .. ., S (€).
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Puc. 2.3. Tpaekropus mnoc/ienoBaTebHOCTH {bi}fzo = 0101100010110010, upu
L=16,/¢=7,¢=0.3. [Iposenennl qunuum § = %m ns= %(m + ek). IIpu m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHWUHU, S = S, (€), U HUKe HUKHEH JIuHUH, § < Sp,(€).

[t BBIBOJIA JIBYCTOPOHHEH olleHKH (2.9) TOJCYUTHIBACTCS YUCIO TPACKTOPHI, OT-
CTOSIIUX OT JMATOHAJIM Ha £ um Gosee. B 9ToM cilyuae cyMMupoBaHne HIST 10 BeeM
S =80,--.,5m(€), 3aTEM IO BCEM § = S,(€), ..., S1.

BbIOOpOYHbIi KOHTPOIb Ka4yecTBa — 3TO IpUMEp NPUKJIAIHON 3a/a4i, B KOTOPOi
orenku TeopeMbl 2.2 IPUMEHUMBbI HETIOCPEICTBEHHO 3.

[Iycte X — mHO)ecTBO mzjenmii, S C X — MOJIMHOXKECTBO J1eMEKTHBIX U3
Wsrorosiiena naptusg u3geauil X, U3 HEUX M OKa3aJHCh JeeKTHbIMU. Jucjao m Hens-
BecTHO. [IpoBepuTh BCIO MAPTUIO MOIITYYHO HE IIPEACTABISICTCS BO3MOXKHBIM. IlosTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmBEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHUI
BbIOUpaeTcsd moaMuoKecTBO X C X, 9TO PABHOCHIBHO CJIydailHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag nomo gedektop B Habmomaemoil Bodopke v(X),
TpebyeTcs IpecKasaTh 100 1eeKTOB B CKpLiToil Beibopke v(X ). Ecmm npu 3amamn-
HOM TOYHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
NIPUHUMAETCs, WHa'de OHa IenkoM Opakyercs. [lapamerpsr € u ) IoAOUPAIOTCS U3 SKOHO-
MHYECKUX COOOpayKeHU — ¢ YIETOM CTOMMOCTH KOHTPOJIS OJTHOIO U3JIEINs W BEJIMIUHBI
1I0TE€Phb OT UCIIOJIb30BaHUs Je(PEKTHOTO U3JIE/INS.

§2.4 Tlepexopn ot HeHabnogaemoin oueHKn K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB M COObITHs S B MeHepaJIbHON BbI-
6opke X, KOTOPOe HEBO3MOKHO y3HATh, 110K HEM3BECTHA CKPBITAsl 110/1BbIOOPKa. B Takmx
CJIydasx TOBOPST, UTO OIEHKa sIBJIsieTCs Henabatodaemoti (unobservable bound). Curyartist
Ha IIE€PBBIiT B3IJIA]] TapaJoKcaabHa. ToObI OEHUTDH BEPOATHOCTD OOJIBIIONO OTKJIOHEHUS
JacTOT B HaOJIIOJAeMOil U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH umciao m. OjgHako ec-
q OBl MBI €r0 3HAJM, TO 10 HabJogaeMoil yacrore v(X) TyT Ke BBIYHCIA ObI TOTHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHas ouenka. Ilpocreiiiiiee perenne mpob/ieMbl HEM3BECTHOTO 1M 3aKJIIOYAETCS
B TOM, YTOOBI B34Th MaKCUMYM IIO 1M W HOJYIUTH BMECTO TOYHOI OINEHKHU 3aBBINIEHHYIO
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H(m)
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Puc. 2.4. 3asucivocrs H(m) = HY™ (s,,(£)) or m npu L = 300, £ =200, e = 0.05.
BEPXHIOIO OICHKY:

Plv(X) —v(X) 2 ¢] < mr_r%)aXLHi’m (sm(e)) =T (e). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m or [ek] no |L — el], tak kak npu
OCTAJIbHBIX 3HAYEHUSIX 171 JIeBasi 4aCTh HEPABEHCTBA PaBHA HYJIIO.

K coxasennto, (2.10) — moBosbHO rpybast OIeHKa IPU MAJIbIX M, cM. puc. 2.4. [To s7oii
HPUYIMHE JTAHHBI MOIX0 He IIPUEMJIEM JJId 3a4a9 BEIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YeHUus 110 TIPereeHTaM, 1 JIPYTUX CIydaeB, KOrjla MMEHHO MaJible 3HAUEHUsI M PEJICTaB-
JISTIOT GOJIBIION MPAKTUIECKUil HHTEPEC.

I13BecTHA BepXHsIsI OINEHKA <«XBOCTa» THUIIEPIEOMETPUYECKOro pacipeesenns |42,
C TIOMOITIBbIO KOTOPOH MOKHO OIEHUTH CBEPXY npaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_2€2ﬁ> .

DTa ornenka eré bostee rpydas. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
¢ opauHaroit 0.89, HO OHa He ToKa3aHa, MOCKOJIBKY IMPOXOINT MHOIO BbINIe. ACHMITOTHAYE-
CKH 3Ta OIeHKa CXOIUTCs K HYJIIO IIPU OJHOBPpEeMeHHOM cTpemiieHnn £ 1 k K 66CKOHETHOCTH,
97O eIIé pas MoATBEPXKIAET CBA3b TOUHBIX ONeHOK (2.8) u (2.9) ¢ 3axonom 6oavwuzs wucen.

TouHas uHTepBanbHasa oueHka. Cieyromiasi TeopeMa MoKa3bIBAeT, KaK MOy IaTh TOU-

uble Bepxuue n Hrkane ornenku 1yt n(X) u n(X) no nabmomaemomy snadennio s = n(X).

Teopema 2.3. Ecsm s = n(X) — quc/io smeMentoB cobbirst S B HAOIIOLAEMOI BHIOOD-
K€, TO JUIs 9HCJIa JTeMEHTOB cOObITHs S B MOJIHOH BBIOOpKe ¢ BeposiTHOCTBIO (1 — 1)
CIIpABEINBA, BEPXHSISA OICHKA!

n(X) < maX{m =mg,...,L ‘ Hi’m(s) > 17}, e mgy = ’—s% — -‘ (2.11)

okazareabcTBO. PaccMOTpUM OJIHOCTOPOHHIOI TOUHYIO OleHKY (2.7), 0603HaYMB 1pa-
Byt0 eé uacthb uepe3s H(e,m), rae m = n(X) — neuspecrHasi BeJMInHa:

Plv(X) > e] = Hy™ (m — ck) = H(e,m). (2.12)
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t, uucno snemenmos S 6 ckpwimoii 8vib0pKe
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S, uucno snemenmos S e Haba00aemoil 6v100pKe

Puc. 2.5. Tounble BepxHue n HIzKHEIE OleHKE dnciaa t = n(X ) sjeMeHToB cobbiTust S
B CKPBITOI BBIOOPKE B 3aBUCHMOCTH OT ux unciaa s = n(X) B Hab/roqaeMoil BIGOPKe.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Torya ¢ BepoaTHocThio (1 — 1) crpasemymba onenka ceepxy v(X) < E(n,m), tae
E(n,m)— obparnast pyukius or H (e, m). Obpartienue mpousBoIUTCs 110 TIEPBOMY apry-
MEHTY IPU KayKJIOM 3HAYCHHU BTOPOrO apryMeHTa 711, KOTOPLIA BBLICTYIAET B POJIM IIa-
pamerpa. [lockosbky dyukims F(n, m) He Bo3pacTaeT 1o MEePBOMY apryMeHTY, U3 OIeH-

m—Ss

kn v(X) < E(n,m) caenyer nepasencrso H(v(X),m) > n. Honcrapnaa v(X) = 2

B dyukiuo H(v(X),m), oupegensiemyio cornacuo (2.12), moaydaem, 9To ¢ BEPOSTHO-
l,m

creio (1 — ) cupaseyuBo HepasercTBo H;p ™ (s) > 1. Urobbl paspentursb JaHHOE Hepa-

BEHCTBO OTHOCHTEJILHO M Ipu (PUKCHUPOBAHHOM S, HAMJIEM MAKCHUMAJLHOE 3HAYCHUe M,

IPY KOTOPOM OHO BBIIOJIHEHO. IIpy MakcuMa/IbHOM 3HAYCHUH 1 3HAYCHUe S JIOJIZKHO Ha-

1)(£+1
XOJITCS JIeBee TOYKN MAaKCUMyMa TMIePreoMeTPUIecKOr0 pacipeieeHnsd s* = %,
Crenosarensro, s(L +2) < (m + 1)(€ + 1). ITosTomy /s HAXOXKICHHST MAKCHMAJILHOTO
SHAMEHUS 1M IOCTATOUHO HepeCparh 3HAYCHHs M, He MeHbume s72 — 1. "

CaencrtBue 2.3.1. Amnajorndno omeHuBaercs cKpbiroe aucao n(X) mo Hab/rogaeMoMy
aucty s = n(X): ¢ BepositHocTBIO (1 — 1)) BBIIOJIHEHO HEPABEHCTBO

n(X) < max{t = to,..., k } HE* () > nk, to=|s ’tfill —1]. (2.13)
CaencrBue 2.3.2. AHAJOIHYIHO CTPOSTCS U HUXKHUE OIEHKH: ¢ BEPOSITHOCTBIO (1 — 1)

n(X) > min{sz,...,mo ‘ Efﬁm( ) > 7]};
n(X)}min{tzo,...,to‘Hi’sH 277}

Boeraucienune mo/ry9eHHBIX BEPXHUX 1 HU?KHUX OIEHOK C MCIIOJIB30BAHIEM PEKYPPEHT-
HBIX coorHomennit (2.5) Tpebyer nopsiaka O(n(X)n(X)) oneparpuit.

Ha pwuc. 2.5 nokasanbl BepxHHE W HUKHHUE OIEHKHU YHC/Ia JIEMEHTOB COOBITHA S
B CKpBITOH BRIGOpKe t = n(X) B 3aBUCHMOCTH OT WX HHCIa B HAOIIOTAEMOH BHIGOD-
ke s = n(X). Toscreie crynenvyaTsie TUHIN — IPAHAYIHbBIE 00JIACTH, B KOTOPBIX BBITIOJIHSI-
eTCsl paBEHCTBO Hﬁ’ **'(5) = 1. Tounas BepXHslsl OIEHKA COBIAJACT C BEpXHeil MpaHHMIe
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BepxHeil obs1acTu, ToOYHAs HUXKHSIS — ¢ HUXKHel rpaHurieit Huxkueit obsracru. Bmecre onn
onpegensaior 1 — 2n = 90%-it moBepuTeNLHBLIA HHTEPBAJ I YUCIa ¢ IPU KayKJIOM 3Ha-
veHnn s. TOHKHWe cTylleH4YaThle JIMHUW — 3TO OINEHKHU 10 HAUXY/IIEMY 1M, BBIYHCJIEHHbIE
corstacuo (2.10). Vx Tounocts najaer 1mo Mepe npubimzkernsg m K 0 uwam K L.

O BeposaTHOCTU HYNb-cobObITUA. [losb3ysich Teopemoii 2.3, HETPYIHO TTOCYUTATH BEPX-
HIOIO JIOBepuTesibHYy0 OneHKy n(X) st nyav-cobvimus [15] — rakoro cobbITHsi, KOTOPOEe
BooGIIe He Habmonamoch, n(X) = 0. lannas 3ajada umeer TouHoe perierne (2.13), B Ko-
Topoe HaJlo 1mojicTaBuTh § = (. B wacTtHOCTH, 110 TpaduKy Ha pUC. 2.5 JIETKO OIPEIeTUTh,
gro npu § = 0 u jymHe Hab/0aeMoit BeIOOpKH ¢ = 100 4uncyio coObITHII B CKPBITOM
BuIOOpPKe bl k = 100 He npes3oiiaér 4 ¢ BepogrHocThio 1 — 1 = 95%. Hukusa nose-
purebHas orenka n(X) Jyist HyTb-COOBITHsI, pA3yMeeTCsl, paBHa HYJTIO.

§2.5 OpHo3anemeHTHOE cemeiicTBO aJiIrOpuTMOB

BepHuémcest K 3aj1a1e OINeHUBaHUS BEPOSITHOCTU TepeodydeHusl U PACCMOTPUM OJHO-
ssteMeHTHOoe cemMeiicTBo asroputmMoB A = {a}. B aroMm ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: pX = a mis joboit Beibopkn X. Pyurimonan Q.(u,X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMIEALHOR0 AA2OPUMMA.

Teopema 2.4. Ilycrb ajaropurM a goIyCKaeT m OMIHOOK Ha I'€HepaJbHOI BBIDODKE:
n(a,X) = m. Torxa mrs aroboro € € [0, 1] cpaBenBEI TOYHBIE OLCHKH:

=P[v(a, X) —v(a,X) > ¢] = Hy™ (£(m — k) ; (2.14)
R.=P[v(a,X) > €] = Hp™ (m — k) ; (2.15)
C = Ev (a,X) =m (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mn3 Teope-
mbr 2.2, ecim BBectn cobbrue S = {z; € X: I(a,z;) = 1}. Jna nokasarenscrsa (2.16)

3aliaiieM OlIpeaesJICHUA Eun vV, 3aTeM IlepecTaBUM 3HaKW CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = szlax’ Z[aziGX]:kaLﬁl:%.

Cr Xe[x]2 zEX | Xelx)t

g

~
0
m Cr4 |

Pe3iome

Bajiaua oneHnBaHus YacTOThI COOBITHS (HAIIPUMeD, OMUOKN (DUKCHPOBAHHOTO aJIroO-
pUTMa a) Ha CKPBITON BHIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BEIOOPKE UMeeT TOYHOe
peleHne, KOTOpoe BbIparKaeTcsl Yepe3 TUIepreoMeTpuIecKoe pacipeieeHue.

B csraboit BeposgTHOCTHOI aKCHOMATHKE 9Ta OI€HKa OIHMCHIBAET CKOPOCTb CXOIUMOCTH

JaCTOT B JABYX BbI60pKaX U IBJIFETCS aHAJIOrOM 3aKOHa OOJIBIITNX YUCEJT.
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Hey06cTBO 9T0i1 OleHKN 3aK/II09aeTcst B TOM, 9TO OHA 3aBUCHT OT HEM3BECTHON Ya-
CTOTBI COOBITHSA Ha TeHepaJsibHOI BhIOOpKe m. lIpobiiema peraerca OO B3ATHEM Mak-
CUMyMa TI0 M, U TOIJa IOJyYaeTCs 3aBbIIIeHHAas OIleHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBbIPAYKAeTCd B BHUJIE SIBHOI (DOPMYIIBI.

B cnepyrouwein nekumu Mol repeiiiéM K orieHKaM BePOSTHOCTH 1epeo0ydeHus JIjisi IPo-
U3BOJIbHBIX CEMEHCTB aJrOPUTMOB U IIPOU3BOJILHBIX METO/IOB 00yueHus (. B sTom ciydae
I1OJIyIeHUe TOYHBIX OIEHOK CTaHOBHUTCS JOBOJIBHO CJIOXKHO# 3aj1adeiil. Mbl HaUHEM C BepX-
HIX OIleHOK Bamauka-YepBoHEHKNCA, KOTOPBIE HCTOPUIECKN OBbLIN HepBbiMu. OHM OTHO-

CUTEJIbHO HECJIO?KHO BBIBOJIATCA, HO CUJILHO 3aBbIIICHDI.

Ynpa>xHeHus

Bamada 2.1 (1). IMocrpourh rpadukun 3aBUCUMOCTH BeJUYUHLI ()., OIpejessieMoil
o ¢opmysie (2.14), or ¢ npu dukcupoantom k, or k npu durcupoantnom £ u ot £ = k.

Bamada 2.2 (2). BeiBectu TOUHYIO OIEHKY BEPOSATHOCTH epeobyueHnst Q. Jisi cemMeii-
cTBa U3 JBYX aaroputMoB A = {aj, as}, eciu 3a/laHbl YeThIpe HapaMeTpa

mys = #{x € X: I(ar, ) =r, I{a,2) = s}, r,s € {0,1}.

[TocTponTh rpaduKm 3aBUCUMOCTH (). OT X3MMUHIOBA PACCTOSHUS MEXKJLy aJrOPUTMAMU
P12 = Moy + My, B IBYX cirydasix: 1) mpu mg; = mqo; 2) upu moy = 0.

Bamada 2.3 (3). BeiBecTu TOUHYIO OIIEHKY BEPOSITHOCTH Iepeobyuenns Q). Jisi cemeli-
crBa U3 Tpéx aaropurMoB A = {ay, as, az}, eciu 3ajaHbl BOCEMb IIapAMeTPOB

Myst = #{x e X: I(ay,x) =r, I(ag,x) = s, I(az,z) =t}, r,s,t € {0,1}.

[TocTpouth rpacdukn 3aBUCUMOCTH (). OT XIMMUHIOBA PACCTOAHUS MEXKY aJrOpPUTMaMK
P12 = Mo10 + Migo + Mo11 + Mio1, B ABYX Cllydadax:

1) Opu Mi10 = M1o1 = MMo11 = M100 = Mo10 = 1001

2) IpU My19 = Mip1 = Mioo = Moo = 0, Mo11 = Moo1.
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3 Teopus BanHunka—YepBoHeHkunca

Crarucrudeckas T€OpUst BOCCTAHOBJIEHUST 3aBUCUMOCTE 110 SMIIMPUIECKUM JIAHHBIM
(VC-reopust) 6b11a npesyiozkena B. H. Banaukom u A. #1. YepBonenkucom B konre 60-x —
Hadase 70-x roaos |7, 8, 9, 6]. B cepenune 80-x ona mosyumia MUPOKYIO MUPOBYIO W3-
BecTHOCTD |69, 70, 71| u BMecre ¢ paboramu Basmanta [68] Ha MHOrHE rojbl onpesesnia,
reHepaJibHOE HAIIPABJIEHNE PA3BUTUsI TEOPUU CTATUCTHYECKOTO OOYUEHMUSI.

PaceMOTprM OCHOBHBIE TIPETIONIOKEHNsT 1 pe3yibrarhl VC-Teopun B paMkax caboii
BEPOATHOCTHON aKCHMOMATHKH, UCIIOJIB3Ys OO03HAYEHUS TIPEIBLAYIIEH TIaBbl.

§3.1 Ouenka BanHuka—YepBoHeHkuca

Hamomumm, aro X = {z1,..., 2} — KOHeIHOE MHOXKECTBO 00BHEKTOB, A — MHOKECTBO
anroput™MoB, I (a,z) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (] (a, xz))le BBesiéM enié HeCKOIBKO NMOHATHI 1 0003HAYEHUI.

A= {Ei fa € A} — MHOKECTBO BEKTOPOB OIIMOOK, ITOPOZK/IA€MBIX MHOYKECTBOM aJI-
roputmMoB A Ha 3ajanHHoil BoiOOpke X. B masbmeiiniem Mbl 9acto OyeM IpenosaraThb,
YTO MHOXKECTBO A M3HAYAIBLHO COCTOUT M3 aI'OPUTMOB C IIOHAPHO Pa3JIMYHBIMU BEKTO-
paMu OIMMOOK M OIIyCKaTh CTPEJKY, 0O03HAYAIONIYI0 BEKTOD, MOCKOJIBKY B 3TOM CIIydae
AJITCOPUTMBI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OIMUOOK.

AA(X) = |A] — roafunuenm paznoobpasus (shattering coefficient)* muozxecTsa aii-
roputMoB A Ha BbIbOpKe X. OH He TPEBBINIAaeT MOIIHOCTH MHOYKECTBa A U He IPEeBBINaeT
2 — qucra pasamaHBIX OyJIeBBIX BEKTOPOB MUIMHE L. B 3a1a9ax KaaccndpuKanumm Ha I1Ba,
KJIacca OH PaBeH YUCIY PasInIHbIX duzomomut (ciocoboB pasienTh BRIGOPKY X Ha J1Ba
KJIACCa), peasin3yeMbIX BCEBO3MOXKHBIMU ajropurMamu u3 A.

AA(L) = max AA(X) — dynryua pocma (growth function) mmoxecTBa aaropur-

Mo A |9, 71]. Makcumym 6epérest 1o BCeBO3MOKHBIM BbibOpKaMm X C 2 jiuHbl L 13 HEKO-
TOPOro (Kak MpaBmio, GECKOHEYHOT0) MHOYKECTBa JIOIMYCTUMBIX 00bekToB 2 . OyHKIMA
pocTa SBJISEeTCS MEPOil CJIOKHOCTH MHOXKeCTBa aaroputMos A. B otimane ot koahduru-
eHTa pa3HOOOpa3us, OHa He 3aBUCUT HU OT 3aja4i (BbIOOPKHN X U BOCCTAHABIMBAEMOIT 3a-
sucumoctu y(x)), Hu oT MeToa obyuenus u. Crpasejinsa sepxuds onenka A4(L) < 2L

MpuHunn paBHomepHol cxoaumocTu BeouTcsa B VC-Teopur 1 MHOIUX MOC/IELY FOIIUX
paborax (cMm.0630psl [72, 40, 10]), 9robbI MoIyYaTh BEPXHUE OIEHKU BEPOSATHOCTU TIE€Pe-
00y UeHus, He 3aBUCSIIIE OT METOIA . [Ipunyun pasHomeproti crooumocmu 3aK/II0IaeTcs
B TOM, ITOOBI 3aMEHUTDH (DYHKITHOHA (). €ro BepxHeil OIeHKO @5 — BEPOSITHOCTBIO HOJTb-

4B pa6orax B. H. Barmruka u A. §1. Yepsonenkuca [8, 9, 6] koacdbdbunment pasnoobpasmst HA3BIBAJICS Uh-
dexcom cucmemos cobvimuti. AIropuTM a HHAYIHUpyeT cobbiTre S, = {x eX | I(a,x) = 1}. CewmeiictBo A
uHynupyer cucremy coobrruii S = {S,|a € A}. MHmeke cucrembr cobbiTuii S €CTh YMCIIO PASTMIHBIX
OJIMHOXKeCTB Bujia S, N X, rj1e a mpoberaer BCE MHOXKECTBO A, YTO paBHOCHJIBHO OIIPEJIE/IEHUIO Yepes |ff |
B anrmosizeraabix paborax npukuiics repMuH shattering — ancsio paszdbuenuii BceMu BO3MOXKHBIMU CIIOCO-
Gamu, OyKBaJIbHO «BApeGesru». Ipyroil BapuanT nepesBoja — «iapobiaenues [33].
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II0I'0 PaBHOMEPHOT'O OTKJIOHEHUA 9IaCTOT B JABYX HO,ZLBbI60pKaXI

Qgééa:P max d(a, X) 25} :Pma3<[(5(a,X) 25], (3.1)
e A e A
e 0(a, X) = v(a,X) — v(a, X). OTmernm, 9TO 3/€Ch JOCTATOYHO B3ATh MAKCHMYM

110 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa 110 CAMOMY MHOXKECTBY A, 10-
CKOJIbKY JIJIsl JIIOOBIX aJlrOpuTMOB a,a’ € A u3 d = d@ caeayer d(a, X) = d(d’, X).

Tepmun crodumocms 03HATAET, UTO €CIIH @E — 0 ipu ¢, k — 00 TO 11epeody IeHHOCTh
Takzke cxomutes K vy o: d(a, X) — 0. Pasnomeprocmy o3Hadaet, 1to BesmanHa 0(a, X)
CXOJTUTCS K HYJTIO OJTHOBPEMEHHO JIJIsA BCEX aJrOPUTMOB @ € A, B TOM YHCJIE I/ aJITOPUTMA
a = pX, KaKkuMu Obl HU OBLITH MeTOJI, 00yUeHusd [t 1 BhIOOpPKa X .

OcHoBHas Teopema VC-Teopuu. 3jech TPUBOJUTCA JTIOKA3ATETHCTBO, CYIIECTBEHHO 60~
Jlee KpaTkoe, 4eM B UCXOJIHBIX paborax [8, 9, 6.

Teopema 3.1. st Jio6bix p, X u e € [0, 1] cnpasesmBa onenka

Q- <ANX) max Hp™(sm(€). sm(e) =

m=1,...,.L

(m — k). (3.2)

Il

HokazarenbcTBo. Bocrosb3yemcess MPUHIMIIOM paBHOMepHO# cxojumoctu (3.1) u ore-

HUM CBEPXY MaKCUMYM 6I/IHapHI)IX BEJIMYMH HUX CYRIMOﬁSS

Q- < Q- <P [6(a, X) >¢].
acA

Terepp mepecraBuM MecTaMu 3HAKH cymMMupoBanus: P> = Y P u samumem Be-
posrrocts P[0(a, X) > €] nus orgensHOro aaropuTMa @ €Mepes THIEPreOMETPHIECKOe
pacupeenenne, corjaaciHo Teopeme 2.4:

Q-<Q.<Q. =Y Pl(a.X)2e] =Y HE™ (s0()), m = n(a,X). (3.3)
acA acA

O Hy" I
neruM H;'™ (s,,(€)) cBepXy MaKCHMyMOM II0 1 H BBIHECEM €0 3a 3HaK CyMMEL. [loz
3HAKOM CyMMBI OCTAHETCA eIMHHUIR, a Best cymMma Oyer pasha |A| = A4(X). [

[TostHOCTBIO AHAJIOTUYHO JIOKA3bIBACTCH BEPXHAA OIEHKA U Jijid (pyHKIMOoHAa ..
CaencrBue 3.1.1. s rob6bix p, X u e € [0, 1] cnpasesmnBa onenka

R. < Z HE™ (m—ek) < AA(X) mr:nlaXLHi’m (m —ek).
acA o

®JT0 MOYKHO TPAKTOBATH M KAK ONEHKY BEPOATHOCTH OObEIMHEHHs COOBITHIL [5((1,X ) = E] CBEPXY
CyMMO#l UX BeposiTHOCTeH. K€ Ha3pIBaloT Takxke nepagercmeom Byas nam union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawGosiee Tounasi oreHka (3.3) —3T0 cyMMa BepOSTHOCTEl epeobydeHnst 110 BCeM
AJITCOPUTMaM CEMeNCTBa C IMOMAPHO Pa3IMIHBIMI BEKTOPAMU OIMUOOK.

Omenka (3.2) 9yTh XyKe — 9TO BEPOATHOCTD MepeoldyueHns HANXY/IIIEro aaropuTMa
(Maxcumym HY™ (sp,(€)) mocruraercss npu m mopsiaka L/2), TOMHOKEHHASI Ha €HCIIO
AJIFCOPUTMOB C TIONAPHO PA3IUIHBIMUA BEKTOPAMU ONMINOOK.

OreHKy MOYKHO eIé HeMHOT'O UCIIOPTUTD, €CJIN 3aMEHUTh KO3 DUImeHT pasnoodbpa-
sust A4(X) dbyukrueit pocra A4(L). Bato Tenepn orenka He GyJeT 3aBUCETh OT BHIGOPKH.

Haxkoner, dyHKIMIO runepreoMeTpuiecKoro pacipe/iesieHus MOKHO 3aMEHUTH JKC-
IMOHEHIINAIbHON BepXHEil OIEHKOI, nMeromeir 0cobo mpoctoit Bua upu £ = k [6]:

max He™ (sm(e)) < 3¢, (=k. (3.4)

m

[\ [oN]

B urore nosyvaercst Haubosiee uspecrnast u3z VC-onenok [71]:
Caencrsue 3.1.2. Jlist yiobbix pu, X, e € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
2
Q. < AY(20) - 2=, (3.5)

KoppekTHble meToabl oby4denusi. B VC-teopun [6] orgensro paccmarpuBaercss Tak
Ha3BIBAEMasg 0eMePMUHUCTICKAA NOCTAN06KA 3a0a4u’, KOTIa MeTOI [i Koppexmen, TO eCTh
n(uX, X) = 0 na soboit obyarommeii BeI6opke X .

Teopema 3.2. Ecjn meron j1 KoppekreH, To jjist jioobix X, € € [0, 1]

? 5
<AAX@<AAL L ' 3.6
L

HokazareabcTBo. Hadaso jokazareibcTBa B TOYHOCTU MOBTOPLET JIOKA3aTETLCTBO Teo-
peMbr 3.1, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU IMepeodyvdeHns ajJropuT™Ma ¢ J00aBIsgeTcs
yCJIOBAE KOPPEKTHOCTH:

P[o(a, X) = ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] Ry ™ (0).

Toncrasum 910 Bhipazkenne B (3.3) u, ¢ yaérom by ™ (0) = C4_, /C%, momyqum

~ Cz
ngQa:Z[m>5k’] é’;m, m:n(a,X).
acA L

Makcumym C%_ /C% nocruraercs npu nanmenbinem m = [ek].
. ¢ ¢ k\m
C yuérom onenxn Cf_, /C} < (§)" momydaem nenouky nepasencts (3.6). ]

6B zapy6eskHoii JaTepaType CIOXKHIIACH JPYras TepMHUHOJIOTHS. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIavN HAa3BIBAIOT peasusyemvim obyuernuem (realizable learning), mmest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOoB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBILy0 NOCTAHOBKY 3a/1a91 HA3bI-
BAIOT HEPeaIM3yeMbIM UJIA a2Hocmudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIAIIAA b
HYIO HEBO3MOXKHOCTD 3HATDH, HAXOJUTCSI JIN UCTUHHAS 3aBUCUMOCTD B cemeiicrse A, win Her.
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Caencrsue 3.2.1. Ecum meron j1 KoppekreH, To st oobix X, € € [0, 1] npu € = k
Q. < AY(20) - 275",

Urak, B ciydae KOPPEKTHOCTH OINEHKA (). CTAHOBUTCS 0OJiee TOYHON U IMPUHUMAET
Hanbostee mpocToit Buj. OTCIo/Ia COBEPIIEHHO He CJIeyeT, 9TO Ha MPAKTHKE HaJI0 TOJIb-
30BaTbCsl KOPPEKTHBIMU MeTojamMu odydennsd. /s obecrieuennsi KOpPEKTHOCTHU IIPUIETCS
YCJIOXKHATH KOHCTPYKIUIO ceMeiicTBa aJlOPUTMOB, YTO MOXKET IIPUBECTU K yBEJIUYEHUIO
bynxmun pocta A4(L), HACTOIBLKO 3HAMHTEILHOMY, YTO OHO HOTHOCTLIO CKOMIICHCUDYET
yMeHbIIIeHne KoMOnHaTOpHOro MHOKUTE . [losromy B VC-Teopun IpUHATO CIUTATD, ITO

He cJIejlyeT J00uBaThcd 0E30IMUO0YHON PAOOTHI aJIfOPUTMa Ha 00yUaloleM MaTepHralie.

§3.2 PasmepHocTb BanHnka—YHepsoHeHkuca

OYHKIMSA pOCTa SIBJIIETCS MEPOI CJI0YKHOCTH MHOYXKeCTBa A 1 He 3aBUCHT OT BHIOOPKH
u Metojia obyuenns. C Hell TecHO CBsI3aHa €MIé OJiHa XapaKTePUCTUKA, CJI0KHOCTH.

Omnpepnenenne 3.1. Ecmu cymectsyer neroe wucio h taxoe, aro A4(h) = 2" n
AA(h+1) < 2" 10 omo maspiBaeTCs EMKocmuio wiaM pazmeprocmuio Bannuxa- Yepeo-
nenkuca (VC-dimension) cemeticra anropuryon A. Ecim takoro qucia h He CyIecTByer,
TO TOBOPSIT, 9TO CEMEHCTBO A HMeeT beckoneunyto EMKocmy.

[Tepeuncum nanbosiee BaKHbIe CBOMCTBA éMKOocTU. VX JloKa3aTe/ibcTBa OYIYT JIaHbI
B CJIC/LYIONICH JICKIIUU.

1. Eciu cemeiictBO mMmeeT éMKOCTb h, TO BMECTO TPUBUAJIHLHON SKCIIOHEHIHAILHOM
OIICHKU AA(L) < 2F crpaseymBa Goslee TouHAS TTOIMHOMEAILHAA OIECHKA

ANL) K CY+CL+-+OF < =—. (3.7)

B srom ciydae BeposTHOCTH mepeoOydeHnsi CTPEMUTC K HYJIIO 1pu £ — 00, MMOCKOJIbKY
PUIIEPreOMeTPUIECKIN MHOKUTE/Ib CTPEMUTCS K HYJIIO KCIIOHEHIINAIBHO. Tora roBopsT,
q10 cemeiictBo A obsrasaer coiicTBoM obyuaemocmu (learnability).

2. Tlyers X =R"u Y = {—1,1}. Enmkocrh cemeiicTpa mueiiHbIX KiaaccudbuKaTOpoOB
A = {a(z) = sign (w, z) ‘ w € R"} paBHa pasMepHOCTH IIPOCTPAHCTBA 71, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIPHOE MPOM3BEJIEHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCST
[PSIMBIM CJIEJICTBHEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTH N Yepe3 JI0Oble N TOYeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoObie n + 1 yKe Hesb3s.

3. lameko me Bcerjia éMKOCTHL paBHa YHC/IY HapameTpoB. s joboro mapamerpu-
YeCKOro ceMeificTBa 3aJJaHHOi EMKOCTH h JIErKO MOCTPOUTH JIPYroe CEeMeiCTBO, KOTOPOe
Oy/IeT UMeTh Ha OJIMH HapaMeTp OOJIbIe, HO IIPU 3TOM €ro éMKOCTh Tak:Ke Oy/1eT paBHa h.
Harmpumep, MOXKHO 3aMEHUTDH OJIMH U3 TAPAMETPOB CyMMOI JIBYX HOBBIX ITAPAMETPOB, UTO
HE TOBJINSET HA YUCI0 MOPOXKIAEMBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycts muOXKecTBO A KoHedHO. UMC/IO aqropuTMOB, TONAPHO HEPA3THIUMbBIX
Ha BeIGOpKe X, He mpesblmaeT 4mcia Bcex aJrOpHTMOB, I03TOMY s (DYHKIMHE POCTa
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cripaseymBa onenka A% (L) < |A]. Enkocrs Takoro cemeiictsa me npesbimaet |log, |A|],
TaK Kak B MPOTHBHOM cjrydae (QYHKINS PoCTa OKazasachk Obl Gobiie |Al.

5. MHoxKecTBa aJropuTMOB, PEAJTM3YEMbIX Ha KOMITBLIOTEPE, BCErJia KOHEYHbI. Ecin
JIJIS XpaHeHUs BCeX IMapaMeTpPoB aJrOPUTMa UCIIOJIb3yeTcst He 6ojiee n OUT, TO YUCTIO aJiro-
PUTMOB B TaKOM CeMeficTBe He IpeBbIlIaeT 2", a ero éMKOCTh He npesblnaer log, 2" = n.
Yr1006B! 5Ta OlleHKa He Obl/1a 3aBBIIIEHHOI, JIJId 10/ICYETa HEOOXOIMMOI0 YUCIa OUT JIOJIZK-
HO UCIOJIB30BATbCST MAKCUMAALHO IKOHOMHOE Koduposarue apaMmeTpos. lanHnoe HabIr0-
JIeHUe JIEKUT B OCHOBE HPUHIIATA MUHUMYMG Oaunb. onucanus (Minimal Description
Length, MDL) [63] u upunnuna nporpamvupyemoii VC-pasmepuoctu [16].

6. CymiecTByloT cemeiicTBa aJropuTMOB KJIACCU(DUKAIMU C OJHUM BeIeCTBEHHBIM
napaMeTrpoM, éMKOCTb KOTOPBIX OECKOHEYHA. DTO CBUJIETEIHLCTBYET O HETPUBUAIBHOCTU
MOHATHA EMKOCTU C OJIHOW CTOPOHBI, U O OECKOHEYHBIX BBIPA3UTEIbHBIX CIIOCOOHOCTAX
JIefCTBUTEIbHOrO ducia ¢ Apyroif. C Tperbeil cTOPOHBI, BCe TaKWe MPUMEPHI sIBIAIOTCH
HMCKYCCTBEHHBIMU M «Pa3pYHIAIOTCsI», KaK TOJbKO Mbl BO3bMEM BMECTO JIEHCTBUTE/IHHOTO
YUCJIa €r0 KOHEYHOE IIPEJICTABIEHNE B KOMITBIOTEPE.

§3.3 MeTtog CTPYKTYPHOIA MUHUMU3ALMUKN PUCKA

Vmesi BEpXHIOIO OIEHKY BEPOATHOCTH TepeoldydeHus, HETPYIHO IOJTYyIUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJIbHOI BhIOOpKe. OHa Oy/ieT BepHa He BCErjia, a JIUIh
C HEKOTOPOIl BEPOSITHOCTBIO, JIOCTATOYHO OJTM3KON K €UHUIIE.

Teopema 3.3. Ilpu{ = k gis1t 106010 pactpeneaeHnst Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He mMeHee 1 — 1) OIHOBpEMEHHO JI/IsT BCEX ajJlOPUTMOB a € A crpaBemimBo HEPABEHCTBO

_ 2 4 1
via, X) <via,X)+ %ln (ﬂ) +—In—-. (3.8)

Hoxkazareabcrso. [lojcrasum B (3.5) BepxHioo onenky dyukiun pocra (4.1), onenus h!
canszy no dbopmyne Crupsmara. [lomyaennas ornenka mveer Bui Q. < 1(g, ¢, h). Ipume-
HUM K Heil TexHuky obparerus (1.8): BbipasuMm & Kak (YHKIHMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ u 3uadenus 7. B pesysnbrare moaydaum (3.8). ]

[TepBoe ciraraemoe B 9TOit orneHKe — s3Mmupudecknii puck. OH He BO3pacTaeT ¢ pOCTOM
éMKOCTH h, IIOCKOJIbKY 4YeM OOJIbIle B CeMeiicTBe aJrOPpUTMOB, TeM 0oJjiee TOYHO MOXKHO
AIlIIPOKCUMHUPOBATh BBIOOPKY. BTopoe ciaraemoe Bo3pacraeT ¢ poCTOM €MKOCTH, U €ro
MOZKHO PacCMaTpUBATh Kak wmpad 3a caroscnocms (complexity penalty). Cymma B obriem
caydae JIOCTUTAaeT MUHUMYMa MPU HEKOTOPOM h.

Jl1st onpeiesieHnst onTUMAIbHON cioykHOCTH Mojien B VC-Teopun mpejraraercs Me-
TOM, CMPYKMYpHOUt MUHUMU3auuY pucka. B cemeiicrBe A 3apaHee 3a1a6TCst cmpyxmypa
BJIOYKEHHBIX I10/IceMeiicTB Bo3pacTaromieit éMroctn A; C Ay C -+ C Ay, = A. Samaga 00y-
JeHNs PEIIaeTcs B KarykKI0M U3 3TUX I0ceMeiicTB, Bcero h pas. Beibupaercs moacemeiicTBoO
ONTUMABHON EMKOCTH, JIJIsT KOTOPOIO JOCTUTAeTCs MUHUMYM mpaBoii dactu (3.8).

Meto cTpyKTYpHO# MUHUMU3AINNA PUCKA SIBJIAETCS BaXKHEHIINM KOHCTPYKTHBHBIM
ciaepcreueM VC-reopun. IIpocieaum emé pas JOruKy BCEro, 4ro ObLIO IPOJIEIAHO.
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CuavaJjia MblI IOJIY IUIN BEPXHIOIO OIIEHKY BEPOSITHOCTH I1epe0dyIeHIsT, KOTOPasi CIIpa-
BeJIUBa, JIJIsd J1I000i BBIOOPKU X UM JII0O0r0 MeTosa oOydeHus fi. K 3Toil oreHke Mbl
NPUMEHUIA TEXHUKY OOpalleHus U IOJYYMJIM BEPXHIOIO OINEHKY I YacTOThI OIIHOOK
na xourpose. Oma crpasenmmsa myis 066X X, X, i1, ¢ BepoaTHocTsio (1 — 1), 61u3Koi
K equnauie. Terepsb pacropsaumcst ¢Bo00/10#1 BBIOOpa (4 TaK, 9TOOBI MUHUMU3UPOBATD Y-
CTOTY OIIMOOK Ha KOHTpoJie. [losmyaeHnbrii MeTo 00ydeHnsT HA3BIBACTCS MUHUMUSAUUET
owmpaghosarnozo amnupuyeckozo pucka (penalized empirical risk minimization).

OTta ke 00IMasi JOIUKa SKCILIyaTUPyeTcs OOJBITMHCTBOM COBPEMEHHBIX I0/IXO0B
B TEOPHUU CTATUCTHIECKOrO oOyuenus [40].

§3.4 [Npobnema 3aBbiweHHocTu VC-oueHok

JkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoii anuHbl 0bydeHus. OcHoBHAsI TPO-
osiema VC-OIEHOK B TOM, UTO OHU UPE3BBIYANHO 3aBBIINMIEHBI — HACTOJIBKO, ITO UX IIPH-
MEeHEHUE MTPAKTUIECKHU TePsieT CMBICT. ITOOBI B 9TOM yOEIUTHCS, JOCTATOTHO BBITIOJIHUTH
YUCJIEHHBIH pacuéT Tpedyemoii JyImHbI 00y Jatolieil BHIOOpKH £ Kak (DyHKIINK OT EMKOCTH
TOYHOCTH € U BEPOATHOCTHU TepeodydeHus ().

Pesynbrarer npuseienst B Tabaunax 3.1, 3.2, 3.3. Bee nannbie nmosydens: npu { = k.
[TepBbie jBe TaOIUIBI TIOCTPOEHBI I OOINEro CJIydast, TPEeThs — JJIsl JIETePMUHUCTCKOMN
[IOCTAHOBKY 3a/1a4u. [Ipu mocTpoenun rmepBoit TabIUIIbI UCIIOJIb30BAHbI 3aBbIIIICHHBIC all-
npokcuMarn pyHknun pocra (4.1) u rumepreoMeTpudeckoro comHoKuTest (3.4).

OcHOBHBIE BBIBOJIBI CJIEJIYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Cjiydae Tpebyemast JijinHa 0O0y“eHUs Ha HECKOJBKO I10-
PSIZIKOB TIPEBBIIAET T€ XapaKTePHbIE JTUHBI BEIOOPOK, ¢ KOTOPBIME OOBITHO ITPUXOINTCST
UMEeTb JIeJIO B IMPUKJIAIHBIX 3aiadax. [[pakTuKa moka3bBaeT, 9YTO UTO XOPOIasdg o0ydae-
MOCTb BO3MOKHA IIPHU CYIIECTBEHHO MEHBIINX JJINHAX BBIOOPKHU.

2. Onenku B Tabmmie 3.1 cymecTBeHHO Xy:Ke, deM B Tabaunax 3.2 u 3.3. B jgajnb-
HefireM MbI Oy1eM n30eraTh UCIO/IB30BaHUST 3aBBIEHHBIX AIITPOKCUMAIINI 1 CTPEMUTHCST
K 101y 49eanio 3(pDEeKTUBHBIX BLEIMUCINTEIBHBIX METO/IOB, a He KOMIAKTHBIX (hOpMYIT .

3. IlpaBble MOIOBUHBI TaOJIUI] COOTBETCTBYIOT 3HAYCHUIO 1) = 1 U IMOKA3bIBAIOT T'PAHU-
iy npumennmoctu VC-orenok. [Ipu MenbIiux ¢ BepXHsist OIleHKa BEPOITHOCTU BBIPOXK 1A~
ercs — cranoBuTcs OoJibiie 1. Comocras/ieHue mpaBoii u JIeBOii OJIOBUH TAOJIUIT IIOKA3bIBA-
eT, ITO JIOCTATOTHAS JI/INHA O0YIEeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTU h U TOYHOCTH &,
HO ¢JIaDoO 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeoOyIeHus 7).

4. TlepBas cTpoKa TabJIUIBI COOTBETCTBYET CeMeHCTBY U3 oJiHOro ajropurMma, h = 0.
[Ipu sTOM JgOCTUTaETCS HAMTYUIIast BO3MOXKHas oreHka. OIHAKO 9TOT CIydail He mHTepe-
CEeH € TOYKH 3PEHUSI CTATUCTUIECKOTO 00y IeHMUsI.

