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Cruenkypce «Teopus najékuOoCTH 00YUEHUs IO TPEIEICHTAM» YUTACTCS CTYICHTAM
kadespol «Maremarnueckue meTosbl poruosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHeHNEe K o0sg3aTeTbHOMY KadelpagabHoMy Kypcy «MaremaTnieckme MeTOJIbl PACIIO-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJEHTOB C COBPEMEHHBLIM COCTOSHHEM Teo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaercst
pobJIeMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUYECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toi Teopun ObLin coBerckme marematuku B. H. Bamauk u A. f. Yeponenkuc.
B 80-e rospr Ta TEOpPUS MOTYUMIa MTUPOKYIO MUPOBYIO U3BECTHOCTD, M B HACTOAIIEE Bpe-
Msl pa3BUBaeTCd O4eHb aKTUBHO. OJinH n3 OCHOBHBIX BOIPocoB SLT — Kak KoJIMuecTBeHHO
OIICHUTH CIIOCOOHOCTDH aJrOPUTMOB KJIACCU(PUKAIUYA ¥ TPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIUPUIECKUX (DAKTOB. B KaKMX cjydasx MOKHO YTBEDKJIaTh, 9TO OOIUE 3aKOHOMEP-
HOCTH, BBISIBJIEHHBIE 110 TaCTHBIM IIpereleHTaM, He OKayKyTCs JIOKHbIMEI! Kak n3bekarh
repeodyvenns — CUTyalllnd, KOTJIa OTBETHI aJrOPUTMa CJIMIIKOM TOYHBI Ha OOydJaronieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B mannoM mocobum m3iaraercs repBasi 9acTh Kypca, OCHOBAHHAsI Ha PE3Y/IbTaTax
aBTopa, ero yueHnkos u koJuter: /1. KouenbikoBa, A. saxuenko, 1. Pemmernska, A. @pes,
N. Toncruxuna, I1. Borosa, M. UBanosa, . 'yza, I'. Maxunoit. Bropas yacTtb Kypca, 1mo-
cBAMEHHas 0030py coBpeMeHHbIX jgoctuxkenuit ST, He Bomura B jJaHHOE 1IOCOOME.

OcHoBHas 1€JIb CIENKypca — JaTh IVIyOOKOe IMOHUMAHWE SBJICHUS IepeodyueHus,
HeoOXOMMOe TIPU PEIIeHN TPUKJIAIHBIX 3a/1a9 WHTE/UIEKTYaJIbHOTO aHaJn3a, JIaHHbIX.
Bropas meib — nmokasaThb, Kak CO3JaéTCAd MaTeMaTUYeCKas TeOPHsd, BOBJIEYb CTY/IEHTOB
B 3TOT YBJICKATEJbHBIA TBOPYECKUI IIPOIIECC.

Kaxkaprit naparpad cooTBeTcTBYeT OJIHO# JIEKITUU, HO MOXKET COJEPXKATH IyTh 00JIb-
e MarepuaJia, YeM MOXKHO yCIIeTh M3JIOXKUTH 3a MOJITOpa daca. B KOoHIe OOJIBITUHCTBA
JIEKIUI umeroTcs yrupaxkaenud. J[s kak1oro ynpaxkKHeHus B CKOOKax yKasaHa OIeHKa
CJIOZKHOCTH. YTIPaxKHEHUs, TTOMEYCHHbIC 3BE3/I0UKO, ABJISIOTCA OTKPBITHIMU TTPObJIeMa-
MU HA& MOMEHT HAIMCAHUS MOCOOMA. DTO O3HAYAET, UTO OHU HAMOOJI€e MHTEPECHBI, XOTs
U He 00s13aTeJIbHO CJIOXKHBI — JI0 MHOTUX 3a/1a4 IIPOCTO He JIOXOJUIN pyKu. B KoHile HeKo-
TOPBIX JIEKIUI UMEIOTCS 33/ [aHusl JIJI BBIYUC/IUTEILHOIO TPAKTUKYMA.

Huke mpuBejiena cxema 3aBucuMocTn naparpados. JIeknu BepxHero psijia o0pa3yoT

OCHOBY KYypCa, HU2KHUE ABJIAIOTCA JOIIOJIHUTE/IbHBIMU.
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1 [Npobnema nepeobyyeHuns
n cnabasi BEpoOATHOCTHasi akCMoMaTuKa

MarmuaHoe 0OydeHne Win obyuenue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peliaTh 3a/ia9y ITPOrHO3UPOBAHUS U IIPUHATHUS PEIIeHUl B YCIOBUIX,
KOTJia 3HAHMUI O MpeJIMEeTHON 00/1acTi He XBaTaeT sl IOCTPOEeHUs 0OOCHOBAHHBIX MaTe-
MaTHIeCKUX MOJeseil, HO 3aT0 MMEIOTCA 3HAUNTEIbHbIE MACCUBBI SMIIMPUICCKUX JTAHHbBIX.

Tunuasaelii npuMep — 381891 MEIUITHCKON JTHArHOCTUKN. 31eCh O/ JTAHHBIMH I10-
HUMAIOTCS 3JIEKTPOHHBIE ucTOpuu Oosie3uu. [aHHbie 00 OT/IE/IHHOM KJIMHUYECKOM CJIyYdae
BKJIIOYAIOT aHaMHE3, Pe3y/IbTaThl 00C/Ie0BaHn, Ha3HAYEHHbIE JIedeOHbIe MEePOIPUATHSI,
[IOKA3aTeIn Pe3yAbTaTUBHOCTH JIeUeHus, U T. 1. Tpebyercs MoCTpOuTh aJrOpUTM, KOTO-
PBIif HA OCHOBE UMeOIIeiicst mH(OPMAaIUA O HOBOM ITallieHTe MOI' ObI IIOCTABUTE TUATHO3,
PEKOMEHIOBATH JIEYeHNe MU MTPEJICKA3aTh NCXOJT 3a00/IeBanms. 3aa9a 00y ueHus no npe-
yedenmam 3aKJII0IAETCI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Yy4arou,et
6bL00PKU — COBOKYITHOCTH IIPEIEeHTOB, HAOIIOJABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIPa-
BUJIbHBIC JIMATHO3BI (PEIeHNs], HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit mpumep — 3agada kpedummoz2o ckopuHea. 3IeCh TPEeIeHThl — 9TO 3asBKH
Ha MOJIyJeHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTE/sT BKIIOIAIOT: BO3PACT, IO,
obpa3zoBanue, mpodeccuio, craxk padbOThI, JOXOJ CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajau4dne TeynedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI 1O OOydaroIieit
BBIOOPKE 3aEMIIUKOB C Y2Ke U3BECTHOM KPEeJIUTHON UCTOpHEil ITOCTPOUTh aJIrOPUTM, IIPe/I-
CKa3BIBAIOININ, Oy/IyT JIN Y JAHHOTO 3asIBUTEI MPOOJIEMBI ¢ TIOTAIIeHUEM KPeJIITa.

CymiecTByeT mpocToii aJropuT™M, KOTOPBIN BBIIAET MPaBUIbHBIE PeleHns /it 00b-
ekToB oby4Jaroreil BbiOopkr. OH cpaBHUBAET HOBBIN OOBEKT C KaxKIbIM U3 00YUIaronnx
00BbEKTOB, M B CJIydae IIOJHOTO COBIAJICHHUS BBIIAECT IPABUILHOE DPEIIeHHe W3 Tab/IUIbI
MCXOMHBIX JIAHHBIX, a BO BCEX OCTAJIbHBIX CIydasdX BHIOMpaeT ciaydaiinoe pemrenne. Taxkoit
AJITOPUTM CIIOCODEH OOYUINTHCS pa3Be UTO UT'Pe B «KPECTUKU-HONKN». B Oostee comeprka-
TEeJBHBIX 3ajladax JIJId YCIEHTHOTO OO0YYeHHsI BayKHO HE TOJIBKO 3allOMUHATH, HO U 0000-
maTh. CIIocoOOHOCTDH AJITOPUTMOB ITPABUIBHO HAXOAUTH OOIINE 3aKOHOMEPHOCTH 10 SMIIU-
PHYECKUM JIAHHBIM Ha3bIBAIOT 000bwatouseti cnocobnocmuio (generalization ability).

OcHoBHasg 3aJa49a Meopuu cmamucmueckozo obyqenua’ (statistical learning theory,
SLT) 3ak/rogaercs B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OTIEHKHU ODOOIIAIOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaloliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOKHBIE OIEHKN, PACCUNTAHHBIE HA XYM CIydail, Ha IpaKTUKe MOI'YT IPH-
BOJIUTH K OMIMOOYHBIM pereHusAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcs HOBOE Ha-
npasyieare B SLT — komOuHaTopHasi Teopusi 0600mAioOeil criocoOOHOCTH, TTO3BOJIAIONIAS
6oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEODY ICHMS.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Pazmmaus mexxry COLT u SLT nososbho yeaosabl. B wacraoctun, COLT Britouaer B cebst pobieMaTuKy
BBIUKMCJIUTEIBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHune n nepeobyueHune

[IycTh 3a/1aHO KOHEYHOE MHOXKECTBO 0ObeKTOB X = {m1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100PKOTl; MHOKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Oounapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) = 1, TO TOBOPST, 4TO AJITOPUTM @ OIMIUOAETCsI HA OOBEKTE .

Yucyio omumbok anropurMma a Ha Bhibopke X C X ecTb

n(a, X)=> I(a,z).

zeX

Yacmomot owubox anropurma a Ha Beioopke X C X Ha3bIBaeTCH OTHOIICHUE
v(a, X) = n(a, X)/|X].

3apayva obyyveHus no npeuegeHTam. Jlomycrum, 9TO reHepasibHasi BRIOOPKa pas3buTa
Ha JBe moaBeibopkn, X = X L X. Beibopka X HassBaeTca naba00aemoti WL 06y4aio-
wieti, 17151 00BbeKTOB & € X M3BECTHBI 3HAYEHHUs WHaAuKaTopa onmokn I (a, z). Boibopka X
HA3BIBACTCS CKPOIMOT WA KOHMPOALHOU, U Ha Hell 3HAYCHUsT WHINKATOPA, OMMNOKNA HEen3-
BECTHBI. 3a/1a9a COCTOUT B TOM, 9TOOBI HAMTHU aJrOPUTM @ € A ¢ MUHUMAJBHBIM THCJIOM
ommbOK Ha TeHepaJibHOil BEIGopKe n(a, X), mosb3ysich ToIbKO nHGoOpManueii o HabJIo/1a-
eMoit BeIOOpKe. /lannas 3aja4da B 00IIeM ciiydae He UMEeT TOYHOTO PEIIeHUs, TTOCKOIbKY
AJICOPUTM @ BbIOUpaercs 10 HernosHoi nHdopmarmn. [losTomy craBuTcs 3a1ada MoucKa
npub/INKEHHOTO PEIeHUsT U OIEeHUBAHUS €r0 TOUHOCTH.

Memodom obyuenua® HaspBaeTca oTobpazkenne [1: 25 — A, KOTopoe MPOM3BOILHOI
obyuatorteit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBIH ajroput™ a = X u3 A.

Haubosiee ecrecTBennast crparerus oOydeHUsS — HAfTH aJroOpuTM, JIOIYCKAIONIN
HaMMEeHBIIIee THCI0 OmmMOOK Ha obydaroreil Boioopke. O6osnadnm 1depes A(X) mogmmuo-
JKECTBO aJIFOPUTMOB @, HA KOTOPBIX 4ncJio omubok n(a, X)) MUHUMAJIBHO:

AX) = Argmeifrlln(a,X) ={a € A:n(a,X) <n(d,X), Vd' € A}. (1.1)

Ecmn pX € A(X) s mo6oit obyaarorieit Bei6opku X C X, TO METOJL /1 HA3BIBACTCS
METOIOM MUHUMUSAUUY IMNUPUMECKO20 PUCKA.

Iepeobyuenrocmuio anropurMa a npu pasbmennu X LI X = X HasbIBaeTcs pasHocTb
9acTOT €ro omubOK Ha KOHTPOJIE U O0YUEHUN:

§(a, X) =v(a, X) — v(a, X).
Ilepeobyuenrocmoio MeTO/Ia (1 HA3BIBAETCS I€PE0OYIeHHOCTD aJllOpUTMa ¢ = (X :

6H(X) = 5(:“X>X) = V(MXaX) - V(MXvX)'

2B aHTI0A3bIMHO# IMTEpATyPe MeTo/ 00yYeHN IPUHATO HAZLIBATD an20pummom obyuenus (learning
algorithm) [72], a amropurm a: X — Y — kuaccudukaropom (classifier), rumoresoit (hypothesis), pera-
romeii dyukiwmeii (decision function), mu6o npocro dyuknueit (function). Tepmun «anropurm» B cMbIcse
orobpaxkennst X — Y ynorpebisiercst B paborax HayIHOI mkous! akajemuka FO. 1. ZKypasiésa [26]. Tep-
MUHBI «<METOJI» U <«AJITOPUTM», 0003HAUAIOIINE IIPOTIE/LyPY HOCTPOEHUsT (DYHKIIUNH ¢ 110 BHIDOPKE JTAHHBIX
yIOTPEOJISIIOTCS B OT€UEeCTBEHHON JinTeparype Buepemexky [11, 1, 28, 27].
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Puc. 1.1. IIpumep marpurnsr omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pazbuenuii BLIOOPKK HA HAOJIIOIAEMYIO U CKPBITYIO IMOJABBIOOPKHU. MeTom MuHm-
MU3BAIIH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISAETCH ePeodyIeHHBIM
OTHOCHUTEILHO JIAHHOMN Mapbl BBIGOPOK, npudéM 1pu Jiodom & € (0,1).

Ecmu 0,(X) > € npn nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

MaTpuua owmnbok. Bunapublii BekTop-croaber d = (I (a,xi))le Oy/1eM HA3BLIBATDL GEK-
mopom owubok arropurma . COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIMMOOK,
MOPOK/IAEMBIX ajroputMamu a € A, obpasyer mampuuy owubox pasmepa Lx D. Ctpokn
9TOIl MATPUILI COOTBETCTBYIOT O0BEKTAaM, CTOJIOILI — ajqropurmam. Hucsao crosbios D
MOZKeT ObITh MeHbIe |A|, Tak Kak pasaudHble aJrOPUTMBI MOTYT MOPOXKIATH OJIMHAKO-
BbI€ BEKTOPHI OMUO0K. MHOXKeCTBO aJiropuTMOB A BIIOJTHE MOXKET OBITH U OECKOHETHBIM,
OJTHAKO 9HCJIO [) TOMapHO Pa3/JNdHbIX BEKTOPOB OIMMOOK BCEr/ia KOHEYHO U He IPEBBI-
maer 2. B nanbHeiimem mMeHHO MATpPHUIA OMKOGOK C MONAPHO PA3IMYHBIMU CTOJIOIAMN
OyIeT Jijig HAC OCHOBHBIM OOBEKTOM HCCJIEIOBAHUS.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00yJaIOIyI0 U KOHTPOJILHYIO
BBIOODKHU TaK, YTO aJrOPUTM @4, MUHUMU3UPYIOMINI SMIUPUYECKHUI PUCK, JIOIMYCKAET

OomuOKM Ha BCeX 00beKTaxX KOHTPOJIBHON BBIOOPKH. DTO U €CTh IepeodydeHne.

MozkHO TIPeIoIoKUTE, 9TO B JIAHHOM IIPUMepe repeodydenne OKa3aIoCh CJIe/ICTBU-
eM HEeyJIa9HOTO pa3dueHns BLIOOPKY Ha 00ydeHre U KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X U MeTO/T
0Oy9eHNUd (i, ¥ HEe 3aBUCHAT OT caydaiinoro pasomenms X, X.

3apaun knaccucmkaumm n BocCcTaHoBAeHUst perpeccuun. Jlomycrum, 910 KazKI0My
obberty x € X coorBercrByer npasusvhuiti omeem y(xr) € Y. @yuknns y: X — Y Hazbl-
BaeTcs yenesol sasucumocmouio (target function).

B kauectBe asrzopummos OyjieMm paccMaTpuBaTh (PYHKIIUU TOTO Ke BHJA a: X — Y,
Joryckaromie 3hGeKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOXKecTBa A galre BCero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anzopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1usi, © — MHOXKECTBO JIOIYCTUMbBIX 3HaUYeHUI TapamMeTpa #, Ha3bIBaeMOe npocmpaHcmeom
NapaMempos Wil npocmpaHcmseom noucka (search space).
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B kauectBe undurxamopa owubru BozbMéM Omnapuyio dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanue a(r) CyIMECTBEHHO OTJIMYAETCsI OT MPAaBHJIBHOTO OTBE-
ta y(x). NHauKaTop onmbKI MOKET OINPEIeNsIThCs MO-PA3HOMY B 3aBUCHMOCTH OT TIOCTa~
HOBKH 3812491, TJIABHBIM 00Pa30oM — OT HPUPOBI MHOXKECTBA JOIYCTUMBIX OTBETOB Y.

B sagauax xaaccudurayuy, MHOXKECTBO KIaccoB Y KOHEUHO, U MHIMKATOD ONIMOKH
Jalre BCero 3a/1aéTcd B Buje’

I(a,z) = [a(z) £y(x)], z€X, acA

B sajauax soccmanosaenus peepeccuu U MHOTHX 3ajadax npoznoduposanun Y = R,
U BeJIMYUHY OIMMOKH MPUHSATO XapaKTephu30BaTh HENPEepPbIBHON ¢ynkuyuetd nomepv (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))z. Tem me MeHee, MOXKHO
onpeJesATh U GuHApHBbIE (DYHKIMH TI0TePhb, HATIPUMED,

I(a,z) = [la(z) —y(z)| = o(z)], z€X, aecA,

rjge o(x) — TOPOroBbIil YPOBEHB, BBINIE KOTOPOIO OTKJIOHEHHE CUUTAECTCH OITHOKOI.
SameTnM, 9YTO OMHAPHAs (DYHKIINA IOTEPD ABJIETC pobacmHot, TO €CTh HeIYBCTBUTE b
HOM K 6610pocam — OOJIBIINM OTKJIOHEHHAM OTBeTa ajaroputMa a(z) or ucTuHHOrO Y(1).

IIpumep 1.2. Ilycrb oObeKTaMu $BJIFIOTCSA N-MEpHBIE YUC/IOBBIE BEeKTOpbI, X C R™.
O6oznaunm uepes (£, 0) = &101 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPoB B R™.
Jlunetinvie cemeticmea ar20pummos ONPEeIesIAIOTCA CAEIYIOMUM 00Pa30M:

A = {a(x) =sign(z,0) : § € R"} — nua sana1 knaccudukamun, Y = {—1,+1};
A= {a(x) = (z,0) : § € R"} — nna sazau Boccranosnennus perpeccun, Y = R.

JIMHEeNHbIN aIropuT™ KJIaCCU(UKAIIINYT TIPEJICTaBIAET COOO0M TUIIEPIIOCKOCTD ¢ HAIIPABJIs-
IOIIIM BEKTOPOM 0, pa3ie/Isiioly o MpOCTPAHCTBO Ha JiBe 001acTh — Kjaacchl —1 m +1.

B Teopun nepeobytienus MOHATHE «aITOPUTMa» MOYKHO He KOHKPETU3UPOBATH, IIPE/T-
HoJtaras JINIb, 97O 9TO HJIEMEHTHI HEKOTOPOro abcTpakTHOro Muokecta A. ['maBroe, 1To-
OBI I JTIOOOTO aJITOPUTMa @ OBLIAa BOZMOXKHOCTH OIPEJIC/IUTD, JIOMYCKAET JIN OH OIHOKY
Ha oO0bekTe . Takoe MOHMMaHIE «AJTOPUTMa» C OJHOW CTOPOHBI PACIIHUPSIET KJIACC PAc-
cMaTPUBAEMbBIX 3a/1a, HO C JIPYTOil CTOPOHBI OPAHUYUBACT €r0 TEMH 3a/[adaMi, B KOTO-
PBIX BazKeH JIMIIh (akT OMUOKN, HO He BaxKHa BesimdnHa oTkjonenus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npusesién npumep 3a/1a4u KjiaccuuKaIlum ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistioress L = 10 TO9eK MIOCKOCTH, IO 5 0ObEKTOB B KAXKJIOM
KJIacce, aJrOPUTMAMK — BCEBO3MOYKHBIE PA3/IEISIOINIe MPSIMbIe, TO €CTh B JIAHHOM CJTy-
qae A —9T0 ceMeiicTBO aunelinnr kiaccuguramopos. B marpuriie ommbOK COMEPKUTCA
OJIUH HYJIeBOI cToJiber (0ObeKThI Pa3IessoTcs IpsMoil 6e3 omuboK), 5 cToIbIoB ¢ OJ1-
HOIT OIMOKOIA, 8 CTOJOIOB € JIByMsI OMINOKAMM, U T. 1.

SKpapaTabie CKOGKH TIEpeBOJIAT JIOTHYECKOe 3HAadYeHme B dmcjopoe: [moxb] = 0, [mctuna] = 1.
Dro o¥eHb HpakTUUHOE 0603HAYEHUE, HA3bIBaeMoe Homayuel Alsepcona [19].
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Puc. 1.2. [Ipumep MaTpuiipl ormmodOK, MTOPOKIAEMON CeMeCTBOM JIMHEHHBIX aJIrOPUT-
MOB KJyaccudukanun Ha BbIOOpKe mamabl L = 10, comep:karreit 5 00bEKTOB OJHOIO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCE aJrOPUTMBI C MOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIIHOOK, C 9HC/IOM OIMUOOK, COOTBeTCTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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Puc. 1.3. Basucumocrs v(puX, X) or v(pX, X) s 3a1a4u IpOrHO3UPOBAHUS 0TI~
JIEHHOI'O Pe3yJIbTaTa XUPYPrUIeCKOro JIEUeHIs ATEePOCKIEPO3a.

[Ipu periennn NpUKIaIHBIX 3a/1a4 IIepeodyIeHre HaOII0IaeTCd TPAKTUICCKH BCETIA.
Bennunna nepeoOydeHHOCTH MOYKET OKa3aThCd KaK IMPUEMIEMO MaJIoil, TaK U HellpueM/ie-
MO OoJibImoi. i yipaBjeHus poreccoM o0ydeHusl XOTeJ0Ch Obl MMETh TOYHbBIE KOJIU-
YeCTBEHHbIE OIEHKH 11ePe00yIeHHOCTH.

IIpumep 1.4. Ha puc. 1.3 Touykam COOTBETCTBYIOT &JI'OPUTMBbI, TOCTPOEHHbBIE PA3TUIHbI-
MH MeTOJaMu OOyUeHUs 110 OJIHONW M TOH Ke BBIOOPKE B 3ajade MPOrHO3UPOBAHUS OT/Ia~
JIEHHOTO PE3yJ/IbTaTa XUPYPrudecKoro jgedenns arepocksaeposa. OObekTaMu x; SBJISIOTCA
onucanust GOJIbHBIX JI0 TIPOBEJIEHUs ONePAIUH (JJAHHBIE TEMOJANHAMUKU U UMMYHOJIOTHYE-
ckoro obcreoBanns ); oTBeThl y; € {0, 1} KomupyroT pesyabrar JIeueHnst 9epes3 ToJl IOCIe
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onepanun: 0 — ycrex, 1 — pecreHo3 IIyHTa W IMOBTOpHas oreparus. [lo ropusonTabHOI
OCH OTJIOXKEeHa TacTOoTa OIMINOOK Ha 00yYeHUH, 110 BEPTUKAJIbHON — Ha KOHTpoJe. HabJro-
JlaeTcs CUCTEMaTUIecKoe CMeIleHne TOYeK IrpadruKa BBEPX; MOUTH BCe TOUKHU JIEYKAT BBIIIIE
OUCCEKTUPUCHI. ITO U €CTh I1epeodyIeHne.

OcHoBHast 33/1a9a CTATUCTUIECKOTO 00y YeHUST 3aK/TI0UAETCS B TOM, 9TOOBI 110 HADJTIO-
JlaeMoii obyuarorell BEIOOpKe HailTh B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KaK MOYKHO
MEHBIIIE OMMMOOK HA CKPBITOI KOHTPOJIBHBIN BBIOOPKE. BOMpPOC MOYKHO CTABUTH U TaK: Ka-
KHMHI CBOHCTBAME JIOJIZKHBI 00JIaIaTh MHOXKECTBO aJrOpuT™MOB A u Meros oOydeHus fi,
4TOOBI BEPOATHOCTH IepeodyUeHusl Oblia MUHUMAJILHON! YTOObI MOJIyIUTh OTBET, HEOO-

XOOAUMMO CHaYaJla YTOYHUTDL, B KaKOM CMBICJIE 31E€Ch ITIOHUMaETCAd «BEPOATHOCTDL>.

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKA

OcHoBHasa akcuoma. Byrnem mosaratsh, 9T0 00BEKTH KOHETHOTO HEC/TYIatHOTO MHOMKE-
cTtBa X TOSIBJIIOTCS B CJIyYailHOM TOpsiKe, MpUIeéM Bce L! mepecTaHOBOK reHepasibHOI
BBIOOPKHN X PABHOBEPOSTHBI. DTO MPEJIIOIOKEHUE Mbl OyIeM HA3bIBATEL CAAO0U (UAU nepe-
CMano604HoTl) 6epoAMNOCMHOT akcuoMamukol. JIpyrue BEpOsITHOCTHBIE TIPE/IIOIOKEHNUST
HaM He ITOHa100saTcs. [lamee MbI yBHINM, UTO OZHOTO 9TOIO YK€ BIIOJIHE JTOCTATOTHO JIJIsI
MTOJTy9€HUsT MHOTHX (DYHIaMEHTAJIBHBIX (DAKTOB TEOPUN BEPOATHOCTEN, MaTeMaTHIeCKOi
CTATUCTUKU, TEOPUN CTATHCTUICCKOTO OOYIEHUSI.

Ob6osnauuMm 4depes Sy, IpyIILy BceX IMepecTaHOBOK L sjeMeHTOB. BeceBo3MoOXKHBIE T1e-
peCTaHOBKHU I'e€HepaJIbHOI BBIOOPKH OyaeM 0003HaYaTh depe3 TX, T € Sp.

Onpenenenne 1.1. Ilycrs sajan npesuxar: X2 — {0,1}. Eco (7X) = 1, 1o 6y1em
TOBOPHUTH, 9TO COOBITHE 1) MPOHU3OIILIO Ha IMEePEeCTAHOBKe TX. Bepoammocmuio cobvimus, 1)
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO MPOU3OIILIO:

P.4(1X) = % > U(rX). (1.2)
" resy

B cnaboit akcrnomaruke BEpOSTHOCTb COOBITHS 3aBUCUT OT COCTaBa OOBEKTOB I'e€He-
paJbHOI BRIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX nepeduncsenns. OyHKIMsS pacipe/ie-
JIEHUsI ¥ MaTeMaTHIecKoe OXKHJIaHUue TaKKe 3aBUCIT OT BHIOOPKM.

Onpenenenne 1.2. Ilyers &: XP — R — pemecrsennas ¢pyurmms. Pynxyueti pacnpe-
denenus BesmrduHe! § Ha BbIOOpKe X OyzeMm HasbBarh Qynknmo Fg: R — [0, 1] Buga

Fi(z) = P, [6(rX) < 2]. (13)

Omnpepenenne 1.3. Mamemamuneckum osrcudaruem seamaunsr &: X — R Ha BbIGOD-
Ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMeTHIECKOoe 110 BCeM IIepecTaHOBKAaM T:

(%) = =1 3 €(7X). (14)

TEST,
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Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATH Kak OIEpaIuio cpejHero apudme-

TUYIECKOI'o 110 BceM IiepectaHoBkam: P, = E, = % >, To ecTh B ciaboil aKCHOMATHKE
TESL

BEPOSTHOCTH M MaTeMaTHIeCKoe OXKHUJIaHue (DOPMAIBLHO OIPEIEIAI0TC OTUHAKOBO.
BepositTHoCcTb Kak ponst pa3bueHuini reHepasnbHoi BblboOpku. Ilycrs mnpemukar
o(X, X ) siBsiercst dyukimeit moaBeioopkun X C X, eé j10mo/iHeHus X=X \ X, u ne 3a-
BHCHT OT IOpsKa 3aeMentoB B X u X. IlockoinbKy BbiGopka X (bUKCHpOBaHA, BTOPOi
apryMeHT jioroBopuMcs onyckath, p(X) = (X, X). Torma eeposmmnocmy cobvimus
OTIpeJIeISIeTCST KakK doasA pas3bueHuti TeHePaTbHOM BBIOOPKU:

Po(X) = % > elx),

L xex)e
rae [X]¢ — MHOMKecTBO Beex (-3/1eMEeHTHDIX TIOIMHOKECTB I'eHepa/IbHol BIGOPKH X.

OMnupuyeckme oueHKN BeposiTHOCTWU. HemocpegacTBeHHOE BBIUNCCHNE BEJTMIUHDI
P ¢(X) kak o/ pazbuenuii BO3MOXKHO TOJBKO IPU HEOOIbINX 3Hadennsx ¢ nim k. B tu-
IUYHBIX Clydadx uncio pasouennit C' orpomuo. [Tpubmurkénnoit onenkoit s P o(X)
ABjigeTcs cpejiHee 1o Hekotopomy nopmuoxkectsy N C [X]¢ BbiGopox jymHb £, He comuti-
KOM OOJIBITOMY, ITOOBI CyMMa BBIYHC/ISIACH 38 MPUEMJIEMOE BPEMsI, HO U HE CJIUIIKOM
MaJIEHBKOMY, YTOOBI MPUOINKEeHNe ObLIO JIOCTATOYHO TOYHBIM:

~

Py(X) = ﬁ S (X).

XEN

Hamee cumBosiamu P u E Gyjier obo3HadaThes onepalius yCpeHeHUs 110 HEKOTOPOMY
OIMHOXKeCTBY pasbuenuii N. Ecim momMaOXKecTBO BBIOOPOK N BBIOMpPAETCS CJIyUIaiiHO
U PaBHOBEPOSATHO, TO MOBOPST 00 oreHke memodom Morwme-Kapao.

§1.3 BeposTHOCTb NepeobyyeHus

Beposmmnocms nepeobyuerus onpesesiercst Kak JoJs pasouenuii BHIGOPKHU, IPH KO-
TOPBIX 11epeodyIeHHOCTH d,, (X ) mpesbiraeT 3agannblil opor € € (0, 1):

Q- = Q:(1,X) =P[0,(X) = ] =P[r(pX, X) —v(pX,X) >¢. (1.5)

Hapsiny ¢ (). MOXKHO TakzKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDL OULUOOK
Ha, CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(10,X) = P[v(uX, X) > ¢, (1.6)

a TaKzKe OXKIJAEMYIO 9acTOTy OIMUOOK Ha KOHTPOJILHOI BLIOODKE, HAZBIBACMYIO TOAHbIM
cronvsawum Konwmponem (complete cross-validation, CCV) [88]:

C=C(u,X) = Ev(uX, X). (1.7)

Bamernm, aro CCV gpisiercs MaremaTiaeckuM oxupanuem, a (1 — R.) — dbyHkimeit
pacnpeienenus caydaiinoit Bemmaunn v(pX, X).

OyuknnoHa bl ()., R. m C xapakTepusyioT 00O0OIIAONLYI0 CIOCOOHOCTL METOIA [l
Ha BbIOOpKe X. VX onennBanme OyeT OCHOBHOM 3ajadeil Ha MPOTSKEHUN BCEro Kypca.
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Ob6pauenue ouyeHok. [Tycrs Q). < 71(e) — BepxHsisl OllEHKA BEPOSTHOCTH MEpEOOyYeHU s,
dbyukIws n(e) meorpuraTenbHasi, yobBarorias u umeet obpatayto £(n). Torna n(e(a)) = «
st mo6oro « € [0,1]. Cneoparesnsno, P[4, (X) = (n)] < 7, u nama Bepxusis oreHKa Mo-
KeT ObITh nepedOpMyINPOBaHa B 9KBUBAJIEHTHOM BHJIE: C BEPOSTHOCTHIO He MeHee (1 — 1)
CIIpaBeI/InBa BEPXHssA OLEHKA JaCTOTHI OMIMOOK Ha CKPBITON BBIOOPKE:

v(pX, X) < v(pX,X)+e(n). (1.8)

[TapameTp € HA3BIBAIOT MOUHOCTVIO, & 1) — HAJEXHCHOCTBIO OTIeHKH [8].
Ananornyno, ecm HaiijieHa Bepxuss orenka R. < n(e) u e(n) — dbyuxiwms, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 1) crpaBejyinBa BePXHsIsl OICHKA

v(uX, X) <e(n).

Uraxk, obparienne BepXHUX OIEHOK (). win R, J1aéT BepXHue OIEHKN YaCTOTHI OIMTUO0K
Ha KOHTpoJste. Tereph BMECTO MUHUMH3AIME SMIHPHIECKOr0 pucka v(a, X ) MBI MOXKEM
MUHUMHU3IPOBaTh OneHKy (1.8), KoTopas oTam9Iaercst OT SMIUPHIECKOTO PUCKa, HAJTTIHEM
JonoTHITEIbHOTO ctaraeMoro €(n). Tem cambiM Mbl haKTHIECKH MEPEXOIUM K HOBOMY
MeTo Ly 00yueHust 4/, KOTOPBIA IBITAETCS ONTUMU3UPOBATH OOOOINAIONLYIO CIIOCOOHOCTD.
DToT 1puém ouenb Baken B SLT, Tak Kak oH yKa3bIBAET IIyTh IPAKTUYECKOTO TPUMEHEHUST
TEOPETUIECKUX OICHOK BEPOSTHOCTH I1€PE00YICHMUSI.

Y100Bl IpUMEHEHHe TOr0 TpHéMa OBbLIIO KOPPEKTHBIM, oreHka (1.8) mokHa BbI-
MOJTHATHCSA He JIJI KAKOI'0-TO OJIHOTO MeToja OOyYeHUs [i, & JJIs JIOCTATOYHO MTNPOKOTO
KJIacca MeTOJIOB, B KOTODBI JIOJI?KEeH HONacTb U HOBBIA Meroj i/ B jekiuu 5 Mbl pac-
cmoTpuM oreakn Bamnnuka-YepBonenkuca, cripaBe/yiuBbie 0454 4100020 METOJIa 00y IeHUs.
K coxasennto, 3a yrpoineHne mocTaHOBKHU 33191 TPUXOUTCS TIATHTH 3aBBITIEHHOCTHIO
oreHoK. PazobpaBiinch B NPpUYUHAX 3aBBINIEHHOCTHA, MbI IOCTPOUM 0o0Jiee aKKypPaTHYIO
KOMOUHATOPHYIO TEOPUIO, B KOTOPOi oneHK: Buja (1.8) BBIBOIATCS sl CIEIUATBLHOTO
KJIacca MOHOMOHHBLL MeModos 0byuenus. DTO OyJIeT cle/aHo B JIEKIu 9.

MozkeT BOBHUKHYTH BOIIPOC — 3ad€M HUCIOJIb30BATH O0PAIIEHIE BMECTO TOTO, ITOOBI
[IOCTYIHUTD MPOIIE — MUHUMHU3UPOBATH HEIIOCPEICTBEHHO OXKUJIAEMYIO YaCTOTY OIMUOOK
Ha KouTposie (1.7). Teoperndeckn, npenmyinectBo omneHku (1.8) B TOM, 9TO OHA SIBJISIETCST
JIoBepuUTeNIbHON orenkoit. [Ipu 1, nocraTouno 6JM3KNX K HYJTIO, OHA YIUTHIBAET HE TOJTHKO
cpejiHee 3HAYEHNE YAaCTOTHI OIMMOOK Ha KOHTPOJIE, HO U Bejinuuny e€ pazdpoca. [Ipu n = %
OHA TIEPEXOUT B MeJUAHHYIO 0UEeHKY, KOTOpasl, KAK MPABUIO, MAJIO OTJIMIACTCA OT OXKIU-
JaeMoii gacToTsl ommboK Ha KonTpose. IIpakrudeckoe npenmymiecrso (1.8) mepex (1.7)
He OYEBWJIHO M JIOJZKHO MPOBEPATHCA B SKCIIEPUMEHTaX, B TO K€ BPeMs, HeIOCTATKOM
MOKET OBITh BBIYHC/IUTEIbHAsT Hed(DDEKTUBHOCTD OIepaIlii OOpAIeHN.

Ckonb3sawmii KoHTponb. B mammmaHOM 06yYeHUN OIEHKY EV(/LX , X)) 10 TOIMHOYKECTBY
pas30ueHnit HA3BIBAIOT OIEHKOW CKoab3Ause2o konmpoas (cross-validation, CV). Eé uc-
ITOJIB3YIOT JIJIsl SMITMPUTIECKOr0 M3MepeHusi 0000Iaoeil crrocoOHOCTH, KOT/Ia TeopeTutie-
CKI€ OIeHKH 000DIAIOIIEH CIIOCOOHOCTH HEe N3BECTHBI UK HEJI0CTATOIHO TOYHBI. CKOIb34-
Uil KOHTPOJIb ABJIAETCs fe-(paKTo CTaHIAPTHON MEeTOINKON TeCTUPOBAHMS U CPaBHEHUSI
AJITOPUTMOB MAIITMHHOTO OOYIeHHSI.
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O npeapaccygkax v nepeobyveHun. Ilepeobydenne — 310 Ype3MepPHO TOUHAS IIOATOH-
Ka aJI'OPUTMa @ 110 KOHKPETHYI0 O0ydJaloniyio BbIOOPKY X B yiiepbd ero obobujaroueti
cnocobrocmu. OXKUIAETCH, ITO METOJI [ OOHAPYKUT HEKOTOPBIE O0IHe 3aKOHOMEPHO-
CTU TeHePAJILHON BBHIOOPKHU X, HO OH HAXOJIUT JIOZKHbIE 3AKOHOMEPHOCTH — npedpaccyoxu,
CJyYaifiHO MPOsIBUBIIHUECS HA OTHOCUTEHHO Hebosibmioil moaseibopke X C X. I[lonsgrue
«Ipeapaccyikay obu10 BBesieno M. M. Bonrap/iom B 3naMennToit kuure «IIpobjaembr y3na-
BaHUsi» |5, 0 cux mop He TepsIoNel CBOell akTyasbHOCTH. BOHTraps He JaéT cTpororo
OTIPeJIeJIEHNS] TTPEIPACCYIKA, OIPAHNYINBASCEH CJIELYIONTUM TTPUMEPOM.

«IlycTb vesioBeky, He 3HAIOIIEMY HUA UTAJILSIHCKOTO, HI UCIIAHCKOT'O A3bIKOB, TOKA3a 1
CTONKY UTAJbLIHCKUX U CTOIKY MCHAHCKUX KHUT W CKa3aJd, 9TO 3TO O0BHEKTHI, COOTBET-
creenno, | u II kinaccos. Bo Bpemst moncka JI0CTATOYHBIX IPU3HAKOB 9TOT Ye/I0BEK (HUYe-
r0 He 3HAIIUH 06 MCTHHHOM HPUHIIAIE JIeJIeHNsT Ha KJIacchl) OyaeT mpoBepsaTh dhopMar
KHUT, YUACJIO CTPAHUIL, pa3Mephl MPpudTa, YETKOCTb evYaTh, TBEPJIOCTH MEPENIETa, IIBET
obmoxkku, u T.1. U eciin eMmy j1aiu HEOOJIBIIOE YUCIO0 KHUT KaXKJIOrO KJiacca, TO BeChbMa
BEPOSITHO, YTO OH OTOEpPET JIOXKHBIE MPU3HAKU (y HEro MOSBATCH Mpeipaccyiku). Eem,
HaIpUMep, CJIYUUIOCH, 9YTO BCE UTAJTbAHCKIE KHUTH ObLIN IEePeIIeTEeHbl, & CPEJIN UCIIaH-
CKUX HaIJIUCh JBe 0e3 Meperiéra, TO y YeJ0BeKa MOYKET CO3JaThbCs IPEIPACCy/IOK, ITO
OTCYTCTBHE TIEPEIIETa CBUJIETETLCTBYET O MPUHAJJIEXKHOCTH KHUTH K KJtacey 1.

[TycTpb wesoBeky mokazaJid npu 00ydIeHUU OOJIBINOe YUCI0 KHUT KaXKJIOro KJacca, W
OH pernm oTbUpaTh TOJHLKO NMPU3HAKU, XapaKTepPU3yIolne MHOTO KHUT. B 3ToM cirydae
BEPOATHOCTH TOT'O, YTO, HAIIPUMED, CBOMCTBO TePeIIéTa 0TOEPETCI B KAUeCTBE MOJIE3HOTO
npusHaka, oyjer maja. To ke camoe MOXKHO CKa3aTb U O JIIOOOM JIPYTOM IPEIPACCy/IKe
(Tosmmune Kuuru, hopmare u T. 1.). [TocMoTpuM, 4T0 TPOU3OHIET, €CIIHU YeIOBEK MepeiiIéT
OT MPOBEPKHU TAKUX MPOCTHIX MPU3HAKOB K CJIOXKHBIM, COCTABHBIM Ipu3HakaM. OH MOKeT
[IPOBEPUTDH PA3HOCTD YHUCJIa CJIOB Ha YETHBIX U HEYETHBIX cTpanuiiax. Vam Ty ke pa3sHocTb
Ha JBaJIIIaTh BTOPOI 1 JiBeHa IaToi crpanunax. Vn npoussejienne cpejHeii JIIuHbl abd-
3alla Ha Ha YUCJIO CTPAHWI], HAUYMHAIOMMXCA ¢ ad3arna. Vi JacTHOe OT JesleHns ducia
TOYEK Ha BBICOTY IMIpUdTa U T. 1. BEposaTHOCTD TOro, 4T0 KarKJbIil TAKOI IIPeIpaccy 0K
BBIJIEPZKUT TPOBEPKY, MaJjia. HO C/I0XKHBIX MPU3HAKOB CYIIECTBYET YPE3BBIYAHO MHOTO.
[TosToMy MOXKET CJIyYUTHCS, YTO, HECMOTPS HA MAJIYIO BEPOSITHOCTH OTOOpa KaxKJI0ro 3
HUX, MATEMATUIECKOE OXKUJIAHIE TUCIa OTOOPAHHBIX MIPE/IPACCY/IKOB OKaYKEeTCd OOJIBIIIM.
A 3T0 03HaYAET, YTO MAMATh HAYHET 3a0MBATHCA MPEIPAcCyIKaMu. Takum obpazoM, “6o-
raThlii BLIOOP” HE TOJILKO yBEIUYIUBAET BO3MOYKHOCTH OOydYaeMOil MalllMHbI, HO U IPEBAT
MOSABJIEHUEM TIPEJIPACCY/IKOB. »

Taxum odpaszom, yxke B cepeuie 60-X TOJ0B U3 OIBITA PEIICHUS MPAKTUIECCKUX 3a/1aM,
Jla ¥ IIPOCTO W3 OOMIMX cOOOparKeHnil, CTAIHN sICHBI JBe OCHOBHBIE 3aKOHOMEPHOCTH TIepe-
00ydYeHMs: OHO YMEHBIAETCs ¢ POCTOM JIJINHBI BBIOOPKU U YBEJIMINBAETCSH C POCTOM CJIOK-
HocTH cemeiictBa ajropurmoB. B konre 60-x rogos B. H. Bamnuk u A. 4. Yeponenkuc
BIIEPBBIE TPEJIOKUIIN KOJINIECTBEHHOE OIICAHNE STUX 3aKOHOMepHocTedt |9).

Bostee Tounyio mHTepnperanuio mnepeoOydeHus JaéT CJIEeLYIONINi MbICJIEHHBIH 9KC-
nepuMenT. [lycTh 3a71aH0 KOHEUHOE MHOXKECTBO M3 [) aJrOpUTMOB, KOTOPBIE JIOMYCKAIOT
Ha TeHepasIbHOil BIOOpKe X OJIHO M TO K€ YHCJIO OIMUOOK 1M, HE3aBUCUMO JIPYT OT JIpyTa.
YucJto ormubox 10000 U3 3TUX aJropuTMOoB Ha 00y datomieil BHIOOpKe X MOIIMHAETCs 0/
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HOMY W TOMY K€ PacIpe/e/IeHIIO (TUIIEPreOMeTPUIECKOMY, KaK Oy/IeT MOKa3aHo JaJiee).

Buibupast ajroput™ ¢ MUHIMAJIBHBIM YUCIOM OITUOOK § Ha 00ydaroIeil BLIOOPKe, Mbl (haK-

TUYIECKU HaXOUM MUHUMYM U3 [ HE3aBUCHUMBIX OJMHAKOBO PACIIPEIE/TEHHBIX CJIYIailHbIX

BesimauH. MaremaTndeckoe OxKujlaHne MUHUMYMa yMeHbImaeTcs ¢ pocrom unciia D. Cire-
m—s S m

— _ L
A0BaTeJIbHO, Hep606y‘IGHHOCTb 0= I e Sﬁ_k yBeJIMInUBa€TCA C POCTOM D.

DTH PaccyKJeHNsT OCTAIOTCS B CUJIE U B OOINEM CjIydae, KOT/ia ajrOPUTMbI HE SIBJIs-

FOTCsT HE3ABUCUMBIMU W JIONMYCKAIOT Pa3IndHOe 9rcyio omuOok. [Ipu srom mpossisiores
JIBe JIOTIOJTHUTEJIbHBIE, O0JIee TOHKNE, 3aKOHOMEPHOCTH TIepeolyYeHMs.

[IepBas 3aKOHOMEPHOCTb OTHOCHUTCs K TAKUM CEMeNCTBaM aJIrOPUTMOB, KOTOPbIE Pa3-
OMBAIOTCA Ha CA0U IO YHUCJIy OMUOOK 1M UM COMNEPYXKAT OTHOCUTEIHLHO HEOOJIBIIOE UHCJIO
XOPOIIUX AJTOPUTMOB B HIKHHUX CJIOSIX C MAJIBIM 1 ¥ OTPOMHOE KOJIMIECTBO TIJIOXUX AJl-
TOPUTMOB B BEPXHUX CJIOAX ¢ 6OIbINM m. VIMEHHO 3Ta cuTyarust Jaie Bcero HabJ Tio1aeT-
cd Ha TPaKTHKe. XOPOIIUe aJrOPUTMbI UMEIOT OOJIBIIIE MAHCOB MOIYYUTh MIHIMAJILHOE
YUCJI0 OMUOOK Ha 0Oydarolell BLIDOPKe, B pe3y/IbTraTe MeTo/[ 00yueHus: BbIOUpaeT uX ro-
pasgo uaie. [Lnoxue ajropurmbl, HA0OOPOT, MOYTU HUKOT/A HE BHIOUPAIOTCS, U B IEPBOM
IPUOINKEHIH MOXKHO T10JIaraTh, 9TO UX B ceMeiicTBe BoobOIe HeT. Takum obpasom, paccao-
eHue ceMeicTBa aJITOPUTMOB CIIOCOOCTBYET YMEHBITIEHUTO ero «3(h(MEKTUBHON CIOKHOCTH
U CHIZKEHUIO TIepeodyIeHus.

Bropast 3aKOHOMEPHOCTL OTHOCUTCH K TAKUM CEMEWCTBAM aJI'OPUTMOB, KOTOPBIE
COJIEP2KAT MHOIO TOXOXKHUX aJTOPUTMOB. DTa CUTYyalldsl TaKyKe OYEHb PACIPOCTPAHEHA
Ha npakTuke. JlomycTtum, ceMeficTBO ajqropuTMOB KJIAcCU(MUKAINT 3a1aéTcsd (pyHKIUEH
o(z, 8), nenpepsiBHOii 110 Tapamerpy . Kaxomy 3Hadennio § coorBeTcTByeT HEKOTOPBIi
BeKTOp ommoOoK. [Ipu HenpepniBHOM m3Menenuu € BeKTOp OMMUOOK cHada a OyJIeT ocTa-
BaThCs TE€M 2Ke, IIOTOM U3MEHHUTCsSI, CKOpee BCEro, TOJIbLKO Ha ojiHOM obbekTe. Hampumep,
JIBUTAsT PA3JIEJISONTY 0 THIIEPILIOCKOCTD JIMHEHHOTO KJtaccuuKaTopa, MbI IIOCIEI0BATE b
HO TIPOIIEM depe3 Bce TOUKM BBIOOPKH, IEepeceKas UX IO OJIHOM, 3a MCK/II0YeHneM, ObITh
MOZKET, PEJIKUX OCOOBIX MOJIOZKEHUI TUIEPIIOCKOCTH, IPU KOTOPBIX OHA MPOXOIUT CPa3y
qepes JiBe Wi 0ojiee TOUeK, CM. puc. 1.2. AJIropuTMbl, BEKTOPBI OMMUOOK KOTOPBIX OTJIH-
YAIOTCs TOJILKO HA OJIHOM 00'beKTe, Oy/IeM HA3bIBATH c8A3HuMU. [lobaBienne B cemeiicTBO
AJITOPUTMa, CBSI3HOTO C JIAHHBIM, TIOYTH HE YBEJIUINBAECT CJIOKHOCTH CEMENCTBa, TaK KakK
9TO «IIOYTH TOT 7K€ CAMBIIl aJITOPUTM». Takum 00pasoM, c6A3HOCMb CeMecTBa TaKKe CIT0-
cODCTBYET YMEHBIIEHUIO ero «3(PEKTUBHON CIOXKHOCTH» W CHUXKCHHIO TIePeoOyIeHUS .

B seknusax 8-11 6yyer nokazano, 4To 3p@PeKThl PACCIOEHU U CBA3HOCTH CHUYKAIOT
epeodyUeHne, a uX COBMECTHBIN YUET PaJIMKAILHO YJIYUIIAeT TOYHOCTH OIEHOK.

