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Cruenkype «Teopus najaéKHOCTU O0YUEHUs IO TPEIEICHTAM» YUTACTCS CTY/ICHTAM
kadepol «Maremarnyueckue meTosbl iporuosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHEHNEe K o0g3aTelbHOMY KadeapagabHoMy Kypcy «MaremaTnmdaeckme MeTOJIbl PACIo-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJAEHTOB C COBPEMEHHBIM COCTOSHHEM TeOo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaeTcst
pobjieMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUIECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toit Teopun ObLin coBerckme Marematuku B. H. Bamauk u A. f. Yeponenkuc.
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OIICHUTH CIIOCOOHOCTDH AJTOPUTMOB KJIACCU(MDUKAIUYA U ITPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIMPUIECKUX (DAKTOB. B KaKMX cjaydasx MOXKHO YTBEDXKJIaTh, 9TO OOIUE 3aKOHOMED-
HOCTH, BBISBJIEHHBIE 110 TaCTHBIM TpereleHTaM, He OKayKyTcs JIOKHbIMI! Kak n3bekarh
1epeodyvenHns — CUTyallud, KOTJIa OTBETHI aJrOPUTMa CJIUIIKOM TOYHBI Ha OOydJaromnieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B jmamnoMm mocobum u3jaraercs YacTh Kypca, OCHOBAaHHasl Ha pe3y/ibTaTax aB-
TOpa W ero ydeHukoB — crTyjaeHToB n acmupantoB MOTU, BMK MI'Y u BII PAH:
JI. KouenpikoBa, A.lBaxumenko, U.Pemernska, A.®pes, U. Tomcruxuwna, II.Borora,
M. UBanoBa. /Ipyras gacTb Kypca, MOCBAIIEHHAS 0030py COBpeMeHHbIX jiocTrzkennit SLT,
He BOIILJIA B JIAHHOE TIOCODHeE.

OcHoBHas 11e/Ib CIIENKyPCa — [I0Ka3aTh Ha MpUMepe KOMOMHATOPHOW Teopuu mepe-
o0yueHns, Kak co3/IaéTcd MaTeMaTuiecKas TeOpUs, U BOBJI€Yb CTYJIEHTOB B 9TOT yBJICKa-
TeJIbHBII TBOpUecKuil mporecc. Bropas 1e1sb — JaTh TiIyOOKOoe TOHNMAaHNe JBJIEHUS Tepe-
o0ydJeHns, HeOOXOIMMOe TIPU PeIleHny TPUKIIHBIX 33/ 00yUeHus 10 IIPere/IeHTaM.

Kaxkprit maparpad coorBeTcTBYeT OJHON JieKIuu. B KomHIile OOIBITUHCTBA JIEKITHit
nMeroTcd yrpaxkuenud. [lj1g KaxkJioro yrpakHeHusi B CKOOKax yKa3aHa OIeHKa CJIOXKHO-
cTh. YTpaKHeHusd, TOMEYCHHbIE 3BE3/I0UKOI, ABIAIOTCA OTKPBITHIMU ITPOOIEMaMU Ha, MO-
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3aTeIbHO CJIOYKHBI — JI0 MHOTHX 3a/lad IPOCTO He JOXOJAWIN pyKu. B KOoHIle HEKOTOPBIX
JIEKIIMI MMEIOTCs 3aJIaHus JJIs1 BBIYUCIUTE/IHHOTO ITPAKTUKYMA.
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1 [Npobnema nepeobyyeHns n cnabasi BepoATHOCTHas

dKCMNOMAaTUnNKa

MarmuaHoe 00ydeHme Win 0byverue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peniaTh 3a/la9y ITPOrHO3UPOBAHUS U IPUHATHUS PEIICHUN B YCIOBUIX,
KOl 3HAHWI O MpeJIMEeTHON 00JIacTi He XBaTaeT sl IOCTPOECHUS 0OOCHOBAHHBIX MaTe-
MATHIECKUX MOJIesIel, HO 3aT0 UMEIOTCsI 3HAUNTE/IbHBIE MACCUBBI SMIINPUIECKUX JTAHHBIX.

Tunuaaeiii npuMep — 381891 MEIUIUTHCKON JTUATHOCTUKM. 31eCh OJ JAHHBIMHU I10-
HUMAIOTCS 3JICKTPOHHBIE ucTopuu Oosie3uu. laHubie 00 OT/Ie/IbHOM KJIUHUYECKOM CJIyYdae
BKJIIOYUAIOT aHaMHEe3, pe3y/IbTaThbl 00C/Ie/I0BaHNil, Ha3HaYeHHbIe JIeIeOHbIe MEPOIPUITHSI,
[IoKa3aTe/ Il Pe3y/IbTATUBHOCTH JIeUeHus, U T. . Tpedyercs MmocTpouTh ajJrOpuTM, KOTO-
pBIil Ha OCHOBE MMeoIelcs NH(MOPMAIIME O HOBOM TAIMEHTE MOT ObI TOCTABUTH JTMATHO3,
PEKOMEHTOBATH JIEYeHNe WU MPEJICKA3aTh NCXOJT 3a00/1eBanms. 3a1ada 00y ueHus no npe-
yedenmam 3aKJII0IAETCSI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Y4a10u,et
6bL00PKYU — COBOKYITHOCTH IIPEIEIeHTOB, HAOIIOABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIpa-
BUJIbHBIE JIMATHO3BI (PEIeHUs, HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit npumep — 3aga4a kpedummozo cKOpuHaa. 31eCh MPENeIeHThl — 9TO 3aIBKU
Ha IoJIyueHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTEJsT BKIIOIAIOT: BO3PACT, TOJI,
obpazoBanue, mpodeccuio, craxk padbOThI, JOX0J CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajam4dne TejiedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI IO OOydaroIieit
BBIOOpPKE 3aEMIIUKOB C YK€ M3BECTHON KPEeJIUTHON MCTOPUil IOCTPOUTH aJIlOPUTM, IIPE/I-
CKa3BIBAIONINN, OY/IyT JIN Y JJAHHOTO 3asIBUTEIS TPOOJIEMbI C MOTAITEHNEM KPeTITa.

Hetpy/iHO HOCTPOUTH aJIrOPpUTM, KOTOPBIH BBIJIAET IIPABUIbHBIE PEITEHU JIjId 00bEK-
TOB oOy4aromeil Beioopku. Harmpumep, on Mor 6bI cpaBHUBATH HOBBIH OOBEKT € KaXKIbIM
u3 00yYaoMNUX 00BHLEKTOB, U B CJIydae MOJTHOIO COBIIAJICHUS BbIIaBAThL [IPABUILHOE PeIlie-
HUe, 3aIllUCAHHOE B TADJIUIE UCXO/IHBIX JIAHHBIX, & BO BCEX OCTAJILHBIX CJIyYasX BHIOUPATH
caydaiinoe perrenne. OUeBUIHO, TaKOH aJropuT™M HUKOrO He ycrpouT. s ycmemrHoro
00ydeHms BaXKHO HE TOJBKO 3allOMUHATH, HO 1 0000maTh. CIIocOOHOCTD aJIrOpUTMOB IIpa-
BIJIbHO HAXOUTH OOIIIE 32aKOHOMEPHOCTH 110 YACTHBIM SMIINPUIECKIM JTaHHBIM Ha3bIBAIOT
obobwaroweti cnocobrocmuvio (generalization ability).

OcHoBHas 3aJa49a MeopuL cmamucmu1eckozo obyvenua’ (statistical learning theory,
SLT) sak/rouaercs B TOM, 9TOOBI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OIIEHKHU O0OOIIAOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaroliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHbIX 11pobeM SLT — oTHOCKHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOYKHBIE OIEHKHU, PACCINTAHHBIE HA XY/IIUH CIydail, Ha TPAKTHKe MOT'YT IIPU-
BOJIUTH K OMIMOOYHBIM peleHnsAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcss HOBOE Ha-
npasyieane B SLT — komOuHaTopHasi Teopus 0600MAONEeil ClIOCOOHOCTH, TTO3BOJIAIONIAS
0oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEOOYICHMSI.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Paszymunst mexx iy COLT u SLT soBosibHO yesoBabl. B wactHoct, COLT BKIto9aeT B cebst mpobyieMaTuky
BBIYHMCJIUTETBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHne n nepeobyueHue

[IycTh 3a/1laHO KOHEYHOE MHOYKECTBO OObeKTOB X = {w1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100pKOTl; MHOXKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Ooumnapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) =1, TO TOBOPSAT, Y4TO AJITOPUTM G OMIUOAETCsT HA OOBEKTE .

Yucsio omubok ajaropurMma a Ha Bbibopke X C X ecTb

n(a, X) = Z I(a,z).
zeX
Yacmomoti owubox airopurma a Ha BeiOOpKe X C X Ha3bIBAETCH OTHOIIECHUE
n(a, X)
X1

3apgayva obyyveHus no npeuegeHTam. Jlomycrum, 9To reHepasbHas BHIOOpKa pasbuTa

via, X) =

Ha JBe noaseibopkn, X = X L X. Beibopka X HaszbBaeTcsa Haba100aemoti Wi 0b6y4aro-
wieti, 171 06BbEKTOoB & € X M3BECTHBI 3HAYCHHUs HHIuKaTopa ommokn I (a, 7). Bobopka X
Ha3bIBACTCS CKPLIMOUT WA KOHMPOALHOT, N Ha Hell 3HaYeHUs] NHIUKATOPa OIMNOKN HEU3-
BECTHBI. 3a/1a9a COCTOUT B TOM, YTOOBI HAWTU aJTOPUTM @ € A ¢ MEHUMAIBHBIM YHUCIOM
ommbOK Ha TeHEePaTbHO BBIOOPKE N (a, X), MoIb3yACh TOIBKO nHOopMaImeil 0 HabIo1a-
eMoit BeiOOpKe. /lanHas 3aja4da B 00IIeM ciiydae He UMeeT TOYHOTO PeIIeHusI, IIOCKOJIbKY
AJICOPUTM @ BbIOUpaeTcs 1o HerosHol nabopmaruu. [losTomy craBuTcs 3ajada MOUCKa
MPUOIMKEHHOTO PENIeHUsT U OIEHUBAHUSI €r0 TOYHOCTH.

Memodom obyuenua® nasbiBaeTcs oTobpazKkenue ji: 25 — A, KOTOpoe ITpON3BOILHOI
oby4aroreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBI ajroput™ a = X u3 A.

Haubosiee ecrectBeHHast crparerus oOydeHHsT — HafTH aJrOpUTM, JIOIYCKAIONIN
HaUMEHbIIIee THICJI0 OIHUOOK Ha oOywaromeit Boibopke. Obosnaunm depe3 A(X) mommuo-
JKECTBO aJITOPUTMOB @, HAa KOTOPBIX YnCJI0 OmmboK n(a, X') MUHUMAJBHO:

AX) = Argmign(a,X) ={a€ A:n(a,X) <n(d, X), Vd' € A}. (1.1)
ac

Ecmu pX € A(X) st smoboro X C X, 70 METOJ @ HA3BIBAETCA METOIOM MUHUMU-
3QUUL IMNUPULECKO20 PUCKG.

Iepeobyuenrocmoio Merona i npu pasbuennn X L1 X = X HazplBaeTcss pasHOCTD
4acTOT OMUOOK ajropuT™a (X Ha KOHTPOJIE U Ha O0y4YeHUN:

6,“(X> = V(MX7X> - V(:U’XvX)

Ecmu 0,(X) > € upu nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

2B aHTI03bIMHOI ITEpaTyPe MeTo/ 00y YeHUs IPUHATO HAZLIBATD an20pummom obyuenus (learning
algorithm) [47], a amropurm a: X — Y — knaccudukaropom (classifier), rumoresoit (hypothesis), pe-
mratorieit dyuknueit (decision function), 6o npocro dbyuxiueit (function). Tepmun «asropurm» Kax
oToOpazkeHne n3 MHOXKECTBa O0OHEKTOB BO MHOYKECTBO OTBETOB YyIOTPEO/ISIETCsS B paboTax HayTHON IIKO-
abl akagemuka FO. . 2Kypasnésa [19]. TepMuHBI «MeTOI» U «AJITOPUTM», 0GO3HAUAIONINE POIEAYDPY
nocTpoeHnst (PyHKIIMU @ TI0 BBHIGOPKE JAHHBIX yIIOTPEOJISIOTCS B OTEIECTBEHHON JTUTEPaType BIIEPEMerK-

xy [9, 1, 21, 20].
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Puc. 1.1. IIpumep marpunst omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pa3buenuii BLIOOPKHU HA HAOJIOIAEMYIO U CKPBITYIO OABBIOOpKH. MeTo MuHu-
MU3BAIUH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISETCH ePeodyIeHHBIM
OTHOCHUTEIHLHO JIAHHON Mapbl BBIGOPOK, npudéM 1pu Jrobom & € (0,1).

MaTpuua ownbok. BunapHbiii BekTOp-CcTOIOEIL 0 = (I (a, xi))le Oy1eM Ha3bIBATH GEk-
mopom owubok aaropurma a. COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIIMOOK,
MOPOXKIAEeMBIX ajiropuT™Mamu a € A, obpazyer mampuuy owubox paszmepa LxD. Ctpo-
KU 9TON MaTPHILBI COOTBETCTBYIOT 0ObEKTAM, CTOJIOIBI — ajropurmam. ducsio ctosbdmios D
MOZKeT OBbITh MeHblIe |Al, TaK Kak pasjndHble aJropUTMbl MOTYT HOPOKIATH OJMHAKOBbIE
BEKTOPBI OMUO0K. MHOKECTBO aJITOPUTMOB A BITOJIHE MOYKET ObITh U HECKOHEUHBIM, OJ[HA~
KO Y9UCJIO D IIOIIapHO Pa3/IMYHBLIX BEKTOPOB OH_H/I6OK BcerJa KOHEYHO 1 HE IIPEBLIIIacT 2L.
B naipHeiiem nMeHHO MaTPHUIA OMNOOK, a He MCXOTHOE MHOXKECTBO aJlrOpuTMOB A, Oy1er
JIUIT HAC OCHOBHBIM OObeKTOM mccieaoBanusi. OObIIHO OyaeT cpasy HMpenoaraTbes, 9To
A —5T0 KOHEYHOEe MHOXKECTBO aJI'OPUTMOB C IOIIAPHO PA3JIMIHBIMEI BEKTOPAMH OIIHOOK.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00ydJaIOIyI0 U KOHTPOJILHYIO
BBIOODKU TaK, 9TO aJrOPUTM @4, MUHUMUBUPYIOMIMI SMIIMPUIECKUAN PUCK, JOIIYCKAET

OmMOKM Ha BCeX 00beKTaxX KOHTPOJIbHON BBIOOPKH. DTO U €CTh IepeodyueHne.

MokHO TTPeIoIOKUTE, YTO B JIAHHOM IIpUMepe repeolydenne OKa3aI0Ch CJIe/ICTBU-
eM HeyJIa9HOT0 pas3dueHns BLIOOPKY Ha 00ydeHre u KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTID NEPEOOYUEHUA — BEJIMUNNY, KOTOPas XapaKTePU3YyeT BBIOOPKY X M MeTOJ
0Oy9eHus fi, ¥ HEe 3aBUCAT OT Caydaiinoro pasbmenms X, X.

3apgaun knaccucukaumm n BoCcCcTaHoBAeHUs perpeccumn. Jlomycrum, 910 Kazk oMy
obbekry x € X coorBercrByer npasusvhuil omeem y(xr) € Y. @ynuknns y: X — Y Hazbl-
BaeTCs 4enesotll 3asucumocmoio (target function).

B kauectBe asrzopummos Oyjiem paccMaTpuBaTh (PYHKIIUN TOTO Ke BHJA a: X — Y,
Joryckaromne 3 eKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOKecTBa A galie Beero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anszopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1ust, © — MHOYKECTBO JIOIYCTUMBIX 3HAYEHUIT apaMerpa , Ha3bIBAeMOe NPOCmpaHcmeom
NApaMempos Wil npocmpaHcmeom noucka (search space).

B kauectBe undurxamopa owubku BosbMéM OmHapuyto dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanne o) CyIMECTBEHHO OTJIIMYAETCsI OT MPAaBHJIBHOTO OTBE-



I
o
I

ta y(x). IuKaTop onmmbKI MOKET OIPEIENISIThCS T0-PA3HOMY B 3aBUCHMOCTH OT TIOCTa-
HOBKHM 331241, TJIABHBIM 00pPa30M — OT IIPUPO/IbI MHOXKECTBA, JIOIMYCTUMBIX OTBETOB Y .

B sajauax kaaccugurayuu MHOKECTBO KJIACCOB Y KOHETHO, W MHIXKATOP ONNOKH
Jalre BCero 3a7aéTcsd B B

I(a,z) = [a(z) £ y(z)], z€X, acA

B 3amagax soccmanosaenus peepeccun m MHOTHX 3aa9ax npoznosuposanus Y = R,
U BEJUYHUHY OMIMOKHU IIPHUHSATO XapaKTePU30BaTh HEIPEPBIBHON ¢ynryuets nomeps (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))2 Tem He MeHee, MOXKHO
ONPEJIETIATh U OUHApPHBIE (DYHKIIUK T0TEPb, HAIIPUMED,

I(a,z) = [la(z) —y(z)| = é(z)], z€X, acA,

rje §(z) — moporoBblii ypoOBeHb, HUZKEe KOTOPOTO OTKJIOHEHWE He CYUTAeTCsl OIMMMOKOI.
SameTuM, 4YTO OMHApPHAs (DYHKIINAA TOTEPD ABJIAETCA pobacmHotl, TO eCTh HEIYBCTBUTE b
HOIT K 6b10pocam — GOJIBITUM OTKJIOHEHUSAM OTBETa aaroputMma a(r) oT UCTUHHOTO y(x).

ITpumep 1.2. Ilyctb oObEeKTaMU SABJSIOTCSA N-MEpHBIE YHCIOBBIE BEKTOPHI, X C R™.
O6oznaunm uepes (£, 0) = 1601 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPOB B R™.
Jlunetinvie cemeticmea an2opummos OUPeIesIAiOTC CAeLYIOMNUM 00pa3oM:

A= {a(z) =sign (z,0) : € R"} — na1 sanau knaccudukanun, Y = {—1,+1};
A= {a(z) = (z,0) : § € R"} — na1 3ana1 BoccraHOBIeHNs perpeccun, Y = R.

JIuHeHbIl aropuT™ KaacCu@UKAIN IPeICTaB/sieT coO0O0i THIIEPILIOCKOCTD C HAIIPABJIs-
IOIIIM BEKTOPOM 6, pa3ie/idioniyio MpocTpaHCTBO Ha JBe o0sacTu — Kjaacchl —1 n +1.

B reopun nepeobydeHns MOHATHE «aJrOPUTMa» MOKHO HE KOHKDETU3UPOBATH, IPE/I-
oJiarasi Jinlilb, 9TO 9TO JIEMEHTBI HEKOTOPOro abcTpakTHOro Muoxkectsa A. [nasuoe, aro-
6b1 15t 106010 aJropuT™Ma @ ObLIA BOSMOXKHOCTH OIPEJIEUTh, JOIMYCKAET JIi OH OMUOKY
Ha o0bekTe x. Takoe MOHMMAHUE «aJIPOPHTMa» C OJIHON CTOPOHBI PACIIHPSIET KJIACC PAC-
CMATPUBAEMbBIX 33/1a4, HO C JIDYTOi CTOPOHBI OPAHUIMBAET €r0 TEeMU 3aJ[adaMi, B KOTO-
PBIX BaxKeH JIUITh (akT OMmuOKN, HO He BarKHa BeJIMdnuHa OTKJIoHeHus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npuseién npumep 3a/1a4u KjiaccuuKaIium ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistorest L = 10 TO9eK MIIOCKOCTH, TI0 5 0ObEKTOB B KAZKJIOM
KJIacce, aJropuTMaMy — BCEBO3MOXKHBIE Pa3JIe/IsIoniue IpsaMble, TO €CTh B JIAHHOM CJIy-
qae A—9T0 ceMeficTBO AuHelHbT Kaaccuduramopos. B Marpuile ommbOK COMEp:KUTCS
OJIH HyJIeBOI cTosiber (06bEeKThl PA3JIeIAIOTCs IPSAMOil 6€3 omuboK ), 5 cToJIOIOB ¢ OjI-
HOIT OIIMOKOI, 8 CTOJIOIOB € JIByMsl OITUOKAMU, U T. .

[Ipu perrennn NpUKIaIHBIX 3a/1a4 IIepeodyIeHrne HaO I0/IaeTCsd TPAKTUIECKH BCETIA.
Benmunna nepeodydeHHOCTH MOXKET 0Ka3aThCs KaK IPUEeMIeMO MaJIoil, TaK U HellpUeMJIe-
MO OoutbItioit. [Ijst yrpaBiieHust mporeccoM oO0ydeHust XOTeJIOCh Obl UMeTh TOYHbIE KOJIU-
YECTBEHHDIE OIEHKU 11epe00y YeHHOCTH.

3KsasipaTHble CKOOKH TIEpPEBOJIAT JIOTMYECKOe 3HadeHue B umuciaoBoe: [oxkb] = 0, [ncruna] = 1.
D10 oYeHb HpaKTUIHOE 0003HAYEHUE, HA3bIBaeMOe Homayuel Ateepcona [14].
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zg |0O]0 O O O O]JO O O O O O O O
z9 |O]0 O O O O]JO O O O O O O O
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Puc. 1.2. [Ipumep MaTpuiibl ormmodOK, TOPOKIAEMON CeMeCTBOM JTMHEHHBIX aJIrOPUT-
MOB KJyaccrmukamnun Ha BbIOOpKe maumabl L = 10, comep:karmeit 5 06bEKTOB OJHOTO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCe aJrOPUTMBI C MTOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIMTHOOK, C 9HCIOM OITUOOK, cooTBeTcTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %

15 4
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12 4 T

11 1
10 1

91 T T* ¢
3 ﬂ BT
6 ] v

] LR

57
47
37

3 4 5 6 7 8 9 10 11 12
Yacmoma owubok na o6yuenuu, %

Puc. 1.3. Basucumocrs v(uX, X) or v(uX, X) s 3a1a491 IPOrHO3UPOBAHUST OTJIa-
JIEHHOTO pe3y/IbTaTa XUPYPIrUIeCKOro JIeUeH sl aTepPOCK/IEPO3a.

ITpumep 1.4. Ha puc. 1.3 ToukaM COOTBETCTBYIOT &JITOPUTMBbI, TOCTPOEHHBIE PA3JITIHbI-
MU MeTOJaMi OOyUYeHUs IO OJHON U TOM Ke BBHIOOPKe B 3aJiave IMPOIHO3UPOBAHUS OTIA-
JIEHHOT'O pe3yJibTaTa XUPYPIUIeCcKOoro JiedeHus arepockyieposa. O0bekTaMu x; SBJISIOTCS
onrcanust OOJIBHBIX JI0 TIPOBEJICHNUST ONEPAINH (JIaHHBIE TeMOJINHAMUKN U UMMYHOJIOTHIE-
ckoro obcrenoBannst ); orBerhl ¥; € {0, 1} KOAupyroT pesybrar JedeHnst depes Tojl IOCIe
oneparuu: ) — ycnex, 1 — pecTenos mryHTa U noBTOpHas oneparys. [lo ropusonTambHOI
OoCH OTJIOYKEeHa JacTOTa OIMMOOK Ha O0YYeHUH, [0 BEPTUKAJIBLHON — Ha KoHTpoJie. Habirro-
JIAeTCs CUCTEMAaTUYIeCKOe CMEIeHrne TOYeK I'paduKa BBEPX; MOYTH BCE TOUKU JIEYKAT BBIIIIE
OMCCEKTUPUCHL. DTO U €CTh epeodyIeHue.
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OcHoBHas 3a/1a9a CTATUCTUYIECKOI'O 00YU€EHUs 3aK/II09aeTCsd B TOM, YTOOBI 110 HaOJTIO-
JlaeMoii obyvaroreit BEIOOpKe HailTu B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KAK MOYKHO
MeHbIIle OMMOOK Ha CKPBITOI KOHTPOJIbHBIN BBIOOPKe. BOpoc MOYKHO CTaBUTh U TaK: Ka-
KAMHU CBOHCTBAME JIOJIZKHBI 00JIaJIaTh MHOXKECTBO aJrOPUTMOB A U MeTos o0ydeHus fi,
4TOObI BEPOATHOCTH IepeodyUeHus Oblia MUHUMAJILHON! YTOObI MOyInTh OTBET, HEOb-

XOJMMO CHa4daJia YTOYHUTDL, B KaAaKOM CMBbICJI€ 31€Ch ITOHUMaETCAd «BEPOATHOCTDL».

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKA

OcHoBHas akcnoma. Byjiem mosiararh, 910 00BEKTHI KOHETHOIO HECJIyIaifHOrO MHOYKE-
cTtBa X TOSBJISIIOTCS B CJIyYailHOM IOPsJiKe, MpUIeéM Bce L! rmepecTaHOBOK reHepasibHOI
BBIOOPKHU X PaBHOBEPOSITHBI. DTO MPEJIINOIOKEHUE Mbl OyIeM HA3bIBATh CAAO0U (UAU nepe-
CMar06804H0T) 6EPOAMHOCMHOU aKcuomamurot. JIpyrue BeposgTHOCTHBIE IPE/IIOJIOKEHST
HaM He MoHaI00aTcs. [lamee MbI yBHIUM, YTO OJHOTO 3TOIO yKE BIOJIHE JIOCTATOTHO JIJIs
IIOJIYyH9€HNAd MHOTI'MX (bYHﬂ;aMeHTaﬂbeIX (baKTOB Teopun BepOﬂTHOCTeI‘/)I7 MaTeMaTUdeCcKOl
CTATUCTUKU, TEOPUU CTATHCTUIECKOTO OOYIEHUS.

Ob6osnauuMm 4depes Sy, IpyIny BcexX HepecTaHOBOK L sjeMeHToB. BeceBo3MoOKHBIE TTe-
pPeCTaHOBKHU T'eHepaJIbHOI BBHIOOPKK OyaeM 0003HaYaTh Uepe3 TX., T € Si.

Onpenenenne 1.1. Ilycrs sajan npesukar): X — {0,1}. Ecm (7X) = 1, 1o 6y1em
TOBOPHUTB, 9TO COOBITHE ) ITPOU30IILIO Ha MepecTaHOBKe TX. Bepoammocmuio cobvimud, 1)
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO HMPOU3OILIO:

P, ¢(rX) = % > e(rX). (1.2)

TESL

B cnaboit akcnomaruke BEpOSTHOCTb COOBITUS 3aBUCUT OT COCTaBa OOBEKTOB I'€He-
paJIbHOI BBIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX mnepeduncsenns. OyHKIMsS pacipe/ie-
JIEHUs W MaTeMaTUIecKOoe OXKHJIaHUe TaKyKe 3aBUCIAT OT BBIOODKH.

Onpenenenne 1.2. Ilyers &: XY — R — pemecrsennas ¢pyurmnms. Qynxyuets pacnpe-
desenus Besmannbl  Ha BbIbopke X Oyznem HasbBars Qynknuio Fe: R — [0, 1] Buga

Fe(z) = P [£(7X) < z]. (1.3)

Omnpepenenne 1.3. Mamemamuneckum ostcudaruem semaunst &: X* — R ma BbI6Op-
Ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMEeTHIECKOe IT0 BCeM IIepeCTaHOBKaM T:

(%) = =1 3 €(7X). (14)

'TESL

Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATHL Kak OIEpaluio cpejHero apudme-

THYMECKOTO 110 BeeM nepecranoskam: Pr = E- = £ 3", 10 ectb B ciaboit akcnomaruke
TESL
BEPOSTHOCTH U MaTeMaTHIeCKOe OKHIaHne (DOPMAIBLHO OIPEIEISIIOTCA O/[IHAKOBO.
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BepositTHOoCTb kak pons pa3bueHuin reHepanbHoit BblbOpku. Ilycres mpepukar
(X, X) aBngerca bynkmmeit monssicoprn X C X, eé monommenns X = X\ X, u He 3a-
BHCHT OT TIops/iKa 31eMenToB B X u X. IockosmbKy BhIGOpKa X (bUKCHpOBaHA, BTOPOI
apryment morosopumca omyckarh, ¢(X) = (X, X). Torma sepoammocmyv cobvimus
ompeiesisieTcst Kak 0oasA pa3dbuenuti TeHepaibHOM BHIOOPKU:

Po(X)= o 3 wl(X)

L xexp

ryie [X]¢ — MHOecTBO Beex (-3/IeMeHTHBIX TIO/MHOYKECTB I'eHepasIbHOf BHIGOPKH X.

AMNupnyeckne OueHKN BeposiTHOCTU. Hemocpe/icTBeHHOE BBIYNCIEHNE BEIMYUHBI
P (X)) xak gom pasbueHnii BO3MOKHO TOJBKO IpH HeGOJIbINNX 3HadeHnsax £ win k. B tu-
IUIYHBIX CTydadx uuciao pasouenuit C% orpomno. [pubiuxkénnoit onenkoit msa P p(X)
ABJIAETCA CpejiHee 110 HekoTopomy noamuokectBy N C [X] BbIGOpoK aymmnb £, He Coui-
KOM OOJIBIIOMY, YTOOBI CyMMa BBIYHC/ISIACH 32 IIPUEMJIEMOE BPEMs, HO U HE CJIUIIKOM
MaJIEHbKOMY, YTOOBI IPpUO/IMZKEHNE OBLIO JJOCTATOYHO TOYHBIM:

Py(X) = ﬁ S (X).

XeN

Hasnee cumBosiamu P u E Oyner obo3nauarbes onepaliusi yCpeJHEeHUs 110 HEKOTOPO-
My TIOJIMHOXKeCTBY pazbuenuit N. Ecian nojmuoxkecTBO BBIOOPOK N hopMuUpyeTCs yTEM
CIy9aitHOrO BBIOOPA, TO TOBOPAT 00 oreHKe memodom Mowme-Kapao.

§1.3 BeposaTHOCTb nepeoby4eHus

Bepoammnocmv nepeobyuenus onpeensercs Kak 10/ pa3ouennii BBIOOPKHU, TIPU KO-
TOPBIX HepeobydeHHOCTD 0§, (X ) mpesblaer 3a1annblii mopor € € (0, 1):

Q. = Qu(1,X) = P[5,(X) > £] = P[u(uX, X) — v(uX, X) > €]. (1.5)

BepositHocTh mepeoOyvenusi xapakTepusyeT 0OO0DIIAIONLYIO CIIOCOOHOCTbH METOJA [i
Ha BbIOOpPKe X. Eé onenmBanme OyjieT OCHOBHOI 3a/1aveil Ha MPOTSIXKEHUN BCETro Kypca.

Hapsiny ¢ (). MOXKHO TakKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDBL OULUOOK
Ha CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(1,X) = P[v(uX, X) > ¢], (1.6)

a TakXkKe CpPeJHIO (0 BceM pas3OueHnsM) 4acToTy OmmbOK Ha KOHTPOJIBHON BBIOODKE,
HA3BIBACMYIO NOAHbM CKOAb3AUUM Kormposem (complete cross-validation, CCV) [59]:

C =0(u,X)=Ev(uX,X). (1.7)

Bamerum, uro CCV sBisercss MaTeMaTHaecKuM oxkujanueM, a (1 — R.) — dyukiueii
pactpejesienusi caydaitaoi Besmannnt v(pX, X).
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O6pawenune ouerok. Ilycrs Q). < 7(g) — BepxHsIs OIEHKA BEPOSTHOCTH MEPEOOY ICHUST
u cymectyer dyrknus €(n), obparaas k 7(e). Torga n(e(a)) = « ams moboro « € [0, 1].
CureoBaresbio, P [(L(X ) > 5(7])] < 1, ¥ HaIlla BEPXHsAS OIEHKA MOYKET ObITH repedopMy-
JIMPOBaHa B 9KBUBAJIEHTHOM BUJIE: C BEPOSITHOCTBIO He MeHee (1 —n) crpaBejjinBa BepXHsist
OIIEHKA YaCTOTBI OIMUOOK Ha CKPBITOH BHIGOPKE:

v(uX, X) < v(pX, X) +=(n). (18)

[TapameTp € HA3BIBAIOT MOUHOCTVIO, & 1) — HAdExCcHOCmbIO0 OtleHKH [6].
Amnasnornyno, ecm HaiijeHa BepxHss orenka R. < n(e) u (n) — dbyukims, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 7)) crpaBejinBa BePXHsIsI OIICHKA

v(pX, X) < e(n).

Urak, or BepxHuX OI1EHOK (). win R. JIerKO 1MepexouTh K BEPXHUM OICHKAM Ya-
crorbl omuboK Ha KoHTpoJie. O6braHO u3 oneHku (1.8) BBIBOJAAT HOBBIH KpuTepuii 0byte-
HIsI, OTJIMYAIONUIACS OT MUHUMU3AINE SMIUPUIECKOT0 prucka v(a, X ) JOMOJHATETbHBIM
cjaraeMbIM €(n). DToT npuéM gABJseTCst 0YeHb BaxKHbIM B SLT, Tak Kak OH MO3BOJISIET
IIpeBpaIaTh TEOPETUIECKUE OIEHKU B HOBLIE ONTUMHU3AIMOHHBIE METOJIbI OO0y YeHUs.

Ckonb3awmii KoHTponb. B marmmaHOM 06yYeHNN OIEHKY EV(,UX , X)) 110 HOJMHOKECTBY
pas3dueHnit NCIOIB3YIOT JIJIS SMITMPUIECKOT0 U3MepeHns 0000Iaioneil crrocoOOHOCTH U Ha-
3BIBAIOT CKoAb3AWUM Konmpoaem (cross-validation, CV). On HesaMeHHM B TeX CJIydasX,
KOTJIa TeOpeTUIeCcKre OIeHKN 0000IIaIeil crrocOOHOCTH He U3BECTHBI MM HEJIOCTATOTHO
To4UHBI. CKOJIB3AIIUN KOHTPOJIb sABJsIeTCs Jie-(haKTo CTaHIapTHON METOIMKON TeCTUpOoBa-
HUS U CPaBHEHUsI AJITOPUTMOB MAITHHHOTO O0YJIeHHSI.

O npupoge nepeobyuenunsn. Hedopmaibao, mepeobydeHne —3T0 Ipe3MEpPHO TOUHAsI
IIOJIOHKA aJI'OPUTMA @ T10]i KOHKPETHYIO 00yJaloILyo BEIOOPKY X B yiiepd ero obobuwaro-
weti cnocobnocmu. OKUIAETCsT, ITO METOJ, [t OOHAPYZKUT HEKHe O0Ire 3aKOHOMEPHOCTH
reHepasbHOIN BBIOOPKH X, HO OH HAXOJUT JIUIIh YaCTHbIE 3aKOHOMEPHOCTH, XapaKTepHbIe
tosbKo 1 X . [lepeobyuenne nocut dbyHaMeHTATBHBII XapaKTep U CBI3aHO C HEIOJIHO-
Toit mHMOPMAIIUY B MOMEHT ITPUMEHEHUS METOIA /L.

Emé ommy mHTeprpeTanuio mnepeoOydeHus JIaéT CJIeIYIONII MbICJIEHHBI SKCIIePU-
MeHT. IlycTb 3a/1aH0 KOHETHOE MHOXKECTBO U3 [ aJropuTMOB, KOTOPBIE JIOITYCKAIOT Ha, I'e-
HEPAJILHON BEIOOPKe X OJIHO M TO YKe YNCJIO OIMMUOOK 1M, HE3ABUCHMO JPYT OT JApyTra. Jucjio
omubOK JIFOOOr0 U3 TUX AJITOPUTMOB Ha OOydarorieil BbiOopKe X MOTIUHSETCHA OTHOMY
U TOMY K€ PacHpeJieJIeHUIo (TUIepreoMeTprieckoMy, Kak OyeT moka3aHo jaJjee). Boiou-
pasd aJI'OPUTM C MUHUMAJILHBIM YHCJIOM OIMUOOK § Ha 00ydYarolieil BLIOOpKe, Mbl (haKTH-
YeCKM HaXOJMM MUHUMYM U3 [) HE3aBUCUMBIX OJIMHAKOBO PACIIPEICIEHHBIX CJIyYailHbIX
BesimunH. Maremarndeckoe OxKUjIaHne MIHIMYMa YMeHbIaeTcs ¢ pocroM ducia D. Cie-

m—s S m

JIOBATEJIbHO, MEPEOOYUEeHHOCTh 0 = - =2

- 7 o SZ% yBeJInuuBaeTcsad ¢ pocrom D.
DTU paccykJIeHsl OCTAIOTCS B CUJIE U B ODIIEM CJIydae, KOrjia ajJrOPUTMbI HE SBJISTIOTCS
HE3aBUCUMBIMU (MMEIOTCsT CXOXKIe aJITOPUTMBI) ¥ JIOMYCKAIOT PA3IMIHOE THCIO0 ONTHOOK
(MMeeTcst pacc/IoeHIe MHOYKECTBA aJITOPUTMOB 110 YPOBHSIM Yrcia omubok m). OreHnBaTh
3 deKTI crodemea U paccroerus JTOBOJTBHO TPYJIHO, HO UMEHHO 9TUM MbI U 3aiiMéMCs

B ,ZLaJIbHeI'?'IH_[eM, TaK KaK OHM CYIIECTBEHHO ITOHNZKaIOT BEPOATHOCTD Hepeo6yquI/Iﬂ.
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§1.4 OO6cy>xxageHue cnaboii akKCMOMaTUKK

CBA3b C CUNBLHOW BEpPOSATHOCTHOI akcuomMmaTukoi. Kiraccuaeckast TeOpeTHKO-MepHast
akcromarnka A. H. Kosnvoroposa (6yiem HasbIBaTh €6 CUIIbHOIT) OCHOBaHA HA MIOHATUY Be-
pogTHOCTHOTO TipocTpancTBa (2, ), P), e 2 — MHOXKeCTBO JIOIYCTUMbBIX OOBEKTOB, () —
aJIUTUBHAsA o-ajarebpa cobbiTuii na 2, P — BepodTHOCTHAsI Mepa, OIpeIe/IeHHas Ha CO-
OpITgx u3 2. B 3aauax craTucTUIeCKOro aHAIN3a JaHHBIX OOBITHO IIPEIIIOIaraeTCsl, YT
MHOKeCTBO 00beKTOB X = {x1,...,2} gBagercs npocmot 6vi60pKoti, TO €CTh 00bEKTHI
BBIOMPAIOTCS U3 MHOXKECTBa £ CJIyUIaiiHO U He3aBUCUMO COTJIACHO BEPOSITHOCTHOI Mepe P.
He3aBncnMoCTh 03HAMAET, YTO BEPOATHOCTHAA Mepa, Ha, MHOYKECTBE BRIOOPOK 2 © maBapn-
AHTHA OTHOCUTEJILHO IePECTaHOBOK 3JIEMEHTOB BLIOOPKH. B IPUIoKeHnIX MHOKECTBO 2,
KakK MPaBUIo, OECKOHEYHO, a Mepa P Hem3BecTHA.

B cnaboit akcmomaTnke MHOXKECTBO £ BCEX THMIIOTETHIECKH BO3MOYKHBIX OObEKTOB
He BBOJUTCA. PaccMaTpuBaeTcss TOJIBKO KOHEIHOE MHOXKECTBO OOBEKTOB — 2€HEPANLHAA
evioopra X. OHO MOXKET BKJIIOYATbh B cebs KaK OObEKThI, HAOJIOJABIINECS paHee, Tak
1 CKPBIThIE OOBEKTHI, KOTOPBIE CTAHYT U3BECTHBI B OyyIieM. BeposTHOCTHBIM IIPOCTpaH-
CTBOM SIBJISIETCSI KOHEYHOE MHOYKECTBO BCEX ITEPECTAHOBOK MeHEPAIbLHOI BEIOOPKH X, Ha KO-
TOPOM 3aJIaéTCsd paBHOMEPHOE pacipe/ienenne. Takum o0pa3oM, CiydailHbIMU [TOJIArar0TCst
He caMu OOBEKTBI, a JIUIIb MOPSI0K UX IOSIBJICHUSI, ITO COOTBETCTBYET IIPEIIIOJIOKEHITIO
0 HE3aBHCHMOCTHU OOBbEKTOB BBIOOPKH B CHJILHON aKCHOMATHUKE.

Crenyromas TeopeMa yTBePZKIaeT, ITO JIJIsI IEPEBOa OIEHKN U3 C1abo0il akcrmoMaTn-
KI B CHJIBHYIO JIOCTATOYHO B3ATh €€ MaTeMaTHIeCKOe OXKUJIaHue 10 BHIOOPKE X.

Teopema 1.1. Ilyctp B ci1aboit akcmoMaTnke HaiJ€HO 3HAYEHHE BEePOSITHOCTH

P (7X) = f(X). (1.9)
TOF,ZIEL B CHJIbHOI aKCHOMATHUKE BBIIOJIHSIETCS paBeHCTBO
Px(X) = Exf(X). (1.10)

HokazareabcTBo. B cuty nezaBucuMocT HAOIOEHNN B BLIOOPKE X J17Ts1 TPOU3BOJILHOMN
[IEPECTAHOBKY T crpaBeyinBo paBeHcTBo Px ¢(X) = Px ¢ (7X). Bospmém cpemee mo Beem
nepecTaHoOBKaM T OT JIEBOW M IIPABO YacTel 3TOTO paBEHCTBA!

P (X) = 71 3 Pxu(rX) = P, Exd(rX) = Ex P, Y(rX) = Exf(X),

TES]
9T0 U TPpeDOBAJIOCH JI0KA3ATh. [ |

B ciyuasix, korja omnenka f(X) He 3aBUCAT OT BBIOOPKH X, KOHEUHBIH PE3YIBTAT —
orierka B 1pasoii wactu (1.9) u (1.10) — OGymer oauHAKOB B 006X aKCHOMATHKAX.

duHuTapHble U NHPUHUTaAPHbIE BeposiTHOCTU. PacemorpuM dyHIAMEHTAIBHYIO 3a-
Jlady TEOPHH BEPOSTHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM 00ALUWUL “UCeA: OIEHUTH Be-
POATHOCTD OOJIBITIONO OTKJIOHEHUs 9acToThl V/(.S, X)) cobbitus S Ha KoHEUHOI BBIGOpKE X
ot BepogtHOCTH P(S) IaHHOr0 COOBITHS:

PS5 =Py {|u(S,X) — P(S)| > ¢} (1.11)
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B npakTuvecknx 3a/1auax aHAIN3a JTAHHBIX BEPOSATHOCTD cOObITHSA P (.S) HEBO3MOKHO
y3HATh TOYHO, ITOCKOJILKY BEPOSITHOCTHAs Mepa Ha MHOXKECTBE O0BEKTOB, KaK ITPABUJIO,
nensBecTHa. [IpoBecTu HeckoHedHOE YHC/I0 HAOJIIO/ICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOMBIIOTO OTKIOHeHHs PP HemocpeicTBeHHO He MOKeT
OBITH M3MepeHa B 9KCIEpUMeHTe Kak dacrora cobbitus {X: |v(S, X) — P(S)| > ¢}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYKET ObITh TOYHO MICHTUMUIIMPOBAHO.

Jlannas mpobsieMa He BO3ZHUKAET, €CJIM C CaMOro HavaJjia OTKa3aThCd OT yIoTpedJie-
uns BepogtHocTH P(S). Ona ompenensiercst kak mpejern dactorsl v(S, X') coberrus S
Ha [POU3BOJIbHON ciryuaiinoii Beibopke X' npu | X'| — 0o. B 10 ke Bpemsi, npakTude-
cKkuil uHTEpec mpejcrasiger uMenno dacrora (S, X'), Kak BeIMUNHA, HEITOCPEICTBEHHO
HabJmfo1aeMast B sKciiepuMente. Vsmernm mocranoBky 3azgaqu (1.11) u 6yaem oneHnBaTh

BepOHTHOCTb 6OJIBHIOFO OTKJIOHEHUA 9aCTOT CO6bITI/IH S B ,ZLByX paSJH/I‘{HbIX BbI60pKaX:
Q2 =Px x{|v(5,X) —v(S,X")| > e} (1.12)

Eciin npesnonarars, yro Boibopkrn X u X' He3aBUCHMBI, TO /IS OIIPEJIEJICHUsT Be-
posTHOCTH (Q y¥Ke He HysKHO HHM GECKOHEIHOTO YHC/Ia MCHLITAHWE, HU CYMIECTBOBAHMU
BEPOSTHOCTHON MepbI Ha MCXOJIHOM IIpocTpaHcTse cobbiTuit. Beposthocts QF spisercs
Ppurumaproti 1 MOXKeT ObITh BBIYHMC/IEHA KOMOMHATOPHBIME METOIAMK KakK J0Jid pa30oue-
mnit X = X U X, Opyu KOTOPBIX HMeEeT MeCTo OOJIbIIoe OTK/IOHEeHHe JacToT. Kpome Toro,
OHa MOXKET ObITH U3MEPEHA B SKCIIEPUMEHTE TI0 [TOJIMHOXKECTBY Pa3dbUeHMit, TaK KaK UICH-
tudukanus cobpirus { X, X': |[v(S,X) — v(S, X')| > €} ne BbI3bIBacT 3aTpYAHEHNIL.

Taxum obpazom, seposrhoctn P(S) u PSP B (1.11) uMmeorT pasjiudmyio HpUPOILY.
Beposithocts P(S) npuHIUNUAIbHO uHGuHumapha — Jjisi €€ onpeieJieHns TpebyeTcs Jiv-
60 3HATH BEPOSITHOCTHYIO Mepy P Ha GeckoHedHOM MHOXKecTBe £, MO0 OCYIIECTBUTH
upegenbubiit iepexos v(S, X') — P(S) upn |X’'| — 0o, 9TO HEBO3BMOMXKHO CJIeJIATh PU
[IPaKTUIECKOM aHaJIM3e JaHHBIX. BeposiTHOCTH PES TakxKe WHPUHATAPHA, HO IIOCTE 3a-
menbt P(S) wa uwacrory v(S, X’) ona upunumaer dunuTapubiii Bug QF, jomyckaionuii
U TOYHOE BBIYHUCJIEHUE, U SMIIMPUIECKOE U3MEPEHHE.

OTu coobpazkeHusi Kak pa3 U MPUBOIAT K CJIa00N BEPOSTHOCTHON aKCHOMAaTUKE, 3a-
MIPEIAOIIEil NCIIOIb30BaHNe NH(PUHUTAPHBIX BEPOSITHOCTEN U «COOBITHIT» , KOTOPBIE HE MO-
IyT OBITHb MJIEHTU(DUIMPOBAHBI B 3KcrepuMmenTe. [IpuBeném emé HeckobKO MeHee (hop-
MaJIbHBIX COOOPayKeHuil B MOJIB3Y CJ1ab0i aKCHOMATUKU.

CoBpemennast TeOpusi BEPOATHOCTEN BOZHUKJIA U3 CTPEMJIEHUS O0bEINHUTE B pAMKAX
eJIMHOr0 (bOopMaIM3Ma JaCTOTHOE TIOHSTHE BEPOSITHOCTU, Oepyllee HAYaJI0 OT a3apTHBIX
UT'D, U KOHTUHYAJILHOE, WJIYIee OT TeOMEeTPUYIECKUX 3a/1ad Tulla 3aja4n bioddona o Be-
POSITHOCTH TIOTIA TaHKS UTJIbI B TTAPKETHYIO Iesth. B akcnomatnke Kommoroposa KOHTHHY-
aJIbHOE TTOHATHE OEepETCs 3a OCHOBY Kak OoJjiee obiee. Paji 9Toit 00IIHOCTH B TEOPUIO Be-
POATHOCTE IPUBHOCATCA THIIOTE3BI CUTI'Ma-aJINTUBHOCTA U U3MEPUMOCTHU — TEXHUICCKUE
[IPEJIIOJIOXKEHUsST U3 TEOPUU MePbl, UMEIOIIUE JIOBOJILHO CJIa0ble SMINPUIECKHe 000CHOBA-
aust [2]. Takum obpasom, st H3yUeHnst JUCKPETHBIX SIBJICHNUI, CBI3aHHBIX CO CJIyJaiiHO-
CTBIO, OIIPeJIeICHUE BEPOTHOCTU KaK KOHTUHYAJIHHOW MePhl NM3HAYAIHLHO M30BITOYHO.

Cnabasg akcmomaTuka, (PaKTUIECKH, HE BBIXOJUT 3a PAMKH 3JeMEHTapHOIl Teopun
BeposTHOcTelr XVII-ro Beka, ocHOBaHHOI Ha KOMOMHATOPHOM IIOJICYETE BAPUAHTOB.
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O6parum Banmanue za 3amedanue A. H. Komvoroposa B |24, cTp. 252|: «upescraBiis-
eTCcsl BayKHOM 3a/1a9a 0CBOOOK IEHUS BCIOLY, TJI€ 9TO BO3MOZKHO, OT U3JIUIITHUX BEPOATHOCT-
HbIX Jronytienuii. Ha HezaBucumoii MeHHOCTH YUCTO KOMOMHATOPHOI'O TOJIX0/a K TEOPUU
nHMOPMAIIHT S HEOJHOKPATHO HACTAUBAJI B CBOUX JIEKIUAX». ITO BbICKA3bIBaHUE B 3HA-
YUTEHHON CTENeHN OTHOCUTCA M K MaTeMaTUYeCKOH CTAaTUCTUKE, KOTOpas TaKxKe MMeeT
JIEJIO ¢ KOHEYHBIME BBIOOPKAMU.

OmuH 13 BapMaHTOB KOMOMHATOPHO-aIreOPamdecKoro IMOCTPOEHUsT TeOPHH MHAMOP-
maruu MoxkHO Haiiti B kuure B. [I. Tonmsr [13|. Ow, B wactaocTH, numer: «HanobHocTh
B BEPOSITHOCTHOW MOJIE/IN OTIIAJIAET, ITOCKOJIBKY TeopHus HH(MOPMAIMH OKA3BIBACTCA JI0-
CTATOYHO MHTEPECHOH 1 OOraToil MPUIOKEHUAME B ajredpandeckoii mocrtanoBke. OmgHIM
13 TAKUX MMPUJIOKEHUN SIB/ISIETCS paclo3HaBaHue 00pa3oBy.

Yuenuk A. H. Kosmvoroposa FO. K. Bessie B ipeinciopun ¥ kaure « BeposiTHOCTHBIE
METO/IbI BLIDOPOTHOI'O KOHTPOJIA» IHUIIET: «BO3ZHUKJIO IVIyOOKOe yOEeXKICHUE, YTO B TCOPUH
BBIOOPOYHBIX METOJIOB MOXKHO IOJIYIUTH COJEpKaTe/IbHbIe aHATOTH OOJIBITUHCTBA OCHOB-
HBIX YTBEPKJIEHUII TEOPUM BEPOATHOCTEN U MATEMATUYECKOIl CTATUCTUKM, KOTOPbIE K Ha-
CTOAINEMY BPEMEHU HailJIeHbl B IIPEIIOJIOKEHIN B3aUMHON HE3aBUCUMOCTH PE3YJILTATOB
u3Mepenuii» |3, cTp. 9).

YMmecTHO TpEBecTH eimé ojHo BhickasbiBanue A. H. Kosmoroposa: «Yucras marema-
THKAa 0JIarONOIyYHO PA3BUBAETCsI KaK I10 IIPEUMYIIECTBY HayKa 0 OeCKOHEeYHOM. . . BecbMma
BEPOATHO, YTO C Pa3BUTUEM COBPEMEHHOU BBLIYMC/IUTE/IHHON TEXHUKU OyJIeT TOHATO, YTO
B OYeHb MHOTHX CJIydasX pa3yMHO U3y4eHUEe peasibHbIX SBJICHWil BecTH, m3beras mpo-
MEXKYTOYHBIN dTall UX CTUJIM3AIUUA B JIyXe IPEJCTABICHUI MaTeMaTUKU OeCKOHETHOI'O
U HENPEPBIBHOTO, MEePexo/is MPsIMO K JUCKPETHBIM MojiesaM» |24, crp. 239).

AcnmMmnToTn4Yeckmne oueHkn. BeckoreuHo JiIMHEBIE BHIOOPKY He Pean3yloTcs Ha IpaK-
THUKE IIPOCTO IIOTOMY, YTO KOHEUHA IIaMATh KOMIILIOTEPOB U BPEMSs, OTILYIIEHHOE UCCJIe-
JIOBATEJIAM Ha SKCIEPUMEHTHI. B KaccumuecKoil BepoaTHOCTHON aKCHOMATHUKE JAHHOe 00-
CTOATEJILCTBO He IIPUHUMAETCS BO BHUMAHUE, B YACTHOCTHU, KOTJIa MHUIILYT

P(S) = lim_u(3.X),
rie P(S) — BepositHocThb cobbrtus S, v(S, X) — gacrora cobbitust S B BeIGOpKE X .

B ciaboit akcmomaruke 3anuch |X| — 00 3alpereHa, n MOHSITHE BEPOATHOCTH CO-
6uiTist P(S) ne onpejesiero. Mbl He BIipaBe MpeiosiaraTh, 9To BIOOPKA PEATBLHBIX 00b-
€KTOB MOKeT OBITh CKOJIb yIOJIHO JyIuHHO#. Tem He MeHee, ObLIO ObI HEJIEO OTPUIATH
Maccy CTATUCTUICCKUX (PAKTOB, KOTOPHIE NMEIOT HAIEXKHDbIE SMIMPUICCKNE MOATBEPIK 1e-
Hust, HO POPMYJIMPYIOTCA U JOKAZBIBAIOTCS € ABHBIM UM HEIBHBIM UCIIOIH30BAHUEM TAKIX
peJIe/IbHBIX [epexoioB. He HeK/IoueHo, 9To ux BO3MOKHO nepedopMyupoBaTh U B (hu-
HurapaoMm Bujie. CTOJIb Ke HeJIelo OTKAa3bIBATHCS OT HPEUMYIIECTB aCUMITOTHYECKOIO
aHau3a. 3J1eCh KOMIIPOMUCC 3aK/II09aeTCsl B TOM, 9TOObI IPUMEHATH aCUMIITOTUKE JIUIITh
K YUCNEHHDILM OUEHKAM, KAK OJUH U3 CIIOcOO0B NPUOIMKEHHBIX BbIuncaeHnit. Hampumep,
HoJTyanB B cj1aboit akcnomatuke orenky P (7X) = f(L), 3aBucsiyio or JyinHbl BEIGOP-
K, MbI MOYKEM HCCJIEJIOBATH aCUMIITOTHYECKOe TIoBeeHue ducaoBoit dyuknuu f(L) npu
L — oo. Ilpu 3TOM cyIecTBOBaHie CKOJIb YTOJHO JIJIMHHOM BLIOOPKK HE MPEJIIIOIaraeTes.
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Pe3iome

BBejieHbl OCHOBHBIE TIOHATHS, KOTOPBIE OY/IYT MCIOIH30BATHCA Ha MIPOTIAKEHIT BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd 00ydaionias BbIOOpKa, CKPbITasg KOHTPOJIb-
Hasl BBIDOPKa, MeTo/I 00yUIeHusl, Iepeo0yIeHHOCTh, MAaTPHUIA OITHOOK.

Beenena ciabasi BepOSITHOCTHasI AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOYKCHIH
0 TOM, UTO BCe Pa3dbMeHnsi KOHEUHOI MeHePa/IbHON BBIOOPKN UMEIOT PaBHBIE IITAHCHI PEAJIH-
30BaThCA. MOKHO ObLIIO ObI BOOOIIE HE BBOJIUTH TEPMUH «BEPOSATHOCTH» U TOBOPUTH TOJIb-
KO O 9acToTaxX M «JIOJsIX pa30ueHuil BHIOOPKU», OJHAKO BEPOSATHOCTHAsT TEPMUHOJIOTHUSI
u obosuadenus P, E 6osiee npusbranbl. [lasee Mol yoeanumcs, 9To MHOTHE QYHIAMEHTAb-
Hble (DAKTBI MATEeMATHIECKOW CTATUCTUKUA MOIYT ObITh BBIPAXKEHBI B TEPMHUHAX TaCTOT
U He HYXKJIAI0TCs B TEOPETHKO-MEPHOM olpejieiennn BeposaTHocTr. Cabasi akCMOMaTHKA
BIIOJTHE aJIeKBaTHA 33/la9aM aHAJM3a JIAHHBIX, TTOCKOJIbKY OHA MMEET JIEJI0 TOJBKO ¢ KO-
HEYHBIMU BBIOOPKAMU U BEJIMIMHAMU, HEIIOCPEJICTBEHHO M3MEPUMbBIME B 9KCIIEPUMEHTE.

[TocTaByiena ocHoBHas 3ajiada — IMOJIyUeHUE KaK MOYXKHO Oojiee TOUHBIX, 3D dHeKTUB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSITHOCTH repeodytdenus (1.5), b0 BEPOSTHOCTH OOJIBITION
4acTOTHI OMMNOOK Ha KoHTpoJie (1.6), mbo mosHoro ckosb3smero Konrposs (1.7).

B cnepylowein nekunmn Mol J1a/IMM TOYHOE PeIieHne OCHOBHOM 33141 JIJIst ITPOCTEMIIEro,
HO BayKHOI'O YACTHOTO CJIydasi, KOIJia ceMeiicTBO A COCTOUT U3 €JMHCTBEHHOTO aJrOPHUT-
Ma, U 10 U3BECTHON YacTOTe ero OMMOOK Ha HabJ/II0IaeMoil BLIOOpKe TpedyeTcs OlEeHUTH
YaCTOTYy €ro OIMMOOK Ha CKPBITOI BBIOOPKE.

Ynpa>kHeHust

Bamada 1.1 (1). B sagaue knaccuduramun ¢ qpyms xiaaccamu Y = {—1,1} Bbibopka

3aJlaHa TOUYKaMM HIpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJrOpuUT-
MoB Kiaccudukaimu ag(x) = sign(x — ) ¢ napamerpom 6 € R mocrpoutsh maTpuily

oImnboK u Fpa(bI/IK 3aBUCHUMOCTH n(ag, X) oT 9, €eCJIn 1eJjieBasd 3aBUCUMOCTDL MMeEeT BU/I:

1) y(x) = sign x; signz, |x| > M,
) 3) yw) =

2) y(z) = signsinma; signsinz, |x| < M.