5. Yuér anpuopHoil MHMOPMAIIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOYHAET
VC-onenku, HO, Cy/isI TI0 JIOKA3aTeIbCTBaM, He YCTPAHsIeT HU OJHOIO M3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

"B Hamm JHE CTpeMJIeHne TI0JIyYaTh TPOCThIe aCHMITOTHYeCKHe (hOPMYJIbI SBJISETCA CKOpee TIePeyKHT-
KOM JIOKOMITBIOTEPHOM 3IT0XU, €M HACYITHON HeOOXOINMOCTHI0. MHeHMe CIIopHOe, ITO9TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 3.1. 3aBUCUMOCTD JOCTATOYHON JIUHBI 00ydeHus £ or éMKocTH h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHASA COLTIACHO OleHKe Qe < 1 = 537 - 5 exp(—e“)
u3 Teopembl 3.1. DTo HamMeHee TOYHAsl OIEHKA, WCIIOIL3YIONAsl AINPOKCUMAIIUTIO
dbyukimu pocra (4.1) 1 annpPOKCUMAIMIO MUIIEPreOMeTPHYECKOro coMHOKUTeNs (3.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=01]|e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuiia 3.2. 3aBUCHMOCTD JOCTATOTHON JJIMHBI 00ydueHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q: < 1 = (C9+-- - +CMTY (¢,1). Dro Taxxke
onenka Teopemsbr 3.1, HO (bYyHKIUS POCTA ¥ THIIEPrEOMETPUIECKI COMHOXKUTEb BbI-
YUCJISIOTCS 110 TOYHBIM popMyJiaM, 6e3 MpUMEHEHHs allllPOKCUMAIUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuiia 3.3. 3aBUCHMOCTD JOCTATOTHON JJIUHBI OOy I€HUsT OT EMKOCTH h, TOIHOCTH &
1 HaJIEXKHOCTH 1), 110 JIeTEPMUHUCTCKON OleHKe Qe < 1) = (Cg NI Cg)(jfg R /Cf
n3 Teopembr 3.2, 63 TpUMEHEHUI AITPOKCAMAIINI.
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Sajiaua KJIACC | OOBEKTOB 71 o rs | A [Al; Ag]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

Tabauna 3.4. Pakropbl 3aBBLIEHHOCTH 71, T'9, T3 U OLEHKa A ¢ JOBEPUTEIbHBIM
unrepBajom [Aq; Ag].

[Ipwauns 3aBbimennocTr VC-0IIEHOK BUIHBI U3 JJ0Ka3aTeIbCTBa TeopeMbl 3.1, B KO-
TOPOM CJIeJIaHbI TPHU OIEHKH CBepXy, a npu BeiBoje Crencrus 3.1.2 — emé npe. Kaccn-
gyeckast VC-orenka (3.5) He 3aBUCHT OT KOHKPETHOI BbIOOpKH X 1 MeTona obydeHus i,
CJIeJIOBATENIbHO, SBJISIETCS OIEHKOM Xy/IIero ciydas (worst case bound), KoTopslii, ckopee
BCEro, HUKOIJIa HE PeaIM3yercs: Ha IPaKTHKe.

JkcnepumeHT 2: oueHkn PaKTOPOB 3aBblLLIEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJIMIMBAETCsI OIEHKa Ha KazKJIOM 3HaKe <, ObLI IPOBEJIEH SKcrepuMeHT 73] ¢ cemeii-
CTBOM JIOTHIECKIX 3aKOHOMEPHOCTEI Ha IecTu peaJlbHbIX 3ajadax u3 pernosutopus UCL.
Pesynbrarsr npeacrasiens B Tabiure 3.4. B kaxioit 3aj1a1e metogom MonTe-Kapio BbI-
YUC/IsJIach OIEHKA BEPOATHOCTU IIePeodyIeHuUsT Qg. [Tonenp €€ Ha (DYHKIMIO THIIEPreo-
METPUUIECKOTO PaCIpeIe/IeHIsA, MOKHO HOJIYIUTh PPerxmuehbill L0KANHBLT KoIPduLU-
enm paznoobpasus (DJIKP) A, OKa3BIBAIONMI, KAKUM J0JI7KHO OBLIO OBl GbITH 3HAUEHHE
koabdunmenTa paznoodpasusa A(X), 4To6BI ONeHKa BePOATHOCTH HepeobyeHns He Obl-
J1a 3aBblieHHO. [TocKoIBKY JIornyecKne 3aKOHOMEPHOCTH CTPOSITCS OTJEIBHO TI0 KJIac-
caM, B TabJIMIe KayKJIO 3a/[a9e COOTBETCTBYET JIBe CTPOKHU (10 Yrciy KiaaccoB). Omyckast
TEXHUYICCKHUe JeTaJil 9TOI'O IKCIIEPUMEHTA, HpI/IBe,ZLél\I JIMIIb €TI0 pe3yJibTaThl.

[Ton dakTopaMu 3aBBIMIEHHOCTH TOHUMAIOTCH KOI(MDPUITUEHTBI 11, 7o, T3, KarKJIbIi
13 KOTOPBIX SIBJISIETCS] SMITMPUIECKON OIEHKOW OTHOIEHMUs JIBYX BBIPAYKEHUI, CTOSIINX
cIpaBa M CJIeBa OT OJHOIO M3 3HAKOB < B IIENOYKe HepaBeHCTB. [IponsBenenne hakTopoB
3aBBIIIEHHOCTH JAET OOIIYIO 3aBbIIeHHOCTH VC-OIeHKN:

Qa'rl "To T3 = AA(L) : %6_262-

PakTOp 7] OLEHUBAET 3aBBIIIEHHOCTH HepaBeHCTBA (3.1), KOTOpOe BbIpAYKAeT IIPHUH-
IIUAIT PABHOMEPHON CXOJMMOCTH. DTa 3aBBIINIEHHOCTh UMEET JIBe cocTaB/isgonme — 3pherT
Joxkasm3anuu u 3HdeKT paccyoenns ceMeficTBa aJIroOpuTMOB.
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DPpperm A0kaAU3GUUL COCTOUT B TOM, ITO HEKOTOPBIE AJITOPUTMbBI U3 A MOT'YT HE BbI-
JIABATHCA METOJOM OOYYEHUS (L HU Ha OJHON M3 00YHIalONIUX MOIBLIOOPOK; B TAKOM CJIydae
KO3 PUIMEHT PasHOOOPa3ns OKarKeTcs 3aBblllIeHHbIM. BymecTo A ciieoBasio 661 paccmar-
pUBATH MHOXKECTBO aJTOPUTMOB { puX: X X, | X| =/ }, UHJYTIUPYEMbBIX METOJIOM 00Yy-
YeHUsI (i Ha BCEBO3MOXKHBIX O0YYAIOMNX M0IBBIOOPKaX X (DUKCHPOBAHHOM JTHHBI /.

Ddpexm paccaoenus COCTOUT B TOM, IYTO HA MHOYKECTBE AJITOPUTMOB A BOBHUKAET Cy-
IIECTBEHHO HepaBHOMepHOe pacipesesenue Beposaraoctn P(a) = PluX = a]. Anropurmer
C MEHBIIIMM YHCJIOM OIMUOOK Ha TeHepasibHOl BhIOOPKe n(a, X) BBIIAIOTCS CYIIECTBEHHO
Jale, B TO YK€ BPeMs, UX CyIIeCTBEHHO MeHbIe. JKciepuMenTsl [53, 52| mokassiBaior,
YTO OCHOBHAs Macca aJIOPUTMOB, KaK IIPABUJIO, COCPEIOTOUYEHA B O0JACTH HAUXY/IITICH
qacToTs! omnbox v(a, X) ~ 0.5.

PakTop 75 OIEHNBAET 3aBBIIIEHHOCTH Hepasencmea Byas (3.3). Ora ocobeHHO BeJIH-
Ka, KOIJa CPEJIU BEKTOPOB OIMIMOOK MMEETCA MHOIO ITOXOKHUX. 3aMETHM, YTO HEPABEHCTBO

Pmax[§(a, X) > £] <) _P[5(a, X) > ¢
“ a

obpalaeTcss B PABEHCTBO TOJILKO Korya cobbitust [d(a, X)) > €| mecoBmecrinl. Ecin Bekro-
PBI OITHOOK aJITOPUTMOB @, &’ CXOXKHU, TO COOTBETCTBYOIIHE UM COOBITHSI OYIyT CYIIeCTBEH-
HO coBMecTHbIMU. Ha mpakTuke 9acTo MPUMEHSIOTCH C8A3HbIE CEMEUCMEa AJTOPUTMOB,
B KOTOPBIX JIJIsI KayKJIOI0 aaropurma a € A Haiijyrcs jpyrue aaropur™el a’' € A takue,
YTO BEKTOPBI OMMUOOK @ M @ OTIMIAIOTCS TOJIBKO Ha ofHOM oObekTe [67]. CBs3HbIE Cce-
MefiCTBa MOPOXKIAIOTCH, B YACTHOCTH, METO/IAMH KJIACCU(MDUKAINHI ¢ HEIPEPBIBHOM 110 I1a-
paMeTpaM pas3esIdionieil MoBepXHOCThI0. K HUM OTHOCATCS JTMHETHbIe KIacCU(PUKATOPHI,
MAIIUHBI OMOPHBIX BEKTOPOB C HEMPEPBIBHLIMU s/IpAMU, HEHPOHHBIE CETU C HEIIPEPLIBHbI-
MU (DYHKITUSIMI aKTUBAIUH, PEIIAOIIUe JIePeBbs C IOPOTOBBIMU YCJIOBUIME BETBJICHUS,
u MHOrHUe jJpyrue. Takum oO6pa3oM, HepaBeHCTBO Dyiid cuiibHee BCEro 3aBLIINEHO KAK pa3
B HamboJiee MHTEPECHBIX C MPAKTUIECKON TOUKHM 3PEHUST CJIyUasiX.

DakKTOp 73 OINEHNBAET COBOKYIHYIO 3aBBINIEHHOCTH, BOZHUKAIOIILYIO B De3yJbTaTe
MAaKCUMU3AIUH (PYHKIIUUA THIIEPIreOMETPUIECKOTO PACIIPEJIE/IEHUS 110 1M U UCIOIH30BAHUS
armpokcumaruit. Kax sugao w3z Tadmurer 3.4, on HanMeHee 3HATIM.

DkcnepuMenTaibabie snadennsa DJIKP mveror nopsagox 100 ... 102, Torna kak dbyHk-
s pocTa HaxoauTea B npegenax 10° ... 10, to ects VC-onenKn 3aBLITIEHBI Ha HECKOJTb-
KO TopsiIKOB. Boitee Toro, onenka D.JIKP nmpakrudeckn HUKOI 1 He TIPEBBIIIAET JJTHHY BbI-
6opku. Eciim ObI MBI 3aX0Te/ N ONPEIeUTh MOHATHE IPPHexmucHoti LOKAALHOT EMKOCTAU,
TO OHA HE IPEBBINIAJIA Obl €IMHUIIBI, TO eCTh OblIa Obl BbIpOkKIeHa. OTCIOa BOSHUKAIOT

COMHEHUSI B COCTOATEABHOCTH U MOJIE3HOCTH OHSITUA EMKOCTH JJI4 OIICHOK Hepeo6yquI/IH.

B meToge CTpyKTYpHOW MUHMMMU3AUMWU PUCKA 3aBBIMIEHHOCTH ONEeHOK (3.2) u (3.8)
IPUBOAUT K BLIOOPY IOJCEMENCTBA 3aHUKEHHON EMKOCTH, TO €CTh K IIePEYIPOIICHUIO ajl-
FOPUTMOB, UTO TIOJTBEPXKIATCs U B 9KCIEPUMEHTaX Ha MOJIeIbHbIX JaHHbX [50]. Pacipo-
CTpaHEHHON oMmMOKO# B mHTEepIpeTannn pe3yabraros VC-Teopun saBiIsieTcsa BBIBOJL O HE00-
XOJIMMOCTH OTPAHUYMBATDL CJIOZKHOCTD ceMeficTBa aropuTMoB. Takoil BLIBOI, OBbLT ObI cIipa-

BeuB, ecan 06l VO-OIeHKN OBLIN JTOCTATOYHO TOYHBIMU. IIpumep amaropurma 6ycmuh-
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ea 45| mokaszpiBaeT, 9TO OOOOIIAIONIAS CIOCOOHOCTD MOYKET YIIydIIaThCs JIayKe IPU TPAK-

TUYIECKN HEOI'PaHUYICHHOM POCTE CJIOZKHOCTU ceMelicTBa.

O ckonb3swem koHTpone. [lpu nmpakTuaeckoM MPpUMEHEHUN CTPYKTYPHOW MUHUMU3a-
[[U PUCKA BMECTO 3aBBIINEHHOI TeOpeTHIecKoil oreHKN (3.8) 4acTo peKOMEH IYIOT TIPUMe-
HSTH OIMEHKY CKOJIL3SIIETr0 KOHTPOJIS Ey(a, X ). OHaKo Takast 3aMeHa CTABUT IO, COMHE-
HHE IIeHHOCTh TEOPETUYECKUX PE3YJIbTaTOB, IIOCKOJIbKY CKOJIb3SIINI KOHTPOJIb HE OlUpa-
ercst Ha VC-teoputo. C MpakTUIECKON TOUKN 3pEHUsT CKOIB3SIIIII KOHTPOJIb UMEeT PSJL Cy-
IECTBEHHBIX HEJIOCTATKOB. BO-TIePBBIX, 9TO pecypcoéMKas Mmporie/iypa. Bo-BTopbIxX, oren-
K& CKOJIB3SIIEr0 KOHTPOJIS UMEET OOJIBIIYIO JUCIEPCUIO, ITO MOYKET HMPUBOJUTDH K OIIHO-
KaM IIPU BBIOOPE ONTUMAJIbHON CJIOXKHOCTH MojcemeiicTBa h. B-TpeTbux, CKOIB3SIIUI KOH-
TPOJIb yJI00EH JId SMIIMPUIECKOTO OIEHUBAHUS KAadeCcTBa METo/Ia 00ydenus, HO He YI00eH
JIJIST KOHCTPYUPOBAHUSA HOBBIX MeTOJI0B. [lo aTuM mpmunnam 3ajiada MMoJTydeHusi TOTHBIX

TEOPETUICCKUX OIEHOK HE TepdAeT aKTyaJIbHOCTH.

Korpa oueHka paBHOMEpPHOW CXOA4MMOCTU He 3aBbiweHa. Criejyrolas TeopeMa, o-
Ka3bIBAET, YTO B HEKOTOPBIX CJIydasiX HepaBeHCTBO (3.1) MoxkeT oOpalaThesi B PAaBEHCTBO.

Teopema 3.4. Ilyctp mMeTosn |1 MHHUMHU3HUDYET SMIIHPUICCKHH DHCK U BCE AJTIOPHTMBI

d € A uMmeroT oMHAKOBOE 4HCJIO OMIHOOK Ha reHepaJsbHoi Bbibopke m = n(a, X). Torya
Bepxusist orjerka (3.1) obparaercst B paBeHCTBO: Q. = Q).

HokazarenbcTBo. MunuMuszaiysi sMmaupudeckoro pucka v(a, X) npu (bUKCHPOBAH-
HOM 11 SKBUBAJIEHTHA MaKCHUMU3AINH [1€pe00yIeHHOCTH, TTOCKOIbKY

~ m—{v(a,X) - m L
=— —v(a,X) = - EV(CL,X).

Eciu ke MHOKecTBO A pacciianBaercs 10 ypoBHsIM OIIOOK, 10 (3.1) MoxkeT oka-

d(a, X) .

3aThCd KaK TOYHOI, TaK U CUJILHO 3aBBLIIMIEHHON BEpXHEl OIEHKOM, 4To OyJeT MOoKa3aHo
B JaJibHelieM Ha npumepax. B obmem ciiydae TpeboBaHue PaBHOMEPHON CXOIUMOCTHU

SABJIAETCH M30BITOYHO CUJIBHBIM U JIAET JIUIIb JIOCTATOYHOE YCJIOBHE 00YIaeMOCTH.

Pe3iome

VC-teopust ocHOBaHa Ha MPUHIIAIIE PpaBHOMEpHO# cxomumocTr. OHa MMO3BOJISIET OIle-
HUBATh BEPOSITHOCTD I€peodyUeHnst cBepXy (PYHKINEH OT JJIMHBI BEIOOPKH M CJIOKHOCTHU
cemeiicTBa aaropuTMoB. Mepoit CJI0XKHOCTH SIBJIAeTCA KOIMDMUIUEHT PazHOoOpas3us, ope-
JICJIAEMbIil KaK YMCJIO MTONMAPHO PA3JIMIHBIX OMHAPHBIX BEKTOPOB OIMMOOK, WHIYIIHPYEMbIX
BCEBO3MOZKHBIMUI aJITOPUTMaMMn ceMelcTBa Ha BaﬂaHHOﬁ BbI60pK€.

KoncTpyKTuBabIM BBIXO0M VC-Teopun SABJISIeTCA TPUHIAIT MUHAMUABAINN O TPadO-
BaHHOI'O SMIIMPUIECKOIO0 PUCKA W METOJ[ CTPYKTYPHOI MUHUMM3AIUU PHUCKa. Beiemcrsue
3aBBIINIEHHOCTU OIIEHOK MX HEIIOCPEJICTBECHHOE IIpDUMEHCHHNE MOKET IIPUBOJUTL K HEOIITU-
MaJIbHOMY Bbl60py CJIMIIIKOM ITPOCTBIX aJI'OPUTMOB.

OcnoBHolt pranHOil 3aBbiienHoCTH VC-0TEHOK siBJIsieTcsT TpeHebpekenne 3¢ dek-
TaMU PACCJIOCHUS U CBI3HOCTH, KOTOPBIME 00J18/1aI0T MHOTHE CEMECTBA aJINOPUTMOB, ITPH-
MeHsieMble Ha, IIPaKTHKE.
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B cnepytowen nekunm OyiyT paccMOTPEHBI BepXHUE OIEHKN (DYHKIIUA POCTA U EMKO-
CTH KakK JIjig OOIIEero cjaydasi, TaK U JJIsi HEKOTOPBhIX KOHKPETHBIX CEMECTB aJrOPUTMOB.
Kazamoch ObI, 9T0 HEKOTOpPOE OTCTYIJIEHWE OT OCHOBHOI IeJin Kypca — MOJIyIeHus TOU-
HBIX OIEHOK BEPOSITHOCTHU Iepeolydenus. Tem He MeHee, oneHuBanHue QyHKINNA POCTa —
9TO KJIACCUYeCKas U BeChbMa I0JIe3Has KOMOMHATOPHAsS TEXHUKA, HEOOXOIUMast JIJisl IOH-

MaHNs BHYTPEHHEN CTPYKTYPhl CEMENCTB aJrOPUTMOB.

Ynpa>kHeHust

Bamada 3.1 (1). /[lokazars Teopemy 3.3, ucrnonbsys dbopmyny Crupiuara.

Bamada 3.2 (2). Cmenenvio nexkoppexmmocmu MeTona oOydeHus (1 Ha BbIOGOpKe X Ha-
3bIBAETCA MAKCUMAJIbHAS JaCTOTa ONMMOOK HA BCEBO3MOYKHBIX O0YUAIONINX MOBBIOOPKAX:

o(p,X) = mz[uizz v(pX, X). Hokasarb, 910 JiJIst JIOOBIX [, X C OPPAHUYEHHON HEKOPPEKT-
XeX

HocThio 0 (1, X) < o u soboro € € [0, 1] cupaseymsa onenka, obobmaomas (3.2) u (3.6):
Q. < AYX) max Hy™ (sm(e,0)), (3.9)
meM (e,0)
rne M(e,0) = {m: ek <m < k+ol}, s,(e,0) =min{s,(e),ol}.
[TocTponTs rpadgukn 3aBUCHMOCTH OTHOIICHUs OreHkn (3.2) K orenke (3.9) or cre-
IIeHH HEKOPPEKTHOCTH 0.

Bamaga 3.3 (2). Cuenys [39], mokazarh, 9T0 €CIM MHOXKECTBO BEKTOPOB OIMHO0K A Kiia-
CTEpU3YeTCsl [0 PACCTOSHUIO XIMMEHTA Ha S(7) KIaCTepoB PAJIIyca I KazKIblil, TO

P[6,(X) = e+12] <S(r)- max Hp™ (sm(e)).

m=1,...,L
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4 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokaspiBaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2°, 160 pacTéT MOMMHOMMAIBHO 1O L, TIPHYEM HTPOMEKYTOUHBIX BApUAHTOB
He cyIiecTByer. B nosimHOMuaIbHOM CiIydae BEPOSITHOCTD HEePeodyIeHnsl CTPEMUTCS K HY-
Jiio 1ipu L. — 00, cJieJloBaTe/IbHO, 00yUeHne acUMITOTHIECKH COCTOsATEeIbHO. Pazbepém
9TOT (PYyHIAMEHTAIBHBIN Pe3yJIbTaT OoJIee MOoIPOOHO.

§4.1 Cgs3b émMKoCcTU C pyHKUMe pocTa

Jlemma 4.1. Qynknus ) = C) + C + -+ + C}, onpenenéunas npn neabix h n L,
raknx, 970 0 < h < L, 0/1HO3HAYHO 38/1a6TCsT PEKYyPPEHTHBIMH COOTHOIIECHUSIMU

Y =1, F =2l o =t 4+ Oh 0<h<L

JlokazaTebCTBO CIelyeT U3 TOro, 9TO OMHOMHUAJIbHBIE KO(DMUIITEHTHI Cﬁ orpeje-
JISIOTCA aHAJOIMYHBbIM PEKYPPEHTHBIM COOTHOIIEHUEM C’f = C}L‘fl + C}Llj U OTJIMIAOTCS

TOJILKO I'PaHMYHBIM yciosuem CF = 1.

Jlemma 4.2 (Banuuk, Yepsonenkuc [6]). Eciu s mo6oit nogspibopkn X1 uz X
poimosasercs A XML) < 2h+ o AA(X) < OF.

JokazaTeabcTBO. JloKazaTe/bcTBO MPOBEIEM MHIYKIHUEH 110 A.

[pu h = 0 u3 Toro, aro A4(z;) < 2 ama Beex x; € X Borrekaer A4(XE) =1 = @9
cJe0BaTebHO, YTBEPIK/IeHNe JIEMMBI cripaBe/[iInBo. [Ipenmonaras, 910 OHO cripaBe/JTNBO
st h — 1, mokazkem, 4TO OHO CIIPaBEeJIMBO TaK:Ke U Jjisd h mpu Bcex L, 60bIux h.

st sToro pu (bUKCUPOBAHHOM h ITPUMEHUM UHILYKITHIO 110 L.

Ilpu L = h+ 1 nmeenm A4 (XPH) < 2hF1 — 1 = @) | sHaunT yrBepik/eHue jeMMbl
BBITOIHEHO. JlomycTuM Tenepn, uTo oo BemosHserces g A4 (X). PacemoTpum BEIGOPKY
X' = XU {zr,1} n onenum ceepxy A4(X').

Bynem rosoputh, uTo ajaropuT™m a Ha 3ajannoil Beibopke U undyuupyem nodswi-
bopry U', ecim U' = {x € U: a(x) = 1}. PaccMoTpuM MHOXKECTBO BCEX IOJBBIOOPOK,
UHIyIIIPYEMBIX Ha X Bcemu ajropurmamu cemeiictsa A. Byjem pasiumdars moaBbIO0pKT
JIBYX TUIIOB:

1) Takue nmogsbibopku X" u3 X, aro ajropurmbr cemeiicta A unayrupyor Ha X'
kak X", rak u (X", 2141);

2) Bce ocTaJIbHBIE TTOIBBIOOPKH.

Ob6o3HaINM YUCI0 TOJBBIOOPOK epBoro Tuma K, a Broporo tura Ks. Torma

AYX) = K, + Ky,
ANX) = 2K, + K,

crenosaresbio, A4 (X') = AY(X) + K.
PaceMoTpuM OIMHOKECTBO ayropuTMoB A’ HHIynupyomux Ha X TOJBKO MOJBbBI-
6opku mepsoro tuna. Torma K = A4 (X).
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Vnmeercsa nBe BO3MOKHOCTH.

1. Jomyerum, naiinéres noaseibopka X" C X raxag, uro A4 (X") = 2" Do ozma-
JaeT, 9TO aJIropuTMbI MHOXKecTBa A’ mmpymmpytor ma X", a smaumt m wa (X" xp.),
Bce BosMoxkHBIe To/BBIGOpKH X C X", Tlo onpenenennio muoxectsa A’ na (X" zp,1)
WHJIyIIUPYIOTCs TakKe Bee moBbioopky Buja (X" xp.1). CremoBareabHo

AA/(Xh,xL-H) _ 2h + 2h — 2h+1.

Ho torma A4(X", zp,.1) = 2" 910 NpOTUBOPEYNT YCIOBUIO JIEMMBL.
2. Homycrum temepnb, aro A4 (X ") < 2 g moboit oebiGopku X" C X. Tlo npei-
nooKeruto mHyKImn orciozia caeayer A4(X) < &7, Takum o6pasom

ANX) = AYX) + AT(X) < O + 27 = 0,

VTBep:KieHre UHIYKIUN jgoKazano jiga L + 1. |

h
Jlemma 4.3. Cnpaseqmmba onenka ® < 154 0<h < L.

h! >’

,B;OKSB&TGJILCTBO ABJIAETCA HECJIO2KHBIM TEXHUYIECCKUM YIIDazKHEHUEM [6]

HamoMHuM ompejiesieHne: EMKOCMb MHOXKECTBa, aaropuTMoB A — 3To Taxoe mesoe
qucio h, ato A4(h) = 2" u A4(h +1) < 2"! Ecim takoro umena h He cymecTsyer,
TO TOBOPAT, 9TO A IMeeT 6eckoHe o EMKOCb.

Teopema 4.4 (Banuuk, YepBonenkuc [6]). Ecum cemerictBo A nmeer KoHednyro éM-
kocth h, To ipu L > h ¢pynxmus pocra A (L) sasucnt or L momHOMAATHHO:
A h L

AM(L) < @) <157 (4.1)
Hoxkazatenbctso. I[lycts L < h. Torma us yenosua A4(h) = 2" soitexaer, 4ro cy-
[IECTBYET BBIOOPKA JIMHBI [, Ha KOTOPOI aJropuTMbl cemeicTBa A WHIYIUPYIOT BCe
BO3MOZKHBIE 110/1BbIGOpKHU. Snauut A4 (L) = 2L

[Iycte L > h. Bo3bMéM mpou3BoibHYIO BBIOOPKY X. [Ij1s HEeE BBIOJIHEHO YC/I0BUE
sevmbr 4.2, Tak kak A4(h + 1) < 2" Crenosarensro A4(X) < O u B cuty npous-
BosibHOCTH BBIGOpKH A4 (L) < OF

Teopema j10ka3aHa. [ |

§4.2 @yHKUNSA POCTa MHOXECTBA KOHbLIOHKLWA

na cirydas, Korma 00beKTBl OIMHUCHIBAIOTCA TUCKPeTHbIMI TpusHakamu f;: X — D,
|D;| < 0o, orernM (GyHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKIHI pamra e Bbite [ :

A={a(@) = \lfi(@) = &}

jed

JC{1,...,n}, | <K, d eDj}.
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Ecau J — mpon3BosibHOE TOMHOKECTBO HHAECKCOB n3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TTPU3HAKaM U3 .J, eCThb

()= > T[IDil-

JCJ jes
| J'|=F

Ecmu mmozkecrsa D; pasnomomntusl, |D;| = d, o Hy(J) = C{f]‘dk. B obmiem cirydae Besn-
ynna Hy(J) Jerko BBIUUCIAETCS 110 PEKYPPEHTHBIM COOTHOIICHHUSIM:

Ho(J) = 1;
Hy(J) =0, k> [J];
Hk:(JU{j}):Hk('])_F’DJ‘kal(J)v k<‘J’7 J=1...,n

DyHKINS pOCTa OIEHUBAECTCS CBEPXY YUCJIOM KOHBIOHKIUN paHra He BbIIEe [, KOTOphIe

MOZKHO ITIOCTPOHUTDH IIO BCEM 7 IIpU3HaKaM:

ANL) <) H L ... n}.

k=1

§4.3 EmMkocTb cemeiicTBa JSIMHENHbIX KiaccudrnkaTopos

[Iycrs X =R™ Y ={0,1}, A — cemeiicTBO JIMHEHHBIX KIaCCHPUKATOPOB:
A= {a(w) = [(w,2) > 0] | w e R"},

rie (w,r) — CKaJIgpHOe TPOU3BeIeHNe BEKTOPOB w 1 . KarK Iblil aaropuT™ Toro cemeii-
CTBa 33,/1a6TCA BeKTOpoM w u3 R”.

Teopema 4.5. EmMkocTh cemeiicTBa JTHHEHHBIX KIacCH(pUKATOPOB A paBHA pa3zMepHOCTH
[IPOCTPAHCTBA, 1.

Nnes tokazare/bcTBa 3aK/II0YAETCI B TOM, UTO B IIPOCTPAHCTBE PA3MEPHOCTU 7. de-
pe3 MPOM3BOJIBHBIE N TOUEK MOXKHO TPOBECTU Pa3/Ie/IAIONIyI0 THIEPILIOCKOCTD, a Yepe3
HEKOTOPBIe N + 1 — yiKe HeIb3d.

JokazaresbcTBo. [lokaxem cradana, aro A (n) = 2". Coracro onpeenennio byHK-
MM POCTA 9TO PABHOCHIBLHO CJIEIYIOIIEMY BBICKA3BIBAHUIO:

X" Y(z,...,2,) €YY da€e A Vi=1,...,n a(z;) = 2.

Bosbmém n BekTopoB X™ = {x1,...,x,} u3 X Takux, 9410 y i-0ro BEKTOpA i-as KOMIIOHEH-
Ta paBHa 1, a ocrasibable paBubl 0. Pacemorpum anropury a € A, 3aj1aBaeMblii BEKTOPOM
koddurmenTo w = (wy, ..., w,). Kakum 6br #Hu ObLT GUHADHBIT BEKTOD (21, ..., 2,),
JIErKO 110/106paTh KOa(hUIUeHTh w; Tak, 9ToObl BHIIONHAIOCH a(x;) = [w; = 0] = z;.
Takum 06pazoM, Mbl yKazaan 2" aaropuTMOB, Pa3IMIHBIM 0OPA30M JIEIANIX BBIOOPKY
X" Ha 1Ba KJjacca.
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Tenepnb nokazkem, 9o A (n + 1) < 2"+ D10 paBHOCHIBLHO BHICKA3ZBIBAHIIO
VX" 3z, z0g) €Y Vo€ A Fi=1,....n+1 a(z;) # 2.
BosbMéM IponsBosIbHBIE 1 4 1 BEKTOPOB X1, . . ., Tpt1 U3 X. HHUCI0 BEKTOPOB MPEBBIIIACT

UX Pa3MEPHOCTDb, [MOITOMY CPE€J/Id HUX HAWJIETCHd XOTs Obl OJIUH, SBJISIONIUICH JTHHEITHON
KOMOMHAIMEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, YTO 9TO Ly i1:

Tpi1 = bixy + -+ by, (4.2)
rae by, ...,b, — HeificTBUTEIbHBIE YHCIIA.

[Momoxkum z; = [b; = 0] mst Beex @ = 1,...,nu 2,11 = 0. PaccMorpumM ipon3BosbHbI
angroput™ a € A ¢ kosbdurnmentamu w = (wy, ..., w,). Homycrum, aro a(z;) = z; 1y
Beex i = 1,...,n+ 1. ¥YMuOoKNM 00 qacTn pasencrsa (4.2) cKaaapHO Ha w:

(W, Tpg1) = by (w,x1) + -+ + by (W, xp) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOTO MEHbIIE HYJIsl, IIOCKOJIbKY
[(w, Zny1) = 0] = a(Tny1) = 2p11 = 0.

B 10 ke Bpems, KazKJioe cjaraeMoe B IIPaBOil 4acTh paBeHCTBa HEOTPUIIATEIHHO, TaK Kak
(w,z;) 20| =a(z;) =2z =[b; =20}, i=1,...,n.

Takum obpazoMm, cjelaHHoe JIONYIIeHUe MPUBOJUT K NpOoTHBOpednio. Kakoii Obl
mn 6bL1a BEIGOpKa X" anropurMbl n3 A me peammsyior Bcex 2"l croco6os momesuTh
eé Ha 2 KJiacca.

Teopema j0kazana. [

§4.4 OpHonapameTpuyeckoe CeMeicTBO BeCKOHe4HOI EMKOCTU

CymecTBoBaHIE OIHOIIAPAMETPUIECKOTO CeMeiicTBa aJrOPUTMOB KJIACCH(MUKAIIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETEJILCTBYET O HETPUBUAIBLHOCTHU ITOHSITUS EMKO-
CTH C O,Z[‘HOI'_/,I CTOPOHBI, 1 O 6eCKOH€‘t‘IHbIX BbIPpa3UTEJIbHBIX CHOCO6HOCTHX ,ZLeI'_/,ICTBI/ITe.HI)HOFO
qucsta ¢ apyroii [70].

Pacemorpum cemeiictso dynkuuit a: R — {0, 1} ¢ ogaum mapamerpom vy € R:

a(z;7y) = [sin(yz) < 0].

BosbMEM KOHKPETHYIO BEIGOPKY 06bekToB x; = 107% i = 1,.. ., /. KaxoBa 6bl Hu ObI-
a eé nymHa £, 1is moboro BeKTopa OTBeToB (Y;)f_, MOYKHO Tax mojobpaTh mapamerp 7,
910061 a(z;;7y) = y;. JelicTBureibHO, BO3BMEM ¥ = T + 7 Zﬁzl y;107. Torna

a(x;;y) = [sin(7my; + 7107 + 7 y1077) < 0| = [sin o I,y
A = [sinyy > 0], y = 1.

g

o

U3 onpe/esenns BeJIMIHHBL Yy caeayeT, ato m107¢ < vy < 0.37, mosToMy 3HAUECHE
sin 7y MOJIOKUTETHHO, U TTpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbrit mpumep gBJisieTcs UCKYCCTBEHHBIM. FKcym 11 mpejicraBiiennst qnc-
JIa 7y UCIOJIH30BaTh KOHEYHOE YUCJIO0 OUT, EMKOCTD y2Ke He Oy/eT OeCKOHEeUTHOI.
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8§4.5 [pyrve oueHkn émMKocTwu

Oterku éMKOCTH OBLIN TOJIyYeHbl Jisi HepoHHBIX ceTeil [36, 35, 49, 58|, pernato-
mux JiepeBbes [18], KOPPEKTHBIX TTOJMHOMOB HaJl aJIFOPUTMAMU BBIUUCIEHUs OIEHOK [29),
KOMUTETHBIX PEIAIONUX IPaBui [57|, 1 Apyrux cemencrs.

Emxocts ceMeliCcTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bceil oOydalomieil BHIOOPKH,
KakK IpaBuio, OeCKOHeUHa (HAIPUMED, Y aaropuT™Ma OJIMKANRIIIX CoceIeit). Emkocts ce-
MeHCTB, TapaHTUPYIONMX KOPPEKTHOCTH (0oTcyTcTBre ommboK) Ha obydarorieil BhIOOPKe,
TaKzKe, Kak MMPaBujIo, OecKoHevuHa. XOTs, eCTh U UcK/aodeHus: B padborax B. JI. MaTpocosa
CTPOSATCA KOMIIO3UITUN aJI'TOPUTMOB BBIYHCJIEHUS OIEHOK, MMEIne KOHEIHYIO €MKOCTh
U OJIHOBPEMEHHO TapaHTHUPYIOIe KOppeKTHOCTh |28, 29, 30, 31].

Pe3iome

Emkocts mmn pasmeprocTs Barmuka- UepBOHEHKICA — 9TO KJIACCHIECKas XapaKTe-
PUCTHKA CJIOYKHOCTU CEMENCTB aJrOpUTMOB. /1 IMHENHBIX ceMelicTB OHa paBHA pa3Mep-
HOCTH ITPOCTPAHCTBA IMPaMeTpoB. i Ipyrux ceMeiicTB EMKOCTb MOYKET HETPUBHUATHHBIM
00pa3oM 3aBUCETDH OT YHCIa mapaMeTpos. CyIecTBYIOT IPUMEPHI, KOTJIA TapaMeTPOB MHO-
ro, a EMKOCTb paBHA €JIMHUIIE, U, HAOOOPOT, KOT/Ia TTapaMeTp OJINH, a EMKOCTb OECKOHEYHa.

B cnepytowent nekumun bl yoeammcst, 9TO 3HAHUS OJHOIO JIMIb KO puiinmenTa pas-
HOO6paBI/IH KaTeropu4ieckmu HeJOCTaTOYHO JIJId HOJIyLIeHI/IH TOYHBIX OIICHOK BEPOATHOCTH
nepeobyuenns. He mgocraTodno 3HaTh, CKOJIBKO MOMAPHO PA3JIUYHBIX BEKTOPOB OITHOOK
UHJIYIIPYETCs ceMeificTBO aJIrOPUTMOB Ha, JIaHHO# BhIOOpKe. HeobxoaumMo ené yanThiBaTh

CTelICHb UX Pa3JINIHOCTHU.
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5 Tllopoxaatouime v 3anpeuiatolime MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
TOYHBIE (HE 3aBBbIIIEHHbIEC, HE ACHUMIITOTHYECKUE) OlleHKN obobiaroreii criocobnoctu [76].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§5.1 [llpocrtasa runortesa N3M

I'unoresza 5.1. Ilycrs mHOKEcTBO A, BBIOOpKA X H METOJ [i TAKOBBI, 9TO JIJISI KaXKJ[0-
ro ajaropurma a € A MOXKHO yKa3aTbh ITapy HellepeceKaloInxcst moaMHoxectB X, C X
n X! C X, yJIoBIeTBOPSIOILYIO YCIOBUIO

[nX=a] = [X, C X][X, C X], VXe[X" (5.1)

Mmoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X| — 3anpewyarousum
JUig ajgroputMma a. ['mmore3a 5.1 o3nadaer, YTO METOJI [t BLIOMpPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4Jarolieil BbIoopKe X HAXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
U HU OJIHOI'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nore3a 5.1 BBIIOJIHAETC.

Jlemma 5.1. /[ 110605t BeiObopku X cHpaBeIIHBO TOXKECTBO
> [pX=a] =1. (5.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUpPAET OJIMH U TOJIBKO OJIH aaroputM. ToxKmecTBo (5.2) MOXKET UCIOIB30BATHCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHs B IpaBoii wactu (5.1) chopmMympoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 5.2. FEcim rumoreza 5.1 crpaBejinBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, = P[,uX:a} = Lo
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HoxkazareabcTBo. Coracuo rumnorese 5.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

Q- = ZPaP(é(a,X) > a).
acA

YcemoBHast BEpOSITHOCTD Jlaércest Teopemoit 2.4, eciin y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTPOJIbHBIX, ITOJIYYHUM:
P(6(a, X) > ¢ | a) = H»™ (s4(e)),

[JIe M, — IACJI0 OMMOOK AJTOPUTMA (@ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obbekrax X \ X,, Iprn KoTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHNE 9acToT ommboK, d(a, X) > &:

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOI BEPOATHOCTBHIO MO2KET ITOKa3aTbhCsdA HE BIIOJIHE OYEeBUIHBIM. HI/I}KG npejacTaBJIeH CTPO-

i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 5.3. FEcju rumoresa 5.1 crpaBeainBa, TO BEPOSITHOCTh HePeoOyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q- (1, X) = Z PaH%:ma (sa(2)) -
acA
HoxkaszareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cyMMupOBa-
Hug 110 X emg JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — 10 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJIrOPUTMA, d
Ha noaseibopke X \ X,. OueBujino, 3Ha4venne (). OT 3TOMO HE U3MEHUTCH:

Lla

Q- = P[0u(X) > ¢] =P} _[uX=a] }_[nlo, X\X) =] [o(0, X) 2] (5:3)

a€A s=0
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIeJI0BATEJIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)]| = [s < s4(e)].

Ioncrasum nosydennoe soipazenne B (5.3), 3arem samernm [puX = a] upasoit wa-
crbio paBeHcTBa (5.1) U mepecTaBUM 3HAKH CyMMHUPOBaHUsI (OUeBHIHO, P TakKe MOKHO
paccMaTpuBaTh KakK CyMMHPOBAHNIE):

=y Z P[X, € X][X, C X][n(a, X\X,) = 5] [s < sq(c)]. (54)

a€eA s=0 M

N(a)

Boienennoe B nannoit dhopmysie Boipazkenne N(a) ecThb 1o/ pa3bueHuit reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
) _
MHOKeCTBO 00beKTOB X 1esmkoM JieskuT B X, u B moasbibopky X\ X, jmuner £, mnoma-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX AJTOPUTM @ JIOIYCKAET OITUOKY.
JL1s HATJISITHOCTH TIPEJICTaBUM BEKTOD OIMMOOK ¢ PA30UTHIM Ha IMIECTh OJIOKOB:

— r—zi
a:(Xa;1,...,1;0,...,0-X;,1,. ,1;0,...,0).
X\X, X\X,
X X

Hucno ommbOK ajropuT™Ma a Ha O0beKTax, He mnonajamonmx Hu B X,, HE B X!,
paBHO M. Cymecrsyer C), — c1ocob6oB BbIOpaTh U3 HUX S 0OBEKTOB, KOTOPbIE IIOHAJLyT
B X\X,. 1 Kaxkjaoro m3 sTux CrocoboB MMEETCs POBHO C’ﬁj‘;a c110co00B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAeT OIMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambiM ofHO3HAYHO omnpejersercsa cocta Bbibopku X \ X, a, 3Ha4WT,
u coctan BbiGopku X \ X/ . Takum obpazom, N (a) = C%, C’é ../ CL. oacrasum 510 BbIpa-
kenre B (5.4) u BbIeMM B HEM (DOPMYJIY THIIEPTeOMETPUIECKOi (DYHKIMU BEPOSITHOCTH:

e fa Cs Ofa .
=2 2l S sa@) g = S RHL™ (54(6)).
acA S$=50 acA
TeopeMa JOKa3aHa. |

§5.2 0606uwérHas runortesa N3M

['umoresa 5.1 HAKIA/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHIMYEHUs] Ha BBIOOPKY X, ceMeii-
ctBo A u meton p. [losromy Teopemy 5.3 yaaércs npuMeHsITh JINIIb B HEKOTOPBIX CITEIIN-
aJBHBIX ciIydasx. PaccMoTrpuM ectecTBenHoe obobmienue runores3nl H.1. IIpesamonoxum,
9TO JIJId KaXKJ0T0 aJrOPUTMa ¢ CYIIECTBYIOT PAa3/IMIHbIe BApUAHTHI BbIJICJICHUS MTOPOXK-
JIAIONINX U 3aIIPENIAIONIIX MHOXKECTB.
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I'mnoresza 5.2. Ilycrs mHOXKecTBO A, BbIOOpKa X H METOJ [I TAKOBDBI, ITO JIJIsI KAXKJI0T0
ajgropur™Ma a € A MOXKXHO yKa3aTb KOHETHOE MHOYKECTBO HHIEKCOB V,, H JJIST KaXKJO0I0
nHIekca v € V, MOXKHO yKa3aThb nopoostcdaroujee MHOXKeCTBO X4, C X, s3anpewarouiee MHO-
sxecrBo X!, C X u kosapurent c,,, € R, yoBirerBopsiomue ycaoBusimMm

(nX=a] = caw[Xaw € X][X], € X], VX € [X]" (5.5)

[Ipu ycnoBun c,, = 1 runoreza 5.2 o3HaYaET, YTO METOJ, (4 BHIOUPAET AJTOPUTM @
TOTJIa U TOJIBKO TOTJIa, KOIJa B O0YYaIONLyI0 BHIOOPKY X IONAJIAI0T BCe 0OBEKTHI U3 X,
U HI ofHoro u3 X!, POBHO JyIst O/HOM n3 map MuoxecTs (X0, X.,), v e Vg

B TEEL ] &aX

pX=a: | |Xal | ] | (X Xa)
B P [ G X)) V=1Vl
X X

OuerutHo, yeaosue (5.5) H0JIKHO OBITH 3aJIaHO TaK, YTOOBI MpaBas 9acTh IPUHUMA-
JIa, TOJIbKO JiBa 3HadeHus — Jjuoo 0, mubo 1. D10 TpeboBaHme HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOIMHOXKECTB (Xoy, X! ), v € V,, u Ha KOIDDUITHEHTHI Cqy .
B uacrtrocTH, 1npu c,, = 1 ycioBus [X,w cCX } [X I C X } HE MOT'YT BBITIOJTHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX UHJIeKcoB v, v € V, uu ipu Kaxkom pasouennn (X, X)), nHate sHaueHMe
B IIPABOI YaCTU OKaXKeTCs OOJIBINUM €JIMHUITHI.