§1.4 OOb6cy>xxaeHune cnaboii akcMoMaTuUKun

CBA3b C CMNbLHOW BEpOSATHOCTHOI akcuomaTukoi. Kiraccudeckast TeopeTnko-MepHast
akcromarnka A. H. Kosnvoroposa (6y1em HasbiBaTh €6 CUIIbHOIT) OCHOBaHA HA MOHATUH Be-
posiTHOCTHOTO TipocTpancTBa (2, ), P), e 2" — MHOXKeCTBO JI0MyCTUMBIX 06'beKTOB, {2 —
aJINTUBHAsA o-ajarebpa cobblTuii Ha 2 , P — BepodTHOCTHAasI Mepa, OlpeIe/IéHHas Ha CO-
ObITgx u3 2. B 3aauax craTucTUIeCKOro aHAIN3a JaHHBIX OOBITHO IIPEIIIO/IaraeTCsl, ITO
MHOKeCTBO 00beKTOB X = {x1,...,2} gBagercs npocmot 6vi60pKoti, TO €CTh 00bEKTHI
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BBIOMPAIOTCST U3 MHOXKECTBA £ CJIyUIailHO U HE3aBUCHMO COTJIACHO BEPOSITHOCTHO# Mepe P.
HesaBucnMOCTh 03HAMAET, YTO BePOATHOCTHAS Mepa, Ha, MHOYKECTBE BLIOOPOK 2 F mnsapu-
AHTHA OTHOCUTEJILHO MIEPECTAHOBOK 3JIEMEHTOB BBIOOPKH. B npuiozkennsax MHOKECTBO 2,
Kak IIpaBIIo, OeCKOHEYHO, a Mepa P HemsBecTHa.

B ciaboit akcnmomMaTnke MHOXKECTBO £ BCEX T'MIIOTETUYECKH BO3MOYKHBIX OOBEKTOB
He BBOjuTCS. PaccMarpuBaeTcss TOJBKO KOHETHOE MHOXKECTBO OOBEKTOB — 2€HEPANOHAA
evibopra X. OHO MOXKET BKJIIOYATH B cebsI KaK OOBEKTHI, HaAOJIIOABIINECS paHee, Tak
U CKPBITBbIE 00BEKTHI, KOTOPhIE CTAHYT M3BECTHBI B Oy 1yIeM. BepogTHOCTHBIM MpOCTpaH-
CTBOM SIBJISIETCS KOHEYHOE MHOYKECTBO BCEX IIEPECTAHOBOK I'eHepasIbHO BRIOOPKHU X, Ha KO-
TOPOM 33J1aéTCsl paBHOMEPHOE paciipejiesienne. TakuM o0pa3oM, CiIydaitHbIMK [TOJIAral0TCs
He caMu OOBEKTHI, & JIUIIb MOPSIIOK UX MOSIBJIEHUsI, UTO COOTBETCTBYET IIPEIIIOI0KEHUIO
0 HE3aBUCUMOCTHU OO'bEKTOB BBHIOOPDKH B CHJIbHON aKCHOMATHUKE.

Crietytoras TeopeMa yTBEPZKIaeT, ITO JiJisd IEPEBOjIA OIEHKHU U3 cJ1aboil aKCHOMaTH-
KU B CHJIbHYIO JIOCTATOYHO B3ATh €€ MaTeMAaTUYIECKOe OKUJIaHUe 110 BLIOOPKE X.

Teopema 1.1. Ilyctp B ciraboii akcuoMaTHke Ha[eHO 3HAYECHHE BEPOSTHOCTH
Py (mX) = f(X). (1.9)
Toria B cuiibHOI akcmoMaTHKe, eCJId BBIOOPKa X IpocTasi, TO
Px ¢(X) = Exf(X). (1.10)

HokazaTeabcTBO. B cuity HezaBucuMocTu HAOJIIO/IEHN B BLIOOPKE X 15T IPOU3BOJILHOMN
nepecranoBku 7 BeinosHstercs Px ¢(X) = Px 1(7X). BosbMém cpejiree 1o BceM mepecta-
HOBKaM 7 OT JIEBOW U MPaBOil YacTeil 3TOro paBeHCTBa U IIPeodOPa3yeM MPaByIO YacTb:

P(X) = 71 37 Pxu(rX) = P, Exd(rX) = Ex P, Y(rX) = Exf(X),

TES]
YTO U TPeDOBAJIOCH JTOKA3ATH. [

B cayuasx, korma ornenka f(X) He 3aBucuT 0T BHIOOPKH X, KOHEUHBIH pe3ysibrar —
orenka B npasoit dacrtu (1.9) u (1.10) — Oyaer onuHAKOB B 00eMX aKCHOMATHKAX.

®PuHuTapHbie N NHPUHUTAPHbIE BEPOSAITHOCTU. Paccvorpum dyHIaMEHTATBHYIO 3a-
Jlady TEOPHH BEPOSTHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM 00ALUWUL “uUcen: OIEHUTH Be-
POATHOCTD OOJIBITIONO OTKJIOHEHUsT 9acToThl V/(.S, X) cobbiTia S Ha KoHednoit Beibopke X
or BepositHocTH P(S) ManHOro cobbITus:

PS =Py {|u(8,X) — P(S)| > ¢} (1.11)

B npakTuvecknx 3a/auax aHAIN3a JTAHHBIX BEPOSATHOCTD cOObITHA P(\S) HEBO3MOKHO
y3HATH TOYHO, TOCKOJIbKY BEPOSTHOCTHAsI Mepa Ha MHOXKECTBE O0BEKTOB, KAK ITPABUIIO,
nensBectHa. [IpoBecTn 6eckonedHOE YHMCI0 HAOJIIOICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOJIBIIOTO OTKIOHeHHs P2 HemocpeicTBeHHO He MOKeT
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ObITH M3MEpeHa B SKCIepUMeHTe Kak dactora cobbitus { X : [v(S, X) — P(S)| > €}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYKET OBbITh TOYHO HJACHTUMUIIMPOBAHO.
Jlannasi mpobsieMa He BO3HUKAET, €CJIM C CAaMOI'o HadaJja OTKa3aThCsd OT yHnoTpedJie-
uus BepogtHoctu P(S). Ona onpegensiercst kak npejen dactorsl v(S, X') cobprrus S
Ha TIPOU3BOJIbHON cirydaiinoit Beibopke X' mpu | X'| — oo. B 10 ke Bpems, mpaxrude-
CKHil MHTEpeC IpeJIcTaBiisgeT nMeHHo dactora v(S, X'), Kak BeJMInHa, HEIOCPEICTBEHHO
HabJmo1aeMasi B sKcriepuMente. Vsmernnm mocranoBky 3azgaqdu (1.11) u Gyaem oneHnBaTh
BEPOATHOCTH OOJIBITIONO OTKJIOHEHUS 9acTOT cOObITH S B JIBYX Pa3/IMYHBIX BHIOOPKAX:

Q2 = Pxx{|v(S, X) — v(8, X)| > ¢}. (1.12)

Ecyn npejnosiarars, uro Beibopku X n X' He3aBUCUMbI, TO JIJIsi OTIPEJIe/IEHIsT BEPOSIT-
Hoctu Q2 yiKe He Hy»KHO HU GECKOHETHOTO YHC/Ia CILITAHNI, HI 3HAHNA BEPOATHOCTHOM
Mepbl P na 6eckoneunom muoxkectse 2 . BepositHoets QF siistercst dhunumaproti u Mo-
JKeT ObITh BBIYNC/IEHA KOMOMHATOPHBIME METOIAMH KaK J10/1s pasbuennit X = X X, upn
KOTOPBIX UMEET MeCTO OOJIBINOE OTKJIOHEHHE YacTOT. KpoMe TOro, oHa MOXKET OBITh U3Me-
peHa B 9KCIIEpUMEHTE IO TOJAMHOYKECTBY pas3OMeHuil, TaK KaK MJIeHTHMOUKAINS COOBITHS
{X, X" |v(S,X) —v(S,X')| > e} ne BbI3bIBacT 3aTpyAHeHMil.

Taxum obpazom, Bepoataoctu P(S) u P B (1.11) uMeoT pa3amyuHyio HPUPOJLY.
Beposithocts P(S) npuHIunmaibio ungurumapra — JJisi €€ onpeiesieHus TpebyeTcst JIv-
00 3HATH BEPOATHOCTHYIO Mepy P Ha OecKOHEeIHOM MHOXKecTBe £, OO OCYIIeCTBUTH
upenesbnbiii nepexon v(S, X') — P(S) npu |X'| — 0o, 9T0 HEBO3BMOXKHO C/IeJIaTh IIPH
IIPAKTUYECKOM aHA/U3e JaHHbIX. BeposTHOCTh P° Takyxe mHMDUHUTAPHA, HO MOCIE 3a-
venbl P(S) na wacrory v(S, X’) ona npunnmaer dpunurapubiii Bu Q2 jomycKaomimii
U TOYHOE BBIYUC/IEHNE, U IMITMPUIECKOE U3MEPEHHe.

DT coobparKeHus Kak pa3 U MPUBOIAT K CJIaDOH BEPOATHOCTHONW AKCHOMATHUKE, 3a-
IIPEIAIoNIeil NCIIoIb30Banne NHPUHUTAPHBIX BEPOATHOCTEN U «COOBITHITY, KOTOPbIE HE MO-
ryT ObITH ujeHTUMUIUPOBaHbI B 3KciepumenTe. [Ipuseém emé mHeckonbko mernee (hop-
MaJIbHBIX COOOPaKEHUl B MOJIb3Y CJ1a00I aKCHOMATHUKHU.

CoBpemenHast TeOpUsi BEPOATHOCTEN BOZHUKJIA U3 CTPEM/IEHUST OObEINHATEL B pAMKAX
eJIMHOro (hopMaJIM3Ma JaCTOTHOE TOHATHE BEPOATHOCTHU, Oepylliee HAYAJIO OT a3apTHBIX
Urp, ¥ KOHTUHYaJIbHOE, UJIyIlee OT TeOMEeTPUYIecKUX 3a/ad Tuna 3a1a4u biodgdona o Be-
POSITHOCTH TIOTIA IAHKS UTJIbI B TAPKETHYIO Iiesih. B akcnomaruke Kosmoroposa KoHTHHY-
aJbHOE TOHSTHE OepéTcs 3a OCHOBY Kak 0OoJiee obiee. Paju 3Toit 00ITHOCTH B TEOPUIO Be-
POSATHOCTElN TPUBHOCATCS TUIIOTE3BI CUTMa-aJIATUBHOCTH W M3MEPUMOCTH — TEXHIUIECKIEe
MIPEJIIOJIOZKEHNS] U3 TEOPUU MePbl, UMEIOIINE JIOBOJILHO CIa0ble SMINPUIECKe 000CHOBA-
nust [2]. Takum o6pa3oM, Jijisi U3yUeHUsl JUCKPETHBIX SIBJICHUI, CBSI3AHHBIX CO CJIyJIaiiHO-
CTBIO, OIPEJIe/ICHE BEPOSITHOCTH KaK KOHTUHYAJIbHON Mepbl N3HAYAJIHLHO U30BITOTHO.

Crnabast akcmoMaTnka, (haKTHIECKN, HE BBIXOJIUT 3a PAMKU SJIEMEHTAPHON TeOpHuH
BeposTHOCTelr XVII-ro Beka, ocHOBaHHOI Ha KOMOMHATOPHOM ITOJICYETE BAPUAHTOB.

O6parum Banmanue Ha 3amedanne A. H. Koavoroposa B [33, cTp. 252|: «npejcraniisi-
eTcs BaXKHOM 3a/1a1a 0CBODOXK JIEHIS BCIOJLY, TJI€ 9TO BO3MOXKHO, OT UBJIUITHUX BEPOSITHOCT-
HBbIX jomnyinennii. Ha HezaBuCHMOI 1MEHHOCTH YUCTO KOMOMHATOPHOIO IMOJIXOJa K TEOPUU
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nHbOpMaIU s HEOJTHOKPATHO HACTAUBAJ B CBOUX JIEKIIUSAX». DTO BBICKA3bIBAHUE B 3HA-
YUTEJBHON CTEIIeHU OTHOCUTCH M K MATEMATUYECKOW CTATUCTUKE, KOTOPas TaKzKe UMeeT
JIEJIO ¢ KOHEYHBIMU BBIOOPKAMH.

OnuH u3 BapraHTOB KOMOMHATOPHO-aIredPandecKoro MOCTPOEHUsT Teopuu UHAMOP-
Marnuu MoxKHO Haiitu B kaure B. /1. Tommusr [18]. On, B wacrHocTn, tmmer: «HanobHocrsb
B BEPOATHOCTHOM MOJIEJIM OTIAJIAET, IMOCKOJILKY Teopus MH(MOPMAIMN OKA3BIBACTCHA JI0-
CTATOYHO MHTEPECHOH 1 OOraToil MpPUIOXKEHNAMEI B ajaredpamdeckoi moctaHoBke. OIHIM
U3 TaKUX MMPUJIOKEHUN SIBJIIETCA paclio3HaBaHne 00pa3oB».

Yuenuk A. H. Kosmoroposa FO. K. BesisieB B ipeiuciioBun K kaure «BeposiTHOCTHBIE
METO/[bI BEIDOPOYHOTO KOHTPOJIsS» MHUIIET: «BO3ZHUKJIO TJIyOOKOe YOeKIeHe, YTO B TEOPUU
BBIOOPOYHBIX METOJIOB MOXKHO IOJIYYUTH COJIEPXKATEbHbIE AHAJIOTH OOIBITUHCTBA OCHOB-
HBIX YTBEP:KJICHUII TEOPUM BEPOATHOCTEH U MATEMAaTUIECKOIl CTATUCTUKM, KOTOPbIE K Ha-
CTOLAIIEMY BPEMEHM HaliJIeHbl B MPEJIITOJIOKEHNN B3aUMHON HE3aBUCUMOCTH PE3YIbTaTOB
usmepenuii» [3, crp. 9.

YmectHo mpuBectH emé oaHO0 BbicKasbiBanue A. H. Komvoroposa: «Yucras marema-
THKAa 0JIATOMOJIYYHO PA3BUBAETC KakK I10 IIPEUMYIIECTBY HayKa 0 OecKoHedHOM. . . BecbMa
BEPOSATHO, YTO C Pa3BUTUEM COBPEMEHHOW BBIYUC/IUTE/THHON TEXHUKU OyJIeT TMOHATO, YTO
B OYeHb MHOTHX CJIydasX pa3yMHO H3ydeHUe peasibHbIX sSBJICHHUIl BecTu, m3berasi mpo-
MEXKYTOUHBIH dTall X CTHIN3AIMK B JIyXe IPeJCTaB/JICHUIl MaTeMaTUKH OECKOHEUHOTO
U HEIPEPBIBHOTO, MEPEXO/Id MPAMO K JUCKPETHBIM MoJeIAM» |33, crp. 239).

AcnmnToTuyeckme oueHkU. BeckonedHo JinHHBIE BHIOOPKH HE PEAM3yIOTCS Ha IIPaK-
THKE IIPOCTO MOTOMY, YTO KOHEUHA MAMATH KOMIBIOTEPOB U BPEMsl, OTIIYIIEHHOE NCCTIe-
JIoBaTeIAM Ha SKCHEPUMEHTHI. B KaccniecKoil BEpOATHOCTHON aKCMOMAaTHKe JTaHHOe 00-
CTOSITEJILCTBO HEe TPUHUMAETCH BO BHUMAHWE, B YACTHOCTHU, KOTJIa, ITHIIYT

P(S) = |)}"1an v(S, X),
riae P(S) — Bepogrnocts cobbitust S, v(S, X) — gacrora cobbitus S B BIGOpKE X.

B caboit akcnomaruke 3amuch | X| — 00 3almperieHa, u MOHATHE BEPOSITHOCTU CO-
6bitst P(S) ne ompejiesiero. Mbl He Biipase MpeioyiaraTh, YT0 BIGOPKA PeATbHBIX 00b-
€KTOB MOYKeT OBbITh CKOJIb YIOJHO JInHHO#. Tem He MeHee, ObLIO ObI HEJIEIIO OTPHUIIATH
MacCy CTaTUCTHIECKNX (DAaKTOB, KOTOPhIE UMEIOT HA/IEKHbBIE SMIINPUIECKUE TTOITBEPK Ie-
HUsl, HO (DOPMYIUPYIOTCS U JJOKA3BIBAIOTCS C SBHBIM UJIU HESIBHBIM UCIIOIH30BAHUEM TAKIX
IpeJIeIbHBIX [1epexoioB. He nckimoveno, 4To ux BO3MOXKHO 1epedOpMyJInpoBaTh U B (hu-
uutapaoM Buje. CToJb 2Ke HeJelo OTKAa3bIBATHCI OT MPEUMYIIECTB ACUMIITOTUICCKOTO
aHam3a. 3JeCh KOMIIPOMUCC 3aK/TF0IAETCS B TOM, YTOOBI IIPUMEHATH ACUMIITOTUKN JIUIITH
K YUCAEHHLM 0UeHKaM, KaK OJINH U3 CIOCOOOB MPUOIMKEHHBIX BhIYncaennii. Hampumep,
nostyuus B cj1aboii akcnomaruke onenky P, (7X) = f(L), 3aBucsiiyio ot JyinHbl BIGOP-
KH, Mbl MOXKEM HCCJIEJIOBATH ACHMIITOTUIECKOE TIOBe/IeHne IucaoBoil dbyukiuu f(L) mpu
L — oo. Ilpu aTOM cytiecTBOBaHUE CKOJIb YTOJHO JIIMHHOW BHIOOPKH HE TPEJIITOIAraeTCs.
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Pe3iome

BBeienbl 0OCHOBHBIE TIOHATHS, KOTOPBIE OY/IyT MCIIOIH30BATHCA Ha MIPOTIKEHIHI BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd o0ydaionias BbIOOpKa, CKPbITas KOHTPOJIb-
Hasl BBIOOpPKa, MeTO/I 00yUIeHusl, Iepeo0yIeHHOCTb, MAaTPHUIA OITHOOK.

Beenena ciabasi BeposITHOCTHasl AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOYKCHIH
0 TOM, 9TO BCe Pa3dbMeHnsi KOHETHO reHepa/IbHON BBIOOPKN UMEIOT PaBHBIE ITAHCHI PEAJIH-
30BaThCA. MOKHO ObLIIO ObI BOOOIIE HE BBOJIUTH TEPMUH «BEPOSATHOCTH» U TOBOPUTH TOJIb-
KO O YacTOoTaX U <«JOJIAX pa3dbueHuil BHIOOPKU», OJIHAKO BEPOSTHOCTHAS TEPMHHOJIOTHSA
u obozuadenus P, E 6osiee mpusbranbl. [lasee Mol yoeanumcs, 4To MHOTHE QYHIAMEHTAb-
Hble (DAKTBI MATEeMATHIECKOW CTATUCTUKUA MOIYT ObITh BBIPAXKEHBI B TEPMHUHAX TaCTOT
U He HYXKJIAI0TCs B TEOPETHKO-MEPHOM olpejieiennn BepoaTHocTr. Cabasi akCMOMAaTHKA
aJIEKBATHA MHOTHM 3a/IadaM aHa/IM3a JAHHBIX, TTOCKOJIbKY OHA UMEET JIeJIO0 ¢ KOHETHBIMU
BBIOOPKAMI U BEJIMYNHAMMU, HEIIOCPEICTBEHHO M3MEPUMBIMU B SKCIIEPUMEHTE.

[TocTaByiena ocnoBHas 3ajia4da — MOJIyUeHHE KaK MOYKHO Oojiee TOUHBIX, d(DPeKTUB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSTHOCTH repeodytdenus (1.5), 60 BEPOSTHOCTH OOJIBITION
4acTOTHI OMMNOOK Ha KoHTpoJie (1.6), mbo mosrHoro ckosb3smero Konrposs (1.7).

B cnepytowein nekumun Mol j1aj M TOTHOE PEIIeHUe OCHOBHOM 3a/1a9u JIj1s ITPOCTEHIIero,
HO BayKHOT'O YaCTHOI'O CJIydasi, KOIjia CeMeiicTBO A COCTONT U3 €IMHCTBEHHOI'O aJITOPUTMA.
B srom ciyuae mo m3BecTHO# WacTOTe OMMOOK JAHHOIO ajropuTMa Ha HaOJII0JaeMOoil
BBIOOPKE OIEHUBAETCsT YACTOTA €0 OIMMOOK Ha CKPBITOI BBHIOOPKE.

Ynpa>kHeHust

Bamada 1.1 (1). B sagaue knaccudurarmynm ¢ npyms xiaaccamu Y = {—1,1} Bbibopka

3ajJlaHa TOYKaMM IpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJropuT-
MoB Kiaccudukaimu ag(x) = sign(x — 0) ¢ napamerpom 6 € R mocrpouTh mMaTpuily

ommnboK u Fpa(bI/IK 3aBUCHUMOCTHN TL(CL@, X) oT 9, €CJIN 1eJjieBasd 3aBUCUMOCTDL UMeEEeT BU/I:

1) y(z) = signx; signx, |x| > M,
L 3) yla) =

2) y(z) = signsinmz; signsin 7z, |x| < M.

CKOIBKO PA3INIHBIX BEKTOPOB OMIMOOK MOPOXKIAeT JTaHHOEe CeMeHCTBO aJrOpUTMOB?
CKOJIbKO 13 HUX JlolrycKaloT m omubok (m =0, ..., L) Ha reHepaibHOil BEIOOPKe X7

Bagagda 1.2 (2). B zagaue knaccuduramynm ¢ npyms xiaaccamn Y = {—1,1} Boibopka
3a/laHa TOYKAMU Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, i=1,... ,L}.
[esiesas 3apucumMocth y(x) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JuHeiiHbIX KJ1ac-
cudukaTopos ag(z) = sign(61&; + Oo&s + 0y), ¢ napamerpom 0 = (61,60, 05) € R3 onmcars
marpuily omubok. CKOJIBKO PasIMIHbIX BEKTOPOB OMUOOK TIOPOKIAET JaHHOe CeMeiicTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0, ..., L) ua Boibopke X7

Bagada 1.3 (5). KakoBo MakcnmMaabHOE THCIO PA3IHIHBIX BEKTOPOB OMIUOOK, TIOPOXK-
JIAeMBIX JIMHEHHBIMI aJropuT™MaMu Kiaaccudukayn Ha Beibopke X = {x1,...,x} C R"?
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2 OueHunBaHue 4acToTbl CODObITUA
N runepreoMeTpmnyeckoe pacnpejgesneHume

Hagném ¢ camoro mpocToro 9acTHOIO CJydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJMHCTBeHHOTO 3jemenTa, A = {a}. Torga BeposiTHOCTE HIEpEOOyYYeHMsI IEPEXO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS YacTOT B JIBYX BbIOOpKax. OHa TeCHO cBA3aHA
¢ 3aKOHOM OOJIBIIUX YHCeJI, UMEIuM (pyHIaMeHTaIbHOe 3HAUYeHNE JIJIT TeOPUN BEPOSIT-
nocreit. [Tosromy Mbr 3a0yjeM HEHAJIOTO PO AJTOPUTMBI U TepeiijiéM K OoJiee oOIeit
TEPMUHOJIOTHH, 3a0/IHO0 HEMHOT'O YIIPOCTUB 0003HAYUEHUS.

§2.1 3apaua oueHuBaHua (NpepckasaHus) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOXKECTBO OOBEKTOB; Oy/IeM HA3BIBATH €0 «COOBITHEM».
CobpiTie S ¥ BEKTOD ONIMOOK aJrOPUTMAa @ B3AUMHO OJJHO3HATHO COOTBETCTBYIOT JIPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [z; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemernmos cobbitus S Ha TPOU3BOJILHOMN
koneunoit Beibopke U C X a uepes v(U) = n(U)/|U|— wacmomy cobvimus S na U.

Bajata mpeicKa3anus YacToThl COOBITHS COCTOUT B TOM, 9TOOBI OIIEHUTD YaCTOTY CO-
ObITHSL S Ha CKPBITOH BBIOOPKE X 110 €ro 4acToTre Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTH
HAJIEXKHOCTD TIPEJICKA3aHus, TO eCTh MOy YNTh OIEHKY BU/A

PIv(X) = v(X)] > e] <nle); (2.1)

B Tex ciyuasax, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTaBUTLCH 3a/1a9a IOJIyIeHUs] OJJHOCTOPOHHEN BepXHell OleHKN:

PV(X) - v(X) > <] < (o). (2.2)

JIemma 2.1. Ecym n(X) = m, 10 4mcio 2JeMeHTOB coObITHs S B HAOJIOJaeMOI MO

soibopre n(X) m B ckpprroit mogspIbopke n(X) MOMTHHIIOTCS 2UNEP2eoMEMPUUECKOMY

pacnpedeneruro:

3 Cs OK—s

P[n(X) = 3} = P[n(X) =m — s} = hﬁm(s) = —mcf_m,
L

rje s npuaEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

HokazaTeabcTBo. OTOOpaTh S 97eMEHTOB cOObITHA S B HAOIIOMAEMYIO IMOJIBBIOOPKY
MoxkHO CF pasyimyaHbiMu criocobamu. Jlis KazK1oro u3 TUX CIOCOO0B MMeeTcst C’f:srn
c110co60B ¢(hOPMUPOBATH OCTABIIYIOCA YaCTh HAOJII0/IaeMO#l MOJIBBIOOPKH U3 0O0BHEKTOB,
He NPUHAJJIeKAINX S. SHATUT, C’;Cﬁ__‘jn — YUCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKECTBa S MONAJal0T B HAOI0aeMyT0 MOBBIOOPKY, OCTAIbHBIE (11 — §) — B CKPBITYIO.
Ix fo1s B obuieM gucie pasouenuit C4 xax pas u cocrasisier ho ™ (s). ]

Bameuanue 2.1. Ecuu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM [0JIaraTb, 9TO
C? = 0. Ananoruuno, ecau He BoinoJHseTcs yeaosue 0 < £ —s < L —m, 1o Cﬁ‘fm = 0.
0 <s< ho™(s) =0

TCIOJIA CJIEJLYeT, 9TO €CJIH He BBIIOJHACTCS YCJI0BHe o < § < s1, To hy ™ (s) = 0.
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CeueHne m=100 s [unepreometpudeckoe pacnpepenerue h(m,s) npu L=200, k=100
100 A 100 4
80 ] 80 ] /
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Puc. 2.1. O6nacrb onpejiesieHust ruriepreoMeTpuieckoii pyuknuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepeeomempuueckoe pacnpedenerue HOCUT GyHIAMEHTAIBHBIN XapaKTep U BO3HU-
KaeT BO MHOTUX 3aJjiladaXx. B JaHHOM naparpade mepednc/isiioTcs B CIIPABOTHOM MTOPSIIKE
OCHOBHBIE CBOCTBA M'MIIEPreOMEeTPHIECKOrO pacipeenenus (3, 4].

l—s

1. Ilpu dpukcupoBanubix L u ¢ dpyHKImsd hf:’m (s) = ’S”C—i?*m ompe/iesieHa Ha MHOYKe-
crBe map nesbix gucest (m,s): 0 < m < L, max{0,m — k} = sy < s < 57 = min{¢, m}.
DTO MHOXKEeCTBO mMmeeT (opMy mapaJsuienorpamma, puc. 2.1. Bae sToit obsacti npuHATO
nomarars hy ™ (s) = 0.

2. Beeném cireytonue 0003HaYEHNS JIJIsT CYMM KPaWHUX JIEBbIX W KPAHUX ITPaBbIX

YJICHOB I'MIIepreoMeTpruviecKoro paciipeae/JaeHmugd:

L2 51
Hp™(2) =D hi™(s);  H" ()= D A" (s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopMmyJia MoJHON BEPOSATHOCTH:

Do h" () =Hy" (s1) = H ™ (s0) = 1.

S=50

[Tpu dukcuposanubix L, { u m dbysxius h(s) = hé’m (s) sABIAETCH OJHOMEPHDIM
JICKPETHBIM pacipeesienuen. st npumepa Ha puc. 2.1 ciesa nokasana gynkuus h(s)
npy buxcuposansom m = 100. Oynxuums h'(m) = hY™ (s) pacnpemenennen, Boobie
rOBODSI, He SIBJIAETCS, TaK KAK He yJIOBJIETBOP:ET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantaoM s = 50.

3. Tlapamerpe! £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h7™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsITh pasHocramm: hy ™ (s) = hy L™ (0 — s).
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5. CrpaBe/lJIUBBI TOXKIECTBA:
W (s) = (= ) = B () = B (m = ) = B (m = ).

6. OTcrofa BbITEKaIOT ToxKIecTBa i dyukumit H n H:

Hy™(s) =D hp™ (@) =D hp™ (m—j)=Hy" (m—s).
Jj=so0 Jj=so0

7. Pacupenenenue h(s) sBiagercs yauMogaababiM (nmeer popmy rmka). MakcuMaiib-
(m+1)(¢+1)
L+2
8. Tabuma rumepreoMeTpuvdeckoro pacipeie/eHns coaep:kuT fk HeHy/IeBbIX 3HaTe-

HO€E 3Ha4YeHUue JOCTUT'a€TCd IIPpU s* = , C TOYHOCTBIO /IO OKPYIJICHUAI.

uuii. K& MoxkH0 3hdEeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIICHUIL:
e? O — .
h’L (O> - 17

1 k —
B (s) = By (s) bl EZMES,

m+1—s L—m '’

— l—s (2.5)
Re™ (s +1) = ho™ (5) 2. :
s+l =h <S>s—i—1 k—m+s+1
s E—m+s

hp™ (s —1)=hp" (s)

m—s+1 (—s+1°

Y1006 n36€2KaTh BBIYUCIUTEIbHBIX ITOTPEITHOCTEH, 3HATEHUsT him (s) pekomeHLy-
€TCsl BBIYHUC/IATH TOCIEI0BATE/ILHO Jijid BceX m = 0,..., L, Ipu 9TOM JJIsi KazKJIOro m
[EePBBbIM BBIYUC/ISITH 3HAUEHUE, OJIM3KOe K MAaKCUMAJbHOMY (HAIPHUMED, MPH § = Spax),
3aTeM MEHbIINe 3HAYEHUsI BBIUUC/STEL depe3 O6sbine. Cymmuposanue (2.4), Ha060poT,
IIPOUBBOUTCS OT MEHbINX 3Hadennit he ™ (s) K GOIbIII.

9. Maremarngeckoe OKIJJlaHe BEJIMYUHBI S €CTh

A= Zsh%m(s) = ﬁfm

S$=S0
10. /Iucnepcus BeJIMYUHBI S €CTh

S1
k(L —m)
2 214, m
o° = s—=A)h; " (s) = A\
S=S0

11. Tlpu Gosbriix 3HaYEHUSAX TApamMeTpoB L, ¢, m mpeie/IbHbIMU PaCIIPe e/ IeHUsIMI

st B(s) = hY™ () MODYT GBITH TOIBKO PACIPE/IE/IEHIS OIHOIO U3 YeTHIPEX THIIOB:
(s—A)Q).

202 )

— Tpu F — p bunomuasvroe pactpenenenne h(s) — CF p*(1 — p) s

— Ipu A — 00 HopMaabHoe pactpejeserue h(s) — \/%7 exp(—
npu % — p bunomuasvroe pactpenesnenne h(s) — C2 p*(1 — p)™—*;
— npu 7 — 0 mm % — 0 pacnpesenenue ITyaccona h(s) — e *\/s!;
— upu A — 0 swpoorcdernoe pacupenenenue h(s) — [s = 0].
12. T'unepreomerpuveckoe pacipejesieHne JOBOJIBHO TOTHO HMPHUOIUKAETCS ¢ TIOMO-
mbio anmnpokcumarmu Mostenapa:
2m — s

hs) = Cip’(1—p)°, p= i1
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§2.3 3akoH bonbwunx Yncen B cnaboin akcnomaTtTmke

[Ipomosmzkum pacemorpenne 3aaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cpaBeyinBel TOUHbIE OLEHKH:

Pv(X) <e] =Hp™ (e0); (2.6)

PIU(X) > e] =M™ (m —ck); (2.7)

Pv(X) —v(X) = e] =H; ™ (smle)), Sm(e) = £(m — ck);  (2.8)
PI(X) = v(X)| = e] = Hy ™ (sm(e)) + HL ™ (5m(e)),  8m(e) = £(m+ek).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHK SIBJISTFOTCST HEIIOCPEICTBEHHBIM Cie/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X) =s] =Y hy™(s) =Hy" (el);
¢ |m—ek]|
Pv(X)ze]=)> [2=2>e|Pn(X)=m—s] = Z W™ (s) = Hy™ (m — ek) .

=]

s= s=s0

TpeTbH OI€HKa I10JIy49a€eTCAd aHaJIOTUIHO HepBOﬁ, C TOM JIMIIIb paSHI/IHefI, qTo ycJjioBue

v(X )% < e zamensiercs yeaosueM v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHbBIME
" ¢
IpeobpPasoBaHUAMY HOTyIaeM BEePXHUIT MpejieT cyMMupoBamnd s < 7 (m — k).

Haxowner, JBycTOpOHHsisE OlleHKa (2.9) moJiydaercs, ecjim MpeJiCTaBUTh MHOYKECTBO
pa3buenuit B Bujie 00beIMHEHNsT JIBYX HEIEPECEKAIOMNXCA TOIMHOXKECTB:

PIv(X) ~ v(X)| > €] = P[r(X) — v(X) > ] + P[U(X) —v(X) > ] =
= M (500()) + L™ (5(0)) .

O ckopocTu cxogumocTu B 3akoHe bonblwwux yncen. [lpu npornoprroHaaILHOM yBe-
audennn L, ¢ m m oTHOCUTeJbHAA IMIUPUHA TUIEPreOMeTPUYeCKOro IMUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YI'OJHO TOYHOE IpeJICKa3aHNe
ckpbITOit wacToTsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaer cko-
POCTH CXOJMMOCTH YaCTOT COOBITUA B JIByX BHIOOPKAX.

Krnaccudecknit 3akoH OOJIBINIX YHCES YTBEPXKIAET CXOIUMOCTb HaCTOTHI COOBITHA
K eé BepoaTHoCTH. OHAKO B caboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KaK AHAA02 3AKOHA OOALWUL
wucen B cj1aboit akcnomaTuke. OCHOBaHUEM JIJIl TAKOM NHTEPIIPETAIH TaKKe CJIyKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUS YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSTHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OIEHUBAIOTCS CBEPXY JPYT depe3 JApyra, Kak nokasano B [8]. ITo cyru, stu
JIBE OIIEHKH OTJINYAIOTC HE IPUHININAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xéddaunra [83]
OIIEHNBAIOT CKOPOCTB CXOJMMOCTHU B 3aKOHE OOJIBINNX dncesl. Bee OHI ABJISIOTCA aCUMIITO-
TUYCCKUMH U J1aI0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTU OOJIBIIOTO OTKJIOHEHHA. BhIpazke-
ure (2.9) spisiercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTUYECKON) OICHKOI, U MOTOMY
€r0 MOYKHO CUHTATh HAMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX THCEI.
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H l'Mnepreometpuyeckoe pacnpeaenenue npu L=300, k=100, m=30, eta=0.05
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H 'vnepreomeTpuyeckoe pacnpepenermne npu L=1500, k=500, m=150, eta=0.05
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Puc. 2.2. lN'unepreomerpudeckast byHKIUs h%m (s). Bepxuuii rpacduk nosydes mnpu
L =300, £ = 200, m = 30. Beijesens! Kpaiiaue JeBble, [So, sy ()] = [0, 15], u kpaii-
HUE TIPaBbIe Sy, (€), s1] = [25, 30], "wieHbI pacipe/e/eHns, COOTBETCTBYIOINHE 3HAUYCHIIO
Hagéxuocta 1 = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpomoOpI-
OHAJILHO YBEJMYEHHBIX B D pas.

MeomeTpuyeckas nHtepnpetauus coornomennit (2.3), (2.8) u (2.9). Paccmorpnm mps-
moyrosbayio cerky {0,...,L} x {0,...,¢} ua puc.2.3. Ionoxum b; = [x; € X]|. Torna
b; = 1 o3Havaer, 4TO0 OOBEKT T; TOIMAJAeT B HADIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJe TPACKTOPHH, TIPOXOJAIIEH 110 y3J1aM CeTKH M3 TO4U-
ku (0,0) B Touky (L, £) coryiacHo npaBuiy: ecjiu b; = 1, TO cMeIaeMcsi Ha JIMHUILY BIIPaBO-
BBepX; ecyim b; = 0, TO cMelaeMcs Ha eUHUILY BIIPaBo. Bee Takue TpaeKTopuu He BHIXOIAT
3a TIPeJIe/Ibl MapaJlie/lorpaMMa, BbIJIEJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKUX TPaeK-
TOpHil M30MOPMHO MHOKECTBY pasbuenuii Bbioopkr X = X L X, n 06a oHE H30MOPMHBI
MHOKECTBY L-MepHBIX OGHHAPHBIX BEKTOPOB (b1, ..., by ), cojep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra dncia pasdbueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIMINX TPACKTOPUIA.

Y1005 BeIBECTH (2.3), IPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITOOBI IIEePBBIE 1M 00hEK-
TOB IpUHA/ KN MHOKecTBY S. Torma 3aatua cBeeTes K MOACIETY JT0JIU TPACKTOPHIi,
IPOXOJSAIIUX Yepe3 Touky (m,s). HaszoBém Takme Tpaekropun donycmumvimu. Tucio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske or (0,0) mo (m,s) pasuo C?

m?

n JIJId KaXK 101
l—s -
Tpaekropunu cymecrsyer C;_° BapuanToB eé mnpojosnkenust ot (m,s) mo (L, ). Cremo-
BaTEe/bHO, THCJIO JIONMYCTUMBIX TPACKTOPUN PABHO C;Cﬁ_jn. Pasnenus na obree wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | nosydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICUUTATEH TUCJIO TPACKTOPH, TIPOXOJISIIIUX e~
pe3 Jo0yto TouKy (m, §), JeKallylo HuzKe JuaroHasn Ha e wm Gouee. st aToro cym-

Mupyetcs wucio Tpaexropuit C5CE % 10 BeeM s = sq, . . ., Sm(€).
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Puc. 2.3. Tpaekropus mnocsienoBaTeIbHOCTH {bi}szo = 0101100010110010, mpu
L =16, (=17, ¢ =0.3. IlpoBesens! juaun s = %m us = %(m + ¢k). IIppy m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHUU, S = S, (), U HIKe HUKHEH JInHuH, § < Sy, (€).

st BBIBOJIA JIBYCTOPOHHEH olleHKu (2.9) TOJCYUTHIBAETCA YUCIO TPACKTOPH, OT-
CTOSIIUX OT JUATOHAJIM Ha £ wm Gosee. B 9ToM cilyuae cyMMupoBaHue HiST 10 BeeM
S =50,-..,5m(€), 3aTEM IO BCeM § = S,,(€), ..., S1.

BbIOOpPOYHbIi KOHTPO/Ib KadecTBa — 5TO HpUMep HPHUKJIAJIHON 3aJaui, B KOTOPOii
orenku Teopembl 2.2 TPUMEHUMBbI HETIOCPEICTBEHHO |[3].

[Iycte X — muO)ecTBO m3jzesmit, S C X — MOJAMHOXKECTBO J1eMEKTHBIX U3JIEIUIA.
Wsroropjiena naprusd u3geanii X, U3 HUX 1M OKa3aUCh JepeKTHbIMHU. TUCI0 m Hens-
BecTHO. [IpoBepuTh BCIO MAPTHIO MOMITYYHO HE IPEJCTABIAECTCS BO3MOXKHBIM. [losTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHU
BBIOMpaeTcs moaMHOKeCTBO X C X, 9TO PaBHOCHJIBHO CJIYIAfHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag gomo gedektos B Habmomaemoil Bridopke v(X),
TpebyeTcs TpecKasaTh 100 1eeKToB B cKpbiToil Bribopke v(X ). Ecim npu saman-
HOM TOUHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
[IPUHUMAETCS, MHaYe OHa e TMKoM Opakyercs. [lapaMeTpsr € u 1) moadbuparoTcst U3 SKOHO-
MUYIECKUX COOOPayKeHU — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJHOTO W3JE/INA W BEJTUINHbBI
[IOTEPH OT HCIIOJIH30BaHUs J1e(DEKTHOTO W3/IE/IHsI.

§2.4 Tlepexopn ot HeHabnwogaemon oueHKN K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB 1M COObITHS S B MeHepaJIbHON Bbi-
bopke X, KOTOpOe HEBO3MOXKHO Y3HaTh, II0Ka HEM3BECTHA CKPhITas I0JBbIOOPKa. B Taknx
CJIydasx TOBOPSIT, UTO OIEHKA sIBJIsieTCs henabatodaemoti (unobservable bound). Curyartis
Ha IePBBIIl B3IVI] TapajoKcaabHa. IToObI OIEHUTh BEPOSATHOCTH OOJIBIIOTO OTKJIOHEHHS
YaCcTOT B HAOJIIO/IA€MOIl U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH 4ncsao m. OJgHako ec-
Jit ObI MBI €ro 3HaJjid, TO 1o Hab/roaeMoii dacrore v(X) TyT Ke BBIYUCIH Obl TOYHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHsin oueHka. Ilpocreiimiee perienne 1mpoOeMbl HEM3BECTHOTO 1M 3aKJII0YAETCS
B TOM, YTOOBI B34Th MaKCUMYM II0 1M W HOJYIUTH BMECTO TOYHOI ONEHKHU 3aBBINEHHYIO
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H(m)
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Puc. 2.4. 3asucivocts H(m) = Ho ™ (s,u(e)) or m upu L = 300, £ =200, &= 0.05.
BEPXHIOIO OIICHKY:

Plv(X) —v(X) > €] < m%axL;Lz%m (sm(e)) =T (). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m ot [ek] no |L — el], tak kak npu
OCTaJIbHBIX SHa4Y€HUAX 111 JiIeBad 1aCTb HEPpABEHCTBa paBHa HYJIIO.

K coxasenno, (2.10) — moBosbHO rpybast OleHKa IPU MAJIBIX 1M, cM. puc. 2.4. ITo s7oii
IPUYIMHE JAHHBIH MOAX0 He IIPUEMJIEM JJId 3a4a49 BLIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YeHUS 110 MPEIeIeHTaM, U JIPYTUX CIydaes, KOrja MMEHHO MaJible 3HAYEHUs 1M [IpeIcTaB-
JISIIOT OOJILIION IIPAKTUIECKUAN HHTEPEC.

I3BecTHA BepXHSIS OIEHKA «XBOCTa» MHIIEPIeOMEeTPHYECKOro pacipeesnenust |64, 95,
C TIOMOITIBIO KOTOPOH MOXKHO OIEHUTH CBEPXY NpaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_%Qﬁ) .

OTa ornenka eré bostee rpydasi. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
c opauaaToit 0.89. Acummrornaeckn I‘KL(e) — O npu £, k — 00, 970 eIié pa3 MoJATBEPKIAET
CBsI3b TOYHBIX OIEHOK (2.8) u (2.9) ¢ 3axonom bosvwus wucen.

TouHasn NMHTepBaJibHasA OUeHKa. CJIe,HyIOHLaH TeopeEMa IIOKa3bIBa€T, KaK I10JIy9aTb TOY-

uble Bepxuue u Hmkine onenxu Jist n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim n(X) — quciao smementos cobbrtust S B HabJIIOaeMoli BBIOODKE,
TO JIISI 9HCJIA 3JIEMEHTOB coObITHs S B MOJIHOH BBIOOPKE ¢ BeposiTHOCThIO (1 — 1) crpa-
BEJITHBA BEDXHSsI OICHKA:

n(X) <max{m=0,...,L | H;™ (n(X)) > n}. (2.11)

HokazarenbcTBo. PaccMoTpuM 0IHOCTOPOHHIOK TOYHYIO OIeHKY (2.6), 0603HaIMB Mpa-
ByIO €€ dacTh depe3 H,, (), rue m = n(X) — HemsBecTHAs BeJTMIHHA!

Plv(X) <e] =Hp™ (el) = Hp(e). (2.12)

Tora ¢ BepositHocThiO 1 — H,,(€) cipaBeinBo HepaBeHCTBO V(X)) > €.
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t, vucno snemenmos S 6 ckpoimoii vibopre
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S, uucno anemenmos S e Habiooaemoi vibopKe

Puc. 2.5. Tounble BepxHue 1 HUZKHIE OlleHKHN dncia t = n(X ) smeMeHToB coObITHs S
B CKPBITOH BBIOOPKEe B 3aBucHMOCTH OT UX 4ucia s = n(X) B Hab/I01aeMOi BBIOODKE.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Oyukus Hy, (e ) KYCOYHO-TIOCTOSTHHA U OJIHO3HAYHO OIIPeJIe/IsIeTCsl CBOUMU 3HAUYEHUSI-

MI B TOYKax € = 0, 1 ITTK, 1. O6oznaunm uepes E,,(n) byskimo, obparayo Kk H,,(¢).

Torna c BepOﬂTHOCTiIO 1 — 7 cupaseyuBo HepasencTso V(X)) > E,,(n).

[Tockonbky dyuknuu H,,(¢) u F,,(n) Bo3pacraroriue, ¢ BepOATHOCTbIO 1 — 1) cripa-
BeUINBO HepaBeHcTBO H,y, (v(X)) > n.

Oynkia H,, (v(X)) yosisaer o m. [Tosromy mepasencrso H,,(v(X)) > n pasuo-
cubHO M < N, TJIe T — MaKCHMaJIbHOe 3Hadenue m, npu Kkoropom H,,(n(X)) > n.

Teopema j10kazana. u
AnaIoruaHbIM CII0COOOM OLEHUBAETCsI CBEPXY CKpbIToe uunc/io n(X ) mo Habroiaemo-

My aucay n(X), a Tak:Ke CTPOSITCs HUYKHUE OIEHKIL.
Caencteue 2.3.1. C BeposrHocTsio (1 — 1) BBIIOJHEHO HEPABCHCTBO

n(X) <max{t =0,....k | Hy " (X)) >} (2.13)
CaexncrBue 2.3.2. C BepositHOCThIO (1 — 1)) BBIIOJHEHO KazKji0€ U3 HEPABEHCTB

n(X) = min{m =0,...,L| H:™ (n(X)) > n};
n(X) = min{t =0,.. k‘Hen(X (n(X))>77}-

Breraucienne mo/rygeHHBIX BEDXHUX W HU?KHUX OIEHOK C MCIIOJIb30BAHIEM PEKYPPEHT-
HBIX cooTHowernit (2.5) Tpebyer nopsiaka O (n(X)n(X)) onepauuit.

Ha puc. 2.5 mokasanbl BepXHHE U HUYKHHE OIEHKH YHCJIA IJIEMEHTOB COOBITHS S
B CKpBITO# BRIGOpKe ¢ = n(X) B 3aBUCHMOCTH OT WX HHCIAa B HAOIIOTAaeMOil BHIGOD-

ke s = n(X). Toacreie cTyneHvaTbie JIUHIN — IPAHUTHBIE 00JACTH, B KOTOPBIX BEJIUTHHA
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HZ ot (s) mIpUHUMAET OJTHO U TO ke 3HadeHne. TouHas BepXHsIsl OIEHKA COBIIAIAET C BEPX-
Heli rpaHuIeil BepxHeit 001acTu, TOUHad HUXKHsS — C HUXKHeH rpaHurieil HuKHeit oo1acTu.
Bumecre onn onpenensior 1 — 2n = 90%-it moBepuTenbHbI MHTEpBAJ JJId YnCIa t IIpu
KazKJIOM 3Ha4YeHUN s. TOHKMe CTyIeHYaThble JIMTHIU — 9TO OIEHKH 110 HAUXY/IIIIeMy 1M, Bbl-
aucsieHabie coryiacHo (2.10). Vx TounocTs najiaer mo mepe npubskenns m K 0 win K L.

O BeposiTHOCTU HyNb-coObITUA. [lob3yschy Teopemoii 2.3, HETPYAHO HOCUYNTATH BEPX-
HIOIO JIOBepUTENbHYIO OneHKY n(X) st nyav-cobvimusa 21| — takoro cobbITHsi, KOTOPOEe
BoobG1ie He HabOnaM0ch, n(X) = 0. B wactroCTH, 110 Tpaduky Ha puc. 2.5 Jerko onpeje-
JINTD, 9TO MPH JIjTuHE Ha0110/1aeMoii BEIOopku ¢ = 100 unc/io coObITHii B CKPBITO# BHIOOPKE
nmabl k= 100 me npessoiinér 4 ¢ BepograocTbio 1 — 1 = 95%. Huxkuas nosepuresbHas
orierka n(X) JJ1s HyJIb-COOBITHS, PA3yMeeTCs, PABHA HYJIIO.

§2.5 OpHo3anemeHTHOE cemMeiicTBO aJIropuTMoB

Bepuémcs K 3ajiate OleHUBAHUsT BEPOSITHOCTU TIEPEOOYUIeHUsT U PACCMOTPUM OJTHO-
sJIeMeHTHOe cemeiicTBo asroputmMoB A = {a}. B arom ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: uX = a s Jjoboit Beibopku X. Pyurimonan Q.(u, X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMOIEALHO20 AA2OPUMMA.

Teopema 2.4. Ilycrs aiaropurM a JOIycKaeT m OMIHOOK Ha I'eHePaJbHOI BbIOOPKE:
n(a,X) = m. Torga ms soboro ¢ € [0, 1] cupaBeInBeI TOYHbIE OLECHKH:

Q- =Plv(a, X) —v(a,X) =] = H;™ (£(m —<k)) ; (2.14)
R.=P[v(a,X) > €] =Hy™ (m —ck) ; (2.15)
C = Ev(a, X) = (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mu3 Teope-
Mbl 2.2, ecan BBectH cobbitne S = {x; € X: I(a,x;) = 1}. Jlna nokasarenscrsa (2.16)

3alluiieM OlIpeae/JICHUA En v, 3aTeM liepeCcTaBUM 3HaKU CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = CEZ]CLZU, Z[xieX]:kaLﬁl:%.

Cr Xe[x]¢ LGX | Xelx)t

vV vV
0
m Cr_4 |

Pe3iome

Bajiaua oneHnBaHUs YacTOThI COOBITHS (HAIIPUMED, OMUOKN (DUKCHPOBAHHOTO aJIr0O-
pUTMa @) Ha CKPBITOI BBIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BBIOOPKE UMeeT TOYHOe
pelenne, KOTOpoe BbIparKaeTcsl depe3 IUIepreoMeTpruyecKoe pacipeieieHue.

B ciraboit BeposgTHOCTHOI aKCHOMATHUKE 3T, OIEHKA OIUCHIBAET CKOPOCTb CXOIUMOCTH

YacTOT B JIBYX BBIOOPKAX WM SABJISETCI aHAJOTOM 3aKOHA OOJILIIIX YKUCEI.