CKOJIbKO PA3JINYIHBIX BEKTOPOB ONIMOOK MOPOXKJIAeT JAHHOE CeMefCTBO aJrOpUTMOB?
CKOJIBKO 13 HUX JIoycKaloT m omubok (m = 0, ..., L) Ha reHepaibHOil BEIOOpKe X7

Bamagda 1.2 (2). B zagaue knaccudurarmyn ¢ qpyms xiaaccamn Y = {—1,1} Boibopka
3a/laHa TOYKAMU Ha OKPYKHOCTH: X = {(sin i, COS i)t P = (7, — %)27”7 1=1,... ,L}.
[esiesas 3apucumMocth y(x) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JMHeiiHBIX KJ1ac-
cudukaTopor ag(z) = sign(61&; + O2€s + 0y), ¢ napamerpom 0 = (6,0, 05) € R3 onmcars
marpuity omubok. CKOJIBKO Pa3IMIHbIX BEKTOPOB OIMUOOK TIOPOKIAET JaHHOe CeMeiicTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0,. .., L) ua Bbibopke X7

Bamada 1.3 (5). KakoBo MakcnmMaabHOE THCIO PA3IMIHBIX BEKTOPOB OIMUOOK, TTOPOXK-
JIAeMBIX JIMHEHHBIMI aJropuT™MaMu Kiaaccudukayn Ha Beibopke X = {z1,...,x} C R"?
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2 OueHnBaHue 4acToTbl COOLITUA N FMNepreomMmeTpu-
Yyeckoe pacnpegesieHue

Hauném ¢ camoro mpocToro 9acTHOrO CJIydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJUHCTBeHHOTO 3jeMenTa, A = {a}. Torga BeposiTHOCTE HIEpeOdyYeHMsI IepexO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS JacTOT B JIBYX BbIOOpKax. OHa TECHO cBA3aHA
¢ 3aKOHOM OOJIBIIIUX YHCeJI, UMEIuM (pyHaMeHTaIbHOe 3HAUYEHNE JIJI TEOPUN BEPOSIT-
nocreii. [losromy MbI 3a0yjieM HEHAJIOTO PO AJTOPUTMBI U TepeiijieM K OoJiee oOIeit
TEPMUHOJIOTHH, 320/IHO HEMHOTO YIIPOCTUB 0003HAYCHUSI.

§2.1 3apaua oueHuBaHua (NpepckasaHusl) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOYKECTBO O0OBEKTOB; Oy/IeM HA3bIBATH €0 «COOBITHEM».
CobpiTre S U BEKTOp OMIMOOK aJI'OPUTMa @ B3aHUMHO OJHO3HAYHO COOTBETCTBYIOT JPYT
apyry: S = {x;: I(a,z;) = 1}, I(a,z;) = [2; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemenmos cobbitus S Ha IPOU3BOJILHON
koueuHoit Beibopke U C X a uepes v(U) = n(U)/|U| — wacmomy cobvimus S na U.

Bajiaua npeJicKa3aHns 9acTOThl COOBITUS COCTOUT B TOM, YTOOBI OIIEHUTH YaCTOTY CO-
ObITHS S Ha CKPBITOH BBHIOOPKe X 110 €ro 4acTore Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTD
Ha/IE2KHOCTD IIPEJICKA3aHNUSI, TO €CTh HOJIYYNTh OIEHKY BH/JIa

PIv(X) = v(X)] = e] <nle); (2.1)

B Tex ciyuasx, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTAaBUTLCH 3a/a9a MMOJIyUeHUs] OJJHOCTOPOHHEN BepXHell OIeHKN:

PV(X) - v(X) > <] <n(e). (2.2)

Jlemma 2.1. Ecim n(X) = m, 1o dncio s7eMeHTOB coObITusT S B HAOJIIOAAEMOI 110J-

soibopre n(X) m B ckpprroii momsbIbopke n(X) MOTIHHIIOTCS 2UNEP2EOMEMPUUECKOMY

pacnpedesenuro:

3 Cs Cé—s

Pln(X)=s| =PnX)=m—s| = ho™ (s) = —mcf—m’
L

rje s npuHEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

JokazaTeabcTBo. OTOOpaATh S 9JIEMEHTOB COOBITHA S B HAOIIOMAEMYIO IMOBBIOOPKY
Mokio C%, pasiuaubivu criocobamu. [l Karxkaoro u3 9THX crocobos mmeercs Ch %
c11ocob0B ¢(hOPMUPOBATH OCTABIIYIOCA YacTh HAOJII0/IaeMOil MOJBBIOOPKH U3 0O0BHEKTOB,
He MPUHAJJIeKAINX S. SHATUT, C;Ci__sm — 4UCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKeCTBa S MOMaaT B HAO/I0IaeMY0 MOJABBIOOPKY, OCTajIbHbIE (1M — S) — B CKPBITYIO.
Ix so1s B obwieM uucie pasouenuii C4 kak pas u cocrapiser he ™ (s). ]

Bameuanue 2.1. Ecmu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM I[I0JIaraTh, 9TO
Cs = 0. Ananornuno, ecau He BbinosHsIeTCs yenaoBue 0 < £ —s < L —m, 1o Cﬁ’fm = 0.
o) <s < R (s) =0

TCIOJIA CJIEJLYeT, UTO €CJIM He BBIIOJHACTCS YCJI0BHE So < § < S1, To hy ™ (s) = 0.
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CeueHne m=100 s [unepreometpuuieckoe pacnpegenerue h(m,s) npu L=200, k=100
100 A 100 A
80 ] 80 ] /
60 - 60 -
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CeueHne s=50

0 20 40 60 8 100 120 140 160 180 200

Puc. 2.1. O6nacrb onpejiesienust ruriepreoMerpudeckoii pyuakuuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepzeomempuueckoe pacnpedesenue HOCUT (ByHIAMEHTAIbLHDI XapaKTep U BO3HU-
KaeT BO MHOI'MX 3aJa4aX. B manHom naparpade nepeducagioTes B CIIPABOYHOM MOPSIKE
OCHOBHBIE CBOWCTBA I'MIIEPIeOMETPHIECKOrO pacipejenenus (3, 4].

s l—s
C"L L—m

cL
crBe map nesbix guces (m,s): 0 < m < L, max{0,m — k} = s9 < s < 57 = min{¢, m}.

¢
1. Ilpu duxcuposanubix L u ¢ dyukius hy ™ (s) = ompe/iesieHa Ha MHOMKe-
DTO0 MHOXKeCTBO uMeeT (hopmy mapaJuiesorpamma, puc.2.1. Bue sToit objactu mpuHgTO
l,m
nosarate h; " (s) = 0.
2. Beeném cireytorue 0003HaAYEHNS JIJIsT CYMM KPalHUX JIeBbIX W KPafHUX MTPaBbIX
YJIEHOB TUITEPreOMeTPIIECKOr0 PaCIIPe 1€/ IeHNUsI:

2] 51
Hp™(z) =) hp™(s);  H™(2)= Y hp™(s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopMmyJia MoJHON BEPOITHOCTH:

51
> BE™(s) = Hp™ (s1) = Hp™ (s0) = 1.

S=50

[Ipu dukcuposanubix L, ¢ u m byaxus h(s) = him (s) siBIIETCSA OJIHOMEPHBIM
JIUCKPETHBIM pacipejesieruen. st npumepa Ha puc. 2.1 cieBa nokasana gynkuus h(s)
npu dbukcuposansom m = 100. Oynxums h'(m) = hY™ (s) pacnpemenenmen, Boobie
rOBOpSI, HE SIBJIAETCS, TaK KAaK He yJIOBJIETBOPSAET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantoM s = 50.

3. Tlapamerpsl £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsITh pasHocraym: hy ™ (s) = hy L™ (0 — s).
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5. CrpaBe/JIuBbI TOXKIECTBA:
W™ (5) = BT (= ) = ) = b (m = ) = B (m ).

6. OTcroma BbITEKaoT ToxKaecTBa st byuxumit H u H:

S S

Hy™(s)=> hy™(G)=Y_ hy™(m—j)=Hy™(m—s).

Jj=s0 Jj=s0

7. Pacnpenenenue h(s) siBiagercs yHUMOAAIbHBIM (nMeeT hopMy mHKa). MakcuMasb-
(m+1)(4+1)
L+2
8. Tabsmria rumepreoMeTpuvdecKoro paclipe/iesleHus COAePKUT {k HeHy/IeBBIX 3HaUe-

HOE 3Ha4YeHUE JJOCTUT'a€TCA IIPpU st = , C TOYHOCTBIO /IO OKDYIJICHUA.

nuit. Ké MoxkH0 3hdeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIICHUIA:
€7 0 JR— .
hL (O) - 17
m—+1 E—m+s
m+1l—s L-—m ’

W™ (s) = R (s)

— l—s (2.5)
hé,m 1 :hf,m m S. .
s+l = hy <8)s+1 k—m+s+1
S k—m+s

hp™ (s —1) = hp" (s)

m—s+1 f(—s+1°

Yr00b1 n36€:KaTh BBIYUC/IUTEIBHBIX MTOI'PEITHOCTEH, 3HAUEeHUs h%m (s) pekomerLy-
€TCs BBIYHCJISTD ITOC/IeI0BATE/IHbHO Jid BceX m = 0,..., L, Ipu 3TOM JjIs KaxKJoro m
HEPBBIM BBIYUCIIATH 3HAUCHUE, OJIM3KOe K MaKCHMAJbHOMY (HAIPUMED, TPH S = Smax),
3aTeM MEHbIINEe 3HAYEHNU BBIUUCISATE Yepe3 OOJIbIIne.

9. MaremaTndeckoe OXKUJIAHUE BEJIMUUHBI S €CTh

51

A= Zsh?m(s) =7

s=s0

10. /lucnepcus BeJMYUHBI S €CTh

S1
k(L —m)
2 214, m
o° = S—=A)h; 7 (s) = A==
S$=50
11. Tlpu Gosbrmix 3HaMEHUSIX TApaMeTpoB L, ¢, m mpeie/IbHbBIMU PacIpe/Ie/IeHUsIMU
st B(s) = hY™ () MODYT GBITH TOIBKO PACIPEIE/IEHIS OIHOIO U3 YeTHIPEX THIIOB:

— Ipu A — 00 nopmanvroe pacnpedesenue h(s) — \/%7 exp(— (82;2)2);

— npu 7 — p bunomuasvroe pacnpedesenue h(s) — C7 p*(1 — p) s
upu % — p bunomuanvroe pacnpedenenue h(s) — C2 p*(1 —p)™=%;
— mpu F — 0 mm % — 0 pacnpedeaenue ITyaccona h(s) — e *\¥/s!;

— npu A — 0 BBIpOXKJIEHHOE pactipejiesienue s = (.

12. TlNunepreomeTrpudeckoe pacipejeeHne JIOBOJLHO TOTHO MPUOIUKAETCHA ¢ TTOMO-
mbio anmpokcumarmn Mosenapa:
2m — s

hs) = CipP(1—p)°, p= YA
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§2.3 3akoH bonbwmnx Yncen B cnaboin akcnomaTtumke

[Ipomomzkum paccmorperne 3aaa4d (2.1), (2.2) o mpejckazaHun 9acTOThI COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cnpaBeyinBel TOUHBIE OLEHKH:

Plv(X) <e] = Hy™ (<) (2.6)

P[v(X) >e] = Hy™ (m — ck); (2.7)

Pu(X) —v(X) =e] = Hy™ (sm(e)), Sm(e) = £(m — ek);  (2.8)
PI(X) = v(X)| > €] = H™ (sm(2)) + HL ™ (3m(2)) . Smle) = £(m+2k).  (2.9)

HokazarenbcTBo. [lepBbie jiBe ONEHKY SIBJISIFOTCST HETIOCPEICTBEHHBIM CIe/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X) =s] =) hy™(s) = H ™ (c0);
¢ |m—ek]|
Pv(X)ze]=) [2=2>e|Pn(X)=m—s] = Z ho™(s) = Ho™ (m — k).

[e=]

s= S=50

TpeTbH OIl€HKa I10JIy49aeTCd aHaJIOTUIHO HepBOIk/'I7 C TOMA JIMIIb paBHHHeﬁ, qTo ycJjioBue

v(X )% < e 3amensiercs yesosuem v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHBIME
" ¢
IpeobpPasOBAHUAME HOTyIaeM BePXHUI MpejieT CyMMupoBains s < 7 (m — k).

Haxownery, JBycTOpOHHsis OlleHKa (2.9) moJiydaercs, ecjid IpeJiCTaBUTh MHOMKECTBO
pa3buennit B Bujie 00beIMHEHNs JIBYX HEIIEPECEKAIOMNXCS TOIMHOXKECTB:

PIv(X) — v(X)| > €] = P[r(X) — v(X) > ] + P[U(X) —v(X) > ] =
= HY™ (s0(e)) + L™ (500(<)). .

O ckopocTu cxogumocTn B 3akoHe bonblwwux yncen. [lpu npomnoprmroHaaILHOM yBe-
mudennn L, ¢ 1 m OTHOCHUTeJIbHAA IMIUPUHA TUIEPreoOMeTPUYeCKOro IHUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YIOJHO TOYHOE IIpeJICKa3aHNe
ckpoIToit wacTorsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaeT cko-
POCTH CXOJUMOCTHU YaCTOT COOBITUSA B JIByX BHIOOPKAX.

Kraccnyeckuit 3aKoH OOJIBIINX HHCES YTBEPKIAET CXOJUMOCTH YaCTOTHI COOBITHS
K eé BepoaTHOCTH. OHAKO B caaboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KAK AHAA02 34KOHA OOALWUL
wucen B cj1aboit akcrnomaTuke. OCHOBaHUEM JIJIsl TAKOI HHTEPIPETAINN TAKKe CIIyZKUT TOT
daxkr, uro nBa dyHKIOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUST YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSATHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHS OT €ro
BEPOSATHOCTH — OIEHUBAIOTCs CBEPXY JPYT Uepe3 JApyra, Kak nokasano B [6]. [To cyru, sTu
JIBE OIIEHKH OTJIMYAIOTC HE IPUHINIHAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xédbdmaunra [54]
OIIEHMBAIOT CKOPOCTb CXOJMMOCTH B 3aKOHE OOJIBIINX 4ucesl. Bce OHM SBJISIIOTCS aCHMIITO-
TUYCCKUMH U J1al0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTI OOJIBIIOTO OTKJIOHEHH:A. BhIpazke-
uue (2.9) apisercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTHYECKON) OIEHKOI, 1 HOTOMY
€r0 MOYKHO CUHTATh HaMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX IHCEI.
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H 'Mnepreometpuyeckoe pacnpeaenenie npu L=300, k=100, m=30, eta=0.05
0.16 A
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002 1
Oloooooooooooll'll Illo..

0123456 7 8 9101112 1314151617 18192021 22 23 2425 26 27 28 29 30
H I'mnepreometpudeckoe pacnpeaenenue npu L=1500, k=500, m=150, eta=0.05
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Puc. 2.2. lN'unepreomerpuyeckast byHKIUs h%m (s). Bepxuuii rpaduk nosydes mpu
L = 300, ¢ = 200, m = 30. Boiienens! Kpaiinue jesbie, [so, spm(e)] = [0, 15], u kpaii-
HUE TIpaBble [Sy,(€), s1] = [25, 30], wieHbI pacipe/e/eHnst, COOTBETCTBYIOIIIE 3HAUCHIIO
nagéxuaocta 1) = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpoOIOpIH-
OHAJILHO YBEJMYEHHBIX B D pas.

FeomeTpuyeckas nHtepnpetauus coornomenuit (2.3), (2.8) u (2.9). Pacemorpnm mps-
moyrosbayio cetky {0,...,L} x {0,...,¢} wa puc.2.3. Ilonoxum b; = [z; € X]|. Torma
b; = 1 o3Havaer, 4TO0 OOBLEKT T; TOMAJAeT B HAOIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJC TPACKTOPHH, IPOXOJAIIEH 110 y37IaM CeTKH U3 TO4U-
ku (0,0) B Touky (L, £) cornacHo npasuiy: eciau b; = 1, TO cMelnaeMcst Ha eJIMHUILY BIPABO-
BBepX; ecyin b; = 0, TO cMelaeMcs Ha eUHUILY BIIpaBo. Bee Takue TpaeKTopuu He BBIXOIST
3a TIPeJIe/ibl MapaJuie/iorpaMMa, BblJIeJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKuX TpaeK-
TOpHit H30MOPMHO MHOKECTBY pasbuenuil Beibopkr X = X L X, n 06a oHEH H30MOPMHBI
MHOKECTBY L-MepHBIX OMHAPHBIX BEKTOPOB (by, ..., by ), comep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra uncia pasdueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTU YHCJIO COOTBETCTBYIOIINX TPAEKTOPUIA.

Y1065 BeIBECTH (2.3), TPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITO0BI IIEPBBIE 1M 00hEK-
TOB IIpUHA/IEKAIN MHOKeCTBY S. Torma 3aj1atua cBeAeTesa K MOJACIETY J0JIM TPACKTOPHIl,
OPOXOJAIIUX Yepe3 Touky (m,s). HazoBém rakme Tpaekropun donycmumvimu. ducio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske ot (0,0) mo (m,s) pasuo C3

m?

U JIJId KaXK 101
l—s -
Tpaekropun cymecrsyer C;_° Bapuantos eé mnpojosrkenust ot (m,s) mo (L, (). Cremo-
BaTEJIbHO, YUC/IO JIOMYCTUMBIX TPACKTOPUIl PABHO C;Cf:‘;. Pasnenus na obriee wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | noydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICIUTATEH TUCJIO TPACKTOPHH, TIPOXOJISIIIIX e~
pe3 Jio0yIo TOUKy (m, §), JIeXKAILyto HUYKe THArOHAJN Ha 5% i 6ostee. s sToro cym-

Mupyercst uncio Tpaektopuit C%,04 % 110 BeceM § = Sq, .. ., S (€).
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Puc. 2.3. Tpaekropus mnoc/ienoBaTebHOCTH {bi}fzo = 0101100010110010, upu
L=16,/¢=7,¢=0.3. [Iposenennl qunuum § = %m ns= %(m + ek). IIpu m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHWUHU, S = S, (€), U HUKe HUKHEH JIuHUH, § < Sp,(€).

[t BBIBOJIA JIBYCTOPOHHEH olleHKH (2.9) TOJCYUTHIBACTCS YUCIO TPACKTOPHI, OT-
CTOSIIUX OT JMATOHAJIM Ha £ um Gosee. B 9ToM cilyuae cyMMupoBaHne HIST 10 BeeM
S =80,--.,5m(€), 3aTEM IO BCEM § = S,(€), ..., S1.

BbIOOpOYHbIi KOHTPOIb Ka4yecTBa — 3TO IpUMEp NPUKJIAIHON 3a/a4i, B KOTOPOi
orenku TeopeMbl 2.2 IPUMEHUMBbI HETIOCPEICTBEHHO 3.

[Iycte X — mHO)ecTBO mzjenmii, S C X — MOJIMHOXKECTBO J1eMEKTHBIX U3
Wsrorosiiena naptusg u3geauil X, U3 HEUX M OKa3aJHCh JeeKTHbIMU. Jucjao m Hens-
BecTHO. [IpoBepuTh BCIO MAPTUIO MOIITYYHO HE IIPEACTABISICTCS BO3MOXKHBIM. IlosTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmBEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHUI
BbIOUpaeTcsd moaMuoKecTBO X C X, 9TO PABHOCHIBHO CJIydailHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag nomo gedektop B Habmomaemoil Bodopke v(X),
TpebyeTcs IpecKasaTh 100 1eeKTOB B CKpLiToil Beibopke v(X ). Ecmm npu 3amamn-
HOM TOYHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
NIPUHUMAETCs, WHa'de OHa IenkoM Opakyercs. [lapamerpsr € u ) IoAOUPAIOTCS U3 SKOHO-
MHYECKUX COOOpayKeHU — ¢ YIETOM CTOMMOCTH KOHTPOJIS OJTHOIO U3JIEINs W BEJIMIUHBI
1I0TE€Phb OT UCIIOJIb30BaHUs Je(PEKTHOTO U3JIE/INS.

§2.4 Tlepexopn ot HeHabnogaemoin oueHKn K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB M COObITHs S B MeHepaJIbHON BbI-
6opke X, KOTOPOe HEBO3MOKHO y3HATh, 110K HEM3BECTHA CKPBITAsl 110/1BbIOOPKa. B Takmx
CJIydasx TOBOPST, UTO OIEHKa sIBJIsieTCs Henabatodaemoti (unobservable bound). Curyartist
Ha IIE€PBBIiT B3IJIA]] TapaJoKcaabHa. ToObI OEHUTDH BEPOATHOCTD OOJIBIIONO OTKJIOHEHUS
JacTOT B HaOJIIOJAeMOil U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH umciao m. OjgHako ec-
q OBl MBI €r0 3HAJM, TO 10 HabJogaeMoil yacrore v(X) TyT Ke BBIYHCIA ObI TOTHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHas ouenka. Ilpocreiiiiiee perenne mpob/ieMbl HEM3BECTHOTO 1M 3aKJIIOYAETCS
B TOM, YTOOBI B34Th MaKCUMYM IIO 1M W HOJYIUTH BMECTO TOYHOI OINEHKHU 3aBBINIEHHYIO
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H(m)
0.24 1

0.20
0.18

0.14
0.12
0.10
0.08
0.06

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 5
Puc. 2.4. 3asucivocrs H(m) = HY™ (s,,(£)) or m npu L = 300, £ =200, e = 0.05.
BEPXHIOIO OICHKY:

Plv(X) —v(X) 2 ¢] < mr_r%)aXLHi’m (sm(e)) =T (e). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m or [ek] no |L — el], tak kak npu
OCTAJIbHBIX 3HAYEHUSIX 171 JIeBasi 4aCTh HEPABEHCTBA PaBHA HYJIIO.

K coxasennto, (2.10) — moBosbHO rpybast OIeHKa IPU MAJIbIX M, cM. puc. 2.4. [To s7oii
HPUYIMHE JTAHHBI MOIX0 He IIPUEMJIEM JJId 3a4a9 BEIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YeHUus 110 TIPereeHTaM, 1 JIPYTUX CIydaeB, KOrjla MMEHHO MaJible 3HAUEHUsI M PEJICTaB-
JISTIOT GOJIBIION MPAKTUIECKUil HHTEPEC.

I13BecTHA BepXHsIsI OINEHKA <«XBOCTa» THUIIEPIEOMETPUYECKOro pacipeesenns |42,
C TIOMOITIBbIO KOTOPOH MOKHO OIEHUTH CBEPXY npaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_2€2ﬁ> .

DTa ornenka eré bostee rpydas. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
¢ opauHaroit 0.89, HO OHa He ToKa3aHa, MOCKOJIBKY IMPOXOINT MHOIO BbINIe. ACHMITOTHAYE-
CKH 3Ta OIeHKa CXOIUTCs K HYJIIO IIPU OJHOBPpEeMeHHOM cTpemiieHnn £ 1 k K 66CKOHETHOCTH,
97O eIIé pas MoATBEPXKIAET CBA3b TOUHBIX ONeHOK (2.8) u (2.9) ¢ 3axonom 6oavwuzs wucen.

TouHas uHTepBanbHasa oueHka. Cieyromiasi TeopeMa MoKa3bIBAeT, KaK MOy IaTh TOU-

uble Bepxuue n Hrkane ornenku 1yt n(X) u n(X) no nabmomaemomy snadennio s = n(X).

Teopema 2.3. Ecsm s = n(X) — quc/io smeMentoB cobbirst S B HAOIIOLAEMOI BHIOOD-
K€, TO JUIs 9HCJIa JTeMEHTOB cOObITHs S B MOJIHOH BBIOOpKe ¢ BeposiTHOCTBIO (1 — 1)
CIIpABEINBA, BEPXHSISA OICHKA!

n(X) < maX{m =mg,...,L ‘ Hi’m(s) > 17}, e mgy = ’—s% — -‘ (2.11)

okazareabcTBO. PaccMOTpUM OJIHOCTOPOHHIOI TOUHYIO OleHKY (2.7), 0603HaYMB 1pa-
Byt0 eé uacthb uepe3s H(e,m), rae m = n(X) — neuspecrHasi BeJMInHa:

Plv(X) > e] = Hy™ (m — ck) = H(e,m). (2.12)
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t, uucno snemenmos S 6 ckpwimoii 8vib0pKe
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S, uucno snemenmos S e Haba00aemoil 6v100pKe

Puc. 2.5. Tounble BepxHue n HIzKHEIE OleHKE dnciaa t = n(X ) sjeMeHToB cobbiTust S
B CKPBITOI BBIOOPKE B 3aBUCHMOCTH OT ux unciaa s = n(X) B Hab/roqaeMoil BIGOPKe.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Torya ¢ BepoaTHocThio (1 — 1) crpasemymba onenka ceepxy v(X) < E(n,m), tae
E(n,m)— obparnast pyukius or H (e, m). Obpartienue mpousBoIUTCs 110 TIEPBOMY apry-
MEHTY IPU KayKJIOM 3HAYCHHU BTOPOrO apryMeHTa 711, KOTOPLIA BBLICTYIAET B POJIM IIa-
pamerpa. [lockosbky dyukims F(n, m) He Bo3pacTaeT 1o MEePBOMY apryMeHTY, U3 OIeH-

m—Ss

kn v(X) < E(n,m) caenyer nepasencrso H(v(X),m) > n. Honcrapnaa v(X) = 2

B dyukiuo H(v(X),m), oupegensiemyio cornacuo (2.12), moaydaem, 9To ¢ BEPOSTHO-
l,m

creio (1 — ) cupaseyuBo HepasercTBo H;p ™ (s) > 1. Urobbl paspentursb JaHHOE Hepa-

BEHCTBO OTHOCHTEJILHO M Ipu (PUKCHUPOBAHHOM S, HAMJIEM MAKCHUMAJLHOE 3HAYCHUe M,

IPY KOTOPOM OHO BBIIOJIHEHO. IIpy MakcuMa/IbHOM 3HAYCHUH 1 3HAYCHUe S JIOJIZKHO Ha-

1)(£+1
XOJITCS JIeBee TOYKN MAaKCUMyMa TMIePreoMeTPUIecKOr0 pacipeieeHnsd s* = %,
Crenosarensro, s(L +2) < (m + 1)(€ + 1). ITosTomy /s HAXOXKICHHST MAKCHMAJILHOTO
SHAMEHUS 1M IOCTATOUHO HepeCparh 3HAYCHHs M, He MeHbume s72 — 1. "

CaencrtBue 2.3.1. Amnajorndno omeHuBaercs cKpbiroe aucao n(X) mo Hab/rogaeMoMy
aucty s = n(X): ¢ BepositHocTBIO (1 — 1)) BBIIOJIHEHO HEPABEHCTBO

n(X) < max{t = to,..., k } HE* () > nk, to=|s ’tfill —1]. (2.13)
CaencrBue 2.3.2. AHAJOIHYIHO CTPOSTCS U HUXKHUE OIEHKH: ¢ BEPOSITHOCTBIO (1 — 1)

n(X) > min{sz,...,mo ‘ Efﬁm( ) > 7]};
n(X)}min{tzo,...,to‘Hi’sH 277}

Boeraucienune mo/ry9eHHBIX BEPXHUX 1 HU?KHUX OIEHOK C MCIIOJIB30BAHIEM PEKYPPEHT-
HBIX coorHomennit (2.5) Tpebyer nopsiaka O(n(X)n(X)) oneparpuit.

Ha pwuc. 2.5 nokasanbl BepxHHE W HUKHHUE OIEHKHU YHC/Ia JIEMEHTOB COOBITHA S
B CKpBITOH BRIGOpKe t = n(X) B 3aBUCHMOCTH OT WX HHCIa B HAOIIOTAEMOH BHIGOD-
ke s = n(X). Toscreie crynenvyaTsie TUHIN — IPAHAYIHbBIE 00JIACTH, B KOTOPBIX BBITIOJIHSI-
eTCsl paBEHCTBO Hﬁ’ **'(5) = 1. Tounas BepXHslsl OIEHKA COBIAJACT C BEpXHeil MpaHHMIe



= 25 =

BepxHeil obs1acTu, ToOYHAs HUXKHSIS — ¢ HUXKHel rpaHurieit Huxkueit obsracru. Bmecre onn
onpegensaior 1 — 2n = 90%-it moBepuTeNLHBLIA HHTEPBAJ I YUCIa ¢ IPU KayKJIOM 3Ha-
veHnn s. TOHKHWe cTylleH4YaThle JIMHUW — 3TO OINEHKHU 10 HAUXY/IIEMY 1M, BBIYHCJIEHHbIE
corstacuo (2.10). Vx Tounocts najaer 1mo Mepe npubimzkernsg m K 0 uwam K L.

O BeposaTHOCTU HYNb-cobObITUA. [losb3ysich Teopemoii 2.3, HETPYIHO TTOCYUTATH BEPX-
HIOIO JIOBepuTesibHYy0 OneHKy n(X) st nyav-cobvimus [15] — rakoro cobbITHsi, KOTOPOEe
BooGIIe He Habmonamoch, n(X) = 0. lannas 3ajada umeer TouHoe perierne (2.13), B Ko-
Topoe HaJlo 1mojicTaBuTh § = (. B wacTtHOCTH, 110 TpaduKy Ha pUC. 2.5 JIETKO OIPEIeTUTh,
gro npu § = 0 u jymHe Hab/0aeMoit BeIOOpKH ¢ = 100 4uncyio coObITHII B CKPBITOM
BuIOOpPKe bl k = 100 He npes3oiiaér 4 ¢ BepogrHocThio 1 — 1 = 95%. Hukusa nose-
purebHas orenka n(X) Jyist HyTb-COOBITHsI, pA3yMeeTCsl, paBHa HYJTIO.

§2.5 OpHo3anemeHTHOE cemeiicTBO aJiIrOpuTMOB

BepHuémcest K 3aj1a1e OINeHUBaHUS BEPOSITHOCTU TepeodydeHusl U PACCMOTPUM OJHO-
ssteMeHTHOoe cemMeiicTBo asroputmMoB A = {a}. B aroMm ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: pX = a mis joboit Beibopkn X. Pyurimonan Q.(u,X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMIEALHOR0 AA2OPUMMA.

Teopema 2.4. Ilycrb ajaropurM a goIyCKaeT m OMIHOOK Ha I'€HepaJbHOI BBIDODKE:
n(a,X) = m. Torxa mrs aroboro € € [0, 1] cpaBenBEI TOYHBIE OLCHKH:

=P[v(a, X) —v(a,X) > ¢] = Hy™ (£(m — k) ; (2.14)
R.=P[v(a,X) > €] = Hp™ (m — k) ; (2.15)
C = Ev (a,X) =m (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mn3 Teope-
mbr 2.2, ecim BBectn cobbrue S = {z; € X: I(a,z;) = 1}. Jna nokasarenscrsa (2.16)

3aliaiieM OlIpeaesJICHUA Eun vV, 3aTeM IlepecTaBUM 3HaKW CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = szlax’ Z[aziGX]:kaLﬁl:%.

Cr Xe[x]2 zEX | Xelx)t

g

~
0
m Cr4 |

Pe3iome

Bajiaua oneHnBaHus YacTOThI COOBITHS (HAIIPUMeD, OMUOKN (DUKCHPOBAHHOTO aJIroO-
pUTMa a) Ha CKPBITON BHIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BEIOOPKE UMeeT TOYHOe
peleHne, KOTOpoe BbIparKaeTcsl Yepe3 TUIepreoMeTpuIecKoe pacipeieeHue.

B csraboit BeposgTHOCTHOI aKCHOMATHKE 9Ta OI€HKa OIHMCHIBAET CKOPOCTb CXOIUMOCTH

JaCTOT B JABYX BbI60pKaX U IBJIFETCS aHAJIOrOM 3aKOHa OOJIBIITNX YUCEJT.
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Hey06cTBO 9T0i1 OleHKN 3aK/II09aeTcst B TOM, 9TO OHA 3aBUCHT OT HEM3BECTHON Ya-
CTOTBI COOBITHSA Ha TeHepaJsibHOI BhIOOpKe m. lIpobiiema peraerca OO B3ATHEM Mak-
CUMyMa TI0 M, U TOIJa IOJyYaeTCs 3aBbIIIeHHAas OIleHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBbIPAYKAeTCd B BHUJIE SIBHOI (DOPMYIIBI.

B cnepyrouwein nekumu Mol repeiiiéM K orieHKaM BePOSTHOCTH 1epeo0ydeHus JIjisi IPo-
U3BOJIbHBIX CEMEHCTB aJrOPUTMOB U IIPOU3BOJILHBIX METO/IOB 00yueHus (. B sTom ciydae
I1OJIyIeHUe TOYHBIX OIEHOK CTaHOBHUTCS JOBOJIBHO CJIOXKHO# 3aj1adeiil. Mbl HaUHEM C BepX-
HIX OIleHOK Bamauka-YepBoHEHKNCA, KOTOPBIE HCTOPUIECKN OBbLIN HepBbiMu. OHM OTHO-

CUTEJIbHO HECJIO?KHO BBIBOJIATCA, HO CUJILHO 3aBbIIICHDI.

Ynpa>xHeHus

Bamauda 2.1 (1). Tlocrpouts rpaduku 3aBUCHUMOCTH BEIMYUHBL ()., OIpeJessieMoil
o ¢opmyste (2.14), or ¢ npu dukcupoantom k, or k npu dukcupoantnom £ u ot £ = k.

Bamada 2.2 (2). BeiBecTn TOUHYIO OIEHKY BEpOSITHOCTH Tepeobytdenus (). Juisi cemMeii-
cTBa U3 JBYX aaroputMoB A = {ai, as}, ecim 3a/laHbl YeThIpe HapaMeTpa

mw:#{xGX:[(al,x):u, I(ag,x):v}, u,v € {0,1}.

[TocTponTh rpaduK 3aBUCUMOCTH (). OT X3MMUHIOBA PACCTOSHUS MEXKJLy aJrOPUTMAMU
P12 = Moy + My, B IBYX cirydasix: 1) mpu mg; = mqo; 2) upu mo; = 0.

Bamaua 2.3 (5%). Onucarb crocob BBIUNCACHHUS TOTHON BEPXHEH ONEHKN BEPOSTHOCTH
nepeobydennst Q. /st cemeiicTa u3 1ByX anroputmoB A = {ay, as}, eciu npu HeKOTOPOM
pasbuennn (X, X'), BLIOpAHHOM CJIy9aiiHO U PABHOBEPOSITHO, H3BECTHBI UCTHIPE BEINTHHBL:

suv:#{xeX:](al,z):u, [(ag,x):v}, u,v € {0,1}.

[Tocrpouts rpaduku 3aBUCUMOCTH () OT X3MMUHIOBA PACCTOSHUA MEXKJLYy aarOPUT-
MaMHI P12 = So1 + S10, B JABYX CJIydasix: 1) mpu So; = S10; 2) upu S = 0.
CpaBHUTD ¢ pelneHueM IpeabLIyIeil 3a/ aquu.

Bamada 2.4 (3). BbiBecTr TOUHYIO OIEHKY BEPOATHOCTH Tepeobydenus (). JJisi cemeli-
crBa U3 TpEx aaropurMoB A = {ay, as, az}, eciu 3aj1aHbl BOCEMb ITapAMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(as,z) =t}, r,s,t € {0,1}.

[TocTpouts rpacdukn 3aBUCUMOCTH (). OT XIMMUHIOBA PACCTOAHUS MEXKJy aJrOpUTMaMK
P12 = Mo1o + Migo + Mo11 + Mio1, B JABYX ClIydasdx:

1) Opu Mi10 = Mio1 = Mo11 = Mi1o0 = Mo10 = 0015

2) IpU My19 = Mio1 = Migo = Mo1o = 0, Mo11 = Moo1-
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3 Teopus BanHunka—YepBoHeHkunca

Crarucrudeckas T€OpUst BOCCTAHOBJIEHUST 3aBUCUMOCTE 110 SMIIMPUIECKUM JIAHHBIM
(VC-reopust) 6b11a npesyiozkena B. H. Banaukom u A. #1. YepBonenkucom B konre 60-x —
Hadase 70-x roaos |7, 8, 9, 6]. B cepenune 80-x ona mosyumia MUPOKYIO MUPOBYIO W3-
BecTHOCTD |69, 70, 71| u BMecre ¢ paboramu Basmanta [68] Ha MHOrHE rojbl onpesesnia,
reHepaJibHOE HAIIPABJIEHNE PA3BUTUsI TEOPUU CTATUCTHYECKOTO OOYUEHMUSI.

PaceMOTprM OCHOBHBIE TIPETIONIOKEHNsT 1 pe3yibrarhl VC-Teopun B paMkax caboii
BEPOATHOCTHON aKCHMOMATHKH, UCIIOJIB3Ys OO03HAYEHUS TIPEIBLAYIIEH TIaBbl.

§3.1 Ouenka BanHuka—YepBoHeHkuca

Hamomumm, aro X = {z1,..., 2} — KOHeIHOE MHOXKECTBO 00BHEKTOB, A — MHOKECTBO
anroput™MoB, I (a,z) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (] (a, xz))le BBesiéM enié HeCKOIBKO NMOHATHI 1 0003HAYEHUI.

A= {Ei fa € A} — MHOKECTBO BEKTOPOB OIIMOOK, ITOPOZK/IA€MBIX MHOYKECTBOM aJI-
roputmMoB A Ha 3ajanHHoil BoiOOpke X. B masbmeiiniem Mbl 9acto OyeM IpenosaraThb,
YTO MHOXKECTBO A M3HAYAIBLHO COCTOUT M3 aI'OPUTMOB C IIOHAPHO Pa3JIMYHBIMU BEKTO-
paMu OIMMOOK M OIIyCKaTh CTPEJKY, 0O03HAYAIONIYI0 BEKTOD, MOCKOJIBKY B 3TOM CIIydae
AJITCOPUTMBI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OIMUOOK.

AA(X) = |A] — roafunuenm paznoobpasus (shattering coefficient)* muozxecTsa aii-
roputMoB A Ha BbIbOpKe X. OH He TPEBBINIAaeT MOIIHOCTH MHOYKECTBa A U He IPEeBBINaeT
2 — qucra pasamaHBIX OyJIeBBIX BEKTOPOB MUIMHE L. B 3a1a9ax KaaccndpuKanumm Ha I1Ba,
KJIacca OH PaBeH YUCIY PasInIHbIX duzomomut (ciocoboB pasienTh BRIGOPKY X Ha J1Ba
KJIACCa), peasin3yeMbIX BCEBO3MOXKHBIMU ajropurMamu u3 A.

AA(L) = max AA(X) — dynryua pocma (growth function) mmoxecTBa aaropur-

Mo A |9, 71]. Makcumym 6epérest 1o BCeBO3MOKHBIM BbibOpKaMm X C 2 jiuHbl L 13 HEKO-
TOPOro (Kak MpaBmio, GECKOHEYHOT0) MHOYKECTBa JIOIMYCTUMBIX 00bekToB 2 . OyHKIMA
pocTa SBJISEeTCS MEPOil CJIOKHOCTH MHOXKeCTBa aaroputMos A. B otimane ot koahduru-
eHTa pa3HOOOpa3us, OHa He 3aBUCUT HU OT 3aja4i (BbIOOPKHN X U BOCCTAHABIMBAEMOIT 3a-
sucumoctu y(x)), Hu oT MeToa obyuenus u. Crpasejinsa sepxuds onenka A4(L) < 2L

MpuHunn paBHomepHol cxoaumocTu BeouTcsa B VC-Teopur 1 MHOIUX MOC/IELY FOIIUX
paborax (cMm.0630psl [72, 40, 10]), 9robbI MoIyYaTh BEPXHUE OIEHKU BEPOSATHOCTU TIE€Pe-
00y UeHus, He 3aBUCSIIIE OT METOIA . [Ipunyun pasHomeproti crooumocmu 3aK/II0IaeTcs
B TOM, ITOOBI 3aMEHUTDH (DYHKITHOHA (). €ro BepxHeil OIeHKO @5 — BEPOSITHOCTBIO HOJTb-

4B pa6orax B. H. Barmruka u A. §1. Yepsonenkuca [8, 9, 6] koacdbdbunment pasnoobpasmst HA3BIBAJICS Uh-
dexcom cucmemos cobvimuti. AIropuTM a HHAYIHUpyeT cobbiTre S, = {x eX | I(a,x) = 1}. CewmeiictBo A
uHynupyer cucremy coobrruii S = {S,|a € A}. MHmeke cucrembr cobbiTuii S €CTh YMCIIO PASTMIHBIX
OJIMHOXKeCTB Bujia S, N X, rj1e a mpoberaer BCE MHOXKECTBO A, YTO paBHOCHJIBHO OIIPEJIE/IEHUIO Yepes |ff |
B anrmosizeraabix paborax npukuiics repMuH shattering — ancsio paszdbuenuii BceMu BO3MOXKHBIMU CIIOCO-
Gamu, OyKBaJIbHO «BApeGesru». Ipyroil BapuanT nepesBoja — «iapobiaenues [33].
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II0I'0 PaBHOMEPHOT'O OTKJIOHEHUA 9IaCTOT B JABYX HO,ZLBbI60pKaXI

Qgééa:P max d(a, X) 25} :Pma3<[(5(a,X) 25], (3.1)
e A e A
e 0(a, X) = v(a,X) — v(a, X). OTmernm, 9TO 3/€Ch JOCTATOYHO B3ATh MAKCHMYM

110 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa 110 CAMOMY MHOXKECTBY A, 10-
CKOJIbKY JIJIsl JIIOOBIX aJlrOpuTMOB a,a’ € A u3 d = d@ caeayer d(a, X) = d(d’, X).

Tepmun crodumocms 03HATAET, UTO €CIIH @E — 0 ipu ¢, k — 00 TO 11epeody IeHHOCTh
Takzke cxomutes K vy o: d(a, X) — 0. Pasnomeprocmy o3Hadaet, 1to BesmanHa 0(a, X)
CXOJTUTCS K HYJTIO OJTHOBPEMEHHO JIJIsA BCEX aJrOPUTMOB @ € A, B TOM YHCJIE I/ aJITOPUTMA
a = pX, KaKkuMu Obl HU OBLITH MeTOJI, 00yUeHusd [t 1 BhIOOpPKa X .

OcHoBHas Teopema VC-Teopuu. 3jech TPUBOJUTCA JTIOKA3ATETHCTBO, CYIIECTBEHHO 60~
Jlee KpaTkoe, 4eM B UCXOJIHBIX paborax [8, 9, 6.

Teopema 3.1. st Jio6bix p, X u e € [0, 1] cnpasesmBa onenka

Q- <ANX) max Hp™(sm(€). sm(e) =

m=1,...,.L

(m — k). (3.2)

Il

HokazarenbcTBo. Bocrosb3yemcess MPUHIMIIOM paBHOMepHO# cxojumoctu (3.1) u ore-

HUM CBEPXY MaKCUMYM 6I/IHapHI)IX BEJIMYMH HUX CYRIMOﬁSS

Q- < Q- <P [6(a, X) >¢].
acA

Terepp mepecraBuM MecTaMu 3HAKH cymMMupoBanus: P> = Y P u samumem Be-
posrrocts P[0(a, X) > €] nus orgensHOro aaropuTMa @ €Mepes THIEPreOMETPHIECKOe
pacupeenenne, corjaaciHo Teopeme 2.4:

Q-<Q.<Q. =Y Pl(a.X)2e] =Y HE™ (s0()), m = n(a,X). (3.3)
acA acA

O Hy" I
neruM H;'™ (s,,(€)) cBepXy MaKCHMyMOM II0 1 H BBIHECEM €0 3a 3HaK CyMMEL. [loz
3HAKOM CyMMBI OCTAHETCA eIMHHUIR, a Best cymMma Oyer pasha |A| = A4(X). [

[TostHOCTBIO AHAJIOTUYHO JIOKA3bIBACTCH BEPXHAA OIEHKA U Jijid (pyHKIMOoHAa ..
CaencrBue 3.1.1. s rob6bix p, X u e € [0, 1] cnpasesmnBa onenka

R. < Z HE™ (m—ek) < AA(X) mr:nlaXLHi’m (m —ek).
acA o

®JT0 MOYKHO TPAKTOBATH M KAK ONEHKY BEPOATHOCTH OObEIMHEHHs COOBITHIL [5((1,X ) = E] CBEPXY
CyMMO#l UX BeposiTHOCTeH. K€ Ha3pIBaloT Takxke nepagercmeom Byas nam union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawGosiee Tounasi oreHka (3.3) —3T0 cyMMa BepOSTHOCTEl epeobydeHnst 110 BCeM
AJITCOPUTMaM CEMeNCTBa C IMOMAPHO Pa3IMIHBIMI BEKTOPAMU OIMUOOK.

Omenka (3.2) 9yTh XyKe — 9TO BEPOATHOCTD MepeoldyueHns HANXY/IIIEro aaropuTMa
(Maxcumym HY™ (sp,(€)) mocruraercss npu m mopsiaka L/2), TOMHOKEHHASI Ha €HCIIO
AJIFCOPUTMOB C TIONAPHO PA3IUIHBIMUA BEKTOPAMU ONMINOOK.

OreHKy MOYKHO eIé HeMHOT'O UCIIOPTUTD, €CJIN 3aMEHUTh KO3 DUImeHT pasnoodbpa-
sust A4(X) dbyukrueit pocra A4(L). Bato Tenepn orenka He GyJeT 3aBUCETh OT BHIGOPKH.

Haxkoner, dyHKIMIO runepreoMeTpuiecKoro pacipe/iesieHus MOKHO 3aMEHUTH JKC-
IMOHEHIINAIbHON BepXHEil OIEHKOI, nMeromeir 0cobo mpoctoit Bua upu £ = k [6]:

max He™ (sm(e)) < 3¢, (=k. (3.4)

m

[\ [oN]

B urore nosyvaercst Haubosiee uspecrnast u3z VC-onenok [71]:
Caencrsue 3.1.2. Jlist yiobbix pu, X, e € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
2
Q. < AY(20) - 2=, (3.5)

KoppekTHble meToabl oby4denusi. B VC-teopun [6] orgensro paccmarpuBaercss Tak
Ha3BIBAEMasg 0eMePMUHUCTICKAA NOCTAN06KA 3a0a4u’, KOTIa MeTOI [i Koppexmen, TO eCTh
n(uX, X) = 0 na soboit obyarommeii BeI6opke X .

Teopema 3.2. Ecjn meron j1 KoppekreH, To jjist jioobix X, € € [0, 1]

? 5
<AAX@<AAL L ' 3.6
L

HokazareabcTBo. Hadaso jokazareibcTBa B TOYHOCTU MOBTOPLET JIOKA3aTETLCTBO Teo-
peMbr 3.1, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU IMepeodyvdeHns ajJropuT™Ma ¢ J00aBIsgeTcs
yCJIOBAE KOPPEKTHOCTH:

P[o(a, X) = ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] Ry ™ (0).

Toncrasum 910 Bhipazkenne B (3.3) u, ¢ yaérom by ™ (0) = C4_, /C%, momyqum

~ Cz
ngQa:Z[m>5k’] é’;m, m:n(a,X).
acA L

Makcumym C%_ /C% nocruraercs npu nanmenbinem m = [ek].
. ¢ ¢ k\m
C yuérom onenxn Cf_, /C} < (§)" momydaem nenouky nepasencts (3.6). ]

6B zapy6eskHoii JaTepaType CIOXKHIIACH JPYras TepMHUHOJIOTHS. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIavN HAa3BIBAIOT peasusyemvim obyuernuem (realizable learning), mmest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOoB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBILy0 NOCTAHOBKY 3a/1a91 HA3bI-
BAIOT HEPeaIM3yeMbIM UJIA a2Hocmudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIAIIAA b
HYIO HEBO3MOXKHOCTD 3HATDH, HAXOJUTCSI JIN UCTUHHAS 3aBUCUMOCTD B cemeiicrse A, win Her.
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Caencrsue 3.2.1. Ecum meron j1 KoppekreH, To st oobix X, € € [0, 1] npu € = k
Q. < AY(20) - 275",

Urak, B ciydae KOPPEKTHOCTH OINEHKA (). CTAHOBUTCS 0OJiee TOYHON U IMPUHUMAET
Hanbostee mpocToit Buj. OTCIo/Ia COBEPIIEHHO He CJIeyeT, 9TO Ha MPAKTHKE HaJI0 TOJIb-
30BaTbCsl KOPPEKTHBIMU MeTojamMu odydennsd. /s obecrieuennsi KOpPEKTHOCTHU IIPUIETCS
YCJIOXKHATH KOHCTPYKIUIO ceMeiicTBa aJlOPUTMOB, YTO MOXKET IIPUBECTU K yBEJIUYEHUIO
bynxmun pocta A4(L), HACTOIBLKO 3HAMHTEILHOMY, YTO OHO HOTHOCTLIO CKOMIICHCUDYET
yMeHbIIIeHne KoMOnHaTOpHOro MHOKUTE . [losromy B VC-Teopun IpUHATO CIUTATD, ITO

He cJIejlyeT J00uBaThcd 0E30IMUO0YHON PAOOTHI aJIfOPUTMa Ha 00yUaloleM MaTepHralie.

§3.2 PasmepHocTb BanHnka—YHepsoHeHkuca

OYHKIMSA pOCTa SIBJIIETCS MEPOI CJI0YKHOCTH MHOYXKeCTBa A 1 He 3aBUCHT OT BHIOOPKH
u Metojia obyuenns. C Hell TecHO CBsI3aHa €MIé OJiHa XapaKTePUCTUKA, CJI0KHOCTH.

Omnpepnenenne 3.1. Ecmu cymectsyer neroe wucio h taxoe, aro A4(h) = 2" n
AA(h+1) < 2" 10 omo maspiBaeTCs EMKocmuio wiaM pazmeprocmuio Bannuxa- Yepeo-
nenkuca (VC-dimension) cemeticra anropuryon A. Ecim takoro qucia h He CyIecTByer,
TO TOBOPSIT, 9TO CEMEHCTBO A HMeeT beckoneunyto EMKocmy.

[Tepeuncum nanbosiee BaKHbIe CBOMCTBA éMKOocTU. VX JloKa3aTe/ibcTBa OYIYT JIaHbI
B CJIC/LYIONICH JICKIIUU.

1. Eciu cemeiictBO mMmeeT éMKOCTb h, TO BMECTO TPUBUAJIHLHON SKCIIOHEHIHAILHOM
OIICHKU AA(L) < 2F crpaseymBa Goslee TouHAS TTOIMHOMEAILHAA OIECHKA

ANL) K CY+CL+-+OF < =—. (3.7)

B srom ciydae BeposTHOCTH mepeoOydeHnsi CTPEMUTC K HYJIIO 1pu £ — 00, MMOCKOJIbKY
PUIIEPreOMeTPUIECKIN MHOKUTE/Ib CTPEMUTCS K HYJIIO KCIIOHEHIINAIBHO. Tora roBopsT,
q10 cemeiictBo A obsrasaer coiicTBoM obyuaemocmu (learnability).

2. Tlyers X =R"u Y = {—1,1}. Enmkocrh cemeiicTpa mueiiHbIX KiaaccudbuKaTOpoOB
A = {a(z) = sign (w, z) ‘ w € R"} paBHa pasMepHOCTH IIPOCTPAHCTBA 71, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIPHOE MPOM3BEJIEHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCST
[PSIMBIM CJIEJICTBHEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTH N Yepe3 JI0Oble N TOYeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoObie n + 1 yKe Hesb3s.

3. lameko me Bcerjia éMKOCTHL paBHa YHC/IY HapameTpoB. s joboro mapamerpu-
YeCKOro ceMeificTBa 3aJJaHHOi EMKOCTH h JIErKO MOCTPOUTH JIPYroe CEeMeiCTBO, KOTOPOe
Oy/IeT UMeTh Ha OJIMH HapaMeTp OOJIbIe, HO IIPU 3TOM €ro éMKOCTh Tak:Ke Oy/1eT paBHa h.
Harmpumep, MOXKHO 3aMEHUTDH OJIMH U3 TAPAMETPOB CyMMOI JIBYX HOBBIX ITAPAMETPOB, UTO
HE TOBJINSET HA YUCI0 MOPOXKIAEMBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycts muOXKecTBO A KoHedHO. UMC/IO aqropuTMOB, TONAPHO HEPA3THIUMbBIX
Ha BeIGOpKe X, He mpesblmaeT 4mcia Bcex aJrOpHTMOB, I03TOMY s (DYHKIMHE POCTa
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cripaseymBa onenka A% (L) < |A]. Enkocrs Takoro cemeiictsa me npesbimaet |log, |A|],
TaK Kak B MPOTHBHOM cjrydae (QYHKINS PoCTa OKazasachk Obl Gobiie |Al.

5. MHoxKecTBa aJropuTMOB, PEAJTM3YEMbIX Ha KOMITBLIOTEPE, BCErJia KOHEYHbI. Ecin
JIJIS XpaHeHUs BCeX IMapaMeTpPoB aJrOPUTMa UCIIOJIb3yeTcst He 6ojiee n OUT, TO YUCTIO aJiro-
PUTMOB B TaKOM CeMeficTBe He IpeBbIlIaeT 2", a ero éMKOCTh He npesblnaer log, 2" = n.
Yr1006B! 5Ta OlleHKa He Obl/1a 3aBBIIIEHHOI, JIJId 10/ICYETa HEOOXOIMMOI0 YUCIa OUT JIOJIZK-
HO UCIOJIB30BATbCST MAKCUMAALHO IKOHOMHOE Koduposarue apaMmeTpos. lanHnoe HabIr0-
JIeHUe JIEKUT B OCHOBE HPUHIIATA MUHUMYMG Oaunb. onucanus (Minimal Description
Length, MDL) [63] u upunnuna nporpamvupyemoii VC-pasmepuoctu [16].

6. CymiecTByloT cemeiicTBa aJropuTMOB KJIACCU(DUKAIMU C OJHUM BeIeCTBEHHBIM
napaMeTrpoM, éMKOCTb KOTOPBIX OECKOHEYHA. DTO CBUJIETEIHLCTBYET O HETPUBUAIBHOCTU
MOHATHA EMKOCTU C OJIHOW CTOPOHBI, U O OECKOHEYHBIX BBIPA3UTEIbHBIX CIIOCOOHOCTAX
JIefCTBUTEIbHOrO ducia ¢ Apyroif. C Tperbeil cTOPOHBI, BCe TaKWe MPUMEPHI sIBIAIOTCH
HMCKYCCTBEHHBIMU M «Pa3pYHIAIOTCsI», KaK TOJbKO Mbl BO3bMEM BMECTO JIEHCTBUTE/IHHOTO
YUCJIa €r0 KOHEYHOE IIPEJICTABIEHNE B KOMITBIOTEPE.

§3.3 MeTtog CTPYKTYPHOIA MUHUMU3ALMUKN PUCKA

Vmesi BEpXHIOIO OIEHKY BEPOATHOCTH TepeoldydeHus, HETPYIHO IOJTYyIUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJIbHOI BhIOOpKe. OHa Oy/ieT BepHa He BCErjia, a JIUIh
C HEKOTOPOIl BEPOSITHOCTBIO, JIOCTATOYHO OJTM3KON K €UHUIIE.

Teopema 3.3. Ilpu{ = k gis1t 106010 pactpeneaeHnst Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He mMeHee 1 — 1) OIHOBpEMEHHO JI/IsT BCEX ajJlOPUTMOB a € A crpaBemimBo HEPABEHCTBO

_ 2 4 1
via, X) <via,X)+ %ln (ﬂ) +—In—-. (3.8)

Hoxkazareabcrso. [lojcrasum B (3.5) BepxHioo onenky dyukiun pocra (4.1), onenus h!
canszy no dbopmyne Crupsmara. [lomyaennas ornenka mveer Bui Q. < 1(g, ¢, h). Ipume-
HUM K Heil TexHuky obparerus (1.8): BbipasuMm & Kak (YHKIHMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ u 3uadenus 7. B pesysnbrare moaydaum (3.8). ]

[TepBoe ciraraemoe B 9TOit orneHKe — s3Mmupudecknii puck. OH He BO3pacTaeT ¢ pOCTOM
éMKOCTH h, IIOCKOJIbKY 4YeM OOJIbIle B CeMeiicTBe aJrOPpUTMOB, TeM 0oJjiee TOYHO MOXKHO
AIlIIPOKCUMHUPOBATh BBIOOPKY. BTopoe ciaraemoe Bo3pacraeT ¢ poCTOM €MKOCTH, U €ro
MOZKHO PacCMaTpUBATh Kak wmpad 3a caroscnocms (complexity penalty). Cymma B obriem
caydae JIOCTUTAaeT MUHUMYMa MPU HEKOTOPOM h.

Jl1st onpeiesieHnst onTUMAIbHON cioykHOCTH Mojien B VC-Teopun mpejraraercs Me-
TOM, CMPYKMYpHOUt MUHUMU3auuY pucka. B cemeiicrBe A 3apaHee 3a1a6TCst cmpyxmypa
BJIOYKEHHBIX I10/IceMeiicTB Bo3pacTaromieit éMroctn A; C Ay C -+ C Ay, = A. Samaga 00y-
JeHNs PEIIaeTcs B KarykKI0M U3 3TUX I0ceMeiicTB, Bcero h pas. Beibupaercs moacemeiicTBoO
ONTUMABHON EMKOCTH, JIJIsT KOTOPOIO JOCTUTAeTCs MUHUMYM mpaBoii dactu (3.8).

Meto cTpyKTYpHO# MUHUMU3AINNA PUCKA SIBJIAETCS BaXKHEHIINM KOHCTPYKTHBHBIM
ciaepcreueM VC-reopun. IIpocieaum emé pas JOruKy BCEro, 4ro ObLIO IPOJIEIAHO.
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CuavaJjia MblI IOJIY IUIN BEPXHIOIO OIIEHKY BEPOSITHOCTH I1epe0dyIeHIsT, KOTOPasi CIIpa-
BeJIUBa, JIJIsd J1I000i BBIOOPKU X UM JII0O0r0 MeTosa oOydeHus fi. K 3Toil oreHke Mbl
NPUMEHUIA TEXHUKY OOpalleHus U IOJYYMJIM BEPXHIOIO OINEHKY I YacTOThI OIIHOOK
na xourpose. Oma crpasenmmsa myis 066X X, X, i1, ¢ BepoaTHocTsio (1 — 1), 61u3Koi
K equnauie. Terepsb pacropsaumcst ¢Bo00/10#1 BBIOOpa (4 TaK, 9TOOBI MUHUMU3UPOBATD Y-
CTOTY OIIMOOK Ha KOHTpoJie. [losmyaeHnbrii MeTo 00ydeHnsT HA3BIBACTCS MUHUMUSAUUET
owmpaghosarnozo amnupuyeckozo pucka (penalized empirical risk minimization).

OTta ke 00IMasi JOIUKa SKCILIyaTUPyeTcs OOJBITMHCTBOM COBPEMEHHBIX I0/IXO0B
B TEOPHUU CTATUCTHIECKOrO oOyuenus [40].

§3.4 [Npobnema 3aBbiweHHocTu VC-oueHok

JkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoii anuHbl 0bydeHus. OcHoBHAsI TPO-
osiema VC-OIEHOK B TOM, UTO OHU UPE3BBIYANHO 3aBBIINMIEHBI — HACTOJIBKO, ITO UX IIPH-
MEeHEHUE MTPAKTUIECKHU TePsieT CMBICT. ITOOBI B 9TOM yOEIUTHCS, JOCTATOTHO BBITIOJIHUTH
YUCJIEHHBIH pacuéT Tpedyemoii JyImHbI 00y Jatolieil BHIOOpKH £ Kak (DyHKIINK OT EMKOCTH
TOYHOCTH € U BEPOATHOCTHU TepeodydeHus ().

Pesynbrarer npuseienst B Tabaunax 3.1, 3.2, 3.3. Bee nannbie nmosydens: npu { = k.
[TepBbie jBe TaOIUIBI TIOCTPOEHBI I OOINEro CJIydast, TPEeThs — JJIsl JIETePMUHUCTCKOMN
[IOCTAHOBKY 3a/1a4u. [Ipu mocTpoenun rmepBoit TabIUIIbI UCIIOJIb30BAHbI 3aBbIIIICHHBIC all-
npokcuMarn pyHknun pocra (4.1) u rumepreoMeTpudeckoro comHoKuTest (3.4).

