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Cruenkypce «Teopus najékuOoCTH 00YUEHUs IO TPEIEICHTAM» YUTACTCS CTYICHTAM
kadespol «Maremarnueckue meTosbl poruosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHeHNEe K o0sg3aTeTbHOMY KadelpagabHoMy Kypcy «MaremaTnieckme MeTOJIbl PACIIO-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJEHTOB C COBPEMEHHBLIM COCTOSHHEM Teo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaercst
pobJIeMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUYECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toi Teopun ObLin coBerckme marematuku B. H. Bamauk u A. f. Yeponenkuc.
B 80-e rospr Ta TEOpPUS MOTYUMIa MTUPOKYIO MUPOBYIO U3BECTHOCTD, M B HACTOAIIEE Bpe-
Msl pa3BUBaeTCd O4eHb aKTUBHO. OJinH n3 OCHOBHBIX BOIPocoB SLT — Kak KoJIMuecTBeHHO
OIICHUTH CIIOCOOHOCTDH aJrOPUTMOB KJIACCU(PUKAIUYA ¥ TPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIUPUIECKUX (DAKTOB. B KaKMX cjydasx MOKHO YTBEDKJIaTh, 9TO OOIUE 3aKOHOMEP-
HOCTH, BBISIBJIEHHBIE 110 TaCTHBIM IIpereleHTaM, He OKayKyTCs JIOKHbIMEI! Kak n3bekarh
repeodyvenns — CUTyalllnd, KOTJIa OTBETHI aJrOPUTMa CJIMIIKOM TOYHBI Ha OOydJaronieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B pmamnom mocobum wu3saraercs YacTh Kypca, OCHOBAaHHasl Ha pe3y/jbTraTax aB-
TOpa W ero y4eHmKoB — cryjeHToB u acnuparnTto MOTU, BMK MI'Y u BII PAH:
JI. KouenpikoBa, A.lBaxuenko, U.Pemernska, A.®pes, U.Toncruxuna, II.Borosa,
M. UBanoBa. /Ipyras gacTb Kypca, MOCBAIIEHHAS 0030py COBpeMeHHbIX JjiocTrxkennit SLT,
He BOIILJIA B JIAHHOE TIOCODHeE.

OcHoBHas T/ CIIEIKYPCa — MOKA3aTh, KAK CO3aETCs MaTeMaTHIecKas TeOPHs, BO-
BJI€Yb CTYJEHTOB B 9TOT YBJEKATE/JIbHBIN TBOPYECKUil mporiecc. Bropas 1esb — j1aTh TIy-
OoKoe MOHNMAaHMe STBJIEHUS [Tepeo0yYeHns, HeOOXOIMMOe IIPH PEIeHIH TPUKJIATHBIX 3a/1a
MHTEJUIEKTYAJIHLHOTO aHAIN3a JTAHHBIX.

Kaxkpiit maparpad coorBercTByeT OJHON JieKIuu. B KomHIile OOIBITUHCTBA JIEKITHI
nMeroTcd ynpazkuenus. /g KaxkJioro yrpakKHenus B CKOOKaxX yKa3aHa OIeHKa CJIOXKHO-
cTh. YTpaKHeHusd, TOMEYEHHbIE 3BE3I0UKOI, ABIAIOTCSA OTKPBITHIMU ITPOOIEMAaMU Ha, MO-
MEHT HaIUCaHUs MOoCO0ns. DTO O3HAYAET, ITO OHU HAmbOJIee MHTEPECHBI, XOTs U He 00s-
3aTeILHO CJIOYKHBI — JI0 MHOTHX 3a/lad IPOCTO He JOXOJAUIN pyKu. B KOoHIle HEKOTOPBIX
JIEKIIUI MMEIOTCs 3aJIaHns JJIsl BBIYUCIUTE/IHHOTO TPAKTUKYMA.

Cxema 3aBUCUMOCTHU JICKITUIA:

Marepuan cnienkypca oOHOBJIsIeTCs Ha cTpaHulle « Teopust HaAEKHOCTH 0OyUeHUs 110
npereenram (Kype Jsieknuii, K.B.Boponios)» Buku-pecypca www.MachinelLearning.ru.

Konemanmun Boponuos,
1 anpeas 2011 200a
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1 [Npobnema nepeobyyeHunsi n cnabasi BepOSATHOCTHas

dKCMOMAaTUKa

MarmuaHoe 0OydeHne Win obyuenue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peliaTh 3a/ia9y ITPOrHO3UPOBAHUS U IIPUHATHUS PEIIeHUl B YCIOBUIX,
KOTJia 3HAHMUI O MpeJIMEeTHON 00/1acTi He XBaTaeT sl IOCTPOEeHUs 0OOCHOBAHHBIX MaTe-
MaTHIeCKUX MOJeseil, HO 3aT0 MMEIOTCA 3HAUNTEIbHbIE MACCUBBI SMIIMPUICCKUX JTAHHbBIX.

Tunuasaelii npuMep — 381891 MEIUITHCKON JTHArHOCTUKN. 31eCh O/ JTAHHBIMH I10-
HUMAIOTCS 3JIEKTPOHHBIE ucTOpuu Oosie3uu. [aHHbie 00 OT/IE/IHHOM KJIMHUYECKOM CJIyYdae
BKJIIOYAIOT aHaMHE3, Pe3y/IbTaThl 00C/Ie0BaHn, Ha3HAYEHHbIE JIedeOHbIe MEePOIPUATHSI,
[IOKA3aTeIn Pe3yAbTaTUBHOCTH JIeUeHus, U T. 1. Tpebyercs MoCTpOuTh aJrOpUTM, KOTO-
PBIif HA OCHOBE UMeOIIeiicst mH(OPMAaIUA O HOBOM ITallieHTe MOI' ObI IIOCTABUTE TUATHO3,
PEKOMEHIOBATH JIEYeHNe MU MTPEJICKA3aTh NCXOJT 3a00/IeBanms. 3aa9a 00y ueHus no npe-
yedenmam 3aKJII0IAETCI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Yy4arou,et
6bL00PKU — COBOKYITHOCTH IIPEIEeHTOB, HAOIIOJABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIPa-
BUJIbHBIC JIMATHO3BI (PEIeHNs], HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit npumep — 3agada kpedummozo cKopuHaa. 37eCh MPENeIeHTH — 9TO 3aIBKU
Ha MOJIyJeHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTE/sT BKIIOIAIOT: BO3PACT, IO,
obpa3zoBanue, mpodeccuio, craxk padbOThI, JOXOJ CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajau4dne TeynedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI 1O OOydaroIieit
BBIOOPKE 3aEMIIUKOB C YK€ M3BECTHON KPEeJIUTHON MCTOPUil IMOCTPOUTH aJIlOPUTM, IIPE/I-
CKa3BIBAIOININ, Oy/IyT JIN Y JAHHOTO 3asIBUTEI MPOOJIEMBI ¢ TIOTAIIeHUEM KPeJIITa.

Hetpy/iHo mocTpouTh aJirOpuT™M, KOTOPBIH BBIJIAET IIPABUIbHBIE PEITEHU JIjId 00bEK-
TOB oOy4aromeil Beioopku. Harpumep, o Mor 6bI cpaBHHBATH HOBBIN OOBEKT € KaXKIHIM
13 00yJamuX 00bEKTOB, U B CJIydae MOJHOI'O COBIAJCHUS BBIIABATH IIPABUILHOE peIle-
HIe, 3allCAHHOe B TaOJIUIE MCXOIHBIX JAHHBIX, & BO BCEX OCTAJbHBIX CIydasX BbIOMpATh
caydaiinoe perrenne. OUeBUIHO, TAKOH aaropuT™M HUKOrO He ycrpouT. s ycmemrHoro
0o0ydeHns BaXKHO He TOJBKO 3allOMUHATH, HO 1 0000maTh. CIIoCOOHOCTD aJIrOpUTMOB Ipa-
BUJIBHO HAXOJIUTH OOIIHE 3aKOHOMEPHOCTH 110 YACTHBIM SMITMPUICCKUM JTAHHBIM HA3bIBAIOT
obobwaroweti cnocobrocmuio (generalization ability).

OcHoBHasg 3aJia49a Meopuu cmamucmuieckozo obyqenua’ (statistical learning theory,
SLT) 3ak/rogaercs B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OTIEHKHU ODOOIIAIOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaloliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOKHBIE OIEHKN, PACCUNTAHHBIE HA XYM CIydail, Ha IpaKTUKe MOI'YT IPH-
BOJIUTH K OMIMOOYHBIM pereHusAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcs HOBOE Ha-
npasyieare B SLT — komOuHaTopHasi Teopusi 0600mAioOeil criocoOOHOCTH, TTO3BOJIAIONIAS
6oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEODY ICHMS.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Pazmmaus mexxry COLT u SLT nososbho yeaosabl. B wacraoctun, COLT Britouaer B cebst pobieMaTuKy
BBIUKMCJIUTEIBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHune n nepeobyueHune

[IycTh 3a/1aHO KOHEYHOE MHOXKECTBO 0ObeKTOB X = {m1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100PKOTl; MHOKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Oounapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) = 1, TO TOBOPST, 4TO AJITOPUTM @ OIMIUOAETCsI HA OOBEKTE .

Yucyio omumbok anropurMma a Ha Bhibopke X C X ecTb

n(a, X)=> I(a,z).

zeX
Yacmomot owubox anropurma a Ha BeiOOpKe X C X Ha3bIBAETCH OTHOIIECHUE

n(a, X)
via,X) = ———.
| X]

3apayva obyyveHus no npeuegeHTam. Jomycrum, 9To reHepasbHas BHIOOpKa pas3buTa
Ha e noaseibopkn, X = X L X. Buibopka X naswiBaerca nabarodaemoti Win o6y4aio-
wedi, 1 06BbeKToB € X M3BECTHBI 3HAUeHUsT HHmKaTopa ook I (a, z). Boibopkra X
Ha3bIBAETCS CKPOLIMOUT WA KOHMPOALHOTU, N Ha Hell 3HaYeHUs] WHIUKATOPa OIINOKN HEM3-
BECTHBI. 3a/1a9a COCTOUT B TOM, YTOOBI HAWTH aJIrOPUTM @ € A ¢ MEHUMAIBHBIM YHUCIOM
ommbOK Ha TeHepaTbHO BBIOOPKE N (a, X), MoIb3yACh TOIBKO HHpOpMAaImeil 0 HabJIo1a-
eMoit BeIOOpKe. /lannast 3aja4da B 00IIeM ciiydae He UMeeT TOYHOTO PEIIeHus, TOCKOIbKY
AJICOPUTM @ BbIOUpaeTcs 1o HerojHoi nabopmaruu. [losTomy craBuTcs 3a1ada MouUCKa
MpUOTMKEHHOTO PEINIeHUsI W OIEHUBAHUST €70 TOYHOCTH.

Memodom obyuenua® nasbiBaeTcs oTobpazkenue ji: 25 — A, KOTopoe ITpON3BOILHOI
obyuaroreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBIH ajroput™ a = X u3 A.

Haubosiee ecrectBenHast crparterus oOydeHHsT — HafTH aJropuTM, JIOIYCKAIONIN
HAMMEeHBIIIee IICI0 OmmboK Ha obydarorieii Bbioopke. O6osHaunm 1depes A(X) mogaMHO-
JKECTBO aJITOPUTMOB G, Ha KOTOPBIX YnCJI0 OmmboK n(a, X ) MUHUMAJBHO:

AX) = Argrarglln(a,X) ={ac A:n(a,X) <n(d, X), Vd' € A}. (1.1)

Ecmu pX € A(X) nyist mo6oit obyqaromieit Bei6opku X C X, TO METOJL [1 HA3BIBAETCS
METOJIOM MUHUMU3AUUL IMNUPULECKO20 PUCKA.

Iepeobyuenmocmvio anropurma a npu pasbuennn X LI X = X Ha3bIBaeTCs PA3HOCTD
9acTOT ero ommboK Ha KoHTpose n obydernnn: 6(a, X) = v(a, X) — v(a, X). Iepeobyuen-
HOCMBI0 METO/A (i HA3bIBAETCH MEePeOdYIeHHOCTh aJrOpUTMa @ = 1.X :

6H(X> = 5(MX7X) = V(:u’X7X) - V(/J’Xax)

2B aHTI093bIMHO# IMTEpaType MeTo | 00yYeHNs IIPUHATO HA3BIBATH an20pummom obyuenus (learning
algorithm) [54], a amropurm a: X — Y — knaccudukaropom (classifier), runoresoit (hypothesis), pe-
matorieit dyuknueit (decision function), sm6o npocro dbyuxiueit (function). Tepmun «asropurm» Kax
oTODpaskeHne N3 MHOXKECTBa OOHEKTOB BO MHOYKECTBO OTBETOB yHOTPEO/sSIeTCs B paboTax HayTIHON KO-
abl akagemuka FO. . 2Kypasaésa [21]. TepMuHBI «MeTO» M «AJITOPUTM», 0GO3HAUAIONIHE HPOIELYPY
nocTpoennst (PyHKIMU @ 10 BBHIGOPKE JAHHBIX yIIOTPEOJISIOTCS B OTEIECTBEHHON JTUTEPaType BIIEPeMerK-

xy [10, 1, 23, 22].
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Puc. 1.1. IIpumep marpurnsr omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pazbuenuii BLIOOPKK HA HAOJIIOIAEMYIO U CKPBITYIO IMOJABBIOOPKHU. MeTom MuHm-
MU3BAIIH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISAETCH ePeodyIeHHBIM
OTHOCHUTEILHO JIAHHOMN Mapbl BBIGOPOK, npudéM 1pu Jiodom & € (0,1).

Ecmu 0,(X) > € npn nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

MaTpuua owmnbok. Bunapublii BekTop-croaber d = (I (a,xi))le Oy/1eM HA3BLIBATDL GEK-
mopom owubok arropurma . COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIMMOOK,
MOPOK/IAEMBIX ajroputMamu a € A, obpasyer mampuuy owubox pasmepa Lx D. Ctpokn
9TOIl MATPUILI COOTBETCTBYIOT O0BEKTAaM, CTOJIOILI — ajqropurmam. Hucsao crosbios D
MOZKeT ObITh MeHbIe |A|, Tak Kak pasaudHble aJrOPUTMBI MOTYT MOPOXKIATH OJIMHAKO-
BbI€ BEKTOPHI OMUO0K. MHOXKeCTBO aJiropuTMOB A BIIOJTHE MOXKET OBITH U OECKOHETHBIM,
OJTHAKO 9HCJIO [) TOMapHO Pa3/JNdHbIX BEKTOPOB OIMMOOK BCEr/ia KOHEYHO U He IPEBBI-
maer 2. B nanbHeiimem mMeHHO MATpPHUIA OMKOGOK C MONAPHO PA3IMYHBIMU CTOJIOIAMN
OyIeT Jijig HAC OCHOBHBIM OOBEKTOM HCCJIEIOBAHUS.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00yJaIOIyI0 U KOHTPOJILHYIO
BBIOODKHU TaK, YTO aJrOPUTM @4, MUHUMU3UPYIOMINI SMIUPUYECKHUI PUCK, JIOIMYCKAET

OomuOKM Ha BCeX 00beKTaxX KOHTPOJIBHON BBIOOPKH. DTO U €CTh IepeodydeHne.

MozkHO TIPeIoIoKUTE, 9TO B JIAHHOM IIPUMepe repeodydenne OKa3aIoCh CJIe/ICTBU-
eM HEeyJIa9HOTO pa3dueHns BLIOOPKY Ha 00ydeHre U KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X U MeTO/T
0Oy9eHNUd (i, ¥ HEe 3aBUCHAT OT caydaiinoro pasomenms X, X.

3apaun knaccucmkaumm n BocCcTaHoBAeHUst perpeccuun. Jlomycrum, 910 KazKI0My
obberty x € X coorBercrByer npasusvhuiti omeem y(xr) € Y. @yuknns y: X — Y Hazbl-
BaeTcs yenesol sasucumocmouio (target function).

B kauectBe asrzopummos OyjieMm paccMaTpuBaTh (PYHKIIUU TOTO Ke BHJA a: X — Y,
Joryckaromie 3hGeKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOXKecTBa A galre BCero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anzopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1usi, © — MHOXKECTBO JIOIYCTUMbBIX 3HaUYeHUI TapamMeTpa #, Ha3bIBaeMOe npocmpaHcmeom
NapaMempos Wil npocmpaHcmseom noucka (search space).
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B kauectBe undurxamopa owubru BozbMéM Omnapuyio dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanue a(r) CyIMECTBEHHO OTJIMYAETCsI OT MPAaBHJIBHOTO OTBE-
ta y(x). NHauKaTop onmbKI MOKET OINPEIeNsIThCs MO-PA3HOMY B 3aBUCHMOCTH OT TIOCTa~
HOBKH 3812491, TJIABHBIM 00Pa30oM — OT HPUPOBI MHOXKECTBA JOIYCTUMBIX OTBETOB Y.

B sagauax xaaccudurayuy, MHOXKECTBO KIaccoB Y KOHEUHO, U MHIMKATOD ONIMOKH
Jalre BCero 3a/1aéTcd B Buje’

I(a,z) = [a(z) £y(x)], z€X, acA

B sajauax soccmanosaenus peepeccuu U MHOTHX 3ajadax npoznoduposanun Y = R,
U BeJIMYUHY OIMMOKH MPUHSATO XapaKTephu30BaTh HENPEepPbIBHON ¢ynkuyuetd nomepv (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))z. Tem me MeHee, MOXKHO
onpeJesATh U GuHApHBbIE (DYHKIMH TI0TePhb, HATIPUMED,

I(a,z) = [la(z) —y(z)| = o(z)], z€X, aecA,

rjge o(x) — TOPOroBbIil YPOBEHB, BBINIE KOTOPOIO OTKJIOHEHHE CUUTAECTCH OITHOKOI.
SameTnM, 9YTO OMHAPHAs (DYHKIINA IOTEPD ABJIETC pobacmHot, TO €CTh HeIYBCTBUTE b
HOM K 6610pocam — OOJIBIINM OTKJIOHEHHAM OTBeTa ajaroputMa a(z) or ucTuHHOrO Y(1).

IIpumep 1.2. Ilycrb oObeKTaMu $BJIFIOTCSA N-MEpHBIE YUC/IOBBIE BEeKTOpbI, X C R™.
O6oznaunm uepes (£, 0) = &101 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPoB B R™.
Jlunetinvie cemeticmea ar20pummos ONPEeIesIAIOTCA CAEIYIOMUM 00Pa30M:

A = {a(x) =sign(z,0) : § € R"} — nua sana1 knaccudukamun, Y = {—1,+1};
A= {a(x) = (z,0) : § € R"} — nna sazau Boccranosnennus perpeccun, Y = R.

JIMHEeNHbIN aIropuT™ KJIaCCU(UKAIIINYT TIPEJICTaBIAET COOO0M TUIIEPIIOCKOCTD ¢ HAIIPABJIs-
IOIIIM BEKTOPOM 0, pa3ie/Isiioly o MpOCTPAHCTBO Ha JiBe 001acTh — Kjaacchl —1 m +1.

B Teopun nepeobytienus MOHATHE «aITOPUTMa» MOYKHO He KOHKPETU3UPOBATH, IIPE/T-
HoJtaras JINIb, 97O 9TO HJIEMEHTHI HEKOTOPOro abcTpakTHOro Muokecta A. ['maBroe, 1To-
OBI I JTIOOOTO aJITOPUTMa @ OBLIAa BOZMOXKHOCTH OIPEJIC/IUTD, JIOMYCKAET JIN OH OIHOKY
Ha oO0bekTe . Takoe MOHMMaHIE «AJTOPUTMa» C OJHOW CTOPOHBI PACIIHUPSIET KJIACC PAc-
cMaTPUBAEMbBIX 3a/1a, HO C JIPYTOil CTOPOHBI OPAHUYUBACT €r0 TEMH 3a/[adaMi, B KOTO-
PBIX BazKeH JIMIIh (akT OMUOKN, HO He BaxKHa BesimdnHa oTkjonenus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npusesién npumep 3a/1a4u KjiaccuuKaIlum ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistioress L = 10 TO9eK MIOCKOCTH, IO 5 0ObEKTOB B KAXKJIOM
KJIacce, aJrOPUTMAMK — BCEBO3MOYKHBIE PA3/IEISIOINIe MPSIMbIe, TO €CTh B JIAHHOM CJTy-
qae A —9T0 ceMeiicTBO aunelinnr kiaccuguramopos. B marpuriie ommbOK COMEPKUTCA
OJIUH HYJIeBOI cToJiber (0ObeKThI Pa3IessoTcs IpsMoil 6e3 omuboK), 5 cToIbIoB ¢ OJ1-
HOIT OIMOKOIA, 8 CTOJOIOB € JIByMsI OMINOKAMM, U T. 1.

SKpapaTabie CKOGKH TIEpeBOJIAT JIOTHYECKOe 3HAadYeHme B dmcjopoe: [moxb] = 0, [mctuna] = 1.
D10 o¥eHb HpaKkTUUHOE 0603HAYEHUE, HA3bIBaeMoe Homayuel Alsepcona [16].
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Puc. 1.2. [Ipumep MaTpuiipl ormmodOK, MTOPOKIAEMON CeMeCTBOM JIMHEHHBIX aJIrOPUT-
MOB KJyaccudukanun Ha BbIOOpKe mamabl L = 10, comep:karreit 5 00bEKTOB OJHOIO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCE aJrOPUTMBI C MOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIIHOOK, C 9HC/IOM OIMUOOK, COOTBeTCTBEeHHO, 0, 1, 2.

[Ipu perrernn NpUKIAIHBIX 3a/a4 IIepeodyIeHrne HabII0IaeTCs TPAKTUIECKH BCET/IA.
Benuauna mepeodyvyeHHOCTH MOXKET 0Ka3aThCsl KaK IIPUEMJIEMO MaJIOi, TaK U HEllpHeMJIe-
Mo OoJibimoit. [Ijist yrpaB/ieHust mporeccoM o0yUueHHsT XOTe/I0Ch Obl UMEeTh TOYHBIE KOJIN-
JeCTBEHHBIE OIEHKH TePeo0yIeHHOCTH.

ITpumep 1.4. Ha puc. 1.3 Toukam COOTBETCTBYIOT aJITOPUTMBbI, TIOCTPOEHHBIE PA3IUIHbI-
MU MEeTOJaMH O0yYeHHUsi 110 OJIHON W TOil »Ke BBIOOPKE B 3ajatde IMPOrHO3MPOBAHUSA OT/Ia-
JIBHHOI'O pe3yJIbTaTa XUPYPrUIecKoro JedeHns: arepockiaeposa. OObeKTaMu T; SIBJISIOTCS
OIInCaHUud 6OJIbHI)IX J0 IIpOBeJIcHUS Ollepaliun (ﬂaHHbIe reMo/[MHaMUKU 1 UMMYHOJIOTYC-
ckoro obcenoBanust ); oreerhl y; € {0, 1} KOIUPYIOT Pe3yIbrar JIeueHnst Yepes3 rojl mocye
oneparun: () — ycrex, 1 — pecreno3 myHTa W MOBTOpHas oreparud. [lo ropusontaibHoit
OCH OTJIO?KEHa JacTOTa OIMMOOK Ha 00yUeHUH, 110 BePpTUKaAJIbHOI — Ha KoHTpoJie. Habtio-
JaeTCd CuCTeMaTn4eCKOe CMellleHe TOYEK Fpa(i)I/IKa BBEPX; IIOYTHU BCE€ TOYKH JIezKaT BBIIIIE

OMCCEKTUPUCHL. DTO U €CTh epeodyIeHHe.

OcHoBHas 3a/1a9a CTATUCTUIECKOTO 00y IeHNs 3aK/TF0YaeTCs B TOM, 9TOOBI 110 HAOJTIO-
JlaeMoii obyJaroieil BEIOOpKe HailTh B A aJropuT™, KOTOPBIH JIOIYCKaJl Obl KaK MOXKHO
MEHBITE OMMOOK Ha CKPBITON KOHTPOJILHBIN BHIOOPKE. Bomrpoc MOXKHO CTaBUTH U TaK: Ka-
KUMI CBOMCTBAMU JOJIKHBI 00JIaIaTh MHOYKECTBO aJITOPUTMOB A W MeTOJ[ 0OyJIeHus [,
9TOOBI BEPOSITHOCTH Tepeolydenns Oblia MUHUMAILHOW! YUTOOBI TOTYIUTH OTBET, HEOO-
XOIUMO CHA4aJIa YTOUYHUTH, B KAKOM CMBICJIE 3/1€Ch MOHUMAETCSI «BEPOSITHOCTD.
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Puc. 1.3. Basucumocts v(uX, X) or v(uX, X) /st 3a/1a41 TPOrHO3UPOBAHHS OT/IA-

JIEHHOT'O pe3yJIbTaTa XUPYPIUUECKOro JIeYeHNUsI aTepPOCKIepo3a.

§1.2 Cnabasi BepOSsTHOCTHasi akKCMOMaTunKa

OcHoBHas akcuoma. Byem mojiarath, 9T0 00BEKTHI KOHEYHOTO HEC/IYIaiiHOIO MHOYKE-
crBa X HOSBJILIOTCS B CJIyYaiiHOM IOPsJKe, NpUIéM Bce L! mepecTaHOBOK reHepasibHO
BbIOOPKHU X PABHOBEPOSTHBI. DTO MPEJIIOJIOKEHNE Mbl OyJIeM HA3bIBAThL CAAO0U (UAU nepe-
CMaH080UHOT,) BEPOAMHOCTHOT akCUOMAMUKOU. JIpyrue BEPOSITHOCTHBIE TIPE/IITOIOKEHUST
HaM He MoHaI00aTcs. [lamee MbI yBHIUM, UTO OJHOTO 3TOIO YK€ BIOJIHE JIOCTATOTHO JIJIst
MOJTyYeHUsT MHOTUX (DYHIAMEHTAJIbHBIX (PAKTOB TEOPUU BEPOSITHOCTEH, MaTeMaTHIeCKOi
CTaTUCTUKHU, T€OPpUU CTATUCTUIECKOI'O O6y‘{eHI/IH.

OboznaunM gepe3 Sy, IpyIIly BcexX MmepecTaHoBOK L sjmemeHTOB. BeeBosmoxkHbIE TIe-
PEeCTaHOBKHU TeHepasIbHOM BRIOOPKM OysieM obo3HadaTh depe3 7X, T € Sp.

Omnpenenenne 1.1. Ilycrs 3azan npeiukar : X — {0,1}. Ecm o (7X) = 1, To 6ynem
TOBOPHUTH, 9TO COOBITHE 1) MPOHU3OIILIO Ha IMEePECTAHOBKE TX.. Bepoammocmuio cobvimus, 1
HAa3BIBAETCSI JI0JIsI TIEPECTAHOBOK TX., HA KOTOPBIX OHO IIPOU3OIILIO:

P.y(rX) = % > P(rX). (1.2)

B cnaboit akcnomaruke BEpOSTHOCTb COOBITHS 3aBUCUT OT COCTaBa OOBEKTOB I'eHe-
paJbHOI BBIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX nepeduncsenns. OyHKIMA pacipe/ie-
JIEHUS U MaTeMaTHIECKOe OKUJIaHUE TAKKe 3aBUCAT OT BHIOOPKH.

Onpenenenne 1.2. Ilyers &: XY — R — pemecrsennas ¢pyurmms. Qynxyuets pacnpe-
desenus Besmannbl  Ha BoIOOpKe X Oynem HaszbBarh QyHknuio Fe: R — [0, 1] Buaa

Fe(2) = P [€(rX) < 2]. (13)

Onpepenenne 1.3. Mamemamuneckum ostcudaruem semaunsr &: X — R Ha BBIGOD-
ke X Oyz1eM Ha3bIBaTh €€ cpesiHee apupMeTHIecKoe 1o BCEM ITePECTaHOBKAM T:

() = 71 3 €(7X). (1.4)

TESL
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Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATH Kak OIEpaIuio cpejHero apudme-

TUYIECKOI'o 110 BceM IiepectaHoBkam: P, = E, = % >, To ecTh B ciaboil aKCHOMATHKE
TESL

BEPOSTHOCTH M MaTeMaTHIeCKoe OXKHUJIaHue (DOPMAIBLHO OIPEIEIAI0TC OTUHAKOBO.
BepositTHoCcTb Kak ponst pa3bueHuini reHepasnbHoi BblboOpku. Ilycrs mnpemukar
o(X, X ) siBsiercst dyukimeit moaBeioopkun X C X, eé j10mo/iHeHus X=X \ X, u ne 3a-
BHCHT OT IOpsKa 3aeMentoB B X u X. IlockoinbKy BbiGopka X (bUKCHpOBaHA, BTOPOi
apryMeHT jioroBopuMcs onyckath, p(X) = (X, X). Torma eeposmmnocmy cobvimus
OTIpeJIeISIeTCST KakK doasA pas3bueHuti TeHePaTbHOM BBIOOPKU:

Po(X) = % > elx),

L xex)e
rae [X]¢ — MHOMKecTBO Beex (-3/1eMEeHTHDIX TIOIMHOKECTB I'eHepa/IbHol BIGOPKH X.

OMnupuyeckme oueHKN BeposiTHOCTWU. HemocpegacTBeHHOE BBIUNCCHNE BEJTMIUHDI
P ¢(X) kak o/ pazbuenuii BO3MOXKHO TOJBKO IPU HEOOIbINX 3Hadennsx ¢ nim k. B tu-
IUYHBIX Clydadx uncio pasouennit C' orpomuo. [Tpubmurkénnoit onenkoit s P o(X)
ABjigeTcs cpejiHee 1o Hekotopomy nopmuoxkectsy N C [X]¢ BbiGopox jymHb £, He comuti-
KOM OOJIBITOMY, ITOOBI CyMMa BBIYHC/ISIACH 38 MPUEMJIEMOE BPEMsI, HO U HE CJIUIIKOM
MaJIEHBKOMY, YTOOBI MPUOINKEeHNe ObLIO JIOCTATOYHO TOYHBIM:

~

Py(X) = ﬁ S (X).

XEN

Hamee cumBosiamu P u E Gyjier obo3HadaThes onepalius yCpeHeHUs 110 HEKOTOPOMY
OIMHOXKeCTBY pasbuenuii N. Ecim momMaOXKecTBO BBIOOPOK N BBIOMpPAETCS CJIyUIaiiHO
U PaBHOBEPOSATHO, TO MOBOPST 00 oreHke memodom Morwme-Kapao.

§1.3 BeposTHOCTb NepeobyyeHus

Beposmmnocms nepeobyuerus onpesesiercst Kak JoJs pasouenuii BHIGOPKHU, IPH KO-
TOPBIX 11epeodyIeHHOCTH d,, (X ) mpesbiraeT 3agannblil opor € € (0, 1):

Q- = Q:(1,X) =P[0,(X) = ] =P[r(pX, X) —v(pX,X) >¢. (1.5)

BeposgTHocTh 1mepeobydenns xapakTepusyeT OOOOIIAIONIYIO CIIOCOOHOCTH METO/IA [l
Ha BbIOOpKe X. Eé onennBanue OyjieT OCHOBHOM 3aja4ueil Ha MPOTAXKEHUN BCEro Kypca.
Hapsiny ¢ (). MOXKHO TakzKe OLIEHUBATH GEPOAMHOCTNG OOALWOT 4ACTOMDL OULUOOK

HA CKPBITOIl KOHTPOJILHON BBIOOPKE:
R. = R.(1,X) = P[v(uX, X) > ¢], (1.6)

a TakKe CpPeJIHIOI (10 BceM pa3OHMeHHsM) YacToTy OMMOOK Ha KOHTPOJIBHON BBIOODKE,
HA3BIBAEMYIO NOAHBIM CKOAb3AWUM Kormpoaem (complete cross-validation, CCV) [70]:

C=0C(u,X)=Ev(uX,X). (1.7)

Bamerum, uro CCV gpisiercst MaremaTuieckuM oxxujianuem, a (1 — R.) — dbyukiueii
pactipeiesierust caydaitaoi Besmanubl v(pX, X).
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O6pawenmne ouerok. Ilycrs Q. < 7(€) — BepxHsIsA OIEHKA BEPOSTHOCTH MEPEOOY ICHMST
u cymectByer dyrkius €(n), obparras k 7(e). Torga n(e(a)) = a ams moboro « € [0, 1].
CureioBaresbho, P [(5# (X) > 5(7])] < 7, 1 Hallla BEPXHsst OIlEHKa MOKeT ObIThH mepedopMy-
JIMPOBAHa B 9KBUBAJIEHTHOM BUJIE: C BEPOSITHOCTBIO He MeHee (1 —n) crpaBejjinBa BepXHsis
OIIEHKA YaCTOTHI OIMUOOK Ha CKPBITOH BHIGOPKE:

v(pX, X) < v(pX, X) +e(n). (1.8)

[TapameTp € Ha3BIBAIOT MOUHOCTNVLIO, & 1) — HAJEXHCHOCTBIO OLeHKH 7).
Ananornyno, ecm HaiijeHa Bepxuss orenka R. < n(e) u e(n) — dbyuxiwms, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 1) crpaBejinBa BePXHsIsI OICHKA

v(pX, X) < e(n).

Urak, or BepxHux orneHoK (). wiau R, JIerKo 1mepexojuTbh K BEPpXHUM OICHKAM Ya-
cTOTBI OMUOOK Ha KOHTpoJie. O6buHO u3 oreHku (1.8) BBIBOJAT HOBBIN KpuTepHii 00y e-
HIsl, OTJIMYAIONTUACS OT MUHUMU3AINE SMIUPAIECKOT0 prucKa v(a, X ) JOMOJTHITETbHBIM
ciaraeMbiM €(n). DTor npuéM gBJseTcst 0YeHb BaKHbIM B SLT, Tak Kak OH MO3BOJISIET
[peBpaIiaTh TEOPETUIECKNE OIEHKN B HOBBIE ONTUMU3AIMOHHBIE METO/IbI 00y YeHUs.

Ckonb3sawmii KoHTponb. B marmmaHOM 06yYeHnN OIeHKY EV(/LX , X)) 0 OIMHOKECTBY
pas3bMeHnit UCIOIB3YIOT /ISl SMITMPUIECKOr0 U3MEpPeHs 0000IIaoeil CrrocOOHOCTH 1 Ha-
3BIBAIOT CKoAb3AuuM Kormpoaem (cross-validation, CV). On HesaMeHHM B TeX CJIydasX,
KOT'JIa TeOpeTUYIeCcKre OIeHKN 0000IaIeil crrocOOHOCTH He U3BECTHBI MM HEIOCTATOTHO
TOYHBI. CKOJIL3AMMII KOHTPOJIb ABJIAETCs Jle-(haKTo CTaHIaPTHON METOINKONR TeCTUPOBa-
HUA U CPABHEHUsT aJITOPUTMOB MAITHHHOTO O0YJIeHUS.

O npupoge nepeobyuenusn. Hedopmasibao, mepeobydenne —3T0 Ipe3MEPHO TOUHAsT
IIOJIOHKA aJI'OPUTMA @ T10]i KOHKPETHYIO 00yJaroILyo BEIOOPKY X B yiiepd ero obobuaro-
weti cnocobrocmu. OKIIAETCsT, ITO METOJ, [f OOHAPYZKUT HEKHe O0IIre 3aKOHOMEPHOCTH
reHepasibHOI BBIOOPKH X, HO OH HAXOJUT JIUIIH YaCTHbIE 3aKOHOMEPHOCTH, XapaKTepHbIE
tosibKo 1 X . [lepeobyduenne nocut dbyHaMeHTATBHBII XapaKTep U CBI3aHO C HEIOJIHO-
Toit mHMOpPMAIIUT B MOMEHT IIPUMEHEHUS METOJIa, L.

Emé ommy maTeprperanuio nepeoOyvdeHns JIaéT CJIEIYIONII MbICJTEHHbBI SKCIIepH-
MenT. [lycThb 3a/1aH0 KOHEIHOE MHOXKECTBO U3 [ aJirOpUuTMOB, KOTOPbIE JIOITYCKAIOT Ha, I'e-
HEpaJBHON BEIOOPKE X OJIHO U TO YKe UNCJIO OIMUOOK 1M, HE3ABUCHMO JIPYT OT JApyTra. Jucjao
oImubOK JIFOOOr0 U3 TUX AJTOPUTMOB Ha OOydarolieil BbiOopke X MOTIUHSETCA OTHOMY
U TOMY K€ PacipejieJIeHnIo (TUIepreoMeTpruieckoMy, Kak OyjeT mokasaHo jajee). Boiou-
pasd aJI'OPUTM ¢ MUHUMAJILHBIM YHCJIOM OIMIMOOK § Ha 00ydYarolieil BLIOOpKe, Mbl (DaKTH-
YeCKM HaXOJMM MUHUMYM U3 [) HE3aBUCUMBIX OJIMHAKOBO PACIIPEICIEHHBIX CJIyIailHbIX
BesinunH. MaremaTnieckoe OXKujlaHue MIHUMYMa, yMeHbIaercs ¢ poctom uncia . Core-

m—s S m

JIOBATEJIbHO, MEPEOOYUEeHHOCTh 0 = -3 =2

; 7 . Seék yBeJInauBaeTcsad ¢ pocrom D.
DTHU paccykJIeHNs OCTAIOTCS B CUJIE U B OOIIEM CJIydae, KOrjia ajJrOPUTMbI HE SBJISTIOTCS
HE3aBUCUMBIMI (MMEIOTCsT CXOKHe aJITOPUTMBI) ¥ JIOMYCKAIOT PA3JIMIHOE YHCIO0 ONMTHOOK
(nMeeTcs pacc/ioeHne MHOYKECTBA aJITOPUTMOB 110 YPOBHSIM IrCIa omuboK m). OrneHnBaTh
3 deKThI crodemea U paccroerus JTOBOJIBHO TPYJIHO, HO UMEHHO 9TUM MbI U 3aifiMéMCs

B ,ZLaﬂbHefIH.[eM, TaK KaK OHM CYHIECTBEHHO ITOHUZ?KaIOT BEPOATHOCTD Hepeo6yquI/I5{.
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§1.4 OObcy>xxaeHue cnaboii akCUOMaTUKU

CBA3b C CUNbLHOW BEpPOSATHOCTHOI akcuomMmaTukoi. Kiraccuaeckast TeOpeTHKO-MepHast
akcuomarnka A. H. Kosnvoroposa (6yiem HasbiBaTh €6 CUIIbHOIT) OCHOBAaHA HA MOHATUY Be-
positHocTHOTO TIpocTpancTBa (2, ), P), e 2 — MHOXKeCTBO JIOIYCTUMbIX O0BEKTOB, {2 —
aJIMTUBHAs o-ajaredpa cobbliTuii na 2, P — BepodTHOCTHAs Mepa, OlpeIe/eHHas Ha CO-
opITHgx u3 2. B 3a1auax craTucTUIecKOro aHaIn3a JaHHBIX OOBITHO IIPEIIIOIaraeTcsl, YT
MHOKECTBO 00beKTOB X = {x1,..., 2} ABIgeTCS npocmoti 6vi60pKoti, TO €CTh 00bEKTHI
BBIOMPAIOTCS U3 MHOYKECTBaA 4 CJIyUJaifHO U He3aBUCHMO COTJIACHO BEPOSITHOCTHOI Mepe P.
He3aBHCHMOCTH O3HAMAET, YTO BEPOATHOCTHAA Mepa, Ha, MHOYKECTBE BHIOOPOK 2 * maBapn-
AQHTHA OTHOCUTE/ILHO IePECTaHOBOK 3JIEMEHTOB BLIOOPKH. B IpUIoKeHnsax MHOKECTBO 2,
KaK IMpaBujIo, OECKOHEYHO, a Mepa P nen3secTHA.

B craboit akcmomaTnke MHOKECTBO £ BCeX THMIOTETHIECKH BO3MOYKHBIX O0bEKTOB
He BBOJUTCs. PaccMaTpuBaeTcss TOJBKO KOHEYHOE MHOXKECTBO OOBEKTOB — 2€HEPANLHAA
evioopra X. OHO MOXKET BKJIIOYATh B cebs KaK OObEKThI, HAOJIOJABIINECS paHee, Tak
1 CKPBITBbIE OOBEKTHI, KOTOPBIE CTAaHyT U3BECTHBI B Oy/IyIieM. BeposTHOCTHBIM IIPOCTpaH-
CTBOM SIBJISIETCSI KOHETHOE MHOYKECTBO BCEX ITEPECTAHOBOK IMeHEPAIBLHOI BEIOOPKH X, Ha KO-
TOPOM 3aJIaéTCsd paBHOMEPHOE pacipeieenne. Takum o0pas3oM, CIydailHbIMU 1TOJIArarTCs
He caMu OOBEKTHI, a JIUIIb MOPSI0K UX IOSIBJICHUSI, ITO COOTBETCTBYET IIPEIIIOIOKEHITIO
0 HE3aBUCHMOCTU OObEKTOB BBIOOPKH B CHJILHON aKCHOMATHUKE.

Caenyromas TeopeMa yTBEPZK IaeT, 9TO JIjIsI IEPEBOIa OIEHKN U3 C1abo0il akcrmoMaTn-
KI B CHJIBHYIO JIOCTATOYHO B3ATh €€ MaTeMaTHIeCKOe OXKUJIaHUe 10 BBIOOPKE X.

Teopema 1.1. Ilyctp B ci1aboit akcmoMaTnkKe HaIJ€HO 3HAYEHHE BEPOSTHOCTH

Prp(7X) = f(X). (1.9)
Torsia B CHJIbHOI aKCHOMATHKE BBIITOJHACTCS PABEHCTBO
Px ¢(X) = Exf(X). (1.10)

JokazareabcTBo. B cuty nezaBucuMocT HaOJIOEHNN B BBIOOPKE X J171s1 TPOU3BOILHOMN
[IEPECTAHOBKY T crpaBeyinBo paBeHcTBo Px ¢(X) = Px ¢ (7X). Bosbmém cperee mo Beem
nepecTaHoOBKaM T OT JIEBOM M IIPABOW YacTeld 3TOTO paBEHCTBA!

1
Pe(X) = -5 D Prth(rX) = Pr Ext)(1X) = Ex Pr y(7X) = Ex/f(X),
’ TES]
9TO 1 TPeDOBAIOCH JI0KA3ATh. |
B ciyuasix, korja omnenka f(X) He 3aBHCHT OT BBIOOPKHU X, KOHEUHBIH DPE3YIBTAT —

orierka B 1paoii wactu (1.9) u (1.10) — OGymer ouHAKOB B 006X aKCHOMATHKAX.

duHuTapHble U NHpUHUTaAPHbIE BeposiTHOCTU. PacemorpuM dyHIAMEHTAIBHYIO 3a-
Jlady TEeOPHUM BEPOATHOCTEH, TECHO CBS3aHHYIO C 34KOHOM OOADUUT “UCEA: OUEHUTH Be-
POSATHOCTE GOJIBIIIONO OTKJIOHEHHsT YacTOThl V(S, X)) cobbiTust S HA KOHEUHOI BBIOOpKE X
ot BepositHOCTH P(S) JaHHOr0 COOBITHS:

PS5 = Px{|v(S,X)— P(S)| > e} (1.11)
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B npakTuvecknx 3a/auax aHaIN3a JAHHBIX BEPOSATHOCTD cOObITHA P (\S) HEBO3MOXKHO
y3HATh TOYHO, ITOCKOJILKY BEPOSITHOCTHAs Mepa Ha MHOXKECTBE O0BEKTOB, KaK ITPABUJIIO,
nensBecTHa. [IpoBecTn GeckoHedHOE THC/IO0 HAOJIIOICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOJIBIIOTO OTK/IOHeHHs P° HermocpeicTBeHHO He MOJKeT
OBITH M3MepeHa B 9KCIEpUMeHTe Kak dacrora cobbitus { X : |v(S, X) — P(S)| > ¢}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HE MOYKET ObITh TOYHO MJACHTUMUIITPOBAHO.

Jlannasi mpobsieMa He BO3ZHUKAET, €CJIM C CaMOro HadaJjia OTKa3aThCd OT yHoTpedJie-
uns BeposgtHocTH P(S). Ona onpenensiercst kak mpejen dactorsl v(S, X') coberrus S
Ha [POU3BOJIbHON ciryuaiinoii Beibopke X' npu | X'| — 0o. B 10 ke Bpemsi, npakTude-
cKuii uHTEpec mpejcras/sger uMeHno dacrora v(S, X'), Kak BeMUNHA, HEIIOCPEICTBEHHO
HabJmfo1aeMast B sKcriepuMenTe. Vsmernm mocranoBky 3azgadu (1.11) u 6yaem oneHnBaTh

BepOHTHOCTb 6OJIBHIOF0 OTKJIOHEHUAd 9aCTOT CO6bITI/IH S B ZLByX paBJH/I‘{HbIX BbI60pKaX:
Q2 =Px x{|v(5,X) —v(S,X")| > e} (1.12)

Eciu npemnonarars, 9o BeiOOpKE X u X' HE3aBUCHMBI, TO JIJIsI OIPEJIE/ICHIS Be-
posiTHOCTH Q7 yrKe He Hy»KHO HHM GECKOHEIHOTrO YHC/Ia MCHbITAHWE, HU CyMIECTBOBAHU
BEPOSITHOCTHON MephI Ha HCXOJIHOM IIpocTpaHcTBe cobbiTuit. Beposthocts QF spistercs
durumaproti 1 MOKeT OBITh BbIYHUC/IEHA KOMOMHATOPHBIME METO/IaMK KakK J0JId pa3due-
muit X = X U X, 1pu KOTOPBIX UMEET MeCTO GOJIbIIOe OTKJIOHEHHe dacToT. Kpome Toro,
OHa MOXKET ObITh U3MEPEHA B SKCIIEPUMEHTE TI0 [TOJIMHOXKECTBY Pa3dMEeHMit, TaK KaK UICH-
tudukanus cobbirus { X, X': [v(S,X) — v(S, X')| > €} ne BbI3bIBaET 3aTpYAHEHNIL,

Taxum obpazom, seposgrroctu P(S) n PSP B (1.11) umeorT pasiudHyio HPUPOLY.
Bepogirnocts P(S) npuHIUNUATIBHO uH@uHUmapha — JJisi €€ onpe/ieJieHns TpebyeTcs Jiv-
00 3HATH BEPOATHOCTHYIO Mepy P Ha GecKoOHeIHOM MHOXKecTBe 2, JubO OCYyINEeCTBUTH
upegesbabiit epexos, v(S, X') — P(S) upnu |X’'| — 0o, 9TO HEBO3BMOXKHO CJIeJIaTh PU
[IPaKTUIECKOM aHaJIM3e JaHHBIX. BeposiTHOCTH PES TakxKe MHUHATAPHA, HO IIOCTIE 3a-
mensl P(S) na uwacrory v(S, X') ona npunnmaer dbunuTapHbIit Buj Q7 j0mycKaronmii
U TOYHOE BBIYUC/IEHUE, U SMINPUIECKOe H3MEPEHNE.

OTn coobparkKeHusI KakK pa3 U HIPUBOIAT K CJIa00M BEPOATHOCTHON aKCHOMATUKE, 3a-
[IPEIIAOIIEH NCIIOIb30BaHNe NH(PUHUTAPHBIX BEPOSTHOCTEN U «COOBITHITY , KOTOPBIE HE MO-
ryT OBITh MJIEHTU(DUIUPOBAHBI B 3KcrepuMmenTe. [IpuBeém eré HeckobKo MeHee (hop-
MaJIbHBIX COOOPaXKEHU B MOJIb3Y CJ1a00# aKCHOMATHKH.

CoBpeMenHasi TeOpHUsi BEPOSITHOCTEH BOSHUKJIA U3 CTPEMJICHNsT O0beIUHUTD B paMKax
e ImHOro (hbopMaIM3Ma JaCTOTHOE TOHSATHE BEPOSTHOCTU, Oepylliee HAYAJIO0 OT a3apTHBIX
UT'D, U KOHTUHYAJIbLHOE, WJIyIee OT TeOMEeTPUUIECKUX 3a/iad Tulla 3aja4u bioddona o Be-
POSITHOCTH TIOTIA TAHKS UTJIBI B TTAPKETHYIO Iesth. B akcnomarnke Kommoroposa KOHTHHY-
aJIbHOE TTOHATHE OEePETCs 3a OCHOBY Kak OoJiee obiee. Paji 9Toit 00IIHOCTH B TEOPUIO Be-
POATHOCTEM IPUBHOCATCA THIIOTE3bI CUI'MA-aJINTUBHOCTA U U3MEPUMOCTHU — TEXHUICCKUE
[IPEJIIIOJIOXKEHUST U3 TEOPUU MePbl, UMEIOIIUE JIOBOJIHLHO CJIa0ble SMINPUIECKHe 000CHOBA-
aus [2]. Takum obpasom, st U3ydeHnst JUCKPETHBIX SIBICHNUIT, CBSI3aHHBIX CO CJIyJaiiHO-
CTBIO, OIPEIeICHUE BEPOATHOCTU KaK KOHTUHYAJIHHON Mephl M3HAYAIHLHO M30BITOYHO.

Cnabasg akcmomaTuka, (PaKTUIECKH, HE BBIXOJUT 3a PAMKH 3JeMEHTapHOl Teopun
BepositHocTelt X VII-ro Beka, ocHOBaHHOI Ha KOMOMHATOPHOM ITOJCYETE BAPpUAHTOB.
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O6parnm Bunmanue wa 3amedanue A. H. Komvoroposa B |26, cTp. 252|: «upescraniis-
eTcsl BayKHOM 3a/1a9a 0CBOOOKIEHUA BCIOLY, TJI€ 9TO BO3MOXKHO, OT U3JIUIITHUX BEPOATHOCT-
HbIX Jronytienuii. Ha nHezaBucumoii MeHHOCTH YUCTO KOMOMHATOPHOIO TOJIX0/a K TEOPUU
nHMOPMAITIHT S HEOJHOKPATHO HACTAMBAJI B CBOUX JICKIIUAX». ITO BbICKA3bIBaHUE B 3HA-
YUTEJTHHON CTENeHN OTHOCUTCA M K MaTeMaTUUeCKON CTATUCTUKE, KOTOpas TaKxKe MMeeT
JIEJIO C KOHEYHBIMH BHIOODKAMH.

OmuH M3 BaprMaHTOB KOMOMHATOPHO-aIredPamdecKoro MMOCTPOEHUsT TeOprr UHAMOP-
maruu MoxkHO Haiitn B kuure B. JI. Tonmsr [15]. O, B wactaocTH, numer: «HanobHocTh
B BEPOATHOCTHOI MOJIEJIM OTIAJIAET, ITOCKOJIbKY Teopus MH(MOPMAIMH OKA3BIBACTCA JI0-
CTATOYHO MUHTEPECHOH 1 OOraToil MPUIOKEHUAME B ajredpandeckoii nmoctanoBke. OHIM
U3 TAKUX MMPUJIOKEHUN SIBJISIETCH paclo3HaBaHue 00pa3oB».

Yuenuk A. H. Komvoroposa FO. K. Besnsie B ipetucioBun ¥ kaure «BeposiTHOCTHBIE
METO/IbI BLIDOPOTHOI'O KOHTPOJIA» IHUIIET: «BO3ZHUKJIO IVIyOOKOe yOEXKICHUE, YTO B TCOPUH
BBIOOPOYHBIX METOJIOB MOYKHO IOJIyIUTh COJIEpPKATETbHbIE aHATOTH OOJIBITNHCTBA OCHOB-
HBIX YTBEP:KJIEHUI T€OPUM BEPOATHOCTEN U MATEMATUYECKOI CTATUCTUKM, KOTOPbIe K Ha-
CTOAINEMY BPEMEHU HailJIeHbl B IIPEIIOJIOKEHIN B3aUMHON HE3aBUCUMOCTH PE3YJILTATOB
u3Mepenuii» (3, cTp. 9).

YMmecTHO TpEBecTH eimé ojHo BhickasbiBanue A. H.Kosmoroposa: «Yucras marema-
THKAa 0JIarOIOIyIHO PA3BUBAETCsI KaK I10 IIPEUMYIIECTBY HayKa 0 OecKoHedHOM. . . BecbMma
BEPOATHO, UYTO C Pa3BUTUEM COBPEMEHHOW BBLIYUC/IMTEILHON TEXHUKU OyJIeT TMOHATO, YTO
B OYeHb MHOTHX C/IydasX pa3yMHO U3ydeHUe peasibHbIX dBJIEHWil BecTu, m3beras IMpo-
MEXKYTOYHBII 3Tall X CTHIU3AIMK B JIyXe IPEJICTaB/JICHUIl MaTeMaTUKH OECKOHEYHOTO
U HENPEPBIBHOIO, MEePexo/id MPsiMO K JUCKPETHBIM MojiesaM» |26, crp. 239).

AcnmnToTnyeckme oueHkun. BeckoHeuHo JIMHHbIE BLIOOPKHU HE Pean3yloTcst Ha, paK-
THKE IPOCTO IIOTOMY, YTO KOHEYHA IIaMATHL KOMIIBIOTEPOB U BpeMs, OTIYIICHHOE HCCIe-
JIOBATE/ISM Ha SKCIIePUMEHTHI. B Klaccnmaeckoil BeposTHOCTHO aKCHOMATHKE JAHHOE 00-
CTOATEJIbCTBO He IIPUHUMAETCS BO BHUMAHUE, B YACTHOCTHU, KOTJIa MHUIITYT

P(S) = lim_v(5.X),
riae P(S) — BepositHocTh cobbrtust S, v(S, X)) —gacrora cobbirus S B BeIOOpKe X .

B cnaboit akcmomaruke 3anuch |X| — 00 3alperneHa, u MOHSITHE BEPOATHOCTH CO-
Ouitust P(S) ne onpejesneno. Mbl He BIIpaBe IPeJIoJaraTh, 9T0 BIGOPKA PEaJbHBIX 00
€KTOB MOKeT ObITh CKOJIb YrogHo jauHHOi. Tem He Menee, ObLIO ObI HEJIENO OTPUIATH
MAaCCy CTATUCTHYCCKUX (PAKTOB, KOTOPBIC UMEIOT HAJIEKHBIC SMIMPUICCKHIE OITBEPXK Ie-
HUA, HO (DOPMYIUPYIOTCS U JOKA3BIBAIOTCA C IBHBIM WJINM HESBHBIM MCIOIB30BAHNEM TAKIX
peJIe/IbHBIX TIepexoioB. He NeK/IIoueHo, 9To uX BO3MOKHO nepedopMyInpoBaTh U B (hu-
aurapaoM Buje. CTOJb Ke HEJIelno OTKAa3bIBATHLCA OT MPEUMYIIECTB aCHMITOTHIECKOIO
aHasm3a. 3J1eCh KOMIIPOMUCC 3aK/II09aeTCA B TOM, YTOOBI HPUMEHATH ACUMIITOTHKH JIAIITH
K YUCNEHHDILM OUEHKAM, KAK OJUH U3 CIIOCOO0B NPUOJIMKEHHBIX BhIunciaeHnit. Hampumep,
HoJTydnB B cj1aboit akcnomaruke orenky P, (7X) = f(L), 3aBucsiyio or JyinHbl BEIGOP-
KU, Mbl MOXKEM HCCJIEJIOBATH aCUMIITOTUIECKOe TIOBeeHre dncaoBoit dyuknuu f(L) npu
L — oo. Ilpu 3TOM CyIIecTBOBaHue CKOJIb YIOJHO JIMHHON BLIOOPKHU HE IIPEIoIaraeTes.
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Pe3iome

BBeienbl 0OCHOBHBIE TIOHATHS, KOTOPBIE OY/IyT MCIIOIH30BATHCA Ha MIPOTIKEHIHI BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd o0ydaionias BbIOOpKa, CKPbITas KOHTPOJIb-
Hasl BBIOOpPKa, MeTO/I 00yUIeHusl, Iepeo0yIeHHOCTb, MAaTPHUIA OITHOOK.

Beenena ciabasi BeposITHOCTHasl AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOYKCHIH
0 TOM, 9TO BCe Pa3dbMeHnsi KOHETHO reHepa/IbHON BBIOOPKN UMEIOT PaBHBIE ITAHCHI PEAJIH-
30BaThCA. MOKHO ObLIIO ObI BOOOIIE HE BBOJIUTH TEPMUH «BEPOSATHOCTH» U TOBOPUTH TOJIb-
KO O YacTOoTaX U <«JOJIAX pa3dbueHuil BHIOOPKU», OJIHAKO BEPOSTHOCTHAS TEPMHHOJIOTHSA
u obozuadenus P, E 6osiee mpusbranbl. [lasee Mol yoeanumcs, 4To MHOTHE QYHIAMEHTAb-
Hble (DAKTBI MATEeMATHIECKOW CTATUCTUKUA MOIYT ObITh BBIPAXKEHBI B TEPMHUHAX TaCTOT
U He HYXKJIAI0TCs B TEOPETHKO-MEPHOM olpejieiennn BepoaTHocTr. Cabasi akCMOMAaTHKA
BIIOJTHE aJIeKBaTHA 3a/la9aM aHaJN3a JIAHHBIX, OCKOJIbKY OHA MMEET JIEJIO0 TOJBKO € KO-
HEYHBIMU BBIOOPKAMU U BEJIMUNHAMU, HEITOCPEJICTBEHHO M3MEPUMBIMU B SKCIIEPUMEHTE.

[TocTaByiena ocnoBHas 3ajiada — IMOJIyUeHHE KaK MOYXKHO Oojiee TOUHBIX, (D (HeKTUB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSITHOCTH repeodytdenus (1.5), b0 BEPOSTHOCTH OOJIBITION
4acTOTHI OMMNOOK Ha KoHTpoJie (1.6), mbo mosrHoro cKosb3smero Konrposs (1.7).

B cnepytowein nekumun Mol j1aj M TOTHOE PEIIeHUe OCHOBHOM 3a/1a9u JIj1s ITPOCTEHIIero,
HO BayKHOT'O YACTHOTO CJIydasi, KOIjia ceMeiicTBO A COCTOUT U3 €JIMHCTBEHHOTO aJrOPHUT-
Ma, ¥ 110 U3BECTHOI YacToTe ero ommubOK Ha HaOJ/IIOIaeMoil BLIOOpKe TpedyeTcs OlEeHUTH
YaCTOTY €ero OIMMOOK Ha CKPBITOI BBIOOPKE.

Ynpa>kHeHust

Bamada 1.1 (1). B sagaue knaccudurarmynm ¢ npyms xiaaccamu Y = {—1,1} Bbibopka

3ajJlaHa TOYKaMM IpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJropuT-
MoB Kiaccudukaimu ag(x) = sign(x — 0) ¢ napamerpom 6 € R mocrpouTh mMaTpuily

ommnboK u Fpa(bI/IK 3aBUCHUMOCTHN TL(CL@, X) oT 9, €CJIN 1eJjieBasd 3aBUCUMOCTDL UMeEEeT BU/I:

1) y(z) = signx; signx, |x| > M,
L 3) yla) =

2) y(z) = signsinmz; signsin 7z, |x| < M.

CKOIBKO PA3INIHBIX BEKTOPOB OMIMOOK MOPOXKIAeT JTaHHOEe CeMeHCTBO aJrOpUTMOB?
CKOJIbKO 13 HUX JlolrycKaloT m omubok (m =0, ..., L) Ha reHepaibHOil BEIOOPKe X7

Bagagda 1.2 (2). B zagaue knaccuduramynm ¢ npyms xiaaccamn Y = {—1,1} Boibopka
3a/laHa TOYKAMU Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, i=1,... ,L}.
[esiesas 3apucumMocth y(x) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JuHeiiHbIX KJ1ac-
cudukaTopos ag(z) = sign(61&; + Oo&s + 0y), ¢ napamerpom 0 = (61,60, 05) € R3 onmcars
marpuily omubok. CKOJIBKO PasIMIHbIX BEKTOPOB OMUOOK TIOPOKIAET JaHHOe CeMeiicTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0, ..., L) ua Boibopke X7

Bagada 1.3 (5). KakoBo MakcnmMaabHOE THCIO PA3IHIHBIX BEKTOPOB OMIUOOK, TIOPOXK-
JIAeMBIX JIMHEHHBIMI aJropuT™MaMu Kiaaccudukayn Ha Beibopke X = {x1,...,x} C R"?
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2 OueHuBaHME 4acTOTbl CODLITUA N rnnepreoMmeTpu-
Yyeckoe pacnpegesieHue

Hagném ¢ camoro mpocToro 9acTHOIO CJydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJMHCTBeHHOTO 3jemenTa, A = {a}. Torga BeposiTHOCTE HIEpEOOyYYeHMsI IEPEXO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS YacTOT B JIBYX BbIOOpKax. OHa TeCHO cBA3aHA
¢ 3aKOHOM OOJIBIIUX YHCeJI, UMEIuM (pyHIaMeHTaIbHOe 3HAUYeHNE JIJIT TeOPUN BEPOSIT-
nocreit. [Tosromy Mbr 3a0yjeM HEHAJIOTO PO AJTOPUTMBI U TepeiijiéM K OoJiee oOIeit
TEPMUHOJIOTHH, 3a0/IHO0 HEMHOT'O YIIPOCTUB 0003HAYUEHUS.

§2.1 3apaua oueHuBaHua (NpepckasaHus) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOXKECTBO OOBEKTOB; Oy/IeM HA3BIBATH €0 «COOBITHEM».
CobpiTie S ¥ BEKTOD ONIMOOK aJrOPUTMAa @ B3AUMHO OJJHO3HATHO COOTBETCTBYIOT JIPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [z; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemernmos cobbitus S Ha TPOU3BOJILHOMN
koneunoit Beibopke U C X a uepes v(U) = n(U)/|U|— wacmomy cobvimus S na U.