= 29 —

Heyn06cTBO 91001 OlleHKN 3aK/II049aeTcst B TOM, 9TO OHA 3aBUCUT OT HEM3BECTHOW Ya-
CTOTBI COOBITHS Ha TeHepasibHOI BhIOOpKe m. lIpobiiema peraercsa OO B3ATHEM Mak-
CUMyMa TI0 M, W TOIJa IOJyJaeTCs 3aBbIIIeHHAs OIeHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBIPAYKAETCH B BHUJE SIBHON (DOPMYIIBI.

B cnepyrowein nekumm Mbl okazkeM, 9To B ¢JIaboil aKCHOMATHKE BO3MOXKHO TI0JIyIaTh
TOYHBIE PENIeHnus JI Pdjia KJIACCUIECKNX 3a/a9 MaTeMaTUudIecKoil CTaTUCTUKU, TaKnUX,

KaK IIOCTpoeHHEe JOBEPUTE/IbHBIX NHTEPBAJIOB U IIPOBEPKa CTATUCTUYICCKUX I'MIIOTES.

Ynpa>kHeHust

Bamada 2.1 (1). Iloctpouts rpaduki 3aBUCHMOCTH BEIUIUHBL ()., OIpeessieMoil
no dopmyste (2.14), or ¢ npu dbuxcupoantom k, or k npu dpukcuposanuom ¢ u ot £ = k.

Bamada 2.2 (2). Beisectu Tounbie onenku Q., R. u C' 151 JBYX3JIEMEHTHOIO CeMelicTBa,
A = {ay,ay}, eciin 3aaHbI YETHIPE ApaAMETPA

My = #{z € X: I(ar,z) = u, I(as,z) = v}, u,v € {0,1}.

[Tocrpouts rpacduku 3apucumoctu (., R, u C' 0T XOSMMUHIOBA PACCTOSHIA MEXKJLY aJIro-
pUTMaMU p1o = Moy + M1, B JABYX ciydasix: 1) mpu mo; = myg; 2) 1upu mg; = 0.

Bamaga 2.3 (5*). Ommcars criocod BBIYNUC/IEHUS TOTHONW BEpXHEH OIEHKH BEPOSITHOCTH
nepeobyuenHns Q. 1Jis ceMeiicTBa u3 aByX aaroputmoB A = {ay, as}, eciim npu HEKOTOPOM
pas6uennu (X, X), BLIOpAHHOM CJTy9aiiHO U DABHOBEPOSITHO, M3BECTHBI Y€ThIPE BEJINIMHbI:

suv:#{xeX:](al,x):u, I(ag,x):v}, u,v € {0,1}.

[Toctpouts rpacdukn 3aBUCUMOCTH (). OT XIMMUHTOBA PACCTOSHUS MEXKJLYy AJTOPUT-
MaM¥ P12 = So1 + S10, B JIBYX CJydasx: 1) mpu Sg; = S1o; 2) 1pu So; = 0.
CpaBHUTB ¢ peleHreM IPeIbLIyIeil 3a1adm.

Bamagda 2.4 (3). Beectn Tounbe onenkn ., R. u C' mag cemeiicTBa U3 TPEX asro-
purmoB A = {ay, az, az}, eciau 3aJlaHBl BOCEMb MTApaMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(as,z) =t}, r,s,t € {0,1}.

[TocTpouts rpadurn 3apucumoctn (., R, 1 C' OT XIMMHUHIOBa, PACCTOSTHUST MEXKLy aJIro-
pUTMaMU P12 = Moo + Moo + Mo11 + Mio1, B ABYX CJlydadx:

1) Opu Mi10 = Mio1 = Mo11 = M1oo = Mo10 = 10015

2) upu myig = Mip1 = Migo = Moo = 0, Mo11 = Moo1.
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3 HenapameTpunuyeckne kputepumn
N AoBepuTesibHble OUEHKN

Marepuasa JaHHOI JIEKIIUU HE UMeeT MPIMOro OTHOIIEHUs K OCHOBHOW TeMe Kyp-
ca — mpobsieme nepeodydenusi. OH JIEMOHCTPUPYET BO3MOXKHOCTHU CJIab0#l BEpOATHOCTHOI
AKCHMOMATUKH Ha IIPUMepEe CTAHIAPTHLIX 3319 MaTeMaTUIeCKOW CTaATUCTUKU.

MpbI paccMOTpHUM 3a/1a91 JIBYX THUIIOB.

[lepBbiit T — 3aj1@4n JIOBEPUTEILHOIO OleHUBaHUsA. Josepumenvhoili unmepsan
JUISE CITyYaifHOM BEJIMYUHBI — 9TO OTPE30K, KOHIIBI KOTOPOI'O BBIMUC/IAIOTCS 110 HAOJIIO/Iae-
MOl BBIOOpPKE, HAKPBIBAIOIIUI HEM3BECTHOE NCTUHHOE 3HAYCHUE JIAHHON CIydaiinoil Besn-
YUHBI € 33JIAHHON d06epumesvbHotll 6epoamHocmslo, OU3KON K euHuie, ckaxem, 0.95.

Bropoit Tuir — 3a1a1u MpoBepKU CTATUCTUIECKUX THIIOTE3. BhIBUTaeTcs HeKOTOpas
eunomesa Hy, TIpu yCJIOBUM MCTHHHOCTH KOTOPOH 3ajlaHHas (DYHKIMs BBIOOPKU (cma-
mucmuka) UMeeT U3BECTHYIO (DYHKIMIO paclpejesienus. Boiiensgercs: kpumuueckasn 00-
AGCMYb HAUMEHee BEPOSATHBIX 3HAUEHUI TOM CTATUCTUKY, U (PUKCUPYETCA YPOGEHD 3HAYU-
MOCMYU — BEPOSITHOCTH IONACTb B 3Ty 00JIACTb IPU YCJIOBUU MCTUHHOCTHA THUIOTE3BI Hy.
YPpoBeHb 3HAUMMOCTH BBHIOMPAETCS JOCTATOYHO OJIM3KUM K HYJ0, ckaxkeM, 0.05. Ecian na-
O/o/1aeMoe 3HaYeHne CTATUCTUKHU IMONaIaeT B KPUTUYECKYIO 00JacTb, TO Tunoresa H
OTBEPraeTcd; B IPOTUBHOM CJIydae TOBOPAT, UTO JIAHHBIE HEe MPOTHBOpEeYaT rurnorese H.

B caboit akcrmoMaTrKe HAX0/IAT €CTECTBEHHOE BhIPAXKEHNE MHOTUE HENAPAMEMPUYe-
cKue METOJbI CTATUCTUKH, HE CBA3aHHBIE ¢ AIIPUOPHBIMU MPEJIITOIOKEHUAMEI O ITapamMeT-
pUYECKOM BHUJIe TIJIOTHOCTEN pacipeieieHns KaKUX-JIM00 CIyIailHbIX BeJIMIIH.

§3.1 [JoseputenbHoe oueHnBaHue

PaccmoTpuM 3a/1aty 0 JOBEPUTEILHOM OIEHUBAHUU CJIYYafHON BEJIMIUHBDI.

Bajana yuknus &: X — R, 3HaYeHus KOTOPOil MOMAPHO PA3JINIHBI HA 3JIEMEHTaX
BeIOOPKHU X. Tpedyercss mocTponTh 1o HAOIOaeMOl BHIOOPKEe X CeMefCTBO BJIOZKEHHBIX
dosepumenvior unmepeanos Q.(X) = [67(X), &5 (X)] rakoe, 4o st IPOUZBOILHOTO
CKpBITOro 0o6bekTa T Bobinosuserca &(z) € Q. (X) ¢ BeposTHOCTBIO He Menee 1 — n(e).
Taxum 06pa3oM, JIMHA CKPLITOi BHIOOpK X = {I} HmomaraeTca paBHOI eIUHUTIC.

Bapuayuonnvim padom dyaknuu € na Beibopke U = {uy,...,u;} € X HasbBaercs
[OCJIeIOBATEIbHOCTD 3HaueHuit &(uy), . .., &(u;), ynopsiodentas mo Bospacranuio. O60-
3HAYMM S-€ 3HAYEeHHMe BapuallmoHHOTO psjga & Ha U depes 51(18 ), TOT/1a 5;11 V<< fl(]t).
Teopema 3.1. Omupejenmnm cemeiicTBO BiIOKeHHBIX 0Tpe3koB (). (X) = [S%_EH),S;)},
e e = [(/2],... L. Torga cupaBeymmBa TOIHAST OIJCHKA:

Pl(z) ¢ (X)) =2(1—-%), e=[¢/2],....L (3.1)

JokazaresabcTBo. Beero nveerca C] = L pasbuennii. Bemmanna &(T) npesocxoaut 5&?

Ha TexX pas3OueHUsX, IPU KOTOPBIX HpaBee &(T) B BapUAIMOHHOM DsILy HAXOJUTCS Me-

(L—e+1)
X

Hee L — ¢ o6bekToB. Takux pasbuenuit popuo L — e. Anajiornyno, (z) < £ Ha Tex

pasbueHusiX, IIpu KOTOPBIX Jieee &(T) HaxoauTces MeHee L —e 00bekToB. Takux pasouennit
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Takke poBHO L — e. Urak, mossi pasbuennii, npu KOTOpbIX 3HadeHne (T) monajiaer BHE
orpeska §2.(X), cocrasisier 2(L —¢)/L. n

Amnajiornaao MOXKHO JO0Ka3aThb U TOYHYIO BEPXHIOIO OIICHKY:

Ple() > Q] =1-2, e=[(/2],...,¢ (3.2)

[Tosmaras B (3.1) ¢ = {, 3akio9aeM, 9T0 CKpbITOE 3HadYeHHE &(Z) BBIXOAUT 3a Ipe-
JIeJTbI JTNalia30Ha HaOJII0/[aeMbIX 3HAYEHU [gg) , gﬁ)} C BEPOATHOCTHIO % s npejickaza-
Hus €(Z) ¢ HAJEKHOCTBIO 1) JIOCTATOYHO UMETh % — 1 00BEKTOB B CiIydae OJTHOCTOPOHHEN
OTIEHKU, U ITPUMEPHO BJIBOE OOJIbIIIE, % — 1, mra aBycroponneit. B wactnoctn, 19 06 bekTOB

JOCTATOYHO JIjId TIOJTyIeHNs BEPXHEN OTeHKN ¢ Ha 1eKHOCTHIo (.95.

§3.2 [oBeputesibHble MHTEpBasibl 4N KBAHTWU/IEN

JoBepuTenbHble MHTepBanbl AN KBaHTUNEW B CUNIbHOW akcuomaTtuke [24]. Ilycrs
§ — ciydaiiHasg BeJIMYMHA C HEIPEPBIBHOI CTPOro Bo3pacTatolieil (byHKImeld pacipe/ie-
neuns F'(z). Pemenne ypasrnenus F(x) = o npu a € (0,1) cymecTByer u ¢IMHCTBEHHO,
obozHagaeTcs &, 1 HA3BIBACTCA (v -KGAHMUALIO pacnpedenetus W KBAHTUIHIO TIOPSIKA, (.
B gactnocru, £1 ectb meduana pacnpedesenus.
2

[Iycrs X = {&,...,&} —BpIOOpKA { HE3ABUCHMBIX CJIyYallHBIX BEJMYAH U3 PAC-
npenesienusa F. [loctpoum e€ BapualmoHHBIN PsijL fg) < --- < fgg). C BeposiTHOCTBIO 1
oH He mMeeT CBA30K. OTpe3ok [gﬁ?,gg?} SIBJISICTCS JIOBEPUTEILHBIM HHTEPBAJIOM JIJIsT
Q-KBaHTUJIU C JIOBEPUTETHLHON BEPOATHOCTHIO

S
Pl <&<ed] =) Clatl — ). (3.3)
t=r
B (r+1) (b—r)
‘{aCTHOCTI/I, OTpGSOK [ X ySX } ABJIAETCA ﬂ‘OBepI/ITeJIbHI)IM I/IHTepBaJIOM ,ILJIH Me-

T
auanbl (o = 1) ¢ goBepuTeabHOI BeposTHOCTBIO 1 — 2 Y Ch27"
=0

JdoBeputenbHble nHTepBanbl ANA KBaHTuNe B cnaboii akcnomatuke. [locranos-
Ky 3a/Ia91 [PUJIETCSI MEHSITDH, TIOCKOJIbKY MOHATUS (-KBAHTHIN U (DYHKITUU PACIpeIesie-
Hust F'(x) ompenensiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOSITHOCTD. AJIEKBATHOMN 3aMeHOM
KBaHTUJIH &, B c1a00it aKCHOMATUKE SBJISAETCS M-i 9JIeH BaPUAIMOHHOTO Psijia FeHepaIb-
HOIT BeIOOpKM X mpu m = aL.

Hormycrum, aro umcsioBas rerepajibiasi Bbibopka X = {&1,...,&p}, cocrour u3 mo-
[MapHO pa3/nyHbIX 3HaveHnuii. [locTponm e€ BapranmoHHbBIN P 55(5) << é}g‘).

Crenyromas TeopeMa yTBEPKIAET, ITO, UMes Hab/IIomaeMy0 BBIOOPKY X, MOXKHO
peICKa3bIBaTh 3nadenue M = §§§m) U OICHUBATD TOYHOCTD IIPE/ICKAZAHUIA.

T 3.2 O (r) ¢#(s)
eopeMa o.4. TPE30K gX y Qx| ABJIAETCH JJIOBEPUTE/IbHBIM HHTEPBAaJIOM I BEJIUIH-

ael M = & ) ¢ i
=y ' ¢ JJIOBEPUTEJBHOI BEPOSTHOCTHIO

S

Pl <M<l =>"nm), (3.4)

t=r
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1J1e BeposiTHOCTh P mmoHmMaeTcss B coOTBeTCTBHH €O CJ1a00i aKCHOMATHKOH, KaK JIOJISI pas3-

OueHuii reHepaJibHOH BBIOOPKH.

JlokazaTebCTBO.
Bo-niepBbix, 3aMeTnmM, 910 P[fgg) <M< §§?)] = [{g) < M] — P[ g?) < M]
PaccmoTrpum cobbitue S, = {fg), . ,fs(gm) CX.

Yesosue P (r) < M| paBHOCHJILHO TOMY, 4TO B BLIOOpKY X IomajaeT He MeHee
X )

7 3JIEeMEeHTOB coObITUs S,,. Cormacuo Jlemme 2.1 1 onpeneeHuio «IIpaBoro XBOCTa» I'H-

[epreoMeTpUIecKoro pacipeesieaus (2.4) orciofa ciejyer

Plex’ < M] =Hy™ (r).
Anayornano,

Pl < M] =H;™ (s +1).
Takum obpasom,

PIEY <M <P =Hy™ () —H™ (s +1) =

S1 51 B
=D () = D> () =Y A" ().
t=r t=s+1 t=r
Teopema jokazana. [ |

MpepenvHbii nepexod. loBepuresbHast BepoATHOCTH B cjaboil akcnomaruke (3.4) Bbl-
pazkaercs Uepes3 THIePreoMeTpHIecKoe pacipeaenenne. IlokaxkeM, 9To Ipu CTPeM/ICHAN
JIIMHBI CKPBITOI BBIOOPKN K OECKOHEYHOCTH OHO CTPEMUTCS K OMHOMHMAJILHOMY PACIIPEIe-
JIEHUIO, 9ITO MPUBOJUT K KJIACCHIECKON JIOBEPUTEILHOI BepogTHOCTH (3.3).

[Ipu L — oo u k — 00, ukcupoBauHOil JjimHe HabIr0maeMoil BIOOpKU £, (DPUKCHPO-
m

BaHHBIX 7" 1 § U COXPpaHEHUU ITOCTOAHHOI'O OTHOIICHUA ¥ = T nMeeM:
h&m(t) 701&0}271—15 B + m' k' (L—m)' %Ctmt(k_m)fft B
e (o N A ey [ T

= C’g<m>t<E - @)é t—) Clal(1 — a)".
L L L

TakuM 06pa30M, IIEPEHOC JOBEPUTEIBHBIX OIEHOK B CJIA0YI0 aKCHOMATHKY IIOTPe6o-

BaJI 1epedOpMyIHPOBATh TOCTAHOBKY 3aJaud. B c1aboil akCHOMATHKe JIOBEPHTEbHBII

MHTEpBaJI 3aBUCHT OT JUIMHBI CKPBITOi BEIGOPKHU, TO €CTh OT TOI'0, CKOJILKO €IIé HabJII0e-

HUil IPEJICTOUT Ce/IaTh. B aCUMIITOTUKE, IIPU CTPEMJICHUH 9TOIO YUCIa B OECKOHEIHOCTD,

IIoJIy4daeTcd KJIACCUYIECKU ,ILOBepI/ITeJIbHBIﬁ nHnTrepBaJ B CIJIbHOI aKCHOMATHKE.

§3.3 Kpurtepwnii 3HakoB

Knaccunyeckuin kputepuini 3HaKoB poBepseT rurore3y Hy o Tom, 9TO B BhIOOPKe Ou-
1

napubix sesmunn X = {b;}5_,, b; € {0, 1}, e/MHUIIBI TIOSABJIAIOTCS ¢ BEPOATHOCTBIO P = >
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WA, PYTUMHI CJIOBAMME, 9TO BEIOGOPKA MO {IMHSIETCsI OUHOMUAILHOMY PACIIPEJIEIEHIIO C T1a-
PaMeTpOM p = 3.

XpecroMaTuiiHbI TpUMep MPUMEHEHNsT KPUTEPUsl 3HAKOB — IIPOBEPKa CUMMETPU Y-
HOCTH MOHETBI I10 [OCJIEI0BATEILHOCTH BBIIAICHISA «OPJIOB» U «PEIIEK>».

B npakrrueckux 3ajadax aHaau3a JAHHBIX KPUTEPUl 3HAKOB PUMEHSIIOT JIJId IPO-
BEPKH PaBEHCTBA HYJIO MeJIMaHbl BEIeCTBEHHOM ciyuaiinoit Besmaunnnl £. st sToro me-
pexojiaT K 6unapHoii BeiGopke b; = [§; > 0]. Ipyroe npumeHenme — nmpoBepKa 2unomesol
cdeuza & = £+ § B ABYX CBSABHBIX BBIOOpPKaX, rje d — BeJIMYnHa cABura. /st sToro me-
pexoaT K 6unapHoil Beibopke b; = [£) > & + 0]. B wactaoctu, npu § = 0 nposepsiercs
OTCYTCTBHUE CIIBUTA, UK, KaK eIE FOBOPST, omcymemeue agdexma oopabomxu.

¢
[ a1 BeImosHenust Tecta Beraucisgercs crarucruka 1'(X) = > b;. Ilpu yeaosun, 4ro

=1
TUIIOTE3A Hg BepHa, CTaTUCTUKA T ITOAYINHACTCA 6UHOMUCL/L?)HOJVLy pacnpe(?menum:

PIT(X)=t] =Cip'(1—p)~" =Cj27".

['mmoreza H, oTBepraercs Ha YposHe 3HAMUMOCMU (v, €CJIU 3HAYEeHHe CTaTUCTU-
ku T'(X) monajiaer B KpUTHIECKYTO 06JIACTH — «XBOCTBI» OHHOMHUAJILHOIO PACIIPEICICHUS,

1 T(X)
Z g [51-g) 5
t=0

KpuTtepuii 3HakoB B C/1ab0ii aKCMOMAaTUKE CTPOUTCS 110 CYTH TaK ¥Ke, TOJBLKO hopMy-
JIMPOBKa T'MIIOTE3bI HO Y2Ke He MO2KET OIIMPAaTbCA Ha IIOHATHE «BEPOATHOCTL €JUHUIBLI»
1 OMHOMUAJILHOE pacipejieieHue.

Teneps runoresa Hy dopmynmupyercsa Tak: «HaOJ0aeMas BbIOOpKa X IOJydeHa

L
=1

B pesysbrare ciaydaiinoro pasbuenust X U X = X renepasbnoii Beibopkun X = {b;}
cojiepzKalieil POBHO TIOJIOBUHY €JINHUIL, 1M = Zle b; = %», rje L — 1érHoe Jucio.
Ecim runoresa Hy BepHa, TO BepHO U OCHOBHOE IIPEIIOJIOKEHUE CJIaboil aK-
CHOMATUKU O paBHOl BeposaTHOCTH paszduenuit. [Ipumenss Jlemmy 2.1 K coObITHIO
S = {bl- eX:i b= 1}, IPUXOJUM K BBIBOJLY, 4TO craructuka T(X) mogunusiercsa eunep-

2EOMEMPUHECKOMY pacnpe&menum:

Y

m—t L
P[T(X)=t] =hy™(t) =C} Cﬁ;f L om=3
L

rJie BepOSATHOCTD P MOHMMAaeTCst B COOTBETCTBUU CO CJIADON aKCHOMATHUKOM, KaK JOJIs Pas3-
OueHnii reHepaaIbHON BHIOOPKU.

asee crangaprHas JIOTUKA IIPOBEPKU CTATUCTUIECKUX TUIIOTE3 MEPEHOCUTCS B CJIa-
Oyro akcnoMaTuky 0e3 m3Mmenenwuii. ['unoreza Hy oTBepraeTcd Ha YpPOBHE 3HAYUMOCTH (v,
ecan 3Hadenne T'(X) monagaer B kpumuueckyo obaacmo:

H" (T(X)) ¢ [5.1-5],
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MpepenbHbii nepexoa. [lapamverp L ObLT BBE/IEH UCKYCCTBEHHO B PE3Y/ILTATE MBICICH-

HOT'O JIoCcTpanBaHus HabJIi01aeMoil BBIOOpKH X J10 TeHepaIbHON BHIOOPKH X. YCTpemJisds

JUTHHY BBIOOPKU X B OECKOHEYHOCTH IIPU 1M = % 1 (BUKCUPOBAHHBIX £, 1, TOTydaeM BCE

TO 7K€ OUHOMUAJILHOE pacipe/ie/ieHne, IPUBOJISINee K KIacCuIecKoMy Kpurepuio (3.5):

! m! k! mimtt mt
—ct " ! e/ — o,
] Clm =t (m— L+t L £t £ (2m)" ¢

P[T(x) =

Takum obpa3oM, MepeHoC KpUTepusl 3HAKOB B CJIA0YI0 aKCHOMATHUKY IIOTPeOOBaJI
JIAIIb TIepeOPMYITUPOBKYU HYJIEBON THIIOTE3bI, HE U3MEHUB PE3YJIbLTAT 110 CYIIECTBY.

§3.4 Kputepuin YunkokcoHa—MaHHa—YuUTHuU

Knaccnyecknin kputepnini YunkokcoHa—MaHHa—YnTHn — 310 HemapameTpudecKuit
CTATUCTUYIECKUN KPUTEPUil, OOBITHO UCTIOJIB3YEMBbIl /IS TPOBEPKU 2UNOME3bL 00HOPOIHO-
CMAL — TIPEJTIIOJIOKeHHs, uTo JBe BbIbopku X = (z1,...,2¢) u X = (2}, ..., 2}) B3aTHI
U3 OJHOTO pactpejenenns. [Ipemonmaraerces, 9T0 BeJIMYUHBL T, &' U3MEPSIOTC B KOJIMYE-
CTBEHHOI WJIN HOPAJIKOBON IIKaJIe.

Ctporo roBopsi, HYJIEBOI THIIOTE30i B JAHHOM KPHUTEPHUU sBJeTCs Oojee ciraboe
npenosnoxkenne Hy: P(z < a') = % [TosTOoMy OH cunTaeTcs He JOCTATOYHO MOIIHBIM JIJIS
[IPOBEPKU TUIIOTE3BI OJIHOPOTHOCTH.

st mpocToTel B KauecTBe ajibrepHaTHBBI pacemorpum Hy: P(x < ') > % [Tpoeepka
JIBYCTOPOHHEN aJIbTepHATUBLI HE HAMHOT'O CJIOYKHEE.

To, 9To MaHHBI TECT HE BCEr/ia MO3BOJIAET 0O0OHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO MOKA3aTh C TIOMOIIBLIO KOHTpIpuMepa. BoszbMéM e BoI6opku X, X paBHOIl JTHHLL.
IIycrs X cocpenorodena na orpeske [1,2], mososuna BLIGOPKH X cocpegoTodeHa Ha OT-
peske [0, 1], Bropas nososuaa — na |2, 3]. Torma runoresa Hy cripaBe/jimBa, a MUIIOTE3a
OJIHOPOJTHOCTH, OYEBUHO, HET.

J171sT BBITTIOTTHEHNST TecTa BBIYUCIAETCS CTATHCTHKA

U(X,X):ZZ xz<:1;

i=1 j=1

O06br4HO MCHOJIb3yeTCs 00JIee SKOHOMHBIN criocod Beraucsenus U. Crpourcs Bapua-
ITUOHHBIN P, M < oo < 20 o6beunéHHOl BeIbOpkn X = X L X. JIj1sl pocToThI
OyeM mpejroaraTb, YTO BAPUAIMOHHBIN DSl HE COJEPXKHUT CBs30K. [lajee maxomsirest
pauru r(x;) € {1,...,L} s7eMeHTOB TepBOii BBHIOOPDKH B OOIIEM BapUAIMOHHOM DSILY,
n U BbIpaxkaeTcs depe3 UX CyMMapHbBII paHT:

4
U(X,X) =tk + @ =) ().

i=1

Takum obpa3oM, JIaHHDBIN KPUTEPUil ABJIACTCA IPUMEPOM PaH206020 KPUMEPUSA.
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Pacnpenenenne craructukn U acuMITOTHYECKA HOPMAJIbHO, TPUIEM ACHMIITOTHKON
PEKOMEH/IyeTCsl MoJIb30BaThes yake ipu £, k > 8 [43, 4, 32:

U — Stk
\/%fk'(g—F k+1)

U= ~ N(0,1).

Ecmu U > &1, tae ®1_, — (1—a)-KBaHTHIIb HOPMAJIBHOTO PACIIPEIEIeHNsT, TO TH-
oresza Hy orBepraercs B MOJIb3Y aJbTepPHATUBLI Hq P yPOBHE 3HAYUMOCTH (V.

B cnaboii akcMomaTmke aHaJI0rOM THIIOTE3BI OJJHOPOHOCTH SIBJISIETCSI OCHOBHOE ITPE/I-
ITOJIOZKEHNE O PABHOW BEPOSITHOCTH BCex paszomennii. JlaHHbII KpuTepuil mo3BoJIgeT mpoBe-
PUTDL, MOTJIa /1 1Tapa BEIGOPOoK X, X GBITH HOTyUeHa B PE3yIbTaTe CIydailHoro pasoueHus
ucxoyinoit Beibopku X Ha jsiBe dactu. CoobOpazkeHusl O HEeJIOCTATOYHON MOIITHOCTU STOTO
KPUTEPUS U KOHTPIPUMED OCTAIOTCH B CHJIE.

C roukwm 3penHus caaboil akcmoMaTHKN 3HaK BeposgTHOcTH P B yemosuu Plr < 2] = 5
YHOTPEOJEH HEKOPPEKTHO, MTO3TOMY THIOTE3Y H(y HE0OX0IMMO 1epedOpMyInpoBaTh.

I[lepBas muTepnperanus runoressl Hy. Jomycrnm, uto u3 noassibopok X, X ciy-
JaifHO U PaBHOBEPOSITHO M3BJIEKAETCS 10 OJHOMY O0BEKTY, £ U &' cooTBercTBeHHO. To-
IJIa BEPOSITHOCTH HAJO0 IMMOHUMATh B CMBIC/IE YCPEJIHEHUs He TOJIHLKO 10 BCEM pa3OueHmsIM
BBIOOPKH X, HO U 110 BCEM CIOCOOAM B3sITh 110 OjHOMY 00bekTy m3 X u X. B ciaboit
AKCHOMATHKE BepOATHOCTH Plx < 2’| neiictBurensro paBHa %

L L
Plx <2']=E [mieXngjeXHxl<xj]:

~|
M-

1

-
I

1
lk

L 0—1
1 L(L-1) C¢7L o1
> o < ] Pl € X[y € X] = - AL a7
1 j=1

Mh

7

CrL/Cf

Otcrona cremyer, aro EU (X, X) = %ﬁk. DTO U ecTh BTOpasi MHTEPIIPeTaIlist IUIoTe-
3bl H(, He Tpebylomas BBeJIeHNs JOMOTHUTETHHON PAHIOMU3AIINN.

Pekyppentnas dopmysia g pacrpejienenus craTucTuku U BbIBOAUTCS B cJyiaboii
AKCHOMATHKE TaK »Ke, KaK OHa Oblja MOJIydeHa B HCXOJHBIX paborax [113, 84].

Teopema 3.3. Ilyctp Bce 3Ha4deHHsT B BRIOOPKE X IIomapHO pasjindHbl. Pacrpenerernne
crarucrugn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,...,0k},

He 3aBHCHUT OT 3JIEMEHTOB BbIOOPDKH X H BBIYHCJISIETCSI 110 PEKYPPEHTHOIH bopmyie
Prp(u) = £ Py i(u) + 5 Prj—1(u — 0),

MIpH HAYAJIHHBIX YCJIOBHIX

Pro(u) = Pog(u) = [u=0], we{0,...,0k};
Prp(u) =0, ug{0,... 0k}
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JlokazaresbcTBO. 110CTPONM BapHAIMOHHBIH psiT d1eMeHToB Beioopkn 1) < - .. < 1),
OH He COJEPKUT CBSA30K B CHJIY YCJIOBHS HONAPHON Pa3InIHOCTH.

O6oznarmm b; = by(X) = [ € X]. Bunapnag nocienosatenbnocTs by, . . ., by, co-
Jep:uT poHo ¢ equnun u k wyneit. Torga

L L
UX,X) =Y i <jlbib;,
i=1 j=1
rie Bj = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. JHaUEHNE CTATUCTHKH U He 3aBHCHT

OT 3HAYUEHNiT 3JIeMeHTOB BBIOOPKH X, a TOJIbKO oT pasbmerns (X, X ) 1 mapaMeTpos JITHHBI
110/1BBI60POK £, k. UT06b1 HaiiTu pexyppenThyto dbopmyny g Uy, = U(X, X), sanumem

L-1L-1 L-1

Ug7k:ZZ[Z<j]bzz_?j+Z_)LZbl

=1 j=1 =1

Ecmu by, = 1, To nepsoe ciaraemoe B 310i cymme ectb Uy_q j;, & BTOPOE PABHO HYJIIO.
L—1

Ecnu by, = 0, To nepsoe ciraraemoe B 910it cymme ectb Uy y_1, a Bropoe »  b; = (.
i=1

Takum obpasom, Ug7k = bLUg_l,k + bL(Ug7k_1 + E)
Anajiornynoe peKyppeHTHOE COOTHOIIEHHIE BBIITOIHSICTCA U JIJI BEPOATHOCTEI:

ngk(u) = P[QZ(L) € X} [Ué—l,k = U] + P[x(L) € X] [Ug7k_1 + 0= U] =
= tPrap(u) + $ P (u —0).

Hawanpubie yenoBus jyist Py (u) SBAAIOTCA OYEBUIHBIM CJICIACTBHCM HAYAIBHBIX
yenosuit jyist U: Uy = Uy, = 0 u orpanndenuii na suadenns aprymenta u € {0, ..., (k}.
Teopema j10kazaHna. [

g mpoBepku runore3bl Hy cTpontcs pacupeseseHne Y nIKOKCOHA

W(U)=>" Pix(u).

Ecom U > Wy_,, tne Wi_, — (1—a)-kBauTmib pacrpejiesieHnsi Y MJIKOKCOHA, TO TU-
roreza Hy oTBepraercs B MOJIb3Y aJbTe€pHATUBBI Hi IIpU YyPOBHE 3HAYUMOCTH (V.

[To Bceit BuimMoOCTH, HE TOJILKO KpUTepuil Y uikokcoHa-Manna—YutHu, Ho u OoJiee
MIUPOKUIT KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCS B CJIa0YI0 aKCHMOMATUKY 0Oe3 3Ha4u-
TEJIbHBIX JIOTIOJTHUTEIbHBIX YCUIUIA.

Pe3iome

B ciraboit BepossTHOCTHOI aKCHOMATHKE YIAETCS IHUCTO KOMOMHATOPHBIMU METOIaMU
1oJIy4aTh aHAJOTM MHOIMX HellapaMeTPUYeCKUX CTATUCTUYECKUX KPUTEpHUEeB U JI0BEPU-
TEJTbHBIX OIEHOK. Pe3y/IbTaThl AB/IAI0OTCA TOTHBIMU U (POPMYIUPYIOTCH B TEPMUHAX KOHEY-
HBIX BBIOOPOK. B psijie ciydaeB MeHseTCs WHTEPIPETAI UCXOTHOM MOCTAaHOBKHU 3aJ1a4H,
HarpumMep, (popMympoBKa HysaeBoil rurnore3nl. [Ipegenbubii epexon L — oo npu huk-
CUPOBAHHOI JIJTIMHE HAOIIOAAeMON BBIOOPKHU £ TMPUBOINT K KJIACCUIECKUM PE3YIbTATAM.
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B cnepytoweii nekumn Mol paccMOTpUM €II¢ OJIHY KJIACCUYECKYTO 3319y MaTeMaTHIe-
CKOUl CTATHCTUKU — OICHUBAaHUE PABHOMEDHOI'O OTKJ/IOHEHUA JIBYX SMIUPUIECKUX (DYHK-
nuit pacupejenenns. Ha eé ocnoBe ctponTtcest 1ByXBBIOOPOUHBIH KpuTepuii Komoroposa-
CMmupHOBa, € IIOMOIIBIO KOTOPOTI'0 MOYKHO ITPOBEPATH THIIOTE3Y OJIHOPOIHOCTH JBYX BBIOO-
pok. B ciraboit akcrmoMaTrke 9Ta 3aa4ua IMeeT TOUYHOe PelleHne. 3a0IHO Mbl TIO3HAKOMIM-
Cd C TAKUMH MHTEPECHBIMU MATEMAaTUYECKUMU O0OBHEKTAMU, KaK YCEUEHHBIN TPEeyroJTbHIK

[Tackams n oJfHOMepHBIE CiIydailHble OJIY K IaHWI.

Ynpa>kHeHust

B cjeAyromux yiipaxKHEHUAX IIpeljiaracTcd, IOJIb3ydCh TOJILKO cJ1aboil akcrmoMaTH-
KOIL/'I7 BbIBECTH TOYHbIEC (bOpMyJIbI pacipeaeseinsd CTaTUCTUKU B HEKOTOPBIX M3BECTHBIX

HerapaMeTpUIecKux KPUTEPHsIX.
Bamaga 3.1 (3*). Kpurepunii cepuit Basbaa-Boasdosura.
Bamaga 3.2 (3*). Kpurepnit Kpackera—Yosmca.

Bamagda 3.3 (3*). Kpurepnii pasencrsa myiio kosbdurmenta koppensnnn Kerema.
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4 SmMnunpunyeckue pacnpegesieHus
N cny4dainiHoe bny>xgaHuve

B Jleknuu 2 MBI OIEHMBAIN BEPOATHOCTH OOJILITIONO OTKJIOHEHWS YacTOT B JIBYX
BeIOOPKax. B c¢1aboil BEPOSTHOCTHONW aKCHMOMATHUKE 3Ta 3aJiada SIBJISETCH €CTECTBEHHBIM
AHaJIOTOM 3aKOHa OOJIBINUX YUCEJ W UMeeT TodHoe pererue. ONeHBAHIE BEPOSTHOCTH
OOJILIIOr0 OTKJIOHEHUS JBYX (DYHKIUI pacrpejiesieHus — 3TO elé OjHa KJiacCuiecKast
3aJlava MaTeMaTUudecKoil craTucTuku. Eé MOKHO MHTEPIPEeTUpPOBATDH JIBYMs CIIOCOOAMMU.
Bo-niepBbix, Kak 3aja4y Ipe/cKa3anusd: JaHa SMIMpUYecKas (DYHKINUA PaCIpe/ie/IeHIs
CIIyYaitHON BeJIMYUHBI Ha HAOJII0/IaeMOil BBIOOPKE; TPeOyeTCs OINEHUTH €€ IMIUPUICCKYIO
dyHKIMIO pacipe/iesienns Ha CKPLITOi BEIOOPKe. Bo-BTOPHIX, KakK 3a/1a9y IPOBEPKHU T'UIIO-
Te3bl OJHOPOJIHOCTHU: JAHbI JiBe HabJII0/I[aeMble BLIOOPKU; TPEOYeTCs ONPEJIENTh, Oy Ye-
HBI JTU OHU U3 OJHOTO pacupejiesienus. s 3Toro uernoab3yoTes pa3andHble CTaTUCTHYe-
CKHUe KpUTEPUH, B 4acTHOCTH, Kpurepuiit CMUpHOBa (dalie Ha3bIBaeMblii JIBYXBBIOOPOTHBIM
kputepreM Kosmoroposa-CMUPHOBA), OCHOBAHHBINH HA CPABHEHHH JIBYX SMIUPUIECKUX
dyHuKIHMit pacnpeaesenns.

Mpbr paccMOTPUM ITOCTAHOBKY U TOYHOE PEIIeHre 3TUX KJIACCUIeCKNX 3a/a4 B cy1aboil
AKCUOMATUKE M MOKAaYKEM, YTO OHU TECHO CBA3AHBI C TAKMMU MATEMATUYECKIMU O0bEeKTa-

MU, KaK yCeUEHHBIN Tpeyroibnuk [lackaaga m ogHoMepHbIe cirydaiinble OJ1yKIanns.

8§4.1 DSDwmnupunyeckoe pacnpegeneHue

Omnpenenum st pon3BosibHON GyHKINN £: X — R 1 Ipon3BoOIbHON KOHETHON BbI-
Gopkn U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax momo o6bek-
ToB x BbIOOpPKU U, jjisi KOTOPBIX 3Ha4YeHue & () He IMPeBOCXOIUT 2

OnpeneuM 0JIHOCTOPOHHEE U JBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYLE-
cKuT Pynruul pacnpedeseHus:

DT (X) = f?eaﬂg(Fg(%X) — Fe(2,X));
D (X)= I?Eaﬂg(Fg(@X) - Fg(z,)?));
D(X) = max|Fe(z, X) — Fe(2, X)| = max{D~(X), D*(X)}.

z€R

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOIO OTKJIOHEHUS SMIITUPU-

JeCcKUX (PYHKIUI pacipe/ie/IeHus:
PID(X) > <] < (o), (4.1)

rie BmMecto D(X) moryT 6biTh Takxke nojacrasierbl D (X) wm DT (X).
B ksraccuiaeckoii BeposiTHOCTHO aKCHOMATHKe MMeeT MeCTo creyrormuii dhakt [49)].
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Teopema 4.1 (H. B. CmupuoB). Eciu X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (4.2)
&EEmPDQY)25}::ZEQC—DHleXp(—%Qﬁﬁﬂ); (4.3)

[Ipasas qacts (4.3) upeicraBuMma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedesenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

MN3BecTHBI U HEACUMNITOTHYIECKHE TOYHBIE OIEHKW, HO OHU MUMEIOT JIOCTATOYHO I'DO-
mozakuit Bug [17]. Mbl moKazkeM, 9TO TOYHBIE OIEHKH MOTYT ObITh BBIParXKEHBI OoJiee
9JIETAHTHO Yepe3 YCeUEHHBIN Tpeyroybuuk [lackans [57], mpuuém moka3areabcTBO MMeeT
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

§4.2 VYce4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 4.1. Veeuérunom mpeyzoavnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
Gr= (G + G ) 9 <s<gl], meN, seZ (4.4)

Vceeuénnbrit TpeyrosibHuK [lackasisg BbIYUCIAETCA 110 TOMY K€ PEKYPPEHTHOMY IIpa-
BIJIY, UYTO U KJlaccmuecKuii TpeyroibHuk [lackasis, ecim B HEM OOHYJIUTH BCE SJIEMEHTHI,
JIeKalye 3a mpejesaMu rpasut [g,, g5 ]. «Heyceuéunprit» rpeyrosbuuk [Tackass cosia-
JIaeT ¢ KJIACCHIeCKNM U JIaéT GnHoMuasbHble Kodddurmentsr C5 = G? [0, m)].

[Ipu wagamprOM yenoBun G§ = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
el G5 upu 0 < s < m. pyrue HadaibHble YCIOBUS IIPUBOJIAT K UHBIM HEKJIACCHYECKIM
00600mennsiM TpeyroibHuka [lackasis, KoTopble MbI 3/1eCh HE PAaCCMATPUBAEM.

Omnpeperum Jiisi Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHble IpaHUIB! (B 1a/1b-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKAaTh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc.4.2 u 4.4 npusejienbl MpUMeEpPbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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8§4.3 Teopema CmupHoBa

Teopema 4.2. /[1s1 npou3BOJIbHOH KOHEYIHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHN
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PIDH(X) < £] = G4[0,g7 ()] /CL (45)
PID™(X) < e] = G 9z (e). L /C; 46
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

121’16)( Z:L‘ZEX x;) < 2] (4.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

e [ = 1<
_ - (2) _ = (@) _
D) = s |13 (0 € X3 Y10 e ]

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.
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Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| etk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Cz Z H 9m(2) < Bu(X) < g ()] (4.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (4.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibauka [ackamns (4.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto copnamaer ¢ (4.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (4.4).
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Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Onocroponnue onenku (4.5) u (4.6) BoiBOAUTCST aHATOMMYHO. Pasmaue B TOM, 4T0
JIUTsl HUX BBIPAsKEHUeE 1101 3HAKOM TIpou3BeieHns B (4.9) npuHuMaeTr BUjI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yceuéHHOM TpeyrosbHuke [lackass, coorBeTcTBeHHO, b0 HuUXKHEH ¢ (£) = 0, ymbo
BepxHeit gt (€) = m, u Bce nasbHENIIE PACCYKIECHNS OCTAIOTCS B CUJIE. ]

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
Jbl (4.9)) MOXKHO IIPOBECTH TOPA370 KOPOYe U HATJIAIHEe, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausivu. Cornacuo (4.9) dynkumonan P[D(X) < e] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TIO PEKYPPEHTHBIM cooTHOmmeHnsM (4.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIT KOHTPOJIb KadecTBa 3] u anaims BbRKUBaeMOCTH [57).

8§4.4 (O06o0buieHne Ha cny4aii BapyMaLVOHHOIO psiia CoO CBsI3KaMWu

B Teopeme 4.1 (CymuprOBa) TpeboBaHMe HENPEPHIBHOCTH (DYHKIIUH PACIIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeI0BATE/ILHO, PAHKUPOBKA OIIPE/Ie/IeHa eIMHCTBeHHbIM obpaszoM. Ecin
YCJIOBUE HEIIPEPBIBHOCTH HapyInaeTcs, papeHcTBa (4.2) u (4.3) MOryT He BBITOJHATHCS [4].

B Teopewme 4.2 TpeboBanue pa3JIndHOCTH BCEX 3JIEMEHTOB BapUAIMOHHOTO psia hop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 9TOro TpeboBaHUs He CUJILHO MEHIeT BUJI pe3ysibrata — B Teopeme 4.2 u3Mme-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 4.3. Ilyctp £: X — R — npousBosibHast pyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomatuke cripapeinBbl Tounble orneHkn (4.5), (4.6), (4.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJIOM aHAJIOTUIHO JIOKA3ATEIbCTBY TeopeMbl 4.2, M03TOMY OCTa-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernune (4.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, [IPOCYMMUPOBAB MX B THOPsijiKe HEyObIBaHUs 3HadYeHwi &(T;):

L L

%2(1—19)[5( M) < 2] —ZZbi[S(m(i)) < z]|.

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiornano (4.9), nosydaem:

B, — —1|.
L

== —max

D(X) Lk mely

mGIH

T
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Uh—1 i

Puc. 4.5. Bepxune g, (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (49) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, M. puc. 4.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 4.1. Eciau Bce cBsa3ku omHodnementHoie, {iy,...,ig} = {1,...,L}, 10
() =gt (), g.,.(¢) =g, (¢), u Teopema 4.3 nepexoaur B8 Teopemy 4.2.

3ameuanwue 4.2. I[lojnyueHnnble OINEHKU ABJSIOTCA TOYHBIMHU, HO HEHAOJIIOIaeMbIMHI.
MoudunupoBanible rpaHutbl [, §-] CyIEeCTBEHHO 3aBUCAT OT OC/IEI0BATEILHOCTI
i1,...,1, KOTOpPasg CTPOUTCA II0 BCEil TeHepaJibHO# BBIOOPKE X; €€ HeBO3MOXKHO 3HATh,
nMes JIUIIb HAaOII0IaeMyio BRIOOPKY X . DTo o3Ha4aeT, 910 Teopemy 4.3 MOXKHO IIpUMe-
HATH JIJIsI TPOBEPKH THIIOTE3BI OJHOPOJIHOCTH, OJHAKO HEIIOCPEJICTBEHHO OHA HE TOIUTCS
JIJIS TIPEJICKa3aHms SMITUPUYIECKON (DYHKIUN PACIIPEICICHUS.

Pe3iome

BeposiTocTs 60JIBIIOro OTKIOHEHNS SMIMPUIECKIX PACIIPEICICHNT NMeeT aCHMIITO-
Tuaeckoe Beipazkenue (4.2) nan (4.3), KOTopoe IPUBOIUTCST BO MHOIHX YIeOHUKAX 1 CIIPa-
BOYHUKAX [0 CTATUCTHKE, KaK IPABUIIO, 0e3 J0Ka3aTeabCTB. B craboii akcmoMaTnke oHa,
HMeET TOYHOE BBIPAsKEHNE Uepe3 yCedCHHbI Tpeyroabink [lackams u jgerko obobrmaercs
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Ha CIydail BapUalUOHHOI'O PAda CO CBA3KaMH, TO €CTh Ha paclpeleseHusd ¢ Pa3pblBaMu
7 JUCKPETHBIC PACHpPEIeICHUI.

B cnepylowenn nekunm Mol BepHEMCd K IpobjieMe epeodydeHns 1 3aiiMEMCs OIeHNBa-
HIEM BEPOSTHOCTU OOJIBINTOrO paBHOMEPHOT'O OTKJIOHEHUST YACTOTHI OIMMNOOK B JIBYX BBIOOD-
Kax. JTa 3ajada HEMHOI'O [T0X0yKa Ha TOJILKO YTO PACCMOTPEHHYIO, HO TOPA3/I0 CJIOZKHEE.
Mpr naunéMm ¢ BepxHUX OlleHOK Bariuka-HepBoHenkuca, KOTOpble HCTOPUYECKHU ObLIH T1ep-
BbIMU. OHI/I JIETKO BBIBOJATCA, HO CHUJIBHO 3aBbIIICHDbI. Hpo6ﬂeMa 3aBbIINICHHOCTH HaJd0JI-
ro 3afiMET HaIle BHUMaHWE, W TOJIBKO B JeKIUu 11 MBI CHOBa BCIOMHUM PO KPUTEPUit
CMupHOBa ¥ MOKAXKEM, YTO /I OJIHOTO YACTHOTO CEeMeCTBa aJrOPUTMOB BEPOSITHOCTH
OOJIBIIOr0 PABHOMEPHOI'O OTKJIOHEHUS TAKKe BhIPAXKAETCs Uepe3 CJIydaiiHble 0Ty 2K IaHns
U yCed€HHbBIN Tpeyroyibuuk [lackasis.
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5 Teopus BanHunka—YepBoHeHkunca

Craructuieckasi TeOPUsS BOCCTAHOBJICHIS 3aBUCUMOCTEN 110 SMIUPUICCKUM JTAHHBIM
(VC-reopust) 6b11a npesyiozkena B. H. Banaukom u A. #1. YepBonenkucom B konre 60-x —
nadasne 70-x romos [9, 10, 11, 8]. B cepeqmue 80-x oHa mosydmiia MIHPOKYIO MHPOBYIO
usBectHocTh [105, 106, 107| u BMecTe ¢ paboramu Bammanta [104| Ha MHOTHE TOBI OIpe-
JleJinita reHepaJibHOe HallpaBJIeHNe Pa3BUTHs TEOPUH CTATUCTUYIECKOrO OOYIeHNUs.

PaccmoTpuM ocHOBHBIE TIPeAIONIOKEHUS U pe3yibraThl VO-Teopun B paMKax cyraboit
BEPOATHOCTHON aKCHMOMATUKU, MCIIOJIb3ys 0003HAUEHUSI IPEJIbILYIIEH IJIaBbI.

§5.1 Ouenka BanHuka—YepBoHeHkuca

Hamomumm, aro X = {z1,..., 2} — KOHeIHOE MHOXKECTBO 00BHEKTOB, A — MHOKECTBO
anroput™MoB, I (a,z) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (] (a, xz))le BBesiéM enié HeCKOIBKO NMOHATHI 1 0003HAYEHUI.

A= {Ei fa € A} — MHOKECTBO BEKTOPOB OIIMOOK, ITOPOZK/IA€MBIX MHOYKECTBOM aJI-
roputmMoB A Ha 3ajanHHoil BoiOOpke X. B masbmeiiniem Mbl 9acto OyeM IpenosaraThb,
YTO MHOXKECTBO A M3HAYAIBLHO COCTOUT M3 aI'OPUTMOB C IIOHAPHO Pa3JIMYHBIMU BEKTO-
paMu OIMMOOK M OIIyCKaTh CTPEJKY, 0O03HAYAIONIYI0 BEKTOD, MOCKOJIBKY B 3TOM CIIydae
AJITCOPUTMBI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OIMUOOK.

AA(X) = |A] — roafunuenm paznoobpasus (shattering coefficient)* muozxecTsa aii-
roputMoB A Ha BbIbOpKe X. OH He TPEBBINIAaeT MOIIHOCTH MHOYKECTBa A U He IPEeBBINaeT
2 — qucra pasamaHBIX OyJIeBBIX BEKTOPOB MUIMHE L. B 3a1a9ax KaaccndpuKanumm Ha I1Ba,
KJIacca OH PaBeH YUCIY PasInIHbIX duzomomut (ciocoboB pasienTh BRIGOPKY X Ha J1Ba
KJIACCa), peasin3yeMbIX BCEBO3MOXKHBIMU ajropurMamu u3 A.