OcHOBHBIE BBIBOJIBI CJIEJIYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Cjiydae Tpebyemast JijinHa 0O0y“eHUs Ha HECKOJBKO I10-
PSIZIKOB TIPEBBIIAET T€ XapaKTePHbIE JTUHBI BEIOOPOK, ¢ KOTOPBIME OOBITHO ITPUXOINTCST
UMEeTb JIeJIO B IMPUKJIAIHBIX 3aiadax. [[pakTuKa moka3bBaeT, 9YTO UTO XOPOIasdg o0ydae-
MOCTb BO3MOKHA IIPHU CYIIECTBEHHO MEHBIINX JJINHAX BBIOOPKHU.

2. Onenku B Tabmmie 3.1 cymecTBeHHO Xy:Ke, deM B Tabaunax 3.2 u 3.3. B jgajnb-
HefireM MbI Oy1eM n30eraTh UCIO/IB30BaHUST 3aBBIEHHBIX AIITPOKCUMAIINI 1 CTPEMUTHCST
K 101y 49eanio 3(pDEeKTUBHBIX BLEIMUCINTEIBHBIX METO/IOB, a He KOMIAKTHBIX (hOpMYIT .

3. IlpaBble MOIOBUHBI TaOJIUI] COOTBETCTBYIOT 3HAYCHUIO 1) = 1 U IMOKA3bIBAIOT T'PAHU-
iy npumennmoctu VC-orenok. [Ipu MenbIiux ¢ BepXHsist OIleHKa BEPOITHOCTU BBIPOXK 1A~
ercs — cranoBuTcs OoJibiie 1. Comocras/ieHue mpaBoii u JIeBOii OJIOBUH TAOJIUIT IIOKA3bIBA-
eT, ITO JIOCTATOTHAS JI/INHA O0YIEeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTU h U TOYHOCTH &,
HO ¢JIaDoO 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeoOyIeHus 7).

4. TlepBas cTpoKa TabJIUIBI COOTBETCTBYET CeMeHCTBY U3 oJiHOro ajropurMma, h = 0.
[Ipu sTOM JgOCTUTaETCS HAMTYUIIast BO3MOXKHas oreHka. OIHAKO 9TOT CIydail He mHTepe-
CEeH € TOYKH 3PEHUSI CTATUCTUIECKOTO 00y IeHMUsI.

5. Yuér anpuopHoil MHMOPMAIIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOYHAET
VC-onenku, HO, Cy/isI TI0 JIOKA3aTeIbCTBaM, He YCTPAHsIeT HU OJHOIO M3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

"B Hamm JHE CTpeMJIeHne TI0JIyYaTh TPOCThIe aCHMITOTHYeCKHe (hOPMYJIbI SBJISETCA CKOpee TIePeyKHT-
KOM JIOKOMITBIOTEPHOM 3IT0XU, €M HACYITHON HeOOXOINMOCTHI0. MHeHMe CIIopHOe, ITO9TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 3.1. 3aBUCUMOCTD JOCTATOYHON JIUHBI 00ydeHus £ or éMKocTH h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHASA COLTIACHO OleHKe Qe < 1 = 537 - 5 exp(—e“)
u3 Teopembl 3.1. DTo HamMeHee TOYHAsl OIEHKA, WCIIOIL3YIONAsl AINPOKCUMAIIUTIO
dbyukimu pocra (4.1) 1 annpPOKCUMAIMIO MUIIEPreOMeTPHYECKOro coMHOKUTeNs (3.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=01]|e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuiia 3.2. 3aBUCHMOCTD JOCTATOTHON JJIMHBI 00ydueHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q: < 1 = (C9+-- - +CMTY (¢,1). Dro Taxxke
onenka Teopemsbr 3.1, HO (bYyHKIUS POCTA ¥ THIIEPrEOMETPUIECKI COMHOXKUTEb BbI-
YUCJISIOTCS 110 TOYHBIM popMyJiaM, 6e3 MpUMEHEHHs allllPOKCUMAIUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuiia 3.3. 3aBUCHMOCTD JOCTATOTHON JJIUHBI OOy I€HUsT OT EMKOCTH h, TOIHOCTH &
1 HaJIEXKHOCTH 1), 110 JIeTEPMUHUCTCKON OleHKe Qe < 1) = (Cg NI Cg)(jfg R /Cf
n3 Teopembr 3.2, 63 TpUMEHEHUI AITPOKCAMAIINI.
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Sajiaua KJIACC | OOBEKTOB 71 o rs | A [Al; Ag]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

Tabauna 3.4. Pakropbl 3aBBLIEHHOCTH 71, T'9, T3 U OLEHKa A ¢ JOBEPUTEIbHBIM
unrepBajom [Aq; Ag].

[Ipwauns 3aBbimennocTr VC-0IIEHOK BUIHBI U3 JJ0Ka3aTeIbCTBa TeopeMbl 3.1, B KO-
TOPOM CJIeJIaHbI TPHU OIEHKH CBepXy, a npu BeiBoje Crencrus 3.1.2 — emé npe. Kaccn-
gyeckast VC-orenka (3.5) He 3aBUCHT OT KOHKPETHOI BbIOOpKH X 1 MeTona obydeHus i,
CJIeJIOBATENIbHO, SBJISIETCS OIEHKOM Xy/IIero ciydas (worst case bound), KoTopslii, ckopee
BCEro, HUKOIJIa HE PeaIM3yercs: Ha IPaKTHKe.

JkcnepumeHT 2: oueHkn PaKTOPOB 3aBblLLIEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJIMIMBAETCsI OIEHKa Ha KazKJIOM 3HaKe <, ObLI IPOBEJIEH SKcrepuMeHT 73] ¢ cemeii-
CTBOM JIOTHIECKIX 3aKOHOMEPHOCTEI Ha IecTu peaJlbHbIX 3ajadax u3 pernosutopus UCL.
B kaxmoit 3aj1aue merogom MonTe-Kap/io BeIYuc/isijiach OlEHKA BEPOSTHOCTH I1epeody-
YeHUsT Qa. [Togenus eé Ha (HYHKINIO THIIEPTEOMETPUIECKOT0O PACIIPEIe/ICHIsI, MOKHO I10-
JAYIATD afipexmuenond sokarvrond Koadgdunyuenm paszrnoobpasus (DJIKP) A, noxazpisaio-
MM, KAKUM JIOJIZKHO OBIJIO ObI 66T 3HaUYeHNe KodbdumenTa pasnoobpasms A4 (X), aro-
OBI OIIEHKA BEPOSTHOCTH IIepeodyIeHrs He ObLIa 3aBbIIEeHHO. Pe3y/IbTars! mpeicTaBaIeHbl
B Tabmuie 3.4. [TockosibKy Jlorndeckne 3aKOHOMEPHOCTH CTPOSTC OT/IECTBHO 110 KJIaCCaM,
KazKJIOl 3aJ1ate COOTBETCTBYET JiBe CTPOKU Tabsmilpl (1o uucity Kjaccos). Omyckas Tex-
HUYeCKue JieTa/d 3TOr0 SKCIIePUMEHTA, IPUBEJIEM JIUIIb €I'0 PE3YIbTaThl.

Hapsiny ¢ 9JIKP onenuBamucs takzxke garmopvr 3asviusennocmu — Kodbduimen-
TBI T1, Ty, T'3, KAXKJBIH N3 KOTOPBIX ABJISIETCA IMIUPUIECKON OIEHKOW OTHOIIEHUS JIBYX
BBIparKeHUIi, CTOAININX CIIpaBa U CJeBa OT OJHOIO U3 3HAKOB < B IIEIIOYKE HEPABEHCTB.
[IpousBenerne (haxTOPOB 3aBBINIEHHOCTH JaéT OOIILYIO 3aBBIIIeHHOCTh VC-OIeHKN:

Qa'rl "To T3 = AA(L) : %6_262-

PakTOp | OlEHUBAET 3aBbINEHHOCTL HepaBeHCcTBa (3.1), CBA3AHHOTO € IPUHITUIIOM
PABHOMEPHON CXOMMOCTH. DTa 3aBBINIEHHOCTh UMEET JIBe cocTaB/isgonme — 3HdeKT J1o-
Kajaunsanun 1 3HEeKT PaccJIoeHns ceMeliCTBa aJropuTMOB.



= 35 =

DPpperm A0kaAU3GUUL COCTOUT B TOM, ITO HEKOTOPBIE AJITOPUTMbBI U3 A MOT'YT HE BbI-
JIABaThCSA METOIOM OOYUeHUs [4 HU Ha OJIHON U3 00YUAOIINX TT0/IBBIDOPOK; B TAKOM CJIydae
KO3 PUIMEHT PasHOOOPa3ns OKarKeTcs 3aBblllIeHHbIM. BymecTo A ciieoBasio 661 paccmar-
PUBATL MHOMKECTBO ajJropuT™MoB A} = { pX: X X |X|=4 }, UH/IYTIUPYEMBIX METO/IOM
o0ydYeHMs (1 HA BCEBO3MOXKHBIX O0YUAIONINX TOABBIOOPKaxX X (PUKCHPOBAHHOM JJIMHBI £.

Ddhpexm paccaoenus COCTOUT B TOM, IYTO HA MHOYKECTBE AJITOPUTMOB A BOBHUKAET Cy-
IIECTBEHHO HepaBHOMepHoe pacipeesenue Bepogrnoctn P(a) = PluX =a). Anropurmer
C MEHBIIIUM YHCJIOM OIMUOOK Ha TeHepasibHOl BhIOOPKe n(a, X) BBIIAIOTCSA CYIIECTBEHHO
Jaie, B TO YK€ BPeMs, UX CYyIIeCTBEHHO MeHbIe. JKciepuMenTsl [53, 52| mokassiBaior,
YTO OCHOBHAsI MacCa aJIOPUTMOB, KaK MPABUJIO, COCPEIOTOUYECHA B 00JIACTU HAWXY/IIIEH
qacToTs! omnbox v(a, X) &~ 0.5.

PakTop 75 OIEHUBAET 3aBBIIIEHHOCTH Hepasencmea Byas (3.3). Ora ocobeHHO BeJIH-
Ka, KOIJIa CPEJIM BEKTOPOB OIMIMOOK MMEETCH MHOIO ITOXOKHUX. 3aMETHM, YTO HEPABEHCTBO

Pmax[§(a, X) > £] <Y _P[5(a, X) > ¢
“ a

obpalaeTcss B PABEHCTBO TOJILKO Korya cobbitust [d(a, X) > €| mecoBmecribl. Ecin Bekro-
PBI OITHOOK aJITOPUTMOB @, & CXOXKHU, TO COOTBETCTBYIOIIHE UM COOBITHSI OYIyT CYIIECTBEH-
HO coBMecTHbIMU. Ha mpakTuke 9acTo MPUMEHSIOTCH C8A3HbIE CEMEUCMEa AJTOPUTMOB,
B KOTOPBIX /IS KayKJOI0 aaropurma a € A Haiijyrcs jpyrue aaropur™el a’ € A takue,
9YTO BEKTOPBI OMMUOOK @ M @ OTINIAIOTCS TOJIBKO Ha ofHOM oObekTe [67]. CssHbIe Cce-
MefiCcTBa MOPOXKIAIOTCH, B YACTHOCTH, METO/IAMU KJIACCUMUKAINHE ¢ HEIPEPBIBHOM 110 I1a-
paMeTpaM pasesIdioneil MoBepXHOCThI0. K HUM OTHOCATCS JTMHETHbIe KIacCU(PUKATOPHI,
MAIIUHBI OMOPHBIX BEKTOPOB C HEMPEPBIBHLIMU s/IpAMU, HEHPOHHBIE CETU C HEITPEPLIBHbI-
MU (DYHKITUSIMI aKTUBAIUH, PEIIAOIIUe JIePEBbs C IOPOTOBBIMU YCJIOBUIME BETBJICHUS,
u MHOrHUe jJpyrue. Takum oO6pa3oM, HepaBeHCTBO Dyiid cuiibHee BCEro 3aBLIINEHO KAK pa3
B HamboJiee MHTEPECHBIX C MPAKTUIECKON TOUKHM 3PEHUST CJIyUIasiX.

DakKTOp 73 OINEHNBAET COBOKYIHYIO 3aBBINIEHHOCTH, BOZHUKAIOILYIO B Pe3yJIbTaTe
MAaKCUMU3AIUH (PYHKIIUUA THIIEPIeOMETPUIECKOTO PACIIPEJIE/IEHUS 110 1M U UCIOIH30BAHUS
armpokcumariuit. Kax sugao w3z Tadsurner 3.4, on HanMeHee 3HATIM.

DkcnepuMenTaibabie snadennsa DJIKP mveror nopsaiox 100 . .. 102, Torna kak dbyHk-
s pocTa HaxoauTea B npegenax 10° ... 10, to ects VC-onenKn 3aBLITIEHBI Ha HECKOJIb-
KO TopsiIKoB. Boitee Toro, onenka DJIKP nmpakrudeckn HUKOI 1 He TIPEBBIIIAET JJINHY BbI-
6opku. Eciium Obl MBI 3aX0Te/ N ONPEIeUTh MOHATHE IPPexmucHoti L0KAALHOT EMKOCTU,
TO OHA HE IPEBBINIAJIA Obl €IMHUIIBI, TO eCTh OblIa Obl BbIpOkKIeHa. OTCIOa BOSHUKAIOT

COMHEHUSI B COCTOATEABHOCTH U IOJIE3HOCTH HOHSITUA EMKOCTH JJI4 OIICHOK HepeO6yquI/I${.

B meToge CTpyKTYpHOW MUHMMMU3AUMWU PUCKA 3aBBIMIEHHOCTH ONEeHOK (3.2) u (3.8)
IPUBOAUT K BLIOOPY IOJCEMENCTBA 3aHUKEHHON EMKOCTH, TO €CTh K IIePEYIPOIICHUIO ajl-
FOPUTMOB, UTO TIOJTBEPXKIATCs U B 9KCIEPUMEHTaX Ha MOJIeIbHbIX JaHHbX [50]. Pacipo-
CTpaHEHHON oMmMOKO# B mHTEepIpeTannn pe3yabraros VC-Teopun saBiIsieTcsa BBIBOJL O HE00-
XOJIMMOCTH OTPAHUYMBATDL CJIOZKHOCTD ceMeficTBa aropuTMoB. Takoil BLIBOI, OBbLT ObI cIipa-

BeuB, ecan 06l VO-OIeHKN OBLIN JTOCTATOYHO TOYHBIMU. IIpumep amaropurma 6ycmuh-
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ea 45| mokaszpiBaeT, 9TO OOOOIIAIONIAS CIOCOOHOCTD MOYKET YIIydIIaThCs JIayKe IPU TPAK-

TUYIECKN HEOI'PaHUYICHHOM POCTE CJIOZKHOCTU ceMelicTBa.

O ckonb3siwem koHTpone. [lpu npaxkTuaeckoM MpUMEHEHUN CTPYKTYPHOW MUHUMUI3a-
[[U PUCKA BMECTO 3aBBIINIEHHOI TeOPeTHIeCKO OeHKN (3.8) 94acTo PeKOMEH IYIOT TIPIMe-
HATH OICHKY CKOJIL34AIIEr0 KOHTPOJIA Ey(a, X ). OHako Takast 3aMeHa CTABUT O] COMHE-
HHE IIEHHOCTDb TEOPETUYECKUX PE3YJIbTaTOB, IIOCKOJIBKY CKOJIB3AIINI KOHTPOJIb HE OlUpa-
ercs Ha VC-teoputo. C MpakTUIECKON TOUKN 3pEHUs CKOIB3SIIIII KOHTPOJIb UMEET PsiJL Cy-
IIECTBEHHBIX HEJIOCTATKOB. BO-TIePBBIX, 3TO pecypcoéMKas Mpolie/iypa. Bo-BTOpbIX, oreH-
K& CKOJIb3SIEro KOHTPOJIS NMeeT OOJIBINYIO JUCIEPCHIO, YTO MOYKET MPUBOJUTH K OIINO-
KaM IIPU BBIOOPE ONTUMAIBHOI CJIOZKHOCTH T1ojiceMmeiicTBa h. B-TpeTbux, CKOIb34IIuil KOH-
TPOJIb YA00EH JIJIsl SMIIMPUIECKOTO OICHUBAHNS Ka1eCTBa MEeTO/a OOy UIeHUs, HO He y100eH
JIJIST KOHCTPYUPOBAHUSA HOBBIX MeTOJI0B. [lo aTuM mpumyunnam 3ajiada MMoJrydeHnusi TOTHBIX

TEOPETUICCKUX OIEHOK HE TepdAeT aKTYyaJIbHOCTH.

Korpa oueHka paBHOMepHOU CXxogMMOCTU He 3aBbiweHa. Cremyromias TeopemMa mo-
Ka3bIBAET, YTO B HEKOTOPBIX CIydasdx HepaBeHCTBO (3.1) obpamaercs B paBeHCTBO.

Teopema 3.4. Ilyctp mMeTos |1 MHHUMH3UDPYET SMIIHPHUICCKHH DUCK H BCE AJIOPUTMBI

d € A umeroT oJMHAKOBOE 9HCJI0 OHIHOOK Ha reHepaJjibHoil Beibopke m = n(a,X). Tormga
Bepxusist orjerka (3.1) obparaercst B paBeHCTBO: Q. = (Q)-.

HokazarenbcTBo. MunuMuszarysi sMmaupudeckoro pucka v(a, X) npu (bUKCHPOBAH-
HOM 1711 SKBUBAJIEHTHA MaKCUMU3AINH [1€Ppe00yIeHHOCTH, TTOCKOIbKY
m — lv(a, X) m L

’ —v(a,X)=—— —v(a, X).

d(a,X) = P .

Eciu ke MHOKecTBO A pacciianBaercs 10 ypoBHsIM OO0k, 10 (3.1) mMoxker oka-
3aThCd KaK TOYHOM, TaK W CUJIbHO 3aBBIIIEHHON BEpXHEI OIEHKOM, UTO Oy/eT IMoKa3aHO
B JlaJIbHElIeM Ha mpuMepax. B obmem ciydae TpeOOBaHMe PABHOMEPHOM CXOJIMMOCTHU

SBJIETCS M30BITOYHO CHJIBHBIM W JIAET JIUIIH JTOCTATOYHOE YCIIOBHE 00yJIaeMOCTH.

Pe3iome

VC-Teopusi ocHOBaHa Ha MPHUHITUIIE PABHOMEPHOI cxopumocTu. OHa MO3BOJISET OIle-
HUBATb BEPOSITHOCTH IepeoldyvueHns cBepxy (YHKIUEH OT JJIMHBI BHIOOPKU U CJIOXKHOCTHU
ceMeiicTBa aJiropuTMoB. Mepoii CJIOKHOCTH SIBJIsIeTCsT KO DUITMEHT pa3Hoodpas3usi, olpe-
JIeJIEMbIil KaK YMCJIO MTOMAPHO PA3JIMIHBIX OMHAPHBIX BEKTOPOB OIMMOOK, WHTYIIHPYEMbIX
BCEBO3MOKHBIMI JITOPUTMAMU CeMeNCTBa Ha 3aJaHHON BBIOOPKE.

KoncrpykTuabiM Bbixo10M VC-TeoOprn siBISETCS TPUHIAIT MUHUMUAZAIUN OMITPadO-
BAHHOI'O SMIIMPUIECKOTO PUCKa ¥ METOJ, CTPYKTYPHOI MUHUMHU3AIUNN pUcKa. BeieacTBue
3aBbIIIEHHOCTU OIEHOK MX HEIIOCPEJICTBCHHOE IIpUMEHCHHNE MOXKET IIPUBOAUTL K HEOIITU-
MaJIbHOMY BbI60py CJIMIIIKOM ITPOCTBIX aJI'OPUTMOB.

OcHoBHOIT prarHOil 3aBbiienHOCTH VC-0TIEHOK siBJIsieTcsT TpeHeOpekenne 3¢ dek-
TaMU PACC/JIOCHUS] U CBA3HOCTU, KOTOPBIMHM Ha IPaKTUKe 00/1a/[al0T MHOIHE ceMeicTBa
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agropuTMoB. VC-OIEeHKH 3aBUCAT TOJBKO OT pa3Mepa MaTPHIbI OMMOOK U IOJTHOCTHIO
UTHOPUPYIOT €€ cojiepkuMoe. B jaibueiinieM Mbl 3aiiMEMCT KOMOMHATOPHBIMU OIEHKAMUI
epeoOyIeHnsi, B KOTOPBIX 3Ta MH(MOPMAIUS He TepsieTcs, Ojarogaps 9eMy OHM MOTYT
OBITH TOPa3/10 TOIHEe.

B cnepytowen nekummn OyiiyT paccMOTpeHbl BepxXHUE OIEHKN (DYHKIIMA POCTa U EMKO-
CTU KaK JIJIsd ODIIEero cjydas, Tak U Jjis HEKOTOPBIX KOHKPETHLIX CEMEHCTB aJIrOPUTMOB.
Kazamoch 0bI, 9T0 HEKOTOpPOe OTCTYIJIEHHE OT OCHOBHOI Iejin Kypca — IOJIydeHUs TOU-
HBIX OIEHOK BEPOATHOCTH TiepeodydeHus. Tem He MeHee, oneHuBaHue (GyHKIIUA POCTa, —
9TO KJIacCuiecKas KOMOMHATOpHAS 3a/a4a, [MoJIe3Has /I MIOHNMAaH BHY TPEHHEN CTPYK-
TYPBI CEMENCTB aJrOPUTMOB.

Ynpa>xHeHus

Bamaga 3.1 (1). Hokasars Teopemy 3.3, ucnosnb3ys dopmysny Crupimara.

Baga4da 3.2 (2). Cmenenvio nexoppexmmuocmu MeTofa 00ydeHus (i Ha BBIOOpKe X Ha-
3bIBa€TCd MaKCUMaJIbHad 9aCTOTa OH_H/I6OK Ha BCEBO3MOXKHBIX O6y‘{aIOH_[I/IX HO,Z[‘BbI60pKaXI

o(p,X) = mz[ao]{z v(pX, X). Jokazarh, 910 st JIOOBIX [, X ¢ OPPaHUYEHHON HEKOPPEKT-
Xe[X
Hocthio 0 (1, X) < o u smoboro € € [0, 1] cupaseymsa onenka, obobmaomast (3.2) u (3.6):

Q. < AYX) max Hy™(swm(e,0)), (3.9)
meM (e,0)
rae M(e,0) = {m: ek <m <k+ol}, s,(e,0) =min{s,(e),ol}.
[Toctponrs rpadukn 3aBucHMOCTH OTHOIIEHNsT OneHKE (3.2) K orenke (3.9) or cre-
[eHN HEKOPPEKTHOCTH 0.

Bamaua 3.3 (2). Curemysa [39], nokasaTh, 9TO €CIM MHOKECTBO BEKTOPOB OIMUOOK A Kia-
CTepU3yercs 0 paccTosgHmio XoMmMuHra Ha S(7) KiIacrepoB pajmyca r Kaxplii, To

P[6,(X)>e+15] <S(r)- max H;™ (sm(c)).

m=1,...,L
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4 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokaspiBaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2°, 160 pacTéT MOMMHOMMAIBHO 1O L, TIPHYEM HTPOMEKYTOUHBIX BApUAHTOB
He cyIiecTByer. B nosimHOMuaIbHOM CiIydae BEPOSITHOCTD HEePeodyIeHnsl CTPEMUTCS K HY-
Jiio 1ipu L. — 00, cJieJloBaTe/IbHO, 00yUeHne acUMITOTHIECKH COCTOsATEeIbHO. Pazbepém
9TOT (PYyHIAMEHTAIBHBIN Pe3yJIbTaT OoJIee MOoIPOOHO.

§4.1 Cgs3b émMKoCcTU C pyHKUMe pocTa

Jlemma 4.1. Qynknus ) = C) + C + -+ + C}, onpenenéunas npn neabix h n L,
raknx, 970 0 < h < L, 0/1HO3HAYHO 38/1a6TCsT PEKYyPPEHTHBIMH COOTHOIIECHUSIMU

Y =1, F =2l o =t 4+ Oh 0<h<L

JlokazaTebCTBO CIelyeT U3 TOro, 9TO OMHOMHUAJIbHBIE KO(DMUIITEHTHI Cﬁ orpeje-
JISIOTCA aHAJOIMYHBbIM PEKYPPEHTHBIM COOTHOIIEHUEM C’f = C}L‘fl + C}Llj U OTJIMIAOTCS

TOJILKO I'PaHMYHBIM yciosuem CF = 1.

Jlemma 4.2 (Banuuk, Yepsonenkuc [6]). Eciu s mo6oit nogspibopkn X1 uz X
poimosasercs A XML) < 2h+ o AA(X) < OF.

JokazaTeabcTBO. JloKazaTe/bcTBO MPOBEIEM MHIYKIHUEH 110 A.

[pu h = 0 u3 Toro, aro A4(z;) < 2 ama Beex x; € X Borrekaer A4(XE) =1 = @9
cJe0BaTebHO, YTBEPIK/IeHNe JIEMMBI cripaBe/[iInBo. [Ipenmonaras, 910 OHO cripaBe/JTNBO
st h — 1, mokazkem, 4TO OHO CIIPaBEeJIMBO TaK:Ke U Jjisd h mpu Bcex L, 60bIux h.

st sToro pu (bUKCUPOBAHHOM h ITPUMEHUM UHILYKITHIO 110 L.

Ilpu L = h+ 1 nmeenm A4 (XPH) < 2hF1 — 1 = @) | sHaunT yrBepik/eHue jeMMbl
BBITOIHEHO. JlomycTuM Tenepn, uTo oo BemosHserces g A4 (X). PacemoTpum BEIGOPKY
X' = XU {zr,1} n onenum ceepxy A4(X').

Bynem rosoputh, uTo ajaropuT™m a Ha 3ajannoil Beibopke U undyuupyem nodswi-
bopry U', ecim U' = {x € U: a(x) = 1}. PaccMoTpuM MHOXKECTBO BCEX IOJBBIOOPOK,
UHIyIIIPYEMBIX Ha X Bcemu ajropurmamu cemeiictsa A. Byjem pasiumdars moaBbIO0pKT
JIBYX TUIIOB:

1) Takue nmogsbibopku X" u3 X, aro ajropurmbr cemeiicta A unayrupyor Ha X'
kak X", rak u (X", 2141);

2) Bce ocTaJIbHBIE TTOIBBIOOPKH.

Ob6o3HaINM YUCI0 TOJBBIOOPOK epBoro Tuma K, a Broporo tura Ks. Torma

AYX) = K, + Ky,
ANX) = 2K, + K,

crenosaresbio, A4 (X') = AY(X) + K.
PaceMoTpuM OIMHOKECTBO ayropuTMoB A’ HHIynupyomux Ha X TOJBKO MOJBbBI-
6opku mepsoro tuna. Torma K = A4 (X).
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Vnmeercsa nBe BO3MOKHOCTH.

1. Jomyerum, naiinéres noaseibopka X" C X raxag, uro A4 (X") = 2" Do ozma-
JaeT, 9TO aJIropuTMbI MHOXKecTBa A’ mmpymmpytor ma X", a smaumt m wa (X" xp.),
Bce BosMoxkHBIe To/BBIGOpKH X C X", Tlo onpenenennio muoxectsa A’ na (X" zp,1)
WHJIyIIUPYIOTCs TakKe Bee moBbioopky Buja (X" xp.1). CremoBareabHo

AA/(Xh,xL-H) _ 2h + 2h — 2h+1.

Ho torma A4(X", zp,.1) = 2" 910 NpOTUBOPEYNT YCIOBUIO JIEMMBL.
2. Homycrum temepnb, aro A4 (X ") < 2 g moboit oebiGopku X" C X. Tlo npei-
nooKeruto mHyKImn orciozia caeayer A4(X) < &7, Takum o6pasom

ANX) = AYX) + AT(X) < O + 27 = 0,

VTBep:KieHre UHIYKIUN jgoKazano jiga L + 1. |

h
Jlemma 4.3. Cnpaseqmmba onenka ® < 154 0<h < L.

h! >’

,B;OKSB&TGJILCTBO ABJIAETCA HECJIO2KHBIM TEXHUYIECCKUM YIIDazKHEHUEM [6]

HamoMHuM ompejiesieHne: EMKOCMb MHOXKECTBa, aaropuTMoB A — 3To Taxoe mesoe
qucio h, ato A4(h) = 2" u A4(h +1) < 2"! Ecim takoro umena h He cymecTsyer,
TO TOBOPAT, 9TO A IMeeT 6eckoHe o EMKOCb.

Teopema 4.4 (Banuuk, YepBonenkuc [6]). Ecum cemerictBo A nmeer KoHednyro éM-
kocth h, To ipu L > h ¢pynxmus pocra A (L) sasucnt or L momHOMAATHHO:
A h L

AM(L) < @) <157 (4.1)
Hoxkazatenbctso. I[lycts L < h. Torma us yenosua A4(h) = 2" soitexaer, 4ro cy-
[IECTBYET BBIOOPKA JIMHBI [, Ha KOTOPOI aJropuTMbl cemeicTBa A WHIYIUPYIOT BCe
BO3MOZKHBIE 110/1BbIGOpKHU. Snauut A4 (L) = 2L

[Iycte L > h. Bo3bMéM mpou3BoibHYIO BBIOOPKY X. [Ij1s HEeE BBIOJIHEHO YC/I0BUE
sevmbr 4.2, Tak kak A4(h + 1) < 2" Crenosarensro A4(X) < O u B cuty npous-
BosibHOCTH BBIGOpKH A4 (L) < OF

Teopema j10ka3aHa. [ |

§4.2 @yHKUNSA POCTa MHOXECTBA KOHbLIOHKLWA

na cirydas, Korma 00beKTBl OIMHUCHIBAIOTCA TUCKPeTHbIMI TpusHakamu f;: X — D,
|D;| < 0o, orernM (GyHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKIHI pamra e Bbite [ :

A={a(@) = \lfi(@) = &}

jed

JC{1,...,n}, | <K, d eDj}.
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Ecau J — mpon3BosibHOE TOMHOKECTBO HHAECKCOB n3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TTPU3HAKaM U3 .J, eCThb

()= > T[IDil-

JCJ jes
| J'|=F

Ecmu mmozkecrsa D; pasnomomntusl, |D;| = d, o Hy(J) = C{f]‘dk. B obmiem cirydae Besn-
ynna Hy(J) Jerko BBIUUCIAETCS 110 PEKYPPEHTHBIM COOTHOIICHHUSIM:

Ho(J) = 1;
Hy(J) =0, k> [J];
Hk:(JU{j}):Hk('])_F’DJ‘kal(J)v k<‘J’7 J=1...,n

DyHKINS pOCTa OIEHUBAECTCS CBEPXY YUCJIOM KOHBIOHKIUN paHra He BbIIEe [, KOTOphIe

MOZKHO ITIOCTPOHUTDH IIO BCEM 7 IIpU3HaKaM:

ANL) <) H L ... n}.

k=1

§4.3 EmMkocTb cemeiicTBa JSIMHENHbIX KiaccudrnkaTopos

[Iycrs X =R™ Y ={0,1}, A — cemeiicTBO JIMHEHHBIX KIaCCHPUKATOPOB:
A= {a(w) = [(w,2) > 0] | w e R"},

rie (w,r) — CKaJIgpHOe TPOU3BeIeHNe BEKTOPOB w 1 . KarK Iblil aaropuT™ Toro cemeii-
CTBa 33,/1a6TCA BeKTOpoM w u3 R”.

Teopema 4.5. EmMkocTh cemeiicTBa JTHHEHHBIX KIacCH(pUKATOPOB A paBHA pa3zMepHOCTH
[IPOCTPAHCTBA, 1.

Nnes tokazare/bcTBa 3aK/II0YAETCI B TOM, UTO B IIPOCTPAHCTBE PA3MEPHOCTU 7. de-
pe3 MPOM3BOJIBHBIE N TOUEK MOXKHO TPOBECTU Pa3/Ie/IAIONIyI0 THIEPILIOCKOCTD, a Yepe3
HEKOTOPBIe N + 1 — yiKe HeIb3d.

JokazaresbcTBo. [lokaxem cradana, aro A (n) = 2". Coracro onpeenennio byHK-
MM POCTA 9TO PABHOCHIBLHO CJIEIYIOIIEMY BBICKA3BIBAHUIO:

X" Y(z,...,2,) €YY da€e A Vi=1,...,n a(z;) = 2.

Bosbmém n BekTopoB X™ = {x1,...,x,} u3 X Takux, 9410 y i-0ro BEKTOpA i-as KOMIIOHEH-
Ta paBHa 1, a ocrasibable paBubl 0. Pacemorpum anropury a € A, 3aj1aBaeMblii BEKTOPOM
koddurmenTo w = (wy, ..., w,). Kakum 6br #Hu ObLT GUHADHBIT BEKTOD (21, ..., 2,),
JIErKO 110/106paTh KOa(hUIUeHTh w; Tak, 9ToObl BHIIONHAIOCH a(x;) = [w; = 0] = z;.
Takum 06pazoM, Mbl yKazaan 2" aaropuTMOB, Pa3IMIHBIM 0OPA30M JIEIANIX BBIOOPKY
X" Ha 1Ba KJjacca.
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Tenepnb nokazkem, 9o A (n + 1) < 2"+ D10 paBHOCHIBLHO BHICKA3ZBIBAHIIO
VX" 3z, z0g) €Y Vo€ A Fi=1,....n+1 a(z;) # 2.
BosbMéM IponsBosIbHBIE 1 4 1 BEKTOPOB X1, . . ., Tpt1 U3 X. HHUCI0 BEKTOPOB MPEBBIIIACT

UX Pa3MEPHOCTDb, [MOITOMY CPE€J/Id HUX HAWJIETCHd XOTs Obl OJIUH, SBJISIONIUICH JTHHEITHON
KOMOMHAIMEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, YTO 9TO Ly i1:

Tpi1 = bixy + -+ by, (4.2)
rae by, ...,b, — HeificTBUTEIbHBIE YHCIIA.

[Momoxkum z; = [b; = 0] mst Beex @ = 1,...,nu 2,11 = 0. PaccMorpumM ipon3BosbHbI
angroput™ a € A ¢ kosbdurnmentamu w = (wy, ..., w,). Homycrum, aro a(z;) = z; 1y
Beex i = 1,...,n+ 1. ¥YMuOoKNM 00 qacTn pasencrsa (4.2) cKaaapHO Ha w:

(W, Tpg1) = by (w,x1) + -+ + by (W, xp) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOTO MEHbIIE HYJIsl, IIOCKOJIbKY
[(w, Zny1) = 0] = a(Tny1) = 2p11 = 0.

B 10 ke Bpems, KazKJioe cjaraeMoe B IIPaBOil 4acTh paBeHCTBa HEOTPUIIATEIHHO, TaK Kak
(w,z;) 20| =a(z;) =2z =[b; =20}, i=1,...,n.

Takum obpazoMm, cjelaHHoe JIONYIIeHUe MPUBOJUT K NpOoTHBOpednio. Kakoii Obl
mn 6bL1a BEIGOpKa X" anropurMbl n3 A me peammsyior Bcex 2"l croco6os momesuTh
eé Ha 2 KJiacca.

Teopema j0kazana. [

§4.4 OpHonapameTpuyeckoe CeMeicTBO BeCKOHe4HOI EMKOCTU

CymecTBoBaHIE OIHOIIAPAMETPUIECKOTO CeMeiicTBa aJrOPUTMOB KJIACCH(MUKAIIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETEJILCTBYET O HETPUBUAIBLHOCTHU ITOHSITUS EMKO-
CTH C O,Z[‘HOI'_/,I CTOPOHBI, 1 O 6eCKOH€‘t‘IHbIX BbIPpa3UTEJIbHBIX CHOCO6HOCTHX ,ZLeI'_/,ICTBI/ITe.HI)HOFO
qucsta ¢ apyroii [70].

Pacemorpum cemeiictso dynkuuit a: R — {0, 1} ¢ ogaum mapamerpom vy € R:

a(z;7y) = [sin(yz) < 0].

BosbMEM KOHKPETHYIO BEIGOPKY 06bekToB x; = 107% i = 1,.. ., /. KaxoBa 6bl Hu ObI-
a eé nymHa £, 1is moboro BeKTopa OTBeToB (Y;)f_, MOYKHO Tax mojobpaTh mapamerp 7,
910061 a(z;;7y) = y;. JelicTBureibHO, BO3BMEM ¥ = T + 7 Zﬁzl y;107. Torna

a(x;;y) = [sin(7my; + 7107 + 7 y1077) < 0| = [sin o I,y
A = [sinyy > 0], y = 1.

g

o

U3 onpe/esenns BeJIMIHHBL Yy caeayeT, ato m107¢ < vy < 0.37, mosToMy 3HAUECHE
sin 7y MOJIOKUTETHHO, U TTpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbrit mpumep gBJisieTcs UCKYCCTBEHHBIM. FKcym 11 mpejicraBiiennst qnc-
JIa 7y UCIOJIH30BaTh KOHEYHOE YUCJIO0 OUT, EMKOCTD y2Ke He Oy/eT OeCKOHEeUTHOI.
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8§4.5 [pyrve oueHkn émMKocTwu

Oterku éMKOCTH OBLIN TOJIyYeHbl Jisi HepoHHBIX ceTeil [36, 35, 49, 58|, pernato-
mux JiepeBbes [18], KOPPEKTHBIX TTOJMHOMOB HaJl aJIFOPUTMAMU BBIUUCIEHUs OIEHOK [29),
KOMUTETHBIX PEIAIONUX IPaBui [57|, 1 Apyrux cemencrs.

Emxocts ceMeliCcTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bceil oOydalomieil BHIOOPKH,
KakK IpaBuio, OeCKOHeUHa (HAIPUMED, Y aaropuT™Ma OJIMKANRIIIX CoceIeit). Emkocts ce-
MeHCTB, TapaHTUPYIONMX KOPPEKTHOCTH (0oTcyTcTBre ommboK) Ha obydarorieil BhIOOPKe,
TaKzKe, Kak MMPaBujIo, OecKoHevuHa. XOTs, eCTh U UcK/aodeHus: B padborax B. JI. MaTpocosa
CTPOSATCA KOMIIO3UITUN aJI'TOPUTMOB BBIYHCJIEHUS OIEHOK, MMEIne KOHEIHYIO €MKOCTh
U OJIHOBPEMEHHO TapaHTHUPYIOIe KOppeKTHOCTh |28, 29, 30, 31].

Pe3iome

Emkocts mmn pasmeprocTs Barmuka- UepBOHEHKICA — 9TO KJIACCHIECKas XapaKTe-
PHUCTHUKA, CJIOXKHOCTH CEMENCTB aJaropuTMOB. [[jis IMHEHHBIX ceMeficTB OHa paBHA pa3Mep-
HOCTH IIPOCTPAHCTBA apaMeTpoB. st 1pyrux ceMeiicTB EMKOCTH MOYKET HETPUBUAIHHBIM
00pa3oM 3aBUCETDH OT YHCIa mapaMeTpos. CyIecTBYIOT IPUMEPHI, KOTJIA TapaMeTPOB MHO-
ro, a EMKOCTb PaBHa €JINHUIe, U, HA00OPOT, KOT/Ia IapaMeTp OJ/INH, a EMKOCTh OECKOHEYTHA.

JI10OBIe OTeHKN TIepeodydeHus, BhIparKalomuecs depe3 KoM UImenT paznooopasus
nIn EMKOCTb, OCHOBAHBI Ha INPUHITUIIE PABHOMEPHOI CXOJMMOCTH U HEepaBeHCTBe Byiisd,
U [OTOMY CHJILHO 3aBBbIIIEHBI. B JieKiun 6 MbI TMOKaXKeM, 9TO OHU CUJIBHO 3aBBIIIEHDI
JlazkKe B CAMOM OJIarOnpHUATHOM CJiydae, Koryla éMKOCThL CeMelCTBa paBHA €IMHUIIE.

B cnepytoweii nekumm bl paccMOTpuM 0A30BYIO TEXHUKY JIIsl TIOJIYUCHUS TOYHBIX
OTIEHOK BEPOSATHOCTH Iepe0dyIeHU.
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5 Tllopoxaatouime v 3anpeuiatolime MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
TOYHBIE (HE 3aBBbIIIEHHbIEC, HE ACHUMIITOTHYECKUE) OlleHKN obobiaroreii criocobnoctu [76].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§5.1 [llpocrtasa runortesa N3M

I'unoresza 5.1. Ilycrs mHOKEcTBO A, BBIOOpKA X H METOJ [i TAKOBBI, 9TO JIJISI KaXKJ[0-
ro ajaropurma a € A MOXKHO yKa3aTbh ITapy HellepeceKaloInxcst moaMHoxectB X, C X
n X! C X, yJIoBIeTBOPSIOILYIO YCIOBUIO

[nX=a] = [X, C X][X, C X], VXe[X" (5.1)

Mmoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X| — 3anpewyarousum
JUig ajgroputMma a. ['mmore3a 5.1 o3nadaer, YTO METOJI [t BLIOMpPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4Jarolieil BbIoopKe X HAXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
U HU OJIHOI'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nore3a 5.1 BBIIOJIHAETC.

Jlemma 5.1. /[ 110605t BeiObopku X cHpaBeIIHBO TOXKECTBO
> [pX=a] =1. (5.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUpPAET OJIMH U TOJIBKO OJIH aaroputM. ToxKmecTBo (5.2) MOXKET UCIOIB30BATHCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHs B IpaBoii wactu (5.1) chopmMympoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 5.2. FEcim rumoreza 5.1 crpaBejinBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, =P[uX=a] = L=, (5.3)
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HoxkazareabcTBo. Coracuo rumnorese 5.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

Q- = ZPaP(é(a,X) > a).
acA

YcemoBHast BEpOSITHOCTD Jlaércest Teopemoit 2.4, eciin y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTPOJIbHBIX, ITOJIYYHUM:
P(6(a, X) > ¢ | a) = H»™ (s4(e)),

[JIe M, — IACJI0 OMMOOK AJTOPUTMA (@ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obbekrax X \ X,, Iprn KoTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHNE 9acToT ommboK, d(a, X) > &:

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOIl BEPOATHOCTHIO MOYKET ITOKA3aThCsl HE BIIOJIHE OUYeBUIHBIM. Huke mpejcraBiieH cTpo-
i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 5.3. FEcju rumoresa 5.1 crpaBeainBa, TO BEPOSITHOCTh HePeoOyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q- (1, X) = Z PaH%: " (sal€)) - (5.4)
acA
HoxkaszareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cyMMupOBa-
Hus 110 X emgé JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — 0 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJrOPUTMA, d
Ha nojseibopke X \ X,. OueBujino, 3Ha4denue (). OT 3TOrO HE U3MEHUTCH:

Lla

Q- = P[0u(X) > ¢] =P} [1X=a] }_[nlo, X\X) =] [o(0, X) 2] (55)

a€A s=0
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIeJI0BATEJIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)]| = [s < s4(e)].

IMoncrasum nosydennoe soipazenne B (5.5), 3arem samernm [puX = a] upasoit wa-
crbio paBeHcTBa (5.1) U mepecTaBUM 3HAKH CyMMHUPOBaHUsI (OUeBHIHO, P TakKe MOKHO
paccMaTpuBaTh KakK CyMMHPOBAHNIE):

=y Z P[X, € X][X, C X][n(a, X\X,) = 5] [s < sq(c)]. (5.6)

a€eA s=0 M

N(a)

Boienennoe B nannoit dhopmysie Boipazkenne N(a) ecThb 1o/ pa3bueHuit reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
) _
MHOKeCTBO 00beKTOB X 1esmkoM JieskuT B X, u B moasbibopky X\ X, jmuner £, mnoma-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX AJTOPUTM @ JIOIYCKAET OITUOKY.
JL1s HATJISITHOCTH TIPEJICTaBUM BEKTOD OIMMOOK ¢ PA30UTHIM Ha IMIECTh OJIOKOB:

— r—zi
a:(Xa;1,...,1;0,...,0-X;,1,. ,1;0,...,0).
X\X, X\X,
X X

Hucno ommbOK ajropuT™Ma a Ha O0beKTax, He mnonajamonmx Hu B X,, HE B X!,
paBHO M. Cymecrsyer C), — c1ocob6oB BbIOpaTh U3 HUX S 0OBEKTOB, KOTOPbIE IIOHAJLyT
B X\X,. 1 Kaxkjaoro m3 sTux CrocoboB MMEETCs POBHO C’ﬁj‘;a c110co00B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAeT OIMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambiM ofHO3HAYHO omnpejersercsa cocta Bbibopku X \ X, a, 3Ha4WT,
u coctan BbiGopku X \ X/ . Takum obpazom, N (a) = C%, C’é ../ CL. oacrasum 510 BbIpa-
»kerre B (5.6) u BbIIMM B HEM (DOPMYJIY THIIEPTeOMETPUIECKOil (DYHKIMU BEPOSITHOCTH:

e fa Cs Ofa .
=2 2l S sa@) g = S RHL™ (54(6)).
acA S$=50 acA
TeopeMa JOKa3aHa. |

§5.2 0606uwérHas runortesa N3M

['umoresa 5.1 HAKIA/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHIMYEHUs] Ha BBIOOPKY X, ceMeii-
ctBo A u meton p. [losromy Teopemy 5.3 yaaércs npuMeHsITh JINIIb B HEKOTOPBIX CITEIIN-
aJBHBIX ciIydasx. PaccMoTrpuM ectecTBenHoe obobmienue runores3nl H.1. IIpesamonoxum,
9TO JIJId KaXKJ0T0 aJrOPUTMa ¢ CYIIECTBYIOT PAa3/IMIHbIe BApUAHTHI BbIJICJICHUS MTOPOXK-
JIAIONINX U 3aIIPENIAIONIIX MHOXKECTB.
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I'mnoresza 5.2. Ilycrs mHOXKecTBO A, BbIOOpKa X H METOJ [I TAKOBDBI, ITO JIJIsI KAXKJI0T0
ajgropur™Ma a € A MOXKXHO yKa3aTb KOHETHOE MHOYKECTBO HHIEKCOB V,, H JJIST KaXKJO0I0
nHIekca v € V, MOXKHO yKa3aThb nopoostcdaroujee MHOXKeCTBO X4, C X, s3anpewarouiee MHO-
sxecrBo X!, C X u kosapurent c,,, € R, yoBirerBopsiomue ycaoBusimMm

(nX=a] = caw[Xaw € X][X], € X], VX € [X]" (5.7)

[Ipu ycnoBun c,, = 1 runoreza 5.2 o3HaYaET, YTO METOJ, (4 BHIOUPAET AJTOPUTM @
TOTJIa U TOJIBKO TOTJIa, KOIJa B O0YYaIONLyI0 BHIOOPKY X IONAJIAI0T BCe 0OBEKTHI U3 X,
U HI ofHoro u3 X!, POBHO JyIst O/HOM n3 map MuoxecTs (X0, X.,), v e Vg

B TEEL ] &aX

pX=a: | |Xal | ] | (X Xa)
B P [ G X)) V=1Vl
X X

OueruiHo, yeaosue (5.7) H0JKHO OBITH 3aJIaHO TaK, YTOOBI MpaBas 9acTh IPUHUMA-
JIa, TOJIbKO JiBa 3HadeHus — Jjuoo 0, mubo 1. D10 TpeboBaHme HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOIMHOXKECTB (Xoy, X! ), v € V,, u Ha KOIDDUITHEHTHI Cqy .
B uacrtrocTH, 1npu c,, = 1 ycioBus [X,w cCX } [X I C X } HE MOT'YT BBITIOJTHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX UHJIeKcoB v, v € V, uu ipu Kaxkom pasouennn (X, X)), nHate sHaueHMe
B IIPABOI YaCTU OKaXKeTCs OOJIBINUM €JIMHUITHI.

K nacrosinmeMy MOMEHTY He M3BECTHBI CJIydar, KOT/ia IPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIUEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBniHO, TUIOTE3a 5.1 ABJISETCS YACTHBIM CJIyIAeM THIOTE3bI 5.2, KOIJia BCe MHO-
KecTBa V), OIHO3JIEMEHTHBIE U Cqy = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a H.2 BepHa BCErja.

Teopema 5.4. Jlus.mo6bix X, A u i cymecrByior muoxecrsa Vy, X a0, X!

av?’

IIPH KOTOPBIX
cripaBe uBo 1peacrapiaenne (5.7), mpudéM cq, = 1 st Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIH amroputrm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BCeX MoaBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxum X, = v, X! =X\ v, ¢4 = 1. Torga jast sio-
ooro X € [X]* cpaseyiuso npejicrasienue, umeromniee suj (5.7):

[,uX:a] = Zv[v:X] = Zv[v:X] [X\v:X\X] = ZV [v C X} [X\v - X},

npuaéM, ecsnt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIbHbIE
pPaBHBI HYJIIO; ecyin Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. ]

Teopema 5.4 aBigercd TUIUYIHON TeopeMoil cyrecTBoBanus. VCIo/Ib30BaHHbBIN TTPU
eé JIoKa3aTe/IbCTBE CII0COD TMOCTPOCHUS NHJIEKCHBIX MHOXKECTB V, TpedyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKHU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEI(DDEKTUBHBIM OIEHKAM
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BeposiTHOCTH TIepeoOydenns. OHako mnpejcrasienue (5.7) B 001IeM cirydae He € IMHCTBEH-
HO. OTIeIbHOM TPOBJIEMOTT IBJISIETCS MOUCK TAKOTO MPEJICTABIEHN, B KOTOPOM MOIITHOCTHU
muoxecTB |V, | Xool, | XL, | bl 661 Kak MOKHO MeHbIIe. XOTs MuinoTes3a 5.2 BepHa Bee-
ra, Mbl OyJeM IpOI0/KaTh Ha3bIBATH €€ «IUIIOTe30i», MMes B BUJY IPEJIIOJIOKEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicraBienus Buja (5.7), 6osee 3¢hHeKTUBHOTO, 1M UC-
110JIb30BAHHOE B JlOKa3arebcTBe Teopembl 5.4.

Beeném s kaxkgoro aaropurMa a € A n KaxKa0ro mHAeKca v € V, 0003HAYEHUSI:

Loy = L — | Xao| — | X0 |5
law = € — | Xaol;
My = n(a,X) — n(a, Xow) — nla, X,,);
Sav(€) = %(n(a, X) — ak) —n(a, Xoy).

B ycioBusx rumoresst 5.2 ciipaBeIuBbl COOTBETCTBYIONIIE 0000IEHNs JIEMMbBI O Be-
POATHOCTSIX TTOJIyUIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTHU TEPEOOy ICHUSI.

Jlemma 5.5. FEcim rumoresa 5.2 cripaBegmba, TO JIsT Bcex a € A BepOSITHOCTH IOJIY-
YUTH B pe3y/IbTaTe 0O0ydeHus aarOpUTM G PaBHA

P, = P[/LXZG} - Z Cav Pov; (58>
veEV, CZ‘“’
Puy = P[Xa C X][X,, C X] = CL;: (5.9)

HokazarenbcTBo. [Joctarodno npuMeHuTs onepaiuio Pk jiesoit u npasoii gactam (5.7).
JlabHelie paccyzKIeHns aHAJIOTUYHbBI JIOKA3aTeTLCTBY JleMMbI 5.2. |

Teopema 5.6. FEcim rumoresa 5.2 cripaBejiiBa, TO BEPOSITHOCTh HEPEOOYIeHUsT BITHC-
JISIETCST 110 (bopMyJIe

Q:(1:X) =D ) Car P H" ™ (500(2)) (5.10)
a€A ’UEVa

JokazaTeabCcTBO. AHAJIOINYHO JoKa3aTeabCTBY TeopeMbl 5.3, BEpOSITHOCTD 1epeolyde-
HIsI TIPUBOJIUTCS K BBIPAYKEHUIO, KOTOpoe oTmdaercst oT (5.6) mosiBIeHneM 3HaKa CyMMU-

poBaHus 110 v, KOIMDDUIIMEHTOB €y, U JABOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX ,:

Q- = Z Z anv P[X‘w < X} [Xt/w - X} [n(a’7 X\ch) = 3] [S < Sav(&?)],

acAveV, s=0

B ocrasmbnom j0Ka3aTeIbeTBO aHAJOIMYHO J0Ka3aTebcTBY TeopeMbr H.3. [ ]

OueHkn dyHkumnoHana R. (1.6) jgokaswpiBaoTCd aHAJOTUYHO, C TOM JIUINb PAa3HUIIE,

Y9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIY 3aMEHSETCsI Ha

st (e) = n(a,X) — ek — n(a, Xov).

av
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§5.3 KoppekTHOoe cemeincTBO aJiroOpMTMOB

Asroput™m a, He momyckaroruii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HowM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJllOPUTM (g, KOPPEKTHBII Ha reHe-
pasibHOI BeIOOpKE X, TO MHOXKecTBO A Oymem Ha3blBaTh kKoppexmuvim. B aTOoM ciydae
dbopmymra (5.10) cuabHO yupormaercs.

Jlemma 5.7. B ciaygae m = 0 pyHKIIMS rumepreoMeTpuaecKoro paclpeiejieHust BhIPOXK-
0,0
gaercs: Hy ™ (s) = [s > 0.

2.0
HoxkazareabcrBo. [Ipu s > 0 cymma H; " (s) B (2.4) cocTOUT U3 OJJHOTO CJIaraeMoro,
pasuoro 1. I[Ipu s < 0 4nciio craraeMbiX PaBHO HYJIIO, U BCsA CyMMa DaBHA HYJTIO. ]

Teopema 5.8. Ilycrpb runoresa 5.2 cripaBejjinBa, METOJ [ SIBJIST€TCS MUHUMHU3AIIHE 9M-
IMIPHIECKOTO PUCKa, MHOXKECTBO A KOppeKTHO. Torjia BeposiTHOCTD 11epeody deHusT IPHHH-
maeT 6o.Jiee MPOCTO BHIL:

Q-(1,X) = [n(a,X) > ck] P, (5.11)

acA

HokazaTeabcTBO. PaccMoTpuM 1pon3BO/IbHbBIN aaroput™m ¢ € A U IPOU3BOJIbHBIN WH-
nekc v € V,. Ecim HeKoTOpbIil 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIMMOKY, COMEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHUMU3UPYIOMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpaTh JaHHBIA aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIA AJITOPUTM ag, He J10-
nyckafomunii ommbok Ha X. CremoBaTe/bHO, MHOXKECTBO OOBEKTOB, HA KOTOPBHIX AJTO-
PHUTM @ JIOIyCKaeT OMIMOKY, IEeJTHKOM Copep:KuTcd B X, . SHAYHUT, aJrOPUTM ¢ HE JOIyC-
KaeT OIMOOK Ha HeHTpaJbHBIX 00beKTax U Mg, = 0. Torma, cormacuo Jlemme 5.7,

HE? (300(9)) = [sa0(e) 2 0] = [£ (n(a,X) —ek) —n(a, Xav) > 0] = [n(a.X) > ek].

[Toncrasss sto Bepazkenne B (5.10), nomyqaaem (5.11). ]

CrunencrBue 5.8.1. Ecam B cemetictBe A COMEPXKUTCS ajaropuTM, KOPPEKTHBIH Ha BCe
reHepaJibHOI BbIOOPKe, TO Bbhipazkenue (5.11) cnpaseuso u jist pyaknuonana R.(u, X).

§5.4 ®yHKUMOHAN NOJSIHOIO CKOJ1b3SLLEro KOHTPOIS

PaccmorpuM (byHKIMOHA TIOJTHOTO CKOJIb3sIero KouTposst (1.7). Ilpuanun mopox-
JIQIOIIUX ¥ 3alPEIaroNniX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHyo oreHky [11].

Teopema 5.9. FEcjm runioresa 5.2 cripaBeiyinBa, TO OIEHKa II0JTHOIO CKOJIB3SIIIETO KOH-
TPOJISI BBITHCJISIETCST 110 (DOPMYJIe

1 Cz(w Lav - Eav gav /
C(p,X) = = Z Z Caw Céw ( T n(a,X) + Lmn(a,X(w)) : (5.12)

acAveV,
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HokazarenbcTBo. 3anmmem onpesesnenns E n v, 3arem mozgcrasum (5.7) cormacHo ru-
rmorese 5.2 W mepecTaBUM 3HAKNW CYMMUPOBAHUS:

CuX) = o 3 Y [pX=dy Y Haw) =

L xe[x)t aca zeX
L
_ %Z S o Ta,2:) P[Xo € X][X), € X] [ € X].
acAveV, i=1 ~
p(a,v,x;)
Ecm z; € X),, ro [X], € X|[z; € X] = [X], € X| n, cornacno (5.9),
ZU/U
pla,v, ;) = P[X(w C X} [X:w C X} = % =P,
L
Ecmn a; ¢ X, ro (X}, C X]|[z; € X] = [{a;} U X], C X] u, cornacro (5.9),
Cav _
pla,v,z;) = P[ X, C X|[{z;} UX], C X]= CLz_l = PM,M.
Cr Lo,
Cobupas BMecte jBa ciydas, x; € X, u x; ¢ X!, . moaydnm

plav.n) = Pa ([ € X0 ] + [ X, E22 00 ).

[ToncTaByisist 3TO BhIpazKeHne B CYMMY II0 %, TTOJTydaeM

L
Z I(a7 xi)p(aa v, xz) - Pav (’I’L(CL, thw) + (n(a, X) - n((l7 thzv)) L‘“’L_ gav) )
i=1 av

OTKyj1a BbITeKaeT Tpebyemoe paBeHcTBo (5.12). Teopema nokazana. [

Pe3iome

Ipunyun noposrcdarowur u 3anpewaowus MHOACECME OCHOBAH Ha THIIOTE3e, ITO
JUTS KazKJIOTO aJITOPUTMa MOYKHO yKa3aTh MHOYKECTBO N0postciaowur 0ObeKTOB, KOTOPhIe
00s13aHbI OBITH B 00y JaroIeil BHIOOPKE, M MHOYKECTBO 3aNpeu,aowur 00beKTOB, KOTOPBIX
He JIOJIKHO OBITH B 00y Yaloleil BLIOOPKe, 9TOOBI METOJ 00yYeHUs BHIOPAJ UMEHHO JTAHHBIT
AJICOPUTM. DTO JIOBOJILHO CUJILHOE TIPE/IITOJIOZKEHIE, i OHO BLITIOJIHICTCH JTAJIEKO He BCET/IA.
B obmmem ciryuae /17151 KayKJI0r0 aJaropuTMa MOYKHO YKa3aTh HECKOIBKO AP MOPOXK TAIONTIX
U 3aIpeNaonuX MHOXKeCTB. Ecm oHn U3BECTHBI, TO Jlajiee JIETKO BBIYHC/IAIOTCH BEPOST-
HOCTH TIOJIYIUTh KaK/IbIil U3 aJIrOPUTMOB, BEPOSITHOCTD 11epeo0yIeH s, 1 OIICHKA TTOJIHOTO
CKOJIB3SIIIEr0 KOHTPOJIsI. BBIOOP CHCTEMBI TTOPOXKTAOIIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCST UCKYCCTBOM. UeM UX MeHbINle, W 9eM MEHBIIe UX MOIHOCTH, TeM 3(hdeKTuBHee

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyroweinn nekumu ¢ 1oMoIbio IPUHIIATIA TTOPOXKIAIONIIX U 3aIlIPENIAoNuX MHO-
JKECTB MBI IIOJIyIUM TOYHBIE OIIEHKU BEPOSITHOCTH IePeodydeHsl 11T HEKOTOPBIX MOJIE/Thb-

HBIX CEMENCTB AJI'OPUTMOB.
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6 Uenwn anroputmos

YT00BI BOCIIOJIB30BATHCSA MPUHITUIIOM ITOPOXKJIAIONINX W 3AIPEIIaloNinX MHOYKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METO| OOYUIEHUS [ U CeMeicTBO ajroputMoB A. Mbr Hat-
HEM € MeTojla MUHUMU3AINN SMIIUPUIECKOTO PUCKA W MOHOTOHHON eI aJrOpPUTMOB —
CaMoro IPOCTOr0 MOJIEJIBHOI'O CeMelCcTBa, yzKe O00JIaJalolIero CBOMCTBAME pPaCCIOCHUS
" cBA3HOCTH. UTOOBI MOJAKPENUTH TCOPETUIECKOE UCC/IEIOBAHNE SKCIEPUMEHTAMHE, TTIPE/I-
JlaraeTcst HallucaTh HECJIOXKHYIO TTPOrPaMMY JIJIST BBIYUC/IEHUS SMIINPUIECKNX OIEHOK Be-
POATHOCTHU TIepeo0yIeHUsI 110 IPOU3BOJILHON sIBHO 3a/IaHHON MaTpuIile OmmnboK.