K nacrosinmeMy MOMEHTY He M3BECTHBI CJIydar, KOT/ia IPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIUEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBniHO, TUIOTE3a 5.1 ABJISETCS YACTHBIM CJIyIAeM THIOTE3bI 5.2, KOIJia BCe MHO-
KecTBa V), OIHO3JIEMEHTHBIE U Cqy = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a H.2 BepHa BCErja.

Teopema 5.4. Jlus.mo6bix X, A u i cymecrByior muoxecrsa Vy, X a0, X!

av?’

IIPH KOTOPBIX
cripaBe IuBo 1pejacrapiaenne (5.5), mpuaéM cq, = 1 st Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIH amroputrm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BCeX MoaBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxum X, = v, X! =X\ v, ¢4 = 1. Torga jast sio-
ooro X € [X]* cpaseyiuso npejicrasienue, umeromniee suj (5.5):

[,uX:a] = Zv[v:X] = Zv[v:X] [X\v:X\X] = ZV [v C X} [X\v - X},

npuaéM, ecsnt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIbHbIE
pPaBHBI HYJIIO; ecyin Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. ]

Teopema 5.4 aBigercd TUIUYIHON TeopeMoil cyrecTBoBanus. VCIo/Ib30BaHHbBIN TTPU
eé JIoKa3aTe/IbCTBE CII0COD TMOCTPOCHUS NHJIEKCHBIX MHOXKECTB V, TpedyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKHU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEI(DDEKTUBHBIM OIEHKAM
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BeposiTHOCTH TIepeodydenns. OHako npejcrasienue (5.5) B 001IeM cirydae He € IMHCTBEH-
HO. OTIeIbHOM TPOBJIEMOTT IBJISIETCS MOUCK TAKOTO MPEJICTABIEHN, B KOTOPOM MOIITHOCTHU
muoxecTB |V, | Xool, | XL, | bl 661 Kak MOKHO MeHbIIe. XOTs MuinoTes3a 5.2 BepHa Bee-
IJa, Mbl OyJeM ITPOJIOJIZKATh HA3bIBaTh €€ <«TUIOTE30i», MMes B BHUJLY IIPEJIIIOI0KEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicrasienus Buja (5.5), 6osee 3¢hHeKTUBHOTO, TeM UC-
110JIb30BAHHOE B JlOKa3arebcTBe Teopembl 5.4.

Beeném s kaxkgoro aaropurMa a € A n KaxKa0ro mHAeKca v € V, 0003HAYEHUSI:

Loy = L — | Xao| — | X0 |5
law = € — | Xaol;
My = n(a,X) — n(a, Xow) — nla, X,,);
Sav(€) = %(n(a, X) — ak) —n(a, Xoy).

B ycioBusx rumoresst 5.2 ciipaBeIuBbl COOTBETCTBYIONIIE 0000IEHNs JIEMMbBI O Be-
POATHOCTSIX TTOJIyUIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTHU TEPEOOy ICHUSI.

Jlemma 5.5. FEcim rumoresa 5.2 cripaBegmba, TO JIsT Bcex a € A BepOSITHOCTH IOJIY-
YUTH B pe3y/IbTaTe 0O0ydeHus aarOpUTM G PaBHA

P, = P[/LXZG} - Z Cav Pov; (56>
veEV, CZ‘“’
Puy = P[Xa C X][X,, C X] = CL;: (5.7)

HokazarenbcTBo. [JocTarouno npuMeHuTs onepaiuio Pk jesoit u npasoit gactam (5.5).
JlabHelie paccyzKIeHns aHAJIOTUYHbBI JIOKA3aTeTLCTBY JleMMbI 5.2. |

Teopema 5.6. FEcim rumoresa 5.2 cripaBejiiBa, TO BEPOSITHOCTh HEPEOOYIeHUsT BITHC-
JISIETCST 110 (bopMyJIe

Q:(1:X) =D ) Car P H" ™ (500(2)) (5.8)
a€A ’UEVa

JokazaTeabCcTBO. AHAJIOIMYHO JoKa3aTeabCTBY TeopeMbl 5.3, BEpOSTHOCTD 1epeolyde-
HIsI TIPUBOJIUTCST K BBIPAYKEHUIO, KOTOPOoe oTmdaercst oT (5.4) MosiBJIeHreM 3HaKa CyMMU-

poBaHus 110 v, KOIMDDUIIMEHTOB €y, U JIBOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX 4:

Q- = Z Z anv P[X‘w < X} [Xt/w - X} [n(a’7 X\ch) = 3] [S < Sav(&?)],

acAveV, s=0

B ocrasmbnoMm j0Ka3aTeIbcTBO aHAJOIMYHO JI0Ka3aTebcTBY Teopembr H.3. [ ]

OueHkn dyHkumnoHana R. (1.6) jgokaswpiBaoTCd aHAJOTUYHO, C TOM JIUINb PAa3HUIIE,

Y9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIY 3aMEHSETCsI Ha

st (e) = n(a,X) — ek — n(a, Xov).

av
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§5.3 KoppekTHOoe cemeincTBO aJiroOpMTMOB

Asroput™m a, He momyckaroruii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HowM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJllOPUTM (g, KOPPEKTHBII Ha reHe-
pasibHOI BeIOOpKE X, TO MHOXKecTBO A Oymem Ha3blBaTh kKoppexmuvim. B aTOoM ciydae
dbopmysia (5.8) crIbHO yIpoIaeTcs.

Jlemma 5.7. B ciaygae m = 0 pyHKIIMS rumepreoMeTpuaecKoro paclpeiejieHust BhIPOXK-
0,0
gaercs: Hy ™ (s) = [s > 0.

2.0
HoxkazareabcrBo. [Ipu s > 0 cymma H; " (s) B (2.4) cocTOUT U3 OJJHOTO CJIaraeMoro,
pasuoro 1. I[Ipu s < 0 4nciio craraeMbiX PaBHO HYJIIO, U BCsA CyMMa DaBHA HYJTIO. ]

Teopema 5.8. Ilycrpb runoresa 5.2 cripaBejjinBa, METOJ [ SIBJIST€TCS MUHUMHU3AIIHE 9M-
IMIPHIECKOTO PUCKa, MHOXKECTBO A KOppeKTHO. Torjia BeposiTHOCTD 11epeody deHusT IPHHH-
maeT 6o.Jiee MPOCTO BHIL:

Q-(1,X) = [n(a,X) > ck] P, (5.9)

acA

HokazaTeabcTBO. PaccMoTpuM mpon3BOJIbHBIN aaroput™M ¢ € A U IPOU3BOJIbHBIN WH-
nekc v € V,. Ecin HeKoTOpbIii 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIMHMOKY, COMEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHIMU3UPYIOMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpaTh JaHHBI aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIA AJITOPUTM ag, He J10-
nyckatomunii ommboxk Ha X. CremoBaTe/bHO, MHOXKECTBO OOBEKTOB, HA KOTOPBHIX AJTO-
PHUTM @ JOIyCKaeT OMIMOKY, HEeJHKOM Copep:KuTcsd B X, . SHAYHUT, aJrOPUTM ¢ HE JOIyC-
KaeT OIMOOK Ha HeHTpaJbHBIX 00beKTax U My, = 0. Torna, cormacuo Jlemme 5.7,

HE? (300(9)) = [sa0(e) 2 0] = [£ (nla, X) —ek) —n(a, Xav) > 0] = [n(a.X) > ek].

[Toncrasists 910 Beipazkenue B (5.8), momydaem (5.9). ]

CrunencrBue 5.8.1. Ecam B cemetictBe A COMEPXKUTCS ajaropuTM, KOPPEKTHBIH Ha BCe
reHepaJibHOI BbIOOPKe, To Bbipazkenne (5.9) cupasepmupo u jist pyrkmmonata Re(p, X).

§5.4 ®yHKUMOHAN NOJSIHOIO CKOJ1b3SLLEro KOHTPOIS

PaccmorpuM (byHKIMOHA TIOJTHOTO CKOJIb3sIero KouTposst (1.7). Ilpuanun mopox-
JIQIOIIUX ¥ 3alPEIaroNniX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHyo oreHky [11].

Teopema 5.9. FEcjm runioresa 5.2 cripaBeiyinBa, TO OIEHKa II0JTHOIO CKOJIB3SIIIETO KOH-
TPOJISI BBITHCJISIETCST 110 (DOPMYJIe

1 Cz(w Lav - Eav gav /
C(p,X) = = Z Z Caw Céw ( T n(a,X) + Lmn(a,X(w)) : (5.10)

acAveV,
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HokazarenbcTBo. 3anmmem onpesesnenns E n v, 3arem mozgcrasum (5.5) cormacHo ru-
rmorese 5.2 W mepecTaBUM 3HAKNW CYMMUPOBAHUS:

CuX) = o 3 Y [pX=dy Y Haw) =

L xe[x)t aca zeX
L
_ %Z S o Ta,2:) P[Xo € X][X), € X] [ € X].
acAveV, i=1 ~
p(a,v,x;)
Ecm z; € X),, ro [X], € X|[z; € X] = [X], € X| n, cornacno (5.7),
ZU/U
pla,v, ;) = P[X(w C X} [X:w C X} = % =P,
L
Ecmn ; ¢ X, ro (X}, C X]|[z; € X] = [{a;} U X], C X] u, cornacro (5.7),
Cav _
pla,v,z;) = P[ X, C X|[{z;} UX], C X]= CLz_l = PM,M.
Cr Lo,
Cobupas BMecte jBa ciydas, x; € X, u x; ¢ X!, . moaydnm

plav.n) = Pa ([ € X0 ] + [ X, E22 00 ).

[ToncTaByisist 3TO BhIpazKeHne B CYMMY II0 %, TTOJTydaeM

L
Z I(a7 xi)p(aa v, xz) - Pav (’I’L(CL, thw) + (n(a, X) - n((l7 thzv)) L‘“’L_ gav) )
i=1 av

oTKyia BhITekaer Tpebyemoe paBerncTBo (5.10). Teopema nokazana. [

Pe3iome

Ipunyun noposrcdarowur u 3anpewaowus MHOACECME OCHOBAH Ha THIIOTE3e, ITO
JUTS KazKJIOTO aJITOPUTMa MOYKHO yKa3aTh MHOYKECTBO N0postciaowur 0ObeKTOB, KOTOPhIe
00s13aHbI OBITH B 00y JaroIeil BHIOOPKE, M MHOYKECTBO 3aNpeu,aowur 00beKTOB, KOTOPBIX
He JIOJIKHO OBITH B 00y Yaloleil BLIOOPKe, 9TOOBI METOJ 00yYeHUs BHIOPAJ UMEHHO JTAHHBIT
AJICOPUTM. DTO JIOBOJILHO CUJILHOE TIPE/IITOJIOZKEHIE, i OHO BLITIOJIHICTCH JTAJIEKO He BCET/IA.
B obmmem ciryuae /17151 KayKJI0r0 aJaropuTMa MOYKHO YKa3aTh HECKOIBKO AP MOPOXK TAIONTIX
U 3aIpeNaonuX MHOXKeCTB. Ecm oHn U3BECTHBI, TO Jlajiee JIETKO BBIYHC/IAIOTCH BEPOST-
HOCTH TIOJIYIUTh KaK/IbIil U3 aJIrOPUTMOB, BEPOSITHOCTD 11epeo0yIeH s, 1 OIICHKA TTOJIHOTO
CKOJIB3SIIIEr0 KOHTPOJIsI. BBIOOP CHCTEMBI TTOPOXKTAOIIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCST UCKYCCTBOM. UeM UX MeHbINle, W 9eM MEHBIIe UX MOIHOCTH, TeM 3(hdeKTuBHee

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyroweinn nekumu ¢ 1oMoIbio IPUHIIATIA TTOPOXKIAIONIIX U 3aIlIPENIAoNuX MHO-
JKECTB MBI IIOJIyIUM TOYHBIE OIIEHKU BEPOSITHOCTH IePeodydeHsl 11T HEKOTOPBIX MOJIE/Thb-

HBIX CEMENCTB AJI'OPUTMOB.
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6 Uenwn anroputmos

YT00BI BOCIIOJIB30BATHCSA MPUHITUIIOM ITOPOXKJIAIONINX W 3AIPEIIaloNinX MHOYKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METO| OOYUIEHUS [ U CeMeicTBO ajroputMoB A. Mbr Hat-
HEM € MeTojla MUHUMU3AINN SMIIUPUIECKOTO PUCKA W MOHOTOHHON eI aJrOpPUTMOB —
CcaMoro IIPOCTOT0 MOJIEJIBLHOI'O ceMeiicTBa, yKe 00J1aJafoIero CBOHCTBaAMHU PACCIOCHUS
" cBA3HOCTH. UTOOBI MOJAKPENUTH TCOPETUIECKOE UCC/IEIOBAHNE SKCIEPUMEHTAMHE, TTIPE/I-
JlaraeTcs HaIlMCaTh HECJIOXKHYIO ITPOrPpaMMY JIJI BBIYUC/IEHUA BEPOSITHOCTH IIePeody deH st
JIIOOBIX CeMeficTB, 3a/laBaeMbIX HEIIOCPEJICTBEHHO MATPUIEi OmMrOOK.

§6.1 Pa3HOBMAHOCTN MUHUMM3ALNN SMNNPUYHECKOrO PUCKa

Byznem mosaraTrh, 9To A — KOHEYHOE MHOYKECTBO, I BCE aJITOPUTMBI HMEIOT IOIAPHO
paszsmanble BeKTOPbI omubok. Obosmnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MHUHH-
MaJIbHBIM YHCJIOM OIMMOOK Ha obydarorieit Bbioopke X :

AX) = Argmiiln(a,X). (6.1)

ac

Omnpenestenne 6.1. Meros ob6ydenns i HA3BIBACTCS MUHUMUSAUUET IMNUPUMECKO20
pucka, MOP (empirical risk minimization, ERM), ecoin uX € A(X) npu eex X € [X]*.

Ecau muoxkectBo A(X) cofep:kur 6oJiee OJHOIO 3JIEMEHTa, TO BOZHUKAET MpodJIe-
Ma HEeOJIHO3HAYHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHavasa jiBa KpailHuX ciiydas —
KOTJ[a BBIOMPAETCsT HAWTYIIuii win Hauxyamuit aaropurm u3 A(X).

Onpenenenune 6.2. Meronq MuHIMH3AIMUNT SMITPUIECCKOIO PUCKA [L HAZBIBACTCS ONMU-
mucmunoim, ecan pX = arg min n(a, X).

acA(X)
Onpenenenue 6.3. Meronq MuHHMHI3AIUMN SMIIIPHICCKOIO PUCKA (I HA3BIBACTCS NECCU-

mucmuinoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctnanas u neccumuctudrass MOP wa mpakTuke He peajm3yeMbl, TakK Kak
CKPBITYIO KOHTPOJILHYIO BBIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenms. TeopeT-
YeCKM OHU MHTEPECHBI T€M, YTO JIal0T HUKHIOIO U BEPXHIOIO OIIEHKU BEPOATHOCTU Ilepe-
obydenus. [Ipu 006X Apyrux crocobax pasperieHus HeopHo3HadHoct B Metone MOP
BEPOATHOCTH TIePeo0ydYeHNs TapaHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMU.

BoJjtee npakTuIHBIM TIpejicTaBIgeTcs Crocod pasperieHus HeoHO3HAYHOCTH, OCHO-
BaHHBIN Ha CIyIaifHOM BBIOOpe asropurma u3 muoxkectBa A(X).

Onpenenenne 6.4. Meros MEHIMH3AIUMA SMIIHPAICCKOTO DHCKA [i HA3BIBACTCS PaHO-
MUBUPOBAHHIM, eCTH (1X — 3TO IPOU3BOJIBHDII aJIrOPUTM, BEIOPAHHBIH CJIy9IaiiHo U paB-
HOBEPOSITHO M3 KOHETHOI'O MHOXKecTBa aropurmoB A(X).

Pammomuzalius ¢cTaHOBUTCS BTOPBIM HE3aBUCUMBIM UCTOYHHKOM CJIYYAWHOCTH B 3a-
Jlade cTaTUCTUYIecKoro oOydenus. Ecim paHee pejnosarajoch, UTO CIYYailHO TOJIBKO
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pasbuenne X LI X, To Teneph cirydaeH TakxKe U BBIOOD ajroputMa a n3 MHOXKecTBa A(X).
CooTBeTcTBYIOMIIM 00pa30M M3MEHSIETCS W OIIPEIe/IeHIe BEPOSITHOCTH 11epe00y IeHIA:
1 _

Q. = Em ag(:X) [v(a, X) —v(a, X) >¢]. (6.2)

BosbmmueTBo mosyaeMbIX jiajiee OleHOK OCHOBAaHbI JTUOO Ha MeCCHMUCTUYIHOM, OO0
Ha paxjgomusupoBanHHoit MIOP. DkcrepuMeHTh TOKA3BIBAIOT, ITO 3aBBIIIEHHOCTD OIEHOK
neccumuctuanoit MIOP weBenuka. OUTUMUCTHIHBIE, TECCAMUCTUYHBIE U PAHIOMUA3HUPO-

BaHHbBIE OIEHKHU CXOJISATCS JIPYT K JIPYTY € POCTOM JIJIMHBI BHIOOPKU L.

§6.2 MogenbHble cemeiicTBa aaropmTmoB

HamomuuMm, 910 HAIIIMM OCHOBHBIM OO'BEKTOM UCCICIOBAHUS sIBISIETCS ONHAPHAS MaT-
puiia omubok pasmepa L x D, nopoxjaeMas 33 aHHoil Bei6opkoit X = {x1,..., 2z} u 3a-
JIAHHBIM CEeMEHCTBOM aJITOPUTMOB, U3 KOTOPOTO BBIOMPAIOTCS BCE AJITOPUTMBI C ITOIAPHO
pazmmaHbIME BekTOpamu ommbok, A = {aq,...,ap}.

Mpr1 OyjieM paccMaTpUBaTh MOJEAbHBIE CEMETUCMEA AA20PUMMOG, KOTOPbIE 3aIal0TCs
HEITOCPEJICTBEHHO CBOMMHK MaTpHUIIaME OIHO0K. MojgeabHoe ceMeiicTBO — 9TO UCKYCCTBEH-
HBIIT OOBEKT UCCIeI0OBAHNUS, He CBI3aHHBIN ¢ KaKOW-1100 peabHOl BEIOOPKOiT. MarTpuirbt
OIIMOOK MOJIE/TBHBIX CEMENCTB 00J1aJIaI0T OIPEJICIEHHBIMI «PETYISIPHBIMU CTPYKTYPaMU »,
qTO 00JIerdaeT BBIBOJL TOYHBIX KOMOMHATOPHBIX OIEHOK. J[/Isi HEKOTOPBIX MOJIEIbHBIX Ce-
MeNCTB yJIaéTCsd CTPOUTDH IIPUMEPHI TOPOXK,IA0IINX UX BEIDOPOK. Kak mpaBusio, 3To BecbMa
9K30THUYIECKIE YacTHRIE ciiydan. PeajibHbIe ceMeiicTBa B MOJIAB/ISIONIEM OOJIBITMHCTBE CJIY-
JaeB He 00J1a/1al0T KaKOi Obl TO HU OBLIO PeryasapHoOil CTPYKTYPOil.

Tem He Menee, nzyvyeHne MoOJIEIbHBIX CEMENHCTB ITPEJICTABIISIET UHTEPEC MO0 HECKOJIb-
KUM NpUIrHaM. Bo-IepBbIX, OHU MO3BOJISIOT UCCIEI0BATD BiugHue 3h(MEKTOB paccioe-
HUA U CBI3HOCTU HA BEPOATHOCTDL Iepeodydenus. Bo-BTOPBHIX, Ha HUX OTpadaTBIBAIOTCS
MaTeMaTHICCKUe IPUEMBI, KOTOPBIE MOI'YT OKA3aThCs ITOJI€3HBIME IIPU IOy Y€HUN OIEHOK
OoJiee 001IeTO BHUjIA. B-TpeThux, n3BecTHBI MOJIe/IbHBIE ceMeiicTBa, 00J1a/Ialolie TeEMH JKe
KJIFOYEBBIME CBOICTBAME, YTO U PeabHbIe — PACCJIOCHUEM, CBA3ZHOCTHIO U PA3MEPHOCTDIO.
BeposiTHOCTD 11epeobydenmst TaKUX CeMEHCTB MOYKET JOBOJILHO TOYHO AIIIPOKCUMUPOBATD
BEPOATHOCTD 11€Pe0byUeHNsT PEAIbHBIX CeMeHCTB, CM., HarpumMep, [5].

§6.3 Cssa3Hble cemeiicTBa anropnTmos

OmnpesiesinM paccTosiHre MeXK/ly aJlOPUTMaMU KaK paccmoanue Xommurea MezKTy
UX BEKTOpaMU OIIHOOK:

L
pla,a’) = Z}I(a,xi) —I(d,z;)|, Va,d € A.
i=1

Onpepenenne 6.5. Koneunoe muoxkecrso ajropurmoB A = {ay,...,ap} HazpBaercs
uenwvlo arzopummos, ecau p(aq_1,aq) = 1 st Bcex d =2, ..., D.
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Onpepenenne 6.6. MHoxkecTBO agropuTMoB A Ha3bIBACTCST C6A3HBIM, €CJIH JIJIST JTFOOBIX

a,a’ € A B A cymecrByer 1jelib a = aq,da, ...,ap = d’.
Onpepenenne 6.7. Ilens amropurmos A = {ag,ay,...,ap} HA3BIBACTCS MOHOMOHHOTU,
ec n(aq, X) = m + d st Bcex d = 0,..., D, nupu Hekoropom m > 0. Ajropurm ag

Ha3bIBaCTCA AYHUUM 6 UENU.

B monoronnoit et I(ag_1,x;) < I(ag, z;) mug seex x; € X, d=1,...,D.
B cay4yae MOHOTOHHOl Henn 00beKThI BLIOOPKU MOYKHO IIePeHYMepOBaTh TaK, YTOObI

(ag,z;) =[i<m+d], i=1,...,L, d=0,...,D.

[Hernb a/IropuTMOB MOZKET MTOPOKIATHCH, B 9ACTHOCTH, OJHOTIAPAMETPUIECKUM CeMeii-
CTBOM KJIACCU(PUKATOPOB € HEIPEPBIBHON 110 MapaMeTpy JUCKPUMUHAHTHON (DyHKIIHEId.
Ecan mpm HempepbIBHOM CMEIEHNH TTapaMeTpa B CTOPOHY OT ONTHMAJIHLHOIO 3HAYEHUS
YUCJIO OMIMOOK Ha IOJIHOI BBHIOOPKE MOHOTOHHO He YOBIBaeT, TO 0Opa3yeTcs MOHOTOHHAs
tierib. MOHOTOHHAS TIEIb — 9TO OJIHO U3 MPOCTEHINNX MOJETBHBIX CeMeiCTB, 0bIa/1arree
CBOICTBAMU PACCAOEHUA U CEAZHOCTU.

IIpumep 6.1. Ilyctb A — ceMeHCTBO AUHETUHBIT GAOPUMMOE KAACCUPUKAUUU — TTapa-
Merpudeckux orobpazkennit u3 X = R" B Y = {—1,+1} Buya

a(x,w) = sign (xywy + -+ + xwy,), x=(1,...,2,) € R,

re mapaMerp w € R™ — HaAmpaBIAOMN BEKTOP THIIEPILIOCKOCTH, Pa3JIeISIONIel mpo-
crpancTBo R™ Ha jiBa mosymnpocrpancTBa — Kjaaccbl —1 u +1. [lyers dynknmsa morepb
umeer sug I(a,z) = [a(z,w) # y(z)], rae y(z) —ucrunnas knaccudukanus obbexra ,
U MHOXKECTBO OOBEKTOB X JIMHEIWHO pasjenmMo, T.e. CyIlecTByeT BekTop w* € R™, npn
KOTOpOM ajiroputm a(x, w*) He momyckaer ommOok Ha X. Torma MHOKECTBO aJrOpPUTMOB

As = {a(z,w* +16): t € [0,400)}

MOPOZK/IA€T MOHOTOHHYTO TeTTh 1pu JI000oM § € R, 3a ncKIr09eHneM, ObITh MOXKET, HEKOTO-
POro KOHEYHOI'O MHOXKECTBa BEKTOPOB. [Ipu sTom m = 0 B custy JIMHENHHOW pa3/ e IMMOCTH.

§6.4 DkcnepuMmeHT C UensMu aaropmTMoB

Peub moit€ér o nmpocToM M OYUeHb HAIVIATHOM SKCIEPUMEHTE, KOTOPBIi IMOKa3bIBaeT,
4T0 3(PDEKTHI PACCTIOCHUS ¥ CBA3HOCTH OIPEJIC/IAIONIM 00pa30M BIUSIOT HA BEPOATHOCTH
nepeobyuenus |74, 75]. VIMeHHO ¢ 9TOro 3KCHEpUMEHTa U HAYAIOCh aKTUBHOE Da3BUTHE
KOMOMHATOPHOI Teopuu 1epeodyIeHus.

OMNuMpuYecKoe oOueHMBaHWE BeposiTHOCTU nepeobydveHuss Nno maTpuue owunbok.
Autroput™m 6.1 BBIYHUC/ISET JIBE SMITMPUIECKNE OIEHKN BEPOSITHOCTH MEPEOOYIEHUsI: BEPX-
naa (). coorsercTByeT meccumucTmanoii MIP, moxnas (. — ontumuctnanoii. Onenkn
BBIMUC/ISIOTCS Memodom Monme-Kapao, To ecTb IIyTéM yCpeIHEHHS 110 CIIyIafHOMY IO/~
MHOXKECTBY pa30menuii renepasibuoil Beioopku X = X L X.
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AaropurMm 6.1. Beraucjienue SMITPUIECKUX OIEHOK BEPOATHOCTH 1T€Pe00yIeHUsA.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Broixoj: BepxHsist oneHka ()., HUXKHsIS OIeHKa ().

: Qs = 0; @s = 0;
2: s Becex N coydaitueix paszomennit X LU X = X
A(X) := Argminv(a, X);

acA

4 a:=argmaxv(a,X); Q.:= Q5+%[5(d,X) 25};
acA(X) B

5. a:=argminv(a, X); Q.:=Q.+ [ (a,X) > 8}
a€A(X) -

—_

6: BepHYTb ()., Q-

AnroputMm 6.2. DddekTuBHOE TTOCTPOCHIE IPADUKOB 3aBUCUMOCTH BEPOSTHOCTH TIepe-
obydeHns oT Yucsa d MepBbIX aaropuT™MoB B cemeiictse {aq, ..., ap}.

Bxon: marpuna ommbok A = {ay,...,ap}; ancno pasduennii N; mopor &;
Boixoa: Bepxusis onenka Q. (d) u nmkuss onenka Q. (d) jis noamuoxkectsa {ay, . .., aq}.

1: crenepupoBarh N CIydallHbIX pa3OneHMii:
X, UuX,=X n=1,...,N;
2: aJITOPUTM, BHIODAHHBIN [TPU 1-M Pa3sOUeHN: MeCCAMUCTUIHON 1 onTuMucTiuaIHOit MIP:

Qp, Qp 1= A1, ’I'L:]_ 7N7
_ N
3 QE(1)7 Qs(l) = % ;1[ (CL17 ) 2 g:|7

4: past Bcex d:=2,...,D

5  ngist Bcex n:=1,..., N
6: ecau n(aq, X,) < n(a, X,) nm
n(ag, Xp,) = n(an, X,,) m n(aqg, X,) > n(a,, X,) To
7 Q:(d) := Qc(d — 1) — % [6(an, X)) = €] + % [0(aa, X») = €];
Qy, = ag;
8: ecau n(aq, X,) < n(a,, X,,) nm
n(ag, Xpn) = n(an, X,) 1 nlaq, X,) < n(an, X,) T0
9: Q=(d) 1= Q(d — 1) — % [0(an, Xp) = ¢] + +[0(aa, X)) > €];
Ay = ag;

Asroputm 6.1 cocronT W3 JABYX BJIOKEHHBIX IHUKJIOB. BHermHuil muki mepedbupaet
N pasOuennii, BHyTpeHHUN UK/ BbiOMpaer u3 A jBa ajropmrva, MUHUMU3UPYIOMIIX
SMIIUPUYECKUI PUCK MIPU JAHHOM Pa30UeHUN — MEeCCHMUCTUIHBIN @ U ONTUMUCTUIHBIN .

[TomeHsiB MecTaMu JiBa BJIOKEHHBIX IUKJIa Tiepebopa B Ajiropurme 6.1, mosryanm Aji-
roputM 6.2. OH MO3BOJISET 3a OJINH 3AIYCK CTPOUTDH rpaduKi 3aBUCUMOCTEH BEPOSITHOCTU
nepeobydeHnst OT YUC/Ia TEePBbIX d aJrOPUTMOB B mojicemeiictse {ay, ..., aq}. B aT0M ciy-
Yae CTAHOBUTCSH BAYKEH MOPSIIOK AJITOPUTMOB A1, . . . , ap. OOBIYHO OyIeT IpeInoaraTbes,
YTO AJITOPUTMbI YIIOPSIOYEHBI 110 HEYOBIBAHUIO TUC/Ia OMUOOK HA TeHepasbHOil BHIOODKE,
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Puc. 6.1. Pacupesenenne ajiropurMoB 110 4acTOTe OMUOOK HA T'C€HEPAJILHON BLIOOPKE
B MOJIETIBHBIX IEIISIX C PACCAOCHNEM U 6e3 paccyioeHusi. 3aBUCuMocTb V(ag, X) oT d pn
{ =k =100, m = 10.

n(a;,X) < ... < n(ap,X). Yucno pasbuennit N pexomenmyercst 6parsb #e menee 1000,
YTOOBI 10JIyYaTh JIOCTATOYHO IV IKuEe TPadUKH.

IJKCNepuMEeHT C 4eTbipbMs MoOAeNbHbiMU cemencTBamu. CreHepupyemM MaTPHUILHI
OIIMOOK JIBYX MO/IEJIbHBIX TIeTIeil.

1. Ienv ¢ paccaroenuem. Jlyamumit aaropuT™ ap JOIyCKaeT m OIIMOOK Ha IOJIHOM
BhIOOpKe. KaxKiplil ciieaytonuii BEKTOP OMMO0K Gy IMOJIYIaeTCs U3 dg_1 IIyTEM MHBEPCUN
OJIHOI crydaifHo BBIOpAHHON KoOpAuMHATHL. Ecim 1ens jmocrarodno jymuaas (D > L),
TO GOJIBIIMHCTBO AJITOPUTMOB JIOIYCKAIOT YUCIO0 OMUOOK m, 6mskoe K L /2.

2. Ilenv 6e3 paccaoenus. Jlydmmit aIropuT™ a, TakKxKe JIOMYCKAeT 1M OIMNOOK Ha T0JI-
HOIT BeIOOPKe. KarKblii BEKTOP OIIHOOK (g TaKKe IOJIYIaeTCs U3 (g_q IIyTEM HHBEPCUU
OJIHOM CJIYYaiiHO BBIOpAHHOI KOOPIMHATHI, HO IPU HEYETHBIX d IIPOU3BOISITCS TOJIHKO HH-
Bepcuu 0 — 1, a npu 9éTHbIX d — ToIBKO 1 — 0. B pesybrare 9ucsio onmmboK aJropuTMoB
Ha TIOJIHOI BBIOOPKE, Yepejlysch, IPUHUMAET 3HaYeHust m u m + 1.

Ha puc. 6.1 mokaszaHbl 3aBHCHMOCTH YaCTOTHI OMMOOK V(ag4, X) OT MOPSIIKOBOTO HO-
Mepa d aJiropuT™a Jijisl Ieln ¢ paccjoerueM (cyieBa) u 6e3 paccioenus (Crpasa).

JIjisi IPOU3BOJILHON TIENU @y, . .., Ap MOXKHO MOCTPOUTH COOTBETCTBYIOILYIO el He-
uenv aj,...,ay, ¢ TakuM xe pacupesenaenneM dactor omuook: v(al, X) = v(ag, X) ms
Beex d = 1,...,D. Urobbl cocejiHue ajaropuTMbl aj |, @, CYIIECTBEHHO Da3/INYAJINCD,

KOMIIOHEHTBI BEKTOPOB OIMHUOOK @, GyJeM IeHepupoBaTh CJIydailHO M HE3aBHCHMO, Tak,
94TOOBI YUC/IO €IMHUIL B BEKTOPE d; PABHSIOCH N(d4, X).

Wroro, crposTcs deThbipe MOJIETLHBIX ceMeCTBa: TEb ¢ PacCJI0CHUEM, Telb 0e3 pac-
CJIOEHUS W JIBE COOTBETCTBYIOIINE MM He-llenn. Bce oHM 3a/1a10TCS MaTpHUIIAMU ONTIOOK
pasMepa L XD u UMeoT o/IuHaKOBbIe 3HavUeHus napamerpa m. ComocTaBieHne 3TUX ve-
TBIPEX CJIYYaAEB MO3BOJIAET PA3JCIUTh BIUSIHUAE C8A3HOCTNU U PACCAOEHUSA Ha BEPOATHOCTH
nepeoOyyeHnst 1 OTBETUTH Ha BOIPOC — KAKOe U3 ITUX JIBYX CBOHCTB BarKHEE.

Ha puc. 6.2 u puc. 6.3 mokazanbl 3aBUCHMOCTH BEPOATHOCTH ITepeodydenns (). OT Inc-
Jia agroputMoB D Jijis 4eThIpéx cemeiicTs, ipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yuco pasbuennit 8 Mmerone Monre-Kapio N = 10%. Venosnble obosnauenus Ha rpadu-
kax: +L — mens, -l — He-nens, +P — ¢ paccimoenunem, —P — 6e3 pacciioeHus.
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Puc. 6.2. 3aBucumocTh BEpOSITHOCTA
nepeobyuennst Q. u DJIKP A or unc-
Jia agroputmoB D. Ilpocras 3ajada:
v(ai,X) = 0.05.

Uucuio aireopummos, D

Puc. 6.3. 3aBucumocTh BEpOSITHOCTH
nepeobyuennst Q. u DJIKP A or unc-
Jia ajiroputmoB D. Tpynanasa 3ajiada:
v(a,X) = 0.25.

[Tokazanbl Takzke rpacduku 3apucumoctu DJIKP —addekruBHoro jokaaibHOro Ko-
s dunmenTa paznoodbpaszuss A or unciaa agsropurmoB D. DJIKP B mannoMm ciydae ompe-
JIeJISIeTCsT KaK OTHOIIEHNEe BePOSTHOCTH Iiepeodydenust mojcemeiictsa {ay,...,ap} K Be-

POSITHOCTH TIepeoby eHNnsT OTHOIIEMEHTHOTO TiojicemeiicTBa {a; }.

OcHoBHble BbIBOAbI.

1. s cemeiicTB 6e3 paccooeHus U CBA3HOCTH MepeodydeHne MOXKeT OKa3aThCs 3Ha-
YUTEJILHBIM y2Ke MPU HECKOJILKUX JIeCITKaX ajaropuTmoB B cemetictse. [Ipu Gosbrmx D
TOJIBKO OJTHOBPEMEHHOE HAJIMYMe PACCIOCHIA U CBI3HOCTH IO3BOJISIET N30€2KATH CUITHLHOIO
nepeobydennst (HuKHIe KpuBble Ha rpadukax). Takum 06pasoM, BaxKHBI 00a CBOWCTBA.

2. CBA3HOCTD CHIXKAET TeMIT pocTa 3aBucnMocTi Q. (D).

3. Pacciioenne moHMKaeT ypoBeHb TOPU30HTAIBHON acuMiTorbl () (D), mpuuaém
B OoJibleil creneHn s «JIETKUX 3ajad» € MEHBINM 3HadeHuem m, puc.6.2. B ciy-
Yae PacC/IOeHUs] BEPOATHOCTDL IepeodydeHrns (). MOXKET MPOXOJUTL CYIIECTBEHHO HUKE
€JIMHATIBI. DTO O3HAYAET, YTO BEPOATHOCTHL BBHIOPATH B peE3yJbTaTe OOyUeHUs AJTOPUTM
13 BEPXHUX CJIOEB OUEHb OBICTPO MaJIaeT ¢ POCTOM HOMEPA CJIOH.
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4. ]It OTHOCUTEIBHO ITPOCTHIX 3a/1a1, KOTJIa CYIIEeCTBYET aJrOPUTM C MaJIbIM TUCIOM
OIINOOK, paccjioeHne CyNeCTBEHHO YMEHbIaeT BepPOSITHOCTD Iepeodydennsd, puc. 6.2. [Ipn
YBEJIMYEHUN CJIOYKHOCTU 3aJIa49U BJIMAHUE PACCIOCHUS YMEHbIaeTcd, puc. 6.3.

5. Ilo mepe yBemmuenust D Kak BepOATHOCTD mepeodydenus, Tak u DJIKP Boixogar
Ha TOPU30HTAJBHYIO ACUMIITOTY U IlepecTaioT 3apucetb oT D. B 1o xe Bpemsi, VC-orenka
JnHelHa 110 D 1 BOOOIe He MMeeT TOPU30HTAJIBHON acuMIITOTHI — Ha rpadukax DJIKP
VC-ornenke coorserctByer mpsivast A(D) = D. VC-oneHka 10CTHIAeTCsT TOJBKO JIJIsT He-
Tereit m TOJIBKO P MaJIbix ) B TaHHOM 3KcriepuMenTe — nipu D < 10; mpu D nopsaka 20
OHA y2Ke IMPEBOCXOJIUT €IMHUILY.

§6.5 TouHas oueHKka A5t MOHOTOHHOI LENN anropuTMoB

Teopema 6.1. Ilycte A = {ag, a4, ...,ap} —MOHOTOHHAS IE1b AIrOpUTMOB, L > m + D,
m = n(ag, X), MeTO] 06YYEHHUs |1 SIBJISIETCS [eCCAMUCTHIHON MUHUMU3AIHEN IMITHDUIe-
ckoro pucka. Torga B ciaydae D > k

Q. = zk:PdHﬁ‘ld’"} (sale));  Fa= % d=0,....k
d=0 L
B ciaydae D < k
D—1
Q=Y PaH, 5™ (sa()) + PoHp™, (sp(e));
d=0
-1
pd:%, d=0,....,D—1; Pp= CéiD,

e Py = P[uX = aq) — BeposiHoCTS HOMYYnTE amroputy ag; sq4(€) = £(m+ d — ek).

HokazareabcTBo. [lepenymepyeM 0OBEKTHI TaKUM 00pa30M, 9TOOBI KarKJIbI U3 ajIro-
PUTMOB agq, d = 1,..., D momyckas ommbOKy Ha 00beKTax Iy, ..., Tq. OUeBUIHO, JIyUIInil
AJITOPUTM @y HE JIOIYCKAET OIMUOKY HU Ha OJIHOM U3 3TuX 00bekToB. Hymeparus octaib-
HBIX OOBEKTOB HE UMEET 3HAYCHUS, TAK KAK AJITOPUTMbI HE PA3/IMINMbI Ha, HUX.

JL1g HADJISITHOCTH TIPEJICTaBUM BBLIOOPKY X paszouToil Ha Tpu OJioKa:

Ty Ty T3 Tp P
dy=( 0, 0, 0, 0, 0,...,0, 1,...,1 );
a=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
dy=( 1, 1, 0, 0, 0,...,0, 1,...,1 );
is=( 1, 1, 1, 0, 0,...,0, 1,...,1 );
ip=( 1, 1, 1, ... 1, 0,...,0, 1,...,1 );

[Ipn paccMoTpeHUN ajarOpuTMa Gy BOSMOMKHBI TPHU CJIyUasd.
1. Eciu k < d, To aucyio ommbOK ajaropurMa ay Ha 00beKTax {ry, ..., Ty} IpeBbIlia-
eT JIJINHY KOHTPOJIbHO# BBIOOPKHU. HacTh ommboK o0s3aTe/IbHO OKasKeTcsl B 00ydarorieit
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OABLIOOPKE X, M METOJI, (4 BBIOEpeT JApyroil ajaroputM. B aTom cirydae
(WX=a4] = 0.

2. Ecm d = D < k, To MeTo1 (t BbIOEpeT HAMXY/IIUN aJrOpUTM B IENU ap TO-
[Jla U TOJIBKO TOTJIA, KOIjia Bee 00beKThI {Z1, ..., rp} OyIyT HAXOAUTHCS B KOHTPOJIHHOMN
noiBbIOOpKe X . B saToMm ciyuae

[:uX:ad] = [.771, ..., Tp € X]

3. Bo Bcex ocTaJIbHBIX CIydasx METOJI [t BBIOEPET aJrOPUTM dg, €CJIU TOJBKO BCE
0OBEKTHI {21, ..., Ty} OYIyT HAXOAUTHCH B KOHTPOJIBHOMN MOABBIOOPKE X, & 00BEKT Tg11 —
B oOy4arorieil moasbeioopke X . B atom ciydae

(WX =a4] = [2441 € X][21,...,14 € X].

Teneps moxkno nmpumenuts Teopemy 5.3.

Ecim D > k, To ajiropurMy ay COOTBETCTBYIOT CJIEyIONIAE 3HAYEHUSA apaMeTpPOB
(f1st yuporrenust 0003HAYEHHI BMECTO JIBOHBIX UHJIEKCOB L,, Oy/1eM HCIO/IBb30BATD O/H-
Hapuele Lg): Lg=L—d—1, lg=0—1, mg=m+d—d=m, s4(c) = %(m—i—d—ek‘).
Orcrona morydaeM yTBEpzKIeHIE TeOpeMbl i caydas D > k.

Ecim D < k, To aaropur™mam ag, . . .,ap_1 COOTBETCTBYIOT T€ K€ 3HAYCHUS ITapaMeT-
poB, uto u ipu D > k. Jljisg HAuXy/AIero ajropurMa ap OTJIAIAeTCsT TOJIBKO HapaMeTp
(p = (. Orciofia nojiydaeM yTBEP2KJIeHIe TeopeMbl Jjisd ciaydas D < k. [

3ameuanme 6.1. B xoje jjokazaTe/ibcTBa M0JIE3HO TPOBEPUTD, ITO BEPOSATHOCTH Py BbI-
YUCJIEHBI KOPPEKTHO W B cyMMe JatoT eauHuity. s cioydas D > k npoBepKa CBOIUTCS
K TPUMEHEHWIO M3BECTHOIO KOMOMHATOPHOTO TOYKJIECTBA!