Bajata mpeicKa3anus YacToThl COOBITHS COCTOUT B TOM, 9TOOBI OIIEHUTD YaCTOTY CO-
ObITHSL S Ha CKPBITOH BBIOOPKE X 110 €ro 4acToTre Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTH
HAJIEXKHOCTD TIPEJICKA3aHus, TO eCTh MOy YNTh OIEHKY BU/A

PIv(X) = v(X)] > e] <nle); (2.1)

B Tex ciyuasax, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTaBUTLCH 3a/1a9a IOJIyIeHUs] OJJHOCTOPOHHEN BepXHell OleHKN:

PV(X) - v(X) > <] < (o). (2.2)

JIemma 2.1. Ecym n(X) = m, 10 4mcio 2JeMeHTOB coObITHs S B HAOJIOJaeMOI MO

soibopre n(X) m B ckpprroit mogspIbopke n(X) MOMTHHIIOTCS 2UNEP2eoMEMPUUECKOMY

pacnpedeneruro:

3 Cs OK—s

P[n(X) = 3} = P[n(X) =m — s} = hﬁm(s) = —mcf_m,
L

rje s npuaEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

HokazaTeabcTBo. OTOOpaTh S 97eMEHTOB cOObITHA S B HAOIIOMAEMYIO IMOJIBBIOOPKY
MoxkHO CF pasyimyaHbiMu criocobamu. Jlis KazK1oro u3 TUX CIOCOO0B MMeeTcst C’f:srn
c110co60B ¢(hOPMUPOBATH OCTABIIYIOCA YaCTh HAOJII0/IaeMO#l MOJIBBIOOPKH U3 0O0BHEKTOB,
He NPUHAJJIeKAINX S. SHATUT, C’;Cﬁ__‘jn — YUCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKECTBa S MONAJal0T B HAOI0aeMyT0 MOBBIOOPKY, OCTAIbHBIE (11 — §) — B CKPBITYIO.
Ix fo1s B obuieM gucie pasouenuit C4 xax pas u cocrasisier ho ™ (s). ]

Bameuanue 2.1. Ecuu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM [0JIaraTb, 9TO
C? = 0. Ananoruuno, ecau He BoinoJHseTcs yeaosue 0 < £ —s < L —m, 1o Cﬁ‘fm = 0.
0 <s< ho™(s) =0

TCIOJIA CJIEJLYeT, 9TO €CJIH He BBIIOJHACTCS YCJI0BHe o < § < s1, To hy ™ (s) = 0.
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CeueHne m=100 s [unepreometpudeckoe pacnpepenerue h(m,s) npu L=200, k=100
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Puc. 2.1. O6nacrb onpejiesieHust ruriepreoMeTpuieckoii pyuknuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepeeomempuueckoe pacnpedenerue HOCUT GyHIAMEHTAIBHBIN XapaKTep U BO3HU-
KaeT BO MHOTUX 3aJjiladaXx. B JaHHOM naparpade mepednc/isiioTcs B CIIPABOTHOM MTOPSIIKE
OCHOBHBIE CBOCTBA M'MIIEPreOMEeTPHIECKOrO pacipeenenus (3, 4].

l—s

1. Ilpu dpukcupoBanubix L u ¢ dpyHKImsd hf:’m (s) = ’S”C—i?*m ompe/iesieHa Ha MHOYKe-
crBe map nesbix gucest (m,s): 0 < m < L, max{0,m — k} = sy < s < 57 = min{¢, m}.
DTO MHOXKEeCTBO mMmeeT (opMy mapaJsuienorpamma, puc. 2.1. Bae sToit obsacti npuHATO
nomarars hy ™ (s) = 0.

2. Beeném cireytonue 0003HaYEHNS JIJIsT CYMM KPaWHUX JIEBbIX W KPAHUX ITPaBbIX

YJICHOB I'MIIepreoMeTpruviecKoro paciipeae/JaeHmugd:

[2] 51
Hp™(z)=) hp™(s);  H™(2)= Y hp™(s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopmyJia MoJIHON BEPOATHOCTH:

51
> BE™(s) = Hp™ (s1) = Hp™ (s0) = 1.

S=50

[Tpu dukcuposanubix L, { u m dbysxius h(s) = hé’m (s) sABIIETCA OJIHOMEPHBIM
JIICKPETHBIM paciupejesieruen. st npumepa Ha puc. 2.1 ciesa nokasana gynkuus h(s)
npu buxcuposansom m = 100. Oynxuus h'(m) = hY™ (s) pacnpemeennen, Boobime
rOBODSI, He SIBJIAETCS, TaK KAK He yJIOBJIETBOP:ET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantaoM s = 50.

3. Tlapamerpe! £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h7™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsATh pasHocramm: hy ™ (s) = hy L7 (0 — s).
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5. CrpaBe/lJIUBBI TOXKIECTBA:
W™ () = B P (= ) = () = b (m = ) = B (m ).

6. OTcroma BbITEKaOT ToxKaecTBa s byuxumit H u H:

S S

HE™(5) = Zhgm@) = Zh’;m(m—j) = HF" (m—s).

J=s0 Jj=s0

7. Pacupenenienne h(s) sBiasgercsa yHuMogaabHbiM (nmeer popmy mmka). MakcuMaiib-
(m+1)(+1)
L+2
8. Tabmuma rumepreoMeTpuIecKoro pacipe/ie/enns coaep:kuT fk HeHy/IeBbIX 3HaTe-

HO€E 3Ha4YeHUE JJOCTUT'a€TCAd IIPpU s* = , C TOYHOCTBIO /IO OKPYIJIECHUI.

nuit. K€ Moxkno 3hdeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIIECHUIA:
‘67 0 —_ .
hL (O) - 17
m+ 1 E—m+s
m+1l—s L-—m ’

W™ (s) = R (s)

— {—s (2.5)
hé,m 1 :hf,m m S_ .
st = hy (8)5—1—1 k—m+s+1
S k—m+s

By (s —1) = hp" (s)

m—s+1 (—s+1°

YT00bI n36€:KaTh BBIYUCIUTEIBHBIX MOI'PEITHOCTe!, 3HAUeHUs hZLm (s) pekomerLy-
eTCsd BBIYHUCJISTD IOCIEI0BATE/IHbHO Jisd BceX m = 0,..., L, Ipu 3TOM JjIs KaxKJ0ro m
[EPBBIM BBIUHUC/IATH 3HAUCHUE, OJIM3KOe K MaKCHMAJbHOMY (HAIPUMED, MPH S = Smax),
3aTeM MEHBIINEe 3HAYEHNUs BBIUUCIATh Yepe3 OOJIbIINe.

9. Maremarudeckoe O2KHMJIaHEe BEJIMYUHBI S €CTh

A= Zsh%m(s) = ﬁfm

S$=50

10. /Iucnepcus BeJIMYUHBI S €CTh

S1
k(L —m)
2 214,m
o° = §—=A)h; 7 (s) = A—F=.
Ss=50
11. Tlpu Gosbriix 3HaYMEHUAX TApamMeTpoB L, £, m mpeie/IbHbIMU PaCIIPe e/ IeHUsIMU
st B(s) = hY™ () MODYT GBITH TOIBKO PACIPEJIE/IEHIS OIHONO U3 YeTHIPEX THIIOB:

— mpu A — 00 Hopmasvhoe pacnpedeserue h(s) — \/%7 exp(— (52;’\2)2);

— npu 7 — p bunomuarvroe pacnpedesenue h(s) — C7 p*(1 — p)
upu % — p bunomuasvroe pacnpedeaenue h(s) — C2 p*(1 —p)™=%,
— mpu F — 0 mm % — 0 pacnpedeaenue ITyaccona h(s) — e N\ /s!;

— npu A — 0 BBIPOXKJIEHHOE pacrtipejenienune s = (.

12. TlN'unepreomeTpudeckoe pacupeeaeHne JIOBOJILHO TOTHO MPUOIUKAETCHA C TTOMO-
mbio anmpokcumarmu Mosenapa:
2m — s

hs) = Cp’(1—p)°, p= i1
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§2.3 3akoH bonbwunx Yncen B cnaboin akcnomaTtTmke

[Ipomosmzkum pacemorpenne 3aaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cpaBeyinBel TOUHbIE OLEHKH:

P[v(X) <] = Hp™ () (2.
P[v(X) > e] = Hy™ (m — ek); (2.7)

Pv(X) —v(X) =e] = Hy™ (sm(e)), Sm(e) = £(m —ek);  (2.8)
PI(X) = v(X)| > e] = H™ (sm(2)) + HL ™ (3m(2)) . Smle) = £(m+2k).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHKY SIBJISTFOTCST HEIIOCPEICTBEHHBIM Cie/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X)=s] =) hy™(s) = H; ™ (c0);
¢ |m—ek]|
Pv(X)ze]=) [2=2>e|Pn(X)=m—s] = Z ho™(s) = Ho™ (m — k).

o

s= s=s0

TpeTbH OI€HKa I10JIyd9aeTCAd aHaJIOTUIHO HepBOﬁ, C TOM JIMIIb paSHI/IHefI, qTo ycJjioBue

v(X )% < e zamensiercs yeaosueM v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHbBIME
" ¢
IpeobpPasoBaHUAMY HOTyIaeM BEePXHUIT MpejieT cyMMupoBamnd s < 7 (m — k).

Haxowner, JBycTOpOHHsisE OlleHKa (2.9) moJiydaercs, ecjim MpeJiCTaBUTh MHOYKECTBO
pa3buenuit B Bujie 00beIMHEHNsT JIBYX HEIEPECEKAIOMNXCA TOIMHOXKECTB:

Pllv(X)—v(X)|ze] =P(X)—v(X)>e] +Pu(X) —v(X) 2e] =
= Hp " (s,(e) + Hy™ (3m(€))- .

O ckopocTu cxogumocTu B 3akoHe bonblwwux yncen. [lpu npornoprroHaaILHOM yBe-
audennn L, ¢ m m oTHOCUTeJbHAA IMIUPUHA TUIEPreOMeTPUYeCKOro IMUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YI'OJHO TOYHOE IpeJICKa3aHNe
ckpbITOit wacToTsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaer cko-
POCTH CXOJMMOCTH YaCTOT COOBITUA B JIByX BHIOOPKAX.

Krnaccudecknit 3akoH OOJIBINIX YHCES YTBEPXKIAET CXOIUMOCTb HaCTOTHI COOBITHA
K eé BepoaTHoCTH. OHAKO B caboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KaK AHAA02 3AKOHA OOALWUL
wucen B cj1aboit akcnomaTuke. OCHOBaHUEM JIJIl TAKOM NHTEPIIPETAIH TaKKe CJIyKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUS YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSTHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OIEHUBAIOTCS CBEPXY JPYT depe3 JApyra, Kak nokasano B |7]. ITo cyru, stu
JIBE OIIEHKH OTJINYAIOTC HE IPUHININAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xéddaunra [65]
OIIEHNBAIOT CKOPOCTB CXOJMMOCTHU B 3aKOHE OOJIBINNX dncesl. Bee OHI ABJISIOTCA aCUMIITO-
TUYCCKUMH U J1aI0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTU OOJIBIIOTO OTKJIOHEHHA. BhIpazke-
ure (2.9) spisiercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTUYECKON) OICHKOI, U MOTOMY
€r0 MOYKHO CUHTATh HAMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX THCEI.
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H l'Mnepreometpuyeckoe pacnpeaenenue npu L=300, k=100, m=30, eta=0.05
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H 'vnepreomeTpuyeckoe pacnpepenermne npu L=1500, k=500, m=150, eta=0.05
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Puc. 2.2. lN'unepreomerpudeckast byHKIUs h%m (s). Bepxuuii rpacduk nosydes mnpu
L =300, £ = 200, m = 30. Beijesens! Kpaiiaue JeBble, [So, sy ()] = [0, 15], u kpaii-
HUE TIPaBbIe Sy, (€), s1] = [25, 30], "wieHbI pacipe/e/eHns, COOTBETCTBYIOINHE 3HAUYCHIIO
Hagéxuocta 1 = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpomoOpI-
OHAJILHO YBEJMYEHHBIX B D pas.

MeomeTpuyeckas nHtepnpetauus coornomennit (2.3), (2.8) u (2.9). Paccmorpnm mps-
moyrosbayio cerky {0,...,L} x {0,...,¢} ua puc.2.3. Ionoxum b; = [x; € X]|. Torna
b; = 1 o3Havaer, 4TO0 OOBEKT T; TOIMAJAeT B HADIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJe TPACKTOPHH, TIPOXOJAIIEH 110 y3J1aM CeTKH M3 TO4U-
ku (0,0) B Touky (L, £) coryiacHo npaBuiy: ecjiu b; = 1, TO cMeIaeMcsi Ha JIMHUILY BIIPaBO-
BBepX; ecyim b; = 0, TO cMelaeMcs Ha eUHUILY BIIPaBo. Bee Takue TpaeKTopuu He BHIXOIAT
3a TIPeJIe/Ibl MapaJlie/lorpaMMa, BbIJIEJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKUX TPaeK-
TOpHil M30MOPMHO MHOKECTBY pasbuenuii Bbioopkr X = X L X, n 06a oHE H30MOPMHBI
MHOKECTBY L-MepHBIX OGHHAPHBIX BEKTOPOB (b1, ..., by ), cojep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra dncia pasdbueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIMINX TPACKTOPUIA.

Y1005 BeIBECTH (2.3), IPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITOOBI IIEePBBIE 1M 00hEK-
TOB IpUHA/ KN MHOKecTBY S. Torma 3aatua cBeeTes K MOACIETY JT0JIU TPACKTOPHIi,
IPOXOJSAIIUX Yepe3 Touky (m,s). HaszoBém Takme Tpaekropun donycmumvimu. Tucio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske or (0,0) mo (m,s) pasuo C?

m?

n JIJId KaXK 101
l—s -
Tpaekropunu cymecrsyer C;_° BapuanToB eé mnpojosnkenust ot (m,s) mo (L, ). Cremo-
BaTEe/bHO, THCJIO JIONMYCTUMBIX TPACKTOPUN PABHO C;Cﬁ_jn. Pasnenus na obree wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | nosydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICUUTATEH TUCJIO TPACKTOPH, TIPOXOJISIIIUX e~
pe3 Jo0yto TouKy (m, §), JeKallylo HuzKe JuaroHasn Ha e wm Gouee. st aToro cym-

Mupyetcs wucio Tpaexropuit C5CE % 10 BeeM s = sq, . . ., Sm(€).
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Puc. 2.3. Tpaekropus mnocsienoBaTeIbHOCTH {bi}szo = 0101100010110010, mpu
L =16, (=17, ¢ =0.3. IlpoBesens! juaun s = %m us = %(m + ¢k). IIppy m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHUU, S = S, (), U HIKe HUKHEH JInHuH, § < Sy, (€).

st BBIBOJIA JIBYCTOPOHHEH olleHKu (2.9) TOJCYUTHIBAETCA YUCIO TPACKTOPH, OT-
CTOSIIUX OT JUATOHAJIM Ha £ wm Gosee. B 9ToM cilyuae cyMMupoBaHue HiST 10 BeeM
S =50,-..,5m(€), 3aTEM IO BCeM § = S,,(€), ..., S1.

BbIOOpPOYHbIi KOHTPO/Ib KadecTBa — 5TO HpUMep HPHUKJIAJIHON 3aJaui, B KOTOPOii
orenku Teopembl 2.2 TPUMEHUMBbI HETIOCPEICTBEHHO |[3].

[Iycte X — muO)ecTBO m3jzesmit, S C X — MOJAMHOXKECTBO J1eMEKTHBIX U3JIEIUIA.
Wsroropjiena naprusd u3geanii X, U3 HUX 1M OKa3aUCh JepeKTHbIMHU. TUCI0 m Hens-
BecTHO. [IpoBepuTh BCIO MAPTHIO MOMITYYHO HE IPEJCTABIAECTCS BO3MOXKHBIM. [losTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHU
BBIOMpaeTcs moaMHOKeCTBO X C X, 9TO PaBHOCHJIBHO CJIYIAfHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag gomo gedektos B Habmomaemoil Bridopke v(X),
TpebyeTcs TpecKasaTh 100 1eeKToB B cKpbiToil Bribopke v(X ). Ecim npu saman-
HOM TOUHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
[IPUHUMAETCS, MHaYe OHa e TMKoM Opakyercs. [lapaMeTpsr € u 1) moadbuparoTcst U3 SKOHO-
MUYIECKUX COOOPayKeHU — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJHOTO W3JE/INA W BEJTUINHbBI
[IOTEPH OT HCIIOJIH30BaHUs J1e(DEKTHOTO W3/IE/IHsI.

§2.4 Tlepexopn ot HeHabnwogaemon oueHKN K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB 1M COObITHS S B MeHepaJIbHON Bbi-
bopke X, KOTOpOe HEBO3MOXKHO Y3HaTh, II0Ka HEM3BECTHA CKPhITas I0JBbIOOPKa. B Taknx
CJIydasx TOBOPSIT, UTO OIEHKA sIBJIsieTCs henabatodaemoti (unobservable bound). Curyartis
Ha IePBBIIl B3IVI] TapajoKcaabHa. IToObI OIEHUTh BEPOSATHOCTH OOJIBIIOTO OTKJIOHEHHS
YaCcTOT B HAOJIIO/IA€MOIl U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH 4ncsao m. OJgHako ec-
Jit ObI MBI €ro 3HaJjid, TO 1o Hab/roaeMoii dacrore v(X) TyT Ke BBIYUCIH Obl TOYHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHsin oueHka. Ilpocreiimiee perienne 1mpoOeMbl HEM3BECTHOTO 1M 3aKJII0YAETCS
B TOM, YTOOBI B34Th MaKCUMYM II0 1M W HOJYIUTH BMECTO TOYHOI ONEHKHU 3aBBINEHHYIO
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Puc. 2.4. 3asucumocts H(m) = HP ™ (s,,(€)) or m npu L = 300, £ =200, e = 0.05.
BEPXHIOIO OIICHKY:

P[v(X) —v(X) > €] < mr_r{)aXLHi’m (sm(€)) =T (e). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m ot [ek] no |L — el], tak kak npu
OCTAJIbHBIX 3HAYEHUSAX 171 JIeBas YaCTh HEPABEHCTBA PABHA HYJIIO.

K coxasenno, (2.10) — m1oBosbHO rpybast OeHKa IPU MAJIBIX 1M, cM. puc. 2.4. ITo s7oii
PUYMHE JAHHBIA T0/IX0 He IIPUEeMJIEM JIJIst 3a/1a9 BHIOOPOYHOIO KOHTPOJIS KavyecTBa, 00y-
YEHUS 110 MPEIeJIeHTaM, U JIPYTUX CIydaes, KOrja MMEHHO MaJible 3HAYEHUs 1M, [IpeIcTaB-
JISIIOT OOJIBINON MPaKTUIECKUI MHTEPeC.

I3BecTHA BepxXHsIsI OINEHKA <«XBOCTAa» THIIEPIEOMETPUYECKOro pactpesesennst [49),
C TIOMOITIBIO KOTOPOH MOXKHO OIEHUTH CBEPXY HpaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_%Qﬁ) .

OTa ornenka eré bostee rpydasi. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
¢ opauHaroit 0.89, HO OHa He ToKa3aHa, MOCKOJIBKY IMPOXOINT MHOI'O BbINIe. ACUMIITOTHAYE-
CKH 9Ta OIEHKA CXOJUTCs K HYJIIO IIPU OJHOBPEMEHHOM cTpemyieHnn £ u k K 66CKOHEIHOCTH,
YTO eIé Pa3 MOATBEPKIACT CBA3b TOTHBIX OIeHOK (2.8) u (2.9) ¢ 3axorom borvwur wucen.

TouHas uHTepBanbHasa oueHka. Creyrorias TeopeMa MOKa3bIBAeT, KaK 01y IaTh TOU-

uble Bepxuue n Hrpkane onenku 1yt n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim s = n(X) — quc/io smeMenToB cobbitst S B HAOIIOLAEMOI BHIOOD-
K€, TO JUIs 9HCJIa JTeMEHTOB coObITHs S B MOJHOH BBIOOpKe ¢ BeposiTHOCTBIO (1 — 1)
CHPABEINBA BEPXHsIsI OLICHKA:

n(X) < max{m =mg,...,L ‘ Hﬁ’m(s) > n}, e mo = ’—s% - W (2.11)

Hoka3zarenabcTBo. PaccMoTpuM 0/JHOCTOPOHHIOW TOYHYIO OIEHKY (2.7), 0603HaYMB Pa-
ByI0 €€ qacThb depe3 H (e, m), riue m = n(X) — HemsBecTHasT BEJMIHHA:

Plv(X) > e] = Hy™ (m — k) = H(e,m). (2.12)
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t, uucno snemenmos S 6 ckpwuimoii 8bibopKe
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S, uucno snemenmos Se Hab00aemoil 6v100pKe

Puc. 2.5. Tounble BepxHue n HUZKHEIE OleHKE dnciaa t = n(X ) sjeMeHToB cobbiTust S
B CKDPBITOl BBIOOPKE B 3aBUCUMOCTH OT ux uncia s = n(X) B Hab/rogaeMoii BbIGOPKe.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Torya ¢ BepoaTHocThio (1 — 1) crpasemmba onenka ceepxy v(X) < E(n,m), tae
E(n, m) — obparnas dbyukiust or H (e, m). Obpaitenne Ipou3BoUTCs 10 MEePBOMY apry-
MEHTY IPH KaXKJIOM 3HAYEHHH BTOPOIO apryMeHTa 171, KOTOPbIA BBICTYIIAET B POJIU IIa-
pamerpa. [lockonbky byukims E(n, m) He BO3pacTaeT MO MEPBOMY apryMeHTY, U3 OIEH-

m—Ss

kn v(X) < E(n,m) caenyer nepasencrso H(v(X),m) > n. Honcrapnasa v(X) = 2

B dyukiuo H(v(X),m), onpegensemyio cormacuo (2.12), moydaem, 9To ¢ BEpOSTHO-
4, m

croio (1 —n) cupasemuBo nepasenctBo H;'™ (s) = n. UT0o0bI paspemuTs nanHoe Hepa-

BEHCTBO OTHOCHTEJILHO M Ipu (PUKCHUPOBAHHOM S, HAJIEM MAKCUMAJLHOE 3HAYeHUe M,

Ipu KOTOPOM OHO BBIIIOJIHEHO. HpI/I MaKCHUMaJIbHOM 3Ha4YCHUHN 11 3Ha4YCHHUEe S JOJIZKHO Ha-

1)(£+1
XOJIUTCS JIeBee TOUKN MAaKCUMyMa TMIePreOMeTPUIecKOr0 pacipeeseHnsd s° = %,
Crenosarenso, s(L +2) < (m + 1)(€ + 1). ITosTomy /st HAXOXKJICHIST MAKCHMAJILHOTO
3HAMEHHS 1M JOCTATOUHO HepeCpaTh 3HAYCHHs M, He MeHblme s72 — 1. n

CaenctBue 2.3.1. Amnajorndno orneHuBaercs cKpbiroe ducao n(X) 1o HabIogaeMoMy
ancity s = n(X): ¢ BepositHOCTBIO (1 — 1)) BBIIOJHEHO HEPABEHCTBO

n(X) < max{t =to,..., k } Hﬁ’s+t (s) = 77}, to = ’—S% - -‘ (2.13)

CuexncrBue 2.3.2. AHAJOIHYIHO CTPOSTCS U HHXKHUE OIEHKH: ¢ BEPOSITHOCTBHIO (1 — 1)

n(X) > min{sz,...,mo ‘ ﬁim( ) > 7)}7
n(X)}min{tzo,...,to‘Hi’sﬂ 27]}

Borauciienune 1oy 9eHHBIX BEPXHUX 1 HI?KHUX OIEHOK C MCIIOJIb30BAHIEM PEKYPPEHT-
HBIX coorHomennit (2.5) Tpebyer nopsiaka O(n(X)n(X)) oneparpuit.

Ha pwuc.2.5 nokasanbl BepxHHE U HUKHHUE OIEHKHU YHC/Ia IJEMEHTOB COOBITHA S
B CKpBITOH BRIGOpKe t = n(X) B 3aBECHMOCTH OT WX HHCIa B HAOIIOTAEMOH BHIGOD-
ke s = n(X). Toscreie cTyneHYaTbie JIUHUN — FPAHUIHBIE 00JIACTH, B KOTOPBIX BbIIOJIHSI-
eTCsl paBEHCTBO Hﬁ’ ' (5) = 1. Tounas BepXHslsl OIEHKA COBIAJACT C BEPXHEil MpaHMIeH
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BepxHeil obyracTu, TOYHAs HUXKHSIS — C HUXKHeH rpaHurieit Huxkueit obsracru. Bmecre onn
onpenensaior 1 — 2n = 90%-it moBepuTeNLHBIA HHTEPBAJ I YUCIa ¢ IPU KasKJIOM 3Ha-
JeHnn s. TOHKHWe cTyleH4YaThle JIMHUW — 9TO OINEHKHU 10 HAUXY/IIEMY 1M, BBIYHCJIEHHbIE
corsacuo (2.10). VIx TounocTs najaer mo Mepe npubizkennsd m K 0 wim K L.

O BeposaTHOCTU HYNb-cobObITUA. [Tosb3ysick Teopemoii 2.3, HETPYIHO TOCUUTATH BEPX-
HIOIO JIOBepuTesibHy0 oneHKy n(X) mist nyav-cobvimus |17] — rakoro cobbITHs, KOTOPOEe
BoobGIe He Habmonamoch, n(X) = 0. lannas 3ajada umeer TodHoe pererne (2.13), B Ko-
Topoe HaJlo 1nojcTaBuTh § = (. B wacTtHOoCTH, 110 TpaduKy Ha pUC. 2.5 JIETKO OIPEIeTUTh,
gro npu § = 0 u jymne Hab/0MaeMoit BoIOOpKH ¢ = 100 4uncyio coObITHII B CKPBITO
BbIOOpKe bl k = 100 He npes3oiaér 4 ¢ Bepogrnocthio 1 — 1 = 95%. Huxkusa nose-
puresbHas oreHka n(X) 1yt HyTb-COOBITHSI, pA3yMeeTcsl, paBHa HYJTIO.

§2.5 OpHo3anemeHTHOE cemMeiicTBO aJIropuTMoB

Bepuémcs K 3ajiate OleHUBAHUsT BEPOSITHOCTU TIEPEOOYUIeHUsT U PACCMOTPUM OJTHO-
sJIeMeHTHOe cemeiicTBo asroputmMoB A = {a}. B arom ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: uX = a s Jjoboit Beibopku X. Pyurimonan Q.(u, X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMOIEALHO20 AA2OPUMMA.

Teopema 2.4. Ilycrs aiaropurM a JOIycKaeT m OMIHOOK Ha I'eHePaJbHOI BbIOOPKE:
n(a,X) = m. Torga ms soboro ¢ € [0, 1] cupaBeInBeI TOYHbIE OLECHKH:

Q- =Plv(a,X) —v(a,X) > ¢] = Hy™ (£(m —ek)) ; (2.14)
R. =Pv(a,X) > ¢] —H™ (m — k) ; (2.15)
C = Ev(a, X) = (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mu3 Teope-
Mbl 2.2, ecan BBectH cobbitne S = {x; € X: I(a,x;) = 1}. Jlna nokasarenscrsa (2.16)

3alluiieM OlIpeae/JICHUA En v, 3aTeM liepeCcTaBUM 3HaKU CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = CEZ]CLZU, Z[xieX]:kaLﬁl:%.

Cr Xe[x]¢ LGX | Xelx)t

vV vV
0
m Cr_4 |

Pe3iome

Bajiaua oneHnBaHUs YacTOThI COOBITHS (HAIIPUMED, OMUOKN (DUKCHPOBAHHOTO aJIr0O-
pUTMa @) Ha CKPBITOI BBIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BBIOOPKE UMeeT TOYHOe
pelenne, KOTOpoe BbIparKaeTcsl depe3 IUIepreoMeTpruyecKoe pacipeieieHue.

B ciraboit BeposgTHOCTHOI aKCHOMATHUKE 3T, OIEHKA OIUCHIBAET CKOPOCTb CXOIUMOCTH

YacTOT B JIBYX BBIOOPKAX WM SABJISETCI aHAJOTOM 3aKOHA OOJILIIIX YKUCEI.
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Heyn06cTBO 91001 OlleHKN 3aK/II049aeTcst B TOM, 9TO OHA 3aBUCUT OT HEM3BECTHOW Ya-
CTOTBI COOBITHS Ha TeHepasibHOI BhIOOpKe m. lIpobiiema peraercsa OO B3ATHEM Mak-
CUMyMa TI0 M, W TOIJa IOJyJaeTCs 3aBbIIIeHHAs OIeHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBIPAYKAETCH B BHUJE SIBHON (DOPMYIIBI.

B cnepytowein nekunun Mol niepeiiiéM K oleHKaM BEPOSITHOCTH 1epeo0ydeHus JIjisd IPo-
U3BOJIbHBIX CEMEICTB aJrOPUTMOB U IIPOU3BOJILHBIX METO/IOB 00yueHus (. B sTom ciydae
I10JIyIeHUe TOYHBIX OIIEHOK CTaHOBHUTCs JOBOJIBHO CJIOXKHOM 3aj1adeii. Mbl HaUHEM ¢ BepX-
HIX OIleHOK Bamauka-YepBoHEHKNCA, KOTOPHIE HCTOPUIECKN OBLIN HepBbiMU. OHM OTHO-

CUTEJIbHO HECJIO?KHO BBIBOJIATCA, HO CUJILHO 3aBbLIIICHDI.

Ynpa>xHeHus

Bamada 2.1 (1). Tlocrpouts rpaduku 3aBUCUMOCTH BEIMYUHBL ()., OIpeessieMoil
o ¢opmyste (2.14), or ¢ npu dukcupoantom k, or k npu dukcupoantom £ u ot £ = k.

Bamagda 2.2 (2). BbiBecTn TOUHYIO OIEHKY BEPOSTHOCTH Tepeobytuenus (). Juisi cemeli-
cTBa U3 JBYX aaroputMoB A = {ai, as}, eciu 3a/laHbl YeThIpe MapaMeTpa

muvz#{xEX:I(al,x):u, I(ag,x):v}, u,v € {0,1}.

[TocTponTh rpaduKl 3aBUCUMOCTH (). OT X3MMUHIOBA PACCTOSHUSA MEXKJLy AJTOPUTMAMU
P12 = Mo1 + My, B IBYX ciydasix: 1) mpu mg; = myg; 2) upu mg; = 0.

Bamaua 2.3 (5%). Omnucarb crocob BBIUNCACHHUS TOTHON BEPXHEH ONEHKN BEPOSTHOCTH
nepeobydenns Q). /s cemeiicTa u3 1ByX aaroputmoB A = {ay, as}, eciu nupu HeKOTOPOM
pasbuenun (X, X'), BLIOpAHHOM CJIy9aiiHO U PABHOBEPOATHO, H3BECTHBI UCTHIPE BEINTHHBL:

Suv:#{$€X:[(a1,z):u, [(aQ,x):v}, u,v € {0,1}.

[TocTtpouts rpadukn 3aBUCUMOCTH (). OT XIMMUHIOBA PACCTOSHUST MEXKJLY aJIrOPUT-
MaMHI P12 = So1 + S10, B JABYX CIydasix: 1) mpu So; = S10; 2) 1pu S = 0.
CpaBHUTH ¢ pelleHneM IpeJIbLyInedi 3a/1aqi.

Bamada 2.4 (3). BbiBecTr TOUHYO OIEHKY BEpOSTHOCTH Tepeobydenus (). Jjisi cemeli-
crBa u3 Tpéx aaroputMoB A = {ay, as, az}, eciu 3ajaHbl BOCEMb ITapAMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(az,z) =t}, r,s,t € {0,1}.

[TocTpouts rpadukn 3aBUCUMOCTH (). OT XIMMUHIOBA PACCTOAHUSA MEXKJy aJIrOPUTMaMK
P12 = Mo1o + Migo + Mo11 + Mio1, B JABYX ClIydasdax:

1) Opu MmMi10 = Mio1 = Mo11 = M1o0 = Mo10 = 0015

2) IpU M119 = Mio1 = Migo = Mo1o = 0, Mo11 = Moot -
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3 Teopus BanHuka—YepBoHeHkunca

Craructnieckasi TeOpUs BOCCTAHOBJICHIS 3aBUCHMOCTEH 110 SMIUPUICCKUM JTAHHBIM
(VC-reopus) 6bL1a nipesyiokena B. H. Bannukom u A. ¢1. YepBonenkucom B konrie 60-x —
nHadane 70-x romos [8, 9, 10, 7|. B cepequue 80-x oHa MOJIyUHsIA MIHPOKYIO MHPOBYIO
u3BectHOCTD (80, 81, 82| 1 BMecTe ¢ paboravu Basmanta [79] Ha MHOIEE TOJIBI ONIpE/Ie/IIIIA
reHepasjbHOE HaIlpaBJIeHNe PA3BUTUS TEOPUU CTATHCTUIECKOTO OOyUIeHUs.

PaccmoTpuM ocHOBHBIE TIPeIIONOKEHUS U pe3yibraTbl VO-Teopun B paMKax cyraboit
BEPOSATHOCTHON aKCHMOMATUKU, UCIIOJIb3ys 0003HAUEHUS IIPEIbILYIIEH IJIaBbI.

§3.1 Ouenka BanHnka—YepBoHeHkuca

Hamomunm, aro X = {z1,..., 2} — KOHe1IHOE MHOXKECTBO 00BEKTOB, A — MHOKECTBO
asroput™MoB, I (a,x) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (I (a, xz))le BBeiéM emnié HECKOJIBKO MOHATHN M 0003HAYEHUI.

A= {c‘i ta € A} — MHOXKECTBO BEKTOPOB OIMUOOK, MOPOXKIAEMbIX MHOXKECTBOM aJI-
roput™MoB A Ha 3ajanHoil BeIOOpKe X. B masnbueiineM Mbl 9acTo OyJieM IpeosaraTh,
YTO MHOYKECTBO A M3HAYAJBHO COCTOUT U3 AJTOPUTMOB C HONAPHO PA3IMIHBIMU BEKTO-
pamMu OIMIMOOK ¥ OIyCKATh CTPEJIKY, 0003HAYAIONIYI0 BEKTOD, ITOCKOJbKY B 9TOM CJIydae
AJITCOPUTMBI B3AUMHO OJHOZHAYHO COOTBETCTBYIOT BEKTOPAM OITHOOK.

AA(X) = |A] — roaunuenm paznoobpasus (shattering coefficient)* muozkecTsa aii-
roputMoB A Ha BbIOOpKe X. OH He TPEBBIIAeT MOIIHOCTH MHOXKeCTBa A U He IpeBbIaeT
2 — qucra pasamaHBIX Oy/IeBLIX BEKTOPOB MUIMHE L. B 3a1a9ax KaaccudpuKanmm Ha J1Ba,
KJIaCCca OH PaBeH YUCIY PasIMIHbIX duromomut (ciocoboB pas3iesnTsh BHIGOPKY X Ha /1Ba
KJIACCA), peasin3yeMbIX BCEBO3MOXKHBIMU ajropurMamu u3 A.

AA(L) = max AA(X) — dynryua pocma (growth function) mmoxecTBa aaropur-

moB A [10, 82]. Makcumym Gepércsi 10 BCEBO3MOXKHBIM BbiOOpKaM X C 2 mauHbl L
U3 HEKOTOPOro (Kak MPaBU/IO, GECKOHEYHOI0) MHOXKECTBA JIOIMYCTUMBIX OOBLEKTOB Z .
DyHKIMSA POCTa ABJIFETCST MEPOM CJIOXKHOCTH MHOYKECTBa, ajaropurmos A. B ormane o Ko-
sddunmenta pazHooObpasusi, OHa HE 3aBHCHT HU OT 3aJa9u (BBIOOPKH X M BOCCTAHABIII-
BaeMoit 3aBucumMocTd y(x)), HA oT MeTofga obydenus p. CHpaBeinBa BEePXHss OIECHKA
AA(L) <28

MpuHyun paBHoMepHO cxoamMMmocTn BeoauTca B VC-Teopnun 1 MHOTUX TTOC/IE/TY FOIIIX
paborax (cMm.0630pbl [83, 45, 11]), 4robbl moyYaTh BEpXHUE OINEHKU BEPOATHOCTU TIEPe-
o0ydeHus, He 3aBUCHIIIE OT MeToIa . [Ipunyun pasromeprots cxodumocmuy 3aKII0IATCs
B TOM, ITOOBI 3aMEHUTDH (DYHKITHOHA (). ero BepxHeil OIeHKO @5 — BEPOSITHOCTBIO OOJTb-

4B paborax B.H. Bammuxka u A. §I. Yepsonenkuca |9, 10, 7] kosbdumenT paznoobpasus Ha3bIBAICH
undexcom cucmemo, cobvimudi. AIropurm a MHIYIUpyeT cobbiTHe S, = {x eX | I(a,x) = 1}. Cewmeit-
crBo A nupynupyer cucremy cobbituii S = {S,|a € A}. Nnuekc cucrembl coObITHii S €CTh YUCIO Pas3-
JIMYHBIX TIOJMHOXKECTB Buja S, N X, rje a npoberaer BCE MHOXKECTBO A, 9TO PaBHOCUJIBLHO OIPEJIEIEHUTO
uepes |ff| B anrmosispraabix paborax MpUKUICS TepMUH shattering — umciio pasbueHnit BceMu BO3MOXK-
HbIME criocobamu, OyKBaabHO «Biapebesru». Ipyroit BapuanT nepesoja — «apobienues [35].
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I0I'0 PaBHOMEPHOTI'O OTKJIOHEHH A IaCTOT B JABYX HO,Z[BbI60pKaXI

Q.<Q.=P max d(a, X) 25} = Pmax[d(a, X) > €], (3.1)
e A dcA
rie §(a, X) = v(a,X) — v(a, X). Ormerum, 9TO 37€Ch JIOCTATOYHO B3ATH MAKCUMYM

110 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa IO CAMOMY MHOXKECTBY A, 1o-
CKOJIbKY JIJIsl JIIOOBIX aJIrOpUTMOB a,a’ € A u3 d = d@ caeayer d(a, X) = d(d’, X).

Tepmun crodumocms o3HaATAET, UTO €CIIH @5 — 0 pu ¢, k — 00 TO 11epeody IeHHOCTh
Takzke cxonutes K vy o: d(a, X) — 0. Pasnomeprocmy o3Hadaer, 1to BesmanHa 0(a, X)
CXOJIUTCS K HYJTIO OJIHOBPEMEHHO JIJIA BCEX aJrOPUTMOB @ € A, B TOM YHC/IE I/ aJITOPUTMA
a = pX, KaKkuMu Obl HU OBLITH MeTOJ1, 00yUYeHusd 4 1 BhIOOpKa X .

OcHoBHasa Teopema VC-Teopuu. 3jech TPUBOIUTCSA JTIOKA3ATEIHCTBO, CYIIECTBEHHO 60~
Jlee KpaTkoe, 4eM B UCXOJIHBIX paborax [9, 10, 7.

Teopema 3.1. [list Jio6bix p, X u e € [0, 1] cupasesmBa onenka

Q- <ANX) max Hp"(sm(€). sml(e) =

m=1,...,L

(m — k). (3.2)

SIS

HokazarenbcTBo. Bocrosb3yemcess MPUHIMIIOM paBHOMepHO# cxogumoctu (3.1) u ore-

HUM CBEPXY MaKCUMYM 6I/IHapHI)IX BeJIMYIMH HUX CYMMOﬂSZ

Q- < Q- <P [0(a, X) >¢].
acA

Terepsr mepectaBuM MecTaMy 3HaKH cymMvupoBanust: P> = Y P u samumem Be-
posrrocts P[0(a, X) > £] auas ormensHOro aaropuTMa @ €Mepes THIEPreOMETPHIECKOe
pacupeenenne, corjaaciHo Teopeme 2.4:

Q:-<Q-<Q.=> P[o(a,X)>¢e] = Hy ™ (sm(s)), m=n(a,X). (3.3)

acA acA
Onennm Hﬁ’ " ($;m(€)) cBEPXY MAKCHMYMOM 110 1M U BHIHECEM €ro 3a 3HaK cyMMbL. [Toj
3HAKOM CyMMBI OCTAHeTCsl eJIMHUIIA, a Besg cymMa Oyjer pasha |A| = A4(X). [

[TostHOCTBIO AHAJIOTUYHO JIOKA3bIBAETCSA BEPXHsisl OIeHKa U Jijisd (pyHKIMoHaa [, .

Caencrsue 3.1.1. s irobbix p, X u e € [0, 1] cnpasesmnBa onenka

R. < Z HE™ (m—ek) < AA(X) mr:nlaXLHf’m (m —ek).
acA o

®JT0 MOYKHO TPAKTOBATH M KAK OIEHKY BEPOATHOCTH OObeIMHEHUs COOBITHIL [é(a,X ) = 5] CBEPXY
CyMMOIl uX BeposiTHOCTel. K€ Ha3pIBaloT Takke nepasercmeom Byas wau union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawnGosiee Tounas oreHka (3.3) —3T0 cyMMa BepOSTHOCTE epeobydeHnst 110 BeeM
AJITCOPUTMaM CeMeNCTBa C MOTAPHO Pa3JIMIHBIMI BEKTOPAMU OIMUOOK.

Onerka (3.2) 4yTh XyzKe — 9TO BEPOSITHOCTD MepeodyYeHrsi HAUXY/IIIero aaropurMa
(maxcuvym HY™ (sp,(€)) mocruraercss npu m mopsiaka L/2), TOMHOKEHHAS Ha €HCIIO
AJIFOPUTMOB C TIONAPHO PA3IUIHBIMUA BEKTOPAME ONINOOK.

OreHKy MOYKHO eIé HeMHOT'O UCIIOPTHUTD, €CJIU 3aMeHUTh K03(hDUImeHT pasnoodbpa-
sust AY(X) dbyukimeit pocta A4(L). Bato Tenepn orenka He GyjeT 3aBUCETh OT BHIGOPKH.

Haxkomner, dyHKIMIO MUNIEPreOMeTPUIECKOr0 PACIIPE/IESIEHUS MOYXKHO 3aMEHUTH IKC-
MOHEHIINAIBHON BepxXHeil OIEHKOI, nMeromieir 0cobo mpoctoit Bua npu £ = k [7]:

max He™ (sm(e)) < 3¢, (=k. (3.4)

m

[\ [J%}

B urore nosyuaerca naubosiee ussectnas u3 VC-oneHok [82]:

Caencreue 3.1.2. st yiobbix p, X, € € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
Q. < AY(20) - ==, (3.5)

KoppekTHble meToabl obydenusi. B VC-teopun [7] orgenpro paccmarpuBaercss Tak

Ha3bIBacMad demepmunucmcn‘aﬂ nocmaHoera 3ada%u6, Korza MeTO/ 1 KOppeKMmeH, TO €CTb

n(uX, X) = 0 na soboit obyaromeit Beibopke X .

Teopema 3.2. Ecjn meros j1 KoppekreH, To jjist obbix X, € € [0, 1]

v 5

<AAXM<AAL Ek 3.6

Q. <a'X) = <A (1) - (3.6)
L

okazareabcTBo. Hadaso jokazareibcTBa B TOYHOCTU TOBTOPLET JI0KA3aTETLCTBO Teo-
peMbl 3.1, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU IMepeoOyUdeHns aJropuT™Ma a J00aBIgeTcs
yCJIOBAE KOPPEKTHOCTH:

P[0(a, X) > ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] he ™ (0).

Tloncrasum 910 BhIpazkenne B (3.3) u, ¢ yaérom by ™ (0) = C4_, /C%, momyqum

=~ Cg
Q- g@a:Z[m>5k] é,;m, m:n(a,X).
acA L

Maxkcumym C¥_ /CY nocruraercst npu Hanmenbinem m = [ek].
. ¢ ¢ k)™
C yuérom onenxn Cf_, /C} < (§)" momyuaem nenouky nepasencts (3.6). ]

6B zapy6e:kHoil JTepaType CIOKUIACH JAPYras TepMUHOJIOTHs. JIeTepMUHICTCKYIO IOCTAHOBKY 3a-
JIavN HA3BIBAIOT peasusyemvim obyuernuem (realizable learning), mMest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBIILyI0 NOCTAHOBKY 3a/1a41 HA3bI-
BAIOT HEPEAIM3YEMbIM UJIA GeHoCudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIUIIAAT -
HYIO HEBO3MOXKHOCTH 3HATDH, HAXOJAUTCS JIN UCTUHHAS 3aBUCUMOCTD B cemeiicTse A, min Her.
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Caexncrsue 3.2.1. Ecum meros j1 KoppekreH, To st oobix X, € € [0, 1] mpu € = k
Q. < AY(20) - 275",

Urak, B ciydae KOPPEKTHOCTH OINEHKA (). CTAHOBUTCs 0OJiee TOYHON U HMPUHUMAET
Hamnbostee mpocToit Buj. OTCIo/1a COBEPITEHHO He CJIeIyeT, 9TO Ha MPAKTHKE HaJ0 TOJIb-
30BaTbCsl KOPPEKTHBIMU MeTojamMu odydennd. [y obecrievuennsi KOpPEKTHOCTHU ITPUIETCS
YVCJIOXKHATH KOHCTPYKIIMIO ceMeliCcTBa aJlOPUTMOB, 9TO MOXKET IPUBECTH K YBEJTUIEHUIO
bynxmun pocta A4(L), HACTOIBKO 3HAMHTEILHOMY, 9TO OHO HOTHOCTHIO CKOMIICHCHPYET
yMeHbIIIeHne KoMOnHATOPHOrO MHOKUTE . [[losTomy B VC-Teopuu IpuHATO CINTATD, ITO

He cJiejlyeT J00uBaThcA 0e301MUO0YHON PAbOTHI aJIropuTMa Ha 0OydaloeM MaTepualie.

§3.2 PasmepHocTb BanHnka—YepBoHeHkuca

OYHKIUSA POCTa SIBJIAETCS MEPOI CJI0YKHOCTH MHOYXKecTBa A 1 He 3aBUCHT OT BHIOOPKH
un Metojia obydenns. C Hell TeCHO CBsI3aHa €IIé OJiHa XapaKTEePUCTHKA CJI0YKHOCTH.

Omnpepnenenne 3.1. Ecmr cymecrsyer nemoe wucio h takoe, aro A4(h) = 2" nu
AA(h+1) < 2", 10 ono maspiBaerca émxocmuio mmr pazmeprocmvio Bannuxka- epeo-
nenkuca (VC-dimension) cemericra anropurmon A. Ecin takoro qucia h He cylecTByer,
TO TOBODSIT, YTO CEMEHCTBO A HMeEET OeCKOHewHYI0 EMKOCTIY.

[Tepeuncaum nanbosiee BaxKHbIe CBOMCTBA éMKOCTU. VX Jl0Ka3aTe/ibcTBa OYIYT JIaHBI
B CJICJLYIONICH JICKIIUU.
1. Ecinu cemeiictBO mMeeT €MKOCTb h, TO BMECTO TPUBUAJIBLHON SKCIOHEHITHALHOM

OIEHKH AA(L) < 20 cripaBenyBa Gostee TOUHAS TTOJMHOMHUAJBLHAS OIEHKA,

ANL) K CY+CL+-+OF < =—. (3.7)

B srom ciaydae BeposTHOCTB mepeoOydeHnsi CTPEMUTCA K HYJIO 1pu £ — 00, MMOCKOJIbKY
UIIEPreOMeTPUIECKIN MHOKUTE/Ib CTPEMUTCS K HYJIIO KCIIOHEHINAIBHO. Tora roBopsT,
qT0 cemeiictBo A obsrasiaer coiicTBoM obyuaemocmu (learnability).

2. Tlyers X =R u Y = {—1,1}. Emkocrn cemeiicTpa mHeiiHbIX KiIaccndbuKaTOpoB
A = {a(z) = sign (w, z) | w € R"} paBHa pasMepHOCTH IIPOCTPAHCTBA 11, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIPHOE MPOM3BEJIeHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCS
MPSMBIM CJIEJICTBHEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTH N Yepe3 JIObIe N TOYEeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoObie n + 1 yKe Hesb3s.

3. lameko me Bcerjia éMKOCTH paBHa YHC/IY HapameTposn. [y joboro mapamerpu-
YeCKOro ceMeificTBa 3aJJaHHOi EMKOCTH h JIErKO MOCTPOUTH JIPYroe CeMeicTBO, KOTOPOe
Oy/IeT UMeTh Ha OJIMH HapaMeTp OOJIbIIe, HO IIPU 3TOM €ro éMKOCTh Tak:Ke Oy/IeT paBHa h.
Harmpumep, MOKHO 3aMEHUTDH OJMH W3 TAPAMETPOB CyMMOI JIBYX HOBBIX ITAPAMETPOB, UTO
He TOBJINSET HA YUCI0 MOPOKIAEMBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycte muOXKecTBO A KOHeYHO. UHMC/IO aJroOpuTMOB, TONAPHO HEPA3TUIUMbBIX
Ha BeIGOpKe X, He mpesblmaer 4mcia BeeX aJrOPUTMOB, I03TOMY Jis (DYHKIIMHM POCTa,
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cripaseymBa onenka A?(L) < |A]. Emkocrs Takoro cemeiictsa me npesbimaet |log, |A|],
TaK Kak B MIPOTHBHOM cjrydae (QYHKIIUS PocTa OKazarach Obl Gosbie |Al.

5. MHoxKecTBa aJropuTMOB, PEAJTM3YEMbIX Ha KOMITBLIOTEPE, BCErJia KOHEYHbI. Ecin
JIJIE XpaHeHUs BCeX IMapaMeTpoB aJrOpPUTMa UCIIOJIb3yeTcs He 6ojiee n OUT, TO IUCTIO aJiro-
PUTMOB B TaKOM CeMeiicTBe He IpeBbIlaeT 2", a ero éMKOCTh He InpeBblaer log, 2" = n.
Yr1006k! 5Ta OlleHKa He ObLiIa 3aBBIIIEHHOI, JI/Isd 10/ICYETa HEOOXOIMMOI0 YICIa OUT JIOJIZK-
HO UCIOJIB30BATbCS MAKCUMAALHO IKOHOMHOE Koduposanue apaMeTpos. /lanHoe HabIr0-
JIeHUe JIEKUT B OCHOBE HPUHIIATIA MUHUMYMG Oaunbe onucanus (Minimal Description
Length, MDL) [74] u upunnuna nporpamvupyemoii VC-pasmepuoctu [18].

6. CymiecTByIoT cemeiicTBa aJropuTMOB KJIACCU(DUKAIME C OJHUM BeIIEeCTBEHHBIM
mapaMeTpoM, éMKOCTb KOTOPBIX OECKOHEYHA. DTO CBUJIETEIHLCTBYET O HETPUBUAIBLHOCTU
MOHATHUST EMKOCTH C OJHOW CTOPOHBI, M O OECKOHEYHBIX BBIPA3UTEIBHBIX CIIOCOOHOCTIX
JIeicTBUTE/ILHOTO 4dncyia ¢ Jipyroii. C TpeTbeil CTOPOHBI, BCe TaKUe MPUMEPHI sABJISIOTCH
HUCKYCCTBEHHBIMU M «Pa3pyHIAIOTCsI», KaK TOJbKO Mbl BO3bMEM BMECTO JIEHCTBUTE/IHHOTO
YUCJIa €er0 KOHEYHOE IIPEJICTABIEHNE B KOMITBLIOTEPE.

§3.3 MeTtoa CTPYKTYPHOIA MUHMMU3ALUMUKX PUCKA

Vmesi BEpXHIOIO OIEHKY BEPOATHOCTH TepeoldydeHus, HETPY/IHO IOy YUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJIbHOI BhIOOpKe. OHa Oy/ieT BepHa He BCErjia, a JIUIIb
C HEKOTOPO# BEPOSITHOCTBIO, JIOCTATOYHO OJTM3KON K €TUHUIIE.

Teopema 3.3. Ilpul = k st 106010 pactpeneieHust Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He mMeHee 1 — 1) QHOBPEMEHHO JI/IsT BCeX aJrOPUTMOB a € A cIpaBeInBO HEPABEHCTBO

_ 2 4 1
via, X) <via,X)+ %ln (ie) +—In—-. (3.8)

Hoxkazareabcrso. [lojcrasum B (3.5) BepxHioo onenky dyukimu pocra (4.1), onenus h!
causzy no dopmysne Crupsmara. [lonyaennas ornenka mveer Bui Q. < 1(g, 4, h). Ipume-
HUM K Hefl TexHuky obparerus (1.8): BbipasuM € Kak (byHKIMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ n 3Hadenus 7). B pesynabrare mosmydanM (3.8). [

[TepBoe ciraraemoe B 9T0it OTleHKe — SMIupudecknit puck. OH He BOZPACTAET ¢ POCTOM
EéMKOCTH h, TOCKOJIBKY 49eM OOJIbIIe B ceMefiCcTBE aJllOPUTMOB, TeM 00Jiee TOTHO MOZKHO
AIIPOKCUMUPOBATHL BLIOOPKY. BTOpoe ciraraemoe Bo3pacraeT ¢ POCTOM EMKOCTH, U €ro
MOYKHO PACCMATPHUBATh Kak wmpad 3a caroocrocms (complexity penalty). Cymma B obmem
caydae JIOCTUTAaeT MUHUMYMa MPU HEKOTOPOM h.

Jtst otipejiesieHnst ONTUMAaJIBLHON CJI0KHOCTH Mojiesn B VC-Teopun mpe/ijiaraeTcs Me-
TOJ, CMPYKMYPHOT MUHUMU3AUUL pucka. B cemeiicTBe A 3apanee 3aJaéTcs cmpykmypa
BJIOYKEHHBIX II0/ICeMeiicTB Bo3pacTaromieit éMroctn A; C Ay C -+ C A, = A. Samaga 00y-
YeHUsI PENIaeTcs B KayKJIOM U3 9TUX MMOICEMENCTB, Bcero h pa3. Beibupaercs mojicemeiictBo
ONTUMAJTBLHON EMKOCTH, JIJIsl KOTOPOIO JOCTUTAeTCs MUHEMYM mpaBoii dactu (3.8).

Meto, cTpyKTYPHOI MUHUMH3AIMNA PUCKA ABJIAETCA BarKHEHUITUM KOHCTPYKTUBHBIM
ciencreueM VC-teopun. [Ipocienm emié pas JOruKy BCEro, 9To OBLIO MPOJIETaHo.
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CuavaJjia MbI TTOJIY YU BEPXHIOIO OIIEHKY BEPOSITHOCTH IIePe0dYIeHIsT, KOTOPAasi CIIpa-
BeJIJTUBA JIId JTI0O0N BBIOOPKM X | JIIOO0ro Merojia obydenus p. K 3Toii oreHKe MbI
NIPUMEHUIA TEXHUKY OOpallleHUus] U TOJIYUUJIM BEPXHIOI OIEHKY JjIs YacTOTHI OIMIUOOK
na xourpose. Ona cupasemmmsa my1s 166X X, X, j1, ¢ BepoaTHocTsio (1 — 1), 6ausKoi
K egunauie. Terepsb pactopsaumcst ¢Bo00/10#1 BBIOOpa (4 TaK, 9TOOBI MUHUMU3UPOBATD Y-
CTOTY OIIMOOK Ha KOHTpoJie. [lomyaeHHbii MeTo 00y UeHnsT HA3BIBACTCS MUHUMUSAUUET
owmpaghosarnozo amnupuueckozo pucka (penalized empirical risk minimization).

Dta ke 00IMasi JOrUKa SKCILIyaTHPYeTcs OOJBIMUHCTBOM COBPEMEHHBIX I0JIXOJ0B
B TEOPUU CTATUCTUIECKOrO obyuenus [45].

§3.4 Tlpobnema 3aBbiweHHocTu VC-oueHok

JkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoi anuHbl obydeHus. OcHoBHAsI IPO-
osiema VC-OIEHOK B TOM, UTO OHU YPE3BBIYANHO 3aBBIIMIEHBI — HACTOJIBKO, ITO UX IIPH-
MEeHEHUE TTPAKTUIECKH TePseT CMBICT. UTOOBI B 9TOM yOEINTHCS, JOCTATOTHO BBITIOJIHUTH
YUCJIEHHBIH pacuéT Tpebyemoii JyImHbI 00y datoleil BHIOOpKH £ Kak (DyHKIIMK OT EMKOCTH
TOYHOCTH € U BEPOATHOCTHU TepeodydeHus ()..

Pesynprarer npuseienst B Tabaunax 3.1, 3.2, 3.3. Bee nannbie nostyuenst npu { = k.
[TepBbie jaBe TaOJUIBI IOCTPOEHBI JIJI OOINEro CJIydast, TPEeThs — JJIsi JIETePMUHUCTCKOMN
ITIOCTAHOBKY 3a/1a4u. [Ipu mocrpoenun rmepBoit TabIUIbI UCIIOJIb30BaHbI 3aBbIIICHHBIC all-
npokcumanuu byHKImn pocra (4.1) u runepreoMeTpuIeckoro comHouTess (3.4).

OcHOBHBIE BBIBOJIBI CJIEJIYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Cjiydae Tpebyemasi JijinHa 00yUeHus Ha HECKOJIBKO I10-
PSIZIKOB TIPEBBIIAET T€ XapaKTePHbIE JTUHBI BEIOOPOK, ¢ KOTOPBIME OOBITHO ITPUXOIATCST
UMeTDb JIeJIO B IMPUKJIAIHBIX 3aiadax. [[pakTuKa moka3blBaeT, YTO UTO XOpOoIas o0ydae-
MOCTb BO3MOKHA IIPHU CYIIECTBEHHO MEHBIINX JJINHAX BHIOOPKHU.

2. Omnenku B Tabmuie 3.1 cymecTBeHHO Xy:Ke, deM B Tabsunax 3.2 u 3.3. B jmajb-
HeiireM MbI OyieM n30eraTh UCIOIB30BaHUST 3aBBIEHHBIX AIlITPOKCUMAIINI 1 CTPEMUTHCST
K 1101y 9eHnio 3pDEeKTUBHBIX BLEIMHCINTEIBHBIX METO/IOB, a He KOMIAKTHBIX (hOPMYIT .

3. IlpaBble MOIOBUHBI TaOJIHUI] COOTBETCTBYIOT 3HAYCHUIO 1) = 1 1 IMOKA3bIBAIOT T'PAHU-
1y npumennmoctu VC-orenok. [Ipu Menbinux ¢ BepxXHsist OIleHKa BEPOITHOCTU BBIPOXK 1A~
ercs — ctanoBuTcs OoJibiie 1. Corocras/ieHue mpaBoii u JIeBOii TOJIOBUH TAOJIUIT IIOKA3bIBA-
eT, ITO JOCTATOTHAS JI/INHA O0yIeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTU h U TOYHOCTH &,
HO ¢JIab0 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeoOyIeHus 7).

4. TlepBas cTpoKa TabJIUIBI COOTBETCTBYET CeMecTBY U3 ojiHOro ajropurma, h = 0.
[Ipu sTOM J0CTUTAETCS HAMTYUIIast BO3MOXKHas oreHKa. OJHAKO 9TOT c/Iydail He mHTepe-
CEeH C TOYKM 3PEHUSI CTATUCTUIECKOTO O0YIeHUs.

5. Yuér anpuopHoil MHMOPMAIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOUHSET
VC-onenku, HO, Cy/isl TI0 JIOKA3aTeIbCTBaM, He YCTPaHsieT HU OJJHOIO M3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

"B HaIIN JHE CTPEMJICHHE TIOJIYIaTh IPOCThIE ACHMIITOTHIECKHE (DOPMYJIBI SIBJISETCH CKOPEe IePerKIT-
KOM JIOKOMITBIOTEPHOM 3ITOXM, €M HACYITHON HEOOXOIMMOCTHIO. MHEHHE CIIOpHOE, IIO9TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001]|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 3.1. 3aBUCHMOCTD JIOCTATOYHON JAIUHBI 00ydenus £ oT éMKocT h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHAA COLIACHO OleHKe Qe < 7 = 537 - 5 exp(—e“f)
u3 Teopembr 3.1. DTo HamMeHee TOYHasl OIEHKA, WCIOIL3YIONAs AIMNPOKCHMAIIUIO
dbyukimu pocra (4.1) 1 anIPOKCUMAIMIO MUIIEPreOMeTPHYECKOro cCOMHOKHUTeNs (3.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=0.1]e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabauma 3.2. 3aBUCUMOCTH JOCTATOYHON JUIMHBI 00yUeHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q. < 1 = (C+- - +CMTY (¢,1). Dro Taxxe
onenka Teopembr 3.1, HO (DyHKIUS POCTA ¥ TUIIEPreOMETPUIECKII COMHOKUTENb BbI-

YUCJISIOTCS 110 TOYHBIM (hopMysiaM, O0€3 MPUMEHEHUs AlllIPOKCUMAITUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Ta6aura 3.3. 3aBUCHMOCTB JOCTATOTHOMN JJIUHBI 00y IeHUsT OT EMKOCTH h, TOUHOCTH &
1 HaJIEXKHOCTH 1), 110 JIETEPMUHUCTCKON OIeHKe Qe < 1) = (Cg + et C%)Cﬁ—k’ﬂ/cﬁ
n3 Teopembr 3.2, 6e3 TpUMEHEHHUH ANTPOKCAMAITNI.
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Sajiaua KJIACC | OOBEKTOB 1 T rs | A [Al; Ag]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

TaGauma 3.4. PaxTopbl 3aBLIIIEHHOCTH T1, T'o, T3 U OIEHKA A C JOBEPUTEIHLHBIM
unrepsajoM [Aq; Ag].

[Ipwaunsr 3aBbimennocTr VC-0IIEHOK BUIHBI U3 JT0Ka3aTeIbCTBa TeopeMbl 3.1, B KO-
TOPOM CJIeJTaHBI TPHU OIEHKH CBepXy, a npu BuiBoje Crencreus 3.1.2 — emé npe. Kaccn-
gyeckast VC-onenka (3.5) He 3aBUCUT OT KOHKPeTHOI BbIOOpKH X 1 MeTosna oOydeHus i,
CJIeJIOBATENIbHO, SBJISIETCS OIEHKOI Xy/Imero ciydas (worst case bound), KoTopslii, ckopee
BCEro, HUKOTJIa HE Peau3yeTcss Ha ITPaKTHKE.