§6.1 Pa3HOBMAHOCTN MUHUMM3ALNN SMNNPUYHECKOrO PUCKa

Byznem mosaraTrh, 9To A — KOHEYHOE MHOYKECTBO, I BCE aJITOPUTMBI HMEIOT IOIAPHO
paszsmanble BeKTOPbI omubok. Obosmnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MHUHH-
MaJIbHBIM YHCJIOM OIMMOOK Ha obydarorieit Bbioopke X :

AX) = Argmiiln(a,X). (6.1)

ac

Omnpenestenne 6.1. Meros ob6ydenns i HA3BIBACTCS MUHUMUSAUUET IMNUPUMECKO20
pucka, MOP (empirical risk minimization, ERM), ecoin uX € A(X) npu eex X € [X]*.

Ecau muoxkectBo A(X) cofep:kur 6oJiee OJHOIO 3JIEMEHTa, TO BOZHUKAET MpodJIe-
Ma HEeOJIHO3HAYHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHavasa jiBa KpailHuX ciiydas —
KOTJ[a BBIOMPAETCsT HAWTYIIuii win Hauxyamuit aaropurm u3 A(X).

Onpenenenune 6.2. Meronq MuHIMH3AIMUNT SMITPUIECCKOIO PUCKA [L HAZBIBACTCS ONMU-
mucmunoim, ecan pX = arg min n(a, X).

acA(X)
Onpenenenue 6.3. Meronq MuHHMHI3AIUMN SMIIIPHICCKOIO PUCKA (I HA3BIBACTCS NECCU-

mucmuinoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctnanas u neccumuctudrass MOP wa mpakTuke He peajm3yeMbl, TakK Kak
CKPBITYIO KOHTPOJILHYIO BBIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenms. TeopeT-
YeCKM OHU MHTEPECHBI T€M, YTO JIal0T HUKHIOIO U BEPXHIOIO OIIEHKU BEPOATHOCTU Ilepe-
obydenus. [Ipu 006X Apyrux crocobax pasperieHus HeopHo3HadHoct B Metone MOP
BEPOATHOCTH TIePeo0ydYeHNs TapaHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMU.

BoJjtee npakTuIHBIM TIpejicTaBIgeTcs Crocod pasperieHus HeoHO3HAYHOCTH, OCHO-
BaHHBIN Ha CIyIaifHOM BBIOOpe asropurma u3 muoxkectBa A(X).

Onpenenenne 6.4. Meros MEHIMH3AIUMA SMIIHPAICCKOTO DHCKA [i HA3BIBACTCS PaHO-
MUBUPOBAHHIM, eCTH (1X — 3TO IPOU3BOJIBHDII aJIrOPUTM, BEIOPAHHBIH CJIy9IaiiHo U paB-
HOBEPOSITHO M3 KOHETHOI'O MHOXKecTBa aropurmoB A(X).

Pammomuzalius ¢cTaHOBUTCS BTOPBIM HE3aBUCUMBIM UCTOYHHKOM CJIYYAWHOCTH B 3a-
Jlade cTaTUCTUYIecKoro oOydenus. Ecim paHee pejnosarajoch, UTO CIYYailHO TOJIBKO
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pasbuenne X LI X, To Teneph cirydaeH TakxKe U BBIOOD ajroputMa a n3 MHOXKecTBa A(X).
CooTBeTcTBYIOMIIM 00pa30M M3MEHSIETCS W OIIPEIe/IeHIe BEPOSITHOCTH 11epe00y IeHIA:

Q. = Em Z [v(a, X) —v(a, X) >¢]. (6.2)
acA(X)

BosbmmueTBo mosyaeMbIX jiajiee OleHOK OCHOBAaHbI JTUOO Ha MeCCHMUCTUYIHOM, OO0
Ha paxjgomusupoBanHHoit MIOP. DkcrepuMeHTh TOKA3BIBAIOT, ITO 3aBBIIIEHHOCTD OIEHOK
neccumuctuanoit MIOP weBenuka. OUTUMUCTHIHBIE, TECCAMUCTUYHBIE U PAHIOMUA3HUPO-

BaHHbBIE OIEHKHU CXOJISATCS JIPYT K JIPYTY € POCTOM JIJIMHBI BHIOOPKU L.

§6.2 MogenbHble cemeiicTBa aaropmTmoB

HamomuuMm, 910 HAIIIMM OCHOBHBIM OO'BEKTOM UCCICIOBAHUS sIBISIETCS ONHAPHAS MaT-
puiia omubok pasmepa L x D, nopoxjaeMas 33 aHHoil Bei6opkoit X = {x1,..., 2z} u 3a-
JIAHHBIM CEeMEHCTBOM aJITOPUTMOB, U3 KOTOPOTO BBIOMPAIOTCS BCE AJITOPUTMBI C ITOIAPHO
pazmmaHbIME BekTOpamu ommbok, A = {aq,...,ap}.

Mpr1 OyjieM paccMaTpUBaTh MOJEAbHBIE CEMETUCMEA AA20PUMMOG, KOTOPbIE 3aIal0TCs
HEITOCPEJICTBEHHO CBOMMHK MaTpHUIIaME OIHO0K. MojgeabHoe ceMeiicTBO — 9TO UCKYCCTBEH-
HBIIT OOBEKT UCCIeI0OBAHNUS, He CBI3aHHBIN ¢ KaKOW-1100 peabHOl BEIOOPKOiT. MarTpuirbt
OIIMOOK MOJIE/TBHBIX CEMENCTB 00J1aJIaI0T OIPEJICIEHHBIMI «PETYISIPHBIMU CTPYKTYPaMU »,
qTO 00JIerdaeT BBIBOJL TOYHBIX KOMOMHATOPHBIX OIEHOK. J[/Isi HEKOTOPBIX MOJIEIbHBIX Ce-
MeNCTB yJIaéTCsd CTPOUTDH IIPUMEPHI TOPOXK,IA0IINX UX BEIDOPOK. Kak mpaBusio, 3To BecbMa
9K30THUYIECKIE YacTHRIE ciiydan. PeajibHbIe ceMeiicTBa B MOJIAB/ISIONIEM OOJIBITMHCTBE CJIY-
JaeB He 00J1a/1al0T KaKOi Obl TO HU OBLIO PeryasapHoOil CTPYKTYPOil.

Tem He Menee, nzyvyeHne MoOJIEIbHBIX CEMENHCTB ITPEJICTABIISIET UHTEPEC MO0 HECKOJIb-
KUM NpUIrHaM. Bo-IepBbIX, OHU MO3BOJISIOT UCCIEI0BATD BiugHue 3h(MEKTOB paccioe-
HUA U CBI3HOCTU HA BEPOATHOCTDL Iepeodydenus. Bo-BTOPBHIX, Ha HUX OTpadaTBIBAIOTCS
MaTeMaTHICCKUe IPUEMBI, KOTOPBIE MOI'YT OKA3aThCs ITOJI€3HBIME IIPU IOy Y€HUN OIEHOK
OoJiee 001IeTO BHUjIA. B-TpeThux, n3BecTHBI MOJIe/IbHBIE ceMeiicTBa, 00J1a/Ialolie TeEMH JKe
KJIFOYEBBIME CBOICTBAME, YTO U PeabHbIe — PACCJIOCHUEM, CBA3ZHOCTHIO U PA3MEPHOCTDIO.
BeposiTHOCTD 11epeobydenmst TaKUX CeMEHCTB MOYKET JOBOJILHO TOYHO AIIIPOKCUMUPOBATD
BEPOATHOCTD 11€Pe0byUeHNsT PEAIbHBIX CeMeHCTB, CM., HarpumMep, [5].

§6.3 Cssa3Hble cemeiicTBa anropnTmos

OmnpesiesinM paccTosiHre MeXK/ly aJlOPUTMaMU KaK paccmoanue Xommurea MezKTy
UX BEKTOpaMU OIIHOOK:

L
pla,a’) = Z}I(a,xi) —I(d,z;)|, Va,d € A.
i=1

Onpepenenne 6.5. Koneunast nocjenopareisHocts agaropurmo A = {ag, ..., ap} Ha-
3BIBACTCST UENDIO AA20PUMMOS, eciin p(ag_1,aq) = 1 jist Bcex d = 1,..., D.
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Onpenenenne 6.6. MHo>KecTBO aJropuTMOB A HA3BIBAETCS CEA3HbIM, €CJIH JIJIS JIIOOBIX
a,a’ € A B HEM cyIIecTByer Ijelb a = ag, dy,...,ap = d'.

Onpenenenne 6.7. Ilenr A = {ag,...,ap} Ha3BIBACTCS Npamot, ecan p(ag,ap) = D.

B mpsimoit mier Bce 00bEKTHI g, Ha KOTOPBIX Pa3/IndatoTCsl JIBa COCEIHUX aJIropuTMa,
I(ag_1,2q) # I(ag,z4), monapuo pasznunanel. Jucao takux o0bekToB pasao D. Orcroia
caejyer orpanmdenue Ha jyuay neru D < L. Jliobas mojrmocsieoBaTe/IbHOCT TPSAMOI

HEHH (s - . ., Gy, 0 < u < v < D, TakKe ABIAETCH UPAMOIL TEIbIO.
Onpepenenne 6.8. Ilenr amropurmos A = {ag,...,ap} Ha3bIBACTCT MOHOMOHHOTU,
ecin n(agq, X) = m + d st Becex d = 0,..., D, npu mekoropom m > 0. Amropurm ag

Ha3bIBaCTCA AYHUUM 6 UenU.

B monoronnoit et I(ag—1,x;) < I(aq, z;) mug seex x; € X, d=1,...,D.
MonoTonnas nenb siBjistercst mpsiMoit. Orcioia ciaeayer orparndenne D < L — m.
B ciaydae MOHOTOHHO# 1€ 06BEKTHI BEIDOPKH MOYKHO ITEPEHYMEPOBATH TaK, ITOOBI

Hag,z;)=[i<m+d|, i=1,...,L, d=0,...,D.

Henb aIropuTMOB MOZKET MTOPOXKIATHCS, B 9JACTHOCTH, OJHOTIApAMETPUYIECKNM CeMeli-
CTBOM KJIACCU(PUKATOPOB C HEIPEPBLIBHO 10 MapaMeTpy JUCKPUMUHAHTHONW (PyHKIHEN.
Ecyim mpu HENpepbIBHOM CMENIEHUN TapaMeTpa B CTOPOHY OT ONTHUMAJILHOTO 3HAYEHUS
YUCJIO OIMMOOK Ha TOJIHON BHIOOPKE MOHOTOHHO He yOBIBAET, TO 0Opa3yeTcs MOHOTOHHAS
1entb. MOHOTOHHAS TENb — 3TO OJIHO U3 MPOCTEHNINNX MOJETBHBIX CeMeCTB, 0bIaarnee
CBOICTBAMU PACCAOEHUA N CEAZHOCTNU.

IIpumep 6.1. Ilycte A — ceMeNCTBO AUHEUNHIT GAOPUMMOE KAGCCUPURAUUY — Hapa-
Mmerpudeckux orobpakennii uz X = R" 8 Y = {—1, +1} Buna

a(z,w) = sign (vywy + -+ +vwy), = (21,...,2,) €R",

rje napaMerp w € R™ — Hanpapidonumii BEKTOP THIIEPINIOCKOCTH, DPa3/IesIsIonieil Ipo-
crpanctBo R™ Ha jiBa nosymnpocrpancrsa — kKjaaccbl —1 u +1. [lycrs dynknusa morepb
mveer Bug [(a,z) = [a(z,w) # y(z)], tae y(z) —ncrunnas knaccudukanus obbexTa ,
U MHOXKECTBO OOBEKTOB X JIMHEIHO pasjelnMo, T.e. CyIecTByeT BekTop w* € R™, mpu
KOTOPOM ajroputm a(z, w*) ne gomyckaer omubok Ha X. Torga MHOXKECTBO aJlrOPUTMOB

As = {a(z,w* +16): t € [0,+00) }

[TOPOKTaeT MOHOTOHHYO Ielhb IIpu JiroooM ¢ € R™, 3a nCcKII0UeHneM, OBITh MOYKET, HEKOTO-
POro KOHEYHOI'O MHOXKECTBa BEeKTOPOB. IIpu srom m = 0 B custy JImHEiHON pa3/1e/IMMOCTH.

§6.4 DkcnepumeHT C uensiMun aJaropMTMoB

Peub moit€ér o nmpocToM M OYeHb HAIVIATHOM SKCIEPUMEHTE, KOTOPBIi ITOKa3bIBaeT,
4TO 3(PHEKTHI PACCTIOCHUS W CBA3HOCTH OIPEJIC/IAIONIM 00pa30M BIUSIOT HA BEPOATHOCTH
nepeobyuenus |74, 75]. VIMeHHO ¢ 9TOro 3KCHEpUMEHTa U HAYAIOCh AKTUBHOE Da3BUTHE
KOMOMHATOPHOI Teopuu mepeodyYeHus.
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AaropurMm 6.1. Beraucjienue SMITPUIECKUX OIEHOK BEPOATHOCTH 1T€Pe00yIeHUsA.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Broixoj: BepxHsist oneHka ()., HUXKHsIS OIeHKa ().

1 Q. :=0; Qe = 0;
2: s Becex N coydaitueix paszomennit X LU X = X
3 A(X) := Argminv(a, X);

acA

4 a:=argmaxv(a,X); Q.:= Q5+%[5(d,X) 25};
acA(X) B

5. a:=argminv(a, X); Q.:=Q.+ [ (a,X) > 8}
a€A(X) -

6: BepHYTb ()., Q-

AnroputMm 6.2. DddekTuBHOE TTOCTPOCHIE IPADUKOB 3aBUCUMOCTH BEPOSTHOCTH TIepe-
obydeHns oT Yucsa d MepBbIX aaropuT™MoB B cemeiictse {aq, ..., ap}.

Bxon: marpuna ommbok A = {ay,...,ap}; ancno pasduennii N; mopor &;
Boixoa: Bepxusis onenka Q. (d) u nmkuss onenka Q. (d) jis noamuoxkectsa {ay, . .., aq}.

1: crenepupoBarh N CIydallHbIX pa3OneHMii:
X, UuX,=X n=1,...,N;
2: aJITOPUTM, BHIODAHHBIN [TPU 1-M Pa3sOUeHN: MeCCAMUCTUIHON 1 onTuMucTiuaIHOit MIP:

Qp, Qp 1= A1, ’I'L:]_ 7N7
_ N
3 QE(1)7 Qs(l) = % ;1[ (CLl, ) 2 €:|7

4: past Bcex d:=2,...,D

5  ngist Bcex n:=1,..., N
6: ecau n(aq, X,) < n(a, X,) nm
n(ag, Xp,) = n(an, X,,) m n(aqg, X,) > n(a,, X,) To
7 Q-(d) = Q.(d — 1) — L [6(an, X0) = €] + + [0(aa, X») = €];
ap = ag;
8: ecau n(aq, X,) < n(a,, X,,) nm
n(ag, Xpn) = n(an, X,) 1 nlaq, X,) < n(an, X,) T0
9: Q=(d) := Q(d — 1) — % [6(an, Xy) = €] + % [0(aa, Xp) = €];

Ay = Qq,

IMnNupuYeckoe oueHMBaHWE BeposiTHOCTU nepeobydeHuss Nno maTpuue owunbok.
Anropurm 6.1 BBIYHC/IAET JIBE SMIMPUUIECKNE OIMEHKN BEPOSITHOCTH MEPeOOyIeHUs: BepX-
naa (). coorsercrByer meccumucrmunoii MIP, mmxnsas Q. — ontumuctuanoit. Onenkn
BBIMUCIAIOTC Memodom Monme-Kapao, To ecThb myTéM yCI;e,ZLHeHI/Iﬂ 10 CJIyvaifHOMYy TOJI-
MHOZKECTBY pa3bueHnii remepasibHoii Beibopkn X = X L X.

Asroputm 6.1 cocTonT W3 JABYX BJIOYKEHHBIX IUKJIOB. BHermHuili muki mepebupaer
N pasOuennii, BHyTpeHHUN NUKJ BbIOMpaer u3 A jBa ajropmrva, MUHUMU3UPYIOIIIX
SMIIUPUYECKUI PUCK MIPU JAHHOM Pa30UeHUN — MEeCCUMUCTUYIHBIN @ U ONTUMUCTUYHBIN a.
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Puc. 6.1. Pacupesenenne ajiropurMoB 110 4acTOTe OMUOOK HA T'C€HEPAJILHON BLIOOPKE
B MOJIETIBHBIX IEIISIX C PACCAOCHNEM U 6e3 paccyioeHusi. 3aBUCuMocTb V(ag, X) oT d pn

¢ =k =100, m = 10.

[TomenstB MecTaMu JIBa BJIOXKEHHBIX ITUKJIa 1mepedbopa B Ayropurme 6.1, moxyanm Aj-
roput™ 6.2. OH MO3BOJIAET 3a OJINH 3aIYyCK CTPOUTDH IpaduKi 3aBUCUMOCTeH BEPOSITHOCTI
nepeobyUeHnst OT YUC/Ia IEePBbIX d aJropuTMOB B mojcemeiictse {ay, ..., aq}. B a10M ciy-
Yae CTAHOBUTCSI BaKEH MOPSITIOK AJITOPUTMOB A7, . . . , ap. OOBIYHO OyJIeT MPe/IoIaraThes,
YTO JI'OPUTMBI YIIOPSAIOYEHBI IO HEYOBIBAHUIO YHUCJIa OMUOOK Ha NeHepPabHON BHIOOPKE,
n(a;,X) < ... < n(ap,X). Yucno pasbuennit N pexomenyercst 6parb #e menee 1000,
YTOOBI 110JIyYaTh JIOCTATOYHO IVIaIKuEe TPpaduKu.

IJKCNepuMEHT C 4eTbipbMs MoOAeNbHbiMU cemencTBamu. CreHepupyemM MaTpPHUILLI
OIMOOK JIBYX MO/JIEJIbHBIX TIeTeil.

1. Ienv cayuatinox unsepcutll ¢ paccaoenuem. Jlydmmumit ajiroput™ a; JIOMYCKaeT
m OomuOOK Ha MOJHON BbIOOpKe. KaK bl ciegayromnuit BEeKTOp OMMOOK (g TOJIydaeTCs
U3 (g1 MyTEM WHBEPCHH OJIHOM CIydIaitHO BBIOPAHHOW KOOpPAMHATHI. Kem 1ens aiuHHasd,
D > L, To GOJBIMIHCTBO aJIrOPUTMOB JIOIYCKAIOT YUCJIO OMMUOOK m, Oym3koe K L /2.

2. Ilenv cayuatinwr uneepcuti 6e3 paccioenus. Jlydqmumit aJropuTm aq JIOIMyCKaeT
m oImmMOOK Ha IOJIHOI BhIOOpKe. KaxK bt BEKTOP OIMIMOOK (g MOJIYyYAeTCs U3 (g1 MyTEM
MHBEPCUU OJIHON CIy9aifHO BBHIOPAHHON KOODJWHATHI, HO TPU HEYETHBIX d IMIPOU3BOJISITCS
ToJIbKO uHBepcuu 0 — 1, a npu gérabix d — Toabko 1 — 0. B pesysibrare qucio ommbok
AJITOPUTMOB Ha ITOJIHOM BBIOOPKE, YepeIysiCh, IPUHUMAET 3HAYCHUT m 1 m + 1.

Ha puc. 6.1 mokazaHbl 3aBHCHMOCTH 9aCTOTHI OMMOOK V(ag4, X) OT MOPSIKOBOTO HO-
Mepa d aJaropuTMa I Meln ¢ paccjoeHneM (caeBa) u 6e3 paccyioeHns (crupasa).

Jljist  IPOMBBOJIBHOM  LeNH  aq,...,ap CTPOMTCS COOTBETCTBYIOIIAs ef  He-uyenov
aj,...,ap, ¢ TakuM ke pacmpejenenneM dactor ommnbok: v(ay, X) = v(agq, X) masa Beex
d=1,...,D. Yrobbl cocejHme ajJropuT™Mbl @), ;, al; CyIECTBEHHO Pa3/IMYAJUCh, KOMIIO-

HEHTbI BEKTOPOB OIIUOOK (@, FEHEPUPYIOTCsI CJIYYaiiHO U HE3ABUCUMO, HO TaK, YTOOBI YMCIIO
€JIMHUI] B BEKTOPE d; PABHSIOCH (a4, X).

Toro, cTpoaTcs 9eThIpe MOJICIBHBIX CeMEHCTRA: ENb ¢ PACCIOCHUEM, TIeIb 663 pac-
CJIOGHUS M JIBE COOTBETCTBYIONIME MM He-Ilenu. Bcee OHM 3a1al0Tcs MATPUIIAMU OMIMOOK
pasmepa LX D n uMeoT oJuHaKOBbIe 3HaueHust mapaMerpa m. ComocraBjienne 3Tux Je-
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uucuo aieopummos, D

Puc. 6.2. 3aBucumocTh BEpOSITHOCTA
nepeobyuenust Q. u DJIKP A ot quc-
Jia agroputmoB D. Ilpocras 3ajada:

Uucuio aireopummos, D

Puc. 6.3. 3aBucumocTh BEpOSITHOCTH
nepeobyuenust Q. u DJIKP A ot quc-
Jia ajiroputmoB D. Tpynanasa 3ajiada:

v(ay,X) = 0.05. v(ay,X) = 0.25.

TBIPEX CJIYIAEB MO3BOJISET PAa3JICINTh BIUIHAE C8A3HOCTU U PACCAOCHUS Ha BEPOSITHOCTH
epeodyUeHnsl U OTBETUTH Ha BOIIPOC — KAKOE U3 ITUX JIBYX CBOWCTB BazKHEe.

Ha puc. 6.2 u puc. 6.3 mokazanbl 3aBUCHMOCTH BEPOATHOCTH ITepeodydennst (). OT Inc-
J1a aaropuTMoB D ijist 9eThIpéx cemeiicts, ipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yncso paszbuenmii B metone Monte-Kapso N = 10*. Venosuble obo3nadenns na rpadn-
kax: +L — mennb, —L| — we-tiens, +P — ¢ paccioennem, —P — 6e3 paccioenus.

[Tokazanbl Takzke rpacdukn s3apucumocTu JJIKP — sdpexmuenozo aokanrvrozo xosgph-
duvyuenma pasznoobpasus A ot uncia asroput™MoB D. DJIKP B mannom ciydae ompese-
JIFIeTCs KAK OTHOIIEHNE BEPOSITHOCTHU TepeobydeHns mojceMeicrsa {ay,...,ap} K Bepo-
SITHOCTH TI€PEOOYYeHs OJJHOJIEMEHTHOTrO TojiceMeiicTa {ay }.

OcHoBHble BbIBOAbI.

1. Jlis cemeiicTB 6e3 pacc/ioeHnsl U CBSI3HOCTH IIepeodydeHre MOXKET OKa3aThCsl 3HAa-
YUTEJILHBIM YK€ MPH HECKOJILKUX JIeCATKAaX aJI'oOPUTMOB B cemeiicte. [Ipu Gombmux D
TOJIBKO OJTHOBPEMEHHOE HAJIMYNE PACCIOEHUS U CBSI3HOCTH MO3BOJISIET N30eXKaTh CHJILHOTO
nepeobyuennst (HuKHUe KpuBble Ha rpadukax). TakuM 06pazoM, BaxKHbI 00a CBOHCTBA.
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2. CBA3HOCTH CHHUZKAET TeMIT pocTa 3aBucuMoctu Q. (D).

3. Pacciioenne moHm:KaeT ypoBeHb TOPHU30HTAJbHOI acuMurorsl Q. (D), mpmaém
B OOJIbITIEll CTeleHn I «JIETKAX 3aJad» C MEHbBINM 3HadeHueM m, puc.6.2. B ciy-
Yae pacc/IOeHUs BEPOATHOCTHL Iepeodydenus: (). MOYKET MPOXOJUTH CYIIECTBEHHO HUZKE
€JIMHUIBI. DTO O3HAYAET, UTO BEPOSATHOCTH BBHIOPATH B PE3YJIbTATe OOyUEHUs aJrOPUTM
U3 BEPXHUX CJIOEB OYEHb OBICTPO MAJIAeT ¢ POCTOM HOMEpa CJIO.

4. JIg OTHOCUTETLHO MPOCTBIX 38184, KOTJIa CYIIECTBYET aJITOPUTM C MaJIBIM YACJIOM
OIMOOK, PacC/IOeHNEe CYIECTBEHHO YMEHbITaeT BEPOATHOCTH iepeodyuenus, puc. 6.2. [Ipu
YBEJIMYUEHUN CJIO?KHOCTU 33/Ia91 BJIMSAHUE PACCIOEHUsI YMeHbIIaeTcs, puc. 6.3.

5. Ilo mepe yBenuuenus D kak BeposTHOCTDL repeodydenus, Tak u DJIKP Boxomsar
Ha TOPU3OHTAIBHYIO ACUMIITOTY U IepecTaioT 3aBucets or . B 1o ke Bpemsi, VC-orenka
JmHelHa 1o D 1 BOOOIEe He MMeeT TOPU30HTAILHON acuMITOTH — Ha, rpadukax DJIKP
VC-orieHKe cOOTBETCTBYET MPAMast A(D) = D. VC-oneHka J0CTUraeTcs TOJbKO I He-
1erneit 1 TOJILKO pu MaJjibix [ B JaHHOM 3KcriepuMenTte — ripu D < 10; mpu D nopsijika 20
OHA y7Ke IMPEBOCXOJIUT €JIMHUILY.

§6.5 TouHas oueHka /11 MOHOTOHHOW Lenu anropnTMoB

Teopema 6.1. Ilycts A = {ay,...,ap} —MoHOTOHHAs 1enb ajaropuTMoB, L > m + D,
m = n(ag, X), MeTOI OBy IEHHUS |1 SBISCTCS MECCAMUCTHIHOH MUHAMHU3AICH SMITHPHIC-

cKoro pucka. Torjia BepoITHOCTb HOJIYIUTH aJITOPUTM Gg B PE3yJbTaTe 00y IeHUs

-5
CLfdf(s

Py = —L-d=b
d Cﬁ )

d=0,...k;

e 6 = [d < D|; BeposiTHOCTB mepeoby deHst

min{k,D}

Q-= > PuH " (£(m+d—ck)). (6.3)
d=0

HokazareabcTBo. [lepenymepyeM 0OBEKTHI TaKUM 00Opa30M, 9TOOBI KarKJIbI U3 aJIro-
PUTMOB agq, d = 1,..., D momyckas ommoOKy Ha 00beKTax Ty, ..., Tq. OUeBUIHO, JIydIInit
AJITOPUTM @y HE JIOIYCKAET OIMUOKY HU Ha OJIHOM U3 3TuX 00bekToB. Hymeparus octab-
HBIX OOBEKTOB HE UMEET 3HAYCHUS, TAK KAK AJTOPUTMbI HE PA3/IMINMbI Ha HUX.

JL1g HADJISITHOCTH TIPEJICTaBUM BBLIOOPKY X paszOuToil Ha Tpu OJioKa:

Ty T T3 Tp ——
ay=1( 0, 0, 0, 0, 0,...,0, 1,...,1 );
a=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
dy=1( 1, 1, 0, 0, 0,...,0, 1,...,1 );
as=( 1, 1, 1, 0, 0,...,0, 1,...,1 );
ip=( 1, 1, 1, ... 1, 0,...,0, 1,...,1 );

BaduxcupyeM aJropuT™M @y ¥ PACCMOTPUM TPH CJIydas.
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1. Ecim d > k, To unciio onmmboK airoputMa a, Ha MHOXKECTBE 0OObEKTOB {X1, ..., T4}
[IPEBBIIAET JJIMHY KOHTPOJILHOHM BHIOOPKHU. HacTh ommuboK 00g3aTe IbHO OKaXKeTCst B 00Y-
Jaroreil mojiBbibopke X, U MeTo1 (1 BbIOepeT Jipyroit ajroputM. B sToMm ciydae

X =aq) =0, P;=0.

2. Ecmd < kud< D, T0MeTOJ [t BBIOEPET aJTOPUTM (g, KOTJA OOBEKTHI X1, . . . , Tq
Oy/IyT HaXO/UTHCA B KOHTPOJIBLHON MOABBIOOPKE X, a 0O0BEKT X411 — B obydJaromeit X:

[MX:ad]:[deEX][a:l,...,xdEX'], Ld:L—d—l, bg=10—1.

3. Ecrm d < kud= D, To MeToj1 ;1 BbIOEpeT HAUXYIIIN aJrOPUTM B IENU ap,
KOTJIa BCE OOBEKTHI L1, . .., Tp OYIYyT HAXOJIUTHCA B KOHTPOJIBHOW MOIBLIOOPKE X :

[,uX:ad]:[xl,...,xdEX], Ly=L—d, (53=1.

Yro0b1 ipuMennTh Teopemy 5.3, HalIEM I KaXKJ0TO aJI'OPUTMA (g SHAYEHUS T1a-
pameTpoB Lg, {4, Mg, Sq, OObEAUHUB Caydan 2 U 3 ¢ MOMOIIBIO TonpaBku 6 = [d < DJ:

Ld:L—d—é, Edzﬁ—& md:m+d—d:m, Sd<6): (m+d—5kz)

£
L

[Toncrasistst 911 Boipazkenus B (5.3) u (5.4), moxydnM yTBEp:KIEHHE T€OPEMbl. W

3ameuanme 6.1. B xoje jjokazaTe/ibeTBa M0JI€3HO TPOBEPUTD, UTO BEPOATHOCTH Py BbI-
YUCJIEHBl KOPPEKTHO U B CyMMe JaioT eauauity. /g caydas D > k mpoBepKa CBOJIUTCH
K IPUMEHEHUIO U3BECTHOIO KOMOMHATOPHOI'O TOXKJIECTBA!

ZPd—ZPd+ZO_ C FOCL o =1
d=k+1

s cnyaass D < k 1o 2Ke camoe TOXK/JECTBO IIPUXOIUTCS IPUMEHUTD JIBAZKIbI, 3aMe-
g, uro Cf_, =Ci Y |+ + O

D
Z 1
L

d=0

BbluncnutenbHblii akcnepumeHT. [locTponm 3aBUCHMOCTH BEPOATHOCTU IIEPEOdyHe-
HusT (). OT TOYHOCTH € W JUIMHBI Tienu . 3a0QHO TPOBEPUM IOJYIEHHYIO (hOPMYJIY,
CPABHUB PE3YJILTAT C AMIIUPUIECKON OIEHKOM Q., BbrancenHoit memodom Mowme-Kapao
mo N = 1000 ciyuaitabix pasduennii. ['pacdukn Ha puc. 6.4 nmocrpoenst nipu ¢ = k = 100
um = 20, To ecThb KOrja JIydmmii aaroputM jgomyckaer 10% ommbok Ha moJIHOI BEIOODKE.

[Teccummcernanas n pangoMusupoBanias MIOP garor mourn oanHakoBbIE OIEHKHT ().,
ONTUMUCTUIHAS — 3aMETHO 3aHUKCHHYIO OIEHKY, CM. JIeBbIH rpaduk Ha puc. 6.4.

B skcnepumenTe BBIMHCISAIACH TaKKe SMIMPUIECKasi OIeHKa (DYHKIIMOHAIA PABHO-
MEpPHO# CXOAUMOCTH,

P = Is[maxé(a,X) > 5].
acA
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8epOAMHOCHIb Nepeodyyenus 306bIUEHHOCHb QYHKYUOHANA PABHOMEPHOU CXOOUMOCIIL
1100 4

0.9 4 1000 4

0.8 900 1
800 1

700 1§

0.7 1

06 1
600 1

500 1
400 1

05 1 }

04 1

0.3 1 =l= 300 1
0.2 1 200 4
0.1 4 }E_‘_ 100 1
0 1 0]
0 002 004 006 008 010 012 0%  mounocms, eps 0 002 004 006 008 010 012 014 mounoCH®, eps
—— TOYHasi ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHast — onT.M3P

Puc. 6.4. Ciesa: 3aBUCHMOCTD OIIEHOK BEpPOSITHOCTH Iiepeobydenusi (). OT €: TOY-
Hag orenka n3 Teopewmbl 6.1 1 UeThIpe OIEHKHU, BhIMUCICHHBIE MeTonoM MonTte-Kapiio
o 1000 ciydaitHbIX pa3OUeHuit: AJIst MeCCUMUCTUIHON, ONTUMUCTUIHON U pPaHIOMU-
supoanHoii MOP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIHOHAY PaBHO-
MepHOI# cxomumoctH Pe. ClipaBa: CTeleHb 3aBbIIIEHHOCTH dbyHKIIMOHAIA PABHOMEPHOMN
exomocta P / Q<. Bee rpaduku nocrpoenst mpu £ = k = 100, m = 20.

sepoamuocmy nepeodyyenus, npu eps=0.0500501 8EPOAMHOCTb
0.50 0.50 1
045 045
0.40
040 1
0.35 1
035 030 1
0.30 0.25 1
0.25 0.20
020 1 0.15 §
0.10 1
0.15 1
0.05 1
0.10 § 0]
0 5 10 15 20 25 30 3 4 wucro areopummos, D 012345678 9101121811 gropumu,d
—— TOyHas oueHka —— necc.MOP — paHg.MOP —— BeposATHOCTb anmropytvia P(d) ~ —— BeposTHOCTL nepeobyyeHuns
—— paBHOMepHas ~ —— onT.MOP —— Bknag d-ro anropumva B Qeps

Puc. 6.5. Criepa: 3aBUCHMOCTb BEPOSITHOCTH TiepeolydeHust (). OT UHCJIa aJTOPUT-
MmoB D. CupaBa: BEpOSITHOCTB MOJIy9eHHsI KaxKJI0ro u3 ajaroputvos Py = P[uX =ay),
BKJI&JI KasKJIOr0 aJlfOPUTMa B BEPOSITHOCTD Itepeobydenns ()¢, 3Hadenne () /Il IeCCh-
muctuaroir MOP o mojamuO)KeCTBY agropur™MoB {ag, . .., a4} Kak MYHKIUS OT IHCIa
asiroput™MoB d. Bee rpaduku nmocrpoenst ipu £ = k = 100, m = 20, ¢ = 0.05.

OH «aBjsleTcsl 3aBBIIIEHHON BepXHEH OIEHKO BepodTHOCTH Tepeodyuenus, (). < P,
cM. crp. 28. IlpaBbiit rpaduk Ha puc. 6.4 MOKa3BIBAECT, YTO ITa OIECHKA MOXKET OBbITh 3a-
BBIINICHHON B COTHU pPa3.

JleBorit rpaduk Ha puc.6.5 MOKa3bIBAET, YTO C POCTOM YHUCJA AJTOPUTMOB B MOHO-
TOHHOIT TIenn (DYHKITMOHAJ PABHOMEPHON CXOMUMOCTH P, TIPOJI0/IZKAET BO3PACTaTh, TOI/IA



= 59 =

KaK BEPOSITHOCTH ItepeodydeHns (). mocye 5—8 aaropuTMOB BBIXOIUT Ha TOPU30HTAIBHYO
acumrrrory. Corsacuo Teopeme 3.4, oreHKa PABHOMEPHONH CXOJMMOCTU 3aBBINIEHA N3-38,
TOTO, 9TO OHA He yIUThIBaeT 3pdeKT paccioenns. [losromy KpuByio P. (BepxHsisi KpHBasi
Ha JieBoM Tpaduke puc.6.5) MOXKHO paccMaTpuUBaTh Kak OINEHKY BEPOATHOCTH Hepeody-
qeHus: Ui uenu 6e3 paccaoenus. ToabKo coBMecTHOe MposiBiieHne 3(MdeKToB paccioe-
HUA ¥ CBA3HOCTU IIOHUZKAET BEPOSITHOCTD IIEPE0OYIeHHS 0 IIPUEMJIEMO MAJIbIX 3HATEHHIA.
DTOT K€ BBIBOJL OBLIT CJIeJIaH BBIMIE B SKCIIEPUMEHTAX CO CJIYIAHBIMU TIETISIMA.

Braadom Q- (a) areopumma a B BEpOSITHOCTH nepeodydenust (). OyjieM Ha3bIBaTh Cla-
raemoe IoJ, 3HAaKOM CyMMbI » . B obimeit (popmyisie BepositaocTr niepeobyuenus (5.10):

acA
Qa - Z Z CavPcwHéaaq: v (Sav(g)) .
acA 3€Va |
Q:-(a)

Puc. 6.5 (cripaBa) mokasbIBaeT, YTO CyIIECTBEHHBIE BKJIA/Ibl B BEPOSITHOCTH [IEPeody e~
HUsI BHOCSAT TOJILKO &JITOPUTMbI HECKOJIbKIX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO

JJ1d MOHOTOHHDBIX ueneﬁ, HO 1 JJIgd MHOI'UX JIPYTI'UX ceMelicTB AJITOPUTMOB.

Pe3iome

MoiesibHBIE ceMeECTBA aJTOPUTMOB 3aJIAl0TCA HEIOCPEICTBEHHO MaTPHUIIAMU OIIIN-
00K, a He peaJbHbIMH BbIOOpKaMu. MOHOTOHHAsI IIeNb AaJrOPUTMOB — 3TO IPOCTOE,
U B TO K€ BpeMs HeTPUBHUAJIBLHOE, MOJEJIbHOE CeMelCcTBO, 00JIa atolnee CBOMCTBAME pac-
CAOEHUA T CBAZHOCTNU.

MeTo TOpOXKIAIOIIX 1 3aIIPENIAONInX MHOKECTB JTaéT TOYHYIO OIEHKY BEPOATHO-
cTH TIepeobyIeHus JIJIsT MOHOTOHHOM TIEIH aJrOPUTMOB

MonoTonnas Ielb aJropuTMOB MOYTH HE HepeodydaeTcsd. JTOT (aKT CIYKUT KOC-
BEHHBIM ODOCHOBaHUEM JIJIsT TIPOIEAYP OTHOMEPHON ONTHUMHUBAIMH, KOTOPbIE 9acTO IPHU-
MEHAITCAd B MallIlUHHOM O6y‘{eHI/II/I UL BbI60pa O/THOI'O KPUTHUYECCKHU BazKHOI'O ITapaMeTpa
o oryiozkerHoit Beibopke (hold-out model selection), Hampumep, KOHCTAHTBI PeTy/IspH3a-
IIAN, TTAPWHBI OKHA, CTJIa’KUBAHUS, W T. I1.

B cnepytowein nekuuun MbI BBEJEM TOHATHE T'pada PacC/IOCHUSI—CBI3HOCTU CeMeii-
CTBa aJrOPUTMOB U IIOJIyYUM BEPXHIOIO OIEHKY BEPOSATHOCTH 11€peodyIeHNsd, IPUMEHUMY IO
K IIPOU3BOJILHBIM CeMeiicTBaM, KaK MOJIE/IbHBIM, TaK U peajbHbIM. B obIieM cirydae 910
UMEHHO BEpPXHHAs OIEHKa, OIHAKO JIJId MOHOTOHHBIX Ilelleil 1 HEKOTOPBIX JAPYTUX MOJIEIb-

HBIX CEMEHCTB aJrOpUTMOB OHA ABJAACTCA TOYHON.

Ynpa>kHeHust

Bamada 6.1 (1). [lokasars, uro nensb aaropurmoB A = {ag, ..., ap} ABAgeTCS TPAMOIL
TOrJa U TOJLKO TOIJA, KOIJA BCe 00BLEKTBI Ty, Ha KOTOPLIX Pa3/IMdaloTcs ABa COCEIHUX
agropur™ma, I(ag—1,2q) # (a4, 24), TOTAPHO PA3IHIHBL.
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B caenyromux yrnpaKHeHUAX IIpeJijlaraeTcs BbIBECTH TOYHYIO OIEHKY BEPOATHOCTH
epeobyuenns (), 1JIsT HEKOTOPOI'O MOJIEJIBHOTO CeMeCTBa aJropuTMOB A, B KOTOPOM BCe
BEKTOPHBI OMIUOOK MONapHO pasaudHbl. Ipe/imonaraercd 9o MeTOT OOYIEHUS [4 ABISETCS
MMECCUMUCTUIHON MUHUMU3AINEN SMIUPUIECKOTO PUCKA.

Bamaua 6.2 (1). A ={ap,a1,...,ap} — eJIUHUYIHAS] OKPECTHOCTH JIy9IIEro aJrOPUT-
Ma ag. ComepzKuT D aJrOpuTMOB € IIONAPHO PA3IMIHLIMU BEKTOPAMU ONIHOOK, KarK bl
13 KOTOPBIX JIOIYCKAET Ha OJIHY OIMUOKY OOJIbINe, YeM a.

Bamada 6.3 (3). A={a_p,...,a0,...,ap} — CUMMETpUYHAS YHUMOJAJbHAS [ENb aJl-
TOPUTMOB — IpsAMas Hellb, COCTABICHHASA U3 JIBYX MOHOTOHHBIX Ileleil ¢ OOIIIM aJIropuT-

MOM @q: A€60U 8EMBU Ay, . ..,0_p U NP8t 6EM6EU ag, .. .,ap.

Samaya 6.4 (4). A={a_p,...,a9,...,ap}t — "Hecummerpuunad (D # D') yaumonaiib-
) , U0, )

Hasl Ielb aJrOPUTMOB — IIPsIMas Iellb, COCTaBJICHHAs U3 JIByX MOHOTOHHBIX Ierei ¢ 00-

M aJITOPUTMOM Gg: AEB0T 8EMBU Ay, - . ., A_pr U NPABOT 6EMBU Ag, - . ., AD.

Bamaua 6.5 (5%). A={ap,...,ap} — upamas menb 6e3 PaCCIOCHUs; TUCJIO OMINOOK,
YepeysiCh, IPUHUMAET ABa 3Hadenus: n(aq, X) =m+ (d mod 2), d=0,...,D.

Bama4da 6.6 (7*). A= {ao,...,ac,...,ap} — npsiMasg 1ellb, COCTaBJICHHAS U3 e 6e3
PacCIOeHus dg, . . . , ¢ U MOHOTOHHOM IEIu ac, . . .,ap ¢ OOIIUM aJrOPUTMOM (.

Bamada 6.7 (8°). A={a_p,...,a_¢cr,...,ac,...,ap} — UpsMas Ielb, COCTABIECHHASI
U3 MOHOTOHHOI HeNu a_cr,...,Aa_p/, eI 03 pacClIOeHus a_cr, . ..,dc U MOHOTOHHOM
Helu dc, . .., ap, ¢ OOMMMU aJrOPUTMAMK (_cr U (¢ COOTBETCTBEHHO.

Bagaua 6.8 (5*). Marpuia ommboK m-JIuaroHajibHa, TO €CTh AJTOPUTM g JOIYCKAET
ONMMMOKM Ha O0BEKTAX Lgi1, - - -, Latm, d =0,...,D.

Bamada 6.9 (12%). IIpousBosibHast 1€l aJITOPUTMOB.

NpakTnkym

B npakTnaeckoM 3aIaHIH MTpe/iytaraeTcs peaan3oBarh Aaroputm 6.2 1 HCIOIb30BaTh
€ro JijIs IPOBEPKHU TEOPETUIECKNX OIEHOK W MCCJIE/IOBAHUS HOBBIX CEMEMCTB.

Bamada 6.10 (5). Hanucarh nporpaMmmy, mo3BOJISIIOIILYTO:

® IeHepHPOBATh MOJIeIbHbIe cemeiicTBa asroputmMoB A = {ay,...,ap} B Buje OGuHap-
HOII MaTpuIpl ommMboK pasmepa L X D (B Marpurie ommboK He JIOJKHO ObIThH OJI¥-
HAKOBBIX BEKTOPOB OIMIMOOK ); JIETKO 3aMEHSTh N€HEPATOPDI JAHHbIX;

® BLIYUCJ/IATHL TOYHbLIC BEPpXHUE W HUZKHME OICHKN BEPOATHOCTU Hepeo6yquH5{, ecJin
COOTBETCTBYIOIIINE (bOpMyJIbI HU3BECTHDI;
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® BLIYHUC/IATH IMIUPUYECKHE OIEHKU BEPOATHOCTU TepeoOydeHus meTomaom Momrte-
Kapiio, T.e. 110 cayJaiiHomy moamHoxkecTBy n3 N pasbmenmit (X, X); Tpebyerca
BBIUHCJIATH TPU OIEHKHU, COOTBETCTBYIOIINE TPEM CTPATErnsM BBIOOpA aJIrOpuTMa
B CJIydasiX HEOJIHO3HAYHOI'O MUHUMYMa SMIIMPUIECKOTO PUCKA!
— BepXHAA OIeHKa (). I HeCCHMUCTHIHOTO flyee (XYM U3 JIyHINHX );

— HU2KHHAS OIIEHKa, QE JUTST OIITUMUCTUTHOTO flopy (JIYUIIHI U3 JTy 9IHX );

— CpeJiHssl OLEeHKa (. JJIs PAHIOMUSUPOBAHHOLO [lpay (CIIyHIaiHBIN U3 JIyUIIHX);

e crTpouTh rpaduKu, OTKIAIbIBast 0 OCH X YUCJIO MePBbIX d aaropuTMoB (JH00, Kak
BapHUaHT, HOMEp CJIOsT M), 10 Ocu Y :
— SMIIUpHYECKHe OneHKH (., Q QE quist oamuokectBa A(d) = {ay, ..., aq};
— tounble 3HauUenus (., Q. Q. LISt OJAMHOKECTBA A(d) (ecsm usBecTHBI);
ecsin 110 ocu X OTKJIAABIBACTCS 11, TO 1O OCH Y JIONOJHUTEIHHO OTKJIAIbIBATD:
— 9HCJIO AJICOPUTMOB B 1-M CJIO€;

— JI0J1s1 pa3ObueHnil, Ha KOTOPBIX N(figecX, X) = m;
— JI0J1s1 pa3buenuii, Ha KOTOPBIX N flone X, X) = m;

Y

® CTPOUTH I'paUKU, B KOTOPBIX O OCH Y OTKJIQJIBIBAIOTCS TOYHBIE (€CJIU M3BECTHBI)
U SMIUpHYecKHe 3HaYeHnd ()., Q. Q., o ocu X:
— YUCJI0 OMUOOK JIYUIIETrO aJrOpuTMa m;
— JutnHa 00y veHus ¢, Ipu OJHOBPEMEHHOM POCTE JITUHBI KOHTpOJId £ = k;
— nyinHa o0ydenus ¢ npu PUKCUPOBAHHOM JIJIMHE KOHTPOJISA K;
— JIJINHA KOHTPOJIst k 1ipu (pUKCUPOBAHHO# jiyinHe 00y4eHus /.

Crenyromas cepust 3ajad HAlpaB/IeHa Ha SKCIEPUMEHTATLHYIO IPOBEPKY OIeHOK
U HMCCIIeIOBaHIe 3aBUCHMOCTel (., Q Q6 OT TapaMeTpOB MOJIETHLHOTO ceMelCTRa.

Bamada 6.11 (3). MonoronHas 1enb ¢ mapamerpamu m u D.
Bamada 6.12 (3). YuumoJasbHas Iellb ¢ mapaMerpamu m u D.

Bamagda 6.13 (3). Eauamdaaas oKpecTHOCTH ¢ mapaMerpamu m u D.

Cremyromnuit 9KCIIEPUMEHT HAIIPABJICH HA IPOBEPKY IMIIOTE3bI, 9TO MOHOTOHHAS T€IIb
U Iellb CJIydailHbIX nHBepcnii |75] mepeobydaroTcs mpakTuIecKn O/MHAKOBO.

Bamagda 6.14 (3). CpaBHUTB, IPEJCTABUB Ha OJHOM IpadUKe, TOUHBIC 3HATCHUST Q. st
MOHOTOHHOIT TIeIH, X SMIMPHICCKHE OINCHKH W SMINPUICCKIE ONEHKH (). /I TIEIH CIIy-
JailHBIX HHBEPCHil IPH OIMHAKOBBIX M. Kak MeHAroTcsa pasamans MexK 1y (). MOHOTOHHOI
LeNu ¥ [eNnu CIyvaiiHbIX nasepcuii ¢ poctom ¢ u m?

Cremyrommuit 3KCIIepUMEHT HAIIPaB/IeH Ha IIPOBEPKY IMITOTE3BI, UTO pa3pPerKeHHOe O/
MHOKECTBO IIPSAMOI IeIH 1repeodyvaeTcst MPaKTUIeCKN TaK Ke, KaK caMa Iellb.

Bamada 6.15 (3). CpaBHuTb, IpejCcTaBUB Ha OJHOM TpaduKe, SMIUPUIECKUE OIEHKH
Q) upsamoit nenu {ag, ...,ap} u eé nogmuoxectsa {ag, a;, o, azg, ... yupu t =1,..., D.



= 62 =

7 OueHkun paccnoeHnsi—CBSA3HOCTU

IlepBble oleHKH BepoATHOCTH IepeoOyueHns Jjis IPOU3BOILHOIO MHOXKECTBA aJro-
PUTMOB A, yYUTBIBAaBIINE PACCIOCHHE U CBI3HOCTD, Oblin nostydensl B 2009 romy nesasu-
cumo [1. Kouegpikoseim u U. Pemernsaxom. B |76] 6buia mpeoxena omeHka, OCHOBAHHAST
Ha PEKYPPEHTHOM BBIMUCICHUH IOPOZKIAIONIAX U 3alIPEIIAIONINX MHOXKECTB IIPH II00Ye-
péaHoM obaByieHny aaropuT™MoB B A. Eé mokazaTesbeTBO OBLIO TOBOJBLHO IPOMO3IKIM;
KpOMe TOro, TpeboBasock, 4ToObl B A cymiecTBoBa KOPPEKTHBII aJIrOPUTM, He JIOIyCKa-
oIl OIMMOOK Ha reHepaJsibHOI BbIOOPKe. [To3xke onenka Oblia yiydineHa, orpaHudeHne
KOPPEKTHOCTHU CHATO, U HaiiJIeHO IIPOCTOE JI0KA3aTeILCTBO, KOTOPOEe IPUBOJINTCA HUZKE.

§7.1 [ pad paccnoeHns—cBsi3HOCTU

HamomuuMm ocHOBHBIE 0003HAYECHUS:

X ={x1,...,2,} — KOHEIHOE MHOKECTBO OOBEKTOB;

A — MHOXKECTBO aJrOPUTMOB;

I(a, x) — napukarop omubku aaropurma a € A na obbekre T € X;

n(a, X) — aucyo omubok anroputma a #Ha BeiGOpKe X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHIE MEZKJIy BEKTOPaMU OMUOOK AJrOPUTMOB a U b;
A, ={a € A: n(a,X) = m} —m-t caoti mHOKecTBa A.

Byzem mosiarath, 910 BCe BEKTODPBI OMIMOOK (4 = (I (a, xi))le, MOPOKIaeMbIe aJIrO-
pur™mamu a u3 A, monapHo paziandibl. Eciiu 310 He Tak, TO aJropuTMbl, COOTBETCTBYIOIIHIE
JlyOJIMPYIONIUM BEKTOPAM ONIUOOK, UCKJIIOUNM U3 MHOYKeCcTBa A.

Bgeniém na A ecrecTBeHHOE OTHOIIEHHE MOPsiIKA: ¢ < b TOTJIa U TOJIBKO TOI/Ia, KOT/Ia

a,r) < x) JI BCEX X . Omnpesesium a ecima < bua#b.
I(a,x) < I(b, eX. O <b <b b

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 410 @ npedwecmeyem b

u 3anuceBaTh a < b. Ouesnjno, uaro n(a, X) + 1 = n(b, X).

Onpenenenune 7.1. ['pagom paccroerus—ca3HOCMU MHOXKECTBA aJIrOPATMOB A Oyrem
HasbIBaTh HanpasJeHHbli rpag (A, E) ¢ maoxkecrBoM pébep E = {(a, b): a < b}.

['pad paccioeHusI—CBSI3HOCTH SIBJISIETCST MHOTI'OJOJIBHBIM, JOJIA COOTBETCTBYIOT CJIO-
ssMm A, pEOpaMu MOTYT COEIUHSITHCST TOJIBKO aJTOPUTMBI COCETHUX CJIOEB.

Kaxtomy pebpy a < b rpada pacc/ioeHusi—CBI3HOCTH COOTBETCTBYET OJUH M TOJILKO
OJIMH O0BEKT Ty € X, Takoit, uro [(a, xq,) = 0 u 1(b, xq) = 1.

ITpumep 7.1. Ha puc. 7.1 nokasan rpad pacc/ioeHus-CBA3HOCTH, TIOPOK/IAEMbIil ceMeli-
CTBOM JIMHEHHBIX aJrOPUTMOB Kjaccudukainuu Ha BbiOOpke jymnbl L = 10. Havanbubrit
dparMeHT ero MaTpuUIlbl OIMINOOK MPUBOAMICA Ha puc. 1.2, cTtp. 9. Beibopka nnHeiiHo pas-
JieJInMa, TI09TOMY B rpade nnMeeTcs HyJIeBO CJION, COCTOAIINN U3 € IMHCTBEHHON BEPIIIIHDI,
COOTBETCTBYIOIIEH Hy/IeBOMY BeKTODPY oiubok. [lepsorit ciioit obpasyercs H ajropurMamu

C OJTHOI OMUOKO#, BTOPOil CJIO — 8 aJI'OPUTMAMU C JIByMsI OINUOKAMM, U T. 1.

B Tunmunom ciaydae rpad paccioenus-CBA3HOCTH n30Mopden rpady TPaH3UTUBHOM
PEeyKITMU OTHOIIEHUS TOPsjiKa <, Ha3bIBAEMOMY Takxke duazpammoti Xdcce. Orautine
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Puc. 7.1. llpumep rpada pacciioeHusi—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kitaccudukanuu Ha BbIGOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kiacca (BBepXy
cupasa). [lepsbiii ciioit 06pasyercst 5 aaropurMamu ¢ OJHOl omubKoii (BHU3Y cieBa),
BTOPOIt €J10ii — 8 ajropur™Mamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B TOM, 4TO B rpade (A, F) pébpamu cOeIUHSIOTCS TOJBKO AJITOPUTMBbI, OTJIMIAIONTHECS
Ha OJIHOM O0bEKTE, TOIjla KaK B JiHarpaMMme Xacce péOpaMu COEJMHSIOTCA TaKXKe U ajl-
TOPUTMEI a, b, oTmgatomecs: 60j1ee 1eM Ha OJHOM OObEKTe, eCJIU He CYIIECTBYeT TaKOTO
c € A aro a < ¢ < b. B obmem ciaydae rpad pacciioeHUSI—CBI3HOCTH SABJISETCS I0/I-
rpadoM JmarpaMMbl Xacce eCTeCTBEHHOIO OTHOIIEHU MOPSIIKa Ha MHOYKECTBE OMHAPHDBIX
BEKTOPOB OIINOOK BCEX aJITOPUTMOB cemeiicTBa A.

§7.2 QOueHku paccnoeHnsi—CBSA3HOCTU

OcnabneHne metoaa NOpoXKAAOLWMX M 3anpeLatowmx MHoXecTB. HamomuuMm, 9To
JIJIS TIOJTYY€HUA TOIHBIX OIEHOK 0000IIAIONIeil ClIoCOOHOCTH MbI 3AITMCHIBAIN HEOOXOIMMOE

u jocrarounoe ycsosue (5.7) Toro, 9To ajaroput™m a € A BBIIASTCH METOIOM [ B PE3YIlb-
Tate obyuennsa 1o Bobopke X € [X]%:

nX=a] = 3" 6. [Xo0 C X] [X, € X].

veEVy
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Ociabum 3710 ycjioBue.

Bo-niepBbix, orpannvanMcs HeOOXOIUMBIM YCJIOBUEM, YTO PABHOCUILHO 3aMeHe paBeH-
CTBa OLECHKOW CBEpXY.

Bo-BTOpBIX, 4TOOBI yIIPOCTUTD OIEHKH, JIJIs KAXKJIOT0 aJITOPUTMa OyJIeM UCKATH TOJIb-
KO OJIHY IIapy U3 IOPOXKJAIOIIET0 U 3allpellaloniero MHOXKeCTBa, U MoJararh Cqy = 1.

I'unoresa 7.1. Ilycrs MHOXKECTBO A, BBIOODKA X H METOJI fi TAKOBBI, ITO JJIST KAXKJ[OT'O
ajropurmMa a € A MOXKHO yKazaTh nopooicdarowee MHOKecTBO X, C X H 3anpewarowiee
muozkectBo X!, C X, y/[0BI€TBOPSIOINTHE YCTOBUIM

[nX=a] < [X, C X][X, CX], VX e[ (7.1)

Eciu runoresa 7.1 BepHa, TO clipaBe/INBa BepPXHsisl OIEHKA, aHAJOIMIHAA TOIHOI
onerke u3 Teopembr 5.3 (J0Ka3aT€IHCTBO TPUBUAJILHO BOCIPOM3BOUTCS AL 38 IArOM ):

_ . O
Q-<Q-=> PH"™ (s4(c)); Pu= R (7.2)
acA L
L,=1L-— |Xa| - |X¢/1|;
by =0 — | X,l;

mg = n(a, X\ X\ X));

sa(e) = £(n(a,X) — ek) — n(a, X,).

Besmauna P, sBiisiercs BepxHeil orenkoit Bepostaoctu P, = P[uX = a] noxyuurs

aJropuT™ @ B pedysabrare o0ydenns. [lockonbky > P, =1 u P, > P,, Beqmunna » , P,
acA acA
CKOpee Beero, okazkercd Oosbineil equnnnbl. Ona Oyaer npuOIM3UTe/ILHO PABHA CTEIICHN

3aBBINIEHHOCTH OIEHKHU BEPOSATHOCTH ITepeodyIeHnst (). .