D k D
SoR=Y a3 0= (OO =
d=0 d=0 d=Fk+ L

s ciiydag D < k To Ke caMoe TOXKJIECTBO MPUXOIUTCA IPUMEHUTD JIBAXK I, 3aMe-
THUB, 9TO Cﬁ_D = C’fj_lD_l 4+ C’f:

1
Pd = E(Ciil Cé —|— Ci D) = 1.
L

NE

T
o

BbiuncnutenbHblii akcnepumenT. [locTponM 3aBUCHMOCTH BEPOATHOCTU IIEPEOdyUe-
Hug (). OT TOYHOCTU £ U JUIMHBI nenu . 3a0JHO IPOBEPUM IOJIyUIEHHYIO (DOPMYIIY,
CPABHUB PE3YJIBTAT C IMIUPUIECKON OTEHKON Qg, BBIMUC/IEHHON Memodom Monwme-Kapao
mo N = 1000 ciyuaitabix pasduennii. ['pacdukn Ha puc. 6.4 mocrpoenst npu £ = k = 100
um = 20, To ecTb Korja Jgyqmuii aaroput™ gomyckaer 10% ommbok Ha moJHoit BLIGOpKe.
[TeccumucTuanas u pangoMusupoBannasgs MIP naror mouru oguHakoBbie OMeHKHT ().,
ONTUMUCTUIHAS — 3aMEeTHO 3aHUKEHHYIO OIEHKY, CM. JIeBblil rpaduk Ha puc. 6.4.
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6eposmHOCIIL nepeodyyenus 3ABLIUCHHOCTb (YHKYUOHALA PABHOMEPHOU CXOOUMOCHIU
1100

0.9 1 1000 1

0.8 1 900

07 1 800 3

06 700
600

0.5
500

04 1
400 1

0.3 1 300

0.2 200

0.1 1 100 1

0 1 01
0 082 004 006 008 010 012 0M  mounocms, eps 0 002 004 006 008 010 012 014  mounocms, eps
—— ToyHas oueHka —— necc.MOP — paHg.MOP
—— paBHomepHas ~ —— onT.MOP

Puc. 6.4. CiyieBa: 3aBUCHMOCTD OIEHOK BEPOSITHOCTU TepeolydeHust (). OT €: TOU-
nag orenka n3 Teopewmbr 6.1 u UeTbIpe OIEHKHU, BhlaucaeHHBIC MeTooM MonTte-Kapiio
mo 1000 ciayvailupix pasbueHuii: Jijig MeCCUMUCTUTHONW, ONTUMUCTUIHON W PaHIOMU-
supoanHoii MOP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIMOHAY PaBHO-
MepHoit cxommmoctn Po. Cripasa: CTENeHDb 3aBbIICHHOCTH dyHKIIMOHAIA PABHOMEDHOIT
exomocta P / Q<. Bee rpadukn nocrpoenst mpu £ = k = 100, m = 20.

seposmnocmy nepeodyyenus, npu eps=0.0500501 8EPOSMHOCHL
0.50 - 0.50 1
045 045
0.40
0.40 -
0.35 §
0.35 030
0.30 0.25 1
0.25 - 0.20
020 ] 0.15
0.10
0.15 -
0.05 1
0.10 01
0 5 10 15 20 25 30 35 4 yuco arcopumuos, D 0123456789 101112184 guoopumm,d
—— To4yHasi oueHka —— necc.MOP — paHg.MOP —— BepOSTHOCTb anroputva P(d)  —— BeposiTHOCTb nepeobyyeHus
—— paBHomepHas ~ —— onT.MOP —— Bknag d-ro anropumva B Qeps

Puc. 6.5. CieBa: 3aBUCUMOCTH BEPOATHOCTH I1epeolydeHus () OT YHCia aJrOpHUT-
MoB D. CropaBa: BepOSATHOCTD IMOJIYUIEHUsT KarKI0ro u3 aaroputmos Py = PluX=ay],
BKJIAJT KAXKJIOTO &JITOPUTMa B BEPOATHOCTH TIepeodyueHus (., 3HaueHue (; st IecCu-
muctuaaoit MOP 1o noaMuO)KeCTBy ajropur™Mos {ag, . .., a4} Kak MYHKIUS OT IUCIa
asropuTMoB d. Bee rpadukn nocrpoenst npu £ = k = 100, m = 20, ¢ = 0.05.

B skcriepuMenTe BbIMHCIsIIACh TaK:Ke IMIIMPUYIEcKas OlleHKa (DyHKIIMOHAJA PABHO-
MEPHON CXOAUMOCTH,

P. = Is[maxé(a,X) >

acA
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On «aBjsieTcsl 3aBBLIIMIEHHON BepXHEH OIEHKON BepodTHOCTH Tepeodyuenus, (). < P,
cM. crp. 28. llpaBbiit rpaduk Ha puc. 6.4 MOKA3BIBAET, YTO ITa OIEHKA MOXKET ObITh 3a-
BBIINICHHON B COTHU Pa3.

JleBorit rpaduk Ha puc.6.5 TOKa3bIBAET, YTO ¢ POCTOM YHUCJA AJTOPUTMOB B MOHO-
TOHHOIT 11e1n (DYHKITMOHAJ PABHOMEPHON CXOMUMOCTH P, TIPOJI0JIZKAEeT BO3pACTaTh, TOT/IA
KaK BEPOSTHOCTD TepeolydeHus (). moce H—8 aJropuTMOB BBIXOUT HA TOPU30HTAILHYTO
acuMmrrtory. Cornacuo Teopeme 3.4, oreHKa pPaBHOMEDHOW CXOJIMMOCTH 3aBBINIEHA N3-38,
TOrO, UTO OHa He yunTbiBaer sddeKT paccioenus. [1osTomy Kpusyio P. (BepxHsisi KpHBasi
Ha JieBoM Tpaduke puc.6.5) MOXKHO paccMaTpUBaTh Kak OINEHKY BEPOATHOCTH Iepeody-
YeHUus JiA yenu 6e3 paccaoenus. TosbKo coBMecTHOE posiBicHue 3hMEKTOB paccioe-
HUsI U CBI3HOCTH TOHUZKAET BEPOSITHOCTD TIepeo0yIeHusT 0 MPUEeMJIEMO MAJIbIX 3HATEHUIA.
DTOT K€ BBIBOJL OBLIT CJIeJIaH BBIMIE B SKCIIEPUMEHTAX CO CJIYIaHBIMU TIETISIMA.

Braadom Q- (a) areopumma a B BEpOSITHOCTH 1epeodydenust (). OyjieM Ha3bIBaTh Cla-
raemoe IoJl, 3HAKOM CyMMBbI » . B obireit (hopmysie BepositHocTH TIepeobyuenus (5.8):

a€A
Qs - sz'uf)av]{f,{w7 av (Sav (5)) .
av
acAveV,
Q- (a)

Puc. 6.5 (crpaBa) OKa3bIBaET, 9TO CYIIECTBEHHBIE BKJIAJIbI B BEDOSTHOCTD II€PE0dy de-
HUsI BHOCSAT TOJIBKO AJITOPUTMbI HECKOJIBKUX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO

JJISE MOHOTOHHBIX IIelei, HO U JIJIsl MHOTHUX JIDYTUX CEMENCTB aJrOpuTMOB.

Pe3iome

MojiebHBIE CeMelicTBa aJrOPUTMOB 3a/[al0TCsI HEIOCPEJICTBEHHO MaTPUIIAMU OIH-
00K, a He peaJbHbIMUH BbIOOpKaMu. MoOHOTOHHAsI IIeNb AaJrOPUTMOB — 3TO IPOCTOE,
U B TO K€ BpeMs HeTPUBHUAJILHOE, MOJEJIbHOE CeMelCcTBO, 00JIa aolnee CBOMCTBAMI pac-
CAOEHUSA U CBAZHOCTNU.

MeTo 1 TOpOXKIAIONUX U 3AIIPEIIAIONINX MHOXKECTB JIAET TOYHYIO OICHKY BEPOATHO-
CTH TIepeobyIeHus JIJIsT MOHOTOHHOM TEIN aJrOPUTMOB

MonoToHHas Ielb aJropuTMOB IOYTH HE IepeodydaeTcs. JTOT (aKT CIYKUAT KOC-
BEHHBIM ODOCHOBAHUEM JIJIsl IIPOIEIYP OJIHOMEPHON ONTHUMHU3AINU, KOTOPbIE YACTO IIPH-
MEHAITCA B MallITUHHOM O6y‘{eHI/II/I JJI Bbl60pa O/THOI'O KPUTHUYCCKHU BazKHOI'O ITapaMeTpa
o orozerHoit Beibopke (hold-out model selection), Hampumep, KOHCTAHTBI PeTy/IspHU3a-
AN, TIAPWHBI OKHA, CIJIa’KUBAHUS, W T. I1.

B cnepytowein nekuuun Mbl BBEJEM TOHATHE TI'pada PacC/IOeHUsI—CBI3HOCTU CeMeli-
CTBa aJrOPUTMOB U MOy 9UM BEPXHIOIO OIEHKY BEPOSTHOCTH 11epeodyIeHns, IPUMEHUMY IO
K IIPOM3BOJILHBIM CeMeiicTBaM, KaK MOJIEJIbHBIM, TaK U peajbHbIM. B olIeM cirydae 910
MMEHHO BEepXHd OIEHKa, OJHAKO JIJIT MOHOTOHHBIX TleNeil 1 HEKOTOPHIX JIPYTUX MOJC/Tb-

HBIX CEMEHCTB aJrOpUTMOB OHA ABJAACTCA TOYHON.
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Ynpa>kHeHust

B ciepyomux ynpaxKHEeHUSIX TPEJIaraeTcs BbIBECTH TOYHYIO ONEHKY BEPOATHOCTU
nepeobydenust (). JJiT HEKOTOPOI'O MOJEIBLHOTO ceMeiicTBa ajiropuTMoB A, B KOTOpoMm Bce
BEKTOPBI OMIMOOK TorapHo pasndubl. [Ipesmnonaraercsa 4ro MeTo/1 00yUeHus [ sABJISAETCS

IIeCCUMUCTUYHOI MI/IHHMI/IS&HI/IQIZ OMIIMPUIECKOI'O pHUCKa.

Bamada 6.1 (1). MnuoxectBo A ects m-it cioit L-meproro OymeBa kKyba. Cocrout
n3 Bcex C]' aJropuTMoB, JIOIYCKAIOIINX POBHO 1M OMIMOOK Ha ITOJIHOW BBIOOPKE X.

Bamada 6.2 (2). Uurepsas panra m B L-meproMm Gysesom Kybe. 3agaéres pasbueHuem
BceX OOBbEKTOB Ha TPHU I'PYIIBL: My «BHYTPEHHUX» OOBHEKTOB, HA KOTOPBIX HU OJUH U3 aJl-
FOPUTMOB HE JIOITYCKAET OIMUOOK; 1M1 «IyMOBBIX» 00BEKTOB, HA KOTOPBIX BCE AJITOPUTMbI
JIOITYCKAIOT OIMUOKHU; U 1M <«IIOI'PAHUYHBIX» O00BEKTOB, Ha KOTOPBIX peanusyiorcsd Bce 2
BapUaHTOB JIONMYCTUTH OmMuOKU. Ipyrux o6bekToB Her: mgy + my +m = L.

Bamada 6.3 (1). IlommHO)KecTBO MHTepBasa paHra m B L-mepHOM GysieBoM Kybe, co-
CTOsIIIee U3 TeX U TOJIBKO Te€X aJrOPUTMOB, KOTOPBIE JIOIYCKAIOT POBHO ¢ OMMOOK Ha I10-
rpaHUYHbIX 00bekTax (t-ii csioit maTepBasa cocrout uz Cf aaropurMos).

Bamada 6.4 (1). ITogMmHOXKeCTBO MHTEpBaJa paHra m B L-MepHOM Gy/1eBoM Ky6e, coCTo-
sIee U3 TeX U TOJBKO TeX aJI'OPUTMOB, KOTOPBIE JIOIYCKAIOT He Oojiee t ommboK Ha I10-
IPAHUYHBIX 00bEKTax (t HUKHUX CJIOEB UHTepBaJia, C% + -+ Cfn a.HFOpI/ITMOB).

Bamaga 6.5 (1). A= {ap,a1,...,ap} — equHUYHAT OKPECTHOCTH JIy9UIErO AaJIrOPUT-
Ma ag. Comepzkur D aJropuTMOB € IIOIAPHO PA3IMYIHBIMUA BEKTOPAMHU ONIMOOK, KazKIbIi
U3 KOTOPBIX JIOIIYCKAeT Ha OJHY OMUOKY GOJIbINe, 9eM dq.

Bama4da 6.6 (3). A={ap,a1,...,ap,d},...,ap} — cuMmMerpudHas yHUMOJATbHAS [IE1Th
asropuT™MoB. Jlesas 6emen ag, ay, . ..,ap U NPa6as 6MEs ag, dl, . .., a, SBJISIOTCI MOHO-
TOHHBIME IEIsAMEI ¢ OOIIUM aJIFOPUTMOM (g, KOTOPBI HA3BIBACTCA AYHULUM 6 UEnU.

Bamagda 6.7 (4). A= {ap,a1,...,ap,a},...,da} — HecuMMeTpHUUIHAS YHUMOIATbHAS
nenb anaropur™os, D # D'. Jlesas eemev ag,aq,...,ap U NPa6as 6emev g, dy, .. .,an

ABJIAIOTCA MOHOTOHHBIMU ITEIIAMU C 06H_II/IM AYHUUM AJITOPUTMOM A .

Bama4da 6.8 (5%). BoimpsimiienHas 1ielib ¢ YPOBHEM OIMUOOK 1M — MHOYKECTBO BEKTOPOB
omuboK ag, ay, . ..,ap Takoe, 910 n(aq, X) = m + (d mod 2) u XIMMUHIOBO PACCTOSIHIE
plag,aq) = |d — d| s mobsix d,d =0,...,D.

Bagaua 6.9 (5%). Marpuia ommboK m-JuaroHajibHa, TO €CTh AJTOPUTM (g JOIYCKAET
OMMMOKM Ha O0BEKTAX Tgiq, - - -, Latm, d =10,...,D.

Bamaga 6.10 (10*). IIpomsBosibHAas IENb AJITOPUTMOB.
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NpakTnkym

B npakTnaeckoMm 3a1aHIn Mpe/ytaraeTcs peaan3oBarh Aaroputm 6.2 1 HCIo/Ib30BaTh

ero JJid IIPOBEPKN TEOPETUYICCKUX OICHOK M MCCJIeJOBaHMsA HOBBLIX CEMENCTB.

Bamada 6.11 (5). Hanucarh nporpaMmy, mo3BOJISIFOIILYTO:

reHepHpOBATh MOJIebHbIe cemeiicTBa asroputmoB A = {aq,...,ap} B Buje OGuHap-
HOIT MaTpuIpl ommMboK pasmepa L X D (B MarTpurie ommboK He JIOJKHO ObITH OJI¥-
HAKOBBIX BEKTOPOB OIMMOOK ); JIETKO 3aMEHSTh T€HEPATOPDI JAHHBIX;

BBIYTUC/IATH TOYHBLIEC BEPXHHE M HHUXKHUE OICHKN BEePOATHOCTU Hep€O6y‘{eHI/IH, eCcJin
COOTBETCTBYIOIIIUE (bOpMYJIbI HU3BECTHDI;

BBIYUC/IATH IMIUPUIECKHE OIEHKU BEPOATHOCTU Iepeolydenusi Metojom MomnTte-
Kapso, 1.e. mo ciayvaitnomy mogamuoxkectBy u3 N pasbuennit (X X ); Tpebyercst
BBIYUC/ISATh TPHU OIEHKU, COOTBETCTBYIOIIME TPEM CTpATErHaM BbIOOpaA aJrOPUTMA
B cJIydadxX HEOTHO3HATHOIO MUHUMYMa, SMIUPUIECKOTO PUCKA!

— BepXHsAS ONeHKa (. JIJTA TECCUMUCTIIHOTO [hyec (Xy/Tmmit U3 Ty g ) ;

— HUKHSS OIIEHKA @6 JUTSL OIITUMUCTUIHOTO [lopy (JIYUIIUI U3 JTy 9IITHX );

— CpeJTHss OleHKa (. [T PAHIOMUSUPOBAHHOTO [lpay (CIIyTIalHDIN U3 JIyIIIHX);

CTPOUTDH TpadUKM, OTKJIJbIBAS 110 OCH X YHCJIO HEPBbIX d ajropurMos (b0, Kak
BapUaHT, HOMEp CJIOs M), 10 OCH Y :

— SMIHUPHUYECKHe OIeHKH (., Q Q- VISt TIOIMHOKECTBA A(d) =A{aq,...,aq};

— TouHbIe 3HAUEHNS ()., Q QE qutst opmuozkectBa A(d) (ecom n3BecTHBI);

ecsm 10 0cu X OTKJIQJIBIBACTCA 11, TO 110 OCH Y JIOTIOJTHUTEIHHO OTKJIAIbIBAT:

— YHCJI0 aJTOPUTMOB B 11-M CJIOE;

— J10J11 pa3bueHnit, Ha KOTOPBIX N(fyec X, X) = m;

m
— JI0J1s1 pa3bueHuii, Ha KOTOPBIX N flonr X, X) = m;

crpouTh rpaduKu, B KOTOPBIX MO OCH Y OTKJI&JIbIBAIOTCS TOYHBIE (€CIIM MU3BECTHDI )
1 SMIIPUUCCKHE 3HAUeHns (., Q Qa, o ocu X:

— YUCJI0 ONMUOOK JIYUIIEro aJrOpUuTMa 1m;

— nyinHa 00y deHus ¢, pu OJTHOBPEMEHHOM pPOCTe JIJIMHBI KOHTpOoss { = k;

— JunHa o0y4eHus ¢ npu (PUKCUPOBAHHON JI/IMHE KOHTPOJIA k)

— JUTHHA KOHTPOJI k 1pu (DUKCUPOBAHHOM JijTiHEe 00ydeHus £.

Crenyromas cepust 3ajad HANpaB/IeHa Ha SKCIEPUMEHTATLHYIO IPOBEPKY OIeHOK

U HMCCIIeI0BaHIe 3aBUCHMOCTel (., Q Q6 OT TTapaMeTpPOB MOJIETLHOTO CeMelCTRA.

Bamada 6.12 (3). MonoroHHas 1enovuka ¢ mapaMerpamu m u D.

Bamada 6.13 (3). YuumojasibHag 1eMouKa ¢ napamerpamu m u D.

Bamada 6.14 (3). Eaunudnas OKpeCcTHOCTH ¢ mapamerpamu m u D.
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Bamagda 6.15 (8). Unrepsas OyieBa Kyba ¢ mapaMeTpaMu 1My, mq, M.

Cretyromuit SKCIIepUMEHT HallpaB/IeH Ha IPOBEPKY I'MIIOTE3bI, YTO MOHOTOHHAIA Ile-
[OYKA U IeroYKa CIyIailHbIX HHBepCHil |75] BemyT cebs NpaKTUIecKu OJUHAKOBO ¢ TOUKH

3peHus 1epeodyIeHusl.

Bagaua 6.16 (3). CpaBHuTb, IpeJICTABUB HA OHOM I'paduKe, TOUHbIE 3HAUCHUST (. J1JIsT
MOHOTOHHO# TEIOYKHU, UX IMIIMPUIECKAE OIEHKU U SMIMPUIECKUE ONEHKU (). JJIs Tie-
MMOYKK CJIYyIaflHbIX WHBEPCHUIl TP OJMHAKOBBIX m. Kak MeHdroTcs pa3andns Mexay (-

MOHOTOHHO TMEMOYKN U TEIMOYKN CJIyIaifHbIX mHBepcuii ¢ pocroMm £ u m?



= 063 =

7 OueHkun paccnoeHUss—CBSA3HOCTU

IlepBble oneHKN BepodgTHOCTU IepeoOyueHns Jjisd IPOU3BOILHOIO MHOXKECTBaA aJro-
PUTMOB A, yYUTBIBAaBIINE PACCIOCHHE U CBA3HOCTD, Oblin nostydensl B 2009 romy nezaBu-
cumo [1. Kouegpikoseim u U. Permernsaxom. B |76] 6bL1a npeoxkena omeHka, OCHOBAHHAST
Ha PEKYPPEHTHOM BBIMUCICHUH HOPOZKIAIONMX U 3alIPEIAIONINX MHOXKECTB IIPH I0OYe-
péIHOM J100aBIeHNH aaropuT™MoB B A. Eé mokasaTesbeTBO OBLIO TOBOJIBLHO IPOMO3IKIM;
KpOMe TOro, TpeboBasock, 4ToObl B A cylecTBoBaj KOPPEKTHBII aJIrOPUTM, He JIOIyCKa-
oIl OIMMOOK Ha reHepaJsibHOI BbIOOPKe. [To3xke onenka Oblia yirydineHa, orpaHudeHne
KOPPEKTHOCTHU CHATO, U HaiiJIeHO IIPOCTOE JI0KA3aTeIbCTBO, KOTOPOEe IPUBOJANTCA HUZKE.

§7.1 [pad paccnoeHns—cBsi3HOCTU

Hamomuum ocHOBHBIE 0003HAYECHUS:

X ={x1,...,2,} — KOHEUIHOE MHOKECTBO OOBEKTOB;

A — MHOXKECTBO aJIrOPUTMOB;

I(a,x) — napukarop omubku aaropurma a € A Ha obbekre r € X;

n(a, X) — aucsio omubox anroputma a #Ha Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEK/Iy BEKTOPAMHU OMMOOK aIropuT™MoB a u b;
A, ={a € A: n(a,X) = m} —m-t caoti muoxkecTBa A.

Bynem nostarath, 910 Bce BEKTODPBI OMIMOOK 4 = (I (a,xi))le, [OPOKJIa€MbIE AJIIO-
put™mamu a u3 A, monapHo paziandibl. Ecu 31o He Tak, TO aJropuTMbl, COOTBETCTBYIOIIIE
JIyOJIMPYIONINM BEKTOPAM OIMMOOK, UCKJIIOUNM U3 MHOXKeCTBa A.

Bgeném na A ecrecTBeHHOE OTHOIIEHHE MTOPsiIKA: ¢ < b TOTIa U TOJIBKO TOI/Ia, KOT/Ia
I(a,z) < I(b,x) na Becex x € X. Oupenenum a < b ecim a < b u a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 9to a npedwecmeyem b
u 3amuceBarh a < b. OueBnano, 1ro n(a, X) + 1 = n(b, X).

Onpenenenune 7.1. ['pagom paccroerus—ceasHoCmu MHOMKECTBA aJIrOPATMOB A Oyrem
HasbIBaTh HanpasJeHHbli rpag (A, E) ¢ maoxkecTBOM pébep E = {(a, b): a < b}.

['pad paccioeHusI—CBI3HOCTU SIBJISIETCST MHOI'OJOJBHBIM, JTOJIM COOTBETCTBYIOT CJIO-
M A, pEOpaMu MOTYT COEIUHSITHCST TOJIBKO aJTOPUTMBI COCEJTHUX CJIOEB.

Kazxtomy pebpy a < b rpada pacc/ioeHusi—CBI3HOCTU COOTBETCTBYET OJUH M TOJILKO
OJIMH O0BEKT Ty € X, Takoil, uro [(a, xq,) = 0 u 1(b, x4) = 1.

IIpumep 7.1. Ha puc. 7.1 nokazan rpad paccioeHusCBA3HOCTH, TTOPOKIAEMbBII ceMeii-
CTBOM JIMHEHHBIX aJTOPUTMOB Kjaaccudukaiuu Ha BbiOOpke bl L = 10. Havaabubrit
¢dparMeHT ero MaTpHUIlbl OMMUOOK MPUBOIMICA Ha puc. 1.2, crp. 9. Bribopka jmHeitno pas-
JieJINMa, TI09TOMY B rpade nmMeeTcs HyJIeBOI CJI0N, COCTOANINN U3 €IMHCTBEHHON BEPIIIIHDI,
COOTBETCTBYIOIEH Hy/IeBOMY BeKTOPY oimubok. [lepBoiit ciioit obOpasyercs H ajropurMamu

C OJIHO¥ OMMOKO#t, BTOPOIl /IO — 8 aJI'OPUTMAMU C JIByMsI OIMUOKAMM, U T. .

B Tunmunom ciaydae rpad paccioenus—CBA3HOCTH n30MopdeH rpady TPaH3UTUBHOM
PEeyKITUU OTHOIIEHUST TOpsIKa <, Ha3bIBAEMOMY Takxke duazpammoti Xdcce. Oriuine
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Puc. 7.1. llpumep rpacda pacciioeHus—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBLHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kiaccudukanuu Ha BbIOOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kjacca (BBepXy
crpasa). [lepsbiii cioit o6pasyercst 5 ajaropurMamu ¢ OJHOl omubKkoii (BHU3Y ciieBa),

BTODOIt €J10#i — 8 ajropurMamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B TOM, 4TO B rpade (A, ) pébpamu COeJIUHSAIOTCS TOJBKO AJTOPUTMBI, OTINIAIONTHECS
Ha OJIHOM OOBbEKTe, TOIJIa KaK B JiarpaMMe Xacce péOpaMu COEJMHSIIOTCA TaKxKe U ajl-
TOPUTMBI a, b, oTyimgatonuecs 6ojiee 4eM Ha OJIHOM O0bEKTe, €CJIU He CYIIECTBYET TaKOTO
c € A aro a < ¢ < b. B obmem ciaydae rpad paccioeHUSI—CBI3HOCTH SABJISETCS I0/I-
rpadoM JuarpaMMbl Xacce eCTeCTBEHHOINO OTHOIIEHNS MTOPSAIKa Ha MHOYKECTBE OMHAPHBIX
BEKTOPOB OIINOOK BCEX AJITOPUTMOB cemeiicTBa A.

§7.2 OueHku paccnoeHnsi—CBSA3HOCTU

OcnabneHne metoga nopoxkaatowmx 1M 3anpeLaromx MHoxecTB. HamomuanM, 910
JUUTS TIOJTYY€HUsT TOYHBIX OTIEHOK 0000IIAOIIEeN CTIOCOOHOCTH MBI 3ITMCHIBAIN HEOOXOIMMOe
u jocrarogroe yciaosue (5.5) Toro, 4To aaroput™m a € A BbIAETCS METOJIOM [t B PE3Y/Ib-
Tate obyuenns 1o Bobopke X € [X]%:

nX=a] = 3" 6 [Xeo C X] [X, € X].

veVy
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Ociabum 310 ycjioBue.

Bo-niepBbix, orpanndanMcst HeOOXOIUMBIM YCJIOBUEM, YTO PABHOCUJILHO 3aMeHe paBeH-
CTBa OLEHKOW CBEpXY.

Bo-BTOpBIX, 4TOOBI yIIPOCTUTD OIEHKH, JIJIs KaXKJIOT'0 aJI'OPUTMa Oy/IeM UCKATh TOJIb-
KO OJIHY IIapy U3 HMOPOXKJAIONIEr0 U 3allpelialoniero MHOXKeCTBa, U 1oJaraTh Cqy = 1.

I'unoresa 7.1. Ilycrs MHOMKECTBO A, BBIOODKA X H METOJ i TAKOBBI, ITO JIJIST KAXKJ[OT'0
ajropurmMa a € A MOXKHO yKazaTh nopooicdarowee MHOKecTBO X, C X I 3anpewarowiee
mvuoxkectBo X! C X, y/10B/I€TBOPSIONTHE YCTOBUIM

[1X=a] < [X, C X][X, CX], VX e[X" (7.1)

Ecau runoresa 7.1 BepHa, TO clipaBe//INBa BEpPXHsisl OIEHKA, aHAJOIMIHAA TOIHOI
onerke u3 Teopembr 5.3 (J0Ka3aT€IHCTBO TPUBUAJILHO BOCIIPOM3BOUTCS AL 38 IArOM):

_ . _ O
Q-< Q.= PH"™ (s4(2)); Pu= R (7.2)
acA L
La::-L'_|)QJ'_|A$h
by =0 — | X,l;

mg = n(a, X\ X\ X));

sa(e) = £(n(a,X) — ek) — n(a, X,).

Besmuwnna P, sBiisiercss BepxHeil orenkoit Bepositaoctu P, = P[uX = a] noxyuurs

aJropuT™ @ B pedysabrare odydenus. [lockonbky > P, =1 u P, > P,, Beqmuuna » , P,
acA acA
CKOpee BCero, okazkercs Oosibieii ejaunuipl. OHa Oyaer NpuOIM3UTEIHHO paBHa CTEIeHN

3aBBIINIEHHOCTU OIEHKHU BEPOSITHOCTH ITepeodyIeHnst (). .

BepxHsas oueHka BeposaTHOCTU nepeobyyeHus. st KaxKjioro aaroputMa a € A orpe-
JICJTM JIB& MHOXKECTBa 00BEKTOB: X, — MHOXKECTBO OOBEKTOB X 45, COOTBETCTBYIOIIUX BCE-
BO3MOXKHBIM pébpam rpada (a,b) € E, ucxonsmmm u3 a:

X, = {xab eX:a< b}, (7.3)

u X — MHOXKeCTBO 00BbEKTOB & € X, TaKNX, ITO ¢ ONHOAETCS HA T U CYNIECTBYET JIy it
ajroput™ b < a, KOTOPBIi He ormmbaeTcs Ha X:

X, ={z€X:b<c<a}. (7.4)

Jlemma 7.1. FEcim p — MeTos; HeCCHMUCTHIHOH MHUHUMH3AIAA SMIHPHIECKOIO DHCKA,
ro muoxkecrBa X, (7.3) u X! (7.4) ABssiorcss, cCOOTBETCTBEHHO, ITOPOXK TAIOIIHM U 3aIIDE-
MarOIIIM JIJIS aJlOPHTMAa @ B cMbIcje I'umore3pr 7.1.

HokazarenbcTBo. Jlokaxkem or mporuBHOro, uro ecin puX = a, 1o X, C X u X! C X.
Homycrum, aro Haiinéres xq, € X,, He nexamuit B X. Torma n(a, X) = n(b, X),
ITOCKOJILKY BEKTOPBI OIMHUOOK @ U b OTJIMIAIOTCA TOJBLKO Ha 00BEKTE Xy, B TO 2Ke Bpems,
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n(a,X) + 1 = n(b,X), mosTomy i1 METONA (i, B CUIYy €r0 HECCHMUCTHIHOCTH, BBIOOD
ajropurma b 11o Beioopke X OyIeT mpearouTuTeIbHee, 9eM @, 9TO IPOTHBOPEUHUT YCIOBUIO
uX = a. 3naqunt, X, C X.

Homyctim teneps, aro maiinéres x € X!, nexammuit B X. Torma cymectyer b € A,
st koroporo n(b, X) < n(a, X). Tlockosbky MeTOH (1 MUHUMHU3UPYET SMIUPUIECKUI
PHUCK, BBIOOD ajropuT™a b OyJeT NpeouTuTe/ IbHee, YeM @, YTO POTUBOPEYHUT yCJIOBHUIO
puX = a. 3naunt, X! C X.

Jlemma J1oKa3aHa. [

Ounpenesienne 7.2. Beprnet ceaznocmuio q(a) (upper connectivity) amropurma a € A
OyJ1eM Ha3bIBATH 9HCJIO PEOED rpaca, UCXOJANIUX U3 BEPIIHHBI O

q(a) = |X,| = #{zw € X: a < b}.

Onpenenenne 7.3. Huowchel ceasnocmoro d(a) (lower connectivity) aiaropurva a € A
OyJIeM Ha3bIBATH YHCJIO PEOED rpaca, BXOJSIINX B BEPIIHHY O

d(a) = |D,| = #{ap. € X: b < a}.

Cesasnoctb ¢(a) (wm d(a)) ectb peanusyemoe ceMeiicTBOM A 9UCIO CrIOCOGOB H3Me-
HUTBH aJIFOPUTM @ TaK, 9TOObI OH CTas JieJaTh HA OJHY ONMOKY GoJiblie (UM MEHbIIE).
CB#3HOCTb MOYKHO MHTEPIPETUPOBATH KaK IHUCJIO CTereHeil cBobobl cemefictBa A B J10-
KaJIbHOI OKPECTHOCTH aJroputMma a € A.

Onpenenenne 7.4. Heonmumanvrocmuvio r(a) (inferiority) amropurma a € A 6ymem
Ha3bIBATH IHCJIO OOBEKTOB T € X, Ha KOTOPBIX aJTOPHTM G OIIHOAETCSI, IPH TOM, UTO

cymectByer ajropurm b € A, sryummii, yem a (To ectb b < a), He ommbaronuiicst Ha T:
r(a) = |X}| = #{zp. € X: b < c < a}.

B repmmnax rpada pacciaoeHus—CBA3HOCTH 1(a) €CTh YHCIIO0 PA3JIMIHbIX 0ObEKTOB
Tpe, COOTBETCTBYIOIIMX BCEBO3MOXKHBIM péGpaM (b, ¢) Ha MyTdAX, BEJLyIIUX K BEPIIUHE a.

CupaseminBo Hepasenctso d(a) < r(a) < n(a, X).

Pagencrso r(a) = d(a) qocruraercst Ha BCceX aaropuTMax JABYX CAMBIX HIZKHUX CJIOEB.

Pagencrso 7(a) = n(a, X) mocruraercst B cydae, Korja CymecTByeT KOPPEKTHbIH ajl-
roput™m ag € A: n(ag, X) = 0.

Teopema 7.2 (ormeHKa pacciioeHusi—CBSI3HOCTH). [IycTh 1 — MeToj HecCUMHUCTHY-
HOH MHHHUMH3AIIHH SMIIHPAIECKOrO PHCKA, BEKTOPBI OIMMUOOK BCeX ajropuTMoB u3 A mo-
IapHO pa3/mdHbl. 1or/1a HMEeT MECTO BEPXHSIST OIEHKa BEPOSITHOCTH IEPeodyIeHUs:

CLlr pyrgmer
Qe X) <Y =5 Hy 0 (£(m = <k)), (7.5)
acA L

e q = q(a) — BepxHsist cBsi3HOCTH, T = 1(a) — HeonTUMaIbHOCTH, M = n(a, X) — 4mcso
OIIMOOK aJrOPHTMA G Ha TeHepaJIbHOH BBIOOPKE.
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HokazareabcTBo. [laHHas OIEHKa CJIelyeT HEloCpeICTBEeHHO u3 obieii orenku (7.2)
u Jlemmbr 7.1, ecin 3aMeTUTh, 9TO MPOU3BOJIBHBIN ajaroput™ a € A ommubaercss Ha BCex
00bEeKTaX 3aIPEeIaioNero MHoKecTBa X, 1 He omubaeTcs Ha BCeX 00BEKTax MOPOKIAi0-
mero muoxkectBa X0 | X,| = q(a), n(a, X,) =0, |X!| =n(a,X])=r(a). ]

PaCCMOTpI/IM HEKOTOPbIE CBOIICTBA OIEHKHN PaCCJIOCHUA—CBASHOCTHU.

1. Braromapsi KOMOMHATOPHOMY COMHOXKHUTEJTIO Ci_—?}—r /C% BKJ1aJ] KasK10r0 aaropuT-
Ma G B OIEHKY QS SKCIIOHCHIINAJILHO y6bIBaeT C POCTOM HEOIITUMAJIBHOCTH 7" 1 CBA3HO-
ctu q. OTcrofa CIeIyioT JiBa BayKHBIX JIJIsT TIPAKTUKKA BBIBOA. BO-TIEPBBIX, CBSI3HBIE Ce-
MelicTBa MeHee IMOJIBEPXKEHbI MepeoOydeHnio. Bo-BTOPBIX, TOJIBKO HUXKHUE CJIOU BHOCAT
CYIIIECTBEHHBIN BKJIaJ| B IlepeoOydenue. Biarojaps rnocjiemsHeMy oOCTOATENIbCTBY CTaHO-
BUTCS BO3MOXKHBIM 3P DeKTUBHOE TPUOJIMKEHHOE BBITUCICHIE QE 110 CJIOAM CHU3Y BBEpPX.

2. Ecnm nmpenebpedb pacc/ioeHUEM U CBA3HOCTBIO, MOJIOKUB 7 = ¢ = () 71 KazKJI0ro
a € A B dopmyre (7.5), o nomyuanrcs syurras u3z VC-onenok (3.3):

Q-(1,X) <Y H™ (£(m —ek)) .

acA

3. Omnenka paccIoeHns CBA3HOCTH fABJIAeTCA JocTHKIMOi. Hepasencrso Q. < Q.
HEepeXoJIUT B PABEHCTBO, Korja ycjosue (7.1) sBigercs paBencTsoMm. lpyrumu ciioBa-
MH, Korjia ycsaosue [ X = a], BbIpazKeHHOE C ITOMOIIBIO €IMHCTBEHHON HAapbl MHOXKECTB
(X4, X)) nst moboro anroputma a € A, sIBIsIeTCS He TOJIBKO HEOOXOMMBIM, HO U J0CTa-
TOYHBIM. DTO TaK, B YACTHOCTH, JIJIsl MOHOTOHHOI TieTn ajaropuT™oB (cTp. 56) u eé MHOrO-
MepHOro 0000ITEeHNsT — MOHOTOHHOI CeTH aJI'OPUTMOB, KOTOpas Oy/IeT pacCMOTPEHa, HUKE.

4. OrneHKa pPacc/I0eHUsi-CBI3HOCTU TPUHUMAET OCOOEHHO IMPOCTON BUJI, KOIJa B Ce-
MeiicTBe A CyIecTByeT KOPPEKTHBIN aaroput™ ag: n(ag, X) = 0. Takue cemeiicra Oynem
Ha3bIBAThb KOPPEKMHBLMU OTHOCUTEIHLHO BHIOOPKHU X.

Teopema 7.3. FEcim p— MeTos MeCCAMUCTHIHON MUHUMHU3AIHA IMITHPUIECCKOTO DUCKA
1 ceMeiicTBO A KOPpPEKTHO, TO

oF
Q-(1,X) <) LC_—qf_m [m > ek], (7.6)

acA
e ¢ = q(a), m = n(a,X).

HokazaTenabcTBo. Eciim B A cymecTByeT KOPPEKTHBIN aJrOPUTM (g, TO HEOIITHMA/Ib-
HOCTB J1I000ro asropur™a a € A paBHa unciay ero ommbok, r(a) = n(a,X). ITosromy

B (7.5) moxuo mojcrasuth m — r = 0. Torga, cormacuo Jlemme 5.7 (cTp.48), runepreo-
a0 (£(m —¢ck)) = [m > ek]. Orciona

BBITEKACT YTBEPXKICHUE TEOPEMBI. |

MeTpUIeCKOe paclpeiesieHue BbIpoxKaaercs: Hy o-

§7.3 Tlpocdunnb paccnoeHNss—CBA3HOCTHU

B psne caygaes obmias onerka (7.5) npuBoguTes K 6oJiee yI00HOMY BHLY.
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Onpenenenue 7.5. [Ipopurem paccroenus—cea3zHocmu MHOXKECTBA aJrOPUTMOB A Ha-
3BIBAETCSI  MATPHILA (Amq) pasmepa (L+1)x(L+1), rge A,,, — 9uc10 aaropurMoB
B M-M CJIOE CO CBSI3HOCTDHIO (:

JAWE Z[n(a,X) =m][q(a) = q].

acA

Teopema 7.4. Ilyctp rpach paccioeHUs-CBI3HOCTH HMEET HCTOK — €JHHCTBEHHBIH aJI-
TOPUTM (g, OT KOTOPOIO MOXKHO JI0OpaThCs 110 pébpam 10 JIIoOOTo JPYroro aJropurMa
 mg = n(ag, X). Tora cripaBeynBa BepXHsIsi OIEHKA BEPOSITHOCTH 11€PE00Y ICHUST

L L
C m-+mo mo
Q=< ZAqu"O—ﬁHi “ I (£ = k). (7.7)

m=mo q=0

HokazaTeabcTBO. Bo3bmém mpousBosibHbIl ajaroput™ a € A. B cuny eauncTBerHOCTH
HCTOKa BCEe 3allperiaone 00beKThl n3 X, Haxoudaresd na pédbpax rpada, CoCTaBIISIONIX
BCEBO3MOKHBIE TIYTU MeKJy BepITMHAMU ag U a. [IocKoIbKy Bce 3TH myTH MMeT 00-
Iee HAvaJo ag ¥ OOIIHiT KOHEI| a, 9NCJI0 00BeKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) —mg. C 1pyroii cTOpoHbI, OHO 2Ke paBHO 7'(a). 3HATWT,

f q(a)

Z Z o Q(a m+m0 Hi q(((jz)iZSerg (%(m—ek)).

m=mg a€Am

HeperyHHI/IpOBaB CJlara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIpEJC/ICHUEM HpO(bI/IJIH pacCJIOEHUA—
CBA3HOCTHU, IIOJIYIUM YTBEP2KACHUEC TCOPEMDI. |

Teopema 7.5. IlycTp BepHBI IIPEAIIOIOMKEHNST MPEIBLIYINEH TeOPEeMbl U UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mg = n(ag, X) = 0. Torga crpaBeymmBa BepXHsIsI OIIEHKA
BEPOSITHOCTH 1TePe00y IeHI T

- CL ~L—g—m

:( q:

HokazarenbcTBo. B onenky (7.7) mogacrasum mg = 0. ['unepreomerpudaeckoe pacipejie-
JIeHWe BBIPOXKIaercs coraacHo Jlemme 5.7, oTkyna u mosydaem orenky (7.8). ]

CyIHeCTBOBaHI/Ie HNCTOKa — JOBOJIbHO CHJIbHOE IIPEIIIOJIOZKEHNEe, 1N B OOJILIITNHCTBE
HPaKTUIECKUX CI/ITyaHI/If/'I OHO H€ BBIIIOJIHACTCA. HpeﬂHOJIO}KeHI/IQ KOPPEKTHOCTU eLue CHJIb-
Hee, ITOCKOJIbKY BBOJAUTCA JOIIOJIHUTEJIbHOE Tpe6OBaHI/Ie, 4TOOBI UCTOK OBLI KOPPEKTHBIM

asropuT™oM, mgy = n(ag, X) = 0.

NmnoTte3a o cenapabenbHocTu npodcduna paccnoeHusi—ceasHoctu. Ha puc. 7.2 1no-
Ka3aHbl TPadUKH 3aBHCHMOCTH® Apg OT M ¥ ¢, JJI MHOXKECTBA JIHHEHHBIX aJIrOPUTMOB
KJIacCUpUKAIUN U JIMHEHHO Pas3Jie/IMMbIX JIByMEPHBIX BBIOOPOK Jiinubl L = 20, 50, 100.
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mq A

mq

20 50

Puc. 7.2. IIpoduiu paccioeHnsi—CBI3HOCTH JJIsi IBYMEPHBIX BBIOOPOK JiyinHbl L = 20,
50, 100, 200. IIpodunae A,,; —3TO KOJUIECTBO aJITOPUTMOB C UHCIOM OIIHOOK m
Ha T'eHePaJIbHOM BBIOOPKE U CBA3HOCTBIO (.

Buano, 9To npoduib CBA3HOCTH KOHIIEHTPUPYETCA B TOYKE ¢ = 2, YTO COBIAJIACT
¢ pa3MepHOCTHIO mpocTparcTBa. C yBeTmdeHneM JIJIMHBI BBIOOPKHU JIOMIHUPOBAHIE JTAHHOMN
KOMITOHEHTBI ITPOMUIIsT TOJTHKO YCUIUBACTCH.

[nsas vHa rpaduKu, MOXKHO BBIABUHYTH T'HIIOTE3Y, YTO HPOMUIL PACCIOCHUI—CBI3-
HOCTH A, AABJIAETCH C BBICOKOI TOUYHOCTBIO CENnapabesvHvim:

Amg S AmAg,

rae A, —xodddunuenT pasHoobpaszusa m-ro Caod, A, — JOJId aJITOPUTMOB, MMEIOITIX

cBs13HOCTH ¢. OYeBUIHO, BBITIOJHSIETCS YCJIOBHE HOPMUPOBKU Ag + - - - + A\, = 1.

L

L
Bekrop (A,,) IpeJIIaraeTcst HasbIBaTh NPofiuaem paccaoenus, a BEKTop (Ag) =g —

m=0

npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.
JlokazaTeIbCTBO THIIOTE3BI certapabesIbHOCTH MTOKa OCTAETCsS OTKPBITOI IIPOOJIeMOii.

8]3I::I“II/IC.J'II/ITeJ'H)HI:Ie 9KCIIEPUMEHTDI BLIIIOJIHEHDbI Nieéit Pemmernsikom.
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Pe3iome

MeTo TOPOXKTAIONNX W 3AIIPENTAIONINX MHOYKECTB CYIIECTBEHHO YIIPOIAETCs, eCIIH
JUTA KazKJIOTO aJFOPUTMA 3aIMCaTh JIUIIb HEOOXO/IUMbIe YCJIOBUS TOTO, YTO OH OyJEeT I0-
JlydeH B pe3dyJibrare ooyuenus. [Ipu 3ToM BMECTO TOUHBIX OIEHOK BEPOSTHOCTH I1E€PE0Dy-
YeHus MoJIyvaioTcs BepxHue orenkn. Ouu cymectBenno tounee VC-OIEHOK, MTOCKOIbKY
YUUTBIBAIOT CTPYKTYPY I'pada paccioennsd—cBa3HoCcTH. BK1a1 ajropurMa B BEPOATHOCTH
repeoOyvenns yObIBaeT SKCIIOHEHITNAIBHO C POCTOM CBI3HOCTH W HOMEDPA CJI0s, B KOTOPOM
Haxojures aaropurMm. Orciosia ciielyer, 9To CBA3HbIE ceMeficTBa MeHee CKJIOHHBI K Iepe-
00ydeHnto, a Jijisl NPUOJUKEHHOTO BBIMUC/IEHUsT BEPOATHOCTU 11epeolyYeH s, BO3MOXKHO,

6y,ZLeT J0CTaTOYHO B34ATbh aJI'OPUTMbI U3 HECKOJIbKUX HHU2KHUX CJIOEB.