IkcnepumMeHT 2: oueHkn PaKTOPOB 3aBbILLEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJIMIMBAETCsI OIEHKa, Ha KazkKJIOM 3HaKe <, ObLI IPOBEJEH SKcrepuMeHT [84] ¢ cemeii-
CTBOM JIOTHYIECKIX 3aKOHOMEPHOCTEI Ha IMecTH pealbHbIX 3aadax u3 pernosutopus UCL
B kaxoit 3aj1aue merogom MonTe-Kap/io Beraucisiiach OlEeHKa BEPOSTHOCTH I1epeody-
wennst Q.. [logeus eé Ha BYHKIIMIO THIEPreoMeTPHIECKOr0 PACIIPEIE/IEHHs], MOXKHO 110-
JAY9IAT afipexmuenoidl sokarvrond Koadduyuenm pasrnoobpasus (DJIKP) A, noxazpisaio-
I, KAKUM JIOJIZKHO ObIJIO ObI 66T 3HAYeHNe KodbduneHTa pasnoobpasms A4 (X), aro-
OBI OIIEHKA BEPOSITHOCTH IIepeodyIeHrs He ObLIa 3aBbIIEeHHOM. Pe3y/IbTars! mpecTaBIeHbl
B Tabmure 3.4. IlockoJIbKY JIornuecKne 3aKOHOMEPHOCTH CTPOSATCST OTIEIBLHO 10 KJIACCAM,
KaxKJIOl 3aJ1ade COOTBETCTBYET JiBe CTPOKU Tabsmilbl (1o uucity Kiaccos). Omyckas Tex-
HUYeCKue JIeTad 3TOr0 SKCIIEPUMEHTA, IPUBEJEM JIUIIb €I'0 PE3YIbTaThI.

Hapsiny ¢ 9JIKP onenuBamuces takxke garmopvr 3asviuennocmu — Kodbduimen-
TBI T1, Ty, T'3, KAXKJBIH M3 KOTOPBIX ABJISIETCA IMIUPUIECKON OIEHKON OTHOIIEHUS JIBYX
BBIPaYKEHUM, CTOSAIIMX CIIpaBa M CJIeBa OT OJHOIO U3 3HAKOB < B IIEIOYKE HEPABEHCTB.
[IpousBenerune (hakTOPOB 3aBBINIEHHOCTH JAET OOILYIO 3aBBIIIeHHOCTh VC-OIeHKM:

Qs'rl 'Tz'ngAA(L)‘%e_EZQ-

PakTOp | OlEHUBAET 3aBbIINEHHOCTL HepaBeHCTBa (3.1), CBA3AHHOTO € MIPUHITUIIOM
PaABHOMEPHON CXOMMOCTH. DTa 3aBBINIEHHOCTh UMEET JIBe cOocTaB/sifonme — 3HdeKT J1o-
Kaausanu 1 3HEAEKT PaccIoeHns ceMeliCTBa aJropuTMOB.



= 36 =

dPderm A0kaAU3GUUY COCTOUT B TOM, ITO HEKOTOPBIE aJITOPUTMbI n3 A MOT'YT HE BbI-
JIaBaThCsl METOJIOM OOYYEHUsI (1 HU Ha OJHOM 13 00yJaromux MoJiBIOOPOK; B TAKOM CJIydae
KO3 PUIMEHT PasHOOOPa3ns OKarKeTcs 3aBblIIeHHbIM. BymecTo A citetoBasio 661 paccmar-
PUBATL MHOMKECTBO ajlrOpuTMoB Al = { pX: X X, |X|=4 }, UH/TYTIUPYEMBIX METOJIOM
o0ydeHus (i HA BCEBO3MOXKHBIX O0YUAIONMNX TOABBIOOPKaxX X (PUKCUPOBAHHOM JIJIUHBI £.

ddexm paccroerus, COCTOUT B TOM, ITO HA MHOYKECTBE aJIrOpuTMOB A BOSHHKAET Cy-
IIECTBEHHO HepaBHOMepHoe pacipesesenue Bepogrnoctu P(a) = PluX =a). Anropurmer
C MEHBINNM YHCJIOM OMUOOK Ha reHepasbHON BbIOOPKe n(a, X) BBIIAIOTCS CYIIECTBEHHO
qaie, B TO K€ BpeMsl, UX CyIIECTBEHHO MeHblle. DKcrnepumeHTsl [64, 63| mokasbiBaior,
YTO OCHOBHAsI MacCa aJIOPUTMOB, KaK MPABUJIO, COCPEJIOTOUYEHA B 00JIACTU HAMXY/IIIEH
qacToTh! omnbok v(a, X) ~ 0.5.

PakTOp 77 OIEHNBAET 3ABBIIIEHHOCTH Hepasencmea Byas (3.3). Ona ocobeHHO BeJIH-
Ka, KOIJIa CPEIM BEKTOPOB OIMIMOOK MMEETCH MHOIO IMOXOKHUX. 3aMETHUM, YTO HEPABEHCTBO

Pmax[5(a, X) > £] <) _P[§(a, X) > ¢
“ a

obpalaeTcss B PABEHCTBO TOJILKO Korya coboitust [d(a, X) > €| necoBmecribl. Ecin BekTo-
PHBI OIHUOOK aJTOPUTMOB @, @' CXOXKHU, TO COOTBETCTBYIOIIIE UM COOBITUSI OYIyT CyIIEeCTBEH-
HO coBMecTHbIMU. Ha mpakTuke 9acTo MPUMEHSIOTCH C8A3HbIE CEMEUCMEa AJTOPUTMOB,
B KOTOPBIX JIJIsl KayKJOr0 aaropurma a € A Haiijyrcsa jpyrue aaroput™ol a’ € A takue,
YTO BEKTOPHI OMMUOOK @ U @' OTIMIAIOTCA TOJBKO Ha OJHOM oObekTe [78]|. CBssmHble ce-
MeCTBa TOPOXK/IAIOTCS, B TaCTHOCTH, METOIAMU KJIACCH(DUKAIINN ¢ HEIPEPBIBHON 110 TIa-
paMeTpaM pasJesIdioneil MoBepXHOCThI0. K HUM OTHOCATCS JTMHETHbIe KIacCU(PUKATODHI,
MAIIUHBI OMOPHBIX BEKTOPOB C HEMPEPBHIBHLIMU s/IpAMU, HEHPOHHBIE CETH C HEITPEPLIBHbI-
MU (DYHKIUSIMU aKTUBAIUU, PEIIAIONINE JIEPEBbs C IMOPOTOBBIMU YCJIOBUSIMU BETBJICHUS,
u MHorue jpyrue. Takum oO6pa3oM, HepaBeHCTBO Dyiid cuiibHee BCero 3aBLIINEHO KAK pa3
B HamboJiee MHTEPECHBIX C MPAKTUIECKON TOUKH 3PEHUST CJTyUIasiX.

DakKTOp 73 OINEHWBAET COBOKYIHYIO 3aBBINIEHHOCTH, BOZHUKAIOIILYIO B De3yJbTaTe
MAaKCUMUZAIUN (PYHKIIUUA THIIEPIreOMETPUIECKOTO PACIIPE/IE/IEHUS 110 1M U UCIOJIH30BAHUS
armpokcumaruit. Kax sugao w3z Tadsuisr 3.4, on HauMeHee 3HATIM.

DkcnepuMenTanbable sHadennsa DJIKP mveror nopsagox 100 ... 102, Torma kak dbyHk-
s pocTa HaxomuTea B npegenax 10° ... 10, to ects VC-onenkn 3aBLITIEHBI Ha HECKOIb-
KO TIopsiIKOB. Boitee Toro, onenka D.JIKP npakrudeckn HUKOI1a He TPEBBIIAET JJINHY BbI-
6opku. Ecm Obl MBI 3aX0Te/ N ONPEIEIUTh MOHATHE IPPexmucHoti L0KAALHOT EMKOCAU,
TO OHA HE IPEBBIIIAIa Obl eJIMHUIILI, TO €CTh ObLIa Obl BbIpOKieHA. OTCI0/Ia BOSHUKAIOT

COMHEHUS B COCTOATEAbHOCTH W MOJIE3HOCTH IOHSITUA EMKOCTH JJI4d OIICHOK Hep606yquI/IH.

B meToae CTPYKTYpHO MUHMMMU3AUUW PUCKA 3aBBINIEHHOCTH ONEeHOK (3.2) u (3.8)
IPHUBOJUT K BLIOOPY IOJCEMENHCTBA 3aHUKEHHOI EMKOCTH, TO €CTh K II€PEYIPOIICHIIO aJl-
FOPUTMOB, UTO TIOJTBEPIKIATCs U B 9KCIIEPUMEHTaX Ha MOJIeIbHbBIX JaHHbIX [58]. Pacipo-
CTpaHéHHON omMOKO# B mHTEepIpeTanun pe3yabraTos VC-Teopun saBiIsieTcs BHIBOJL O HE00-
XOJIMMOCTH OI'PDAHIMYUBATH CJIOYKHOCTD CEMeNCTBa aaropuTMOB. Takoit BLIBOJI ObLIT ObI cIIpa-

BeuB, ecan 06l VO-OIeHKN OBLIN JIOCTATOYHO TOYHBIMHU. IIpumep amropurma 6ycmum-
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ea [52| mokaszpiBaeT, ITO OOOOIIAOINIAS CIOCOOHOCTD MOYKET YIIydIIaThCs JIayKe IPU IPAK-

TUYIECKN HEOI'PaHUYICHHOM POCTE CJIOZKHOCTU ceMericTBa.

O ckonb3siwem koHTpone. [lpu npaxkTudeckoM MPUMEHEHUN CTPYKTYPHOW MUHUMU3a-
I[[U PUCKA BMECTO 3aBBIIIEHHOI TeOpeTHIeCcKOoil oreHKN (3.8) 9acTo PeKOMEH IYIOT TIPUMe-
HATH OICHKY CKOJIL34AIIEer0 KOHTPOJIA Ey(a, X ). OHaKko Takas 3aMeHa CTABUT M0 COMHE-
HHE IIEHHOCTb TEOPETUUYECKUX PE3YJIbTATOB, IIOCKOJIbKY CKOJIB3AIINI KOHTPOJIb HE OlUpa-
ercs Ha VC-teoputo. C MpakTUIECKON TOUKN 3pEHUs CKOIB3SIIIII KOHTPOJIb UMEET PSiJI Cy-
IIECTBEHHBIX HEJIOCTATKOB. BO-TIePBBIX, 3TO pecypcoéMKas Mpolie/rypa. Bo-BTOpbIX, oreH-
K& CKOJIb34IEro KOHTPOJIS NUMeeT OOJIBIYIO JUCTIEPCHIO, YTO MOXKET MPUBOJIUTH K OIINO-
KaM IIpU BBIOOPE ONTUMAJIBHOI CJIOZKHOCTH TIojiceMeiicTBa h. B-TpeTbux, CKOIb34MIuil KOH-
TPOJIb YA00EH JIJIsl SMIIMPUIECKOTO OICHUBAHMS Kav1eCTBa METO/a OOy UIeHUs, HO He y100eH
JIJIS KOHCTPYUPOBAHUSA HOBBIX MeTOJI0B. [lo aTuM mpumunnam 3ajiada MMoJrydeHnsi TOTHBIX

TEOPETUICCKUX OIEHOK HE TepsAeT aKTyaJIbHOCTH.

Korpa oueHka paBHOMepHOI CXxogMMOCTU He 3aBbiweHa. Crenyromas TeopemMa mo-
Ka3bIBAET, YTO B HEKOTOPBIX CJIydasgx HepaBeHCTBO (3.1) obpaiaercs B paBeHCTBO.

Teopema 3.4. Ilyctp mMeTos] |1 MHHUMH3HPYET SMIHPHUICCKHIH DUCK H BCE AJIOPUTMBI

a € A umeroT oJIMHAKOBOE YHCJI0 OHIHOOK Ha reHepaJjibHoil Bbioopke m = n(a, X). Tormga
BepxHsist orfeHKa (3.1) obpairaercst B paBeHCTBO: Q. = (..

HokazareabcTBo. MunnMusaiysi sMaupudeckoro pucka v(a, X) mnpu (bUKCHPOBAH-
HOM 171 SKBUBaJIEHTHA MaKCUMU3AINH [1€pe00YIEHHOCTH, TTOCKOIbKY
m — lv(a, X) m L

’ —v(a,X)=—— —v(a, X).

da,X) = P .

Eciu ke MHOKecTBO A pacciianBaercs 110 ypoBHsIM omubok, 1o (3.1) mMoxker oka-
3aThCd KaK TOYHOM, TaK MW CUJILHO 3aBBIIICHHON BEepXHEIl OIEHKOM, UTO OyJeT IMOKa3aHO
B JlaJIbHeleM Ha mpuMepax. B obmem ciiydae TpeOOBaHMEe PABHOMEPHOM CXOJMMOCTHU

SBJIIETCS M30BITOYHO CHJIBHBIM W JIAET JIUIIH JIOCTATOYHOE YCIIOBHE 00yIaeMOCTH.

Pe3iome

VC-Teopust ocHoBaHa Ha NPUHITUIIE PABHOMEPHON cxogumocTu. OHa MO3BOJISET OIle-
HUBATb BEPOSITHOCTH IepeodyvueHns cBepxy (DYHKIUEH OT JJIMHBI BBIOOPKU U CJIOXKHOCTHU
ceMeiicTBa aJropuTMoB. Mepoii CJIOKHOCTH SIBJIsieTCsl KO pUImeHT pa3noodpa3usi, orpe-
JIeJIIEMbIl KaK YMCJIO ITONMAPHO PA3JIMIHBIX OMHAPHBIX BEKTOPOB OIMOOK, WHTYITHPYEMbIX
BCEBO3MOKHBIMI aJITOPUTMAMU CeMeNCTBa Ha 3aJaHHON BBIOOPKE.

KoncrpykTuabiM Bbixo10M VC-TeOprn sABISETCS TPUHIAIT MUHUMUA3AIUN OMITPadO-
BAHHOI'O SMITMPUIECKOTO PUCKa U METOJ, CTPYKTYPHONH MUHHMHU3AIUN pucka. BeseacTBue
3aBbIINIEHHOCTU OIEHOK MX HEIIOCPEJICTBECHHOE IIpUMEHCHHNE MOZKET IIPUBOJUTL K HEOIITU-
MaJIbHOMY BbI60py CJIMITKOM ITPOCTBIX aJITOPHUTMOB.

OcHoBHOIT prawHOiT 3aBbieHHOCTH VC-0TIeHOK siBJIsieTcsT TTpeHeOperkenne 3¢ dek-
TaMU PACCJIOEHUSI W CBA3HOCTU, KOTOPBIMH Ha IPaKTHKe 00Ja/al0T MHOI'HE ceMeiicTBa
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agropuTMoB. VC-OIEHKH 3aBUCAT TOJBKO OT pa3Mepa MaTPHIbI OMMOOK U IOJTHOCTHIO
UTHOPUPYIOT €€ cojiepxkuMoe. B jabueiinieM Mbl 3aiiMEMCcT KOMOMHATOPHBIMU OIEHKAMUI
mepeoOyIeHnsi, B KOTOPBIX 3Ta MH(MOPMAIUSI He TepsieTcs, Ojarogaps 9eMy OHM MOTYT
OBITH TOPa3/10 TOYHEee.

B cnepyrowein nekuynmn OyyT paccMOTPEHbI BEPXHHUE OINEHKHU (DYHKIUU POCTa U EMKO-
CTH Kak JJjIs OOIero cjaydas, TakK U JjIsi HEKOTOPBIX KOHKPETHBIX CEMECTB aJrOpUTMOB.
Kazayioch ObI, 370 HEKOTOpOE OTCTYILJIEHUE OT OCHOBHOM Ie/T Kypca — IOJIyYeHus TOY-
HBIX OIEHOK BEPOATHOCTU TiepeodydeHus. Tem He MeHee, orneHuBaHue (BYyHKIIUU POCTa, —
9TO KJIacCHYecKasi KOMOMHaTOpHAs 3a/1a4a, MoJe3Has JIJid IIOHUMaHuA BHYTPEHHeH CTPYyK-
TYPBI CEMENCTB aJITOPUTMOB.

Ynpa>xHeHus

Bamaga 3.1 (1). [Hokasars Teopemy 3.3, ucnosnb3ys dopmysny Crupimara.

Bamada 3.2 (2). Cmenenvio nexkoppexmmuocmu MeTofa o0ydeHns (i Ha BBIOOpKe X Ha-
3bIBa€TCA MaKCUMaJIbHad 9aCTOTa OH_H/I6OK Ha BCEBO3MOXKHBIX O6yanOH_[I/IX HOZ[‘BBI60pKaXI

o(p,X) = mz[n]cz v(puX, X). Jokazarh, 910 JJIs1 JIOOBIX [t, X € OPPAHUYEHHOIl HEKOPPEKT-
Xe[X
HocThiO 0 (1, X) < o u Joboro € € [0, 1] cupaseuBa ornerka, obobmaroras (3.2) u (3.6):

Q. < AYX) max He™(sm(e,0)), (3.9)
meM (e,0)
rae M(e,0) = {m: ek <m <k+ol}, s,(e,0) =min{s,(e),ol}.
[Toctponrs rpadukn 3aBucUMOCTH OTHOIIEHNsT OneHKE (3.2) K orenke (3.9) or cre-
[eHN! HEKOPPEKTHOCTH 0.

Bamaua 3.3 (2). Curemys [44], noka3aTh, YTO €CIM MHOKECTBO BEKTOPOB OIMIOOK A Kia-
CTEPU3YeTCsl [0 PACCTOSHII0 XOMMUHTA Ha S(7) KJIacTepoB pajuyca r KazKJblii, TO

P[6,(X)>e+1] <S(r)- max H;™ (sm(c)).

m=1,...,L
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4 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokasbisaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2", 6o pacTéT MOMMHOMMAIBHO MO L, IPHYEM HPOMEKYTOUHBIX BApUAHTOB
He cyIiecTByer. B mosimHOMuaIbHOM CJIydae BEPOSTHOCTD IEPEOdyIeHUs] CTPEMUTCS K HY-
Jiio ipu L. — 00, cJieJoBaTe/IbHO, 00yUeHne acUMITOTHIECKH COCTOATEIbHO. Pazdbepém
9TOT (PyHJIAMEHTAJIBHBIN pe3yIbTaT 60jee moIpooHo.

§4.1 Cgsi3b éMKOCTU C pyHKLUMeh pocTa

Jlemma 4.1. Qyukius O} = C + CL + -+ + C}, oupegenéunas npu ueisix h u L,
rakix, 410 0 < h < L, 0JIHO3HAYTHO 38/1a6TCSI PEKYPPEHTHBIMH COOTHOIEHUSIMI

Y =1, db=2l o=t oM 0<h<L

JlokazaTebeTBO cllelyeT U3 TOoro, uTo GunoMmuaibibie Kosddunuentor CF onpejie-
JISIOTCSl aHAJIOTMIHBIM PEKYPPEHTHBIM cooTHomenuem Ch = Ch | + CZ:% U OTJINYATCS
TOJILKO TpaHutHbIM yesiosreMm CF = 1.

Jlemma 4.2 (Banuuk, Yepsonenkuc [7]). Eciu gis mo6oit nogspibopkn X1 nz X
poimomsercs A (XML < 2ht o AA(X) < OF.

JokazaTeabcTBO. /loKazaTe/bcTBO MPOBEIEM HHIYKIIEH 110 A.

[Ipu h = 0 u3 Toro, uro A (z;) < 2 nist Beex x; € X Boirekaer AN (XE) =1 = 09
cJeI0BaTeIbHO, YTBEPIK/IeHNe JIEMMBI ClipaBe/IiInBO. [Ipenmonaras, 9To OHO cripaBeJINBO
st h — 1, mokazkeM, 4TO OHO CIIPaBEJIMBO TaK:Ke U i h mpu Bcex L, 60JbIux h.

st sToro mpu (bUKCUPOBAHHOM h ITPUMEHUM UHLYKITHIO 110 L.

Ilpu L = h+ 1 nmeenm A4 (XPH1) < 2041 — 1 = @) || sHaunT yrBepi/ienue jeMMbl
BbITOHEHO. JlomycTnM Tereph, 1To oHo BemomHsercs jaasa A4 (X). Pacemorpum BHIGOPKY
X' = XU {zrs1} n onenum ceepxy A4(X').

Bynem rosoputh, uro ajroput™ a Ha 3ajannoil BeiOopke U undyuupyem nodswi-
bopry U', eciu U' = {x € U: a(x) = 1}. PaccMoTpuM MHOMKECTBO BCEX IOJBBIOOPOK,
UHJIyIIIPYEMBIX Ha X BCceMu ajiropurmMamu cemeiictea A. Bygem pasiumdars moaBbI00pKT
JIBYX THUIIOB:

1) Takue nmogsbibopku X" u3 X, uro ajropurmer cemeiictea A unayrupyor Ha X'
kak X", rak u (X", 2141);

2) Bce ocTaJIbHBIE TIOIBBIOOPKH.

O6o3HaYNM YMCJIO TOABBIOOPOK IepBoro Tumna K, a Broporo tuma Ky. Torma

AYX) = K, + K,
ANX) = 2K, + K,

crenosarevio, A4 (X') = A4(X) + K.
PaccmorpunM OIMHOKECTBO aropuTMoB A’ HHIyIUPYOMUX Ha X TOJBKO MOJBBI-
6opku mepsoro tuna. Torma K = A4 (X).
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NnmeeTcs J1Be BO3MOXKHOCTH.

1. Jomyerum, naiinéres noaseibopka X" C X raxag, uro A4 (X") = 2" Do ozma-
YaeT, 9TO aJropuTMBI MHOXKecTBa A’ mmpymmpytor ma X" a smaumt m ma (X" xp.),
Bee BozMoxkHble noaBbiGopkn X” C X", Tlo onpenenenuto muoxkectsa A’ na (X" xp,1)
WHJIyIIUPYIOTCs TakKe Bee moaBbioopku Buja (X" xp.1). CremoBareabHo

AAI(Xh,$L+1) _ 2h + 2h — 2h+1‘

Ho torma A4(X", zp,1) = 2" 910 NPOTUBOPEYNT YCIOBUIO JIEMMBL.
2. Homycrum terepnb, aro A4 (X ") < 2 na moboit oebiGopku X C X. Tlo npe-
nooyKeHuto Wy KIn otcioza ciaenyer A4 (X) < @41 Takum o6pasom

AYNX') = AYX) + AT(X) < O + 0 = 0,

VTBep:K ieHre WHIYKINN jJoKa3zano jyig L + 1. ]

h
Jlemma 4.3. Crpasenmpa onerka ®% < 1547 0< h < L.

h!

,ZLOK&S&TGJH)CTBO ABJIAETCA HECJIO2ZKHBIM TEXHUYIECCKUM YIIDazKHEHUEM [7]

HanomuuMm onpejiesienue: émMKocmb MHOMKECTBA aJrOPUTMOB A — 3TO Taxoe Iie/oe
quciao h, aro A4(h) = 2" u AY(h +1) < 2", Ecim raxoro wmena h He cymecTsyer,
TO TOBODAT, UTO A UMeeT Geckoneunyro EmMkocmo.

Teopema 4.4 (Banuuk, YepBonenkuc [7]). Ecun cemerictBo A nmeer KoHedIHyIo éM-
kocth h, o pr L > h ¢pynxmus pocra A (L) sapuent or L momHOMAATHHO:
A h L

AZ(L) < 97 < 1.5ﬁ. (4.1)
Hoxkazatenbctso. Ilycts L < h. Torya us yenosus A4(h) = 2" soitexaer, 4ro cy-
[IECTBYeT BBIOOPKA JIMHBI [, Ha KOTOPOI aJrOpuTMbl ceMeiicTBa A WHIYIUDPYIOT BCe
BO3MOZKHBIE TIOBLIGOpKH. SHaaut A4(L) = 2L,

[Iycte L > h. Bo3bMéM mpon3BoJibHYIO BBIOOPKY X. [l HeE BBIMOJHEHO YCI0BUE
sevmbr 4.2, Tak kak A4(h + 1) < 2" Crenosarensno A4(X) < O u B cuty npous-
BosibHOCTH BBIGOpK A4 (L) < OF .

Teopema j10ka3aHa. [

§4.2 @yHKUNS pPOCTa MHOXXECTBA KOHbLIOHKLWA

na ciydas, Korma 00beKTBl OMHUCBIBAIOTCA JUCKPeTHBIMI TpusHakamu f;: X — D,
|D;| < 00, orernM (GYHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKII pamra e Bbire [ :

A={a(@) = Alfi2) = ]

jed

JC{l,....n}, |J| <K, djepj}.
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Eciu J — npousBo/ibHOE HOIMHOXKECTBO HHIEKCOB u3 {1,...,n}, TO IHCI0 KOHBIOHKIINIT
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TIpU3HAaKaM u3 .J, eCThb

()= > T[IDjl-

J'CJ jed’
|J'|=k

_ _ ok gk
Ecmu muoxecrsa Dj papuomomnst, |D;| = d, ro Hy(J) = C[jd”. B obmem ciyuae sesu-
anaa Hy(.J) J1erko BbIYUCIISAETCS [0 PEKYPPEHTHBIM COOTHOIIEHHSIM:

HO(J):l;
Hy(J) =0, k>|J|;
Hy(JU{j}) = He(J) + D] Hea (D), k<|J], j=1,....n.

DyHKINUS pOCTa OINEHUBAECTCS CBEPXY YUCJIOM KOHBIOHKIUN paHra He BbIIEe [, KOTOphIe

MO2KHO IIOCTPOMTD IIO BCEM T IIPpU3HaAKaM:

ANL) <) HL ... n}.

k=1

§4.3 EmMkocTb cemeiicTBa JSIMHENHbIX KiaccudrKaTopos

[Iycrs X =R™ Y ={0,1}, A — cemeiicTBO JIMHEHHBIX KIaCCHPUKATOPOB:
A= {a@) = [(w,2) > 0] | w e R"),

rie (w,r) — CKaJagpHOe TPOU3BeIeHNe BEKTOPOB w U . KazK/Iblil aaropuT™ 3Toro cemeii-
CTBa 33/1a6TCA BeKTOpoM w u3 R”.

Teopema 4.5. EmMKocTh cemeiicTBa JTHHEHHBIX KIaCCH(pUKATOPOB A paBHA pa3sMepHOCTH
IIPOCTPAHCTBA M.

Unest 1oKa3aTeibcTBa 3aKII0YAETCA B TOM, YTO B IIPOCTPAHCTBE PA3MEPHOCTH 1 He-
pe3 MPOU3BOJILHBIE N TOYEK MOYKHO IIPOBECTH PA3JIEJISIONIYI0 TUIEPILIOCKOCTD, a Yepes
HEKOTOpBIe N + 1 — yiKe Helab3s.

JokazaresbcTBo. [lokaxem coadana, aro A’ (n) = 2". Cornacno onpeenennio byHK-
IIMA POCTA 9TO PABHOCHIBLHO CJIEIYIOIIEMY BBICKA3BIBAHUIO:

X" Y(z,...,2,) €YY Ja€e A Vi=1,...,n a(z;) = 2.

Bosbmém n BekropoB X™ = {x1,...,x,} u3 X Takux, 9410 y i-0ro BEKTOPA i-as KOMIIOHEH-
Ta paBHa 1, a ocrasbable paBubl 0. Pacemorpum anropurm a € A, 3aj1aBaeMblii BEKTOPOM
ko3 durmenTo w = (wy, ..., w,). Kakum 661 #Hu ObLT GUHADHBIT BEKTOD (21, ..., 25),
JIErKO 107106paTh Koa(hdUIueHTs w; Tak, 4Tobbl BHIIONHAIOCH a(x;) = [w; = 0] = z;.
Takum 06pazoM, Mbl yKazaan 2" aaropuTMOB, Pa3IMIHBIM 0OPA30M JIEIANIX BBIOOPKY
X" Ha IBa KJacca.
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Tenepnb nokazkem, ato A% (n + 1) < 2" 910 paBHOCHIBLHO BHICKA3BIBAHHIO
VX" 3z, zng) €Y Vo€ A Fi=1,....n+1 a(z) # 2.
BosbMEM MPOU3BOJILHBIE 1 4 1 BEKTOPOB Z1, . . . , Tpy1 13 X . YHCI0 BEKTOPOB NPEBLINIAECT

UX Pa3MEePHOCTDb, MMOITOMY CPEeJIU HUX HAWJIETCHd XOTs Obl OJIUH, SBJISIONIUICH JTHHEIHON
KOMOMHAIIIEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOMIHOCTH, YTO 9TO Ly i1:

Tpy1 = 01z + -+ + bpy, (4.2)
rae by, ...,b, — geificTBUTEIbHbIE UNCIIA.

[Tomoxkum z; = [b; = 0] st Beex i = 1,...,nu 2,11 = 0. PaccMorpuM ipon3Bo/bHbI
airoput™ a € A ¢ kosbdunmentamu w = (wy, ..., w,). Homycrum, aro a(z;) = z; 1js
Beex © = 1,...,n+ 1. ¥YMuoxuM 06e qactu pasencrsa (4.2) cKaIapHO Ha w:

(W, Tpg1) = by (w, x1) + -+ + by (W, ) .

JleBast 9aCcTh 3TOrO0 PABEHCTBA CTPOIO MEHbIIIE HYJIsl, TTIOCKOJIBKY
[(w,Zny1) = 0] = a(Tny1) = 2p11 = 0.

B 10 ke Bpems, KazKJioe cjaraeMoe B IIPaBoif 4acTh paBeHCTBa HEOTPUIIATEIBHO, TaK Kak
(w,z;) 20| =a(z;)) =2z =[b;=>0], i=1,...,n.

Taxkum obpazoMm, cjelaHHOe JIONYIIEHUEe MPUBOJUT K NpOTHBOpednio. Kakoii Obl
mn 6bL1a BEIGOpKa X" amropurMbl n3 A me peammusyior Becex 2"l cmoco6os momenuTh
e€ Ha 2 KJiacca.

Teopema j0kazaHa. [

8§4.4 OpHonapameTpuyeckoe CeMeiicTBO GeCKOHe4HOI EMKOCTU

CymiecTBoBaHIE OIHOIIAPAMETPUIECKOIO CeMeicTBa aJrOPUTMOB KJIACCU(MUKAIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETEJILCTBYET O HETPUBUAIBLHOCTH ITOHSATUS EMKO-
CTH C O,ZLHOI7I CTOPOHBI, 1 O 6eCKOHe‘{HbIX BbIpa3UTEJ/IbHbIX CHOCO6HOCT§1X ,[LeﬁCTBHTe.HbHOFO
“nciia ¢ Apyroi [81].

Pacemorpum cemeiictso dynknuii a: R — {0, 1} ¢ oganm mapamerpom vy € R:

a(z;7) = [sin(yz) < 0].

Bo3bMéEM KOHKPETHYIO BEIGOPKY 00bekToB x; = 1074, i = 1,. .., /. KakoBa GBI HE OBI-
a eé nymHa £, 11 moboro BeKTopa OTBeToB (Y;)f_, MOYKHO Tax mojobpaTh mapamerp 7,
910061 a(z;;7y) = y;. JelicTBurebHO, BO3BMEM ¥ = T + T Z§:1 y;107. Torpa

a(x;;y) = [sin(7my; + 710" + 7 y1077) < 0| = [sin o I,y
A T [sinyg > 0], v; =1

g

Yo

U3 onpe/iesenns BeJIMIuHB Yy caeayet, aro m107¢ < vy < 0.37, mosToMy 3HAUCHIE
sin 7y MOJIOKNUTETBHO, U TTpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbiit mpumep gBJIsieTCS UCKYCCTBEHHBIM. Fcym s mpejicraBiienns quc-
JIa 7y UCIOJIH30BaTh KOHEYHOE YUCI0 OUT, EMKOCTD y2Ke He Oy/eT OeCKOHEUTHOM.
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§4.5 [pyrve oueHkn émMmkocTwu

Oterkn éMKOCTH OBLIN TOJTyYeHbl JJisi HelpoHHBIX ceteil (38, 37, 57, 69|, pernato-
mux JiepeBbes [20], KOPPEKTHBIX TTOJMHOMOB HaJl aJIFOPUTMAMU BbIUUCIEHUs OIeHOK [31],
KOMUTETHBIX PEIAoNux npasui [68], u apyrux cemeicrs.

Emxocts ceMeNCTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bcell oOydalomieil BHIOOPKH,
KakK TpaBuio, 6eCKOHeYHa (HAIPUMED, Y aJropuTMa OJIHKARIIIX coce/iei). EMKkocTh ce-
MeHCTB, TapaHTUPYIONUX KOPPEKTHOCTh (OTCyTeTBHE OMUbOOK) Ha 00yJaroleil BhIOOpKe,
TaK:Ke, KaK IMPaBUjIo, OecKoHeYHa. XOTs, eCTh U UCK/IodeHus: B padborax B. JI. MaTpocosa
CTPOSITCST KOMITO3UIINN AJTOPUTMOB BBIYUCICHUsT OIEHOK, MMEOIe KOHEUHYI0 EMKOCTD
U OJIHOBPEMEHHO rapaHTHpylomne KoppektHocts [30, 31, 32, 33|.

Pe3iome

Emkocts mmn pasmeprocTs Barmnka- UepBOHEHKICA — 9TO KJIACCHIECKas XapaKTe-
PHUCTHUKA, CJIOXKHOCTH CEMEHCTB aJaropuT™MoB. J[jis IMHEHHBIX ceMeficTB OHA paBHA pa3Mep-
HOCTH ITPOCTPAHCTBA apaMeTpoB. st Apyrux ceMeiicTB EMKOCTH MOYKET HETPUBUAIHLHBIM
00pa3oM 3aBUCETH OT YHC/Ia mapaMeTpos. CyIecTBYIOT TPUMEPHI, KOT/IA IapaMeTPOB MHO-
ro, a EMKOCTb PaBHa €JINHUIE, U, HA00OPOT, KOT/a TapaMeTp OJ/INH, & EMKOCTh ODECKOHEYTHA.

JI10ObIe OTeHKN TIepeodydYeHus, BhIparKalonuecs depe3 KoM UImenT paznooopasus
nn EMKOCTh, OCHOBAHBI Ha MPUHITUIIE PABHOMEPHOI CXOJMMOCTH U HepaBeHCTBe Byiisd,
U MOTOMY CHJILHO 3aBbIIIEHBI. B Jiekiun 6 MbI TOKaXKeM, 9TO OHU CUJIBHO 3aBBIIIEHDI
JlaKe B caMOM OJIArOIPUSTHOM CJIydae, KOrja 6MKOCTh ceMeiicTBa paBHA €JIUHUIIE.

B cnepytouweii nekumu mbr paccMoTpuM 0a30BYIO TEXHUKY JIJIsl [TOJIYICHUS TOTHBIX
OTICHOK BEPOSATHOCTH IepeodyIeHM.
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5 Tlopoxaatouime v 3anpeuiatolime MHOXXeCTBa

Ipuryun noposicdarowux u sanpewarougus mmuoocecms (II3M) mossossier mosrydars
TOYHBIE (HE 3aBBbIIIEHHbIEC, He ACHMIITOTHYECKUE) OlleHKN obobiaroreii criocobnocru [87].
On ocHOBaH Ha IIPEJIIOJIOKEHIH, YTO JJIs KaxKJIOr0 aJI'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JINMBIE U JIOCTaTOYHBIE YCJIOBHUS TOI'O, UTO OH ABJISETC pe3yabTaroM oOydenus. BEcemnm xe

y,ZLaéTCH BbBIIINCATDh JIMIIb HeO6XO,Z[I/IMbI€ ycjoBud, TO IIOJIYHalOTCAd BEPXHUE OICHKMU.

§5.1 Tllpocrtasa runortesa N3M

I'unoresza 5.1. Ilycrs mHOKECTBO A, BBIOOpKA X H METOJ [i TAKOBBI, 9TO JIJISI KaXKJ[0-
ro aaropurma a € A MOXKHO yKa3aTb Iapy HellepeceKarommxcst 1mojaMHox)ects X, C X
n X! C X, yJIoBIeTBOPSIOILYIO YCIOBHIO

[nX=a] = [X, C X][X, C X], VXe[X" (5.1)

Muoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X — 3anpewyarousum
JUig ajiroputMa a. ['mmore3a 5.1 o3Hadaer, 9TO METOJI [ BLIOMPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOTJIa, KOT/Ia B 00y4varolieil BbIoopKe X HAXOIATCA BCE MOPOZKIAIONIE 00 bEKThHI
U HU OJIHOI'O 3aITPEIaioniero:

uX =a: XaH X! I ‘

X X
Bee ocrasmbabie 00bekThl X\ X, \ X! Oyiem Ha3bBATH HeUMPAALHOIMU JIJIS AITOPUTMA A.
Hanmane mim orcyrcrBue HeHTPaIbHBIX OOBEKTOB B 00ydarolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyIyT npuBeeHbI IPUMEPHI CEMENCTB, /11 KOTOPBIX I'H-

nore3a 5.1 BBIIOJIHAETC.

Jlemma 5.1. /s 0605t Beroopku X CIIPABEIIHBO TOXKECTBO
> [pX=a] =1. (5.2)
acA

JlokazaTebCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOr0, 9TO JJId 1000l BRIOOpKH X Me-
TOJI, /4 BBIOUPAET OJIMH U TOJBKO OJIMH aaroputM. ToxKmectBo (5.2) MOXKET UCIOIB30BaAThCS
JIUIsE TIPOBEPKU TOTO, UTO YCJIOBHsI B 1paBoii wactu (5.1) chopmymupoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Uncjao HEHTPaJbHBIX OO0BHEKTOB,
uepes {, — 9UCI0 HeWTPaIbHBIX 00BEKTOB, MOMAIAIONINX B 00YIaIONLyI0 BRIOODKY:

Lo =L~ |Xa| = [X,];
lo =0 —|X,].

Jlemma 5.2. FEcn rumnoresa 5.1 cripaBejinBa, TO BePOSITHOCTD HOJIYIHTh B PE3yJbTaTe
00y YdeHusT ajrOpuTM  paBHA,

P, =P[uX=a] = L=, (5.3)
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HoxkazareabcTBo. Coracuo rumnorese 5.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh J10/18 pa3bueHnii renepasbHOi BeIGOpKN X = X LU X Takux, 4TO MHOMKECTBO
00bekTOB X, MEJINKOM JICKUT B X, & MHOYKECTBO OOBLEKTOB X IEIUKOM JIE?KAT B X.
Yucno Takux paszbueHuit paBHO YHUCTY CIIOCOOOB oToOparh f, 3 L, HEATPaJbHBIX 00b-
eKTOB B 00y4Jarolyio moBei0opky X \ X,, KOTOpoe, 0YeBUIHO, PABHO C’ﬁ‘z . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHUEe KaK pa3 U ecTb . ]

BepositHocTh iepeobyuenust (). BbipazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTS KaXKJI0ro ajaroputma a n3 A m3BecTHa BEPOSTHOCTH P, MOJyYUTb €ro B pe3yJibTrare
o0yUeHus 1 yCJIOBHasS BEPOATHOCTH OOJIBIIIOIO OTKJIOHEHUS YaCTOT P(<5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIyUICH AJITOPUTM @

Q-=> P.P(5(a,X)>¢]a).
acA
YcemoBHast BEpOSITHOCTD Jtaércess Teopemoit 2.4, ecim y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpusast
L, HefTpaJbHbIX OObEKTOB U BCEBO3MOXKHBIE UX pas3buenus Ha f, odydatommx u L, — l,

KOHTPOJIbHBIX, ITOJIyYUM:
P(6(a,X) =€ | a) = H»™ (s4(2)),

rJIe M, — IACJI0 OMMOOK AJTOPUTMA a Ha HEHTPaJbHBIX 00BEKTaX; S,(¢) — HambosibInee
YHCJI0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obbekrax X \ X,, Iprn KoTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHNE 9acToT ommboK, d(a, X) > e:

mg = n(a, X\ X\ X));
sa(e) = £(n(a,X) — ek) — n(a, X,).

[Toka 3T0 OBLIIO He JTI0KA3aTEIbCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPloK ¢ ycaoB-
HOI BEPOATHOCTHIO MOXKET IMOKa3aThCsA HE BIIOJTHE OYCBUIHBIM. HI/I}KQ npejacTaB/JICH CTPO-

it KOMOMHATOPHBIN BBIBOJI TOYHON OIEHKH ().

Teopema 5.3. FEcim runoresa 5.1 crpaBeainBa, TO BEPOSITHOCTh MePeoOyIeHUsT BHITHC-
JISIeTCsT 110 ¢(bopMyJie

Qu(1X) = 3 PHE™ (s,(6)). (5.4)
acA
HoxkaszareabcTrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cymMMupoBa-
Hust 10 X eIné JBa BCIOMOTATE/IbHBIX CYMMUPOBAHUS: MIEPBBI — I10 BCEM aJINOPUTMaM @
u3 A npu ycsoBun uX = a, BTOPOil — 0 BCeM 3HAYEHUSM S UUC/Ia OMMOOK aJITOPUTMa
Ha noaseibopke X \ X,. OueBujino, 3Hadenue (). OT 3TONO HE U3MEHUTCH:

La

Q- =P[u(X) > ] =P [uX=a] ) _[n(a, X\X.) = 5] [§(a, X) > ]. (5:5)

a€A s=0



— 46 —

Yucsro ommboK asroputMma a Ha obydaromieir moaseibopke X pasHOo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIEJI0BATE/IBHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)| = [s < sa(e)].

IMoncrasum nosydentoe soipazkenne B (5.5), 3atem samennm [puX = a] upasoit wa-
crbio paBeHcTBa (5.1) U mepecTaBUM 3HAKH CyMMHUPOBaHUsI (OUeBHUIHO, P TakKe MOXKHO
paccMaTrpuBaTh Kak CyMMHDOBAHHE):

= Z P[X, € X][X] C X][n(a, X\X,) = 5] [s < sa()]. (5.6)
N(

acA s=0
a)

Boienennoe B mannoit dhopmysie Boipazkenne N(a) ecThb 10/ pa3bueHnil reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
, _
MHOKECTBO 0O6beKTOB X/ mesmkoM JiekuT B X, u B 0oABBIOOPKY X \ X, sumHbl £, momna-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX aJTOPUTM ¢ JOIYCKAET OIIHOKY.
JL1s HADJISITHOCTH TIPEJICTABUM BEKTOP OIIMOOK @ Pa3OUTBHIM Ha IECTh OJIOKOB:

— /Ji
6:(Xa;l,...,1;0,...,0;X(;71,. ,1;0,...,0)
X\X, X\X,
X X

Yucno ommboK asropur™Ma a Ha O0beKTax, He nomajaommx Hu B X,, HE B X!
paBHo mg. Cymecrsyer C), — c1oco6oB BbIOpaTh U3 HUX S OOBEKTOB, KOTOPbIE IIOHAJLyT
B X\ X,. s KaxJI0ro u3 3TUX CrocoboB MMEeTCss POBHO C’f‘;‘;a c110c000B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJTOPUTM ¢ HE JIOIYCKAET OMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambim offHO3HAYHO onpejessercsa cocta Boibopku X \ X, a, 3Ha4IWT,
u cocras BeiGopkn X \ X, Takun obpasom, N(a) = C5, C’E‘Z__Sma /Ot TlojcTaBum 9TO BbIpa-
kenwue B (5.6) u Bbyie MM B HEM (DOPMYJIY THIIEPreOMEeTPUIECKOi (DYHKIMU BEPOSITHOCTH:

e fa Cs O‘Z“ .
=2 2l S sa@) g = S RHL™ (54(6)).
acA S$=50 a€A
TeopeMa JOKa3aHa. |

§5.2 0606uwéHHas rmnortesa N3M

['mmoresa 5.1 HAKIA/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHMYEHUS HA BHIOOPKY X, ceMeii-
ctBo A u meton p. [Tosromy Teopemy 5.3 yaaércs npuMeHsITh JIMIIb B HEKOTOPBIX CITEIN-
AJIBHBIX ciIydasx. PaccMoTpuM ectecTBeHHOoe 0000mmenue runore3nl H.1. [Ipesmonoxum,
9TO JIId KaXKJ0r0 aJrOpUTMa ¢ CYIIECTBYIOT Pa3/IMIHbIe BapUAHThI BbIJICJICHHUS TOPOXK-
JIAIONINX U 3aIIPENIAIONIX MHOYKECTB.
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I'mnoresa 5.2. Ilycrs mHOXKecTBO A, BhIOOpKa X U METOJI |I TAKOBDBI, ITO JIJIsI KAXKJI0TO
ajaropurMa a € A MOXKHO yKa3aThb KOHEYHOE MHOXKECTBO HHJEKCOB V., W JJIST KaXKJOI'0
nHgekca v € V, MOXKHO yKa3aTh nopoostcdaroujee MHOXKeCTBO X4, C X, 3anpewarouiee MHO-
sxectBo X!, C X un kosapduruent c,,, € R, yjoBrerBopsiomnme ycaoBusimMm

(nX=a] = cay[Xaw € X][X], € X], VX € [X]" (5.7)

[Ipu ycnoBun c,, = 1 runoreza 5.2 o3HavaeT, YTO METOJ, (4 BHIOMPAET AJTOPUTM @
TOTJIa U TOJILKO TOTJIa, KOIJla B 00yYaIONLyl0 BHIOOPKY X IONAJIA0T BCe 00BEKTHI U3 X,
U HI onoro u3 X/, , POBHO JyIst O1HOM n3 map MuoxecTs (X0, X.,), v e Vy:

B TEEL ] &aX

uX =a: ] ‘Xafu‘ H |X{w| ‘ (Xao, X1
CI TN T ] e X)) V=1Vl
X X

OuernHo, yeaosue (5.7) J0IZKHO OBITH 3aJIaHO TaK, 4TOOBI IpaBas 9acTh IPUHUMA-
Jia, TOJIbKO JiBa 3HadeHuss — oo 0, mudo 1. D1o TpeboBaHne HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOAMHOXKECTB (Xgy, X! ), v € V,, 1 Ha KOIDDUITHEHTBI Cqy .
B uacrtroCTH, 1IPU €4y = 1 yCsIOBUS [X,w cX } [X - X } HE MOT'YT BBITTOJIHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX HHJIeKcoB v, v € V, i ipu Kaxom pasbuennn (X, X)), nHatue sHaueHme
B IIPABO YaCTU OKaXKeTCs OOJIBIIUM €IMHUITHI.

K nacrosimeMmy MOMEHTY He M3BECTHBI CJIydar, KOT/Ia IIPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIIEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBniHo, TUOTE3a 5.1 ABISETCT YACTHBIM CJIYYAEM THIIOTE3bI H.2, KOIJia BCe MHO-
KecTBa V), OAHO3IEMEHTHBIE U Cqp = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a H.2 BepHA BCErIa.

Teopema 5.4. Jlus.mo6bix X, A u i cymecrBytor muoxkectsa Vy, X g0, X!

av’

IIPH KOTOPBIX
cripaBetuBo npejacrapiaenne (5.7), mpuaéM cq, = 1 st Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIN amroputm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BeeX MouBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxkum X, = v, X! =X\ v, ¢4 = 1. Torga as jio-
ooro X € [X]* cupasejuso npejicrasienue, umeroriee s (5.7):

[,uX:a] = Zv[v:X] = ZV [v:X} [X\v:X\X} = ZV [v C X} [X\U - X},

npuaéM, ecyt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIHHbIE
pPaBHBI HYJIIO; ecyii Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. [

Teopema 5.4 aBagercd THIUYIHON TeopeMoil cylecTBoBanusd. VCIo/Ib30BaHHbIN TTpU
eé JIoKa3aTe/IbCTBE CIIOCOD MOCTPOCHHUS MHJIEKCHBIX MHOXKECTB V, TpebyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEIDDEKTHUBHBIM OIEHKAM
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BeposiTHOCTH TIepeodydenns. Oaako npejcrasienue (5.7) B 001IeM cirydae He € IMHCTBEH-
HO. OT/IeIbHOM TPOBJIEMOTT SIBJISIETCS MOMCK TAKOT'O MPEJICTABICHN, B KOTOPOM MOIITHOCTH
muOKeCTB |V |, | Xayl|, | X, | Obu1r 661 KAk MOXKHO MeHbIe. XoTs runoresa 5.2 BepHa BCe-
ra, Mbl OyJeM IpOI0/KaTh HA3bIBATH €€ «TUIIOTe30i», MMesl B BUJY IPEIIOJIOXKEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicrasienus Buja (5.7), 6osee 3¢hHeKTUBHOTO, 1M UC-
I10JIb30BaHHOE B JloKa3aTebcTBe TeopeMmbr H.4.

Beeném s kaxkmgoro aaropur™a a € A 1 KaxKaoro nHiaekca v € V, 0003HaAYEHUSI:

Low = L — | Xao| — | X0 |5
low = 1 — [ Xaol;
My = n(a, X) — n(a, Xq4) — n(a, X,,);
Sav(€) = %(n(a,X) — €k:) —n(a, Xqp)-

B ycioBusx rurmoress! 5.2 ciipaBe/IuBbl COOTBETCTBYIONIME 0000IEHNs JIEMMbI O Be-
POATHOCTSIX IOJIyUIEHUsT AJITOPUTMOB U T€OPEMBbI O BEPOATHOCTU TIEPE0Oy IeHNUs.

Jlemma 5.5. FEcuawm rumoresza 5.2 crupaeimBa, TO JjIsT BceX a € A BEepOSITHOCTB MOJIy-
YUTH B pe3y/IbTaTe 00ydeHHs airOPUTM G DaBHA

P, =P[pX=a] =Y couPus; (5.8)
veEVy C’eau
Pav:P[Xang} [X(;UQX] :CLEU (59)

HoxkazareabcTBo. locrarodno npuMeHnTs oneparwio P K jieBoit u mpasoit gactsm (5.7).
JanbHeiinme paccyzKIeHnsl aHAJIOTMYHbI JIOKA3aTeIbCTBY JIeMMbr 5.2. ]

Teopema 5.6. FEcm rumoresa 5.2 cripaBejinBa, TO BEPOSITHOCTh MEPEOOYIeHUsT BbITHC-
JISIETCST 110 (hopMyJIe

Q:(1.X) =D D CarPun H" ™ (500(2)) (5.10)
a€A UEVa

Jloka3zaTebCTBO. AHAJIOIUYHO JOKa3aTeIbCTBY TeopeMbl 5.3, BEPOSITHOCTH IIepeodyae-
HIsI TIPUBOJIUTCST K BBIPAYKEHUIO, KOTOpoe oTmdaercs oT (5.6) mosiBIeHneM 3HaKa, CyMMU-

poBaHusI 110 v, KOI(MDDUIIMEHTOB €y, U JABOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX 4:

Q=D D cawP[Xu € X|[X;, € X][n(a, X\Xan) = 5] [5 < s(e)],

acAveV, s=0

B ocrambHOM J10Ka3aTEIBCTBO aHAJOIMYIHO JOKA3aTeTbCTBY TeopeMbr 5.3. |

OueHkun dyHkumnoHana R. (1.6) goka3wpIBaOTCS aHAJIOTUYHO, C TON JIUIIb PAa3HUIIEH,

9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIy 3aMEHseTCsl Ha

st (e) = n(a,X) — ek — n(a, Xov).

av



= 49 —

§5.3 KoppekTHOoe cemeincTBO a/iroOpMTMOB

Asroput™m a, He momyckarornuii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HoM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJlOPUTM (g, KOPPEKTHBI Ha reHe-
pasibHOI BBIOOpKE X, TO MHOXKecTBO A OymeMm HasblBaTh kKoppexmuvim. B 3TOM ciydae
dbopmyra (5.10) cuapHO yupormaercs.

Jlemma 5.7. B ciayuae m = 0 ¢pyHKIIHS ruiepreoMeTpudecKoro pacipeae/IeHusI BBIPOXK-
0,0
gaercst: Hy ™ (s) = [s > 0.

00
HoxkazareabcrBo. [Ipu s > 0 cymma H; " (s) B (2.4) coCTOMT U3 OJJHOTO CJIaraeMoro,
pasroro 1. IIpu s < 0 4nciio cjaraeMbIx paBHO HYJTIO, U BCA CyMMa paBHA HYJIIO. ]

Teopema 5.8. Ilycrp runoresa 5.2 cripaBejjinBa, METOJ [L SIBJIST€TCS MUHUMHU3AIIHEH 9M-
IMIPHIECKOTO PUCKa, MHOKECTBO A KOoppeKTHO. Torjia BeposiTHOCTD epeody deHusT IPUHHI-
maeT 6oJiee MpPOCTO BHJIL:

Q-(1,X) = [n(a,X) > ck] P, (5.11)

acA

HokazaTeabcTBO. PaccMoTpuM mpon3BO/IbHBIN aaroput™m ¢ € A U TPOU3BOJIbHBIN MH-
nekc v € V,. Ecim HeKoTOpbIil 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIIHMOKY, COIEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHUMU3UPYIOIMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpATh JaHHBIA aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIH AJITOPUTM G, He J10-
nyckatomunit ommbok Ha X. CremoBaTe/bHO, MHOXKECTBO OOBEKTOB, HA KOTOPBIX AJTO-
PHUTM @ JIOIyCKaeT OMIMOKY, HEeJHKOM COAep:KuTcd B X . SHAYUT, aJrOPUTM ¢ HE JIOIyC-
KaeT OIMOOK Ha HeWTpaJbHbIX 00beKTax U My, = 0. Torma, cormacuo Jlemme 5.7,

H2) (50(©)) = [sanle) 2 0] = [£ (n(a X) —ek) =n(a, Xou) > 0] = [n(a,X) > eh].

[Togcrasss s1o Beipazkenne B (5.10), nomyaaem (5.11). ]

CanenctBue 5.8.1. Ecim B cemetictBe A COMEPXKUTCS ajaropuTM, KOPPEKTHBIH Ha BCEH
reHepaJibHOI BbIOOPKe, TO Bhipazkerne (5.11) cnpaseuso u jist pyraknmonana R.(u, X).

§5.4 ®yHKUMOHAN NOJSIHOIO CKOJ1b3SLULEro KOHTPOJIS

PaccmorpuM (byHKIIMOHA TIOJTHOTO CKOJIB3sIero KouTposist (1.7). Ilpuanun mopox-
JIQFOIINX ¥ 3allPEIaroNiX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHyo oreHky [13].

Teopewma 5.9. FEcim runoreza 5.2 cripaBeiyiuBa, TO OIEHKa II0JTHOIO CKOJIB3SIIIErO KOH-
TPOJISI BBITUCJISIETCST 110 (DOpMYyJIe

1 C&w Lcw - Eav gav /
C(p, X) = - Z Z Can Cé”w ( T n(a,X) + 7 n(a,Xav)) : (5.12)

acAveV, av
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HokaszareabcTrBo. 3anuiiem omnpejesienus E u v, 3arem nojgcrasum (5.7) coryiacHo ru-
rorese 5.2 u mepecTaBUM 3HAKNU CYMMUPOBAHUSI:

)= o S S lx=a]y S Iaw) =

L xe[x)t acA zieX
L
_ %Z S o T(a,2:) P[Xa € X][X), € X] [ € X].
acAveV, i=1 ~~
p(a,v,x;)
Ecmn z; € X),, ro [X], C X|[z; € X] = [X], € X| n, cornacno (5.9),
ZU/U
pla,v, ;) = P[X(w C X} [X(’w C X} = % =P,
L
Ecmn ; ¢ X, ro (X}, C X]|[z; € X] = [{a;} U X], C X] u, cornacro (5.9),
Ca _
pla,v,z;) = P[ X, C X|[{z;} UX], CX]= CLZ_l = PavLav—gav.
Cr L,
Cobupas BMmecTe JBa caydas, x; € X, un x; ¢ X!, , noayanm

plav.n) = Pa ([0 € X0 ] + [ X, E22 0o ).

[ToncraBiisiss 3TO BhIpaXKeHue B CyMMY 10 %, TTOJTydaeM

L
Z ]<a7 xi)p(au v, xz) - Pav (n<a7 Xz,zv> + (’I’L(CL, X) - n(a, Xclw)) LGUL_ gav) )

i=1

OTKy/ia BbITeKaeT Tpebyemoe paseHcTso (5.12). Teopema jokasana. [

Pe3iome

Ipunyun noposcdarowuxr u 3aNPeULAOULULT MHOHCECTE OCHOBAH HA THUIIOTE3€, UTO
JIJIS KazKJI0TO aJITOPUTMa MOZKHO yKa3aTh MHOXKECTBO NOPOHCIGOUUL 0O BEKTOB, KOTOPHIE
00s13aHbBI OBITH B 00y JaroIeil BHIDOPKE, M MHOYKECTBO 3aNpeu,aouus 00beKTOB, KOTOPBIX
He JIOJIZKHO OBITh B 00y4JaroIeil BLIOOpKe, 9T0ObI METO/1 00y UeHMsT BHIOpaJI UMEHHO JTaHHbII
AJITOPUTM. DTO JIOBOJIBHO CHILHOE IPEIIIOI0KEHNE, I OHO BBIIIOIHAETCS JAJIEKO HEe BCEIIA.
B obmiem cirydae 171 KazkJ10ro aJropuTMa MOzKHO YKa3aTh HECKOJIBLKO ITap TOPOXKIATOITIX
U 3alIPelIalonuX MHOXKeCTB. Fcin OHM M3BECTHDBI, TO Jajiee JIErKO BhIUUCSIOTCA BEPOIT-
HOCTH IIOJIYINTH KaXKJbIil U3 aJrOpUTMOB, BEPOATHOCTD IIePe0OyIeHHsI, U OIeHKA ITOJTHOTO
CKOJIB34IIEro KOHTPOJIsi. BhIOOP cUCTEMbI TOPOKIAIOINIUX 1 3AIPEIIAIONINX MHOYKECTB SIB-
JII€TCs UCKYCCTBOM. UeM MX MEHbIIe, U YeM MEeHbIIEe UX MOIIHOCTH, TeM 3{hdeKTruBHEe

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyrowen nekunn ¢ moMoInbo IPUHIATA TOPOXKIAIONIIX U 3aIllPENIaoNiuX MHO-
2KE€CTB MbI IIOJIYIUM TOYHbBIE OIIEHKN BEPOSATHOCTHU Iepeo0ydeHus JIJIsI HEKOTOPBIX MOJIE/Tb-

HBIX CEMENCTB AJI'OPUTMOB.



= 5]l =

6 Uenwn anroputmos

YT00BI BOCIIOJIB30BATHCA MPUHITUIIOM ITOPOXKIAIONINX W 3AIPEIIaloNInX MHOXKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METOJ[ O0YUIEHUS [ U ceMeiicTBO ajroputmMoB A. Mbr Had-
HEM € MeTOJla MUHUMU3AINN SMIIUPUIECKOTO PUCKA W MOHOTOHHON IENMU aJrOpPUTMOB —
CcaMoOro IIPOCTOT0 MOJIEJIBHOI'O ceMeiicTBa, yKe 00J1aJaioIero CBOMCTBaAMHU PACCIOCHUS
" CBA3HOCTHU. UTOOBI MOJAKPENUTH TCOPETUIECKOE UCC/IEIOBAHNE SKCIEPUMEHTAME, TIPE/I-
JlaraeTcsd HAIMCATh HECTOXKHYIO TPOTPAMMY I BBIYUC/TEHUS SMITMPUIECKUX OIIEHOK Be-
POATHOCTHU TIepeo0yIeHUsI 110 TPOU3BOJILHON sIBHO 3a/IaHHON MaTpHUIle OIIHOO0K.

§6.1 Pa3HOoBMAHOCTN MUHUMM3ALNN SMMNNPUYHECKOrO PUCKA

Byznem mosaraTrs, 9To A — KOHEYHOE MHOXKECTBO, U BCE aJTOPUTMBI HMEIOT MOIAPHO
paszsmaHble BeKTOpbI omubok. Obosnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MUHH-
MaJIbHBIM YHUCJIOM OIMUOOK Ha obydJarorieil Bbioopke X :

AX) = Argmiiln(a,X). (6.1)

ac

Onpegesienne 6.1. Merog oOydeHHs (1 HA3BIBACTCS MUHUMUSAUUET IMNUPUHECKO20
pucka, MIP (empirical risk minimization, ERM), ecim nX € A(X) npu eex X € [X]%.

Ecau muoxkectBo A(X) comep:kur 6oJiee OJHOrO 3JIEMEHTa, TO BOZHUKAET MpObJIe-
Ma HEeOJIHO3HATHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHadasa jBa KpailHUX ciaydas —
KOTJ[a BBIOMPAETCsT HAWTY IIuii win Hauxy/ it aaroputm u3 A(X).

Omnpenenenne 6.2. Meroj MUHIMH3AIMA SMITHPHIECKOIO PUCKA (I HA3BIBAETCS ONIMU-
mucmudnoim, ecan pX = arg min n(a, X).
ac A(X)

Omnpenenenne 6.3. Merojq MUHIMH3AIMA SMITHPUIECKOIO PUCKA [i HA3BIBACTCS MECCU-
mucmudnoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctranas u neccumuctudHass MOP Ha mpakTuke He peajm3yeMbl, TaK Kak
CKPBITYIO KOHTPOJILHYIO BEIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenus. TeopeT-
YeCKM OHU MHTEPECHBI TeM, YTO JIAI0T HUKHIOIO M BEPXHIOIO OIEHKU BEPOATHOCTU Ilepe-
obyuenwus. [Ipu 006X Apyrux crocobax pasperieHus HeonHo3HadHocT B MeTone MOP
BEPOATHOCTH TIePeo0ydYeHUs TapAHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMH.

BoJjtee npakTudIHBIM IIpeicTaBIgeTcsd Crocod pasperieHus HeOHO3HAYHOCTH, OCHO-
BaHHBIN Ha CJIyIaifHOM BBIOOpe asropurma u3 MuoxkectBa A(X).

Onpegesienne 6.4. Merosq MEHIMH3ZAIAT SMIIHPHIECKOIO PUCKA (I HA3BIBAETCS PaHIO0-
MUBUPOBAHHBIM, eCJH (1X — ITO IPOU3BOJIBHBINH aJIrOPUTM, BHIOPAHHBII CJIyYaliHO U paB-
HOBEPOSITHO M3 KOHEIHOI'O MHOXKecTBa aaropurmMoB A(X).