BepxHas oueHka BeposiTHOCTU nepeodyyeHus. [list kaxioro aaropurMa a € A ompe-
JICJTIM JIB& MHOXKECTBa 00BEKTOB: X, — MHOXKECTBO OOBEKTOB X gy, COOTBETCTBYIOIIUX BCE-
BO3MOXKHBIM pébpam rpada (a,b) € E, ucxopsamum u3 a:

X,={zeX|Ibed:a=b, I(a,x) <I(bz)}, (7.3)

u X — MHOXKeCTBO 00BHEKTOB & € X, TaKNX, ITO ¢ ONHOAETCS HA T U CYNIECTBYET JIy it
AJICOPUTM b, KOTOPBIil He omubaeTcst Ha T:

X,={zeX|beA:b<a, I(bz)<I(a,x)}. (7.4)

Jlemma 7.1. Ecam j — MeTon meccUMHCTHYHON MHUHUMHU3AIHA SMITHPHIECCKOTO DHCKA,
ro muoxkecrBa X, (7.3) n X! (7.4) AB/stiorcs, cOOTBETCTBEHHO, ITOPOK JAIOIIAM H 3aIpe-
MAIONIUM JIJIST aJIlOPHTMa G B cMbIce I'umroresnr 7.1.

HokazarenbcTBo. Jlokaxkem or nmporuBHOro, uro ecin pX =a, 10 X, C X u X! C X.
Honycrum, aro Haiinéres xq, € X,, He nexamuit B X. Torma n(a, X) = n(b, X),
ITOCKOJILKY BEKTOPBI OMMUOOK @ U b OTJIMIAIOTCA TOJIBLKO Ha O0BEKTE Xqp. B TO 2Ke Bpems,
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n(a,X) + 1 = n(b,X), mosTomMy i METOIA (i, B CUIYy €r0 HECCHMUCTHIHOCTH, BBIOOD
ajropurma b 11o Beibopke X OyIeT mpearodTuTe/IbHee, 9eM @, 9TO IPOTHBOPEUHUT YCIOBUIO
uX = a. 3naunt, X, C X.

Homyctum reneps, aro maiinéres x € X!, nexammuit B X. Torma cymecryer b € A,
st koroporo n(b, X) < n(a, X). TlockosbKy MeTOM & MUHUMH3UPYET SMIUPUIECKUI
PHUCK, BBIOOD ajropuT™a b OyJeT NpeouTuTe/ IbHee, YeM @, YTO TPOTUBOPEUUT yCJIOBHUIO
puX = a. 3naunt, X!, C X.

Jlemma JoKa3aHa. [

Ounpepnesienne 7.2. Beprnet ceaznocmuio q(a) (upper connectivity) aiaropurma a € A
OyJ1eM Ha3bIBATH YHCJIO PEOEp rpaca, UCXOJAIIUX U3 BEPIIHHBI (!

qla) = | Xo| = #{za € X: a < b}.

Onpenenenne 7.3. Huocnet ceasnocmuio d(a) (lower connectivity) aiaropurva a € A
Oy/1eM Ha3bIBATb YHCJIO PEOEp rpaca, BXOJSIINX B BEPIIHHY O

d(a) = |D,| = #{xpa € X: b < a}.

Cesasnoctb ¢(a) (wu d(a)) ectb peanusyemoe ceMeiicTBOM A 9UCIO CrIOCOGOB H3Me-
HUTb aJIFOPUTM @ TaK, 9TOObI OH CTas JieJaTh HA OJHY ONMOKY OoJiblie (MM MEHbIIE).
CB#3HOCTb MOYKHO MHTEPIPETUPOBATH KaK YHUCJIO CTerieHeil cBobobl cemefictBa A B J10-
KaJIbHOI OKPECTHOCTH aJropuTMa a € A.

Onpenenenne 7.4. Heonmumanvrocmuvio 1(a) (inferiority) amropmrma a € A 6ynem
Ha3bIBATHh IHCJIO0 OOBEKTOB & € X, Ha KOTOPBIX aJTOPHTM @ OIIHOAETCSI, IPH TOM, UTO

cymecrByer ajaropurm b € A, jryqmmii, yem a (To ectb b < a), He OMHOAIOUUIICS HA X:
o /
r(a) = | X5/

B repmmnax rpada pacciaoeHus—CBA3HOCTH 1(a) €CTh YHCIIO0 PA3JIMIHBIX 0ObEKTOB
Tpe, COOTBETCTBYIOIIUX BCEBO3MOXKHBIM péGpaM (b, ¢) Ha MyTdAX, BEJLYIIUX K BEPIIUHE a.

Cupasemyiuso Hepasenctso d(a) < r(a) < n(a, X).

Pasencrso r(a) = d(a) qocruraercs Ha BceX aaropuTMax JBYX CAMBIX HIZKHUX CJIOEB.

Pagencrso 7(a) = n(a, X) mocruraercst B caydae, Korja CymecTByeT KOpPEKTHbIH aJl-
roput™m ag € A: n(ag, X) = 0.

Teopema 7.2 (ormeHKa pacciioeHusi—CBsI3HOCTH). [IycTh 1 — MeTo] HecCUMHUCTHY-
HOI MHUHHMH3AIIHH SMIIHPAIECKOrO PHCKA, BEKTOPBI OIMMUOOK BCEX ajropuTMoB u3 A mo-
1apHO pa3/mdHbl. 1orj1a HMeeT MECTO BEPXHSIST OIIeHKa BEPOSITHOCTH IEPEOdyIeHUs:

A
Qe X) <Y — 5 H 0 (£(m = <k)), (75)
acA L

e ¢ = q(a) — BepxHsist cBsA3HOCTH, T = 1(a) — HeonTuMajabHOCTb, m = n(a, X) — yucio
OIIMOOK aJrOPHTMA G Ha TeHePAaJIbHOH BBIOODKE.
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HokazareabcTBo. [laHHas OIEHKa CJIeyeT HEloCpeJICTBeHHO u3 obieii onenku (7.2)
u Jlemmbr 7.1, ecin 3aMeTUTh, 9TO MPOU3BOJIBHBIN ajaroput™ a € A ommbaercss Ha BCex
00bEKTaX 3AIPEIAoNero MHOKecTBa X, 1 He omunbaeTcs Ha BCeX 00BbEKTax MOPOKIato-
mero muoxkectBa X0 | X,| = q(a), n(a, X,) =0, |X!| =n(a,X])=r(a). ]

HekoTopble cBOICTBa OLLEHKN PACC/IOEHUA—CBSA3HOCTM.

1. Biaromapst KOMOHHATOPHOMY COMHOYKUTEJIIO Ci_—(z—r /CO¥ BKJIaJ1 Kayk1010 ajlropHT-
Ma a B OIIECHKY QE 9KCIIOHCHIINAJILHO y6bIBaeT C POCTOM HEOIITUMAJIbHOCTU 7" U CBA3HOCTHU (.
Orcrofa caeayor IBa BayKHBIX I IPAKTHKI BBIBOJIA.

Bo-11epBbIX, CBsI3HBIE CeMelCcTBa MeHee O/BePKEHbI 1epeody YeHNnO.

Bo-BTOPBIX, TOJILKO HUYKHIE CJIOU BHOCST CYIIECTBEHHBIH BKJIAJ B IIepeobydeHne.

Biiarogaps nocsieiaeMy 06CTOSATEIbCTBY CTAHOBUTCS BOSMOXKHBIM 3(D(hDEKTUBHOE BbI-
qHCIeHne TPUOIMAKEHHON (HIDKHel) oneHKn (). TI0 CIOAM CHU3Y BBEpX.

2. Ecim npeneGpedb paccioeHHeM U CBSI3HOCTBIO, MOJIOXKUB 1" = ¢ = 0 JJIst KazKJ0r0
a € A B dopmyse (7.5), To mosyunTes sydmas u3 VC-onenoxk (3.3):

Q:(1, X) < ZHim (£(m —ck)) .

acA

3. Omenka paccIoeHns CBA3HOCTH SABJIeTCA JocTHKIMOM. Hepasencrso Q. < Q.
HEepeXoJINT B PABEHCTBO, Korja ycjosue (7.1) smigercss paBenctsoMm. Ipyrumu ciioBa-
M, Korja yciaoBre [puX = al, BIpaXKeHHOE C IIOMOIIBIO €IHHCTBEHHON Hapbl MHOXKECTB
(X4, X)) nmst moboro anroputma a € A, sIBIsIeTC He TOJIBKO HEOOXOMMBIM, HO U JOCTa-
TOYHBIM. DTO TaK, B YACTHOCTH, JIJIsi MOHOTOHHOI Tieru ajaropuTMoB (crp. 56) u eé MHOrO-
MePHOTro 00O0IIEHN — MOHOTOHHOI CeTH aJIrOPUTMOB, KOTOpas Oy/ieT pacCMOTPeHa HUZKE.

4. OrneHka paccI0eHUsi-CBI3HOCTU PUHUMAET OCOOEHHO MPOCTON BUJI, KOT/a B Ce-
MeidicTBe A CylecTByeT KOPPEKTHBIH ajroput™ ag: n(ag, X) = 0. Takue cemeiicrsa 6yaem
Ha3bIBATb KOPPEKMHBLMU OTHOCUTEIHLHO BHIOOPKHU X.

Teopema 7.3. FEciu p— MeTos MeCCAMUCTHIHON MHUHUMHU3AIHA SMITHPUIECCKOTO DHCKA
" ceMeiicTBO A KOPpPEKTHO, TO

cie
Q-(1,X) <) LC—Z [m > ek], (7.6)
a€A L

e ¢ = g(a), m = n(a,X).

HoxkaszarenbcTBo. Ecim B A cymecTByeT KOPPEKTHBIN aIropuT™M dg, TO HEOHTHMAJIb-

HOCTD J1I0boro asroput™a a € A pasna unciy ero ommbok, r(a) = n(a,X). Ilostomy

B (7.5) moxuo mojgcrasuth m — r = 0. Torga, corsacuo Jlemme 5.7 (ctp. 48), runepreo-
. £—q,0 i .

Merpudeckoe pacnpesenenue Buipoxaercs: Hp 20 (£(m —ek)) = [m > ek]. Oxcrona

BBITEKAET yTBEPIKJIEHNE TEOPEMB. "
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CHoBa MOHOTOHHas uenb anroputMoB. Panee yke Oblia TOJydeHA TOYHAS OIEHKA
BeposgTHOCTH Ttepeobyuenus (6.3) /7T MOHOTOHHOI T AJITOPUTMOB Gy < G < * -+ < ap,
B KOTODOI JIydIIuii aJropuT™ JOIMycKaeT m ommbok, n(ag, X) = m:

min{k,D}
o
L— d 0

Q= > ZGPHI (fmsd—eh), G=(d<D]
d=0

Jlerko y6ennThest, 9TO OHa COBIAAaeT ¢ 00IIeil OlleHKOi paccaoenusi—cBsi3nocTn (7.5).
DTO caegayeT U3 TOro, UTO

1) cBasHOCTB paBHa 1 JJId BCeX aJrOPUTMOB, KpoMe mocsennero, q(aq) = [d < DJ;

2) HEONTHMAJBHOCTH U IHCJIO OIMMUOOK CB3aHbI pABEHCTBOM N(aq, X) = r(aq) + m;

3) uncaurens (7.5) obpamaercs B Hysnb npu { —§ < L —d — 6, o ectb d < k, cite-
JIOBATEIBHO, HEHYJIEBOIl BK/IAa/l B CyMMY MOTYT JIAaBATh TOJBKO HEPBbIe k ATOPUTMOB.

Takum 06pazoM, MOHOTOHHAS IIEIb aJI'OPUTMOB — 9TO IPUMED ceMeficTBa, JIJIs KOTO-
poro obImast OleHKa paccjaoeHns—cBsa3HocTu (7.5) sABJsieTcst TOTHOIA.

§7.3 TMpodcdunnb paccnoeHnUsi—CBA3HOCTU

B psne ciygaes obras onenka (7.5) npuBoauTcs K 6oJiee yio0HOMY BUILY.

Onpenenenne 7.5. IIpofusem paccioenus—ceasnocmu MHOXKECTBa aaropuTMoB A Ha-
sbiBaercst matpuna  (Apg) pasmepa (L+1)x(L+1), nge Ag —4HCIO alIropuTMoB
B M-M CJIO€ CO CBSI3HOCTBIO

AN Z[n(a,X) =m][q(a) = q].

acA

Teopema 7.4. Ilyctp rpach paccioeHUs-CBI3HOCTH HMEET HCTOK — €JIHHCTBEHHBIH aJI-
TOPUTM Gy, OT KOTOPOI'O MOXKHO JIOOpaThCs MO0 pébpam JI0 JIF0O60ro Jpyroro ajaropurMa,
u my = n(ap, X). Torya cripaBeyinBa BepXHsisi OIEHKA BEPOSITHOCTH 11€PE00Y ICHUST

L f q
Z ZAmq L qczn—&-mo H@ qq, rrr’leerO (%(m — gk)) . (7-7)

JokazaTeabcTBO. Bo3bMéM mponsBosibHBI ajaroput™ a € A. B cuny eamHcTBeHHOCTH
HCTOKa BCe 3alperaornie o0beKThl n3 X, HaXojdaTces Ha pébpax rpada, COCTABIISIIONIX
BCEBO3MOKHBIE IIYTH MEKJIy BEepIIUHAMU (g U a. IIOCKOJIBKY BCe 3TH IIyTH UMET 00-
Iee HAYAJI0 (g U OOl KOHEI| 4, 9NCjI0 00BEKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) — my. C npyroit cropoHbI, OHO Ke paBHO 7'(a). 3HAYWT,

f q(a)

Z Z m+mo Hi 2((‘;)) mm+m0 (%(m . Ek‘)) .

m=mg a€Am

HeperyHHHpOBaB CJIara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIpEJAEC/ICHUEM HpOCbI/IJIE{ pacCJIOEHUA—
CBA3HOCTHU, IIOJIYIUM YTBECP2KACHUEC TCOPEMDI. ]
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Teopema 7.5. IlycTp BepHBI MTPEANIOIOMKEHNST MPEIBLIYINEH TeOPEeMbl U UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mg = n(ag, X) = 0. Torga crpaBeynBa BepXHsIsI OIIEHKA
BEPOSITHOCTH 1TePe00y IeHIsT

f q
Z ZAmq o o (7.8)

m=[ek] ¢=0

HokazarenbcTBo. B onenky (7.7) mogcrasum mg = 0. ['unepreomerpudaeckoe pacipejie-
JIeHWe BBIPOXKIaercs coraacHo Jlemme 5.7, orkyna u mosydaem orenky (7.8). |

CymecTBOBaHUE HCTOKA — JOBOJILHO CUJIBHOE IIPEJIIOJIOKEHNE, U B OOJIBLIINHCTBE
IPpaKTHYECKUX CUTYyallnil OHO He BbINoHgeTcd. [Ipenoioxkenne KOppeKTHOCTH €IMIE CHTh-
Hee, MOCKOJIBKY BBOJIUTCH JIOMOJHUATEIbHOE TpeboBaHue, 9TOOBI UCTOK ObLIT KOPPEKTHBIM

asropur™oM, mgy = n(ag, X) = 0.

Nmnotesa o cenapabenbHocTu npocduns paccnoeHusi—cesasHocTu. Ha puc. 7.2 1o-
KazaHbl rpaduKu 3aBUCKIMOCTH® A, OT M W ¢, Ui MHOKECTBA JIMHEHBIX aJrOPUTMOB
KJIAaCCUPUKAIINN U JIMHEWHO Pa3/Ie/IMMbIX JIByMEPHBIX BBIOOPOK Jymnnbl L = 20, 50, 100.

Bujiro, 9To npodusib ¢BI3HOCTH KOHIEHTPUPYETCS B TOUKE ¢ = 2, 9TO COBIIA/IAET
¢ pasMepHOCTDbIO TpocTpancTBa. C yBeJmdeHneM JJTNHBI BHIOOPKH JJOMUHUPOBAHUE JTAHHON
KOMIIOHEHTBI TTPOMUIIA TOJBKO YCUITBACTCS.

[nsas vHa rpaduKu, MOYKHO BBIABUHYTH T'HIIOTE3Y, YTO HMPOMUIL PaCCIOCHUI—CBI3-
HOCTH A, ABJIAETCH C BLICOKOI TOUYHOCTBIO CEnapabesvrvim:

Apg S AmAg,

rae A, —xodddunuent pasHoobpaszusa m-ro Caod, A, — JOJd aJITOPUTMOB, MMEIOITHX
CBsI3HOCTH . OYeBUIHO, BBITIOJHSIETCS YCJIOBHE HOPMUPOBKU Ag + - - - + A\, = 1.

Bexrop (A,,)L _, npemiaraercst nazpiBaTh npoguiem paccaoenus, a BEKTOp ()\q)gzo —
npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.

JlokazaTeIbCTBO THIIOTE3BI cerapadbesIbHOCTH MTOKa OCTAETCsl OTKPBITOI IIPOOJIEMOii.

Pe3iome

MeTo 1 TOpOXKJIAIONINX U 3aIPEIIAIONUX MHOXKECTB CYIIECTBEHHO YIIPOIIAETCs, €CIn
JIUIS KarKJI0OTO aJITOPUTMa 3alliCaTh JIUITb HeOOXOIUMbIE YCJIOBHS TOTO, UTO OH OyJIeT I0-
JIyUeH B pe3yJibraTte o0ydenusd. [Ipn 3ToM BMECTO TOUHBIX OIEHOK BEPOSTHOCTH I1epeody-
YeHus IoJIydaioTcsd Bepxaue onenkn. OHu cyiectBeHHO TouHee V(C-OIEHOK, IOCKOJIBbKY
YUUTBIBAIOT CTPYKTYPY I'pada pacc/ioeHnd—CBI3HOCTH. 11 HEKOTOPBIX ceMeiicTB, HAIlpU-
Mep, JUIT MOHOTOHHOM Ienu aJrOpUTMOB, OIEHKa PACCIOEHUSI—CBA3ZHOCTU ABISIETCA TOY-
Hoit. BKiiaJ1 ajiropuTMa B BEPOSITHOCTH IepeodydeHus yObIBaeT SKCIIOHEHIHAILHO ¢ PO-
CTOM CBSI3HOCTH W HOMEPa CJIOS, B KOTOPOM HaxoJauTcd ajaroputm. OTcioga CieLyeT, 9To
CBSI3HBIE CEMEICTBA MeHee CKJIOHHBI K TIepeoOyIeHUI0, a s IIPUOJINZKEHHOTO BBIYUC/IEHUS
BEPOSATHOCTH I1epeodyIeHnsi, BO3MOXKHO, Oy/IeT JI0OCTATOTHO B3sITh aJlOPUTMbI U3 HECKOJIb-
KX HUXKHUX CJIOCB.

8]3bI‘{I/ICJ'II/ITG‘HI)HI:»IG 9KCIIEPUMEHTDBI BBIIIOJITHCHBI Nipéit Pemernskom.
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Puc. 7.2. IIpoduiu paccioeHnsi—CBI3HOCTH JJIsi IBYMEPHBIX BBIOOPOK JiyinHbl L = 20,
50, 100, 200. IIpodunae A,,; —3TO KOJUIECTBO aJITOPUTMOB C UHCIOM OIIHOOK m
Ha T'eHePaJIbHOM BBIOOPKE U CBA3HOCTBIO (.

B cnepylowen nekuuun Mbl TPUMEHHM OIEHKY PaCCAOCHUA CBAZHOCTH K CEMENHCTBY
KOHBIOHKTUBHBIX JIOTUYCCKNX IIPABUJI HAJ, BEIICCTBCHHBIMHU IIPU3HAKAMM, KOTODBIC IIHU-
POKO HCIOJIL3YIOTCSA B JIOTUYECKUX aJrOPUTMAaX KJIaCCHMOUKAIINN.

Ynpa>xHeHus

Bamada 7.1 (3*). Kakue orpanntenns HeoOXOINMO HAJIOKUTH Ha ceMeHCTBO A, 4T00bI
yeqioBue (7.1) GBLIO He TOTBKO HEOOXOIUMBIM, HO U JIOCTATOYHBIM, CJI€JI0BATEIHHO, OICHKA
paccyioerus—cBsi3HocTn (7.5) obparaiack Obl B paBeHCTBO? Bo3moxkHO s cchopmMymmpo-
BaTh 3T OI'DAHUYEHHs B TepMUHAX rpada pacc/oeHusdCBAZHOCTN !

Bamaua 7.2 (5%). O600muThH ONEHKY pacciaoeHus—cBa3HocT (7.5) Ha ciydaii, Korjga
B rpade pacc/oeHusi—CBA3HOCTh UMEIOTCS «JIBIPKI», TO €CThb JjIs HEKOTOPBIX Iap aJro-
purmoB (a,b), a < b, He cymecrByer ajaroputma ¢ € A, Takoro, 4to a < ¢ < b.

Bamaga 7.3 (10*). O6ocHoBaTh rumoTesy cenmapabesbHOCTH [/ JINHEHHBIX aJITOPUTMOB
KJIacCu(PUKAIIIN.
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8 KOHBIOHKTUBHbIE JlIOrn4yeckune 3dKOHOMEPHOCTN

Mp1 1obpasnch, HAKOHEII, /IO TIEPBOr0 MPAKTUIECKOTO NPUMEHEHUsT KOMOMHATOPHOM
TEOPHUH IepeodydeHns. A IMEHHO, OIeHKH PacCI0€HUsI—CBAZHOCTH OYIYT MPUMEHEHbI JIJIsT
VILYUIICHUS A02UMECKUL MEMOD0E KAACCUPUKAUUU.

§8.1 Jlornuyeckne metogbl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanuu. Jlomyctm, 910 KaxKjaoMy o0bekTy x; € X co-
OTBETCTBYET NpasusvHuili omeem y; € Y, rae Y — KOHEUHOe MHOYKECTBO NMEH KJIACCOB.
OO0BexTHI onuchBaloTCd HabOPOM 1 IUCIOBEIX npushakos fj: X — R, j=1,...,n.

Jlornyueckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, IIOCTPOCHUH KOMITO3UIINH HHMOP-

MaTUBHbBIX, XOPOIIIO UHTEPIIPETUPYEMBIX JIOTMYCCKNX 3aKOHOMEPHOCTEN.

Norunyeckune npasuna n TpebosaHne nHtepnpetupyemocTu. Ipeduramom Gyuem Ha-
3BIBATH [TPOU3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecim r(x) = 1, 1o Gyaem roso-
PUTH, UTO IPEJUKAT 6bi0eAAen OOHEKT .

IIpasu.nom (rule) GyjieM HA3BIBATD IIPEJUKAT U3 HEKOTOPOTO (DUKCUPOBAHHOIO CeMeii-
crBa 1peukaros R. [IpaBuia oimyarorces OT IpeIMKaToB TeM, 4To 00J1aai0T CBOfCTBOM
UHMEPNPEMUPYEMOCTU — JIOIYCKAIOT 3alliCh Ha €CTeCTBEHHOM sI3bIKE B TEDMUHAX IIPEJI-
METHOM 06/1aCTH, JIOCTATOMHO HPOCTHI U MOHATHBI IIPUKJIAHBIM CIIEIUAUCTAM. DT Tpe-
GoBanns (hbopMaIN3yIOTCA B caMoil KOHCTPYKIH cemeiictBa R. Mbl paccMOTPUM TOJIBKO
OJIMH BUJI IIPABILI, IOZKAJYIl, CAMBIl PACIIPOCTPAHEHHBIN Ha IPAKTUKE — KOHbIOHKIUH (J10-
ruveckoe ) sjieMeHTapHbBIX [OPOrOBBIX [PEJIUKATOB:

r(z) = o(z;0) = [ [[fi(x) S5 7], (8.1)
jeJ
rne J C {1, . ,n} — IIOAMHO2KECTBO IIPU3HAKOB, ¢ eR — nopoz 10 jJ-My IPHU3HAKY,

0 = (67)jc; — eexmop nopozos, <; — OIMH U3 3HAKOB OTHOIIeHUsI {<, >, =}. Yncsio uc-
[OJIb30BAHHBIX B IPABIJIE IPU3HAKOB | J| HA3BIBAETCS TAKXKe PaH2oM KOHsoHKyuL. OObId-
HO OHO OI'DAHUYUBAETCS CBEPXY B yrojy Toil ke mHTepuperupyemoct. Kak yrBepKamor
[CUXOJIOTH, JIIOJEM TPY/HO HOMHHUTH U TIOHMMATh IpaBHJIa, cojepzKariie 6ojee 7 yciio-
Buii. Ha npakTuke orpanudenue Ha |.J| ycraHaB/IMBaeTCs MPUKJIAIHBIME CHEIUATACTAME
UCXOJIsl U3 CIIeUUKN 3a/aTH.

ITpumepsl 3akoHOMepHOCTE. 13 3a1a41 MeIMITMTHCKOTO TTPOTHO3UPOBAHUSA: €CJTH BO3-
pact naruenTa Boirie 60 jier U panee on nepenéc nHdapKT, TO ONEPAIUIO JIEIaTh HE CTOUT.
N3 3aaum KpequToBaHus (hU3MIECKUX JIUIL: €CIN 3aéMIUK yKa3a/l B AaHKeTe CBO JoMalll-
nuii resiecpon U ero 3apiiara npesbimaer $2000 B Mecsi VI cymMa Kpejura He IpeBbIIia-
er $5000, TO KpeauT MOXKHO BbLIaTh. V3 3amaum pacrno3naBaHus cliaMa: €CJIM B IIHCHME
IPUCYTCTBYET CJI0BO «DOecmaTno» I ykazan mockoBckuii Tesecponnbiii nomep U momen
oTIIpaBHUTE s HaxouTcd B Kurae, To 910 criam.

MoHsaTna 3akoHOMepHOCTU U MHAPOPMATUBHOCTU. 3akoHoMepHOCTILIO Kaacca y € Y
Oy/ileM Ha3bIBaTh IIpaBUyIoO 1 € R, BhIe/sIONee Ha 3a1aHH0il BbIOOpKe X C X J0CTATOYHO
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MHOI'0 OOBEKTOB KJIacca i U Majio 00bEeKTOB BCEX OCTAJbHBIX KJjaccoB. s dopmamsa-
I[N TOr0 TpebGOBaHUs BBOJAT JiBa Kpurepusi: p(r, X)) — YHCII0 NoA0AHCUMENbHBIT NpuMe-
P06 — 0OBEKTOB KJIACCa Y, BBIJEIAEMbIX MPABIIOM 1, 1 n(r, X ) — YUCI0 0mpuyamesvrvi
npumMepos — 0OHLEKTOB BCEX OCTAJIBHBIX KJIACCOB, BBIIEIAEMBIX MpaBmioM r. [l moncka
3aKOHOMEpPHOCTel B cemeiicTBe pasui R 1o oby4aroreii BbIoopke X eCcTeCTBEHHO CTaBUTh
33/1a49y JIBYXKPUTEPUAJIBHON ONTUMUBAITUN:

p(r,X) =#{z; € X | r(z;) = 1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

Ha npaxkTuke jgBa KpuTepus 9acTo CBOPAIUBAIOT B OJUH Kpumeput un@opmamueHo-
cmu 7 perralT 3ajady onTuMusanyn 2 (p,n) — max. V3BeCTHBI JAeCATKN PasIHIHBIX
KpuTepreB nHGOPMATHBHOCTH: MPOCThIE CBEPTKE Tulia p — yn [22|, Kpurepuit GycTuHra
N V1 [66], surponmitabiit Kpurepuit, nujaekce [kuuu, Tounslit Tect Ouinepa, Tect xZ,
TecT w?, u apyrue [56]. MHorue Kpurepun oleHuBAIOT CTEIECHb HEC/IyYaiiHOCTH pa3OueHus
BBIOOpKU X Ha IMOJMHOXKECTBA MOJIOKUTETbHBIX 1 OTPUIATETLHBIX IPUMEPOB OTHOCUTE b=
HO MCXOJIHOTO pa3buenus BeIOOpKU X Ha Kjacchl. OHAKO HU OJINH U3 KPUTEPUEB HEJIb3sI
Ha3BaTh HanboIee 0OOCHOBAHHBIM UM OE3YCIOBHO IPEOYTUTEILHBIM. BBIOOp Kputepus
MHMOPMATUBHOCTH ABJISIETCS SBPUCTUKOIN.

O06o03HAYNM YHCIIO TTOJOKUTEIBHBIX U OTPUTIATEIBHBIX IPUMEPOB B BBIOOPKe X depes

P(X)=4#{x; e X:y; =y}
N(X) =#{z; € X: y; # y}.

ITpumep 8.1 (Tounsiii Tect Purrniepa). Ecjm npunaTh B KauecTBe HYJIEBOI THIIOTE3bI
[IPEIIIOJIOKEHIE, ITO TIPeJUKaThl 7'(x) 1 [y(x) = y] ABJIAIOTCS HE3aBUCUMBIMHU CJTY YAl HbI-
MW BEJIMIMHAMHE, TO TPH (DUKCHPOBAHHOM YHC/IE BBIIEISAEMBIX 3HAYeHUN (p + n) 9ucio
BBIJICAEMbIX OTPUIIATE/ILHBIX IPUMEPOB 1, MMOTIUHIETCS TUIIEPreOMeTPUICCKOMY pacIpe-
JeJIEHUTO h?jﬁ(,N (n). locTuraeMblit ypoBeHb 3HATMMOCTH JIAETCsT PYHKIINEN rumepreoMer-
pudeckoro pacupejesaeHusi. OH paBeH BEPOITHOCTU YUCTO CIyYaHON peau3aiimi HabTio-
JlaeMbIX 3HAYCHU p u n. YeM OH MeHbIIe, TeM MeHee MPAB/IONOI00Ha HYJIeBasi TUIIOTE3A.
[TosToMy OH MOXKET CJIyKUTh MepOil HecaydaifHOCTH BeJUYUHbI 7 (), a HeCIydailHOCTh
MOXKHO TPAKTOBATh KaK 3aKOHOMEPHOCTH. B KadecTBe MaKCUMU3UPYEMOI'O KPUTEPUs UH-

dopmaTuBHOCTH OEPYT MUHYC JIOTapUMDM JIOCTUTAEMOI0 YPOBHSA 3HAYUMOCTH:
_ pt+n, N
H(p,n) = —log HP+N (n).

IIpumep 8.2 (9uTpONUiiHBIN KpUTEPHUil). ACHUMITOTHIECKAM TPUOJINKEHUEM TUTIED-
FeOMETPUIECKOI0 KPUTEPUS ABJISIETCS AHMPONUTHIT KPUMEPUT UHPOPMAMUSHOCTIU LI
swiuzpviws ungopmayuy (information gain, IGain) [60]:

P _ptn D _|X|—p—nh P—p

[Gain(p,n) = h ,
(p.n) P+N) x| "\ptn X X|—p—n

rie h(q) = —qlogy ¢ — (1 — q) logy(1 — q) — dyHKIWs SHTPONUN TAPBI UCXOJOB C BEPOST-
HocTamu g u 1 — q.
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ITpumep 8.3 (kpurepwmii Joxuuu). Ha npakruke ucrnoss3yior Takxke underc Jocunu
(Gini impurity), ommmaatomuiicst ot 1Gain toasko dyukiweit h(q) = 2q(1 — q), Koropas
Ha caMoM Jiejie 09eHb O/i3Ka K byHKImn suTpormn [41].

Komno3uuyunm 3akoHomepHocTen. Kaxkias 3aKOHOMEPHOCTD BBIJIEISICT JIUITH 9acTh BbI-
OOPKM M OTHOCHUT €€ K OJIHOMY M3 KJIacCcOB. [109TOMYy 3aKOHOMEPHOCTH MOYKHO PacCMaTpH-
BAaTh KaK «HEIOJIHONEHHbIE» KJIACCH(PUKATOPHI, & «ITOJTHOIECHHBIN» KJIaCCU(MUKATOP CTPO-
UTh KaK KOMIIO3UIHIO 3akonoMmeprocTeit. Oaum n3 Hanbosee paciupoCTPaAaHEHHBIX TUIIOB
KOMIIO3UIIHI ABISCTCHA 636CWEHHOE 20A0CO6AHUE:

riae R, — MHOXKECTBO 3aKOHOMEPHOCTell Kiacca Yy, w, > 0 — Bec 3aKOHOMEPHOCTH 7.

[TocTpoerne Takux KOMIO3UIUMI MOXKHO BeCcTH Io-pasnoMy. OjHa U3 crpareruii 3a-
KJIFOYAETCs B TOM, YTOOBI CHAYAJIA HOCTPOUTD CINCKH 3aKOHOMepHocTeil R, 3aTeM, pac-
cMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KAaK HOBble IPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBIH
Kj1accuduKaTop JIOOBIM U3 U3BECTHBIX METOJIOB, HAIIPUMED, JIOTUCTUYECKON perpeccueit
WJIM METOJIOM OIIOPHBIX BeKTOpoB [46]. JIpyrasg crparerus 3ak/iodaercs B TOM, ITOOBI
CTPOUTH 3aKOHOMEPHOCTH 10 OYEPEeH, U JIJIs KarKJI0 3aKOHOMEPHOCTH T° CPas3y OIpe/ie-
9Tk BeC w,. Tak, B 9acTHOCTH, paboTatoT ajropuTmbl GycTunra [44].

Mepeoby4eHHOCTb forMyeckmx 3akoHomepHocTeil. Vrak, umeercs Tpu THUla Hapa-
METPOB, O6y‘{a€MbIX 110 BbI60pKe, u, COOTBETCTBEHHO, TPU UCTOYHUKA Hepeo6yquI/IH:

1) noporu ¢’, j € J nis KaxKJ0ro Habopa Npu3HaKkos .J;
2) Habop NPU3HAKOB J I KAXK 0 3aKOHOMEPHOCTH T
3) BeC w, JyIst KazKJI0i 3aKOHOMEPHOCTH 7.

Bynem mpemmonarats, 9To XOpOImil aaroput™ a(x) BO3MOXKHO MOCTPOUTH TOJBKO
u3 HerepeoOyYeHHbIX 3aKoHOMepHOcTeil 1(z). [TosTomy Hareil b0 Oy/IerT yMeHbIIeH e
nepeoOyvYeHust OTIe/IbHbIX 3aKkoHOMepHOCTel. [Tpobiemoii epeobydenust BECOB w, MbI 3a-
HUMaThCs He OyjieM, OTYacTH TOTOMY, 9TO OHa JiydIle ucciegosana |37, 65, 51].

O6brunble KpuTepun nHQGOPMATHBHOCTH HE YUUTHLIBAIOT HepeobydeHue Hoporos 67
[Tosromy B pesyabrare ontumusanuu p(r, X) u n(r, X) no obyqatomieit Bbiboopke X coot-
sercTBytomue sadenna p’ = p(r, X) u n’ = n(r, X) na KOETpoibHOI BLIGOPKEe X MOTYT
CHJIBHO OTJIMYaTHCA OT ONTUMAaIbHBIX. Halll 3aMbIcesT 3aKII09aeTCs B TOM, 9TOObI

1) oIy IuTh OIEHKY PaCCJIOEHU—CBIA3HOCTH Jijisi ceMelicTBa tpasu (8.1);

2) 0bpaTuTh Ty OIEHKY, 4TOOBI OleHUTh p', n’ HA KOHTPOJIE Yepe3 p, n Ha 0OydeHnn;

p(r,X) = Ip(r, X) —,(n), c BepoaTHOCTBIO 1 — 1)
<

n(r, X)

T o=
S s )

n(r, X) +e,(n), c BepogrHOCTHIO 1 — 7);
3) mozcraBuTh onenku p',n’ B Kpurepuii nHGOPMATUBHOCTU BMECTO P, N
A (p,n) = A (p — ley(n),n + lza());

4) ucroJIb30BaTh MOINMDUIINPOBAHHBI KpuTepuii ¢ j1jis 0T60pa 3aKOHOMEPHOCTEN.
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MoudunupoBatnnblii Kputepuii 7 OlleHUBaeT He CaMi IIpaBuia, a HabOPhI IPU3HA-
KOB J ¢ y4€TOM BO3MOXKHOI'O IE€PEOOyIEHNsT TIOPOTOB.

Munyc npejiiaraeMoit ¢XeMbl B TOM, UTO OHA HE YIUTBIBACT IIepeo0dydeHne Mpu BbIOO-
pe TMOJIMHOXKECTB J U BECOB W,, 3HAYNT, He JAaET OKOHIATETHLHOIO PEIeHUsT TPOOIEMBI T1e-
peobyuenus jyist ajropurma a(x). ILaroc ke B TOM, 4TO OHA HUYEro He MEHsIeT B METOJIAX
[IOUCKA, JIOTHIECKUX 3aKOHOMEPHOCTEN, 3a HCKJIFOUeHHEM KpuTepusi HH(MOPMaTUBHOCTH,
O3TOMY €€ JIErKO BCTpamBaTh B UMEIONIIECs OUOTMOTEKN aJITOPUTMOB.

Hauném ocyrecTBieHmne HAITIETO 3aMbIC/Ia € OMUCAHISA MHOYKECTBA BEKTOPOB ONUOOK,
WH/TyINPYEMBIX KOHbIOHKIMsIME Brjia (8.1).

§8.2 KoOHBIOHKLNN 3/1€eMeHTapHbIX NOPOroBbIX NpaBu

OrieHKU BEepOATHOCTH 11epeo0yIeH s, IOy YeHHbIe B O0IIEM CJIydae Jjis aJIrOpuTMOB,
JIETKO TEPEHOCATCS Ha JIOTUYECKUe MPABUJIA, €CJIM ONPE/IeNTh WHIMKATODP OIMMNOKN Kak
I(r,z;) = [r(2;) # [yi=y]], vae y € Y — dukcupopanmnsiii kiaacc. Ilocie storo mis npasu,
KaK M paHee JIJIg aJrOPUTMOB, BBOJATCS BEKTOPBI OIMMMOOK 7 = (I (7, :L‘l)) L |, oTHoMmIeHus
MTOPSIIKA U IPEIIECTBOBAHNSA.

Bysem nosiarats, uro B npasmiax sujga (8.1) MHOXKECTBO NPU3HAKOB J (DUKCUPOBa-
HO, W BCe 3HAKM CpaBHeHHUs cyTh <. HaIma 3ajada 3ak/r09aeTcs B TOM, 9TOOBI OIEHUTH
BEPOSATHOCTD TIepeo0yIeHnsi, BO3HUKAIOIIETIO B Pe3y/IbTaTe ONTUMUBAINI 6EKMOpPa NOPo20a6
6 = (67)c; no obyuaromieit BbIGOpKe X .

OnucaHne knaccoB 3KBUBAIGHTHOCTU NPAaBU B TEPMUHAX CTAHJIAPTHBIX IIPE/ICTABU-
TeJeil 1 TPAHUIHBIX TTOJIMHOZXKECTB, PacCMaTpUBaeMoe HIKe, IIpeiozkero Anjipeem Bax-
HEHKO. I/IM 2Ke IIOJAI'OTOBJICHBI BCE€ MJIJIIOCTPalK, BBIIIOJIHEHa IIPpOI'paMMHad peaiu3aliud
1 9KCIIEpUMEHTDBI Ha peaJIbHbIX 3a/a9aXx KﬂaCCI/ICbI/IKaJ_[I/H/I.

Jorryctum, 9TO 3HAYEHUA xi = fj(x;) xKaxzgoro nmpusnaka j € J Ha BCeX 0OBEKTAX
x; € X nonapuo pasjndabl. Torga 6e3 orpanuvdeHus OOIIHOCTH MOXKHO IPEIoJaraTh,
9TO BCE IpU3HaAKU ITPUHUMaIOT HEJIble SHAYCHU A 1, ey L, 1 HUKaKHe IBa O6'])€KT& He nMe-
10T PaBHBLIX 3HAYEHMil OIHOrO IpHU3HAKa. 3HadeHud moporos 67 B npasuiax (8.1) MoxKHO
BBIOMpATH TaKKe u3 Iebix 3uadennii 0, ..., L.

WnukaTop OmmOKYM WHIYIIUPYET Ha MHOXKECTBE MPABUI R KAGCCHL 9KEUBAACHMHO-
cmu. JIBa npaBuiia SKBUBAJEHTHDI, I' ~ ', €CJIM UX BEKTOPHI OMUOOK COBIIAIAIOT.

J11s1 TPOM3BOJILHBIX BEKTOPOB U = (u)jey, v = (v7)jc; BBEIEM €CTECTBEHHOE OTHO-
menne nopsyika: (u < v) + Vi€ J (v <o?). Monoxkum (u <v) < (u<vuu+#v).

IIpumep 8.4. Ha puc. 8.1 nokazan npumep 3ajauu ¢ n = 2 npusHakamu, L = 10 06b-
extamu u cemeiicto npasui r(z;0) = [x < 0] = [z} < 0] [2? < 6?]. Kaxjomy npasuiy
COOTBETCTBYET y3eJI IeJOUnCIennoii npamoyroasnoii cerku (01, 60%) € {0, ..., L}

Jlemma 8.1. Ilycrs E C R — KJacc 9KBUBAJICHTHOCTH IPABIJI, 9 — OPOT 110 j-My IIpH-
3Haky B npasuje r. Torna kiaccy E npuapiekut takxke npasuio r(x; 0g), rie

67 =min®’, jeJ.
reg
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Puc. 8.1. /Isymepnast Beioopka u3 L = 10 06beKTOB, 110 5 00BEKTOB B KaXKI0M KJIacce.
O6’beKTbI OTMeYCeHbl KPYITHBIMU TOYKaMM. HpaBI/I.HaM COOTBETCTBYIOT MEJIKHUE TOYKU
B y3JaX CETKU. 9KBI/IB&J’[€HTHBI€ npaBuJ/ia COEJIMHEHBI OTPE3KaMM. PH,ZLOIVI C KazKJIbIM
KJIACCOM 9KBUBAJIEHTHOCTH YKA3aHO YUCJIO OMUOOK Ha TeHepaJibHOll Boibopke n(r, X).

A O o N o ©
T

A 4 5

o B N W

‘ O Class0(5) % Class 1(5)‘

Puc. 8.2. I'pad cBsazeit MexxIy CTaHIapTHBIMU [IPEICTABUTEIAMHI KJIACCOB SKBUBA-
JIBHTHBIX TPABUJI JIjId BBIOODKHU, IIpejcTaBieHnoil na Puc. 8.1.

Puc. 8.3. I'pad paccioenus—cBsznoctu, nzomopdubiii rpady ceszeii Ha Puc. 8.2.
[To BepTHKAIBLHOIT OCH OTJIOKEHO YUCI0 OmmMOOK mpasus n(r, X).
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JokazaTeabcTBO. B cujty SKBUBa/IEHTHOCTU U OMHAPHOCTHU paBWI r € F| npeaukar

re(x) = H r(x;0,)

IIPUHAMAET Ha BceX 00beKTaxX x € X Te Ke 3HadeHUs, YTo W Jiroboe IpaBuio r u3 F,
re(z) = r(z;0,). Kpome Toro, npeaukar rg npejcrasumM B Buje (8.1):

re(r) = H H[x] < Qﬂ = H[xj < l;rél}aleﬂ = H[arj < Qﬁ =r(z;0E).

rek jeJd jeJ jed
Taxum obpaszom, npasuiio r(z; 0) Takzke npunajexkur E. Jlemma nokazana. |

Bynem masweiBarh nipasuiio re(z) = r(x;0g) cmandapmmuvim npedecmasumenem Kiac-
ca sxBuBasienTHOCTH F. Ha puc. 8.1 cranpapTHble IpeICcTaBUTEN COOTBETCTBYIOT JIEBBIM
HIZKHIM TOYKaM KazkJoro Kiaacca sksusasenrnoctu: (0,0), (1,8), (2,5), (5,1), u T .

I'parurots mouxot nogmuoxkectsa S C X Ha30BEM BeKTOp fg ¢ KOOpAuHATAMEI

67, = maxa’, j € J.
zes ’

Bamerum, aro 7(z,0g) = 1 ms oboro x € S.

Tparusmsim 063ekmom TOIMHOKECTBa, S Ha30BEM 00beKT o € S, Takoil, uTo 2/ = Qg
IIPU HEKOTOPOM .

I'panuiarvim nodmmoostcecmseom Ha30BEM Takoe ToaMHOKecTBO S C X, BCe 9/IeMEHThI
KOTOPOTO SIBJISTFOTCS €r0 TPAHUIHBIMI O0BEKTAMHU.

[Iycroe MHOKECTBO Gy/eM CUMTATh IPAHMIHBIM ¢ TPAHUIHON Toukoil 8% = 0, j € J.

Teopema 8.2. Kaxkjomy Kjaccy SKBHBaJICHTHOCTH F B3amMHO OJHO3HAYHO COOTBET-
CTBYeT IPAHHIHOE MTOJMHOXKeCTBO S, npuaéMm Og = Og.

HokazaTeabcTBO. PaccMoTpuM 1IpOn3BOJIBHBIH KJIACC 9KBUBAJCHTHOCTH F cO cTangapT-
HBbIM TpejcraBuresieM 1(z;0g). 3adukcupyem nponsBosbHBI npusHak j € J. B cuny
Jlemmbr 8.1 ymenbimenune mopora 6’% Ha €JUHUILy MPUBOIUT K YMEHBIIEHUIO 3HATEHUS
r(z;0r) ¢ 1 10 0 Ha HEKOTOPOM 0OBEeKTe T € X, TakoM, uTo ¥ < Op n 27 = 0{5. Nuate MbI
He BBIILIM OBl 3a IpeJIesibl Kiacca 3KBUBajaeHTHOCTH F, n 0 He Mor Obl ObITH CTaHIApPT-
HBIM TIpejicTaBuTesieM. V3 mpernoioykeHust o onapHoil pa3InIHOCTH 3HAYCHUH KaXKI0T0
pU3HAKa Ha 00bEKTax U3 X CJIIyeT, ITO TAKOi OOBEKT & €JIMHCTBEHHBINH TTPU KayKJIOM J.
MHuOXKeCTBO BCexX TaKMX OOBLEKTOB S = {x e X | r<OpuijeJ: = GJE} OTIPEIETIEHO
€JINHCTBEHHBIM 00pa30M M sIBJIAETCS TPAHUIHBIM, IpUIeM (g = 0.

Bepro u obparnoe. [Ipon3BosibHOMY I'PaHUYHOMY ITOJMHOMKECTBY S COOTBETCTBYET
rpannaHas Touka Og. [IpaBmio r(x;fg) meKuT B HEKOTOPOM KJIACCe SKBUBAJIEHTHOCTH F
U SIBJIIETCS er0 CTaHJAPTHBIM TpejcTaBuTeseM, 0 = fg, MOCKOJIBKY yMEHBIIIEHHE I10-
pora 835 1o JIF00OH M3 KOOpJMHAT MPUBEIET K U3MeHeHuto 3HadeHust 1 (x;f0g) Ha OIHOM
13 TPAaHUYIHBIX OOBEKTOB MHOXKECTBa S.

Teopema jrokazana. n

13 Teopemsbl ceyer, uto |S| < |J], B cuity IpejosiozKeHust, YTO 3HAUEeHUsT KaxKJI0T0
IPU3HAKA, [IOIIAPHO Pa3JIMYHbI Ha Beeil Boibopke X.
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CsoiicTBa rpaHun4Hbix nogmHoxecTs. O6o3HauuM depe3 M, MHOKECTBO BCEX I'DAHIY-

HBIX ITIOJAMHO2KECTB MOIITHOCTH ¢ W II€PEIUCJINM MX OCHOBHbIE CBOIICTBA.

1. M, cocronut n3 Bcex L OIHO3IEMEHTHBIX ITOJAMHOKECTB, M| = {{xl}, o qx L}}
2. M5 cocrout m3 Bcex map HECPABHUMBIX OOBEKTOB U3 X.

3. MoIHOCTh TPAaHUYHBIX MOJAMHOMKECTB HE MOYKET IPEBBINIAThL PAHIa KOHbLIOHKIIUM:
M, = @ upu q > |J|.

4. 'panuvnoe mMOIMHOYKECTBO MOXKET COCTOSTH TOJIBKO M3 MOMAPHO HECPABHUMBIX 00b-
ekToB. OJTHAKO HE BCIKOE TOIMHOYKECTBO U3 TPEX U 0oJiee MOMapHO HECPABHUMBIX

OO'BEKTOB ABJIACTCA I'PaHUIHDBIM.

5. Jlio6oe nopmMuoxkecTso S’ C S rpaHMYHOrO IOJAMHOMXKECTBA S TaK:Ke IPAHUIHOE.

Ncxomng ns3 3Tux CBOMCTB, MOYXKHO IPEJJIOKUATDH CJIEIYIONINI aJroOpUTM 1mepedopa Bcex
I'PaHUYIHBIX IIO/IMHOZKECTB.

Ha mepsoMm mrare crpourca MHoxkecTBo Mi Bcex L OTHOIIEMEHTHBIX IOJIMHOYKECTB.
Jasee na kaxkoMm mare ¢ = 2, . .., |J| Kk kax oMy nogmmozkectsy S’ € M, gobasisiercs
BCEMHU BO3MOXKHBIME criocobamu erié o oobekT x € X \ S’ u eciin mojrydeHHoe moji-
muOKecTBO S = S' U {2} rpanmdHoe (4TO JIErKO IPOBEPSIETCS MO ONMPEJIEICHHIO), TO OHO
BKJIIO9aeTcd B M,,.

J171s1 BEIYUC/ICHUS OIIEHKY PACCIOCHUSI—CBA3HOCTH (7.5) 9TOT AIrOPUTM HE JOCTATOIHO
s deKkTuBeH, TaK KaK OH He IepedupaeT IMpaBuja Mo CJI0sIM CHU3Y BBEPX U HE MOJICIUThI-

BaeT XapaKTECPUCTUKUN CBA3HOCTU WM HEOIITHUMAJIBHOCTU Ka2KJ/I0T'O ITpaBHJIa.

pachuyeckue npepcraBneHus knaccos 3kBuBaneHTHocTu. Ha puc. 8.2 uzobparken
epagh ceasell MeXKTy KIACCAMU SKBUBAJIEHTHOCTU. BeprmuHb! rpada cOOTBETCTBYIOT CTAH-
JIAPTHBIM IIPEJICTABUTE/SIM KJIACCOB SKBUBAJIEHTHOCTU. PEé0paMu coelWHEHbI MPaBUIIA,
BEKTOPBI OIMMHIOOK KOTOPBIX PA3JIMIAIOTCd HA OJHOM 0O0bekTe. ['pad cBaA3eil 3aBUCUT TOJIb-
KO OT OOBEKTOB T;, HO HE 3aBUCUT OT UX KJaccudukaruii ;.

Ecin yaects Knaccudukaium o0bEKTOB, TO JJIs KaxKI0T0 KJ1acca SKBUBAJCHTHOCTH F
MOKHO BBIYHCJIUTH 9ucI0 ommbok n(rgp, X). Ha Puc. 8.2 ono ykazamno psjgom ¢ Kazk/1oi
TOYKOI — CTAHJAPTHBIM IIPeJICTaBUTEIEM KJacca SKBUBAJeHTHOCTH. 'pad pacciroenms-
CBSI3HOCTH JIAHHOI'O CeMeiicTBa mpaBus nmsoMopden rpady cBazeil u gBJIAE€TCS MHOIO-
JoJBHBIM. Fro m-it cyioit obpasyercst BceMu NpaBujiaMu, jjisi KOTOpeiX n(rg, X) = m,
cm. Puc. 8.3. Cjon pacrioiararorcst B MOPsi/IKe BO3PACTAHUS TUC/Ia OMTHOOK CHU3Y BBEPX.

§8.3 TlocnoiiHoe BblYMCNEHME OLEHKN PACC/IOEHUS—CBA3HOCTU

Paccvorpum Temneph agroputM mepedbopa IpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCJIATH XapaKTEPUCTUKU CBI3HOCTU M HEOTITUMAJILHOCTU KarKJIOTO IIPABUJIA U, JBUTASACH
10 CJIOSAM CHU3Y BBEPX, BOBPEMS IPEPhIBATH BHIYHUCIECHNIE OIEHKN PACCIOCHUS - CBA3HOCTH.
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MocTpoeHune okpecTHoCTM NpaBuna. PaccMorpuM CIIeayoNyo BCIIOMOTaTeIbHYO 3a-
nady. 3aano npaeuio 7(x; 0) ¢ Bekropom noporos 6 = (67) ¢ ;. TpeGyercsa mocTpouTs ero
okpecmmocmyd Vo — MHOKeCTBO Beex mpaBui 7(x, 0'), BeKTOpbI oMubOK KOTOPHIX OTIHYa-
IOTCsl OT €ro BEKTOPa OIMMOOK TOJILKO Ha OJHOM OOBEKTE.

[Tpu mocTpoeHNr OKPECTHOCTH OYIYT 3a0/HO (DOPMUPOBATHCS W XapaKTEPUCTHKN
upasuia 7(xz, 0), HeoGXOAUMBIE JJIsT BBIMHCICHHsT OIEHKN PACCIOCHHsI—CBI3HOCTH:

Xy — mopoxgaroriee MHOXKeCTBO, ((0) = |Xy| — BepxHsIsi CBA3HOCTB;

X, — zanperatoriee MHOKecTBO, 7(0) = | X)| — HEONTUMAIBHOCTB;

Dy — MHOXKeCTBO 06beKTOB BXOjsIux pedep, d(f) = |Dg| — HuzKHsIA CBSI3HOCTD;

m(0) = n(a,X) — gucsao ommbOK IpaBuia HA FeHEPAIbHON BBIGOPKE.

BysieM cTpouTh TOJIBKO TaKue BEKTOPHI TOPOroB ') KOTOpbIE SBJISIOTCS I'PAHUIHBIMA
TOYKaAMU U, coracHo Teopeme 8.2, 0JIHOBpEMEHHO CTaHIAPTHBIMU [IPEICTABUTEISIME KJIaC-
COB 3KBHUBaJIeHTHOCTH mpaBui. [locTpoerne pa3buBaercs Ha jaBa Tama, cM. AyroputM 8. 1.

Ha nepsom stane (maru 1-5) crposites Bee cocesnue npasuia r(x; 0'), nojgydaemble
u3 0 myTéM yMeHbIEeHHsT HEKOTOPBIX TOporos, ' < . JIjist 5T0oro u3 rpaHudHOro MOJMHO-
xectba S(0) = {x € S| 3j € J: 27 = 67} no0uepéIHO NCKMOTACTC OUH 13 00HEKTOB
I COOTBETCTBYIONTHE MOPOrH (7, 10 KOTOPBIM OH U GBI IPAHIYIHBIM, yMeHbImaoTcda. Juceo
HOJIyYaeMbIX TAKHM CIIOCOOOM COCETHUX MpaBuil He npesbimaer |S(0)].

Ha Bropowm stare (maru 6-11) crpostes Bee coceane npasuia 1 (z; 0'), nomydaemble
Iy TEM YBEJIUYEHNsT HEKOTOPBIX TTOPOros, 6’ > . Do GoJtee CIOKHBIN CIIyUail, U 3J1eCh IIPU-
XOJIUTCSI TpuderaTh K peKypcuBHOM mporeaype. CHavdaia JIe1aeTcs MoroTOBUTe IbHAsT Pa-
6ora (maru 6, 7): 1o Kaxk10if KoopuHaTe j € .J onpejiesserca MaKCHMabHasg TpanuIa, 67,
BBIIIIE KOTOPOI COCETHUX TTPABUJI OBITH HE MOXKET. DTO He00A3ATE/IbHOE TOCTPOCHUE, HO OHO
[IO3BOJTAT B JIAJIbHEHIIIEM COKPATUTh TOUCK. Kaxkibiii 00beKkT BHIOOPKH & € X MOXKET Ha-
XOJIUTHCS B OJTHOM W3 TPEX CTATYCOB: X.MpoBepeH € {HeT, naoxoii, xopownii}. CHadasa Bece
00BEKTHI HE TPOBEPEHBI. 3aTeM IIPOCMATPUBAIOTCS BCe OOBEKTHI T € X, MOKPbIBAEMbIE
npasusiom 7(x;#), HO He HOKpbIBaeMble pasuioM 7(x; #). DTo osnagaer, uto O < x < 0,
U XOTd Obl 10 OJIHOM KOoOpJMHaTe OOLEKT T JIeXKUT Bhlme mopora: 67 < x’. Jlna KaxK-
JIOrO TaKoro o6bekTa BbI3biBaeTcs mporeaypa [Nposeputs(z). OHa ycraHaBjImBaeT craryc
06bEKTa . XOPOLNiA, ecsiu cyIecTByeT npaBusio 7 (x; ), moKpbIBaoIee TOTBKO 00BHEKT &
1 Bce 00BEKTHI, MOKpbIBaeMble mpasuioM 7(x;0). Eciu ke npasuio r(x; '), vHapany c z,
HOKPBIBAET €I1é OJInH 00bEeKT T, He MOKPbIBaeMbIil npasuioM 7(z; ), T0 ycraHaBInBaeTcst
craryc o0beKTa T.nnoxol, u mporeaypa [1posepnTs(Z) BBI3BIBAETCS PEKYPCUBHO JIJIs 0Ob-
exta T. Kaxkmuplii «xopormmii» 06beKT & HHIyIHpyeT cocepnee npasuio ' = max{6,z},
KOTOpOe u j00aBJisgeTcst B CIIMCOK Vy. BBejieHne craTycoB 0ObeKTOB O3BOJIsIET M30exKaTh
UX TIOBTOPHOTO Tiepebopa B OCHOBHOM ITHKJI€ BTOPOTO JTAIIA.

ODTUMU JIByMsI dTallaMi TTOMCK OKPECTHBIX MPaBU/I orpaHnduBaercd. pyrue ciayuan
paccMaTrpuBaTh HE HYXKHO, TaK KaK €CJIN IOPOr YMEHBIMAeTCsl 10 OJHON KOODJMHATE,
0" < §7, u yBemumBaeTcd 1o apyroii, 0" > 0%, To rparnanbie Touku 6 u 0 He MOTyT OBITH
COCEJIHUMU, MTOCKOJIBKY BEKTOPBI OITMOOK COOTBETCTBYIOIIIX UM ITPABII OTJIHIAIOTCS, KAk
MUHUMYM, Ha JIBYX OObEKTax.

IIpn sddexrusnoit peammzanun Anropurma 8.1 1o KazkJIoMy IPHU3HAKY f; 3apaHee
CTPOUTCS MHJIEKC — MaCCUB HOMEPOB OO'BEKTOB, YIIOPSJIOUEHHBIX 110 BO3PACTAHUIO 3HAYE-
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Anropurm 8.1. [Tocrpoenne okpectroctu Vy npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0 = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.
Brixon:

Vi, Xo, X}, Do, q(0), 7(0), d(0), m(0).