B cnepylouiein nekuuMu Mbl IPUMEHUM OIEHKY PACCIOCHUSI-CBI3HOCTUH K CEMEHCTBY
KOH'BIOHKTUBHBIX JIOTUYECKUX TPABUJ HAJ[ BEIIECTBEHHBIMHU NTPU3HAKAMN, KOTOPBIE IH-

POKO UCIIOJIb3YIOTCA B JIOTUYECKUX aJI'OPpUTMax KJIaCCI/I(bI/IKaIII/II/I.

Ynpa>xHeHus

Bamauda 7.1 (3*). Kakue orpanuuenus HeoOX0MMO HAJIOKUTH HA ceMeiicTBO A, 4To0bI
yesosue (7.1) ObLIO HE TOJIBKO HEOOXOIUMBIM, HO U JIOCTATOYHBIM, CJI6JI0BATEIHHO, OIIEHKA
paccyioerns—cBst3HocTn (7.5) obparanack Obl B paBeHCTBO? Bo3mozkHO s cchopmymmpo-
BaTh 9TH OTPAHUYIEHUS B TEPMUHAX Tpada pacCcIOeHUsI—CBI3HOCTH !

Bamada 7.2 (10*). O6ocHoBaTh runoTesy cenapabesbHOCTH JJisl JIHHEHHBIX aJIropuT-
MOB KJIACCU(PUKAIIIN.
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8 KOHBIOHKTUBHbIE JlIOrn4yeckune 3dKOHOMEPHOCTWN

Mpbr o6pasinch, HAKOHEIT, /IO TEPBOr0 MPAKTUIECKOTO NMPUMEHEHNsT KOMOMHATOPHOMN
TEOPHUH IepeodydeHns. A IMEHHO, OIIeHKH PaCcCI0€HUsI—CBA3HOCTU OYIYT MPUMEHEHDI JIJIs1
VILYUIIEHUS A02UMECKUL MEMODOE KAACCUPUKAUUU.

§8.1 Jlornuyeckne metoabl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanun. Jlomyctm, 910 KaxKjoMy 00beKTy x; € X co-
OTBETCTBYET NPasusbHuili omeem y; € Y, riae Y — KOHEIHOEe MHOYKECTBO UMEH KJIACCOB.
OO0BeKTHl onuchBaIOTCA HAOOPOM 1 IUCIOBBIX npushakos fi: X — R, j=1,...,n.

Jlornaeckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, ITOCTPOCHUH KOMITO3UIINH HHMOP-

MATHUBHBIX, XOPOIIO UHTEPIPETUPYEMBIX JOI'MTYCCKIX 3aKOHOMEPHOCTEI.

Norunyeckue npasuna n TpebosaHne nHtepnpetupyemocTu. Ipeduramom Gyjuem Ha-
3BIBATH MTPOM3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecom r(x) = 1, 1o Gyzem roso-
PUTH, YTO HPEUKAT 6bi0eAAen OOHEKT T

IIpasu.nom (rule) GyjieM Ha3BIBATD IIPEJUKAT U3 HEKOTOPOTO (DUKCUPOBAHHOTO CeMeii-
crBa npeukaros R. [IpaBuia oTIMyarorces OT IPeIMKaToB TeM, 9To 00J1a1ai0T CBOCTBOM
UHMEPNPEMUPYEMOCTU — JIOIYCKAIOT 3alliCh Ha eCTeCTBEHHOM sI3bIKE B TeDMUHAX IIPEJl-
METHOH 00J1aCTH, JOCTATOYHO IIPOCTHI U MOHITHBI IPUKJIAHBIM CIIENUAIICTAM. DTU TPEe-
GoBanust HbopMaNN3YIOTCA B caMoil KOHCTPYKIU cemeiictBa R. Mbl paccMOTPUM TOJIBKO
OJIMH BUJI IIPABILI, OKAJYIl, CAMBIil PACIIPOCTPAHEHHBIN Ha IPAKTHKE — KOHbIOHKIUH (J10-
ruveckoe ) sjieMeHTapHbBIX [OPOrOBBIX [PEJINKATOB:

r(s0) = [T 5 ¢), (8:1)
JjE€J
rne J C{l,...,n} — nogamuoxkecTBO Npu3HaKoB, 6/ € R — nopoz 1o j-My Npu3HAKY,

0 = (67)jc; — eexmop nopozos, <; — OIMH U3 3HAKOB OTHOIIeHUsI {<, >, =}. Yncso uc-
[OJIb30BAHHBIX B IIPABIJIE IPU3HAKOB | J| HA3BIBAETCS TAKXKe PaH2oM KOHBoHKUyuL. OOBId-
HO OHO OI'DAHUYMBAETCS CBEPXY B YOy TOM ke mHTepiperupyemoctu. Kak yrsep:iaror
IICKXOJIOTH, JIFOJIAM TPY/HO TOMHHTBH U IOHHMATh IIpaBUJIA, cojepzKarliie 6osee 7 yeio-
Buii. Ha npakTuke orpanuyenue Ha |J| ycraHaB/IMBaeTCs NPUKJIAIHBIME CHEIHATACTAME
HCXOJIsT U3 CIIEUpUKN 3a/aH.

IIpumepsbl 3akoHOMepHOCTE. 113 3a1a41 MeIMITMTHCKOTO TTPOTHO3UPOBAHUSA: €CJTH BO3-
pact naruenTa Boirie 60 jier U panee on nepenéc nHdapKT, TO ONEPAIUIO JIEIaTh HE CTOUT.
N3 3aa4um KpequToBaHus (hU3MIECKUX JIUIL: €CJIN 3aEMIUK yKa3a/l B AaHKeTe CBOI JoMalll-
nuii resedpon U ero sapmiara npesbimaer $2000 B Mecsn VI cymma Kpeaura He IpeBblIia-
er $5000, TO KpeauT MOXKHO BbLaaTh. V3 3amaum pacrno3naBaHust cliaMa: €CJIM B IIHCHME
IIPUCYTCTBYET CJI0BO «DectiaTHo» I ykazan mockoBckuii Teseconnbiii Homep U momen
oTIIpaBHUTE s HaxouTed B Kurae, To 910 criam.

MoHaTna 3akoHoOMepHOCTU U MHAPOPMATUBHOCTU. 3SakoHoMmepHoCTbIO Kiaacca iy € Y
Oy/ileM Ha3bIBaTh IpaBUIoO 1 € R, BhIe/sIONee Ha 3a1aHH0il BbIOOpKe X C X J10CTATOYHO
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MHOI'0 O00BEKTOB KJjacca Yy U Majgo O0bEeKTOB BCeX OCTaJbHBIX KjaccoB. s dpopmasn-
3aIii STOro TpebOBaHUST BBOJAT JBa (DYHKIMOHAIA KadecTBa mpasmi: p(r, X) — ducio
NOAOAHCUMENDHBIT NPUMEPOE — O0BLEKTOB KJIacca Y, BblIAeIAeMbIX mpaBuaom 1, u n(r, X) —
YUCTIO OMPUUAMENDHBLT NPUMEPOS — OOBEKTOB BCEX OCTATBLHBIX KJIACCOB, BBIIEITEMBIX
npasuioMm 7. [l oncka 3aKOHOMepHOCTEl B cemeiicTBe mpaBus R 110 00yJalorieil Bbi-
6opke X ecTecTBEHHO CTABUTDH 33149y JBYXKPUTEPUATHLHON OMTUMUBAIIIN:

p(r, X) = #{IZ e X ‘ r(z;) =1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

Ha npakTuke gasa pyHKIMOHAIA KAIECTBaA IPEAIOUATAIOT CBOPAYNBATL B OJIUH CKa-
JIFPHBI Kpumeputds un@opmamueHocmu 1 perarh 3aj1ady ontuMusanun S (p,n) — max.
3BecTHBI JIECATKU Pa3/IMIHBIX KpUTEpUueB WH(MOPMATUBHOCTH: IBPUCTUIECKHUE CBEPTKU
Tuna p —yn 22|, kpurepuit 6ycrunra (/p — /n 66|, suTponnitnpli KpuTepuit, HHICKC
Jlzxunn, Tounstit Tect Ouiepa, Tect x?, Tect w?, u gpyrue [56]. Muorue Kpurepuu orenu-
BAIOT CTEIeHb HeCTy9aiiHocT pasbunenns BEIOOPKU X Ha HOJIMHOXKECTBA HOJIOMKUTEILHBIX
U OTPUIATE/IBHBIX IIPUMEPOB OTHOCUTEILHO UCXOHOTO pasbuenust BLIOOpKH X Ha KJ1acchl.
OJ1HaKO HU OJIMH U3 KPUTEPUEB HeJlb3s Ha3BaTh Hanbosee 000CHOBAHHBIM UJIN GE3yCIOBHO
PEIIOYTUTEIHLHBIM. BbIbop Kpurepnst nHMGOPMATUBHOCTH SIBJIAETCS SBPUCTUKOIA.

O6osnaunm uepe3 P(X) = #{z; € X:y; =y} u N(X) = #{z; € X: y; # y}, co-
OTBETCTBEHHO, YHUCJIO MOJIOKUTETHHBIX TPUMEPOB (00beKTOB (DPUKCUPOBAHHOIO KJIacca y)
U 9HCJIO OTPUIATETBHBIX MPUMEPOB (00bEKTOB BCEX OCTAIBHBIX KJIaCCOB) B BbIOOpKe X .

ITpumep 8.1 (Tounsiii Tect Purrtepa). Ecium npunsarh B KauecTBe HYJIEBO THIIOTE3bI
[IPE/IIIOJIOKEHIE, ITO TIPeJUKAThI 7'(x) 1 [y(x) = y] ABJIAIOTCA HE3aBUCUMBIMU CJ1yYaiiHbI-
MU BEJIMYMHAME, TO NMPHU (DUKCUPOBAHHOM YHCJIE BBIJIE/ISEMbIX 3HAYeHUil (p + n) ducio
BbIJICJIFEMbIX OTPUIIATEIBHBIX IPUMEPOB 7 HOAYUHACTCA TUIICPreOMeTPUYECKOMY paciipe-
JEeJICHUIO h’;fﬁ\’,N (n). locTuraeMbrit ypoBeHb 3HATUMOCTH JTAETCsT PYHKIIHEH MImepreoMer-
pudeckoro pacipejiesierus. OH paBeH BEPOATHOCTH YUCTO CJIYUaiHOM pean3aiun HabJTio-
JlaeMbIX 3HaYeHU p u n. YeM OH MeHbIIe, TeM MeHee MPAaB/IONoI00Ha HyJIeBasi THIIOTE3a.
[TosToMy OH MOMKET CJIyKUTh MepOil Hec/ydaifHOCTH BeJUIUHBI 7 (), a HeCIydailHOCTh
MOXKHO TPAKTOBATb KaK 3aKOHOMEPHOCTh. B KadecTBe MaKCUMU3UPYEMOI'O KPUTEPHUs WH-

dbopmaruBHOCTH GEpyT MHHYC JIOrapudM JOCTUTAEMOrO YPOBHA 3HAYMMOCTH:
_ p+n, N
H(p,n) = —log HR'y™ (n).

IIpumep 8.2 (suTpONUiiHBIN KpUTEpUil). AcUMITOTHIECKUM TPUOJINKEHUEM TUTIED-
PeOMETPUIECKOI0 KPUTEPUS ABJISIETCS AHMPONUTHILT KPUMEPUT UHPOPMAMUSHOCTIU LI
Beiurpoint nndopmarmu  (information gain, IGain) [60]:

P _ptn p _|X|—p—nh P—p
P+ N |X| p+n |X| I X|—p—n

[Gain(p,n) = h

rie h(q) = —qlog, ¢ — (1 — q) logy(1 — q) — dyHKIWs SHTPONUN TAPBI UCXOJOB C BEPOST-
HOCTAMU ¢ 1 1 — q.
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ITpumep 8.3 (kpurepwmii Joxuuu). Ha npakTuke ucnosnn3yior Takzxke underc Jorcunu
(Gini impurity), ommuaatormuiicst ot 1Gain toasko dyukiweit h(q) = 2¢(1 — q), Koropas
Ha caMOoM JieJie 04YeHb OJim3Ka K (byHKImu saTpormn [41].

Komno3nyun 3akoHomepHocTen. Kaxias 3aKOHOMEPHOCTH BbIJIE/ISET JIUIb YaCTh BbI-
OOPKM M OTHOCHUT €€ K OJIHOMY M3 KJ1accoB. [109TOMy 3aKOHOMEPHOCTH MOYKHO PacCMaTpH-
BaTh KaK «HEIOJIHOIEHHDBIE» KJIACCU(MUKATOPHI, & «ITOJTHOIECHHBINY KIacCuUKATOp CTPO-
UTh KaK KOMITO3UIINIO 3aKOoHOMepHOCTel. OMHuM 13 HauboJjiee PacipoCTPaHEHHBIX THUIIOB
KOMIIO3UIIUIT ABJISIETCHA 636CUEHHOE 2040COBUHUE:

riae R, — MHOXKECTBO 3aKOHOMEPHOCTell Kiacca y, w, > 0 — Bec 3aKOHOMEPHOCTH 7.

[TocTpoerne Takux KOMIO3HUIMI MOXKHO BecTH Ho-pasnoMy. OjiHa U3 cTpareruii 3a-
KJIIOYAEeTCA B TOM, 9TOOBI CHAadYasIa IHOCTPOUTH CIIMCKH 3aKOHOMepHOcTell R, 3aTeM, pac-
cMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KAaK HOBble NPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBIH
KaaccnuKaTop JIOOBIM U3 M3BECTHBIX METOJIOB, HAIIPUMED, JOIMCTUYECKOR perpeccueit
WJIM METOJIOM OIOpHBIX BeKTopoB [46]. JIpyras crparerns 3ak/rodaercs B TOM, ITOOBI
CTPOUTH 3aKOHOMEDPHOCTH 110 OYepein, U Jijisi KarKJI0i 3aKOHOMEPHOCTHU T° Cpas3y OIlpe/ie-
JIATh Bec w,. Tak, B gacTHOCTH, paboTatoT ajroputMbl 6ycTunra [44].

Mepeoby4eHHOCTb NorMyeckmx 3akoHomepHocTeil. Vrak, umeercs Tpu THUIa Hapa-
MEeTPOB, KOTOPbIe HACTPAMBAIOTCs 110 00y JaroIieil BIOOpKe:

1) noporu 7, j € J nias KaxKI0ro Habopa MpU3HAKOB .J;
2) Habop mpu3HAKOB J /I KazK/0i 3aKOHOMEPHOCTH T
3) BeC w, JIsl KazKJI0i 3aKOHOMEDHOCTH 7.

CooTBeTcTBEHHO, UMEIOTCA U TPU UCTOYHUKA Iepeodydenus. Briosne ectecTBenHo
[peJIrnosiaraTh, 9To aJroput™M Kiaccudukaiuu a(z) Oyaer obaagaTh BbICOKOH 06001a0-
miefi CrrocoOHOCTRIO JIUIIB B TOM CJIydae, €CJIM COCTABJISIONIAE €ro 3aKOHOMEPHOCTH 7'(X)
He repeodydennl. [losToMmy Harmeil 1me/ibio Oy/ieT yMeHbIeHue mepeodydenns OT/IeTbHBIX
zakoHomepHocteit. [Ipobemoit iepeodydeHns BeCoB w, MbI 3aHUMAThLCA He OyJieM, oTda-
CTU [IOTOMY, YTO OHA Jiydlie uccjegoana [37, 65, 51].

O6brunble KpuTepun HHQGOPMATUBHOCTU HE YUUTBLIBAIOT HepeobydeHue Hoporos 67
[Tosromy B pesyabrare ontumusanuu p(r, X) u n(r, X) no obyqatomieit Bbioopke X coot-
sercrBytomue sadenns p’ = p(r, X) u n’ = n(r, X) #a KOHTpOILHOI BHIGOPKe X MOTYT
0Ka3aThCs BeCbMa JIAJIEKUMU OT ONTUMaJIbHBIX. Harr 3aMbices1 3aK/iouaeTcs B TOM, 9TO0ObI

1) mostyunTh OIEHKY PaCC/IOeHUsI—CBA3HOCTH JIjIst ceMeiicTBa npasui (8.1);
2) 06paTHTb 3Ty ONEHKY, YTOOBI ONEHNTE P, n' Ha KOHTPOJIE Yepe3 p, n Ha 0Oy ICHUM;

p(?“, X) 2 %p(?’, X) - 5?(77)7

n(r, X) < %n(r, X) + en(n);

T =

3) mojcraBuTh oneHku p',n’ B Kpurepuii MHGOPMATHBHOCTU BMECTO P, 1

H'(p,n) = t%ﬂ(p —Llep(n),n + Eﬁn(ﬂ))-
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Taxum obpazom, Kpurepuit orbopa 3aKOHOMEpPHOCTEH n3MeHuTcs u OyJer, hakTute-
CKH, OIEHUBATH HE KOHKPETHBIE MpaBu/ia, a HabOPhI MPU3HAKOB J ¢ yIETOM BO3MOKHOTO
nepeo0ydenns MOPOroB 0 KaxKIOMY U3 ITPU3HAKOB.

Munyc npejaraeMoii ¢cXeMbl B TOM, UTO OHA HE YIUTBIBACT TIepeodydeHue pu BbIOO-
pe MOIMHOXKeCTB J U BECOB W,., 3HAYUT, HE JTAET OKOHYATETHLHOTO PEIIeHns ITPODJIeMbI TIe-
peobyuennst jiyisa anroputma a(z). [lmroc ke B TOM, 9TO OHa HEYEro He MEHSIET B METO/aX
MTOMCKA JIOTHYECKUX 3aKOHOMEDPHOCTel, 3a UCK/II0YeHHeM KPHUTepus HH(MOPMATUBHOCTH,
MO9TOMY €€ JIETKO BCTPAWBAThL B UMEIOIINecs ONOJINOTEKN aJrOPUTMOB.

Hauném ocyrecTBiienne HaIero 3aMbIcJia ¢ OIUCAHNST MHOZKECTBA BEKTOPOB OIMMUO0K,
WHJTyIIUPYEMbIX KOHBIOHKITHAMEI Buja (8.1).

§8.2 KOHBIOHKLMN 3/71eMeHTapHbIX NOPOroBbIX MNPaBUJI

OreHKN BEpOSATHOCTH T1epeo0yIeH s, IOy YeHHbIE B O0IIEM CIydae Jjis aJIrOPUTMOB,
JIETKO TIEPEHOCATCS Ha JIOTUYECKHE TIPABUJIA, €CH ONPEJIEJUTh WHINKATOD OMUOKN Kak
I(r,z;) = [r(2;) # [yi=y]], rae y € Y — pukcuposaumnbiii kiaacc. Ilocie atoro mis npasu,

KaK 1 paHee JJId aJlOPUTMOB, BBOJATCS BEKTOPHI OIMMNOOK 77 = (I (r, xl)) iL:Iv

OTHOIIIEHUSI
MOPSJIKA W ITPEITIECTBOBAHUS.

Bynem monarats, uro B nmpaBuiax Buja (8.1) MHO)KeCTBO MpuU3HAKOB J (DUKCHPOBAHO
¥ BCe 3HAKM cpaBHeHnd cyTh <. IIpejnoaraerca TakzxKe, uro nepebop 217 I conerammit
HAa0OPOB TPU3HAKOB U 3HAKOB <, 2>, He 00S3aTe/IbHO TOJIHBIN, OCYIIECTBIIIETC HEKOTOPHIM
CTaH/IAPTHBIM MEXaHU3MOM ITONCKa HHMOpMaTHBHBIX 1paBuii. Harra 3a1a4ua 3akodaercs
B TOM, YTOOBI OIIEHUTH BEPOSTHOCTH IEPEOOYUeHHs, BOSHUKAIOIIETO B PE3Y/IbTaTe OITHU-

Mu3anun 6ekmopa nopozos 6 = (67);c; no obyqatomeii BbIGopke X.

OnucaHne kKNaccoB 3KBUBAJIGHTHOCTU NPaBU B TEPMUHAX CTAHJIAPTHBIX IIPEJICTABU-
Testeil 1 TPAHIYHBIX OJMHOKECTB, paccMaTpuBaeMoe Huzke, npesoxkeno A. Mpaxnenko”.

Hormyctum, 910 3HAYEHUST xf = f;(z;) xaxzoro npusnaxa j € J Ha Bcex 00beKTax
x; € X monapuo paziudnbl. Torja 6e3 orpanutenusi OOIIHOCTU MOXKHO IIPEJIIIOJIArATh,
YTO BCE NMPU3HAKU TPUHUMAIOT TeJIble 3HaUeHns 1, . . ., L, 1 Hukakue JBa 00beKTa He nMe-
10T PaBHBIX 3HAYEHUI OJIHOrO NPU3HAKA. 3HaueHus 1oporos (7 B npapuiax (8.1) MOKHO
BBIOMPATH TAKKe U3 Mesbix 3Haqdenwnii 0, . .., L.

WnnkaTop OmmOKYM WHIYIIUPYET Ha MHOMKECTBE MPABUI R KAGACCHL 9KEUBAACHMHO-
cmu. JlBa nipaBuiia SKBUBAJEHTHDI, ©* ~ 1/, €CJIN UX BEKTOPHI OMMUOOK COBIIAIAIOT.

JIJ1s1 IPOM3BBOJIBHBIX BEKTOPOB U = (u?)jey, v = (v7);cs BBEJEM €CTECTBEHHOE OTHO-

menne nopsyyika: (u < v) < Vj € J (v < of). Honoxum (u < v) < (u<vuu#v).

IIpumep 8.4. Ha puc. 8.1 nokasan npumep 3ama4un ¢ n = 2 npusHakamu, L = 10 00b-
exTamu 1 cemeiictso npasui r(z;0) = [r < 0] = [x! < 0'] [2? < 6?]. Kaxgomy npasury
COOTBETCTBYET y3eJl IeI0UnCIenHoit npamoyroabhoii cerku (01,60%) € {0,..., L}

97IM Ke TOJrOTOBJIEHBI BCE MJUIFOCTPAIINHN, BBIIOJIHEHA IIPOIPAMMHAS PEAJH3ANNs U IKCIEPUMEHTHI
Ha peaJIbHbIX 3aJladax KJIaCCU(DUKAIIN.
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Puc. 8.1. /Isymepnast Beioopka u3 L = 10 06beKTOB, 110 5 00BHEKTOB B KaXKI0M KJIacce.
OO6BEKTBI OTMEUEHDBI KPYITHBIMA TOYKaMU. [IpaBmimaM COOTBETCTBYIOT MEJIKHE TOUKH
B y3J/ax CEeTKHM. DKBHUBAJIEHTHBIE IIPABUJIA COEJUHEHBI OTpPE3KaMu. Ps/IoM ¢ KarKbIM
KJIACCOM 9KBUBAJCHTHOCTH YKA3aHO YHCJIO OIMUOOK Ha reHepaJsbHOil Boibopke n(r, X).

Jlemma 8.1. Ilycrs E C R — Kjacc sKBUBaJIeHTHOCTH IIpaBu.i, 03 — mopor 1o j-my 1pu-
suaky B npasuie 1. Torna kinaccy E npunajiexur takxke mnpasuio 1(x;0g), rie

¢’ = min¢’, je .
rel m J
JokazareabcTBO. B cuily SKBUBaJIEHTHOCTU U OMHAPHOCTHU paBWI r € F| npeaukar
ro(x) = [ r:6,)
relk

[IpUHUMAET Ha BceX 00beKTax & € X Te Ke 3HaYeHUs, 9TO U JIIo0oe MpaBujao r u3 k),
re(x) = r(z;6,). Kpome Toro, npemukar rg npejacrasuM B Buje (8.1):

re(z) = H H[zf <0 = H[x] < Erélg@i] = H[:L‘j < HH =r(z;0p).

reE jeJ jeJ jeJ
Takum obpaszom, npaswio 7(z; 0p) Takyke npunaiexut F. Jlemma nokasana. |

Bynem masweiBarh nipasuiio rr(z) = r(x;0g) cmandapmmuvim npedcmasumenem Kirac-
Ca 9KBUBAJICHTHOCTU E. Ha puc. 8.1 CTaHJJapPTHBIE IPEACTAaBUTE/IN COOTBETCTBYIOT JIEBHIM
HIKHIM TOYKaM Kazk/1oro Kiacca sksusasentnocru: (0,0), (1,8), (2,5), (5,1), n T .

I'panuanot mowkot nopmuoxkecTBa S C X Ha30BEM BEKTOD (g ¢ KOOpJMHATAMI

¢, = maxa’, j € J.
€S ’

HazoBéM 0OLEKT 2 HOIMHOXKECTBA S 2paHUMHbLM, eCln 1/ = Gfg [P HEKOTOPOM 7.
Hazosém moamuoxkectBo S C X 2paruvHvLm, €CITU BCe ero 00bEeKThl TPAHNIHBI.
[TycToe MHOXKECTBO Oy/IeM CUNTATH TPAHUIHBIM C FPAHUYIHON TOYKOM 0. =0, JjedJ.
Bamernwm, aro 7(z,0s) = 1 mua moboro x € S.
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Jlemma 8.2. FEcm BeKTOp HOpOroB § siBjsieTcst TpaHuIHOH TOYKOH HEKOTOPOIrO I'DaHH Y-
HOI'O MTOJIMHOYKECTBA, TO 3TO HOJMHOXKECTBO OJJHO3HAYHO OIPEIE/TSETCS 110 BEKTOpY 0:

ngU{xEX|xj:6j, r(z,0) =1}. (8.2)

jeJ

HoxkazareabcTBo. Eciu 0 = 0,4, To Sy = @ no oupejenenunio. Nuade uz toro, aro 6
SIBJISIETCS IPAHMYHON TOYKOIA, CJIe/lyeT, 94To JIJId KazKI0ro nHjaekca j € J Haljercs 00bekT
r € X rakoit, uro 27 = 67 u 27 < ¢ g seex ungekcos 7€ J \ {j}. Torma r(z,0) = 1,
u u3 (8.2) cieayer, 9To 0ObEKT T JIEXKUT B Sy. B ey npousBosbHOCTH HHJEKCA § € J
BEKTOD 0 ABJII€TCSI TPAHUYHON TOYKOI TojMHOKecTBa Sy. TlojMHOKecTBO Sy ABIIsIETCST
IPAHUYHBIM, TIOCKOJIBKY KaxKJblil ero 00beKT, coriacHo (8.2), ABAAeTCS TDAHUYIHBIM. B

Bameuanue 8.1. Kax0e MHOXKECTBO 110J] 3HAKOM 0ObejinHeHust B (8.2) cojep:KuT He
boJiee OHOIO OObeKTa OJiarojaps IPeIoI0KEeHNI0, ITO 3HAUYEHUS KayKJIOro IIpU3HaKa
IIOIAPHO Pas3/IMIHbl Ha Beeil BhIOOpKe X. MOXKHO OTKa3aThbCsl OT 9TOIO ITPEJIITOIOXKEHUS,
HO TOTJIa IIPUJIETCSI YCJIOXKHUTH OIPeJie/IeHIe TPAHUIHOIO TTOIMHOYKECTBA.

Teopema 8.3. KaxkjoMmy KJjaccy SKBHBAJEHTHOCTH F B3auMHO OJHO3HAYHO COOTBET-
CTByeT IPAHHIHOE MOJMHOXKeCTBO S, Takoe, 910 O = fg.

okazareabcTBo. PaccMOTpuM 1MpOM3BOJILHBII KJIACC SKBUBAJIEHTHOCTU [ CO CTaH1apT-
HBIM 1pejictaBuTeneM r(x;0g). B cury Jlemmbr 8.1 ymenbIeHne mopora (9;3 Ha eJIWNHU-
Iy 1o JioboMy HmpusHaky j € J NpUBOAUT K n3MeHeHHto 3HadeHus 1(r;0p) Ha HEKOTO-
poMm obberTe r € X. DTO MOKET OBITH TOJBLKO OOBEKT, JIeKalluil HuXKe, © < O, mpu-
aém smadenue 7(z,0p) MoxeT TOMBKO yMmenbmmThcs: |7 < 6] =1, [27 < 6L —1] =0,
Orcrona caeayer paBeHcTBO 17 = 91;. SHAYUT, T ABJIIETCH TPAHUIHBIM 00BEKTOM MHOYKE-
CTBA {3:’ e X' < GE}. B cuty nponsBoIbHOCTH j 9TO O3HAYAET, 9TO BEKTOP Op SBISIETCS
IPAHUYIHON TOYKOHN 1, coryiacHo jiemme 8.2, 33/1aéT IPAHIIHOE MTOIMHOZKECTBO.

Bepno u obparnoe. [Ipon3BoibHOMY TPAHUYIHOMY HOJIMHOXKECTBY S COOTBETCTBYET
rpanngnas Touka fg. [Ipasmwio r(x;0g) jgeKUT B HEKOTOPOM KJIacce SKBUBAJEHTHOCTH F
W SBJISICTCS €rO CTAH[APTHBIM IIPEICTABITE/ICM, TOCKOILKY yMEHbBIICHHE TOpPora # 110 Jito-
6ol M3 KOOD/MHAT MPUBEIET K M3MEHEeHUIo 3HadeHus r(x;0g) Ha OTHOM M3 TPAHIIHBIX
00'BEKTOB MHOXKECTBA S.

Takum 06pa3oM, CyIecTByeT B3aUMHO OJTHO3HATHOE COOTBETCTBIE MEXK Ty TPAHUIHbI-
MU TIOJIMHOXKECTBAME S U CTAHIAPTHBIMU [TPEJICTABUTEISIMI KJIACCOB 9KBUBAJIEHTHOCTH
npuaém 0 = 0. Teopema mokazana. [

CsoiicTBa rpaHun4Hbix nogmHoxecTs. O6o3HauuM depe3 M, MHOKECTBO BCEX I'DAHIY-

HBIX ITIOJAMHO2KECTB MOIITHOCTH ¢ W II€PEIUCJINM HMX OCHOBHDbIE CBOIiCTBA.

1. M, cocrour u3 Beex L onrosnementrbix noamuoxkecrs, My = {{z1},... {z1}}.

2. M, cocrouT u3 Bcex map HECPABHUMBIX OObEKTOB U3 X.
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3. MOIHHOCTI) I'PaHUYIHBIX ITOJIMHOZKECTB HE MOZKET IIPEBbIIIaTh paHI'a KOHbIOHKIIWUN:
M, =@ upu q > |J|.

4. T'panumvnoe moJIMHOZKECTBO MOXKET COCTOATH TOJIBKO M3 TOIIAPHO HECPABHUMBIX 00b-
ekToB. OTHAKO HE BCIKOE TOIMHOXKECTBO U3 TPEX U 0oJiee MOMapHO HECPaBHUMBIX

OO'BEKTOB ABJACTCS I'PpaHUIHBIM.

5. Jlroboe mojmuOKecTBO S’ C S TPAHUTIHOIO MOJIMHOXKECTBA S TaKKe TPAHUIHOE.

Mcxonis U3 3TUX CBOMCTB, MOXKHO IIPEJIOKUTD CJICLYIONUI aJropuT™ uepedopa Beex
IPAHUYIHBIX IOJIMHOMKECTB.

Ha nepsom mare crpourcst Muoxkecrso M; Bcex L OJHO3JIEMEHTHBIX ITOAMHOYKECTB.
Hasee na xkaxx oM mare ¢ = 2, .. ., |.J| k kaxxgomy nogvmoxkecrtsy S’ € M,y nobassercs
BCEME BO3MOXKHBIMHE criocobamu ermé ot o0bekT x € X \ S, 1 eciu mosydeHHoe mo/T-
muoKecTBo S = S' U {2} rpanudHoe (4TO JIErKO IPOBEPSIETCS IO ONMPEJIEJIEHHI0), TO OHO
BKJIIO9aeTcd B M.

JJ1s1 BBIYUC/ICHUS OIIEHKH PACCIOCHUSI—CBA3HOCTH (7.5) 9TOT AJIrOPUTM HE JOCTATOYIHO
s deKTUBEH, TaK KaK OH He IepeOupaeT IPaBua 10 CJI0sIM CHU3Y BBEPX U HE ITOJCUUTHI-

BaeT XapaKTEPUCTUKU CBA3HOCTU N HCOIITUMaJIbHOCTU KazKI0T'O IIpaBUJIA.

Ipachuyeckue npeacraBneHns KnaccoB 3kBuBaneHTHocTu. Ha puc. 8.2 uzobparken
epagh ceazetll MEXKJTy KJIacCaMU SKBUBAJCHTHOCTU. Bepiuib rpada coOTBETCTBYIOT CTAH-
JIAPTHBIM TIPEJICTABUTE/ISIM KJIACCOB SKBHUBAJIEHTHOCTU. PEéOpaMu coeMHEHbI MPaBUIIA,
BEKTOPBI OIMMOOK KOTOPBIX PA3JIMIAIOTCd HA OJHOM oObekTe. ['pad cBs3eit 3aBUCUT TOJIb-
KO OT OOBEKTOB T';, HO HE 3aBUCUT OT UX Kjaccudukaruii ;.

Eciu yaects Knaccudukarum o0beKTOB, TO JJIsi KaxKJI0T0 KJIacca SKBUBAJEHTHOCTH F
MOYKHO BBIYHCJUTH 4ducsio omubok n(rg, X). Ha Puc. 8.2 ono ykazano psajgom ¢ Kax/oi
TOYKOI — CTAHJAPTHBIM IIPEJICTaBUTEIEM KJjacca SKBUBaJeHTHocTH. ['pad paccioenus-
CBSIBHOCTH JIAHHOI'O ceMmeiicTBa mpaBusi n3omMopden rpady cBazeil u sBJsieTCsS MHOIO-
J0abHBIM. Ero m-if cioit obpasyercs BceMm HpaBuiaMu, i KOTOpbIX n(rg, X) = m,
cm. Puc. 8.3. Cron pacriosiaraiorcst B OPsiIKe BO3pACTAHUsT IUC/Ia OMTUOOK CHU3Y BBEPX.

§8.3 T[locnoiiHoe BblYMCNEHME OLEHKN PAaCCNOEHUS—CBSA3HOCTMU

Pacemorpum Temneph agroputM mepebopa IIpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCIATh XapPaKTEPUCTUKU CBSI3HOCTU U HEOIITUMAJIbHOCTH KaXKJI0TO IIPABUJIa U, JIBUTAsIChH

110 CJIOAM CHHU3Y BBEPX, BOBPEM IIPEPbIBATH BbIIMUC/IEHUE ONEHKU PACC/JIOCHUA—CBA3HOCTH.

MocTpoeHne okpecTHoCcTN npaBuna. PaceMoTpuM CIIeayIonyo BCIOMOIATEILHYIO 3a-
nady. 3aano npaeuio 7(x; 0) ¢ Bekropom noporos 6 = (67) ¢ ;. TpeGyercs mocTpouTs ero
okpecmmocmyd Vo — MHOKECTBO Beex mpaBui 7(x,0'), BeKTOpbI OMmubOK KOTOPHIX OTIHYa-
IOTCS OT €ro BEKTOpa OMMOOK TOJILKO Ha OJTHOM OObEKTE.

[Ipy HOCTPOEHMU OKPECTHOCTH OyIAyT 3a0AHO (DOPMUPOBATHCS U XapaKTEPUCTUKU
npasuia 7(z, f), HeOOXOAUMBIE /IS BBIYUCICHUST OIEHKH PAaCCIOCHUA—CBI3HOCTH:

Xy — mopoxgaroriee MHOKeCTBO, ((0) = |Xy| — BepxHsIsi CBA3HOCTB;



=78 =

10+

6
5
alb N4 5
3
2

‘ O Class0(5) % Classl(s)‘

Puc. 8.2. I'pad cBsazeit Mex 1y cTaHIapTHBIMU [IPEICTABUTE/IAMHI KJIACCOB dKBUBA-
JICHTHBIX TPABUJI JIJIsT BRIOOPKH, IIpejicTaBieHHoil na Puc. 8.1.

Puc. 8.3. I'pad paccnoenusi—cBsa3noctu, m3omopdubiii rpady csazeit na Puc. 8.2.
ITo BepTUKAIBHON OCH OTJIOXKEHO 4YHCII0 OmuboK npasui n(r, X).

X — sanperatoriee MHO)KecTBO, 1(0) = | X)| — HEeOmTUMATBHOCTS;

Dy — mu0KecTBO 00beKTOB BXOdAuX pédep, d(0) = |Dy| — HIKHSASA CBA3HOCTD;

m(6) — aucsio ommbOK MpaBu/ia Ha MeHepabHON BBIOODKE.

BysieM ¢TponuTh TOJILKO TaKKie BEKTOPDI ITIOPOroB #’, KOTOPBIE ABJISIOTCS IPAHIIHBIME
TOUKaMH 1, coryiacio Teopeme 8.3, 0MHOBPEMEHHO CTaHIAPTHBIMHU IPEICTABATE/ISIMI KJIaC-
COB 9KBUBAJICHTHOCTH IIpaBuiI. IlocTpoenne pasbusaercsa Ha apa rana, cM. Aaroputm 8.1.

Ha nepsowm stane (maru 1-5) crpostesa Bee cocennue npasuia r(x; 0'), nomydaemple
u3 6 1myTéM yMeHbIIEeHUsT HEKOTOPBIX 1moporos, # < 6. Jljas 5Toro u3 rpaHuIHOrO MHO-
JKecTBa Sy II00YepPEHO MCKII0YaeTesl OJIUH U3 00beKTOB U COOTBETCTBYIOIINE opord 67,
10 KOTOPBIM OH M OBLJ I'PAHUYHBIM, YMEHBIIAIOTCA. THCII0 Oy 9aeMbIX TaKUM CIIOCOGOM
COCEJTHUX TIPABUJI B TOTHOCTH PABHO |Sp|.
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Anropurm 8.1. [Tocrpoenne okpecrnoctu Vy npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0§ = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.
Brixon:

Vi, Xo, X}, Do, q(0), 7(0), d(0), m(0).

Otarr 1 — mocTpoeHne OKPECTHBIX MPABUJI IIYTEM YMEHbBIIICHHST ITOPOIOB:

1. V= @,
2: muist Beex x € X rakux, uro r(x;0) =1u 35 € J: 7 = 2
3:  pgdg Beex j € J Taxkux, uro 77 = 67
4: 07 = max{xg |2 € X, 2 < 0};
5. [Jobasuts (0,0, x);
IoaroroBka K sTamy 2 — IIOMCK MaKCHMAJIBLHOI MPAHITIHON TOUYKH 0:
6: 1mJis Bcex j € J

7. 6 i=max{L,2! |z €X, 2/ >0, 2" <O, t#j};
Oram 2 — 1mocTpoeHne OKPeCTHBIX MPABUJI IyTEM YBEJIMIEHHST [IOPOTOB:
8: mJisg Bcex j € J
JUISL BCeX T Takux, aTo 67 < a7 < 67
10: ecn v < 0 n ZT.MPOBEPEH = HET TO
11: Mposeputs(z);

12: ITIPOLIETYPA [posepnts(x)
13: ngig Beex j € J Takux, uro 07 < z7
14:  jJig Bcex 7 Takux, 4ro () < 3/ < 27

15: ecamu ) < T < x TO

16: Z.NPOBEPEH := NJIOXOIA;

17: ecJyiu Z.nposepeH = HeT TO [NpoBeputs(I);
18: BBIXOJT;

19: x.NpoBepeH := XOPOLUNii;
20: 07 := max{07, 27}, nnsa Beex j € J;
21: [lobasuts (0, ', x);

22: IIPOLUEYPA [obasuts(d,0', x;)
23: n06asuTh #' B crmcok Vip;
24: ecam r(x;;0) = [y;=y| TO
npasuio ' HaxoauTCs cJoeM BbImie, 9eM 6:
25: Xy := XoU{z;}; q(0) = |Xql;
26: MHa4e
npapuio ' HaxomuTes coeM HHzKe, deM 0:
27 Dy := Dy U{x;}; d(0):=|Dyl;
28: o= XU Xy U{x}; r(0) =Xy
29:  m(0) :=m(0) + 1;
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AsroputMm 8.2. Brruncienne oneHKN pacCcJI0eHUsSI—CBI3HOCTH JIJIsI CeMeiicTBa ITOPOTrOBBIX
KOH'BIOHKIIIIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJI, X — BBhIOOPKA.
Beixon: (). — onenka BeposgTHOCTH TIepeodyuenus (7.5).

1. ©:= Argmeinn(H,X); Q. :=0;

2: MOBTOPSTH

3 Qem=0; O :=

4: g Becex 0 € ©

5: IIOCTPOUTDH OerCTHOCTb Vjy ¢ momompio Anropurma 8.1;

6 Qs,m = Qz—:m + C’l OZ (;?9)) 7«( )Hi 2((.9)) TEQ; 7"( ) (%(m(e) - 8k>)7
7 S ::@’U{Q’EV};. m(0') =m(0) + 1};

8 Qe = Qa + Qs,m; O = @/;

9: TOKa BKJIaJ c10A ()c ,,, HE CTAHET MaJL.

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 1 (xz; 0'), nomydaemble
yTEM YBeJIMUEHNs HEKOTOPBIX TOporos, # > 6. D1o Gojiee CIOXKHBIN cirydail, U 37eCh
PUXOINTCS TpuberaTh K peKypcuBHOil ipore/ype. CHadasta jie/1aeTcs Mo IroTOBUTEIbHA
pabora (maru 6,7): 0 KaxKJ10ii KoopjuHate j € J onpeensercs MaKCUMalbHasi IPaHU-
na 7, BBl KOTOPOil COCEHUX MPABHUI OBITH He MOYKET. JTO HeobOA3aTEIbLHOE TOCTPOe-
HUe, HO OHO TIO3BOJIUT B JAJIbHENIIEM COKPATUTDb MOUCK. KaxIblit 06beKT BHIOOpKHN & € X
MOZKET HAXOJUTHCsI B OJHOM U3 TPEX COCTOSTHUIL: =.NPOBEPeH € {HEeT, NNOXOi, XOpPOoLUNii}.
Cragajia Bce 0OBbEKTBI HE IMPOBEPEHBI. 3aTeM ITPOCMATPUBAIOTCS BCe OOBEKTHI & € X, 0~
KpbIBaeMble TpaBIoM 7(x; #), HO He IOKphIBaeMble TpaBuiIoM 7(x; #). DTo o3Hadgaer, 4To
XOTsl ObI 110 OJIHOI KOOpAUHATE OOBLEKT I JIeXKUT Bbile mopora: 67 < zf. Jljna Kaxkaoro
TAKOro 00bEKTa BBI3BIBAETCs Tporeaypa [poseputs(z). OHa ycraHABIMBAET COCTOSHIE
06bEKTa . XOPOLNiA, ecyiu cyIecTByeT npasusio 7 (x;0’), moKpbIBaroIee TOIBKO 00bEKT &
1 BCe 00BEKTHI, MOKpbIBaeMble mpasuioM 7 (x;0). Eciu ke npasuio r(x; "), vapany c z,
HOKPBIBAET €IMé OJIMH 00bEKT T, He MOKPbIBAEMbIil paBujioM r(z; ), To ycTaHABINBAETCS
cocrostHue OObeKTa T.MNoxol, u mporeaypa [poBepuTs(T) BbI3bIBAETCS PEKYPCUBHO JIJIsI
obbekTa T. Kaxkiplii «xopomtuity 00beKT & HHynupyeT cocejtee npasuio ' = max{0, z},
KOTOpPOE U JI00aBJIsgeTCd B CIIUCOK Vy. BBejienne ctaTycoB 00bEKTOB MTO3BOJISIET N30eKaTh
UX MMOBTOPHOTO Tepebopa B OCHOBHOM ITHKJIE BTOPOI'O JTaria.

OTUMU JIBYMs STAllAMU TOUCK OKPECTHBLIX IIPaBUJI orpaHuduBaercs. pyrue ciyuan
paccMaTpuBaTh He HYXKHO, TaK KaK €CJU [OPOr YMEHBIAaeTCs IO OJIHOM KOOp/UHATE,
0" < ¢, u ysesmauBaercs 1o apyroit, 08 > 6!, To rpanmumbe Touku 0 u ' He MOTYT OLITD
COCEJIHUMU, MTOCKOJIBKY BEKTOPDI OIMTHOOK COOTBETCTBYIONIUX UM ITPABUJI OTJIUIAIOTCS, KAK
MUHUMYM, Ha JBYX O0BHEKTaX.