Pamnomuzaniys ¢cTaHOBUTCS BTOPBIM HE3ABUCUMBIM UCTOYHHKOM CJIYYAHOCTH B 3a-
Jlade cTaTUCTUYIeckKoro obOydenus. Ecim paHee Ipejosarajoch, UTO CIYYailHO TOJIBKO
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pasbuenne X LI X, To Tereph ciydaeH Takzxke U BBIOOD ajroputMa a n3 MHOKecTBa A(X).
CooTBeTcTBYIONNM 00pa30M M3MEHSIETCS M OIIPEJIe/IeHe BEPOSITHOCTH 11epe00y IeHIA:

Q. — Em S [v(a, X) = vl(a, X) > €]. (6.2)
acA(X)

BoJibmmicTBO MoJTyYaeMbIX Jlajiee OIeHOK OCHOBAHbI JTUO0 HA TIECCUMUCTUIHOM, JTNOO
Ha paxgoMusupoBaHHOi MIP. DkcrepruMeHTb TOKA3bIBAIOT, ITO 3aBBIIIEHHOCTD OIEHOK
neccumuctranoit MOP HeBenmka, mpuaéM ONTUMUCTAYHBIE, TIECCUMUCTHIHBIE U PAHIO-
MU3UPOBAHHBIE OIEHKHU CXOJISATCs JIPYT K JIPYTY € POCTOM JIJIMHBI BHIOOPKHU L.

§6.2 DkcnepumeHTbl C MOAE/IbHbIMN CEMeNCTBaMN aiiroOpuTMoB

MogenbHble cemeiicTBa anropntmMoB. HamomuuMm, 9TO HAIIMM OCHOBHBIM OOBEKTOM
UCCJIeI0BaHUs sABJIseTCs OuHapHas Marpuiia omubok pasmepa L X D, nmopoxkjiaemas BbI-
6opkoit X = {xy,..., 21} u muHO)KecTBOM anmropurmoB A = {aj,...,ap} ¢ momapHo pas-
JINYHBIMU BEKTOPAMHU OTITHOOK.

Mper 6y1eM paccMaTpuBaTh ModeavHble CemMeticmed aA20PUMMOS, KOTOPBIE 3a1af0TCs
HEIOCPEJICTBEHHO CBOMMHU MaTpuiiaMu omubdbok. MojierbHoe ceMeificTBO — 9TO UCKYCCTBEH-
HBIIl OOBEKT HMCCJIeJIOBAHN, He CBA3AHHBIN ¢ KaKON-11ub0 peasbHoil BbiOOpKOil. Ero mar-
puria ormubOK OIPEIE/IsIeTCs CIeIAIbHBIM 00Pa30M U 00J1a/I1aeT HEKOTOPO «PerysIspHOit
CTPYKTYPOIil», 9TO 00JIerdaeT BBIBOJ, KOMOMHATOPHBIX OIEHOK. /[JIs HEKOTOPBIX MOJIE/Th-
HBIX CeMeHCTB y/IaéTcsd CTPOUTD MPUMEPHI MTOPOKIAIONINX UX BHIOOPOK; OOBIYHO 9TO BECh-
Ma 9K30THUYECKHe JacTHbIe ciydan. PeajbHble ceMeiicTBa B TOJIABISIONIEM OOJILIITMHCTBE
caydaeB He 00J1a/Ial0T KaKOW-Tub0 perysisipHoil CTPYKTYPOil.

Wzyuenne MOIETbHBIX CEMENCTB TPEJICTABIIAET HHTEPEC IO Py TPUYUNH.

Bo-1tepBbix, OHU O3BOJISIIOT KCCJIEI0BATh BiHsHIE 3P (MEKTOB Pacc/IOeHnsT U CBI3HO-
CTU Ha BEPOSITHOCTDH ME€PEOOYIEHNsI.

Bo-BTopbIx, HA HUX OTPAdATHIBAIOTCS MaTeMaTHIeCKe TEXHUKH, KOTOPbIE MOTI'YT OKa-
3aThCs MOJIE3HBIMU [IPU TIOJIyYEeHUH OIEHOK OoJiee OOIIero BHjia.

B-Tperbux, HEKOTOpbIE MOJIe/IbHBIE CEMENCTBA 0018 Ial0T TEMU YKe KJIIOUEBbIMU CBOI-
CTBaMU, UTO W peajbHbIe — PACCJIOEHHEM, CBI3HOCTBIO U pa3MepHOCThI0. OHM MOTYT HC-
[IOJIB30BATHCS /IS AIIIPOKCUMAIIN BEPOSITHOCTH IT€PEOOyIeHNsT PEATbHBIX CeMeficTB. DTO
OJIHO U3 HAINPABJIEHUIl UCC/Ie0BaHUil B KOMOUHATOPHOI Teopuu nepeobydenus [6].

AMnupuyeckoe oLEHMBaHME BEpPOSITHOCTU MnepeodyyveHMst Mo maTpuue owunbokK.
Nnesa zakaiodaeTcd B TOM, YTOOBI OIECHUTH BEPOATHOCTD IEPEOOyUEHUA 110 HEKOTOPOMY

IOJIMHOYKECTBY pa3bueHnii renepasbHoil Bei6opkn X = X, LU X, n=1,..., N.
1N
Qa(ﬂ, X) = N Z [5(MXna Xn) > 5})
n=1

rie 6(a, X) = v(a, X) —v(a, X) —nepeobyuennocts agropurma a npu pasduernn X LI X.
B memode Monwme-Kapao pazdbuenus BHIOUpaioTcs ciydaiiubiM oopasom. Hucio pas-
6ouennii N 0OBIYHO OEPYT OT HECKOJILKUX COTEH JIO JIECSITKOB THICSY.
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AaropurMm 6.1. Beraucjienue SMITPUIECKUX OIEHOK BEPOATHOCTH 1T€Pe00yIeHUsA.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Broixoj: BepxHsist oneHka ()., HUXKHsIS OIeHKa ().

Q.= 0; Qe = 0;
. s Beex pas6uenuit X, UX, =X, n=1,...,N
A(X,) := Argminv(a, X,);
acA
4 a:=argmaxv(a,X,); Q.:= Q-+ +[0(a, X,) >el;
aEA(Xn)

5 a:=argminv(a, X,); Q.:= Q- + [ (a, Xp) = 5};
aEA(Xn) B

N =

6: BepHYTb ()., Q-

AaroputMm 6.2. DddekTuBHOE TTOCTPOEHKE I'PapUKOB 3aBUCUMOCTH BEPOATHOCTHU II€pe-
obyuenns oT yucya d NepBbIX aJropuT™MoB B cemeitcrse {ay, ..., ap}.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao paséuenuii N; mopor &;
Boixoza: Bepxusis onenka Q. (d) n HikHss oreHka Q. (d) s moamuoxkectsa {ay, . .., aq}.

1: creHepupoBaTh u 3adukcupopaTh N pa30dneHmii:
X,UX,=X, n=1,...,N;

2: aJIrOPUTM, BEIODAHHBII [IPU 1-M PA30UEHNH TeCCUMUCTUIHON 1 onTuMuctuaHoit MIP:

Qpy Qp :=ay, n=1,...,N;
N
3 Q.(1), @5(1). ]{, Zl[ (a1, Xp) = 6};
4: nag Bcex d = 2, n_, D
5 gys Bcexn:=1,..., N
6: ecan n(aq, X,,) < n(a,, X,) nim
n(ag, Xpn) = n(an, X,,) u n(aq, X,) > n(a,, X,) To
. Ou(d) = Quld — 1) = £ [0(an, Xn) > 2] + % [6(aa, X) > <];
an = ag;
8: ecan n(aq, X,,) < n(a,, X,) nm
n(ag, Xn) = n(an, X,) u n(aq, X,) < n(an, X,) To
9 Qa(d) = @a(d - 1) - % [5(@717Xn) > 5} + % [5(adaXn) Z 5};
anp Qq;

AnropuryM 6.1 BBIMHCIACT J[BE OINEHKU BEPOSTHOCTH HepeobydeHus: BepxHad (. co-
orBeTcTBYeT neccumuctudnoit MOP, nmxugasa (). — onTUMUCTHIHONR. AJITOPUTM COCTOUT
U3 JBYX BJIOYKEHHBIX ITMKJ/IOB: BHENTHU Hepe61:1paeT pasOuenHusi, BHYTPeHHHIT BHIONpAET
n3 A jBa ajaropurTMa, MUHUMABUPYIOMIIX SMITPUIECKII PUCK TIPH JAHHOM pa3bneHnn —
[IECCUMUCTUYHBIA G U ONTUMUCTUIHBIA @.

[TomeHsiB MecTaMu JIBa BJIOYKEHHBIX IUKJIa, oryauM Ayiropurwm 6.2. O adderTuBHO
(3a Bpemst O(D)) cTpouT rpaduk 3aBHCHMOCTH BEPOSITHOCTH MEPEOOyUeHHs] OT UHCIIa
HepBbIX d aJrOPUTMOB B HOJCeMeicTBe {ay,...,aq}. Ilpeanonaraercs, 910 aJropuTMbl
YIOPSIZIOUEHBI TI0 YUCTy OIMUOOK Ha TeHepabHoil BeIGOpKe, n(ar, X) < ... < n(ap, X).
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§6.3 Casa3Hble cemeiicTBa aNIrOPpMTMOB

Uenu anroputmoB. OmupemesmM paccTOsTHIE MKy aJTOPUTMAMU KaK PacCmOsHUE
Xommurea MeKIy UX BEKTOpaMU OITHOOK:

L
p(aaa/) = Z‘[(aaxz) _[(&laxi”? va7al € A
i=1

Onpenenenne 6.5. Koneunas nocienoBaresnocts aaropurmoB A = {ay, ..., ap} Ha-
3BIBACTCST UeNvI0 an20pummos, ecau plaq_1,aq) = 1 g seex d = 1,..., D.

Onpegenenne 6.6. MuoxkecTBO anrropuTMoB A Ha3BIBAETCST C6A3HbLM, €CJIH JIJIS JTIOOBIX
a,a’ € A B HEM cyliecTByer Ielb a = ag, dy, . ..,0p = a’.

Onpepenenne 6.7. Ilenr A = {ag,...,ap} Ha3bIBaETCS Npsamot, ecim p(ag,ap) = D.

B npsimoii mienin Bce 00bEKTHI &g, HA KOTOPBIX PA3JIMIAIOTCS JIBA COCEIHIX aJrOpUTMA,
I(ag_1,2q) # I(ag,z4), monapro paszmuanel. Jucao takux o0bekToB pasao D. Orcroia
caeyer orpanumdenue Ha juny reru D < L. Jliobas mojmocieoBaTe/IbHOCT TPSAMOI

HEMH Gy, - .., 0, 0 < u<v < D, Tak:Ke gBIETCH MPAMO TENbIO.
Onpepenenne 6.8. Ilenr amropurvos A = {ag,...,ap} Ha3bIBACTCSI MOHOMOHHOTU,
ec n(aq, X) = m + d st Bcex d = 0,..., D, nupu sHerkoropom m > 0. AjropurMm ag

Ha3bIBaCTCA AYHUUM 6 UEnU.

B monoronnoit neru I(ag_1,x;) < I(aq, z;) mug seex x; € X, d=1,...,D.
MonoTonHas Henb spiasgerca npamoit. Orciona ciaemyer orpanndenne D < L — m.
B ciaydae MOHOTOHHOIT 1€ OOHEKTHI BEIDOPKYM MOXKHO [I€PEHYMEPOBATH TaK, ITOOBI

Iag,z;)=[i<m+d|, i=1,...,L, d=0,...,D.

[erb aIropuTMOB MOZKET MTOPOKIATHCH, B YACTHOCTH, OJHOTIAPAMETPUIECKUM CeMeli-
CTBOM KJIACCU(PUKATOPOB € HEIPEPBIBHON 110 MapaMeTpy JUCKPUMUHAHTHON (DyHKIIHEId.
Ecim npu HenpepbIBHOM CMEIIEHUU apaMeTpa B CTOPOHY OT ONTHMAJIBLHOIO 3HAYCHUS
YUCJIO OIMMOOK Ha TOJIHON BhIOOPKE MOHOTOHHO He yOBIBAET, TO 0Opal3yeTcs MOHOTOHHAs
1erb. MOHOTOHHAS TIEIIb — ITO OJIHO U3 IPOCTEHIINX MOJEIbHBIX CeMeNCTB, 00/1a,1a011ee
CBOMCTBAMU PACCAOEHUA T CEBAZHOCTNU.

ITpumep 6.1. Ilycrs A — ceMelicTBO AUHETHBLT AA20PUMMOE KAACCUPUKAUUU — TTAPa-
Merpryaeckux orobpakennit 3 X = R" 8 Y = {—1,+1} Buna

a(x,w) = sign (xywy + -+ - + xywy,), x=(1,...,2,) € R",

rjae mapamerp w € R™ — Hampapisiiormuii BEKTOP THIEPILUIOCKOCTH, Pa3/IeJIsomieil mpo-
crpancTtBo R™ wa jiBa nosynpocrpancrea — kiaacchl —1 u +1. Ilyers dyHKIms norepnb
umeer sug I(a,z) = [a(z,w) # y(z)], tae y(z) —ucrunnas knaccuduxanus obbexra .,
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Puc. 6.1. Pacupeenenne aJropuTMoOB 10 9aCTOTE OIMMNOOK HAa MeHepaJJbHOM BBIOOPKE
B MOJIETIBHBIX IEIISIX C PACCIOCHNEM U 6e3 paccyioeHusi. 3aBUCUMOCTh V(aq, X) oT d pn
¢ =k =100, m = 10.

U MHOYKECTBO OOBEKTOB X JIMHEWHO pa3/euMo, T.e€. CyIIecTByeT BekTop w* € R™ mpu
KOoTOpOM ajiroputm a(x, w*) He jomyckaer ombok Ha X. Torma MHOXKECTBO aJrOpUTMOB

As = {a(z,w* +t0): t € [0,+00)}

TOPOK IaeT MOHOTOHHYTO IIEIb ITpu JI06oM § € R™, 3a UCKTIOYeHeM, OBITH MOYKET, HEKOTO-
POro KOHEYHOTO MHOXKeCTBa BeKTOPOB. [Ipu sTroM m = 0 B cuity JIMHEITHOM pas3/1e/IMMOCTH.

DKCNEepUMEHT C YeTblpbMsi MOAe/IbHbIMU ceMmencTBaMu. VIMEHHO ¢ 9TOro IKCIepHu-
MEHTa HAIAJIOCh aKTHBHOE Pa3BUTHEe KOMOMHATOPHON Teopuu mepeodbydennsi. OH HarJIs/I-
HO ITOKa3aJI, HACKOJIbKO CUJIbHOE BJIMAHIE OKA3BIBAIOT 3(PPEKTHI PACCTOCHUS U CBI3HOCTU
Ha BEPOATHOCTH Iiepeobyuenus (85, 86).

CrenepupyeM MaTpHUIlbl OMIUOOK JIBYX MOJIE/ILHBIX TCTe.

1. Ilenv cayuatinwr unsepculi ¢ paccaoeruem. JIydmmii aaroput™ a; JOIyCKaeT
m omuOOK Ha MOJHON BbIOOpKe. Kak bl cieayromnuii BEeKTOp OIMIMOOK (g IOJIydaeTCs
U3 ag_1 IMyTEM UHBEPCUU OJHON CJIyYIaifHO BHIOPAHHONW KOOPAUMHATHI. K/ 1ens JinHHasd,
D > L, 10 G0JIBIINHCTBO AJTOPUTMOB JIOIYCKAIOT IUCJIO OMmmuboK m, 6m3koe K L /2.

2. Ilenv cayvatinor unsepcutll 6e3 paccroenus. JIydmmit aaropuTM a; JIONycKaeT
m omubOK Ha 1oJHOI BhIOOpKe. KaxK/plii BEeKTOp OIMINOOK Gy MOJIydaeTcs U3 g1 TaKzKe
yTEM MHBEPCUU OJHON CJIyYaitHO BBIOPAHHON KOOPJIMHATBI, HO TPU HEYETHBIX d ITPOU3-
BOJATCS TOJIbKO nHBepcuu 0 — 1, a upu 4étHbix d — Tostbko 1 — 0. B pesyibrare unciio
OIOOK aJrOPUTMOB Ha IIOJTHON BBIOOPKE, UepeysiCh, IPUHUMAET 3HaUeHus m u m + 1.

Ha puc. 6.1 mokasaHbl 3aBHCHMOCTH IaCTOTHI OIMMHOOK V(ag, X) OT HOPSIIKOBOTO HO-
Mepa d ajropuTMa, JIJIst e ¢ paccioenneM (cjesa) n 6e3 paccaoeHus (Crpasa).

[Ipon3sBoILHOI TIEMH @1, . . . , G p MOXKHO OCTABUTH B COOTBETCTBHUE HE-Uendb @}, . .., a4y,
takyto, 1to v(al, X) = v(ag4, X), HO coceiue aqrOpUTMBL ), ;, G); CYIIECTBEHHO Pa3jnta-
1oTcst. [I71s 9T0ro 10cTaTouHO reHepupoBaTh KOMIIOHEHTBI BEKTOPOB ONTHOOK @ CJIyIaiiHO
U HE3aBUCHMO, HO TaK, ITOOBI YHUCJIO €IMHUIL B BEKTOPE @ PABHSIOCH N(d4, X).

B namnOoM ciydae cTposiTCs JiBe He-TIEIU, COOTBETCTBYIOIINE JIBYM paHee MOCTPOEH-
HBIM I[eIAM CJIYYalHbIX MHBEPCUIL.
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Puc. 6.2. 3aBucumMocTh BEpOSITHOCTH Puc. 6.3. 3aBucumocTh BEpOSITHOCTA
nepeody1aenust Q. u DJIKP A or uuc- nepeoby1aennst Q. u DJIKP A or uuc-
sna anropurmoB D. IIpocras 3ajada: sna ajropurmoB D. TpynHas 3ajaqa:
v(a1, X) = 0.05. v(ai,X) = 0.25.

Mtoro, cTposiTest 9eThipe MOJICIBLHBIX CeMefcTBa: MElb ¢ pacC/IOeHUEeM, Tellb 6e3 pac-
CJIOEHUS ¥ JIBE COOTBETCTBYIONINE UM He-llenu. Bce OHU 3a/1af0TCs MaTpPUIAMU OIMTUOOK
pasmepa Lx D u uMeroT oJMHAKOBBIE 3HavdeHus napamerpa m. ComocTaBieHne 3TUX de-
TBIPEX CJIy9aeB MO3BOJIACT PA3/ICIUTD BIUIHAE CEA3HOCNU U PACCAOCHUA HA BEPOATHOCTD
nepeoOydeHnsi 1 OTBETUTH Ha BOIPOC — KAKOE U3 ITHUX JIBYX CBONCTB BayKHee.

Ha puc. 6.2 u puc. 6.3 mokazaHbl 3aBUCUMOCTH BEPOITHOCTH IT€peobydeHms (). OT 9uc-
J1a agroputMoB D st deThIpéx cemeiicTs, npu £ = k = 100, € = 0.05, m = 10 u m = 50.
Ynco pasbuennii B Metone Monte-Kapmo N = 10%. Venosnbie ob6osnadenns na rpadu-
kax: +L —mens, -l — ne-niens, +P — ¢ paccioenunem, —P — 6e3 pacciioenus.

[Tokazanbl Takzke rpacduku 3asucumoctu DJIKP — sghpexmusrozo nokarvrozo xoagh-
Puyuenma pasnoobpasus A or uncia asiroputMoB D. DJIKP B mannom ciryuae ompese-
JIFIeTCsT KAK OTHOIIEHNE BEPOSITHOCTHU TIepeobyUueHus MojceMencTsa {ay, ..., ap} K Bepo-
STHOCTH HEePeo0yICeHNsT OJHOAIEMEHTHOTO HojceMeiicTa {a }.
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OcHoBHble BbIBOAbI.

1. Jlna cemeiicTB 6e3 pacc/ioeHns: U CBA3HOCTH IepeobydeHrne MOXKeT OKa3aThCs 3Ha-
YNTEJHHBIM y7Ke IPHU HECKOJIBKUX JlecATKaX aJlOPUTMOB B cemeiicTe. [Ipu 6ombmux D
TOJIKO OJTHOBPEMEHHOE HAJNYINE PACCIOEHUs U CBA3ZHOCTH TO3BOJIAET N30€KaTh CUITLHOTO
nepeoOyuennust (HIZKHEE KpUBBIE Ha rpadukax). Takum obpasom, BazKHbI 00a CBOICTBA.

2. CBSA3HOCTH CHHUZKAET TeMIT pocTa 3aBucuMoctu Q. (D).

3. Pacciioenne moHmnzKaeT ypoBeHb NOPU30HTATIBHON acuMITOThl Q- (D), mpudaém Tem
CUJIbHee, YeM Jierde 3ajiada, TO €CTh YeM MeHBINEe YHUCJIO0 OIMMOOK JIYyYIINero aJropuTMa,
YTO BUJIHO U3 cpaBHeHus puc. 6.2 n 6.3.

4. Ilpu majmaum pacc/ioeHus BEepOATHOCTH BLIOPATH B pe3y/brare OOyUeHUs ajiro-
PUTM U3 BEPXHHUX CJOEB OBICTPO MAIAET ¢ POCTOM HOMEPA CJIOSI.

5. Tlo mepe yBenuuenus [ Kak BepOSTHOCTH mepeobydenns, Tak u DJIKP Borxomar
Ha TOPU30HTAILHYIO ACUMIITOTY U IepecTaioT 3aBuceTh or . B To ke Bpems, VC-orenka
juueitna o D u BooOIe He MMeeT TOPU30HTAILHON acuMITOThI — Ha rpadukax DJIKP
VC-o1ieHKe COOTBETCTBYET IIPIMast A(D) = D. VC-ornenka 0/iM3Ka K TOYHON TOJILKO JIJIs
He-TIenell 1 TOJILKO Npu MaJjibiX [; B JanHoM 3KciiepumenTe — npu D < 10; npu D nopsiji-
Ka 20 oHa y ke MTPEBOCXOINUT €INHUILY.

§6.4 TouHas oueHKa A/1s1 MOHOTOHHOW LENN anropuTMoB

Teopema 6.1. Ilycts A = {ay,...,ap} —MoHOTOHHAST Lenb ajaroputMoB, L = m + D,
m = n(ag, X), MeTO] O6YYEHHUs |1 SIBJISETCS [eCCAMUCTHIHON MUHHMU3AIHEN IMITHDUIe-
CKOro pucka. TorJia BeposiTHOCTb HOJIYIUTH aJTOPUTM Ggq B PE3YJIbTaTe 00y deHUsT

-5
CL—d—(S

Py = —L=d=0
d Cﬁ 3

d=0,...,k;

e 6 = [d < D|; BeposiTHOCTB 11Epeoby deHst

min{k,D}
Q= Y RHEN (Hmvd e ©3)
d=0

HokazareabcTBo. llepenymepyeM 0ObEKTHI TaKMM 0Opa30M, YTOOBI KarK/IbIi U3 aJIro-
puTMOB ag, d = 1,..., D momyckas ommoOKy Ha 0ObEeKTaxX Iy, ..., Tq. OUeBUIHO, JTydInit
AJITOPUTM @ He JIOIYyCKaeT OIMMOKY HU Ha OJIHOM M3 3TUX 00bekToB. Hymeparus ocrainb-
HBIX OOBEKTOB He UMeeT 3HAYEHUs, TaK KAK aJrOPUTMbI HE PA3IMINMbl Ha HUX.

JL1st HATJISITHOCTH TIPEJICTABUM BBHIOOPKY X paszOouTOil HA TpH OJIOKA:

r1 Tz I3 Tp Jh\
aoc=1( 0, 0, 0, 0, 0,...,0, 1,...,1 );
a=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
= ( 1, 1, 0, 0, 0,...,0, 1,...,1 );
az=( 1, 1, 1, 0, 0,...,0, 1,...,1 );
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BaduxcupyeMm ajJropuT™M @y U PaCCMOTPUM TPHU CJIydas.

1. Eciu d > k, To umciio ommboK ajiroputMa a, Ha MHOXKECTBE 0ObEKTOB {X1, ..., Tq}
IIPEBBIIIAET JIJIMHY KOHTPOJILHOH BhIOOPKHU. HacTh ommuboK 00g3aTe IbHO OKaXKeTCsi B 00Y-
Jaroleil moaBpIOOpKe X, M MeTOJ 1 BhIOepeT JApyroil aaropurMm. B sTom ciydae

[,uX:ad}:O, szo

2. Ecmmd < kwud< D, T0 MeTOJ 4 BEIOEPET AJTOPUTM (g, KOTJIA OOBEKTHI X1, . . ., T4
OyIyT HAXOMUTHCS B KOHTPOJILHON TOJBBIOOPKE X, & 00BbEKT X4y — B oOydarorieit X:

[,uX:ad}:[deEX][xl,...,xdG)_(], Ld:L—d—l, by =10—1.

3. Ectu d < k ud = D, To MeToji ;1 BbIOEpET HAUXYIIIN aJrOPUTM B IENU ap,
KOTJIa BCE OOBEKTHI 1, . .., Tp OYIYyT HAXOJIUTHCA B KOHTPOJIBLHON MOABLIOOPKE X :

[uX:ad]:[xl,...,xde)_(], Ld:L—d, by =Y.

Yro0b1 puMennTh Teopemy 5.3, HaIEM /I KaXKJ0TO aJI'OPUTMA (g 3HAYCHUS T1a-
pamerpoB Ly, {4, Mg, Sq, 00beAUHUB Caydan 2 U 3 ¢ MOMOIIBIO Tonpasku 6 = [d < DJ:

Li=L—d—06, lyg=0—-6, mg=m+d—d=m, s4(c)==L(m+d-—ck).

[Toncrasstst 911 Boipazkenus B (5.3) u (5.4), moxydnM yTBEp:KICHHE T€OPDEMBL. B

3ameuanme 6.1. B xoje gokazarTe/bCcTBa MI0JE3HO IIPOBEPUTH, IYTO BEPOATHOCTH P, BbI-
YUCTIEHBI KOPPEKTHO W B CyMMe JafoT eaunuity. s cioydas D > k mpoBepKa CBOINTCS
K IPUMEHEHHUIO M3BECTHOIO KOMOMHATOPHOIO TOXKJIECTBA!

D k D
Y Py=> P+ > 0
d=Fk+1

Hng caygaa D < k To 2Ke caMoe TOXKJIECTBO IPUXOIUTCH IPUMEHUTD JIBAZKIbI, 3aMe-
-1 01,
tus, uro Ct_,=C;') [+ +C) |

1
—(CLA+Ch+-+C) =1
CL

1
_C’f

NE

P, O+ -+ O+ 0 p) =1

IS
I
o

BbiuncnurenbHblii akcnepumeHT. [locTponm 3aBHCHMOCTH BEPOSITHOCTH IIEPE0DyTe-
Hust (). OT TOYHOCTH € W JUIMHBI Tiern D). 3a07QHO TPOBEPUM IOJIYIEHHYIO (hOPMYIIY,
CPaBHUB PE3YJILTAT C SMIUPUICCKON OTCHKOM Q., BerauCIeHHOi Mmemodom Mowme-Kapao
nmo N = 1000 ciyuaiinbix paszouenwnii. ['pacduku na puc. 6.4 nocrpoensn! npu £ = k = 100
u m = 20, To ecTb Koryia Jydmuii aaropur™ jomyckaer 10% ommbok Ha 1MoJHON BHIGOPKE.

[TeccumucTranast n pangoMusupoBanias MIOP garor mouru oanHakoBbIe OMEHKHT ().,

ONTUMUCTUIHAS — 3aMETHO 3aHUKEHHYIO OIEHKY, CM. JIeBbI rpaduk Ha puc. 6.4.
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6epOAMHOCHIb Nepeodyyenls 306bIUUEHHOCHb QYHKYUOHANA PABHOMEPHOU CX0OUMOCTIL
1100 4

0.9 4 1000 4

08 900 1
800 1

700 1

0.7 1

06 1
600 1

500 1
400 1

05 1 }

04 1

0.3 1 =l= 300 1
0.2 1 200 4
0.1 4 }E_‘— 100 1
0 1 01
0 002 004 006 008 010 012 014 mormlocmb,' eps 0 002 004 006 008 010 012 014 MmouroCm®, eps
—— TOYHasi ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHasi ~ —— onT.M3P

Puc. 6.4. CieBa: 3aBUCHMOCTb OIEHOK BEPOSITHOCTU TiepeolydeHust (). OT €: TOU-
Hag orenka n3 Teopewmbl 6.1 1 UeThIpe OIEHKHU, BhIUUCIeHHBIE MeTog0M MonTte-Kapio
o 1000 ciydaiiHbIX pa3OmeHnit: AjIsi MeCCUMUCTUIHON, ONTUMUCTUIHON U pPaHIOMU-
supoannoii MDP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIMOHAY PaBHO-
MepHOIt cxomumoctr Pe. Clipasa: CTeleHb 3aBbIIEHHOCTH dyHKIMOHAIA PABHOMEPHOM
exomocTa P / Q<. Bee rpaduku nocrpoens npu ¢ = k = 100, m = 20.

sepoamuocmy nepeodyyenus, npu eps=0.0500501 8EPOAMHOCIb
0.50 1 0.50 1
045 1 045 7
0.40 1
040 1
0.35 1
0.35 1 030 ]
0.30 025 1
0.25 1 0.20 7
020 ] 0.15 1
0.10 1
0.15
0.05 1
0.10 { 0]
0 5 10 15 20 25 30 3 4 wucro areopummos, D 012345678910 1121B1 gropumud
—— TOyHas oueHka —— necc.MOP — paHg.MOP —— BeposTHOCTb anmropuvia P(d) ~ —— BeposiTHOCTL nepeobyyerunst
paBHOMepHast — ont.M3P —— Bknag d-ro anropumva B Qeps

Puc. 6.5. CieBa: 3aBUCHMOCTb BEPOSITHOCTH ITepeolbydeHust (). OT THC/Ia AJrOPUT-
MmoB D. CupaBa: BEpOSITHOCTD MOJIy9eHHsI KaxKI0ro u3 ajaroputmos Py = P[uX =ay),
BKJI&JI KasKIOr0 aJlfOPUTMa B BEPOSITHOCTD Itepeobydenns ()¢, 3Hadenne () /Il IeCCh-
muctuaaoir MOP o moamuo)kecTBy agropurMos {ag, . .., a4} Kak OYHKIUS OT IUCIa
asiroput™MoB d. Bee rpaduku nmocrpoenst ipu £ = k = 100, m = 20, ¢ = 0.05.

B skcrnepuMenTe BBIMHC/IAIACH TAKYKe SMIMPUYECKas OIeHKa (DYHKIIMOHAIA PABHO-
MEPHO# CXOJUMOCTH,

P. = ﬁ[max&(a,X) > €].

a€A
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On «BjsieTcsl 3aBBLIIMICHHON BepXHEHl OIEHKO BeposaTHOCTH Tepeodyuenus, (). < P,
cM. crp. 29. IlpaBbiit rpaduk Ha puc. 6.4 MOKa3BIBAET, YTO ITa OIEHKA MOXKET OBbITh 3a-
BBIIIICHHOW B COTHU Pa3.

JleBorit rpaduk Ha puc. 6.5 TOKA3LIBAET, YTO C POCTOM YHUCJA AJTOPUTMOB B MOHO-
TOHHOIT 111N (DYHKITMOHAJ PABHOMEPHON CXOMMOCTH P, TIPOJI0JIZKAET BO3pACTaTh, TOT/IA
KaK BEPOSTHOCTD TepeolydeHus (). mocie H—8 aJropuTMOB BBIXOUT HA TOPU30HTAILHY IO
acumrrrory. Corsacuo Teopeme 3.4, oreHKa PaBHOMEPHOW CXOJMMOCTU 3aBBINIEHA N3-38
TOro, UTO OHa He yunThiBaer sddexT paccuoenus. [10sToMy Kpusyio Ps (BepxHsisi KpUBasi
Ha JieBoM Tpaduke puc.6.5) MOXKHO paccMaTpuBaTh Kak OINEHKY BEPOATHOCTH IHepeody-
YeHUs I yenu 6e3 paccaoenus. TobKo coBMecTHOE MposiBicHUe 3hMOEKTOB paccioe-
HUsI U CBA3HOCTH TOHUZKAET BEPOSITHOCTD TIepeolyIeHus 0 MPUEeMJIEMO MAJIBIX 3HATEHUI.
DTOT 2Ke BBIBOJL OBLIT CJIeJIaH BBIMIE B SKCIEPUMEHTAX CO CJIYIAHBIMU TIETISIMA.

Braadom Q- (a) arzopumma a B BEPOSITHOCTH 1epeodydenust (). OyjieM Ha3bIBaTh CJla-
raemoe IoJ1, 3HAKOM CyMMbI » . B obieit (hopmysie BepositHocTr iepeobyuenus (5.10):

a€A
Qs - Z Z CavPavHE(:: v (Sav(g)) .
acAveV,
Q- (a)

Puc. 6.5 (crpaBa) OKa3bIBAET, 9TO CYIIECTBEHHBIE BKJIAJIbI B BEDOSTHOCTD TI€Pe0dy de-
HUsI BHOCAT TOJIBKO &JITOPUTMbI HECKOJIBKIX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO

JJIsl MOHOTOHHBIX IIeleil, HO U JUII MHOTHUX JIPYTUX CEMEUCTB aJrOpUTMOB.

Pe3iome

MoebHBIE CeMelicTBa aJrOpUTMOB 3a/af0TCsT HEIOCPEJICTBEHHO MaTPUIIAMU O~
00K, a He peaJbHbIMH BbIOOpKaMu. MoOHOTOHHAsI IIelb AaJrOPUTMOB — 3TO IPOCTOE,
U B TO K€ BpeMsl HEeTPUBHUAJIBLHOE, MOJETbHOE CeMeCTBO, 00JIa atoInee CBOMCTBAMI pac-
CAOEHUA T CBAZHOCTNU.

MeTo 1 TOpOXKTAIOIINX W 3aIPeIaioiiX MHOXKECTB JaéT TOUHYIO OIEHKY BEPOSITHO-
CTH TIepeodyIeHus /)T MOHOTOHHOM eI aJrOPUTMOB

MonoToHHas Ielb aJropuTMOB IOYTH He HepeodydaeTcsd. JTOT (aKT CAYyKUT KOC-
BEHHBIM ODOCHOBAHUEM JIJIsl IIPOIEIAYP OJIHOMEPHON ONTHUMU3AIUU, KOTOPbIE YaCTO IIPU-
MEHAITCA B MalllMHHOM O6y‘{eHI/H/I JLJIA BbI60pa OJHOI'O KPUTHUYICCKU BazKHOI'O ITapaMeTpa
o oriozkerHoit Bei6opke (hold-out model selection), Hampumep, KOHCTAHTBI Pery/IsaprU3a-
AU, TIAPWHBI OKHA, CIUIA’KUBAHUS, W T. II.

B cnepywoweinn nekumu wMbl BBEJEM TOHATHE TI'pada Pacc/IOeHUus—CBI3HOCTU CeMeii-
CTBa aJTOPUTMOB U MOy IUM BEPXHIOIO OIEHKY BEPOSTHOCTH 11€peodyIeHns, IPUMEHUMY IO
K IIPOM3BOJILHBIM CeMeiicTBaM, KaK MOJIE/IbHBIM, TaK W peajbHbIM. B obIem cirydae 910
UMEHHO BEPXHHAS OIEHKAa, OTHAKO JIJId MOHOTOHHBIX Ielleil 1 HEKOTOPBIX JAPYTUX MOJIEb-

HBIX CEMEHCTB aJrOpUTMOB OHA ABJACTCA TOYHON.
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Ynpa>kHeHust

Bamada 6.1 (1). [lokasars, uro nenb aaropurmoB A = {ag, ..., ap} ABIAETCS TPAMOIL
TOrJIA U TOJIBKO TOTJIA, KOIJa BCE OOBEKTHI T4, HA KOTOPBIX PA3/IMIAIOTCS J[BA COCEIHIX
agropur™a, I(ag-1,2q) # (a4, 4), TOTAPHO PA3IHIHBL.

B ciepyomux ynpaxKHEeHUSIX TPEJJIaraeTcs BHIBECTH TOYHYIO ONEHKY BEPOATHOCTU
nepeobydenus (). 7t HEKOTOPOT'O MOJIEJIBHOTO CeMelcTBa aJiropuTMoB A, B KOTOPOM Bce
BEKTODPBI OIMMIOOK TOoNapHo pas3iandHbl. [Ipemnonaraercda 4ro MeTo/1 00yUeHUs (4 SABJIAETCS
[IeCCUMUCTUYHON MUHUMU3AIAEH SMIMPUIECKOI'O PUCKA.

Bamada 6.2 (1). A ={ap,a1,...,ap} — eJIUHUIHAS] OKPECTHOCTH JIy9IIEro aJrOpUT-
Ma ag. Comepzkur D ajJropuTMOB C IOIAPHO PA3IMYHLIME BEKTOPAMU ONIMOOK, KAKIbIil
13 KOTOPBIX JIONYCKAET Ha OJHY OIIMOKY OOJIbIIIE, YeM djg.

Bagaua 6.3 (3). A={a_p,...,a0,...,ap} — CUMMETpPUYHAS YHUMOJIAJIbHAS TIEIb AJI-
FOPUTMOB — IpsIMas Iellb, COCTABJICHHAs U3 JBYX MOHOTOHHBIX IIEIeil ¢ 00IIUM aaropuT-
MOM @g: A€80T 6eMBU g, . ..,0_p U NPasot 6emsu ag, . ..,ap.

Bagmaua 6.4 (4). A={a_p,...,ap,...,ap} — wecummerpuunas (D # D') ynumonass-
Has Ielb aJTOPUTMOB — IIPAMas IIENb, COCTABICHHA U3 JIBYX MOHOTOHHBIX Iieleif ¢ 00-
UM AJITOPUTMOM Gg: A€60T 6€MBU Ay, - . . , A_pr U NPAGOT 6EMEU g, . - ., Ap.

Bamada 6.5 (5*). A ={ag,...,ap} — npsamas 1enb 6e3 PACCIOCHUS; TUCIO ONMMOOK,
Jepejysich, IpUHUMAET JiBa 3uadenust: n(aq, X) = m + (d mod 2), d =0,...,D.

Bama4da 6.6 (7*). A={ag,...,ac,...,ap} — UpsiMas Iellb, COCTaBJIEHHAs U3 e 6e3
PaCCJIOCHU Ay, . . . , G 1 MOHOTOHHOMN LIEIH A, . . .,Ap C OOIMUM aJITOPUTMOM dc.

Bamada 6.7 (8°). A={a_p,...,a_¢cr,...,ac,...,ap} — UpsAMas Nelb, COCTABIEHHASI
U3 MOHOTOHHOI HeNu a_cr,...,a_pr, Ien 0e3 pacClIOeHus a_cv, . ..,dc U MOHOTOHHOM
Ieru agc, . .. ,ap, ¢ OOIUMHI aJITOPUTMAMU G_cv U Q¢ COOTBETCTBEHHO.

Bagaua 6.8 (5°). Marpuma ommboK m-JIuaroHajbHa, TO €CTh AJTOPUTM (g JOITyCKaeT
OIMMMOKN Ha O0BEKTAX Lgi1, - - -, Latm, d =10,...,D.

Bagagda 6.9 (12%). IIpousBosibHast I€lb aJIrOPUTMOB.

lNpakTukym

B npakTtuaeckoM 3aJIaHIK pejjiaraeTcst peajn3oBarb Ajropur 6.2 1 UCTIOIBE30BaTh
€ro IJId TIPOBEPKU TCOPETUYIECCKUX OICHOK U MCCJEIOBAHUA HOBBIX CEMEHCTB.

Bamagda 6.10 (5). Hammcars mporpamMmy, mo3BOJISIEOIILYTO:

e reHepHpOBATh MOJIebHbIe cemeiicTBa asroputmMoB A = {aq,...,ap} B Buje 6GuHap-
HOPT MaTpuIpl ommMboK pasmepa L X D (B MarTpurie ommboK He JIOIKHO ObITH O/IH-
HAKOBBIX BEKTOPOB OIMMOOK ); JIETKO 3aMEHSTh N€HEPATOPbI JIAHHBIX;
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® BLIYNC/IATH TOYHBbIE BEPXHUE U HUYKHUE OIEHKH BEPOSTHOCTH I€pe0OyYeHUsT, eCn
COOTBETCTBYIOIINE (POPMYJIIbI H3BECTHDI;

e BoIUCIATH MeToioM MonTte-Kapiio, T.e. mo N ciydaitHbIM pazOneHusiM:
— BEPXHION ONEHKY (. JIJIsT IECCHUMUCTIIHOTO [lyee (XYM U3 JIyHITIHAX);
— HUZKHIOIO OIICHKY @8 JUTSL OITUMUCTUIHOTO flopy (JIYUIIAI U3 JTy9IITHX );
— CPEJHIOI0 OICHKY QE JUTST PAIJIOMIBHPOBAHHOTO [lpay; (CIyTIARHDIN U3 JIY X );
— OIIEHKY CNQE BEPOATHOCTH PABHOMEPHOI'O OTKJIOHEHUsT dacToT (3.1).

e crpouTh rpaduKu, OTKIAIbIBas [0 OCH X YUCJI0 MePBbIX d ajaropuTMoB (Jub0, Kak
BapUaHT, HOMep CJIOS M), 1O OCH Y:
— SMIMpPUUCCKHE ONEeHKH ()., Q.. Q., Q. ULl IOAMHOKECTBA A(d) ={ay,...,aq};
— TOouHBIE 3HAUEeHNH ()., Q. Q., Q. JuIst IOJAMHOKECTBA A(d) (ecsm u3BecTHBI);
ecsim 110 ocu X OTKJIaJBIBACTCS M1, TO 1O OCH Y JIONOJHUTEIHHO OTKJIAIbIBATD:
— YUCJIO aJITOPUTMOB B M-M CJIOE;

9

m
m;

— J10J1s1 pas3bueHuit, Ha KOTOPBIX 7( fhyee X, X)
— 7107151 pa3bueHuii, Ha KOTOPBIX N flomr X, X)

® CTPOUTH I'padUKU, B KOTOPHIX 0 OCH Y OTKJIQJILIBAIOTCS TOUHBIE (€C/IU M3BECTHBI)
I SMITIpHYECKHe 3HAYeHUA ()., @E, Q., @E, o ocn X:
— YHCJIO OMINUOOK JIYUIIEro ajropuTMa 1m;
— JUInHa 00y4eHusi ¢, Ipu OJJHOBPEMEHHOM POCTE JITUHBI KOHTpoJid £ = k;
— nyinHa o0ydenus ¢ npu PpUKCUPOBAHHOMN JIJIMHE KOHTPOJIS K;
— JUIMHA KOHTPOJIsI k 1pu (DPUKCUPOBAHHOM JiytiHe 00y deHus £.

Cremyromas cepus 3aJiad HaIlpaBJieHa Ha SKCIEPUMEHTAJIbHYIO MPOBEPKY OIEHOK
U UCCJIEJIOBAHNE 3aBUCUMOCTEN ()., QE, Qe, Q- OT mapaMeTpOB MOJIEJILHOIO CEMECTBA.

Bamaga 6.11 (3). Monoronnas 1enb ¢ mapamerpamu m u D.
Bamagda 6.12 (3). YuumoJasbHas Ielb ¢ mapaMerpamu m u D.

Bamada 6.13 (3). Ejunudnas OKpecTHOCTH ¢ mapamerpamu m u D.

Cremyromuii 9KCIIepUMenT HAIPABJIEH Ha MPOBEPKY IUIIOTE3BI, YTO MOHOTOHHAS IIEIh
U 1elb cJiydaifHbix uusepcenii [86] mepeobydaiores npakTuiecku OMHAKOBO.

Bagaua 6.14 (3). CpaBHuUTb, IPEJICTABUB HA OJIHOM I'pauKe, TOUHbIE 3HAUCHMST Q. s
MOHOTOHHOI TICIIH, MX SMIIMPHYCCKIE OICHKH M SMIMPHICCKIE ONCHKH Q. JIJIsl TICIH CIIy-
JaHHBIX HHBEPCHI IPU OJMHAKOBLIX M. Kak MeHsioTcs pazamans Mexk1y (). MOHOTOHHOM
IeNn W [eNn CIydaifHbIX nHBepcuit ¢ poctom ¢ u m?

Crestytornuit SKCIIepUMEHT HAITPABJIEH Ha IPOBEPKY MMITOTE3BI, UTO pa3PerKEHHOE O]
MHOKECTBO IIPAMOIL Ieln 1epeodyvdaeTcs MPaKTUIeCKn TaK »Ke, KaK caMa Iellb.

Bamada 6.15 (3). CpaBHuTb, IpejCTaBUB Ha OJHOM TpaduKe, SMIUPUIECKUE OIEHKH
Q) upsamoit nenu {ag, ...,ap} u eé nogmuoxecrsa {ag, a;, o, azg, ... fupu t =1,..., D.
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7 OueHkun paccnoeHUss—CBSA3HOCTU

IlepBble oneHKN BepodgTHOCTU IepeoOyueHns Jjisd IPOU3BOILHOIO MHOXKECTBaA aJro-
PUTMOB A, yYUTBIBAaBIINE PACCIOCHHE U CBA3HOCTD, Oblin nostydensl B 2009 romy nezaBu-
cumo [1. Kouegpikoseim u U. Permnernsaxom. B [87] 6bu1a npe/ioxkena oleHKa, OCHOBAHHAST
Ha PEKYPPEHTHOM BBIMUCICHUH HOPOZKIAIONMX U 3alIPEIAIONINX MHOXKECTB IIPH I0OYe-
péIHOM J100aBIeHNH aaropuT™MoB B A. Eé mokasaTesbeTBO OBLIO TOBOJIBLHO IPOMO3IKIM;
KpOMe TOro, TpeboBasock, 4ToObl B A cylecTBoBaj KOPPEKTHBII aJIrOPUTM, He JIOIyCKa-
oIl OIMMOOK Ha reHepaJsibHOI BbIOOPKe. [To3xke onenka Oblia yirydineHa, orpaHudeHne
KOPPEKTHOCTHU CHATO, U HaiiJIeHO IIPOCTOE JI0KA3aTeIbCTBO, KOTOPOEe IPUBOJANTCA HUZKE.

§7.1 [pad paccnoeHns—cBsi3HOCTU

Hamomuum ocHOBHBIE 0003HAYECHUS:

X ={x1,...,2,} — KOHEUIHOE MHOKECTBO OOBEKTOB;

A — MHOXKECTBO aJIrOPUTMOB;

I(a,x) — napukarop omubku aaropurma a € A Ha obbekre r € X;

n(a, X) — aucsio omubox anroputma a #Ha Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEK/Iy BEKTOPAMHU OMMOOK aIropuT™MoB a u b;
A, ={a € A: n(a,X) = m} —m-t caoti muoxkecTBa A.

Bynem nostarath, 910 Bce BEKTODPBI OMIMOOK 4 = (I (a,xi))le, [OPOKJIa€MbIE AJIIO-
put™mamu a u3 A, monapHo paziandibl. Ecu 31o He Tak, TO aJropuTMbl, COOTBETCTBYIOIIIE
JIyOJIMPYIONINM BEKTOPAM OIMMOOK, UCKJIIOUNM U3 MHOXKeCTBa A.

Bgeném na A ecrecTBeHHOE OTHOIIEHHE MTOPsiIKA: ¢ < b TOTIa U TOJIBKO TOI/Ia, KOT/Ia
I(a,z) < I(b,x) na Becex x € X. Oupenenum a < b ecim a < b u a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 9to a npedwecmeyem b
u 3amuceBarh a < b. OueBnano, 1ro n(a, X) + 1 = n(b, X).

Onpenenenune 7.1. ['pagom paccroerus—ceasHoCmu MHOMKECTBA aJIrOPATMOB A Oyrem
HasbIBaTh HanpasJeHHbli rpag (A, E) ¢ maoxkecTBOM pébep E = {(a, b): a < b}.

['pad paccioeHusI—CBI3HOCTU SIBJISIETCST MHOI'OJOJBHBIM, JTOJIM COOTBETCTBYIOT CJIO-
M A, pEOpaMu MOTYT COEIUHSITHCST TOJIBKO aJTOPUTMBI COCEJTHUX CJIOEB.

Kazxtomy pebpy a < b rpada pacc/ioeHusi—CBI3HOCTU COOTBETCTBYET OJUH M TOJILKO
OJIMH O0BEKT Ty € X, Takoil, uro [(a, xq,) = 0 u 1(b, x4) = 1.

IIpumep 7.1. Ha puc. 7.1 nokazan rpad paccioeHusCBA3HOCTH, TTOPOKIAEMbBII ceMeii-
CTBOM JIMHEHHBIX aJTOPUTMOB Kjaaccudukaiuu Ha BbiOOpke bl L = 10. Havaabubrit
¢dpparMeHT ero MaTpuUIlbl OMUOOK PUBOIUIcA Ha puc. 1.2, crp. 10. Bribopka jmmHeitHo pas-
JieJINMa, TI09TOMY B rpade nmMeeTcs HyJIeBOI CJI0N, COCTOANINN U3 €IMHCTBEHHON BEPIIIIHDI,
COOTBETCTBYIOIEH Hy/IeBOMY BeKTOPY oimubok. [lepBoiit ciioit obOpasyercs H ajropurMamu

C OJIHO¥ OMMOKO#t, BTOPOIl /IO — 8 aJI'OPUTMAMU C JIByMsI OIMUOKAMM, U T. .

B Tunmunom ciaydae rpad paccioenus—CBA3HOCTH n30MopdeH rpady TPaH3UTUBHOM
PEeyKITUU OTHOIIEHUST TOpsIKa <, Ha3bIBAEMOMY Takxke duazpammoti Xdcce. Oriuine
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Puc. 7.1. llpumep rpacda pacciioeHus—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBLHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kiaccudukanuu Ha BbIOOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kjacca (BBepXy
crpasa). [lepsbiii cioit o6pasyercst 5 ajaropurMamu ¢ OJHOl omubKkoii (BHU3Y ciieBa),

BTODOIt €J10#i — 8 ajropurMamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B TOM, 4TO B rpade (A, ) pébpamu COeJIUHSAIOTCS TOJBKO AJTOPUTMBI, OTINIAIONTHECS
Ha OJIHOM OOBbEKTe, TOIJIa KaK B JiarpaMMe Xacce péOpaMu COEJMHSIIOTCA TaKxKe U ajl-
TOPUTMBI a, b, oTyimgatonuecs 6ojiee 4eM Ha OJIHOM O0bEKTe, €CJIU He CYIIECTBYET TaKOTO
c € A aro a < ¢ < b. B obmem ciaydae rpad paccioeHUSI—CBI3HOCTH SABJISETCS I0/I-
rpadoM JuarpaMMbl Xacce eCTeCTBEHHOINO OTHOIIEHNS MTOPSAIKa Ha MHOYKECTBE OMHAPHBIX
BEKTOPOB OIINOOK BCEX AJITOPUTMOB cemeiicTBa A.

§7.2 OueHku paccnoeHnsi—CBSA3HOCTU

OcnabneHnne metoga nopoxxaarwLwmx n 3anpewatomx muoxecTs. Hamovmnwm, aro
JI7IS TIOJTy I€HUs TOYHBIX OIEHOK 00O00IMIAONIEeil CTOCOOHOCTH MbI 3aIIICHIBAIA HEOOXOIMOE
u gocrarounoe ycsosue (5.7) Toro, 9To aaroput™m a € A BbIIAGTCH METOIOM [ B PE3YIlb-
Tate obyuenns 1o Bobopke X € [X]%:

nX=a] = 3" 6 [Xeo C X] [X, € X].

veVy
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Ociabum 310 ycjioBue.

Bo-niepBbix, orpanndanMcst HeOOXOIUMBIM YCJIOBUEM, YTO PABHOCUJILHO 3aMeHe paBeH-
CTBa OLEHKOW CBEpXY.

Bo-BTOpBIX, 4TOOBI yIIPOCTUTD OIEHKH, JIJIs KaXKJIOT'0 aJI'OPUTMa Oy/IeM UCKATh TOJIb-
KO OJIHY IIapy U3 HMOPOXKJAIONIEr0 U 3allpelialoniero MHOXKeCTBa, U 1oJaraTh Cqy = 1.

I'unoresa 7.1. Ilycrs MHOMKECTBO A, BBIOODKA X H METOJ i TAKOBBI, ITO JIJIST KAXKJ[OT'0
ajropurmMa a € A MOXKHO yKazaTh nopooicdarowee MHOKecTBO X, C X I 3anpewarowiee
mvuoxkectBo X! C X, y/10B/I€TBOPSIONTHE YCTOBUIM

[1X=a] < [X, C X][X, CX], VX e[X" (7.1)

Ecau runoresa 7.1 BepHa, TO clipaBe//INBa BEpPXHsisl OIEHKA, aHAJOIMIHAA TOIHOI
onerke u3 Teopembr 5.3 (J0Ka3aT€IHCTBO TPUBUAJILHO BOCIIPOM3BOUTCS AL 38 IArOM):

_ . _ O
Q-< Q.= PH"™ (s4(2)); Pu= R (7.2)
acA L
La::-L'_|)QJ'_|A$h
by =0 — | X,l;

mg = n(a, X\ X\ X));

sa(e) = £(n(a,X) — ek) — n(a, X,).

Besmuwnna P, sBiisiercss BepxHeil orenkoit Bepositaoctu P, = P[uX = a] noxyuurs

aJropuT™ @ B pedysabrare odydenus. [lockonbky > P, =1 u P, > P,, Beqmuuna » , P,
acA acA
CKOpee BCero, okazkercs Oosibieii ejaunuipl. OHa Oyaer NpuOIM3UTEIHHO paBHa CTEIeHN

3aBBIINIEHHOCTU OIEHKHU BEPOSITHOCTH ITepeodyIeHnst (). .

BepxHsas oueHka BeposaTHOCTU nepeobyyeHus. st KaxKjioro aaroputMa a € A orpe-
JICJTM JIB& MHOXKECTBa 00BEKTOB: X, — MHOXKECTBO OOBEKTOB X 45, COOTBETCTBYIOIIUX BCE-
BO3MOXKHBIM pébpam rpada (a,b) € E, ucxonsmmm u3 a:

X,={zeX|IbeA:a=b, I(a,x) <I(bz)}, (7.3)

u X — MHOXKeCTBO 00BEKTOB & € X, TaKNX, ITO ¢ ONHOAETCS HA T U CYNECTBYET JIy I
aJIOPUTM b, KOTOPBIil He omudaeTcs Ha T:

X, ={zeX|beA:b<a, I(bz) <I(a,x)}. (7.4)

Jlemma 7.1. FEcim j — MeTos; HeCCHMACTHIHOH MHUHUMH3AIUA SMIHPHIECKOIO DHUCKA,
to muoxkecrBa X, (7.3) u X! (7.4) ABsrorcss, COOTBETCTBEHHO, ITOPOXK TAIOIIIM U 3aIIDE-
MAFOIIIM JIJIS aJlOPHTMAa @ B cMbIcje I'umorespr 7.1.

HokazarenbcTBo. Jlokaxkem or nmporuBHOro, uro ecim puX = a, 10 X, C X u X! C X.
Honycrum, garo Haiinéres xq, € X,, He nexamuit B X. Torma n(a, X) = n(b, X),
ITOCKOJILKY BEKTOPBI OIMHUOOK @ U b OTJIMIAIOTCd TOJBLKO Ha O0BEKTE Xy, B TO 2Ke Bpems,
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n(a,X) + 1 = n(b,X), mosTomy i1 METONA (i, B CUIYy €r0 HECCHMUCTHIHOCTH, BBIOOD
ajropurma b 11o Beioopke X OyIeT mpearouTuTeIbHee, 9eM @, 9TO IPOTHBOPEUHUT YCIOBUIO
uX = a. 3naqunt, X, C X.

Homyctim teneps, aro maiinéres x € X!, nexammuit B X. Torma cymectyer b € A,
st koroporo n(b, X) < n(a, X). Tlockosbky MeTOH (1 MUHUMHU3UPYET SMIUPUIECKUI
PHUCK, BBIOOD ajropuT™a b OyJeT NpeouTuTe/ IbHee, YeM @, YTO POTUBOPEYHUT yCJIOBHUIO
puX = a. 3naunt, X! C X.

Jlemma J1oKa3aHa. [

Ounpenesienne 7.2. Beprnet ceaznocmuio q(a) (upper connectivity) amropurma a € A
OyJ1eM Ha3bIBATH 9HCJIO PEOED rpaca, UCXOJANIUX U3 BEPIIHHBI O

q(a) = |X,| = #{zw € X: a < b}.

Onpenenenne 7.3. Huowchel ceasnocmoro d(a) (lower connectivity) aiaropurva a € A
OyJIeM Ha3bIBATH YHCJIO PEOED rpaca, BXOJSIINX B BEPIIHHY O

d(a) = |D,| = #{ap. € X: b < a}.

Cesasnoctb ¢(a) (wm d(a)) ectb peanusyemoe ceMeiicTBOM A 9UCIO CrIOCOGOB H3Me-
HUTBH aJIFOPUTM @ TaK, 9TOObI OH CTas JieJaTh HA OJHY ONMOKY GoJiblie (UM MEHbIIE).
CB#3HOCTb MOYKHO MHTEPIPETUPOBATH KaK IHUCJIO CTereHeil cBobobl cemefictBa A B J10-
KaJIbHOI OKPECTHOCTH aJroputMma a € A.

Onpenenenne 7.4. Heonmumanvrocmuvio r(a) (inferiority) amropurma a € A 6ymem
Ha3bIBATH IHCJIO OOBEKTOB T € X, Ha KOTOPBIX aJTOPHTM G OIIHOAETCSI, IPH TOM, UTO

cymecrByer ajaropurm b € A, jryqmmii, yem a (To ectb b < a), He OmMHOAIOIUIICS HA X:
o /
r(a) = X5/

B repmmnax rpada pacciaoeHus—CBA3HOCTH 7(a) €CTh YHCIIO0 PA3/IMIHbIX 0ObEKTOB
Tpe, COOTBETCTBYIOIIMX BCEBO3MOXKHBIM péGpaM (b, ¢) Ha MyTdAX, BEJLyIIUX K BEPIIUHE a.

CupaseminBo Hepasenctso d(a) < r(a) < n(a, X).

Pagencrso r(a) = d(a) qocruraercst Ha BceX aaropuTMax JABYX CAMBIX HIZKHUX CJIOEB.

Pagencrso 7(a) = n(a, X) mocruraercst B caydae, Korja CymecTByeT KOPPEKTHbIH ajl-
roput™ ag € A: n(ag, X) = 0.

Teopema 7.2 (ormeHKa pacciioeHUsi—CBSI3HOCTH). [IycTh 1 — MeTo] HecCUMHUCTHY-
HOI MHUHHUMH3AIIHH SMIIHPAIECKOrO PHCKA, BEKTOPBI OIMMUOOK BCeX ajropuTMoB u3 A mo-
IapHO pa3/ImdHbl. 1or/1a HMeeT MECTO BEPXHSIST OIEeHKa BEPOSITHOCTH IEPEOdyIeHUs:

CLlr pyrgmer
Qe X) <Y — 5 H 0 (£(m = <k)), (7.5)
acA L

e q = q(a) — BepxHsist cBsi3HOCTH, T = 1(a) — HeonTUMaIbHOCTH, M = n(a, X) — 4mcso
OIIMOOK aJrOPHTMA G Ha TeHepaJIbHOH BBIOOPKE.
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HokazareabcTBo. [laHHas OIEHKa CJIelyeT HEloCpeICTBEeHHO u3 obieii orenku (7.2)
u Jlemmbr 7.1, ecin 3aMeTUTh, 9TO MPOU3BOJIBHBIN ajaroput™ a € A ommubaercss Ha BCex
00bEeKTaX 3aIPEeIaioNero MHoKecTBa X, 1 He omubaeTcs Ha BCeX 00BEKTax MOPOKIAi0-
mero muoxkectBa X0 | X,| = q(a), n(a, X,) =0, |X!| =n(a,X])=r(a). ]

HekoTopble CBOICTBa OLEHKN PaCC/IOEHNA—CBA3HOCTM.

1. Biarozapsi KOMGHHATOPHOMY COMHOYKUTEIIIO Ci_—%—r /C¥ BKJIaJ1 Kayk/10r0 aJlrOpHT-
Ma @ B OLIEHKY ()¢ 9KCIIOHEHIUAJIbHO YObIBAET C POCTOM HEOITHMAJBHOCTHU T U CBSI3HOCTH (.
Orcrofa caeayorT IBa BayKHBIX IS IPAKTHKI BBIBOJIA.

Bo-11epBbIX, CBsI3HBIE CeMelCcTBa MeHee O/BePKeHbI 1epeody YeHNuO.

Bo-BTOPBIX, TOJILKO HUYKHIE CJIOU BHOCSIT CYIIECTBEHHDIH BKJIAJ B IIepeobyvdeHne.

Bitaromaps mociieiaeMy 06CTOSATEIbCTBY CTAHOBUTCS BO3MOXKHBIM 3(D(hEKTUBHOE BbI-
qHc/IeHne TPUOMIIDKEHHON (HIZKHEl) OleHKN (. 10 CIOSM CHU3Y BBEpX.

2. Ecim npeneGpedb paccioeHHeM U CBSI3HOCTBIO, MOJIOXKUB 1 = ¢ = 0 JJIst KazK/J0r0
a € A B dopmyse (7.5), To moyunTes sydmas u3 VC-onenoxk (3.3):

Q:(1,X) < ZHim (£(m —ck)) .

acA

3. OmenKa paccIoeHns CBA3HOCTH SABJIgeTCA JocTHKIMOM. Hepasencrso Q. < Q.
HEepexXoJIUT B PABEHCTBO, Korja ycjosue (7.1) sBigercss paBencTsoM. JIpyrumu ciioBa-
M, Koryia ycsaosue [ X = a], BbIpazKeHHOE C IOMOIIBIO €IMHCTBEHHON Mapbl MHOXKECTB
(X4, X)) nmst moboro anroputMa a € A, sIBIsIETCS He TOJIBKO HEOOXOMMBIM, HO U J0CTa-
TOYHBIM. DTO TAK, B YACTHOCTH, JIJIsi MOHOTOHHOI 111N ajaropuT™MoB (cTp. 57) u eé MHOro-
MepPHOTro 0000IIEeHNs — MOHOTOHHOI CeTH aJIr'OPUTMOB, KOTOpas OyjieT pacCMOTPeHa HUZKE.

4. OrneHka paccjoeHUsi-CBSI3HOCTU MPUHUMAET OCOOEHHO IMPOCTON BUJI, KOTJa B Ce-
MeiicTBe A cyIecTByeT KOpPEeKTHBIH ajqroputm ag: n(ag, X) = 0. Takue cemeiicta 6y1em
Ha3bIBAThb KOPPEKMHBLMU OTHOCUTEIHLHO BHIOOPKHU X.