AA(L) = max AA(X) — dynryua pocma (growth function) mmoxecTBa aaropur-

moB A [11, 107]. Makcumym Gepércst mo BCeBO3MOXKHBIM BbiOOpkam X C 2~ jymHbl L
U3 HEKOTOPOro (Kak MPaBuU/Io, GECKOHEYHOI0) MHOXKECTBA JIOIMYCTUMBIX OOBLEKTOB Z .
OyHKIMSA POCTa ABJIFETCS MEPOI CJI0XKHOCTH MHOYKeCTBa ajaropurmos A. B ormdune o Ko-
s durrenTa pazHoodpa3usi, OHa HE 3aBUCUT OT BHIOOPKHU X, BOCCTAHAB/IMBAEMOI 3aBUCH-
voctr y(z)) m Metona obydenus u. Cripasemsa Bepxuss omenka A4(L) < 2L

MpuHuunn pasHomepHoli cxogumocTu BeoanTca B VC-Teopur 1 MHOTHX ITOCTIE LY IOIINX
paborax (cm. 0630psr [108, 59, 13]), 4To6bl MOTyYaTH BEPXHEE OINEHKU BEPOSITHOCTH TI€Pe-
00y4UeHus, He 3aBUCAIIIE OT METOJIA /L.

Ipunyun pasromeproti cxodumocmu 3aKJII0IAeTCI B TOM, 9TOOBI 3aMEHUTH (DY HKITH-
oHaJI (Q, ero BepxHeil OleHKoil (), — BEPOSITHOCTBIO GOJIBIIONO PABHOMEPHOIO OTKJIOHEHMUs!

4B paborax B. H. Barmmuka u A. §1. Yepronenxuca [10, 11, 8] kosdbdurmenT paznoobpasus HazbBaICH
undercom cucmemvs cobvimutl. AJropuT™ a WHAyIUpyeT cobbrtue S, = {9: e X | I(a,x) = 1}. Cewmeit-
crBo A nnpynupyer cucremy coboituii S = {S,|a € A}. Unuekc cucremsl coObITHii S €CTh YUCIO pas3-
JINYHBIX TIOAMHOXKECTB Buja S, N X, r1e a npoberaer BCE MHOXKECTBO A, 4TO paBHOCUIBLHO OIPEJIETIEHUIO
Jepes |ff| B anrosspranbix paborax npuzkuscs tepmun shattering — amco pasbuenuii BceMu BO3MOK-
HbIME criocobamu, OyKBaabHO «Biapebesru». JIpyroit BapuanT nepesoja — «apobienues [44].
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YacTOT B JIBYX IOJIBBIOOPKAX:

Qgééa:P max d(a, X) 25} :Pma3<[(5(a,X) 25], (5.1)
e A e A
e 0(a, X) = v(a,X) — v(a, X). OTmernm, 9TO 3/€Ch JOCTATOYHO B3ATh MAKCHMYM

110 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa 110 CAMOMY MHOXKECTBY A, 10-
CKOJIbKY JIJIsl JIIOOBIX aJlrOpuTMOB a,a’ € A u3 d = d@ caeayer d(a, X) = d(d’, X).

Tepmun «crodumocmsvs O3HAYAET, UTO €CIU @a — 0 upu ¢, k — co To 11epeody ieH-
HOCTB TaKzKe cxo/uTest K Hyatio: d(a, X)) — 0. Tepmun «pasromeprocmvy» 03HATAET, UTO Be-
mranHa O (@, X)) CXOMUTCS K HyJTIO OTHOBPEMEHHO JIJIsT BCEX aJITOPUTMOB a € A, B TOM JuCIe
JUI aaropuT™a @ = pX, KaKuMu Obl HU ObLIM MeTO]i 00y4eHus (1 U BbIOOpKa X .

OcHoBHas Teopema VC-Teopuu. 3jech TPUBOJUTCA JTIOKA3ATETHCTBO, CYIIECTBEHHO 60~
Jlee KpaTkoe, YeM B UCXOJHbIX paborax |10, 11, §|.

Teopema 5.1. st Jio6bix p, X u e € [0, 1] cnpasesmBa oneHka

Q- <ANX) max H" (su(e)),  sm(e) =

m=1,...,.L

(m — k). (5.2)

Sl

HokazarenbcTBo. Bocrosb3yemess MPUHIMIIOM paBHOMepHO# cxogumoctu (5.1) u ore-

HUM CBEPXY MaKCUMYM 6I/IHapHI)IX BEJIMYMH HUX CYRIMOﬁSS

Q- < Q- <P [6(a, X) >¢].
acA

Tereps mepecraBuM MecTamMu 3HaKH cymMMupoBanus: P> = Y P u samumem Be-
posrrocts P[0(a, X) > €] aus orgensHOro aaropuTMa @ tMepes THIEPreOMETPHIECKOe
pacupeenenne, corjaaciHo Teopeme 2.4:

Q-<Q.<Q. =Y Pls(a.X) 2] =S HE" (50(e). m = n(a,X). (5.3)
acA acA

0 Hy™ I
neruM H; " ($,,(€)) cBepXy MaKCHMyMOM II0 1M 1 BBIHECEM €r0 3a 3HaK CyMMEL. [loz
3HAKOM CyMMBI OCTAHETCA eIMHNUIA, a Best cymMma Oyt pasha |A| = A4(X). [

[TosrHOCTBIO aHAJIOTUYHO JIOKA3bIBACTCH BEPXHAA OIEHKA U Jjid (pyHKIMoHAa ..
Caencrsue 5.1.1. /s qrobbix p, X u e € [0, 1] cnpaBesmba onenka

R. < Z"Him (m—ek) < AYX) mI:nlaxL’H%m (m —ek).
acA o

®JT0 MOYKHO TPAKTOBATH M KAK ONEHKY BEPOATHOCTH OObEIMHEHHs COOBITHIL [5((1,X ) = E] CBEPXY
CyMMO#l UX BeposiTHOCTeH. K€ Ha3pIBaloT Takxke nepagercmeom Byas nam union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawbGosiee Tounas orenka (5.3) —3T0 cymMMa BepOSTHOCTE epeobydeHnst 110 BCeM
AJITCOPUTMaM CEMeNCTBa C IMOMAPHO Pa3IMIHBIMI BEKTOPAMU OIMUOOK.

Omenka (5.2) 9yTh XyKe — 9TO BEPOATHOCTD MepeodyIeHns HANXY/IIIEro ajaropuTMa
(Maxcuvym Hy™ (s,(€)) mocruraercs npu m nopsaka L/2), TOMHOKEHHAS Ha €HCIIO
AJIFCOPUTMOB C TIONAPHO PA3IUIHBIMUA BEKTOPAMU OIINOOK.

OreHKy MOYKHO eIé HeMHOT'O UCIIOPTUTD, €CJIN 3aMEHUTh K03 DUImeHT pasnoodbpa-
sust A4(X) dbyukrueit pocra A4(L). Bato Tenepn orenka He GyJeT 3aBUCETh OT BHIGOPKH.

Haxkoner, dyHKIMIO runepreoMeTpuiecKoro pacipe/iesieHus MOKHO 3aMEHUTH JKC-
IMOHEHIINAIbHON BepXHEil OIEHKOI, nMeromeir 0cobo mpoctoit Bua upu £ = k [8]:

max He ™ (s(e)) < 2=, 0=k (5.4)

m

[\eJ[oV]

B urore nosyvaercs naunbosiee uzsecrnast u3 VC-onenok [107]:

Caencrsue 5.1.2. st yiobbix pu, X, e € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
Q. < AY(20) - 2=, (5.5)

KoppekTHble meToabl oby4denusi. B VC-teopun [8] orgenpro paccmarpubaercss Tak
Ha3BIBAEMasg 0eMePMUHUCTICKAA NOCTAN06KA 3a0a4u’, KOTIa MeTOI [i Koppexmen, TO eCTh
n(uX, X) = 0 na soboit obyarommeii BeI6opke X .

Teopema 5.2. Ecjin meros j1 KoppekreH, To jjist oobix X, € € [0, 1]

14 e
<AAX@<AAL E ' 6
L

HokazareabcTBo. Hadaso jokazareibcTBa B TOYHOCTU MOBTOPLET JIOKA3aTETLCTBO Teo-
peMbl 5.1, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU IMepeobyUdeHns ajJropuT™Ma ¢ J00aBIsgeTcs
yCJIOBAE KOPPEKTHOCTH:

P[o(a, X) = ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] Ry ™ (0).

Tloncrasum 910 Bhipazkenne B (5.3) u, ¢ yaérom by ™ (0) = C4_ /C%, momyqum

~ Cz
ngQa:Z[m>5k’] é’;m, m:n(a,X).
acA L

Makcumym C%_ /C% nocruraercs npu nanmenbinem m = [ek].
. ¢ ¢ k\m
C yuérom onenxn Cf_, /C} < (§)" momyqaem nenouky nepasencts (5.6). ]

6B zapy6eskHoii JaTepaType CIOXKHIIACH JPYras TepMHUHOJIOTHS. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIavN HAa3BIBAIOT peasusyemvim obyuernuem (realizable learning), mmest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOoB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBILy0 NOCTAHOBKY 3a/1a91 HA3bI-
BAIOT HEPeaIM3yeMbIM UJIA a2Hocmudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIAIIAA b
HYIO HEBO3MOXKHOCTD 3HATDH, HAXOJUTCSI JIN UCTUHHAS 3aBUCUMOCTD B cemeiicrse A, win Her.
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CaencrBue 5.2.1. Ecum meton j1 KoppekreH, o st oobix X, € € [0, 1] npu € = k
Q. < AY(20) - 27

Urak, B ciydae KOPPEKTHOCTH OINEHKA (). CTAHOBUTCS 0OJiee TOYHON U IMPUHUMAET
Hanbostee mpocToit Buj. OTCIo/Ia COBEPIIEHHO He CJIeyeT, 9TO Ha MPAKTHKE HaJI0 TOJIb-
30BaTbCsl KOPPEKTHBIMU MeTojamMu odydennsd. /s obecrieuennsi KOpPEKTHOCTHU IIPUIETCS
YCJIOXKHATH KOHCTPYKIUIO ceMeiicTBa aJlOPUTMOB, YTO MOXKET IIPUBECTU K yBEJIUYEHUIO
bynxmun pocta A4(L), HACTOIBLKO 3HAMHTEILHOMY, YTO OHO HOTHOCTLIO CKOMIICHCUDYET
yMeHbIIIeHne KoMOnHaTOpHOro MHOKUTE . [losromy B VC-Teopun IpUHATO CIUTATD, ITO

He cJIejlyeT J00uBaThcd 0E30IMUO0YHON PAOOTHI aJIfOPUTMa Ha 00yUaloleM MaTepHralie.

§5.2 PasmepHocTb BanHnka—YHepBoHeHkuca

OYHKIMSA pOCTa SIBJIIETCS MEPOI CJI0YKHOCTH MHOYXKeCTBa A 1 He 3aBUCHT OT BHIOOPKH
u Metojia obyuenns. C Hell TecHO CBsI3aHa €MIé OJiHa XapaKTePUCTUKA, CJI0KHOCTH.

Omnpepnenenne 5.1. Ecmu cymecrsyer neroe wucio h taxoe, aro A4(h) = 2" n
AA(h+1) < 2" 10 omo maspiBaeTCs EMKocmuio wiaM pazmeprocmuio Bannuxa- Yepeo-
nenkuca (VC-dimension) cemeticra anropuryon A. Ecim takoro qucia h He CyIecTByer,
TO TOBOPSIT, 9TO CEMEHCTBO A HMeeT beckoneunyto EMKocmy.

[Tepeuncum nanbosiee BaKHbIe CBOMCTBA éMKOocTU. VX JloKa3aTe/ibcTBa OYIYT JIaHbI
B CJIC/LYIONICH JICKIIUU.

1. Eciu cemeiictBO mMmeeT éMKOCTb h, TO BMECTO TPUBUAJIHLHON SKCIIOHEHIHAILHOM
OIICHKU AA(L) < 2F crpaseymBa Goslee TouHAS TTOIMHOMEAILHAA OIECHKA

ANL) K CY+CL+-+OF < =—. (5.7)

B srom ciydae BeposTHOCTH mepeoOydeHnsi CTPEMUTC K HYJIIO 1pu £ — 00, MMOCKOJIbKY
PUIIEPreOMeTPUIECKIN MHOKUTE/Ib CTPEMUTCS K HYJIIO KCIIOHEHIINAIBHO. Tora roBopsT,
q10 cemeiictBo A obsrasaer coiicTBoM obyuaemocmu (learnability).

2. Tlyers X =R"u Y = {—1,1}. Enmkocrh cemeiicTpa mueiiHbIX KiaaccudbuKaTOpoOB
A = {a(z) = sign (w, z) ‘ w € R"} paBHa pasMepHOCTH IIPOCTPAHCTBA 71, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIPHOE MPOM3BEJIEHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCST
[PSIMBIM CJIEJICTBHEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTH N Yepe3 JI0Oble N TOYeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoObie n + 1 yKe Hesb3s.

3. lameko me Bcerjia éMKOCTHL paBHa YHC/IY HapameTpoB. s joboro mapamerpu-
YeCKOro ceMeificTBa 3aJJaHHOi EMKOCTH h JIErKO MOCTPOUTH JIPYroe CEeMeiCTBO, KOTOPOe
Oy/IeT UMeTh Ha OJIMH HapaMeTp OOJIbIe, HO IIPU 3TOM €ro éMKOCTh Tak:Ke Oy/1eT paBHa h.
Harmpumep, MOXKHO 3aMEHUTDH OJIMH U3 TAPAMETPOB CyMMOI JIBYX HOBBIX ITAPAMETPOB, UTO
HE TOBJINSET HA YUCI0 MOPOXKIAEMBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycts muOXKecTBO A KoHedHO. UMC/IO aqropuTMOB, TONAPHO HEPA3THIUMbBIX
Ha BeIGOpKe X, He mpesblmaeT 4mcia Bcex aJrOpHTMOB, I03TOMY s (DYHKIMHE POCTa
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cripaseymBa onenka A% (L) < |A]. Enkocrs Takoro cemeiictsa me npesbimaet |log, |A|],
TaK Kak B MPOTHBHOM cjrydae (QYHKINS PoCTa OKazasachk Obl Gobiie |Al.

5. MHoxKecTBa aJropuTMOB, PEAJTM3YEMbIX Ha KOMITBLIOTEPE, BCErJia KOHEYHbI. Ecin
JIJIS XpaHeHUs BCeX IMapaMeTpPoB aJrOPUTMa UCIIOJIb3yeTcst He 6ojiee n OUT, TO YUCTIO aJiro-
PUTMOB B TaKOM CeMeficTBe He IpeBbIlIaeT 2", a ero éMKOCTh He npesblnaer log, 2" = n.
Yr1006B! 5Ta OlleHKa He Obl/1a 3aBBIIIEHHOI, JIJId 10/ICYETa HEOOXOIMMOI0 YUCIa OUT JIOJIZK-
HO UCIOJIB30BATbCST MAKCUMAALHO IKOHOMHOE Koduposarue apaMmeTpos. lanHnoe HabIr0-
JIeHUe JIEKUT B OCHOBE HPUHIIATA MUHUMYMG Oaunb. onucanus (Minimal Description
Length, MDL) [92] u upunnuna nporpamvupyemoii VC-pasmepuoctu [23].

6. CymiecTByloT cemeiicTBa aJropuTMOB KJIACCU(DUKAIMU C OJHUM BeIeCTBEHHBIM
napaMeTrpoM, éMKOCTb KOTOPBIX OECKOHEYHA. DTO CBUJIETEIHLCTBYET O HETPUBUAIBHOCTU
MOHATHA EMKOCTU C OJIHOW CTOPOHBI, U O OECKOHEYHBIX BBIPA3UTEIbHBIX CIIOCOOHOCTAX
JIefCTBUTEIbHOrO ducia ¢ Apyroif. C Tperbeil cTOPOHBI, BCe TaKWe MPUMEPHI sIBIAIOTCH
HMCKYCCTBEHHBIMU M «Pa3pYHIAIOTCsI», KaK TOJbKO Mbl BO3bMEM BMECTO JIEHCTBUTE/IHHOTO
YUCJIa €r0 KOHEYHOE IIPEJICTABIEHNE B KOMITBIOTEPE.

§5.3 MeTtog CTPYKTYpPHOIA MUHUMU3ALMUKN PUCKA

Vmesi BEpXHIOIO OIEHKY BEPOATHOCTH TepeoldydeHus, HETPYIHO IOJTYyIUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJIbHOI BhIOOpKe. OHa Oy/ieT BepHa He BCErjia, a JIUIh
C HEKOTOPOIl BEPOSITHOCTBIO, JIOCTATOYHO OJTM3KON K €UHUIIE.

Teopema 5.3. Ilpu{ = k g1s1 1106010 pactpeneeHnst Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He mMeHee 1 — 1) OIHOBpEMEHHO JI/IsT BCEX ajJlOPUTMOB a € A crpaBemimBo HEPABEHCTBO

_ 2 4 1
via, X) <via,X)+ %ln (ﬂ) +—In—-. (5.8)

Hoxkazareabcrso. [lojgcrasum B (5.5) BepxHioio onenky dyukimu pocra (6.1), onenus h!
canszy no dbopmyne Crupsmara. [lomyaennas ornenka mveer Bui Q. < 1(g, ¢, h). Ipume-
HUM K Heil TexHuky obparerus (1.8): BbipasuMm & Kak (YHKIHMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ u 3uadenus 7. B pesyabrare moayqaum (5.8). ]

[TepBoe ciraraemoe B 9TOit orneHKe — s3Mmupudecknii puck. OH He BO3pacTaeT ¢ pOCTOM
éMKOCTH h, IIOCKOJIbKY 4YeM OOJIbIle B CeMeiicTBe aJrOPpUTMOB, TeM 0oJjiee TOYHO MOXKHO
AIlIIPOKCUMHUPOBATh BBIOOPKY. BTopoe ciaraemoe Bo3pacraeT ¢ poCTOM €MKOCTH, U €ro
MOZKHO PacCMaTpUBATh Kak wmpad 3a caroscnocms (complexity penalty). Cymma B obriem
caydae JIOCTUTAaeT MUHUMYMa MPU HEKOTOPOM h.

Jl1st onpeiesieHnst onTUMAIbHON cioykHOCTH Mojien B VC-Teopun mpejraraercs Me-
TOM, CMPYKMYpHOUt MUHUMU3auuY pucka. B cemeiicrBe A 3apaHee 3a1a6TCst cmpyxmypa
BJIOYKEHHBIX I10/IceMeiicTB Bo3pacTaromieit éMroctn A; C Ay C -+ C Ay, = A. Samaga 00y-
JeHNs PEIIaeTcs B KarykKI0M U3 3TUX I0ceMeiicTB, Bcero h pas. Beibupaercs moacemeiicTBoO
ONTUMABHON EMKOCTH, JIJIsT KOTOPOIO JOCTUTAeTCs MUHUMYM mpaBoii dactu (5.8).

Meto cTpyKTYpHO# MUHUMU3AINNA PUCKA SIBJIAETCS BaXKHEHIINM KOHCTPYKTHBHBIM
ciaepcreueM VC-reopun. IIpocieaum emé pas JOruKy BCEro, 4ro ObLIO IPOJIEIAHO.
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CuavaJjia MblI IOJIY IUIN BEPXHIOIO OIIEHKY BEPOSITHOCTH I1epe0dyIeHIsT, KOTOPasi CIIpa-
BeJIUBa, JIJIsd J1I000i BBIOOPKU X UM JII0O0r0 MeTosa oOydeHus fi. K 3Toil oreHke Mbl
NPUMEHUIA TEXHUKY OOpalleHus U IOJYYMJIM BEPXHIOIO OINEHKY I YacTOThI OIIHOOK
na xourpose. Oma crpasenmmsa myis 066X X, X, i1, ¢ BepoaTHocTsio (1 — 1), 61u3Koi
K equnauie. Terepsb pacropsaumcst ¢Bo00/10#1 BBIOOpa (4 TaK, 9TOOBI MUHUMU3UPOBATD Y-
CTOTY OIIMOOK Ha KOHTpoJie. [losmyaeHnbrii MeTo 00ydeHnsT HA3BIBACTCS MUHUMUSAUUET
owmpaghosarnozo amnupuyeckozo pucka (penalized empirical risk minimization).

OTta ke 00IMasi JOIUKa SKCILIyaTUPyeTcs OOJBITMHCTBOM COBPEMEHHBIX I0/IXO0B
B TEOPHUU CTATUCTHYIECKOrO 0Oyuenus [59).

§5.4 Tlpobnema 3aBbiweHHocTu VC-oueHok

JkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoii anuHbl 0bydeHus. OcHoBHAsI TPO-
osiema VC-OIEHOK B TOM, UTO OHU UPE3BBIYANHO 3aBBIINMIEHBI — HACTOJIBKO, ITO UX IIPH-
MEeHEHUE MTPAKTUIECKHU TePsieT CMBICT. ITOOBI B 9TOM yOEIUTHCS, JOCTATOTHO BBITIOJIHUTH
YUCJIEHHBIH pacuéT Tpedyemoii JyImHbI 00y Jatolieil BHIOOpKH £ Kak (DyHKIINK OT EMKOCTH
TOYHOCTH € U BEPOATHOCTHU TepeodydeHus ().

Pesynbrarer npuseienst B Tabaunax 5.1, 5.2, 5.3. Bee nannbie nmosydens: npu { = k.
[TepBbie jBe TaOIUIBI TIOCTPOEHBI I OOINEro CJIydast, TPEeThs — JJIsl JIETePMUHUCTCKOMN
[IOCTAHOBKY 3a/1a4u. [Ipu mocTpoenun rmepBoit TabIUIIbI UCIIOJIb30BAHbI 3aBbIIIICHHBIC all-
npokcuMarnn pyuknun pocta (6.1) u runepreomerpudeckoro comuoxkuress (5.4).

OcHOBHBIE BBIBOJIBI CJIEJIYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Cjiydae Tpebyemast JijinHa 0O0y“eHUs Ha HECKOJBKO I10-
PSIZIKOB TIPEBBIIAET T€ XapaKTePHbIE JTUHBI BEIOOPOK, ¢ KOTOPBIME OOBITHO ITPUXOINTCST
UMEeTb JIeJIO B IMPUKJIAIHBIX 3aiadax. [[pakTuKa moka3bBaeT, 9YTO UTO XOPOIasdg o0ydae-
MOCTb BO3MOKHA IIPHU CYIIECTBEHHO MEHBIINX JJINHAX BBIOOPKHU.

2. Onenku B Tabmmie 5.1 cymecTBeHHO Xy:Ke, deM B Tabaunax 5.2 u 5.3. B gajnb-
HefireM MbI Oy1eM n30eraTh UCIO/IB30BaHUST 3aBBIEHHBIX AIITPOKCUMAIINI 1 CTPEMUTHCST
K 101y 49eanio 3(pDEeKTUBHBIX BLEIMUCINTEIBHBIX METO/IOB, a He KOMIAKTHBIX (hOpMYIT .

3. IlpaBble MOIOBUHBI TaOJIUI] COOTBETCTBYIOT 3HAYCHUIO 1) = 1 U IMOKA3bIBAIOT T'PAHU-
iy npumennmoctu VC-orenok. [Ipu MenbIiux ¢ BepXHsist OIleHKa BEPOITHOCTU BBIPOXK 1A~
ercs — cranoBuTcs OoJibiie 1. Comocras/ieHue mpaBoii u JIeBOii OJIOBUH TAOJIUIT IIOKA3bIBA-
eT, ITO JIOCTATOTHAS JI/INHA O0YIEeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTU h U TOYHOCTH &,
HO ¢JIaDoO 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeoOyIeHus 7).

4. TlepBas cTpoKa TabJIUIBI COOTBETCTBYET CeMeHCTBY U3 oJiHOro ajropurMma, h = 0.
[Ipu sTOM JgOCTUTaETCS HAMTYUIIast BO3MOXKHas oreHka. OIHAKO 9TOT CIydail He mHTepe-
CEeH € TOYKH 3PEHUSI CTATUCTUIECKOTO 00y IeHMUsI.

5. Yuér anpuopHoil MHMOPMAIIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOYHAET
VC-onenku, HO, Cy/isI TI0 JIOKA3aTeIbCTBaM, He YCTPAHsIeT HU OJHOIO M3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

"B Hamm JHE CTpeMJIeHne TI0JIyYaTh TPOCThIe aCHMITOTHYeCKHe (hOPMYJIbI SBJISETCA CKOpee TIePeyKHT-
KOM JIOKOMITBIOTEPHOM 3IT0XU, €M HACYITHON HeOOXOINMOCTHI0. MHeHMe CIIopHOe, ITO9TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 5.1. 3aBUCUMOCTD JOCTATOYHON JIUHBI 00ydeHus £ oT éMKoOcTH h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHASA COLTIACHO OleHKe Qe < 1 = 537 - 5 exp(—e“)
u3 Teopembl 5.1. DTo HamMeHee TOYHAsl OIEHKA, WCIIOIL3YIONAsl AINPOKCUMAIIUIO
dyukiwu pocra (6.1) 1 anIpPOKCUMAIMIO MUIIEPreOMeTPHYECKOro coMHoxkuTess (5.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=01]|e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuiia 5.2. 3aBUCHMOCTD JOCTATOTHON JJIMHBI 00yUeHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q: < 1 = (C9+-- - +CMTY (¢,1). Dro Taxxke
orenka Teopembr 5.1, HO (byHKIUS POCTA ¥ THIIEPrEOMETPUIECKI COMHOKUTEb BbI-
YUCJISIOTCS 110 TOYHBIM popMyJiaM, 6e3 MpUMEHEHHs allllPOKCUMAIUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuria 5.3. 3aBUCHMOCTD JOCTATOTHON JJIUHBI OOy I€HUsT OT EMKOCTH h, TOIHOCTH &
1 HaJIEXKHOCTH 1), 110 JIeTEPMUHUCTCKON OleHKe Qe < 1) = (Cg NI Cg)(jfg R /Cf
n3 Teopemsbr 5.2, 6e3 TpUMEHEHHUT ATTTPOKCUMAITIIA,
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[Ipwauns 3aBbimennocTr VC-0IIEHOK BUIHBI U3 JI0Ka3aTeIbCTBa TeopeMbl 5.1, B KO-
TOPOM CJIeJIaHBI TPU OIEHKH CBepXy, a npu BeiBoje Crencrus 5.1.2 — emé npe. Kaccn-
geckast VC-orenka (5.5) He 3aBUCHT OT KOHKPETHOI BbIOOpKH X U MeTona obydeHus i,
CJIeJIOBATEINILHO, ABJISIETCS OIEHKOM Xy/IIero ciydas (worst case bound), KoTopslii, ckopee
BCEro, HUKOT/Ia HE Peau3yeTcs Ha ITPaKTHKE.

JkcnepumeHT 2: oueHkn PaKTOPOB 3aBblLLIEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJIMIMBAETCsI OIEHKa, Ha KayKJIOM 3HaKe <, ObL1 mpoBe/éH sxciepument [109] ¢ mornde-
CKUMU JITOPUTMAMU KJIACCU(PUKAINN Ha IITeCTH PeabHbIX 3aad9ax u3 pernosutopust UCL.
Ormyckas TeXHUIEeCKNe JIeTaI, TPUBEIEM JIMIITb OCHOBHBIE UIeH TTOCTAHOBKH 3TOTO JKCITe-
PUMEHTa U €r0 Pe3yJIbTaThl.

B kaxnoit 3aja1ue merogom MonTte-Kapiio Bbraucsiach oreHKa BepOATHOCTH TI€pe-
obyueHunst QE. [TogenuB €€ HA PYHKIIUIO TUIIEPIeOMETPUYIECKOI0 PacIpe/ie/ieHns, MOXKHO
Oy auTh afifexmuenui aokaronul Koagduyuenm pasnoobpasus (DJIKP) A, noxasbr-
BAIOMIN{, KAKIM [I0JKHO OB110 ObI OBITH 3Hauenne Kosdbdurmenta pasnoodpasus A4 (X),
9TOOBI OIIEHKA BEPOSITHOCTHU IIepeobydeHusl He ObLIa 3aBbIIIEeHHOM.

Hapsny ¢ 9JIKP onenuBainch Takxke (parxmopv, 3a6viuehHocmyu — KodhduImen-
Tl 71, T9, T3, KaxKJIblii U3 KOTOPBIX SIBJISIETCS IMIIMPUYECKON OIEHKONl OTHOIIEHUSI JIBYX
BBIPaKEeHNI, CTOANINX CIIpaBa M CJeBa OT OJHOIO U3 3HAKOB < B IEIIOYKE HEPABEHCTB.
[IpousBenenue (hakTOPOB 3aBBIMIEHHOCTH JAET OOIILYIO 3aBbIIIeHHOCTh VC-OIeHKN:

Qs T To T3 = AA(L) : %6_6£2-

PakTOp 7 ONEHUBAELT 3aBbINIEHHOCTL HepaBeHcTBa (5.1), CBSI3aHHOIO ¢ TPUHIIUIIOM
PABHOMEPHOM CXOJUMOCTH. DTa 3aBBIIIEHHOCTh UMEET JIBEe COCTaBJsAonme — 3hdekT Jo-
Kajnzanun 1 3HEEKT paccjoeHus ceMelicTBa aJropuTMOB.

dPderm A0KaAU3aUUY COCTOUT B TOM, ITO HEKOTOPBIE aJITOPUTMBI 13 A MOT'YT He BbI-
JTaBaThCsSI METOJIOM OOYyUeHUs (4 HU Ha OJIHOM M3 00ydJaronux moIBeI00poK. Bmecto A ciie-
JI0BaJIO GBI PACCMATPUBATH MHOKECTBO aJropuTMoB Af = {,uX X X, | X =Y/ }, WH/LY-
[UPYEMbIX METOJIOM O0YYeHUs [ Ha BCEBO3MOXKHBIX 00ydJaloNuX 1Mo/ iBbI0OpKax X dukcu-
POBaHHO JIUHBI .

dPderm paccioerus COCTOUT B TOM, ITO Ha MHOXKECTBE aJITOPUTMOB A BOZHUKAET Cy-
[IECTBEHHO HEPABHOMEPHOe pactipeiesienne BepostHoctu P(a) = P[uX =a]. Anropurms
C MEHBINNUM YHCIOM OMUOOK Ha TeHepasbHON BbIOOPKe n(a, X) BBIIAIOTCS CYIIECTBEHHO
Jaire, B TO K€ BPeMs, UX CYIIECTBEHHO MEHbIIe. JKCIepuMeHThl (82, 81| mokassiBaior,
YTO OCHOBHAsI MACCa AJITOPUTMOB, KaK IIPABUJIO, COCPEJIOTOYeHA B 00JACTH HAMXY/IIIEi
gacTorhl omubok v(a, X) ~ 0.5.

Db dexT JoKaMM3aIII MOKHO CIUTATh MPEJIEIbHBIM YacTHBIM C/Iy9YaeM PacCJIOeHus,
KOI'JIa, BEPOSITHOCTD IIOJIyYeHUsI YaCTH AJIPOPUTMOB B TOYHOCTH PaBHA HYJIIO.

PakTOp 73 OIEHUBAELT 3aBBIINIEHHOCTH Hepasencmea Byas (5.3). Ona ocobeHHO Beu-
Ka, KOIJIa CPeJIN BEKTOPOB OIMMNOOK MMEeTCsl MHOTO TIOXOXKHUX. 3aMETHUM, ITO HEPABEHCTBO

a

P max[§(a, X) > £] <) P[6(a, X) > €]
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Sajiaua KJIACC | OOBEKTOB 1 T rs | A [Al; AQ]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

TaGauma 5.4. PaxTopbl 3aBLIIIEHHOCTH T1, T'o, T3 U OIEHKA A C JOBEPUTEIHLHBIM
unrepsajoM [Aq; Ag].

obpalaeTcss B PaBeHCTBO TOJIBKO Korja cobbitust [d(a, X) > €| mecoBmecribl. Ecin BexTo-
PBI OIUOOK aJTOPUTMOB @, @' CXOXKHU, TO COOTBETCTBYIOIIIE UM COOBITUSI OYIyT CyIIeCTBEH-
HO coBMecTHbIME. Ha IpakTuke 9acTo MPUMEHAIOTCI CEA3HBIE CeMEUCMBEa aJITOPUTMOB,
B KOTOPBIX JIJIf KayKJ0ro ajaropur™a a € A wmaiijgyres japyrue ajroputmbl a' € A takue,
YTO BEKTOPBI OMMOOK ¢ M @' OTJIMYAIOTCS TOJBKO Ha ogHOM obbekTe [101]. CBsasmble ce-
MelCTBa TOPOXKIAIOTCH, B YACTHOCTU, METOJIAMU KJIACCH(PUKAIINN ¢ HEITPEPBIBHON 110 T1a-
paMeTpaM pas3essdionieil MOBEePXHOCTHI0. K HUM OTHOCATCA JIMHEHHBIE KJIaCCU(PUKATOPHI,
MaIlTUHbBI OMOPHBIX BEKTOPOB C HEIIPEPBIBHLIMU SIPAMU, HEHPOHHBIE CETU C HEIIPEPHIBHbI-
MI (DYHKIUSIMU aKTUBAIUN, PEIIaoNiie JePEeBbsl ¢ IIOPOTOBBIMU YCJIOBUSIMEU BETBJICHUSI,
u MHOrHUe Jpyrue. Takum oO6pa3oM, HepaBeHCTBO Dyiid cuibHee BCero 3aBLINNEHO KAK pa3
B HanboJiee MHTEPECHBIX C MPAKTUYIECKON TOYKHM 3PEHUS CIydadx.

DakTOp 73 OIEHUBACT COBOKYIHYIO 3aBBIINIEHHOCTH, BO3HUKAIOILYIO B PE3YJILTATE
MaKCUMU3AIUN (DYHKIINKA THIIEPTreOMETPUIECKOTO PACIIPEIC/ICHIS 10 1M U UCIIOJIL30BAHMS
€ro 9KCIOHEHITUAIBLHON allpPOKCUMAIUN.

Pesynbrarer npepcrasienst B Taduie 5.4. [lockosibKy jorndeckne 3aKOHOMEPHOCTU
CTPOATCA OTJEIBLHO 10 KJIaccaM, KaxKJoW 3aJiade COOTBETCTBYET JIBE CTPOKU TaOJIMITHI
(o aucsy kiaaccoB). OCHOBHbIE BBIBOJIBI CJIEJLYIOIIHE.

1. Sxcnepumentanabuble snadenns DJIKP nmeror nmopsyox 10°...10%, Toryma kak
dbyuxuus pocra Haxoaures B npegenax 10°...101% 1o ectn VC-oneHku 3aBbiieHbI
Ha, HECKOJIBKO TTOPSJIKOB.

2. HawmboJree cymecTBeHHBI (DAKTOPBI 3aBLIINEHHOCTU 11 U T3, CBA3AHHBIE ¢ 3 deK-
TaMU paccjoeHns u cBaszHocTu. PakTop r3 HAMMEHee CYIIeCTBEHEH.

3. Onenka DJIKP npakTtudeckn HUKOT/Ia HE MPEBLIAET JJTUHY BLIOOPKU. DTO O3HA~
YAeT, ITO eCJIU Obl MBI 3aXOTEJIN OIPEIETUTh HOHATHE aPhdhexmucHnoti L0KaIbHOT EMKOCTIU,
TO OHA He TPEeBBIIIaIa Obl eJIMHUIILI, TO €CTh OblLIa Obl BBIpOXKieHa. OTCI0/1a BO3SHUKAIOT
COMHEHUS B COCTOATETLHOCTH U MTOJIE3HOCTU TMOHATUS EMKOCTH JIJIs OTICHOK ITepe0dy IeHM.
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B meToge CTPYKTYpHOI MUHMMMU3AUUW PUCKA 3aBBINEHHOCTE OreHoK (5.2) u (5.8)
[IPUBOJIUT K BBIOOPY I0JICEMENCTBA 3aHUKEHHOM EMKOCTH, TO €CTh K [EePEYIIPOIIECHIO al-
FOPUTMOB, UTO TIOJTBEDPZKIAETCs U B 9KCIIEPUMEHTaX Ha MOJIEIbHbBIX JaHHbIX [76]. Pacnpo-
CTpaHéHHON OMMOKO# B mHTEepIpeTanun pe3yabraTos VC-Treopun siBjIsieTcs BHIBOJL O HE00-
XOIAMMOCTHU OTPAHUYNBATE CJIOXKHOCTH ceMeiicTBa aaropuTMoB. Takoil BLIBOJ ObLI ObI CIIpa-
BeuB, ecu Obl VC-OIeHKN OBLIN JIOCTATOYHO TOYHBIMU. Ipumep amropurma 6ycmuh-
ea |68| mokaszbiBaeT, YTO OOOOIIAIOIIAS CIIOCOOHOCTD MOYKET YIIydIIaThCs JIazKe TPU TPAK-
TUYECKH HEOIPAHUYEHHOM POCTE CJIOXKHOCTH CeMelCTBa.

O ckonb3siwem koHTpone. [Ipu nmpakTuaeckoM IMPUMEHEHUH CTPYKTYPHON MHUHUMUA3A-
I[[M PECKA BMECTO 3aBbIINEHHON TeOpeTHIecKoil orneHkn (5.8) 4acTo peKOMEH/IYIOT IpUMe-
HATH OIEHKY CKOJIL34IIEro KOHTPOJIS Ey(a, X). OnHako Takas 3aMeHa CTABUT MO COMHE-
HHE IIEHHOCTh TEOPETUYECKUX PE3YJIbTaTOB, IIOCKOJIBKY CKOJIB3SIINI KOHTPOJIb HE Olupa-
ercst Ha VC-teopnuto. C MpakTUIECKON TOUKN 3PEHNsT CKOIB3SIIIINI KOHTPOJIb NUMEeT PSJT Cy-
IMECTBEHHBIX HEJIOCTATKOB. BO-TIEPBBIX, 9TO pecypcoéMKasi Mmporeaypa. Bo-BTOpbIX, OIeH-
K& CKOJIB34IIEro KOHTPOJIS UMeeT OOJIBINYIO JUCIEPCHIO, YTO MOXKET MPUBOJUTH K OIINO-
KaM TP ONTUMU3AINN CJIOKHOCTU. B-TpeTbux, CKOIb34Iuil KOHTPOJIb YI00OEH JIIsT IMITH-
PUYECKOTO OIEHUBAHUS KadyeCcTBa MeTo/1a 00yUeHus, HO He YI00€eH I KOHCTPYUPOBAHUS
HOBBIX MeTOJI0B. 1lo aTmm mpuamHaM 3a1a9a MOTydeHns] TOYHBIX TEOPETUIECKIX OIEHOK
He TepseT aKTyaJbHOCTH.

Korpa oueHka paBHOMEpHOW CXOAMMOCTU BCE-Taku He 3aBblweHa. Ciieryroras Teo-
peMa MOKa3bIBaeT, YTO B HEKOTOPBIX CJIydasx HepaBeHCTBO (5.1) obpataercs B paBeHCTBO.

Teopema 5.4. I[lyctp mMeTos |4 MHHUMU3HDPYET SMIIMPUYECKHI PDHCK W BCE aJTOPUTMBI

d € A uMeroT oMHAKOBOE 9HCJIO0 omIHOOK Ha reHepaJsbHOl Bbioopke m = n(a,X). Torzga
BepxHsist orfeHKa (5.1) obpammaercst B paBeHcTBO: Q. = Q..

HokazareabcTBo. Ilpu durcupoBanHOM M MHHUMUA3AIUS SMIUPUIECKOIO PHUCKA
v(a, X)) sKBUBaJICHTHA MAKCUMU3AINU [1ePE0OYIeHHOCTH, TOCKOIBKY

m — lv(a, X) m L

§(a, X) = - _U(G’X):E_EV(G’X)'

]
Ecin ke muoxkectBo A pacciamBaercs 1m0 ypoBHsiM omubok, 1o (5.1) Moxker oka-
3aThCd KaK TOYHOM, TaK M CUJILHO 3aBBIIIEHHON BEpXHEI OIEHKOM, UTO OyJeT IMoKa3aHO
B JlaJibHelieM Ha puMepax. B obiiem ciiydae TpeboBaHNME PaBHOMEPHO# CXOIMMOCTH
SABJIACTCA M30BITOYHO CUJIBHBIM U JIAET JIUIIb JIOCTATOYHOE YCJIOBHE 00YIaeMOCTH.

Pe3iome

VC-Teopusi ocHOBaHa Ha MPUHITUIIE paBHOMEPHOI cxomumocTu. OHa MO3BOJISET OIle-
HUBATb BEPOSITHOCTH I1epeodyvueHns cBepxy (DYHKIUEH OT JJINHBI BHIODOPKU U CJIOXKHOCTHU
ceMeiicTBa aJiropuTMoB. Mepoii cJIoKHOCTH siBJIsieTCst KO3 pUImeHT pa3noodpasusi, olpe-
JIeJIAEMbBIl KaK YMCJIO MTOMAPHO PA3IMIHBIX OMHAPHBIX BEKTOPOB OIMMMOOK, WHTYIIHPYEMbBIX

BCEBO3MOYKHBIMH aJITOPUTMAMK CeMeiicTBa Ha 3aJIaHHON BBIOOPKE.
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KoncrpykrusabiM BeixoioM VC-Teopun SBIISETCS TPUHITUIT MUHAMUBAINN O TPadO-
BaHHOI'O SMIIMPUIECKOTO PUCKA W METOJ[ CTPYKTYPHOI MUHUMHU3AIMU PUCKa. Beiegcreue
3aBBIINIEHHOCTH OIEHOK MX HEIOCPEJICTBEHHOE IIPUMEHEHNE MOXKET NPUBOJIUTH K HEOITH-
MAJILHOMY BBIOODPY CJIMIITKOM IIPOCTBIX aJrOPUTMOB.

OcnoBnoit npuanHoit 3aBbiennocTu VC-omeHOK siBiisieTcs npeHedperkenne 3bdek-
TaMU PACC/IOCHUS W CBI3HOCTH, KOTOPBIMHU Ha IIPAKTHKE 00/1aal0T MHOTHE CeMeicTBa
ayropuT™MOB. VC-OIEHKHU 3aBUCAT TOJBKO OT pa3Mepa MaTPUIlbl OMMUOOK U IMTOJTHOCTHIO
UTHOPHUPYIOT €€ cojiepkumoe. B masibHeiiem Mbl 3aiiMEMCsT KOMOMHATOPHBIMU OT[CHKAMIU
nepeoOydennsi, B KOTOPbIX 3Ta MHMOPMAIUS HE TepseTcs, Ojarogaps deMy OHH MOTYT
OBITH TOPA3/I0 TOUHEE.

B cnepytowen nekunm OyiyT paccMOTPEHBI BepXHHUE OIEHKN (DYHKIIUKA POCTA U EMKO-
CTH KakK JIjid OOIIEero cjaydas, TaK U JJIsi HEKOTOPBIX KOHKPETHBIX CEMECTB aJrOPUTMOB.
Kazaioch ObI, 3T0O HEKOTOPOE OTCTYILIEHUE OT OCHOBHOM TeN Kypca — IOJIyYeHUs TOY-
HBIX OIIEHOK BEPOSITHOCTHU Iepeolydenus. Tem He MeHee, olleHUBaHUE QPYHKIINN POCTA —
9TO KJIacCUYecKas KoMOMHaTopHas 3a/a4a, moje3nas Jjis IOHUMAHUs BHY TPEHHEH CTPYK-

TypBI CEMENCTB aJIrOPUTMOB.

Ynpa>kHeHust

Bamada 5.1 (1). Hokasare Teopemy 5.3, ucnosnb3syst popmysny Crupsmara.

Bamada 5.2 (2). Cmenenvio nexkoppexmmuocmu MeTojia o0ydeHus (i Ha BBIOOpKe X Ha-
3BIBAETC MAKCHMaJIbHA JacTOTa OMIMOOK Ha BCEBO3MOYKHBIX O0YUAIOIINX MOABBIOOPKAX:

o(p,X) = m?oizé v(pX, X). Hokasarb, 910 /I JIOOBIX [, X ¢ OrPAHUYEHHON HEKOPPEKT-
XeX
Hocthio 0(u, X) < o u smoboro € € [0, 1] cupaseymsa onenka, obobmaomas (5.2) u (5.6):

Q. < AYX) max HY™ (sm(e,0)), (5.9)
meM (e,0)
rae M(e,0) = {m: ek <m < k+ol}, s,(e,0) =min{s,(e),ol}.
[ToctponTs rpadukn 3aBucumocTy orHomeHns onerku (5.2) k orenke (5.9) or cre-
[IeHU HEKOPPEKTHOCTH 0.

Bamaua 5.3 (2). Curemys [58], mokasaTh, 94T0 eCm MHOKECTBO BEKTOPOB OIMUO0K A Kiia-
CTEPHU3YeTCs 10 PACCTOSHIIO XaMMuHra Ha S(r) KJIacTepoB payca 1 KazKIblii, To

P[6,(X) = e+12] <S(r)- max H;™ (sm(e)).

m=1,...,L
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6 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokaspiBaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2°, 160 pacTéT MOMMHOMMAIBHO 1O L, TIPHYEM HTPOMEKYTOUHBIX BApUAHTOB
He cyIiecTByer. B nosimHOMuaIbHOM CiIydae BEPOSITHOCTD HEePeodyIeHnsl CTPEMUTCS K HY-
Jiio 1ipu L. — 00, cJieJloBaTe/IbHO, 00yUeHne acUMITOTHIECKH COCTOsATEeIbHO. Pazbepém
9TOT (PYyHIAMEHTAIBHBIN Pe3yJIbTaT OoJIee MOoIPOOHO.

§6.1 Cgs3b émMKoCTU C pyHKLUMeE pocTa

Jlemma 6.1. Qynknus ®) = C) + C} + -+ + C}, onpenenéunas npn neabix h un L,
raknx, 970 0 < h < L, 0/1HO3HAYHO 38/1a6TCsT PEKYyPPEHTHBIMH COOTHOIIECHUSIMU

Y =1, F =2l o =t 4+ Oh 0<h<L

JlokazaTeIbCTBO CJie/lyeT U3 TOro, 9TO OMHOMUAJIbHBIE KOI(MDMOUIINEHTHI Cﬁ orpe/ie-
JIAIOTCH aHAJOTUIHBIM PEKYPPEHTHBIM COOTHOIICHUEM C’f = C}L‘fl + C}Llj U OTJIMYAIOTCA
TOJIBKO TPAHMIHEIM yeaosrem CF = 1.

Jlemma 6.2 (Banuuk, Yepsonenkuc [8]). Eciu s mo6oit nogspibopkn X1 nz X
poimosasercs A XML) < 2h+ o AA(X) < OF.

JokazaTeabcTBO. JloKazaTe/bcTBO MPOBEIEM MHIYKIHUEH 110 A.

[pu h = 0 u3 Toro, aro A4(z;) < 2 ama Beex x; € X Borrekaer A4(XE) =1 = @9
cJe0BaTebHO, YTBEPIK/IeHNe JIEMMBI cripaBe/[iInBo. [Ipenmonaras, 910 OHO cripaBe/JTNBO
st h — 1, mokazkem, 4TO OHO CIIPaBEeJIMBO TaK:Ke U Jjisd h mpu Bcex L, 60bIux h.

st sToro pu (bUKCUPOBAHHOM h ITPUMEHUM UHILYKITHIO 110 L.

Ilpu L = h+ 1 nmeenm A4 (XPH) < 2hF1 — 1 = @) | sHaunT yrBepik/eHue jeMMbl
BBITOIHEHO. JlomycTuM Tenepn, uTo oo BemosHserces g A4 (X). PacemoTpum BEIGOPKY
X' = XU {zr,1} n onenum ceepxy A4(X').

Bynem rosoputh, uTo ajaropuT™m a Ha 3ajannoil Beibopke U undyuupyem nodswi-
bopry U', ecim U' = {x € U: a(x) = 1}. PaccMoTpuM MHOXKECTBO BCEX IOJBBIOOPOK,
UHIyIIIPYEMBIX Ha X Bcemu ajropurmamu cemeiictsa A. Byjem pasiumdars moaBbIO0pKT
JIBYX TUIIOB:

1) Takue nmogsbibopku X" u3 X, aro ajropurmbr cemeiicta A unayrupyor Ha X'
kak X", rak u (X", 2141);

2) Bce ocTaJIbHBIE TTOIBBIOOPKH.

Ob6o3HaINM YUCI0 TOJBBIOOPOK epBoro Tuma K, a Broporo tura Ks. Torma

AYX) = K, + Ky,
ANX) = 2K, + K,

crenosaresbio, A4 (X') = AY(X) + K.
PaceMoTpuM OIMHOKECTBO ayropuTMoB A’ HHIynupyomux Ha X TOJBKO MOJBbBI-
6opku mepsoro tuna. Torma K = A4 (X).
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Vnmeercsa nBe BO3MOKHOCTH.

1. Jomyerum, naiinéres noaseibopka X" C X raxag, uro A4 (X") = 2" Do ozma-
JaeT, 9TO aJIropuTMbI MHOXKecTBa A’ mmpymmpytor ma X", a smaumt m wa (X" xp.),
Bce BosMoxkHBIe To/BBIGOpKH X C X", Tlo onpenenennio muoxectsa A’ na (X" zp,1)
WHJIyIIUPYIOTCs TakKe Bee moBbioopky Buja (X" xp.1). CremoBareabHo

AA/(Xh,xL-H) _ 2h + 2h — 2h+1.

Ho torma A4(X", zp,.1) = 2" 910 NpOTUBOPEYNT YCIOBUIO JIEMMBL.
2. Homycrum temepnb, aro A4 (X ") < 2 g moboit oebiGopku X" C X. Tlo npei-
nooKeruto mHyKImn orciozia caeayer A4(X) < &7, Takum o6pasom

ANX) = AYX) + AT(X) < O + 27 = 0,

VTBep:KieHre UHIYKIUN jgoKazano jiga L + 1. |

h
Jlemma 6.3. Cnpaseqmmba onenka ® < 1.5 0<h < L.

h! >’

,B;OKSB&TGJILCTBO ABJIAETCA HECJIO2KHBIM TEXHUYIECCKUM YIIDazKHEHUEM [8]

HamoMHuM ompejiesieHne: EMKOCMb MHOXKECTBa, aaropuTMoB A — 3To Taxoe mesoe
qucio h, ato A4(h) = 2" u A4(h +1) < 2"! Ecim takoro umena h He cymecTsyer,
TO TOBOPAT, 9TO A IMeeT 6eckoHe o EMKOCb.