SOran 1 — nocTpoenne OKPeCTHBIX HPABUJI IIyTEM YMEHBIICHHS TOPOTOB:
Vo = &
ans Beex © € X takux, 9ro r(x;0) =1u 35 € J: 07 = a?
s Beex j € J Taxkux, uro 7/ = 67
07 = max{xf } eX, 1< 9};
[Nobasuts (0,0, x);

Ioaroroska k stamy 2 — HOHCK MAKCUMAJLHON TDAHHIHOH TOYKH 0:

JJd Bcex j € J
07 :=max{L,2’ |z € X, 2/ > 67, 2! <O, t #£j};
Oram 2 — nocTpoeHne OKPECTHBIX MTPABUJI IIYTEM YBEJTHICHHST TOPOrOB:

@

8: mJisg Bcex j € J

IS BCeX T Takux, aTo 67 < 27 < 67
10: ecmn & < 0 n ZI.MPOBEPEH = HET TO
11: Mposeputs(z);

12: ITPOLIETYPA T[poseputs(x)
13: agg Beex j € J Takux, uro 07 < z7
14:  pJig BcexX I Takux, uro (7 < 3/ < xJ

15: ecam ) < T < x TO

16: Z.NPOBEPEH := MNJIOXOM;

17: ecJsiu Z.nposepeH = HeT TO [NpoBeputhb(T);
18: BBIXOJT;

19: x.NpOBepeH = XOpOoLUWii;
20: 07 := max{6?, 27}, nnua Beex j € J;
21: [lobasuts(6,0', x);

22: IPOEAYPA [dobasuts(6, 6, x;)
23: j106asuTh ' B cumcok Vp;
24: ecqmm r(x;;0) = [y;=y] TO
npasuio ' HaxoauTCs cJoeM Bbimie, 9eM 6:
25: Xy :=XoU{x;}; q(0) = |Xql;
26: MHa4e
npasmio 0 HaxomuTes c0eM HuzKe, deM 0:
27 Dy:= Dy U{x;}; d(0) :=|Dyl;
28: 0 =XpUXp U{x;}; r(0) = |Xp;
29:  m(0) :=m(0) + 1;
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AsroputMm 8.2. Bhruncienne oneHKN PacCcI0eHUsSI—CBIA3HOCTH I CeMeiicTBa ITOPOTrOBbIX
KOH'BIOHKIIHIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJ, X — BbIOOPKA.
Beixona: (). — onenka BeposgTHOCTH Tiepeodyuenus (7.5).

1: ©:=Arg mainn(Q,X); Q- :=0;

2: MOBTOPSTH

3 Qe :=0; 0 :=g;

4:  nJig Becex 0 € ©

5: IIOCTPOUTH OKPECTHOCTH Vj ¢ momoriso Anropurma 8.1;

6 Qe = Qe+ 3O o) Hi oy vie) . (£(m(8) = <k));
7 O :=0'U{f € Vyp: m(0) =m(0) +1};

8 Qa = Qs + Qs,m; ©:= G)I;

9: TOKa BKJIaJ ¢10A ()c ,,, HE CTAHET MaJL.

nmit npusnaka. Torja ma marax 4, 7, 9, 14 MoxKHO OyJIeT TPOCMATPUBATDH TOJTHKO HYKHbBIE
00BLEKTHI, He TIepedupas BCIO BHIOOPKY.

MocnoiiHbin nepebop knaccoB 3kBuBaneHTHOCTU. Ajmropurm 8.2 BbrUHCHAET () —
OIEHKY BEPOSITHOCTH Tepeobyuernus (7.5), mepebupas MpaBujia MO CJIOSIM CHU3Y BBEPX.
Cuauaja gopmupyercsa HuxkHmit cioit. Ha kaxkjgom mare cjoit © cocrout u3 npabu 6
C OJINHAKOBBIM 4uCJIOM OIOOK m(f) Ha renepasibHOi BhIOOPKe. [liist Kazkjoro npasuiia ¢
BBIUUCJISIETCSI €r0 BKJIaJT B BEPOATHOCTH IEPEOOyUeHHsI, CTPOUTCA OKPECTHOCTb, U 00b-
eJINHEHNE BEPXHUX YacTell BCEX MOJIYIeHHBIX OKPECTHOCTE CTAHOBUTCS CJIETYIOIIUM CJTO-
em O, [Ilaru OBTOPAIOTCS JI0 TEX 1IOP, TIOKa He OyaeT HabpaHO JOCTATOTHOE THUC/IO CJIOEB
1 BKJIaJ[ O9ePeHOTO CJIOS He OKaXKeTCsl IPEeHEOPEKIMO Mall.

§8.4 DkcnepumeHT Ha peanbHbIX 3agadax kKnaccudukaumm

Mpr He OyzeM 371ech OMUCHIBATD JAETAIN PeaTn3aIlui JOIMICCKUX aJTOPUTMOB KJIac-
cupuKaIUm, MCIOIB30BAHHBIX B 9TOM 3KciepuMenTe. CKazKeM JIUIb, YTO HHPOPMATUB-
HOCTb [IPABUJI OIEHNBAJIACE C TOMOIIBIO TouHOTO Tecta Puiepa [56]; myst hopmupoBats
nHMOPMATUBHBIX HAOOPOB MPU3HAKOB IMPUMEHSIICA TOUCK B MIUPUHY U &JIAIITUBHBIN CJTy-
qaliHblil mouck |27, 26|; s OCTPOEHHsT KOMIIO3UIMU 3aKOHOMEPHOCTEH MPUMEHSINChH
tpu ajsroputma: LR, DL, WV.

Jloeucmuueckasn peepeccus (LR, logistic regression) —3ro jmHelHbINH Kaccuduka-
TOP, HA BXOJ[ KOTOPOMY BMECTO OOBIYHBIX OMHAPHBIX IMPU3HAKOB T0/IAI0TCS 3aKOHOMEPHO-
CTU, HOCTPOEHHBIE HE3ABUCUMO JIPYT OT JapyTa [48];

Pewarowudi cnucox (DL, decision list) —9To KaHblil aJroput™M, B KOTOPOM KazK-
Jlast CJIeIyrornas 3aKOHOMEPHOCTb 00y9aeTCsl 10 BBIOOPKE OOBLEKTOB, €Ié He MOKPBITHIX
IpPeJIbIIY IIAMI 3aKOHOMepHOCTsIMI [64].

Basewennoe zonocosanue (WV, weighted voting) — 310 GycTHHD 3aKOHOMEpPHOCTEIH,
noxoxkuii Ha meros SLIPPER [44]. B HéM niepe/1 mocTpoeHneM Kazk ol cieytoeii 3aKo-
HOMEPHOCTHU TTPOU3BOIUTCSI ITEPEOIEHKA BECOB 00YIAOMNX 00bEKTOB, B Pe3y/Ibrare KOTO-
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Tabauna 8.1. Pesysbrars! sKkciiepuMenToB Ha 6 peajbHbIX 3a/auax KIacCuhuKaimn
u3 penosuropusi UCI. [T kaxkzoii mapel (3aja4a, aJroput™M) B TabimIe BbIBEICHA
cpepHsis omubKa (B nporerTax) no 10-KparHoMy CKOJIb3siIeMy KOHTpOJIo. Jljisi KaxK-
JIOM 38191 YKUPHBIM BbIJICJIEHBI TPU JIyYIIUX Pe3y/abrara. AJIropuTMbl 1-7 BBICTYIAIOT
B poJi 3TajIoHHbIX. O003HaYeHUsT HAIIX aJaropuTMoB: WV — B3BeIIEHHOE T'0JIOCOBa-
nne, DL — pematommii cincok, +SC u +MC — momudukaiuy Ha OCHOBE OICHKU
pacciioeHnsI—CBsi3HOCTH 1 MeToga MonTe-Kapo cooTBecTBEHHO.

331491
JITOPHTMEL australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

51 C5.0 14.0 4.3 21.8 20.1 184 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8 | WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

pOif 3aKOHOMEPHOCTh HACTPANBAETCS ITPEMMYIINECTBEHHO Ha TeX 00beKTaxX, KOTOPhIE OKa-
3aJICh HamboJiee TPYIHBIMA JIJIsT BCEX MPEbIIYIINX 3aKOHOMEPHOCTEN.

Boutn peanuzosanbl jiBe Mojpudukanun kpurepus undopmarusaoctu ' (p,n).
SC-moandukalyst OCHOBaHa Ha OIeHKe paccyioeHusi—cBsa3HocTu. MC-moandukalims 0oCHO-
BaHa Ha HEIIOCPEJICTBEHHOII orenke (yHkimonasa (). merogom Monre-Kapio mo 100 cy-
vaitneiv pasonennam X = X U X. Jlra obenx mMopudpuKanmii nojgaraaoch £ = k.

B poJsin 3TasmioHOB 171 CpaBHEHHWS BBICTYHAJIN U3BECTHBIE JIOTMYECKNE aJTOPUTMBI
kiaccuduranum: C4.5 (62, C5.0 [61], RIPPER [43] u SLIPPER [44].

Tabmuna 8.1 mokasbiBaeT, uTo HeMoauduImpoBanubie Bepcuu ajaropurmo WV, DL
UMEIOT KadeCTBO K/IACCU(PUKAIINN, COTIOCTABUMOE C STAJIOHHBIMU aJITOPUTMaMu. B3Beren-
Hoe rojiocopanne WV HeMHOTO Jiydlne peraoriero ciucka DL, 9To coryiacyercs ¢ pe3yiib-
tataMu Jpyrux uccieposanuit. O6e momudukanum, SC- u MC-, Bo Beex ciydasix oreperka-
10T CBOM HeMOJU(UIIMPOBAHHDBIE BEPCUM U 3HAYUMO CHUKAIOT Iepeodydenue. Pazmnans
Mexay SC- u MC-momundukanuavmu He 3HaduMbl. OTCIOJA CJIELyeT BBIBOJ, UTO OIEHKA
PACC/IOEHUSI—CBSI3HOCTH, HECMOTPsI HA HEKOTOPYIO 3aBBIIMEHHOCTH, XOPOIIO CIIPABJIAETCS
¢ pOJIbIO KpUTepusi 0TOOpa MpaBUII.

Pe3iome

Jlorndeckue ajropuTMbl KJIacCUPUKAIUN TTPEJCTABIAIOT cOO0i KOMIIO3UITUN UHMOP-
MaTUBHBIX JIOTUYIECKUX ITPABUJI — 3aKOHOMEpPHOCTel. B KadecTBe mpaBU 9acTO MCIOJIb-
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3YIOTCA KOHBIOHKIUU ITOPOI'OBbBIX yCJ’IOBI/Iﬁ Ha/J[ 9UCJIOBBIMUA IIPpU3HaAKaMU. ,Z[aHHoe ceMeli-
CTBO IIpaBUJI OIIMCBIBACTCHA CUCTEMOH Bcex I'PaHUYIHBIX ITOJIMHOXKECTB MOIIIHOCTH, HE IIpe-
BBIMAIOIIEH paHra KOHBIOHKINN. J[[JIs MTPpaKTHIecKOro BBIYNUCIEHUST OIEHKHU PAaCCIOeHUSI—
CBSI3HOCTH TIpejjiaraercs mepeOuparTh IpaBuja 110 CJIOSM CHH3Y BBEPX, W IIPEKpallarTh
mmepebop B TOT MOMEHT, KOTJia HOBBIE CJIOM IEPECTAHYT BHOCHUTDH CYINECTBEHHBIN BKJIA/I
B orieHKy. C IMOMOIIBIO 9TO# METOAMKH OBL/T IIOCTPOEH MOINMUITMPOBAHHBII KPUTEPUii OT-
Oopa MpU3HAKOB. 3aMEHUB CTaHIAPTHBIN KpUTEPHil MOIUMUIIMPOBAHHBIM, 1 HIIEro 0oJiee
He MeHsis B MeTo/jie 00ydeHus jorudeckux kiaccudukaropoB WV u DL, Bo Bcex 6 sKcrre-
PUMEHTaX yJ1aJ10Ch ITPOHADIIONATH 3HAYNMOE yBeJImIeHne 00001maneil criocoOHOCTH.

B cnepytowen nekunm Mol ciestaeM HEOOJIBIION SKCKYPC B MaTeMaTUYECKYIO CTATH-
CTUKY U PACCMOTPHUM 3aJ1a9y OINECHUBAHMS SMIUPUICCKUX Pacipee/iennii. 3a0HO MO3Ha-
KOMUMCS C TaKUMH WHTEPECHBIMU MaTeMaTUIEeCKUMH OObEKTaMH, KaK YCEeUYEHHBINH Tpe-
yroabauK [lackass u ognomepHble ciydaitabie Oy ianns. OHI TOHAI00ATCST HAM depe3
JIEKITUIO, KOTJIa MbI BEpHEMCH K (PYHKIINOHAY PABHOMEPHOI'O OTKJIOHEHUS U TOKAYKEM, UTO
CBSI3HOCTD JIJIsl HEI'O YYeCTh MOXKHO, & PACCIOCHNE — HEJIb3sd. 3aTeM MbI IIPOJIOJIZKUM U3Y-
YeHne MOJIEJIbHBIX CEMECTB aJlOPUTMOB U IOKayKeM, YTO B HEKOTOPBIX HETPUBUAJIbHBIX

ClIydadX OIEeHKU PaCCJIOCHUA—CBASHOCTU MOI'YT ObITH TOYHBIMU.

Ynpa>kHeHust

Bamada 8.1 (1). [lokasarb, 4To He BCAKOE IOJIMHOMKECTBO M3 TPEX W OOJiee MOIMApHO
HECPABHUMBIX OObEKTOB SIBJIAETCS] TPAHUIHBIM.

Bamaua 8.2 (1). Jlokasarh, 9To ecsiu BeKTOP @ ABJISETCA MPAHIMIHON TOUKO{ TOJIMHOKe-
crBa S C X, 10 B .S MOXKHO €JIMHCTBEHHBIM OOPA30M BBIJIEIUTH TPAHUTHOE [OJIMHOXKECTBO
S)={xeS|3jeJ:a) =6} croit ke rpanmIHOil TOUKOI 6.

Bamagda 8.3 (1). [okaszarh, 910 KaK/IbIil KJIaCC SKBUBAJIEHTHOCTH [PABUJT TPEICTABIS-
et coboit guarpammy HOmra.

Bamada 8.4 (1). Paccmorpum rpad, BepHMHB KOTOPOIO COOTBETCTBYIOT y3/JaM CETKH
vV =Ho,..., L}‘J |, a pébpaMu COeMHEHDbI BCE COCEIHNE BEPIIMHBI, OTIHYAONecs Ha 1
110 071H0#1 n3 KoopauHaT. OGLEKTHI reHepasbHofl BeIGopKH = = (27);c; € X cOOTBETCTBYIOT
HEKOTOPBIM BeprmHaM 31oro rpada, X C V. g kaxaoro ¢ € X ynaaum u3 rpada Bce
péopa (0, 0), Takue, aTo

1) 07 = 67 + 1 nya nexoroporo j € J u 6° = 6° nna veex s € J \ {j};

2) 7(z,0) =0, r(x,0) = 1.

JlokazaTrh, 9TO IOC/Ie 3TOTO CBA3HBIE KOMIIOHEHTHI I'pada Oy 1y T B3aHMHO OJHO3HATHO

COOTBETCTBOBAThL KJIaCCaM 3KBUBAJICHTHOCTU IIPpAaBUJI.

Bamagda 8.5 (2). Ommcarh CTPYKTYpY KJIACCOB SKBHBAJEHTHOCTH U HPEJIOKUTH -
(EKTUBHBIN aJITOPUTM UX MTOCJOWHOTO Iepedopa i ceMeificTBa TMpaBUII

r(a;01,0,) = [0y < 2 < 0o,
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e Bee 3Hadenus r; € X C R nomapro pasiaumgnbl. [Tojckaska: pacCcMOTpeTh SKBUBAJICHT-
HOe CeMefiCTBO JIBYXIIPU3HAKOBBIX KOHBIOHKIWMH 7 (xz; 01, 0y) = [—:C < 91} [:1:' < 92}.

Bamada 8.6 (5*). Ommcarh CTPYKTYypy KJIaCCOB 9KBHBAJEHTHOCTH W TIPEJTIOKUTH -
(bEKTUBHBIN aJIrOPUTM UX TOCIOMHOrO mepebopa JIsd ciydas, KOrjla WHIMKATOP OMUOKN
ONPEIETIACTCA OTJICIBLHO JJIs HOJOKUTEILHBIX U OTPUIATE/ILHBIX ITIPUMEPOB:

]p(ﬂ ;) = [T(l'z) 0} [yi = y];
L(r,z;) = [r(:cz) = 1} [yi + y]

Bamada 8.7 (5). Ommcarh CTPYKTYpPY KJIACCOB SKBHBAJEHTHOCTH U HPEJJIOKUTH -

(PEKTUBHBIN aJTOPUTM UX IOCJOWHOrO Tepebopa i caydasi, KOTJia KayKJIbli IMPU3HAK
MOKET IPUHUMATH OJIMHAKOBBIC 3HAUEHUsI HA PA3JIUIHBIX O0bEKTaX.

Bamagda 8.8 (3*). O606muTs Asropurm 8.2 Ha cirydail, Korja Ha mare 1 BMECTO MHO-
JKECTBa, BCEX HPABII, JOCTABJISIONINX VIO0AIBHBII MUHUMYM YHC/IY OIMIMOOK, HAXOINTCH
JIAIIH OJ[HO JIOKAJIHHO ONTHMAJIbHOE TPaBmio. [IperycMoTpers BO3MOKHOCTD MEPEXO/I0B
OT HPABUJI M-TO CJIOS K MPABUIIAM He TOJIBKO (m + 1)-ro ciost, #Ho u (m — 1)-ro cios.
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9 DSOmMnupuyeckue pacnpegesieHns U caydaiiHoe by>K-

naHune

B Jleknuu 2 MbI OIEHUBAIU BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHHWS YaCTOT B JIBYX
BbIOOpKaxX. B cj1aboit BepOATHOCTHON aKCHOMATUKE 3Ta 3a/iada SBJIAETCA €CTeCTBEHHBIM
AHAJIOTOM 3aKOHa OOJIBIMNX Yhce]T U uMeeT TouHoe perneHne. OneHnBaHue BePOSTHOCTH
OOJIBIIIOr0 OTKJIOHEHUsI JIBYX (DYHKIUIl pacipejie/ieHus — 3TO eIé OJHa KJacCudecKasi
3a/a9a MaTeMaTUIeCKON CTATUCTUKU. Ké MOKHO MHTEPIPETUPOBATD JIBYMS CIIOCOOAMMU.
Bo-tiepBbix, Kak 3ajady IpejcKa3anud: JaHa SMIIpUIecKas (DYHKINUA Paclpe/ie/ICHIs
CIIyYaitHONW BeJIMYMHBI Ha HaOJIIOIaeMOil BHIOOPKE; TpedyeTCsl ONEHUTh €€ IMINPUIECKYIO
dyHKIIUIO paciupeje/ieHns Ha CKPBITO# BBIOOpKe. BO-BTOPBIX, KakK 3a/iady MPOBEPKU I'U-
[IOTE3bl OJIHOPOJIHOCTH: JIAHBI J[BE HAOJ/IOJaeMble BBIOOPKU; TPeEOYeTCs OIpPEJIe/UTh, T0-
JIYHEHbI JIM OHU U3 OJIHOI'O pacCIIpeIe/ICHUA. ZLHH ee penieHusd UCIOJIb3YIOTCA pa3/JIMYHbIe
CTATUCTUYECKUE KPUTEPHUH, B YACTHOCTH, JBYXBBIOOPOUHBIH KpuTepuit CMUPHOBA.

MpbI paccMOTpPUM ITOCTAHOBKY M TOYHOE PEIIeHUe STHX KJIACCUIeCKUX 3a/1a9 B CJIaboi
AaKCHOMAaTHKE U IIOKazKeM, 9YTO OHU TeCHO CBA3aHbl C TAKUMU MaTCEMaTHUIYC€CKUMU O6’beKTa—

MU, KaK YCeUEHHBIN TpeyroibHuK [lackag u ogHoMepHbIe cirydaiinble OJTy K TaHnsd.

§9.1 D>Swmnupunyeckoe pacnpegeneHue

Omnpenenum st mpon3BosibHOM GyHKIMN &: X — R 1 Mpon3BoOIbHON KOHETHOI BbI-
6opkn U C X amnupuueckyro gynryuto pacnpedesenua Fg: R — [0, 1] xak mommo o6bek-
TOB & BbIOOpKU U, jijisi KOTOPBIX 3Ha4YeHue & () He IMPeBOCXOIUT 2

1
Fe(2,U) = — xr) < z|.
(2 0) = 7 D lele) <
zelU
OrnpeeuM 0JIHOCTOPOHHEE U JIBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYE-
cKuT hynruul pacnpedeseHus:

D*(X) = r?eaﬁ(Fg(z,)_() - Fg(z,X));
D (X)= rgleaﬂ?(Fg(z,X) — Fg(z,X));
D(X) = I?Eaﬂg(‘Fg(Z, X) = Fe(z,X)| = max{D~(X),D"(X)}.

3ajiata cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIONO OTKJIOHEHUS SMITUPHU-

JeCcKUX (PYHKIUI pacipe/ie/IeHus:
P[D(X) > €] <nle), (9.1)

rie BmMecto D(X) moryT 6biTh Takxke nojacrasiaerbl D (X) wm DT (X).
B cusbHOll akcnomMaTnke uMeeT MecTo craeyomuii dhakt [34].
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Teopema 9.1 (H. B. CmupuosB). Ecim X, X C 2" — ciay4vaiinbie, He3aBUCHMBIE, O/[H-
HaKOBO pacripeejiéHHbie BoIOOpKH; &: 2 — R — caydalinas BemdanHa ¢ HEIPEPBIBHBIM
pacIipeieJieHiHeM, TO CIIPABEJITHBBI ACHMITOTHICCKUE OIIeHKH

f}ﬂii)noo P{D*(X) >¢} =exp (—2€2é—kk) ; (9.2)
ﬁ}figloo P{D(X)>¢e} = 2;(—1)“rl exp (—252£—kki2) ; (9.3)

[Ipasas gacrb (9.3) npejcraBuma Takxke B Buje 1— K <5, / Z%), riae K(z2) — dynryus
pacnpedesenus Koamozoposa:

o0
K(z)= ) (-1)ie ",
1=—00
I/I3B6CTHI)I 1 HEaCHUMIITOTHUYIECKHUE TOYHbIEC OHEHKH, HO OHU HMEIOT AOCTaTOYHO I'DO-
MO3JIKAN BUJ [12]. MpbI 1moKaxkeMm, YTO TOUYHBIE OIEHKH MOT'YT OBITh BbIpaKeHbI DoJiee
9JIETAHTHO Yepe3 yCeuEHHBIN TpeyroibHuk [lackans [38], mpuuém moka3areabcTBO mMeeT
NPO3PAYHBIA M€OMETPUYECKUIT CMBIC/I.

8§9.2 VYceu4éHHbiii TpeyronsHuk lNackans

Iycrs g, gih

m =0,...,L— nBe HEyObIBAIOIIUE [OC/IEI0BATEIBHOCTH, YIOBIETBO-
psitorue yesiosuto 0 < g < gh < m.

Onpepesienne 9.1.  Veeuénnom mpeyzoavrukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejpodncienas Gyukuus G5 = G2 [g.-, g, onpe-

JtesisteMast peKYPPEHTHBIMA COOTHOIIICHHUSIMH
Gy=1[s=0], seZ;
Gy = (G +G ) g, <s<gl]., meN, seLl (9.4)

Yceu€HHbBI TPeyrobHUK [lacKais BeAuUC/IseTCs 0 TOMY YKe peKyPPEHTHOMY IpaBU-
JIy, 9TO M KJIACCUUIecKuil TpeyrosbHuk [lackasis, ecm B HEM OOHYIUTD BCe 3JIEMEHTDI, Jie-
JKallye 3a 1pejiesiaMu rpanuti (g, , g ]. «Heyceuéunbrity Tpeyronbuuk [ackana G2 [0, m]
COBIA/IAET C KJIACCHYECKUM M JaéT OnHOMuasibHble Kodpdunuents: C; .

[Ipu wagampaOM ycnoBun G§ = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO 9JI€MEH-
ol G, 1ipu 0 < s < m. [Ipyrue HavajibHble YCIOBUS HPUBOJAT K PA3IHMIHBIM HEKJIACCH-
qeckuM 00001eHusaM Tpeyroiabuuka [lackasns, Ho Mbl ux He OyjieM paccMaTpPUBATh.

Omupeperum Jiisi Tpou3BoJIbHBIX € > 0um = 0, 1,2, . .. JuHeliHbIe IPAHUIBI (B J1a/Ib-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKaTh):

g () = £(m + ek);

gm(€) = £(m — k).

Ha puc. 9.2 u 9.4 npusejienbl mpuMepbl 9eTHIPEX BAPUAHTOB YCEUECHUA TPEYTOJIbHU-

ka [lackang ¢ Takumu rpanunamu. B oTimdme or npuBbBIYHOrO criocoba m300pazkeHus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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8§9.3 Teopema CmupHona

Teopema 9.2. /[1s1 npousBOJIbHONH KOHEYHOH BBHIOODKH X H IMPOU3BOJILHOH (DYHKIIHH
¢: X — R, 3HaUeHHsT KOTOPOIT MOMAPHO pa3IHIHbI HA 9JIEMEHTaX BRIOODKH X, CIIPABEIIH-

BbI TOYHbBIC OII€CHKMH!

P[D(X) <e] = GL[0,g/ ()] /C; )
P[D™(X) <¢| =G[g;(e), L] /CL;
P[D(X) <] = GLlg1(e).9£(2)]/Cr
HokazarenabcTBo. 1. CocraBum BapualloHHbIH psijl 3HadeHnit hyHKImn () Ha S7eMeH-
tax seiGoprm: (V) < £(x?)) < ... < £(2P)). Bnech Bee HepaBeHCTBA CTPOTHE B CUITY
VCJIOBHSI TIOTIAPHOI PA3INIHOCTH.
O6oznaunm b; = b;(X) = [ € X]|. Bumapunaa nocienosarensnocts by, ..., by co-

JIEPKUT POBHO ¢ euHuIl u k HyJeil.
Bocnonbsyemcest onpejiesienneM (DyHKIIUKA pacIpe/Ie/IeHUs:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

1leeX szex ) < 7. (9.8)

I/I3M6HI/H\1 IOPAJOK CJjlara€MbIX B CyMMaX, TE€IIEPb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HaYeHu &(2;). DTO PABHOCUIBHO TOMY, 9TO B JIAHHON (hOpMYJie BCe BXOXKJICHUS T;
samensTcs Ha M. Torma MOKHO yGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHNB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{i: E(x™) < z}, U MaKCUMyM OpaTh He 10 JeificTBU-
TeJILHOMY TIapaMeTpy 2, a IO MeJOYUCIEHHOMY HapaMeTpy m:

1 & I R
_ : (i) 2 (i) _
D) = s, |22 @0 e X -7 ) [0 :X]\
= 1-b; = bi
B m (+k L ‘ B ml
= T DT e Bt )

e By, = Bp(X)=bi+ -+ by,

Taxkum obpazom, paBHOMEPHOE OTKJIOHEHHE SMIUPUYECKUX PACIpEJIe/IeHN Ha BbI-
Gopkax X m X BBIPAyKaeTCsd depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa, €IMHUIL B IIEPBBIX
M 4JIeHaX MOCJIeI0BATEIbHOCTH by, ..., by OT «OKugaeMoroy duciaa eauaui; mé/ L.
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Teneps zanuiem 107110 pa3dueHuit BHIOOPKN X, MIPpU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHUE SMIIMPUIECKUX PACIIPEJIC/ICHII He MPEBBIIAeT MOPOTOBYI0 TOYHOCTD £:

ml elk
R
:P{n;% (- (2 29) <0] L, (B (24 49) <] =
gm(€) gm(€)
Cz Z H 9m(€) < Bu(X) < gy (e)] (9.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBA [max A < O] =11 [Am < 0}.
m m

2. Pacemorpum oaseibopky X™ = {2 .. 2™} cocrosmiyio u3 nepsbix m wie-
HOB BapHaIlOHHOIO Dsijla. Bo3pMéM MakcuMasbHOe (0 BKJIIOYEHUIO) HMOIMHOKECTBO N
pasbuennit (X, X), y/OBIETBOPAIONIX JIBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MONAPHO pa3JndHble pazbuenus moaBbioopku X

2) posHo s 06bekToB n3 X" momnaaor B X.

OuennHO, uncso srux pasbuenuit |N| = C% . [Ipegcrasum MHO)KeCTBO pas3buenuii N
B BUJle 00'be/INHEHNS HellePECEeKaIOIXCs HO,ILMHO}KGCTB No={(X,X) € N: b,(X) =0}
u N, ={(X,X) € N:b,(X)=1}. Ouesusmo, |No| = |Ny| = C:7t

Hac Gyser uarepecoBath Boipaxkenune HS = > H l97 < B/(X) < g], nockonbky

(X,X)

npasas yacthb (9.9) pasna H:/CY. Pazobbém B 9TOM BbIpazkennn cymmy 1o N Ha jise
cymmbr — 110 Ny n o Ny, u em@ 3amernn, 910 B,,(X) = s mia seex (X, X) € N:

ml?

Taknm obpa3om, oIydeHa peKyppeHTHas dopmynta aid H . dopmaabHO coBmagato-
mas ¢ opmyioit yeceuénnoro rpeyroibanka [lackamns (9.4). Octamoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYal.

IIpu m = 1 u dukcuposannom s € {0, 1} umeercs ToabKO onHO pasdbuenue, |[N| = 1,
caegosarensho, Hi = [g,, < s < g}], a0 coBnamaer ¢ (9.4).

[Ipu s = 0 u mpousBobHOM M = 1, ..., k UMeercss TOJbKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT m3 X'™ He nomnajgaer B X. 9To o3Hadaet, 9To B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OlSITh-TAKM, COBIajaer ¢ (9.4).
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BamernM Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO e Bpems H® Y = 0, mockonbky N, = @. Anajormano, pu s = m umeeM Ny = @,

s

crenosarensno, H) | =0=G) ;.

3. Oxnocropornune onenkn (9.5) u (9.6) BoiBogNTCH anagsorndHo. Passmtamne B ToM, 910
JIsl HUX BBIPAsKEHHUe T10J] 3HAKOM Ipou3Be/ieHust B (9.9) npuHuMaeT BHJI, COOTBETCTBEHHO,
mGo [0 < By, < g (¢)], mbo [g,,(¢) < By, < m]. Vsmenstercs Tobko dhopMa rpanubl
B yceuénnom tpeyrospauke [lackass, coorBercrsenno, jmbo mmkuneit g, (¢) = 0, au6o
BepxHeil g (¢) = m, u Bce asbHelimme paccyKeHns OCTAIOTCST B CUJIE. n

FeomeTpuyeckas uHTepnpertaums. Bropyio dacth jokaszaresnberBa (mocie hopmy-
76l (9.9)) MOXKHO IPOBECTH TOPa3j0 KOPOUe U HATIJIAIHee, MOJIb3YSCh CJIEYIONUME [eo-
METPUYIECKUMU COOOPaKEHUSIMI.

Kaxxnoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BeK-
topy b= (by,...,br), cocrosiemy u3 ¢ exuHuI U k HyJell, U, B TO ¥Ke BPeMsi, HEKOTOPOi
TpaekTopun, npoxojgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciaun b; = 1,
TO CMECTUThCA BIPABO U BBEPX Ha 1; ecstmt b; = 0, TO cMeCTUTHCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUsT COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxkynnocTn
yCIOBUiA [g;1 < Bn(X) < g:,ﬂ npu Becex m = 1,..., L o3Ha"aer, 9TO TPACKTOPHUA He MO-
JKeT MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbllle Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mansvu. Coracuo (9.9) dynkmmonan P[D(X) < e] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HasbBarh nx donycmumvimu. ObosnaumM depes H dmcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsST MOXKET HpuaTH B (m, s) au6o n3 (m—1,s — 1), mu6o u3 (m — 1, s). Orcioma cie-
JyeT peKyppenTHas (hopMyIla T YICIa JOMYCTHMBIX TpaeKkTopuit: HS = HS |+ H5 .
Osnako, eciu s ¢ [g,;, g:,g], TO BCe TaKWe TPAeKTOPUU yiKe He OY/IyT JIOMYyCTUMBIMHE, 110-
STOMY OKOHUaTe/IbHas (popMysia IpuHnMaer Buj H = (an_l + H;:ll) [9;1 < s < grﬂ,
YTO COBIAJAET C OIpeJesIeHneM ycedéHHoro tpeyrosnbauka llackana: H,), = G,.

MpakTnyeckoe BblYMUCNEHME TI0 PEKYPPEHTHBIM cooTHOMmeHnsAM (9.4) craakuBaeTcs
¢ upobsemoii nepenosHenust: 3uadenns (5 BBIXOJAT 3a INPeJesIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMIILIOTEPOB 1Ipu L MopsijiKa HECKOJIBKUX coTeH. [Ipobiema cauMaeTes, ecoim
BBIBECTH DEKYPPEHTHYIO (GOPMYJILy Jilst OTHOMeHuA ¢f = GF /CS | KOTOpble NPHHUMAIOT

s—1

snadenns u3 orpeska [0, 1]. [pumenns roxaecrsa Cf = -Cs-1 = 2C° L oy auu:

m

s m-—s s

o S s—1
Pm = m Pm—1 + Egomfl'
Yceu€HHbDIIT TpeyroJIibHUK [Tackajg oka3bIBaeTCd IIOJIC3HOM KOHLLeHLLI/IeI‘?I HE€ TOJIBKO
[IPU BBIBOJIE TOYHOI'O BhIPaXKEHUs J1jisi KpuTtepus CMUPHOBA, HO BO MHOTUX 3a/a9aX, CBsI-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUYEHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIIT KOHTPOJIb KadecTBa [3] u anaims BeRKHBaeMoCTH [38].

§9.4 (0OO6o06uieHue Ha cnyyvai BapuauMOHHOIO psiia CO CBSI3KamMu

B Teopeme 9.1 (CmupHOBa) TpeGoBaHue HENPEePbIBHOCTU (DYHKIUH PACIIPEIeICHUs
SBJISIETCS CYIIECTBEHHBIM. B cHJIbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x(V) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 9JIEMEHTOB, CJIEJI0BATE/ILHO, PAHKUPOBKA OIIPEIe/IeHa eIMHCTBeHHbIM obpaszoM. Ecim
YCJIOBHE HEIIPEPLIBHOCTH Hapytaercs, pasencTsa (9.2) u (9.3) MOryT He BBIIOJHATHCS [4].

B Teopeme 9.2 TpeboBamne pa3jindHOCTH BCEX JIEMEHTOB BAPUAIIMOHHOIO Psijia hop-
MYJIIPOBAJIOCh B ABHOM Buje. [Tokarkem, ocTraBasich B paMKax CJIaboi aKCHOMATHKU, 9TO
OTKa3 OT 3TOro TpeboBaHMs HE CHJILHO MEHsieT BHJ pe3y/brara— B Teopeme 9.2 m3me-
HAIOTCS TOJIBKO PaHuIbl ycedenus (g, g ]. Cuemytomas Teopema 0600maer Kpurepuii
CMupHOBa Ha cJIydail IUCKPETHBIX PacIpeeeHmnii.

Teopema 9.3. Ilyctp £: X — R —npowusBosibHast QyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOODKa, BapHAIMOHHBIH psiyt 3Ha4ennii &(x;) cocront n3 H cBsI30K:

§(x(1)) =...=¢=W) < & gt = = g®@) <. < §(:Lv(iH71+1)) — ... = g(x(m))l,

J/ /
g g g

1-s1 cBsA3KA 2-51 cBsI3Ka H-s1 cBsA3KA

Torna B caboii akcnomarnke crpasesmnBbl Todnbie ornerkn (9.5), (9.6), (9.7), ecom
B3SITh I'DAHUIIBI yCedEHHOro Tpeyroabunka Ilackas [, , g1

gi(e) = min{g  (e) +m —in1, g ()};
g.(e) = max{gi;_l(g), 9, (€) +m — ih};

JIsT Bcex m = 1i,_1+1, ..., 1, rae h npoberaer 3nadenust or 1 jo H, ig =0, 1y = L.

JlokazaTeIbCTBO B IEJIOM aHAJIOTUIHO JIOKA3aTeIbCTBY TeopeMbl 9.2, mosToMy ocra-
HOBUMCA TOJIBKO Ha Pa3JIMYIUAX.
HokazarenbcTtBo. Pacemorpum Boipazkernue (9.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, TPOCYMMUPOBAB MX B IOPsiJIKe BO3pacTaHus 3HadeHuit &(x;):

L L

%Z(l—b)[g( @) < 2] —%Zbi[g(mm) < z]|.

i=1 i=1

D(X) = max

z€R

Maxkcumym jroctarodno O6parh He 1o BceM z € R, a JuIib 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMil, KoTopble GyHKIMS  IPUHIMAET Ha BHIOOPKE, 2 € {§ (zM), ... &(zH N}.
VoepéM COMHOXKHUTED [5 (x@) < z}, 3aMCHUB BEPXHUIl TIpejies cymMMupoBanud L Ha
m = max{z': E(z®) < z} 3ameTnM, 9TO BCe OOBEKTHI OJIHOMN CBA3KH JINOO BMECTe BXOJIAT,
JInbO BMeCTe He BXOJAT B cymMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS

TOJIBKO U3 MHOXKecTBa [y = {i1,...,iyg}:
D(X) = max |~ i 1-b) Zb max | By, — "
= X [— - = — max |B,, — —|.
mely k i—1 gk mely L
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Uh—1 i

Puc. 9.5. Bepxune g (¢) u mmxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackans B cpaBHeHHMM C JuHeiiHbIMU rpanunamu g, () u gl () Ha orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,HI/IHCTBGHHOG oTJyIMdue oT (99) 3aKJ/II09a€TCAd B TOM, 9TO IIPOXO2KAeHUE JTOIIYyCTUMbIX

TPaEKTOPHIi (m,Bm) L _, orpanmueno ceepxy g, (¢) m cuusy g (¢) He BO Bcex TOUKax
m =0,...,L, a ToJIbKO B TOYKax m € [z, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

fomeM h-it ¢cBsA3Ke, cM. puc. 9.5.
Mexk 1y TOUKAMU BepXHEl I'DaHUIbI (ih L Lgt ) u (ih Lg*J) JIOIYCTUMAsT TPAeK-
- th—1 ) th
TOPUSA MOYKET UJITH ITPOU3BOJILHBIM 00pa30M, CJIEJIOBATE/IHLHO, €€ IIyTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoil B, < g;}: U HAKJIOHHOM 1psaMmoit B, < gi L (m =)
Mex 1y Toukamn mizueit rpamunst (in-1, [g; 1) u (in, [g;, ) Aonycrnmas Tpaek-
TOPUS MOXKET HJITU MPOU3BOJILHBIM 00pPa30M, CJIeI0BATENbHO, €€ MyTh OIPAHIYEH CHU3Y
TOPU30HTAJIBLHON IpsaMoOit [3,, > 9;,_, ¥ HAKJIOHHOM IIPAMOI B, > 9;, + (m —1ip).
TakuMm 06pa3oM, TIOJIyYeHbl TPAHUIIBL ], §;'] yceuénHoro rpeyrosbhuka [lackaiis.
Teopema j10ka3aHa. [

Bameuvanue 9.1. Eciau Bce cBasku ogHodnementusie, {iy,...,ig} = {1,...,L}, 10
g-(e) =gt (), g.(c) =g, (), n Teopema 9.3 nepexopur B Teopemy 9.2.

Sameuanue 9.2. [lomydyeHnbie ONEHKN SBJSIOTCS TOYHBIMU, HO HEHAO/IIOIAEMBIMI.
MoaudunupoBatntble rpaHuibl [, ¢ ] CYIMIECTBEHHO 3aBUCAT OT MOCIEI0BATEIbHOCTI
1,...,%1, KOTOpas CTPOUTCH IO BCeil reHepasibHON BbIOOpKe X; €€ HEeBO3MOXKHO 3HATD,
uMest JiAib HabJIi0/1aeMyto BIOOPKY X. D10 o3HadaeT, 9To Teopemy 9.3 MOXKHO mpume-
HSITH JJId IPOBEPKU T'UIIOTE3bl OJITHOPOJIHOCTHU, OJIHAKO HEIOCPEJICTBEHHO OHAa HE T'OJUTCS
JIJIS TIPEJICKA3aHIA SMITUPUYIECKON (DYHKITUN PACIIPEICICHUSI.

Pe3iome

BeposaTHOCTD GOIBIIOr0 OTKIOHEH IS SMINPHIECKIX PACIPeAeIeHnil IMeeT aCHMIITO-
trdaeckoe Beipazkenne (9.2) uim (9.3), KOTOpoe IPUBOIUTCA BO MHOIHX yIeOHUKAX W CIIPa-
BOYHHKAX IO CTATHCTHKE. B caboit akcHOMaTHKe OHA MMeeT TOYHOEe BbIparkeHne depes
ycedénuslit Tpeyronuuk Ilackas i jerko 0600ImaeTcs Ha CIydail BADHAIIMOHHOTO PsAia
CO CBSIBKAMH, TO €CThb Ha PACIpe/Ie/IeHus ¢ PA3PhIBAME U JUCKPETHBIE PACIPEIEIeHNUSI.
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B cnepytouwieii nekunu Mol BepHEMCs K IPOO/IEMe MepeodyaIeHnst U paccMOTPpUM (DYHK-
[IMOHAJT PABHOMEPHOI'O OTKJIOHEHUST YaCTOTHI OMMOOK B JIBYX BhIOOpKax. OH sIBJIeTCs 3a-
BBIIIIEHHO OIEHKOW BEPOSITHOCTH T€PEOOYUIeHHsA. 3aBBIIEHHOCTh MPUBOJUT K TOMY, UTO
CBS3HOCTH CeMeNCTBa JIs JAHHOTO (DYHKIIMOHAJA YYeCTh MOYKHO, & PacCjIoeHne — HeT.
JL1sT MOHOTOHHOII TIeT aJrOPUTMOB OY/IET MOJIyUeHa TOUHAs OIeHKA (DYHKITMOHAA PaB-
HOMEPHOT'O OTKJIoHeHudA. VHTepeceH TOT (aKT, YTO OHA TaKxKe CBA3aHA CO CJIYYalHBIMU
Oy 2KJTAHUSMU, ¥ TAKXKe BbIParKaeTcsd depe3 yeeueHnblil Tpeyroibuuk llackass, a B HeKo-

TOPBIX CIydasix Jlazke COBIAJIAET C OIEeHKON 3 TeopeMbl CMUpPHOBA.
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10 OueHkn BepoOSATHOCTU PaBHOMEPHOIro OTKJIOHEHUS

QOyHKIMOHAT BEPOATHOCTH OOJIBIIOTO PAGHOMEPH020 OMKAOHEHUA TACTOT OITUOOK
B JIByX BhIOOpKax BBojuTCcA B VC-Teopun u 6epércst 3a OCHOBY BO MHOI'MX ITOCJIEYOIITNAX
uccseoBanugax (cum. 0630psl [72, 40, 10]). O sgBisieTcst BepxHeil OIEHKOH BEPOATHOCTI
epeodyIeHnsl U He 3aBUCUT OT MeTOa OOyUeHHs [, 9TO JACT eMy OIpEeJIeIEHHOe MPaK-
TrIeckoe mpenMytnecTBo. C MOMOIBI0 0OpalleHns N3 Hero MOJIyJaeTcs BepXHsIsS OIEeHKA
JacTOTHI OIMIMOOK Ha KOHTPOJBHON BbIOOpKe. K€ MuHUMM3aIusi, B CBOIO OYepe/ib, IPU-
BOJUT K HOBOMY METOJLy OOYYEHUs (i, KOTOPbIN, KOHEUHO K€, OTJINYAETCAd OT OOBIMHOM
MUHUMU3AIIN SMIITPUIeCKOro pucka. 11o uee, HOBBI METOT f4 TOJIZKEH OBITH MEHEe 101
Bep2KEeH 1epeo0yYeHHIO, TTIOCKOJIbKY OH CTPOMJICH U3 COOOparKeHU ONnTuMU3aIum ooooIa-
formeit criocobroctn. C Ipyroit CTOPOHBI, 3aBBIMEHHOCTH MCIIOJIB30BAHHON OIEHKU MOYKET
[IOBJIEYb 3a COOOW HEONTUMAJILHOCTD MJIH JlayKe HeaJIeKBATHOCTH HOBOT'O METOJIA.

[TosyunB HECKOJIBKUMHE CIIOCODAMU BEPXHHUE OIEHKHU BEPOSTHOCTH OOJIBIIIOIO PaBHO-
MEPHOTO OTKJIOHEHWs, MbI BBISICHUM, YTO BCE OHU YUUTBIBAIOT CBA3HOCTH, HO HE YUM-
TBIBAIOT paccjoenne. VIMEHHO B 9TOM IMPOSIBJISETCsT 3aBBIIIEHHOCTD OIEHOK BEPOSITHOCTU
nepeobyvueHns Yepe3 BEPOATHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§10.1 TexHuka nopo>XxgaroLmMx N 3anpeLarolmnx MHOXXECTB

Hanmomuum, 9To nepeobyuerrocmoto aaropurMa a Ha BeIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €ro OIMMOOK Ha JIBYX BBIOOPKAaX, KOHTPOJILHON 1 00yvatomieii:

§(a, X) =v(a, X) — v(a, X).
O yHKIIMOHA BEPOSITHOCTH IIePe0dyIeHIs
QE(,U> X) = P[(S(IUX’ X) > 5}

OIIEHUBAETCsI CBEPXY BEPOSATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHHUST 9aCTOT B JIBYX IOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[6(a, X) > ] = P [Igleaj((S(a,X) > e

MeTtoa makcumunsauumm nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK IATOIINX U 3aIPENIAIONTIX
MHOZKECTB MOXKeT ObITh puMenér K dynknnonany Q. (A, X), eciu creruaabHbM 06pa3oM
BBECTH MeToJ 00yueHus. dta uied npuHaiekut W. Toncruxumy.

Omnpenenenne 10.1. Meron obydeHust i HA3BIBACTCS MAKCUMUIAUUET NEPeobyueHHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

N3 onpeaesjieHud cJeAyeT, 9TOo eCJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb, TO
BEPOATHOCTD Hep606y‘IGHI/IH COBIIa €T C BEPOATHOCTHIO PaBHOMEPHOI'O OTKJIOHCHU A,

Qa(:u7 X) = @a(A7 X)
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Jlemma 10.1. FEcim MeTos |1 MAKCHMHU3UPYET 11€Pe00YIeHHOCTh, TO JIJISI KaXKJI0TO aJIro-
purma a € A mHOKecTBO X, = {:cab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba e X: b= a} — BalperanIuM B cMbicie I'umore3nr 7.1:

X = < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b,X) mus Beex b € A. (10.1)

Bosbmém npousBosibHbIN T4, € X,. Torma I(a,xzq) = 0, I(b,z4) = 1. Ecau gormy-
CTUTD, 9TO Tgy € X, TO IIOJIYIUM

6(b,X)=v(b,X)—vb X)=v(a,X)+;—v(a,X)>d(a,X),

aro nporuBopeunt (10.1), snaunt, z,, € X. B cuty ero npoussosbsaoctn X, C X.
Bosbmém mpomnsBosbHbil 1y, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gormy-
CTUTD, 9TO Tpg € X, TO MOJTYIUM

6(b,X)=v(,X)— v X)=v(a,X)—v(a,X)+ ;>0 X),
aro porusopesnt (10.1), sHaunut, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 10.1 u o6mieit onerku paccioenusi—csisnoctu (7.2) cie-
JlyeT OIleHKa CBA3HOCTHU JJI BEPOSTHOCTU PABHOMEDPHOTO OTKJIOHEHNS.

Teopema 10.2. [lycts BeKTOpBHI OHNIMOOK BCeX ajJrOPUTMOB W3 A MOMapHO pa3/IHIHBI.
Tora mmeer MecTO BEpXHSIsST OIEHKA BEPOSITHOCTH PABHOMEDHOTO OTKJIOHEHHSI:

~ Cﬁiqfd L—q, m—d
Q-(AX) <Y C—;’Hng;d (£(m —ek)), (10.2)
acA L
e ¢ = q(a) = |X,| — Bepxusst cBsasnocts, d = d(a) = |X]| — HWKHsS CBSI3HOCTB

amropurma a, m = n(a, X) — 4ucja0 ommbOOK aJIropuTMa G Ha FeHEPaJIbHOH BBIOODKE.

Ora OlEeHKA ropas3jio XyzKe aHAJOIHYHON II0 CTPYKTypPe OLEHKH DaCC/IOCHUS CBSI3-
Hoctu (7.5) miag meccumuctuanoit MOP. EnuHcTBeHHOE pasimdie 3aKI0YAETCS B TOM,
YTO HEONTUMAJILHOCTH 7(a) 3aMeHsieTcs Ha HUKHIO CBA3HOCTH d(a). Heonrmmambroctnb
pacTéT ¢ HOMEPOM CJIOsl JIMHEHHO, COOTBETCTBEHHO, BKJIAJIbI aJlOPUTMOB B (). yOBIBAIOT
SKCIIOHEHIMAaIbHO. HuKHsst cBsa3HOCTH d(a) He TpeBbImaeT 1(a) U, Kak MOKa3bIBAIOT IKC-
HepPUMEHTHI 25|, KOHIIEHTpUPYeTCsi BOKPYT OJJHOIO U TOTO YK€ 3HAYEHHsI BO BCEX CJIOIX,
[O9TOMY AJTOPUTMBI BCEX CJIOEB BHOCAT HPUMEPHO paBHBIH BKIa/T B oreuky (10.2). Takmwm
06pa30M, 3Ta OIEHKa yINTBIBAET CBA3HOCTH, HO He YUNTHIBAET PACCIIOCHHE.



— 94 —

§10.2 TexHuKa UenHbIX Pa3JI0>KEeHU

BepoaTnocTs paBHOMEPHOTO OTKJIOHCHNSA MOXKHO OIEHUBATDH CBEPXY € IIOMOIIBIO 4en-
noix pasaoscenuds (chain expansion). Dra Texuuka npeyioxena /1. Kouenpikobim [25].

Teopema 10.3. 1z ymobbix X, A u moboro ¢ € [0, 1]

0.(A%) < Y [{s0)) < £]S ”hfmwsa(e)). (10.3)

acA

e d = d(a) — HUXKHSST CBSI3HOCTB ajropurMa a, m = n(a, X) — 9uc/10 ommnboK ajaroput-

Ma a Ha IeHepaJbHOI BBIOODKE, Sq(€) = %(m — ek),

HokazarenbcrBo. O6o3naqdnm vepes U, (X, e) wim npocro U, uHauKaTop nepeodydeH-
HOCTH aJIrOpUTMa @ Ha BbIOOpKe X:

U, = [0(a, X) > ] = [n(a,X) < sq.(¢)].

O6o3naunm gepes U, orpunanne Uy, To ectb U, = 1 — U,,.

Bocmobsyemest TeM, 9T0 Ha MHOXKECTBE aJropuTMOB A 3a/1aH0 OTHOIIEHNE JacTHY-
HOI'O TIOPsI/IKA KaK eCTeCTBEHHOEe OTHOIIEHUE IMOpsi/iKa Ha OyJIeBbIX BEKTOPaX OIINOOK aJi-
ropuT™MoB. JlomoJIHUM 3TO OTHOIIEHUe 0 JIMHEHHOIO MOPSIKa IIPOU3BOJIBHBIM 00pa30M.
[IpecTaBuM BEepOATHOCTH MAKCUMYyMa OMHAPHBIX BEJTUINH KaK CYMMY BEpOSATHOCTEl, BOC-

IIOJIB30BAaBIIUCHL UENHBIM DA3AOHCEHUEM:

ée =PmaxU, = ZPUGHUI"
¢ acA ZEA

OcTaBuM B IIEITHOM pa3JI0:KEeHUN TOJIBKO Takne coMHoKuTe u Uy, a1o b < a. Ocrajb-
Hble COMHOXKUTEIN TPUBUAJIBHO OIEHUM CBEPXY €JINHUIIEH, U, < 1, b £ a. Torna

< Z PHUan.

acA  beEA
b<a

Pacemorpum npoussenenne U,U, 1j1st IpOU3BOJIBHBIX b 1 a Takux, 910 b < a:

U.Up = [n(a, X) < sq(g)] [n(b, X) > sp(e)] =
= [sa(e) —%—sb( ) < n(b, X) < nla, X) < sq(e)] =
= [sq(e % n(a, X) < sq(e)] [n(b, X) = n(a,X)] =
= [n(a, [sa(e)]] [{50(2)} < £][0a € X],

riae |s| — menast gacte s, {s} — npobuas gactsb s. Torga

<Y PIJUO =D PIn(a. X) = [sa(e)]] [{54(2)} < £] [70a € X].

acA beA a€A beA
b<a b<a
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CoMHOXKHTEIM, HE 3aBUCAIEe OT b, BbIHECEM 3a 3HAK IPOU3BeJeHusI. BBeaéM MHO-
KecTBO X, = {:Uba e X: b= a} U 3aMETHM, 9TO

[ Il € X] = [X; € X].

beA
b<a

Takum obpaszom,
Q. < S [{54(0)} < £] Pln(a, X) = [s.(2)]] [X} € X].

YaureiBast, aro | X! | = d(a), moayuaum ornenky (10.2). Teopema nokazana. ]

Omerka (10.3) o cBoeit ctpykType anagorndaa onerke (10.2). B neii ectsb gBa yiryd-
IIEHUsI: BO-TIEPBBIX, CYMMUPOBAHUE ITPOU3BOIUTC HE TI0 BCEM CJIOAM CEMelCTBa aJroOpuT-
MOB (1iput £ = k yYIUTBIBAETCS TOJIKO KAXK/IBII BTOPOIA CJION ), BO-BTOPBIX, BMECTO «JIEBOI'O
XBOCTa» TUIEPIeOMETPUYIECKOro pacupejesenuss H B meit dburypupyer 3nadenue h ru-
[epreoMeTpUIeCcKOro paciipejieienns B oHoii Touke. C npyroit croponsr, ornenka (10.3)
YUUTBIBAET TOJBKO HUKHIOIO CBA3HOCTH, YTO B UTOTE JiejaeT eé¢ Oojiee craboii 1o cpaBHe-
Huto ¢ orenkoit (10.2). ITpu sToM 06e OIeHKN He YyIUTHIBAIOT PACCIOCHHE.

§10.3 TexHuka cny4aiiHbix Gny>XaaHwniA

s mponsBosibHOTO cemeiicTBa A BbIpA3uM paBHOMEPHOE OTKJIOHEHUE YacTOThI OIIIH-
6ok B BbibOpKax X u X uepes unjukaropsr b; = b;(X) = [x; € X]:

D(X) = réleajcé(a,X) = I;leaj((y(a,)?) —v(a,X)) =

L
= max [(a,azﬁ(% [z, € X] ¢ [ EX]) =
acA 4 T N— ——.
= 1-b; b;
L
L l
= E I;leaj( . [(a,xi) (E — bl) . (104)
MoHOTOHHAs uenb anropuTmoB — 310 MojesbHoe cemeiictBo A = {ag, a1, ..., ap},

B KOTOPOM aJITOPUTM @ JOIYCKAeT M OMMOOK Ha reHepabHON BBIOOPKE, a KaXKJIbIi 1o-
CJIeJTY IO AJITOPUTM XY2Ke TIPe/IBLIYINEro Ha oJHOM o0bekTe (ompeesenue 6.8, cTp. 52).
[Ieperymepyem OOBEKTBI T, . . ., L7, TAKIM 00Pa30M, ITOOBI

ag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (10.5)

Teopema 10.4. /st MOHOTOHHOI! 1€ ajaropuTMoB A, Mpou3BOJIbHOH reHepabHOI BbI-
6opku X 1 npomnssoipHOrO € € [0, 1] cnpaBeinBa ToUHAST OLIEHKA BEPOSITHOCTH TOTO, 9TO
PpaBHOMEpHOe OTKJIOHEHHE He IIPDEBBbICHT €:
e —
} o GL [gL (5)7 L]
=
Cr

e g, (€) — JieBasi rpanuma ycedéHroro rpeyroJbanka Ilackass:

Plmaxd(a, X) < e
acA

g, (e) = £(t — ek)[m <t <m+ D].
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HoxkaszareabcTBo. B ciyuae monoTonnoii tienu pejicrasiienue (10.4) ymporaercst mocie
nojcranoBku B Hero (10.5):

m-4d
)= £y S (L) = £ (125 )

i=1
e Byyg =01+ -+ byrg. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OMTUO0K
B BBIOOPKAaX X 1 X BBIPAsKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPEIH
IIEPBBIX M + d WIEeHOB OMHAPHOI TTOCIeI0BATEIbHOCTH] by, . . ., by, OT «0XKII1aeMOroy Incia
equnul £ (m + d).

Haiiiém renepsb BepositHOoCTh TOro, uro D(X) HE MpeBbIIIAeT £:

P[D(X) <e] =P| max (£(m+d) — Busa) < fek] =

D L
—PTI[4(m+d=ck) < Busd| =PT] [0 (&) < B].

d=0 t=1

HOﬂyquHoe BbIpazKeHne B TOYHOCTH COBIIa/JacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacrpesesenuii (9.9), ayist KoTopoii yzke HaiiIeHO TOYHOEe BbIpa-
xkenwe (9.6) gepes3 yceuénnblii ciieBa rpeyrosibhuk [lackass. Teopema jgokazana. [

Pe3iome

DYHKITMOHAJ PABHOMEDPHOTO OTKJIOHEHU, BBE/IEHHBII B Teopun Bannnka-YepBonen-
KHCa, YYATBIBAET CBA3HOCTH CEMEeNCTBa aJrOPUTMOB, HO HE YUHUTBHIBAET €0 PACC/IOeHUE.
N3-3a 31010 OH MOYXKET J1aBaTh CUJIHLHO 3aBBIINIEHHDBIC OICHKHN BEPOATHOCTH MEPEOOYIeHUS.
Tem He MeHee, OH aKTHBHO UCIOIB3YETCH B TEOPUM CTATUCTUYECKOTO obydenus. Ero jo-
CTOMHCTBO B TOM, 9YTO OH HE 3aBUCUT OT METO/a OOyUYeHUsA, ITO TO3BOJIAET Pa3padaThIBATDH
HOBBIE MeTOJbI OOyYeHUs IIyTEM MUHUMHU3AIUN €10 OOPAIEHHBIX BEPXHUX OIEHOK.

[Ipu nostydyennn BepXHUX OIEHOK BEPOSATHOCTH PABHOMEPHOI'O OTKJIOHEHUS MOTYT Ha-
KaIJIUBATHCS JIONOJIHUTE/IbHBIE TIorperrHocTu. Cpein TpEX PacCMOTPEHHBIX TEXHUK TIep-
BBIE JIBE JIAIOT 3aBLIINIEHHBIE OIEHKHU, TPEThd JIAET TOYHYIO OIEHKY, HO TOJILKO JIJIs 4acT-

HOTO cJIydass MOHOTOHHOH Ienn aJrOpUTMOB.

B cnepytouwen nekymun Mol BEpHEMCS K MOJIEJIBHBIM CeMelicTBaM aJll'OPUTMOB U PaCCMOT-
PUM HECKOJBKO HETPUBUAJBHBIX YaCTHBIX CIIYyYacB, KOT/A ONEHKN PACCAOCHUA-CBA3HOCTA
OKa3bIBAIOTCS TOUYHBIMMU.

Ynpa>kHeHus

Bamada 10.1 (5%). IMoay4uTh TOYHYIO ONEHKY BEPOATHOCTU PABHOMEDPHOI'O OTKJIOHEHHUSI
Q-(A,X) 1151 yHUMOJIATIBHOI T AJITOPUTMOB.