Teopema 7.3. FEciu p— MeTos MeCCAMUCTHIHON MHUHUMHU3AIHA IMITHPUICCKOTO DHCKA
" ceMeiicTBO A KOPpPEKTHO, TO

cie
Q-(1,X) <) Lc—i [m > ek], (7.6)
a€A L

e ¢ = g(a), m = n(a,X).

HoxkaszarenbcTBo. Ecim B A cymecTByeT KOPPEKTHBIN aIrOpuTM dg, TO HEOHTHMAJIb-
HOCTD JII000ro anropur™a a € A pasna wumcsy ero ommbok, r(a) = n(a,X). Ilosromy
B (7.5) moxkuo nogcrasurh m — r = 0. Torua, cormacuo Jlemme 5.7 (crp. 49), runepreo-
¢ _

L(m —ck)) = [m = ek]. Orcrona

BbITEKaET yTBEP2KJIECHUE TEOPEMDBI. ]

l—q,0
MeTpUIEeCKOe paclipejiesieHnne BhIpoxKjaeTcs: H ququm(
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CHoBa MOHOTOHHas uenb anropuTtMoB. Panee yke Oblia TOJydeHa TOYHAsS OIEHKA
BeposATHOCTH Tiepeobyuennst (6.3) jijist MOHOTOHHOI eI AJITOPUTMOB (g < 1 < *++ < ap,
B KOTOPOI JIydIInii ajropuT™ JOIMycKaeT m ommbok, n(ag, X) = m:

min{k,D}
o
L— d J

Q= . o — R H s (fm - d = k), 6 =[d < D],
d=0

Jlerko y6ennThest, 9TO OHa COBIAAaeT ¢ o0IIeil oleHKoi paccioenusi—cBsiznocTn (7.5).
DTO cjemayeT U3 TOro, UTO

1) cBasHOCTB paBHa 1 JJId BCeX aJrOPUTMOB, KpoMe mocsennero, q(aq) = [d < DJ;

2) HEOHTHMAJBHOCTH U IHCJIO OIMHOOK CB3aHBI PABCHCTBOM N(aq, X) = r(aq) + m;

3) uncaurens (7.5) obpamaercs B Hysab npu { — § < L —d — 6, o ectb d < k, cite-
JIOBATEIBHO, HEHYJIEBO BK/IA/l B CyMMY MOTYT JIAaBaTh TOJBKO IEPBbIe k AJITOPUTMOB.

Takum 06pazoM, MOHOTOHHAS IEllb aJIl'OPUTMOB — 9TO IPUMED ceMeficTBa, JIJIst KOTO-
poro obImast OIeHKa PaccjIoeHnsa—CBa3HOCTH (7.5) sIBJIsieTCst TOUHOIA.

§7.3 TMpocdunnb paccioeHns—cBA3HOCTU

B psne ciygaes obras onenka (7.5) npuBoauTcs K 6oJiee yio0HOMY BUILY.

Onpenenenne 7.5. IIpofusem paccioenua—c6a3nocmu MHOXKECTBa aaropuTMoB A Ha-
sbiBaercs matpuna  (Apg) pasmepa (L+1)x(L+1), nge Ay — 4HCIO alIropuTMoB
B M-M CJIO€ CO CBSI3HOCTDBIO

Ay = Z[n(a,X) =m][q(a) =q].

acA

Teopema 7.4. Ilyctp rpach paccioeHUsI-CBSI3HOCTH HMEET HUCTOK — €JHHCTBEHHBIH aJI-
TOPUTM Gy, OT KOTOPOI'O MOXKHO JIOOpaThbCs IO pébpam JI0 JIF0O60ro Jpyroro ajaropurMa,
 mg = n(ag, X). Torya cripaBenBa BepXHsIs OIEHKA BEPOSITHOCTH 11€PE00Y ICHHUST

L L
C m+mo mo
Q-< ) ZAqu"C—ﬁHf o (L(m - ck) . (7.7)

HokazaTeabcTBO. Bo3bMéM mponsBosibHBIN ajaroput™ a € A. B cuny eamncTBeHHOCTH
HCTOKa BCe 3alperaore o0beKThl u3 X, HaXojasaTces Ha pébpax rpada, CoCTABIISIIONIX
BCEBO3MOKHBIE IIYTH MEK/Iy BepIIHHAMHU (g U a. IIOCKOJBKY BCe 3TH IIyTH UMET 00-
Iee HavasIo (g ¥ OONIHiT KOHEI| a, 9ncjI0 00BeKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) — mg. C npyroii cTopoHbI, OHO Ke paBHO 7'(a). 3HAYWT,

f q(a)

Z Z q(a m+mo HZ q((t;))7 TZSero (%(m — 5k;)) .

m=mg a€Anm

HeperyHHI/IpOBaB CJlara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIPpEJC/ICHUEM HpO(bI/IJIH pacCJIOEHUA—
CBA3HOCTHU, IIOJIYIUM YTBEP2KACHUC TCOPEMDI. |
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Teopema 7.5. I[lycTp BepHBI MIPEAIIOIOMKEHNST MPEIBLIYINEH TeOPEeMbl H UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mo = n(ag, X) = 0. Torga crpaBeinBa BepXHsIsl OIlEHKA
BEPOSITHOCTH 1TePe00y IeHN T

l—q

L L C
Qe < D > Apg—ai (7.8)

L
m=[ek] ¢=0 CL

HokazarenabcTBo. B onenky (7.7) moacrasum mg = 0. ['unepreomerpudaeckoe pacipejie-
JIeHWe BBIPOXKIaercs coraacHo Jlemme 5.7, orkyna u mosydaem orenky (7.8). [

CymiecTBOBaHUE HCTOKA — JOBOJILHO CHJIBHOE IIPEJIIOJIOXKEHNE, U B OOJIBIINHCTBE
IPpaKTHYECKUX CUTYyallnil OHO He BbINoJHgeTCsd. [Ipenoioykenne KOppeKTHOCTH €IIE CHITh-
Hee, MOCKOJIBKY BBOJIMTCS JIOMOJHUATEIbHOE TpeboBaHue, 9TOObI UCTOK ObLIT KOPPEKTHBIM

asropur™oM, mgy = n(ag, X) = 0.

Nmnotesa o cenapabenbHocTu npocduns paccnoeHusi—cesasHocTn. Ha puc. 7.2 1o-
KazaHbl rpaduKu 3aBUCHIMOCTH® A, OT M W ¢, Ui MHOKECTBA JIMHEHBIX aJrOPUTMOB
KJIACCUPUKAIINN U JIMHEWHO Pa3/Ie/IMMbIX JIByMEPHBIX BBIOOPOK Jiyinnabl L = 20, 50, 100.

Bumo, 9To npoduib CBA3HOCTH KOHIIEHTPUPYETCA B TOYKE ¢ = 2, YTO COBIAJIAECT
¢ pa3MepHOCTDbIO TpocTpancTBa. C yBeJmdeHneM JJINHBI BHIOOPKH JJOMUHUPOBAHUE JTAHHON
KOMITOHEHTBI TTPOMUIIA TOJTBKO YCUINBAETCS.

[nsng va rpadukn, MOYXKHO BBIJIBUHYTH THIIOTE3Y, 9TO HTPOMUIL PACCIOCHUSCBI3-
HOCTH A, ABJIAETCH C BBICOKOI TOUYHOCTBIO CENnapabesvHvim:

Apg S AmAg,

rae A, —xodddunuenT pasHoobpaszmus m-ro Caod, A, — JOJId aJITOPUTMOB, MMEIOITIX

cBs13HOCTH ¢. OYeBUIHO, BBITIOJHSIETCS YCJIOBHE HOPMUPOBKU Ag + - - - + A\, = 1.

L

L
Bekrop (A,,) IpeJITIaraeTcst HasbIBaTh NPofuem paccaoenus, a BEKTop (Ag) =g —

m=0
npogﬁu&em C6A3HOCTMU MHOZKECTBa aJI'OPUTMOB A

JlokazaTeIbCTBO THIIOTE3BI celtapadbesIbHOCTH MTOKa OCTAETCsSI OTKPBITOM IIPOOJIEMOii.

Pe3iome

MeTo 1, TOpOXKJIAIONINX ¥ 3aIIPEIIAIONUX MHOXKECTB CYIIECTBEHHO YIIPOIIAETCs, €C/In
JIIS KayKJI0OTO aJITOPUTMa 3alliCaTh JIUITb HeOOXOUMbIE YCJIOBHS TOTO, YTO OH OyJIeT I0-
JIyUeH B pe3yJsibraTte o0ydenus. [Ipu 9T7oM BMECTO TOUHBIX OIEHOK BEPOSTHOCTH I1epeody-
YeHUs ToJIydaloTca BepxHue onenkn. OHu cyiiectBeHHO TouHee V(C-OIEHOK, ITOCKOJIBKY
YUUTBIBAIOT CTPYKTYPY I'pada pacc/ioeHnd—CBI3HOCTH. 11 HEKOTOPBIX ceMeiicTB, HAIlpU-
Mep, JJId MOHOTOHHOM IIeNN aJITOPUTMOB, OIEHKa, PaCCI0CHUA—CBA3HOCTH SABJIAETCA TOY-
Hoit. BKJiaJ1 ajiropuTMa B BEPOSITHOCTH IepeodydeHus yObIBaeT SKCIOHEHIMAILHO ¢ PO-
CTOM CBSI3HOCTH W HOMEpPAa CJIOS, B KOTOPOM HaxoJauTcd ajaroputm. OTciofa cieLyeT, 9To
CBSI3HBIE CEMEICTBA MeHee CKJIOHHBI K TIepeoOyIeHUI0, a JIId ITPUOJINZKEHHOTO BBIYUC/IEHUS
BEPOSITHOCTH TIepeolyIeHusl, BOSMOXKHO, Oy/IeT JIOCTATOTHO B3SITh aJllOPUTMbI U3 HECKOJIb-
KX HUXKHUX CJIOEB.

SBBI‘II/ICI[I/ITGJIBHI)IG 9KCIIEPUMEHTDBI BBIIIOJIHCHBI WMieéit Pemmernsikom.
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Puc. 7.2. [Ipoduin paccioeHnsi—CBI3HOCTH JJIsi IBYMEPHBIX BHIOOPOK JyinHbl L = 20,
50, 100, 200. IIpoduas A, —3TO KOIMYECTBO aJTOPUTMOB C HUCJIOM OMIMOOK M

Ha I‘eHepa.HbHOfI BbI60pKe " CBZASHOCTBIO (.

B cnepyloweii nekumu Mbl IPUMEHUM OICHKY PACCIOCHUS-CBA3ZHOCTH K CEMENCTBY
KOHBIOHKTUBHBIX JIOTUYCCKUX IIPABUJI HAJ, BEIICCTBCHHBIMHU IIPU3HAKAMH, KOTODBIC IIHU-
POKO HCIOJIL3YIOTCS B JIOTUYECKUX aJTOPUTMAaX KJIacCHMDUKAINN.

Ynpa>xHeHus

Bagaua 7.1 (3*). Kakue orpannuenust HeOOXOIUMO HAJIOXKUTH HA CeMeHCTBO A, I4TOObI
yeqioBue (7.1) OBLIO He TOTBKO HEOOXOIUMBIM, HO U JIOCTATOYHBIM, CJI€J0BATEIHHO, OICHKA
paccyioerns—cBsi3HocTn (7.5) obparanack Obl B paBeHCTBO? Bo3mozkHO s cchopmymmpo-
BaTh 9TH OTPAHUYEHUSI B TEPMUHAX Tpada pacclIOeHUsI—CBI3HOCTH !

Bamaua 7.2 (5%). O0600muTH ONEHKY paccioeHus—cBa3HocTH (7.5) Ha ciydaii, Korja
B rpade pacc/oeHusi—CBA3HOCTh UMEIOTCS «JIBIPKU», TO €CTh JijIs HEKOTOPBIX Iap aJro-
put™MoB (a,b), a < b, He cymecTByeT aaropur™a ¢ € A, Takoro, 9to a < ¢ < b.

Bamagda 7.3 (10*). O6ocHoBaTh runoTesy cenapabesbHOCTH JIJIs JINHEHHBIX aJITOPUTMOB

KJIaccupuKaIimm.
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8 KOHBIOHKTUBHbIE JlIOrn4yeckune 3dKOHOMEPHOCTWN

Mpbr o6pasinch, HAKOHEIT, /IO TEPBOr0 MPAKTUIECKOTO NMPUMEHEHNsT KOMOMHATOPHOMN
TEOPHUH IepeodydeHns. A IMEHHO, OIIeHKH PaCcCI0€HUsI—CBA3HOCTU OYIYT MPUMEHEHDI JIJIs1
VILYUIIEHUS A02UMECKUL MEMODOE KAACCUPUKAUUU.

§8.1 Jlornuyeckne metoabl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanun. Jlomyctm, 910 KaxKjoMy 00beKTy x; € X co-
OTBETCTBYET NPasusbHuili omeem y; € Y, riae Y — KOHEIHOEe MHOYKECTBO UMEH KJIACCOB.
OO0BeKTHl onuchBaIOTCA HAOOPOM 1 IUCIOBBIX npushakos fi: X — R, j=1,...,n.

Jlornaeckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, ITOCTPOCHUH KOMITO3UIINH HHMOP-

MATHUBHBIX, XOPOIIO UHTEPIPETUPYEMBIX JOI'MTYCCKIX 3aKOHOMEPHOCTEI.

Norunyeckue npasuna n TpebosaHne nHtepnpetupyemocTu. Ipeduramom Gyjuem Ha-
3BIBATH MTPOM3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecom r(x) = 1, 1o Gyzem roso-
PUTH, YTO HPEUKAT 6bi0eAAen OOHEKT T

IIpasu.nom (rule) GyjieM Ha3BIBATD IIPEJUKAT U3 HEKOTOPOTO (DUKCUPOBAHHOTO CeMeii-
crBa npeukaros R. [IpaBuia oTIMyarorces OT IPeIMKaToB TeM, 9To 00J1a1ai0T CBOCTBOM
UHMEPNPEMUPYEMOCTU — JIOIYCKAIOT 3alliCh Ha eCTeCTBEHHOM sI3bIKE B TeDMUHAX IIPEJl-
METHOH 00J1aCTH, JOCTATOYHO IIPOCTHI U MOHITHBI IPUKJIAHBIM CIIENUAIICTAM. DTU TPEe-
GoBanust HbopMaNN3YIOTCA B caMoil KOHCTPYKIU cemeiictBa R. Mbl paccMOTPUM TOJIBKO
OJIMH BUJI IIPABILI, OKAJYIl, CAMBIil PACIIPOCTPAHEHHBIN Ha IPAKTHKE — KOHbIOHKIUH (J10-
ruveckoe ) sjieMeHTapHbBIX [OPOrOBBIX [PEJINKATOB:

r(s0) = [T 5 ¢), (8:1)
JjE€J
rne J C{l,...,n} — nogamuoxkecTBO Npu3HaKoB, 6/ € R — nopoz 1o j-My Npu3HAKY,

0 = (67)jc; — sexmop nopoeos, <, — omuH U3 30aK0B cpasrenus {<, >, =}. Yucio |J| na-
3bIBACTCS PaH2OM KOHBI0HKYUU. OBBITHO OHO OTPAHUYIUBAETCS CBEPXY B YOy BCE TOM XKe
UHTEpHIpeTupyeMocT. Kak yTBep2KIaioT IICHXO0JION], JIFO/IAM TPYHO IOMHHUTD U IIOHUMATh
npaBmia, cojepxariye 6osee 7 yeaosuit. Ha npakruke orpanndenue ua |.J| ycranapina-
eTcsl IPUKJIAJHBIMU CIIEIUAJIUCTAMI UCXO/IS U3 CHerUMUKY 3a/1a M.

IIpumepbl 3akoHOMepHOCTE. I3 331841 METUITMHCKOTO TTPOTHO3UPOBAHUS: €CJIH BO3-
pact namuenTa Boiire 60 jget 1 panee on nepenéc nadapkT, TO ollepaluio Jgea1aTh He CTOUT.
N3 3aaum KpequToBaHus (hU3MICCKUX JIUIL: €CIN 3aCMIUK yKa3a/l B AaHKEeTe CBO JoMalll-
nuii resecbon U ero zapruiara npepbimaer $2000 B mecsi I cymma KpeanTa He IpeBbIIIa-
er $5000, TO KpeauT MOXKHO BBLIATH. 13 3aa4m paclno3HaBaHUsS CIAMA: €CJIU B IHCHMe
IIPUCYTCTBYET CJI0OBO «Dectiatno» I ykazan mockoBckuii Tesiechonnbiit nomep U momen

OTIIpaBUTEJIA HAXOJAUTCA B KI/ITae, TO 9TO CIIaM.

MoHaTna 3akoHoMepHOCTU U MHAPOPMATUBHOCTU. 3akoHoMepHOCbIO Kiacca y € Y
Oy/ileM Ha3bIBaTh IpaBUjIo 1 € R, BhIesdoNee Ha 3a1aHHo0il Bbioopke X C X J10CTaTOYHO
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MHOI'0 00BEKTOB KJIacca Y U Majio 00bEKTOB BCEX OCTAJbHBIX KyaccoB. s dpopmamsa-
7 5TOro TpebGOoBaHUs BBOJAT JiBa KpuTepusi: p(r, X)) — YHCI0 NoA0#CUMeAbHbT npume-
P06 — 0OBEKTOB KJIACCa Y, BBIJEIAEMbIX MPABIIOM 1, 1 n(r, X ) — YUCI0 0mpuyamesvrvi
npumMepos — 0OHLEKTOB BCEX OCTAJIBHBIX KJIACCOB, BBIJEIAEMBIX MpaBumioM r. [l moncka
3aKOHOMEpPHOCTel B cemeiicTBe npasuil R 1o obyJaroreii BoIoopke X ecTeCTBEHHO CTaBUTh
33/1a49y JIBYXKPUTEPUAJIHLHON ONTUMUBAITIN:

p(r,X) = #{z;i € X | r(z;) = 1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

Ha npaxTuke jgBa KpuTepus 49acTo CBOPAUUBAIOT B OJIUH Kpumepul un@opmamueHo-
cmu 7 perraioT 3ajaady ontuMusayn 2 (p,n) — max. VI3BeCTHBI JAeCITKN PasIHIHBIX
KpuTepreB nHHGOPMATHBHOCTH: MPOCThIE CBEPTKE Tulia p — yn [24|, kpurepuit Gyctunra
N /1 [77], surponuitabiii kpurepuit, unjexc Jxkunu, Tounslit Tect @uiepa, Tect X2,
TecT w?, u apyrue [67]. Muorue Kpurepun oleHUBAIOT CTEIICHb HECTyYaiiHOCTH pa3OueHus
BBIOOpKU X Ha IMOJIMHOYKECTBA MOJIOXKUTETbHBIX 1 OTPUIATETLHBIX IPUMEPOB OTHOCUTE b=
HO UCXOJIHOTO pa3dueHus BeIOOpKN X Ha Kjacchl. OHAKO HU OJINH U3 KPUTEPUEB HEJIb3sI
Ha3BaTh HanOoiee 0OOCHOBAHHBIM UM OE3YCTIOBHO IPENOYTUTEIbHBIM. BBIOOp Kputepus
MHMOPMATUBHOCTH ABJISIETCS SBPUCTUKOIN.

O06o3HaYNM YHCJIO TTOJIOKUTEIBHBIX U OTPUIIATEILHBIX IPUMEPOB B BBIOOPKe X depes

P(X)=4#{x; € X: y; = y};
N(X) =#{z; € X: y; # y}.

ITpumep 8.1 (Tounsiii Tect Purrtepa). Ecim npuHaTh B KauecTBe HYJIEBO THIIOTE3bI
[IPE/IIIOJIOKEHIE, ITO TIPeJUKaThl 7'(x) 1 [y(x) = y] ABJIAIOTCS HE3aBUCUMBIMHU CJTY YAl HbI-
MU BEJTMIHHAME, TO TPH (DUKCHPOBAHHOM YHUCJIE BBIJEIAEMbIX 3HAYeHU (p + n) 9ucio
BBIJICIAEMbIX OTPUIATE/ILHBIX IPUMEPOB 1 MOJTIUHIETCS TUIIEPreOMeTPUICCKOMY pacIpe-
JeJIEHUTO h’;ﬁ(,N (n). docTuraeMblit ypoBeHb 3HAIUMOCTH JTAETCsT QYHKIINEH riumepreoMer-
pudeckoro pacrpejesaeHus. OH paBeH BEPOITHOCTH YUCTO CIyIalHON peaTu3aiimi HabTio-
JIaeMbIX 3Ha4YeHU! p U n. dem OH MeHbIIle, TeM MeHee IPaBJIONoI00Ha Hy/IeBas THIIOTE3A.
[TosToMy OH MOXKET CJIyKUTh MepOil HecJydaifHOCTH BeJUIUHbI 7 (), a HecIydailHOCTh
MOXKHO TPAKTOBATh KaK 3aKOHOMEPHOCTH. B KadecTBe MaKCUMU3UPYEMOI'O KPUTEPUs UH-

dopmaruBHOCTH GEpyT MHHYC JIOrapudM JOCTUIAEMOrO YPOBHA 3HAYMMOCTH:
_ ptn, N
H(p,n) = —log HR'Y" (n).

IIpumep 8.2 (9uTpONUiiHBIN KpUTEpHUil). AcCUMITOTHIECKUM TPUOJINKEHUEM TUIIED-
reOMEeTPUIECKOI0 KPUTEPUS ABJISIETCS IHMPONUTHIT KPUMEPUT UHPOPMAMUSHOCTIU LT
suiuzpvits ungopmayuy (information gain, IGain) [71]:

P _ptn D _|X|—p—nh P—p

[Gain(p,n) = h
(p.n) P+N) x| "\ptn X X|—p—n

rie h(q) = —qlogy g — (1 — q) logy(1 — ¢) — dyHKIMs SHTPOIMU TAPBI UCXOJIOB ¢ BEPOSIT-
Hoctamu g u 1 — q.
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ITpumep 8.3 (kpurepwmii Joxuuu). Ha npakTuke ucnosnn3yior Takzxke underc Jorcunu
(Gini impurity), ommuaatormuiicst ot 1Gain toasko dyukiweit h(q) = 2¢(1 — q), Koropas
Ha CaMOM JieJie O9eHb OJIn3Ka K QyHKIMN SHTporn [46).

Komno3uuynm 3akoHomepHocTen. Kaxkias 3aKOHOMEPHOCTD BBIJIEISICT JIUITh 9acTh BbI-
OOpPKM M OTHOCHUT €€ K OJIHOMY M3 KJI1accOB. [109TOMYy 3aKOHOMEPHOCTH MOYKHO PacCMaTpH-
BaTh KaK «HEIOJIHONEHHbIE» KJIACCH(PUKATOPHI, & «IIOJHOIECHHBIN» KJIaCCU(MUKATOP CTPO-
UTh KaK KOMIIO3UITHIO 3aKonoMmepHocTeit. Oaum n3 Hanbosee paciupoCTPaHEHHBIX TUIIOB
KOMIIO3UIUI ABISCTCHA 636CWEHHOE 20A0CO6AHUE:

rjie R, — MHOXKeCTBO 3aKOHOMepHoCTell Kiacca Y, w, = 0 — Bec 3aKOHOMEPHOCTH T

[TocTpoenne Takmx KOMIO3UIINN MOXKHO BecTH mo-paszuomy. OjiHa u3 crpareruii 3a-
KJII0YaeTcs B TOM, 4TOOB! CHadaJsla MOCTPOUTH CIMCKM 3aKOHOMepHocTell R, 3aTeM, pac-
CMaTpHBasi 3aKOHOMEPHOCTH 7(Z) KAaK HOBble NPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBIH
KJ1accuuKaToOp JIIOOBIM U3 U3BECTHBIX METOJIOB, HAIIPUMED, JIOTHCTUYECKO perpeccueit
WJIM METOJIOM OIIOPHBIX BeKTOpoB [53|. JIpyrasg crparerus 3ak/iodaercs B TOM, ITOOBI
CTPOUTH 3aKOHOMEPHOCTH II0 Oveped, U JJIs KayKJI0i 3aKOHOMEPHOCTH 1 Cpa3y OIIpe/ie-
JI9Th BeC w,. Tak, B 9acTHOCTH, paboTatoT ajroputmbl Gyctunra [51].

Mepeoby4eHHOCTb 3akOHOMepHOCTen. Vrak, umeeTcss Tpu THIIA [TapaMeTpoB, 00yUae-
MBIX ITIO BbI60pKe, u, COOTBETCTBEHHO, TPU UCTOYHUKA Hepeo6yquI/IH:

1) noporu 7, j € J nis KaxKJI0ro Habopa NpU3HaKkosB .J;
2) Habop NPU3HAKOB J /I KAXK0# 3aKOHOMEPHOCTH T
3) BeC w, JIst KazKJI0i 3aKOHOMEPHOCTH 7.

Bynem mpemmonarats, 9To XOPOIMi aJroput™ a(x) BO3MOXKHO HOCTPOUTH TOJBKO
u3 HerepeoOyYeHHbIX 3aKoHOMepHOcTeill 1(z). [TosTomy Haeil 1ebio Oy/IeT yMeHbIIeHe
repeodyUenus OTJAeIbHBIX 3aKoHoMepHocTeil. [Ipobemoii mepeoOyuenms BeCOB w, MbI 3a-
HUMAaThCsI He OyjieM, OTYaCTH [OTOMY, 9TO OHA JiydIle ucciegoBana |39, 76, 62).

O6brunble KpuTepun nHQGOPMATHBHOCTH He YUUTHIBAIOT HepeobydeHue Hoporos 67
[Tosromy B pesyabrare ontumusanuu p(r, X) u n(r, X) no obyqatomieit Bbioopke X coot-
sercrBytomue suadenns p’ = p(r, X) u n’ = n(r, X) #a KoHTpoIbHOI BLIGOPKe X MOTYT
CUJIBHO OTJIMYATHCA OT ONTUMAJIbHBIX. Hal 3aMbicest 3aK/II09aeTcs B TOM, YTOOBI

1) mOJIyuuTh OIEHKY PaCCIOCHUsI—CBI3HOCTH Jijisi ceMelicTBa npasu (8.1);

2) 0bpaTuTh Ty OIEHKY, 4TOOBI OIeHUTh P, n’ HA KOHTPOJIE Yepe3 p, n Ha 0OydeHun;

%p(r, X) > %p(r, X) —¢,(n), c BeposaTHOCTHIO 1 — 17;
=n(r, X) < gn(r, X) +¢e,(n), ¢ BepoarnocTsio 1 —1;

3) mozjcraBuTh oneHku p',n’ B Kpurepuit "HGOPMATUBHOCTUH BMECTO P, 1
A (p,n) = A (p — ley(n),n + ley(n));

4) ucroyIb30BaTh MOIMMDUIINPOBAHHBI KpuTepuii ' j1jis 0T6opa 3aKOHOMEPHOCTEH.



— T4 —

Momdurposanublit Kpurepuii 7 oleHUBaeT He caMy IIPABUJIA, & HADOPHI IPU3HA-
KOB J € y4€TOM BO3MOXKHOT'O TIePeOOyUeHUs TTOPOTOB.

Munyc npejiaraeMoil cxeMbl B TOM, UTO OHA HEe YUYUTHIBAET IepeoOyueHne Ipu BHI0O-
pe MOJIMHOYXKECTB J U BECOB W,., 3HAYUT, He JTAET OKOHYATEIHLHOTO PEeIIeHns TPOOJIEMbI TIe-
peobyuenus jist ajropurma a(x). Ilaroc ke B TOM, 4TO OHA HUYEro He MEHsIeT B METOJIAX
IIOUCKA JIOTUYECKUX 3aKOHOMEPHOCTEN, 3a MCKJIOYeHHeM KpUTepUs WHMOPMATUBHOCTH,
O3TOMY €€ JIEFKO BCTpamBaTh B UMeEIONIHECs OUOMOTEKN aJITOPUTMOB.

Hauném ocyrecTBiieHre HaITEro 3aMbIC/Ia C OIUCAHNST MHOZKECTBA BEKTOPOB OIMIOOK,
WHJIyIIUPYEeMbIX KOHBIOHKITHAMEI Buja (8.1).

§8.2 KoHBIOHKLNN 3/1eMeHTapHbIX NOPOroBbIX NpPaBu

O1eHKH BEPOSITHOCTH 1Iepeo0y et sl, OJIy YeHHbIe B 0OIIeM CJIydae JIjisd aJllOPUTMOB,
JIErKO TIEPEHOCATCs Ha JIOPUIECKHe TIPABU/IA, €M OLPEJIeUTh UHINKATOD OIMUOKN Kak
I(r,z;) = [r(2;) # lyi=y]], rae y € Y — bukcupopanmnbiii kiaacc. Iloce storo mis npasu,
KaK U paHee JJlsl aJlFOPUTMOB, BBOIATCA BekTopbl ommbok 7 = (I(r,z;))E,, ornomenns
HOPSAJIKA U TIPE/IIIECTBOBAHUS.

Bynem nosarars, uro B npasuiax sujga (8.1) MHOXKeCTBO npu3HAKOB J (bUKCHpoBa-
HO, U BCe 3HAKU CpaBHeHus CyTh <. Haima 3aja4a 3aK/r04aercst B TOM, 9TO0ObI OIEHUTD
BEPOATHOCTH HepeolyUeH s, BOSHUKAIOIIEIO B PE3YJILTATE ONTHMUBAINE GEKMOPA NOPO20G
6 = (67);c; no obyuaromieit BeIGOpKe X .

OnucaHne knaccoB 3KBUBAJIGHTHOCTU NPAaBU B TEPMUHAX CTAHJIAPTHBIX ITPE/ICTABU-
TeJeil U TPAHUIHBIX TTOJIMHOXKECTB, PacCMaTpUBaeMoe HUKe, IIpeiozkerHo Anjipeem Bax-
HeHKo. VM Ke T0JIPOTOBJIEHBI BCE MJLIIOCTPAIINU, BBIIIOJTHEHA ITPOrpaMMHAas peasin3arus
1 9KCIIEpUMEHTBI Ha peaJIbHbIX 3a/a9aXx KﬂaCCI/ICbI/IKaH‘I/H/I.

Jloryctrm, 9TO 3HAYEHUA xi = fj(x;) xKaxzgoro nmpmsnaka j € J Ha Bcex 0OBbEKTaxX
x; € X nonapHo pasjimyunbl. Be3 orpanudenus oOMHOCTU OyIeM IpeJIoJaraTb, YTo BCe

IPU3HAKU IIPMHUMAIOT TieJible 3Hauenus 1, ..., L. 3nadenus noporos ¢/ B npasuiax (8.1)
TaKKe BBIOMpAIOTCd u3 1eblx 3uadennii 0, . . ., L. Takum odpazom, n 00bEKTHI, U TTpaBUIa
OTIMCBIBAIOTCA 3JIEMEHTAMHI OJIHOTO I TOTO Ke JIHCKpeTHoro Muoxkectsa © = {0, ..., L}V,

Bynem nonarars, uto R =0 nu X C ©.

NuuKaTop OMMOKKM MHIYIUPYET Ha MHOMKECTBE NPaBUI R KAWCCHL IKGUBANEHHO-
cmu. JIBa npaBmia S5KBUBAJEHTHDI, €CJIM UX BEKTOPHI OIMUOOK COBIAIAIOT. BEKTOPHI 110-
poros 6,0" € © skuBasenTHbIX npaswa r(x, ), r(x,0') MmoryT He coBIAIAT.

J171st TPOM3BOJIBHBIX BEKTOPOB U = (u/) ey, v = (v7);c; n3 © BBEJEM €CTECTBEHHOE OT-
nomenue nopsiaka: (u < v) <> Vj € J (v < v?). Honoknm (u < v) < (u<vuu#wv).

IIpumep 8.4. Ha puc. 8.1 nokazan npumep 3aja4dn ¢ n = 2 npusHakamu, L = 10 06b-
ektamu u cemeiictBo npasui 7(x;6) = [z < 0] = [z < 0'][2? < 6?]. Kaxgomy npasuity
COOTBETCTBYET y3eJl IeJOUUCTIeHHO npsiMoyroabHoil cetkn (01, 6%) € © = {0,..., L}?.

Jlemma 8.1. Ilycts E C R — kjacc skBuBaJieHTHOCTH 1IpaBuji. Torja kiaccy E npn-
Ha prexxnT npasuio r(x; 0g), e 0, = Ieniél ¢7 st Beex j € J.
€
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Puc. 8.1. /Isymepnast Beioopka u3 L = 10 06beKTOB, 110 5 00BHEKTOB B KaXKI0M KJIacce.
O6”beKTI)I OTMEeYCeHbl KPYITHBIMU TOYKaMM. HpaBI/I.HaIVI COOTBETCTBYIOT MEJIKHE TOYKH
B y3JilaX CETKU. SKBI/IBaJIeHTHbIe npaBujia COEJIMHEHBI OTPE3KaMM. PH,I[OI\{ C KazKJIbIM
KJIACCOM 9KBUBAJIEHTHOCTH YKA3aHO YUCJIO OMUOOK Ha reHepaJbHOll Boibopke n(r, X).

A O N o ©
T

A 4 5

w
T

‘ O Class0(5) % Class 1(5)‘

Puc. 8.2. I'pad cBszeit MexkIy CTaHIapTHBIMU IPEICTABUTEIAMHI KJIACCOB dKBUBA-

JIEHTHBIX ITPABUJI JIJIsi BLIOOPKH, IIpejicTapiennoi na Puc. 8.1.

Puc. 8.3. I'pad paccioenus—cpsaznoctu, nzomopdubiii rpady cesseii Ha Puc. 8.2.
[To BepTHKAIBLHOI OCH OTJIOXKEHO 4ucjio omubok npasui n(r, X).
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JokazareabcTBo. B cuiy 9KBUBaJIEHTHOCTH W OMHAPHOCTH TpaBwa u3 FE, mpeaukar

re(z) = [] r(x;0) npuanmaer Ha Becex obbekTax x € X Te Ke 3HAYEHUsI, YTO U JIFOOOE
0eE
npasusio 0 uz E, re(z) = r(z;0). Kpome Toro, npeaukar rg npejacrasum B Buje (8.1):

re(z) = HH[x] <) = H[xj < ropei]glé’j] = H[x] < 0?5] =r(x;0g).

0cE jeJ jeJ jeJ
Takum obpaszom, npasuiio r(z; 0g) Takzke npunajiexxkur E. Jlemma nokazana. |

Bynem masweiBarh nipasuiio re(z) = r(z;0g) cmandapmmuvim npedcmasumenem Kiac-
ca sxBuBasienTHOCTH F. Ha puc. 8.1 cranmapTHble IpeICTaBUTEN COOTBETCTBYIOT JIEBBIM
HIZKHIM TOYKaM KazkJoro Kiaacca sksusasenraocti: (0,0), (1,8), (2,5), (5,1), u T .

Iparuyarots mowkoti mogmuokectBa S C X Ha30BEM BEKTOP f#g ¢ KOOpJmHATAMU

9% = meagm:j, j € J. 3amernm, uro r(x,0s) = 1 maa moboro z € S.
X

Iparusmvim 063exmom TTOIMHOKECTBa, S Ha30BEM 00beKT o € S, Takoil, uTo 2/ = 9{;
IIPX HEKOTOPOM .

I'paruirvim nodmmoocecmsom Ha30BEM Takoe ToMHOKeCTBO S C X, Bce 9/IeMeHThI
KOTOPOT'O SIBJIAIOTCS €r0 TPAHUIHBIMU OObEKTAMHU.

[IycToe MHOKECTBO OY/eM CUMTATh TPAHHIHBIM ¢ TPAHUIHON Toukoil 8% = 0, j € J.

Teopema 8.2. KakjoMmy Kjaaccy S5KBHBAJeHTHOCTH F B3anmMHO OJHO3HATHO COOTBET-
CTBYeT I'DAHHIHOE MOJIMHOXKECTBO S, npuiéM 0 = 0.

JokazareabcTBO. PaccMOTpuM IIPOU3BOJILHBIN KJIacC 9KBUBAJIEHTHOCTH F €O cTaHIapT-
HBIM TpejcTaBuresieM 1(z;0g). 3adukcupyem nponsBosbHBI npusHak j € J. B cuny
Jlemmbr 8.1 ymenbimenune mopora 635 HA €JUHUILY MPUBOIUT K YMEHBIIEHUIO 3HATEHUS
r(z;0g) ¢ 1 go 0 Ha HeKOTOPOM O0beKTe T € X, TakoM, uro = < Op u 7/ = 913. Nuate Mbr
He BBIILIK OBl 3a IpeJesibl Kiacca 3KBUBajeHTHOCTH F, u 0 He Mor Obl OBITH CTaHIapT-
HBIM IIpejicTaBuTeieM. V3 mpernooxKenns o IOMapHOil pa3InIHOCTH 3HAYEHIH KaXKI0T0
[IpU3HAKa Ha 00bEKTaxX U3 X CJIEIyeT, 9TO TaKOil 0ObeKT & eIMHCTBEHHBIN TP KayKJI0M J.
MHuOXKeCTBO BCeX TaKMX OOBLEKTOB S = {x e X ‘ r<0gunijecJ: )= GJE} OTIPEIETIEHO
€JIMHCTBEHHBIM 00Pa30M U sIBJISIETCA IPAHUYHBIM, IPpUIEM Hg = 0.

Bepro u obparnoe. [Ipon3BosibHOMY I'PaHUYHOMY ITOJMHOMKECTBY S COOTBETCTBYET
rpannaHas Touka Og. [IpaBmio r(x;0g) meKuT B HEKOTOPOM KJIacCe SKBUBATICHTHOCTH F
U SBJISIETCS €r0 CTaHJIAPTHBIM IpejcraBuresneM, g = g, MOCKOJBKY yMEHbIIEHHE II0-
pora 0@ 1o JII000M U3 KOOpAMHAT MPUBEIET K M3MeHeHuto 3HadeHust 1 (r;0g) Ha OTHOM
U3 TPAHUIHBIX 00BEKTOB MHOYKECTBA 5.

Teopema j10Ka3aHa. [

13 reopemsbl cieyer, uto |S| < |J|, B cuity IpejosiozKeHust, YTo 3HAUEHUsT KazxKJI0T0
IPU3HAKA, [IOIIAPHO Pa3JIMIHbl Ha Beeil Boibopke X.

CsoiicTBa rpaHun4Hbix nogmHoxecTs. O6osHaunM depes M, MHOJKECTBO BCEX I'DAHIY-
HBIX ITOJIMHOZKECTB MOIIHOCTHU ¢ U MEPEYUC/INM UX OCHOBHBIE CBOWMCTBA.

1. M cocrout u3 Beex L ommosnementubix nogmuoxkecrs, My = {{z1},...,{z.}}.
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2. M5 coctouT u3 Bcex map HECPABHUMBIX OOBEKTOB U3 X.

3. MomHoCTh TPpaHUIHBIX MOJIMHOMKECTB HE MOKET IPEBLIATh PaHra KOHbLIOHKIIN:
M, =@ upu ¢ > |J|.

4. I'panuvHOe TOJAMHOXKECTBO MOMKET COCTOATEH TOJLKO U3 MOIMAPHO HECPABHUMBIX 00~
exToB. OJIHAKO HE BCSIKOE MOJAMHOXKECTBO M3 TPEX M 0oJiee TOIapHO HECPABHUMBIX
06beKTOB sBJsIeTCs TparnIHbIM. Hanpumep, oobekTor (1,3,4), (3,1, 1), (2,2,2) mo-

ITapHO HECpaBHUMbI, HO HOC.HG,Z[HI/II'?I N3 HUX He ABJIAdeTCdA I'PaHUIHbIM.

5. Jlroboe mogamuOKecTBO S’ C S TPAHUTIHOTO MOJMHOXKECTBA S TaKKe TPAHUIHOE.

Wcxoas n3 9TUX CBOMCTB, MOXKHO MPEJJIOXKATE CJIeAYIOIIII aaropuT™ mepebopa Beex
IPAHUIHBIX TTOIMHOYKECTB.

Ha nepsowm 1mare crponrcst MuoxkectBo M7 Beex L OTHOSIEMEHTHBIX OJIMHOKECTB.
Hasee na xaxk oM mare ¢ = 2, .. ., |.J| Kk kaxxgomy nogmuoxkectsy S’ € M, nobasisercs
BCEME BO3MOXKHBIMHE criocobamu ermé ot o0bekT & € X \ S, 1 eciu mosydeHHoe mo/i-
muOoKecTBO S = S' U {2} rpanudHoe (4TO JIErKO IPOBEPSIETCS IO ONMPEJIEJIEHHI0), TO OHO
BKJIIOYaeTcd B M.

JJ1s1 BBIYUC/ICHUS OIIEHKH PACCIOCHUSI—CBA3HOCTH (7.5) 9TOT AJIrOPUTM HE JOCTATOIHO
s deKTUBeH, TaK KaK OH He IepeOupaeT IpaBuja 10 CJI0sIM CHU3Y BBEPX U HE ITOJICUUTHI-

BaeT XapaKTECPUCTUKHN CBA3HOCTU WM HEOIITHUMAJIBHOCTU Ka2K/IOT'O IIpaBHJIa.

pachuyeckue npeacraBneHns knaccoB 3kBuBaneHTHocTu. Ha puc. 8.2 uzobparken
epagh ceazetll MeXK Ty KIacCaMU SKBUBAJEHTHOCTH. BeprmuHb! rpada cOOTBETCTBYIOT CTAaH-
JIAPTHBIM TIPEJICTABUTEISIM KJIACCOB SKBUBAJIEHTHOCTU. PEé0paMu coelMHEHbI MPaBUIIA,
BEKTOPBI OIMNOOK KOTOPBIX Pa3jinyaioTcs Ha oHOM obbekTe. ['pad cszeil 3aBucuT TObL-
KO OT OOBEKTOB T';, HO HE 3aBUCUT OT UX Kjiaccudukaruii ;.

Ecin yaects Knaccudukaium o0beKTOB, TO JJIsl KaxKJI0T0 KJacca SKBUBAJEHTHOCTH F
MOKHO BBIYHCJUTH 4qucyio omubok n(rg, X). Ha Puc. 8.2 ono ykazamno psagom ¢ Kax/oit
TOYKOI — CTAHJAPTHBIM IIPeJICTaBUTEIEM KJacca SKBUBaJIeHTHOCTH. ['pad paccioenus-
CBSIBHOCTH JIAHHOI'O CeMeiicTBa mpaBus uzoMopden rpady cBazeil u sBJseTCS MHOIO-
JOABHBIM. Ero m-if cioit obpasyercs BceMH HpaBuIaMu, I KOTOpbIX n(rg,X) = m,
cm. Puc. 8.3. Cyon pacriosiararorcst B MOPsiIKe BO3PACTAHUsT TUC/Ia OMTUOOK CHU3Y BBEPX.

§8.3 [ocnoiiHoe BblYMCNEHME OLEHKN PAaCCNOEHUSA—CBA3HOCTU

Paccmorpum Ternephb agroputM mepedbopa IpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCISITH XapaKTePUCTUKU CBA3HOCTU U HEONTUMAILHOCTH KayKJIOrO IIPaBUJIa U, JBUTasICh
10 CJIOSIM CHU3Y BBEPX, BOBPEMSI IIPEPHIBATEH BBIUUCIECHNE OIEHKN PACCIOCHUSI—CBSI3HOCTH.

MocTpoeHune okpecTHOCTU npasuna. PaccMoTpuM CJIeAYIONIYIO BCIIOMOTATEILHYIO 3a-
nady. 3agano npasuio r(z; 0) ¢ Bekropom moporos 6 = (67) ;¢ ;. Tpebyercs mocTpouTs ero
okpecmmocmy Vo — MHOKeCTBO Beex mpasui 7(x, 0'), BeKTOPBI OMmOOK KOTOPBIX OTIHYa-
IOTCS OT €ro BEKTOPa OMMUOOK TOJILKO Ha OJTHOM OOBHEKTE.
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[Tpu mocTpoeHnn OKpPECTHOCTH OY/yT 3a0/HO (POPMUPOBATHCS U XapaKTepUCTUKH
upasuia 1(x, 0), HeoGXoaUMbBIe JJIs BBIYUCIEHNsT OIEHKN PACCIOEHHsI—CBI3HOCTH:

Xy — nopox garoriee MHOKecTBO, ((6) = |Xy| — BepXHssi CBA3HOCTD;

X, — zanperatoriee MHOKecTBO, 7(0) = | X)| — HEONTUMAIBLHOCTD;

Dy — MHOXKeCTBO 06bEKTOB BXOANUX pédep, d(0) = |Dy| — HmKHsS CBI3HOCTD;

m(6) = n(a,X) — gucao ommbOK MpaBuIa Ha TeHePaJIbHOIl BEIOGODKE.

Bynem ¢rponTh TOMLKO TaKue BEKTOPDI IIOPOroB ', KOTOPbIE SBJIAIOTCA IPAHMIHLIMU
TOUKaMH U, coryiaciHo Teopeme 8.2, 0/IHOBPEMEHHO CTAaHIAPTHBIMHU [IPEJICTABUTE/ISMU KJIac-
COB 3KBUBaJjieHTHOCTH TIpaBuil. [locrpoenue pasbusaercs Ha jiBa 3rarna, cM. Ayiroputm 8.1.

Ha nepBom starme (maru 1-5) crposites Bee coceuue npasusia r(x; 6'), mosrydaembie
u3  myTéM yMeHBIIeHUsI HEKOTOPBIX ToporoB, 0’ < . JIjist 5Toro u3 rpaHuIHOrO HOIMHO-
xectba S(0) = {x € S| 3j € J: 27 = 67} n00uepéIHO NCKIOTACTCS OHH 13 00HEKTOB
U COOTBETCTBYIONIHE HOPOru 7, 110 KOTOPLIM OH 1 GbLI IPaHMYHBIM, yMeHbInaoTced. ducsio
[OJIy9aeMbIX TAKUM CIIOCOOOM COCEJIHUX MpaBuJI He Tpesbiiaer |S(0)].

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 7 (x; 0'), nomydaemble
Iy TEM yBEJIMYEHNsT HEKOTOPBIX TOPOros, 6’ = . Do GoJtee CIOXKHBII CITyUail, U 3/1eCh [IPU-
XOJIUTCs pUbEraTh K peKypcuBHOii iporeaype. CHavaia jge1aeTcs moJAroToBUTe IbHAs Pa-
6ora (maru 6, 7): o Kaxk10i KoopjuHatre j € J onpejessercs MaKCuMajbHast IPAHUIA 6,
BBIIIIE€ KOTOPO#i COCEHUX MPAaBUJI OBITH HE MOYKET. DTO HeOOA3aTE/TLHOE TOCTPOEHKE, HO OHO
[IO3BOJIUT B JIaJIbHEHIIIEM COKPATUTDH MOUCK. KaxKIplit 00beKT BLIOOPKH & € X MOXKeT Ha-
XOJIUTHCS B OJTHOM W3 TPEX CTATYCOB: X.MpoBepeH € {HeT, nioxoii, xopownii}. CHadasa Bee
0OBbEKTBHI HE MPOBEPEHBI. 3aTeM IIPOCMATPUBAIOTCA BCe 00BEKTHI & € X, IIOKPbIBAEMbIE
npasuiom 7(x;#), Ho He HOKpbIBaeMble pasuioM 7(x;#). dto osnagaer, uto 0 < x < 0,
U XOTd ObI 10 OJIHOM KOoOpAMHaTe OObLeKT T JIeXKUT Bhlme mopora: 67 < x’. Jlna xax-
JIOrO TAKOrO 0ObEKTa BBI3bIBaeTCs mporeaypa [1posepnTs(x). OHa ycTaHABIMBAET CTATYC
00bEKTa . XOPOLNiA, ecsiu cyIecTByeT npasusio 7 (x;0’), moKpbIBaoIiee TOIBKO 00bEKT &
1 Bce 00bEeKTHI, MOKpbiBaeMble mpasuioM 7 (x;0). Ecin ke npasuio r(x; '), vapany c z,
HOKPBIBAET €I1é OJInH 00bEKT T, He MOKPbIBaeMbIil npasuiom r(z; 6), To ycranaBInBaeTcs
craryc o0beKTa T.nnoxol, u mporeaypa [1posepnts(Z) BBI3BIBAETCSI PEKYPCUBHO JJIst OOb-
exta &. Kaxmplii «xopormmii» 06beKT & WHIyIHpyeT cocennee mpasuio ' = max{0,z},
KOTOpOE U JI00aBJIgeTCd B CIIUCOK Vy. BBejienne ctaTycoB 00bLEKTOB MTO3BOJIIET N30eKaTh
UX TIOBTOPHOTO 1epebopa B OCHOBHOM IMKJIE BTOPOIO STalla.

DTUMU JBYMsI dTallaMi TIOMCK OKPECTHBIX MIPaBU/I OrpannduBaercs. JIpyrue ciydan
paccMaTpuBaTh He HYKHO, TaK KaK eC/Id IOpOr yMEHBIIaeTcs 10 OJHON KOOpJHMHATE,
0" < 7, u ysemauBaercs 1o apyroit, 0’8 > 6!, To rpanuunbie Touku 0 u ' He MOTYT OLITD
COCEJIHUMM, TIOCKOJIBKY BEKTOPBI ONMUOOK COOTBETCTBYIOIINX UM TIPABU/I OTIMIAIOTCS, KAK
MHUHUMYM, Ha JIByX OOBEKTaX.

IIpu sbdexrusnoit peammsanun Anropurma 8.1 1m0 KaykI0My HpuU3HaKy f; 3apanee
CTPOUTCS MHJIEKC — MaCCUB HOMEPOB O0BEKTOB, YIOPSJIOYEHHBIX 110 BO3PACTAHUIO 3HAYE-
Huit mpusnaka. Torja va marax 4, 7, 9, 14 M0KHO OyJIeT TPOCMATPUBATEH TOJIHKO HYKHbBIE
00bEKTBI, He TIepedupasi BCIO BHIOOPKY.
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Anropurm 8.1. [Tocrpoenne okpecrnoctu Vy npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0§ = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.
Brixon:

Vi, Xo, X}, Do, q(0), 7(0), d(0), m(0).

Otarr 1 — mocTpoeHne OKPECTHBIX MPABUJI IIYTEM YMEHbBIIICHHST ITOPOIOB:

1. V= @,
2: muist Beex x € X rakux, uro r(x;0) =1u 35 € J: 7 = 2
3:  pgdg Beex j € J Taxkux, uro 77 = 67
4: 07 = max{xg |2 € X, 2 < 0};
5. [Jobasuts (0,0, x);
IoaroroBka K sTamy 2 — IIOMCK MaKCHMAJIBLHOI MPAHITIHON TOUYKH 0:
6: 1mJis Bcex j € J

7. 6 i=max{L,2! |z €X, 2/ >0, 2" <O, t#j};
Oram 2 — 1mocTpoeHne OKPeCTHBIX MPABUJI IyTEM YBEJIMIEHHST [IOPOTOB:
8: mJisg Bcex j € J
JUISL BCeX T Takux, aTo 67 < a7 < 67
10: ecn v < 0 n ZT.MPOBEPEH = HET TO
11: Mposeputs(z);

12: ITIPOLIETYPA [posepnts(x)
13: ngig Beex j € J Takux, uro 07 < z7
14:  jJig Bcex 7 Takux, 4ro () < 3/ < 27

15: ecamu ) < T < x TO

16: Z.NPOBEPEH := NJIOXOIA;

17: ecJyiu Z.nposepeH = HeT TO [NpoBeputs(I);
18: BBIXOJT;

19: x.NpoBepeH := XOPOLUNii;
20: 07 := max{07, 27}, nnsa Beex j € J;
21: [lobasuts (0, ', x);

22: IIPOLUEYPA [obasuts(d,0', x;)
23: n06asuTh #' B crmcok Vip;
24: ecam r(x;;0) = [y;=y| TO
npasuio ' HaxoauTCs cJoeM BbImie, 9eM 6:
25: Xy := XoU{z;}; q(0) = |Xql;
26: MHa4e
npapuio ' HaxomuTes coeM HHzKe, deM 0:
27 Dy := Dy U{x;}; d(0):=|Dyl;
28: o= XU Xy U{x}; r(0) =Xy
29:  m(0) :=m(0) + 1;
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AsroputMm 8.2. Brruncienne oneHKN pacCcJI0eHUsSI—CBI3HOCTH JIJIsI CeMeiicTBa ITOPOTrOBBIX
KOH'BIOHKIIIIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJI, X — BBhIOOPKA.
Beixon: (). — onenka BeposgTHOCTH TIepeodyuenus (7.5).

1. ©:= Argmeinn(H,X); Q. :=0;

2: MOBTOPSTH

3 Qem=0; O :=

4: g Becex 0 € ©

5: IIOCTPOUTDH OerCTHOCTb Vjy ¢ momompio Anropurma 8.1;

6 Qs,m = Qz—:m + C’l OZ 2?9)) 7«( )Hi 2((.9)) TEQ; 7"( ) (%(m(e) - 8k>)7
7 S ::@’U{Q’EV};. m(0') =m(0) + 1};

8 Qe = Qa + Qs,m; O = @/;

9: TOKa BKJIaJ c10A ()c ,,, HE CTAHET MaJL.

MocnoiiHbii nepebop knaccoB 3kBuBaneHTHoCTU. Ajmropurm 8.2 BbrUuCHAET (). —
OIEHKY BEPOSITHOCTH mepeobyuenust (7.5), mepebupas IpaBuiia MO CJIOSM CHH3Y BBEPX.
Cuagana dopmupyercs HIKHEA caoit. Ha kaxkmom mare cioit © cocrout u3 mpasui 6
C OJIMHAKOBBIM 49nCJIOM OImOOK m(f) Ha renepasbHoit BeiOopke. [liist kazkoro mpasmia ¢
BBIUMCJISIETCS €0 BKJIAJ, B BEPOATHOCTH IePeoOyUeHUsl, CTPOUTCA OKPECTHOCTH, U 00b-
e/IMHEHNEe BEPXHUX YaCTell BCEX IMOJIyYEHHBIX OKPECTHOCTEH CTAHOBUTCS CJIEIYIOIIM CJIO-
em ©'. [Ilaru noBTOPLAIOTCS JI0 TEX IIOP, IIOKa He OyaeT HabpaHo J0CTATOYHOE YUCTIO CJIOEB
1 BKJIaJ] O9EePEIHOTO CJIOS He OKayKeTCs MPeHeOpesKuMO MaJl.

§8.4 DkcnepumeHT Ha peanbHbIX 3agavax kKnaccudukaumm

Mpr He OyjieM 37eCh OIUCHIBATD JIETAJN PeaTn3aIui JOTHIECKUX aJrOPUTMOB KJIac-
cupuKaIUu, MCIOJIB30BAHHBIX B 9TOM 3KciepuMenTe. CKazKeM JINIb, YTO WHPOPMATUB-
HOCTB [IPABUJI OIEHUBAJIACE C IIOMOIIBIO TouHOTO Tecta Purepa [67]; mist bopmupoBamst
nHGOPMATHBHBIX HAOOPOB MPU3HAKOB MIPUMEHSIJICA TTONCK B MTUPUHY U aIallTUBHBIN CJTy-
Jafinelii mouck [29, 28|; I MOCTPOEHMsI KOMIIO3UIIMN 3aKOHOMEPHOCTEH MPUMEHSIIChH
tpu ajaroputma: LR, DL, WV.

Jloeucmuneckasn peepeccus (LR, logistic regression) —sro jmHelHbINH Kiiaccuduka-
TOP, Ha BXOJI KOTOPOMY BMECTO OOBIYHBIX OMHAPHBIX IMTPU3HAKOB MTO/IAI0TCS 3aKOHOMEPHO-
CTH, HOCTPOEHHBIE HE3aBUCUMO JIPYT OT JApyTa [55[;

Pewarowudi cnucox (DL, decision list) —5T0 KaHblii ajroput™M, B KOTOPOM KazK-
Jlasi cJeayromas 3aKOHOMEPHOCTb 00yYaeTcst 10 BBIOOPKE OObEKTOB, €Ié He MOKPbITHIX
[PEJIBLY IAMEI 3aKOHOMepHOCTSIMH [75].

Bssewennoe zorocosanue (WV, weighted voting) — 310 GycTHHT 3aKOHOMEpPHOCTEI,
noxozxkuit Ha Meros SLIPPER [51]. B mém nepes nmocrpoennemM KazkIoii e/ yomnieil 3aKo-
HOMEPHOCTHU ITPOU3BOJIUTCS ITEPEOIEHKA BECOB 00YIAIONNX 00bEKTOB, B Pe3y/ibrare KOTO-
poil 3aKOHOMEPHOCTH HACTPAUBAETCsI IPEUMYIIECTBEHHO Ha TeX 00beKTax, KOTOpPhIe OKa-
3aJIMCh HAMbOJ/Iee TPYIHBIMU JIJIsT BCEX MPEIbIIYIINX 3aKOHOMEPHOCTEA.
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Tabsuiia 8.1. Pesynbrarsl sKkcriepuMeHTOB Ha 6 peabHbIX 3a/1ad9ax KiIacCupuKaimm
u3 penosuropust UCI. [T kaxkzoii mapbl (3aja4a, ajaroput™M) B TabjmIe BbIBEICHA
cpejasis omubKa (B nporerTax) no 10-KparHoMy CKOJIb3sIIeMy KOHTPOJIO. st KaxK-
JIOM 381891 YKUPHBIM BbIJICJIEHBI TPU JIyYIIUX Pe3y/ibrara. AJIropuTMbl 1-7 BBICTYIAIOT
B poJin 3TaJIOHHBIX. O003HaYeHUsT HAITNX aJIropuTMoB: WV — B3BEIIEHHOE T'0JIOCOBa-
nne, DL — pematommii cincok, +SC u +MC — momuduxkaiuy Ha OCHOBE OIECHKU
pacciioeHnsI—CBsi3HOCTH 1 MeToga MonTe-Kapso cooTBecTBEeHHO.

38141
AJITOPHTMEL australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

51 C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8| WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

Beutn peanmzoBanbl e Mojpudukanuu kpurepust uapopmarusHoctu ' (p,n).
SC-momcukalisi OCHOBaHa Ha OIeHKe paccyioerng—cBs3HocTr. MC-Momudukarmst 0CHO-
BaHa Ha HEIOCPE/ICTBEHHOI oreHke (pyHkiuonasa (). merogom Moure-KapJio o 100 ciry-
waitnpiM pasouennam X = X L X. Jlna obenx mogudukarmii nonarauocs £ = k.

B poau 3TasioHoB /11 CpaBHEHHSI BBICTYIAJM W3BECTHBIE JIOTMYECKHE AJTOPUTMBbI
kinaccudurannm: C4.5 73], C5.0 [72], RIPPER [50] u SLIPPER [51].

Tabsmma 8.1 nmokaszbiBaeT, 9T0 HEMOAUMUIIMPOBaHHbIe Bepcun ajaroputMoB WV, DL
UMEIOT Ka9eCTBO KJIACCH(DUKAIINN, COIIOCTABIMOE C 3TAJOHHBIMI aJiropuTMamu. B3senien-
Hoe rojiocoBanne WV HeMHOTO JiydIie pernaorero ciuucka DL, aTo coriacyercst ¢ pe3yib-
TaTamu Apyrux ncciaemopanuii. O6e moandukammu, SC- u MC-, Bo Becex cirydasix omepezka-
IOT CBOM HEMOJUMUITMPOBAHHBIC BEPCUU M 3HAYMMO CHUXKAIOT nepeobydenue. Pazimans
mexky SC- 1 MC-momudukanusavu He 3uadanMbl. OTCIOfa clielyeT BBIBOJ, UTO OIEHKA
pPacCI0eHUA—CBA3HOCTHA, HECMOTPS Ha HEKOTOPYIO 3aBBIINIEHHOCTH, XOPOIIO CIIPABJISIETCS
¢ POJIBIO KpuTepusi 0TO0pa IpaBIIL.

Pe3iome

Jlormyueckne aJaropuTMbl KJIaCCUPUKAITIN TPEJICTABISIIOT COOO0M KOMITO3UIIMU THGOP-
MaTHUBHBIX JIOTHYECKUX IPABUII — 3aKOHOMepHOCcTell. B KadecTBe mpaBus 9acTo UCIOJIb-
3YIOTCs KOHBIOHKIIUN ITOPOTOBBIX YCJOBHUI HaJ YUCIOBBIME Npu3Hakamu. JlanHoe cemeii-
CTBO TIPABUJI OIUCHIBAETCS CUCTEMON BCEX I'DAHUYHBIX ITOJIMHOYKECTB MOIIHOCTU, HE TIpe-
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BBINIAONIEH paHra KOHBIOHKIUU. JIjIs mMpakTuIecKoro BHIYUC/IEHUS OIEHKN PacCI0CHII—
CBSIBHOCTH TIpeJijIaraeTcs epednupaTh MpaBUIa 10 CJIOSIM CHH3Y BBEPX, W IIPEKPAIaTh
mepebop B TOT MOMEHT, KOIJIa HOBBIE CJIOM IlepecTaHyT BHOCHTDH CYIECTBEHHBIN BKJIA/T
B orieHKYy. C IMOMOIIBIO 9TON METOIMKHU OBLT ITOCTPOEH MOANMUIINPOBAHHDBIN KPUTEPHil OT-
Oopa IpU3HAKOB. 3aMEHUB CTaHAPTHBIN KpUTepuit MOANMUIMPOBAHHBIM, I HIIETro 060J1ee
He MeHssI B MeTojie 00ydeHus Jjorutdecknx kiaccudukaropos WV u DL, Bo Bcex 6 sKcire-
PUMEHTAX yJIaJI0Ch TPOHADIIONATH 3HAYMNMOE yBeJIMYeHre 0000Iaioneiil criocoOHOCTH.