Teopema 6.4 (Banuuk, YepBonenkuc [8]). Ecum cemerictBo A nmeer KOHEIHYIO EM-
kocth h, To ipu L > h ¢pynxmus pocra A (L) sasucnt or L momHOMAATHHO:
A h L

AM(L) < @) <157 (6.1)
Hoxkazatenbctso. I[lycts L < h. Torma us yenosua A4(h) = 2" soitexaer, 4ro cy-
[IECTBYET BBIOOPKA JIMHBI [, Ha KOTOPOI aJropuTMbl cemeicTBa A WHIYIUPYIOT BCe
BO3MOZKHBIE 110/1BbIGOpKHU. Snauut A4 (L) = 2L

[Iycte L > h. Bo3bMéM mpou3BoibHYIO BBIOOPKY X. [Ij1s HEeE BBIOJIHEHO YC/I0BUE
semmbl 6.2, Tak kak A4(h + 1) < 2" Crenosarensro A4(X) < O u B cuty npous-
BosibHOCTH BBIGOpKH A4 (L) < OF

Teopema j10ka3aHa. [ |

§6.2 ®dyHKUNA poCTa MHOXXECTBA KOHbLIOHKL WA

na cirydas, Korma 00beKTBl OIMHUCHIBAIOTCA TUCKPeTHbIMI TpusHakamu f;: X — D,
|D;| < 0o, orernM (GyHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKIHI pamra e Bbite [ :

A={a(@) = \lfi(@) = &}

jed

JC{1,...,n}, | <K, d eDj}.
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Ecau J — mpon3BosibHOE TOMHOKECTBO HHAECKCOB n3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TTPU3HAKaM U3 .J, eCThb

()= > T[IDil-

JCJ jes
| J'|=F

Ecmu mmozkecrsa D; pasnomomntusl, |D;| = d, o Hy(J) = C{f]‘dk. B obmiem cirydae Besn-
ynna Hy(J) Jerko BBIUUCIAETCS 110 PEKYPPEHTHBIM COOTHOIICHHUSIM:

Ho(J) = 1;
Hy(J) =0, k> [J];
Hk:(JU{j}):Hk('])_F’DJ‘kal(J)v k<‘J’7 J=1...,n

DyHKINS pOCTa OIEHUBAECTCS CBEPXY YUCJIOM KOHBIOHKIUN paHra He BbIIEe [, KOTOphIe

MOZKHO ITIOCTPOHUTDH IIO BCEM 7 IIpU3HaKaM:

ANL) <) H L ... n}.

k=1

§6.3 EmkocTb cemeiicTBa SiIMHENHbIX KaaccudrkaTopos

[Iycrs X =R™ Y ={0,1}, A — cemeiicTBO JIMHEHHBIX KIaCCHPUKATOPOB:
A= {a(w) = [(w,2) > 0] | w e R"},

rie (w,r) — CKaJIgpHOe TPOU3BeIeHNe BEKTOPOB w 1 . KarK Iblil aaropuT™ Toro cemeii-
CTBa 33,/1a6TCA BeKTOpoM w u3 R”.

Teopema 6.5. EmMkocTh cemeiicTBa JTHHEHHBIX KIacCH(pUKATOPOB A paBHA pa3sMepHOCTH
[IPOCTPAHCTBA, 1.

Nnes tokazare/bcTBa 3aK/II0YAETCI B TOM, UTO B IIPOCTPAHCTBE PA3MEPHOCTU 7. de-
pe3 MPOM3BOJIBHBIE N TOUEK MOXKHO TPOBECTU Pa3/Ie/IAIONIyI0 THIEPILIOCKOCTD, a Yepe3
HEKOTOPBIe N + 1 — yiKe HeIb3d.

JokazaresbcTBo. [lokaxem cradana, aro A (n) = 2". Coracro onpeenennio byHK-
MM POCTA 9TO PABHOCHIBLHO CJIEIYIOIIEMY BBICKA3BIBAHUIO:

X" Y(z,...,2,) €YY da€e A Vi=1,...,n a(z;) = 2.

Bosbmém n BekTopoB X™ = {x1,...,x,} u3 X Takux, 9410 y i-0ro BEKTOpA i-as KOMIIOHEH-
Ta paBHa 1, a ocrasibable paBubl 0. Pacemorpum anropury a € A, 3aj1aBaeMblii BEKTOPOM
koddurmenTo w = (wy, ..., w,). Kakum 6br #Hu ObLT GUHADHBIT BEKTOD (21, ..., 2,),
JIErKO 110/106paTh KOa(hUIUeHTh w; Tak, 9ToObl BHIIONHAIOCH a(x;) = [w; = 0] = z;.
Takum 06pazoM, Mbl yKazaan 2" aaropuTMOB, Pa3IMIHBIM 0OPA30M JIEIANIX BBIOOPKY
X" Ha 1Ba KJjacca.
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Tenepnb nokazkem, 9o A (n + 1) < 2"+ D10 paBHOCHIBLHO BHICKA3ZBIBAHIIO
VX" 3z, z0g) €Y Vo€ A Fi=1,....n+1 a(z;) # 2.
BosbMéM IponsBosIbHBIE 1 4 1 BEKTOPOB X1, . . ., Tpt1 U3 X. HHUCI0 BEKTOPOB MPEBBIIIACT

UX Pa3MEPHOCTDb, [MOITOMY CPE€J/Id HUX HAWJIETCHd XOTs Obl OJIUH, SBJISIONIUICH JTHHEITHON
KOMOMHAIMEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, YTO 9TO Ly i1:

Tnt1 = b11'1 + -+ anny (62)
rae by, ...,b, — HeificTBUTEIbHBIE YHCIIA.

[Momoxkum z; = [b; = 0] mst Beex @ = 1,...,nu 2,11 = 0. PaccMorpumM ipon3BosbHbI
angroput™ a € A ¢ kosbdurnmentamu w = (wy, ..., w,). Homycrum, aro a(z;) = z; 1y
Beex i = 1,...,n+ 1. ¥YMuoxuM 06 qactu pasencrsa (6.2) cKaIapHO Ha w:

(W, Tpg1) = by (w,x1) + -+ + by (W, xp) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOTO MEHbIIE HYJIsl, IIOCKOJIbKY
[(w, Zny1) = 0] = a(Tny1) = 2p11 = 0.

B 10 ke Bpems, KazKJioe cjaraeMoe B IIPaBOil 4acTh paBeHCTBa HEOTPUIIATEIHHO, TaK Kak
(w,z;) 20| =a(z;) =2z =[b; =20}, i=1,...,n.

Takum obpazoMm, cjelaHHoe JIONYIIeHUe MPUBOJUT K NpOoTHBOpednio. Kakoii Obl
mn 6bL1a BEIGOpKa X" anropurMbl n3 A me peammsyior Bcex 2"l croco6os momesuTh
eé Ha 2 KJiacca.

Teopema j0kazana. [

§6.4 OpHonapameTpuyeckoe ceMencTBO DeCKOHe4YHOW EMKOCTU

CymecTBoBaHIE OIHOIIAPAMETPUIECKOTO CeMeiicTBa aJrOPUTMOB KJIACCH(MUKAIIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETEJILCTBYET O HETPUBUAIBLHOCTHU ITOHSITUS EMKO-
CTH C O,Z[‘HOI'_/,I CTOPOHBI, 1 O 6eCKOH€‘t‘IHbIX BbIPpa3UTEJIbHBIX CHOCO6HOCTHX ,ZLeI'_/,ICTBI/ITe.HI)HOFO
qucsta ¢ apyroii [106].

Pacemorpum cemeiictso dynkuuit a: R — {0, 1} ¢ ogaum mapamerpom vy € R:

a(z;7y) = [sin(yz) < 0].

BosbMEM KOHKPETHYIO BEIGOPKY 06bekToB x; = 107% i = 1,.. ., /. KaxoBa 6bl Hu ObI-
a eé nymHa £, 1is moboro BeKTopa OTBeToB (Y;)f_, MOYKHO Tax mojobpaTh mapamerp 7,
910061 a(z;;7y) = y;. JelicTBureibHO, BO3BMEM ¥ = T + 7 Zﬁzl y;107. Torna

a(x;;y) = [sin(7my; + 7107 + 7 y1077) < 0| = [sin o I,y
A = [sinyy > 0], y = 1.

g

o

U3 onpe/esenns BeJIMIHHBL Yy caeayeT, ato m107¢ < vy < 0.37, mosToMy 3HAUECHE
sin 7y MOJIOKUTETHHO, U TTpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbrit mpumep gBJisieTcs UCKYCCTBEHHBIM. FKcym 11 mpejicraBiiennst qnc-
JIa 7y UCIOJIH30BaTh KOHEYHOE YUCJIO0 OUT, EMKOCTD y2Ke He Oy/eT OeCKOHEeUTHOI.
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§6.5 [Opyrue oueHkn émkocTun

Oterkn éMKOCTH OBLIN TOJTyYeHbI sl HeHpoHHBIX ceteil [55, 54, 75, 87|, pernato-
IUX JIepeBbeB [25], KOPPEKTHBIX TOJMHOMOB HaJl aJIFOPUTMAMU BBIUUCIEHHs OIEHOK [38],
KOMUTETHBIX PEIAoNux npasui [86], u apyrux cemeicrs.

Emxocts ceMeliCcTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bceil oOydalomieil BHIOOPKH,
KakK IpaBuio, OeCKOHeUHa (HAIPUMED, Y aaropuT™Ma OJIMKANRIIIX CoceIeit). Emkocts ce-
MeHCTB, TapaHTUPYIONMX KOPPEKTHOCTH (0oTcyTcTBre ommboK) Ha obydarorieil BhIOOPKe,
TaKzKe, Kak MMPaBujIo, OecKoHevuHa. XOTs, eCTh U UcK/aodeHus: B padborax B. JI. MaTpocosa
CTPOSATCA KOMIIO3UITUN aJI'TOPUTMOB BBIYHCJIEHUS OIEHOK, MMEIne KOHEIHYIO €MKOCTh
U OJIHOBPEMEHHO TapaHTHPYIONe KoppeKTHoOCTh [37, 38, 39, 40].

Pe3iome

Emkocts mmn pasmeprocTs Barmuka- UepBOHEHKICA — 9TO KJIACCHIECKas XapaKTe-
PHUCTHUKA, CJIOXKHOCTH CEMENCTB aJaropuTMOB. [[jis IMHEHHBIX ceMeficTB OHa paBHA pa3Mep-
HOCTH IIPOCTPAHCTBA apaMeTpoB. st 1pyrux ceMeiicTB EMKOCTH MOYKET HETPUBUAIHHBIM
00pa3oM 3aBUCETDH OT YHCIa mapaMeTpos. CyIecTBYIOT IPUMEPHI, KOTJIA TapaMeTPOB MHO-
ro, a EMKOCTb PaBHa €JINHUIe, U, HA00OPOT, KOT/Ia IapaMeTp OJ/INH, a EMKOCTh OECKOHEYTHA.

JI10OBIe OTeHKN TIepeodydeHus, BhIparKalomuecs depe3 KoM UImenT paznooopasus
nIn EMKOCTb, OCHOBAHBI Ha INPUHITUIIE PABHOMEPHOI CXOJMMOCTH U HEepaBeHCTBe Byiisd,
U [OTOMY CHJILHO 3aBBIIIEHBI. B JIeKIuu 8 MbI MOKaXKeM, 9TO OHU CUJIBHO 3aBBIIIEHDI
JlazkKe B CAMOM OJIarOnpHUATHOM CJiydae, Koryla éMKOCThL CeMelCTBa paBHA €IMHUIIE.

B cnepyrouwein nekumu Mbl paccMOTPUM 0a30BYIO0 TEXHUKY KOMOMHATOPHOI TEOpHUH IIe-
peobydeHns u yoemMest, ITO JIJTs MOy IeHHsI TOUYHBIX OIEHOK MAaJIo 3HATh KOY(MMUIIMEHT
paszHooOpa3us, TO eCTh YNCTO IOIAPHO Pa3/JINIHbIX BEKTOPOB OINO0K B ceMeiicTBe. Heob-
XOJIUMO TaKyKe YUIUTBIBATD CTEIEeHb UX PA3/JIMIHOCTH.
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7 TMopoxaarouime v 3anpeliatoliLme MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
ToYHBIe (He 3aBBIIICHHbIE, HE ACUMIITOTHIECKHE) OlleHKN obobImaroreii criocobnoctu [111].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§7.1 Tllpocrtasa runotesa N3M

I'unoreza 7.1. MuoxkecTtBO A, BhIOOpKa X H METOJ [t TAKOBBI, ITO JIJISI KaXKJ0T0 AJT0-
putMa a € A MOXKHO yKazaTh mapy Hemepecekaromuxcs mogmaoxkects X, C X n X! C X,
VJIOBJIETBOPSIIOILYIO YCJIOBHIO

[1X=a] = [X, C X][X, C X], VXe[X" (7.1)

Mruoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X — 3anpewyarousum
Juig ajsroputMa a. ['mmore3a 7.1 o3nadaer, YTO METOJI [ BLIOMPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4arolieil BbioopKe X HaXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
1 HU OJIHOT'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nore3a 7.1 BbIIOJHACTCA.

Jlemma 7.1. /[ 110605t Beibopku X cHpaBeIIHBO TOXKECTBO
Z[,qua] = 1. (7.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUPAET OJIMH U TOJIHKO OJH aaroputM. ToxkmectBo (7.2) MOXKET UCIOIB30BaATHCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHsI B IpaBoii wactu (7.1) chopmMymupoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 7.2. FEcun rumoreza 7.1 crpaBenBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, =P[uX=a] = L=, (7.3)
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HoxkazareabcTBo. Coracuo rumnorese 7.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

ZPP (a,X) >¢|a).
acA

YcemoBHast BEpOSITHOCTD Jlaércest Teopemoit 2.4, eciin y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTpOJIbeIX, HOJIy‘H/IMZ
P(0(a, X) > e | a) =Hy"™ (sa(e))

TJIe M, — IACJI0 OMMOOK AJTOPUTMA ¢ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obberrax X \ X,, Iprn KOTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHHE JacToT ommboK, d(a, X) > ¢

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOIl BEPOATHOCTHIO MOYKET ITOKA3aThCsl HE BIIOJIHE OUYeBUIHBIM. Huke mpejcraBiieH cTpo-
i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 7.3. FEciu rumoresa 7.1 crpaBeinBa, TO BEPOSITHOCTh HePe0OyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q=(1,X) = D PaHp ™ (sa(e)). (7.4)

acA

HoxkazareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cymMMupOBa-
Hus 110 X emg JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — [0 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJrOPUTMA, d
Ha noaseibopke X \ X,. OueBujino, 3Hadenue (). OT 3TOrO HE U3MEHUTCH:

Q- =P[0(X) 2] =P [uX=a Z[ (a, X\ X,) = 5] [0(a, X) > €]. (7.5)

acA
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIeJI0BATEJIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)]| = [s < s4(e)].

[TocraBum mosydeHnoe BbhipazkeHue B (7.5), 3ameM 3aMeHUM [MX = a] [paBoil ya-
crbio paBeHcTBa (7.1) M mepecTaBUM 3HAKH CyMMHUPOBaHUsI (O9eBHIHO, P TakKe MOXKHO
paccMaTpuBaTh KakK CyMMHPOBAHNIE):

=y Z P[X, € X][X, C X][n(a, X\X,) = 5] [s < sq(c)]. (7.6)

a€eA s=0 M

N(a)

Boienennoe B nannoit dhopmysie Boipazkenne N(a) ecThb 1o/ pa3bueHuit reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
) _
MHOKeCTBO 00beKTOB X 1esmkoM JieskuT B X, u B moasbibopky X\ X, jmuner £, mnoma-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX AJTOPUTM @ JIOIYCKAET OITUOKY.
JL1s HATJISITHOCTH TIPEJICTaBUM BEKTOD OIMMOOK ¢ PA30UTHIM Ha IMIECTh OJIOKOB:

— r—zi
a:(Xa;1,...,1;0,...,0-X;,1,. ,1;0,...,0).
X\X, X\X,
X X

Hucno ommbOK ajropuT™Ma a Ha O0beKTax, He mnonajamonmx Hu B X,, HE B X!,
paBHO M. Cymecrsyer C), — c1ocob6oB BbIOpaTh U3 HUX S 0OBEKTOB, KOTOPbIE IIOHAJLyT
B X\X,. 1 Kaxkjaoro m3 sTux CrocoboB MMEETCs POBHO C’ﬁj‘;a c110co00B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAeT OIMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambiM ofHO3HAYHO omnpejersercsa cocta Bbibopku X \ X, a, 3Ha4WT,
u coctan BbiGopku X \ X/ . Takum obpazom, N (a) = C%, C’é ../ CL. oacrasum 510 BbIpa-
ykerre B (7.6) u BbyIEMM B HEM (DOPMYJIY THIIEPTeOMETPUIECKOil (DYHKIMU BEPOSITHOCTH:

e fa Cs Ofa .
=g Dl S sa@) =g = R (s(0)).
acA S$=50 acA
TeopeMa JOKa3aHa. |

§7.2 (O606weéHHas runotesa N3M

[M'umoresa 7.1 HaKIa/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHIMYEHUs] HA BBIOOPKY X, ceMeii-
ctBo A u metop p. [losromy Teopemy 7.3 yaaércs npuMeHsITh JINIIb B HEKOTOPBIX CITEIIN-
AJIBHBIX CcIydasx. PaccMoTrpuM ectecTBenHoe obobmienue runore3nl 7.1. IIpesmonoxum,
9TO JIJId KaXKJ0T0 aJrOPUTMa ¢ CYIIECTBYIOT PAa3/IMIHbIe BApUAHTHI BbIJICJICHUS MTOPOXK-
JIAIONINX U 3aIIPENIAIONIIX MHOXKECTB.
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I'mnoresza 7.2. MuoxkectBo A, BbIOOpKa X H METOJ [I TAKOBBI, UTO JIJIST KaXKJOTO aJl-
ropurMa a € A MOXKHO yKa3aTh KOHEYHOE MHOXKECTBO HHJEKCOB Vi, W JJIS KayKJI0rO HH-
Jiekca v € V, MOXKHO yKas3aTh noposxciarouiee MHOXKeCTBO X, C X, 3anpeujaroujee MHO-
sxecrBo X!, C X u kospurent c,,, € R, yzoBirerBopsiomnue ycaoBusimMm

v ¢
(nX=a] = cay[Xaw € X][X], € X], VX € [X]" (7.7)
UGVCL
ITpu ycnoBum c,, = 1 runoresa 7.2 o3Ha4YaeT, 9TO METOJ /i BHIOMpPAET aJIrOPUTM @
TOTJIa U TOJIBKO TOTJIa, KOIJa B O0yYaIOLyI0 BHIOOPKY X IONAJIA0T BCe 0OBEKTHI U3 X,
U HI ofHoro u3 X/, POBHO JyIst O/HOM n3 nap MuoxecTs (X, X.,), v e Vg

B TEEL ] &aX

pmar Kl | BE | (aXi)

LT[0 TT ] Kw X)) V=1

OuerutHo, yeaosue (7.7) J0ZKHO OBITH 3aJIaHO TaK, YTOOBI MpaBas 9acTh IPUHUMA-
JIa, TOJIbKO JiBa 3HadeHus — Jjuoo 0, mubo 1. D10 TpeboBaHme HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOIMHOXKECTB (Xoy, X! ), v € V,, u Ha KOIDDUITHEHTHI Cqy .
B uacrtrocTH, 1npu c,, = 1 ycioBus [X,w cCX } [X I C X } HE MOT'YT BBITIOJTHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX UHJIeKcoB v, v € V, uu ipu Kaxkom pasouennn (X, X)), nHate sHaueHMe
B IIPABOI YaCTU OKaXKeTCs OOJIBINUM €JIMHUITHI.

K nacrosinmeMy MOMEHTY He M3BECTHBI CJIydar, KOT/ia IPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIUEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBnaHo, Tunoresa 7.1 SIBJISETCS IaCTHBIM CJIyYaeM THIIOTE3bI 7.2, KOIJIa BCe MHO-
KecTBa V), OIHO3JIEMEHTHBIE U Cqy = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a 7.2 BEpHA BCErIa.

Teopema 7.4. Jlus.mo6bix X, A u i cymecrByior muoxectsa Vy, X g, X!

av?’

IIpH KOTOPHIX
cripaBeuBo npeacrapiaenne (7.7), mpudéM cq, = 1 11 Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIH amroputrm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BCeX MoaBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxum X, = v, X! =X\ v, ¢4 = 1. Torga jast sio-
ooro X € [X]* cpaseyiuso npejicrasienue, umeromniee suj (7.7):

[,uX:a] = Zv[v:X] = Zv[v:X] [X\v:X\X] = ZV [v C X} [X\v - X},

npuaéM, ecsnt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIbHbIE
pPaBHBI HYJIIO; ecyin Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. ]

Teopema 7.4 saBigercd THIUYIHON TeopeMoil cyrecTBoBanus. VCIIOIb30BaHHbBIN TTPU
eé JIoKa3aTe/IbCTBE CII0COD TMOCTPOCHUS NHJIEKCHBIX MHOXKECTB V, TpedyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKHU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEI(DDEKTUBHBIM OIEHKAM
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BeposiTHOCTH TIepeodydenns. OHako npejcrasienue (7.7) B 001IeM cirydae He € IMHCTBEH-
HO. OTIeIbHOM TPOBJIEMOTT IBJISIETCS MOUCK TAKOTO MPEJICTABIEHN, B KOTOPOM MOIITHOCTHU
muoxecTs |V, | Xool, | XL, | bl 661 Kak MOXKHO MeHbIIe. XOTs MuinoTesa 7.2 BepHa Bee-
ra, Mbl OyJeM IpOI0/KaTh Ha3bIBATH €€ «IUIIOTe30i», MMes B BUJY IPEJIIOJIOKEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicraBienus Buja (7.7), 6osee 3¢hHeKTUBHOTO, 1M UC-
110JIb30BAHHOE B JlOKa3aresbcTBe Teopembl 7.4.

Beeném s kaxkgoro aaropurMa a € A n KaxKa0ro mHAeKca v € V, 0003HAYEHUSI:

Loy = L — | Xao| — | X0 |5
law = € — | Xaol;
My = n(a,X) — n(a, Xow) — nla, X,,);
Sav(€) = %(n(a, X) — ak) —n(a, Xoy).

B ycioBusx rumoresbt 7.2 cripaBeIuBbl COOTBETCTBYIONIME 0000IEHNs JIEMMbBI O Be-
POATHOCTSIX TTOJIyUIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTHU TEPEOOy ICHUSI.

Jlemma 7.5. FEciwm rumoresa 7.2 cripaBejjmmBa, TO JUIsT BceX a € A BepOSITHOCTH IOJIY-
YUTH B pe3y/IbTaTe 0O0ydeHus aarOpUTM G PaBHA

P, = P[/LXZG} - Z Cav Pov; (78>
veEV, CZ‘“’
Puy = P[Xa C X][X,, C X] = CL;: (7.9)

HokazarenbcTBo. [JocTarodno npuMeHuTs onepaiuio Pk jiesoit u npasoii gactam (7.7).
JlabHelinme paccyzKIeHns aHAJIOTUYHbBI JIOKA3aTeIbCTBY JleMMbl 7.2. ]

Teopema 7.6. FEcum rumoresa 7.2 clipaBeiiBa, TO BEPOSITHOCTH MEPEOOYIeHUsT BbITHC-
JISIETCST 110 (bopMyJIe

Q:(1:X) =D ) Can P HE ™ (s0(2)) - (7.10)
a€A ’UEVa

JokazaTeabCTBO. AHAJIOINYHO JoKa3aTeabCTBY TeopeMbl 7.3, BEpOSTHOCTD Iepeolyde-
HIsI TIPUBOJIUTCS K BBIPAYKEHUIO, KOTOPoe oTmdaercs oT (7.6) mosiBIeHneM 3HaKa, CyMMU-

poBaHuS 110 v, KOIMDDUIIMEHTOB €y, U JIBOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX 4:

Q- = Z Z anv P[X‘w < X} [Xt/w - X} [n(a’7 X\ch) = 3] [S < Sav(&?)],

acAveV, s=0

B ocrambnom j0Ka3aTeIbcTBO aHAJOIMYHO JI0Ka3aTebeTBY Teopembr 7.3. [ ]

OueHkn dyHkumnoHana R. (1.6) jgokaswpiBaoTCd aHAJOTUYHO, C TOM JIUINb PAa3HUIIE,

Y9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIY 3aMEHSETCsI Ha

st (e) = n(a,X) — ek — n(a, Xov).

av
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§7.3 KoppekTHoe cemeincTBO aJiropMTMOB

Asroput™m a, He momyckaroruii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HowM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJllOPUTM (g, KOPPEKTHBII Ha reHe-
pasibHOI BeIOOpKE X, TO MHOXKecTBO A Oymem Ha3blBaTh kKoppexmuvim. B aTOoM ciydae
dbopmyma (7.10) cuapHO yupormaercs.

Jlemma 7.7. B ciaygae m = 0 pyHKIIMS rumepreoMeTpuaecKoro pacipeiejaeHust BhIPOXK-
0,0
gaercst: Hy o (s) = [s = 0].

00
HoxkazareabcrBo. [Ipu s > 0 cymma H; ' (s) B (2.4) cOCTOMT U3 OJHOTO CJIAraeMoro,
pasroro 1. IIpu s < 0 4uciio caraeMbix PaBHO HYJIIO, U BCs CyMMa PaBHa HYJIO. "

Teopema 7.8. Ilycrpb runoresa 7.2 cripaBeJinBa, METOJ [ SIBJISI€TCS MUHUMHU3AIIHEH 9M-
IMIPHIECKOTO PUCKa, MHOXKECTBO A KOppeKTHO. Torjia BeposiTHOCTD 1epeody deHusT IPHHHI-
maer 6o.Jiee MPOCTO BHJIL:

Q-(1,X) = [n(a,X) > ck] P,. (7.11)

acA

HokazaTeabcTBO. PaccMoTpuM 1pon3BO/IbHbBIN aaroput™M ¢ € A U IPOU3BOJIbHBIN WH-
nekc v € V,. Ecim HeKoTOpbIili 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIMHMOKY, COMEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHUMU3UPYIOMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpaTh JaHHBI aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIH AJITOPUTM ag, He J10-
nyckafomunii ommbok Ha X. CremoBaTebHO, MHOXKECTBO OOBEKTOB, HA KOTOPBIX AJTO-
PHUTM @ JOIyCKaeT OMIMOKY, IEeJHKOM Cofep:KuTcd B X, . SHAYUT, aJrOPUTM ¢ HE JIOIyC-
KaeT OIMOOK Ha HeHTpaJbHBIX 00beKTax U My, = 0. Torma, cormacuo Jlemme 7.7,

i (500) = [5(6) 0] = [§ (00 ) = k) = (0, Xo) > 0] = [o(a ) > o]

av

[Toncrasiss sto Bepazkenne B (7.10), nomyqaaem (7.11). ]

CunencrBue 7.8.1. Ecam B cemeiictBe A COMEPXKUTCS ajaropuT™M, KOPPEKTHBIH Ha BCel
reHepaJibHOI BbIOOPKe, TO Bbhipazkenue (7.11) cupaseuso u st pyaknuonana R.(u, X).

§7.4 ®yHKUMOHAN NOJIHOIO CKOJ1b3SLULEro KOHTPOIS

PaccmorpuM (byHKIMOHA TIOJTHOTO CKOJIb3sIero KouTposst (1.7). Ilpuanun mopox-
JIQIOIIUX ¥ 3aIlPEIaroniX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHYo oreHKy [16].

Teopema 7.9. Ecm runoresa 7.2 cripaBejinBa, TO OIEHKa IIOJTHOIO CKOJIB3SIIIETO KOH-
TPOJISI BBITHCJISIETCST 110 (DOPMYJIe

C(p, X) = %Z Z CMCC_;:; (n(a, X) — f_/‘w n(a,X\XL’w)) : (7.12)

acAveV, av
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HHokazarenbcTBo. 3anumem onpejesnenns E n v, 3arem mozgcrasum (7.7) cormacHo ru-
rmorese 7.2 W mepecTaBUM 3HaKNW CYMMUPOBAHUSI:

CuX) = o 3 Y [pX=dy Y Haw) =

L xe[x)t aca zeX
L
_ %Z S o Ta,2:) P[Xo € X][X), € X] [ € X].
acAveV, i=1 ~
p(a,v,x;)
Ecm z; € X),, ro [X], C X|[z; € X] = [X], € X| n, cornacno (7.9),
ZU/U
pla,v, ;) = P[X(w C X} [X:w C X} = % =P,
L
Ecmn a; ¢ X, 1o (X}, C X]|[z; € X] = [{a;} U X[, C X] u, cornacro (7.9),
Cav _
pla,v,z;) = P[ X, C X|[{z;} UX], C X]= CLz_l = PM,M.
Cr Lo,
Cobupas BMecte jBa ciydas, x; € X, u x; ¢ X!, . moaydnm

plav.n) = Pa ([ € X0 ] + [ X, E22 00 ).

[ToncTaByisist 3TO BhIpazKeHne B CYMMY II0 %, TTOJTydaeM

L
Z I(a7 xi)p(aa v, xz) - Pav (’I’L(CL, thw) + (n(a, X) - n((l7 thzv)) L‘“’L_ gav) )
i=1 av

OTKyj1a BbITeKaeT Tpebyemoe paBeHcTBo (7.12). Teopema nokazana. [

Pe3iome

Ipunyun noposrcdarowur u 3anpewaowus MHOACECME OCHOBAH Ha THIIOTE3e, ITO
JUTS KazKJIOTO aJITOPUTMa MOYKHO yKa3aTh MHOYKECTBO N0postciaowur 0ObeKTOB, KOTOPhIe
00s13aHbI OBITH B 00y JaroIeil BHIOOPKE, M MHOYKECTBO 3aNpeu,aowur 00beKTOB, KOTOPBIX
He JIOJIKHO OBITH B 00y Yaloleil BLIOOPKe, 9TOOBI METOJ 00yYeHUs BHIOPAJ UMEHHO JTAHHBIT
AJICOPUTM. DTO JIOBOJILHO CUJILHOE TIPE/IITOJIOZKEHIE, i OHO BLITIOJIHICTCH JTAJIEKO He BCET/IA.
B obmmem ciryuae /17151 KayKJI0r0 aJaropuTMa MOYKHO YKa3aTh HECKOIBKO AP MOPOXK TAIONTIX
U 3aIpeNaonuX MHOXKeCTB. Ecm oHn U3BECTHBI, TO Jlajiee JIETKO BBIYHC/IAIOTCH BEPOST-
HOCTH TIOJIYIUTh KaK/IbIil U3 aJIrOPUTMOB, BEPOSITHOCTD 11epeo0yIeH s, 1 OIICHKA TTOJIHOTO
CKOJIB3SIIIEr0 KOHTPOJIsI. BBIOOP CHCTEMBI TTOPOXKTAOIIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCST UCKYCCTBOM. UeM UX MeHbINle, W 9eM MEHBIIe UX MOIHOCTH, TeM 3(hdeKTuBHee

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyroweinn nekumu ¢ 1oMoIbio IPUHIIATIA TTOPOXKIAIONIIX U 3aIlIPENIAoNuX MHO-
JKE€CTB MBI IOJIYIUM TOYHBIE OIEHKU BEPOSATHOCTHU IePeoOyUeHUs JIJIT HEKOTOPBIX ITPO-

CTBIX, HO y2K€ HCTPUBUAJILHBIX MOIC/IbHBIX ceMerCcTB AJITOPUTMOB.
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8 Uenn anroputmos

Y100BI BOCIIOJIL30BATHCS IMPUHITUIIOM ITOPOXKIAIONINX U 3allPeIlafoInX MHOYKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METO| OOYUIEHUS [ U CeMeicTBO ajroputMoB A. Mbr Hat-
HEM C METO/Ia MUHUMHU3AIUN SMITUPUIECKOTO PUCKA U TIeleil aJropuTMOB — MTPOCTEHIITIX
MOJIEJIBHBIX CEeMEeMCTB, 00J1a/Ial0IUX CBOHCTBAMHU PACCJIOEHUS U CBA3HOCTH. UTOOBI 10/I-
KPENUTh TeOpeTUIeCKNe BBIKJIAJIKN SKCIIEpUMEHTaMU, IIpeJjiaraeTcd HalnucaTh HeCJI0XK-
HYIO IPOIPAMMY, BBIUUC/ISIONLYIO SMIIMPUYECKHAE OIEHKU BEPOSTHOCTH IepeodydeHus
110 3aJIAaHHOI MaTPHIE OIMIHOOK.

§8.1 Pa3HoBMAHOCTN MUHUMM3BALNN SMNNPUYHECKOrO PUCKA

Byznem mosaraTrh, 9To A — KOHEYHOE MHOYKECTBO, I BCE aJITOPUTMBI HMEIOT IOIAPHO
paszsmanble BeKTOPbI omubok. Obosmnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MHUHH-
MaJIbHBIM YHCJIOM OIMMOOK Ha obydarorieit Bbioopke X :

AX) = Argmiiln(a,X). (8.1)

ac

Omnpenestenne 8.1. Merox ob6ydenus i HA3BIBACTCS MUHUMUSAUUET IMNUPUMECKO20
pucka, MOP (empirical risk minimization, ERM), ecoin uX € A(X) npu eex X € [X]*.

Ecau muoxkectBo A(X) cofep:kur 6oJiee OJHOIO 3JIEMEHTa, TO BOZHUKAET MpodJIe-
Ma HEeOJIHO3HAYHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHavasa jiBa KpailHuX ciiydas —
KOTJ[a BBIOMPAETCsT HAWTYIIuii win Hauxyamuit aaropurm u3 A(X).

Onpenenenune 8.2. Meronq MEHIMH3AIUN SMITPUIECCKOIO PUCKA [I HA3ZBIBACTCS ONMU-
mucmunoim, ecan pX = arg min n(a, X).

acA(X)
Onpenenenue 8.3. Meronq MEHHMHI3AIUH SMIIIPUICCKOIO PUCKA (I HA3BIBACTCS NECCU-

mucmuinoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctnanas u neccumuctudrass MOP wa mpakTuke He peajm3yeMbl, TakK Kak
CKPBITYIO KOHTPOJILHYIO BBIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenms. TeopeT-
YeCKM OHU MHTEPECHBI T€M, YTO JIal0T HUKHIOIO U BEPXHIOIO OIIEHKU BEPOATHOCTU Ilepe-
obydenus. [Ipu 006X Apyrux crocobax pasperieHus HeopHo3HadHoct B Metone MOP
BEPOATHOCTH TIePeo0ydYeHNs TapaHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMM:

Teopema 8.1. Ilyctb fiyi, — onrumuctudabiii MOP, piy.. — meccumuctuaabiii MOP.
Torya st smoboit BeIoopku X u JII060ro MeTo/[a MUHUMH3AIAA SMITHPIICCKOTO DHCKA |1

Qz—:(ﬂmimx) < Qs(ﬂax) < Qz—:(,umax’X)-

Hanbosnee mpakTHYHBIM TIPE/ICTABIIAETCS CHOCOO pa3perIeHns HeOTHO3HATHOCTH, OC-
HOBaHHBI Ha cirydaiiHoM BbIOOpe asropurma u3 Muoxecrsa A(X).
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Onpenenenue 8.4. Meronq MuHHMHI3AIUIN SMITIPIIECKOIO PUCKA (I HA3BIBACTCS PaHdo-
MUSUPOBAHHBIM, €CJIH [1X — TO MPOU3BOJILHBIH aJrOPUTM, BBIODAHHBIH CJIydaiiHO U paB-
HOBEPOSITHO U3 KOHEYHOro MHOXKecTBa ajaropurvon A(X).

PanjomMu3aliist cTaHOBUTCSA BTOPBIM HE3aBUCHUMBIM UCTOYHUKOM CJIyYIaffHOCTH B 3a-
Jlade CTaTUCTUYIecKoro oOydenus. Ecim paHee Tpeosarajoch, UTO CIYYailHO TOJIBKO
pasbuenne X LI X, To Temeph cTydaeH TaKyKe U BLIGOD anropuTMa a u3 MuozkecTBa A(X).
CooTBeTcTBYIONIUM 00pa30M M3MEHSIETCS W OIpPe/Ie/IeHe BEPOSITHOCTH 11epe00y IeHM:

1 _
QE:EW E [V(G,X)—V((I,X) 28] (82)
|AX)]
acA(X)
Boabmuacrso 1IOJIy9a€eMBbIX J1aJice OICHOK OCHOBaHbI JOo Ha IIGCCHMHCTHHHOﬁ, Jb60o
Ha paHﬂOMH3HpOBaHHOﬁ M>SP. SKCHepI/IMeHTbl ITOKa3bIBaIOT, YTO 3aBbIIICHHOCTL OIICHOK
neccuMmucTnaHO MOP HEeBeJIMKa, HpI/I‘{éM OIITUMHUCTHUYIHBIC, IICCCUMUCTUYHbBIC 1 PAHIOMU-

3UpPOBaHHBIE OIEHKU, KaK MPABUJIO, CXOJATCA JAPYT K JPYTy ¢ POCTOM JIJIMHBI BIOOPKHU L.

§8.2 DkcnepumeHTbl C MOAENIbHbBIMN CEMeNCTBaMN airopuTMoB

MopgenbHble cemeiicTBa anroputmoB. HamoMmamM, 9TO HAIIMM OCHOBHBIM OOBEKTOM
UCCJIeJIOBAHUS ABJIsIeTCs OMHApHAs MaTpHUIla omOoK pasmepa L X D nmopoxKgaemasi Bbl-
Goproit X = {x1,...,z1} u muO)KkecTBOM anropurmoB A = {ay,...,ap} ¢ nonapHo pas-
JINIHBIMU BEKTOPAMH OITHOOK.

Mpur Oyem paccMaTpuBaTh ModeavHble CeMeUCMEa aA20pUMMO8, KOTOPhIE 3a1at0T-
¢ HEIOCPEJICTBEHHO CBOMMHU MaTpuiamu omubdbok. MojeabHoe ceMeiicTBO — 9TO HCKYC-
CTBEHHBII 00bEKT MCCJIeOBaHUsI, He CBA3aHHBIN ¢ KaKOi-1100 peabHON BBIOOPKOI. Ero
MaTpHILa OIIMOOK OIPeIessieTcs CIeluaIbHBIM 00pa3oM u 0bJiajlaeT HEKOTOPOH <«pery-
JIAPHON CTPYKTYpPOil», ITO 00JIerdaeT BBIBOJ KOMOMHATOPHBIX OIEHOK. JIjIs HEKOTOpBIX
MOJIC/TBHBIX CEMENCTB yIaéTCsd CTPOUTH MPUMEPHI TOPOKIAIONINX X BBIOOPOK, OOBIYHO
9TO BeCbMa 9K30TUYECKHE JacTHbIe ciydan. PeajibHble cemeiicTBa KpaiitHe pejako odJiaia-
0T KaKOW-/1100 peryyigpHoil cTpyKTypoit. Tem He MeHee, n3ydeHue MOJIe/IbHBIX CeMeiicTB
[IPEJICTABISIET UHTEPEC 110 CJICAYIOMIUM ITIPUIITHAM.

Bo-11epBbix, OHI TO3BOJIAIOT UCCIEI0BATH BiusgHIE 3(DPEKTOB PACCTIOCHUS U CBI3HO-
CTH Ha BEPOATHOCTD IE€peoOydIeHUsd.

Bo-BTOpbIX, Ha HUX OTPAdATHIBAIOTCH MaTEeMATUICCKUE TPUEMBI, KOTOPBIE MOTYT OKa-
3aTbCs MOJIE3HBIMU TIPU TIOJIYIEHUU OIEHOK OoJjiee 00IIero BU/IA.

B-Tperbux, HeKoTOpBIE MOJIE/IBHBIE ceMecTBa 00/1a/1al0T TEMH Ke KJIIOUEBbIMU CBOI-
CTBaMH, 9TO 1 peaJibHbIEe — PaCCJIOCHUEM, CBASHOCTBHIO U PaSMEPHOCTBIO, 1 MOI'YT UCIIOJIb-
30BaThCs KAK 3aMeHa PeabHbIX CEMEHCTB P OlleHUBaHUN Tepeodydenus [7].

dMnNupnyeckoe oueHMBaHWE BEPOSITHOCTU MNepeodyyeHust No maTpuue owwmnbok.
Nnes 3akiovuaercss B TOM, 9TOOBI OIEHUTH BEPOSITHOCTH MEPEOOYUEHUs 10 HEKOTOPOMY
MIOJIMHOYKECTBY pas3buenuii renepasibHoil Beioopkn X = X, U X,,, n=1,... N:

Qs(ﬂa X) = % Z [(5(an, X)) 2 5}7

n=1
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AaropurMm 8.1. Bpraucjienue SMIUPUIECKUX OIEHOK BEPOATHOCTH 11€PEeOOyIeHUA.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Bpixon: BepxH:AS OIeHKa ()., HIKHSAA OIEHKa ().

Qs = 0; Qa = O;
2: nyg Beex pasbuennit X, UX, =X, n=1,...,N
A(X,) := Argminv(a, X,,);

a€eA

4 a:=argmaxv(a,X,); Q.:= Q-+ +[0(a, X,) >el;
CLGA(Xn) B
5 a:=argminv(e, X,); Q= Q-+ [ (a,X,) > 8};
- a€A(Xy) a

—

6: BEpHYTH ()., Q-.

AaropurMm 8.2. DddekTuBHOE TTOCTPOEHNE I'PaPUKOB 3aBUCUMOCTH BEPOATHOCTHU IIE€pe-
obyuenns: oT Yucyia d MepBbIX aaropuT™MoB B cemeiicrse {ay, ..., ap}.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasduenuii N; mopor &;
Brixon: Bepxuss orenka (). (d) u nrmkuss onenka Q. (d) 1y noaMHoxkectsa {ay, . . ., aq}.

1: creHepupoBaTh u 3adukcupopaTb N pa30OneHmii:
X,UX,=X, n=1,...,N;

2: aJIrOPUTM, BEIODAHHBIH [IPU 1-M PA30UEHNH [TeCCUMUCTUIHON 1 onTuMuctuaroit MIP:

Qp, Qp :=aj, n=1,..., N,
N
3 Qe(1), Q:(1) == Zl[ (a1, Xn) > €l;
4: nag Bcex d = 2, n_, D
5. gyst Bcexn:=1,..., N
6: ecan n(aq, X,,) < n(a,, X,) nm
n(ag, Xpn) = n(an, X,,) u n(aqg, X,) > n(a,, X,,) To
. Ou(d) = O(d — 1) — L [3(@n, X0) > €] + L [3(aa, Xa) > €]
an = ag;
8: ecin n(aq, X,) < n(a,, X,) nm
n(ag, X,) = n(a, X,,) n n(aq, X,,) < n(a,, X,,) To
9 Qa(d) = Qa(d - 1) - % [5(anXn) > 5] + % [5(ad7Xn) = 5};
(079 aq,

rae 0(a, X) = v(a, X) — v(a, X) — nepeobyuenHOCTD anropuT™a a npu pasbmermm X L X .

B memode Monme-Kapao pazdbuenns: BBIOUpAOTC Cirydaitabiv obpazom. Hucso pas-
ouenuit N 0ObIYHO O€PYT OT HECKOJIBKUX COTEH JIO JIECATKOB THICAY.

AnropuryM 8.1 BLIMHCAAET [BE ONEHKN BEPOATHOCTH HepeobydeHus: BepxXaas (). co-
orBeTcTByeT neccuMmucTuanoit MOP, mkuas (). — onTuMucTuynoil. AJropuT™M COCTOUT
U3 JBYX BJIOYKEHHBIX IIMKJ/IOB: BHENIHU mepeOupaer pa3OueHus, BHyTPEHHUI BbIOUpaeT
u3 A ajaroput™, MUHUMHU3UPYIONUN SMITUPUIECKUI PUCK MPU JAHHOM Pa30MeHUN, TOY-

Hee, JBa aJI'OPUTMa — IECCUMUCTUYHBIA G U ONTUMUCTUYHBIA a.
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[TomensB MecTaMu JIBa BJIOKEHHBIX UK/, HogxyanM Ajnroputm 8.2. On 3¢ deKTuBHO
(3a Bpemsi O(D)) cTpouT rpaduk 3aBHCHMOCTH BEPOSITHOCTH MePeodyUIeHHs] OT UHC/Ia
HepBbIX d aJrOpuTMOB B HOJCeMeicTBe {ay,...,aq}. Ilpeanonaraercs, 9To ajropuTMbl
YIOPSIZIOUEHBI TI0 YUCIy OIMUOOK Ha TeHepaibHoil BeiGopKe, n(ar, X) < ... < n(ap, X).

§8.3 C(Cssa3Hble cemeiicTBa anropnTmos

Uenu anroputmoB. OtupeseiiM PacCTOsSTHUE MEXK/Iy aJTOPUTMAMU KaK PAcCMOANHUE
Xommunrea MeXKITYy UX BEKTOPAMU ONIHOOK:

L
p(a,a’) = Z}[<aaxz) _[(a/7$i)|> VCL,CL, €A
=1

Onpenenenne 8.5. Koneunas nocienoBaressnocts aaroputmoB A = {ay, ..., ap} Ha-
3BIBAETCST UeNvl0 an20pummos, ecau p(aq_1,aq) = 1 st Becex d =1,..., D.

Onpenenenne 8.6. MHOXKecTBO aJrOpuTMOB A HA3BIBAETCS CEA3HbIM, €CJIH JIJIS JIIOOBIX
a,a’ € A B HEM cyIiecTByer Ijelb a = ag, a1, ...,ap = d’.

Onpenenenne 8.7. Ilenr A = {ay,...,ap} Ha3BIBACTCS Npamot, ecan p(ag,ap) = D.

B npsimoii mienin Bce 00bEKTHI &g, HA KOTOPBIX PA3JIMIAIOTCS IBA COCETHUX aJrOpUTMA,
I(ag_1,2q) # I(ag,z4), monapro pazmuanel. Jucao takux o0bekToB pasHo D. Orcroa
caejlyeT orpaHumdeHue Ha JIUHY IpsMoit menu: D < L. Jliobas 1momnoc/ie/1oBaTe IbHOCTD

IPAMOI TEIH oy, . . ., Ay, 0 < u < v < D, TakKe sIBJISICTCs TPSIMOM TIETIBIO.
Onpenenenne 8.8. Ilens amropurmos A = {ao,...,ap} HA3BIBACTCS MOHOMOHHOU,
ecin n(ag,X) = m + d st Bcex d = 0,..., D, npu mekoropom m > 0. Amropurm ag

Ha3bIBaC€TCA AYHYUUM 6 UENU.

B mownoronnoit nenn I (ag_1, ;) < I(aq, z;) aist Beex ; € X, d=1,...,D.
Mownoronnas 1ens sBisgercs npsamoit. OTcioga ciremyer orpanndenue D < L —m.
B ciiygae MoHOTOHHOI T1en 0OHEKTHI BBIOOPKU MOYKHO IEPEHYMEPOBATH TaK, YTOOBI

ag,z;)=[i<m+d|, i=1,...,L, d=0,...,D.

[Hernb aJropuTMOB MOZKET ITOPOXKIATHCS, B 9aCTHOCTH, OJHOTIApAMETPUIECKUM CeMeii-
CTBOM KJIACCU(PUKATOPOB C HEIPEPBIBHON 10 MapaMeTpy JUCKPUMUHAHTHONW (PyHKIIHEL.
Ecim mpu HenpepbIBHOM CMEIIEHUU TapaMeTpa B CTOPOHY OT ONTHMAJIBLHOTO 3HAYCHUS
YUCJIO OIMMOOK Ha TOJIHON BHIOOPKE MOHOTOHHO He YOBIBAET, TO 0Opa3yeTcs MOHOTOHHAS
1erib. MOHOTOHHAS TEITb — 9TO OJHO U3 IMPOCTEHNIIIX MOJIEIbHBIX ceMeiicTB, obJrajiaroIee
CBOMCTBAMU PACCAOCHUA T CEAZHOCTNU.

ITpumep 8.1. Ilycth A — ceMeicTBO AUHETHLT AAOPUMMOE KAACCUDGUKRAUUL — Tapa-
merpuaeckux orobpaxenuit uz X = R" B Y = {—1,+1} Buga

a(x,w) = sign (rywy + - -+ + zowy), x = (r1,...,7,) € R,
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Puc. 8.1. Basucumocts (a4, X) or HOMepa ajaropurMa d B IEH CJIyIaiiHbIX HHBEPCHI
¢ paccioenueM (cieBa) u 6e3 paccioenust (cupasa), npu ¢ = k = 100, m = 10.

e napamMerp w € R™ — HanpaB/IdOMui BEKTOD TUIEPILIOCKOCTH, Pa3JIe/IAOINIei mpo-
crpancTBo R™ Ha jiBa mosynpocrpancTBa — Kjaaccbl —1 u +1. [lyers dyHkng morepb
umeer Bug I(a,z) = [a(z,w) # y(z)], vae y(r) — ncrunnas xinaccndukamus oobekTa
U MHOYKECTBO OOBEKTOB X JIMHEWHO pa3JeuMo, T.e€. CylecTByeT BekKTop w* € R mpu
KOTOpOM ajiroputm a(x, w*) He momyckaer ommOok Ha X. Torma MHOKECTBO aJrOpUTMOB

As = {a(z,w* +16): t € [0,400)}

MTOPOK TAaeT MOHOTOHHYO TeIb 1Tpu JI000oM 0 € R™, 3a HCK/TIOYeHeM, OBITh MOYKET, HEKOTO-
POr0o KOHEYHOI'O MHOYKeCcTBa BEKTOPOB. IIpu sTom m = 0 B cuity JIMHEIHON pas3/1eTMMOCTH.

IJKCNepuMeHT C YeTblipbMsi MoAesibHbIMU cemencTBamMu. llesb sxcrepuMenTa — Bbl-
sICHUTh, KaK PACCJIO0EHHUE U CBA3HOCTD BJIUSAIOT Ha IIepeodyueHne, Kakoil us JByx 3pdexTon
BazKHEe WJIN K€ BayKHO WX codeTaHue. [[jig 9TOro ctpodrcs derTbipe MOJETbHBIX CeMeii-
CTBa C OJIMHAKOBBIM JIYUIIUM aJIlOPUTMOM (g, KOTOPBIN JIOMYCKAET 1M OIIMOOK Ha II0JI-
HOit BeIOOpKe. Kaxk1oe m3 4eThIpéx ceMeiicTB 3aaéTcsd HelIOCPEICTBEHHO CBOEl MaTpuIieit
omuboK pazmepa Lx D.