DddekTuBnas peanuzaius Agropurma 8.1 mpemosraraet, ITo 1Mo KaxKI0My MpU3Ha-
Ky f; 3apaHee CTPOUTCA MHIEKC — MaCCHB HOMEPOB OOBEKTOB, yIOPSAJIOUCHHBIX IO BO3-
pacTaHuio 3HadeHuil mpu3Haka. Torja Ha marax 4, 7, 9, 14 MoxkHo Oyj1eT mpocMaTpuBaTh
TOJIBKO HYKHbI€ OOBEKTHI, HE Tiepedupast BCIO BHIOOPKY.
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MocnoiiHbin nepebop knaccoB 3kBuMBaneHTHoCTU. Ajmropurm 8.2 BbrUHCHAET () —
OIEHKY BEPOSTHOCTH mepeobyuernus (7.5), mepebupas MpaBuiia MO CJIOSM CHHU3Y BBEPX.
Cuagasa dopmupyercs HKHEI caoit. Ha kaxkgom mare cioit © cocrout u3 mpasui 6
C OJIMHAKOBBIM YnCJIOM OIMOOK m(f) Ha rerepasbhoit Beibopke. it kaxkgoro mpasmta ¢
BBIUMCJISIETCS €TI0 BKJIAJ, B BEPOATHOCTH IEPeoOyUIeHUsI, CTPOUTCS OKPECTHOCTH, U 00b-
e/IMHEHNEe BEPXHUX YaCTell BCEeX MOJIy9YeHHBIX OKPECTHOCTEH CTAHOBUTCS CJIEIYIONIIM CJI0-
em ©'. [Ilaru OBTOPAIOTCS JI0 TEX TIOP, TIOKa He OyaeT HabpaHO JOCTATOTHOE IHUC/IO CJIOEB
1 BKJIJ[ O9EPETHOTO CJIOS HE OKAayKeTCs MPeHeOPesKnMO MaJl.

§8.4 DkcnepnmeHT Ha peanbHbIX 3agavax kKnaccudukaumm

Mpur He OyjeM 3/1eCh ONKMCHIBATH JeTall Pean3alii JOTHIeCKUX aJrOPUTMOB KjIac-
cupuKaIum, MUCIOJb30BAHHBIX B 9TOM 3KciepuMenTe. CKazKeM JINIb, YTO UHPOPMATUB-
HOCTB [IPABUJI ONEHNBAJIACE C ITOMOIIBIO TouHOTO Tecta Purepa [56]; a1yt hopmupoBams
nHGOPMATHBHBIX HAOOPOB MPU3HAKOB MIPUMEHSIJICSA TTOWCK B ITUPUHY U aIalITUBHBIN CJTy-
JafiHelil mouck |27, 26|; muid MOCTPOEHHsI KOMIIO3HMIIMHA 3aKOHOMEPHOCTEH MPUMEHSINChH
tpu ajsroputma: LR, DL, WV.

Jloeucmuueckasn peepeccus (LR, logistic regression) —sro jmHelHbINH Kiaccuduka-
TOP, Ha BXOJ[ KOTOPOMY BMECTO OOBITHBIX OMHAPHBIX MTPU3HAKOB MTO/IAI0TCS 3aAKOHOMEPHO-
CTH, OCTPOEHHBIE HE3aBUCUMO JIPYT OT JapyTa [48];

Pewarowudi cnucox (DL, decision list) —5T0 »KaHblii ajroput™M, B KOTOPOM KazK-
Jlast cIejyrornast 3aKOHOMEPHOCTh 00ydaeTcs 110 BBIOOPKE OOBLEKTOB, eIé He MOKPBITHIX
[PEJBLYIAMEI 3aKOHOMEepHOCTsIMU [64].

Basewennoe zonocosanue (WV, weighted voting) — 510 GycTHHD 3aKOHOMEpPHOCTEI,
noxozxkuit Ha Meros SLIPPER [44]. B mém nepes mocrpoenneM KazkI0ii Caeyomnieil 3aKo-
HOMEPHOCTH ITPOU3BOIUTCS IEPEOIEHKa BECOB 00YUaIOIMNX 00bEKTOB, B Pe3yJibTare KOTO-
POii 3aKOHOMEPHOCTb HACTPAMBAETCS IIPEMMYIIECTBEHHO Ha TeX 00beKTaxX, KOTOPbIe OKa-
3aJIMCh HAMOOJ/Iee TPYIHBIMU JIJIsI BCEX MPEIbLIYIINX 3aKOHOMEPHOCTEI].

Boutn peanuzoBanbl jiBe Mojgudukanuu kpurepus uapopmarusHoctu S (p,n).
SC-mommdukalist OCHOBaHa Ha OIeHKe paccyioennsg—cBs3HocTr. MC-Momudukamst 0CHO-
BaHa Ha HEIOCPeJICTBEHHOi oneHke (byHKImonaa (). merogom Morre-Kapso o 100 ciry-
waitnpiM pasouennam X = X LU X. Jlna obenx Mojuduxarumii nonarauocs £ = k.

B posin sTasioHoB s cpaBHEHHS BBICTYIAJIN U3BECTHBIE JIOTMYIECKUE aJTOPUTMBI
kinaccudurann: C4.5 [62], C5.0 [61], RIPPER [43] u SLIPPER [44].

Tabsimma 8.1 nokaszbiBaeT, 9T0 HeMOAMMUIIMPOBaHHbIe Bepcun ajaroputMoB WV, DL
UMEIOT Ka9eCTBO KJIacCU(PUKAIINN, COIIOCTABIMOE C 9TAJOHHBIMU aJIrOpUTMaMu. B3Beren-
Hoe rojiocoBanre WV HeEMHOTO Jydlle peraoriero cinucka DL, aTo coriacyercs ¢ pe3yiib-
TaTamu Apyrux ncciaemopanuii. O6e moandukammu, SC- u MC-, Bo Bcex cirydasix oneperka-
0T CBOM HEMOJM(UIMPOBAHHBIE BEPCUM W 3HAYNMO CHIZKAIOT repeodydenne. Pazmnans
Mexry SC- 1 MC-momudukarnusavu He 3Ha9uMbl. OTCIOfA CJ1e/lyeT BBIBOJI, UTO OIEHKA
PACC/IOEHUA—CBI3HOCTH, HECMOTPS Ha HEKOTOPYIO 3aBBIIIEHHOCTH, XOPOIIO CIIPABJIAETCS
C pOJIbIO KpuTepusi 0TOOpa MpaBuII.
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Tabauna 8.1. Pesysbrars! sKkciiepuMenToB Ha 6 peajbHbIX 3a/auax KIacCuhuKaimn
u3 penosuropusi UCI. [T kaxkzoii mapel (3aja4a, aJroput™M) B TabimIe BbIBEICHA
cpepHsis omubKa (B nporerTax) no 10-KparHoMy CKOJIb3siIeMy KOHTpOJIo. Jljisi KaxK-
JIOM 38191 YKUPHBIM BbIJICJIEHBI TPU JIyYIIUX Pe3y/abrara. AJIropuTMbl 1-7 BBICTYIAIOT
B poJi 3TajIoHHbIX. O003HaYeHUsT HAIIX aJaropuTMoB: WV — B3BeIIEHHOE T'0JIOCOBa-
nne, DL — pematommii cincok, +SC u +MC — momudukaiuy Ha OCHOBE OICHKU
pacciioeHnsI—CBsi3HOCTH 1 MeToga MonTe-Kapo cooTBecTBEHHO.

3a/1a91

JITOPHTMEL australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5| C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8 | WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7

11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8

12 | WV4SC 14.1 3.2 19.3 18.1 13.4 30.2

13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3
Pesiome

Jlornyaeckue aJropuTMbl KJIacCUPUKAIUN TTPEJICTABIAIOT OO0 KOMIIO3UITUN UHMOP-
MaTHBHBIX JIOTUYECKHUX IPaBIJI — 3aKOHOMepHocTeil. B kKauecTBe mpaBuj 9acTo UCIOJIb-
3YIOTCA KOHBIOHKIUU ITOPOI'OBbLIX yCJIOBI/IfI HaJ[ 9UCJIOBBIMUA ITpU3HaAKaMM. ,Z[aHHOQ ceMeli-
CTBO IIpaBUJI OIIMCbIBACTCA CUCTEeMOH Bcex I'PaHUYIHBIX ITOJIMHOXKECTB MOIIIHOCTH, HE IIpe-
BBIMAIOINIEN paHra KOHBIOHKINN. {11 TPaKTUIeCKOTO BBHIYUCIEHUS OIeHKH PaCCIOeHUST—
CBSI3HOCTH TIpejjiaraercs mepeOuparTh IIpaBmja 10 CJIOSM CHU3Y BBEpPX, W IIPEKpallarh
mmepebop B TOT MOMEHT, KOTJIa HOBBIE CJIOM IEPECTAHyT BHOCHUTDH CYIIECTBEHHBIN BKJIAT
B oreHKy. C IMOMOIIBIO 9TOH METOMMKH OBLT IIOCTPOEH MONMUIMPOBAHHBII KPUTEPUil OT-
Oopa MpU3HAKOB. 3aMEHUB CTAHIAPTHBIN KPUTEPHil MOIUMPUITMPOBAHHBIM, M HIIEro 0oJiee
He MeHsis B MeTo/ie 00ydeHus jorndeckux kiaccuduraropoB WV u DL, Bo Bcex 6 sxcrie-
PUMEHTaX yJIaJI0Ch ITPOHADIIONATH 3HAYNMOE yBeJImIeHne 0000Imaneil cliocoOHOCTH.

B cnepyroweii nekunn ™Mbl ciesaeM HEOOJBINON IKCKYPC B MATEMATHYECKYIO CTATHU-
CTUKY U PACCMOTPHUM 3aJ1a4y OIECHUBAHMS IMIUPUICCKUX PacIpee/ieHnii. 3a0HO TO3HAa-
KOMUMCS C TaKUMH WHTEPECHBIMU MaTeMaTUIEeCKUMH OObEKTaMH, KaK YCEUYEHHBINH Tpe-
yroabauK [lackans n ognomMepHbIe cirydaitabie Oy anns. OHI TOHAI00ATCS HAM depe3
JIEKITUIO, KOTJIa MBI BEpHEMCH K (PYHKIIMOHAY PABHOMEPHOI'O OTKJIOHEHUS 1 TOKAYKEM, UTO
CBSI3HOCTD JIJIsl HEI'O YYeCTh MOXKHO, & PACCIOEHNE — HEJIb3sd. 3aTEM MbI IIPOJIOJIZKUM H3Y-
qeHrne MOJIeJIbHBIX ceMeHCTB aJropuTMOB M IIOKaKeM, YTO B HEKOTOPBIX HETPUBHUAJIbHBIX

ClIydadX OIEeHKU PaCCJIOCHUA—CBASHOCTU MOI'YT ObITH TOYHBIMU.
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Ynpa>kHeHust

Bamada 8.1 (1). /[lokazaTh, 9TO He BCSIKOE MOJMHOYKECTBO U3 TPEX 1 OOJIee MOMapHO
HECPABHUMBIX OObEKTOB SIBJIAETCS] TPAHUIHBIM.

Bamada 8.2 (2). Onwmcarh CTPYKTYPY KJIACCOB SKBUBAJIEHTHOCTH U MPEJJIOKUTH -
GEKTUBHBIN aJrOPUTM HX ITOCJOWHOTrO Iepedbopa jisd ceMeiicTBa IpaBuI

r(x;01,05) = [0y < 2 < 0],

rie Bee snadennd x; € X C R nomapno pasiaumannl. [Tojgckaska: paccMOTpeTh SKBUBAJICHT-
HOE CeMefiCTBO JIBYXIIPHU3HAKOBBIX KOHBIOHKIWMH 7 (501, 0y) = [—:U < 91] [x < «92].

Bagagda 8.3 (5%). Ommcarh CTPYKTYpY KJIACCOB SKBUBAJIEHTHOCTH ¥ IIPEIJIOKHUTH -
(EKTUBHBIN aJITOPUTM UX MOCJTOWHOIO repedopa Jjisd ciydas, KOrja WHIUKATOD OIMTUOKH
ONPEETACTCA OTICIBLHO JJIsl HOJOKUTEIBHBIX U OTPUIATE/ILHBIX TIPUMEPOB:

Ly(r,z;) = [r(z:) = 0] [yi = y];
Ly(r,a) = [r(z) = 1] [y # y].

Bamada 8.4 (5). Omnwmcarh CTPYKTYPY KJIACCOB SKBUBAJIEHTHOCTH W HPEJIOKUTH -

(PEKTUBHBIN aJTOPUTM UX ITOCJOWHOrO Tepedopa i caydas, KOTJla KayKJIblil MPU3HAK
MOXKET IIPUHUMATH OJIMHAKOBBIE 3HAYEHUs Ha PA3JIHIHBIX 00bEKTaX.

Bamada 8.5 (2). O606muTs Asropurm 8.2 Ha TOT C/Iyvaii, Korja Ha mare 1 BMecTo MHO-
JKeCTBa BCEX IPABUII, JOCTABJIAIOMINX IVI00AIBLHBIA MUHUMYM YHCJIY OIIMOOK, HAXOIUTCS
JIAIIL OJHO JIOKAJILHO ONTHMAaJIbHOE HpaBuio. IIpeaycMoTpers BO3MOXKHOCTD IIEPEXOI0B
OT IPABUJI M-TO CJIOS K HPABIIIAM He TOJIBKO (m + 1)-ro cios, #o u (m — 1)-ro cios.
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9 DSOmMnupuyeckue pacnpegesieHnsa u caydaiiHoe by>K-

naHune

B Jleknuu 2 MBI OIEHUBAIU BEPOATHOCTH OOJIBIIIONO OTKJIOHEHHS YaCTOT B JIBYX
BbIOOPKax. B c¢1aboit BepOSITHOCTHONW aKCHMOMaTHUKE 3Ta 3a/ada sBJISeTCS €CTeCTBEHHBIM
AHAJIOTOM 3aKOHa OOJIBININX YhCe]T W uMeeT TodHoe perneHne. OneHnBaHue BePOSTHOCTH
OOJIBIIIOrO0 OTKJIOHEHUsI JBYX (DYHKIUIT pacipejie/ieHuss — 3TO eIé OjHa KJacCudecKas
3a/a9a MaTeMaTHIeCKON CTATUCTUKU. KE MOKHO MHTEPHPETUPOBATD JIBYMS CIIOCODAMMU.
Bo-tiepBbix, Kak 3aja4y IpejcKa3aHusd: JaHa SMIMpUYIecKas (DYHKINAA Paclpe/ie/IeHIs
CIyYaifHON BeJIMYMHBI Ha HaOJII01aeMOoil BBIOOPKE; TpedyeTcs: ONEHUTh €€ IMIINPUIECKYIO
dyHKIUIO pacipeje/ieHnsl Ha CKPBITOH BBIOOPKe. BO-BTOPBIX, KaK 3aJiady IMPOBEPKU I'U-
[IOTE3bl OJIHOPOJIHOCTH: JIAHBI JIBe HAOJIIOJaeMble BBIOOPKU; TPEOYeTCs OIPEJIE/UTh, M0-
JIYHEHbI JIM OHU U3 OJIHOI'O pacCIIpeIe/ICHUA. ,ZLHH ee penieHnsd UCIOJIb3YIOTCA pa3/JIMYHbIe
CTATUCTHYECKUE KPUTEPHUH, B YACTHOCTH, JBYXBBIOOPOUHBIH KpuTepuit CMUPHOBA.

MpbI paccMOTPUM ITOCTAHOBKY M TOYHOE PEIIeHUe STUX KJIACCUIECKUX 3a/1a9 B CJIab0i
AaKCHOMAaTHKE U IIOKazKeM, 9YTO OHU TE€CHO CBA3aHbl C TaKUMHU MaTEMaTHUIYC€CKUMMU O6’beKTa—

MM, KaK YCeUEHHDIN TpeyroibHuK [lackass u ogHoMepHble cirydaiinble OJIy K IaHnsd.

§9.1 DSwmnupunyeckoe pacnpegeneHue

Omnpenenum st mpon3BosibHOM GyHKIMN £: X — R 1 Tpon3BoOIbHON KOHETHON BbI-
Gopku U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax mommo o6bek-
ToB x BbIOOpKU U, jjisi KOTOPBIX 3Ha4Yenue & () He IMPeBOCXOIUT 2

1
Fe(2,U) = 72 [§(z) < z].

OrnpeneuM 0JIHOCTOPOHHEE U JIBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYE-
CcRuUT Pynruul pacnpedeseHus:

D (X) = fgeaﬂgi(Fg(Z»X) — Fe(2,X));
D (X)= I?eaﬂg(Fg(z,X) — Fe(2,X));
D(X) = I?Eaﬂi(‘Fg(Z, X) = Fe(z,X)| = max{D~(X),D"(X)}.

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOTO OTKJIOHEHUS SMITUPHU-

JeCKUX (PYHKIUI pacipe/ie/IeHus:
P[D(X) > €] <nle), (9.1)

rie BMecto D(X) moryT 6uiTh Takxke nojacrasierbl D (X) wm DT (X).
B cusbHOil akcnomaTnke mMeeT MecTo craeyromuii dhakt [34].
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Teopema 9.1 (H. B. CmupuoB). Ecm X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (9.2)
E}ﬁiinoo P{D(X)>z¢e} = 2;(—1)“rl exp (—2526%32'2) ; (9.3)

[Ipasas qacts (9.3) npencraBuma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedenenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

3BecTHB U HEACHMITOTHYECKAE TOYHBIE OIEHKM, HO OHH MMEIOT JOCTATOTHO T'PO-
mozakuil Bu [12]. Mbl mOKazkeM, 9TO TOYHBIE OIEHKH MOTYT ObITh BBIParXKEHBI OoJiee
9JICTAHTHO Yepe3 ycedéHublit Tpeyronbuuk [lackasns (38|, mpnaém mokasaTebeTBO nMeer
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

8§9.2 VYceu4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 9.1.  Veeuérunom mpeyzorvnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
G = (G + G ) g <s<gh], meN, sel (9.4)

Vceeuénnbrit TpeyroyibHuK [lackais BBIYUCISeTCs 110 TOMY YK€ PEKYPPEHTHOMY ITPaBH-
JIy, 9TO U KJaccudecKuilt TpeyroybHuk Ilackasis, eciim B HEM OOHYJIMTH BCE 9JIEMEHTHI, Jie-
JKallue 3a 1pejiesiaMu rpasuti (g, , g.-]. «Heyceuéunbrits Tpeyrosbuuk [ackana G2 [0, m]
COBIIA/IAET C KJIACCHYECKUM M JaéT OnHOMuaJibHble Ko3pdunuents: C) .

[Ipu magampaOM yenoBun G = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
o1 G 1ipu 0 < s < m. [Ipyrue HadajibHble YCIOBUS HPUBOJAT K PA3IMIHBIM HEKJIACCH-
qeckuM 0000IeHnsAM TpeyroyibHuKa [lackasis, HO Mbl UX He Oy/JeM paccMaTpUBATh.

Omupeperum Jiist Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHbIe IPaHUIBI (B 1a/Ib-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKATh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc. 9.2 u 9.4 npusejienbl mpuMepbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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§9.3 Teopema CmupHona

Teopema 9.2. /[1s1 npousBoJIbHONH KOHEYHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHU
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PID*(X) <e] = GL[0, 92 ()] /CL;
P[D™(X) <e] =GL[g;(e), L]/CL;
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

> e e Xt leeX ) < 4. (9.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

D(X) = max %Z

m=1..L
i=1 1—b; i=1 by
m {+k L ml
— ooty . B - =
e o I S 2_b Uk e ‘ mp

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.
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Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| _ elk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Ce Z H 9m(€) < Bn(X) < g5 (e)] (9.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (9.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibanka [ackamns (9.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto coBnamaer ¢ (9.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (9.4).
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Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Orocroponnue onenku (9.5) u (9.6) BoBOUTCs anagornvno. Pasiuaue B ToM, 910
JIUTs HAX BBIPAsKEHMe 1101 3HAKOM TTpou3Beiennst B (9.9) mpuHnMaeTr BUJI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yCeu€HHOM TpeyroJbHuKe [lackass, cooTBeTcTBeHHO, MO0 HuUKHEH ¢, (¢) = 0, mmbo
BepxHeil g (¢) = m, u Bce nasbHelime paccyK/eHNs OCTAIOTCS B CUJIE. n

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
g6l (9.9)) MOXKHO IPOBECTH TOPA3J0 KOPOYe U HALJIAIHEE, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausvu. Cornacuo (9.9) dynkumonan P[D(X) < €] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TI0 PEKYPPEHTHBIM cooTHOImeHnsM (9.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIIT KOHTPOJIb KadecTBa [3] u anaims BeRKHBaeMOCTH [38].

§9.4 (0O6o06uieHue Ha cnyyYai BapuaLMOHHOINO psiia CoO CBsiI3KamMu

B Teopeme 9.1 (CymuprOBa) TpeboBaHMe HENPEPHIBHOCTH (DYHKIIUH PACIIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeJIOBATE/ILHO, PAHXKUPOBKA OIPEJIEICHa eMHCTBEHHBIM obpasoM. Ecim
YCJIOBHE HEIIPEPLIBHOCTH HapytaeTcs, pasercTsa (9.2) u (9.3) MOryT He BBIIOIHATHCS [4].

B Teopeme 9.2 TpeboBanue pa3JInaHOCTA BCEX 3JIEMEHTOB BApUAIMOHHOTO psia hop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 3TOro TpebOoBaHMs He CUJILHO MEHAeT BHJ pesyiabrata — B Teopeme 9.2 m3me-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 9.3. Ilyctp £: X — R — npousBosibHast (QyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomaruke crpasesinebl Tounblie ornerkn (9.5), (9.6), (9.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJIOM aHAJIOTUIHO JI0KA3aTeIbCTBY TeopeMbl 9.2, mosToMy ocra-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernue (9.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, IPOCYMMUPOBAB MX B IHOPsiJIKe BO3pacTaHus 3HadeHuit &(x;):

L 1 L

130 -b)[e®) < 2] - 3 3 bile@®) < 2

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiormano (9.9), nosygaem:

= — Inax
k mely

D(X) = B — —|.

L

T

mGIH
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Uh—1 i

Puc. 9.5. Bepxune g (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (99) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, cM. puc. 9.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 9.1. Eciau Bce cBasku opHodnementusie, {iy,...,ig} = {1,...,L}, 10
a-(€) =gt (), g.(€) =g, (), u Teopema 9.3 nepexomur B Teopemy 9.2.

Sameuanwue 9.2. I[lomydyeHHble OIEHKN SBJSIOTCS TOYHBIMU, HO HEHAOJIIOIAEMBIMI.
MoaudunupoBantble rpaHuibl [, ¢ ] CyIMIECTBEHHO 3aBUCAT OT MOCIEI0BATEIbHOCTI
11,...,%ly, KOTOpas CTPOUTCH II0 BCeil reHepasibHON BbIOOpDKe X; €€ HEeBO3MOXKHO 3HATD,
uMest JIMIb HabJII0/1aeMyto BIOOPKY X. D10 o3HadaeT, 9To Teopemy 9.3 MOXKHO mpumMe-
HSITH JIJId IPOBEPKU T'UIIOTE3bl OJTHOPOJHOCTHU, OJITHAKO HEIOCPEJ/ICTBEHHO OHa HE T'OJUTCS
JIIS TIPEJICKa3aHus SMITUPUYIECKON (DYHKIIUN PACIIPEICTICHUSI.

Pe3iome

BeposiTHOCTH GOJIBIIOT0 OTKJIOHEHHS SMIIMPUIECKUX PACIIPEE/ICHIH UMeeT aCUMIITO-
tuaeckoe Beipazkenne (9.2) wan (9.3), KOTOpoe MPUBOIUTCS BO MHOIHX YIeOHUKAX W CIIPa-
BOUHMKAX 110 CTATUCTHKe. B cjaboil akcnoMaTuKe OHA UMEET TOYHOE BhIPArKeHHe Jepe3
YCeUEHHBINH TpeyroabHuk [lackass u jgerko obobInaercsa Ha cirydaii BapuaiuoHHoOro psijia
CO CBSI3KAMU, TO €CTh Ha PaCIpeIe/IeHHs ¢ Pa3pblBaMU U JIMCKPETHBIE PACIIPE/Ie/ICHHS.
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B cnepytouwiein nekunm mbl BepaéMCs K IpodsieMe 1mepeo0ydeHnss U PacCMOTPUM (DyHK-
IIMOHAJT PABHOMEPHOI'O OTKJIOHEHHST YaCTOTHI OMMOOK B JIBYX BhIOOpKax. OH sIBJIeTCsT 3a-
BBIINIIEHHO! OIEHKOW BEPOSITHOCTH TI€PEOOYUEHIA. 3aBBIIIEHHOCTh MTPUBOJIUT K TOMY, 9YTO
CBSI3HOCTH CceMeficTBa JjId JaHHOTO (DYHKIIMOHAJA yIeCTh MOXKHO, & PAaCcC/JIOCHHE — HET.
JL1sT MOHOTOHHOII TIeT aJrOPUTMOB OY/IET MOJIyUeHa TOUHAs OIeHKA (DYHKITMOHAA PaB-
HOMEPHOro OTKJIOHeHus. HTepecer TOT ¢akT, 9TO OHA TaKyKe CBI3aHA CO CJIyIailHbIMU
OJTY 2K TaHUSIMU, U TaKKe BhIPAXKAETCsT Yepe3 YCeUEHHbBI TpeyTroabHuK [lackasis, a B HEeKO-

TOPBIX CAydasix Jlazke COBIAJIAET C OIEHKON 3 TeopeMbl CMUPHOBA.
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10 OueHkn BepoOSATHOCTU PaBHOMEPHOIro OTKJIOHEHUS

DYHKITMOHAT BEPOATHOCTH OOJIBIIOTO PABHOMEPHO20 OMEKAOHEHUA TACTOT OIMTUOOK
B JIByX BbIOOpKax BBOJuTCH B VC-Teopun n 6epércs 32 OCHOBY BO MHOTUX TOCJIEIYIOIIAX
uccsrenoBanugax (cum. 0630psl [72, 40, 10]). O sgBisieTcst BepxHeil OIEHKOI BEPOATHOCTH
1epeodyIeHnsl U He 3aBUCHT OT METOJa OOYHUEHUs [, ITO JAET eMy OIpeeICHHOe ITPaK-
TUIecKoe npeumyniectBo. C MOMOIIBI0 OOPAIEHNs U3 HErO MOJIyJIaeTCsd BEPXHss OIEHKA
YACTOTHI OIMMOOK Ha KOHTPOJBLHOI BbIOOpKe. K€ MuHMMUM3aImsa, B CBOIO Ovepesb, MpU-
BOJUT K HOBOMY METOJy OOYYEHUs (i, KOTOPbIN, KOHEUHO K€, OTJINYAETCAd OT OOBIMHOI
MUHUMM3AIUT SMITPUIECKOro pucka. 1o ujee, HOBbIIt MeTO 1 TOJIZKEH OBITH MeHee M0/l
BepzKEeH 1epeodYIEeHHIO, TTIOCKOIbKY OH CTPOWJICA U3 COOOparKeHUi onTuMu3aIum ooooIa-
formeit criocobrocTn. C JIpyroit CTOPOHBI, 3aBBINMIEHHOCTH UCIIOJIb30BAHHON OIEHKH MOYKET
MOBJIEYh 33 cOOOI HEONITUMAJILHOCTE UJIH JlayKe HeaIeKBATHOCTbL HOBOT'O METOJIA.

[TosryuunB HECKOJBKUME CIIOCOOAMU BEPXHUE OINEHKU BEPOSTHOCTH OOJIBIIIONO PABHO-
MEPHOTO OTKJIOHEHUsI, MbI BBISICHUM, 9TO BCE OHHU yYUTHIBAIOT CBA3HOCThH, HO HE YUlU-
TBIBAIOT paccjioenne. VIMEHHO B 9TOM MPOSIBJISETCsT 3aBBIIIEHHOCTD OIEHOK BEPOSITHOCTU
repeoOyIeHns Yepe3 BEPOSITHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§10.1 TexHuka nopo>XxkgaroLmMx N 3anpeLiaromnx MHOXXECTB

Hanomuuwm, aTo nepeobyuerrocmyio aaropurmMa a Ha BIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €r0o OMIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00yvaromieii:

§(a, X) =v(a, X) — v(a, X).
QO yHKIIMOHAT BEPOSITHOCTH IIePe0dyIeHMS
Q:(1,X) = P[6(uX, X) > ]

OIIEHUBAETCsI CBEPXY BEPOATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX MOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[i(a, X) > ¢] = P[rgeajcé(a,X) > .

MeTtoa makcumMusauum nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOKECTB MOZKET ObITh npuMenén K dyuknnonany Q. (A, X), eciu crenuaabHbM 06pa3oM
BBECTU MeTOJI 00ydeHus. dT1a ujesd npunajie:kut V. Tonctuxuny.

Omnpenenenne 10.1. Meron obydeHust i HA3BIBACTCS MAKCUMUIAUUET NEPeodby uerHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

1] onpeaesieHud cJeAyeT, 9To ecJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb7 TO
BEPOATHOCTD Hep606yq€HI/IH COBIIaIa€T C BEPOATHOCTHIO PAaBHOMEPHOI'O OTKJIOHECHUAD,

Q- (H? X) - @a(A> X)
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Jlemma 10.1. FEcim meTos [t MAKCUMU3HPYET HEePEO0YIEHHOCTD, TO JIJIs KaXKJIOI'0 aJro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba eX: b= a} — BalIperanIuM B cMbicie 1'umore3nr 7.1:

X =] < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b, X) mus Beex b € A. (10.1)

BosbmMéM mpousBosibHbI T4, € X,. Torma I(a,xq) = 0, 1(b,z4) = 1. Ecau gormy-
CTUTh, UTO Tgy € X, TO IIOJIYIUM

6(b,X)=v(b,X)—v(b X)=v(a,X)+;—v(a,X)>da,X),

aro nporusopeunt (10.1), snaunr, x,, € X. B cuty ero npoussosbroctn X, C X.
Bosbmém mpomnsBosbHbIil 1, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gory-

CTUTb, 9TO Tp, € X, TO TOJIyIUM
6(b,X)=v(b,X)—v( X)=v(a,X)—v(a,X)+ ;>0 X),
aro iporusopesant (10.1), sHaunut, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 10.1 u o6mieit onerku paccioenusi—csisnoctu (7.2) cie-
JlyeT OIleHKa CBA3HOCTH JJI BEPOSTHOCTU PABHOMEDHOTO OTKJIOHEHNS.

Teopema 10.2. [lycrs BeKTOpBHI OHNIMOOK BCeX ajJTrOPUTMOB W3 A MOMAPHO Pa3/IHIHBI.
Torta mmeer MecTO BEpXHSIST OIEHKA BEPOSITHOCTH PABHOMEDPHOT'O OTKJIOHEHHS:

~ Ci:qfd L—q, m—d
Q:(AX) <Y C—gHL}q;d (£(m —ek)), (10.2)
acA L
e ¢ = q(a) = |X,| — Bepxusist cBsazrocts, d = d(a) = |X!| — HUXKHSST CBSI3HOCTB

amropurMma a, m = n(a,X) — 4ucja0 omMOOK aJIrOpuTMa G Ha T€HEPaJIbHOH BBIOODKE.

DTa OIEHKA ropa3/o XyzKe aHAJOTHYHON 110 CTPYKTypE OIEHKH DPACCIOCHUS CBSI3-
Hoctu (7.5) miug meccumuctunanoit MOP. EnuHcTBeHHOE pasimdie 3aKI0YAETCS B TOM,
9TO HEONTUMAJBLHOCTD 7(a) 3aMeHsIeTCsl Ha, HUXKHIOW CBsI3HOCTD d(a). HeonmuMaabHOCTH
pPacTér ¢ HOMEPOM CJIOs JIMHEHO, COOTBETCTBEHHO, BKJIAJIBI AJITOPUTMOB B (). yOBIBAIOT
SKCIIOHeHIMa bHo. HuKHsst cBsi3HOCTH d(a) He TpeBbImaet 7(a) U, KaK MOKa3bIBAIOT IKC-
HepPUMEHTHI 25|, KOHIIEHTPUPYeTCsi BOKPYT OJJHOIO U TOTO K€ 3HAYEHHsI BO BCEX CJIOIX,
[IO9TOMY AJTOPUTMBI BCEX CJIOEB BHOCAT HPUMEPHO paBHBIN BKIaT B orenky (10.2). Takmwm
06pa30M, Ta OIEHKA YIUTBIBACT CBS3HOCTH, HO HE YUNTHIBACT PACCIIOCHUE.
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§10.2 TexHuKa UEnHbIX PAa3JI0>KEHUA

BeposiTHOCTH PABHOMEPHOI'O OTKJIOHEHHsI MOZKHO OIEHUBATH CBEPXY C IOMOIIBIO 4en-
noix pasaoscenuds (chain expansion). Dra Texuuka npeoxena /1. Kouenpikobim [25].

Teopema 10.3. s ymobbix X, A u moboro ¢ € [0, 1]

Q-(4,X) < [ {sale)} < } thﬁmd(sa(s)). (10.3)

acA

e d = d(a) — HUXKHSST CBSI3HOCTB aJropurMa a, m = n(a, X) — 9uc/10 ommnboK ajaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — 5k),

HokazarenbcrBo. O6o3naunm depes U, (X, e) wimm npocro U, uHauKaTop mnepeodydeH-

HOCTH aJITOPUTMa ¢ Ha BBIOOpKe X :
U, = [0(a, X) > ] = [n(a,X) < sq.(¢)].

O6ozuaunm 4depes U, orpunanue U,, To ectb U, = 1 — U,.
Bocmonbsyemcst TeM, 9T0 Ha MHOXKECTBE aJrOpUTMOB A 3a/1aH0 OTHOIIEHNE JacTHY-

HOI'O TIOP$/IKA KaK €CTeCTBEHHOEe OTHOIIEHUE MOpsi/iKa Ha OyJIeBBbIX BEKTOPaX OIMINOOK aJji-
ropuT™MoB. JIOmoOJIHUM 3TO OTHOIIEHUEe JI0 JIMHEHHOIO MOPSIKa ITPOU3BOJIBHBIM 00pa30M.
[IpecTaBuM BEepOATHOCTH MAKCUMyMa OMHAPHBIX BEJIUINH KaK CYMMY BEpOSATHOCTElH, BOC-

IIOJIB30BAaBIINUCHL UENHBIM DA3AOHCEHUEM:

st = PmC?XUa = ZPUQHUI,.

a€A beA
b<a

OcraBuM B IEITHOM pa3/I0KEHUN TOJIBKO Takue comHoxkutem Uy, ato b < a. Ocraib-

Hbl€ COMHOXKUTEJIN TPUBUAJIBHO OLEHUM CBEPXY €IUHUIIEI, Ub 1, b £ a. Torna

< Z PHUan.

acA  beA
b<a

Pacemorpum npoussenenune U,U, 1j1st Tpon3BOIbHBIX b 1 a TakKux, 910 b < a:
U U, = } =
Y

Sa —

[n(a, X) < sa(e)] [n(b, X) > s3(e)
= %—sb()<n(b X) < n(a, X) < sqle)] =
= [sa(e) = £ < n(a, X) < sq(e)] [n(b, X) = n(a, X)] =
= [n(a, X = [sa(e)]] [{50(2)} < £][20a € X],

rae |s| — nmenast gacre s, {s} — npobuas gacrs s. Torma

< STPTT U0 = S PTT [(a: X) = Lsa(e)] [50()} < ] 200 € X

a€A beA acA beA
b=<a b<a



= 96 =

ComHOXKUTE N, He 3aBUCAINNe OT b, BbIHECEM 3a 3HaK IIPOM3BeeHus. BBeaém MHO-
KecTBO X = {xba eX: b= a} U 3aMETHM, 9TO

[ Il € X] = [X; € X].

beA
b<a

Taxum obpazom,
Q. < S [{54(0)} < £] Pln(a, X) = [s.(2)]] [X, € X].

YuaureiBast, aro | X | = d(a), moayuaum onenky (10.2). Teopema nokaszana. ]

Omenka (10.3) o cBoeit ctpykType anagorndaa orerke (10.2). B neit ects gBa yiryd-
HIEHUST: BO-TIEPBBIX, CYyMMUPOBAHNE IPOU3BOJANTCS HE 10 BCEM CJIOSIM CEMeiiCTBa aaropuT-
MOB (11pst ¢ = k yUIUTBIBAETCSI TOJILKO KAK/IbII BTOPOIA CJION ), BO-BTOPBIX, BMECTO «JIEBOI'O
XBOCTa» TUIEPreOMEeTPUYECcKOro pacipejenenuss H B Heii dpurypupyer snadenue h ru-
[epreoMeTpUIecKOro paciipejiesienus B ojHoii Touke. C jpyroit croponsr, onenka (10.3)
YUUTBIBAET TOJBKO HUKHIOIO CBA3HOCTH, YTO B UTOTe JiejaeT eé¢ Oojiee craboii 1o cpaBHe-
Huto ¢ orenkoit (10.2). ITpu sTom 06e OIeHKN He YyIUTHIBAIOT PACCIOCHHE.

§10.3 TexHuka cny4aiiHbix Gny>XaaHWA

st ponsBosibHOTO cemeiicTBa A BbIpA3uM pABHOMEPHOE OTKJIOHEHUE YacTOThI OIIIH-
6ok B BbibOpKax X u X uepes unjukaroper b; = b;(X) = [x; € X|:

D(X) = I}Lleaj((;(a,X) = I;leaj((V@L,X) —v(a,X)) =

L
= max [(a,xi)(% [z, € X]—7 [ EX]) =
acA — N—— ——’
= 1—b; b
L
L l
= @ I;leaj( a [(CL,LE’@') (E — bz) . (104)
MoHOTOHHAs uenb anropuTmMoB — 310 MojesbHoe cemeiictBo A = {ag, a1, ...,ap},

B KOTOPOM &JITOPUTM @ JOIYCKAET M OIMMOOK Ha reHepasbHON BBIOOPKE, a KayKJIbIi 1Mo-
CJIeJIY IO AJITOPUTM XY2Ke TPe/IBLIYINEro Ha oJHOM o0bekTe (ompeesenue 6.7, cTp. 52).
[Iepernymepyem OOBEKTHI T, . . ., L1, TAKIM 00Pa30M, ITOOBI

lag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (10.5)

Teopema 10.4. /st MOHOTOHHOI! 111 ajaropuTMoB A, MPou3BOJIbLHOH reHepaIbHO BbI-
6opku X m npomnsposibHOrO € € [0, 1] cnpaBenBa TodHAS OLIEHKA BEPOSITHOCTH TOTO, 9TO
PaBHOMEDHOE OTKJIOHEHHEe He IIPEBBICHT €
e —_
] o GL [gL (5)7 L]
=,
CL

e g; (€) — J1eBasi rpaHuna ycedéHHOro Tpeyrojibuuka Ilackass:

Plmaxd(a, X) < ¢
acA

g, (e) = £(t — ek)[m <t <m+ D].
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Hoxka3zareabcTBo. B ciyuae MmonoToHHOI ienu ipejicrasiienue (10.4) yrpormaercst mocie
nojcranoBku B Hero (10.5):

L aaygy L 0(m + d)
D0 = g e Y- (7 -00) = g s (5D - B)

=1
vie Byrqg =01+ -+ byrq. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OIMTUO0K
B BBIOOpPKaxX X 1 X BBIPasKaeTcs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPeIH
IIEPBBIX M + d WIEHOB OMHAPHOI ITOCIeI0BATEILHOCTH] by, . . ., by, OT «0XKIIaeMOroy Incia
equnul £ (m + d).
Haiiém rernepsb BepositHocTh TOro, uro D(X) HE MpEBBIIIALT £:

P[D(X) < 2] = P max (£(m +d) — Bea) < £k =

D L
—PTI[4(m+d—ck) < Busd| =PT]loi () < B].
d=0 t=1
HOqueHHOQ BbIpazKeHne B TOYHOCTH COBIIa/IacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacrpeseseruii (9.9), /1uist KoTopoii yzke HaiiIeHO TOYHOe BbIpa-
xkenwue (9.6) yepes yceuénnblii cieBa rpeyrosibauk [lackass. Teopema jgokaszana. [

Pe3iome

QyHKIIMOHA PABHOMEPHOI'O OTKJIOHEHUS, BBEJICHHBIH B Teopun Barnnka-YepBonen-
KHCa, YIUTHIBAET CBA3HOCTH CEMENCTBA aJlOPUTMOB, HO HE YUUTBHIBAET €r0 PACCJIOEHUE.
N3-3a 5T0r0 OH MOXKET JIaBaTh CHUJIBHO 3aBbIIIEHHBIE OIEHKH BEPOSITHOCTH II€PEOOY IeHMSI.
Tem He MeHee, OH aKTHBHO UCIOIB3YETCH B TEOPUH CTATUCTUYECKOTro obydenus. Ero jo-
CTOMHCTBO B TOM, YTO OH HE 3aBUCUT OT METOJa OOYUEHUs, ITO TO3BOJIAET Pa3padaThiBATH
HOBBIE METOJIbI OOYUCHUS ITyTEM MUHUMHUBAIUN €0 OOPAIEHHBIX BEPXHUX OIECHOK.

[Tpu mosryvyeHnn BEPXHUX OIEHOK BEPOSTHOCTH PABHOMEPHOT'O OTKJIOHEHUSA MOTYT Ha-
KaIJIUBaThCA JOMOJHATEIbHBIE TorpeitHocTu. Cpeau TpEX pacCMOTPEHHBIX TEXHHUK Iep-
BbIe JIBe JIAI0T 3aBblIIeHHbIE OIEHKU, TPEThs JaeT TOYHYIO OIIEHKY, HO TOJIbKO JIJIs 4acT-
HOT'O CJIydasi MOHOTOHHOI Tell aJil'OPUTMOB.

B cnepytowein nekumn Mbl BepHEMCA K MOJIE/IBHBIM ceMeiicTBaM aJropuTMOB U PACCMOT-
PUM HECKOJBKO HETPUBUAJBHBIX YaCTHBIX CIIYYaeB, KOT/AA ONECHKN PACCAOCHUA—-CBA3ZHOCTA
OKa3bIBAIOTCS TOUYHBIMHU.

Ynpa>kHeHust

Bamada 10.1 (5%). IlosyuuThb TOUHYIO OIEHKY BEPOSITHOCTH PABHOMEDHOTO OTKJIOHEHHUSI
Q-(A,X) 11 yHUMOJIATBHO T AJITOPUTMOB.

Bamada 10.2 (10*). Ilosyunts Tounyio onenky Q.(A,X) /st mpOU3BOIBHOIO MHOZKe-
CTBa aJI'OPUTMOB, 33JJAHHOTO I'PAGOM PACCIOCHUI—CBA3HOCTH.
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11 MHoromepHblie ceTu anropnTmMoB

CymiecTByoT IpuMepbl HETPUBHAIBHBIX MOJIEIBHBIX CEMEHCTB aJrOPUTMOB, JIJIsT KO-
TOPBIX OIEHKH PACCIOCHUSACBA3ZHOCTU ABJIAIOTCA TOYHLIMUA. B 9acTHOCTH, 9TO MHOTOMEpP-
HbI€ MOHOTOHHbBIE CE€TH aJI'OPUTMOB. STI/I ceMelcTBa NHTEePEeCHbI emé n TeM, 94TO OHHU 06—
JIQJIAI0T HE TOJBKO PACCJIOCHUEM U CBA3HOCTBIO, HO U PA3MEPHOCTBHIO, TO €CTh BCEMU KJIFO-
YEeBBIMU CBOMCTBAMU PEAJIBHBIX CEMENUCTB.

§11.1 [lsymepHasi MOHOTOHHAsl CETb a/ICOPNTMOB

B §6.5 MBI paccMOTpes it MOHOTOHHYIO TEIb AJITOPUTMOB, KOTOPAs SIBJISETCS MOJIEIBIO
OJIHOIIAPAMETPUIECKOTO ceMeiicTBa aaropuTMoB. EcrecTBeHHBIM 0000ITIEHNEM STOM MO/I1€e-
JIM Ha, MHOTOMEPHBIN CJIydail IpejCcTaBiIseTcs ceMeicTBO, rpad pPacc/joeHUusI—CBA3HOCTH
KOTOPOT'O N30MOPdEH MPAMOYTOIBHON PeIéTKe 33/ IaHHON Pa3MePHOCTH h WU HEKOTOPO-
My €€ HeBBIPOXKJIEHHOMY (pparMeHTy TOil YKe Pa3MepHOCTH.