B cnepytowein nekuun bl cjeiaeM HEOOJBINON SKCKYPC B MaTeMaTUIECKYIO CTaTH-
CTHUKY U PacCCMOTPHUM 3a/1a9y OIEeHUBAHWS SMITUPUIECKIX pacipeaeieHnii. 3a0HO TO3Ha-
KOMHUMCSI ¢ TaKUMHM HWHTEPECHBIMU MaTeMaTUIECKUMH OObEKTaMH, KaK YCEeUEHHBIH Tpe-
yrosbuuK Ilackasis u omHOMepHBIE caydaiiabie O1yKanng. OHE MOHAI00ITCA HAM depe3
JIEKITUIO, KOTJIa MbI BEpHEMCSI K (DYHKITMOHAJY PABHOMEPHOI'O OTKJIOHEHUsI 1 TTOKAXKeM, ITO
CBSI3HOCTB JIJIsT HETO YIeCTh MOXKHO, & PACCIOeHNEe — HEeJIb3s1. 3aTeM MbI TIPOIOIKAM U3y~
qeHrne MOJIe/IbHBIX CEMENCTB aJrOPUTMOB M ITOKayKeM, YTO B HEKOTOPBIX HETPUBUAJbHBIX
CIydasgX OIEHKHU PACCIOCHUS—CBI3HOCTH MOTYT OBITH TOYHBIMU.

Ynpa>xHeHus

Bamada 8.1 (1). [okaszars, 4T0 eyt BeKTOP 6 ABISETCS TPAHUTHON TOYKON MOJMHOZKE-
crBa S C X, T0 B S MOXKHO €IMHCTBEHHBIM 00PA30M BBIJIEJUTH TPAHITHOE ITO/IMHOZKECTBO
S(0) ¢ roii xxe rpannvHOil Toukoit §. Beinucars Beipaxkenune S(6) wepes S u 6.

Bamada 8.2 (2). [lokaszarh, 9T0 KaxK/blil KJIACC SKBUBAJIEHTHOCTU PABUJ IPEJICTABISA-
er coboit guarpammy FOnra.

Bamada 8.3 (2). Paccmorpum rpad co MHOXKeCTBOM BepiiuH O, B KOTOpPOM pEGpaMu
COEJIMHEHBI BCE COCETHUE BEPIIUHDI (OTJINIAOIIIECs HA 1 TOJIBKO 10 OJIHOMN U3 KOOPJIUHAT).
OODBEKTHI rerepatbHoil BHIGOPKH = = (27);c; € X COOTBETCTBYIOT HEKOTOPBIM BEpPIITHHAM
storo rpaca, X C 0. Jlyna xaxaoro o € X yaamnu u3 rpada see pédpa (6, 0), Takue, aro

1) 7 = 67 + 1 nyia nexoroporo j € J u 6° = 6° nna veex s € J \ {j};

2) 7(z,0) =0, r(z,0)=1.

JlokazaTb, 9TO 1MOCIe STOrO CBI3HBIE KOMIIOHEHTHI I'pada Oy/IyT B3AaUMHO OJTHOZHATHO

COOTBETCTBOBATH KJIaCCaM 3KBUBAJICHTHOCTU IIPpAaBUJI.

Bamada 8.4 (2). Ommcarh CTPYKTYpPY KJIACCOB SKBHBAJEHTHOCTH U HPEJJIOKUTH -
PEeKTUBHBIN aJrOPUTM UX IOCJIOWHOTO Iepebopa Il ceMeiicTBa IIPaBUI

r(z;61,60,) = [61 <z < 6],

re Bce 3HadeHns r; € X C R nmonapuao pazanuansl. [Togckaska: paccMOTpeTh SKBUBAJIEHT-
HOe CeMefiCTBO JIBYXIIPU3HAKOBBLIX KOHBIOHKIMH 7 (x; 01, 0y) = [—x < 91} [x < 92}.

Bamada 8.5 (5*). Onwmcarb CTPyKTYypy KJIACCOB 3KBUBAJIEHTHOCTH W TIPEJJIOKUTH -
deKTUBHBIN aJIrOPUTM UX TTOCJIOWHOTO TIepedopa Jjist cJIyuast, KOTJa UHIUKATOD OIIMOKN
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olpeaesadaeTcd OTJC/JIbHO JIJId ITOJIOZKUTE/IbHBIX U OTPUIIATEC/IbHBIX IIPUMEPOB:

Bamada 8.6 (5). Onmcarh CTPYKTYpPY KJIACCOB 3KBUBAJEHTHOCTH U HPEJJIOKUTH -
GeKTUBHBIN aJITOPUTM UX TOCJIOWHOIO mepebopa Jjisd ciiydasi, KOTJa KarKIblil MPU3HAK

MO2KET IIPUHUMATL OJMHAKOBBIC 3HAYCHUA Ha Pa3JIMIHBIX 00bEKTax.

Bamada 8.7 (3*). O606muTh Asropurm 8.2 Ha cirydail, Korja Ha mare 1 BMECTO MHO-
JKECTBA BCEX IPABII, JOCTABJIAIONNX NIOOATBHBI MIHIMYM YHCIY OMMOOK, HAXOANTCS
JIAIIB OJIHO JIOKAJIBHO ONTHMAaJIbHOE HpaBuiio. IIperycMoTpers BO3MOKHOCTD [IEPEXOJI0B
OT MPaBHJI M-TO CJI0s K HPABUIAM HE TOJBKO (m + 1)-ro ciost, no u (m — 1)-ro ciost.
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9 DSOmMnupuyeckue pacnpegesieHnsa u caydaiiHoe by>K-

naHune

B Jleknuu 2 MBI OIEHUBAIU BEPOATHOCTH OOJIBIIIONO OTKJIOHEHHS YaCTOT B JIBYX
BbIOOPKax. B c¢1aboit BepOSITHOCTHONW aKCHMOMaTHUKE 3Ta 3a/ada sBJISeTCS €CTeCTBEHHBIM
AHAJIOTOM 3aKOHa OOJIBININX YhCe]T W uMeeT TodHoe perneHne. OneHnBaHue BePOSTHOCTH
OOJIBIIIOrO0 OTKJIOHEHUsI JBYX (DYHKIUIT pacipejie/ieHuss — 3TO eIé OjHa KJacCudecKas
3a/a9a MaTeMaTHIeCKON CTATUCTUKU. KE MOKHO MHTEPHPETUPOBATD JIBYMS CIIOCODAMMU.
Bo-tiepBbix, Kak 3aja4y IpejcKa3aHusd: JaHa SMIMpUYIecKas (DYHKINAA Paclpe/ie/IeHIs
CIyYaifHON BeJIMYMHBI Ha HaOJII01aeMOoil BBIOOPKE; TpedyeTcs: ONEHUTh €€ IMIINPUIECKYIO
dyHKIUIO pacipeje/ieHnsl Ha CKPBITOH BBIOOPKe. BO-BTOPBIX, KaK 3aJiady IMPOBEPKU I'U-
[IOTE3bl OJIHOPOJIHOCTH: JIAHBI JIBe HAOJIIOJaeMble BBIOOPKU; TPEOYeTCs OIPEJIE/UTh, M0-
JIYHEHbI JIM OHU U3 OJIHOI'O pacCIIpeIe/ICHUA. ,ZLHH ee penieHnsd UCIOJIb3YIOTCA pa3/JIMYHbIe
CTATUCTHYECKUE KPUTEPHUH, B YACTHOCTH, JBYXBBIOOPOUHBIH KpuTepuit CMUPHOBA.

MpbI paccMOTPUM ITOCTAHOBKY M TOYHOE PEIIeHUe STUX KJIACCUIECKUX 3a/1a9 B CJIab0i
AaKCHOMAaTHKE U IIOKazKeM, 9YTO OHU TE€CHO CBA3aHbl C TaKUMHU MaTEMaTHUIYC€CKUMMU O6’beKTa—

MM, KaK YCeUEHHDIN TpeyroibHuK [lackass u ogHoMepHble cirydaiinble OJIy K IaHnsd.

§9.1 DSwmnupunyeckoe pacnpegeneHue

Omnpenenum st mpon3BosibHOM GyHKIMN £: X — R 1 Tpon3BoOIbHON KOHETHON BbI-
Gopku U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax mommo o6bek-
ToB x BbIOOpKU U, jjisi KOTOPBIX 3Ha4Yenue & () He IMPeBOCXOIUT 2

1
Fe(2,U) = 72 [§(z) < z].

OrnpeneuM 0JIHOCTOPOHHEE U JIBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYE-
CcRuUT Pynruul pacnpedeseHus:

D (X) = fgeaﬂgi(Fg(Z»X) — Fe(2,X));
D (X)= I?eaﬂg(Fg(z,X) — Fe(2,X));
D(X) = I?Eaﬂi(‘Fg(Z, X) = Fe(z,X)| = max{D~(X),D"(X)}.

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOTO OTKJIOHEHUS SMITUPHU-

JeCKUX (PYHKIUI pacipe/ie/IeHus:
P[D(X) > €] <nle), (9.1)

rie BMecto D(X) moryT 6uiTh Takxke nojacrasierbl D (X) wm DT (X).
B cusbHoOil akcnomaTnke mMeeT MecTo craeyromuii dhakt [36].
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Teopema 9.1 (H. B. CmupuoB). Ecm X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (9.2)
E}ﬁiinoo P{D(X)>z¢e} = 2;(—1)“rl exp (—2526%32'2) ; (9.3)

[Ipasas qacts (9.3) npencraBuma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedenenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

3BecTHB U HEACHMITOTHYECKAE TOYHBIE OIEHKM, HO OHH MMEIOT JOCTATOTHO T'PO-
mozauit Bug [14]. Mbl mOKazkeM, 9TO TOYHBIE OIEHKH MOTYT ObITh BBIPaXKEHBI OoJiee
9JICFAHTHO dYepe3 ycedéHublit Tpeyronbuuk [lackans (43|, mpnaém mokasaTeabeTBo nmeer
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

8§9.2 VYceu4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 9.1.  Veeuérunom mpeyzorvnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
G = (G + G ) g <s<gh], meN, sel (9.4)

Vceeuénnbrit TpeyroyibHuK [lackais BBIYUCISeTCs 110 TOMY YK€ PEKYPPEHTHOMY ITPaBH-
JIy, 9TO U KJaccudecKuilt TpeyroybHuk Ilackasis, eciim B HEM OOHYJIMTH BCE 9JIEMEHTHI, Jie-
JKallue 3a 1pejiesiaMu rpasuti (g, , g.-]. «Heyceuéunbrits Tpeyrosbuuk [ackana G2 [0, m]
COBIIA/IAET C KJIACCHYECKUM M JaéT OnHOMuaJibHble Ko3pdunuents: C) .

[Ipu magampaOM yenoBun G = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
o1 G 1ipu 0 < s < m. [Ipyrue HadajibHble YCIOBUS HPUBOJAT K PA3IMIHBIM HEKJIACCH-
qeckuM 0000IeHnsAM TpeyroyibHuKa [lackasis, HO Mbl UX He Oy/JeM paccMaTpUBATh.

Omupeperum Jiist Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHbIe IPaHUIBI (B 1a/Ib-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKATh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc. 9.2 u 9.4 npusejienbl mpuMepbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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§9.3 Teopema CmupHona

Teopema 9.2. /[1s1 npousBoJIbHONH KOHEYHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHU
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PID*(X) <e] = GL[0, 92 ()] /CL;
P[D™(X) <e] =GL[g;(e), L]/CL;
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

> e e Xt leeX ) < 4. (9.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

D(X) = max %Z

m=1..L
i=1 1—b; i=1 by
m {+k L ml
— ooty . B - =
e o I S 2_b Uk e ‘ mp

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.
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Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| _ elk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Ce Z H 9m(€) < Bn(X) < g5 (e)] (9.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (9.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibanka [ackamns (9.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto coBnamaer ¢ (9.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (9.4).



= 89 =

Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Orocroponnue onenku (9.5) u (9.6) BoBOUTCs anagornvno. Pasiuaue B ToM, 910
JIUTs HAX BBIPAsKEHMe 1101 3HAKOM TTpou3Beiennst B (9.9) mpuHnMaeTr BUJI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yCeu€HHOM TpeyroJbHuKe [lackass, cooTBeTcTBeHHO, MO0 HuUKHEH ¢, (¢) = 0, mmbo
BepxHeil g (¢) = m, u Bce nasbHelime paccyK/eHNs OCTAIOTCS B CUJIE. n

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
g6l (9.9)) MOXKHO IPOBECTH TOPA3J0 KOPOYe U HALJIAIHEE, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausvu. Cornacuo (9.9) dynkumonan P[D(X) < €] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TI0 PEKYPPEHTHBIM cooTHOImeHnsM (9.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBI{T KOHTPOJIb KadecTBa [3] u anaims BeRKuBaeMocTH [43)].

§9.4 (0O6o06uieHue Ha cnyyYai BapuaLMOHHOINO psiia CoO CBsiI3KamMu

B Teopeme 9.1 (CymuprOBa) TpeboBaHMe HENPEPHIBHOCTH (DYHKIIUH PACIIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeJIOBATE/ILHO, PAHXKUPOBKA OIPEJIEICHa eMHCTBEHHBIM obpasoM. Ecim
YCJIOBHE HEIIPEPLIBHOCTH HapytaeTcs, pasercTsa (9.2) u (9.3) MOryT He BBIIOIHATHCS [4].

B Teopeme 9.2 TpeboBanue pa3JInaHOCTA BCEX 3JIEMEHTOB BApUAIMOHHOTO psia hop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 3TOro TpebOoBaHMs He CUJILHO MEHAeT BHJ pesyiabrata — B Teopeme 9.2 m3me-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 9.3. Ilyctp £: X — R — npousBosibHast (QyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomaruke crpasesinebl Tounblie ornerkn (9.5), (9.6), (9.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJIOM aHAJIOTUIHO JI0KA3aTeIbCTBY TeopeMbl 9.2, mosToMy ocra-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernue (9.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, IPOCYMMUPOBAB MX B IHOPsiJIKe BO3pacTaHus 3HadeHuit &(x;):

L 1 L

130 -b)[e®) < 2] - 3 3 bile@®) < 2

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiormano (9.9), nosygaem:

= — Inax
k mely

D(X) = B — —|.

L

T

mGIH
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Uh—1 i

Puc. 9.5. Bepxune g (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (99) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, cM. puc. 9.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 9.1. Eciau Bce cBasku opHodnementusie, {iy,...,ig} = {1,...,L}, 10
a-(€) =gt (), g.(€) =g, (), u Teopema 9.3 nepexomur B Teopemy 9.2.

Sameuanwue 9.2. I[lomydyeHHble OIEHKN SBJSIOTCS TOYHBIMU, HO HEHAOJIIOIAEMBIMI.
MoaudunupoBantble rpaHuibl [, ¢ ] CyIMIECTBEHHO 3aBUCAT OT MOCIEI0BATEIbHOCTI
11,...,%ly, KOTOpas CTPOUTCH II0 BCeil reHepasibHON BbIOOpDKe X; €€ HEeBO3MOXKHO 3HATD,
uMest JIMIb HabJII0/1aeMyto BIOOPKY X. D10 o3HadaeT, 9To Teopemy 9.3 MOXKHO mpumMe-
HSITH JIJId IPOBEPKU T'UIIOTE3bl OJTHOPOJHOCTHU, OJITHAKO HEIOCPEJ/ICTBEHHO OHa HE T'OJUTCS
JIIS TIPEJICKa3aHus SMITUPUYIECKON (DYHKIIUN PACIIPEICTICHUSI.

Pe3iome

BeposiTHOCTH GOJIBIIOT0 OTKJIOHEHHS SMIIMPUIECKUX PACIIPEE/ICHIH UMeeT aCUMIITO-
tuaeckoe Beipazkenne (9.2) wan (9.3), KOTOpoe MPUBOIUTCS BO MHOIHX YIeOHUKAX W CIIPa-
BOUHMKAX 110 CTATUCTHKe. B cjaboil akcnoMaTuKe OHA UMEET TOYHOE BhIPArKeHHe Jepe3
YCeUEHHBINH TpeyroabHuk [lackass u jgerko obobInaercsa Ha cirydaii BapuaiuoHHoOro psijia
CO CBSI3KAMU, TO €CTh Ha PaCIpeIe/IeHHs ¢ Pa3pblBaMU U JIMCKPETHBIE PACIIPE/Ie/ICHHS.
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B cnepytouwiein nekunm mbl BepaéMCs K IpodsieMe 1mepeo0ydeHnss U PacCMOTPUM (DyHK-
IIMOHAJT PABHOMEPHOI'O OTKJIOHEHHST YaCTOTHI OMMOOK B JIBYX BhIOOpKax. OH sIBJIeTCsT 3a-
BBIINIIEHHO! OIEHKOW BEPOSITHOCTH TI€PEOOYUEHIA. 3aBBIIIEHHOCTh MTPUBOJIUT K TOMY, 9YTO
CBSI3HOCTH CceMeficTBa JjId JaHHOTO (DYHKIIMOHAJA yIeCTh MOXKHO, & PAaCcC/JIOCHHE — HET.
JL1sT MOHOTOHHOII TIeT aJrOPUTMOB OY/IET MOJIyUeHa TOUHAs OIeHKA (DYHKITMOHAA PaB-
HOMEPHOro OTKJIOHeHus. HTepecer TOT ¢akT, 9TO OHA TaKyKe CBI3aHA CO CJIyIailHbIMU
OJTY 2K TaHUSIMU, U TaKKe BhIPAXKAETCsT Yepe3 YCeUEHHbBI TpeyTroabHuK [lackasis, a B HEeKO-

TOPBIX CAydasix Jlazke COBIAJIAET C OIEHKON 3 TeopeMbl CMUPHOBA.
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10 OueHkn BepoOSATHOCTU PaBHOMEPHOIro OTKJIOHEHUS

OYHKITMOHAJ BEPOSITHOCTH PABHOMEPHO20 OMEKAOHEHUA TaCTOT OIMMOOK B JIBYX BbI-
bopkax BoguTcs B VC-Teopun u 6epércst 3a OCHOBY BO MHOT'UX IOCJIEIYIOIIIX HCCJIET0-
BaHMsAX (cM.0030psI [83, 45, 11]). On saBisercss BepxHeii OIEHKON BEPOATHOCTH Hepeody-
YeHUsI, HE 3aBUCAIIEH OT MeTOo/Ia O0YIeHUs (1, ITO JAET eMy OIPEIeIEHHOe MPAKTUIeCKOe
npenmytecTBo. C MOMOIIBI0 0OpaIleHnsT U3 HEro MOJIYYIaeTCsl BePXHsIs OIEHKa IacTOThI
ommbOK Ha KOHTPOJLHOI BBIOOpKe. K€ MUHMMM3aIms, B CBOIO OYepe/ib, IPUBOJIUT K HO-
BOMY METOJLy OOyU€HUs (i, KOTOPBIil, KOHETHO K€, OTIMIAETCS OT OOBIMHON MUHUMU3AIUN
SMIUpUYIecKoro pucka. [lo umee, HOBBII MeETOM f JIOJIZKEH OBITH MEHEee IOJIBEPKEH IIe-
PeodYUIeHNTO, TTOCKOJIBKY OH CTPOUJICA M3 COOOParKeHUi ONTHMU3aIMU 0000IIaoIIei cIo-
cobroctr. C APYyroif CTOPOHBI, 3aBBIIIEHHOCTD UCIIOJIb30BAHHON OIEHKU MOYKET IOBJIeTh
3a coDOI HEONTUMAJIbHOCTD MM JaKe HeaJeKBATHOCTh HOBOTO METO/IA.

[TosyunB HECKOJIBKUMHE CIIOCODAMU BEPXHUE OIEHKH BEPOSTHOCTH OOJIBIIIOIO PAaBHO-
MEPHOI'0 OTKJIOHEHHUsI, Mbl BBISICHUM, UTO BCE€ OHU YUYUTBIBAIOT CBA3HOCTH, HO HE y4H-
TBIBAIOT paccjioeHne. VIMEHHO B 9TOM IPOSIBJISIETCSI 3aBBIIMIEHHOCTD OIIEHOK BEPOSITHOCTHU

repeobyvueHns Yepe3 BEPOATHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§10.1 TexHuka nopo>XxkgaroLmMx N 3anpeLiaromnx MHOXXECTB

Hanomuuwm, aTo nepeobyuerrocmyio aaropurmMa a Ha BIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €r0o OMIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00yvaromieii:

§(a, X) =v(a, X) — v(a, X).
QO yHKIIMOHAT BEPOSITHOCTH IIePe0dyIeHMS
Q:(1,X) = P[6(uX, X) > ]

OIIEHUBAETCsI CBEPXY BEPOATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX MOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[i(a, X) > ¢] = P[rgeajcé(a,X) > .

MeTtoa makcumMusauum nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOKECTB MOZKET ObITh npuMenén K dyuknnonany Q. (A, X), eciu crenuaabHbM 06pa3oM
BBECTH MeTO]I 00yueHusi. DTa ujed npunaiekut Niase Tosmctuxumny.

Omnpenenenne 10.1. Meron obydeHust i HA3BIBACTCS MAKCUMUIAUUET NEPeodby uerHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

1] onpeaesieHud cJeAyeT, 9To ecJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb7 TO
BEPOATHOCTD Hep606yq€HI/IH COBIIaIa€T C BEPOATHOCTHIO PAaBHOMEPHOI'O OTKJIOHECHUAD,

Q- (H? X) - @a(A> X)



— 94 —

Jlemma 10.1. FEcim meTos [t MAKCUMU3HPYET HEePEO0YIEHHOCTD, TO JIJIs KaXKJIOI'0 aJro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba eX: b= a} — BalIperanIuM B cMbicie 1'umore3nr 7.1:

X =] < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b, X) mus Beex b € A. (10.1)

BosbmMéM mpousBosibHbI T4, € X,. Torma I(a,xq) = 0, 1(b,z4) = 1. Ecau gormy-
CTUTh, UTO Tgy € X, TO IIOJIYIUM

6(b,X)=v(b,X)—v(b X)=v(a,X)+;—v(a,X)>da,X),

aro nporusopeunt (10.1), snaunr, x,, € X. B cuty ero npoussosbroctn X, C X.
Bosbmém mpomnsBosbHbIil 1, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gory-

CTUTb, 9TO Tp, € X, TO TOJIyIUM
6(b,X)=v(b,X)—v( X)=v(a,X)—v(a,X)+ ;>0 X),
aro iporusopesant (10.1), sHaunut, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 10.1 u o6mieit onerku paccioenusi—csisnoctu (7.2) cie-
JlyeT OIleHKa CBA3HOCTH JJI BEPOSTHOCTU PABHOMEDHOTO OTKJIOHEHNS.

Teopema 10.2. [lycrs BeKTOpBHI OHNIMOOK BCeX ajJTrOPUTMOB W3 A MOMAPHO Pa3/IHIHBI.
Torta mmeer MecTO BEpXHSIST OIEHKA BEPOSITHOCTH PABHOMEDPHOT'O OTKJIOHEHHS:

~ Ci:qfd L—q, m—d
Q:(AX) <Y C—gHL}q;d (£(m —ek)), (10.2)
acA L
e ¢ = q(a) = |X,| — Bepxusist cBsazrocts, d = d(a) = |X!| — HUXKHSST CBSI3HOCTB

amropurMma a, m = n(a,X) — 4ucja0 omMOOK aJIrOpuTMa G Ha T€HEPaJIbHOH BBIOODKE.

DTa OIEHKA ropa3/o XyzKe aHAJOTHYHON 110 CTPYKTypE OIEHKH DPACCIOCHUS CBSI3-
Hoctu (7.5) miug meccumuctunanoit MOP. EnuHcTBeHHOE pasimdie 3aKI0YAETCS B TOM,
9TO HEONTUMAJBLHOCTD 7(a) 3aMeHsIeTCsl Ha, HUXKHIOW CBsI3HOCTD d(a). HeonmuMaabHOCTH
pPacTér ¢ HOMEPOM CJIOs JIMHEHO, COOTBETCTBEHHO, BKJIAJIBI AJITOPUTMOB B (). yOBIBAIOT
SKCIIOHeHIMa bHo. HuKHsst cBsi3HOCTH d(a) He TpeBbImaet 7(a) U, KaK MOKa3bIBAIOT IKC-
HepUMeHTHI 27|, KOHIIEHTPUPYeTCsi BOKPYT OJJHOIO U TOTO K€ 3HAYEHHsI BO BCEX CJIOIX,
[IO9TOMY AJTOPUTMBI BCEX CJIOEB BHOCAT HPUMEPHO paBHBIN BKIaT B orenky (10.2). Takmwm
06pa30M, Ta OIEHKA YIUTBIBACT CBS3HOCTH, HO HE YUNTHIBACT PACCIIOCHUE.
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§10.2 TexHuKa UEnHbIX PAa3JI0>KEHUA

MeTon, oneHIBaHNs BEPOATHOCTH PABHOMEDPHOTO OTKJIOHEHMsI, OCHOBAHHBIN Ha 1en-
Hox pasaooscenusz (chain expansion), npesoxen lerucom Kouenbikosbim B [27].

Teopema 10.3. s ymobbix X, A u moboro ¢ € [0, 1]

Q-(4,X) < Y[ {sale)} < } thﬁmd(sa(s)). (10.3)

acA

e d = d(a) — HUXKHSST CBSI3HOCTB aJropurMa a, m = n(a, X) — 9uc/10 ommnboK ajaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — 5k),

HokazarenbcrBo. O6o3naunm depes U, (X, e) wimm npocro U, uHauKaTop mnepeodydeH-

HOCTH aJITOPUTMa ¢ Ha BBIOOpKe X :
U, = [0(a, X) > ] = [n(a,X) < sq.(¢)].

O6ozuaunm 4depes U, orpunanue U,, To ectb U, = 1 — U,.
Bocmonbsyemcst TeM, 9T0 Ha MHOXKECTBE aJrOpUTMOB A 3a/1aH0 OTHOIIEHNE JacTHY-

HOI'O TIOP$/IKA KaK €CTeCTBEHHOEe OTHOIIEHUE MOpsi/iKa Ha OyJIeBBbIX BEKTOPaX OIMINOOK aJji-
ropuT™MoB. JIOmoOJIHUM 3TO OTHOIIEHUEe JI0 JIMHEHHOIO MOPSIKa ITPOU3BOJIBHBIM 00pa30M.
[IpecTaBuM BEepOATHOCTH MAKCUMyMa OMHAPHBIX BEJIUINH KaK CYMMY BEpOSATHOCTElH, BOC-

IIOJIB30BAaBIINUCHL UENHBIM DA3AOHCEHUEM:

st = PmC?XUa = ZPUQHUI,.

a€A beA
b<a

OcraBuM B IEITHOM pa3/I0KEHUN TOJIBKO Takue comHoxkutem Uy, ato b < a. Ocraib-

Hbl€ COMHOXKUTEJIN TPUBUAJIBHO OLEHUM CBEPXY €IUHUIIEI, Ub 1, b £ a. Torna

< Z PHUan.

acA  beA
b<a

Pacemorpum npoussenenune U,U, 1j1st Tpon3BOIbHBIX b 1 a TakKux, 910 b < a:
U U, = } =
Y

Sa —

[n(a, X) < sa(e)] [n(b, X) > s3(e)
= %—sb()<n(b X) < n(a, X) < sqle)] =
= [sa(e) = £ < n(a, X) < sq(e)] [n(b, X) = n(a, X)] =
= [n(a, X = [sa(e)]] [{50(2)} < £][20a € X],

rae |s| — nmenast gacre s, {s} — npobuas gacrs s. Torma

< STPTT U0 = S PTT [(a: X) = Lsa(e)] [50()} < ] 200 € X

a€A beA acA beA
b=<a b<a
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CoMuozkuTe M, HE 3aBUCHINE OT b, BhIHECEM 3a 3HAK MpOou3BejicHus. BBeaém MHO-
KecTBO X = {xba eX: b= a} U 3aMETHM, 9TO

[ 1[0 € X] = [X; € X].

beA
b<a

Takum obpaszom,

Q- < D [{sale)} < £]P[n(a, X) = [sa(e)]] [X; € X].

acA

YuaursiBas, uro | X)| = d(a), nomyanm onenky (10.2). Teopema jokaszana. ]

Omnenka (10.3) no cpoeit crpykType anagorndna onerke (10.2). B neit ects 1Ba yiryd-
IIIEHUST: BO-IIEPBBIX, CYMMUPOBAHUE IIPOM3BOIUTCS HE I10 BCEM CJIOSM CEMEeHCTBa ajaropuT-
MOB (mipu ¢ = k yUUTBIBAETCS TOJBKO KaXKJIbIil BTOPOIi CJI0i1), BO-BTOPBIX, BMECTO «JIEBOI'O
XBOCTa» THUIEPreOMEeTPUIECKOTO pacupejienenuss H B meii durypupyer 3nadenue h ru-
[ePreoMeTPUIECKOro paciipejiesienns B ojHoit Touke. C apyroit ctopons, ornenka (10.3)
YYIUTBIBAET TOJILKO HUKHIOIO CBS3HOCTD, UTO B UTOrE JiesaeT eé OoJiee cjraboil 1o cpaBHe-
uuto ¢ onenkoit (10.2). IIpu srom 06e ONEeHKY He YIUTHIBAIOT PACCIOCHHE.

§10.3 TexHuka cny4vaiiHbix ONy>XaaHwui

BeposiTHOCTH paBHOMEPHOI'O OTKJIOHEHUST YACTOT B CJIydae MOHOTOHHOM IEIU MOXKET
COBIIQJIATH C BEPOATHOCTHIO PABHOMEPHOTO OTKJIOHEHUS SMIUPUIECKUX PACIIPE/ICTCHUI.
DTOT npuMedaTe/bHBI dakT 6611 3aMeder MBanom [lanuHbIM.

JI71s1 Ipon3BOILHOTO ceMelicTBa A BhIpa3uM PaBHOMEPHOE OTKJIOHEHHE YaCTOTHI OIIH-
60K B BHIGOPKax X 1 X uepes muaukaTops! b; = b;(X) = [z; € X|:

D(X) = Igleajcé(a,X) = réleajc(u(a,)z) —v(a,X)) =

L
= max [(a,xi)(% [2; € X] —7 [ GX]) =
acA p N—_—— N——
- 1-b; b;
L
L 14
= g nax ‘ I(a, ;) <z — bi) . (10.4)
—
MoHoToHHasi uenb anropMTMOB — 3TO MojeabHOe cemeiictBo A = {ag,ay,...,ap},

B KOTOPOM aJITOPUTM @ JOIyCKaeT 1M OMMOOK Ha TeHepasbHON BBIOOPKE, & KayKJIbIi 1M0-
CJIeJLY 0N AJITOPUTM XY2Ke TIPE/IbLILYIIEro Ha oJHOM o0bekTe (ompejesenue 6.8, crp. 54).
[Iepenymepyem OOBEKTHI T, . . ., L1, TAKIM 00Pa30M, ITOOBI

Hag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (10.5)

Teopema 10.4. 11 MOHOTOHHOI IIeIH aJAropuTMOB A, IPOU3BOJILHOI reHepaIbHOH Bbl-
6opku X u rpoussoibroro € € [0, 1] cupaBejiuBa TouHas! OLLEHKA BEPOSITHOCTH TOI'O, 4TO
paBHOMEpPHOEe OTKJIOHEHHEe HE IIPEBLICUT €:

| - Gl

Plmaxd(a, X) < e c :

acA
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rae g; (€) — J1eBas rpammia yceaénnoro peyrobHuka Ilackaris:
g; () = £(t —ck)[m <t <m+ D].

HoxkaszareabcTBo. B ciyuae MmonoTonHoi tienu npejicrasiienue (10.4) yrpormaercst mocie
no/cranoBky B Hero (10.5):

L aayy L t(m + d)

e Byig =01+ -+ byq. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOThI OIMTUO0K
B BBIOOpKax X m X BBIpasKaeTcs depe3 paBHOMEPHOE OTKJIOHEHHE YHCIIa ¢JUHAIL CPEJIN
IIEPBBIX M + d WIEHOB OMHAPHOI IIOCIEI0BATEILHOCTH] by, . . ., by, OT «0XKIIaeMOroy Incaa
equnull £ (m + d).

Haiiém reneps BeposTHOCTH TOro, uto D(X) He mpeBbimaer &:

P[D(X) <e] = P[d:

= ﬁ[% (m+d — k) <Bm+d] :Pﬁ[g[(e) <Bt]

HOHy‘{eHHOG BbIpazKeHne B TOYHOCTHU COBIIa/lacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-

(L(m + d) — Bpya) < %k]

KJIOHEHUsI SMIIUPUIECKUX pacipeesennii (9.9), st KoTopoit yke HailIeHO TOYHOe BbIpa-
xkenne (9.6) depes yceuéHublil ceBa TpeyroiabHuk [lackass. Teopema rokazana. [

§10.4 PapemaxepoBcKasi CJIOXKHOCTb

[lonstie pademazeposckoti caoocnocmu (Rademacher complexity) 6v110 BBemeHO
B Teopuio crarucrudeckoro obyuenns B. Kompannckum [60, 59, 61]. Dro nonsitre ciox-
HOCTH CeMeiicTBa aJI'OPUTMOB OTIMIAETCS MAaTEeMAaTHIECKOM HU3SIIECTBOM ¥ YI00CTBOM
ucnosib3oBanust B npuaoxkenusix [40, 42, 41]. Cauraercs, 4ro oHO Jaér HanboJee TOIHbIE
OILIEHKH 0DOOIIAIONIEH CIIOCOOHOCTH.

Onpenenenne 10.2. Pademazeposcrasn caoocnocms (Rademacher complexity) mHOKe-
cTBa agropuTMoB A Ha BbIOOpKe X ecTh

,%’(A,X):Ergeajcd(a,X)—QEmax—Zoz I(a,x;),

e 0;(X) — pagemaxepoBcKasi cIydaiiHast BeJIMIHHA,

—A, r; € X,
0i(X) = Er; € X] — £z, € X] = QLZ _
+om z; € X.



= 908 =

[Ipu ¢ = k Benmunna o;(X) npuHEMaeT onHOM U3 ABYX 3HadeHuit —1,+1, KaxKI0€
C BEPOATHOCTBIO 3.
1 ¢
CMBICI 9T0ii BEJIMUUHBI JIETKO [TOHSATH, €CJIA 3aMEeTUTh, ITO 7(a, o) = 7 > 0.l (a,x;)
i=1

eCcTh BBIOOPOUHAsT KOBAPHUAIINS BEJIMINHBI IOTEPh U CIY9IaifHOTO (pajieMaxepoBCKOro) Iry-
ma. Cympemym sup"r’(a,a)| BBIJIEISIET B ceMeiicTBe A ajropuTM, MOBEIEHNE KOTOPOTO
a€A

Ha BeiOopke X Haubosiee 6yin3ko K nrymy. Maremarudeckoe oxkujianne E 1o BekTopy mryma
He0OXOIUMO JIJIS TOTO, YTOOBI BEJTMYNHA CJIOYKHOCTU R He 3aBUCEIA OT BHIOOPA KOHKPET-
HOTO BeKTOpa Iryma. Crernenb OJIM30CTH BEKTOpPa MOTEPh W BEKTOpa IIyMa, BhIPayKeHHAsT
C TIOMOIIHIO KOBAPHAINH, BIOJHE COOTBETCTBYET HHTYUTUBHBIM ITPEICTABIEHUAM O CIIOZK-
HOCTH: YeM CJIOYKHEEe CeMeiCTBO, TeM BBIIIe IMAHCHI HANTH B HEM AJITOPUTM, <IIOXOXKUIi»
HAa [POM3BOJILHLIN ITyM. HeTpy/iHo Takke MOHATH, MOYEMY B KadeCTBE Mepbl OJIM30CTH
JIByX BEKTOPOB OepeéTcd MMEHHO KOoBapualugd, a He (DYHKIINUA PAcCTOdHUs — OJarojaps
JIMHETHOCTH KOBapHUAIlUK PaJIeMaxepoBCcKas CJI0XKHOCTh 00JIajlaeT yI00HbIMU arebpande-
CKUMU CBOMCTBaMU, OJaroiaps KOTOPBIM €€ yIaéTcs OIeHWBATH JIJIsi IIMPOKOro KJlacca
UCIIOJIB3YEMbIX Ha IMPAKTUKE CEMENCTB aJrOpUTMOB.

Pe3iome

O yHKIIMOHA PABHOMEPHOI'O OTKJIOHEHUS, BBEJIEHHBIN B Teopun Barnnka-YepBonen-
KHCa, YYUTHIBAET CBA3HOCTDL CEMENCTBa aJTOPUTMOB, HO HE YUYHUTBIBAET €I'0 PACC/IOCHUE.
W3-3a 3TOTO OH MOYXKET MaBaTh CUJILHO 3aBBIIIEHHbIE OTIEHKHN BEPOATHOCTH MEePe0dyIeHN .
Tem He MeHee, OH aKTHBHO HCIIOJIL3YETCS B TEOPUU CTATHUCTUIECKOTO oOydenwusd. FEro mo-
CTOMHCTBO B TOM, UTO OH HE 3aBUCUT OT MeTO/[a OOyUeHUs, YTO [T03BOJIAET pa3padaThiBaTh
HOBBIE METOJIbI OOYYeHUd IMyTEM MUHUMU3BAIUIN €TI0 OOPAIIEHHBIX BEPXHUX OIEHOK.

[Ipu nostydennn BepXHUX OIEHOK BEPOATHOCTH PABHOMEPHOI'O OTKJIOHEHUS MOTYT Ha-
KAILTUBATBCS JIONOJTHUTEIbHBIE TorpermuocT. Cpen TpEX PacCMOTPEHHBIX TEXHUK I1ep-
BbI€ J[BE JIAIOT 3aBBINIEHHBIE OIEHKHU, TPEThS JIAET TOYHYIO ONEHKY, HO TOJIBKO JIJIsT YaCT-
HOT'O CJTy4asi MOHOTOHHOI IIeNN aJrOpUTMOB.

B cnepytowieii nekumnn Mol BepHEMCS K MOJIE/ILHBIM ceMeficTBaM aJrOpuTMOB U PACCMOT-
PUM HECKOJIBKO HETPUBHUAJbHBIX YaCTHBIX CJIYYaeB, KOTJa OIEHKN PACCJIOEHU~CBA3HOCTU

OKa3bIBaIOTCA TOYHBIMU.

Ynpa>kHeHus

Bamada 10.1 (5%). IToay4uTh TOUHYIO ONEHKY BEPOATHOCTU PABHOMEDHOI'O OTKJIOHEHHUSI
Q-(A,X) 1151 yHUMOJIATIBHOI T AJITOPUTMOB.

Bamada 10.2 (10*). IMoayuurs Tounyio onenky Q.(A,X) misg Npou3BOJBLHOIO MHOXKE-
CTBa AJITOPUTMOB, 33J]AHHOIO T'PadOM PaCCIOeHIACBAZHOCTH.
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11 MHoromepHblie ceTu anropnTmMoB

CymiecTByoT puMepbl HETPUBHAIBHBIX MOJIEIBHBIX CEMEHCTB aJrOPUTMOB, JIJIsT KO-
TOPBIX OIEHKH PACCIOCHUSACBA3ZHOCTU ABIAIOTCA TOYHBIMUA. B 9acTHOCTH, 9TO MHOrOMEp-
HbI€ MOHOTOHHbBIE CETHU aJI'OPUTMOB. 9TI/I ceMelicTBa NHTEePEeCHbI emé n TeM, 9TO OHHU 06—
JIJIAI0T HE TOJBKO PACCJIOCHUEM U CBA3HOCTBIO, HO U PA3MEPHOCTHIO, TO €CTh BCEMU KJIFO-
YEeBBIMU CBOMCTBAMM PEAJIBHBIX CEMENCTB.

§11.1 [symepHasi MOHOTOHHAsl CETb a/ICOPNTMOB

B §6.4 MBI paccMoTpesit MOHOTOHHYIO TIEIb AJITOPUTMOB, KOTOPAs SIBJISETCS MOJIE/IbIO
OJTHOITAPAMETPUIECKOTO ceMelicTBa aaropuTMoB. EcrecTBeHHBIM 0000ITIEHNEM STOM MO/I1€-
JI Ha, MHOTOMEPHBIN CJIydail IpejCcTaB/IseTcs ceMeicTBO, rpad pPacc/jioeHUusI—CBA3HOCTU
KOTOPOTO N30MOPdEH MPAMOYTOIBHON PeIéTKe 33/ IaHHON PasMePHOCTH h U HEKOTOPO-
My €€ HeBBIPOXKJIEHHOMY (pparMeHTy TOi yKe Pa3MepHOCTH.

Ha pucynke rmoka3zaHbl 9eTbIpe HUXKHUX CJIOs rpadOB PaCCIOEHUSCBA3HOCTU Pa3-
meprocteit 1 (caeBa) u 2 (cupasa). [opusoHTAIBHbBIE JIHHAN COOTBETCTBYIOT CJIOSIM, 1M —
YUCIO0 OMMOOK JIYUIIero ajropuTMa Ha reHepasbHON BbIOOPKe. OObEKTHI BIOJIb CTPEIOK
O3HAYAIOT, UTO MPH IE€PEXoJie OT HUKHErO AJNOPUTMa K BEPXHEMY OINMUOKA IMOSIBJIAETCS
UMEHHO Ha JIAHHOM O0bEKTe.

h=1 h=2

m—+3 @ m—+3

PaccMoTpuM IIPOM3BOIBHBI AJTOPUTM Qyyyy U3 €O M+t = N Ay, X). Yucso airo-
PUTMOB B 9TOM ¢Jioe paBHO t + 1. Bepxusst cBs3HOCTh ¢(ay,) = 2 COBHAAET € pa3MEPHO-
crpio h = 2. HeonruMabHOCTD 7(dy,) paBHA €, OCKOIBKY @y, OTJIMIAETCA OT JIyUIIEro
aJIrOpuTMa agy POBHO Ha t oObekTax. [lojcraBuB Bee 3Tu Jannbie B oneHky (7.5) u 3ame-
HUB CYyMMY IIO aJI'OPpUTMaM CyMl\lOﬁ IO CJIOAM, IIOJIYYIHUM OIEHKY PaCCJIOCHUA—CBA3SHOCTU
Jyig T HUZKHUX CJIOEB JIBYMEPHO CeTH aJIrOPUTMOB:

4
Cr (-2

T —2
Qe < Y (¢ + )T HYTY s (Fm 41— <k))
L

t=0

[Toka 510 ObLIN IIPeIBapUTEIbHBIE COOOpParKeHNs, TOKA3bIBAIOIINE, UTO NHOI/IA OIeH-
KU PacC/IOeHUS—CBI3HOCTH TIOTy9IalOTCs OYeHb MPOCTO. JTa OleHKa He BIIOJIHE KOPPEKT-
Ha, TaK KakK IPH IOJICIETe BepXHel CBA3HOCTU aJrOPUTMOB 1-TO CJIOS IIPEJIIN0/1araaoch,
aro (1 + 1)-it cj10it cyiecTByeT, HO €ro MpejCcTaBUTe/in B cCyMMe He yurTeHbl. Jlaree Mbl
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BBEJIEM HEOOXOMMBIN (popMasn3M, 0O00IIUM OIEHKY Ha CJIy4ail IPOM3BOJILHON pasMep-
HOCTU M aKKypPaTHO pas3bepéMcs ¢ BepXHUME codMu. Mbl TakzKe yOeuMcs, YTO OIeHKa
pPacC/IOeHNs—CBA3HOCTH JIJIs1 h-MEpPHOII MOHOTOHHOI ceTH sABJsgeTcs TO4UHO. [lepBbIM 3Ty
onerky nostyunit Ilasesr Boros [6].

§11.2 MoHoTOHHaA ceTb NMPOU3BOJILHOW Pa3MepHOCTU

[lycrs J = (j1,- .-, jn) — NEJOUUCIEHHBI BEKTOD UHJIEKCOB.

[Momoxkum |J| = j1 + -+ + Jn.

BBenéM Ha BeKTOpaxX MHICKCOB OTHOMICHUE YACTUIHOTO HOPSIKA: JIJIst IPOM3BOIbLHBIX
J=(1,. oy gn) n K = (ky,..., k) monoxum J < K, ecm jg < kg aost Beex d = 1,..., h.
[omoxum J < K, ectu J < KuJ # K.

Omnpenenenne 11.1. Monomonnoti cemwio anrzopummos pasmeprocTu h u Boicorsr H
HasblBaeTcs MHOXKecTBo anropurmos A = {ay: |J| < H} ¢ momapro pasmmiHbMz BeKTO-
pamu oImHOOK, TaKoe, ITO

1) ecom J < K, 10 ay < ag;

2) n(ay,X) = m+ |J| npu mHekoropom m.

AnropuT™ ag = a,...0) Ha3bIBACTC AYHUUM B A.

yeens

,ZL&HHOG ompeJge/ieHrue MO2KET IMOKa3aThbCdAd HEKOHCTPYKTHUBHBIM, TaK KakK OHO HE€ OIIN-
CbhIBa€T MaTpPUILY OIIMOOK B ABHOM BUJEC. O,ZLHaKO cjeayrolfasd JieMMa ITIOKa3bIBaeT, 9TO
Ha CaMOM JjieJjie MaTpHUIla o1IboK olpejesieHa OJQHO3HAYIHO.

Jlemma 11.1. MHuoxkecTBO 00bEKTOB X paciiajjaeTcst Ha 00beKThl TPEX THIIOB:
1) m 06bEeKTOB, Ha KOTOPBIX OHIHOAIOTCSI BCE AJINOPUTMBI;
2) Hhobwekros {af:t=0,..., H-1,d=1,... h} raxnx, aro I(ay, z}) = [t < j4;
3) Bce ocrajbHBIE OOBEKTHI, Ha KOTOPBIX HU OJH U3 AJTOPHTMOB HE OITHOAETCSI.

HokazareabcTBo. 1. MHoxkecTBO 00bEKTOB, Ha KOTOPBIX ONMIUOAIOTCS BCE aJTOPUTMBI,
COBIIQJIAET C MHOXKECTBOM OOBEKTOB, HA KOTOPBIX OIMIMOAETCS JIYUIIUil AJITOPUTM Gg, U WX
quCI0 paBHo m = n(ag, X). UTo U yTBEpkKIAETCs B TIEPBOM IIYHKTE JIEMMBI.

BBesiéM Ha BEeKTOpax MHJIEKCOB MOKOMIIOHEHTHOE CJIOYKEHUE U YMHOXKEHHE Ha IHCIIO:
J+K=(j1+k,. ..,jn+kn) ucl = (cj,...,cjn) misg upousBoibibix J = (ji,...,Jjn)
u K = (ky,..., k). Oupeenum euHuaHbIE BEKTOPBI Fy = ([dzs])?zl, d=1,...,h.

2. BospMmém niponsBosibHbLil asnroput™ ay € A u e pasmepnoctnu {d, s} C {1,..., h}
rakue, 9o jg < H, js > 0. [Mocrpoum Bektopwl uugekcos K =J + Ey, J =J — E,,
K' = K — E,. Yerbipe anroput™Ma a;, ax, G, Gx 00pasyoT rpad paccjioeHns—CBA3HOCTH
(HATIOMHYM, YTO €CJIM aJIrOPUTM G TIPEJIIIeCTBYeT ajJropurmy b, a < b, 1o depes x4, 060-
3HAYACTCS TOT €JIMHCTBEHHBI 00bEKT, /st KOTOporo I(a, z4) = 0 u I(b, x4) = 1):

Ty %
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ANITOPUTMBI Gy U Ay OTJIUYIAIOTCS TOJBKO Ha JIBYX OOBEKTaX, MOITOMY CPEIH de-
TBIPEX OOBEKTOB XI5, Xyr!y Typ, Lr/x AMEIOTCS TOJBKO JIBa Pa3JIUIHBbIX. EIMHCTBEH-
HBII JIOMYCTUMBINT BapUAHT COBIAJIEHUI — KOTJIA X, = Ty U Xy = Ty LIpojosmkas
110 OYepe/in YMEHbIIAaTh B BeKTopax J m K Bce KOOPJAUHATHI Jq, . .., J, KPOME jq, TPUIEM
B MTOre K TOMY, YTO /IBa aJlOPUTMA Uj,k, < O(j,+1)E, TaKKe OTIMIAIOTCSA Ha O0LEKTe T .
Taxkum 06pazoM, 00BEKT T, OUPEIENIIeTcs TOJbKO Koopauaatoil d € {1,..., h} u 3Haqe-
HreM unjekca t = jg € {0,..., H — 1}, 1 He 3aBUCHUT OT OCTAJBHBIX KOOPWHAT BEKTOpA J.

O603HauNM 3TOT 06BLEKT uepes zo.

JlokazkeM OT IIPOTHBHOIO, 9TO cpejii 00beKToB x¢ Her copnajatomux. [lyers 2¢ = xf,
u s oupenenénnocru t < . Torna aip, < ayp,, caegosarensio I(ayg,, :)sf) = 1. C apy-

roit cropoust, I(ayg,, 2%) = 0. [lostomy o6bekTbl 2 u ¢ ne MoryT cosnagars. [Ipesrio-

!/ ..
JIOZKUM Teriepb, uto z8 = 2% upn d # d'. Bosemém anroput™ ay, J = tEy + t'Ey. Anro-

PUTMBI 474 g, U Gj4F, OTJMYAIOTCH OT a7 Ha 00beKTax rdu xf,/ COOTBETCTBEHHO U JIOJIZKHBI
UMeTh pa3/IMIHble BEKTOPBI OIMUOOK II0 OIpeJIe/IeHuI0 MOHOTOHHO# ceTu. [losromy 00b-
ekt ¢ u :vf,/, OATh-TaK/, He MOT'YT COBIIQJIATh.

Wrak, mpousBo/ibHBIN ajaroput™ a; € A jgomyckaer ommOKM HA TeX U TOJBKO TeX
obbekTax :L‘f, Y KOTOPBIX © < j4, 9TO U yTBEPIKJIAETCS BO BTOPOM IIYHKTE JIEMMBbI.

3. B BBIOOpKE MOT'YT OCTaBaThCsA OOBLEKTHI T, HA KOTOPBIX aJlOPUTM Gy HE JOIyCKAeT
omubKy, 1 KOTOPbIE He COBIAJIAIOT HU ¢ OHUM U3 o4, Ecjiu 6bl oun u3 anroput™os a € A
JIOIYCKAJT OIMMOKY Ha TaKOM O0BbEKTe X, TO CyIIeCTBOBaIN ObI ajiropuTMbl b, ¢ € A, Takue,
qro b < ¢ < a u x = Tp.. Ho Torna oObekT x ObLI ObI OHUM 13 OOBLEKTOB xf, KaK ObLIO
oKa3aHo BbIe. TakuM oOpa3oM, HU OJIMH U3 aJrOPUTMOB @ € A He MOXKeT JIOIyCKaThb
OImuOKY Ha TAKOM 00bekTe x. YUTO u yTBepKIaeTcsd BO TPETheM ITyHKTE JIEMMbI.

Jlemma JIoKa3aHa. m

Caencrsue 11.1.1. Jusijoboroay € A, J = (j1,---yJdy- .-, jn) mmoborod € {1,... h}
yBesmdenne uajekca t = j, Ha equaniy, K = (j1,...,ja+1, ..., jn) OIPHBOAHT K HOsIBJIC-

HUIO OIMNOKH Ha OOBEKTE :L“f:

ay < ag; I(aJ,xf):O, I(aK,:cf)zl.

NuTtepnpetaumnsa. MonoronHnas ceThb pasMepHOCTH h u BbICOTBI H — 3TO MOJIEbL ceMeii-
CTBa aJITOPUTMOB ¢ h HempepbIBHLIMU NapaMeTpamu. MojiebHOe TpeInoioKeHne 3aKIio-
YaeTcs B TOM, UTO II0 Mepe yBeJIudeHus d-ro rnapamMerpa ONMOKNM BO3HUKAIOT IOCJIE0-
BaTe/IbHO Ha OObeKTax zl, ..., x% |, He3aBUCUMO OT 3HAUECHUI OCTAJLHBIX MapaMeTpPOB.
B peasbubIX 3a/1a1ax 3T0 TpeboBaHMe KakK MPaBUIO, He BhIIOTHAETCd. B TO Ke Bpems, ns-
BECTHBI IIPUMEPHI, KOI'JI[a MOHOTOHHAs CETh MOPOXKIAETCH UCKYCCTBEHHOI BBIOOPKOM U pe-

AJIbHBIM CeMeficTBOM aaropurMoB (yrnpaxkuenns 11.1, 11.2).

PasmepHble xapaktepuctukn. 113 Jlemmnr 11.1 ciemyer, 9T0 HEOOXOIUMBIM YCJIOBUEM
CYIIeCTBOBaHUsI MOHOTOHHOI ceTH siBjisieTcs orpanudenue m + Hh < L.

Yucjio ajiropuT™MoB B €JI0€ M + t PABHO YUCY HEOTPHUIATETHHBIX HEJTOTNC/IEHHBIX
BeKTOPOB uHJeKcoB J = (ji,...,jp) Takux, aro [J| = j; + ... + j, = t. OHO XKe ecThb
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At h1
4uCI0 crocoboB BeIOpaTh t 1pejameros u3 h ¢ nopropennamu, Cy = Cy7, . IIpocymmu-

POBaB YHUCJIO aJI'OPUTMOB IIO CJIOAM M BOCIIOJIB3OBABHIMCH HU3BECTHBLIM KOM6I/IH&TOprIM

TOXKJIECTBOM, HETPY/THO HANTU YUCJIO aJITrOPUTMOB BO BCell ceTH:

he he h
Al =+ + Chiypy = Ol

§11.3 TouHasa oueHka pacc/I0OeHNsI—CBA3HOCTN

13 dopmya (7.3), (7.4) u rpada paccioeHus—CBSI3HOCTU CJIEJLYET, YTO JIJIs JII0OOro
aJICOPUTMa @ ; U3 MOHOTOHHOI cetn A

X, = {xf: t=jq, d=1,... ,h} — IIOPOXKJIAIoIee MHOYKECTBO;

X = {xf: t < ja, d=1,...,h} — sanpemaloriee MHOKECTEO.

Jlemma 7.1 maér jmib HEOOXOIUMOE YCIIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3yJibTaT 00y4eHUs: [MX =a J:| < [X 7 C X } [X hCX } OjiHako B cjIydae MHOIO-

MepHOIU/I MOHOTOHHOII CceTH HGO6XO,ZLI/II\/IOQ ycJjioBUE ABJIAETCA TaK2Ke U JJOCTATOYIHDBIM.

Jlemma 11.2. FEcim p — meccuMuCTHYHAS MUHAMHA3AIAS SMITIPUIECKOTO PUCKA, TO
[MX:aJ} = [XJ C X} [X} C )_(} JIs KaskJoro ay € A.

HokazarenbcrBo. [okaxkem, uro ecit X; € X u X/ C X, TO TOJIBKO aJITOPUTM G
MOZKET OBITH Pe3yIbTATOM O0YYeHHUS.

Asroput™ @y JOIyCcKaeT OmmMOKH TOJIBKO Ha OObeKTax u3 X';, HO BCe OHH JIEXKAT
B KouTposie X, mostomy n(ay, X) = 0.

PaccMmoTpuM TIpOU3BOJIBHBIN airopuT™M ax Takoit, ato K £ J. DTo o3Ha4YaeT, 910
d

Jd’
KOTOPBIH j1e2KuT B X 7, cJieJioBaTe/IbHO, 1 B o0yderun X . [TosToMy ajroputm ax He MOXKET

kq > jq Aast HeKoTOpoit KoopnHaThl d. Ho Torma ax momyckaer ommOKy Ha 0ObeKTe T

OBITH BBIOpAH METOJIOM [, MUHIMUBUPYIOIINM SMIUPUIECKIIT PUCK.

Pacemorpum mponsBoJibHBII aaropuT™ ax Takoit, aro K < J. Torma oba ajaropurMma,
aj M ax He JIOMycKaioT omubok Ha obydenun X . lomyctum, uto ky < jg JjIg HEKOTOPOI
koopuHaTh! d. Torjaa Ha KOHTPOJILHOM OObEeKTe xzd U3 JABYX aJTOPUTMOB TOJBKO G JI0-
IIyCKaeT OIIMOKY, MMO3TOMY METOJ, [, OYyJIy9H TECCUMUCTUIHBIM, BHIOECPET AJITOPUTM @ ;.

Taxum 06pa3oM, TOJBKO AJITOPUTM G; MOXKET OBITH PE3yIbTaTOM O0YyYeHUS. |

Teopema 11.3 (O moHOTOHHO# ceTu amroputmoB). Ilycte A — MOHOTOHHAsI ceTh
pasmepuoctu h u Bercorsr H, MeTOJ | ABJIS€TCS TeCCHMUCTHIHON MUHUMU3AIIHCH SMIIH-
pHYecKoro pucka u BbimosiHeHO yciaosue m + Hh < L. Torna

i C;H-t 1027(1 t 0
Q-(wX) = Y —HLESLHT (Lt —ck), g = [t<H]h.
L

t=0
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JokazareabcTBOo. Bo3bMEM MPOU3BOJIBHBIN aJrOPUTM .y U PACCMOTPHUM TPHU CJIydas.
1. Eciu |J]| > k, To uncio ommboK ajropurMa a; Ha 3alperaloniux o0bekrax X

[IPEBBIIIAET JIJIMHY KOHTPOJILHO# BhIOOPKHU. HacTh ommnboK 00g3aTeIbHO OKaXKeTCsi B 00Y-

Jaroleil moBpIOOpKe X, M MeTOJI 1t BhIbepeT JApyroil aaropurMm. B sTom cirydae

(uX=a,] =0.

2. Ecim |J| < ku |J| = H, 10 ecTh aJIl'OPUTM @ HAXOJUTCS B IIOCJIEIHEM CJIOE, TO
HOPOZKIAIONINX 0ObEKTOB IS @y HE CYIIECTBYET, CJIeJI0BATE/ILHO,

[nX=a;] = [X] € X].

B sTom ciyuae BepxHsst cBsa3HOCTh ¢(ay) = 0, HeonTHMaIbHOCTE 7(ay) = |J|.

3. Ecmm |J| < k u |J| < H, 10 peanusyercss 0OCHOBHOM ciydaii u3 Jlemmbr 11.2:
X =a,] = [X, € X][X} C X].

B srom ciaywae Bepxuss ca3nocts ¢(ay) = | X | = h, neontumansinocts r(ay) = |J|.

[IpumeHnM OIIEHKY paccaoeHusi—CBsi3HoCTH (7.5), KOTOpasi B IAHHOM CJIydae siBJISeTCsT
TOYHBIM PABEHCTBOM:

l—q

C
o L—q, m~+|J|—r (¢ Y L—q—r
Q= Y PAH T ((mt || —ek)) Pr= =
J:|J|<H L
e Py = PluX = ay| — BEPOSITHOCTD MOJYYIUTH aJrOPUTM a; B PE3yJabTare 0OydeHusd,

q = q(ay) — BepxHss CBA3HOCTD, 1 = r(ay) = |J| — HEONTHMAIBHOCTH AJTOPUTMA @ .

BepxHsisi CBA3HOCTb U HEONTHMAJILHOCTH B KaXKJIOM CJIO€ OJIMHAKOBBI ¥ BCEX aJiro-
PUTMOB. DTO TO3BOJISIET BBIPA3UTH BEPOSITHOCTH TOrO, YTO METOIOM i OyJeT IIOJIyUeH
HEKOTODBI aJrOpUTM ay U3 cjios m + t, tae t = |J|:

t l—q
Ch—&-t—lCquft

P, =Pn(uX,X)=m+t| =C},, P = o ,
L

(11.1)

U 3aTeM 3aMEeHHTb CYMMYy II0 aJropuT™Mam cyMMmoit mo ciosm t = 0,..., H. Hakonerr,

OCTaéTCd y4ecTh, UTO Npu t > Kk aJaropuTMbl BOOOIIE He BHOCAT BKJIAJ B OIEHKY, a IPHU

t = H obmuyssieTcst BepxHsisl CBA3HOCTH ¢, KOTOpas B OCTAJbHBIX CIydasx paBHa h.
Takum obpaszom,

min{H,k}
Q-= Y PH %" (f(m+t—ck)), q=I[t<H]h,
t=0

YTO U TPeDOBAJIOCH JIOKA3aTh. [
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Puc. 11.1. 3aBucumoctu P; ot ¢ (cieBa) u Q- or € (cupasa) /it MOHOTOHHBIX CeTeilt
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

§11.4 BbluncnurtenbHble 3KCNEPUMEHTbI

dkcnepumeHT 1: BblYMCNeHME OueHKU paccrioeHusi—cBa3HocTu. Ha puc. 11.1 cie-
Ba TOKa3aH I'padUK 3aBUCUMOCTH BEPOATHOCTH F; MOJIyYUTh aJIrOPUTM U3 cjaod m + i,
BrancaeHHoi mo dopmysie (11.1), or gncria ¢. Cipasa nmokasasn rpaduk 3aBUCHMOCTH Be-
podTHOCTH TIepeodydeHus (). oT nopora €. Ha kaxkjom rpaduke n3o0parkeHbl 9 KpUBbIX,
COOTBETCTBYIOINIUX PA3JIMIHBIM 3HAUEHUAM pa3zmepHoct h = 1,...,9.

Basucumocts P, muoromepnoit cetn Ha orpeske [0, H — 1] yuumomanbua. Bepost-
HOCTBL IIOCJIeHEIr'0o CJiod HEMHOI'O BbIIIEe, TaK KaK JIJId HEro BepXHdAd CBA3HOCTL pPaBHa
nysio. [Ipu pocre pasmepnocTu h nosjoxkenne mMakcuMmyma P, cMmeraercss BIIpaBo U pac-
TET BEPOATHOCTH TepeodydeHst. JTO O3HAYAET, YTO POCT CBA3ZHOCTH, KOTOPBIN TPUBOJIAT
K 9KCIIOHEHIIMAJIbHOMY YMEHDIIIEHUIO BEPOATHOCTEN PP OT/Ie/IbHBIX &JITOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCS POCTOM MOITHOCTHU CJIOEB.