1. Ienv cayuatinwr uneepcuti ¢ paccaoenuem. Kaxkablii ceIyionuii BEKTOP OIU-
OOK g TOJIydaeTcd U3 MPEJbLIYIIEeTO (g1 IIyTEM UHBEPCUU OJIHON CIydaiiHO BHIOpaHHOI
KoopuHaThl. Ecu 1ens jjocratodno jymuHHag, D > L, TO OOJIBIIUHCTBO aJIOPUTMOB
6y/yT jomyckaTh 0koj1o L/2 omubok, puc. 8.1.

2. Ilenv cayuatinoir uneepcud 6e3 paccroenus. Kaxk bt BEKTOp OMMOOK (g ITOJIyYa-
eTCsI U3 (g1 TAKZKe IyTEM OHOMN CIyIailHOl NHBEPCUU, HO IPU HEIETHBIX d MIPOU3BO/ISITCS
ToJIbKO uHBepcuu 0 — 1, a npu 4érabiX d — ToabKo 1 — 0. B pesysibrare dnciio ommbok
aJITOPUTMOB Ha IOJIHOM BBIOOPKE IMO0YEePETHO PUHUMAET 3HadeHusd m u m + 1, puc. 8.1.

3. He-uenwv ¢ paccioenuem CTPOUTCS IO MEMH ¢ PACCTOCHUEM IIyTEM CIyYaifHOrO I1e-
peMeIuBanus HyJIel U eJIMHUI] B KaZKJIOM BEKTOP-CTOJIOIE MATPUITI OMIIOOK ¢ 4. 1acToThI
omubOK AJropuT™MOB V(ag, X) TIPU 9TOM HE U3MEHSIFOTCs, HO BCE aJITOPUTMbI CTAHOBATCS
CYIIIECTBEHHO PA3JIMIHBIMU.

4. He-uenwv 6e3 paccaoerus CTPOUTCS T10 Telu 0e3 pacc/JoeHusT aHAJIOTUIHO.
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Puc. 8.2. Ilpumep marpuir ommbOOK YETHIPEX MOJEIBHBIX CeMeiCTB, KOTJ/ia BMECTO

Hereit ciayvaiiHbIx HHBepCcuil 6epyTcst IpsMbIe TICIN.

Bwmecto 1ieneit cirygaitHbIX MTHBEPCUIT MOYKHO OBLIO ObI B3ATH U MIPAMBIE TN, PUC. 8.2.
O HaKo WX MCHOJIB30BaHUE HAKJIAJIBIBAET OTPpaHUYEHUe Ha YUCI0 aJroputMoB D < L.
Kpome Toro, 1emnb ciydailHbIX WHBEPCHil IIPEJICTAB/ISIETCS 00JIee PEATUCTUIHON MOJIE/IBIO
OJTHOTIAPAMETPUIECKOTO CeMENCTBa aJIfOPUTMOB.

Corocrapiienne 9eThIPEX MOJIE/IBHBIX CEMENHCTB MO3BOJISIET Pa3/Ie/INTh BIUSHUE C68A3-
HOCTU U PACCAOEHUA HA BEPOATHOCTH ITepeo0yYeH .

Ha puc. 8.3 u puc. 8.4 mokazanbl 3aBUCHMOCTH BEPOATHOCTH ITepeodydenus (). OT duc-
J1a ajaroputmMoB D ijist 4eTbIpéx cemeiicts, nipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yucsio paszbuenuit B metoge Monte-Kapio N = 10%. Venosnble ob6o3nadenns Ha rpadu-
kax: +LU —mens, —L| — ne-tienb, +P — ¢ paccioennem, —P — 6e3 pacciioenusi.

[Tokazanbr Takzke rpadukn 3aucumoctu DJIKP — sfhexmusrozo aokarvrozo xoogp-
Puvuernma pasnoobpasua A ot uncia aaropuryos D. DJIKP B 1aHHOM cirydae ompeie)is-
eTcsd KaK OTHOIIEHIE BEPOSTHOCTH Iepeobytienus cemeiictsa {ay, . ..,ap} K BEPOATHOCTI

repeobydeHnst OJTHOIIEMEHTHOTO TiojiceMeiicTBa {ag}.

OcHoBHble BbIBOAbI.

1. Jlna cemeiicTB 6e3 pacc/ioeHns: U CBA3HOCTH ITepeodydeHrne MOXKeT OKa3aThCs 3Ha-
YUTEJILHBIM yrKe [IPU HECKOIBKUX JIECATKAX aJlOPUTMOB B CeMeCTBe.

2. Ilpu Gosbiux D TOJIBKO OJIHOBPEMEHHOE HAJIMYNE PACCIOCHUS U CBSI3HOCTHU TI03BO-
JigieT n3bekaTh CUJILHOTO Iepeobyuenust (HIZKHIE KpUBbIe Ha rpadukax). Takum ob6pazom,
BayKHO MMEHHO COYETAHUE CBOWCTB PACCIOEHUSA U CBAZHOCTH.

3. CBA3HOCTD CHMKAET TeMIT pocTta 3aBucnMocTi Q. (D).

4. Paccoenne IOHNKAET yPOBEHb TOPU30HTAJIBHON acUMITOTHI (. (D), mpuiuém Tem
cUJIbHee, YeM Jierde 3ajiada, TO €CTh YeM MEHbBIIEe YUCJIO0 OIMMOOK JIYdINero ajropurMa,
YTO BUJIHO U3 cpaBHeHUd puc. 8.3 u 8.4.

5. Ilpm mHaymamu paccjioeHus BEPOATHOCTb BhIOpATh B pe3yJibTare OOYUeHHsS ajiro-
PUTM U3 BEPXHUX CJIOEB OBICTPO MaJIaeT ¢ POCTOM HOMEpA CJIOS.

6. Basucumoctu Q. (D) un A(D) UMEIOT TOPU30HTAJIBHYIO acCUMITOTY. B TO yKe Bpems,
VC-onenka smneiina mo D, #a rpacdukax DJIKP eit coorBercTByeT mnpsmas A(D) =D.
VC-ornenka 6/iM3Ka K TOYHOI TOJIBKO JIjIs He-Teleil U TOJbKO P MaJbiXx [); B JaHHOM
skcnepumente — rpu D < 10; mpu D nopsiyika 20 oHa yKe MPEBOCXOIUT €/IMHUILY.
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yucjio aieopummos, D yucio aieopummos, D
Puc. 8.4. 3aBucumoctsb BEPOSTHOCTH
nepeobydenust Q. u DJIKP A ot guc-

sa ajgroputmoB D. Tpynnas 3amaqa:
v(ap, X) = 0.25.

Puc. 8.3. 3aBucuMocTh BEPOSITHOCTH
nepeobyuenusi Q. u DJIKP A or unc-
na agropurmoB D. Ilpocrast 3amaua:
v(ag, X) = 0.05.

DKCIEPUMEHT C YeThIPbMsi MOJEJIbHBIM CeMeHCTBAMHU BBIIBIU HEOOXOIUMOCTb COB-
MECTHOT'O YYE€Ta CBOMCTB PaCC/JIOCHUS U CBI3HOCTH W IMOJITOJIKHYI K TEOPETHICCKOMY H3Y-
YEeHUI0 MOHOTOHHBIX IIeleil aJropuTMoB. VIMEHHO ¢ 3TOro SKcIepuMeHTa HaIa0Ch aKTHB-

HOE pa3BUTHE KOMOMHATOPHOIN TEOPHUU IePeodyIeHUS .

§8.4 TouHas oueHka /151 MOHOTOHHOI LENN anropuTMoB

Tounas OIICHKa BEPOATHOCTU Hep606y‘{eHI/IH JJIA MOHOTOHHOM el aJropuTMoB MO-
2KET OBITh IIoJIyd€eHa C IIOMOIIBIO METO/La ITOPO2KAAIONINX U 3allpellalonnX MHO2KECTB.

Teopema 8.2. Ilycte A = {ay,...,ap} —MoHOTOHHAST Henb aaroputMoB, L > m + D,

m = n(ag, X), MeTO] O6YIEHHUs |1 SIBISETCS MeCCAMUCTHIHON MUHIMU3AIHEN SIMITHPHYIe-
cKkoro pucka. Torja BeposTHOCTh HOJIYIHTh aJrOPUTM G4 B PE3yJbTaTe 00y IeHHs PABHA

Py=C0 jCt d=0,...k;

e § = [d < D]; BeposiTHOCTB 1epeobydenisi paBHa
min{k,D}
-5,
Z F d,HL—dinzS

d=0

Q& (%(m—i—d—sk)) .
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HokazareabcTBO. lleperymepyem oObEKTHI TaKuM 00pa30M, ITOOBI KAXKJIBI U3 AJIr0-
puTMOB ag, d = 1,..., D momyckas ommoOKy Ha 00bEeKTax Iy, ..., Tq. OUeBUIHO, JIydInit
AJITCOPUTM @ He JIOIyCKaeT OIMMOKY HU Ha OJIHOM M3 3TUX 00bekToB. Hymeparus ocrain-
HBIX OOLEKTOB He UMeeT 3HAYEHUs, TaK KaK aJrOPUTMbI HE PA3IMINMbl Ha HUX.

JL1st HATJISITHOCTH TIPEJICTaBUM BBHIOOPKY X paszOouTOil HA TpH OJIOKA:

T1 T2 T3 D #
a=( 0, 0, 0, 0, 0,...,0, 1,...,1 );
aq=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
d=( 1, 1, 0, 0, 0,...,0, 1,...,1 );
iz =( 1, 1, 1, 0, 0,...,0, 1,...,1 ),
ap=1( 1, 1, 1, 1, 0,...,0, 1,...,1 );

BadukcupyeMm aaropuT™m g U pACCMOTPUM TPH CJIydasi.

1. Eciu d > k, To unciio ommboK ajiroputMa a, Ha MHOYKECTBE 0ObeKTOB {X1, ..., Tq}
[IPEBBIIIACT JJIMHY KOHTPOJILHOHN BhIOOPKHU. HacTh ommnboK 00g3aTeIbHO OKaXKeTCsi B 00Y-
Jaroreil moJBbIOOpKe X, U MeToJ 1 BbIOepeT Jpyroit aaropurm. B sTom ciiydae

[,uX:ad]:0, Pd:O

2. Eciud < kud < D, 1o MeTo/1 i1 BEIOEPET AJITOPUTM (g, KOTJIa O0BEKTDI X1, . . . , Lq
Oy/IyT HaXOJUTHCA B KOHTPOJIBHON MOABBIOOPKE X, a 0O0BEKT X411 — B obydaromeit X:

[/J,Xzad]:[.’L’d+1€X][Z'1,...7l'dEX], LdZL—d—l, by =10—1.

3. Ecmm d < kud= D, To MeToJ1 )4 BbIOEpET HAUXY/IIIIUI aJrOPUTM B IENU ap),
KOTJIa BCE OOBEKTHI I, . .., Tp OYAyT HAXOIUTHCS B KOHTPOJIBHO MOJIBRIOOPKE X :

[,uX:ad]:[xl,...,xdEX], Li=L—-d, {;=1V.

Takum 0b6pasoM, crpaBeInBa IPOocTasl TUII0Te3a O IHOPOXKAIOIINX U 3aIIPeIaioux
muokecTBax (7.1). Yrobsl npumennts Teopemy 7.3, HallAéM 71 KayKI0TO aJrOPUTMa dg
saadenust Lg, (g, Mg, Sq, OObeIUHUB Caydan 2 U 3 ¢ MOMOIIBIO Honpasku 6 = [d < D|:

Li=L—d—06, ly=(-5 mg=m+d—d=m, s4(e)=%(m+d—ck).

[Toncrasiss 51 Beipaxkenus B (7.3) u (7.4), MOJydnM yTBEpK/IEHHE T€OPEMBL. W

Bameuanwue 8.1. Bepxumuit npemes cymmuposaiiust B (8.3) MOXKHO IIOJIOKHTH PABHBIM D,
nockobKy nipu d > k mveem C7 %+ = 0, ciejosarensno, Py = 0.

Sameuanmne 8.2. Ilose3no npoBepuTh, 9TO COBOKYIIHOCTH YCIOBHI (X =a ompejesieHa

KOPPEKTHO, JIoKa3aB ToxkjaectBa y  [uX=a| =1 mmbo > P, = 1. ljsi MOHOTOHHOI T1eTn
acA acA
00e 5Tu POBEPKU BHIHECEHBI B Y IPaKHEHU.
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8epOAMHOCHIb Nepeodyyenus 306bIUEHHOCHb QYHKYUOHANA PABHOMEPHOU CXOOUMOCIIL
1100 4

0.9 4 1000 4

0.8 900 1
800 1

700 1§

0.7 1

06 1
600 1

500 1
400 1

05 1 }

04 1

0.3 1 =l= 300 1
0.2 1 200 4
0.1 4 }E_‘_ 100 1
0 1 0]
0 002 004 006 008 010 012 0%  mounocms, eps 0 002 004 006 008 010 012 014 mounoCH®, eps
—— TOYHasi ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHast — onT.M3P

Puc. 8.5. CiieBa: 3aBUCHMOCTD OIEHOK BEPOSITHOCTU TiepeolydeHust (). OT €: TOU-
Hag orenka n3 Teopembl 8.2 U UeThIpe OIEHKHU, BhIMUCICHHBIE MeTonoM MonTte-Kapiio
o 1000 ciydaitHbIX pa3OUeHuit: AJIst MeCCUMUCTUIHON, ONTUMUCTUIHON U pPaHIOMU-
supoanHoii MOP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIHOHAY PaBHO-
MepHOI# cxomumoctH Pe. ClipaBa: CTeleHb 3aBbIIIEHHOCTH dbyHKIIMOHAIA PABHOMEPHOMN
exomocta P / Q<. Bee rpaduku nocrpoenst mpu £ = k = 100, m = 20.

sepoamuocmy nepeodyyenus, npu eps=0.0500501 8EPOAMHOCTb
0.50 0.50 1
045 045
0.40
040 1
0.35 1
0.35 1
0.30 1
0.30 0.25 1
0.25 0.20
020 1 0.15 §
0.10 1
0.15 1
0.05 1
0.10 § 0]
0 5 10 15 20 25 30 3 4 wucro areopummos, D 012345678 9101121811 gropumu,d
—— TOyHas oueHka —— necc.MOP — paHg.MOP —— BeposATHOCTb anmropytvia P(d) ~ —— BeposTHOCTL nepeobyyeHuns
—— paBHOMepHas ~ —— onT.MOP —— Bknag d-ro anropumva B Qeps

Puc. 8.6. Crepa: 3aBUCHMOCTb BEPOSITHOCTH TiepeolydeHust (). OT UHCJIa AJTOPUT-
MmoB D. CupaBa: BEpOSITHOCTB MOJIy9eHHsI KaxKJI0ro u3 ajaroputvos Py = P[uX =ay),
BKJI&JI KasKJIOr0 aJlfOPUTMa B BEPOSITHOCTD Itepeobydenns ()¢, 3Hadenne () /Il IeCCh-
muctuaroir MOP o mojamuO)KeCTBY agropur™MoB {ag, . .., a4} Kak MYHKIUS OT IHCIa
asiroput™MoB d. Bee rpaduku nmocrpoenst ipu £ = k = 100, m = 20, ¢ = 0.05.

BbluncnurenbHbii akcnepumedT. [locTtponm 3aBUCHMOCTD BEPOSTHOCTH TIepeodytie-
Hust (). OT TOYHOCTH € W JUIMHBI Tiern . 3a07QHO TPOBEPUM IOJYIEHHYIO (hOPMYJIY,
CPaBHUB PE3YJILTAT C SMIUPUICCKON OTCHKOM Q., BeranCIeHHoi Mmemodom Mowme-Kapao
mo N = 1000 ciyuaiinbix paszouenwnii. ['pacdukn na puc. 8.5 nmocrpoensn! npu £ = k = 100
u m = 20, To ecTb Koryia Jiydmuii aaropurm jomyckaer 10% ommbok Ha 10JIHON BHIGOPKE.
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[TeccumucTranast u pangoMusupoBanias MIOP naror mouru oanHakoBbIe OMEHKHT ().,
OITUMHUCTUIHAST — 3aMETHO 3aHUKEHHYIO OIEHKY, CM. JIEBBIIl rpaduk Ha puc. 8.5.

B skcnepumMenTe BBIYHC/IAIACH TaKKe SMIIMPUIECKas OIeHKa (DYHKIIMOHAIA PABHO-
MEPHOU CXOJIUMOCTH,

P. = ﬁ[rgleajcé(a,X) > 5].

OH 9aBjsieTcst 3aBBINIEHHON BepXHEH OIEHKOH BepodTHOCTH Tepeobyuenus, (). < P,
cM. c1p. 48. TlpaBblit rpaduk Ha puc. 8.5 MOKA3BIBAET, YTO ITa OIEHKA MOXKET ObITh 3a-
BBIINIEHHON B COTHU PAa3.

JleBorit rpaduk Ha puc. 8.6 MOKA3BIBAET, YTO C POCTOM UHUC/A AJTOPUTMOB B MOHO-
TOHHOI T1enn (DYHKITHOHAJI PABHOMEPHON CXOMUMOCTH P, TIPOJI0/IZKAET BO3PACTaTh, TOT/IA
KaK BEPOSITHOCTD TepeolydeHust (). mocie H—8 aJropuTMOB BBIXOINT HA TOPU30HTATIBHYTO
acumnroty. Corstacio Teopeme 5.4, oreHKa PABHOMEPHO CXOIMMOCTH 3aBbIIIEHA U3-38
TOro, UTO OHA He yunThiBaer 3deKT paccioenus. [1osroMy Kpusyto P. (BepxHsist KpUBast
Ha JieBoM rpaduke puc. 8.6) MOXKHO paccMaTpUBaTh KaK OIEHKY BEPOSITHOCTU Iepeody-
qeHus JUId uenu 6e3 paccaoenus. TolbKO coBMecTHOE IposiBiieHne 3(h@eKTOB paccaoe-
HUsI U CBA3HOCTH MOHMZKAET BEPOSITHOCTD TIepeolyIeHusT 10 MPUEeMJIEMO MAJIbIX 3HATEHUII.
DTOT 2Ke BBIBOJI ObLII CJIeJIaH BBIIIE B SKCIIEPUMEHTAX CO CIYUANHBIMU IIETISAMHA.

Braadom Qc(a) anzopumma a B BeposSTHOCTD Hiepeodydenust (. OyeM Ha3bIBaTh CJia-
raemoe Iojl 3HaKOM CyMMBI » , B ob1meil hopmyse BepositHocTH tiepeobydenust (7.10):

acA
Qg - CavPaU%ZGW ey (Sav (5)) :
> D .
acA veV, B
Q:(a)

Puc. 8.6 (cripaBa) mokasbIBaeT, UTO CyIIECTBEHHBIE BKJIA bl B BEPOSTHOCTH [IEPE0dy e~
HUSI BHOCAT TOJIBKO QJITOPUTMbI HECKOJILKIX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO
JJ1d MOHOTOHHBIX IIellell, HO U JJIA MHOTMX JPYTUX CEMEHCTB aJIlOPUTMOB.

§8.5 TouHas oueHka gnst yHMMoaaNbHOW LENN aNropuTMOB

YHUMO 1A IbHAS TIEb ABJISIeTCs 60JIee PEATMCTUIHON MOJIE/IBIO OJITHOITAPAMETPUIECKO-
IO C6A3H020 cemelicmea, TI0 CPABHEHNIO ¢ MOHOTOHHOI 1enbio. OHa mpeJimoaraeT, 9To OT-
KJIOHEHUE BEIECTBEHHOI'O IapaMeTpa OT ONTHMAJIBHOIO 3HAYEeHHS, KaK B OOJIBIIYIO, TaK
U B MEHBIIYIO CTOPOHY, IPUBOJNUT K YBEJIUUECHUIO THUCJIa OMINOOK.

Onpenenenne 8.9. Ilpsvas nens A = {ap,...,a1,ap,d},. .., } HA3BIBACTCT YHUMO-
danvhotli, ecim €€ Ae6as 6emed Gy, Ay, . ..,Ap H NPABAA 6EMEb Ay, Ay, . .., A, SBIIIOTCSI
MOHOTOHHBIMH IIEIISIMH. AJITOPDHTM G HA3BIBAETCS AYUULUM 6 UEN.

IIpumep 8.2 (mpomosrkenne npumepa 8.1). Ilycrs mHO)KecTBO 06bekTOB X C R”
JIMHEHHO Pa3/IeInMo, T.e. CYMIECTBYeT Aunelnud Kkiaccuduramop a(x,w*), He IOIycKa-
foruit omuooK Ha X. Torma MHOXKeCTBO aJIropUTMOB {a(x, w* +t0): t € ]R} MMOPOXKJIaeT
YHUMOJIAJTbHYIO TIeIlh JIjIs TOYTH JIF000T0 HAIPaBJIAIONero Bekropa 0 € R™.
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O6osnaunm gepe3 m = n(ag, X) IUCI0 ONUOOK JIYUIIEro aJropuTMa.

PaceMoTpuM yHUMOJIQJIBHYIO TIellb ¢ BeTBAME paBHOi jyuabl, D = D’. [leperywme-

pyeM OO0bEeKThI TaK, 9TOObI KaXKbIil U3 aJIropuT™MoB agq, d = 1,..., D jomyckaj ommuoKy
Ha O0BEKTaX X1,...,Tq; & KaxK/Jblil U3 aaroput™oB ay, d = 1,..., D momyckas ommoKy
Ha 00bEKTax x,..., .. MuoxecrBa oobekToB {21,...,2p} u {x],..

IOTCd B CHJIy TOI'O, 9YTO YHUMO/JaJIbHad HEIIb ABJIACTCA HpHMOﬁ. ()“IGBI/I,ZLHO7 JIyLIH_II/Iﬁ aJIro-

PUTM ap HE AOIIyCKaeT OH_H/I6Ky HI Ha OJHOM M3 9TUX 0OBLEKTOB. HyMepauHﬂ OCTaJIbHBIX

.,&'n} He Iepeceka-

0OBEKTOB HE MMEET SHa4deHud, TaK KaK aJIr'opuTMbl HE pa3/IMYMMbI Ha HUX.

JL1s1 HADJISIIHOCTH TIPEeJICTaBUM BBIOOPKY X pasOuToil Ha deThipe OJI0Ka:

Ty T2 XT3 D xr
60 - ( 07 07 07 07 07
ajl = ( 17 07 07 07 07
62 = ( 17 17 07 07 07
63 - ( 17 17 17 07 07
6D - ( 17 17 17 ]-7 07
6_i/l = ( 07 07 07 07 ;
C_L'/2 = ( 07 07 07 07 3
6{3 = ( 07 07 07 07 )
in=( 0, 0, 0, ... 0, 1,

Byzem nosarars, 1o ecsin MunnmyMm (8.1) gocruraercst Ha JIByX aJrOpUTMax ¢ O/HA-
KOBBIM YHCJIOM OIMMOOK U Ha 00ydarorieil, 1 Ha KOHTpoJIbHON BbibOpKe, A(X) = {aq4, aj},

1,

x 'y
07 07 07 N ’O’
07 07 07 ’07
07 O? 07 * 707
0, 0, 0,....0,
0, 0, 0,...,0,
0, 0, 0,...,0,
Y O? 07 * ’07
17 07 07 * 707
1, ... 1, 0,....0,

TO METOJI [/ BBIOUPAET AJTOPUTM Gy U3 JICBOIl BETBU.

Teopema 8.3. Ilycte A = {ap,...,a1,a,ad},..
D>1, L>2D+m. Ilycte i — merox neccuvucruaroii MIP. Torma BeposTHOCTH 1mO-

JIYIUTDH Ka}K,lIbH;I U3 aJropuTMoB II€lid B pesyJibTare O6yquI/IH €CThb

Cr%
P(] =P ,LLX:CLO = — ;
o =an] = Lo
06:57 _50611 B
Pd:P[MX:ad}: Ldécg L—2d—2
L
Pc/l _ P[“X:azl} _ Cﬁi(il—d B Cﬁi(;d—é’

L

)

d=1,...,min{k, D};

d=1,...,min{k, D};

m

—

1.1

., a'n} — yaEIMOna bHAS 1enb, { > 2,
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e § = [d < D). Honoxum sy(e) = £(m + d — k). Torna BeposrHOCTD 11€pEOy deHmsT

Cl oy 2, P Ci A 5,
Q. = Cg H EAICICIEIY) ct ——H 5 (sa(e)) —
d—1
C —1,m
-0 0221 R S (sa(e) —
Cl 51 05m
T ot Hy a5 (sale)) |- (8.4)
L

HoxkazareabcTBo. PacemorpuM stydmniuii aaroputm ag. Eciam oba obbekTa x1, o) jexar
B 0oDyH1aroIeil BBIOOPKe, TO HUKAKOI JPYTOif aJirOPUTM y2Ke He MOYKET OBITh TIOJIyUeH, 110-
CKOJIBKY (@ MAUHUMUBHUPYET SMIUpHIecKnuil puck. Ecin xors 661 oqun n3 00bEKTOB X1, T}
He JIYKUT B oOydJaronieil BhIOOpKe, TO 4 BIOEPET JIPYTOil aJlfOPUTM B CHJTY TTECCUMUCTUY-
noctu. Takum obpasom,

[uX=a0] = [11, 2] € X].

PaccMoTpuM mpon3BOIbHBIN aaropuTM ag u3 JeBoit Bersu, d < D). Eciu 661 He 66110
[IPaBOii BETBU, TO YCJOBHUE IOJIYUEHUs AJTOPUTMA G4 ObLIO Obl TAKUM Ke, KaK B MOHO-
tounoit nenu: [uX=a,4] = [1411 € X][x1,..., 24 € X]. Ilpn Hammamm npaBoii BeTBH ajro-
PUTM ag OyJeT Pe3yIbTaToM 0OydeHns IpH Tex yKe pasomenuax X LI X, 3a uckmodeHueM
CTydaeB, KOTJa OJUH W3 aarOPHTMOB IIPaBOil BETBH Gy, .. .,d  TaKKe MHHEMUI3HPYET
SMIIMPUICCKUI PUCK. DTO MPOMCXOIUT, KOTJIa OOBEKTHI L, . . . , Ty, 1 JIE?KAT B KOHTPOJILHOI
BoIOOpKe. CJre/10BaTe/IHHO,

(nX=a4 = [zas1 € X][z1,..., 24 € X](1 = [2,... .2l €X]), d=1,...,D—1

YesoBus JJIA Hp&BOfI BETBU BLIIUCBEIBAIOTCA aHajornduo. Orjmyne cOCTOUT B TOM,

10 1IpH {ay, a;} C A(X) npeanourenne oT1aéTCsa AITOPUTMY (g U3 JI€BOil BETBH:
(uX=ay] = [l € X][2},...,a, € X](1 = [21,...,20€ X]), d=1,...,D—1.
Jis mocste IHIX aJIrOPUTMOB ap, 4y, T€ YKe PACCYKICHUsT TIPUBOJST K YCIOBUSM

[nX=ap] = [z1,...,2p € X];
(uX=dp] = [z,....2% € X](1 = [x1,...,2p € X]).

Takum obpaszom, crpasemBa 0600mEHHas runoresa [13M (7.7). Kaxmomy asro-
purmy a € A coorBeTcTBYeT OjiHA min jiBe napbl [I3M, npuuém ecim Bropast mapa ecrb,
TO €€ K03(bUIMeHT OTpUIaTe eH, Cq = —1.

[I3M u mapamerpbl Ly, L4y, Cqp BCEX AJTOPUTMOB YI0OHO CBECTH B TaOJIMILY:
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AJITOPUTM ITM 3M Ly Lo Caw
aop {z1,2}} @ L—-2 -2 +1
ag, d=1,..., D=1 | {zg1} A{x1,..., 24} L—d-1 (-1 +1
{wam} Ao, oz, 2} | L—-2d—2 (-1 —1
aj,d=1,....D=1 | {z),} {},..., 2 L-d-1 (-1 +1
@,y Ao, al e, ey | L—=2d—-1 (-1 —1
ap @ {z1,...,2p} L-D 14 +1
ap @ {z,..., 2 L-D 4 +1
1%} {24, ..., 2p,21,...,2p} | L —2D 14 -1

Jst Beex anroputvos u Beex nap [IBM mg, = m, sq(e) = £(m +d — ck).

Teneps Jierko 3anmncars BeposgTHoCTH Py, P 110 dhopmyiam (7.8), (7.9) n BeposaTHOCTD
nepeobyuenus 1o dpopmyie (7.10). Oobenunsst ciayuan d < D u d = D ¢ 1IOMOIIBIO T10-
upaBku § = [d < D], momyanm (8.4). n

Sameuanwne 8.3. Ilpu d > k zampemniatoriee MHOXKECTBO HE YMEMIACTCs EJTUKOM B KOH-
TPOJIBHYIO BBIOODKY, n Torja [uX=a,4 = [pX=a)] =0. D10 06CTOATEIBCTBO MOKHO
YUeCThb SIBHO, OPPAHWYIWB BEPXHUiT HHjeKe cymMmmupoBanust B (8.4) munnmymom min{k, D}.
Ho MOXKHO u ocTaBUThH BepxHUil uHjIEKC D, MOCKOIBKY OMHOMHUAJBHbIE KOIMDMOUIUEHTDI
Ct7° s B 9TOM CilyHuae oGpaIIaioTcs B HyJlb.

3ameuanme 8.4. Ilposepka koppekTHOCTH yCa0BuUil X =a BbIHECEHA B YIIPaYKHEHUS.

Pe3iome

Mojenbable ceMeiicTBa aJropuTMOB 3a/Ial0TCS HEIIOCPEICTBEHHO MaTPUIIAMU OIIHU-
00K, a He peaJbHBIMH BbIOOpKaMu. MoHOTOHHAaS TElb aJrOPUTMOB — 3TO MIPOCTEIIee MO-
JIeJTbHOE CeMEMCTBO, 00J1a/1alolee CBOMCTBAMI PACCAOEHUA U C8A3ZHOCTIU. Y HUMOIaIbHAs
[IEIlb AJITOPUTMOB COCTOUT U3 JIBYX MOHOTOHHBIX Ieleil U sBJsieTcs 0oJiee aJIeKBATHOM
MOJIEJILIO CeMENCTBa, aJITOPUTMOB C OJJTHAM BEIECTBEHHBIM TapaMeTpPOM.

MeTo/1 MOpoK TafoNuX U 3alpPenalimX MHOKECTB JIaéT TOUHYIO OIEHKY BEPOATHO-
cTh 1epeodyvdeHns JIJisi MOHOTOHHBIX U YHUMOJAJIbHBIX Teleil aJropuTMOB.

XopoIro pacc/ioeHHbIe TEIN AJTOPUTMOB MTOUYTH HE IepeodydaeTcsa. DTOT (HakT CIy-
JKAT KOCBEHHBIM OOOCHOBAHUEM JIJIsI TIPOIELYP OJHOMEPHONH ONTHUMUBAINHT, IITUPOKO IIPHU-

MEHACMDbBIX B MaIlIMHHOM O6y‘{eHI/II/I.

B cnepyrowein nekumu Mol BBeJIEM IMOHATHE I'pada PacC/IOeHUs—CBI3HOCTH CeMeli-
CTBa aJITOPUTMOB U TIOJIYIUM BEPXHIOIO OIEHKY BEPOATHOCTHU I1epeodydYeHns, IPUMEHUMY IO
K ITPOU3BOJILHBIM ceMeficTBaM, KaK MOJICJIbHBIM, TaK U peajbHbIM. B ol0Iem cirydae 910
UMEHHO BEPXHSASA OIeHKa, OHAKO JIJIT MOHOTOHHBIX Ilereil, MOHOTOHHBIX ceTell U HEKOTO-

PBIX APYTIUX MOJEJLHBIX CEMEHCTB aJI'OPUTMOB OHA ABJISAETCA TOIHOI.
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Ynpa>kHeHust

Bamaua 8.1 (1). oxasars Teopemy 8.1.

Bamada 8.2 (1). [lokaszars, uro nensb amropurmoB A = {ag,...,ap} ABIgETCS TPAMOIL
TOrJIA U TOJIBKO TOIJIA, KOIJa BCE OOBEKTHI T4, HA KOTOPBIX PA3IMYAIOTCs J[BA COCEIHIX
agropur™a, I(ag-1,2q) # (a4, 4), TOTAPHO PA3IMIHBL.

Banagda 8.3 (1). Ilposepurs, U0 B ciyuae MOHOTOHHOI Tenn yemosust [uX=a| B Teo-

peme 8.2 ompejieleHbl KOPPEKTHO, JI0KAa3aB TOXKIAeCTBO » | [uX=a| = 1.
acA

[losickasKa: BOCIOIL30BAaThCA TOKAecTBOM |1 € X| =1 — [x € X].

Bamada 8.4 (1). Ilposepurs, uro B cirydae yHUMOIAIbHOI Henu yeaosus (X =al B Teo-

peme 8.3 olpejiesieHbl KOPPEKTHO, JI0OKa3aB TOxKAecTBO » . [uX=a] = 1.
a€A
HO,JCKBBK&I CHa4daJla PEIINTDL HTPEIBbIAYHIYIO 3a/1a9y.

Bamada 8.5 (1). [ljnsg MOHOTOHHON Iienu, UCHOJIb3Ys BbipaxKkenus jjid P, 1 KOMOUHA-
TOPHBIE TOXKJIECTBA, JI0OKA3aTh PaBeHCTBO » , P, = 1.

acA
Bamada 8.6 (1). [ng yHUMOJAIBHON TI€1H, UCHOJIb3YS BbIpasKeHust jijig P, u KoMOUHa-
TOPHBIE TOXKJIECTBA, JI0OKA3aTh PaBeHCTBO » , P, = 1.

acA
Bamada 8.7 (1). Boiucars ONEHKY TOJHOTO CKOJb3siero kourpossa C'(u, X) s mo-

HOTOHHOW U YHUMOJIAJLHONI IENN.

B cirepyomux ynpaxKHeHUSIX PeJIaraeTcs BHIBECTH TOYHYIO OINEHKY BEPOATHOCTU
nepeodydenus (). Jjig HEKOTOPOI'O MOJEJIBLHOIO ceMeiicTBa ajaropuTMoB A, B KOTOpoMm Bce
BEKTOPBI OMIMOOK TorapHo pas3andubl. [Ipemnonaraercs 9To MeTo 1 00yUeHus [ sABJISE€TCS

HNECCUMUCTUYHON MUHUMUIAIMECIH IMIIMPUICCKOIO PUCKA.

Banada 8.8 (1). A ={ap,a1,...,ap} — eauHUIHAS OKPECTHOCTH JIy9IIEr0 aJrOPUT-
Ma ag, n(ag,X) = m. Comepkut D aaropuT™MOB € MOHAPHO PA3IMIHBIMU BEKTOPAMU
OIMOOK, KazK/Iblif U3 KOTOPBIX JIOIMYCKAET Ha OJIHY OIMUOKY OOJIbIe, YeM a.

Bamada 8.9 (3). A={a_p,...,a9,...,ap} — HECUMMETPUYHAS YHUMOJAJIbHAS TIEIh
AJITOPUTMOB C BETBAME PAa3JIUIHON jmuHbl, D # D'

Bamauya 8.10 (4*). Pasopsannas nens A = {ag,...,ap,aps1,...,ac}, A€ ag,...,ap
U apy1,...,0c — JiBe MOHOTOHHBIE 1ienu, n(ag, X) = m, n(apy1,X) =my > m+ D + 1,
HPUYEM AJTOPUTM (1 OMIMOACTCA Ha BCeX 00LEKTax, Ha KOTOPBIX OMMOACTC ap, U CIIe
Ha m; —m — D obbekTax.

Bamaga 8.11 (5%). A ={ap,...,ap} — npsimas 1enb 6e3 pacCjIOeHUs ; YUCIO ONHMOOK,
Jepejysich, IpUHUMAET JjiBa 3uadenust: n(aq, X) = m + (d mod 2), d=0,...,D.
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Bamaga 8.12 (5*). Marpuna ommboK m-auaroHajibHa, TO €CTh aJTOPUTM (4 JOTYCKAeT
omubKM Ha obbekTax x;, 1 =d+1,....d+m, nnascex d=0,...,D.

Bamada 8.13 (5*). Marpuma ommbok 06pasyercst UKJINIeCKUM CIBUTOM TepBbix D+ 1
KOOP/IMHAT BEKTOPa OMIMOOK € 1M ONIMOKAMU, TO €CTh aJTOPUTM (g JIOIYCKAET OIMOKU Ha
OOBEKTAX T14(i—1) mod (D+1), ¢ =d+1,...,d+m, angaseex d=0,...,D.

Bamauya 8.14 (7*). A={ag,...,ac,...,ap} — uUpsAMasg Ielb, COCTABJIEHHAA U3 IENN
6e3 paccyIoeHus dg, . . . , Gc 1 MOHOTOHHOMN LEIH A, . . .,Ap C OOIIUM aJITOPUTMOM (.

Banada 8.15 (8*). A={a_p,...,a_¢cr,...,ac,...,ap} — TUpsAMas IE€lb, COCTABJICH-
Hasi U3 MOHOTOHHOM IENH a_cr, . .., d_p/, el 0e3 pacC/JIOeHU a_cv, . . . , ¢ 1 MOHOTOHHOI
Leru ag, . ..,ap, ¢ OOIUMHI aJITOPUTMAMU (_cv U Q¢ COOTBETCTBEHHO.

Bamada 8.16 (10%). IIpousposibHas TI€lb ATTTOPUTMOB.

Bagada 8.17 (5). Ilyuok u3 h monoronusix neneit {ag, a;1,...,a;4}, j=1,...,h, cob-
IIIUM JIY9IIHM aJITOPUTMOM ag, n(ag, X) = m. [Ipeamonaraercs, 9ro MHOKECTBA OOBEKTOB
X(j) = {zi: I(ag,z;) =0 u I(ajy,x;) =1}, j=1,...,h, HOIAPHO HE IEPECEKAIOTCAL.

NpakTukym

B npakTuueckom 3a/IlaHnu 1pe/jiaraeTcs peajin3oBarb AJroputm 8.2 U UCI0J/Ib30BaTh

€ro JJigd IIPpOBEPKU TECOPETUYICCKUX OICHOK M MCCJIeJOBaHMsA HOBBLIX ceMeicTB.

Bamada 8.18 (5). Hammcars nporpamMmy, mO3BOJISIOIILYIO:

® IeHEPHPOBATH MOJIEIbHbIE cemeiicTBa asroputmoB A = {ay,...,ap} B Buje bunap-
HOIT MaTpuUIBl ommMb0K pasmepa L X D (B MaTpurie omnmboK He JIOJKHO OBITh O/TH-
HAKOBBIX BEKTOPOB OIMMUOOK ); JIENKO 3aMEHATh NeHEPATOPhI JIAHHbIX;

® BLIYUCJ/IATH TOYHbLIC BEPXHUE W HUZKHHE OICHKU BEPOATHOCTHU Hepe06yquHH, ecJi

COOTBETCTBYIOININE (POPMYJIbI H3BECTHDI;

e BLIHUCIATH MeTojoM Monte-Kapiio, T.e. mo N ciydaitHbIM pazOneHmsiM:
— BEPXHION ONEHKY (. JIJIsT IECCUMUCTIHIHOTO [iyee (Xy/UNMIi U3 JIyHITIHX);
— HIZKHIOIO OIEHKY () JIUIs OITUMUCTHIHOTO flog, (JIYINN U3 JIyINX);
— CPEJIHIOI0 OIEHKY QE JUIST DAHIOMIBHPOBAHHOLO flpay (CILyIANHBIN U3 JTyIIHX);
— OLIEHKY @E BEPOSITHOCTU PABHOMEPHOIO OTKJIoHeHUst dacToT (5.1);

e crpouTh rpaduKu, OTKJIIbIBast [0 OCH X YUCJIO0 NepBbIX d ajaropuTMoB (Jubo, Kak
BapUaHT, HOMEp CJIOs M), O OCH Y:
— sMImpuieckue onerku Q., Q. QE, @E st nonmuokectBa A(d) = {aq, ..., aq};
— Tounble 3Havenus Q., Q., Q., Q. st HOAMHOKECTBA A(d) (ecsm u3BecTHBI);
ec/i 10 ocu X OTKJIAJBIBAETCS 1M, TO 10 OcU Y JIONOJTHUTETHHO OTKJIa/IbIBATh:
— YUCJIO aJITOPUTMOB B 1-M CJIOE;
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— J10J1s1 pa30ueHnit, Ha KOTOPBIX N fyec X, X) :

=1m
:m’

— JI0J1s1 pas3buennii, Ha KOTOPBIX N flonr X, X)
® CTPOUTH I'padUKU, B KOTOPBIX IO OCH Y OTKJIQJIBIBAIOTCS TOYHBIE (€CJIU U3BECTHBI)

u sMImpuiecKue sadenns Q., Q., Q.. @5, o ocu X:

— YUCJI0 OMUOOK JIYUIIEro aJrOpuTMa m;

— JytnHa 00y4eHusi ¢, Ipu OJJHOBPEMEHHOM POCTE JITUHBI KOHTpOJd £ = k;

— nyimHa o0ydenus ¢ npu PUKCUPOBAHHOMN JIJIMHE KOHTPOJISA K;

— JIJINHA KOHTPOJIst k 1ipu (puKcupoBaHHo#l jiyinHe o0y4aenus /.

Crenyromas cepus 3aJad HallpaBjieHa Ha SKCIEPUMEHTAJbHYIO IPOBEPKY OIEHOK
U uccjaeoBanue 3apucuMocreit Q., @z, QQ:, (). OT mapaMeTpPOB MOJEJIBLHOIO CeMeCTBA.

Baga4da 8.19 (3). Monoronnas remb ¢ napaMerpaMu m u D.
Bamagda 8.20 (3). YuuMmomamgbHas Ielb ¢ HapaMeTpaMu m u D.
Bamaua 8.21 (3). Egumumanas okpecrnocTs ¢ napamerpamu m u D (em. Sagatdy 8.8).

Bamaga 8.22 (3). I[Ipoepurh rumoresy, 9T0 MOHOTOHHAS IEIb U IEMb CIYIaiHBIX HH-
Bepenii [110] nepeobyuarorcs nmpakTudeckn o uHaK0BO. CPaBHUTH, IIPEJICTABUB HA OJJHOM
rpaduKe, TOUHbIe 3HAYCHH (), 1T MOHOTOHHOM IeMHN, UX SMINPHICCKIE ONEeHKN U SMIII-
puHecKue onenKky (), JIJId el CyYaiiHbIX MHBEPCHIl TPH 0IMHAKOBEIX m. Kak MensioTcs
pazmmans MexkLy (). MOHOTOHHOI IIEIM U IIeNH CJIyHUailHBbIX MHBEpCHil ¢ poctoM £ u m?

Bagaua 8.23 (3). IlpoBepurhb rumoresy, 9T0 BEPOATHOCTDH IEPEOOYUECHUS YHUMOIAIb-
HOiT ceTn (mpuOIM3UTENbHO) B JBa pasa GoJblle, 9eM y MOHOTOHHOi cetn. CpaBHHUTS,
[IPEJICTABUB Ha OJJHOM rpaduke, TOUHbIE 3HAUCHUS (). U WX IMIUPUIECKNAE ONEHKHU JIJIsT

MOHOTOHHOW M YHUMOJIAJILHOM Tereil pyu OJMHAKOBBIX L, £, m, €.

Bamada 8.24 (3). IIpoepurb runoresy, 9ro pasperkeHHOE MOJMHOXKECTBO MPAMOii Iie-
I TIepeodydaeTcst MPaKTUIECKN TakK Ke, Kak cama Ielb. CpaBHUTD, IPEJCTaABUB Ha O/I-
HOM TpaduKe, IMIUPUICCKIE OIECHKN QE upsiMoit tiertn {ag, ..., ap} U €6 MOAMHOKECTBa,
{ag, ar, a9, as, ... yuput =1,...,D.
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9 OueHkn paccnoeHUss—CBSA3HOCTU

[Ipunnun noposcdarowux u 3anpeusarowur muoxcecms (II3M) yruBepcasen, HO
He O4YeHb yJ00eH B WCIOJIb30BaHUU. Kcam 2Ke HAJIOXKUTHL Ha MHOXKECTBO aJI'OPUTMOB
JIOTIOJIHUTEJIbHBIE OTPDAHMYEeHUs PaccjaoeHus u cBsg3uoctu, 1o [I3M jierko BhIICHIBAIOT-
cd B TepMuHax rpada Xacce JaCTHIHO YIHOPSJIOYEHHOTO MHOYKECTBA BEKTOPOB OIUOOK.
Haxkma/ipiBaeMble OrpaHWYeHns] He CJIUIIKOM OOpPEeMEHUTETbHBI, I MHOTHE ITPAKTHIeCKNe
cemeiicTBa UM YJI0BIETBOPSAIOT. [lorydaemMble OlleHKN BEPOATHOCTH 1Tepeo0yYeHIsT 3aBUCAT
OT KOJIMTYECTBEHHBIX XapaKTEPUCTUK PACCIOCHUS M CBA3HOCTU MHOXKECTBa aJI'OPUTMOB,
SABJIAIOTCS TOYHBIME I HEKOTOPLIX HETPUBUAJIBLHBIX CEMEUCTB, a IPU UTHOPUPOBAHUU

3dPeKTOB paccjioeHus U CBA3HOCTHU IIEPEXO/IAT B OlleHKN BamHuka-YepBoHeHKHCA.

§89.1 [ pad paccnoeHns—cBsi3HOCTU

HamoMmuanM ocHOBHBIE 0DO3HAYEHWS:

X ={x1,...,2,} — KOHEYIHOE MHOKECTBO OOBEKTOB;

A — MHOKECTBO aJIlOPUTMOB;

I(a,z) — napukarop ommbku agroputma a € A Ha obberre x € X;

n(a, X) — aucyo omubok anropurma a #a Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEXKJLy BEKTOPaMU OMUOOK AJrOPUTMOB a U b;
Ay ={a € A: n(a,X) = m} —m-t croli MaoKecTBa A.

Byzem nosarars, uto Bee BekTOph! ommbok @ = (I(a,x;))%,, mopoxaemble amro-
putmamu a w3 A, monapHo pasindHbl. K 9T0 He TakK, TO aJrOPUTMBbI, COOTBETCTBYOIIIE
JyOJTUPYIOIIIUM BEKTOPAM OIMIMOOK, UCKJIIOYNM U3 MHOXKECTBa A.

Bgeném na A ecrecTBeHHOE OTHOIIEHME MTOPsiIKA: ¢ < b TOTJIa 1 TOJIBKO TOT/Ia, KOT/Ia
I(a,z) < I(b,x) na Becex x € X. Oupenenum a < b ecim a < bu a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 410 @ npedwecmaeyem b
u 3ammcsBarh a < b. OueBnno, 1ro n(a, X) + 1 = n(b, X).

Onpegenienne 9.1. ['pagom paccaoerua—c6a3HoOCMU MHOXKECTBA, aaropuTMoB A Oyaem
HasbIBaTh HanpasJeHHbli rpad (A, E) ¢ maoxkecTtBOM pébep E = {(a, b):a < b}.

['pacd pacc/ioeHnss—CBI3HOCTH SIBJISIETCA MHOTOJOJBHBIM, JIOJH COOTBETCTBYIOT CJIO-
M A,,, pédpamMu MOTyT COEIUHSATHCS TOJBKO aJTOPUTMBI COCEJIHUX CJIOEB.

Kaxiomy pebpy a < b rpada pacc/ioeHusi—-CBA3HOCTU COOTBETCTBYET OJUH M TOJIBKO
OIUH OOBEKT Ty € X, Takoit, u10 I(a, x4p) = 0 u I(b, x4) = 1.

IIpumep 9.1. Ha puc. 9.1 nokasan rpad pacc/ioeHusg—CBI3HOCTH, ITIOPOXKIAeMbIil ceMeri-
CTBOM JIMHEHHBIX aJrOpUTMOB Kjaccudukainun Ha BbiOopke junabl L = 10. Hauaabubrii
dparMeHT ero MaTpuUIlbl OMIUOOK PUBOIMICA Ha puc. 1.2, crp. 10. Beibopka jmHeitHO pas-
JieJIuMa, 109TOMY B I'pade nMmeeTcst HyJIeBOil CJ10il, COCTOAIIMI U3 e IMHCTBEHHOM BEPIITUHBI,
COOTBETCTBYIOIIEH HYJIEBOMY BeKTOPY omuOoK. [lepBblit cyioit obpasyercs 5 aaropurMaMu
C OJIHO¥ OITUOKO#, BTOPOil CJIO — 8 aJI'OPUTMAMU C JIByMsI ONIUOKAMM, U T. I.
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Puc. 9.1. llpumep rpada pacciioeHusi—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kitaccudukanuu Ha BbIGOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kiacca (BBepXy
cupasa). [lepsbiii ciioit 06pasyercst 5 aaropurMamu ¢ OJHOl omubKoii (BHU3Y cieBa),

BTOPOIt €J10ii — 8 ajropur™Mamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B tunmanom cirydae rpad pacciioeHus—CBI3HOCTH n3oMopden rpady TpaH3uTUBHON
PEAYKIME OTHOIIEHMS IOPsiIKa <, HAa3bIBAEMOMY Takxke duazpammoti Xdcce. Oriamane
B ToM, 4T0O B rpade (A, E) pébpamu COeIUHSIIOTCS TOJBKO aJTOPUTMbI, OTINIAIONITECs
Ha OJHOM OOBEKTe, TOIja KaK B JuarpaMme Xacce péOpaMu COeIMHSIIOTCA TaKxKe U ajl-
TOPUTMBI a, b, oTyimgalomuecs: 60jee 1eM Ha OJIHOM O0bEKTe, €CJIU He CYIIECTBYEeT TaKOTo

c € A, aro a < ¢ < b. B obiiem ciygae rpad paccioeHusi—CBI3HOCTHU SIBJISIETCSI TOATPa-
dom mmarpammbr Xacce.