Bamaua 10.2 (10*). Iloayunts Toumnyio ornenky @.(A,X) s mpon3BoIbHOIO MHOXKE-
CTBa aJI'OPUTMOB, 33 ]AHHOTO I'PAdQOM PACCIOCHUI—CBA3HOCTH.
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11 MHoromepHblie ceTu anropnTmMoB

CymiecTByoT puMepbl HETPUBHAIBHBIX MOJIEIBHBIX CEMEHCTB aJrOPUTMOB, JIJIsT KO-
TOPBIX OIEHKH PACCIOCHUSACBA3ZHOCTU ABIAIOTCA TOYHBIMUA. B 9acTHOCTH, 9TO MHOrOMEp-
HbI€ MOHOTOHHbBIE CETHU aJI'OPUTMOB. 9TI/I ceMelicTBa NHTEePEeCHbI emé n TeM, 9TO OHHU 06—
JIJIAI0T HE TOJBKO PACCJIOCHUEM U CBA3HOCTBIO, HO U PA3MEPHOCTHIO, TO €CTh BCEMU KJIFO-
YEeBBIMU CBOMCTBAMM PEAJIBHBIX CEMENCTB.

§11.1 [symepHasi MOHOTOHHAsl CETb a/ICOPNTMOB

B §6.5 MBI paccMoTpesit MOHOTOHHYIO TIEIb AJITOPUTMOB, KOTOPAs SIBJISETCS MOJIEIbIO
OJTHOITAPAMETPUIECKOTO ceMelicTBa aaropuTMoB. EcrecTBeHHBIM 0000ITIEHNEM STOM MO/I1€-
JI Ha, MHOTOMEPHBIN CJIydail IpejCcTaB/IseTcs ceMeicTBO, rpad pPacc/jioeHUusI—CBA3HOCTU
KOTOPOTO N30MOPdEH MPAMOYTOIBHON PeIéTKe 33/ IaHHON PasMePHOCTH h U HEKOTOPO-
My €€ HeBBIPOXKJIEHHOMY (pparMeHTy TOi yKe Pa3MepHOCTH.

Ha pucynke rmoka3zaHbl 9eTbIpe HUXKHUX CJIOs rpadOB PaCCIOEHUSCBA3HOCTU Pa3-
meprocteit 1 (caeBa) u 2 (cupasa). [opusoHTAIBHbBIE JIHHAN COOTBETCTBYIOT CJIOSIM, 1M —
YUCIO0 OMMOOK JIYUIIero ajropuTMa Ha reHepasbHON BbIOOPKe. OObEKTHI BIOJIb CTPEIOK
O3HAYAIOT, UTO MPH IE€PEXoJie OT HUKHErO AJNOPUTMa K BEPXHEMY OINMUOKA IMOSIBJIAETCS
UMEHHO Ha JIAHHOM O0bEKTe.

h=1 h=2

m—+3 @ m—+3

PaccMoTpuM IIPOM3BOIBHBI AJTOPUTM Qyyyy U3 €O M+t = N Ay, X). Yucso airo-
PUTMOB B 9TOM ¢Jioe paBHO t + 1. Bepxusst cBs3HOCTh ¢(ay,) = 2 COBHAAET € pa3MEPHO-
crpio h = 2. HeonruMabHOCTD 7(dy,) paBHA €, OCKOIBKY @y, OTJIMIAETCA OT JIyUIIEro
aJIrOpuTMa agy POBHO Ha t oObekTax. [lojcraBuB Bee 3Tu Jannbie B oneHky (7.5) u 3ame-
HUB CYyMMY IIO aJI'OPpUTMaM CyMl\lOﬁ IO CJIOAM, IIOJIYYIHUM OIEHKY PaCCJIOCHUA—CBA3SHOCTU
Jyig T HUZKHUX CJIOEB JIBYMEPHO CeTH aJIrOPUTMOB:

4
Cr (-2

T —2
Qe < Y (¢ + )T HYTY s (Fm 41— <k))
L

t=0

[Toka 510 ObLIN IIPeIBapUTEIbHBIE COOOpParKeHNs, TOKA3bIBAIOIINE, UTO NHOI/IA OIeH-
KU PacC/IOeHUS—CBI3HOCTH TIOTy9IalOTCs OYeHb MPOCTO. JTa OleHKa He BIIOJIHE KOPPEKT-
Ha, TaK KakK IPH IOJICIETe BepXHel CBA3HOCTU aJrOPUTMOB 1-TO CJIOS IIPEJIIN0/1araaoch,
aro (1 + 1)-it cj10it cyiecTByeT, HO €ro MpejCcTaBUTe/in B cCyMMe He yurTeHbl. Jlaree Mbl
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BBEJIEM HEOOXOIMMBIN (popMasn3M, 0O00IIKUM OIEHKY Ha CJIy4ail IMPOM3BOJILHON pasMep-
HOCTU M aKKypPaTHO pas3bepéMcs ¢ BepXHUME codMu. Mbl TakzKe yOeuMcs, YTO OIeHKa
pPacC/IOeHNs—CBA3HOCTH JIJIs1 h-MEpPHOII MOHOTOHHOI ceTH sABJsgeTcs TO4UHO. [lepBbIM 3Ty
onenky nosyuanit I1. Boros [5].

§11.2 MoHoTOHHaA ceTb NMPOU3BOJILHOW Pa3MepHOCTU

[lycrs J = (j1,- .-, jn) — NEJOUUCIEHHBI BEKTOD UHJIEKCOB.

[Momoxkum |J| = j1 + -+ + Jn.

BBenéM Ha BeKTOpaxX MHICKCOB OTHOMICHUE YACTUIHOTO HOPSIKA: JIJIst IPOM3BOIbLHBIX
J=(1,. oy gn) n K = (ky,..., k) monoxum J < K, ecm jg < kg aost Beex d = 1,..., h.
[omoxum J < K, ectu J < KuJ # K.

Omnpenenenne 11.1. Monomonnoti cemwio anrzopummos pasmeprocTu h u Boicorsr H
HasblBaeTcs MHOXKecTBo anropurmos A = {ay: |J| < H} ¢ momapro pasmmiHbMz BeKTO-
pamu oImHOOK, TaKoe, ITO

1) ecom J < K, 10 ay < ag;

2) n(ay,X) = m+ |J| npu mHekoropom m.

AnropuT™ ag = a,...0) Ha3bIBACTC AYHUUM B A.

yeens

,ZL&HHOG ompeJge/ieHrue MO2KET IMOKa3aThbCdAd HEKOHCTPYKTHUBHBIM, TaK KakK OHO HE€ OIIN-
CbhIBa€T MaTpPUILY OIIMOOK B ABHOM BUJEC. O,ZLHaKO cjeayrolfasd JieMMa ITIOKa3bIBaeT, 9TO
Ha CaMOM JjieJjie MaTpHUIla o1IboK olpejesieHa OJQHO3HAYIHO.

Jlemma 11.1. MHuoxkecTBO 00bEKTOB X paciiajjaeTcst Ha 00beKThl TPEX THIIOB:
1) m 06bEeKTOB, Ha KOTOPBIX OHIHOAIOTCSI BCE AJINOPUTMBI;
2) Hhobwekros {af:t=0,..., H-1,d=1,... h} raxnx, aro I(ay, z}) = [t < j4;
3) Bce ocrajbHBIE OOBEKTHI, Ha KOTOPBIX HU OJH U3 AJTOPHTMOB HE OITHOAETCSI.

HokazareabcTBo. 1. MHoxkecTBO 00bEKTOB, Ha KOTOPBIX ONMIUOAIOTCS BCE aJTOPUTMBI,
COBIIQJIAET C MHOXKECTBOM OOBEKTOB, HA KOTOPBIX OIMIMOAETCS JIYUIIUil AJITOPUTM Gg, U WX
quCI0 paBHo m = n(ag, X). UTo U yTBEpkKIAETCs B TIEPBOM IIYHKTE JIEMMBI.

BBesiéM Ha BEeKTOpax MHJIEKCOB MOKOMIIOHEHTHOE CJIOYKEHUE U YMHOXKEHHE Ha IHCIIO:
J+K=(j1+k,. ..,jn+kn) ucl = (cj,...,cjn) misg upousBoibibix J = (ji,...,Jjn)
u K = (ky,..., k). Oupeenum euHuaHbIE BEKTOPBI Fy = ([dzs])?zl, d=1,...,h.

2. BospMmém niponsBosibHbLil asnroput™ ay € A u e pasmepnoctnu {d, s} C {1,..., h}
rakue, 9o jg < H, js > 0. [Mocrpoum Bektopwl uugekcos K =J + Ey, J =J — E,,
K' = K — E,. Yerbipe anroput™Ma a;, ax, G, Gx 00pasyoT rpad paccjioeHns—CBA3HOCTH
(HATIOMHYM, YTO €CJIM aJIrOPUTM G TIPEJIIIeCTBYeT ajJropurmy b, a < b, 1o depes x4, 060-
3HAYACTCS TOT €JIMHCTBEHHBI 00bEKT, /st KOTOporo I(a, z4) = 0 u I(b, x4) = 1):

Ty %
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AJITOPUTMBI Gy U Ay OTJIUYIAIOTCS TOJBKO Ha JIBYX OOBEKTaX, MOITOMY CPEIH de-
TBIPEX OOBEKTOB XI5, Typ!y Typ, Lr/x AMEIOTCS TOJBKO JIBa Pa3INIHBbIX. EIMHCTBEH-
HBII JIOMYCTUMBINT BapUAHT COBHAJIEHUI — KOTJIA X, = Ty U Xy = Txrie. LIpojosmkas
110 OYepe/in YMEHbIIAaTh B BeKTopax J m K Bce KOOPJIUHATHI J1, . .., j, KPOME jq, TPUIEM
B MTOre K TOMY, YTO JIBa aJlOPUTMA U, E, < O(j,+1)E, TaKKe OTIMIAIOTCSA Ha O0LEKTe T .
Taxkum 06pazoM, 00BEKT T, OUPEIENIIeTcs TOJbKO Koopauaatoil d € {1,..., h} u 3Haqe-
HreM unjekca t = jg € {0,..., H — 1}, 1 He 3aBUCHUT OT OCTAJBHBIX KOOPWHAT BEKTOpA J.

O603HauNM 3TOT 06BLEKT uepes zo.

JlokazkeM OT IIPOTHBHOIO, 9TO cpejii 00beKToB x¢ Her copnajatomux. [lyers 2¢ = xf,
u s oupenenénnocru t < . Torna aip, < ayp,, caegosarensio I(ayg,, :)sf) = 1. C apy-

roit cropoust, I(ayg,, 2%) = 0. [lostomy o6bekTbl 2 u ¢ ne MoryT cosnagars. [Ipesrio-

!/ ..
JIOZKUM Teriepb, uto z8 = 2% upn d # d'. Bosemém anroput™ ay, J = tEy + t'Ey. Anro-

PUTMBI 474 g, U Gj4F, OTJMYAIOTCH OT a7 Ha 00beKTax rdu xf,/ COOTBETCTBEHHO U JIOJIZKHBI
UMeTh pa3/IMIHble BEKTOPBI OIMUOOK II0 OIpeJIe/IeHuI0 MOHOTOHHO# ceTu. [losromy 00b-
ekt ¢ u :vf,/, OATh-TaK/, He MOT'YT COBIIQJIATh.

Wrak, mpousBo/ibHBIN ajaroput™ a; € A jgomyckaer ommOKM HA TeX U TOJBKO TeX
obbekTax :L‘f, Y KOTOPBIX © < j4, 9TO U yTBEPIKJIAETCS BO BTOPOM IIYHKTE JIEMMBbI.

3. B BBIOOpKE MOT'YT OCTaBaThCsA OOBLEKTHI T, HA KOTOPBIX aJlOPUTM Gy HE JOIyCKAeT
omubKy, 1 KOTOPbIE He COBIAJIAIOT HU ¢ OHUM U3 o4, Ecjiu 6bl oun u3 anroput™os a € A
JIOIYCKAJT OIMMOKY Ha TaKOM O0BbEKTe X, TO CyIIeCTBOBaIN ObI ajiropuTMbl b, ¢ € A, Takue,
qro b < ¢ < a u x = Tp.. Ho Torna oObekT x ObLI ObI OHUM 13 OOBLEKTOB xf, KaK ObLIO
oKa3aHo BbIe. TakuM oOpa3oM, HU OJIMH U3 aJrOPUTMOB @ € A He MOXKeT JIOIyCKaThb
OImuOKY Ha TAKOM 00bekTe x. YUTO u yTBepKIaeTcsd BO TPETheM ITyHKTE JIEMMbI.

Jlemma JIoKa3aHa. m

Caencrsue 11.1.1. Jusijoboroay € A, J = (j1,---yJdy- .-, jn) mmoborod € {1,... h}
yBesmdenne uajekca t = j, Ha equaniy, K = (j1,...,ja+1, ..., jn) OIPHBOAHT K HOsIBJIC-

HUIO OIMNOKH Ha OOBEKTE :L“f:

ay < ag; I(aJ,xf):O, I(aK,:cf)zl.

NuTtepnpetaumnsa. MonoronHnas ceThb pasMepHOCTH h u BbICOTBI H — 3TO MOJIEbL ceMeii-
CTBa aJITOPUTMOB ¢ h HempepbIBHLIMU NapaMeTpamu. MojiebHOe TpeInoioKeHne 3aKIio-
YaeTcs B TOM, UTO II0 Mepe yBeJIudeHus d-ro rnapamMerpa ONMOKNM BO3HUKAIOT IOCJIE0-
BaTe/IbHO Ha OObeKTax zl, ..., x% |, He3aBUCUMO OT 3HAUECHUI OCTAJLHBIX MapaMeTpPOB.
B peasbubIX 3a/1a1ax 3T0 TpeboBaHMe KakK MPaBUIO, He BhIIOTHAETCd. B TO Ke Bpems, ns-
BECTHBI IIPUMEPHI, KOI'JI[a MOHOTOHHAs CETh MOPOXKIAETCH UCKYCCTBEHHOI BBIOOPKOM U pe-

AJIbHBIM CeMeficTBOM aaropurMoB (yrnpaxkuenns 11.1, 11.2).

PasmepHble xapaktepuctukn. 113 Jlemmnr 11.1 ciemyer, 9T0 HEOOXOIUMBIM YCJIOBUEM
CYIIeCTBOBaHUsI MOHOTOHHOI ceTH siBjisieTcs orpanudenue m + Hh < L.

Yucjio ajiropuT™MoB B €JI0€ M + t PABHO YUCY HEOTPHUIATETHHBIX HEJTOTNC/IEHHBIX
BeKTOPOB uHJeKcoB J = (ji,...,jp) Takux, aro [J| = j; + ... + j, = t. OHO XKe ecThb
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At h1
4uCI0 crocoboB BeIOpaTh t 1pejameros u3 h ¢ nopropennamu, Cy = Cy7, . IIpocymmu-

POBaB YHUCJIO aJI'OPUTMOB IIO CJIOAM M BOCIIOJIB3OBABHIMCH HU3BECTHBLIM KOM6I/IH&TOprIM

TOXKJIECTBOM, HETPY/THO HANTU YUCJIO aJITrOPUTMOB BO BCell ceTH:

he he h
Al =+ + Chiypy = Ol

§11.3 TouHasa oueHka pacc/I0OeHNsI—CBA3HOCTN

13 dopmya (7.3), (7.4) u rpada paccioeHus—CBSI3HOCTU CJIEJLYET, YTO JIJIs JII0OOro
aJICOPUTMa @ ; U3 MOHOTOHHOI cetn A

X, = {xf: t=jq, d=1,... ,h} — IIOPOXKJIAIoIee MHOYKECTBO;

X = {xf: t < ja, d=1,...,h} — sanpemaloriee MHOKECTEO.

Jlemma 7.1 maér jmib HEOOXOIUMOE YCIIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3yJibTaT 00y4eHUs: [MX =a J:| < [X 7 C X } [X hCX } OjiHako B cjIydae MHOIO-

MepHOIU/I MOHOTOHHOII CceTH HGO6XO,ZLI/II\/IOQ ycJjioBUE ABJIAETCA TaK2Ke U JJOCTATOYIHDBIM.

Jlemma 11.2. FEcim p — meccuMuCTHYHAS MUHAMHA3AIAS SMITIPUIECKOTO PUCKA, TO
[MX:aJ} = [XJ C X} [X} C )_(} JIs KaskJoro ay € A.

HokazarenbcrBo. [okaxkem, uro ecit X; € X u X/ C X, TO TOJIBKO aJITOPUTM G
MOZKET OBITH Pe3yIbTATOM O0YYeHHUS.

Asroput™ @y JOIyCcKaeT OmmMOKH TOJIBKO Ha OObeKTax u3 X';, HO BCe OHH JIEXKAT
B KouTposie X, mostomy n(ay, X) = 0.

PaccMmoTpuM TIpOU3BOJIBHBIN airopuT™M ax Takoit, ato K £ J. DTo o3Ha4YaeT, 910
d

Jd’
KOTOPBIH j1e2KuT B X 7, cJieJioBaTe/IbHO, 1 B o0yderun X . [TosToMy ajroputm ax He MOXKET

kq > jq Aast HeKoTOpoit KoopnHaThl d. Ho Torma ax momyckaer ommOKy Ha 0ObeKTe T

OBITH BBIOpAH METOJIOM [, MUHIMUBUPYIOIINM SMIUPUIECKIIT PUCK.

Pacemorpum mponsBoJibHBII aaropuT™ ax Takoit, aro K < J. Torma oba ajaropurMma,
aj M ax He JIOMycKaioT omubok Ha obydenun X . lomyctum, uto ky < jg JjIg HEKOTOPOI
koopuHaTh! d. Torjaa Ha KOHTPOJILHOM OObEeKTe xzd U3 JABYX aJTOPUTMOB TOJBKO G JI0-
IIyCKaeT OIIMOKY, MMO3TOMY METOJ, [, OYyJIy9H TECCUMUCTUIHBIM, BHIOECPET AJITOPUTM @ ;.

Taxum 06pa3oM, TOJBKO AJITOPUTM G; MOXKET OBITH PE3yIbTaTOM O0YyYeHUS. |

Teopema 11.3 (O moHOTOHHO# ceTu amroputmoB). Ilycte A — MOHOTOHHAsI ceTh
pasmepuoctu h u Bercorsr H, MeTOJ | ABJIS€TCS TeCCHMUCTHIHON MUHUMU3AIIHCH SMIIH-
pHYecKoro pucka u BbimosiHeHO yciaosue m + Hh < L. Torna

i C;H-t 1027(1 t 0
Q-(wX) = Y —HLESLHT (Lt —ck), g = [t<H]h.
L

t=0
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JokazareabcTBOo. Bo3bMEM MPOU3BOJIBHBIN aJrOPUTM .y U PACCMOTPHUM TPHU CJIydas.
1. Eciu |J]| > k, To uncio ommboK ajropurMa a; Ha 3alperaloniux o0bekrax X

[IPEBBIIIAET JIJIMHY KOHTPOJILHO# BhIOOPKHU. HacTh ommnboK 00g3aTeIbHO OKaXKeTCsi B 00Y-

Jaroleil moBpIOOpKe X, M MeTOJI 1t BhIbepeT JApyroil aaropurMm. B sTom cirydae

(uX=a,] =0.

2. Ecim |J| < ku |J| = H, 10 ecTh aJIl'OPUTM @ HAXOJUTCS B IIOCJIEIHEM CJIOE, TO
HOPOZKIAIONINX 0ObEKTOB IS @y HE CYIIECTBYET, CJIeJI0BATE/ILHO,

[nX=a;] = [X] € X].

B sTom ciyuae BepxHsst cBsa3HOCTh ¢(ay) = 0, HeonTHMaIbHOCTE 7(ay) = |J|.

3. Ecmm |J| < k u |J| < H, 10 peanusyercss 0OCHOBHOM ciydaii u3 Jlemmbr 11.2:
X =a,] = [X, € X][X} C X].

B srom ciaywae Bepxuss ca3nocts ¢(ay) = | X | = h, neontumansinocts r(ay) = |J|.

[IpumeHnM OIIEHKY paccaoeHusi—CBsi3HoCTH (7.5), KOTOpasi B IAHHOM CJIydae siBJISeTCsT
TOYHBIM PABEHCTBOM:

l—q

C
o L—q, m~+|J|—r (¢ Y L—q—r
Q= Y PAH T ((mt || —ek)) Pr= =
J:|J|<H L
e Py = PluX = ay| — BEPOSITHOCTD MOJYYIUTH aJrOPUTM a; B PE3yJabTare 0OydeHusd,

q = q(ay) — BepxHss CBA3HOCTD, 1 = r(ay) = |J| — HEONTHMAIBHOCTH AJTOPUTMA @ .

BepxHsisi CBA3HOCTb U HEONTHMAJILHOCTH B KaXKJIOM CJIO€ OJIMHAKOBBI ¥ BCEX aJiro-
PUTMOB. DTO TO3BOJISIET BBIPA3UTH BEPOSITHOCTH TOrO, YTO METOIOM i OyJeT IIOJIyUeH
HEKOTODBI aJrOpUTM ay U3 cjios m + t, tae t = |J|:

t l—q
Ch—&-t—lCquft

P, =Pn(uX,X)=m+t| =C},, P = o ,
L

(11.1)

U 3aTeM 3aMEeHHTb CYMMYy II0 aJropuT™Mam cyMMmoit mo ciosm t = 0,..., H. Hakonerr,

OCTaéTCd y4ecTh, UTO Npu t > Kk aJaropuTMbl BOOOIIE He BHOCAT BKJIAJ B OIEHKY, a IPHU

t = H obmuyssieTcst BepxHsisl CBA3HOCTH ¢, KOTOpas B OCTAJbHBIX CIydasx paBHa h.
Takum obpaszom,

min{H,k}
Q-= Y PH %" (f(m+t—ck)), q=I[t<H]h,
t=0

YTO U TPeDOBAJIOCH JIOKA3aTh. [
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Puc. 11.1. 3aBucumoctu P; ot ¢ (cieBa) u Q- or € (cupasa) /it MOHOTOHHBIX CeTeilt
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

§11.4 BbluncnurtenbHble 3KCNEPUMEHTbI

dkcnepumeHT 1: BblYMCNeHME OueHKU paccrioeHusi—cBa3HocTu. Ha puc. 11.1 cie-
Ba TOKa3aH I'padUK 3aBUCUMOCTH BEPOATHOCTH F; MOJIyYUTh aJIrOPUTM U3 cjaod m + i,
BrancaeHHoi mo dopmysie (11.1), or gncria ¢. Cipasa nmokasasn rpaduk 3aBUCHMOCTH Be-
podTHOCTH TIepeodydeHus (). oT nopora €. Ha kaxkjom rpaduke n3o0parkeHbl 9 KpUBbIX,
COOTBETCTBYIOINIUX PA3JIMIHBIM 3HAUEHUAM pa3zmepHoct h = 1,...,9.

Basucumocts P, muoromepnoit cetn Ha orpeske [0, H — 1] yuumomanbua. Bepost-
HOCTBL IIOCJIeHEIr'0o CJiod HEMHOI'O BbIIIEe, TaK KaK JIJId HEro BepXHdAd CBA3HOCTL pPaBHa
nysio. [Ipu pocre pasmepnocTu h nosjoxkenne mMakcuMmyma P, cMmeraercss BIIpaBo U pac-
TET BEPOATHOCTH TepeodydeHst. JTO O3HAYAET, YTO POCT CBA3ZHOCTH, KOTOPBIN TPUBOJIAT
K 9KCIIOHEHIIMAJIbHOMY YMEHDIIIEHUIO BEPOATHOCTEN PP OT/Ie/IbHBIX &JITOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCS POCTOM MOITHOCTHU CJIOEB.

JKCnepuMeHT 2: cpaBHEHWE MOHOTOHHbIX CeTell C peasibHbIMU CemeicTBaMu.
Ha ocnose mtardopmbr RapidMiner Ob1in 1moJsiydeHbl 9KCIIepUMeHTAIbHbBIE 3aBUCUMOCTHI
Qe or & s 3amad w3 pernosuropust UCI (sonar, breast-cancer-wisconsin) Ha MeTomax
kiaccudukanuu NaiveBayes, SVM, DecisionTree, NeuralNetwork [5]. Dxcnepunvenrainb-
Hble KPUBbIE TIEPEO0YICHHOCTH QE, oty geHubie MeTosoM MonTe-Kapiio, ammpokcuMupo-
BaJINCh KPUBBIMU 1€PEOOYUYEHHOCTH MOHOTOHHBIX CeTell MyTéM mojdopa pasMepHocTu h
npu duxcupoBanubix L, { u m. OKa3aaoch, 9T0 9eM CI0KHEe CeMeHCTBO aJlfOPUTMOB,
TeM BBIIE TPOXOJIUT KpHUBas MepeoOYIEHHOCTH U TEM BBIIIE Pa3MEPHOCTH h AIlIpPOKCH-
MUDYIOIIell MOHOTOHHON ceTu, cM. puc. 11.2, 11.3; 11.4 («6osiee cryneHuarbie» KpUBbIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIQJIKIe» — PeabHBIM CeMeHCTBAM ).

[Ipumeuaresien Tor dakT, 9YTO Ha 3aja4e breast-cancer-wisconsin meros NaiveBayes
oKa3aJ/l KPUBYIO MTepeoOYUYEeHHOCTH, SKBUBAJIEHTHYIO MOHOTOHHOW CETH Pa3MEepHOCTH 1,
puc. 11.4. DdderTuBHas pasMepHOCTh JAHHON 3aJadd W B caMoM jeje Oim3Ka K 1,
TaK KaK OYeHb XOPOIIUM pPa3JIe/IsiioNnM TPU3HAKOM sIBJISETCS CyMMa BceX 9 MpU3HaKOB.
DecisionTree na Tex ke JaHHBIX HE CMOT HAWTH 3TOT IPU3HAK U IIOKa3a/l OGJIBIIYIO pas-
MEPHOCTBH, OOIBINYIO TEPe00yIEeHHOCTD 1 OGJIBITYIO OMUOKY Ha KOHTPOJIE.
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Puc. 11.2. Beposraocts nepeobyuennus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pa3mepHOCTeil, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactota ommOOK Ha 00ydYeHHN/KOHTpose, coorBercTBenHo: (.28/0.32;
0.05/0.20; 0.02/0.26. Bamaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe

09 1

08

07 1

06 1

05 -

04

03 4 NN3

02 < NN1

0.1
0]

0 0.05 0.10 0.15 0.20 025 030 ¢

Puc. 11.3. BepositHocTh 1tepeodyuenust (). asropurmoB NeuralNetwork ¢ unciiom meii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha O0YYEeHUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 11.4. BepositHocTh mepeobydennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX cereif pasmeproctn h = 1, 20. Cpemsist gacTora omuboK Ha 0bydeHnu /
kourposie, coorsercreenno: 0.04/0.04; 0.03/0.06. 3amjada breast-cancer-wisconsin,
9 npusnakos, L = 700, ¢ = 630.



= 104 =

Pe3iome

Tounble O1eHKN BEPOATHOCTU TIEPEOOYIEHUs K JIAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
J1a MOJIEJIbHBIX ceMeiicTB aJropuTMoB. B ux ducie MHOroMepHbIe MOHOTOHHBIE CETH aJII'0-
PUTMOB, 00JIaJIAIOIIIE CBOMCTBAME PACC/IOCHUS, CBA3HOCTU U PA3MEPHOCTH, 9TO COJIUKAET
X ¢ peaJbHbIMH ceMeiicTBaMu. OIEHKa PACCIOCHUSI—CBI3HOCTHU JJIsI MHOTOMEPHON MOHO-
TOHHOII CeTH dBJIAETCA TOYHOI.

B skcnepuMenTax KpuBble BEPOSATHOCTH I1epeoOyUeHUs PeabHBbIX CeMENCTB HeII0-
XO TPUOJIHKAIOTCA ¢ TOMOIIBIO MHOTOMEPHBIX MOHOTOHHBIX CeTell IIPU COOTBETCTBYIOIIEM
110100pe PasMepHOCTH, KOTOPYIO MOXKHO MHTEPIIPETUPOBATH KaK «3(MPEKTUBHYIO pa3Mep-
HOCTb» 3aJIa4M.

B cnepytoweit nekyunn Mbl pacCMOTPUM €I1€ HECKOJIBKO MOIEJIbHBIX CEMEHCTB U IOJIY-
YUM JIJIsI HUX TOYHbBIE OIEHKU BEPOSITHOCTH HIEPEOo0yYeHUs], IPUIEM ¢ TTIOMOIIBIO aIbTepHa-

TUBHBIX IIOAXO/10B, HE OIIMPaACh Ha IIPUHIIUII ITOPO2KIAIONNX 1 3allPEIaionnX MHOZKECTB.

Ynpa>xHeHus

Bagaua 11.1 (1). Ilpusectn npumep BoIGOPKH B R?, 11 KOTOPOi MHOMKECTBO JTHHE -
HBIX KJIaCCHMDUKATOPOB (He 0653aTeIbHO BCEX BO3MOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bajava 11.2 (3*). Ilpusectn npumep BbiGopku B R”, 11 KoTOpOit MHOMKECTBO JMHE-
HBIX KJIaCCHMDUKATOPOB (He 00s13aTeIbHO BCEX BOBMOYKHBIX ) MTOPOK AT MOHOTOHHYTO CETh
AJITCOPUTMOB.

Bamauga 11.3 (5%). Cdopmyauposars TpeboBaHUsS K CeMEfiCTBY aJIrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIOCHUSI—CBA3HOCTH SABJISIETCST TOTHOM.

Bagaua 11.4 (5). Ilosyuurb OIEHKY BEPOATHOCTH MEPeOOyUeHMs Jjisi MHOIOMEPHOIT
MOHOTOHHOI CeTH, KOIJIa 10 KaxKJI0i pa3MepHOCTU d 3ajilaHa CBOs BbicoTa H.

Bamada 11.5 (5). [loayunTh OIEHKY BepOSTHOCTH TepeobydeHUs JIs YHUMOATBHOI
h-MepHOit ceTn.

Bamada 11.6 (5). [loayuuTh ONEHKY BEPOSITHOCTH TepeobydeHus JJid mydka h MOHO-
TOHHBIX Ileneil JauHbl [ .
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12 To4Hble nHTepBasbHble N BJI0YHbIE OLEHKN

[Ipomo/KuM paccMOTpeHnEe TOYHBIX OIEHOK BEPOSITHOCTH ITEPEOOYIEHUS JIJIT MOJIETb-
HBIX CEeMEHCTB aJropuTMOB, 00JIaJIAIONTNX CBOWCTBAMU PACCJIOEHUs U CBA3HOCTU. Hauném
¢ ceMelicTBa, BOOOIE He 0018 IAIOIIEr0 PACCJIOEHIEeM U IMTOKayKeM, 9YTO B 3TOM CJIydae OIleH-
Ka CTAHOBUTCH BBIPOXKJICHHON.

§12.1 Cnown byneBa kyba

Paccmorpum MuOoxKecTBO A, cocrosiee n3 Becex C]' ajJropuTMOB, JIOIYCKAIOIIX POB-
HO M OMUOOK Ha IOJIHONW BBIOOPKE X, M MMEIONIUX IONAPHO Pa3/JMYHbIE BEKTOPDLI OIIU-
6ok. [locko/ibKy BCe BO3MOXKHBIE BEKTOPHI OIMOOK 00pa3yioT OysieB KyO pasmepHocT L,
TO BEKTOPBI OMMUOOK MHOKecTBa A — 310 m-ii cioit OyeBa Kyba.

Teopema 12.1. Ilycth it — HPOU3BOJIBHBIH METO MUHUMHU3AIIHA SMIIHPUIECKOTO PUCKA,
A —me-ii ciroii 6ysea Kyb6a. Torua jyist moboro € € [0, 1]

ng[sk:gmgL—eﬁ].

HoxkazareabcTBo. Corsacno Teopeme 3.4, B ciiydae OJIHOIO CJIOS AJTOPUTMOB MH-
HUMU3aIAs SMIUPUIECKOIO PUCKA JKBUBAJEHTHA MPUHIIUILY PABHOMEPHON CXOIUMOCTH.

CrietoBaTesIbHO,

Q.=P [max (u(a,X) — y(a,X)) > g],

a€A

Ecmu m < k, To MaKCHUMyM JIOCTUTAETCA Ha TaKOM a € A, y KOTOPOro B KOHTPOJIb

ToTa/IAloT Bee m onmoboK, a B obydenne — mu ommoil. Torma v(a, X) =7, v(a, X)=0n

Q. =P[m—0>¢] =[m>ek] = [ck <m <k

Ecmu m > k, To Makcumym J0CTHTaeTcsi Ha TakoM a € A, KOTOpBINl J0IycKaer
ONMMMOKM Ha BCEX KOHTPOJIBLHBIX 00bekTax. Torma

Q.=Pl-2k > = m<L—cl)= [k <m<L—cl,

OObenHsIsT IBa HECOBMECTHBIX ciiydas m < k u m > k, moaydaeM Tpedyemoe. [

Takum obpazoM, ToUHAS OTIEHKA BEPOATHOCTH IIEPEOOYICHUS sIBJSIETCS BIPOXK JICHHOM
U npuHUMaeT 3HadeHus ju6o 0, mudo 1. XoTsd 3TOT pe3yabraT TPUBHAIbLHBIN U B OlIpe/ie-
JIEHHOM CMBICJIE OTPUIATEHLHBIN, OH MO3BOJISET C/IeJIaTh HECKOJIHLKO BAaXKHBIX BBHIBOJIOB.

Bo-1niepBbIx, aaropuTMbl CAMBIX HUKHUX CJIOEB, M < [ek—\, He BHOCAT BKJIa/Jl B IIepe-
obyuenue.

Bo-BTopbix, HUXKHUIT CJIOI ceMeiicTBa aJaropuTMOB, COJAEPIKAIIUN aJIrOPUTMbI C IUC-
JoM onmmboK He MeHee [ek]|, HE JOJKEH COjep:KaTh 6ce Takue ajropuTMmbl. He mmeer
CMBIC/Ia IPUMEHITH MeToJ MOP K cuikoM 6oraTbiM cemMeiicTBaM aJIropuTMOB.



§12.2 WHTtepBan byneBa kKyba n ero paccsioeHue

[IpeamooKuM, 9TO BEKTOPHI OIMIMOOK BCEX AJITOPUTMOB W3 A MOTApHO pa3THIHBI
n 00pa3yroT UHTEpBaJ paHra m B L-MepHOM Oy/ieBOM KyOe. DTO O3HAYAET, 9TO OObEKTHI
JIeJIATCA Ha TPU TI'PYIIBL: My «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJUH M3 ajiro-
PUTMOB HE JIOIYCKAET OIMMUOOK; 1My <«ITyMOBBIX» OOBEKTOB, Ha KOTOPBHIX BCE AJITOPUTMBI
JIOIYCKAIOT OIMMOKU; U M <«IIOIPAHUYHBIX» OOBEKTOB, Ha KOTOPBIX peau3yiorcd Bce 2™
BapUaHTOB JIOIYCTUTH OmubOKu. JIpyrux o6bekToB HeT: mg + my + m = L. Ajropurmbl
JIOIYCKAIOT OT M4 J10 My + m ommbok. Yueno aaropurmos B A pasao 2™. Narepsan Oy-
JleBa Kyba obJ1ajaeT cBOiCTBAMHU paccjoeHust u cBsa3nocTu. Ha puc. 12.1 nokaszan npumep
MaTPHUIlLI OMMIOOK JIJIsi NHTepBaJa OyJjieBa Kyba panra m = 7.
06vekmbl
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45 4
40 §
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30 4
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20

15 3
10 3

aneopummbol

Puc. 12.1. Marpuna omubok nnrepsasia 6yiesa Kyda npu L = 50, m =7, m; = 10.
Yucso anroputMoB B cemeiictse |A,,| = 2™ = 128. AJropurMbl IPOHYMEPOBAHBI 110
CJIOSIM CJIeBa HAITPABO, HApUMED, Ao — 3T0 nepsbie 29 anropuT™Mon, Az — nepsbie 64.

Js GosibImeit OOIHOCTH PACCMOTPHM MHOXKECTBO aJropuTMoB A;, 00pasoBaHHOE
HIDKHEME ¢ CJIOSMHI HHTepBasa Oy/ieBa Kyba. DTO aaropuTMbl, JOIyCKaloume He Gosee
t ommboK Ha HMorpaHudIHBIX oobekTax, |A; = CY + Cl + ... + C! . Tlapamerp t MoxeT
upuanmarh 3naderns 0, ..., m. Ilpn ¢t = 0 umeeM eIMHCTBEHHDLH AJITOPUTM, IpU T = m —
HOJIHBIN MHTEPBAJ PAHTa 1. DTO MOJEIHHOE CeMeiCTBO MHTEPECHO TE€M, UTO OHO IO3BO-
JISIeT UCCJIEIOBATH 3aBUCHMOCTD BEPOATHOCTH IIepeodydeHns (). OT 9nciia CI0EB.

Teopema 12.2. Ilycrs (1 — HeCCHMHCTHYHBIH MeTOJ MHHHUMH3AIUH SMIHPHICCKOTO
pucka, A = A, —HmxkHHe t cjg06B HHTEpBaJja OyaeBa Kyba ¢ M HMOTPDAHHIHBIMH H 1M
nrymoBbiME obbekTamu. Torya s soboro € € [0, 1] BepositHOCTD 11IepeobydeHust ecTpb

mo s Ot Cﬁs 51

ZZ mm1 mm1[81<

s=0 s1=0

£ (mq + min{t,m — s} — ¢k)].
HokazareabcTBo. O6o3HaunM depe3 X, Xq, S COOTBETCTBEHHO MHOYKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U IIOIPAHUYHBIX OOBEKTOB; a 4Yepe3 Sy, S1, S COOTBETCTBEHHO — YHCJIO
BHYTPEHHUX, MTyMOBBIX U IIOI'PAHNYHBIX O0BHEKTOB, MMOMABIIAX B 00YYAIOILYIO BRIOOPKY X .
[TockostbKy METOJ ft IECCUMUCTUYHBIN, OH BCerjia OyJieT BhIOMpaTh u3 A ajaropur,
KOTOPBI He ommbaeTcd Ha BCeX OOyYAIONIMX IMONPAHUYHBIX OObEKTax, HO OIubdaeTcs



=107 =

Ha BCEX KOHTPOJIbHBIX ITOI'DaAHUYIHBIX 00bEeKTax. HOSTOMy

V(MX,X):%; V(,MX,)_(): (ml_81)+r]:m{t’m_s}.

Hucso pasbuennit X LI X, npu koropeix | Xo N X| = so, |[XiNX|=s1, [SNX|=s,
S S S
pasno C0 CP! Cr . CriejloaTeslbHO, BEPOATHOCTD HepeoOyyeHust IpeJICTaBuMa B BUJIe

mOC’sl Cyo [ (my — s1) + min{t,m — s} s
DS —y e
k 14
So= 081—0 s=0
so+s1+s={
Y10o0BI TOTYYUTh YTBEPIKIECHUE TEOPEMBI, JTJOCTATOYHO BOCIIOIBL30BATHCS COOTHOIIIE-
HUAAMHA Mg+ My +m = L u sg+ s1 + s = { 1 npeodbpazoBaTh HEPABEHCTBO B KBaIPATHBIX
CKOOKaX K BUIY S < %(ml + min{t,m — s} — ck). [

NurepBast OyieBa KyOa gdBJIgeTCA YHUKAJIBHBIM IIPUMEPOM CeMeicTBa, /it KOTOPOI'o
addekT paccoeHusd MPAKTUIECKN HE CIIOCOOCTBYET CHUKEHUIO TIePeo0yIeHUs.

CaencrBue 12.2.1. FEcjm j — neccuMucTuIHass MUHUMHA3AIAS SMIIHPUIECCKOTO PHCKA,
A,, — uHTepBaJI paHra m OyjaeBa Kyba, TO BEPOSITHOCTD mepeobyderus (). COBIIaaeT C Be-
POSITHOCTHIO PABHOMEPHOI'O OTKJIOHEHUSI:

Qe = Q.= P[rgea}ﬂa,X) > e

HokazareabcTBo. [leccumucTuanbiil METO (t BCerjia BbIOUpaeT u3 A,, aJiroputm, KOTO-
pBlii He omubaeTcs Ha BCEX OOYYAIONINX MOTPAHUMIHBIX 00beKTax, HO OIMMOAETC Ha BCEX
KOHTPOJIBHBIX TIOTPAHUIHBIX 0O'bEKTAX, YTO SKBUBAJIEHTHO Makcumusanuu d(a, X ). [

BbiuncnutenbHbiii akcnepumenT. Ha puc. 12.2 npejcraBienbl rpaduKn 3aBUCUMOCTHI
BEPOATHOCTH TepeodydenHns (). OT YHCJIa HIKHUX CI0EB L = my,...,mi+m. Tpu sKc-
HepuMeHTa, OTJINIAJUCH JIMHON renepasibhoil Beibopku (200, 400, 1000), mpu sToM co-
xpansmch nponopuun 7 = 0.2 u "2 = 0.05, To ecTh remepajbHas BHIOOPKa BCErja
cozmepxkaa 20% norpanumanbix u 5% 1myMoBbIX 00beKTOB. Ha rpadukax Takke moKa3aHbl

BKJIJIBI CJIOEB B 3Hadenne dynkimonaia (.. ToJbKo HUKHIE CJION JTAI0T HEHYIeBbIe BKJIa-
L _
L=
obbscHsieTcs 3yb6uaTocTsb rpadukoB BKIaioB). OkasbiBaercs, aro 20% morpaHunIHbIX 06b-

Jibl (KazKiplii BTOpoii ¢j10ii BOOOIIE He BHOCUT BKJIaJl B (). B CUJLy OTHOIIIEHHUSI =, 9TUM
€KTOB — 9TO HACTOJIHKO MOIIHBII HHTEPBAJI, YTO MPU BCEX TPEX 3HAUYCHUAX L BEPOATHOCTH
nepeobyvenus ObICTPO JlocTuraeT 3Hadenus 1. BeposgTaocTs nnepeodyvenust 6,iM3Ka K HYJTIO
TOJILKO ecin 6paTh camble HUXKHEE cjIou uHTepBasa (He 6oee 2% OT JIMHBL BHIGOPKN ).

NuTtepnpetaunun n BbiBoabl. llpuxognurcs KoHcTaTHpOBATH OTPUIIATE/IBHBIN, 110 Cy-
TH, pe3yabrar. HTepBas OyieBa Kyba ¢ «pa3yMHBIMU» Ha IEPBBII B3IV ITapamMeTpa-
MU M7, M OKA3bIBAETCA CAUMIKOM OOTraThiM ceMeiicTBoM aaropuTMoB. OEHKH BEPOSITHO-
ctu epeodyuenns (), Ui HHTepBaJsa OJM3KH K HYJIIO JINIIb [IPU OYeHb HU3KNX 3HAUCHU-

sax my, m. OTcroma Cc/IeyIoT JBa BBIBOJIA.
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Puc. 12.2. 3aBucumocTb BEPOSATHOCTHU IepeobydeHusi () OT UuCaa { HUYKHUX CJIOEB
npu € = 0.05. Bepxuwnit rpadpuk: ¢ = k = 100, m; = 10, m = 40. Cpennuii rpaduk:
¢ =k =200, m; =20, m = 80. Hmxknuwuit rpacduk: £ = k = 500, mi = 50, m = 200.

Bo-1repBbix, xopormast 06001aoIas crocoOHOCTh BpsiJi JIU BO3MOXKHA, €CJIU B BbI-
OOpKe eCcTh 3HAYUTEIHHOE KOJMIECTBO MOIPAHNYIHBIX 00BEKTOB, HA KOTOPBIX aJTOPUTMbI
ceMeiicTBa JIOMYCKAIOT OITUOKH BCeMU BO3MOXKHBIMU criocobamu. PakTUIECKH, 10151 TAKUX
00bEKTOB JI00aB/IsgeTCsd K BejudnHe nepeodyydennoctu. MoxkeT BOBHUKHYTDH I10/I03pEHUE,
YTO 9TO MPOUCXOMUT U3-3a meccumuctuaroct MIP, ogHako orneHka Jijist paH I0MUA3HPO-
Barnoro MOP npakrndeckn cTosn xe mwioxa (ynpaxknenue 12.2).

Bo-BTOpBIX, HCIOIB30BAThL MHTEPBA OyjieBa Kyba Kak MOJIeIb peajbHbIX CeMeicTB
BP&/I JIU TIeJiecoo0pa3Ho. ['nmoresa o CyIecTBOBAHUN CJI0sT IIOMPAHUIHBIX 00HEKTOB IIPE/I-
CTaBJISETCs JTOCTATOYHO pa3yMuoil. OHAKO B PeasIbHBIX 33/1a9aX aJrOpUTMaMU ceMeificTBa
peaim3yIoTcs, 10 Beeit BUIMMOCTH, JIAJIeKO HE BCE CIIOCOOBI JOMYCTUTH OMMUOKH Ha MOrDa-
HUYHBIX 00beKTaxX. Bo3MmoxkHO, Oojiee ajgekBaTHOI ObLIa Obl MOJEIb, B KOTOPOH TeM HJIN
MHBIM CITOCOOOM BBOJHUTCS XapaKTEPUCTUKA «CTEIeHN TPAaHUIHOCTH» OOBEKTOB U OIEHM-
BaeTCs pacipejiesieHne 3Toi XapaKTepPUCTUKNA B BBIOOPKE.

§12.3 bBnoyHas oueHka

Homycrnm, 910 BeKTOpHI ommbok Beex asnroputmMoB A = {ay,...,ap} momapso
PA3JIMIHBI, METOJ [ — IIeCCUMUCTUYIHAS MUHUMHU3AIUS SMINPUIECKOTO PHUCKA. JHAUe-
uust I(ag,x;) obpasytor 6uHapHytoo L X D-MaTpuily ommboK, CTOJIOIBI KOTOPOii ABJISIOT-
¢l BEKTOpaMU OIMUOOK aJIl'OPUTMOB, CTPOKU COOTBETCTBYIOT oObeKkTaMm. OOo3HaUNM depes
b= (by,...,bp) npousBoBLHBI GHHAPHBINH BeKTOP pasMeproctu D. Beibopka X pasdua-
ercd Ha Herepecekaroruecs 040ku U, C X Tak, 970 BceM 00beKTaM B 0JI0KE COOTBETCTBYET
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ofHa u Ta ke crpoka b = (by,...,bp) B MaTpuiie ommoboK:
Uy = {z; € X| I(ag,z;) = bs, d=1,...,D}.

Ob6ozHaunM depe3 B MHOXKeCTBO OMHAPHBIX BEKTOPOB b, KOTOPBIM COOTBETCTBYIOT
nenycroie 6710ku Uy. Ouesuano, |B| < min{L,2P}.

O6osuatum my, = |Up|.

Kax1oit obyuatomeit oibopke X € [X]¢ moctaBuM B COOTBETCTBHE MEJOUUCTCHHBIT
BEKTOD (Sp)pep TakKoi, uro s = |X N U,y| —unciao obbekToB n3 6ioka Uy, monagaommx
B 00y4aroniyio BbIOOPKY. MHOXKECTBO BCEX TaKMX BEKTOPOB, COOTBETCTBYIOIINX BCEBO3-
MOKHBIM OOYYAIONUM BBIOOpKaM, 0b03HaduM depe3 S. OueBn iHo, S MOXKHO TaKKe OIpe-
JIEJTATH U JIPDYTHM CIOCODOM:

S = {S = (sp)beB

sb:0,...,mb, Zszf}.

beB

BanureM 9uc/Io OMubOK aJIrOPUTMa (g Ha obydarorieil Bbibopke X U KOHTPOJIBHOM
BBIOOpKe X B BHJIE CYMMBI 110 OJIOKAM:

n(ad,X) = Zbd |X N Ub| = Zbdsb;

beB beB
n(ad,)?) = Zbd ’X N Ub’ = Zbd(mb — Sb).
beB beB

Takum obpa3oM, BBIOOD aJropuT™Ma METOJOM (i 3aBUCUT TOJIBKO OT TOIO, CKOJIBKO
00BEKTOB S M3 KaxKJI0ro OJIOKa TONaJIET B 00YYAIOINLYI0 BEIOOPKY, HO HE 3aBUCUT OT TOTO,
KaKne UMEHHO 9T0 Oy 1y T o6bekThl. Onpepenum by d*: S — {1,..., D} kak HoMep
AJIrOpUTMa, BBIODAHHOTO METOJIOM it 10 obydarorieil Beibopke. Ecin munumym n(a, X)
JIOCTUTAETCS Ha HECKOJIbKUX aJrOPUTMAaX, TO MECCUMUCTUYHBIN METOJ [t BLIOUPAET aJiro-
pursM ¢ 66abmaM n(a, X). Ecam e n TakuX aaropuTMOB HECKOJIBKO, OyJieM TO0JIaraTh,

YTO BBIOMPAETCH aJTOPUTM C OOJILIITIM TIOPSIIKOBBIM HOMEDPOM:

A(s) = Argmin > bgsp,

d=1,..D beB
A'(s) = Argmax > bg(my, — sp),
dEA(s) bEB
d*(s) = max{d: d € A'(s)}, (12.1)

riae depes Argmin f(d) obosnadaercsi MHOKECTBO 3HavYeHWH d, TP KOTOPBIX (DyHK-
d=1,....D

st f(d) gocTuraeT MEHIMAJILHOTO 3HATEHMSI.

Teopema 12.3. Ilyctb j1 — nmeccuMucTHIHass MUHAMHA3AIAS SMIIPAIECKOTO DUCKA, BEK-
TOPBI OINIHOOK BCEX aJropuTMoB a € A nomnapHo passnissl. Torga BepOSITHOCTD HOJTy IUTh
aJrOPUTM (4 B PE3yJbTaTe 00y ICHUS:

PluX=a,) = %Z(H Cf,’;b) [d*(s)=d |; (12.2)

L ses NveB
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BEPOSITHOCTD T1Tepeo0y IeHMUsI:

Q- o Z (H Cf,gb) { > bae(s) (mul — L) > ekt (12.3)

L ses “beB beB

lokazareabcTBO.
[IpousBosibHOMY HAOOpY 3HAYEHUN (Sp)pep U3 S COOTBETCTBYET MHOYKECTBO BBIOO-
pok X € [X]¢ takux, uro |X N Uy| = 5. Uncio Takux BEIGOPOK PABHO MPOM3BEICHUIO

IT Cyv , Tak Kak Jyig Kaxkjoro osoka U, cymecrsyer Cb - croco6oB oToOpaTh s, 00bHeK-
beB
TOB B 110/1BBIOOPKY X M Uj.

[Tockosbky yenoust X = ag u d*(s) = d paBHOCHIBHBI, BEPOSITHOCTH IOJIYIUThH
AJITOPUTM (g B pe3yabTare 00ydeHHs BBIPAXKACTCH B CJICLYIONEM BUJIE:

P[uX=ad] :% > d(s)= o Z(HC%) [d*(s)=d].
LXG[X]f L ses “veB

Tenepb 3alluieM BEPOATHOCTD Hepeo6yquI/I5{:

D

Qz—: = P[éu(X) = 8} = PZ[/VLX:CLU}} [(5(6Ld,X) > E].

Pacnuiiem oTkJjioHeHHEe 9acTOT OMIMOOK aJrOPUTMa, (g B BUJIE CYMMBI 110 OJIOKaM:

(S(Cld, Z bd mb — Sb Z deb = ]k Z bd (mb€ — SbL).

bEB beB

Torta BbIpakeHue Jijiss BEPOITHOCTH I1epeodyIeHs TPUMET BHJI:

Qs:%Z(Hoggb)i[d*( [Zbd (myl — spL) > dk]

L ses \veB d=1 beB
Orciojia HeMeJIeHHO BhITeKaeT Tpebyemoe Bbipazkerue (12.3). ]

O6béM Beraucaennii o gpopmyaam (12.2) u (12.3) skcroHeHnuaseH mo JyimHe BI60p-
ku L. B xymamewm ciydae, koraa Bee 6sioku Up, 0HOY/IEMEHTHBIE, MHOXKECTBO S COCTOUT U3
BCEBO3MOKHBIX OYJIEBBIX BEKTOPOB JINHBI L, cojepxxKamux poBHO ¢ equautl. Torma quciio
craraembix B (12.2) u (12.3) pasno CY.

Boraucsenust mo Teopeme 12.3 achdbekTUBHBI TOJIBKO KOrJia 9ucIo 6J10KOB | B| HeBesn-
KO, B YaCTHOCTH, IIPU MAJIOM YHCJIE aJropuTMoB. EIé o HeocTaToK OJI09HON OIeHKN

B TOM, 9TO OHa B fABHOM BH/I€¢ HE€ YIUTBIBACT CBOIICTBAa paccjioeHud U CBA3HOCTHU.

§12.4 [lapa anropntmos

Pacemorpum cemeiicTBo u3 JByx anroputmoB A = {ay, as}. YTobsl BoCONB30BaTHCS
61ouHoit orenkoit, mosoxkum B = (11,10, 01, 00).

[Iycth B BeIOOpPKEe X mMMeeTcs mq; O0BEKTOB, Ha KOTOPBHIX 00a aJIrOPUTMAa JIOIYCKa-
0T OIMHMOKY; M1y OOBEKTOB, HA KOTOPBHIX TOJBKO @1 JOIYCKAET OMINOKY; 1Mg; OOBEKTOB,
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Ha KOTOPBIX TOJIBKO @ JIOIyCKaeT OIMUOKY; Moy = L — myi; — mig — My1 OOBEKTOB, Ha
KOTOPBIX 00a aJropuTM™Ma Jaf0T BEPHBI OTBET:

i =(1,...,1,1,...,1,0,...,0,0,...,0);
iy =(1,...,1,0,...,0,1,...,1,0,...,0).
—_— Y—— Y—— ~Y—
mi1 mio mo1 moo

Teopema 12.4. I[lyctb pn — meccuMUCTHYIHAS MUHAMHA3AI[HST SMITIPUICCKOTO PUCKA, U CE-
MeiicTBO coctouT u3 AByX aaropurmoB A = {ay, as}. Torga jmis mo6oro € € [0, 1)

mi11  mio Mo1 0511 0810 0501 0575117310*301

Q _ § : § : 2 : mi1 ~mio ~ mo1 ~ L—mi1—mi0—mo1 %
I3 Oé
L

511=0810=0 891=0
X ([810 < 801} [811 + 510 < %(mll + mig — €k)]+
+ [s10 = so1] [s11 + so1 < £ (a1 +moy — €k)]> (12.4)

HokazaTeabcTBo. Bocmosbsyemes Teopemoit 12.3. MHOXKecTBO S COCTOUT U3 TEJTOTUC-

JICHHBIX BEKTOPOB S — (511, 510, S01, 300), JIJISE KOTOPBIX S11 + S10 + So1 + Soo = £. [ToaTomy
mi1 mio mo1

cyMMa » | Ipeo0pasyeTcs B TPOMHYIO CyMMYy » . >, > , IPH 3TOM Spp BBIPAXKAETCsI Te-
seS $11=0 s10=0 s01=0
pe3 ocTasbHbIe KOMIIOHEHTHI BeKTOpa . Homep d*(s) anropurma, BEIGDAHHOIO METOJIOM i

1o oby4aroreil BIOOpKe, paseH 1 mpu s;p < So1 U 2 IPHU S19 = Sp1. Lemepnb mojcTaBuM
3HAYEHUS My, Sp, d*(s) B (12.3):

|: E bd*(s) (mbé — SbL) = elk | = [d*<8)21] [(mlg—i-mn)ﬁ — (510+811)L = €£k] +
beB
) + [d*(s)=2] [(mo1 +mu ) — (so1+11)L > elk].

Orcroza ciejyer Tpebyemast orienka (12.4). |

Bbiuncnutenshbiii akcnepumenT. Ha Puc. 12.3 u 12.4 nokasanbl 3aBUCUMOCTH BEPO-
SATHOCTH TiepeodydeHus (). u orenku DJIKP A 0T pasmdHOCTH AIropuTMOB play,as) =
= mg1 + myo upu £ = k = 100, £ = 0.05. Torkumu JmHESIMHI TOKa3aHbl oneHkn DJIKP,
BeraucaeHube memodom Mornme-Kapao o 1000 cirydailHbIX pasOueHuii.

['pacdbuku 1o3BOIAIOT CIEIATH CJIELYIONINE BBIBOJIBI.

1. VC-omnenka DJIKP A=2 JIOCTUTAETCS JINIIh B TOM CJIyvae, KOrJla HET pacCI0eHN s
(aJIrOpUTMBI JIOTYCKAIOT Ha X OJMHAKOBOE YHCJIO OIIMOOK, Mg = Mig) U HET CXOJCTBA
(aJIrOPUTMBI MAKCHMAJIBHO PA3/IUIHbL, Moy = M1 = 0).

2. Yem cuibhee paccioenue (d = mg; — myg > 0), TeM MeHbIIIEe BEPOATHOCTH TIe€pe-
obydenns, n rem Omzke DJIKP k 1. B mannom skcmepumente nipn d = 40 Xy/ammmit u3 1ByX
AJITOPUTMOB y2Ke NPaKTHIECKN HUKOI/A He BHIOMPAETCH.

3. Yem cuibHee cxoicTBO (Mmgr, myg — 0), TeM MeHbIIle BePOSITHOCTD [epeodydeH st
u tem Osmke DJIKP k 1. C Touku 3peHust nepeodyueHus gBa CXOXKUX AJITOPUTMa BEIYT

cebst IpaKTUIeCKU KaK OJWH aJI'OPUTM.

OcHoBHoili BbiBog,. /laxke B mpocteiinieMm ciydae, KOTJa aJrOPUTMOB TOJBKO JIBa, yiKe
BO3HUKAET sBJICHUE IEPEOOYUCHUT U TPOSBIAIOTCS 3(MDEMEKThl PACCIOCHUS U CXOJICTBA,
CHUZKAIOIIIE BEPOSITHOCTD HEePeo0y IeHNsI.
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6eposIMHOCTb NepeodyueHus DJIKP

0.50
0.45
0.40
035 ]
0.30
0.25
0.20

0.15 4

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
XOMMUH20B0 paCCmOﬂHue Me.?lcay aﬂZOpun’UW[lMu XOMMUH20B0 paccmOﬂHue MeOICOy aﬂzopumnxtaMu
— m=20 — m=40 — m=100

Puc. 12.3. 3aBucumocts BeposaTHOCTH Iepeodydenns (. u onenku IJIKP or pas-
JIMTYHOCTHU AJITOPUTMOB, KOTJIa OHHU JIOITYCKAIOT OJMHAKOBOE TUCJIO OIIHOOK, Mg = M.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAUYCHHUSM YHC/IA OMIUOOK Ha ITOJHON BBIOOPKE
m = mo1; + mq1 € {20,40,100}. ToHkuMU JUHUSAMU TOKA3AHBI SMIUPUIECKHIE OLEHKU
metosioM MonTe-KapJsio mo 1000 cayvaitiabx pa3buenuii.