JKCnepuMeHT 2: cpaBHEHWE MOHOTOHHbIX CeTell C peasibHbIMU CemeicTBaMu.
Ha ocnose mtardopmbr RapidMiner Ob1in 1moJsiydeHbl 9KCIIepUMeHTAIbHbBIE 3aBUCUMOCTHI
Qe or & s 3amad w3 pernosuropust UCI (sonar, breast-cancer-wisconsin) Ha MeTomax
kiaccudukanuu NaiveBayes, SVM, DecisionTree, NeuralNetwork [6]. Dxcnepunvenrain-
Hble KPUBbIE TIEPEO0YICHHOCTH QE, oty geHubie MeTosoM MonTe-Kapiio, ammpokcuMupo-
BaJINCh KPUBBIMU 1€PEOOYUYEHHOCTH MOHOTOHHBIX CeTell MyTéM mojdopa pasMepHocTu h
npu duxcupoBanubix L, { u m. OKa3aaoch, 9T0 9eM CI0KHEe CeMeHCTBO aJlfOPUTMOB,
TeM BBIIE TPOXOJIUT KpHUBas MepeoOYIEHHOCTH U TEM BBIIIE Pa3MEPHOCTH h AIlIpPOKCH-
MUDYIOIIell MOHOTOHHON ceTu, cM. puc. 11.2, 11.3; 11.4 («6osiee cryneHuarbie» KpUBbIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIQJIKIe» — PeabHBIM CeMeHCTBAM ).

[Ipumeuaresien Tor dakT, 9YTO Ha 3aja4e breast-cancer-wisconsin meros NaiveBayes
oKa3aJ/l KPUBYIO MTepeoOYUYEeHHOCTH, SKBUBAJIEHTHYIO MOHOTOHHOW CETH Pa3MEepHOCTH 1,
puc. 11.4. DdderTuBHas pasMepHOCTh JAHHON 3aJadd W B caMoM jeje Oim3Ka K 1,
TaK KaK OYeHb XOPOIIUM pPa3JIe/IsiioNnM TPU3HAKOM sIBJISETCS CyMMa BceX 9 MpU3HaKOB.
DecisionTree na Tex ke JaHHBIX HE CMOT HAWTH 3TOT IPU3HAK U IIOKa3a/l OGJIBIIYIO pas-
MEPHOCTBH, OOIBINYIO TEPe00yIEeHHOCTD 1 OGJIBITYIO OMUOKY Ha KOHTPOJIE.



= 105 =

Qe ]
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Puc. 11.2. Beposraocts nepeobyuennus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pa3mepHOCTeil, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactota ommOOK Ha 00ydYeHHN/KOHTpose, coorBercTBenHo: (.28/0.32;
0.05/0.20; 0.02/0.26. Bamaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe
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0.1
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Puc. 11.3. BepositHocTh 1tepeodyuenust (). asropurmoB NeuralNetwork ¢ unciiom meii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha O0YYEeHUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe

08 4
07 1
06
05 1
04 3
03 3
02
0.1 1

0

DecisionTree

NaiveBayes

0 001 002 003 004 005 006 007 008 &

Puc. 11.4. BepositHocTh mepeobydennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX cereif pasmeproctn h = 1, 20. Cpemsist gacTora omuboK Ha 0bydeHnu /
kourposie, coorsercreenno: 0.04/0.04; 0.03/0.06. 3amjada breast-cancer-wisconsin,
9 npusnakos, L = 700, ¢ = 630.
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Pe3iome

Tounble O1eHKN BEPOATHOCTU TIEPEOOYIEHUs K JIAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
J1a MOJIEJIbHBIX ceMeiicTB aJropuTMoB. B ux ducie MHOroMepHbIe MOHOTOHHBIE CETH aJII'0-
PUTMOB, 00JIaJIAIOIIIE CBOMCTBAME PACC/IOCHUS, CBA3HOCTU U PA3MEPHOCTH, 9TO COJIUKAET
X ¢ peaJbHbIMH ceMeiicTBaMu. OIEHKa PACCIOCHUSI—CBI3HOCTHU JJIsI MHOTOMEPHON MOHO-
TOHHOII CeTH dBJIAETCA TOYHOI.

B skcnepuMenTax KpuBble BEPOSATHOCTH I1epeoOyUeHUs PeabHBbIX CeMENCTB HeII0-
XO TPUOJIHKAIOTCA ¢ TOMOIIBIO MHOTOMEPHBIX MOHOTOHHBIX CeTell IIPU COOTBETCTBYIOIIEM
110100pe PasMepHOCTH, KOTOPYIO MOXKHO MHTEPIIPETUPOBATH KaK «3(MPEKTUBHYIO pa3Mep-
HOCTb» 3aJIa4M.

B cnepytoweit nekyunn Mbl pacCMOTPUM €I1€ HECKOJIBKO MOIEJIbHBIX CEMEHCTB U IOJIY-
YUM JIJIsI HUX TOYHbBIE OIEHKU BEPOSITHOCTH HIEPEOo0yYeHUs], IPUIEM ¢ TTIOMOIIBIO aIbTepHa-

TUBHBIX IIOAXO/10B, HE OIIMPaACh Ha IIPUHIIUII ITOPO2KIAIONNX 1 3allPEIaionnX MHOZKECTB.

Ynpa>xHeHus

Bagaua 11.1 (1). Ilpusectn npumep BoIGOPKH B R?, 11 KOTOPOi MHOMKECTBO JTHHE -
HBIX KJIaCCHMDUKATOPOB (He 0653aTeIbHO BCEX BO3MOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bajava 11.2 (3*). Ilpusectn npumep BbiGopku B R”, 11 KoTOpOit MHOMKECTBO JMHE-
HBIX KJIaCCHMDUKATOPOB (He 00s13aTeIbHO BCEX BOBMOYKHBIX ) MTOPOK AT MOHOTOHHYTO CETh
AJITCOPUTMOB.

Bamauga 11.3 (5%). Cdopmyauposars TpeboBaHUsS K CeMEfiCTBY aJIrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIOCHUSI—CBA3HOCTH SABJISIETCST TOTHOM.

Bagaua 11.4 (5). Ilosyuurb OIEHKY BEPOATHOCTH MEPeOOyUeHMs Jjisi MHOIOMEPHOIT
MOHOTOHHOI CeTH, KOIJIa 10 KaxKJI0i pa3MepHOCTU d 3ajilaHa CBOs BbicoTa H.

Bamada 11.5 (5). [loayunTh OIEHKY BepOSTHOCTH TepeobydeHUs JIs YHUMOATBHOI
h-MepHOit ceTn.

Bamada 11.6 (5). [loayuuTh ONEHKY BEPOSITHOCTH TepeobydeHus JJid mydka h MOHO-
TOHHBIX Ileneil JauHbl [ .
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12 To4Hble nHTepBasbHble N BJI0YHbIE OLEHKN

[Ipomo/KuM paccMOTpeHnEe TOYHBIX OIEHOK BEPOSITHOCTH ITEPEOOYIEHUS JIJIT MOJIETb-
HBIX CEeMEHCTB aJropuTMOB, 00JIaJIAIONTNX CBOWCTBAMU PACCJIOEHUs U CBA3HOCTU. Hauném
¢ ceMelicTBa, BOOOIE He 0018 IAIOIIEr0 PACCJIOEHIEeM U IMTOKayKeM, 9YTO B 3TOM CJIydae OIleH-
Ka CTAHOBUTCH BBIPOXKJICHHON.

§12.1 Cnown byneBa kyba

Paccmorpum MuOoxKecTBO A, cocrosiee n3 Becex C]' ajJropuTMOB, JIOIYCKAIOIIX POB-
HO M OMUOOK Ha IOJIHONW BBIOOPKE X, M MMEIONIUX IONAPHO Pa3/JMYHbIE BEKTOPDLI OIIU-
6ok. [locko/ibKy BCe BO3MOXKHBIE BEKTOPHI OIMOOK 00pa3yioT OysieB KyO pasmepHocT L,
TO BEKTOPBI OMMUOOK MHOKecTBa A — 310 m-ii cioit OyeBa Kyba.

Teopema 12.1. Ilycth it — HPOU3BOJIBHBIH METO MUHUMHU3AIIHA SMIIHPUIECKOTO PUCKA,
A —me-ii ciroii 6ysea Kyb6a. Torua jyist moboro € € [0, 1]

ng[sk:gmgL—eﬁ].

HoxkazareabcTBo. Corsacno Teopeme 3.4, B ciiydae OJIHOIO CJIOS AJTOPUTMOB MH-
HUMU3aIAs SMIUPUIECKOIO PUCKA JKBUBAJEHTHA MPUHIIUILY PABHOMEPHON CXOIUMOCTH.

CrietoBaTesIbHO,

Q.=P [max (u(a,X) — y(a,X)) > g],

a€A

Ecmu m < k, To MaKCHUMyM JIOCTUTAETCA Ha TaKOM a € A, y KOTOPOro B KOHTPOJIb

ToTa/IAloT Bee m onmoboK, a B obydenne — mu ommoil. Torma v(a, X) =7, v(a, X)=0n

Q. =P[m—0>¢] =[m>ek] = [ck <m <k

Ecmu m > k, To Makcumym J0CTHTaeTcsi Ha TakoM a € A, KOTOpBINl J0IycKaer
ONMMMOKM Ha BCEX KOHTPOJIBLHBIX 00bekTax. Torma

Q.=Pl-2k > = m<L—cl)= [k <m<L—cl,

OObenHsIsT IBa HECOBMECTHBIX ciiydas m < k u m > k, moaydaeM Tpedyemoe. [

Takum obpazoM, ToUHAS OTIEHKA BEPOATHOCTH IIEPEOOYICHUS sIBJSIETCS BIPOXK JICHHOM
U npuHUMaeT 3HadeHus ju6o 0, mudo 1. XoTsd 3TOT pe3yabraT TPUBHAIbLHBIN U B OlIpe/ie-
JIEHHOM CMBICJIE OTPUIATEHLHBIN, OH MO3BOJISET C/IeJIaTh HECKOJIHLKO BAaXKHBIX BBHIBOJIOB.

Bo-1niepBbIx, aaropuTMbl CAMBIX HUKHUX CJIOEB, M < [ek—\, He BHOCAT BKJIa/Jl B IIepe-
obyuenue.

Bo-BTopbix, HUXKHUIT CJIOI ceMeiicTBa aJaropuTMOB, COJAEPIKAIIUN aJIrOPUTMbI C IUC-
JoM onmmboK He MeHee [ek]|, HE JOJKEH COjep:KaTh 6ce Takue ajropuTMmbl. He mmeer
CMBIC/Ia IPUMEHITH MeToJ MOP K cuikoM 6oraTbiM cemMeiicTBaM aJIropuTMOB.



§12.2 WHTtepBan byneBa kKyba n ero paccsioeHue

[IpeamooKuM, 9TO BEKTOPHI OIMIMOOK BCEX AJITOPUTMOB W3 A MOTApHO pa3THIHBI
n 00pa3yroT UHTEpBaJ paHra m B L-MepHOM Oy/ieBOM KyOe. DTO O3HAYAET, 9TO OObEKTHI
JIeJIATCA Ha TPU TI'PYIIBL: My «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJUH M3 ajiro-
PUTMOB HE JIOIYCKAET OIMMUOOK; 1My <«ITyMOBBIX» OOBEKTOB, Ha KOTOPBHIX BCE AJITOPUTMBI
JIOIYCKAIOT OIMMOKU; U M <«IIOIPAHUYHBIX» OOBEKTOB, Ha KOTOPBIX peau3yiorcd Bce 2™
BapUaHTOB JIOIYCTUTH OmubOKu. JIpyrux o6bekToB HeT: mg + my + m = L. Ajropurmbl
JIOIYCKAIOT OT M4 J10 My + m ommbok. Yueno aaropurmos B A pasao 2™. Narepsan Oy-
JleBa Kyba obJ1ajaeT cBOiCTBAMHU paccjoeHust u cBsa3nocTu. Ha puc. 12.1 nokaszan npumep
MaTPHUIlLI OMMIOOK JIJIsi NHTepBaJa OyJjieBa Kyba panra m = 7.
06vekmbl
50 1
45 4
40 §
35 4
30 4
25 4
20

15 3
10 3

aneopummbol

Puc. 12.1. Marpuna omubok nnrepsasia 6yiesa Kyda npu L = 50, m =7, m; = 10.
Yucso anroputMoB B cemeiictse |A,,| = 2™ = 128. AJropurMbl IPOHYMEPOBAHBI 110
CJIOSIM CJIeBa HAITPABO, HApUMED, Ao — 3T0 nepsbie 29 anropuT™Mon, Az — nepsbie 64.

Js GosibImeit OOIHOCTH PACCMOTPHM MHOXKECTBO aJropuTMoB A;, 00pasoBaHHOE
HIDKHEME ¢ CJIOSMHI HHTepBasa Oy/ieBa Kyba. DTO aaropuTMbl, JOIyCKaloume He Gosee
t ommboK Ha HMorpaHudIHBIX oobekTax, |A; = CY + Cl + ... + C! . Tlapamerp t MoxeT
upuanmarh 3naderns 0, ..., m. Ilpn ¢t = 0 umeeM eIMHCTBEHHDLH AJITOPUTM, IpU T = m —
HOJIHBIN MHTEPBAJ PAHTa 1. DTO MOJEIHHOE CeMeiCTBO MHTEPECHO TE€M, UTO OHO IO3BO-
JISIeT UCCJIEIOBATH 3aBUCHMOCTD BEPOATHOCTH IIepeodydeHns (). OT 9nciia CI0EB.

Teopema 12.2. Ilycrs (1 — HeCCHMHCTHYHBIH MeTOJ MHHHUMH3AIUH SMIHPHICCKOTO
pucka, A = A, —HmxkHHe t cjg06B HHTEpBaJja OyaeBa Kyba ¢ M HMOTPDAHHIHBIMH H 1M
nrymoBbiME obbekTamu. Torya s soboro € € [0, 1] BepositHOCTD 11IepeobydeHust ecTpb

mo s Ot Cﬁs 51

ZZ mm1 mm1[81<

s=0 s1=0

£ (mq + min{t,m — s} — ¢k)].
HokazareabcTBo. O6o3HaunM depe3 X, Xq, S COOTBETCTBEHHO MHOYKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U IIOIPAHUYHBIX OOBEKTOB; a 4Yepe3 Sy, S1, S COOTBETCTBEHHO — YHCJIO
BHYTPEHHUX, MTyMOBBIX U IIOI'PAHNYHBIX O0BHEKTOB, MMOMABIIAX B 00YYAIOILYIO BRIOOPKY X .
[TockostbKy METOJ ft IECCUMUCTUYHBIN, OH BCerjia OyJieT BhIOMpaTh u3 A ajaropur,
KOTOPBI He ommbaeTcd Ha BCeX OOyYAIONIMX IMONPAHUYHBIX OObEKTax, HO OIubdaeTcs
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Ha BCEX KOHTPOJIbHBIX ITOI'DaAHUYIHBIX 00bEeKTax. HOSTOMy

V(MX,X):%; V(,MX,)_(): (ml_81)+r]:m{t’m_s}.

Hucso pasbuennit X LI X, npu koropeix | Xo N X| = so, |[XiNX|=s1, [SNX|=s,
S S S
pasno C0 CP! Cr . CriejloaTeslbHO, BEPOATHOCTD HepeoOyyeHust IpeJICTaBuMa B BUJIe

mOC’sl Cyo [ (my — s1) + min{t,m — s} s
DS —y e
k 14
So= 081—0 s=0
so+s1+s={
Y10o0BI TOTYYUTh YTBEPIKIECHUE TEOPEMBI, JTJOCTATOYHO BOCIIOIBL30BATHCS COOTHOIIIE-
HUAAMHA Mg+ My +m = L u sg+ s1 + s = { 1 npeodbpazoBaTh HEPABEHCTBO B KBaIPATHBIX
CKOOKaX K BUIY S < %(ml + min{t,m — s} — ck). [

NurepBast OyieBa KyOa gdBJIgeTCA YHUKAJIBHBIM IIPUMEPOM CeMeicTBa, /it KOTOPOI'o
addekT paccoeHusd MPAKTUIECKN HE CIIOCOOCTBYET CHUKEHUIO TIePeo0yIeHUs.

CaencrBue 12.2.1. FEcjm j — neccuMucTuIHass MUHUMHA3AIAS SMIIHPUIECCKOTO PHCKA,
A,, — uHTepBaJI paHra m OyjaeBa Kyba, TO BEPOSITHOCTD mepeobyderus (). COBIIaaeT C Be-
POSITHOCTHIO PABHOMEPHOI'O OTKJIOHEHUSI:

Qe = Q.= P[rgea}ﬂa,X) > e

HokazareabcTBo. [leccumucTuanbiil METO (t BCerjia BbIOUpaeT u3 A,, aJiroputm, KOTO-
pBlii He omubaeTcs Ha BCEX OOYYAIONINX MOTPAHUMIHBIX 00beKTax, HO OIMMOAETC Ha BCEX
KOHTPOJIBHBIX TIOTPAHUIHBIX 0O'bEKTAX, YTO SKBUBAJIEHTHO Makcumusanuu d(a, X ). [

BbiuncnutenbHbiii akcnepumenT. Ha puc. 12.2 npejcraBienbl rpaduKn 3aBUCUMOCTHI
BEPOATHOCTH TepeodydenHns (). OT YHCJIa HIKHUX CI0EB L = my,...,mi+m. Tpu sKc-
HepuMeHTa, OTJINIAJUCH JIMHON renepasibhoil Beibopku (200, 400, 1000), mpu sToM co-
xpansmch nponopuun 7 = 0.2 u "2 = 0.05, To ecTh remepajbHas BHIOOPKa BCErja
cozmepxkaa 20% norpanumanbix u 5% 1myMoBbIX 00beKTOB. Ha rpadukax Takke moKa3aHbl

BKJIJIBI CJIOEB B 3Hadenne dynkimonaia (.. ToJbKo HUKHIE CJION JTAI0T HEHYIeBbIe BKJIa-
L _
L=
obbscHsieTcs 3yb6uaTocTsb rpadukoB BKIaioB). OkasbiBaercs, aro 20% morpaHunIHbIX 06b-

Jibl (KazKiplii BTOpoii ¢j10ii BOOOIIE He BHOCUT BKJIaJl B (). B CUJLy OTHOIIIEHHUSI =, 9TUM
€KTOB — 9TO HACTOJIHKO MOIIHBII HHTEPBAJI, YTO MPU BCEX TPEX 3HAUYCHUAX L BEPOATHOCTH
nepeobyvenus ObICTPO JlocTuraeT 3Hadenus 1. BeposgTaocTs nnepeodyvenust 6,iM3Ka K HYJTIO
TOJILKO ecin 6paTh camble HUXKHEE cjIou uHTepBasa (He 6oee 2% OT JIMHBL BHIGOPKN ).

NuTtepnpetaunun n BbiBoabl. llpuxognurcs KoHcTaTHpOBATH OTPUIIATE/IBHBIN, 110 Cy-
TH, pe3yabrar. HTepBas OyieBa Kyba ¢ «pa3yMHBIMU» Ha IEPBBII B3IV ITapamMeTpa-
MU M7, M OKA3bIBAETCA CAUMIKOM OOTraThiM ceMeiicTBoM aaropuTMoB. OEHKH BEPOSITHO-
ctu epeodyuenns (), Ui HHTepBaJsa OJM3KH K HYJIIO JINIIb [IPU OYeHb HU3KNX 3HAUCHU-

sax my, m. OTcroma Cc/IeyIoT JBa BBIBOJIA.
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Puc. 12.2. 3aBucumocTb BEPOSATHOCTHU IepeobydeHusi () OT UuCaa { HUYKHUX CJIOEB
npu € = 0.05. Bepxuwnit rpadpuk: ¢ = k = 100, m; = 10, m = 40. Cpennuii rpaduk:
¢ =k =200, m; =20, m = 80. Hmxknuwuit rpacduk: £ = k = 500, mi = 50, m = 200.

Bo-1repBbix, xopormast 06001aoIas crocoOHOCTh BpsiJi JIU BO3MOXKHA, €CJIU B BbI-
OOpKe eCcTh 3HAYUTEIHHOE KOJMIECTBO MOIPAHNYIHBIX 00BEKTOB, HA KOTOPBIX aJTOPUTMbI
ceMeiicTBa JIOMYCKAIOT OITUOKH BCeMU BO3MOXKHBIMU criocobamu. PakTUIECKH, 10151 TAKUX
00bEKTOB JI00aB/IsgeTCsd K BejudnHe nepeodyydennoctu. MoxkeT BOBHUKHYTDH I10/I03pEHUE,
YTO 9TO MPOUCXOMUT U3-3a meccumuctuaroct MIP, ogHako orneHka Jijist paH I0MUA3HPO-
Barnoro MOP npakrndeckn cTosn xe mwioxa (ynpaxknenue 12.2).

Bo-BTOpBIX, HCIOIB30BAThL MHTEPBA OyjieBa Kyba Kak MOJIeIb peajbHbIX CeMeicTB
BP&/I JIU TIeJiecoo0pa3Ho. ['nmoresa o CyIecTBOBAHUN CJI0sT IIOMPAHUIHBIX 00HEKTOB IIPE/I-
CTaBJISETCs JTOCTATOYHO pa3yMuoil. OHAKO B PeasIbHBIX 33/1a9aX aJrOpUTMaMU ceMeificTBa
peaim3yIoTcs, 10 Beeit BUIMMOCTH, JIAJIeKO HE BCE CIIOCOOBI JOMYCTUTH OMMUOKH Ha MOrDa-
HUYHBIX 00beKTaxX. Bo3MmoxkHO, Oojiee ajgekBaTHOI ObLIa Obl MOJEIb, B KOTOPOH TeM HJIN
MHBIM CITOCOOOM BBOJHUTCS XapaKTEPUCTUKA «CTEIeHN TPAaHUIHOCTH» OOBEKTOB U OIEHM-
BaeTCs pacipejiesieHne 3Toi XapaKTepPUCTUKNA B BBIOOPKE.

§12.3 bBnoyHas oueHka

Homycrnm, 910 BeKTOpHI ommbok Beex asnroputmMoB A = {ay,...,ap} momapso
PA3JIMIHBI, METOJ [ — IIeCCUMUCTUYIHAS MUHUMHU3AIUS SMINPUIECKOTO PHUCKA. JHAUe-
uust I(ag,x;) obpasytor 6uHapHytoo L X D-MaTpuily ommboK, CTOJIOIBI KOTOPOii ABJISIOT-
¢l BEKTOpaMU OIMUOOK aJIl'OPUTMOB, CTPOKU COOTBETCTBYIOT oObeKkTaMm. OOo3HaUNM depes
b= (by,...,bp) npousBoBLHBI GHHAPHBINH BeKTOP pasMeproctu D. Beibopka X pasdua-
ercd Ha Herepecekaroruecs 040ku U, C X Tak, 970 BceM 00beKTaM B 0JI0KE COOTBETCTBYET
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ofHa u Ta ke crpoka b = (by,...,bp) B MaTpuiie ommoboK:
Uy = {z; € X| I(ag,z;) = bs, d=1,...,D}.

Ob6ozHaunM depe3 B MHOXKeCTBO OMHAPHBIX BEKTOPOB b, KOTOPBIM COOTBETCTBYIOT
nenycroie 6710ku Uy. Ouesuano, |B| < min{L,2P}.

O6osuatum my, = |Up|.

Kax1oit obyuatomeit oibopke X € [X]¢ moctaBuM B COOTBETCTBHE MEJOUUCTCHHBIT
BEKTOD (Sp)pep TakKoi, uro s = |X N U,y| —unciao obbekToB n3 6ioka Uy, monagaommx
B 00y4aroniyio BbIOOPKY. MHOXKECTBO BCEX TaKMX BEKTOPOB, COOTBETCTBYIOIINX BCEBO3-
MOKHBIM OOYYAIONUM BBIOOpKaM, 0b03HaduM depe3 S. OueBn iHo, S MOXKHO TaKKe OIpe-
JIEJTATH U JIPDYTHM CIOCODOM:

S = {S = (sp)beB

sb:0,...,mb, Zszf}.

beB

BanureM 9uc/Io OMubOK aJIrOPUTMa (g Ha obydarorieil Bbibopke X U KOHTPOJIBHOM
BBIOOpKe X B BHJIE CYMMBI 110 OJIOKAM:

n(ad,X) = Zbd |X N Ub| = Zbdsb;

beB beB
n(ad,)?) = Zbd ’X N Ub’ = Zbd(mb — Sb).
beB beB

Takum obpa3oM, BBIOOD aJropuT™Ma METOJOM (i 3aBUCUT TOJIBKO OT TOIO, CKOJIBKO
00BEKTOB S M3 KaxKJI0ro OJIOKa TONaJIET B 00YYAIOINLYI0 BEIOOPKY, HO HE 3aBUCUT OT TOTO,
KaKne UMEHHO 9T0 Oy 1y T o6bekThl. Onpepenum by d*: S — {1,..., D} kak HoMep
AJIrOpUTMa, BBIODAHHOTO METOJIOM it 10 obydarorieil Beibopke. Ecin munumym n(a, X)
JIOCTUTAETCS Ha HECKOJIbKUX aJrOPUTMAaX, TO MECCUMUCTUYHBIN METOJ [t BLIOUPAET aJiro-
pursM ¢ 66abmaM n(a, X). Ecam e n TakuX aaropuTMOB HECKOJIBKO, OyJieM TO0JIaraTh,

YTO BBIOMPAETCH aJTOPUTM C OOJILIITIM TIOPSIIKOBBIM HOMEDPOM:

A(s) = Argmin > bgsp,

d=1,..D beB
A'(s) = Argmax > bg(my, — sp),
dEA(s) bEB
d*(s) = max{d: d € A'(s)}, (12.1)

riae depes Argmin f(d) obosnadaercsi MHOKECTBO 3HavYeHWH d, TP KOTOPBIX (DyHK-
d=1,....D

st f(d) gocTuraeT MEHIMAJILHOTO 3HATEHMSI.

Teopema 12.3. Ilyctb j1 — nmeccuMucTHIHass MUHAMHA3AIAS SMIIPAIECKOTO DUCKA, BEK-
TOPBI OINIHOOK BCEX aJropuTMoB a € A nomnapHo passnissl. Torga BepOSITHOCTD HOJTy IUTh
aJrOPUTM (4 B PE3yJbTaTe 00y ICHUS:

PluX=a,) = %Z(H Cf,’;b) [d*(s)=d |; (12.2)

L ses NveB
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BEPOSITHOCTD T1Tepeo0y IeHMUsI:

Q- o Z (H Cf,gb) { > bae(s) (mul — L) > ekt (12.3)

L ses “beB beB

lokazareabcTBO.
[IpousBosibHOMY HAOOpY 3HAYEHUN (Sp)pep U3 S COOTBETCTBYET MHOYKECTBO BBIOO-
pok X € [X]¢ takux, uro |X N Uy| = 5. Uncio Takux BEIGOPOK PABHO MPOM3BEICHUIO

IT Cyv , Tak Kak Jyig Kaxkjoro osoka U, cymecrsyer Cb - croco6oB oToOpaTh s, 00bHeK-
beB
TOB B 110/1BBIOOPKY X M Uj.

[Tockosbky yenoust X = ag u d*(s) = d paBHOCHIBHBI, BEPOSITHOCTH IOJIYIUThH
AJITOPUTM (g B pe3yabTare 00ydeHHs BBIPAXKACTCH B CJICLYIONEM BUJIE:

P[uX=ad] :% > d(s)= o Z(HC%) [d*(s)=d].
LXG[X]f L ses “veB

Tenepb 3alluieM BEPOATHOCTD Hepeo6yquI/I5{:

D

Qz—: = P[éu(X) = 8} = PZ[/VLX:CLU}} [(5(6Ld,X) > E].

Pacnuiiem oTkJjioHeHHEe 9acTOT OMIMOOK aJrOPUTMa, (g B BUJIE CYMMBI 110 OJIOKaM:

(S(Cld, Z bd mb — Sb Z deb = ]k Z bd (mb€ — SbL).

bEB beB

Torta BbIpakeHue Jijiss BEPOITHOCTH I1epeodyIeHs TPUMET BHJI:

Qs:%Z(Hoggb)i[d*( [Zbd (myl — spL) > dk]

L ses \veB d=1 beB
Orciojia HeMeJIeHHO BhITeKaeT Tpebyemoe Bbipazkerue (12.3). ]

O6béM Beraucaennii o gpopmyaam (12.2) u (12.3) skcroHeHnuaseH mo JyimHe BI60p-
ku L. B xymamewm ciydae, koraa Bee 6sioku Up, 0HOY/IEMEHTHBIE, MHOXKECTBO S COCTOUT U3
BCEBO3MOKHBIX OYJIEBBIX BEKTOPOB JINHBI L, cojepxxKamux poBHO ¢ equautl. Torma quciio
craraembix B (12.2) u (12.3) pasno CY.

Boraucsenust mo Teopeme 12.3 achdbekTUBHBI TOJIBKO KOrJia 9ucIo 6J10KOB | B| HeBesn-
KO, B YaCTHOCTH, IIPU MAJIOM YHCJIE aJropuTMoB. EIé o HeocTaToK OJI09HON OIeHKN

B TOM, 9TO OHa B fABHOM BH/I€¢ HE€ YIUTBIBACT CBOIICTBAa paccjioeHud U CBA3HOCTHU.

§12.4 [lapa anropntmos

Pacemorpum cemeiicTBo u3 JByx anroputmoB A = {ay, as}. YTobsl BoCONB30BaTHCS
61ouHoit orenkoit, mosoxkum B = (11,10, 01, 00).

[Iycth B BeIOOpPKEe X mMMeeTcs mq; O0BEKTOB, Ha KOTOPBHIX 00a aJIrOPUTMAa JIOIYCKa-
0T OIMHMOKY; M1y OOBEKTOB, HA KOTOPBHIX TOJBKO @1 JOIYCKAET OMINOKY; 1Mg; OOBEKTOB,
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Ha KOTOPBIX TOJIBKO @ JIOIyCKaeT OIMUOKY; Moy = L — myi; — mig — My1 OOBEKTOB, Ha
KOTOPBIX 00a aJropuTM™Ma Jaf0T BEPHBI OTBET:

i =(1,...,1,1,...,1,0,...,0,0,...,0);
iy =(1,...,1,0,...,0,1,...,1,0,...,0).
—_— Y—— Y—— ~Y—
mi1 mio mo1 moo

Teopema 12.4. I[lyctb pn — meccuMUCTHYIHAS MUHAMHA3AI[HST SMITIPUICCKOTO PUCKA, U CE-
MeiicTBO coctouT u3 AByX aaropurmoB A = {ay, as}. Torga jmis mo6oro € € [0, 1)

mi11  mio Mo1 0511 0810 0501 0575117310*301

Q _ § : § : 2 : mi1 ~mio ~ mo1 ~ L—mi1—mi0—mo1 %
I3 Oé
L

511=0810=0 891=0
X ([810 < 801} [811 + 510 < %(mll + mig — €k)]+
+ [s10 = so1] [s11 + so1 < £ (a1 +moy — €k)]> (12.4)

HokazaTeabcTBo. Bocmosbsyemes Teopemoit 12.3. MHOXKecTBO S COCTOUT U3 TEJTOTUC-

JICHHBIX BEKTOPOB S — (511, 510, S01, 300), JIJISE KOTOPBIX S11 + S10 + So1 + Soo = £. [ToaTomy
mi1 mio mo1

cyMMa » | Ipeo0pasyeTcs B TPOMHYIO CyMMYy » . >, > , IPH 3TOM Spp BBIPAXKAETCsI Te-
seS $11=0 s10=0 s01=0
pe3 ocTasbHbIe KOMIIOHEHTHI BeKTOpa . Homep d*(s) anropurma, BEIGDAHHOIO METOJIOM i

1o oby4aroreil BIOOpKe, paseH 1 mpu s;p < So1 U 2 IPHU S19 = Sp1. Lemepnb mojcTaBuM
3HAYEHUS My, Sp, d*(s) B (12.3):

|: E bd*(s) (mbé — SbL) = elk | = [d*<8)21] [(mlg—i-mn)ﬁ — (510+811)L = €£k] +
beB
) + [d*(s)=2] [(mo1 +mu ) — (so1+11)L > elk].

Orcroza ciejyer Tpebyemast orienka (12.4). |

Bbiuncnutenshbiii akcnepumenT. Ha Puc. 12.3 u 12.4 nokasanbl 3aBUCUMOCTH BEPO-
SATHOCTH TiepeodydeHus (). u orenku DJIKP A 0T pasmdHOCTH AIropuTMOB play,as) =
= mg1 + myo upu £ = k = 100, £ = 0.05. Torkumu JmHESIMHI TOKa3aHbl oneHkn DJIKP,
BeraucaeHube memodom Mornme-Kapao o 1000 cirydailHbIX pasOueHuii.

['pacdbuku 1o3BOIAIOT CIEIATH CJIELYIONINE BBIBOJIBI.

1. VC-omnenka DJIKP A=2 JIOCTUTAETCS JINIIh B TOM CJIyvae, KOrJla HET pacCI0eHN s
(aJIrOpUTMBI JIOTYCKAIOT Ha X OJMHAKOBOE YHCJIO OIIMOOK, Mg = Mig) U HET CXOJCTBA
(aJIrOPUTMBI MAKCHMAJIBHO PA3/IUIHbL, Moy = M1 = 0).

2. Yem cuibhee paccioenue (d = mg; — myg > 0), TeM MeHbIIIEe BEPOATHOCTH TIe€pe-
obydenns, n rem Omzke DJIKP k 1. B mannom skcmepumente nipn d = 40 Xy/ammmit u3 1ByX
AJITOPUTMOB y2Ke NPaKTHIECKN HUKOI/A He BHIOMPAETCH.

3. Yem cuibHee cxoicTBO (Mmgr, myg — 0), TeM MeHbIIle BePOSITHOCTD [epeodydeH st
u tem Osmke DJIKP k 1. C Touku 3peHust nepeodyueHus gBa CXOXKUX AJITOPUTMa BEIYT

cebst IpaKTUIeCKU KaK OJWH aJI'OPUTM.

OcHoBHoili BbiBog,. /laxke B mpocteiinieMm ciydae, KOTJa aJrOPUTMOB TOJBKO JIBa, yiKe
BO3HUKAET sBJICHUE IEPEOOYUCHUT U TPOSBIAIOTCS 3(MDEMEKThl PACCIOCHUS U CXOJICTBA,
CHUZKAIOIIIE BEPOSITHOCTD HEePeo0y IeHNsI.
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6eposIMHOCTb NepeodyueHus DJIKP

0.50
0.45
0.40
035 ]
0.30
0.25
0.20

0.15 4

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
XOMMUH20B0 paCCmOﬂHue Me.?lcay aﬂZOpun’UW[lMu XOMMUH20B0 paccmOﬂHue MeOICOy aﬂzopumnxtaMu
— m=20 — m=40 — m=100

Puc. 12.3. 3aBucumocts BeposaTHOCTH Iepeodydenns (. u onenku IJIKP or pas-
JIMTYHOCTHU AJITOPUTMOB, KOTJIa OHHU JIOITYCKAIOT OJMHAKOBOE TUCJIO OIIHOOK, Mg = M.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAUYCHHUSM YHC/IA OMIUOOK Ha ITOJHON BBIOOPKE
m = mo1; + mq1 € {20,40,100}. ToHkuMU JUHUSAMU TOKA3AHBI SMIUPUIECKHIE OLEHKU
metosioM MonTe-KapJsio mo 1000 cayvaitiabx pa3buenuii.

6EPOAMHOCTb NepeobyueHus DJIKP
b 2.0 -
045 ]
] 1.9 A
040 1 18 ;
] 17 1
035 1 ]
1 16 1
030 1 15 1
025 ] 14 3
; 1.3 7
0.20 1 ;
] 1.2 1
0.15 14
] 10 ]
0 20 40 60 80 100 120 140 160 180 0 20 40 60 8 100 120 140 160 180
XIMMUHS080 paccmosinue Me:)icdy areopummamu XOMMUH2080 paccmosinue Meoicdy areopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 12.4. BaBucumocTb BeposiTHOCTH Ttepeodydenus u oreaku DJIKP or pasmuaso-
CTH aJrOpPUTMOB, Korma mi1 = 20 u BTOPO#l aJaropuT™ JOIyckaeT Ha d OIMuOOK 00Jb-
e, mor = myg + d. Yernipe rpaduka COOTBETCTBYIOT YETHIPEM PA3HBIM 3HATCHUSIM
d € {0,10,20,40}. TorKnM#U JIMHUAMY TOKA3AHBI SMIIPUYECKHE OIIEHKN MeToZ0M MoH-

te-Kapso mo 1000 ciyvaitubix pasoueHuii.
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Pe3iome

Tounbie oreHKn BEpOATHOCTH ITepeodydeHns K JAHHOMY MOMEHTY U3BECTHBI JIJIs PSIa
MO/IEJIbHBIX CEMENCTB aJrOPUTMOB: MOHOTOHHBIX M YHUMO/IAJILHBIX TIeleil 1 ceTell, MHTep-
BaJIoB OyJsieBa Kyba 1 UX HUXKHUX CJIOEB, 1 HEKOTOPBIX JAPYTUX. DTU OIEHKU IOJIE3HbBI JIJIsI
IMMOHUMAaHUS TOr'O, KaK CBOMCTBa PACCIOCHUS U CBIA3HOCTU BJIMSIOT Ha BEPOATHOCTH TIe-
peobyuenns. MojebHbIe ceMeiicTBa CJIyKaT UCIBITATE/IbHBIM ITOJUTOHOM IIPU CO3IaHUN
KOMOMHATOPHO# TeXHWKHU OlleHnBaHUs TepeodydeHus. O HAKO JJIsI HEIOCPEICTBEHHOTO
OPaKTUIECKOI0 IIPUMEHEHUsI OHHU, KaK IIPABUJIO, HE TOIATCA.

B cnepytoweii nekunm Mbl paccMOTpu OJIHY BeChbMa ODIILYI0 KOMOMHATOPHYIO TEXHUKY,
€ TTIOMOIIBIO KOTOPO# MOYKHO BBIYUC/IATh KaK TOUHBbIE, TAK 1 BEPXHUE UJIU HUKHUE OIEeHKH,
NPpUYIEM UMEHHO BBIYUCIATH, & HEe BBIBOJIUTHL — OIEHKU OYJIyT 3alliChbIBATHCA HE B BUJIE

dopMyIIBI, a B BUJE UTEPAITMOHHOIO ITPOIECCA.

Ynpa>kHeHust

Bamada 12.1 (5%). Iloay4urs OlleHKY BEPOATHOCTHU TI€PEOOYUEHNUs JJisl ¢ HUZKHUX CJIOEB
nHTepBaJia OyaeBa Kyba depe3 MOPOXKIAIOININEe U 3aIPEIAioNiie MHOXKECTBA.

Bamauda 12.2 (2). IMoayuuThb ONEHKY BEPOATHOCTU HepeodydeHust Jisi ¢ HUAKHUX CJIOEB
nHTepBasa OysieBa Kyba B ciIydae paHIOMU3UPOBAHHOIO MeTozna MOIP.

Bamaua 12.3 (1). Bepno qu Crencrsue 12.2.1 s cemeiicrsa Ay, t < m?

Bamaga 12.4 (1). [loayuuTh OIEHKY BEPOSTHOCTH TEPeOOyUeHUs sl Tapbl aJrOPUT-
MOB, TIOJTb3YSCh MTPUHITUIIOM TTOPOZKJIAIONINX U 3aIIPENIAONIIX MHOXKECTB.
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13 PekyppeHTHble oueHKu

Emé onna nest BEIYuC/IeHUs OIEHOK 0DO0OIAOIIE CIIOCOOHOCTH 3aKJIIOIAeTCsI B TOM,
9TOOBI B3sTh CHadYasa TOJIBKO OJIUH AJTOPUTM, HAIPpUME]P, JIyUIIUil — JijIsd Hero oreHkKa
N3BECTHA. BaTeM ,Z[O6aB.HHTb AJITOPUTMBI 110 OJHOMY, Ha KazK/IOM HIare COOTBETCTBYIO-
muM 00pa3oM KOPpPEeKTUpy« oleHKy. Kcin mobaBiisieMblii aropuT™M MOX0XK Ha ITPEJIbIILY-
e, TO, CKOpee BCEro, KOppeKIns Oy/1eT He3HAINTeIbHOW. Kemm 106aB/IsiTh aaropuTMbl
10 CJIOSIM, B TIOPsiJIKE BO3pacTaHus duc/a ommbok n(a, X), To, CKopee BCero, MOKHO Oy1eT
OTPAHUIHUTHCA 1IEPEOOPOM HECKOJIbKUX HUKHUX CJIOEB.

C MOMOIIBIO 9TOr0 MOAX0a OBLIH ITOJYYEHBbI IIePBbIe OIMEHKN PACCIOCHUSI—CBI3HOC-
T [87]. D10 OBLT rPOMO3IKHIL CIOCOD, 1, K TOMY 2Ke, OH TpebGoBaJl CyIIeCTBOBAHUS B Ce-
MeliCcTBe KOPPEKTHOTO ajiropuT™a. ['opa3jo 6ojiee ussdininbie u obIue OlNEeHKH 10 rpady
PaCCIIOEHUSI—CBI3HOCTH MOSIBIUJINCH HECKOJIBKO TI032Ke [88)].

MNocTtaHoBka 3apgaun. JlomycTuMm, 9T0 BEKTOPHI OIMMOOK BCEX AJTOPUTMOB U3 MHOXKE-
cTBa A M3BECTHBI, MOTIAPHO pa3/indHbl, 1 B A ecTb KOppekTHbIi Ha X ajroputm. [lycts 1 —
IIeCCUMUCTUYHBII METO MUHUMU3AIIUN IMIINPUIECKOI'O PUCKA.

Paccvorpum e 3a1atm.

[lepBas 3amada — HAWTH JI1 KaxK10ro ajaropurma a € A Beio nadopMmamo, HeoOXo-
JIIMYIO JIJIsi BBIYHUCJIEHUS BEPOSITHOCTH 1epeodydenus (). 1o Teopeme 5.6:

j<a) = <th7 XC/W, ch>v€Vaa

ryie V, — HHIAEKCHOEe MHOXKECTBO, X4y, — MHOKECTBO IIOPOKIAIONINX 00BHEKTOB, X/ — MHO-
JKECTBO 3aIIPEIaioNinX 00beKTOB, Cq, € R.

Bropas 3aiaga — BbiBecTr (pOPMYJIBI JIJIsi KOPPEKITHU TEKYIIEeil OIeHKN BEPOATHOCTU
repeobyvueHns npu J0O0ABJICHUH €IIE OJIHOIO aJrOpUTMA.

§13.1 [dobasneHne ogHoro asroputma

[TepenymepyemM aaropuT™bl B Opsijike HeyObIBaaust n(a, X) — duciia omuboK Ha 1MoJI-
Hoit BEIGOpKE: A = {ay, ...,ap}. B cuny npeamonoxkenust o KoppektHocTd, n(ag, X) = 0.

Obo3naunM [epes [ty METOJ 00YUIEHUs, YAOBIETBOPAIONIHT onpeesieHuio 6.3 U BbI-
Gupatommuii aJIrOPUTMbI TOJILKO U3 TIoMHOKecTBa Ay = {aq, . . ., aq}. Pacemorpum nporie-
JLypy TOCJIEIOBATE/ILHOTO J00aB/IeHUs aJITOPUTMOB, Ha KayKJIOM IIare KOTOPOH OCYIIECTB-
JISIETCST TIEPEXO0JT, OT METOJIA [ig—1 K METOJLY [ig-

Homycerum, 910 i BcexX aJroput™moB a;, t < d, nadopmanus J(a;) OTHOCHTETHHO
MeTOJIa [ig—1 YZKe BBIUUC/IEHA. 3aaUMCsI TIeJIbI0 BEIIUCIUTh nHdopmanuio J(ay) 1 CKop-
pektuposath nahopmanuio J(a;), t < d, OTHOCUTEIBHO METO/IA [i4. TaKast KODPEKTHPOBKA
HEOOX0/IMMa, TIOCKOJIBKY aJrOPUTM (g MOXKET OTOMPATh HEKOTOPBIE PAa30UeHUs Y KaxKI0T0
U3 TPEJIBIIYIIIX AJITOPUTMOB ;.

Jlemma 13.1. Meros jiy BRIOUpaeT ajaropuTM ag TOIJIa U TOJIBKO TOIJIa, KOIJjia Bee 00b-
eKThI, Ha KOTOPBIX (g JIOIIYCKAeT OLIUOKY, IONaJaf0T B KOHTPOJIBHYIO BHIOODKY:

[,udX:ad} = [Xc/l C X], X, = {xz e X: I(ag,x;) = 1}.
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HokazareabcTBO. Eciu xoTs ObI OMUH 00BHEKT, HA KOTOPOM (g JOIIYCKAeT OIMMIOKY, OKa-
JKeTes B oOydaloneir BbIoopke X, TO METOI [ig BBHIOEPET aJI'OPUTM C MEHBIITUM YUCIOM
omm6ok Ha X . Takoii aJlroOpuTM TOUHO eCThb, HapuMep, ag. Urtak, yeiaosue X C X apia-
eTcst HeOOXOIMMBIM JIJIsi TOT'O, YTOOBI METO, [ig BBIOpaJ aJropuT™ agq. ITokazkem, 4TO OHO
SIBJISIETCSI TaK»Ke U JO0CTaTOYHBIM. JIjIsT 9TOro J0CTaTovHo MOKa3aTh, 9TO €CJIU aJrOPHUT-
MOB 13 Ay, He JOIYCKAIMNUX OIMMO0K Ha 00ydarorieil BBIOOpKe X, OKaXKeTcs HECKOJIbKO,
TO M3 HUX OyJeT BBIOpAH UMEHHO ag. B CUIy yHOpsIOUeHHOCTH MHOXKeCTBa Ag ayro-
PUTM @y JIOTIYCKAET MaKCUMaJIbHOE YMCJIO OMHMOOK Ha X, & CPeiu aJrOPUTMOB C TAKUM K€
YUCJIOM OIMMOOK Ha X MMeeT MaKCUMaJIbHbIN HOMep. [ToaTomy, coriacHo onpeiesennio 6.3,
AJITOPUTM Gy GY/IeT BRIOPAH METOIOM fiy u3 Ay Beerya, Korma X, C X. [

JommycTuM, ITO HEITOCPEICTBEHHO TIepe/T J00aBIeHIEM aJITOPUTMa (g YCIOBHS BHIOOPA
KasKJI0r0 U3 TPEJIbIIYIINX aJrOPUTMOB a; ObLIH 3anucanbl B Buje (5.7):

[Mdle:a/t] = Z CtU\I:XtU g X] [ tly g Xl, t<d.

veV;

Jtv (d*l)

[Tocne mobaBeHus aaropuT™Ma ag dTU YCJIOBUSA U3MeHsATcd. K HuM jgo6aBuUTCA Tpe-
Gosarme, 9TOObI MHOYKECTBO X, He JIeyKaJIO IIeJIMKOM B KOHTDPOJIBHON BBIOOpKe X ; MHAte
BMECTO aJITOPUTMa @y METO [ty BHIOEPET AJITOPUTM G

(aX=a;] = [pa—1X=a,] [ X € X]| =
= e [Xw CX][X], C X][X; 2 X], t<d (13.1)

7
veVy

Jtv(d)

N rykipeii o d JIerko JIOKa3blBAeTCs, 4TO TOKIECTBO (5.2) BBIOIHSIETCS Ha KazKJIOM
mare, To ecTh 4To yesosus (13.1) onpesesiensl KoppekTHo. JleficTBUTEIBHO, TIpeimoiarast

U

1
[/’Ld—lX:at] - ]-7

t

i
o

IIOJTy YaeM

QL

-1

[udX:at] = [ud,lX:at} [Xé Z X} + [Xél C X’} =1.

B

~
Il
o
~~
Il
o

YT06bI MOJIYIUTH TPAaBUIa KOPPEKTUPOBKY HHbOpMaluu J(a;), JT0OCTATOTHO [IPUBE-
cru Boipazkerne (13.1) k Bumy (5.7), 9To u Gy/eT NPOIEJAHO B CIEIYIONIEH JIeMMe.

Jlemma 13.2. Koppekruposka uagopmaiiun J(a;), t < d npu job6aB/JIeHHH AJIrOPUTMA (g
CBOJIUTCST K TIPOBEPKe JIIst Kaxkaoro v € V; takoro, uro Xy, N X, = &, Tpéx ycaoBuii:

1) ecomm X))\ X|, = {x;} — onHosmemenTHoOe MHOXKECTBO, TO X; MpHCOCTUHSICTCS K Xiy);

2) ecom | X\ X7, | > 1, ro MHOXKECTBO HHJIEKCOB V} MTOHONHSIETCS €IIE OJIHUM JIEMEHTOM
(0603HATHM €10 W) H MOJNATAETCS Cry = —Cryy, Xtw = Xtvy Xp = X1y U X5
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3) ecmm | X\ X,,| =0, T0 H3 MHOKECTBA HHJIEKCOB V; YIAJISETCS HHIEKC V; COOTBET-
crenno, u3 J(a;) ypassercs Bes tpoika (X, X/, Cry)-

HokazarenscrBo. Ecim Xy, N X, # &, to u3 Xy, € X coenyer, 110 MHO)KECTBO X))
He JIE’KUT TeJTMKOM B KOHTPOJIbHOI BBIOOpKe X . CiiefoBaTe/IbHO, HUKAKAsa KOPPEKTHPOBKA,
Jutst Tpoitkn ( Xy, X{,, Cry) He HyKHA:

Jw(d) = [Xi € X][X], C X] = Ju(d - 1).

Eciu Bcé-rakn X;,NX), = &, TO BO3MOKHBI TP CJIydasi, B 3aBUCHMOCTH OT MOIIHOCTH
!/ /
muoxecrsa X))\ X7,
[Tepssrit coryuait: X))\ X/, = {x;} — oanosnementroe muozxkecrso. Torya cripase/msa
nernouka pasencts (X € X| = [z; ¢ X]| = [z; € X]|. [loncrasnsasa B (13.1), moxyanm

Bropoit ciaywaii: | X\ X}, | > 1. Torma

Jw(d) = [ X C X [X,, € X](1 - [X,C X]) =
= Ju(d — 1) — [ X3 € X][X], U X} C X]. (13.2)

Takum 0O6pa3oM, B BBIPAXKEHUH JIJIsi [udX :at] [IOSIBUTCSL €IIIE OJIHO CJlaraeMoe, 9To
PABHOCHJIBHO JTOGABJICHIIO BO MHOXKECTBO V; €Ié ofiHOro nHjeKkca (0603HATNM ero w), [yt

KOTOPOI'O HOJIATAETCH Cpyy = —Cryy Xpw = Xty Xgw = Xpp U Xy
Hakonen, tperunit cayuqaii: | X/, \ X{,| = 0. Torna npeacrasrenne (13.2) ocraéres
B CHJIE, OJJHAKO Pa3HOCTD .Jy,(d) OKasbIBaeTCsl paBHON HyIO, IMOCKOIbKY X, U X} = X],.

O6uysenne Jy,(d) paBHOCHILHO YIAJEHUIO UHJIEKCA U U3 MHOYKECTBA MHIIEKCOB V; BMecTe
C yIaJeHIeM COOTBETCTBYIONIEH TPOiiKu ( Xy, X/, , Ctp) n3 mHDOpMarm J(ay). n

§13.2 BbluncneHne BeposiTHOCTM NepeobyveHns

Jlemmbr 13.1, 13.2 u Teopema 5.8 MO3BOJILIOT PEKYPPEHTHO BBIYUC/IATH BEPOSITHOCTH
nepeodydenns (.. Ha kaxkgom d-m mare, d = 0,..., D, nobaBjisercs aJropuT™ a4, BbI-
qucssierca urdopmanus J(ag); 3arem i Kaxaoro t = 0, ..., d — 1 KOppeKTUPyeTCs: MH-
dbopmanus J(a,) u BepositHoctu Py, Ha ocHOBe ckoppekTupoBanHoii nabopMaImn 0OHOB-
JisieTcs Tekymas ornenka (.. [lo okorvyanun moceaunero D-ro 1mrara Tekyias oreHkKa ().
JIOJIZKHA COBIAJIATH ¢ TOTHBIM 3HAYEHNEM BEPOATHOCTH IT€PEO0yIeHns. DTa PeKyPPEeHTHAs
IpoTie/Iypa 3almcana B Buje TceBaokoa Aymropurma 13.1.

Hekoropbie ob6o3nadenns, uciosb3oBanibie B Ajropurme 13.1, TpeOyroT IOMOIHU-
TeJIbHBIX HOsICHEHUIA.

Bo-1tepBBIX, BMECTO TAPHOTO WHJEKCA g, JJIS AJITOPUTMa @(; BCIOJLy HCIOJIB3YETCS
COKPAIIEHHOE 0D03HAYUEHHE 4.

Bo-Bropeix, npeanosaraercst Ly, = L — | Xy| — | X[, |, lw = — | X4y|, u Boramcienne
BestniIud Ly, u {4, B ABHOM BH/JI€ HE 3aIIMCHIBACTCs, ITOOBI HE MEPErpysKaTh IICEBIOKO/I.
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AaropurMm 13.1. PekyppenTHoe BbIYHCICHUE BEPOATHOCTU IEPEOOYICHUS

Bxon:
matpura omubok I(aq, x;), d=0,...,D, i=1,...,L;
Brixon:
uadopmarms J(aq) = (Xap, X}y, Cav)vev, 11 Becex d =0, ..., D,
BEPOSITHOCTH TIepeodydeHus (). ;

Q- := 0; ynopsinounts A = {ay,...,ap} 1o BO3pacranuo n(ay, X);
2: gast Bcex d:=1,...,.D
JI06aBUTH AJTOPUTM (g

Vio={o}; Xq:=2; X, = {ZL‘ € X: I(ag,x) = 1}; cqg:=1;, P;:=

ecjin n(ad,X) = ek TO Qs = Qa + Pd;

4: pnga Beex t:=0,...,d—1

5: aysg Bcex v € V; takux, uro Xy, N X, = &

6: A= X5\ XL L

7 ecm A =1 To

8: CKOPPEKTUPOBATb MHOXKECTBO Xy, U BEPOSITHOCTD P, :
Xip = X U(X)\ X,); P, = Py P = Pulyy/Ly;
ecau n(ay, X) = ek 10 Q. = Q- + ¢1p(Po — PL,);

9: nHa4de ecjau A > 1 To

10: J100aBUTh B V; HOBBIIT MHIEKC W; AL
Xiw = Xy Xy = X{, UXG Crw 1= —Cto; Prw = Py H (1- %),
ecam n(a;, X) = ek 1o Q. = Q- + 1w Pruw; 7=

11: nHa4e

12: yaaauTh u3 V; nHjiekc v;

ecau n(a;, X) > ek 10 Q- := Q- — 1 P;

B-rperbux, npu jgob6aBieHnN aJropuTMa ag Ha mmare 3 cosgaéres Tpoiika (X4, X)), ¢q)
1 BbIMUCJILACTCA BEPOATHOCTD Pd I[IOJIydeHU A aJITOPUTMa (g METOIOM [iy. HpI/I 9TOM B UH-
JIEKCHOE MHOYKECTBO 3aHOCUTCSI <«ITYCTOH SJeMeHT», 0003HadaeMblii &. DTO MO3BOJISIET
B JaJbHEHRINEM COKpAaIlaTh 3allUCh WHJICKCOB, IIOJarasd, 4TO €CJU MHJEKC He JIBOMHOM,
a OJIMHAPHDINA, TO UMeeTCd B BUJLY MEPBBIN 3JIeMEHT MHJIEKCHOI'O MHOXKeCTBa Vyj, TO €CTh

J— A— / J— J—
X = X, =X}y, Ci= Cigy, Py = Py

Boruncrenne epostaocreit Py, = P[ Xy, € X][X], € X] no dopmyzne (5.9) Takxe

TpebyeT MOsiCHEeHUIA.

Ha mare 3 Burumnciagercsa BEPOATHOCTD IIOJIy9I€eHUA aJIlOPUTMa g METOAOM [i4:

X4
P Cioxy f—[l<kf—j)
d= —Fg = — |-
L \L—

Buauenns P, 0JJMHAKOBBI JIJIsl BCEX aJTOPUTMOB C PABHBIM IHCJIOM OMMOOK 1(ag, X).

HO3TOMy X MO2KHO BBIYMCJ/IUTH OJWH Pa3 3apaHee JJId BCEX 7L = O, c. 7L.
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Ha mare 8 x mopozkparoieMy MHOXKECTBY Xy, 100aBISIeTCS OJUH OOBEKT, UTO IPU-

/.

BOJIUT K OY€Hb IIPOCTOI KOPPEKTUPOBKE IIPEJIbIIYIIEero 3HAYCHUA BePOATHOCTH [,

Etvfl Etv
Liy—1 CLW gt'u o / gtv

Py = _ e v pr tw
¢ Cﬁ O{ Ltv tth’U

Ha mare 10 w3 rpoiiku (X, X/, ¢1p) dopmupyercst nosast tpoiika (X, X/, Crw)
myTéM Jobasiienust A 37€MEHTOB K 3arnpernaioniemy Maoxkectsy X, . CiegoBaresbHo,

Etv et'u A—1
po_ Yrw-a Y (Lpy =y — A+ 1) -+ (Lyy — L) _p H(l Cro )
tw — Y] - Y] — Ltv T E
Cr Cr (Lpy — A4 1)+ Ly, =0 Ly —
Anropurm 13.1 MoOXKeT OKa3aTbCs BBIYUCIAUTEILHO Hed(MMEKTUBHBIM, ecau 1mar 10
Oy/IeT BBIOJHATHCS CJIUITKOM 4YacTo. KaxKgoe ero BLITOJIHEHNE TTPUBOJUT K JI0OABJICHIIO
emé oxHoro ciaraemoro B cymmy (5.10). Cremyromias TeopeMa IMO3BOJISET COKPAIATH

BpeMe BbIIHUC/IEHUA 3a CUET IOHUXKEHUS TOTHOCTU BerHeﬁ OLCHKM Qa~

Teopema 13.3. Ecsm B Asropurme 13.1 unorja niporyckarts mar 10 upu ¢, = 1, TO BbI-
quc/sieMoe B pesysbrare 3uadenue (). OyseT BepxHei OIeHKOH BepOSTHOCTH Hepeodyde-

HIZ.

HokazareabcTBo. Broimonnenne mara 10 npu ¢, = 1, ¢y, = —1 UpUBOAUT K YMEHb-
IIIEHUIO TEKYIIEro BBIMUC/IEHHOTO 3HadeHus (). na Bejnuuuny Py, > 0. CooTBeTcTBEHHO,
HeBbInoTHeHe mara 10 TpUBOANT K MCKIIOUEHNIO 13 cyMMBbI (5.11) oTpunares bHOro ciia-
raeMoro — Py, M, BOSMOXKHO, €Illé HEKOTOPOT'O YHCJIa MMOJOKUTETHHBIX U OTPUTIATETHHBIX
CJIaraeMbIX, KOTOPBIE TIOABATCS B 3TOM CyMMe B Pe3YJIbTaTe MOCIe Y IONNX KOPPEKTUPOBOK
TPOHKH (X4, Xy Ctw) IPU BbIIONHEHNN aros 10 n 12. Kaxasg Takasg KOPpEKTHPOBKA
BO3HUKAET B pe3ysbTare J00aB/IeHUd HEKOTOPOrO aJI'OPUTMA (g, d > t, KOTOPBII «OTHU-
MaeT» YacTh pa30OMeHuil y ajaropurMa a;, yMeHbIasg ciaraeMoe P, 10 BeJIMIuHbI Py

Pry = P[Xu € X][X], € X][X4 £ X] < P

Uckiouenne n3 cymmsl (5.11) orpunarensroro ciaraemoro — Py, BMecTe €O BCeMn
OCJIE LY IOIIIME CJIAraeMbIMHI, KOPPEKTHPYIOMUME TPOHKY ( Xy, X/, Ctw), MOZKET TOJIBKO
YBeJIMUUTH 3Hadenue ()., Beraucisgemoe Ayropurmonm 13.1. n

§13.3 VnpouwéHHasa peKyppeHTHas oueHKa

Yoepém u3 Asropurma 13.1 maru 9-12. B srom ciaydae mar 10 mporyckaercs: Bee-
ria, Tpoiku (X, X}y, Ctw) € OTPUIATETHHBIMU 3HAYCHUSME Cyy, HUKOTJIA HE CO3/IAI0TCH,
KaXKJIOMY aJITOPUTMY (g COOTBETCTBYET TOJILKO OJIHA TPOKAa, W BCE MHJIEKCHBIE MHOXKE-
ctBa Vy, d = 0,..., D ognossementabl. Cornacuo Teopeme 13.3, 3nadenne ()., BBIMHUC/Is-
eMoe YIPOIIEHHBIM peKyppeHTHBIM Asiropurmom 13.1, OyaeT BepxXHel OIEHKON BEpOSIT-
HOCTH TiepeoOydenus. B ciemyromeit TeopeMe 3Ta OIEHKA BBIIUCHIBACTCS B sIBHOM BUJIE
gepe3 Ipoduiib PacCJIOeHUs U CBSI3HOCTH MHOXKeCTBa A.
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Teopema 13.4. Ilycrb BeKTOPBI OMUOOK BCEX aJrOPUTMOB MHOXKecTBa A 1monapHo pas-
smaHbl, B A ecTh KoppekTHbIH Ha X aaroput™, A, — 9HCI0 aJIrOPHTMOB B M-M CJIOE

co cBsI3HOCTHIO (. 'Torya crpaBej/iuBa BEepXHsIsl OIeHKa BEPOSITHOCTH I1€PEOOY ICHUST

L L C«E—q
Q-< Y Amg— . (13.3)
m=[ek] q=0 L

HoxkazareabcTBo. Paccmorpum yupoménubtit pekyppentubiit Ajiroputm 13.1, u3 KoTo-
poro ynasienb! maru 9-12. OH maéT BEepXHIO OIEHKY BEPOSITHOCTH repeodydenus. s
KasKJI0ro ajroputma a € A OH cTpouT eauHCTBeHHYIO Tpoiiky (X,, X!, 1), B KoTOpOIil 3a-
mperaIee MHOXKeCTBO X, = {x, e X: I(a,x;) = 1}, IIOPOK JAIOIIEE MHOYKECTBO COCTOUT
u3 BCceX 00bEKTOB, JI00AB/IEHHBIX Ha Iare 8. 9TO T€ U TOJBLKO T€ 00LEKTHI X;, JJIsi KOTOPHIX
CYILIECTBYET ajaropur™m a' € A, IOIyCKalomuil Ha OIHy OmuOKY Oosbiie, yeM a. OdueBu/i-
no, upu stoM X! \X! = {x;} — ommosnementioe Muoxecrso. Unucso Takux 00bLEKTOB T;
coBnajiaer co 3HadenneM cpsiznocru ¢(a). Takum obpasom, | X/ | = n(a,X), |X.| = q(a)
JUTs IPOU3BOJIbHOTO anropur™a a € A. CiienoBaresibho, onenka (5.11) npunumaer Bu;:

Cza CE_Q(G’)X
Q- < Z[n(a,X) > 5k]# — Z[n(a,x) > gk}w _
CLEA L aEA L

Cla

= Z Z [n(a,X) =m][q(a) = ¢ %.