§9.2 OueHkn paccnoeHnsa—CcBSA3HOCTU

Ocnabnenne metoga NOpoXKAAOLWMX 1 3anpeLatowmx MHoxecTs. HamomuuMm, 9o
JIJIS TIOJTYY€HUA TOIHBIX OIEHOK 0000IIAloNieil ClioCOOHOCTH MbI 3AITMCHIBAIN HEOOXOIMMOE
u jocrarognoe yejaosue (7.7) Toro, 9to ajroput™m a € A BBIIAETCS METOJIOM [ B PE3YIlb-

Tate obyuenus 110 BbiGopke X € [X]%:

pX=a] = ¥ e [Xeo € X] [X, € X].

’UEVCL
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YT00BI yIPOCTUTH OIEHKY, OCJIabUM YCJIOBHE JI0 HEOOXOIMMOTO, 3aMEHUB PABEHCTBO
HEpPaBEHCTBOM, OCTaBUM 110 01HOI ape [I3M 11st Kazk10ro aaropuTMa, i MOJTOKIM Cqp = 1.

I'unore3a 9.1. MmruoxkecTtBO A, BBIOOpKa X H METOJ [t TAKOBBI, ITO JIJISI KaXK0T0 AJT0-
purMa a € A MOXKHO yKaszaTh nopootcdarowee MHOKecTBO X, C X U 3anpewarowee MHO-
skecTBO X! C X, YJIOBIETBOPSIIOIIHE YCIOBHIM

[1X=a] < [X, C X][X, CX], VXe[X" (9.1)

Teopema 9.1. FEcjm runioreza 9.1 cripaBejjinBa, TO BEPOSITHOCTD 11€PEOOYICHHUST OI[CHH-
BaeTcst CBEpXy 10 (popMyJie

Q-(1,X) < Qe X) = PH™ (s4(e)); (9.2)
acA
P, = P[IMX = a] < Pa - O%Z/Cﬁ) (93)
Lo =L — | Xa| = |X,];
Uy =0 —|X,];

ma = n(a, X\Xo\Xy);
sa(e) = £(n(a,X) — ek) — n(a, X,).

Ennuacreennoe ormane ot Teopembr 7.3 B Tom, uro paBercrso (7.1) B I'umorese 7.1
samensiercs HepaBeHcTBoM (9.1) B ['mmorese 9.1. Xos oKa3aTebeTBa COXPAHSIETCST B TOY-
HOCTH. 3HAK cpaBHeHH: = min < 6e3 u3Menenus nepexout u3 (9.1) B (9.3) s Kaxk10ro
asropur™a a. [losromy paseHcTBo B onenke (9.2) jgocTuraercs TOrja M TOJBKO TOIJIA,
koryia B (9.1) mmeer MeCcTO paBEHCTBO /IS BCEX aJITOPUTMOB .

CaencrBue 9.1.1. Omnenka (9.2) saisiercs jocruzkumoii. PaBencrBo jocturaercst roria

U TOJIBKO Torja, Korja y . P, = 1. Buadenne Y, P, opHeHTHPOBOTHO ITOKA3BIBAET CTEIICHB
acA acA
3aBBIIIEHHOCTH BEDXHEI OIIEHKH BEpOsiTHOCTH 1iepeobydennst (9.2).

MoHoToHHbIe MeToabl 00y4eHns. O6o3HATMM ITPOEKITUIO BEKTOPA OIMUOOK @ HA MO/IBbI-
6opky X C Xuepes dx = (I(a,x;))ue x- Ha npoekIusx ecTecTBeHHBIM 06Pa30M BBOIUTCS

OTHOIIIEHUE YaCTUIHOTO TOPSJIKA: x < bx TOIJIA I TOIBKO Toryia, Korja [ (a,x) < I(b,x)
s Beex x € X. Onpenenum ayx < bX ecin Ay < bX uayx # bX

Ounpenesienne 9.2. Meros 06ydenus (1 Ha3bIBACTCS MoHomonHovLm, ecar (i( X ) € Ay (X)
ts roboii obywatomert seiboprn X € [X|¢, e

Ay (X) = Argmin M (a, X),

acA
u kpurepuii M (a, X') siBiasiercst crporo MOHOTOHHOI (DyHKI[HEHl BEKTOpa OUIHOOK, TO €CTh

Jutst io6bix X C X ma,b € A, raknx, aro dx < by, cupasegmso M(a, X) < M(b, X).

HpI/IMepOM MOHOTOHHOI'O MeETO/a ABJIAdeTCAd MHUHUMU3aIlld SMIIMPUYICCKOI'O PUCKa,

a Tak»Ke eé O606H16HI/IG — MHHHUMM3aIUA 636ECWEHHO020 IMNUPUYECKO20 PUCKA,

M(a,X) = Z wil(a,z;) — min,

zr,€X
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rje w; — HeOTPUIATeIbHbBI Bec 00beKTa x;. BBejgenne BecoB 0ObEKTOB — JOBOJIBHO pac-
npocTpaHéHubiil puéM. OH, B YaCTHOCTH, TPUMEHSIETCs, KOT/Ia KJIACChl He cOATaHCHPO-
BaHbl, 1 00bEKTAM MaJIOYUCJIECHHOTO KJjacca TpedyeTcs MpujaaTh Oosbiunii Bec. Horma
MEHBIINI BeC Ha3HAYAIOT TeM 00beKTaM, NH(MOPMAIs O KOTOPBIX MeHee TouHa. EIé Mu-
HUMU3AIS B3BEMIEHHOI'O SMITIPUIECKOT0 PUCKA IPUMEHSIETCsI 71t 00y deHusi 6a30BbIX aJl-
TOPUTMOB B KOMIO3UIUSX TUITa Oycrurra [97]; B 9TOM citydae Beca 06bEKTOB ME€PECTUThI-
BaIOTCsI 110 CIIENUAIBHBIM (DOPMYJIaM mepes] MOCTPOEHNEM KazKI0TO 0A30BOT0 aJITOPUTMA.

oryctum, 9TO TIPO METOJi OOYYeHUd [ WU3BECTHO TOJIBKO, YTO OH MUHUMHU3HUPYET
MOHOTOHHBIIT Kpurepuit M (a, X'), HO He U3BECTHO, KAK MMEHHO OH BBIOMpAET aJrOpUTM

u3 muoxkectBa Ay (X). Torma Gyem npeanosaraTh, 9T0 peaausyercs Xy Imuii ey daii.

Onpegesienne 9.3. MoHOTOHHBIE MeTOR OOYYCHHS (i HAZBIBACTCS NECCUMUCTNUYHDIM,
ecom Jiist Jmoboit obyuatomeit seibopkn X € [X]¢ mz muoxkecrsa Ap(X) Boibupaercs
HanboJ1ee 1IepeodyYeHHBIH AJITOPUTM:
pX =arg max d(a,X).
aeAM(X)
[TeccumucTUIHBIN METO/T HE peasin3yeM Ha IPaKTHKe, TaK KaK OH UCIOJIb3yeT NHMOP-

MAITIIO O CKPBITON BBIOOpKe. OH MHTEpPECeH TeM, UTO JaéT BepXHUE OIMEHKU BEPOSITHOCTU
repeobyveHns, ClpaBe/JIuBbIe JJIsd JJI0O0Or0 MOHOTOHHOTO METO/a 00y IeHNUs.

Teopema 9.2. /[ist Jsroboii BeiOOpKH X H J1II0O0r0 MOHOTOHHOTO METOJa OOYIEeHHS |1
¢ kpurepuem M (a, X) cnpasemmusa onerka Q- (11, X) < Qc(fmax, X), L€ fimax — EC-
CUMHCTHYHBIH MOHOTOHHBIH METO/ OOYYeHHS ¢ TeM >Ke KPHUTEDHEM.

NM3M pgna mMoHOTOHHLIX MeTogoB 00yueHus. g kaxoro ajgropurma a € A ompe-
JICJTUM JIB& MHOYKECTBa, 00bEKTOB: X, — MHOXKECTBO 00bEKTOB L4, COOTBETCTBYIOIINX BCE-
BO3MOXKHBIM pébpam rpada (a,b) € E, ucxoadmum us a:

X,={zeX|Ibed:a=b, I(a,x) < I(bz)}, (9.4)

n X! — MHOXKeCTBO 00beKTOB & € X, TaKHX, 9TO ¢ ONIHOAECTCS Ha X U CYIIECTBYET JIydInit
aJIropuT™ b € A, KOTOpPBI He ormubaeTcs Ha X

X, ={zeX|pbeAd:b<a, I(bz)<I(ax)}. (9.5)

Jlemma 9.3. FEcim j4 — neccuMucTHIHBIA MOHOTOHHBIH METOJ OOYYEeHHSI, TO MHOKECTBO
X, (9.4) saBasiercss mopozx paromum, a MHOKecTBO X! (9.5) — 3amperarorum Jjist aaro-
purMma a B cMbicie I'umoresnr 9.1.

HokazareabcTBo. [lycts pX = a. /lokaxkeM oT IPOTUBHOTO, ITO TOTJIA BBITOJHIIOTCS
nsa yenosus: X, € X u X! C X.

JomnycTtum, 910 HaMAETCA X4 € X,, He Jiexkamumii B X. BexkTopsl ommbok a u b
OTJINYIAIOTCS TOJIBKO Ha 00bEeKTe Xq4,. CrteioBaTe/IbHO,

ix =by, M(a,X)=M0bX), v(a,X)=uvb X).
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Buaunt, oba agroputma, a u b, npuaaexar Ay (X). B To xe Bpems,
iy <byg, v(a,X)<vbX), 6a,X)<db X),

[IO3TOMY JIJI METOJIA (4, B CHJIY €r0 MIeCCUMUCTUIHOCTH, BLIOOD ajiroputMa b 1o BeiOopke X
Oy/IeT penodTuTe/IbHee, 9eM @, ITO IPOTUBOPETUT yeaoBuio uX = a. 3uaqut, X, C X.
Homyctim teneps, aro maiinéres x € X!, nexammuit B X. Torma cymecryer b € A,
JUIst KOTOporo by < dx. IlockoJbKy MeToj ;i MHUHUMHU3UPYET MOHOTOHHBIH KPUTEPHil
M (a, X)), Beibop asropurma b OyeT IpeodTuTe/IbHEE, 9€M ¢, ITO IIPOTUBOPEUUT yCIIO-
Buto pX = a. Snauntr, X, C X.
Jlemma JioKa3aHa. [

BepxHss oueHka BepoOSiITHOCTM nepeody4eHus.

Ounpepnesienne 9.4. Beprnet ceasnocmuvio u(a) (up-connectivity) aaropurva a € A Oy-
JIeM Ha3bIBATh THCJIO pE6ep rpacba, HCXOMSAIINX H3 BEPIIHHDI 4.

u(a) = #{za € X: a = b} =|X,|.

Onpenenenne 9.5. Huoicnet ceaznocmoio d(a) (down-connectivity) aaropurva a € A
OyJ1eM Ha3bIBATH YHCJIO PEOEp rpaa, BXOJSIINX B BEPIIHHY !

d(a) = #{xp. € X: b < a}.

Ceasnocts u(a) (mmm d(a)) ects peammsyemoe cemeiictBoM A 9ncio crmocoboB u3Me-
HATH AJITOPUTM @ TaK, 4TOObI OH CTaJl JeJaTh Ha OJHY OMMOKY Ooubiie (MM MeHbIIe).
CBSA3HOCTH MOYKHO HHTEPIIPETHPOBATH KaK UHCJIO creneHeil cBobojipl cemeiicta A B J0-
KaJIbHOM OKPECTHOCTH aJI'OPUTMa a € A.

Onpenenenne 9.6. Henoanouyernnocmoio q(a) (inferiority) amropurma a € A 6ymem Ha-
3bIBATH IUCJI0 00bEKTOB & € X, Ha KOTOPBIX aJrOPHTM G OIIHOAETCS, IPH TOM, 9TO CYIIje-
crByer ajsropurm b € A, sryaimmii, vem a (To ectb b < a), He ommbaromuics Ha T:

q(a) = |X,].

B repmunax rpada pacciaoeHus—CBA3HOCTH ¢(a) €CTh YUCIIO0 PA3/IMIHbIX 0ObEKTOB
Tpe, COOTBETCTBYIOIIUX BCEBO3ZMOXKHBIM PEOpaM (b, ¢) Ha IyTsX, BEJAYIIUX K BEPIIUHE a.

Cupasemineo HepasenctBo d(a) < g(a) < n(a, X).

Pagencrio ¢(a) = d(a) qocruraercs Ha BceX aaropuTMax JIBYX CAMBIX HIZKHUX CJIOEB.

Pagencrso ¢(a) = n(a, X) mocruraercs B cirydae, Korja CyIecTBYeT KOPPEKTHBIH aJi-
roput™ ag € A: n(ag, X) = 0.

Teopema 9.4 (ormeHKa paccjioeHusi—CBAI3HOCTH). /J[1s1 1pon3BoJibHON BeIOOPKH X,
[POU3BOJBHOIO MOHOTOHHOTO METOJa 00y denus (v u npomn3BosbHoro € € (0,1)

C%:z—q L—u, m—q (¢
ot (£(m —ek)), (9-6)

L—u—q

Q-(p,X) <)

acA
e uw = u(a) — BepxHsist cBsizHOCTH, ¢ = ¢(a) — HenoysHoneHHOCTH, M = n(a, X) — ymcso
OIMMOOK aJITOPHTMA G Ha TeHepPaJIbHOH BBIOOPKE.
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HokazarenbcTBo. [laHHas ONEHKa CJIEIyeT HEloCpeJICTBeHHO 13 obrmei onenku (9.2),
Teopembr 9.2 u Jlemmbr 9.3, eciin 3aMeTuTh, 9TO MPOU3BOJIBHBIN ajaroput™ a € A ommba-
eTcs Ha BCeX 0ObEKTAaX 3alPEINaloNero MHOXKecTBa X/, U He OIMmOaeTcs Ha BCeX 00BEKTax
nopoxgatoriero muoxecrsa X,: | X,| = u(a), n(a, X,) =0, |X.|=n(a, X)) =q(a). =

HekoTopble cBoOCTBa OLEHKU PACC/IOEHUA—CBA3HOCTW.

1. Burarojiapss KOMOMHATOPHOMY COMHOYKUTEJTIO Cijh ‘ /C¥ BKJIaJT KasK10r0 aaropuT-
Ma @ B OICHKY (). 9KCIIOHEHIINAIbHO YOBIBAET ¢ POCTOM HEITOJTHOIICHHOCTH ¢ ¥ CBA3HOCTH .
Orcrofa cieyioT JiBa BayKHBIX JIJId IPAKTHKU BBIBOJIA.

Bo-1iepBbix, cBsi3HBIE ceMmeiicTBa MeHee 0/IBEPKEHbBI 1IePeody IeHHUIO.

Bo-BTOpBIX, TOIBKO HUYKHUE CJION BHOCSAT CYIIECTBEHHBIN BKJ/IAJ B II€peo0yIeHNE.

Biarogapst mocsteineMy 00CTOSTEIBECTBY CTAHOBUTCSA BO3MOXKHBIM 3(hHEKTUBHOE BbI-
qucienne TpubAKEHHON (HIDKHedt) oneHKn Q. 1O CJI0AM CHU3Y BBEpDX.

2. Hucsuress (9.6) obpamaercs B Hy/ib ipu £ — u < L — u — ¢. [losromy nenysesoii
BKJIaJ] B CyMMY MOTYT JiaBaTh TOJIbKO aJrOPUTMbI HIZKHUX CJIOEB, J1jist KOTOpbIX ¢(a) < k.
Takum obpaszoMm, 1Ipu MaJibix k IOCTOMHBIM BBIUHUCIEHUEM MOYKHO MOJIYYaTh HE HPUOJIN-
JKéHHoe, a Tounoe 3HadeHue (.. C JApyroil CTOPOHBI, IPH COBCEM MaJbiX k = 1,2,3 ur-
HOPHUPYIOTCA aaroputMmel ¢ ¢(a) > k, KoTopbie mnpu O06abmux k Morim Obl BHOCHTH Cy-
IECTBEHHBIN BKJIa B mepeodydeHne. OTciofa ciaeayeT MpakTuIecKas PeKOMEHIAIT —
O6parb uncio k He MeHbIIe, YeM YUCI0 «3(DPEKTUBHO PAOOTAIONINX Y HUKHUX CJIOEB.

3. Ecnm npenebpeyb paccioeHUEM U CBA3HOCTDIO, TOJIOKUB ¢ = u = () 19 KazKJI0ro
a € A B dopmyre (9.6), To mosyunTes sydmas u3 VC-onenok (5.3):

Q-(1.X) <Y HE™ (£(m —ek)) .
acA

4. OrneHKa pacC/IOeHUs CBA3HOCTH sBjsteTcs gocTuxkumMoil. Hepasencrso Q. < Q.
[EePEXOJUT B PABEHCTBO, Korja ycjobue (9.1) sBisiercs paBeHCTBOM. DTO TakK, B YaCT-
HOCTH, JJIsi MOHOTOHHOII TIenn aaropuT™MoB (cTp. 76) m eé MHOTOMEpHOTO O0OOIIEeHs —
MOHOTOHHOI CETH aJrOPUTMOB, KOTOpas Oy/IeT PacCMOTpeHa HUZKE.

5. OreHKa Pacc/IOeHUsI—CBI3HOCTU ITPUHUMAET OCOOEHHO IPOCTOM BUJI, KOTJIa B Ce-
MeiicTBe A CyIecTByeT KOPPEKTHBIN aaroput™ ag: n(ag, X) = 0. Takue cemeiicra Oymem
Ha3bIBATh KOPPEKMHBLMU OTHOCUTEIHHO BHIOOPKHU X.

Teopema 9.5. Ecjmn g — MOHOTOHHBIH MeTO 00ydeHusT U ceMeiicTBO A KOPPEKTHO, TO

Céfu
Qe(n,X) < Y —F=r [m > ek, (9.7)
acA L

e u = u(a), m = n(a,X).

HokazarenabcTBo. Eciim B A cymecTByeT KOPPEKTHBINH aJrOpUTM (g, TO HENOJIHOIEH-
HOCTH J1I0O60ro ajropur™Ma a € A pasha uuciay ero omubok, g(a) = n(a,X). Ilosromy

B (9.6) moxuo mojcrasuth m — q = 0. Torga, cormacuo Jlemme 7.7 (cTp. 68), runepreo-
¢

METpHUECKOe pacipesesenne Bupozkaerca: Hy 0 (£(m —¢ck)) = [m > ek]. Orcrona

BbITEKaeT yTBEP2KIACHUE TEOPEMDI. ]
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CHoBa MOHOTOHHas uenb anropuTtMoB. Panee yke Oblia TOJydeHa TOYHAsS OIEHKA
BEpOATHOCTH Tiepeobyuennst (8.3) jijist MOHOTOHHOI eI aJITOPUTMOB (g < 1 < * - =< ap,
B KOTOPOI JIydIInii ajropuT™ JOIMycKaeT m ommbok, n(ag, X) = m:

min{k,D} Og 5 s
L—d— m
Q= > ct ——H G (p(m+d—ek)), d=[d<D]
d=0

Jlerko ybeuThest, 9T0 OHa COBIIAJIAET ¢ 00IIEll OIeHKOI pacciioeHus—cBs3HocTH (9.6).
DTO ceyeT u3 TOro, UTo

1) cBasHOCTD paBHa 1 JJIg BCeX ajrOPUTMOB, KpoMe mocsesinero, u(aq) = [d < DJ;

2) HENOJIHOIEHHOCTb U YHCJI0 OMIMOOK CBA3AHBI PABEHCTBOM n(aq, X) = q(aq) + m;

3) uucaurens (9.6) obpamaercsa B Hysab npu £ —§ < L —d — 6, 1o ectb d < k, ciie-
JIOBATEJIbHO, HEHYJIEBON BKJIAJ[ B CyMMY JIAIOT TOJIBKO IIepBbIe A aJrOPUTMOB.

Takum 06pazoM, MOHOTOHHAS IEIlb aJrOPUTMOB — 9TO IIPUMED CeMeHCTBa, JIJIst KOTO-
poro obrmast oleHKa pacciaoeHns—ca3Hoct (9.6) ABiseTcst TOTHOIL.

8§9.3 [Mpocdunnb paccnoeHns—cBa3HoOCTH

B psge ciydaes obmias onenka (9.6) npusourcs K 6oJiee yji00HOMY BUJLY.

Oupegenenune 9.7. IIpodurem paccroenui—c6A3Hocmu MHOKECTBA aJIrOpuTMoB A Ha-
3bIBACTCS  MaTPHIA, (Amu) pasmepa (L+1)x(L+1), rme A, —9ucio ajaropurMoB
B M-M CJIO€ C BepXHEI CBA3ZHOCTBIO U:

Ay = Z [n(a,X) =m][u(a) = u].

acA

Teopema 9.6. Ilyctp rpach pacc/ioeHUsT-CBI3HOCTH HMEET HCTOK — €JHHCTBEHHBIH aJI-
TOPUTM Gy, OT KOTOPOIO0 MOXKHO JIOOpaThbCs MO pébpaM JI0 JIF0O60ro Jpyroro ajaropurMa,
u my = n(ap, X). Torga cipaBegmnBa BepXHsisi OIEHKa BEPOSITHOCTH 11€Peoby IeHH T

L L
Cr- u—m-+mg 4 0—u, Mo
Q- < Z Z Am“llct—é—i_%é—u’—m—i-mo (%<m - €k>) : (98>

HokazareabcTBO. Bo3bmém mpousBosibHbIL ajaroput™ a € A. B cuny eauncTBeHHOCTH
HCTOKa BCe 3alperaonie 00beKThl n3 X, HaXoudaTes Ha pédbpax rpada, COCTaBIISIONIX
BCEBO3MOKHBIE TIYTU MeEKJy BepITMHAMU ag U a. [IocKoIbKy Bce 3TH IyTH MMeT 00-
Iiee HAYaJI0 ag ¥ OOIIMiT KOHEI a, IucJI0 00BEKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) — mg. C Apyroit CTOpOHBI, OHO Ke paBHO ¢(a). 3HAYNT,

(a)

Z Z (a) m+m0 HEL_—I;((GQ))’:HTSL—I—WO (%(m — Ek)) .

m=mo a€Am

HeperyHHHpOBaB CJIara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIPEJIC/ICHUEM HpOCbI/IJIH pacCJIoOCHUA—
CBA3HOCTHU, IIOJIYIUM YTBEP2KIAECHUE TCOPEMBDI. |
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Teopema 9.7. I[lycTp BepHBI MIPEAIIOIOXKEHNST MPEIBLIYINEH TeOPEeMbl H UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mo = n(ag, X) = 0. Torga crpaBeinBa BepXHsIsl OIlEHKA
BEPOSITHOCTH 1TePe00y IeHN T

C«e—u

L L
Q- < ) ZAmuLé—“{m. (9.9)

HokazarenabcTBo. B onenky (9.8) moacrasum mg = 0. ['unepreomerpuaeckoe pacipejie-
JIeHHe BBIPOXKIaercs coraacHo Jlemme 7.7, orkyna u mosydaem orenky (9.9). [

Cy1recTBOBaHNE MCTOKA — JIOBOJIBHO CHJIBHOE IPEJIIOJIOXKEHNE, U B OOJILIIUHCTBE
IPpaKTHYECKUX CUTYyalllil OHO He BbITIoTHsAeTCs. [Ipeanoioxkenne KOppeKTHOCTH €IMIE CHThb-
Hee, MMOCKOJIBKY BBOJIUTCH JIOMOJHUTEIbHOE TpeboBaHne, 9TOObI UCTOK ObLIT KOPPEKTHBIM

asropuT™oM, mgy = n(ag, X) = 0.

MmnoTte3a o cenapabenbHocTu npoduna paccnoeHusi—ceasHoctu. Ha puc. 9.2 no-
Ka3aHnbl TpaduKn 3aBHCHMOCTHS A,,, OT M ¥ , JJisg MHOYKECTBA JTUHEHHBIX aJrOpPUTMOB
KJIacCUpUKAINNA U JIMHEHHO Pa3/Ie/IMMbIX JIByMEPHBIX BbIOOPOK Jimnnbl L = 20, 50, 100.

[nsas vHa rpaduKu, MOXKHO BBIABUHYTH T'HIIOTE3Y, 9TO IPOMUIL PACCIOCHUI—CBI3-
HOCTH A, SIBJISIETCS C BBICOKOW TOYHOCTBIO CENAPaAOEAbHBIM:

Amu ~ Am)\ua
e A, = |A;| —ducioo aaropurMoB B m-M cioe, A, — J0JIsS AJTOPUTMOB CO CBSI3HO-
CTBIO 1.

Bexrop (A,,)L _, npearaercs naspisath npogusem paccaoenus, a Bekrop (A, )L, —

npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.
OueBniHO, TPOMGUIL CBI3HOCTU HOPMUPOBAH: A\g + - -+ + Ap = 1.
[IpoBepka rumore3nl cenapabebHOCTH TOKA OCTAETCs OTKPBITOH TPOOIEeMOii.

M'MnoTtesa o KoHueHTpauun Npocuns CBAZHOCTU BOKPYr 3HAYEHUS Pa3MepHOCTMU.
Ha puc. 9.2 BugaHO, 9T0 MPOMUIbL CBA3ZHOCTH KOHIICHTPUPYETCS BOKPYT 3HAYECHUSA U = 2,
paBHOrO pasMepHocTH IpocTpancTBa. C yBeJrmyeHueM JJIMHbI BBIOOPKU JTOMUHUPOBAHUE
JIAHHON KOMITOHEHTBI ITPOMUIIST YCUITTBACTCS.

Okcrnepumentsl ernca KovespikoBa ¢ mneiinbiMu Kiaccudukaropamu |34, 77| mo-
Ka3bIBAIOT, YTO U ITPU OOJIBINNX 3HAYECHUAX PA3MEPHOCTH i MAKCUMYM PO CBAZHOCTU
jocrturaercs upu u = h, cMm. puc. 9.3.

Mo:KHO BBIIBUHYTH THUIIOTE3Y, UTO HPOMUIL CBA3HOCTU KOHIEHTPUPYETCS BOKPYT
3HAYEHHUsT pa3MEPHOCTH HE TOJBKO B C/ydae JIMHEHHBIX KJaccudukaTopoB. bojee Toro,
MOZKHO IPEJIIIOJIOKUTH, YTO €CJIM BBIOOPKA Jie-(haKTO pacroJiaraeTcs B IMOIITPOCTPAHCTBE
MeHBIIell pa3MEePHOCTH, TO MAKCUMYM PO CBA3ZHOCTU YKA3BIBACT HA 3HAYEHUE «IP-
deKTHUBHOIT pasmMepHOCTU» BbIOOPKU. [IpoBepKa 9THX TUIIOTE3 TaKKe IMOKa OCTaéTCd OT-
KPBITOI ITPOOJIEMOIA.

8]3IJI“II/IC.J'II/ITeJ'IbHI:cIe 9KCIIEPUMEHTDBI BBLIIIOJIHEHDBI Nieéit Pemmernsikom.
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250

100

Puc. 9.2. IIpodumm paccioeHusi—CBA3HOCTH JJIs ABYMEPHBIX BHIOOPOK JyinHbl L = 20,
50, 100, 200. Ilpocduab Auy —3TO KOJIHIECTBO AJTOPUTMOB € IHCIOM OIMHOOK M
Ha TeHepaJIbHOI BHIOOPKE 1 BEPXHEH CBSI3HOCTHIO U.

x 10

300

8 250

A R 200

A u
2 m150
4

100

50

0 50 100 150 200 250 300 0 5 10 15 20 0 5 10 15
m U (2

Puc. 9.3. Ouenku npoduisi paccioerus A,,, HEHOPMUPOBAHHOTO TTPOMUIIS CBI3HO-
cru Ay = A\y|A| u wsomunuit npoduist pacciIoeHus-CBIZHOCTH Ay, JJIsl ceMelcTBa
ymHeiinbx Kiraccudukaropos B R, npu L = 300, cormacuo [77].

He BbisicHen Takzke /10 KOHITA BOIIPOC O IMUPUHE MTUKA IPOMPUIIs CBA3HOCTU. 3aMETHM,
41O Ha puc. 9.2 u puc. 9.3 mokazanbl TPOGUIM TOJTHKO geprHet cBI3HOCTH. EeTh runoresa,
9TO TIOJIyCYMMa BepPXHel N HUKHeH CBA3HOCTHU ropas3/io CUIbHee KOHIIEHTPUPYETCT BOKPYT
3HAYEHUST PA3MEPHOCTHU, 9€M BePXHsIsd W HUXKHssS CBI3HOCTD 110 OoT/eabHoCcTH. O603HaAINM
CPEJIHIOI0 BEPXHIOIO CBA3HOCTD B CJIO€ 1M YEPE3 Uy, CPETHIOI HUKHIOI CBA3HOCTH — de-
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pe3 d,,,. Yucso pédep, coeUHSIIONMNX aJITOPUTMBbI B JIBYX COCETHUX CJIOAX, MOXKHO 3aIICaTh
nByMst criocobamm: A,y = Api1dyy. B HIGKHEEX cjtosix ipoduiib paccioennst A, Kak
[IPaBUJIO, CTPEMHUTEIHLHO BO3PACTAET, MOITOMY BEPXHME CBA3HOCTH JIOJIZKHBI CHCTEMATH-
YeCcKHU IMpeBbIarTh Hukane. OTciofa caeayioT aBa BbIBOJA. Bo-1IepBbIX, 3aMeHa BEPXHUX
CBA3HOCTEH aJITOPUTMOB HUZKHHUX CJI0EB 3HAUYEHHEM pa3MepHOCTH OyJIeT, CKopee BCero, 3a-
BBIIIATH OIEHKY BEPOSTHOCTH Iepeodydenns. Bo-BTOPBIX, IpaBas BeTBb IPOMUIIIA CBI3HO-
cru (cM. cpegauii rpaduk Ha puc. 9.3) obpa3oBaHa, CKOpee BCEro, MMEHHO aJrOPUTMaMU
HIDKHUX CJIOEB, TIO9TOMY €€ OIeHUBaHUe MPEeJICTaB/IsgeT HaubOIBINNI WHTEpeC.

Pe3iome

MeTo 1 TOpOXKIAIONINX U 3aIIPENIAIONIX MHOXKECTB CYIIECTBEHHO YIIPOIIAeTCs, eCIn
JJId KazKJI0I'0 aJI'OpUTMa 3alliCaThb JIMIIb HeO6XO,Z[I/IMbIe ycJjoBud TOro, 9To0 OH 6y,Z[eT 110~
JIydeH B pedyJsibrare ooydenud. [[pm 9ToM BMECTO TOYHBIX OMEHOK BEPOATHOCTH ITepeody-
YeHUsI MOJIyJaTcs Bepxaue ornenkn. OHn cymectBeHHO TouHee V(C-OIEeHOK, TTOCKOIbKY
YUUTBIBAIOT CTPYKTYPY I'pada paccaoeHnda—cBA3HocTH. J[J1s1 HEKOTOPBIX ceMeiicTB, B 4acT-
HOCTH, JIjIsI MOHOTOHHOM IIEIIN aJIrOPUTMOB, OIIEHKA PaCCI0CHUA—CBA3HOCTH ABJISIETCS TOU-
noit. BKy1aJ1 aJiropuTmMa B BEPOSITHOCTH HEPeoOydeHus yObIBAET SKCIOHEHINAILHO € PO-
CTOM CBSI3HOCTH W HOMEPA CJIOsi, B KOTOPOM HaxouTcsa ajaroputm. OTcroma ciienyer, aTo
CBA3HBIE ceMelicTBa MeHee CKJIOHHBI K IIepeodyIeHuIo, a jijid 3 (MeKTUBHOrO NpUO/InzKEH-
HOI'O BBIYHUCJICHUSI BEPOATHOCTU ITepeodydeHns, BO3MOXKHO, Oy/IeT J0CTaTOYHO IepedbpaTh
AJITOPUTMBI U3 HECKOJbKUX HUXKHUX CJIOEB.

B cnepytoweii nekumnn Mbl moKaxkem, UTo OIEeHKa PACCIOEHUS - CBABHOCTH sIBJISIETCs TOU-
HOI1 JIJIS OJTHOTO BeCbMa HETPHUBUAJIBHOIO MOJIETTLHOTO ceMeiicTBa, 00J/1a/IafoNiero HapsLy
CO CBOHCTBAMU PACCJIOEHUS U CBA3HOCTH €IE€ U Pa3MEPHOCTHIO.

Ynpa>kHeHust

Bamaua 9.1 (3*). Kakue orpanntdenns HeoOX0ANMO HATOKHATE Ha ceMeiicTBO A, 9T00BI
yestosue (9.1) 6bLI0 He TOBKO HEOOXOIUMBIM, HO U JIOCTATOYHBIM, CJI€J0BATEIBHO, OIEHKA
pacciioenusi—cBsiznoctu (9.6) obparanack Obl B paBeHCTBO? B0o3MOXKHO Jiit cchOpMyTHPO-
BaThb 9T OTPAHUYECHUS B TepMHUHAX rpada pacc/oeHns—CBI3HOCTH !

Bamaga 9.2 (5*). O606muTh OIEHKY paccyoeHus—cBs3Hoctn (9.6) Ha ciydaii, Korja
B rpade paccaIoeHnsi—CBI3HOCTh UMEIOTCS «JIBIPKI», TO €CTh JIsi HEKOTOPBIX Iap aJiro-
purmoB (a,b), a < b, He cymecTByeT aaropurMa ¢ € A, Takoro, 9to a < ¢ < b.

Bamaua 9.3 (10*). O6ocroBaTh runOTE3y CenapabesbHOCTH JJIs JINHEHHBIX aJTOPHTMOB
KJ1accuuKaIum.
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10 MHoromepHblie ceTu anropnTmMoB

MHoromepHbIe ceTi aJIropuTMOB — 9TO MOJEIbHbBIE CeMeicTBa, 00J1a ai0Ie He TOIb-
KO CBOHCTBAMHU PACCJIOCHUsI U CBA3HOCTU, HO U Pa3MEPHOCTHIO, YTO COMMKAET UX C pe-
AJbHBIMHI CeMelcTBaMU. DTH CeMelCTBa MHTEPECHBI emé W TeM, 9TO JIJIT HUX OIEHKH

PacCCJIOCHUA—CBASHOCTU ABJIAIOTCA TOYHBIMUA.

§10.1 [lBymepHas MOHOTOHHasi CeTb

B §8.4 MBI paceMOTpes MOHOTOHHYIO TIETb aJITOPUTMOB, KOTOPast SIBJISETCS MOJICIBIO
OJIHOTIAPAMETPUYECKOTO CeMeficTBa aJropuT™MoB. EcrecTBeHHBIM 06001IeHIeM 9TOM MOIe-
JIM HA MHOTOMEDHBIIl CJIydail MpejcTaBiIsercs ceMeicTBO, rpad) pacCJoeHusI—CBI3HOCTH
KOTOPOI'0 M30MOpP(EH HEKOTOPOMY (bparMeHTy IpPsiIMOYTOJIbHOIN CeTH pa3sMepHOCTH /.

Ha pricyHKe mOKa3aHbl YeThIpe HIZKHUX CJI0s TpaOB PaCCIOCHUsI—CBSI3HOCTH MOHO-
TOHHOM 1enu (cJieBa) u ByMepHOit cetu (cnpasa). [opusoHTAIBHbBIE JIHHAM COOTBETCTBY-
IOT CJIOSIM, 1M — YHUCJIO ONMMOOK JIy9IIero ajJropuTMa Ha TeHepasIbHOil BHIOODKE.

B asymepHoil ceTu npu 1epexojie OT IIPOU3BOJILHOIO alOPUTMa (;; K aJlOPUTMY
2
5
Yuciio anroputMos B ciioe m + ¢ pasuo t + 1. Bepxusasa casnocts u(a;;) = 2 coBnaja-

@;41,; BO3HUKaET oMnbKa Ha 00beKTe x}, a IIPU 1Iepexosie OT @;j K ;41 — Ha 00bEKTe X

er ¢ pasmeprocTbio h = 2. Henommonennocts ¢(a;;) paBHa t, HOCKOIBKY @;; OTJINTIAETCS
OT JIyYIIIEro aJI'OPUTMa gy POBHO Ha t oObekTax. [lojcTaBuB Bce 3TU JaHHBIE B OIEH-
Ky (9.6) u crpynmmpoBaB caraeMble MO CJIOSIM, MOJIYIUM OIEHKY DaCCIOeHUsI—CBSI3HOCTI
i H HUKHUX CJI0EB JIBYMEPHO CEeTU aJIrOPUTMOB!

H C«Z—Q
Qe <Y _(t+ V)52 HL S (Lm e+t — k).
t=0 L

[Toka 9TO0 JIUIIB TIpeIBAPUTE/IHLHBIE COODPAYKEHNUS, TOKA3BIBAIOININE, 9TO OIEHKN Pac-
CJIOEHUSI-CBSI3HOCTU MOYKHO TIOJIYYIATh JOBOJIBHO 1POCTO. /lajiee Mbl 0600IIUM 3Ty OIEHKY
Ha cJIydail IPOU3BOJILHON Pa3MepHOCTH U Oojiee aKKYPATHO yITEM OTCYTCTBHE CBAZHOCTU
B BepxHEM cJioe. Mbl Takke yOeuMest, 9To OIeHKa PACC/IOeHUA—CBI3HOCTH Jjisd h-MepHOit
MOHOTOHHOI1 ceTu siBjsieTcst TouHoi. [lepBbiM 91y onenky mosyqwt Ilasen Boros [7].
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§10.2 MoHoTOHHas ceTb NPON3BOJILHOW pa3MepHOCTN

[ycrs J = (j1,...,7n) € {0,..., H}" — menounciennplit BEKTOp WHJIEKCOB.

BeeéM Ha BeKTOpaxX MHJEKCOB OTHOMICHUE YaCTUIHOTO HOPSAIKA: JIJIs IPOM3BOIBLHBIX
J =1,y gn) u K = (ky,... k) monoxum J < K, econ jg < kg i Bcex d = 1,... ) h.
[Monoxkum J < K, ecm J < K u J # K. Honoxuwm |J| =51 + -+ + Jn.

Omnpenenenne 10.1. Monomonnoti cemwvio arzopummos pasmepHoctu h u Bbicorbl H
Ha3bIBAETCST MHOXKECTBO aJI'OPUTMOB

A={a;: Je{0,....,H}" |J| < H}, (10.1)

MaTpHIia OHIHOOK KOTOPOTO 3aJa6TCsT pasOneHHeM TeHepaJbHOH BBIOODKH HA TPH HeIle-
peceratonpuxcst moqmuoxecrba X = XoU Xy U {af:t =0,....H -1, d = 1,...,h}
H HHIAKATOPOM OIIMHOKH, OmpejesaseMbiM st Beex ay € A, x € X Kak

0, T e XO;
Iay,z)= (1, x € Xy; (10.2)
[t <jal, ==z

NuTtepnpetauusa. MonoTonHas ceTb — 9TO MOJIE/Ib CeMeiicTBa aJropuTMOB ¢ h Herpe-
pPBIBHBIMU TTapaMeTpaMu. MojeabHoe TpeIno/ioKeHne 3aK/II09aeTcss B TOM, 9TO 110 Me-
pe yBejmdeHusd d-TO TapameTpa OMIMOKM BO3HMKAIOT IIOC/IEI0BATE/ILHO Ha OO0bEeKTax
xg, e ,xﬁl{_l, HE3aBUCUMO OT 3HAYEHUI OCTAJIbHBIX IMapaMeTpoB. B peajbHbIX 3ajadax
9TO, KaK IPABUJIO, HE TaK, XOTs U3BECTHBI IIPUMEPHI, KOTJ/Ia peajJbHOe CeMERCTBO TTOPOK-

JIaeT MOHOTOHHYIO CETh Ha CIENUAJIbHO M0j00panHoi Boibopke (yrpaxuenus 10.2, 10.3).

CBoiicTBa MOHOTOHHOI ceTu.

1. Ecm J < K, 10 05 < ag.

2. Jlns Beex ay € A aucio ommbok n(ay, X) =m + |J|, e m = | X;].

3. Ecmm muoxectBOo A mmeer crpykrypy (10.1) npu 3amanubix h u H u obiagaer
coiicTBamMu 1 1 2, TO €ro MaTpuIia ONMOOK OJJHOZHATHO ornpe/esisercs: popmystoii (10.2).

4. Bce BeKTOPBI OMHUOOK aJrOpuT™MOB .y € A momapHo pas/inydHbI.

5. B A cymecTByeT eMHCTBEHHBIH Ayl AITOPUTM Ay = d(o,....0) ¢ MEHIMAILHBIM
qucsioM ormubok n(ag, X) = m.

6. Pazmepnocts h u BeicoTa H ymosieTBopgdiorT orpanmdenuio m + hH < L.

7. ay < ag TOTJA W TOJHKO TOTJIA, KOT/Ia BeKTOPHI J 1 K OT/IMIaroTcs TOJTBKO 10 O
HOll KoopjuHate, jq + 1 = kyq. Pebpy (as,ax) rpada paccioeHus-CBAZHOCTH B3AUMHO
OJIHO3HAYHO COOTBETCTBYET OOBEKT I ;5 = x?d, st Koroporo I(ay, ) < I(ag,x,x).

8. Ywmcso anropuTMoB B ¢1oe m-+t paBHO d4ncsy BeKTOpoB J = (Ji, ..., j) TAKHAX, 9TO
|J| = j1+...+jn = t 1 paBHO YmCITy CIOCOOOB BBHIOPATH ¢ IIPEIMETOB U3 /i ¢ TOBTOPEHUSIMI,

[ Al = Cp = Ci7ey-

9. IIpocymMmMupoBaB 9HCIO aJrOPUTMOB IO CJIOAM W BOCIIOJIb30BABIINCH U3BECTHBIM
KOMOMHATOPHBIM TOXKJIECTBOM, HETPY/IHO HANUTH YHCJIO AJITOPUTMOB BO BCEll ceTu:

h— h— h
’A| - Oh—ll oot Ch—i-llLI—l = CH+h'
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Puc. 10.1. IIpumep gBymepnoii ceru ajaroputmon. s anropurma a BepXHsS CBA3-
Hocthb u(a) = #{z8, x4} = 2, nenosnnonenrocrs q(a) = #{x1, 22} = 2.

§10.3 Tou4Hasi oueHka pacc/I0eHNsI—CBA3HOCTN

O6o3HaunM yepe3 A’ MHOXKECTBO BCEX AJITOPUTMOB ; MOHOTOHHOI ceTn A, 3a UCKJIIO-
JeHreM ajgroputmos nocyejunero cios, A" = A\ A, y. U3 dopmya (9.4), (9.5) u rpada
paccyioerus—casa3aoctu (em. puc. 10.1) caemyer, aro jyist o6oro aaropurma ay € A’

X;= {xf: t=7jq, d=1,... ,h} — TIOPOXKJIAIoIee MHOYKECTBO;

X' = {xf: t < ja, d=1,...,h} — sanpemaloriee MHOKeCTEO.

Jlemma 9.3 maér b HeOOXOIUMOEe YCIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3yJibTaT 00ydeHUs: [MX =a J:| < [X 7 C X } [X hCX } Ojnako B cjiydae MHOIO-

MEpHOI MOHOTOHHO{H ceTu HeoGXOAMMOe YCJIOBUE ABJIAETC TAKIKE U JOCTATOUHbIM.
JIlemma 10.1. Ecjm g — meccuMucTUYIHBIH MOHOTOHHBIH MeTo o6y denns u |J| < H, To
[MX:aJ} = [XJ C X} [X} C X} It Kaskoro ay € A’

HoxkazatenbcTso. Joxaxem, aro ecin X; € X u X, € X, To TOJBKO ajJrOpUTM
MOKET OBITH Pe3y/ILTATOM OOYYEHU.

MuozkecTBO 00bEKTOB &, Ha KOTOPBIX [ (ay, ) = 1, ectb X L X}, TlogmuoxkecTBO X
[EJINKOM JIEZKUT B KOHTPOJIe, a Ha oO0beKkTax u3 X OMuOAI0TCd BCE aJTOPUTMBI CETH.
[Mosromy (dy)x < (dx)x s Beex ayx € A, cienoBarenbro, ay € Ap(X).

[Tokazkem, aro Ay (X) = {aK € A K < J}. HeitctBurenbro, ecoim K £ J, To cy-
d
Ja
xur X, ciaegoBaresibHO, oH npuHajyiexut u X, ogaako [(ay,x) < I(ag, ), mosromy
(@)x < (dr)x, snaunt, ax & Ap(X).

[TokazkeMm Temepb, YTO HUKAKOW Jpyroii amroput™m ax € Ap(X) He Moxer OBITH

mectByer Koopiauuata d € {1,...,h}, Takas, aro kg > j;. O6bekT x = 2§ npHHAJTE-

pesyabratom obyuenus pX . [Tockonbky K < J, cymecrByer koopauaara d € {1,..., h},
Takas, 910 kg < jg. O0bekT T = x‘,ﬁd upuHaieskuT X', CIe[0BaTesIbHO, OH IIPUHAJIIe-
x®ur u X, nosromy (dx)g < (@y)x, U MIECCUMUCTUUHBIN METOJI (i BBIGEPET aJrOPUTM ;.

Takum 06pazoM, TOJIHKO aJTOPUTM G MOXKET OBITH PE3Y/ILTATOM 00y UEeHMUS. [
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Teopema 10.2 (O monoToHHOI cetn). [lycts A — MoHOTOHHAS ceTh pasMepHOCTH h

u BeICOTHI H, | — meccuMucTHYHBIEF MOHOTOHHBIH MeTo 1 oOyaenuss u k < H. Torma

Z
Q- (1 ZOW . L

JokazareabcTBO. Bo3bMEM ITPOM3BOILHBIN AJTOPUTM @ ; U PACCMOTPUM TPHU CJIydas.

h
= t%i‘_’;;f; (£(m+t—ck)). (10.3)

1. Ecim |J| > k, To quciao omuboOK ajropurMa a; Ha 3alpermaioniux oobekrax X
[IPEBBINIAET JJIMHY KOHTPOJILHOM BBIOOPKHU. HacTh ommnboK 00g3aTe TbHO OKazKeTCst B 00y-
Jaroreit mojBeIbopke X, U MeToJ1 (1 BeIOEpeT Jipyroit ajroputM. B sToMm ciydae

[uX=a,] =0.

2. Caywaii |J| < k u |J| = H HeBo3MOKeH B cuity yciosus k < H.

3. Ecmu |J| < kwu |J| < H, To ayig anroputMma a,; BeIIOJHEHDI yeaosus Jlemmbr 10.1:
(X =ay) = [X; C X][X) € X].

B srom ciaygae Bepxuss ca3nocts u(ay) = | X ;| = h, nenommonennocts q(ay) = |J|,
oreHKa pacciaoeHns—cBasnoctu (9.6) sBIgETCH PABEHCTBOM:

ch
L—h, m+|J|—q (¢ e h
Z PJHthfq q(z(m+|<]|—€k’>), PJ— C@ q’ (104)
J: | J|<k L
rae P; = PluX =a,] — BepogaTHOCTH HOJIyYUTHh aJrOPUTM G; B pe3yjbrare 00ydYeHusd,

u = u(ay) — BepXHHd CBA3HOCTH, ¢ = ¢(a;) = |.J| — HEIOJIHOIEHHOCTD AJITOPUTMA A .
Bepxnssa cBA3HOCTb 1 HEIIOJIHOIEHHOCTD B KazKJIOM CJIO€ OJIMHAKOBLI Y BCEX aJIlOPUT-
MOB. 3aMEHHM CyMMy IO aJrOpuTMaM cyMMoil mo ciaoaMm ¢ = 0,..., H, BBeJd 1oj 3HAK
cyMMBI 9nciio aaroputmos B cinoe Cy ., . Ilockoneky mpm ¢ > k amropurmsr BooGie
HE BHOCAT BKJIaJ| B olleHKy, u3 (10.4) ciemyer tpebyemoe pasencrso (10.3). n

CrnencrBue 10.2.1. Ilpu k < H BeposTHOCTH TOro, 9TO METOJOM [i OYJEeT IOJIydeH
KaKoH-11b0 ajroput™ ay u3 ciaos m + t, rae t = |J|, paBHa

0—h
C’L* _

P, = P[n(,uX, X) = m—i—t] =C) , . P= C}i+t717 (10.5)
L

§10.4 BbluncauTenbHble 3KCNEPUMEHTbI

dkcnepumeHT 1: BblYMCNEHUE OUEHKU paccnoeHusi—cBsisHocTu. Ha pwuc. 10.2 cre-
Ba IOKa3aH I'paduK 3aBUCUMOCTH BEPOSTHOCTH P, MOJYYUTb aJrOpUTM U3 cjaosd m + t,
BhIauCAeHHOMN 110 hopmyste (10.5), or aucia t. Cipaa mokasan rpaduk 3aBUCHMOCTH Be-
positHOCTH TIepeobytaeHus (). or mopora €. Ha kaxk1om rpaduke n3obpakeHbl 9 KPUBBIX,
COOTBETCTBYIONINX PA3JTHIHBIM 3HAYCHUAM pasMeproct h = 1,...,9.

Basucumocts P, muoromepnoit cetu ua orpeske [0, H — 1] yaumozmanbua. Beposit-
HOCTB TIOCJIEJIHETO CJIOsi HEMHOTO BBINIE, TaK KakK JijIs HEro BEepXHss CBA3HOCTH paBHA
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Puc. 10.2. 3asucumocru P; ot ¢ (cieBa) u Q- or € (cupasa) /it MOHOTOHHBIX CeTeil
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

nysio. [Ipu pocre pasmeprocTu h nojoxkenne mMakcuMmyma Pp cMmeraeTcst BIpaBo U pac-
TET BEPOATHOCTD I1epe0dyIeHHA. ITO 0O3HAYAET, YTO POCT CBA3ZHOCTHU, KOTOPDIN PUBOIAT
K 9KCIIOHEHITUAJIbHOMY YMEHBITIEHUIO BEPOSITHOCTENH P; OTJIE/IbHBIX aJrOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCS POCTOM MOIITHOCTH CJIOEB.