Ha pucynke mokasanbl 4eTblpe HHXKHUX CJI0d IpadOB PACCIOCHHACBA3HOCTH Pas-
Meprocreit 1 (ciaesa) u 2 (cupasa). [opusonTaibHble JIMHUN COOTBETCTBYIOT CJIOSIM, 11 —
YUCJIO0 OMMOOK JIyYIero ajropuTMa Ha reHepasbHON BbIOOpKe. OOBbEKTHI B0 CTPEIOK
O3HAYAIOT, YTO MPH IEPEeXoJie OT HUYKHErO AJTOPUTMa K BEPXHEMY OIMUOKA IMOSIBJIAETCS
UMEHHO Ha JIAHHOM O0ObEKTe.

h=1 h=2

m—+3 @ m+3

PaccMoTpuM IIPOM3BOJIBHBIH AJITOPUTM Gy U3 €O M+t = Ay, X). Yucso airo-
PUTMOB B 9TOM CJioe paBHO t + 1. Bepxusst cBs3HOCTD ¢(ay,) = 2 COBIAIAET € pa3sMepHO-
crbio h = 2. HeonrrumasibHOCTH 7(@y,) paBHa t, HOCKOJIBKY G, OTIMYAETCA OT JIYUIIero
AJIrOpUTMa, Ggp POBHO Ha t oobekTax. [logcraBus Bee st mannbie B onenky (7.5) u 3ame-
HUB CYMMY II0 aJITOPUTMAM CYMMOM IO CJIOSIM, TOJIYYIMM OIEHKY PACCI0€HUsI-CBI3HOCTU
qutst T HIZKHUX CJIOEB JIBYMEPHO CeTU aJIrOPUTMOB:

T 0372

Qe <Y _(t+ )52 HL 5 (2(m o+t = <k).
t=0 L

[Toka 510 ObLIN IIPeJIBapUTEIbHBIE COOOparKeHNs, TOKA3bIBAIOIINE, UTO NHOI/IA OIeH-
KN PaCC/IOEHUI—CBSI3HOCTH TIOTy9IalOTCsT OYeHb MPOCTO. JTa OIEeHKa He BIIOJHE KOPPEKT-
Ha, TaK KakK IPH I0JICUETe BepXHEH CBA3HOCTU aJTOPUTMOB 1-TO CJIOS IIPEJIIN0/1araaoch,
aro (1" + 1)-it cji0it cyiecTByeT, HO €ro MpejCcTaBUTe/In B CyMMe He y4TeHbl. [laree Mbl
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BBEJIEM HEOOXOIMMBIH (hopMasin3M, 0600IIUM OIEHKY Ha CJIydail IPOU3BOJIBHON pa3Mep-
HOCTU M aKKypPaTHO pas3bepéMcs ¢ BepXHUME cjaodMu. Mbl TakzKe yOeuMesd, ITO OIeHKa
PaCCI0eHUA—CBAZHOCTH JIjId h-MepHOIl MOHOTOHHOI CeTH ABJigeTcd TOYHON. [lepBbiM 3Ty
onerky nosyuanit I1. Boros [5].

§11.2 MoHoTOHHaA ceTb NMPOU3BOJILHON Pa3MepPHOCTU

[Iycts J = (j1, .. ., jn) — Hea0UnCIeHHDI BeKTOp nHAeKcoB. [lomoxkum | J| = ji+- - -+
Jn- BBeEM Ha BEeKTOpaxX MHJIEKCOB OTHOIIEHUE YaCTUIHOTO HMOPAJIKA: JJI ITPOU3BOJIBHBIX
J=1, - gn) n K = (ky,..., k) monoxum J < K, ecm jg < kg aist Beex d = 1,... k.
[Monoxum J < K, ecmm J < KuJ # K.

Omnpenenenne 11.1. Monomonnoti cemwvio arzopummos pasmepHocTa h u BbicoTbl H
Ha3bIBAETCSI MHOYKECTBO ajJrOPpUTMOB A = {a 5 |J|<H } ¢ II0ITAPHO Pa3JIHIHBIMH BEKTO-
paMu OoImIuOOK, TaKoe, dTO

1) ecmn J < K, 10 ay < ag;

2) n(ay,X) = m+ |J| npu nHekoropom m.

Asropnt™ ag = ao,...0) HasbIBaeTCs AyHwum B A.

JlanHoe ompe/iesieHIE MOXKET 1TOKa3aThCsi HEKOHCTPYKTHUBHBIM, TaK KaK OHO HE OITH-
ChIBAET MATPHILy OMMOOK B sIBHOM Bue. OmIHAKO CJIEAyOIIasi JIEMMa ITOKA3bIBAET, TTO
Ha caMOM JIejle MaTpPHUIla OIMIMOO0K OIIpe/iesieHa OIHO3HATHO.

Jlemma 11.1. MHoxkecTBO 00beKTOB X pacnaaercss Ha 00beKThl TPEX THIIOB:
1) m 06beKTOB, HA KOTOPDIX OMIHOAIOTCS BCE aJIOPUTMBbI;
2) Hh obbekToB {xf: t=0,....,.H-1,d= 1,...,h} rakux, uro [ (az,xd) = [t < jd};

3) Bce ocrajbHBIE OOBEKTHI, Ha KOTOPBIX HH OJH U3 AJTOPHTMOB HE OITHOACTCSI.

HokazareabcTBo. 1. MHOXKecTBO 00bEKTOB, Ha KOTOPBIX OIIHOAIOTCSI BCE AJITOPUTMBI,
COBIAJIAET C MHOYKECTBOM OOBEKTOB, Ha KOTOPBLIX OINOAETCS JIy Uil aJlfOPUTM g, U UX
qucsio paBHo m = n(ag, X). Yro u yTBepKIaeTcst B IEPBOM IIyHKTE JIEMMBbI.

BBeséM Ha BEeKTOpaxX MHIEKCOB IIOKOMIIOHEHTHOE CJIOXKEHHNE U YMHOKEHHE Ha IUCJIO:
J+ K= (1 +k,...,jn+kn) ucl=I(ch,...,cjn) mig upousBoibubix J = (ji,...,Jjn)
u K = (ky,..., k). Oupejennm equHudHbIE BEKTOPBI Fy = ([d:s])i}:l, d=1,... h.

2. Bospmém nponsBosibHbLil asroputm a; € A u e pasmepnocru {d, s} C {1,..., h}
takue, 910 jg < H, js > 0. Iloctpoum BekTopnl unuekcos K = J + Ey, J' = J — E,
K' = K — E,. Yerbipe anroput™ma a;, dx, G, g 00pasyoT rpad paccjioeHnss—CBA3HOCTH
(HATIOMHVIM, 9TO €CJIM aJTOPUTM G TIPEJIIeCTBYeT ajaroputmy b, a < b, To depes x4, 060-
3HAYAETCs] TOT €JIMHCTBEHHBINH 00beKT, Jjist KoToporo I(a,x.) = 0 u 1(b,x4) = 1):



AJITOPUTMBI G,y U Ay OTJIMYAIOTCS TOJHKO HA JIBYX OOBEKTAaX, MOTOMY CPEJIU te-
TBIPEX OOBEKTOB X,/ ;, Ty Tyx, Ti' UMEIOTCSI TOJBKO JIBA PA3JIMIHBIX. FKInHCTBEH-
HBII JIOMYCTUMBINT BaPUAHT COBIAJICHUI — KOTJIA X, = Ty U Xy, = Loy LIpogoskas
110 OYepe/in YMEHbIIAaTh B BeKTopax J m K Bce KOOPJIUHATHI J1, . . ., J KPOME jgq, TPUIEM
B MTOre K TOMY, YTO /IBa aJlOPUTMA U, k5, < O(j,+1)E, TaKKe OTINIAI0TCA Ha O0BEKTe T .
Taxkmm 06pazoM, 00BEKT T, OLPEIENIeTcs TOJbKO KoopauHatoit d € {1,..., h} u 3Haue-
HreM unjekca t = jg € {0,..., H — 1}, 1 He 3aBUCHUT OT OCTAJIbHBIX KOOPAWHAT BEKTOpA J.

O603HauNM 3TOT 06BEKT uepes zo.

JlokazKkeM OT MPOTUBHOTO, YTO Cpe/iu 06LEKTOB T¢ HeT copnajatonux. [lycrs 2¢ = x¢
u s oupenenénnocrn t < . Torna aip, < app,, caegosarensio I(ayp,, zd) = 1. C apy-

roit croponst, I(ayg,, 2%) = 0. [lostomy obbekTbl 28 u 28 e MoryT cosnagars. [Ipesrio-

U ..
JIOzKUM Teriepb, uto zf = 2% upu d # d'. Bosemém anroput™ ay, J = tEy + t'Ey. Anro-

PUTMBI 474 g, U G j4E, OTJIMYAIOTCS OT G Ha 00beKTax xdu xf,' COOTBETCTBEHHO U JIOJIZKHBI
UMeTh pa3/IMIHble BEKTOPHI OIMMUOOK IO OIpe/Ie/IeHuI0 MOHOTOHHO# ceTu. [losromy 00b-
ekt 1 u xf,/, OlATh-TaKW, HE MOT'YT COBIIQ/IaTh.

Urak, mpousBo/ibHBIN aaroput™ a; € A JgomyckaeT ommOKM Ha T€X U TOJBKO TeX
obbekTax xf, Y KOTOPBIX T < jg4, UTO U yTBEPZK/IAETCS BO BTOPOM IIYHKTE JIEMMBI.

3. B BbIOOpKE MOT'yT OCTaBaThCsd OOBLEKTHI T, HA KOTOPBIX aJrOPUTM Gy HE JIOMyCKAeT
omubKy, 1 KOTOPbIE He COBIAJIAIOT HU ¢ OHUM U3 z¢. Ecjiu 6b1 oun u3 anroput™os a € A
JIOIYCKAJI OIMMOKY Ha TaKOM O0BEKTe X, TO CyIIeCTBOBa/IN Obl ajropuTMel b, ¢ € A, Takue,
aro0 b < ¢ < a u & = Xp.. Ho Torma o0bekT = OB ObI OJHUM U3 00HEKTOB x‘tj, Kak ObLIO
mokazano Bbie. TakuM oOpa3oM, HU OJIMH U3 AJITOPUTMOB a € A He MOXKeT JIOIyCKaThb
OImuOKY Ha TAKOM 00bekTe . UTo u yTBepKIaeTcsd BO TPETheM IyHKTE JIEMMbI.

JlemMma, oKa3aHa. m

CaencrBue 11.1.1. usijoboroay € A, J = (1, Jdy- .-, jn) mmoborod € {1,... h}
yBesmmuenue uHjgekca t = jg Ha equaniy, K = (ji,...,Jq+1, ..., jn) IPUBOJIAT K IOSIBJIE-

HHIO OITUOKHA Ha 0OBEKTE mf:

ay < ag; I(aJ,xf):O, I(aK,xf)zl.

NuTtepnpetauusa. MonoronHas ceThb pa3MepHOCTH h 1 BbICOTBI H — 3TO MOJIEIb ceMeii-
CTBa AJITOPUTMOB ¢ h HempepbIBHLIME NTapamMeTpamu. MojiebHOe TpeInoioKeHne 3aKIio-
4aeTcs B TOM, UTO 110 Mepe yBeJndeHus d-To rmapamerpa ONIMOKHM BO3HUKAIOT MOCJIEI0-
BaTeIbHO Ha oObeKTax zl, ..., o% |, He3aBUCUMO OT 3HAUECHUI OCTAJLHBIX MapaMeTpPOB.
B peasbubIx 3a/1a1uax 3T0 TpeboBaHue KaK MPaBUIIO, He BBIIOHAETCd. B TO Ke Bpems, ns-
BECTHBI IIPUMEPHI, KOI'JI[a MOHOTOHHAS CETh MOPOXKIAETCH UCKYCCTBEHHOI BHIOOPKOM U pe-

AJIbHBIM CeMeficTBOM aaropurMoB (yrnpaxkuaenus 11.1, 11.2).

Pa3mepHble xapaktepuctukn. 113 Jlemmor 11.1 ciemyer, 9T0 HEOOXOIUMBIM YCJIOBUEM
CyIIeCTBOBaHUs MOHOTOHHOW ceTH siBjisieTcs orpanudenue m + Hh < L.

Yucio aJiropuT™MoB B CJI0€ M + t PABHO YUCIY HEOTPHUIATETHHBIX MEJTOTUC/IEHHBIX
BEKTOPOB uHjekcoB J = (Ji,...,jn) Takux, aro |J| = j; + ... + j, = t. OHO XKe ecThb
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At vh—1
YUCI0 CHOCO00B BHIOpaTh t 1peameros u3 h ¢ nopropenusamu, Cy = Cy7, . IIpocymmu-
POBaB YHUCJIO aJI'OPUTMOB IIO CJIOAM M BOCIIOJIB3OBABIIMCH HU3BECTHBLIM KOM6I/IHaTOprHVI

TOXKJIECTBOM, HETPY/THO HANTU YMCJIO aJrOPUTMOB BO BCell ceTH:

h h— h
Al =Gyl + -+ Cpiyy = Ol

§11.3 Tou4Hasa oueHka pacc/I0eHNsi—CBA3HOCTYN

13 dopmya (7.3), (7.4) u rpada paccioeHus—CBSI3HOCTU CJIEJLYET, YTO JIIs JII0O0Tro
aJITOPUTMa .y U3 MOHOTOHHOI cetu A

X, = {xf: =jg, d=1,..., h} — IOPOXKJIAIoIee MHOYKECTBO;

X = {xf: t < ja, d=1,...,h} — sanpemalomiee MHOKeCTEO.

Jlemma 7.1 maér jaimb HEOOXOIUMOE YCIIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3ysibTarT 00ydeHUs: [uX =a J:| < [X 7 C X } [X hCX ] OjiHako B cjIydae MHOIO-

MEepPHO# MOHOTOHHOI ceTH HEeOOXOUMOEe YCJIOBUE SIBJISIETCA TaKKe U JIOCTATOTHBIM.
Jlemma 11.2. FEciwm p — neccuMucTuIHasT MUHAMHA3AIAS SMITHPUIECKOTO PDHCKA, TO
[MX:aJ} = [XJ C X} [Xf, C X} JIsT KaskJoro ay € A.

HokazarenbcrBo. [lokaxkem, uro ecim X; C X n X C X, TO TOJILKO aJrOPUTM (.
MOZKeT OBITh Pe3yJIbTaTOM OOyUIeHUs.

Asroput™ @y JOIycKaeT ommOKH TOMBKO Ha 0ObeKTax m3 X', HO BCe OHH JIeKaT
B KouTpose X, nosromy n(ay, X) = 0.

PaceMmoTpuM TIpOU3BOJIBHBIN airopuT™M ax Takoii, aro K £ J. DTo o3HavaeT, 4To
kq > jq Aast HeKoTOpoit KoopjauHaThl d. Ho Torga ax jgomyckaer ommOKy Ha 0ObekTe :L‘?d,
KOTOPBIH j1e2KuT B X ;, c/ieJioBaTe/IbHO, 1 B 00ydeHun X . [fosToMy ajroputm ax He MOXKET
OBITH BHIOPAH METOJIOM L, MUHUMUBUPYIOIIMM SMITMPUIECKUN PUCK.

PaccmoTpuM npou3BoJibHBI aropuT™ ayx Takoit, uro K < J. Torma oba asropurMma,
aj M G He JIOIMycKaioT omubok Ha obydenun X . /lomyctum, uto kg < jg /I HEKOTOPOIi
KoopauHaTh! d. Torjga Ha KOHTPOJIBHOM OObEeKTe :Cﬁd U3 JBYX aJTOPUTMOB TOJBKO G J10-
IIyCKaeT OIMIMOKY, IIO3TOMY MEeTOJ, [, Oy/lyIl IMeCCUMUCTUIHBIM, BBIOEPET aJrOPUTM Q.

Takum 0Opa3oM, TOJBKO AJITOPUTM G; MOXKET OBITh PEe3yIbTaTOM 00y UEeHUS. |

Teopema 11.3 (O moHOTOHHOI ceTu anroputmoB). Ilycte A — MOHOTOHHAsI ceTh
pasmepuoctu h un Bercorsr H, MeTOJ i ABJIS€TCS I€CCHMUCTHIHON MUHUMHU3AIIHOH SMIIH-
pHUYecKoro pucka u BbimosiHeHo yciaosue m + Hh < L. Torna

iRk C;H-t 1027(1 t ool
Q:(nX) = Y —HLELHIO (Lm -t —2k)), g = [t<H]h.
L

t=0



JokazareabcTBo. Bo3bMEM MPOU3BOJIBHBIN aJllOPUTM .y U PACCMOTPHUM TPHU CJIydas.
1. Eciu |J| > k, To uncio ommboK ajropurMa a; Ha 3aIlperaoniux oobekrax X

IIPEBBIIIAET JIJIMHY KOHTPOJILHOHN BhIOOPKHU. HacTh ommnboK 00g3aTe IbHO OKaXKeTCsi B 00Y-

Jaroleil moABpIOOpKe X, M MeTOJ 1 BhIbepeT JApyroil aaropurMm. B sTom ciydae

(X =a,] =0.

2. Ecim |J| < kwu |J| = H, 10 ecTh aJI'OPUTM @, HAXOJUTCS B IIOCJIEHEM CJIOE, TO
HOPOZKIAIONINX 0ObEKTOB JJIsI @y HE CYIIECTBYET, CJIeJI0BATE/ILHO,

(X =a,] = [X} € X].

B sTom ciyuae BepxHsst cBsa3HOCTh ¢(ay) = 0, HeonTHMaIbHOCTH 7(ay) = |J|.

3. Ecm |J| < k w |J| < H, 10 peanusyercss OCHOBHOM ciydaii u3 Jlemmbr 11.2:
X =a,] = [X, € X][X C X].

B srom ciaywae Bepxuss cBa3nocts ¢(ay) = | X ;| = h, neontumansiocts r(ay) = |J|.

[IpumeHnM OIIEHKY paccioeHusi—CBsi3HoCTH (7.5), KOTOpasi B IAHHOM CJIydae siBJISeTCs
TOYHBIM PABEHCTBOM:

l—q

C
£— qvm+‘J| 14 o L—q—r
C Y R (), Py = T
J:|JI<H L
rae P; = PlpuX = aj| — BEPOSTHOCTD MOJYYIUTH aJrOPUTM a; B PE3yabTare 0OydeHus,

q = q(ay) — BepxHss CBA3HOCTB, I = r'(ay) = |J| — HEONTHMAIBHOCTH AJTOPUTMA @ .

BepxHsisi CBA3HOCTb U HEONTHMAJIbHOCTH B KaXKJIOM CJIO€ OJIMHAKOBBI ¥ BCEX aJiro-
PUTMOB. DTO TIO3BOJISIET BBIPA3UTH BEPOSITHOCTH TOIO, YTO METOIOM i OYJET IOJIyUeH
HEKOTODBIH aJrOpUTM ay U3 cjios m + t, tae t = |J|:

Ol O
P =Pn(uX,X) =m+t] =Ch,, Py = % (11.1)
L
U 3aTeM 3aMEHUTh CYMMY II0 aJiropurmMam cyMmoi mo cioam t = 0,..., H. Hakowner,

OCTaéTCd y4ecTh, UTO Npu t > Kk aJaropuT™Mbl BOOOIIE He BHOCAT BKJIAJ B OIEHKY, a IPHU
t = H obmuy/seTcst BepXHsIsd CBI3HOCTH ¢, KOTOPas B OCTAJIBHBIX CIydasx paBHa h.
Takum obpaszom,

min{H,k}
Z PH; %™ (L(m 4t —ek)), q=[t<H]h,

9TO ¥ TPeDOBAJIOCH JIOKA3ATh. [
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Puc. 11.1. 3asucumocru P; ot t (cieBa) u Q- or € (cupasa) /Il MOHOTOHHBIX CeTeil
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

§11.4 BbluncaurenbHble 3KCNEPUMEHTbI

JkcnepumMeHT 1: BbluMCNeHMe OueHKU paccnoeHusi—-cea3HocTu. Ha puc. 11.1 cire-
Ba TOKa3aH I'paduK 3aBUCUMOCTH BEPOSATHOCTH F; MOJIyYUTh aJIrOpUTM U3 cjaod m + i,
BbrancaeHHo 1o dopmyste (11.1), or ancra t. Cipasa nmokasan rpaduk 3aBUCHMOCTH Be-
posdTHOCTH TIepeodydeHust (). oT nopora . Ha kaxxjom rpaduke n3o0parkeubl 9 KpUBbIX,
COOTBETCTBYIOINIUX PA3JIMYHBIM 3HAUEHUAM pa3dmeproct h = 1,...,9.

Basucumocts P, muoromepnoit cetn Ha orpeske [0, H — 1] yuumomanbua. Bepost-
HOCTBL IIOCJIEAHEIro CJiod HEMHOI'O BbIIIEe, TaK KaK JIJId HEro BepXHdAd CBA3HOCTL pPaBHA
nyso. [Ipu pocre pasmepnoctu h nosoxkenne mMakcumyma P cMmermaercss BIIpaBo U pac-
TET BEPOATHOCTH TepeodydeHns. JTO O3HAYAET, YTO POCT CBA3ZHOCTHU, KOTOPBINA TPUBOIAT
K 9KCIIOHEHIINATLHOMY YMEHBIIEHUIO BEPOATHOCTEN PP OT/Ie/IbHBIX &JITOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCA POCTOM MOIITHOCTHU CJIOEB.

JKCnepuMeHT 2: cpaBHEHWEe MOHOTOHHbIX CeTell C peasibHbIMU CemeicTBamMu.
Ha ocnose 1rardopmbr RapidMiner Ob1n 1mosiydeHbl 9KCIIepuMeHTaIbHbBIE 3aBUCUMOCTHI
Qe or & s 3amad w3 pernosuropuss UCI (sonar, breast-cancer-wisconsin) Ha meTojmax
kiaccudukannu NaiveBayes, SVM, DecisionTree, NeuralNetwork [5]. Dkcriepumenrtaiib-
Hble KPUBbBIE TIEPEO0YICHHOCTH Qg, oty geHubie MetogoM MonTe-Kapiio, ammpokeuMupo-
BaJINCh KPUBBIMU TIEPEOOYIEHHOCTH MOHOTOHHBIX CeTeil myTéM 1omdopa pasmMepHocTu h
npu duxcupoBanubix L, { u m. OKa3aaochb, 9T0 9eM CI0KHEe CeMeHCTBO aJIfOPUTMOB,
TeM BBIIIE TPOXOJIUT KpHUBas MMepeoOYIEHHOCTH W TEM BBIIIE Pa3MEPHOCTH h AIlIpPOKCHU-
MEpYIOITeil MOHOTOHHO! ceTH, cM. puc. 11.2) 11.3; 11.4 («6osee cTymenvyaTbie» KpPHUBBIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIaJIKIe» — PeaIbHbIM CeMEHCTBAM ).

[Ipumeuaresen Tor dakT, 4YTo Ha 3aja4e breast-cancer-wisconsin meros NaiveBayes
oKa3aJl KPUBYIO epeo0yIeHHOCTH, SKBUBAJIEHTHYI0O MOHOTOHHOW CeTH pasMepHOCTH 1,
puc. 11.4. DdderTuBHass pasMepHOCTh JAHHON 3aJad9M W B caMoM jeje Om3Ka K 1,
TaK KaK OYeHb XOPOIIUM PasJIe/IsiioNM IPU3HAKOM sBJISETCS CyMMa BcexX 9 MpU3HAKOB.
DecisionTree na Tex ke JIAHHBIX HE CMOI HANHTH 9TOT HPU3HAK U HOKA3aJ OOJIBIIYIO Pa3-
MEPHOCTBH, OOIBINYIO TEPe00yIeHHOCTD U OGJIBITYIO OMMUOKY Ha KOHTPOJIE.
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Qcyy ]
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Puc. 11.2. Beposraocts nepeobydenus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pas3mepHOCTell, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactora ommbOK Ha 00ydeHHN/KOHTpose, coorBercrBenHO: (.28/0.32;
0.05/0.20; 0.02/0.26. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 11.3. BepositHocTh tepeobyuenust (). asropurMmoB NeuralNetwork ¢ auciiom Heii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha 00YYEeHWUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. Bagaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 11.4. BepositHocTh nepeobyuennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX ceTeiil pazmeproctu b = 1, 20. CpejiHsist yacToTa OMMOOK Ha 00y YeHnn /
koHTposie, coorsercreenHo: 0.04/0.04; 0.03/0.06. 3amada breast-cancer-wisconsin,
9 npuznakos, L = 700, ¢ = 630.
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Pe3iome

Tounblie o1eHKN BEpOATHOCTH TIEPEOOyUIEHUs K JIAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
Ja MOJIEJIbHBIX CeMeiicTB aJropuTMoB. B ux ducie MHOroMepHbIe MOHOTOHHBIE CETH aJII'0-
PUTMOB, 00JIaJIAIOIIIE CBOMCTBAME PACC/IOCHUS, CBA3HOCTH U Pa3MEPHOCTH, ITO COIMZKAET
X ¢ peaJbHbIMU ceMeiicTBaMu. OIEHKa PACCIOCHUSI—CBI3HOCTU JJIsT MHOTOMEPHOI MOHO-
TOHHOII CeTH dBJIAEeTCAd TOYHOI.

B skcnepumenTax KpuBbIe BEPOSITHOCTH I1€peOOYyUeHUSA pPeabHBbIX CEMENCTB HEILI0-
XO TPUOJIHKAIOTCSA ¢ TOMOIIBI0O MHOTOMEPHBIX MOHOTOHHBIX CeTeil IIPU COOTBETCTBYIOIIEM
11o100pe PasMepHOCTH, KOTOPYIO MOXKHO HHTEPIIPETUPOBATH KaK «3(MhMEKTUBHYIO pa3Mep-
HOCTb» 3aJIa4M.

B cnepyrowen nekunn Mbl paccMOTPUM €I1E HECKOJIBKO MOJEIbHBIX CeMENHCTB U MOJIY-
YUM JIJIsT HUX TOYHBIE OIEHKU BEPOSITHOCTH TIEPEo0yYeHUsI, IPUIEM € TTIOMOIIBIO aIbTepHa-

TUBHBIX IIO/XO/10B, HE OIIMPaACh Ha IIPUHIUII ITIOPO2KIAIONNX 1 3allPEIaionnX MHOZKECTB.

Ynpa>xHeHus

Bagmaua 11.1 (1). Ilpusectu npumep BuIGOPKH B R?, 119 KOTOPOi MHOMKECTBO JTHHE -
HBIX KJIACCUMDUKATOPOB (He 06513aTeIbHO BCEX BO3MOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bajgava 11.2 (3%). Ilpusectn npumep BeiGOpkE B R 17151 KOTOPOIt MHOMKECTBO JTMHE-
HBIX KJIacCHMDUKATOPOB (He 00s13aTeIbHO BCEX BOSMOMKHBIX ) ITOPOK AT MOHOTOHHYTO CETh
AJITCOPUTMOB.

Bamada 11.3 (5%). Cdopmyauposars TpeboBaHus K cCeMeHCTBY aJrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIOCHUSI—CBSI3HOCTH ABJISIETCST TOUHOIA.

Bagaua 11.4 (5). IlosyuuTb OIEHKY BEpOSITHOCTH TEPEOOYUEHUs Jjisi MHOIOMEPHOIT
MOHOTOHHOW CETH, KOTJIa 110 KaKJION pasMepHocTH d 3ajaHa CBOsl BbicoTa H .

Bamada 11.5 (5). IlosyunTsb ONEHKY BEPOSITHOCTH HEePEOOYUeHUsl JJisi YHUMOATBHOI
h-mepHOit ceTn.

Bamada 11.6 (5). I[lomyunTh OIEHKY BEpOATHOCTH IepeodydeHust Jisl ydka h MOHO-
TOHHBIX Iieneil JauHbl [ .
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12 To4Hble nHTepBasabHble N BJI0YHbIE OLEHKN

[Ipomo/KM paccMOTpeHnEe TOYHBIX OIEHOK BEPOSITHOCTH IIePE0OYIeHUS JIJIT MOJIETb-
HBIX CEeMeiCTB aJropuTMOB, 00JIaJIAIONTNX CBOWCTBAMU PACC/IOEHUs U CBA3HOCTU. Hadaném
C ceMelicTBa, BOOOIIE He 0018 IaIOIIEr0 PACCIOEHIEM U ITOKayKeM, 9YTO B 3TOM CJIydae OIleH-
Ka CTaHOBUTCH BBIPOZKJICHHO.

§12.1 Cnown byneBa kyba

Paccmorpum muOXKecTBO A, cocrosiiee n3 Bcex C' ajlropuTMOB, JIOIYCKAIOIIX POB-
HO M OMmuOOK Ha IOJIHONW BBIOOPKe X, W MMEIONIUX IOMAPHO PA3/JIMYHbIE BEKTOPDLI OIHU-
6ok. [lockoyibKy Bce BO3MOXKHBIE BEKTOPBI OITMOOK 00pas3yioT OyJsieB KyO pasmepHocT L,
TO BEKTOPBI OMMUOOK MHOKecTBa A — 310 m-ii cioit OyeBa Kyba.

Teopema 12.1. Ilycth |t — HPOU3BOJIBHBIN METO] MUHUMHU3AIHA SMIIHPHIECKOIO PUCKA,
A —me-ii caroii 6ysea Kyb6a. Torma juist moboro € € [0, 1]

ng[skgmgl/—z—:é].

HoxkazareabcTBo. Corstacio Teopeme 3.4, B ciiydae OJHOIO CJIOs AJTOPUTMOB MHU-
HUMU3aIAsl SMIUPUIECKOIO PUCKA SKBUBAJEHTHA MPUHIIUILY PABHOMEPHON CXOIUMOCTH.

CitetoBaTeIbHO,

Q. =P [max (V(&,X') — V(CL,X)) > g],

a€A

Ecmu m < k, To MaKCHUMyM JIOCTUTAETCA Ha TAKOM a € A, y KOTOPOro B KOHTPOJIb

ToTa/IAloT Bee m onmoboK, a B o0ydenne — mu ommoit. Torma v(a, X) =7, v(a, X)=0n

Ecmun m > k, To MakcumMym JOCTHTaeTcsi Ha TakoM a € A, KOTOpBIil jI0mycKaer
ONMMMOKM Ha BCEX KOHTPOJILHBIX 00bekTax. Torma

Q.=Pll-2k > = m<L—cl)= [k <m<L—cl,

OObenHsIsT IBA HECOBMECTHBIX caydas m < k u m > k, moaydaeMm Tpebyemoe. [

Takum o6pazoM, ToUHAS OTIEHKA BEPOITHOCTH IIePEOOYICHUS sIBISIETCS BIPOXK JICHHOM
U npuHUMaeT 3HadeHus 6o 0, mudo 1. XoTd 3TOT pe3yabraT TPUBHAIbLHBIN U B Olpe/ie-
JIEHHOM CMBICJIE OTPUIATEHLHBINA, OH IMO3BOJISET CJIeJIaTh HECKOJIHLKO BaXKHBIX BBHIBOJIOB.

Bo-11epBbIX, aJaropuTMbl CAMBIX HUKHUX CJIOEB, M < (Ek—\, He BHOCAT BKJIa/l B IIepe-
obyuenue.

Bo-Bropbix, HUXKHEIT €10 ceMeiicTBa aJaroOpUTMOB, COAEPIKAIIUI aJIrOPUTMbI C IUC-
JoM ommboK He MeHee [ek], He JIOJKEH COJIEPIKATH 6C€ Takue ajroputMmbl. He mmeer
CMBIC/IA IPUMEHITH MeToJ MOP K cuikoMm 6oraTbiM cemeiicTBaM aJaropuTMOB.
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§12.2 WHTtepBan byneBa kyba n ero paccsioeHue

[IpeamooKuM, ITO BEKTOPHI OMIMOOK BCEX aJITOPUTMOB W3 A MOTApPHO pPa3IHIHBI
)
n 00pa3yioT WHTEpBaJ paHra m B L-MepHOM OyJ/ieBOM KyOe. DTO O3HAYAET, 9TO OObEKTHI
JIeJIATCS Ha TPHU T'PYIIBL Mg «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJUH M3 ajiro-
PUTMOB He JIOIYyCKAeT OIMUOOK; 1M1 <«IIyMOBBIX» OOBEKTOB, Ha KOTOPBHIX BCE AJITOPUTMBI
JIOIYCKAIOT OIIMOKW; M 1M <«IIOIPAHUYHBIX» OOBEKTOB, Ha KOTOPBIX peau3yiorcs Bce 2™
BapUaHTOB JIOIYCTUTH OmMuOKM. JIpyrux o6bekToB HeT: mg + my + m = L. AjroputMmbl
JIOIYCKAIOT OT M4 110 my + m ommbok. Yuceno aaropurmos B A pasao 2™. Narepsan Oy-
JieBa Kyba obJ1ajaeT cBOMCTBAMHU paccoeHust u cBsa3noctu. Ha puc. 12.1 nokaszan npumep
MaTPHUIlbl OIMNOOK JIJIsi UHTEpBaJia OyJieBa Kyba panra m = 7.
06vekmbl
50 1
45 4
40 4
35 4
30 3
25 4
20 7

15 3
10 3

anzopummbol

Puc. 12.1. Marpuna omubok nnrepsasia 0yiesa Kyda npu L = 50, m =7, m; = 10.
Yucso anroputMoB B cemeiictse |A,,| = 2™ = 128. AaropuTMbl IPOHYMEPOBAHBI IO
CJIOSIM CJIEBa HAITPABO, HApUMeEp, Ao — 3T0 nepsbie 29 anropuT™MoB, A3 — nepsbie 64.

st Gosibimieil OOITHOCTH PACCMOTPUM MHOXKECTBO aJroput™moB A;, obpasoBaHHOe
HIDKHUME € CJIOSIMU MHTEepBaJjia OyjeBa Kyba. DTO aJrOPUTMBbI, JOIyCKAoIe He OoJiee
t ommboK Ha MorpaHuYHBIX obbekTax, |A;] = CY + Cl 4 ... 4 C! . Tlapamerp t MoxKeT
npuauMarh 3uadenud 0, ..., m. [Ipu t = 0 umMeem eIMHCTBEHHDIIH aJIrOPUTM, 1Ipu t = m —
MOJIHBIH MHTEPBAJ PAHTa M. DTO MOJEIBHOE CEMEHCTBO MHTEPECHO TE€M, UTO OHO MO3BO-
JISIeT UCCIIeIOBATH 3aBUCUMOCTD BEPOATHOCTHU TepeolyueHus (). OT YuCiIa CIOEB.

Teopema 12.2. Ilycrb p — HeCCHMHCTHYHBIH METOJ MHHHMH3AIUH SMIHPUICCKOTO
pucka, A = A, —HmxkHHe t c/g06B HHTEpBaJja OyaeBa Kyba ¢ M HOTPDAHHIHBIMHU H 1M
nrymoBbiME obbekTamu. Torma jtst jroboro € € [0, 1] BeposiTHOCTD HIEpeobydeHust ecTh

m  mq s vs1 —s—s1
Z Z Omlec —m—my [81 < %(ml + min{t,m - 3} - 5k>]

s=0 s1=0

HokazareabcTBo. O603HaumM depe3 X, X1, S COOTBETCTBEHHO MHOYKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U MOIPAHUYHBIX OOBEKTOB; a 4Yepe3 Sy, S1, S COOTBETCTBEHHO — YHCJIO
BHYTPEHHHUX, IITyMOBBIX U MOTPAHUYIHBIX 00BHEKTOB, MOMABIINX B 00y YAIOINLYIO BRIOOPKY X .

[TockobKy METOJ, ft IECCHMUCTUYHBIN, OH BCerja OyJieT BhIOMpaTh u3 A ajaropur,
KOTODBI He omubaeTcd Ha BCeX OOyYAIONIUX MMOIPAHUYHLIX OObEKTax, HO OIubdaeTcs
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Ha BCEX KOHTPOJIbHBIX ITOI'DaHUYIHbBIX 00 bEKTaX. HOSTOMy

V(MX,X):%; v(pX, X) = (ml_Sl)‘{'Ililln{t,m—s}‘

Yucso paszbuennit X LI X, npu koropsix | Xo N X| = so, |[X1NX|=s1, [SNX|=s,
S S S
pasno Cr0 CP! Cp . CrieJloaTeslbHO, BEPOATHOCTD HepeodyyueHust IpeJICTaBuMa B BUJIe

mocsl Cro [ (my — s1) + min{t,m — s} s
DN —y e
k 14
S0= 081—0 s=0
so+s1+s={
Y10o0BI OTYYUTh YTBEPIKIECHIE TEOPEMBI, JJOCTATOYHO BOCIIOIB30BATHCS COOTHOIIIE-
HUAAMHA Mg+ mq +m = L u sg+ s1 + s = £ u npeodbpazoBaTh HEPABEHCTBO B KBaIPATHBIX
CKOOKaX K BHIY § < %(ml + min{t,m — s} — ck). [

NurepBast OyneBa Kyda gdBJIA€TCA YHUKAJIBLHBIM IIPUMEPOM CEMeHCTBa, /il KOTOPOT'O
3 dekT paccioeHusd MPaKTUIECKN HE CIIOCOOCTBYET CHUKEHUIO TIEPeo0yICHUS.

CaencrBue 12.2.1. FEcjm |4 — neccuMucTHIHAasT MUHUMHA3AIAS SMIIHPUIECCKOTO PHCKA,
A,, — uHTEpBaJI paHra m OyjaeBa Kyba, TO BEPOSITHOCTD mepeobyderns (). COBIIAIaeT C Be-
POSITHOCTBIO PABHOMEPHOI'O OTKJIOHEHUSI:

— 0. = >
Q: = Q- Prgeajd(a,X)/é

HokazareabcTBo. [leccumucTuanbiii METOL (1t BCerjia BhIOUpaeT u3 A,, aJroputm, KOTO-
pblii He omubaeTcd Ha BCEX OOYYAIONINX MOTPAHUIHBIX 00beKTax, HO OIMOAETCS Ha BCEX
KOHTPOJIbHBIX TOTPAHUIHBIX 0O'bEKTAX, UTO IKBUBAJIEHTHO Makcumusanuu d(a, X ). [

BbiuncnurensHbin akcnepumedT. Ha puc. 12.2 npejcrasienbl rpadukn 3aBUCHMOCTH
BEPOATHOCTH TlepeodydenHns: (). OT YHCJIa HIZKHUX CI0EB L = my,...,mi+m. Tpu sKkc-
HepUMEeHTa, OTJIMIAJNCH JIMHON renepaibhoii Boibopku (200, 400, 1000), mpu sTom co-
xpansmch nponopuun 7 = 0.2 u " = 0.05, To ecTb remepajbHasg BbHIOOPKa BCerja
cozepxkaia 20% norpanumanbix u 5% 1myMoBbIX 00beKTOB. Ha rpadukax Takke moKa3aHbl
BKJIQJIBI CJIOEB B 3Hadenne dynkimonaia (.. ToabKo HIKHMIE CJION JTAI0T HEHYJIeBbIe BKJIa-
% = 5, 9TUM
obbscHsieTcs 3yb6uarocTsb rpadukos BKIaioB). OkaspiBaercs, aro 20% morpaHunIHbIX 06b-

bl (K&)K,ZLBIﬁ BTOPOI CJIOi BOODIIE HE BHOCUT BKJIAJ B (). B CUJIY OTHOIIECHUS

€KTOB — 9TO HACTOJIHLKO MOIIHBIN HHTEPBAJI, YTO MIPU BCEX TPEX 3HAYCHUAX L BEPOATHOCTH
nepeobydenust ObICTPO JlocTuraeT 3Hadenus 1. BeposgTaocTs niepeodyvenust 6,iM3Ka K HYJTIO
TOJILKO ecin 6paTh camble HUXKHEE cjiou uHTepBasa (He 6oee 2% OT JTMHBL BBIGOPKN).

MuTtepnpetauuun un BbiBoAabl. llpuxoaurcs KoHcTATHpPOBATH OTPUNATE/BHBIN, 0 Cy-
TH, pe3yabrar. VaTepBas OyieBa Kyba ¢ «pa3yMHBIMU» Ha IEPBBII B3IV ITapamMeTpa-
MU 11, M OKa3bIBAETCSA CJIUIIKOM OOraThiM ceMeiicTBOM ajaropuTMoB. OIEHKN BEPOSITHO-
ctr epeodydenns (), Ui MHTepBaja OJIM3KH K HYJIIO JINIIb [IPH OYeHb HU3KUX 3HAUEHU-

six my, m. OTcroma Cc/IeyIoT JBa BBIBOJIA.



= 109 —

6ePOSMHOCHIL
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—— BKNag t-ro ypoBHs B Qeps  —— BEPOATHOCTb nepeobyyeHus

Puc. 12.2. 3aBucuMoCcTh BEPOSITHOCTH TepeobydeHrs (). OT duciaa t HUKHUX CJIOEB
npu € = 0.05. Bepxawnit rpaduk: ¢ = k = 100, m; = 10, m = 40. Cpeanuii rpaduk:
¢ =k =200, m; =20, m = 80. Huxunit rpaduk: £ = k = 500, m; = 50, m = 200.

Bo-1repBbix, xopormasi 006001aoIas ClocoOOHOCTh BPsiJi JIM BO3MOXKHA, €CJIU B BbI-
OOpKe eCcTh 3HAYUTEIbHOE KOJTMIECTBO IMOIPAHNIHBIX 00BEKTOB, HA KOTOPBIX aJTOPUTMbI
ceMeiicTBa JIOMYCKAOT OMTUOKH BCeMU BOZMOXKHBIMEU criocobamu. PakTUIECKH, 0151 TAKUX
00bEKTOB J100aB/IsgeTCsd K BeaudnHe nepeodydennoctu. MoxkeT BOBHUKHYTDH I0/I03pEHUE,
YTO 9TO MPOUCKOIUT U3-3a neccuMuctuarHoct MIP, ogHako orneHka st paHI0MUA3UPO-
Barnoro MOP npakrndeckn crosn xe mwioxa (ynpaxknenune 12.2).

Bo-BTOpBIX, HCIOIB30BATH HHTEPBAJ OyiieBa Kyba Kak MOJIeIb peabHbIX CeMeicTB
BP&JI JIU TiesiecooOpasHo. ['umoresa o CyIecTBOBAHUN CJI0sT IIOMPAHUIHBIX 00bEKTOB IIPE/I-
CTaBJISIETCs JJOCTATOYHO pa3yMHoil. OHAKO B PeasIbHBIX 3a/1a9aX aJrOpUTMaMy ceMeificTBa
peaim3yIoTcs, 1Mo Beeit BUIUMOCTH, JIAJIeKO HE BCE CIIOCOOBI JOMYCTUTH OMMUOKHN HA MOTDa-
HUYHBIX 00beKTaxX. Bo3MmoxkHO, Oojiee ajgekBaTHOI ObLa ObI MOJEb, B KOTOPOH TeM HJIN
MHBIM CITOCOOOM BBOJUTCS XapaKTEPUCTHKA «CTEIeHN TPAaHUIHOCTH» OOBEKTOB U OIEHM-
BaeTCs pacipejiesieHne 3Toi XapaKTepPUCTUKHA B BHIOOPKE.

§12.3 bBano4yHas oueHka

Homycrum, 9to BekTOpbI ommboK Beex asjroputmMoB A = {ay,...,ap} momapso
PA3JIMIHBI, METOJ [ — IIeCCUMUCTUYIHAS MUHUMHU3AIUS SMINPUIECKOTO PHUCKA. JHAYe-
uust I(ag,x;) obpasytor 6uHapHytoo L X D-MaTpuily OnmboK, CTOJIONBI KOTOPOii ABJISIOT-
¢ BEKTOpaMU OIHOOK aJIl'OPUTMOB, CTPOKU COOTBETCTBYIOT oObeKTaMm. OOo3HaInM depes
b= (by,...,bp) npousBosbHBI GHHAPHBINA BeKTOP pasMeproctu D. Beibopka X pasdua-
ercd Ha Herepecekatoruecs oa0ku U, C X Tak, 970 BceM 00beKTaM B 0JI0KE COOTBETCTBYET
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oiHa u Ta ke crpoka b = (by,...,bp) B MaTpuiie ommobOK:
Uy = {z; € X| I(ag,z;) = bs, d=1,...,D}.