'

Ay u

[lonyuennast oleHKa COBIAJACT C OIEHKON paccioenus—csasunoctu (7.8), crp. 69.
Ona nokasbiBaeT, ITO 3hMEKTHl PACCTOEHUS U CBI3HOCTH CHUXKAIOT ME€PeodyUueHune, mo-

L—q
L—m—gq

ot yOBbIBaeT 3KCIOHEHIINAIbHO 110 ¢ U 110 M.
L

CKOJIbKY KOM6I/IHaTOprII71 MHOZKUTEJIb

Pe3iome

PekyppenTHoe BbIUnC/IeHEE BEPOATHOCTH IIePeodyIeHUsT OCHOBAHO Ha, TOM, UTO ajiro-
PUTMBI ,ILO6&BJI$HOTCH B CEMENCTBO IIO OJHOMY, U IIpU KazKJIOM ,ZLO6&B.H€HI/II/I nepecduTbiBa-
eTcsl OlleHKa BepOATHOCTH Tepeolydenus. [Ipormyckas HeKOTOpBIE MArn B PeKyppeHTHOI
MIPOTIe/Iype, MOXKHO CIKOHOMUTH BpPEMsl BBIUMCIEHUN W TOJYyYIUTH JIMOO BEPXHIOK, JINOO
HIZKHIOIO OIEHKY. BepxHss oleHKa COBIIaJaeT ¢ OIEHKON pPacC/I0eHUs—CBA3ZHOCTH, KOTO-
pasi ObLIa MoJIydeHa paHee.

B cnepytowen nekuuun Mbl nepeiiyiéM K pacCMOTPEHHIO (hYHKITHOHAJIA TTOJTHOIO CKOJIb-
3AIIET0 KOHTPOJIS, JIj1sT KOTOPOT'O B HEKOTOPBIX CJIyYasdx YIAeTcs MMOoJydaTh O9eHb TOUHbIE
OIEHKN, HAXOJIATIHIE TI0JIE3HbIE TPAKTUIeCKe TPUMEHEHNS.

Ynpa>kHeHust

Bamaga 13.1 (2). /lokasars, uto ecsm B Anropurme 13.1 nHorma mpomyckars mar 10
IIPH Cy, = —1, TO BBIYHCIIEMOE B pe3ysbTaTe 3HadeHue (). OyJaeT HUKHel OIeHKOi Bepo-
SITHOCTH TIePeo0y IeHus.
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CaszkeM ¢ KakJIbIM HHIEKCOM v € V, 1ejioe 3HaUYeHHEe S,, HA30BEM €r0 HOMEPOM
cmennt. Ha mrare 3 momoxkum sy = 0. Ha mare 10 ook s, = S, + 1. Obo3HaqmM uepe3
Qf OIIEHKY BEPOSITHOCTH IepeodyUeHMs, KOTOpas IMOJYIUTC, eCJIM MponyckaTh mmar 10
IpHA S, = 5.

Bamauga 13.2 (2). [lokazarTh, 4TO MOCJIEJI0BATEIHBHOCTD QES ABJIsIETCA BepxXHell OIeHKOit
[P BCEX YETHBIX S M HUXKHEH OIEHKOH MPHU BCeX HEUYETHBIX S.

Bagaua 13.3 (3). lokaszarnb, uto nociemosareabnocts Q0 QL Q% ... obpasyer 3naxo-

[IEPEMEHHBIH PsiJl, CXOAATNNCT K (..

Bama4da 13.4 (3*). O606muTh peKyppeHTHYIO HpOIepypy Ha CIydail, Korja B rpade
PaCCIIOeHNsI—CBI3HOCTH MHOXKeCTBa A MMeeTcst eIMHCTBeHHBIN HamIy i (Ho He 06s3a-

TeJIbHO KOPPEKTHBI) ajaropurM.

Bamada 13.5 (10*). O606mUTL peKypPPEHTHYO MPOLELypy Ha Caydail MpOU3BOJIBHOIO
MHOZKeCTBa A (B 00IIeM cilydae He COJEPKAINEro KOPPEKTHOTO aJrOPUTMA.).
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14 MeTop baunxxanwero cocega

Paccvorpum 3a1a1y Kiiaccuprukalmy ¢ KOHEIHBIM MHOXKECTBOM KJiaccoB Y. MHanka-
Top ommbku umeer Buj I(a,r) = [y(:c) #+ a(x)], e y: X — Y — yHKIUs IpaBUIbLHOM
kiaccudukanuu (1esaeBast 3aBUCUMOCTD), a: X — Y — aJropuT™ KjiaccuduKaImm.

B sajjavax kinaccudukaliyi, Kak IpaBujio, CIPaBE/JIMBO SMIINPUIECKOE ITPEIII0I0KE-
HIE, UTO KJAacChl 00pa3yioT JIOKAJIU30BAHHBIE «KOMIIAKTHBIE» ITOIMHOXKECTBa OObEKTOB,
[IO9TOMY CXOXKI€ OOBEKTBI TOPA3/I0 Jallle OKA3BIBAIOTCA B OJHOM KJIACCe, 9YeM B Pa3HBIX.
DTO MPEIITOIOKEHNE HA3BIBAIOT 2unome3ot xomnaxmuocmu. [Ipocreitimum MmeTogoM 00y-
YeHUsA, MIOCTPOEHHBIM Ha €r0 OCHOBE, SABJIACTCA METO]I OJIMKANIINX COCeIei.

§14.1 Tlpodmnb KOMNAaKTHOCTUN BbIOOPKYN

[Tycrs na muoxectse X = {xq,..., 2} onpenesnena dyukims paccroguus p(z, ).

OTHOCHTETBHO KaXKJI0T0 00beKTa T; € X PacIoI0KUM Bce ocTajabHbie L — 1 00bek-
TOB B IOPSIJIKE BO3PACTAHUs PACCTOSHUS 10 X;, IPOHYMEPOBAB UX JIBOMHBIMYU WHJICKCAMU:
Ty = i, Ti1, Ti2y-- -, TiL—1- TakuMm o6pa30M,

0= p(xi, o) < plai,xn) < -+ < p(xi, Tip-1).

Memod 6ausicatiwezo coceda (nearest neighbor, NN) —sro mero obyuenust ji, KOTo-
pBIil 3anoMrHaeT o0ydarontyio BIOOPKY X C X 1 cTpOUT aaropuT™ a = (X, OTHOCSIIIHIA
[IPOM3BOJILHBIN 00bEeKT 7; € X K KJIaccy ero OJmzKaiiiero cocesa:

a(zi; X) = y(zi).

O6osuaunm uvepes I, (x;) ommbOKy, BOSHUKAIOILYIO, €CJI HPaBUIbHBIA orBeT ¥(;)
Ha 00'bEKTE T; 3aMEHUTh OTBETOM HA €ro M-OM COCejle:

Ln(zi) = [y(x) #y(xam)]; i=1,...,L; m=1,...,L—1.

Onpenenenne 14.1. [Ipogurem xomnaxmmuocmu HaspiBaercss GyraKnus K(m), Bbipa-
JKarorrast JI0JII0 0ObeKTOB BHIOODKH X, JIJIT KOTOPBIX IPABUJIBHBIH OTBET HE COBIIAIACT
C IIPaBUJILHBIM OTBETOM Ha M-OM COCEJIE:

L
1
i=1

[Ipoduib KoMmImakTHOCTH SABJIsIETC (DOPMATBLHBIM BBIPDAXKEHUEM THIIOTE3bI KOMIIAKT-
HocTH. YeM mpoire 3a/iada, TO eCTh JeM dalle OJU3Kne OObeKThl OKA3bIBAIOTCS B OJTHOM
KJlacce, TeM CHJIbHee <«IIPUKUMAETCsl K HYJII0» HadaJbHBIH yd9acToK npoduias. U, Ha-
000poT, B 3aja4ax, TPY/AHBIX JJId MeToja OJIMKANIIero cocejia, rje oyimkaiinmme 00bLeKThI
[PAKTUIECKH HE HeCyT HH(MOPMAIINN O KJIACCe, IPOMUIIb BIPOXK TAETCS B KOHCTAHTY, OJTI3-
kyio K 0.5, cm. puc. 14.1. [Ipocdnib KOMITAKTHOCTHU ITOKA3bIBAET, HACKOJIBKO XOPOIIIO METO/T
OmKaiiIero cocesa MOAXOINT JIJIsl PEIleHrs JaHHOM 3a/1a91 IIPU BBIOPAHHON MeTpHKE p.
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Puc. 14.1. Bepxuuit psa: 4 mMojiesibHbIE 332490 KJIACCU(DUKAIINN, B ITOPSIKE BO3PAC-
rarust rpyaHoctr, L = 200. Cpenuuii psiji: npoduin KOMIAKTHOCTH ITUX 3a/a49. dem
HI2KE TPOXOJUT HAYAJbHBIN yIacTOK HPOMUIIs, TEeM <«IIPOIIey 3ajata Jjisd aJrOPUT-
Ma NN, u Tem Bbime obobIaoias crocodHocrb, Hukauit ps: 3asucumocrs CCV
OT JIJTMHBI KOHTPOJIbHON BBIOOPKHU k 1ipu (pukcupoBanHoil jymHe odbyudenust £ = 200.

§14.2 To4Has oueHKa MONHOro CKOJb3SILLEro KOHTPOJs

I/IHTYI/ITI/IBHO o4dyeBuaHad CBA3Db HpO(bI/IJ'IH KOMIIaAaKTHOCTH C Ka49€CTBOM K.HaCCI/I(bI/IKa-

[N TIOJITBEPK IAeTCs CIeIyIonieil Teopemoit. Mmest mokazaresnbersa B3sTa u3 [70].

Teopema 14.1. s merosa OJzKaHIIIEro cocejia [ CIPaBEIHBO CJAEIYIONee BhIPaXKe-
HIe (pYyHKIHOHAJIA MOJTHOIO CKOJb3siero koarposist CCV:

(—1
C(Lflfm

CCV (1, X) =Y K(m)T. (14.1)

m=1
,Z[OKaBaTeJ'IBCTBO. 3armIreM B beHKLH/IOHaJIe CKOJIB3AMMETro KOHTPOJIA 9aCTOTY OIIIOOK
gepe3 CyMMYy MHINKaTOPOB OIIMOKYU 1 ImepecraBuM MeCTaMU 3HaKH CYMMUPOBAaHUA:

L

1 1 1 1 .
CCV = @ZEZI(MX, z) = EZC_I{Z [v; € X] (X, ;). (14.2)
X, X zeX 1=1 X, X
N,

Buyrpennssa cymma, obo3nadennas depe3 [N;, eCTb 9HCIO pa30UeHMil BHIOOPDKH X,
IIPU KOTOPBIX OOBEKT I; OKA3bIBAETCS B KOHTPOJILHOM MOIBBIOOPKE U aJrOPUTM X JTOITyC-
KaeT Ha HEM omuOKy. /lanHast cuTyalinst peajgn3yercs J/ist TAKUX pa30oueHuil, Ipu KOTOPBIX
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M IEePBBIX 00BEKTOB U3 MOCIEJIOBATEIBHOCTU T, Til, - - -, LTj,[—1 HONATAIOT B KOHTPOJIb-
HYTO TI0/IBBIOODKY, M~blil COCEJL L'y, HAXOMUTC B 0OYUAMOIEH MOJBBIOOPKE U IPUHAJIEKHUT
JIPYTOMY KJIaccy, T0 ectb I, (z;) = 1. Hucno cnocobor Beibpars (¢ — 1) obygaromux 06b-
exToB u3 ocrapimxcst (L — 1 —m) paprno C7 Y Yucio m MoxKeT IPUHIMATE SHAYCHUS
Tos1bK0 OT 1 110 k. Takum 06pazom, uckomoe 4nc/io paszbueHnii paBHo

[Moncrasasas N; B (14.2), ucrosb3yst onpe/iesienne mpoduisi KOMIAKTHOCTH U TOXKJIe-
crBo kCY = LCY |, momyqaem Tpebyemyto dbopmyiry (14.1). ]

HekoTopble cBoiicTBa TOYHOW OLEHKWN MOJSTHOTO CKOJIb3SILLLEro KOHTPOS.
1. KOMOMHATODHBIH MHOKHTED ¥, = C7 % /C% | yGuiBaer ¢ poctoM m GhICTpee

reOMeTPUIEeCKOl TPOTPECCHUN:

‘-1 - k
L—-1-m L-1

Y1 = q(M) Y, qg(m) =1—

Buauenne CCV masio, ecin poduib K (m) npuHIMaeT Masible 3HAYeHUsT TIPH MAaJIbIX 17,
TO ecTh OJIM3KKMe OOBbEKTHI YacTo JieskaT B OjHOM KJacce. [Ipu Gosbimux m poct K (m)
KOMIIEHCUPYETCs CTPEMJIEHUEM KOMOMHATOPHOTO MHOXKUTEIS Yy, K HYJIO, TOITOMY KJIacC-
cudUKaIm JaaEKIX JApyT OT JIpyra 00bEeKTOB IPAKTHYeCKH He BiudioT Ha 3nadenue CCV.

2. llpn k£ = 1 npoduib KOMIAKTHOCTH BBIPOXKIAETCS B TOYKY M COBIQJIAET C Ca-
muM dyurkrmmronaaom CCV, KOTOPBI B 3TOM CiIydae HA3BIBAIOT CKOJIL3AIINUM KOHTPOJIEM
¢ uckaouenuem obsexmos no odnomy (leave-one-out, LOO).

B o6mem cirygae mpoduiib cocTouT u3 k TOUeK, IpUIéM OTHOCUTETHHBII BKIa K (m)
ObICTPO yMeHbImaeTcs ¢ poctom m. Hampumep, npu k = 1,2, 3:

E=1: CCV=K();
k=2: CCV= K(1)E+L1 + K(2)7;

. — L 4

C pocroM JIMHBI KOHTPOJIS k BKJIa] HAYAJIBHBIX 3JIEMEHTOB ITPOMUIIA YMEHBITACTCS.

3. Boruucienue npodguisa kommnakrnocru tpedyer O((2) onepanuii, yrnopsiounpanme
06bexToB 110 6/mzoct — O(€% log £) oneparmit. [Tocse storo seraucnenne CCV nponsso-
qurest 3a O(k) onepanuii. 9o ropas o 6bicTpee, 9eM TPOU3BOAUTH CyMMUPOBAHUE 110 BCEM
C pasbueHusiM, 4TO CTAHOBUTCS MIPAKTHUCCKH HEpeasbHO yzKke pu k > 2.

§14.3 OT60p 3TaNOHHbLIX OOBLEKTOB

B merojie 6mzkaiiiero cocejia mMeeT CMbBICT 3allOMIHATH He BCIO 00YIatoILy 0 BHIOOD-
KY, & TOJIbKO TUIIMIHbIE OObEKTHI, Ha3bIlBaeMble amanonamu (prototype). OT6op STaoHOB
IpecyeayerT OJHOBPEMEHHO HECKOJIBKO Ilejieii: CoKpalleHrne 00béMa XPaHUMbBIX JAHHBIX,
MTOBBINIIEHNE CKOPOCTH KJIaCCU(PUKAIINH, TIOBBIIIIEHIEe KAUeCcTBa KIacCupUKaIum 01arogapst
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YCTpaHEHUIO0 HETHIINIHBIX 00beKTOB. KpoMe TOro, 9TajoHbl MOT'YT HPEIbIBIATHCS TOThb-
30BATEJIO JIJIsT O0bSICHEHUST PE3y/IbTATOB KIACCH(DUKAIINN.

Hemunuynvimu M wymosvimu, Ha3bIBAIOT OOBEKTHI, HAXOJIANINECS B OKPYKEHUU
00BEKTOB Ty2KOT0 KJiacca. Metoji 6/tiKaiiniero cocea rapaHTHPOBAHHO JIOIYCKAET OO~
Ky He TOJIbKO Ha TaKMX 00bEKTax, HO U Ha 00beKTaxX 1yKOro Kjacca, JIjis KOTOPOI'o HeTH-
MUYHBII 00BLEKT OKaXKeTCs OJIMKANIINM COCEIOM.

3BecTHB 3BpHCTHYECKIE MeTOIbl oTOOpa sTaqoHoB Stolp, A-Stolp [23]|, FRiS-
Stolp [5], ocHOBaHHBIE Ha OIEHKAX OTHOIIEHUST JJOKATBHBIX TJIOTHOCTEl KJIACCOB B KAXKIOM
00beKTe. DTU METOJIbl HEILIOXO 3apEKOMEH/IOBAIN cebs Ha IPaKTUKE, OJIHAKO BOIIPOCHI
TEOPETHIECKOr0 0OOCHOBAHUSA OCTAIOTCS JIJIT HUX OTKPBITBIMU: KaKoil (DYHKIIMOHAJ OHU
MUHUMU3UPYIOT, TTOYeMy OHU 00JIaJIAI0T XOpoIieil 06001maroreil criocobHocThIo, He CyIIe-
CTBYET JI 9BPUCTHUK, KOTOPbIE MOTJI ObI paboTaTh €Ié JIydIIe.

Mpbr paccmoTpuMm 3ajady BbIOOPa IOJMHOYKECTBA STAJOHOB, MUHUMHU3UPYIOIIETO
dbyuximonan CCV g asropurma 6iizkaiiniero cocesa [12, 56|. Manunas 3aaqa sipjsiercst
NP-nosroii [90], mosTomy mist €€ pertiernst Oy/LyT MPUMEHEHbBI SBPUCTHICCKAE aJITOPUTMBI
[IOCJIE/TIOBATEILHOTO KA THOTO Y/IAJIEHNUsT WU JI00aB/IEHUsT TAJIOHOB.

XapHble anroputmbl otbopa atanoHoB. Oboszuaunm depes 2 C X nCKOMOe MHOXKe-
CTBO 9TaJIOHOB, Yepe3 I, (x;, (1) — ommbKy, BO3HUKAIOILYTO, eCIM TPaBUILHbIH OTBeT Y(T;)
Ha 00beKTe T; 3aMEeHUTh OTBETOM Ha ero 11-M COCEJle M3 MHOXKEeCTBa 2.

Teopema 14.2. s meromna OymxKaiimero cocena jig, UCIOJIb3YIONIEIO B KA9eCTBe 3Ta-
JIOHOB TOJIbKO 00beKThl MHOKecTBa () C X, crpapeinsBo cienyroriee Boipaxkenue CCV:

NN (o G
CCV (e, X) =D > (s, )W : (14.3)
; L-1

T (x;,Q2)

JlokazareabecTBo anajgorudio Teopeme 14.1 u BbIHECEHO B yIIparKHEHUS.

[To anajornm MOXKHO OBLIIO OBI BBECTH NPOPUAL KOMNAKMHOCTNU OMHOCUMEALHO MHO-
arcecmea amanoros §2, OTHAKO /1711 0TOOpa 9TAJIOHOB YI00HEe OIPEIE/INTh BEJIUINHY 6KAU-
da T(z;, ) obbekra x; u npencrapaarb CCV B BUje CyMMbI BKJIQJIOB BCEX OOBEKTOB.

[IpeaiaraeMblit METOJI, OIITUMUBAIMA MHOXKECTBa {2 OCHOBAH Ha TOM, UTO €CJIN HEKO-
TOPBINE 00bEeKT X JobaBisieTcs B ) wim ypajsercsa u3 2, o s oouosiaexnus CCV mo-
CTATOYHO IIEPECUYNTATH BKJIAJIbI TOJIBKO TeX OOBEKTOB, JJIsI KOTOPBHIX OOBLEKT X sIBJIAETCS
He Jiajiee, 9eM k-M COCeI0M.

O6osnaunm udepes r;(x, ) panr obbekTa © € ) BO MHOXKeCTBe (), YyHODPSIOIEHHOM
110 BO3PaCTAHWIO paccTosHuii 10 z; € X.

Onpenenenue 14.2. Obpammnoti okpecmmocmyvlo m-ro nopsijika 00bekra x € §) Ha3bIBa-
eTcst MHOYKECTBO OObEKTOB, JIJISI KOTOPBIX OOBEKT X SIBJISIETCS He Jlajiee, IeM M-M COCEIOM:

Vm(:v,Q):{xi€X|ri(x,Q)<m}, m=1,...,L—1.
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AaropurMm 14.1. ZKajHoe yjiajenue MyMOBBIX 1 HEMH(MOPMATUBHBIX 00bEKTOB.

Bxoa: Boibopka X, mapamerp 0 > 0;
Boixoa: muoxkectso srasionos ) C X

0=X;, Q:= ZiLzl T(2:,9); Qmin = Q;

IIOBTOPATDb

count := 0; — cuéTyuk 4ucsa ynajaeHuii
I Bcex x € €

AQi= Y (T(a\x}) — Tl 9));

2, €V (2,Q2)
ecam () + AQ < Quin + 0 TO

Q= Q+AQ; Q:=0\{z}
ecJjin Q < CQmin TO Qmin = Q:

count := count + 1;

10: moka count > (;

AgropurMm 14.2. ZKagroe mobaBiieHne STaJ0HHBIX 00BEKTOB.

Bxon: Boibopka X, mapamerp § > 0;
Boixoj: muoxkectBo sTasionos ) C X

1: Q := {10 ojHOMY CJIy9aiiHOMY OOBEKTY OT KayKJIOr0 KJIacca};

Q = ZiLzl T(CBH Q)a Qmin = Qa

2: TIOBTOPATH

3:  count := 0; — cuéruyuk 4ucja J;j06aBICHHIT

4:  mas Beex z € X\

5 AQi= Y (T(:cl-, QU {z}) — T(x,, Q));
2, €V, (z,QUf{z})

6: ecan Q) + AQ < Quin — 0 TO

7: Q:=Q+AQ; Q:=QU{x};

8: ecan () < Qumin TO Quin 1= Q;

9: count := count + 1;

10: moka count > 0;

Kagupiit asropurm, npejioxkentsiii B [12], sadunaer ¢ Q = X u 3areMm 1o ojHO-
My yIaJasieT U3 MHOXKeCTBa ) HedTaJOHHBbIe OObEKThI. Ha KayKIoM Imare HaXOMUTCs TOT
obbexT & € ), ynanenue Koroporo munnmusupyer CCV (o (23, X).

Asroputm 14.1 paboraer ObICTpee, TaK KaK OH JIeJaeT BCe YIAJIEHUs, KOTOPBIE JTNOO
ymenbimaior CCV, nmbo ysennauBaior CCV me 6osiee, 4eM Ha MAJIyIO BEJUYIUHY 0.

Oxkazajioch, 9TO B pe3y/IbTare IMOCIeI0BATEILHOTO YIAJIeHUs CHAYAIA UCKITIOIai0T-
¢ Bce mrymMoBbie BeIOpochl, ipu 3ToM CCV yObiBaeT. 3areM yIasioTcss HeMHPOPMATUB-
HbIe «BHYTpPEHHHE» O0O0bEKThI KJIACCOB, KOTOPBIE HE HY KHBI JIJIsl XOPOIIeil KaaccuhuKaium
OKPYZKaIOINX OObEKTOB ¥ CAMHU XOPOIIO KJIACCH(PUIMPYIOTCS IO CBOEMY OKpY2KeHuIo. [Ipu
ux ynasgenun CCV MOXKeT yBeJTMIUThCsA, HO Ha HUITOXKHO MAJIyIO BeJTmanHy. TOJbKO B 3a-
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KJIIOUUTETHHON cTa/inn (pyHKIIMOHA HAYMHAET 3aMETHO BO3pacTaTh. Tormaa mporece yia-
JIeHUsI 00 BEKTOB MTPEKPAIAETCsI, U BCE OCTABIIHECS B () 00BEKTHI CIUTAIOTCS STAJIOHHBIMHU.

HemocraTok »kajHOTO yjiajeHus B TOM, YTO OHO paboTaeT MeJJIeHHO. AJITOpUTMBI
Tuna Stolp 0OBITHO HCIOJIB3YIOT CTPATErnio »KaIHOTO JobaB/ieHnsd, bosee 3PPEKTUBHYIO
¢ TOYKM 3peHnsi o0béMa Bbrunciennii. B ajgropurme 14.2 crparerusi jo6aBIeHN HCIIOIb-
gyercs jyist ontumuzanuu CCV. Jlobasiienus nenarores 10 tex mop, noka CCV ymenbia-
€TCA XOTd 6]31 Ha MaJIylO BEJIMYUHY (S He,Z[OCTaTOK STON CTpaTerum B TOM, 9YTO MHO2KECTBO
0TOOPAHHBIX TAJTOHOB MOYKET CYIIEeCTBEHHO 3aBUCETh OT HAYAJIbHOIO MPUOTUKEHNST — Ca-
MBIX IT€PBBIX 00BEKTOB, KOTOPbIE BHIOMPAIOTCs IPAKTHIECKN CJIyIailHO.

KowmipomuccHoe perenne 3aKI09aeTcs B TOM, YTOOBI B3STh B KA4eCTBe HATATbHOTO
puOIMKEeHUsT HeOOJIBITIOE CTyYaifHOe MTOJIMHOXKECTBO O0BEKTOB B KaKJIOM KJ1acce, U 3aTeM
JepeJioBaTh 00e olepalui — TO J100aBIATD, TO YAAJIATH 3TaaoHbl. MbI He TPUBOIUM 3/1€Ch
9TOT AJITOPUTM, TaK OH COJEPKUT OOJIbIIE IBPUCTUK U JIOMYCKAET Pa3IuIHble BapUaHThI
peasn3arim.

MeTtpuueckue gepesbsi. [lisg acpdpexkTunoro nepecuera CCV HE0OX0AMMO OBICTPO Ha-
XOJIUTH OOHLEKTHI OKPECTHOCTHU U 00paTHO OKpecTHOCTH. [Ij1sT 9TOr0 HEOOX0IMMa CTPYKTY-
pa JIaHHBIX, KOTOpasd M03BoJIA1a ObI 3(p(HEKTUBHO CTPOUTD, HAXOUTH U OOHOBJIATH ITPAMbIE
1 oOpaTHBIEe OKPECTHOCTH k-T0 MOpsijiKa, /I J1I000ro obbekTa x; € X. HauboJsree moaxomdar
JUTST 9TOR TIeJI Mempuyeckue depe6vA, TPEIHA3HAMCHHBIE I WHCKCAIINT MHOYKECTBa,
0OBbEKTOB, 3aJIaHHBIX HONAPHBIMU paccTosiausMu (47, 48|. B cpejrem KaxIblil 3a1rpoc
Ha IIOHUCK, jI00aB/IEHNE WU yajieHne 00bekTa 00padaThbiBACTCS METPUIECKUM JIEPEBOM
3a Bpems mopsizika O(log L). Vcrnosnb3oBanne MeTPHYECKHUX JIEPEBbEB TIO3BOJISET CYIIe-
CTBEHHO YCKOPHUTH MPOIECC OTOOPA TAJIOHOB.

§14.4 DkcnepumeHTbl U BbIBOAbI

TectupoBanue ajaropuTMoB 0TOOPA TAJTOHOB ITPOBOJIMIOCH Ha, IBYMEPHOI MOJIETLHOM
BbIOOpPKe jiytuHbl L = 1000, cocTosmeil n3 JIByX rayCCOBCKUX KJIACCOB C JUcIiepcusaMu 1 u 2
U PACCTOSHMEM MEKLy IeHTpaMu 5. JIOMOJHITEIEHO B 00yYaIonIyIo BEIOOPKY X ¥ BBOIH-
JIOCH TI0 b TITyMOBBIX 00BEKTOB B KazKJIoM Kjtacce. Ha puc. 14.2 nzobpazkena pasjie/isionias
OBEPXHOCTD, HOCTPOCHHAS AJITOPHTMOM OJIMZKAHIIEro coce/ia Ha HOJHON BhIOopKe X F.

Ha puc. 14.3 u puc. 14.4 nokazana pasje/rdiolias IMOBEePXHOCTD I KJaaccudukaTopa
OJIHOTO OJIMZKAMIIEro cocejia 1Mo MHOXKecTBY dtajioHoB ). Puc.14.3 coorBercTByeT CTpa-
Teruu yjajienus, puc. 14.4 — crparerun Jo0aBIeHUs STAJIOHOB. BoJbimmu Toukamu 000-
3HAYEHBI 9TAJOHHBIE OOBEKTHI, MaJeHbKIMU — Iepudepuiiibie 00beKThI. /g crparerun
y/IaJleHrs TyMOBBbIe OOBEKThI TIOKa3aHbl TpeyrojbHuKamMn. Oba aJIropurMa CriIaKImBaioT
Pa3IeSIONIYI0 TTOBEPXHOCTD, VIAJIAIOT BCE IIYMOBBIE OOBEKTHI U OCTABJIAIOT TPUOJIN3U-
TEJIbHO OJIMHAKOBOE HYHCJIO STAJOHOB, KOTOPbIE BHICTPAUBAIOTCS HAa HEKOTOPOM yJIaJICHUN
OT TPAHUITHI KJIACCOB.

Y1066 TPOBEPUTH OOODIIAIOILY O CIIOCOOHOCTD aJITOPUTMOB 0TOOPA STAJIOHOB, CTPOU-
J1ach TectoBast BeibopKa yimHB 2000 13 TOro ¥Ke pacrpe/ieieHus. T O0beKThI He UCTIO b=
30BaJICh TIpH oTbope 3Tasonos u3 X . YacToTa OmmMOOK Ha TECTOBOII BHLIOOPKE BBIUHC-
JIslJTach Ha KaxKJI0W UTepalny U BbIBOJMIACh Ha rpadukax. B ciaydae »KaaHOro yaaaeHust
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Puc. 14.2. Mogenbhas 3agada kiaaccupuraruu: 1000 oobekToB, Meroa 1NN.
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Puc. 14.3. Pesynbrar orbopa sranonos Asropurmom 14.1 (crparerust yjajuenust).
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Puc. 14.4. Pesynbrar or6opa srasonos Asropurmom 14.2 (crparerust gobaBiieHust).
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Puc. 14.6. BaBucumocts dyrknmonana Q(2) or kosmdecTBa J00ABIEHHBIX O0BEKTOB

|| s Anropurma 14.2.

(puc. 14.5) ona usmensiercst cuaxponto co suadenneM CCV na obyuatoreii BbIGOpKe. D10
O3HAYAET, YTO JIaHHAS CTpATEernd MPaKTUIeCKH He IoJBepzKeHa rmepeodbydennio. B ciyaae
JKaTHOTO J1o6aBaenus (puc. 14.6) crosb 96TKOi CHHXPOHHOCTH He HAOJIIOIAIOCE.

Ha puc. 14.5 neswriit yaactok [0-60] coorBercrByer yianenuto mryMoB (000 40 00b-
extoB). [Ipasbrit yaacrok [980-1000] mokasbiBaeT, 9TO 4NCA0 KPUTHIECKN BazKHBIX ITAJIO-
HOB B JIAHHOMN BBIOOPKE HE BEJMKO (paBHO 6), HO yBeJIm9IeHre Yuc/ia 3rajaoHos (1o 16) mos-
BOJISIET YMEHBIIUTH YaCTOTY ONIMOOK Ha TecToBOI BbIOOPKE (¢ 3,6% 10 2,0%). Ha puc. 14.3
BBIJIesIeHO 42 sTajioHa, KoTopble obecrednBaioT MuHUMYM (2) M OTHOBpEMEHHO MU-
HUMAJIBHYIO 9acTOTY OMHUOOK Ha TecToBoil BhIOOpKe 1,8%. JInMHHBIN cpeanuii y4acToK
[60-980|, He nmokazanHBIl Ha puc. 14.5, cOOTBETCTBYeT 3Tally yiaajeHus rnepudepuitHbx
00bEKTOB, HA KOTOPOM 3HadeHue ()({)) MPaAKTHIECKN MTOCTOSHHO.

Pe3iome

Oyukimonas moJHOrO cKoJb3siero Kourposis (CCV) ompemessiercss Kak CpeIHsist
10 BCEM Pa30MEHUsIM YacTOoTa OMMOOK Ha KOHTPOJILHOM BbIOOpKe. /s MeToja GJimkaii-
mero cocena TouHas orerka CCV BbIparkaercs depe3 Tpoduib KOMIAKTHOCTH BBIOOD-
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K1, KOTOPBI IMOKa3bIBAET, HACKOJIBKO aJIeKBATHA IPUHATAsT MOJEIh CXOJICTBA 0OBEKTOB
B JaHHOI 3a1ade. OTOOD 3TaJIOHHBIX 00beKTOB 1m0 Kpurepuio Mmuannmyma CCV mosBoJisier
COKpPATUTh 00BEM XPAHUMBIX JAHHBIX, TIOBBICUTH CKOPOCTh U KAIeCTBO KJIacCH(UKAIIN.
[Ipu 3TOM O0OBEKTHI Pa3IEsSIOTCS Ha TPU TUIA — IIYMOBbBIE, HEMH(MOPMATHBHBIE W ITa-
JIOHHBIE, ITO ABJISIETCsI TOJIE3HON BO3ZMOXKHOCTBIO JIJIT MHOTUX TPUIOXKEHMIA.

B cnepytowein nekuuun Oyayt nosydaensr onenkn CCV 1 MHOXKeCTBA MOHOTOHHBIX
KJIACCU(PUKATOPOB.

Ynpa>kHeHust

Bamaga 14.1 (1). /[okaszars Teopemy 14.2.

Bamada 14.2 (5). O606muTh Teopemy 14.2 st Metosa Kiaaccudukanun o K Gukaii-
HIMM COCEJISIM.

Bamada 14.3 (5%). Iloayuurb ONEHKH BEPOSITHOCTH TepeobyueHns (). U BEPOSITHOCTH
OOJIBIIION YaCTOTHI OMMOOK Ha KOHTPOJIe R, Jiid MeTo1a OJIMKAMIIero cocea.
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15 HenapameTpuyeckne kpntepum n goBepuTesibHbIE
OLEeHKN

MarepuaJ JaHHOI JIEKITUN He UMeeT IPSIMOro OTHOIIEHU K IIpobjieme repeo0ydeHnst
U SIBJISIETCS JIOTOJHATEBHBIM. OH JIeMOHCTPUPYET BO3MOYKHOCTH CJ1ab0i BEpOATHOCTHOM
AKCUOMATHUKHN Ha IIPUMepe CTaHJIAPTHBIX 33/1a1 MaTeMaTHIeCKON CTATUCTHKH, CBI3aHHBIX
C HelmapaMeTPUIeCKUMU CTATUCTUIECKUMU TECTAMU U JOBEPUTETHLHBIMU OIEHKAMI.

§15.1 [dosepuTtenbHoe oueHuBaHue

PaccmorpuM 3aj1ady 0 J0BEPUTETHLHOM ONEHUBAHUU CJIyYalHON BEJIMUIUHDI.

Bagana yukmus &: X — R, 3HaYeHUS KOTOPOI MOTAPHO PA3/INIHBI HA dJIEMEHTaxX
BeIOOPKHU X. Tpedyercss mocTpouTh 1Mo HAOJIOaeMOl BHIOOPKE X CeMEefCTBO BJIOZKEHHBIX
dosepumenvioz unmepeanos Q.(X) = [67(X), &5 (X)] rakoe, 4o st IPOUZBOILHOTO
CKpBITOro 0obbekTa T BbinosHgercsa £(T) € Q. (X) ¢ BeposaTHOCTBIO He Menee 1 — n(e).
Taxum 06pa30M, JUIHHA CKPHITOH BHIGOpKE X = {Z} momaraerca pasHoii euHuTIe.

Bapuayuonnvim padom dyaknnu € na Beibopke U = {uq,...,u;} € X HasbBaercs
[OC/IeI0BATEIbHOCTD 3HaueHuit &(uy), . .., &(u,), ynopsyodentas mo Bospacranuio. O6o-
3HAYUM S-€ 3HaUeHHe BapualOHHOro paia & na U ugepes 5((]8 ) Torma f((]l Vo< 5((}).
Teopema 15.1. Omnpejenm cemeiicTBo BIOXKEHHbIX 0Tpe3KoB Q. (X) = [ggﬁ_ﬁl),&g?)},
e e = [£/2],..., 0. Torya cupaBeymmBa TOYHAS OLEHKA:

PlE(@) ¢ Q(X)] =2(1-2), e=[¢/2],... L (15.1)

JTokazarenbcTBo. Beero umeercsa C1 = L pasbuenuit. Besmuuna £(Z) npesocxomur 5;?)
Ha TexX pas3OUeHUsAX, IPU KOTOPBIX HpaBee &(T) B BapUAIMOHHOM Dsijly HAXOJUTCS Me-
Hee L — ¢ o6bekToB. Takux pasbuenuit popro L — . Ananornuno, &() < 5%_6“) Ha Tex
pasbueHusxX, IpU KOTOPBIX JieBee & (T) HaxoauTcs MeHee L —e 00bekToB. Takux pasbueHuit
Takke poBHO L — e. Utak, mosisi pazbuenuii, npu KOTOPbIX 3HadeHue &(T) monajaer BHE

orpeska ). (X), cocramsier 2(L —¢)/L. ]

AHaJIOFI/I‘IHO MOZKHO JIOKa3aTb U TOYHYIO BEPXHIOIO OIICHKY:
Ple(@) > e =1-2, e=T[¢/2],...,¢ (15.2)

[Tomaras B (15.1) € = ¢, 3aKk/r09aeM, 9T0 CKpbITOe 3HaueHne &(T) BBIXOJUT 3a Ipe-
JIeJIbl Auala3oHa HabJI0IaeMbIX 3HATEHU [gﬁ(}), 5%)} C BEPOSITHOCTBIO % s peackasa-
aust £(T) ¢ HAJIEXKHOCTDIO 1) JIOCTATOYHO MMETh % — 1 0OBbEKTOB B cilydae OJHOCTOPOHHEN
OIIEHKH, 1 IIPUMEPHO BJBOE OOJIbIIIE, % — 1, ma aBycroponseit. B wactnocTn, 19 06 bekTOB
JIOCTATOYHO JIJT MOJydeHUsT BepXHeil ONeHKN ¢ Ha IeKHocThio 0.95.

§15.2 [loBepuTenbHble NHTEpPBasbl O/1S1 KBaHTUNEN

JdoBepuTenbHble MHTEepBabl ANl KBaHTUNEN B CUibHOW akcuomaTtuke [19]. Tlycrs
¢ —caydaiiHasi BeJIMYMHA C HEIPEPBIBHON CTPOTo Bo3pacTarolieil dpyHKInell pacipe/ie-
nennsi F'(x). Pemenue ypasuenns F(x) = a npu « € (0,1) cymecTByer n e MHCTBEHHO,



=133 =

oboznavaeTcs &, U HA3bIBACTC (-KGAHMUABIO PACNPEIENeHU TN KBAHTUIBIO TOPSIJIKA (V.
B wactrocTH, 1 ecTh meduana pacnpedeserus.
2
[Iyere X = {&,...,&} —BbIOOPKA { HE3ABUCHMBIX CJIyYalHBIX BEJIUYUH U3 PAC-
o . 1 ¢
npenenenusd F'. [loctpoum e€ BapmarmoHHbBIN sl §g() < e < 5;) C BeposiTHOCTBIO 1
OoH He uMeeT cBs30K. OTpe3ok [5&?,5&?)} SIBJII€TCS JIOBEPUTEJILHBIM HHTEPBAJIOM JIJIs

Q-KBaHTUJIN C ,ZLOBepI/ITeHbHOﬁ BEPOATHOCTBIO

PleY <& <9 = > Clal(l—a) . (15.3)
t=r

B wyactHOCTH, OT [ (r+1) gle=r) .

, otpesok &y 7, & }ﬂBﬂ;{eTCﬂ JIOBEPUTETLHBIM HHTEPBAJIOM JIJIs Me

T
JuaHbl (@ = 1) ¢ JOBEPUTENIBHON BEPOATHOCTBIO 1 — 2 z% Cta~t,
t—

JoBeputenbHble MHTepBasnbl ANA KBaHTunen B cnaboii akcmomatuke. Ilocranos-
Ky 3aJa49i IPUIAETCS MEHSITh, ITOCKOJIbKY HOHATUST (-KBAHTUIN U (DYHKIIUNA pacipeiesie-
uust F'(x) ompenesisiiorest depe3 TeOpeTHKO-MEPHYIO BEPOATHOCTD. AJIEKBATHON 3aMeHOM
KBaHTUIN &, B CIa00N aKCUMOMATHUKE SABJIACTCH M-Il Y4ICH BapUAIMOHHOTO Psijia TeHEPAThb-
HOIT BBIOOpKH X mpu m = «L.

Honycrum, 9ro ducioBas renepasibHas Boioopka X = {&;,...,&.}, cocrour u3 mo-
IMapHO pa3InIHbIX 3HavdeHuil. [locTponM e€é BapuaImoHHbBINA pPsiT 55(;) <-ee < fg).

Crenyrommast TeopeMa yTBEpzKIaeT, UTO, uMesl HabIIomaeMyi0 BBIOOPKY X, MOXKHO
IIpeJiCKa3bIBaTh 3Hadenue M = f%m) U OLICHUBATH TOYHOCTH IIPEJICKA3aHUI.

Teopema 15.2. Orpesok [fg;), fg?)] SABJISICTCS JJOBEPUTEIBHBIM UHTEPBAJIOM LIS BEJIA-

gnael M = & (m) ¢ i
=y ' ¢ JOBEpUTETBHOI BEPOSITHOCTHIO

S

PV <M <) =", (15.4)

t=r

/e BeposITHOCTH P moHmMaercst B coorBeTcTBHM €O C1a00H aKCHOMATHKOMH, KaK JIOJIST Pa3-
bueHnii reHepaJbHOi BHIOOPKH.

JlokazareabcTBO.
Bo-niepBbix, 3ameTnm, 910 P[ggg) <M< fgﬁ)] = P[fgg) < ]\/[] — P[fgﬁ) < M]
Pacemorpum cobbrtue S, = {fg), o ’%&m)} CX.

YcyioBue P[ﬁgp < M } PaBHOCUJIBHO TOMY, YTO B BBIOOPKY X TIOIaJlaeT He MeHee
7 3JIEeMEHTOB cOOBITUS S,,. Cormacuo Jlemme 2.1 u onpeie/leHUIO0 «IIPABOTO XBOCTa» TH-
[epreoMeTpUIecKoro pacipejernenus (2.4) orciojia cieiyer

Anajornano,

Py <« M] = Hy™ (s +1).
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Takum obpaszom,

Pl <M <P =H"(r) - Hy™ (s +1) =

S1 S1 s
=D ") = Y R =) ().
t=r t=s+1 t=r
Teopema joxkazana. u

MpepenvHbiii nepexop. loBepuresbHast BEpOsITHOCTE B ciaboil akcnomaruke (15.4) Bbi-
paxkaeTcsd depes TuilepreoMeTpudeckoe pacupeesenne. [lokazkem, 94To Ipu cTpeMICHUN
JUIMHBI CKPBITON BBIOOPKH K OECKOHEYHOCTH OHO CTPEMHUTCA K OMHOMUAIHLHOMY Pacipee-
JICHUIO, ITO MPUBOJUT K KJIACCHIECKOIl JoBepuTesibHoi BepogTHocTH (15.3).

[Ipu L — oo u k — 00, ukcupoBaHHOii JyinHe Hab/I0maeMoil BBIOOpKU £, (DPUKCHPO-

BaHHbBIX 7" ¥ S M COXPAHEHNH TIOCTOSHHOTO OTHONICHNA (v = 7 MMeeM:
—t t -t
tm o aCn o omb kL (L —m)! ymi(k—m)—"
hy™ (t) = Cy =Ly 1 SO/ =
cr (m—=t)! L (k—m+1t)! L

= C}f(m)t<§ — E)e t—> Cta'(1 —a)".
L L L

Taxum o6pa3om, epeHoC JIOBEPUTEILHBIX OIEHOK B CJ1a0yI0 aKCHOMAaTHKY MOTPebo-

BaJsI 1epedopMysInpoBaTh MOCTAHOBKY 3ajadn. B caboit akcmomMaTuke JIOBEPUTEIHHBIN

UHTEPBAJ 3aBUCHUT OT JIJTHHBI CKPBITOW BBIOOPKHU, TO €CTh OT TOTO, CKOJIBKO eIé HADJII0 16~

HUI IPEJICTOUT CJlesIaTh. B acuMIITOTUKE, IIPU CTPEMJIEHUN 9TOIO YUCIa B OECKOHETHOCTD,

HOJIYYaCTCAd KJIACCUYCCKU JIOBEPUTE/ILHBII NHTEPBaJ B CUJILHON aKCUOMAaTHUKE.

§15.3 KpuTtepwuii 3HakoB

Knaccnyeckunin kputepuini 3HaKoB 1poBepseT rurnore3y Hy o ToMm, 9TO B BbIOOPKe Ou-
napubx sesmana X = {b;}¢_,, b; € {0, 1}, eMHNTIEI TIOABIATOTCS ¢ BEPOATHOCTBIO P = %,
WM, APYTUMHE CJIOBaAMU, 9TO BEIOOPKA IOAINHSIETC ONHOMUAJIBLHOMY Pacipele/IeHIIO C Ia-
PaMETpPOM P = 3.

XpecToMaTUiiHbIA IpUMEp HIpUMEeHEHUs] KPUTEPHUsl 3HAKOB — IIPOBEPKA CHUMMETPHI-
HOCTHU MOHETHI TI0 TIOCIEIOBATEIHHOCTH BBITTQIEHUS «OPJIOBY» U «PeIneKs.

B npakTnuecknx 3ajiadax aHaJM3a JaHHBIX KPUTEPUl 3HAKOB IIPUMEHSIOT JJIsI IIPO-
BEPKHM paBEHCTBa, HYJIIO MEJIUAHbl BEIIECTBEHHON cirydaitHoil Benuaunbl €. s sToro me-
pexozaT K 6unapHoit BeIGopke b; = [§; > 0]. Ipyroe npumeHenue — mpoBepKa 2unomesol
cdeuza & = £ + § B JIByX CBA3HBIX BBIOOpPKAaX, rje 0 — BeJIMYMHA cJABUra. st 3Toro re-
pexozaT K OunapHoil BeiGOpKe b; = [ > & + 0]. B wactaocTH, npu § = 0 mposepsiercst
OTCYTCTBUE CJBUTA, WJIH, KaK €I¢ TOBOPAT, omcymemeue apdexma obpabomru.

¢

st BeimosiHeHust Tecta Berauciagercs crarucruka 1'(X) = > b;. Ilpu yeaosun, aro

runiore3a Hy BepHa, cTaTucTuka 1 MOIIUHIeTCS 6UH0MUCL,/le0JVLZ’y ioacnpede,/LeHum:

P[T(X)=t] =Cip'(1—p) " =Ci27"
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['mnoresa H, oTBepraercs Ha YposHe 3HAUUMOCTMU (v, €CJIN 3HAYEHUE CTATHCTHU-
ki T'(X) momnajiaer B KpUTHIECKY IO 06JIaCTh — «XBOCTBI» OMHOMHUAIBLHOTO PACIIPE/ICJICHNS,

] T(X)
52 Ci ¢ [5.1-5] (15.5)
t=0

KpuTepuini 3HakoB B C/1aboi akCMOMaTMKe CTPOUTCS 110 CYTH TaK Ke, TOJBKO (popMy-
JINPOBKa TUIIOTE3bI H( y»Ke He MOXKET ONUPAThCH Ha MOHATUE «BEPOATHOCTH €JIMHUIIBI»
1 OMHOMUAJILHOE pacipeieieHue.

Teneps runoresa Hy dopmynmupyercs Tak: «HaOJI0JaeMas BbIOOpKa X MOJydeHa

B pesyabrare ciydaiinoro pasouenus X LI X = X remepasbnoii seibopkn X = {b;}X
L
2
Ecim runoresa Hy BepHa, TO BepHO U OCHOBHOE IIPEIIOJIOXKEHUE CIaboil aK-

. L .
coziepzKallieil pOBHO MOJIOBUHY eIuHHL, m = y . b; = ¥», rae L — uérHoe ducio.
CUOMATUKU O paBHOIl BeposaTHOoCcTH pazdumenuit. I[Ipumenss Jlemmy 2.1 K coObITHIO
S = {bi e X: b = 1}, HIPUXOJUM K BBIBOALY, 4To cratuctuka 1'(X) momunuserca eunep-
2€0MEMPUYECKOMY PACTPEIENEHUIO:

Y

m—t L
o 1 dm _ ot T L—t _

PIT(X)=t] =h;™(t)=C} , om=g

L

I7le BEPOSITHOCTh P MOHMMaeTcs B COOTBETCTBUU CO CIaDON aKCHOMATHKOM, KaK J0JIs pa3-

Ouenuii reHepasbHON BEIOOPKH.

Jlajiee cranjapTHas JIOTUKA IPOBEPKH CTATUCTUYECKUX TUIIOTE3 TIEPEHOCUTCA B CJla-
Oyro akcuoMaTuky 0e3 m3Mmenenwnii. ['unoreza Hjy oTBepraercd Ha YpOBHE 3HAYUMOCTH (v,
ecin 3Hadenne T'(X) monagaer B kpumuueckyro obaacmo:

l,m [} a

Hy™ (1(X)) ¢ [3,1-3],

MpepenbHbii nepexoa. [lapamerp L ObLT BBEJIEH UCKYCCTBEHHO B PE3YJILTATE MBIC/IEH-
HOT'O JIocTpauBaHus HabJroaeMoil BBIOOpKH X 10 reHepabHON BHIOOPKHN X. YCTpeMJisis
L

Juiany BbIOOpKH X B GECKOHEYHOCTH NPU M = 5 1 (PUKCUPOBaHHBLIX {1, mojyvaeM BCE

TO 7Ke OMHOMUAJIBLHOE paclpe/ie/ieHre, IPUBoJsinee K Kiaaccudeckomy kpurepuio (15.5):

l—t mZ
=C] =Cho .
l (Qm)g 4

m! m)! k! mim
PIT(X)=t|=C" — (!
7 =] Elm—t)(m—L+t) L £t
TakuMm 06pa3oM, HepeHoc KPUTEepHd 3HAKOB B cJabylo aKCHOMATHKY IIOTpebOBaJl
JIAIIB TIepeOPMYITUPOBKHU HYJIEBOI THIIOTE3bI, HE N3MEHUB PE3Y/IbTAT 110 CYIIECTBY.

§15.4 Kputepuin YunnkokcoHa—MaHHa—YuTHn

Knaccuuecknii kputepuii YunkokcoHa—MaHHa—YuTHn — 510 HenapaMerpudecKuii
CTATUCTUIECKUI KPUTEPHil, OOBITHO MCIIOJIB3YEMbIi JIJI IPOBEPKH 2UNOME3bL 00HOPOOHO-
CMA — TIPeJIIoJIoKeHus, uTo JBe Bbibopku X = (z1,...,2¢) u X = (2},...,x}) B3aTI
U3 OJHOrO pacupeaenenns. [Ipemnosmaraercs, 4To BEIUNIUHBL X, L' U3MEPSIOTCS B KOJIMYE-
CTBCHHOI WU IOPAJJIKOBON IMIKAaJIE.
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Crporo roBopsi, HYJI€BOIl THIIOTE30i1 B JAHHOM KPUTEPUU sBJseTCs Oojiee ciraboe
upesmnosnoxkenne Hy: P(x < 2') = % [TosToMy OH cumTaeTcs He JOCTATOYHO MOIIHBIM JIJIs
IIPOBEPKU T'UITOTE3BI OJTHOPOTHOCTH.

JIJ1st IpoCcTOTHI B KavdecTBe ajibrepHaTuBbl pacemorpuM Hy: Pz < o) > % [Iposepka
JIBYCTOPOHHE! a/IbTepHATUBBLI HE HAMHOT'O CJIOXKHEE.

To, 9To MaHHBIIN TEeCT He BCETrJia MO3BOJIAET OOHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO TIOKA3aTh C IOMOIIBIO KOHTpIpIMepa. Bo3bpMéM ase BeI6opKH X, X PaBHO JITHHEL
[Iycts X cocpenorodena na oTpeske [1,2], mososuHa BHIGOPKH X cocpeqoTodeHa Ha OT-
peske [0, 1], Bropasi nosiosura — ua (2, 3]. Torga runoresa Hy cripasejiuBa, a MUnoresa
OJIHOPOJTHOCTH, OYEBUIHO, HET.

ﬂﬂﬂ BLBIIIOJIHCHMA TECTa BBIYUC/IACTCA CTaTUCTUKA

1 k

U(X,X'):ZZ[@-<$;].

i=1 j=1

O06BITHO HCTOIB3yeTCsA OoJIee SKOHOMHBIN crtocod Beraucsiaenns U. Ctpourcs Bapua-
monueii pax ) < .. < 20 obbemuuénnoit Bo6opkn X = X U X. s mpocToTsl
OyaeM Ipejro/araTh, YTO BapUaIlMOHHBIN PsI HE COAEPKUT CBsI30K. Jlasee HaxomsTcs
pauru r(x;) € {1,...,L} s71eMeHTOB 1epBOii BBHIOOPKH B OOIIEM BapUAIMOHHOM DSLY,
u U BbIpaxkaeTcs depes UxX CyMMapHBI paHT:

14

U(X, X) zﬁk—i-@—xr(xi).

Takum oOpa3om, JaHHBIN KPUTEPUil sIBISIETCA IIPUMEPOM PaH206020 KPUmMepus.
Pacrpenenenune craructukn U acuMIITOTUYECKA HOPMAJIBHO, TPUIEM aCHMITTOTHKOMN
PEKOMEH/IyeTCsl 10JIb30BaThes yxke 1ipu £,k > 8 [34, 4, 25]:

U— 1tk
\/%ek(€+ k+1)

U= ~ N(0,1).

Ecimn U > &y, tie 1, — (1—«)-KBaHTUIH HOPMAJBLHOTO PACIPEIEIeHHs], TO TH-
moresa Hy orBepraeTcst B MOJIb3Y aJIbTepHATUBLI H{ NP yPOBHE 3HAYUMOCTH (V.

B cnaboi akcmomaTuke aHAJIOrNOM THIIOTE3bI OJIHOPOJHOCTH SIBJISIETCS OCHOBHOE TIPE/I-
[I0JIOYKEHUE O PABHOI BEPOATHOCTH BCeX pa3Ouenuil. /lanubrit Kpurepuil 03BOJIIET IPOBe-
PUTD, MOTIA, 1 1Iapa BEIGOPOK X, X GBITH IOJIyUeHA B PE3YJIbTATE CJIYUAHOIO Pa3OHeHNs
ncxoiHo# BBIOOpKM X Ha jiBe dacTu. CoobpakeHusI O HEJIOCTATOYHON MOITHOCTH ITOTO
KpUTepHs U KOHTPIPUMED OCTAIOTCS B CHUJIE.

C rouku 3peHnst craboil akcnoMaTuKu 3HaK BepogTHocTH P B yenosuu Plx < 2] = %
yHoTpeO/IEH HEKOPPEKTHO, TI09TOMY rutiote3y Hy HeobxouMo 1nepedopMy/InpOBaATh.

I[lepsast unTepnperanus runoressl Hy. Jdomyerum, uro u3 moaseibopox X, X ciy-
JaifHO ¥ PaBHOBEPOSTHO M3BJIEKAETCS MO OJHOMY OOBEKTY, * u =’ cooTBeTcTBeHHO. TO-

T'Ta BEPOATHOCTDL Ha/IO ITOHMMaTb B CMbICJIE YyCPpEAHEHNA HE TOJILKO 110 BCEM paS6HeHI/IHM
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BBIOOPKHN X, HO W II0 BCeM cIocobaM B3sTH 10 ogHOMY 00bekTy m3 X m X. B ciaboit

aKcnoMaTnke BeposaTHocTs Pz < @] neficrurensio pasna 3

L L
Plz < 2] :E%ZLEX%Z%EXH@<$]]:
i=1 j=1
L L 0—1
1 1 L(L—-1) C&L o1
= sz<xj .T,LEX}[LCJ'EX}/:@. 5 'CL’;:?

7

1 j=1 ~
£—1 0
C4L72/CL

Otciona cremyer, aro EU (X, X) = %Ek. DTO 1 ecThb BTOpasi WHTEPIIPeTAIns THIIOTe-
3ul Hy, He Tpebyiommas BBeICHUs JONOJIHATEILHON PaHI0OMU3AIINN.

Pexkyppentnasi (bopmysia jijist pacupejesieHus craTucTuku U BBIBOAUTCS B cyraboit
AKCHOMATHKE TaK »Ke, KaK OHa Oblja MOoJIydeHa B HCXOJHBIX paborax [89, 66].

Teopema 15.3. Ilycrs Bce 3uavenus: B BbIOOpKe X ronapHo pazyimdnbl. Pacrpeerernme
crarucrugn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,... 0k},

HE 3aBHCHT OT 3JIEMEHTOB BBIOODKH X H BBIUHCJISICTCS 110 PEKYPPEHTHOIH pbopmyie
Pyj(u) = %Péfl,k(u) + %Pf,kfl(u —0),

1IpU HA9aJIbHBIX YCJIOBHSIX

Pro(u) = Pog(u) = [u=0], we{0,...,0k};
Prip(u) =0, wug{0,..., 0k}

JlokazaresbcTBO. 110CTPONM BapHAIMOHHBIH psi1 d1eMeHToB Beibopkn 1) < - .. < (1),
OH He COJEPKUT CBA30K B CUJIY YCJIOBHS HONAPHON PA3TUIHOCTH.

O6oznammm b; = by(X) = [ € X]. Bunapuas nocienosatenbnocTs by, . . ., by, co-
JiepkuT posHO ¢ equnui u k myseit. Torma

L L
= § E [0 < j]bi by,
i=1 j=1
riae b; = 1 — b; — orpunanue OHHAPHON BEJMYUHLI. 3HaUeHNe CTATHCTHKH U He 3aBUCHAT

OT 3HAHEHNIT 3JIeMeHTOB BRIOOPKH X, a TOJTbKO oT pasbmenns (X, X ) 1 mapaMeTpoB JITHHBI
110186160poK £, k. Urobbl Haiitu pekyppenthyto dbopmyity g Upy = U(X, X), sanuiem

L-1L-1

L—1
U =SSl < i1biby + 503 b
= =1

Ecsn by, = 1, To nepsoe ciaraemoe B 9T0it cymme ectb Up_q i, & BTOPOE PABHO HYJIIO.
L1

Ecu by, = 0, To nepBoe ciraraemoe B 910it cymme ectb Uy 1, a BTOpoe y | b; = (.
i=1
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Taxum obpasom, Uy = bpUp_1x + br(Upg—1 + £).
AHnasormaHoe peKyppeHTHOE COOTHOIIEHNE BBIOJIHACTCA U JIJIsT BEPOATHOCTEI:

Pyr(u) = P[x(L) € X} [Ug,l,k = u] + P[x(L) € X] [U&k,l +{= u} =
= %Pg_ljk(u) + %ngk_l(u — 6)

Havaspmble yeaoBust Jyist Py (u) SBIAIOTCA OYEBUIAHBIM CJIEACTBUEM HAYAJIBHDBIX
yeaosuit 1yt U: Uy = Uy, = 0 n orpanndenuii na 3uadenns aprymenta u € {0,. .., (k}.
Teopema jokazana. [

s mpoBepku runore3bl Hy cTpoutcs pacupeseaeHue Y nJIKOKCOHA

U
W(U) =>_ Pix(u).

Ecmu U > Wi_,, tie Wi, — (1—«)-kBanTuib pactpejiejienus Y UIKOKCOHA, TO TU-
nore3a Hy orBepraercs B M0OJIb3Y aJbTepHATUBLI H IIpU ypOBHE 3HAYUMOCTH (1.

[To Bceit BujimMoCTH, HE TOJILKO KpuTepuil Y uikokcoHa-Manna—Yutnu, Ho u OoJiee
IMUPOKUIT KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCS B CJIa0YI0 aKCMOMATUKY 0e3 3Havu-
TEJIBHBIX JIOTIOJTHATEIHHBIX YCUIUIA.

Pe3iome

B ciraboit BepogTHOCTHO# akcMOMaTUKe YAaETCs MOIydaTh aHAJIOIM MHOTHX Helapa-
MeTpI/IquKI/IX CTaTUCTNYECCKUX KpI/ITepI/IeB nu rZLOBepI/ITe.HbeIX OLIEHOK, I/ICHO.HI)SyH YUCTO
KOMOMHaTOpHBIE MeTOIbI. [Ipn 9TOM pe3y/bTaThl SIBJISIOTCA TOTHBIMEU U (DOPMYIUPYIOTCS
B TEPMUHAX KOHEUHBIX BBHIOOPOK. B psjie ciiydaeB MeHAeTCsT HHTEPIIPeTAIis NCXOTHON M0~
CTAHOBKH 3a/a9M, HAIpUMep, (pOpPMY/INpPOBKa HYJIEBON rumoresnl. [IpemebHbIi mepexos
L — oo npu puKCHpOBaHHOI JiytiHe Ha0J110/1aeMOl BBIOOPKH £ IPUBOJUT K KJIACCUIECKUM
pe3yﬂbTaTaM. EI‘O MOZKHO I/IHTepHpeTI/IpOBaTb KaK CHOCO6 HO.HyLIeHI/IH ACUMIITOTUYIECCKUX
OIIEHOK, He T0Ipa3yMeBaOIINil CYIIeCTBOBAHUS PeabHBIX BEIOOPOK, JIJIMHA KOTOPBIX CTpe-
MUTCS K OECKOHETHOCTH.

Ynpa>kHeHus

Bamada 15.1 (5*). Kpurepuii cepuit Banbga—Bosbdosuna B ciaboit akcnomaTuke.
Bamaua 15.2 (5%). Kpurepuit Kpackesa—Yosumca B c1aboil akcuoMaTuke.

Bamauda 15.3 (5*). Kpurepuii pasencrsa nyso kosbduruenta koppessiun Kenea.
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