6EPOAMHOCTb NepeobyueHus DJIKP
b 2.0 -
045 ]
] 1.9 A
040 1 18 ;
] 17 1
035 1 ]
1 16 1
030 1 15 1
025 ] 14 3
; 1.3 7
0.20 1 ;
] 1.2 1
0.15 14
] 10 ]
0 20 40 60 80 100 120 140 160 180 0 20 40 60 8 100 120 140 160 180
XIMMUHS080 paccmosinue Me:)icdy areopummamu XOMMUH2080 paccmosinue Meoicdy areopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 12.4. BaBucumocTb BeposiTHOCTH Ttepeodydenus u oreaku DJIKP or pasmuaso-
CTH aJrOpPUTMOB, Korma mi1 = 20 u BTOPO#l aJaropuT™ JOIyckaeT Ha d OIMuOOK 00Jb-
e, mor = myg + d. Yernipe rpaduka COOTBETCTBYIOT YETHIPEM PA3HBIM 3HATCHUSIM
d € {0,10,20,40}. TorKnM#U JIMHUAMY TOKA3AHBI SMIIPUYECKHE OIIEHKN MeToZ0M MoH-

te-Kapso mo 1000 ciyvaitubix pasoueHuii.
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Pe3iome

Tounbie oreHKn BEpOATHOCTH ITepeodydeHns K JAHHOMY MOMEHTY U3BECTHBI JIJIs PSIa
MO/IEJIbHBIX CEMENCTB aJrOPUTMOB: MOHOTOHHBIX M YHUMO/IAJILHBIX TIeleil 1 ceTell, MHTep-
BaJIoB OyJsieBa Kyba 1 UX HUXKHUX CJIOEB, 1 HEKOTOPBIX JAPYTUX. DTU OIEHKU IOJIE3HbBI JIJIsI
IMMOHUMAaHUS TOr'O, KaK CBOMCTBa PACCIOCHUS U CBIA3HOCTU BJIMSIOT Ha BEPOATHOCTH TIe-
peobyuenns. MojebHbIe ceMeiicTBa CJIyKaT UCIBITATE/IbHBIM ITOJUTOHOM IIPU CO3IaHUN
KOMOMHATOPHO# TeXHWKHU OlleHnBaHUs TepeodydeHus. O HAKO JJIsI HEIOCPEICTBEHHOTO
OPaKTUIECKOI0 IIPUMEHEHUsI OHHU, KaK IIPABUJIO, HE TOIATCA.

B cnepytoweii nekunm Mbl paccMOTpu OJIHY BeChbMa ODIILYI0 KOMOMHATOPHYIO TEXHUKY,
€ TTIOMOIIBIO KOTOPO# MOYKHO BBIYUC/IATh KaK TOUHBbIE, TAK 1 BEPXHUE UJIU HUKHUE OIEeHKH,
NPpUYIEM UMEHHO BBIYUCIATH, & HEe BBIBOJIUTHL — OIEHKU OYJIyT 3alliChbIBATHCA HE B BUJIE

dopMyIIBI, a B BUJE UTEPAITMOHHOIO ITPOIECCA.

Ynpa>kHeHust

Bamada 12.1 (5%). Iloay4urs OlleHKY BEPOATHOCTHU TI€PEOOYUEHNUs JJisl ¢ HUZKHUX CJIOEB
nHTepBaJia OyaeBa Kyba depe3 MOPOXKIAIOININEe U 3aIPEIAioNiie MHOXKECTBA.

Bamauda 12.2 (2). IMoayuuThb ONEHKY BEPOATHOCTU HepeodydeHust Jisi ¢ HUAKHUX CJIOEB
nHTepBasa OysieBa Kyba B ciIydae paHIOMU3UPOBAHHOIO MeTozna MOIP.

Bamaua 12.3 (1). Bepno qu Crencrsue 12.2.1 s cemeiicrsa Ay, t < m?

Bamaga 12.4 (1). [loayuuTh OIEHKY BEPOSTHOCTH TEPeOOyUeHUs sl Tapbl aJrOPUT-
MOB, TIOJTb3YSCh MTPUHITUIIOM TTOPOZKJIAIONINX U 3aIIPENIAONIIX MHOXKECTB.
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13 PekyppeHTHble oueHKu

Emé onna nest BEIYuC/IeHUs OIEHOK 0DO0OIAOIIE CIIOCOOHOCTH 3aKJIIOIAeTCsI B TOM,
9TOOBI B3sTh CHadYasa TOJIBKO OJIUH AJTOPUTM, HAIPpUME]P, JIyUIIUil — JijIsd Hero oreHkKa
N3BECTHA. BaTeM ,Z[O6aB.HHTb AJITOPUTMBI 110 OJHOMY, Ha KazK/IOM HIare COOTBETCTBYIO-
muM 00pa3oM KOPpPEeKTUpy« oleHKy. Kcin mobaBiisieMblii aropuT™M MOX0XK Ha ITPEJIbIILY-
e, TO, CKOpee BCEro, KOppeKIns Oy/1eT He3HAINTeIbHOW. Kemm 106aB/IsiTh aaropuTMbl
10 CJIOSIM, B TIOPsiJIKE BO3pacTaHus duc/a ommbok n(a, X), To, CKopee BCero, MOKHO Oy1eT
OTPAHUIHUTHCA 1IEPEOOPOM HECKOJIbKUX HUKHUX CJIOEB.

C MOMOIIBIO 9TOr0 MOAX0a OBLIH ITOJYYEHBbI IIePBbIe OIMEHKN PACCIOCHUSI—CBI3HOC-
T [76]. D710 OBLT IPOMO3IKHIL CIIOCOD, 1, K TOMY »Ke, OH TpebGoBaJl CyIIeCTBOBAHUS B Ce-
MeliCcTBe KOPPEKTHOTO ajiropuT™a. ['opa3jo 6ojiee ussdininbie u obIue OlNEeHKH 10 rpady
PaCCIIOeHUSI—CB3HOCTH MOSIBUJINCH HECKOJIBKO TI032Ke [77).

MNocTtaHoBka 3apgaun. JlomycTuMm, 9T0 BEKTOPHI OIMMOOK BCEX AJTOPUTMOB U3 MHOXKE-
cTBa A M3BECTHBI, MOTIAPHO pa3/indHbl, 1 B A ecTb KOppekTHbIi Ha X ajroputm. [lycts 1 —
IIeCCUMUCTUYHBII METO MUHUMU3AIIUN IMIINPUIECKOI'O PUCKA.

Paccvorpum e 3a1atm.

[lepBas 3amada — HAWTH JI1 KaxK10ro ajaropurma a € A Beio nadopMmamo, HeoOXo-
JIIMYIO JIJIsi BBIYHUCJIEHUS BEPOSITHOCTH 1epeodydenus (). 1o Teopeme 5.6:

j<a) = <th7 XC/W, ch>v€Vaa

ryie V, — HHIAEKCHOEe MHOXKECTBO, X4y, — MHOKECTBO IIOPOKIAIONINX 00BHEKTOB, X/ — MHO-
JKECTBO 3aIIPEIaioNinX 00beKTOB, Cq, € R.

Bropas 3aiaga — BbiBecTr (pOPMYJIBI JIJIsi KOPPEKITHU TEKYIIEeil OIeHKN BEPOATHOCTU
repeobyvueHns npu J0O0ABJICHUH €IIE OJIHOIO aJrOpUTMA.

§13.1 [dobasneHne ogHoro asroputma

[TepenymepyemM aaropuT™bl B Opsijike HeyObIBaaust n(a, X) — duciia omuboK Ha 1MoJI-
Hoit BEIGOpKE: A = {ay, ...,ap}. B cuny npeamonoxkenust o KoppektHocTd, n(ag, X) = 0.

Obo3naunM [epes [ty METOJ 00YUIEHUs, YAOBIETBOPAIONIHT onpeesieHuio 6.3 U BbI-
Gupatommuii aJIrOPUTMbI TOJILKO U3 TIoMHOKecTBa Ay = {aq, . . ., aq}. Pacemorpum nporie-
JLypy TOCJIEIOBATE/ILHOTO J00aB/IeHUs aJITOPUTMOB, Ha KayKJIOM IIare KOTOPOH OCYIIECTB-
JISIETCST TIEPEXO0JT, OT METOJIA [ig—1 K METOJLY [ig-

Homycerum, 910 i BcexX aJroput™moB a;, t < d, nadopmanus J(a;) OTHOCHTETHHO
MeTOJIa [ig—1 YZKe BBIUUC/IEHA. 3aaUMCsI TIeJIbI0 BEIIUCIUTh nHdopmanuio J(ay) 1 CKop-
pektuposath nahopmanuio J(a;), t < d, OTHOCUTEIBHO METO/IA [i4. TaKast KODPEKTHPOBKA
HEOOX0/IMMa, TIOCKOJIBKY aJrOPUTM (g MOXKET OTOMPATh HEKOTOPBIE PAa30UeHUs Y KaxKI0T0
U3 TPEJIBIIYIIIX AJITOPUTMOB ;.

Jlemma 13.1. Meros jiy BRIOUpaeT ajaropuTM ag TOIJIa U TOJIBKO TOIJIa, KOIJjia Bee 00b-
eKThI, Ha KOTOPBIX (g JIOIIYCKAeT OLIUOKY, IONaJaf0T B KOHTPOJIBHYIO BHIOODKY:

[,udX:ad} = [Xc/l C X], X, = {xz e X: I(ag,x;) = 1}.
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HokazareabcTBO. Eciu xoTs ObI OMUH 00BHEKT, HA KOTOPOM (g JOIIYCKAeT OIMMIOKY, OKa-
JKeTes B oOydaloneir BbIoopke X, TO METOI [ig BBHIOEPET aJI'OPUTM C MEHBIITUM YUCIOM
omm6ok Ha X . Takoii aJlroOpuTM TOUHO eCThb, HapuMep, ag. Urtak, yeiaosue X C X apia-
eTcst HeOOXOIMMBIM JIJIsi TOT'O, YTOOBI METO, [ig BBIOpaJ aJropuT™ agq. ITokazkem, 4TO OHO
SIBJISIETCSI TaK»Ke U JO0CTaTOYHBIM. JIjIsT 9TOro J0CTaTovHo MOKa3aTh, 9TO €CJIU aJrOPHUT-
MOB 13 Ay, He JOIYCKAIMNUX OIMMO0K Ha 00ydarorieil BBIOOpKe X, OKaXKeTcs HECKOJIbKO,
TO M3 HUX OyJeT BBIOpAH UMEHHO ag. B CUIy yHOpsIOUeHHOCTH MHOXKeCTBa Ag ayro-
PUTM @y JIOTIYCKAET MaKCUMaJIbHOE YMCJIO OMHMOOK Ha X, & CPeiu aJrOPUTMOB C TAKUM K€
YUCJIOM OIMMOOK Ha X MMeeT MaKCUMaJIbHbIN HOMep. [ToaTomy, coriacHo onpeiesennio 6.3,
AJITOPUTM Gy GY/IeT BRIOPAH METOIOM fiy u3 Ay Beerya, Korma X, C X. [

JommycTuM, ITO HEITOCPEICTBEHHO TIepe/T J00aBIeHIEM aJITOPUTMa (g YCIOBHS BHIOOPA
KasKJI0r0 U3 TPEJIbIIYIINX aJrOPUTMOB a; ObLIH 3anucanbl B Buje (5.7):

[Mdle:a/t] = Z CtU\I:XtU g X] [ tly g Xl, t<d.

veV;

Jtv (d*l)

[Tocne mobaBeHus aaropuT™Ma ag dTU YCJIOBUSA U3MeHsATcd. K HuM jgo6aBuUTCA Tpe-
Gosarme, 9TOObI MHOYKECTBO X, He JIeyKaJIO IIeJIMKOM B KOHTDPOJIBHON BBIOOpKe X ; MHAte
BMECTO aJITOPUTMa @y METO [ty BHIOEPET AJITOPUTM G

(aX=a;] = [pa—1X=a,] [ X € X]| =
= e [Xw CX][X], C X][X; 2 X], t<d (13.1)

7
veVy

Jtv(d)

N rykipeii o d JIerko JIOKa3blBAeTCs, 4TO TOKIECTBO (5.2) BBIOIHSIETCS Ha KazKJIOM
mare, To ecTh 4To yesosus (13.1) onpesesiensl KoppekTHo. JleficTBUTEIBHO, TIpeimoiarast

U

1
[/’Ld—lX:at] - ]-7

t

i
o

IIOJTy YaeM

QL

-1

[udX:at] = [ud,lX:at} [Xé Z X} + [Xél C X’} =1.

B

~
Il
o
~~
Il
o

YT06bI MOJIYIUTH TPAaBUIa KOPPEKTUPOBKY HHbOpMaluu J(a;), JT0OCTATOTHO [IPUBE-
cru Boipazkerne (13.1) k Bumy (5.7), 9To u Gy/eT NPOIEJAHO B CIEIYIONIEH JIeMMe.

Jlemma 13.2. Koppekruposka uagopmaiiun J(a;), t < d npu job6aB/JIeHHH AJIrOPUTMA (g
CBOJIUTCST K TIPOBEPKe JIIst Kaxkaoro v € V; takoro, uro Xy, N X, = &, Tpéx ycaoBuii:

1) ecomm X))\ X|, = {x;} — onHosmemenTHoOe MHOXKECTBO, TO X; MpHCOCTUHSICTCS K Xiy);

2) ecom | X\ X7, | > 1, ro MHOXKECTBO HHJIEKCOB V} MTOHONHSIETCS €IIE OJIHUM JIEMEHTOM
(0603HATHM €10 W) H MOJNATAETCS Cry = —Cryy, Xtw = Xtvy Xp = X1y U X5
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3) ecmm | X\ X,,| =0, T0 H3 MHOKECTBA HHJIEKCOB V; YIAJISETCS HHIEKC V; COOTBET-
crenno, u3 J(a;) ypassercs Bes tpoika (X, X/, Cry)-

HokazarenscrBo. Ecim Xy, N X, # &, to u3 Xy, € X coenyer, 110 MHO)KECTBO X))
He JIE’KUT TeJTMKOM B KOHTPOJIbHOI BBIOOpKe X . CiiefoBaTe/IbHO, HUKAKAsa KOPPEKTHPOBKA,
Jutst Tpoitkn ( Xy, X{,, Cry) He HyKHA:

Jw(d) = [Xi € X][X], C X] = Ju(d - 1).

Eciu Bcé-rakn X;,NX), = &, TO BO3MOKHBI TP CJIydasi, B 3aBUCHMOCTH OT MOIIHOCTH
!/ /
muoxecrsa X))\ X7,
[Tepssrit coryuait: X))\ X/, = {x;} — oanosnementroe muozxkecrso. Torya cripase/msa
nernouka pasencts (X € X| = [z; ¢ X]| = [z; € X]|. [loncrasnsasa B (13.1), moxyanm

Bropoit ciaywaii: | X\ X}, | > 1. Torma

Jw(d) = [ X C X [X,, € X](1 - [X,C X]) =
= Ju(d — 1) — [ X3 € X][X], U X} C X]. (13.2)

Takum 0O6pa3oM, B BBIPAXKEHUH JIJIsi [udX :at] [IOSIBUTCSL €IIIE OJIHO CJlaraeMoe, 9To
PABHOCHJIBHO JTOGABJICHIIO BO MHOXKECTBO V; €Ié ofiHOro nHjeKkca (0603HATNM ero w), [yt

KOTOPOI'O HOJIATAETCH Cpyy = —Cryy Xpw = Xty Xgw = Xpp U Xy
Hakonen, tperunit cayuqaii: | X/, \ X{,| = 0. Torna npeacrasrenne (13.2) ocraéres
B CHJIE, OJJHAKO Pa3HOCTD .Jy,(d) OKasbIBaeTCsl paBHON HyIO, IMOCKOIbKY X, U X} = X],.

O6uysenne Jy,(d) paBHOCHILHO YIAJEHUIO UHJIEKCA U U3 MHOYKECTBA MHIIEKCOB V; BMecTe
C yIaJeHIeM COOTBETCTBYIONIEH TPOiiKu ( Xy, X/, , Ctp) n3 mHDOpMarm J(ay). n

§13.2 BbluncneHne BeposiTHOCTM NepeobyveHns

Jlemmbr 13.1, 13.2 u Teopema 5.8 MO3BOJILIOT PEKYPPEHTHO BBIYUC/IATH BEPOSITHOCTH
nepeodydenns (.. Ha kaxkgom d-m mare, d = 0,..., D, nobaBjisercs aJropuT™ a4, BbI-
qucssierca urdopmanus J(ag); 3arem i Kaxaoro t = 0, ..., d — 1 KOppeKTUPyeTCs: MH-
dbopmanus J(a,) u BepositHoctu Py, Ha ocHOBe ckoppekTupoBanHoii nabopMaImn 0OHOB-
JisieTcs Tekymas ornenka (.. [lo okorvyanun moceaunero D-ro 1mrara Tekyias oreHkKa ().
JIOJIZKHA COBIAJIATH ¢ TOTHBIM 3HAYEHNEM BEPOATHOCTH IT€PEO0yIeHns. DTa PeKyPPEeHTHAs
IpoTie/Iypa 3almcana B Buje TceBaokoa Aymropurma 13.1.

Hekoropbie ob6o3nadenns, uciosb3oBanibie B Ajropurme 13.1, TpeOyroT IOMOIHU-
TeJIbHBIX HOsICHEHUIA.

Bo-1tepBBIX, BMECTO TAPHOTO WHJEKCA g, JJIS AJITOPUTMa @(; BCIOJLy HCIOJIB3YETCS
COKPAIIEHHOE 0D03HAYUEHHE 4.

Bo-Bropeix, npeanosaraercst Ly, = L — | Xy| — | X[, |, lw = — | X4y|, u Boramcienne
BestniIud Ly, u {4, B ABHOM BH/JI€ HE 3aIIMCHIBACTCs, ITOOBI HE MEPErpysKaTh IICEBIOKO/I.
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AaropurMm 13.1. PekyppenTHoe BbIYHCICHUE BEPOATHOCTU IEPEOOYICHUS

Bxon:
matpura omubok I(aq, x;), d=0,...,D, i=1,...,L;
Brixon:
uadopmarms J(aq) = (Xap, X}y, Cav)vev, 11 Becex d =0, ..., D,
BEPOSITHOCTH TIepeodydeHus (). ;

Q- := 0; ynopsinounts A = {ay,...,ap} 1o BO3pacranuo n(ay, X);
2: gast Bcex d:=1,...,.D
JI06aBUTH AJTOPUTM (g

Vio={o}; Xq:=2; X, = {ZL‘ € X: I(ag,x) = 1}; cqg:=1;, P;:=

ecjin n(ad,X) = ek TO Qs = Qa + Pd;

4: pnga Beex t:=0,...,d—1

5: aysg Bcex v € V; takux, uro Xy, N X, = &

6: A= X5\ XL L

7 ecm A =1 To

8: CKOPPEKTUPOBATb MHOXKECTBO Xy, U BEPOSITHOCTD P, :
Xip = X U(X)\ X,); P, = Py P = Pulyy/Ly;
ecau n(ay, X) = ek 10 Q. = Q- + ¢1p(Po — PL,);

9: nHa4de ecjau A > 1 To

10: J100aBUTh B V; HOBBIIT MHIEKC W; AL
Xiw = Xy Xy = X{, UXG Crw 1= —Cto; Prw = Py H (1- %),
ecam n(a;, X) = ek 1o Q. = Q- + 1w Pruw; 7=

11: nHa4e

12: yaaauTh u3 V; nHjiekc v;

ecau n(a;, X) > ek 10 Q- := Q- — 1 P;

B-rperbux, npu jgob6aBieHnN aJropuTMa ag Ha mmare 3 cosgaéres Tpoiika (X4, X)), ¢q)
1 BbIMUCJILACTCA BEPOATHOCTD Pd I[IOJIydeHU A aJITOPUTMa (g METOIOM [iy. HpI/I 9TOM B UH-
JIEKCHOE MHOYKECTBO 3aHOCUTCSI <«ITYCTOH SJeMeHT», 0003HadaeMblii &. DTO MO3BOJISIET
B JaJbHEHRINEM COKpAaIlaTh 3allUCh WHJICKCOB, IIOJarasd, 4TO €CJU MHJEKC He JIBOMHOM,
a OJIMHAPHDINA, TO UMeeTCd B BUJLY MEPBBIN 3JIeMEHT MHJIEKCHOI'O MHOXKeCTBa Vyj, TO €CTh

J— A— / J— J—
X = X, =X}y, Ci= Cigy, Py = Py

Boruncrenne epostaocreit Py, = P[ Xy, € X][X], € X] no dopmyzne (5.9) Takxe

TpebyeT MOsiCHEeHUIA.

Ha mare 3 Burumnciagercsa BEPOATHOCTD IIOJIy9I€eHUA aJIlOPUTMa g METOAOM [i4:

X4
P Cioxy f—[l<kf—j)
d= —Fg = — |-
L \L—

Buauenns P, 0JJMHAKOBBI JIJIsl BCEX aJTOPUTMOB C PABHBIM IHCJIOM OMMOOK 1(ag, X).

HO3TOMy X MO2KHO BBIYMCJ/IUTH OJWH Pa3 3apaHee JJId BCEX 7L = O, c. 7L.
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Ha mare 8 x mopozkparoieMy MHOXKECTBY Xy, 100aBISIeTCS OJUH OOBEKT, UTO IPU-

/.

BOJIUT K OY€Hb IIPOCTOI KOPPEKTUPOBKE IIPEJIbIIYIIEero 3HAYCHUA BePOATHOCTH [,

Etvfl Etv
Liy—1 CLW gt'u o / gtv

Py = _ e v pr tw
¢ Cﬁ O{ Ltv tth’U

Ha mare 10 w3 rpoiiku (X, X/, ¢1p) dopmupyercst nosast tpoiika (X, X/, Crw)
myTéM Jobasiienust A 37€MEHTOB K 3arnpernaioniemy Maoxkectsy X, . CiegoBaresbHo,

Etv et'u A—1
po_ Yrw-a Y (Lpy =y — A+ 1) -+ (Lyy — L) _p H(l Cro )
tw — Y] - Y] — Ltv T E
Cr Cr (Lpy — A4 1)+ Ly, =0 Ly —
Anropurm 13.1 MoOXKeT OKa3aTbCs BBIYUCIAUTEILHO Hed(MMEKTUBHBIM, ecau 1mar 10
Oy/IeT BBIOJHATHCS CJIUITKOM 4YacTo. KaxKgoe ero BLITOJIHEHNE TTPUBOJUT K JI0OABJICHIIO
emé oxHoro ciaraemoro B cymmy (5.10). Cremyromias TeopeMa IMO3BOJISET COKPAIATH

BpeMe BbIIHUC/IEHUA 3a CUET IOHUXKEHUS TOTHOCTU BerHeﬁ OLCHKM Qa~

Teopema 13.3. Ecsm B Asropurme 13.1 unorja niporyckarts mar 10 upu ¢, = 1, TO BbI-
quc/sieMoe B pesysbrare 3uadenue (). OyseT BepxHei OIeHKOH BepOSTHOCTH Hepeodyde-

HIZ.

HokazareabcTBo. Broimonnenne mara 10 npu ¢, = 1, ¢y, = —1 UpUBOAUT K YMEHb-
IIIEHUIO TEKYIIEro BBIMUC/IEHHOTO 3HadeHus (). na Bejnuuuny Py, > 0. CooTBeTcTBEHHO,
HeBbInoTHeHe mara 10 TpUBOANT K MCKIIOUEHNIO 13 cyMMBbI (5.11) oTpunares bHOro ciia-
raeMoro — Py, M, BOSMOXKHO, €Illé HEKOTOPOT'O YHCJIa MMOJOKUTETHHBIX U OTPUTIATETHHBIX
CJIaraeMbIX, KOTOPBIE TIOABATCS B 3TOM CyMMe B Pe3YJIbTaTe MOCIe Y IONNX KOPPEKTUPOBOK
TPOHKH (X4, Xy Ctw) IPU BbIIONHEHNN aros 10 n 12. Kaxasg Takasg KOPpEKTHPOBKA
BO3HUKAET B pe3ysbTare J00aB/IeHUd HEKOTOPOrO aJI'OPUTMA (g, d > t, KOTOPBII «OTHU-
MaeT» YacTh pa30OMeHuil y ajaropurMa a;, yMeHbIasg ciaraeMoe P, 10 BeJIMIuHbI Py

Pry = P[Xu € X][X], € X][X4 £ X] < P

Uckiouenne n3 cymmsl (5.11) orpunarensroro ciaraemoro — Py, BMecTe €O BCeMn
OCJIE LY IOIIIME CJIAraeMbIMHI, KOPPEKTHPYIOMUME TPOHKY ( Xy, X/, Ctw), MOZKET TOJIBKO
YBeJIMUUTH 3Hadenue ()., Beraucisgemoe Ayropurmonm 13.1. n

§13.3 VnpouwéHHasa peKyppeHTHas oueHKa

Yoepém u3 Asropurma 13.1 maru 9-12. B srom ciaydae mar 10 mporyckaercs: Bee-
ria, Tpoiku (X, X}y, Ctw) € OTPUIATETHHBIMU 3HAYCHUSME Cyy, HUKOTJIA HE CO3/IAI0TCH,
KaXKJIOMY aJITOPUTMY (g COOTBETCTBYET TOJILKO OJIHA TPOKAa, W BCE MHJIEKCHBIE MHOXKE-
ctBa Vy, d = 0,..., D ognossementabl. Cornacuo Teopeme 13.3, 3nadenne ()., BBIMHUC/Is-
eMoe YIPOIIEHHBIM peKyppeHTHBIM Asiropurmom 13.1, OyaeT BepxXHel OIEHKON BEpOSIT-
HOCTH TiepeoOydenus. B ciemyromeit TeopeMe 3Ta OIEHKA BBIIUCHIBACTCS B sIBHOM BUJIE
gepe3 Ipoduiib PacCJIOeHUs U CBSI3HOCTH MHOXKeCTBa A.



=119 =

Teopema 13.4. Ilycrb BeKTOPBI OMUOOK BCEX aJrOPUTMOB MHOXKecTBa A 1monapHo pas-
smaHbl, B A ecTh KoppekTHbIH Ha X aaroput™, A, — 9HCI0 aJIrOPHTMOB B M-M CJIOE

co cBsI3HOCTHIO (. 'Torya crpaBej/iuBa BEepXHsIsl OIeHKa BEPOSITHOCTH I1€PEOOY ICHUST

L L C«E—q
Q-< Y Amg— . (13.3)
m=[ek] q=0 L

HoxkazareabcTBo. Paccmorpum yupoménubtit pekyppentubiit Ajiroputm 13.1, u3 KoTo-
poro ynasienb! maru 9-12. OH maéT BEepXHIO OIEHKY BEPOSITHOCTH repeodydenus. s
KasKJI0ro ajroputma a € A OH cTpouT eauHCTBeHHYIO Tpoiiky (X,, X!, 1), B KoTOpOIil 3a-
mperaIee MHOXKeCTBO X, = {x, e X: I(a,x;) = 1}, IIOPOK JAIOIIEE MHOYKECTBO COCTOUT
u3 BCceX 00bEKTOB, JI00AB/IEHHBIX Ha Iare 8. 9TO T€ U TOJBLKO T€ 00LEKTHI X;, JJIsi KOTOPHIX
CYILIECTBYET ajaropur™m a' € A, IOIyCKalomuil Ha OIHy OmuOKY Oosbiie, yeM a. OdueBu/i-
no, upu stoM X! \X! = {x;} — ommosnementioe Muoxecrso. Unucso Takux 00bLEKTOB T;
coBnajiaer co 3HadenneM cpsiznocru ¢(a). Takum obpasom, | X/ | = n(a,X), |X.| = q(a)
JUTs IPOU3BOJIbHOTO anropur™a a € A. CiienoBaresibho, onenka (5.11) npunumaer Bu;:

Cza CE_Q(G’)X
Q- < Z[n(a,X) > 5k]# — Z[n(a,x) > gk}w _
CLEA L aEA L

Cla

= Z Z [n(a,X) =m][q(a) = ¢ %.

'

Ay u

[lonyuennast oleHKa COBIAJACT C OIEHKON paccioenus—cBsasnoctu (7.8), crp. 68.
Ona nokasbiBaeT, ITO 3hMEKTHl PACCTOEHUS U CBI3HOCTH CHUXKAIOT ME€PeodyUueHune, mo-

L—q
L—m—gq

ot yOBbIBaeT 3KCIOHEHIINAIbHO 110 ¢ U 110 M.
L

CKOJIbKY KOM6I/IHaTOprII71 MHOZKUTEJIb

Pe3iome

PekyppenTHoe BbIUnC/IeHEE BEPOATHOCTH IIePeodyIeHUsT OCHOBAHO Ha, TOM, UTO ajiro-
PUTMBI ,ILO6&BJI$HOTCH B CEMENCTBO IIO OJHOMY, U IIpU KazKJIOM ,ZLO6&B.H€HI/II/I nepecduTbiBa-
eTcsl OlleHKa BepOATHOCTH Tepeolydenus. [Ipormyckas HeKOTOpBIE MArn B PeKyppeHTHOI
MIPOTIe/Iype, MOXKHO CIKOHOMUTH BpPEMsl BBIUMCIEHUN W TOJYyYIUTH JIMOO BEPXHIOK, JINOO
HIZKHIOIO OIEHKY. BepxHss oleHKa COBIIaJaeT ¢ OIEHKON pPacC/I0eHUs—CBA3ZHOCTH, KOTO-
pasi ObLIa MoJIydeHa paHee.

B cnepytoweii nekunn Mbl paccCMOTPUM TEOPETUKO-IPYIIIIOBOM ITOIXO0/1, KOTOPBIH M03-
BOJISIET BBIBOJIUTH TOYHBIE OIEHKH BEPOATHOCTHU I1epe0dYyIeHUs st MOJIEIbHBIX CeMeHCTB,
00J1aIAIOIIIX CBOMCTBOM CUMMETPUM.

Ynpa>kHeHust

Bamaga 13.1 (2). /lokasars, uto ecsm B Anropurme 13.1 nHorma mpomyckars mar 10
IIPH Cy, = —1, TO BBIYHCIIEMOE B pe3ysbTaTe 3HadeHue (). OyJaeT HUKHel OIeHKOi Bepo-
SITHOCTH TIePeo0y IeHus.



CaszkeM ¢ KakJIbIM HHIEKCOM v € V, 1ejioe 3HaUYeHHEe S,, HA30BEM €r0 HOMEPOM
cmennt. Ha mrare 3 momoxkum sy = 0. Ha mare 10 ook s, = S, + 1. Obo3HaqmM uepe3
Qf OIIEHKY BEPOSITHOCTH IepeodyUeHMs, KOTOpas IMOJYIUTC, eCJIM MponyckaTh mmar 10
IpHA S, = 5.

Bamauga 13.2 (2). [lokazarTh, 4TO MOCJIEJI0BATEIHBHOCTD QES ABJIsIETCA BepxXHell OIeHKOit
[P BCEX YETHBIX S M HUXKHEH OIEHKOH MPHU BCeX HEUYETHBIX S.

Bagaua 13.3 (3). lokaszarnb, uto nociemosareabnocts Q0 QL Q% ... obpasyer 3naxo-

[IEPEMEHHBIH PsiJl, CXOAATNNCT K (..

Bama4da 13.4 (3*). O606muTh peKyppeHTHYIO HpOIepypy Ha CIydail, Korja B rpade
PaCCIIOeHNsI—CBI3HOCTH MHOXKeCTBa A MMeeTcst eIMHCTBeHHBIN HamIy i (Ho He 06s3a-

TeJIbHO KOPPEKTHBI) ajaropurM.

Bamada 13.5 (10*). O606mUTL peKypPPEHTHYO MPOLELypy Ha Caydail MpOU3BOJIBHOIO
MHOZKeCTBa A (B 00IIeM cilydae He COJEPKAINEro KOPPEKTHOTO aJrOPUTMA.).
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14 HenapameTpuyeckune Kpntepum n goBepuTesibHbIE
OLLeHKW

Marepuas JaHHOI JIEKITUN He UMeeT IIPSIMOTo OTHOIIEHU K IIpobjieMe repeodydeHnst
U SBJISIETCS JIOTOMHUTEIbHBIM. OH JeMOHCTPUPYET BO3MOKHOCTH CJ1ab0i BEpOATHOCTHOI
AKCHOMaTHKHI Ha IIPAMEPe CTAHIAPTHBIX 33189 MATCMaTHICCKON CTATUCTUKY, CBA3AHHDBIX
C HemapaMeTPUYCCKUMU CTATUCTUYCCKUMU TECTaMH U JJOBCPUTCJIbHBIMU OICHKAMU.

§14.1 [doseputenbHoe oueHuBaHue

PaccmorpuM 3ajady 0 J0BEPUTETHLHOM ONEHUBAHUU CJIyYalHON BEJTMIUHDI.

Bagana pyuknus &: X — R, 3HaYeHUS KOTOPOI MOTAPHO PA3/JINIHbI HA dJIEeMEHTaX
BeIOOPKHU X. Tpebyercs mocTpouTh 1Mo HAOJIOaeMOii BHIOOPKE X CeMEeHCTBO BJIOZKEHHBIX
dosepumenvioz unmepeanos Q.(X) = [£7(X), &5 (X)] Takoe, 4To s HPOUZBOILHOTO
CKpBITOro 0bbekTa T BbinosHgercs &(z) € . (X) ¢ BeposTHOCTBIO He Menee 1 — n(e).
Taxum 06pa30M, JIHHA CKPHITOH BHIGOpKE X = {Z} momaraerca pasHoii euHuTIe.

Bapuayuonnvim padom dyakumu € Ha Beibopke U = {uq,...,u;} C X HasbBaercs
[OCJIe/I0BATEIbHOCTD 3HaueHuit &(uy), . .., &(u,), ynopsyiodentas mo Bospacranuio. O6o-
3HAYUM S-€ 3HaUeHue BapuarmoHHoro psjaa & na U uepes 5{(]5 ), TOr /18 5((11 V<< 5[(}5)
Teopema 14.1. Omnpejenm cemeiicTBO BIOKEHHbIX 0Tpe3KoB (X)) = [5;‘?“““), §§§)],
e e = [£/2], ..., (. Torga cupaBemmBa TOYHAS OLEHKA:

PlE(z) ¢ Q(X)] =2(1—2%), e=[¢/2],...,L (14.1)

IokazaTresbcTBo. Beero nmeerca C} = L pas6uennit. Benmauna () npesocxomur 5§§)
Ha Tex pasbueHusiX, IpU KOTOPBIX mpasee &(T) B BAPHAIMOHHOM PsJIy HAXOJUTCS Me-
Hee L — ¢ obbekToB. Takux pasbuenuit posao L — . Ananornuno, &() < 5%_6“) Ha Tex
pasbueHusx, Ipu KOTOPKIX JieBee & (T) HaxoauTcs MeHee L —e 00bekToB. Takux pazbueHuit
Takke poBHO L — ¢. Utak, mosisi pazbuenuii, npu KOTOPbIX 3HadeHne &(T) monajaer BHE

orpeska ). (X), cocramisier 2(L —¢)/L. ]

AHAJIOrMIHO MOXKHO JOKa3aTh U TOYHYIO BEPXHIOIO OIICHKY:

Ple(@) > =1-2, e=T[¢/2],...,¢ (14.2)

[Tomaras B (14.1) € = ¢, 3aKk/r09aeM, 9TO CKpbITOe 3HaUeHne &(T) BBIXOIUT 3a Mpe-
JIeJIbl Auala3oHa HaOJII0AaeMbIX 3HATeHU [gﬁg), 5%)} C BEPOSITHOCTBHIO % s ipeackasa-
Hust £(T) ¢ HAJEXKHOCTBIO 1) JIOCTATOYHO UMETh % — 1 0OBbEeKTOB B cilydae OJHOCTOPOHHEI
OIIEHKH, 1 IIPUMEPHO BBOE OOJIbIIIE, % — 1, mya aBycroponseit. B wactnocTn, 19 06 bekTOB
JOCTATOTHO JIJT TTOJIydeHUsT BEpXHEl OeHKN ¢ Ha IeKHocThio 0.95.

§14.2 [loBepuTtenbHble MHTepBaNbl AN KBaHTUNen

JdoBepuTenbHble MHTEepBanbl AN KBaHTUNEW B CUIbHOW akcuomaTtuke [17]. Tlycrs
¢ — cayydaiiHasi BeJIMUMHA C HEIPEPBIBHON CTPOTO BoO3pacTarolieil yHKImel pacipe/ie-
nennst F'(z). Pemenue ypasuenns F(x) = a upu o € (0,1) cymecTByeT n e HCTBEHHO,
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obozHavaeTcs &, U HA3bIBACTC (-KGAHMUABIO PACNPEIeNeHUs TN KBAHTUIIBIO TOPSIIKA (V.
B gactrocTH, &1 ecth meduana pacnpedesenus.
2
[Iycre X = {&,...,&} —BbIOOpKA ¢ HE3ABUCHMBIX CJIyYalHBIX BEJUYUH U3 PAC-
. . 1 ¢
npenenenusd F'. [loctponm e€ BapmarmoHHBIN sl 5&) < e < 5&). C BeposiTHOCTBIO 1
OH He mMeeT CBsI30K. OTpesok [ggg“), S)} SIBJISIETCST JIOBEPUTEILHBIM WHTEPBAJIOM  JIJIsT

Q-KBaHTUJIN C ,ZLOBepI/ITe.HbHOIU/I BEPOATHOCTBIO

Pl <& <] =D Cla'(1—a) . (14.3)
t=r

B wacTtaocTn, or [ (r+1) ¢t=m) -

,orpe3ok &y €y }HBHHGTCH JIOBEPUTE/ILHBIM HHTEPBAJIOM JIJIsT M€

s
auasbl (o = 1) ¢ J0BEpPUTEIBHOI BEPOATHOCTBIO 1 — 2 z% Ct2~t,
t—

JdoBeputenbHble MHTEpBasbl ANA KBaHTunen B cnaboii akcmomatuke. Ilocranos-
Ky 3aJa49i IPUIAETCSI MEHSITh, ITOCKOJIbKY IOHATUS (-KBAHTUIN U (DYHKIIUNA pacipejiesie-
Hust F'(x) ompeesisiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOATHOCTD. AJIEKBATHON 3aMeHOM
KBaHTUIN &, B CIA00N aKCUMOMATHUKE SABJIACTCH M-Il Y4ICH BapUAIMOHHOTO PsJia TeHEPATh-
HOIT BBIOOpKH X mpu m = «L.

Honycerum, 9ro ducioBas renepasibhas Boioopka X = {&,...,&.}, cocrour u3 no-
IMapHO pa3InIHbIX 3HaveHuil. [loctpoum e€ BapuarmoHHbIN psiT 53(;) << fg“).

Crenyromas TeopeMa yTBEPZKIaeT, UTO, MMest HabJIomaeMyi0 BBIOOPKY X, MOXKHO
IpeacKa3biBaTh 3HaYeHne M = fégm) ¥ OICHUBATH TOYHOCTH IIPEJICKA3AHNIN.

Teopema 14.2. Orpesok [5&;), fgg)] SIBJISIETCS JIOBEPUTETLHBIM HHTEPBAJIOM JIJIS BEJTH-

gnabel M = & (m) ¢ i
=y ' ¢ JOBEpUTEIBbHOI BEePOSITHOCTHIO

S

PV <M <] =" mm ), (14.4)

t=r

/e BeposiTHOCTH P mormMaercst B coorBeTcTBHM €O C1ab0H aKCHOMATHKOMH, KaK JI0JIST Pa3-
bueHmnii reHepaJbHOi BHIOOPKH.

JlokazareabcTBO.

Bo-niepBbix, 3ameTnm, 9T0 P[fg) <M< fg?)] = P[fg) < M] — P[fgﬁ) < M]

PaccmorpuM cobwitue S, = {fg) o ,fs(gm) CX.

YciioBue P[ﬁg) < M } PaBHOCUJIBHO TOMY, YTO B BBIOOPKY X TIOIaJlaeT He MeHee
7 3JIEMEHTOB cOOBITUS S,,. Cormacuo Jlemme 2.1 u ornpeie/IeHUIO «IIPABOTO XBOCTa» TH-
[epreoMeTPUIeCKOro pacipesesnenus (2.4) orciojia ciejiyer

Pl < M =H;™ (r).

Anajornano,

P < M] = H™(s+1).
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Takum obpasom,

Pl <M< =H"(r) - Hy™ (s +1) =
S1 s

=S - S nem =S ).

t=s+1 t=r

Teopema j10ka3aHa. [ |

MpepenvHbiii nepexop,. loBepuresbHast BEpOSTHOCTE B ciaboil akcuomaruke (14.4) Bbi-
paskaercst yepes ruiepreoMeTpuyeckoe pacipejeienue. [lokaxkeM, 9To Mpu CTpeMIEHUN
JUIMHBI CKPBITOH BHIGOPKN K GECKOHEYHOCTH OHO CTPEMUTCHA K OMHOMUAJILHOMY PaCIIpe ie-
JICHUIO, 9TO MPUBOJUT K KJIACCHIECKOI JoBepuTesbHol BepogTaocTH (14.3).
[Ipu L — oo u k — 0o, dbukcupoBanHoil jyimHe HAOIIOaeMolt BBIOOPKH ¢, (hukcupo-
m

BaHHBIX 7" 1 § U COXPaHEHUN ITOCTOAHHOI'O OTHOIIECHUA ¥ = T nMeeM:

cpt m! k!l (L —m)! mt(k —m)‘?

k t R
cm “m —t)V L (k—m +t)! L

—a(Z) (1) e

hy™ (t) = Ci

Taxkum ob6pa3om, IepeHoC JIOBEPUTETLHBIX OIEHOK B CJ1a0yI0 aKCHOMATHKY TOTPe6o-
BaJsI 1epedopMyInpoBaTh MOCTAHOBKY 3ajadn. B c/1aboit akcmoMaTuke JIOBEPUTE/IHHBIN
UHTEPBAJ 3aBUCHT OT JIJTHHBI CKPBITOW BBIOOPKHU, TO €CTh OT TOTO, CKOJIBKO €I1é HADJTI0 16~
HUI IPEJICTOUT CJlesIaTh. B acuMIITOTHKE, TPU CTPEMJIEHUN 9TOIO YUCIa B OECKOHETHOCTD,

HOJIYYaCTCA KJAACCUYCCKUN JIOBEPUTEJILHBII NHTEPBaJ B CUJILHON aKCUOMAaTHUKE.

§14.3 KpuTtepuin 3HakoB

Knaccnyeckuin kputepuini 3HaKoB 1poBepseT rurore3y Hy o Tom, 9TO B BbIOOPKe Ou-
1

29
WJIN, IPYTUMHU CJIOBAMU, YTO BHIOOPKA MOINHAETCA ONHOMUAIHLHOMY PaCIPeIe/IeHUIO C Ia-

paMeTpoM p = %

napubix et X = {b;}_,, b; € {0, 1}, eMHUIBI TOABIAIOTCS ¢ BEPOSTHOCTHIO P =

XpecToMaTUiiHbIA IpUMED IpUMEHEHUs] KPUTEPHUsl 3HAKOB — IIPOBEPKA CUMMETPHI-
HOCTU MOHETBI 110 IIOCIEI0BATETHHOCTH BBITAIEHUST «OPJIOB» M «PEIIeK».

B npakTnueckux 3ajiadax aHaJM3a JaHHBIX KPUTEPUl 3HAKOB IIPUMEHSIOT JIJIsI PO~
BEPKM paBEHCTBa HYJIIO0 MEIUAHbl BEIIECTBEHHON cirydaitHoit Benuannbl €. s sToro e-
pexojiaT K 6unapHoii BeIOopke b; = [§; > 0]. Ipyroe npumenenue — mpoBepKa 2unomesol
cdeuza & = £ + § B JIByX CBA3HBIX BBIOOpPKaX, rje 0 — BeJIMInHa cJBura. st sToro re-
pexoiaT K 6unapHoil BeIGOpKe b; = [ > & + 0]. B wactHocTH, npu § = 0 mposepsiercst
OTCYTCTBHE CJBUTA, WJIH, KaK €I¢ rOBOPAT, omcymcemeue apdexma obpabomru.

¢
st BeimosiHeHust Tecta Beraucisgercs crarucruka 1'(X) = > b;. Ilpu yemosun, aro

=1
TUIIOTE3A HO BEpHa, CTaATUCTUKA T IIOAYNHAETCA 5UHOMUCLJle0M’y pacnpedenenum:

P[T(X)=t] =Cip'1—p) " =Ci2"
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['mnoresa H, oTBepraeTcs Ha YposHe 3HAYUMOCTU (v, €CIN 3HAYEHUE CTATHCTHU-
ki T'(X) momnajiaer B KpUTHIECKY IO 06JIaCTh — «XBOCTBI» OMHOMHUAILHOTO PACIIPE/IC/ICHNUS,

] T(X)
52 Ci¢[51-5] (14.5)
t=0

KpuTepuini 3HakoB B C/1aboi akCMOMaTMKeE CTPOUTCS 110 CYTH TaK Ke, TOJBKO (popMy-
JINPOBKa TUIIOTE3bI H( y»Ke He MOXKET ONUPAThCI Ha MOHATUE «BEPOATHOCTH €JIUMHUIIBI»
1 OMHOMUAJILHOE paclpejie/ieHue.

Teneps runoresa Hy dopmynmupyercss Tak: «HaOJI0JaeMasi BbIOOpKa X TMOJydeHa

B pesyabrare ciydaiinoro pazouenus X LI X = X remepasbnoii Beibopkn X = {b;}2
L
2
Ecim runoresa Hy BepHa, TO BEpHO U OCHOBHOE IIPEIIIOJIOXKEHHEe CIaboil aK-

. L .
cozieprKallieil pOBHO MOJIOBUHY eIuHHL, m = y .~ b; = ¥», rae L — uérHoe ducio.
CHOMATUKU O paBHOIl BeposaTHOoCcTH pazdmenuit. I[Ilpumenss Jlemmy 2.1 kK coObITHIO
S = {bi eX: b = 1}, IPUXOJNM K BBIBOALY, 4T0 cratuctuka 1'(X) mogunuserca 2unep-
2COMEMPUYECKOMY PACTPEICNEHUIO:

Y

m—t L
o 1 dm _ vt T L—¢ _

PIT(X)=t] =h;™(t)=C} ,om=g

L

rJle BEPOSITHOCTh P MOHMMAaeTcs B COOTBETCTBUU CO CIaDON aKCHMOMATHKO, KaK J0JIs pas3-

Ouenuii reHepasIbHONl BLIOOPKH.

Jlasiee crangapTHas JIOTUKA IPOBEPKH CTATUCTUYECKUX TUIIOTE3 IIEPEHOCUTCA B CJla-
Oyro akcuoMaTuky 0e3 u3menenuii. ['unoreza Hjy oTBepraeTcd Ha ypOBHE 3HAYUMOCTH (v,
ecru 3Hadenne T'(X) monagaer B kpumuueckyo obaacmo:

l,m « a

Hy™ (1(X)) ¢ [5,1- 9],

MpepenbHbii nepexoa. [lapamverp L ObLT BBEJIEH UCKYCCTBEHHO B PE3YJILTATE MBICIEH-
HOT'O JIocTpanBanus HabJro1aeMoil BHIOOpKH X 10 TeHepabHON BHIOOPKH X. YCTpemJisas
L

Junany BbIGOpKH X B GECKOHEYHOCTH NMPU M = 5 1 (PUKCUPOBaHHBLIX £, 1, mojyvaeM BCE

TO 2Ke OMHOMUAJIBLHOE paciipe/ieieHre, IpUBoJsinee K Kiaccudeckomy kpureputo (14.5):

0—t mé
=C} =Ch2
J4 (Qm)g y4

¢
n ., m! m! k! ,mim

P[T(X): = é(m_t)!(m_g'—i_t)!f‘!—)Og It

Takum obpazoM, MepeHOC KpUTepusi 3HAKOB B CJAA0YI0 aKCHOMATHUKY IIOTPeOOBaJI
JIMIIB 11epeOPMYyIMPOBKU HYJIEBOW TUIIOTE3bI, HE M3MEHUB PE3YJILTAT 110 CYIIECTBY.

§14.4 Kputepuin YunnkokcoHa—MaHHa—YutHn

Knaccuuecknii kputepuii YunkokcoHa—MaHHa—YuTHn — 310 HenapamerpudecKuii
CTATUCTUYIECKUI KPUTEPHil, OOBITHO MCIIOJIB3YEMbIi JIJI IPOBEPKH 2UNOME3bL 00HOPOOHO-
CMAL — TIPeJIIoJIoKeH s, uTo JBe Bbibopku X = (z1,...,2¢) u X = (2},...,2}) B3aTHI
U3 OJHOrO pacupeaenenns. [Ipeamnonmaraercs, 4To BEIUIUHBL X, X' U3MEPSIOTCS B KOJIMYIE-
CTBCHHOI WU IOPAJJIKOBON IIKaJIE.
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Crporo roBopsi, HYJIEBOIl THIIOTE30il B JAHHOM KPUTEPUU sBJseTCs Oojee ciaboe
npemnosnoxkenne Hy: P(x < 2') = % [TosTomy OH cumTaeTCsa He JTOCTATOYHO MOIIHBIM JIJIs
[IPOBEPKH TUIIOTE3bI OJTHOPOTHOCTH.

Jist IpocTOTHI B KavdecTBe ajbrepHaTuBbl pacemorpum Hy: Pz < o) > % ITposepka
JIBYyCTOPOHHE! aJIbTepHATUBBI HE HAMHOI'O CJIOYKHEE.

To, uTo MaHHBI TeCT He BCErjia MO3BOJIZET OOHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO TIOKA3aTh C IOMOIIBIO KOHTPIpIMepa. Bo3bpMéM aBe BeI6opKH X, X PaBHOI JITHHEL
[Iycts X cocpenorodena Ha oTpeske [1,2], mosonHa BHIGOPKH X cocpeqoToueHa Ha OT-
peske [0, 1], Bropasi nosiosuaa — ua (2, 3]. Torga runoresa Hy cripasejjiuBa, a MUIoOTe3a
OJIHOPOJTHOCTH, OYCBUIHO, HET.

ILJ'IH BLBIIIOJIHCHHN A TECTa BBIYUC/IACTCA CTAaTUCTUKA

L k

U(X,)_():ZZ[xi<a:;].

i=1 j=1

O06BITHO HCTONIB3yeTCs OoJIee SKOHOMHBIN crtocod Buraucsaenns U. Ctpourcs Bapua-
mmonueti pax ) < .. < ) obbemuuénnoit Boi6opkn X = X U X. Jlis mpocToTsl
OyaeM Ipejro/araTb, YTO BapUaIllMOHHBIN Psi HE COAEpPKUT CBsI30K. Jlagee HaxomasTcs
pauru r(x;) € {1,...,L} s71eMeHTOB 1epBOii BBHIOODKH B OOIIEM BApHUAIOHHOM DSIY,
n U BbIpaxkaeTcs depe3 UxX CyMMapHBI paHT:

14

U(X,X) zﬁk—i-@—Zr(xi).

Takum obpazom, JaHHBI KPUTEPUil sIBISIETCS IIPUMEPOM PaH206020 KPpUMepus.
Pacrpenenenune craructukn U acuMIITOTHYECKA HOPMAJIBHO, TPUIEM ACHMITTOTHKOMN
PEKOMEH/IyeTCsl 10JIb30BaThes yke 1ipu £,k > 8 [32, 4, 23]:

U— Ltk
\/%€k<£+ k+1)

U= ~ N(0,1).

Ecmun U > &1, tie ®;_, — (1—a)-KBaHTHIIb HOPMAIBHOTO PACIPEIEIeHNsT, TO TH-
noresza Hy orBepraerTcss B MOJIb3Y aJibTepHATUBLI H{ P ypPOBHE 3HAYUMOCTH (V.

B cnaboii akcmomaTmke aHAIOroOM THUIIOTE3bI OJJHOPOJHOCTHU SIBJISETCS OCHOBHOE TIPEJI-
[I0JIOYKEHUE O PABHOI BEPOATHOCTH BceX pa3Ouenuil. /anubrit Kpurepuil 103BOJIIET IPOBE-
PUTD, MOTJIA, /i1 TIapa BEIGOPOK X, X GBITH IO/IyUeHA B PE3YJIbTATE CJIYUAHOIO Pa3OHeHIs
ncxoiHo# BeIOOpKH X Ha siBe dacTu. CoobpakeHusI O HeJIOCTATOYHON MOITHOCTH STOTO
KPUTepHs U KOHTPIPUMED OCTAIOTCSA B CHUJIE.

C Touku 3peHnst craboil akcnoMaTuKu 3HaK BepogrHocTH P B yemosun Plx < 2] = %
yHnoTpeO/IeH HEKOPPEKTHO, TI09TOMY ruroresy Hy Heobxoumo nepedopMyInpoBaTh.

I[lepsast unTepnperanus runoresst Hy. Jdomyerum, uro u3 moaseibopox X, X ciy-
JaifHO ¥ PaBHOBEPOATHO M3BJIEKAETCS MO OJIHOMY OOBEKTY, & U =’ cooTBeTcTBeHHO. TO-

TTa BEPOATHOCTDb Ha/IO IIOHUMAaTh B CMbICJIE YCPEAHEHNA HE TOJILKO II0 BCEM paS6I/I€HI/IHM
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BBIOOPKHK X, HO W II0 BCeM cIiocobaM B3sThb 10 ogHOMY 00bekTy m3 X m X. B cimaboit

aKcnoMaTnke BeposTHocTs Plr < @f] aeiicrBurensio pasna 3

L L
Plz < 2] E%ZIZEX%Z%EXH%<%}:
i=1 7=1
1 G .1 L(L-1) C2Y 1
:%Zsz<x] xZeXijeX]J:@. 5 ,52—2:5

.
I

1 j=1 ~
l—1 4
CVL72/C’L

Otcrona cremyer, aro EU (X, X) = %ﬁk. DTO M ecThb BTOpasi MHTEPIPETAIs THIIOTe-
3p1 H, He Tpebyromas BBeIeHNs JOMOTHUTE/TLHON PaHI0MU3AIINN.

Pexyppentnas dbopmyna g pacipeesiernst cTaTucTuku U BBIBOAUTCS B CJIabOM
AKCHOMATHKE TaK zKe, KaK OHa Oblia MOJIydeHa B HCXOJHBIX paborax |78, 55].

Teopema 14.3. Ilycrb Bce 3uavenus B BbIOOpKe X ronapHo pazymanubl. Pacrpeseernme
crarucrukn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,... 0k},

HE 3aBHCHT OT 3JIEMEHTOB BBHIOODKH X W BBIUHCJISICTCS IO PEKYDPPEHTHOH (hopMyJie
Pyj(u) = %Péfl,k(u) + %Pe,kq(u —0),

1IpU HA9aJIbHBIX YCJIOBHSIX

Pg’g(u) = Po’k(u) = [UZO], u € {O, C ,gk};
P&k(u) :0, (% g_f {O,,Ek’}

JlokazaresbcTBO. 110CTpONM BapHAIMOHHBIH psi1 d1eMeHToB Beioopkn 1) < - .. < (1),
OH He COJIEPAKUT CBA30K B CUJIY YCJOBHSA HONAPHON PA3TUIHOCTH.

O6oznammm b; = by(X) = [ € X]. Bunapuaa nocienosatenbHocTs by, . .., by, co-
JiepkuT poHO ¢ equnui u k myneit. Torma

L L
= E § [0 < j]bi by,
i=1 j=1
riae b; = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. SHaUeHNE CTATUCTHKE U He 3aBHCHT

OT 3HAYEHNIt 3JIeMeHTOB BRIOOPKH X, a TOJIbKO oT pasbmenns (X, X ) 1 mapaMeTpoB JITHHBI
110/1B6I60poK £, k. Urobbl Haiitu pekyppenthyto dbopmyiy aisa Upy, = U(X, X), sanuirem

L-1L-1

L—1
U =SSl < ilbiby + 5.3 b
=1

i=1 j=1

Ecin by, = 1, To nepBoe ciiaraemoe B 9100t cymme ectb Up_p i, & BTOPOE PABHO HYJIIO.
L1

Eciu by, = 0, To nepsoe ciraraemoe B 910it cymme ectb Uy 1, a BTOpoe y | b; = L.
i=1
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Takum obpasom, Uf,k’ = bLUg_lyk + bL(UgJC_l + E)
Anajiorndnoe peKyppeHTHOE COOTHOIIEHUE BBIIOIHIETCA U JIJI BEPOATHOCTEI:

Pyr(u) = P[:C(L) € X} [Ug,l,k = u] + P[x(L) € X} [Um,l + (= u} =
= %Pg_ljk(u) + %Pg,k_l(u — E)

Hauanbmble yeaoBust Jyist Py (u) SBISIOTCA OYEBUIAHBIM CJIEACTBHEM HAYAJIBHDBIX
yeaosuit gyt U: Uy = Uy, = 0 n orpanndenuii na 3uadenns aprymenta u € {0,. .., (k}.
Teopema joxkazana. [

s mpoBepku runore3bl Hy cTpoutcs pacupejeneHne Y nJIKOKCOHA

U
W(U)=>_ Pux(u).

Ecim U > Wy_,, tne Wi_, — (1—a)-kBauTmib pacrpejiesieHnsi Y MJIKOKCOHA, TO TH-
nore3a Hy orBepraercs B M0OJIb3Y aJbTepHATUBLI H| IIpU ypOBHE 3HAYMMOCTH (.

[To Bceit BujimMocTH, He TOJILKO KpuTepuil Y ujikokcona-Manna—Yutnu, Ho u 0OoJiee
IMIUPOKUI KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCH B CJIa0YI0 aKCMOMATUKY 0e3 3Havu-
TEJbHBIX JIOTIOJIHUTETHHBIX YCUIUI.

Pe3iome

B ciraboit BepogTHOCTHOI akcHoMaTUKe YAaETCs MOIydaTh aHAJIOIM MHOTHX Helapa-
MeTpI/I‘IeCKI/IX CTaTUCTHUNYECCKUX KpI/ITepI/IeB "u ,ZLOBepI/ITe.HbeIX OLIEHOK, I/ICHO.HI)3yH YUCTO
KOMOUHaTOpHBIE MeTOIbI. [Ipy 3TOM pe3y/bTaThbl SIBJISIOTCA TOTYHBIMU U (DOPMYIUPYIOTCS
B TEPMUHAX KOHEUHBIX BBIOOPOK. B psjie ciiydaeB MeHIeTCsT HHTEPIIPeTaIis NCXOTHON M0~
CTAHOBKH 3a/a9M, HAIIpUMeD, pOPMY/INpPOBKa HYyJIeBoi ruroresnl. IIpemenbHblil mepexo
L — oo npu puKCHpoBaHHOI JijtHe HabJ1101aeMOil BBIOOPKH £ IPUBOJINUT K KJIACCUIECKUAM
pe3yﬂbTaTaM. EFO MOZKHO I/IHTepHpeTI/IpOBaTb KaK CHOCO6 HO.Hy‘-IeHI/IH ACUMIITOTUYECCKUX
OIIEHOK, He TI0Ipa3yMeBaOIINil CYIIeCTBOBAHNUS PeabHBIX BEIDOPOK, JIJIIMHA KOTOPBIX CTpe-
MUTCSI K OECKOHETHOCTH.

Ynpa>kHeHus

Bamauda 14.1 (5*). Kpurepuii cepuit Banbga—Bosbdosuia B ciaboit akcnomaTuke.
Bamaua 14.2 (5*). Kpurepuit Kpackesa—Yosumca B c1aboil akcuoMaThke.

Bamada 14.3 (5*). Kpurepuii pasencrsa nyso koabdurmenta koppessun Kenjeia.
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