Ob6ozHaunM depe3 B MHOKeCTBO OMHAPHBIX BEKTOPOB b, KOTOPHIM COOTBETCTBYIOT
nernycroie 670ku Uy. Ouesuano, |B| < min{L,2P}.

O6osuatum my, = |U|.

Kax1oit obyuatomeit eibopke X € [X]¢ moctaBum B COOTBETCTBUE MEJOUUCTCHHBIT
BEKTOD (Sp)pep TakKoi, uro s = | X N U,| —uncio oobekToB n3 6ioka Uy, monagarommx
B 00y4aroniyio BbIOOPKY. MHOXKECTBO BCEX TAKMX BEKTOPOB, COOTBETCTBYIOIINX BCEBO3-
MOKHBIM OOYYAIOIUM BBIOOpKaM, obo3HadnM depe3 S. OueBu iHo, S MOXKHO TaKKe OIpe-
JIEJTATH U JIPDYTEM CIOCODOM:

S = {S = (5p)beB

SbZO,...,mb, ZSbZE}.

beB

BanurreM 9rcyIo OMuO0K aJrOPUTMa (g Ha 0Dydarorieil BbIoopke X U KOHTPOJIBHOM
BbIOOPKEe X B BHUJIE CYMMBI 110 OJIOKAM:

n(ad,X) = Zbd |X N Ub’ = Zbdsb;

beB beB
n(ad,X) = Zbd ’X N Ub’ = Zbd(mb — Sb).
beB beB

Takum 0b6pa3oM, BBIOOD aJrOpUTMa METOJOM [i 3aBUCUT TOJIBKO OT TOIO, CKOJIBKO
00BEKTOB S M3 KazKJI0ro OJIOKa TOMaJIET B 00yYAIONLYI0 BLIOOPKY, HO HE 3aBUCUT OT TOTO,
KaKmne NUMEHHO 9T0 Oy 1yT o6bekThl. Onpegenum dbyukimo d*: S — {1,..., D} kak HOMep
aJIrOpUTMa, BBHIODAHHOTO METOJIOM gt 10 obydarorieii BeiGopke. Eciu munnmywm n(a, X)
JIOCTUTAETCS Ha HECKOJIbKUX aJrOPUTMAax, TO MeCCUMUCTUYHBIN METOJ [t BLIOUPAET aJiro-
puts™ ¢ 66abmmM n(a, X). Ecam e n TakuX aaropuTMOB HECKOJIBKO, OyJieM T0JIaraTh,
YTO BBIOUPAETCST AJITOPUTM ¢ OOIBITNAM MOPSIIKOBBIM HOMEPOM:

A(s) = Argmin > bysp,

d=1,...D beB
A'(s) = Argmax > bg(my — sp),
dEA(s) bEB
d*(s) = max{d: d € A'(s)}, (12.1)

riae depes Argmin f(d) obosnadaercsi MHOKECTBO 3HadYeHWH d, TP KOTOPBIX (DyHK-
d=1,....D

st f(d) mocTuraer MUHUMAJIBHOTO 3HAUEHUSI.

Teopema 12.3. Ilycrb j1 — meccuMucTHIHAsS MUHUMHA3AIAS SMIIPAIECKOTO DHCKA, BEK-
TOPBI OHNIHOOK BCEX aJaropuTMoB a € A nomnapHo passindssl. Torga BepOSITHOCTD HOJIy IUTh
aJrOPUTM (g B PE3yJIbTaTe O0YICHUS:

PluX=a4) = %Z(H C;jgb) [d*(s)=d |; (12.2)

L ses NveB
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BEPOSITHOCTD IEPEOOY IeHUSI:

Q- £Z<chb){25d*s> (myl — syL) > ekt (12.3)

seS “beB beB

lokazareabcTBO.
[IpousBosibHOMY HAOOpY 3HAYEHUH (Sp)pep U3 S COOTBETCTBYET MHOYKECTBO BBIOO-
pok X € [X]¢ Takux, uro |X N Uy| = 5. Uncio Takux BEIGOPOK PABHO MPOM3BEICHUIO

IT Cyv , Tak Kak Jyig Kaxkjoro Oyoka U, cymecrsyer Cib croco6oB oToOpaTh s, 00beK-
beB
TOB B 110/1BBIOOPKY X M Uj,.

[Tockonbky yenoust X = ag u d*(s) = d paBHOCHIBHBI, BEPOSITHOCTH IOJIYIUThH
AJTOPUTM (g B pe3yJabTare 00ydeHHs BBIPAXKACTCH B CJICLYIONEM BUJIE:

PluX=ad = Z [d(s zZ(HC%) [d*(s)=d].

Cl Xex s€S “beB

Tenepb 3alluIeM BEPOATHOCTD Hep606yquI/IHZ

D

Qs = P[éu(X) = 5] = PZ[/LX:CLd} [5(0@,)() > 8].

Pacnuiiiem oTkJIoHEHHE 9acTOT OMIMOOK aJrOPUTMa, (g B BUJIE CYMMBI 110 OJIOKaM:

(5<6Ld, Zbd my — Sb — —Zbdsb = ZZbd(mbK— SbL).

bEB beB

TOFIL& BbIpazKeHune JIJjid BEPpOATHOCTU H€p€06y‘{eHI/IH IIpuMeT BUJI:

Q€:%Z<Hcgb)§:[ [Zbd (myl — syL) > sék}

L ses NveB d=1 beB
Orciosia HeMeJJIeHHO BhITeKaeT Tpebyemoe Bbipazkerue (12.3). ]

O6béM Bhruncsennii o dpopmystam (12.2) u (12.3) sKcroHeHIAIEH 110 JJTHHE BBIGOD-
ku L. B xymamewm ciy4aae, korga Bee 6sioku Up, 0HOY/IEMEHTHBIE, MHOXKECTBO S COCTOUT U3
BCEBO3MOKHBIX OyJIEBBIX BEKTOPOB JUIMHBI L, copepzKaiux posHO ¢ equnauil. Torma dmcio
craraempix B (12.2) u (12.3) pasno CY.

Beraucienus o Teopeme 12.3 sddekTuBHBI TOJIBKO KOrjia qucsio 610koB | B| Hepesn-
KO, B YaCTHOCTH, IIPU MAJIOM 4HC/Ie aropuTMoB. Emé oqun He1ocTaToK O/I0YHOIN OleHKN

B TOM, 9TO OHa B fABHOM BH/I€¢ HE YIHUTBIBACT CBOIICTBAa paccjioeHud U CBA3HOCTH.

§12.4 [lapa anropmntmos

Pacemorpum cemeiicTBo u3 JByx agroputmoB A = {ay, as}. YTobbI BoCTIONB30BaTHCS
610uHOIt orenkoit, mosoxkum B = (11,10, 01, 00).

[Iycts B BeIOOpPKEe X mMeeTcs my; O0BEKTOB, Ha KOTOPBHIX 00a aJITOPUTMAa JIOIYCKa-
0T OIIMOKY; M1y 0OBEKTOB, HA KOTOPBHIX TOJBKO @1 JOIYCKAET OMINOKY; 1Mg; OOBEKTOB,
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Ha KOTOPBIX TOJIBKO (g JIOIyCKaeT OIIHOKY; Moy = L — myi; — Mg — My OOBEKTOB, Ha
KOTOPBIX 00a aJropuTMa Jaf0T BEPHBI OTBET:

i =(1,...,1,1,...,1,0,...,0,0,...,0);
iy =(1,...,1,0,...,0,1,...,1,0,...,0).
—_— Y—— Y—— ~Y—
mi1 mio mo1 moo

Teopema 12.4. I[lycth jt — meccUMUCTHYIHAS MUHAMHA3AI[AST SMITIPUICCKOTO PUCKA, U CE-
MeiicTBO cocTouT u3 JByX ajaropurmoB A = {ay, as}. Torga s moboro e € [0, 1)

mi11  mio Mo1 0311 0510 0801 05*511*810*801

Q _ 2 : § : 2 : mi1 ~mio ~ mo1 ~ L—mi1—mi0—mo1 %
13 C(Z
L

511=05810=0 801=0
X ([310 < 501} [811 + S10

+ [s10 = so1] [s11 + so1

i
£ (myy + moy — ek;)}). (12.4)

HokazaTeabcTBOo. Bocmnosssyemes Teopemoit 12.3. MHOXKecTBO S COCTOUT U3 TEJTOTUC-

JICHHBIX BEKTOPOB S = (511, 510, S01, Soo), JIE KOTOPBIX S11 + S10 + So1 + Soo = £. [loaTomy
mi1 mio mo1

cyMMa » | mpeobpasyeTcst B TPOMHYI0 CyMMy » >, > , IIPH 9TOM Sgo BBIPazKaeTCs He-
sesS $11=0 s10=0 s91=0
pe3 ocTasbHbIE KOMIIOHEHTHI BeKTOpa . Homep d*(s) amropurma, BEIGDAHHOIO METOJIOM [i

1o oby4arorieil BIOOpKe, paseH 1 mpu sjp < So1 U 2 IPH S19 = Sp1. Lenepb mojcTaBuM
3HAYCHUS My, Sp, d*(s) B (12.3):

|: E bd*(s) (mbf — SbL) = elk | = [d*(S)Il} [(mw—i—mn)ﬁ — (810+811>L = 8516] +
beB
) + [d*(s)=2] [(mo1 +mu ) — (so1+11)L > elk].

Orcroza ciejyer Tpebyemast orienka (12.4). ]

BbiuncnurtensHbin akcnepumenT. Ha Puc. 12.3 u 12.4 nokasanbl 3aBUCUMOCTH BEPO-
SITHOCTH TiepeodydeHus (). u orenku DJIKP A 0T pasIMYHOCTH ANIropuTMOB play,as) =
= mg1 + myo upu £ = k = 100, £ = 0.05. Tonkumu jmHEIMHI TOKa3aHbl oneHKn DJIKP,
BeIaucaeHHbIe Memodom Mornme-Kapao o 1000 cirydailHbIX pas3OueHuii.

['pacdbuku 1O3BOIAIOT CAETIATH CJIELYIONIAE BBIBOJIBI.

1. VC-omnenka DJIKP A=2 JIOCTUTAETCS JINTTh B TOM CJIyvae, KOrJla HET pacC/I0eHN s
(aJIrOpUTMBI JIOIYCKAIOT Ha X OJMHAKOBOE YUCJIO OIMHUOOK, Mg = MMjp) U HET CXOJCTBA
(aJIrOpUTMBbI MAKCHMAJIBHO PA3/IMYIHbL, Moy = M1 = 0).

2. Yem cuibHee paccioenue (d = mg; — myg > 0), TeM MeHbIIe BEPOSITHOCTH TIepe-
obydenns, n rem Omzke DJIKP k 1. B mannom skemepumente nipn d = 40 Xy/ammmit u3 IByX
AJITOPUTMOB y2Ke NPaKTHIECKH HUKOI/IA He BHIOMPAETCH.

3. Hem cuibHee cxocTBO (M1, Mg — 0), TeM MeHbIIle BePOSITHOCTD [epeolyYeHuUsT
u tem Osmke DJIKP k 1. C Touku 3peHust mepeodyueHus qBa CXOXKUX AJITOPUTMa BEIYT

cebst IpaKTUIeCKU KaK OJWH aJI'OPUTM.

OcHoBHoii BbiBog,. /laxke B mpocteiitieMm ciydae, KOrja aJroOpuTMOB TOJBKO JiBa, yiKe
BOBHUKAET dABJIEHUE IePeoOydeHUs U MPOABISIOTCA 3((PPEKThl PacC/IoeHnusl U CXOJICTBa,
CHUZKAIOIIIE BEPOSITHOCTD HEePeo0y IeHUsI.
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6eposMHOCTb NepeobyueHus DJIKP

0.50 1
045 1
0.40 1

0.35 1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
XOMMUH20B0 paCCmOﬂHue Me:»cdy azzeopudeMu XOMMUH20B0 paCC’mOﬂHl{e MeOICdy aﬂZOquUl/laMu
— m=20 — m=40 — m=100

Puc. 12.3. 3aBucumocts BeposTHOCTH Iepeodydenus . u onenku IJIKP or pas-
JINYHOCTHU AJI'OPUTMOB, KOTJIa OHU JIOITYCKAIOT OJIMHAKOBOE YHCJIO OIMUOOK, Mg] = M1g.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAUYCHUSM UHC/IA OMIUOOK Ha ITOJHOW BBIOOPKE
m = mo; + my1 € {20,40,100}. ToHkuMU JUHUSIMU TOKA3AHBI SMIUPUIECKIE OIEHKU
meronoM MonTe-KapJiio mo 1000 cayyaitabix pa3buenmii.

6EPOSIMHOCTb NepeodyueHus DJIKP
b 20 -
045 ]
- 1.9 A
0.40 1 18
17 7
0.35 1 :
1 16 1
030 1 15 1
025 14 3
; 1.3 7
0.20 ;
N 1.2 1
0.15 1 14
] 10 ]
0 20 40 60 8 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
XIMMUHS080 paccmosinue Me:»cr)y areopummamu XIMMUH2080 paccmosinue Me:»cdy areopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 12.4. BaBucumocTb BeposiTHOCTH Ttepeody1uenust u oreaku DJIKP or pasmuano-
CTH aJICOPUTMOB, Korja mi; = 20 u BTOPOIl ajJropuT™ HOIyckaeT Ha d OmuboK 60JIb-
me, mo1 = mig + d. Yersipe rpaduka COOTBETCTBYIOT YeTHIPEM DPA3HBIM 3HAUEHUSIM
d € {0,10,20,40}. ToHKnM#M JIMHUAMY TOKA3AHBI SMIMPUYECKIE OIIEHKN MeToZ0M MoH-

te-Kapso mo 1000 ciyvaiiubix pasoueHuii.
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Pe3iome

Tounbie oreHKN BepOATHOCTH TTepeodydeHns K JAHHOMY MOMEHTY U3BECTHBI s PAIa
MO/IeTbHBIX CEMENCTB aJrOPUTMOB: MOHOTOHHBIX M YHUMO/IAJILHBIX Teleil U ceTeil, MHTep-
BaJIOB OyJieBa Ky0a M UX HUXKHHUX CJIOEB, U HEKOTOPBIX JAPYIUX. DTU OIEHKHU IT0JIE3HbI
JJIg TIOHUMaHUS TOTO, KaK CBOMCTBA PacCJAOEHUs U CBA3HOCTHU BJIMAIOT Ha BEPOATHOCTH
repeodyuenns. Kpome Toro, MojebHbIe ceMelicTBa UTPAIOT POJIb UCIIBITATE/THHOIO TTOJIN-
TOHa TIPW CO3JIaHUU KOMOWHATOPHON TEXHUKHU OlleHnBaHUs 1epeobydenus. OmaHAKO JIJIsT
HETIOCPEJICTBEHHOT'O MMPAKTUIECKOTO NPUMEHEeHUs] MOJIeIbHbIE CeMeCcTBa, KaK IPaBUIIO,
He TOJIATCS.

B cnepytouwieii nekunn Mbl pacCMOTPHUM TEOPETUKO-TPYIIIIOBOI TIOJIXO0J, KOTOPbIl 1103~
BOJISIET BBIBOJIUTH TOYHBIE OIIEHKN BEPOATHOCTH TEPEOOYIEHU JIJIsT MOJIE/ILHBIX CEMENCTB,

00J18TAOIINX CBOMCTBOM CUMMETPUH.

Ynpa>kHeHust

Bamada 12.1 (5%). IlosyuuTs OEHKY BEPOSITHOCTH [IepeodydeHUs JIsl ¢t HUZKHUX CJIOEB
uHTepBaJia OyaeBa Kyba depe3 MOPOoXKIAIONINe U 3AIPENIAIoINie MHOXKECTBA.

Bamaua 12.2 (2). IloyuuThb OIEHKY BEPOSITHOCTH TI€PEOOYUEHUs JIJIsd t HUZKHUX CJIOEB
nHTepBasia OyieBa Kyba B ciiydae paHIOMU3UPOBAHHOTO MeTozna MOP.

Bamaga 12.3 (1). Bepno qu Cregcrsue 12.2.1 s cemeiicta Ay, t < m?

Bamaga 12.4 (1). IlomyunTs OINEHKY BEPOATHOCTH HEepeobydeHUs [T Hapbl aJrOPUT-
MOB, TIOJTb3Y$ICh ITPUHITUIIOM MTOPOZK/IAIONINX W 3aIIPENTAONIIX MHOKECTB.
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13 HenapameTpuyeckune kpntepun n goBepuTesibHbIE
OLEeHKN

Marepuas JaHHOI JIEKITUN He UMeeT IIPSIMOTo OTHOIIEHU K IIpobjieMe repeodydeHnst
U SBJISIETCS JIOTOMHUTEIbHBIM. OH JeMOHCTPUPYET BO3MOKHOCTH CJ1ab0i BEpOATHOCTHOI
AKCHOMaTHKHI Ha IIPAMEPe CTAHIAPTHBIX 33189 MATCMaTHICCKON CTATUCTUKY, CBA3AHHDBIX
C HemapaMeTPUYCCKUMU CTATUCTUYCCKUMU TECTaMH U JJOBCPUTCJIbHBIMU OICHKAMU.

§13.1 [doseputenbHoe oueHuBaHue

PaccmorpuM 3ajady 0 J0BEPUTETHLHOM ONEHUBAHUU CJIyYalHON BEJTMIUHDI.

Bagana pyuknus &: X — R, 3HaYeHUS KOTOPOI MOTAPHO PA3/JINIHbI HA dJIEeMEHTaX
BeIOOPKHU X. Tpebyercs mocTpouTh 1Mo HAOJIOaeMOii BHIOOPKE X CeMEeHCTBO BJIOZKEHHBIX
dosepumenvioz unmepeanos Q.(X) = [£7(X), &5 (X)] Takoe, 4To s HPOUZBOILHOTO
CKpBITOro 0bbekTa T BbinosHgercs &(z) € . (X) ¢ BeposTHOCTBIO He Menee 1 — n(e).
Taxum 06pa30M, JIHHA CKPHITOH BHIGOpKE X = {Z} momaraerca pasHoii euHuTIe.

Bapuayuonnvim padom dyakumu € Ha Beibopke U = {uq,...,u;} C X HasbBaercs
[OCJIe/I0BATEIbHOCTD 3HaueHuit &(uy), . .., &(u,), ynopsyiodentas mo Bospacranuio. O6o-
3HAYUM S-€ 3HaUeHue BapuarmoHHoro psjaa & na U uepes 5{(]5 ), TOr /18 5((11 V<< 5[(}5)
Teopema 13.1. Omnpejenm cemeiicTBO BIOKEHHbIX 0Tpe3KoB (X)) = [5;‘?“““), §§§)],
e e = [£/2], ..., (. Torga cupaBemmBa TOYHAS OLEHKA:

PlE(z) ¢ Q(X)] =2(1—2%), e=[¢/2],...,L (13.1)

IokazaTresbcTBo. Beero nmeerca C} = L pas6uennit. Benmauna () npesocxomur 5§§)
Ha Tex pasbueHusiX, IpU KOTOPBIX mpasee &(T) B BAPHAIMOHHOM PsJIy HAXOJUTCS Me-
Hee L — ¢ obbekToB. Takux pasbuenuit posao L — . Ananornuno, &() < 5%_6“) Ha Tex
pasbueHusx, Ipu KOTOPKIX JieBee & (T) HaxoauTcs MeHee L —e 00bekToB. Takux pazbueHuit
Takke poBHO L — ¢. Utak, mosisi pazbuenuii, npu KOTOPbIX 3HadeHne &(T) monajaer BHE

orpeska ). (X), cocramisier 2(L —¢)/L. ]

AHAJIOrMIHO MOXKHO JOKa3aTh U TOYHYIO BEPXHIOIO OIICHKY:

Ple(@) > =1-2, e=T[¢/2],...,¢ (13.2)

[Tomaras B (13.1) € = ¢, 3aKk/09aeM, 9TO CKpbITOe 3HaUeHne &(T) BBIXOJUT 3a Mpe-
JIeJIbl Auala3oHa HaOJII0AaeMbIX 3HATeHU [gﬁg), 5%)} C BEPOSITHOCTBHIO % s ipeackasa-
Hust £(T) ¢ HAJEXKHOCTBIO 1) JIOCTATOYHO UMETh % — 1 0OBbEeKTOB B cilydae OJHOCTOPOHHEI
OIIEHKH, 1 IIPUMEPHO BBOE OOJIbIIIE, % — 1, mya aBycroponseit. B wactnocTn, 19 06 bekTOB
JOCTATOTHO JIJT TTOJIydeHUsT BEpXHEl OeHKN ¢ Ha IeKHocThio 0.95.

§13.2 [oBepuTenbHble MHTEpPBasbl OJ1S1 KBaHTUNEN

JdoBepuTenbHble MHTEepBanbl AN KBaHTUNEW B CUIbHOW akcuomaTtuke [17]. Tlycrs
¢ — cayydaiiHasi BeJIMUMHA C HEIPEPBIBHON CTPOTO BoO3pacTarolieil yHKImel pacipe/ie-
nennst F'(z). Pemenue ypasuenns F(x) = a upu o € (0,1) cymecTByeT n e HCTBEHHO,
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obozHavaeTcs &, U HA3bIBACTC (-KGAHMUABIO PACNPEIeNeHUs TN KBAHTUIIBIO TOPSIIKA (V.
B gactrocTH, &1 ecth meduana pacnpedesenus.
2
[Iycre X = {&,...,&} —BbIOOpKA ¢ HE3ABUCHMBIX CJIyYalHBIX BEJUYUH U3 PAC-
. . 1 ¢
npenenenusd F'. [loctponm e€ BapmarmoHHBIN sl 5&) < e < 5&). C BeposiTHOCTBIO 1
OH He mMeeT CBsI30K. OTpesok [ggg“), S)} SIBJISIETCST JIOBEPUTEILHBIM WHTEPBAJIOM  JIJIsT

Q-KBaHTUJIN C ,ZLOBepI/ITe.HbHOIU/I BEPOATHOCTBIO

Pl <& <€Y] = > Clat(l—a)'". (13.3)
t=r

B wacTtaocTn, or [ (r+1) ¢t=m) -

,orpe3ok &y €y };{BﬂﬂeTCﬂ JIOBEPUTE/ILHBIM HHTEPBAJIOM JIJIsT M€

s
auasbl (o = 1) ¢ J0BEpPUTEIBHOI BEPOATHOCTBIO 1 — 2 z% Ct2~t,
t—

JdoBeputenbHble MHTEpBasbl ANA KBaHTunen B cnaboii akcmomatuke. Ilocranos-
Ky 3aJa49i IPUIAETCSI MEHSITh, ITOCKOJIbKY IOHATUS (-KBAHTUIN U (DYHKIIUNA pacipejiesie-
Hust F'(x) ompeesisiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOATHOCTD. AJIEKBATHON 3aMeHOM
KBaHTUIN &, B CIA00N aKCUMOMATHUKE SABJIACTCH M-Il Y4ICH BapUAIMOHHOTO PsJia TeHEPATh-
HOIT BBIOOpKH X mpu m = «L.

Honycerum, 9ro ducioBas renepasibhas Boioopka X = {&,...,&.}, cocrour u3 no-
IMapHO pa3InIHbIX 3HaveHuil. [loctpoum e€ BapuarmoHHbIN psiT 53(;) << fg“).

Crenyromas TeopeMa yTBEPZKIaeT, UTO, MMest HabJIomaeMyi0 BBIOOPKY X, MOXKHO
IpeacKa3biBaTh 3HaYeHne M = fégm) ¥ OICHUBATH TOYHOCTH IIPEJICKA3AHNIN.

Teopema 13.2. Orpesok [5&;), fgg)] SABJISICTCS JJOBEPUTEJIBHBIM HHTEPBAJIOM JIJIST BEJIA-

gnabel M = & (m) ¢ i
=y ' ¢ JOBEpUTEIBbHOI BEePOSITHOCTHIO

S

PV <M <) =" hmm (1), (13.4)

t=r

/e BeposiTHOCTH P mormMaercst B coorBeTcTBHM €O C1ab0H aKCHOMATHKOMH, KaK JI0JIST Pa3-
bueHmnii reHepaJbHOi BHIOOPKH.

JlokazareabcTBO.

Bo-niepBbix, 3ameTnm, 9T0 P[fg) <M< fg?)] = P[fg) < M] — P[fgﬁ) < M]

PaccmorpuM cobwitue S, = {fg) o ,fs(gm) CX.

YciioBue P[ﬁg) < M } PaBHOCUJIBHO TOMY, YTO B BBIOOPKY X TIOIaJlaeT He MeHee
7 3JIEMEHTOB cOOBITUS S,,. Cormacuo Jlemme 2.1 u ornpeie/IeHUIO «IIPABOTO XBOCTa» TH-
[epreoMeTPUIeCKOro pacipesesnenus (2.4) orciojia ciejiyer

Pl < M =H;™ (r).

Anajornano,

P < M] = H™(s+1).
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Takum obpasom,

Pl <M< =H"(r) - Hy™ (s +1) =
S1 s

=S - S nem =S ).

t=s+1 t=r

Teopema j10ka3aHa. [ |

MpepenvHbii nepexop,. loBepuresbHast BEpOITHOCTE B ciaboil akcuomaruke (13.4) Bbi-
paskaercst yepes ruiepreoMeTpuyeckoe pacipejeienue. [lokaxkeM, 9To Mpu CTpeMIEHUN
JUIMHBI CKPBITOH BHIGOPKN K GECKOHEYHOCTH OHO CTPEMUTCHA K OMHOMUAJILHOMY PaCIIpe ie-
JICHUIO, 9ITO MPUBOJUT K KJIACCHIECKOI JoBepuTesibHoi BeposgTaocT (13.3).
[Ipu L — oo u k — 0o, dbukcupoBanHoil jyimHe HAOIIOaeMolt BBIOOPKH ¢, (hukcupo-
m

BaHHBIX 7" 1 § U COXPaHEHUN ITOCTOAHHOI'O OTHOIIECHUA ¥ = T nMeeM:

cpt m! k!l (L —m)! mt(k —m)‘?

k t R
cm “m —t)V L (k—m +t)! L

—a(Z) (1) e

hy™ (t) = Ci

Taxkum ob6pa3om, IepeHoC JIOBEPUTETLHBIX OIEHOK B CJ1a0yI0 aKCHOMATHKY TOTPe6o-
BaJsI 1epedopMyInpoBaTh MOCTAHOBKY 3ajadn. B c/1aboit akcmoMaTuke JIOBEPUTE/IHHBIN
UHTEPBAJ 3aBUCHT OT JIJTHHBI CKPBITOW BBIOOPKHU, TO €CTh OT TOTO, CKOJIBKO €I1é HADJTI0 16~
HUI IPEJICTOUT CJlesIaTh. B acuMIITOTHKE, TPU CTPEMJIEHUN 9TOIO YUCIa B OECKOHETHOCTD,

HOJIYYaCTCA KJAACCUYCCKUN JIOBEPUTEJILHBII NHTEPBaJ B CUJILHON aKCUOMAaTHUKE.

§13.3 KpuTtepwnii 3HakoB

Knaccnyeckuin kputepuini 3HaKoB 1poBepseT rurore3y Hy o Tom, 9TO B BbIOOPKe Ou-
1

29
WJIN, IPYTUMHU CJIOBAMU, YTO BHIOOPKA MOINHAETCA ONHOMUAIHLHOMY PaCIPeIe/IeHUIO C Ia-

paMeTpoM p = %

napubix et X = {b;}_,, b; € {0, 1}, eMHUIBI TOABIAIOTCS ¢ BEPOSTHOCTHIO P =

XpecToMaTUiiHbIA IpUMED IpUMEHEHUs] KPUTEPHUsl 3HAKOB — IIPOBEPKA CUMMETPHI-
HOCTU MOHETBI 110 IIOCIEI0BATETHHOCTH BBITAIEHUST «OPJIOB» M «PEIIeK».

B npakTnueckux 3ajiadax aHaJM3a JaHHBIX KPUTEPUl 3HAKOB IIPUMEHSIOT JIJIsI PO~
BEPKM paBEHCTBa HYJIIO0 MEIUAHbl BEIIECTBEHHON cirydaitHoit Benuannbl €. s sToro e-
pexojiaT K 6unapHoii BeIOopke b; = [§; > 0]. Ipyroe npumenenue — mpoBepKa 2unomesol
cdeuza & = £ + § B JIByX CBA3HBIX BBIOOpPKaX, rje 0 — BeJIMInHa cJBura. st sToro re-
pexoiaT K 6unapHoil BeIGOpKe b; = [ > & + 0]. B wactHocTH, npu § = 0 mposepsiercst
OTCYTCTBHE CJBUTA, WJIH, KaK €I¢ rOBOPAT, omcymcemeue apdexma obpabomru.

¢
st BeimosiHeHust Tecta Beraucisgercs crarucruka 1'(X) = > b;. Ilpu yemosun, aro

=1
TUIIOTE3A HO BEpHa, CTaATUCTUKA T IIOAYNHAETCA 5UHOMUCLJle0M’y pacnpedenenum:

P[T(X)=t] =Cip'1—p) " =Ci2"
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['mnoresa H, oTBepraeTcs Ha YposHe 3HAYUMOCTU (v, €CIN 3HAYEHUE CTATHCTHU-
ki T'(X) momnajiaer B KpUTHIECKY IO 06JIaCTh — «XBOCTBI» OMHOMHUAILHOTO PACIIPE/IC/ICHNUS,

] T(X)
52 Ci¢[51-5] (13.5)
t=0

KpuTepuini 3HakoB B C/1aboi akCMOMaTMKeE CTPOUTCS 110 CYTH TaK Ke, TOJBKO (popMy-
JINPOBKa TUIIOTE3bI H( y»Ke He MOXKET ONUPAThCI Ha MOHATUE «BEPOATHOCTH €JIUMHUIIBI»
1 OMHOMUAJILHOE paclpejie/ieHue.

Teneps runoresa Hy dopmynmupyercss Tak: «HaOJI0JaeMasi BbIOOpKa X TMOJydeHa

B pesyabrare ciydaiinoro pazouenus X LI X = X remepasbnoii Beibopkn X = {b;}2
L
2
Ecim runoresa Hy BepHa, TO BEpHO U OCHOBHOE IIPEIIIOJIOXKEHHEe CIaboil aK-

. L .
cozieprKallieil pOBHO MOJIOBUHY eIuHHL, m = y .~ b; = ¥», rae L — uérHoe ducio.
CHOMATUKU O paBHOIl BeposaTHOoCcTH pazdmenuit. I[Ilpumenss Jlemmy 2.1 kK coObITHIO
S = {bi eX: b = 1}, IPUXOJNM K BBIBOALY, 4T0 cratuctuka 1'(X) mogunuserca 2unep-
2COMEMPUYECKOMY PACTPEICNEHUIO:

Y

m—t L
o 1 dm _ vt T L—¢ _

PIT(X)=t] =h;™(t)=C} ,om=g

L

rJle BEPOSITHOCTh P MOHMMAaeTcs B COOTBETCTBUU CO CIaDON aKCHMOMATHKO, KaK J0JIs pas3-

Ouenuii reHepasIbHONl BLIOOPKH.

Jlasiee crangapTHas JIOTUKA IPOBEPKH CTATUCTUYECKUX TUIIOTE3 IIEPEHOCUTCA B CJla-
Oyro akcuoMaTuky 0e3 u3menenuii. ['unoreza Hjy oTBepraeTcd Ha ypOBHE 3HAYUMOCTH (v,
ecru 3Hadenne T'(X) monagaer B kpumuueckyo obaacmo:

l,m « a

Hy™ (1(X)) ¢ [5,1- 9],

MpepenbHbii nepexoa. [lapamverp L ObLT BBEJIEH UCKYCCTBEHHO B PE3YJILTATE MBICIEH-
HOT'O JIocTpanBanus HabJro1aeMoil BHIOOpKH X 10 TeHepabHON BHIOOPKH X. YCTpemJisas
L

Junany BbIGOpKH X B GECKOHEYHOCTH NMPU M = 5 1 (PUKCUPOBaHHBLIX £, 1, mojyvaeM BCE

TO 2Ke OMHOMUAJIBLHOE paciipe/ieieHre, IpUBoJsinee K Kiaccudeckomy kpureputo (13.5):

0—t mé
=C} =Ch2
J4 (Qm)g y4

¢
n ., m! m! k! ,mim

P[T(X): = é(m_t)!(m_g'—i_t)!f‘!—)Og It

Takum obpazoM, MepeHOC KpUTepusi 3HAKOB B CJAA0YI0 aKCHOMATHUKY IIOTPeOOBaJI
JIMIIB 11epeOPMYyIMPOBKU HYJIEBOW TUIIOTE3bI, HE M3MEHUB PE3YJILTAT 110 CYIIECTBY.

§13.4 Kputepuin Yunnkokcona—MaHHa—YutHn

Knaccuuecknii kputepuii YunkokcoHa—MaHHa—YuTHn — 310 HenapamerpudecKuii
CTATUCTUYIECKUI KPUTEPHil, OOBITHO MCIIOJIB3YEMbIi JIJI IPOBEPKH 2UNOME3bL 00HOPOOHO-
CMAL — TIPeJIIoJIoKeH s, uTo JBe Bbibopku X = (z1,...,2¢) u X = (2},...,2}) B3aTHI
U3 OJHOrO pacupeaenenns. [Ipeamnonmaraercs, 4To BEIUIUHBL X, X' U3MEPSIOTCS B KOJIMYIE-
CTBCHHOI WU IOPAJJIKOBON IIKaJIE.



=119 =

Crporo roBopsi, HYJIEBOIl THIIOTE30il B JAHHOM KPUTEPUU sBJseTCs Oojee ciaboe
npemnosnoxkenne Hy: P(x < 2') = % [TosTomy OH cumTaeTCsa He JTOCTATOYHO MOIIHBIM JIJIs
[IPOBEPKH TUIIOTE3bI OJTHOPOTHOCTH.

Jist IpocTOTHI B KavdecTBe ajbrepHaTuBbl pacemorpum Hy: Pz < o) > % ITposepka
JIBYyCTOPOHHE! aJIbTepHATUBBI HE HAMHOI'O CJIOYKHEE.

To, uTo MaHHBI TeCT He BCErjia MO3BOJIZET OOHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO TIOKA3aTh C IOMOIIBIO KOHTPIpIMepa. Bo3bpMéM aBe BeI6opKH X, X PaBHOI JITHHEL
[Iycts X cocpenorodena Ha oTpeske [1,2], mosonHa BHIGOPKH X cocpeqoToueHa Ha OT-
peske [0, 1], Bropasi nosiosuaa — ua (2, 3]. Torga runoresa Hy cripasejjiuBa, a MUIoOTe3a
OJIHOPOJTHOCTH, OYCBUIHO, HET.

ILJ'IH BLBIIIOJIHCHHN A TECTa BBIYUC/IACTCA CTAaTUCTUKA

L k

U(X,)_():ZZ[xi<a:;].

i=1 j=1

O06BITHO HCTONIB3yeTCs OoJIee SKOHOMHBIN crtocod Buraucsaenns U. Ctpourcs Bapua-
mmonueti pax ) < .. < ) obbemuuénnoit Boi6opkn X = X U X. Jlis mpocToTsl
OyaeM Ipejro/araTb, YTO BapUaIllMOHHBIN Psi HE COAEpPKUT CBsI30K. Jlagee HaxomasTcs
pauru r(x;) € {1,...,L} s71eMeHTOB 1epBOii BBHIOODKH B OOIIEM BApHUAIOHHOM DSIY,
n U BbIpaxkaeTcs depe3 UxX CyMMapHBI paHT:

14

U(X,X) zﬁk—i-@—Zr(xi).

Takum obpazom, JaHHBI KPUTEPUil sIBISIETCS IIPUMEPOM PaH206020 KPpUMepus.
Pacrpenenenune craructukn U acuMIITOTHYECKA HOPMAJIBHO, TPUIEM ACHMITTOTHKOMN
PEKOMEH/IyeTCsl 10JIb30BaThes yke 1ipu £,k > 8 [32, 4, 23]:

U— Ltk
\/%€k<£+ k+1)

U= ~ N(0,1).

Ecmun U > &1, tie ®;_, — (1—a)-KBaHTHIIb HOPMAIBHOTO PACIPEIEIeHNsT, TO TH-
noresza Hy orBepraerTcss B MOJIb3Y aJibTepHATUBLI H{ P ypPOBHE 3HAYUMOCTH (V.

B cnaboii akcmomaTmke aHAIOroOM THUIIOTE3bI OJJHOPOJHOCTHU SIBJISETCS OCHOBHOE TIPEJI-
[I0JIOYKEHUE O PABHOI BEPOATHOCTH BceX pa3Ouenuil. /anubrit Kpurepuil 103BOJIIET IPOBE-
PUTD, MOTJIA, /i1 TIapa BEIGOPOK X, X GBITH IO/IyUeHA B PE3YJIbTATE CJIYUAHOIO Pa3OHeHIs
ncxoiHo# BeIOOpKH X Ha siBe dacTu. CoobpakeHusI O HeJIOCTATOYHON MOITHOCTH STOTO
KPUTepHs U KOHTPIPUMED OCTAIOTCSA B CHUJIE.

C Touku 3peHnst craboil akcnoMaTuKu 3HaK BepogrHocTH P B yemosun Plx < 2] = %
yHnoTpeO/IeH HEKOPPEKTHO, TI09TOMY ruroresy Hy Heobxoumo nepedopMyInpoBaTh.

I[lepsast unTepnperanus runoresst Hy. Jdomyerum, uro u3 moaseibopox X, X ciy-
JaifHO ¥ PaBHOBEPOATHO M3BJIEKAETCS MO OJIHOMY OOBEKTY, & U =’ cooTBeTcTBeHHO. TO-

TTa BEPOATHOCTDb Ha/IO IIOHUMAaTh B CMbICJIE YCPEAHEHNA HE TOJILKO II0 BCEM paS6I/I€HI/IHM
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BBIOOPKHK X, HO W II0 BCeM cIiocobaM B3sThb 10 ogHOMY 00bekTy m3 X m X. B cimaboit

aKcnoMaTnke BeposTHocTs Plr < @f] aeiicrBurensio pasna 3

L L
Plz < 2] E%ZIZEX%Z%EXH%<%}:
i=1 7=1
L L -1
1 1 L(L-1) Lo
:%Zsz<x] xZeXijeX]J:@. 5 ,522:5

.
I

1 j=1 ~
l—1 4
CVL72/C’L

Otcrona cremyer, aro EU (X, X) = %ﬁk. DTO M ecThb BTOpasi MHTEPIPETAIs THIIOTe-
3p1 H, He Tpebyromas BBeIeHNs JOMOTHUTE/TLHON PaHI0MU3AIINN.

Pekyppenrhast dpopmysia st pacupeeaerns craTucTuku U BBIBOAUTCS B cJ1aboii
AKCHOMATHKE TaK 7Ke, KaK OHa ObliIa MOJIydeHa B UCXOJHBIX paborax [77, 55|.

Teopema 13.3. Ilycrs Bce 3uavenus B BbIOOpKe X nonapHo pazymmdnubl. Pacrpeeernme
crarucrukn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,... 0k},

HE 3aBHCHT OT 3JIEMEHTOB BBHIOODKH X W BBIUHCJISICTCS IO PEKYDPPEHTHOH (hopMyJie
Pyj(u) = %Péfl,k(u) + %Pe,kq(u —0),

1IpU HA9aJIbHBIX YCJIOBHSIX

Pg’g(u) = Po’k(u) = [UZO], u € {O, C ,gk};
P&k(u) :0, (% g_f {O,,Ek’}

JlokazaresbcTBO. 110CTpONM BapHAIMOHHBIH psi1 d1eMeHToB Beioopkn 1) < - .. < (1),
OH He COJIEPAKUT CBA30K B CUJIY YCJOBHSA HONAPHON PA3TUIHOCTH.

O6oznammm b; = by(X) = [ € X]. Bunapuaa nocienosatenbHocTs by, . .., by, co-
JiepkuT poHO ¢ equnui u k myneit. Torma

L L
= E § [0 < j]bi by,
i=1 j=1
riae b; = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. SHaUeHNE CTATUCTHKE U He 3aBHCHT

OT 3HAYEHNIt 3JIeMeHTOB BRIOOPKH X, a TOJIbKO oT pasbmenns (X, X ) 1 mapaMeTpoB JITHHBI
110/1B6I60poK £, k. Urobbl Haiitu pekyppenthyto dbopmyiy aisa Upy, = U(X, X), sanuirem

L-1L-1

L—1
U =SSl < ilbiby + 5.3 b
=1

i=1 j=1

Ecin by, = 1, To nepBoe ciiaraemoe B 9100t cymme ectb Up_p i, & BTOPOE PABHO HYJIIO.
L1

Eciu by, = 0, To nepsoe ciraraemoe B 910it cymme ectb Uy 1, a BTOpoe y | b; = L.
i=1
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Takum obpasom, Uf,k’ = bLUg_lyk + bL(UgJC_l + E)
Anajiorndnoe peKyppeHTHOE COOTHOIIEHUE BBIIOIHIETCA U JIJI BEPOATHOCTEI:

Pyr(u) = P[:C(L) € X} [Ug,l,k = u] + P[x(L) € X} [Um,l + (= u} =
= %Pg_ljk(u) + %Pg,k_l(u — E)

Hauanbmble yeaoBust Jyist Py (u) SBISIOTCA OYEBUIAHBIM CJIEACTBHEM HAYAJIBHDBIX
yeaosuit gyt U: Uy = Uy, = 0 n orpanndenuii na 3uadenns aprymenta u € {0,. .., (k}.
Teopema joxkazana. [

s mpoBepku runore3bl Hy cTpoutcs pacupejeneHne Y nJIKOKCOHA

U
W(U)=>_ Pux(u).

Ecim U > Wy_,, tne Wi_, — (1—a)-kBauTmib pacrpejiesieHnsi Y MJIKOKCOHA, TO TH-
nore3a Hy orBepraercs B M0OJIb3Y aJbTepHATUBLI H| IIpU ypOBHE 3HAYMMOCTH (.

[To Bceit BujimMocTH, He TOJILKO KpuTepuil Y ujikokcona-Manna—Yutnu, Ho u 0OoJiee
IMIUPOKUI KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCH B CJIa0YI0 aKCMOMATUKY 0e3 3Havu-
TEJbHBIX JIOTIOJIHUTETHHBIX YCUIUI.

Pe3iome

B ciraboit BepogTHOCTHOI akcHoMaTUKe YAaETCs MOIydaTh aHAJIOIM MHOTHX Helapa-
MeTpI/I‘IeCKI/IX CTaTUCTHUNYECCKUX KpI/ITepI/IeB "u ,ZLOBepI/ITe.HbeIX OLIEHOK, I/ICHO.HI)3yH YUCTO
KOMOUHaTOpHBIE MeTOIbI. [Ipy 3TOM pe3y/bTaThbl SIBJISIOTCA TOTYHBIMU U (DOPMYIUPYIOTCS
B TEPMUHAX KOHEUHBIX BBIOOPOK. B psjie ciiydaeB MeHIeTCsT HHTEPIIPeTaIis NCXOTHON M0~
CTAHOBKH 3a/a9M, HAIIpUMeD, pOPMY/INpPOBKa HYyJIeBoi ruroresnl. IIpemenbHblil mepexo
L — oo npu puKCHpoBaHHOI JijtHe HabJ1101aeMOil BBIOOPKH £ IPUBOJINUT K KJIACCUIECKUAM
pe3yﬂbTaTaM. EFO MOZKHO I/IHTepHpeTI/IpOBaTb KaK CHOCO6 HO.Hy‘-IeHI/IH ACUMIITOTUYECCKUX
OIIEHOK, He TI0Ipa3yMeBaOIINil CYIIeCTBOBAHNUS PeabHBIX BEIDOPOK, JIJIIMHA KOTOPBIX CTpe-
MUTCSI K OECKOHETHOCTH.

Ynpa>kHeHus

Bamada 13.1 (5%). Kpurepuii cepuii Banbiga—Bosbhosuna B ciaboit akcnomMaruke.

Bamauga 13.2 (5%). Kpurepnii Kpackena—Yosumca B c1aboit akCHOMaTHKe.
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