IKCnepuMeHT 2: cpaBHEHWE MOHOTOHHbIX CeTell C peasibHbIMU CemeircTBamMu.
Ha ocnose mnardopmbr RapidMiner Ob1n 1mojtydeHbl SKCIEPUMEHTAIBHBIE 3aBUCUMOCTH
Q: or & s 3anad u3 penosuropus UCI (sonar, breast-cancer-wisconsin) na mertojax
kiaccudukanuu NaiveBayes, SVM, DecisionTree, NeuralNetwork [7]. Dxcnepunvenrain-
HbIE KPUBBIE TIepPe00y ICHHOCTH QE, nosrydeHubie MeTosioM MonTe-Kapiio, ammpokcuMupo-
BaJINCh KPUBBIMU I1€PEOOYUYEHHOCTH MOHOTOHHBIX CeTell MyTéM mojdopa pasmMepHocTu h
npu dukcupoBanubix L, { m m. OKa3aaoch, 9T0 9eM CI0KHee CeMeHCTBO aJllOPUTMOB,
TEeM BBIIE ITPOXOJIUT KPUBas MepeoOyIeHHOCTH U TeM BBIIe Pa3sMePHOCTb h AIIPOKCH-
MUpYIOIeil MOHOTOHHON cetn, cM. puc. 10.3, 10.4, 10.5 («bosiee cryneHuaTbie» KpPUBbIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIQJIKIe» — PeaIbHbIM CeMeHCTBAaM ).

[Ipumeuarenen Tor ¢dakT, 9YTO Ha 3ajade breast-cancer-wisconsin meros NaiveBayes
MOKa3aJl KPUBYIO Mepeo0ydeHHOCTH, SKBUBAJEHTHYI0O MOHOTOHHON CETH pasMepHOCTH 1,
puc. 10.5. DddekTuBHas pa3sMepHOCTb JAHHON 3ajadd W B caMOM Jejie Ou3ka K 1,
TaK KaK OYeHb XOPOIIUM PA3JIE/ISIONUM ITPU3HAKOM sBJISETCH CyMMa BceX 9 MPU3HAKOB.
DecisionTree na Tex ke JaHHBIX HE CMOI' HAWTH 9TOT IPU3HAK U ITOKa3aJl OOJIBIIYIO pas3-
MEPHOCTH, OOJIBIITYIO ITepeodyIeHHOCTh U OOJIBINYIO OMUOKY Ha KOHTPOJIE.

Pe3iome

Tounble O1eHKN BEPOATHOCTH TIEPEOOYIEHUs K JIAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
JTa MOJIETTbHBIX CeMeNCTB aJl'OPUTMOB. B UX 4mcjie MHOTOMepHbIe MOHOTOHHBIE CETH aJIl0-
pUTMOB, 00JIa IAI0IIIEe CBONCTBAMU PACCJIOCHUs, CBI3HOCTH U PA3MEPHOCTH, YTO COTUKAET
nx ¢ peaJibHbBIMUA ceMelicTBaMU. OHeHKa PacC/IOCHUA—CBASHOCTU JIJIg MHOI‘OMepHOfI MOHO-
TOHHOII CETHU ABJIAETCSI TOYHOM.
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Puc. 10.3. Beposraocts niepeobyuennus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pa3mepHOCTeil, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactota ommOOK Ha 00ydYeHHN/KOHTpose, coorBercTBenHo: (.28/0.32;
0.05/0.20; 0.02/0.26. Bamaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe
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0.1
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Puc. 10.4. BepositHoCTh 1Iepeobydenust (). asropurmoB NeuralNetwork ¢ uncsiom meii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha O0YYEeHUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 10.5. BepositHocTh mepeobydennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX cereif pasmeproctn h = 1, 20. Cpemsist gacTora omuboK Ha 0bydeHnu /
kourposie, coorsercreenno: 0.04/0.04; 0.03/0.06. 3amjada breast-cancer-wisconsin,
9 npusnakos, L = 700, ¢ = 630.
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B skcnepnMenTax KpuBble BEPOATHOCTH I€peobyUYeHrns PeabHBbIX CEMENCTB HETLI0-
XO TPUOJIMKAIOTCA C TOMOIIHI0O MHOTOMEPHBIX MOHOTOHHBIX CETell ITPU COOTBETCTBYIOIIEM
110/100pe PasMepPHOCTH, KOTOPYIO MOXKHO MHTEPIIPETUPOBATH KaK «3(PMEKTUBHYIO pa3Mep-
HOCTb» 3a/JIadu.

B cnepytowen nekuun Mbl BepHEMCH K (DYHKIIMOHATY PABHOMEPHOI'O OTKJIOHEHHUSI, KO-
TOpbIt ucnosb3yercs B VC-Teopun, n moKazKeM, ITO CBSI3HOCTD JIJI HETO yUIeCTh MOYKHO,
a pacc/IoOeHne — HeJIb34l.

Ynpa>kHeHus

Bamaga 10.1 (1). JlokaszaTh JeBaTh CBOCTB MOHOTOHHOI CETH.

Bagaua 10.2 (1). ITpusectu npumep BuiGopku B R?, 1 KOTOPOil MHOMKECTBO JIMHEii-
HBIX KJIaCCUDUKATOPOB (He 00s3aTeIbHO BCEX BOSMOYKHBIX ) IOPOK AT MOHOTOHHYIO CETh
AJITOPUTMOB.

Bagaua 10.3 (3*). Ilpusectu npumep Bbibopku B R”, m1a KoTopoit MHOXKECTBO JuHe-
HBIX KJIaCCHMDUKATOPOB (He 06s13aTeIbHO BCEX BO3BMOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bamada 10.4 (5%). CdopmyanpoBarb TpebOBaHUS K CeMEiCTBY aIrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIIOCHUSCBA3HOCTU SBJISIETCA TOYHOI.

Bamada 10.5 (5). [loayuuTh OIEHKY BEPOSITHOCTH IepeodydeHust JJisi MHOIOMEPHOIT
MOHOTOHHOM CeTH, KOIJia 10 KaxKJI0il pasmepHocTr d 3ajiaHa cBosi BbicoTa Hy.

Bamada 10.6 (8). ITosyuuTh OIEHKY BEPOATHOCTH TE€PEOOYUEHUs JIJIs YHUMOAIbHOI
h-mepHoit cern.

Bamada 10.7 (5). [loayuuTh ONEHKY BEPOATHOCTH IEpeobydeHus I mydka h MOHO-
TOHHBIX Tieneit jpmaer H.
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11 OueHkn BepoSATHOCTU pPaBHOMEPHOIro OTKJ/IOHEeHUS

OYHKITMOHAJ BEPOSITHOCTH PABHOMEPHO20 OMEKAOHEHUA TaCTOT OIMMOOK B JIBYX BbI-
bopkax BBoguTca B VC-Teopun u 6epércs 3a OCHOBY BO MHOI'MX ITOCJIEIYIONINX HCCJIEI0-
BaHmsX (cM. 0630psl [108, 59, 13]). On saBisercs BepxXHeil OIEHKON BEpOATHOCTH 1IEpeody-
YeHUsI, HE 3aBUCAIIEH OT MeTOo/Ia O0YIeHUs (1, ITO JAET eMy OIPEIeIEHHOe MPAKTUIeCKOe
npenmytecTBo. C MOMOIIBI0 0OpaIleHnsT U3 HEro MOJIYYIaeTCsl BePXHsIs OIEHKa IacTOThI
ommbOK Ha KOHTPOJLHOI BBIOOpKe. K€ MUHMMM3aIms, B CBOIO OYepe/ib, IPUBOJIUT K HO-
BOMY MeTO/Ly OOy9eHUsl (i, KOTOPBIi, KOHETHO K€, OTJUIACTCA OT OOBITHON MUHUMI3AIIAN
sMImpuydeckoro pucka. llo mjgee, HOBBINT MeTOM [ JOJKEH OBITH MeHee IOJBEpKEH Ile-
PeodYUIeHNTO, TTOCKOJIBKY OH CTPOUJICA M3 COOOParKeHUi ONTHMU3aIMU 0000IIaoIIei cIo-
cobroctr. C APYyroif CTOPOHBI, 3aBBIIIEHHOCTD UCIIOJIb30BAHHON OIEHKU MOYKET IOBJIeTh
3a coDOI HEONTUMAJIbHOCTD MM JaKe HeaJeKBATHOCTh HOBOTO METO/IA.

[TosryunB HECKOJIBLKUMM CIIOCODAMU BEPXHUE OIEHKU BEPOSATHOCTH OOJILIIIONO PaBHO-
MEPHOI'0 OTKJIOHCHMH A, Mbl BBIZACHHUM, YTO BCE€ OHH YUYUTLIBAIOT CBASHOCTb, HO HE€ Y4YH-
ThIBalOT pacCJIOCHHUC. MMGHHO B 9TOM IIPOABJIACTCA 3aBbIINICHHOCTL OIECHOK BEPOATHOCTU

repeobyvueHns Yepe3 BEPOATHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§11.1 TexHuka nopo>XxkgaroLmMx N 3anpeLiaroLmnx MHOXXECTB

Hanomuuwm, aTo nepeobyuerrocmyio aaropurmMa a Ha BIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €r0o OMIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00yvaromieii:

§(a, X) =v(a, X) — v(a, X).
QO yHKIIMOHAT BEPOSITHOCTH IIePe0dyIeHMS
Q:(1,X) = P[6(uX, X) > ]

OIIEHUBAETCsI CBEPXY BEPOATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX MOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[i(a, X) > ¢] = P[rgeajcé(a,X) > .

MeTtoa makcumMusauum nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOKECTB MOZKET ObITh npuMenén K dyuknnonany Q. (A, X), eciu crenuaabHbM 06pa3oM
BBECTH MeTO]I 00yueHusi. DTa ujed npunaiekut Niase Tosmctuxumny.

Omnpenenenne 11.1. Meron obyveHust i HA3BIBACTCS MAKCUMUIAUUET NEPeodby erHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

1] onpeaesieHud cJeAyeT, 9To ecJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb7 TO
BEPOATHOCTD Hep606yq€HI/IH COBIIaIa€T C BEPOATHOCTHIO PAaBHOMEPHOI'O OTKJIOHECHUAD,

Q- (H? X) - @a(A> X)
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Jlemma 11.1. FEcim MeTos 4 MAKCUMU3HAPYET HEPEOOYIEHHOCTD, TO JIJIs KasKJ[OI'0 aJro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba eX: b= a} — zaInperanIiuM B cMbicie I'umore3sr 9.1:

X =] < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b, X) mus Beex b € A. (11.1)

BosbmMéM mpousBosibHbI T4, € X,. Torma I(a,xq) = 0, 1(b,z4) = 1. Ecau gormy-
CTUTh, UTO Tgy € X, TO IIOJIYIUM

6(b,X)=v(b,X)—v(b X)=v(a,X)+;—v(a,X)>da,X),

qro nporusopeunt (11.1), snauur, x,, € X. B cuty ero npoussossroctn X, € X.
Bosbmém mpomnsBosbHbIil 1, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gory-

CTUTb, 9TO Tp, € X, TO TOJIyIUM
6(b,X)=v(b,X)—v( X)=v(a,X)—v(a,X)+ ;>0 X),
aro porusopesnt (11.1), sHaunut, 1y, € X. B cuity ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 11.1 u o6mieit onenku paccioenusi—cBsiznoctu (9.2) cie-
JIyeT OIIeHKa CBA3HOCTHU JIIsl BEPOSITHOCTH PABHOMEDPHOI'O OTKJIOHEHUS.

Teopema 11.2. [lycts BeKTOPBHI OHIMOOK BCeX ajJTrOPHTMOB W3 A MOMAPHO Pa3/IHIHBI.
Torta mmeer MecTO BEpXHSIST OIEHKA BEPOSITHOCTH PABHOMEDPHOT'O OTKJIOHEHHS:

A Cé_jitf —u, m—
Qe(AX) < Y =17 ! (20m = eh)), (11.2)
acA L
e u = u(a) = |X,| — Bepxusist csazaocrs, d = d(a) = |X]| — HUXKHsIST CBS3HOCTB

amropurMma a, m = n(a,X) — 4ucI0 OMIMOOK aJIrOpUTMa G Ha TEHEPaJIbHOH BBIOODKE.

Dra OleHKa ropasjio XyzKe aHAJOIMYHON MO CTPYKTYPEe OIEHKU PaCCIOEHUA—CBsI3-
Hoctu (9.6) g meccumuctuanoit MOP. EnnHcTBeHHOE pasimtdie 3aKI0YAETCS B TOM,
9TO HEMOJIHOIEHHOCTH ¢(a) 3aMeHseTCs Ha HUKHIO CBA3HOCTH d(a). HenosHoneHHOCTH
pacTér ¢ HOMEPOM CJIOsI JIMHEHHO, COOTBETCTBEHHO, BKJIAJILI aJITOPUTMOB B (). YOBIBAIOT
SKCIIOHEHIMa bHo. HuKHsst cBsi3HOCTH d(a) He TpeBbimaetT ¢(a) U, Kak MOKa3bIBAIOT IKC-
nepuMeHThl [34], KOHIIEHTpUpyeTcsi BOKPYT OJJHOIO U TOTO K€ 3HAYEHHsI BO BCEX CJIOIX,
[O9TOMY AJTOPUTMBI BCEX CJIOEB BHOCST IPUMEPHO PaBHBIH BKJIaJ B oreHKy (11.2). Takum
00pa30M, 3Ta OIEHKA YIUTHIBAET CBSI3HOCTH, HO HE YUUTHIBAET PACCIOEHUE.
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§11.2 TexHuka uUenHbIX pPa3sI0>KEeHUA

MeTon, oneHIBaHNs BEPOATHOCTH PABHOMEDPHOTO OTKJIOHEHMsI, OCHOBAHHBIN Ha 1en-
Hox pasaoocenusz (chain expansion), npesioxen lerucom Kouenbikosbim B [34].

Teopema 11.3. /JLis sirobbix X, A u smoboro € € [0, 1]

0.(A.%) < Y [{s.90} < £]< thfmd(sa@)). (11.3)

acA

e d = d(a) — HUXKHSIS CBSI3HOCTB aJroputMa a, m = n(a, X) — 9uc/10 ommnboK aaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — ak),

HoxkazareabcrBo. O6o3naunm depes3 U, (X, ) wm tpocro U, uHAMKATOD 11€peodyIeH-
HOCTU aJITOPUTMa @ Ha BBIOOpPKE X :

U, = [0(a, X) > ] = [n(a,X) < s.(¢)].

O6o3naunm gepes U, orpunanue U,, To ectb U, = 1 — U,.

Bocnosibayemcst TeM, 9TO Ha MHOXKECTBE aJIropuTMOB A 3aJaHO OTHOIIEHME JacThd-
HOT'O IOPS/IKa KaK €CTeCTBEHHOEe OTHOIIEHNE MOPSAIKa Ha OY/IEeBBIX BEKTOPaxX OIMMOOK aJi-
ropuT™MoB. J[OMoJIHUM 9TO OTHOIIIEHHE JI0 JIMHEHTHOTO MOPSA/IKa ITPOU3BOJIBHBIM 00Pa30M.
[IpeicTaBuM BEpOSTHOCTH MAKCHMYyMa OMHAPHBIX BEJIMIMH KaK CyMMY BEPOSITHOCTER, BOC-
[TOJIb30BABIINCH UENHOIM PA3NOACEHUEM:

és:Pmc?XUa:ZPUa H Ub.
acA beA: b<a

OcraBuM B IEITHOM pa3/I0KEHUN TOJILKO Takue comHoxkuten Uy, ato b < a. Ocraib-
HbIEe COMHOKUTEJIH TPUBUAJIBHO OIeHUM cBepxy eaununeit, Uy < 1, b £ a. Toraa

<> P I vl
a€EA  bEA: b<a

Pacemorpum nmpoussenenne U,U, 1j1st Ipon3BOJIbHBIX b 1 a Takux, 910 b < a:

U,U, = [ (a X) < a(é‘)} [n(b, X) > sb(é‘)] =
= [Sa( £ =s5(e) <n(b, X) <nla,X) < sue)] =
= [sq(e ——<n(aX) sa(e)] [n(b, X) = n(a, X)] =
[n a, X) = |sq(e )J] [{sa(a)} < ﬂ [xba S X],

rae |s| — menas gacte s, {s} — npobuas gacts s. Torma
<O P ] UO=>P [ [na,X)=lsa()]][{sa(e)} < £][20a € X].
acA  beEA: b<a acA  beEA: b<a

CoMHOKHUTEIH, HEe 3aBUCANIME OT b, BbIHECEM 3a 3HAK IPOU3BeAcHus. BeeaéM MHO-
KecTBO X = {xba eX: b= a} U 3aMETUM, YTO

[T [owex] =[x cx).

beA: b<a
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Takum obpaszom,

Q- <Y [{sa(e)} < 7] Pn(a, X) = [sa(e)]] [X5 € X].

acA
YuaureiBas, aro | X | = d(a), moayuamum ornenky (11.2). Teopema nokasana. ]

Omnenka (11.3) no cBoeit crpykType anagorndna onenke (11.2). B neit ects 1Ba yiryd-
IIeHUd: BO-IIEPBLIX, CYMMUPOBAHUE IIPOU3BOIUTCA He II0 BCEM CJIOAM ceMeficTBa aaropHuT-
MOB (11put £ = k yUIUTBIBAETCS TOJIBKO KaK/IbII BTOPOIi CJIO ), BO-BTOPBIX, BMECTO «JIEBOT'O
XBOCTa» THUIEPreOMETPUYIECKOTo pacupejenenus H B meil durypupyer 3nadenue h ru-
[EePreoMeTPHIeCKOro pacipe/ienenns B onHoil Touke. C npyroit ctopomsl, onenka (11.3)
YUHATBIBAET TOJBKO HUKHIOIO CBA3HOCTB, YTO B UTOreE JiesiaeT eé Oosiee ¢j1aboil o cpaBHe-
uiio ¢ orenkoit (11.2). ITpu sTom 06e OINeHKN He YIUTHIBAIOT PACCIOCHUE.

§11.3 TexHuka cny4daiiHbix Ony>xaaHwui

BeposiTHOCTH PAaBHOMEPHOI'O OTKJIOHEHUSI YacTOT B CJIydae MOHOTOHHOI IIEIN MOYKeT
COBIA/IATh C BEPOSATHOCTHIO PABHOMEPHOI'O OTKJIOHEHUsI SMIIMPUYECKUX DPaclpee/IeHNi.
DToT JIIOOONBITHBIN (hakT ObLT 3aMedeH VBanom [lamuabiv.

JL71s mpon3BOJIbHOTO cemMeiicTBa A BBIpA3UM PAaBHOMEPHOE OTKJIOHEHHE YaCcTOTHI O~
60K B BLIGOpKax X 1 X wepes muamkaTopel b; = by(X) = [z; € X|:

D(X) = maxd(a, X) = max(v(a,X) — v(a, X)) =

a€A acA
L
= max [(a,xi)(% [z, € X] 7 [ EX]) =
acA 4 N—— N——’
=1 1-b; by
L
L 14
=— max » I(a,z;)|——b . 11.4
lk acA & (a, 2:) (L 2) ( )
MoHoTOHHaAs uenb anropuTmMoB — 310 MojenbHoe cemeiicto A = {ag, a1, ...,ap},

B KOTOPOM JITOPUTM @ JOIYCKAET M OIMUOOK Ha reHepasibHON BBIOOPKE, a KaKJIbIil 110-
CJIEJTY O AJITOPUTM XY2Ke TIPEJIBLIYINEro Ha oJHOM o0bekTe (ompeesenue 8.8, ¢Tp. 73).
[Ieperymepyem OOBEKTHI Ty, . . . , L1, TAKIM 00Pa30M, ITOOBI

Iag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (11.5)

Teopema 11.4. st MOHOTOHHOH II€IH aJaropuTMOB A, IPpOU3BOJILHOI reHepaIbHOH Bbl-
6opku X u rpoussoJibroro € € [0, 1] cupasejiuBa TouHas OLEHKA BEPOSITHOCTH TOI'O, UTO

PaBHOMEPDHOE OTKJIOHEHHE HE IIPEBBICUT &£

| - Gl

Plmaxd(a, X) <e ct :

acA
e g, (€) — JieBasi rpaHmIa ycedéHHOrO Tpeyrobauka Ilackass:

g, (e) = £(t — ek)[m <t <m+ D].
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HoxkaszareabcTBo. B ciyuae MmonoToHHOI Tienu ipejicrasiienue (11.4) yrpormaercst mocie
HO/ICTaHOBKH B Hero (11.5):

L aaygy L 0(m + d)
D0 = g mw Y- (7-0) = g s (5D - B)

=1

vie Byrqg =01+ -+ byrq. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OIMTUO0K
B BBIOOpPKaxX X 1 X BBIPasKaeTcs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPeIH
IIEPBBIX M + d WIEHOB OMHAPHOI ITOCIeI0BATEILHOCTH] by, . . ., by, OT «0XKIIaeMOroy Incia
equnul £ (m + d).

Haiiém rernepsb BepositHocTh TOro, uro D(X) HE MpEBBIIIALT £:

P[D(X) <e] =P| max (£(m+d) — Busa) < fek] =

D L
—PTI[4(m+d—ck) < Busd| =PT]loi (&) < B].
d=0 t=1
HOqueHHOQ BbIpazKeHne B TOYHOCTH COBIIa/IacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacipesesenuii (4.9), 1yist KoTopoii yzke HaiiIeHO TOYHOe BbIpa-
xkenwe (4.6) gepes yceuénnblii cieBa rpeyrosibauk [lackass. Teopema jgokazana. [

Pe3iome

QyHKIIMOHA PABHOMEPHOI'O OTKJIOHEHUS, BBEJICHHBIH B Teopun Barnnka-YepBonen-
KHCa, YIUTHIBAET CBA3HOCTH CEMENCTBA aJlOPUTMOB, HO HE YUUTBHIBAET €r0 PACCJIOEHUE.
N3-3a 5T0r0 OH MOXKET JIaBaTh CHUJIBHO 3aBbIIIEHHBIE OIEHKH BEPOSITHOCTH II€PEOOY IeHMSI.
Tem He MeHee, OH aKTUBHO HCIIOJIb3YETCA B TEOPUU CTATUCTUYIECKOro oOyueHus. Ero jpo-
CTOMHCTBO B TOM, YTO OH HE 3aBUCUT OT METOJa OOYUEHUs, ITO TO3BOJIAET Pa3padaThiBATH
HOBBIE METOJIbI OOYUCHUS ITyTEM MUHUMHUBAIUN €0 OOPAIEHHBIX BEPXHUX OIECHOK.

[Tpu mosryvyeHnn BEPXHUX OIEHOK BEPOSTHOCTH PABHOMEPHOT'O OTKJIOHEHUSA MOTYT Ha-
KaIJIUBaThCA JOMOJHATEIbHBIE TorpeitHocTu. Cpeau TpEX pacCMOTPEHHBIX TEXHHUK Iep-
BbI€ JIBE JIAIOT 3aBBIINIEHHBIE OIEHKU, TPEeThs Ja€T TOYHYIO OIEHKY, HO TOJHKO JIJId JYacT-

HOTO CJIy9asd MOHOTOHHOM TIeNN aJrOPUTMOB.

B cnepytowein nekumun Mbl TPUMEHUM OIEHKY PACC/IOEHUSI - CBI3HOCTU K CEMEMCTBY T10-
POTOBBIX KOHBIOHKIINI HaJ| BEIECTBEHHBIMU IPU3HAKAMN. JTO TEPBBIA MpUMep He MO-
JIeJIbHOT'O CeMENCTBA, MUPOKO UCIIOJIb3YEMOTO TPU PEIEHNN TPUKJIJIHBIX 3a/1a4.

Ynpa>kHeHust

Bamada 11.1 (5%). IMoay4uTh TOYHYIO OIEHKY BEPOATHOCTU PABHOMEDPHOI'O OTKJIOHEHHUSI
Q-(A,X) 11 yHUMOJIATIBHOI T aJITOPUTMOB.

Bamaua 11.2 (10*). Iloayunts Toumnyio onenky @.(A,X) g mpon3BoIbHOIO MHOKE-
CTBa aJI'OPUTMOB, 33JJAHHOTO I'PAGOM PACCIOCHUI—CBA3HOCTH.
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12 KoOHBIOHKTUBHbIE JlIOrnYeckne 3aKOHOMEPHOCTHU

Mp1 1obpasnch, HAKOHEII, /IO TIEPBOr0 MPAKTUIECKOTO NPUMEHEHUsT KOMOMHATOPHOM
TEOPHUH IepeodydeHns. A IMEHHO, OIeHKH PacCI0€HUsI—CBAZHOCTH OYIYT MPUMEHEHbI JIJIsT
VILYUIICHUS A02UMECKUL MEMOD0E KAACCUPUKAUUU.

§12.1 Jloruueckne metoabl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanuu. Jlomyctm, 910 KaxKjaoMy o0bekTy x; € X co-
OTBETCTBYET NpasusvHuili omeem y; € Y, rae Y — KOHEUHOe MHOYKECTBO NMEH KJIACCOB.
OO0BexTHI onuchBaloTCd HabOPOM 1 IUCIOBEIX npushakos fj: X — R, j=1,...,n.

Jlornyueckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, IIOCTPOCHUH KOMITO3UIINH HHMOP-

MaTUBHbBIX, XOPOIIIO UHTEPIIPETUPYEMBIX JIOTMYCCKNX 3aKOHOMEPHOCTEN.

Jlornyeckue npasmna n TpeboBaHune nHTepnpetTupyemocTn. IIpedukamom Oymem Ha-
3BIBATH [TPOU3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecim r(x) = 1, 1o Gyaem roso-
PUTD, UTO MPEJTUKAT 6bidensem OObeKT .

IIpasusom (rule) Gyem HA3BIBATH IIPEJINKAT U3 HEKOTOPOTO (PUKCHPOBAHHOIO CEMeii-
CTBa TIPEINKATOB R, 06/1a/1aI0INX CBONCTBOM UHMEPNPEMUPYEMOCU — OHU JIOCTATOYHO
IIPOCTHI U JIOIYCKAIOT 3alliCh HA €CTECTBEHHOM $I3BbIKE B TEPMUHAX IPEIMETHOI 00JIacTH.
Dtu TpeboBanmsa GOPMAIUIYIOTCS B caMOil KOHCTPYKInn cemeiictBa . MbI pacemorpum
HanboJIee PACIPOCTPAHEHHBII BUJ IIPABUII — NOP0206ble KOHBIOHKUUL:

r(z;0) = [[1fi(x) s; 6], (12.1)
jed
rie J C {1, ce ,n} — IIOJIMHOXKECTBO IIPU3HAKOB, ¢ cR — nopoez 10 j-My IPU3HAKY,

0 = (67)jc; — 6exmop nopozos, <; — OJUH U3 3HAKOB cpaBHeHus {<, >}.

Yucso |J| HasbiBaercs panzom konsronkyuu. OOBIMHO OHO OMPDAHHYUBAECTCHA CBEPXY
B YIOJIy BCE TOM K€ MHTEPIPETUPYEMOCTH (KaK YTBEPKIAIOT IICUXOJIOTH, JIFOJAM TPYIHO
HOHUMATH IpaBuia, cojep:xarme 6oee 7 yciopuii). Ha mpakTtuke orpanndenue Ha |J|
YCTAHABIMBAETCS PUKJIAHBIMUI CIIEIUATICTAMI UCXO/sl U3 creluduKy 3a1a49m.

ITpumepsbl 3akoHOMepHOCTEI. V13 33191 MeTUITUHCKOTO ITPOrHO3UPOBAHUS: €CJIM «BO3-
pact namuenTa Bbiie 60 JieT 1 paHee oH 1epeHéc HHMAPKT», TO OIEPAIHIO JIe/IaTh He CTOUT.
W3 3amaan kpeauToBaHus (PU3MIECKUX JIMIL: €CIN «3a6MINUK yKas3aJd B aHKeTe CBOM J10-
mamauii Tesiedon u ero sapiuiara npesbimaer $2000 B Mecsal 1 cyMMa KPeJIuTa He IPeBbI-
nraer $5 000», TO KpeauT MOXKHO BBLIATD. V3 3a1a91 pacio3HaBaHus CIIaMa: €CJIN B IIUCh-
Me IIPUCYTCTBYET CJIOBO 6eCIIaTHO U yKa3aH MOCKOBCKHUIT TejieOHHBI HOMED U JIOMEH
oTIpaBuTessd HaxoauTcd B Kurae», To 910 criaM.

MoHaTna 3akoHoMmepHOCTM N uHdOPMATUBHOCTU. Jlozuueckol 3aKOHOMEPHOCTBIO
KJj1acca y € Y OyJjieM Ha3bIBaTh IPaBUjIo r € R, BbjIe/s0MIee B 3aiaHHoil Bbioopke X C X
JIOCTATOYHO MHOTO OOBEKTOB KJlacca i W Majo OOBEKTOB BCEX OCTAJbHBIX KJIACCOB.
Hnga dbopmamuszanuu sToro TpeboBanusi BBOAAT JBa kKpurepus: p(r, X) — qucio noao-
AHCUMENDHDIT NPUMEPOS — OOBEKTOB KJIACCA ¥, BbLIEIAeMbIX HpasuioMm 7, u n(r, X) —
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YUCJIO OMPUYAMEALHHLT NPUMEPOS — OOBEKTOB BCEX OCTAJTbHBIX KJIACCOB, BBIJIEITEMbIX
npauyioM 7. /s moncka 3akoHOMEpHOCTell B cemeiicTBe npaBui R 110 oOydaroreil Bbl-
Oopke X ecTecTBEeHHO CTABUTH 3aJ1a4y JIBYXKPUTEPHUAJIHLHON ONTUMUA3AINN:

p(r,X) = #{xi cX ‘ r(z;) =1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

BBe,ILéM TaK2Ke 9UCJIO IIOJIOZKUTEJIbHBIX U OTPpUIlaTE/IbHBIX ITPUMEDPOB B BbI60pKe X:

P(X)=4#{x; e X:y; =y};
N(X) =#{z; € X: y; # y}.

Ha npakTuke JBa KpuUTepus p,n CBOPAYUBAIOT B OIMH I6pucmuMeckutl xpumepul
ungopmamuernocmu H (p,n) — max. VI3BeCTHBI JiecaTKU KPUTEPHUEB, JAONIX HEMHOTO
pasHbIe Pe3yJbTaThl, HO HA OJMH M3 HUX HeIb3d Ha3BaTh OC3YCJOBHO IPEAIIOYTUTEIb-
ubiM [85, 69]. Hekoropble Kpurepun sIBJIAIOTCA YUCTO IBPUCTUUECKUMU, JIPYTUHE MUMEIOT
6oJtee cTporue 060CHOBAHUS B TeOPUH MH(MOPMAIMNA 1 MATEMATUIECKON CTATUCTUKE.

IIpumep 12.1 (sBpuctuyeckue kpurepuu). Kpumepuii mounocmu (accuracy) —
9TO J0JI5 NPABUILHBIX KJaccupUKaIWii, TO €CTh OTHOIIECHHE OOIIEero YiC/Ia, BhIICICHHBIX

ITOJIOZKHUTEJ/IbHBIX M HEBBIJIC/ICHHBIX OTPUIATE/IbHBIX IIPUMEPOB K JIJIMHE BbI60pKI/II

p+N—n
A ="y

Nuorna nopmuposky youpator. uorma BBojgaT mrpad v > 1 3a BbljieIeHIEe OTPUTIATE b

(12.2)

HBIX O0BEKTOB, MOOIIPsis TEM CaAMBIM MOUCK «00Jiee YHCThIX» 3aKOHOMepHocTedl [29):

H(p,n) =p—n.

IIpumep 12.2 (kpurepmii 6ycrunra). B teopun Gycrunra [99] Bo3HHKaeT KpuTepwmit
pa3HOoCTU KBa[PATHLIX KOPHEI:

‘%ﬂ(pan) = \/]_)_\/E

B 3a/Jadax KJIaCCH(bHKaHHH C H€C6aﬂaHCHpOBaHHbIMI/I KJlacCaMM (KOI‘,H& ornormrenne P : N

CYIIECTBEHHO OTJIMYHO OT €JIMHUIIBI) UCIIOJIB3YeTCs TaKyKe HOPMUPOBAHHBIN KpUTEpPUil

H(p,n) =/p/P —/n/N.

ITpumep 12.3 (tounsrii Tect @uimepa). Eciu npussTh B Ka9ecTBe HYJIEBOI MUIIOTE-
3Bl TIPEJIITOJIOKEHNE, ITO TIPEJUKaThl 7(T) 1 [y(x) = y} SABJIIIOTCS HE3aBUCUMBIMU CJTY-
JafiHBIMU BeJIMYUHAME, TO NPH (PUKCHPOBAHHOM YHUCJIE BBIJIEISIEMbIX OOBEKTOB (p + n)
YUCJIO BbLACJIACMBIX OTPUIATE/IBHBIX IIPUMEPOB T IIOAYNHACTCA TUllepreoMeTpuIeCKOMY
p+n, N o - p+n, N
pacnpenenenmio h'y.3" (n). Hdocruraemerii yposenns smauumoctn o = HpU'%™ (n) pasen
BEPOATHOCTHA YHUCTO CJAyYalHON peasn3aruu HabOJII0IaeMOro WM eIé MEHbIIEero 3Hade-
Hug n. YeM MeHbIle ¢, TeM MeHee IIPaBIoIoA00Ha I'UII0Te3a O He3aBUCUMOCTH. B KavuecTse

KpuTepus nHMOPMATUBHOCTU OepyT — log av Kak Mepy Hec/IydailHOCTU B3aUMOCBS3H T U -

A (p,n) = —log HE N (n).
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ITpumep 12.4 (sHTpONMTHBII KpUTEpUil). ACHMITOTHYICCKAM NPUOINKEHUEM T'H-
[IEPreOMEeTPUIECKOI0 KPUTEPUS SIBIIACTCA IHMPONUTHBIT KPUMeput uH@opmMamueHocm
win evuzpuis ungopmayuy (information gain, IGain) [89):

P p+n h P P—l—N—p—nh P—p
P+ N P+N \p+n P+ N P+N—-p—n)’

H(p,n) =h

rie h(q) = —qlog, ¢ — (1 — q) logy(1 — q) — dyHKIWSs SHTPONUN TAPBI UCXOJOB C BEPOST-

HOoCcTsAMU g 1 1 — q.

IIpumep 12.5 (kpurepuii I>kunu). Ha npaxrtuke ncrosb3yor Takxke undekc oicu-
wu (Gini impurity ), ovmaarormuiics ot IGain Tonbpko dynakmumeit h(q) = 4q(1—q), KoTopas
HEIJIOXO alPOKCUMUPYeT (DYHKIHIO SHTPOIHUU Hapbl nexoaos [60).

Komno3uuyunm 3akoHomepHocTen. Kaxkias 3aKOHOMEPHOCTD BbIJIEISIET JIUIIb 9acTh BbI-
OOpPKM M OTHOCHUT €€ K ofHoMYy u3 KjaccoB. [loaromy kiraccudurarop a: X — Y cTpodar
13 OOJIBITIOTO YKCJIa 3AKOHOMEPHOCTEN, 00be/INHAA UX B KOMITO3UITUIO, HAITPUMED, C TIOMO-
IBI0 636€WEHHO20 2040CO8GHUA:

a(x) = arg max w,r(z), (12.3)

rae R, — MHOXKeCTBO 3aKOHOMEpHOCTeil Kiaacca ¥, w, > 0 — BeC 3aKOHOMEPHOCTH 7.
[TocTpoenne TakuxX KOMIIO3MIUI MOXKHO BecTH Ho-pasnoMy. OjHa u3 cTpareruii 3a-
KJIIOYAETCS B TOM, 9TOObI CHAYAJIA OCTPOUTD CINCKH 3aKOHOMepHOCTeil R, 3aTeM, pac-
CMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KaK HOBbIe IPU3HAKU, MOCTPOUTH HA HUX JIMHEHHBIH
KJIaccupukaTop JIFOOBIM U3 U3BECTHBIX METOO0B, HAIIPUMED, JIOTUCTUYIECKON perpeccu-
eiit [73] wim meromom onopubix BekTopoB [70|. Jpyrasi crparerusi 3aKJIHOUaeTCS B TOM,
YTOOLI CTPOUTH 3aKOHOMEPHOCTH II0 OYeped, W JIJIs KaxKJOoil 3aKOHOMEPHOCTH T Cpa3y
OLPEIETATH BeC w,. Tak, B 9aCTHOCTH, PabOTAIOT aJropuTMbl OycTunra [66].

§12.2 3apava npeackasaHnsa MHPOPMATUBHOCTU

Nrak, numeercd Tpu TUIa TapaMeTPOB, 00ydaeMbIX 110 BHIOOPKE, U, COOTBETCTBEHHO,

TpHU BO3MO2KHBIX UCTOIYHUKA Hep606y‘leHI/IHZ

1) noporu §’, j € J nias KaxKJ0ro Habopa MpU3HAKOB .J;
2) Habop MpU3HAKOB J /I KazK/0i 3aKOHOMEPHOCTH T
3) BeC w, JIsl KazKJI0i 3aKOHOMEPHOCTH 7.

EcrecTBeHHO moJiaraTh, 9TO XOPONIMH aJropuT™M a(r) MOXKHO HOCTPOUTH TOJBKO
U3 HelepeoOYYeHHBIX 3aKOHOMEPHOCTEH, MMEIONNX BBICOKYIO MH(MOPMATUBHOCTH KaK Ha
obyuaroreif, Tak 1 Ha KOHTPOJILHOI BBIOOPKE.

Haueit 1iesibio OyeT HoCTpoeHne Takoro Kpurepus #°, KOTOPbIii IpeIcKa3biBasl Obl
3HAYEHUE 3aJJaHHONO CTAHJIAPTHOIO KPHUTEpHs 7 Ha CKPBITOH BLIOOPKE IOC/IE OINTHUMIU-
sanmu noporos 67, Ipedckasannyio ungopmamuernocms ' IpeaIonaraeTces 3aTeM Hc-

[I0JIb30BaTh B KAYECTBE KPUTEPHUHA BHIOOPA MOJIMHOXKECTB ITPU3HAKOB J.
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[Ipobemoit mepeobyvenusi BeCOB w, Mbl 3aHUMAThCA He OyJieM, OTYACTH ITOTOMY,
9TO OHA y»Ke HeIuioxo mccienoBana [98, 56, 66, 79|, oruacTu, 9T0OBI COCPEIOTOTUTHCS
Ha [IPUMEHEHNN OIEHKN PACCIOEHUsICBA3HOCTU K CeMENCTBY MOPOTOBBIX KOHBIOHKITHIA.

[Lmoc mperaraemMoii cxeMbl B TOM, 9TO OHA He TpeOyeT YTO-JIM00 MEHATH B CYIIe-
CTBYIOIIUX METO/IaX O0yUueHusl 3aKOHOMEPHOCTEN, 3a MCKJII0UeHneM Kpurepus uHdopma-
tuBHOCTH. [[09TOMY €€ JIerko BcTpauBaTh B rOTOBbIE OMOJIMOTEKN aJrOPUTMOB.

Munyc ke B TOM, 9TO HE YUYHTBIBAETCS TEPEOOYUCHHUE, CBA3AHHOE C OINTUMU3aInei
OIMHOXKeCTB J 1 BecoB w,. TaknMm oOpazoM, MbI TIOKa HE MOYKEM JIaTh OKOHYATETHHOTO
perenus MpodJeMbl mepeo0ydeHns JIJIsi B3BEIIEHHOI'O T'0JIOCOBAHIS KOHLIOHKIINI.

MoHOTOHHOCTb KpuTepues nHopmaTUBHOCTU. BBeéM j1jist GUKCUPOBAHHOTO KJlacca
y € Y Ha MHOXKeCTBe HpaBu R MHIMKATOP OMMOKU

I(r,z;) = [r(z;) # yi=yl], r€R, zeX (12.4)

MHOzKeCTBO IpaBuil R MOpozK1aeT KOHETHOe MHOXKECTBO BekTopos ommbok (1(r, x;))=,
Ha KOTOPOM €CTECTBEHHbIM O6pa.3OM BBOAATCA OTHOIICHUSA IMOPAJIKa U IIPpEeAIIeCTBOBaHNA.

Crenyromas TeopeMa MOKa3bIBAET, ITO OOJBINMTMHCTBO U3BECTHBIX KPUTEPUEB NHGOP-
MaTHBHOCTH $IBJISTIOTCSI MOHOTOHHBIMU B cMbicsie Onpegesennst 9.2 (cp. 9.2). Orciona Bbi-
TEKAET, UTO OLEHKA PACCI0eHUA—CBA3HOCTH (9.6) MPUMEHNMa HE3aBUCUMO OT TOIO, KAKOMH
13 KpUTepues nHMHOPMATUBHOCTH UCIIOJIB3YETCs JIJIsT O0yYeHUs TPABUIIL.

Teopema 12.1. Ecin ¢yrakmnus € (p,n) cTporo MOHOTOHHO BO3PACTAET MO D H CTPO-
ro MOHOTOHHO yObIBaeT 1o n, to kpurepuii M (r, X) = = (p(?", X),n(r, X )) SIBJISTETCST
MOHOTOHHBIM OTHOCHTEJIbHO HHJKaTopa omuoku (12.4), u, cOOTBETCTBEHHO, METOJ] MAK-
CUMM3AIUH UH(POPMATHBHOCTH SIBJISIETCSI MOHOTOHHBIM METOJ[OM OOy YeHUsI [PAaBHUL.

HokazaTeabcTBO. OOO3HAYTNM ITPOEKITHIO BEKTOPA OmubOK 7 Ha moiBbI00pKY X C X we-
pes 7y = (I(a,x;))q,ecx. Hanmommum omnpesiesienne MOHOTOHHOTO KpuTepust M: J1st T0GbIX
X ¢ Xwurwve R, rakux, uaro Ty < Ux, cupaseymso M (r, X) < M (v, X).

Bosbmém npousposibabie X C X u r,v € R, Takue, uro 7y < Ux. Orcioga u u3 onpe-
JIeJICHUS HHAMKaTopa ormmbKn HemeienHo caenyet p(r, X) = p(v, X) un(r, X) < n(v, X),
IpUIEéM XOTs ObI OJHO M3 ITUX JBYX HepaseHcTB crporoe. CienoBaTesbHo,

%”(p(r,X),n(r, X)) > %”(p(v,X),n(v,X)),

qr0 papaocuabHO M (r, X) < M (v, X). Takum obpazom, M yaoBieTBOpsieT Olpe/Ie/IeHI0
MOHOTOHHOI'O KPUTEPHSI. ]

Kputepuin npeackasaHHoin To4HOCTU. Yucsio ommbOK IpaBujia 7 OTHOCUTEIBHO WH/IN-
karopa ommbku (12.4) mporosopumcst 0603HaYaTh GYKBOI M BMECTO OOBIYHOTO 7, ITOOBI
He IIyTaThb C YUCIOM OTPHUIATEIbHBIX IPUMEPOB:

m(r,X) =Y I(r,z) = n(r,X)+ P(X) - p(r,X).

zeX
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Torga wacrora onmbok v(r, X) = m(r, X)/|X| cBazana ¢ kpurepuem tounocru (12.2):
%(p(T,X),n(r,X)) =1- V(TaX)v

a MUHMMU3AIHs SMIIMPUYIECKOrO PUCKA SKBUBAJEHTHA MAKCUMU3AIUKE TOYHOCTH. Bjaro-
Jlapsi TOMY MOJUIMPOBAHHBIN KpuTepuit ' cTpouTCs 0COGEHHO IIPOCTO. 3aIuIineM
OIeHKY paccyioerns—cBs3noctu (9.6): s oboro € € (0, 1)

P[v(r, X) — v(r, X) Z Cioie QHf T (L — ek)) (12.5)

L—u—q
reR

rje u = u(r) — BepXHss CBA3HOCTH, ¢ = ¢(7) — HEHMOJHONEHHOCT, m = m(r, X) — ancio
ommbOK MpaBua T Ha TeHePAJIbHO BhIGOpKe. O0O3HAUNM HPABYIO YaCTh HEPABEHCTBA
qepes 1 (€), obpartHyIo K Heil GyHKIMIO — depes g4, (1n). Torma ¢ BeposTHOCTDHIO He MeHee
(1 —n) cupaBejiBa OIeHKA

v(r, X) <v(r,X)+ eor(n),
WA, [IOCJIE IIEPeX0/Ia OT YaCTOT K TOUHOCTAM,
%”(p(r, )_(), n(r, X)) > %”(p(r, X),n(r, X)) —evi(n).

Bzas n = %, IIOJIyYUM B IIPaBOil 4aCcTU HUZKHIOIO OIEHKY MeJIMaHbl TOYHOCTU Ha CKPBITOM
BbIOOpKe. K€ u nmpumem B KadecTBe mpejickazanus nHMGOPMATUBHOCTH:

H'(p,n) = H(p,n) — erp(3).

B obmem cirydae cToJIb TPOCTO# B3AMMOCBSII3U MEXKIY KpUTEpUeM 7 W JacTOTOM
omuboOK v yKe Her, U Hy’KHO pa3jie/bHo oreruBarh p(r, X ) cauzy u n(r, X) cBepxy.

Ownbku | n Il poga. Eciu r — 3aK0HOMEPHOCTHL KJIACCA Y, TO HEBLIIEJIEHUE 00BHEKTA
KJIacca Y Ha3bIBAIOT «IIPOITYCKOM eIy WIH 0uubKot nepeozo poda, a BelAeIeHIE 00bEKTa
qyKOT0 KJIacca — «JIOXKHOI TPEBOroity Wn owubkot 6mopozo poda. I'eHepasibHas BHIOOD-
Ka pasbuBaercs Ha JBa noamuokectBa X = {z; € X: y; =y} u X' = {x; € X1 y; # y}.
Takum 06paszomM, BOBHUKAIOT €IE ABa OIPeIe/IeHIs] NHIUKATOPa OIMNOKII:

I'(r,z) = [r(z) =0]lyi=y] = I(r,a;)[z; € X];
I"(r,z;) = [r( ) = 1] [yz + y] = I(r,z;) [931 € X”};
U, COOTBETCTBEHHO, JIBa OIIPE/IeJICHIs YUC/Ia U YacTOThI OMINOOK:
m/(r, X) = P(X) — p(r, X); V(r, X) =m/(r, X)/|1X];
m"(r, X) = n(r, X); Ve, X)) =m"(r, X)/|X]|.

B cuny roxaecrsa I'(r,x;) + 1"(r,x;) = I(r,x;) uMeeT MecTO pasiioxKeHHe OBIIEro
4qucJia omumOoK u obrieit vactorsl omubok Ha ommoOku [ u 11 poja:

m/(r, X) +m"(r, X) = m(r, X); Vi, X))+ (r, X) =v(r, X).
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Boimmmenm OleHKN pacCaoeHnsi—CBI3HOCTH OTAe/bHO Jid dactoT vV u v, npenona-
rasi, 9TO MeTO]l OOYIeHUsI SIBJIsIeTCSI MOHOTOHHBIM OTHOCHTEILHO WHIMKATOPa OMuOKM 1.
Jlnst obenx OIEHOK MHOXKeCTBO TpaBujl R m Meros oOydeHusi i oaumHakoBbl. CiiemoBa-
TeJIbHO, OJIMHAKOBBI TAKXKe MOPOXKIAIONINE U 3amperiaonmue Muoxkecrsa X,., X/, rpad
PaCCIOEHUSI—CBII3HOCTH U BEPOATHOCTH mosydenus upasuwi P, = P[uX =r|. Jlemmbr 7.2
u 9.3 ocratorca B cuse. Ognako Teopembr 7.4 u 9.4 TpeOyOT peBU3UHU, TMOCKOJBKY Te-
nepb actoThl ' u V' onpeensirores mo ¢cBouM wHAMKaTopaM ommoku I’ u [, orauaHbIM

oT 00ITero uHaAnKaTopa I, mopouBIIero rpad paccjaoeHusA—CBAZHOCTH.

Teopema 12.2 (omenka pacciioeHusi—cBsizHocTu itst omn6ok I u IT poma). /[lis
[TPOU3BOJILHONH BBIOOPKH X, IPOH3BOJIBHOTO MOHOTOHHOIO METOja OOYYeHUs (i U MPOU3-
BosibroOro € € (0,1)

_ Cch 'y
QL=P[/(nX)—v(rnX)>e] < D =5 H N (F(m —ek);  (126)
reR

¢

— C u 1 1
Q=P (rX)—v'(rnX)>e < ) %Hi‘_ﬁ;j’j} U (Em" —ek)); (12.7)
L

reR
e u = | X,.| — Bepx#sis cesizHocTh nipasuaa r, q = |X/|, ¢ = | X . NX'|, ¢" = | X! NX"| —
HEIOJHOIEHHOCTh IIPABHJIA I OTHOCHTEIHHO HHAHKaTopoB ommokn I, 1’1" coorBercTBen-
mo, m' =m/(r,X), m"” =m"(r,X) — gucsio onmboK 1npaBmuIa 1 HA reHepaIbHOH BHIOODKE

OTHOCHTEIbHO HHAUKATOpoB omubku 1', 1" coorsercrBenHo.

O6osraxmm mpasbie Tactn nepasencts (12.6) u (12.7) wepes 1, ,.(¢) n 1), (¢) cooTser-
CTBEHHO, a obpaTHble K HuM dyHKIIn — [epes &), (n) u €7, (n). Torma ¢ BepoaTHOCTDHIO
He Menee (1 — 7)) crpaBe/IUBbI OIEHKH

’/(TvX) < ’/(T?X) + SZ,k(n%
V', X) <v'(r, X) + ().

%, YTOOBI TOJIYUYUTh MeJIUaHHbIe OIeHKN. Bo3Bpalasich OT 9acToT OIubOK
V', V" K 0bo3HaueHugAM p, N, HOJYIHUM, ¢ BEPOATHOCTBIO HE MEHEe %,

Bozbmém 1 =

_ 1 1 p(v
rae § = ;P(X) — £ P(X) — mompapka Ha HecTpaTH(HINPOBAHHOCTDL KJIACCOB, KOTOPas
paBHa HyJIIO, €CJIU JOJIN IIOJOKUTEILHBIX IIPUMEPOB B 00YYEHUN ¥ KOHTPOJIE OJIMHAKOBDI.
[Toxcrasiigs npasble 9acTU STUX OLCHOK B 3aIaHHBIA CTaHIAPTHLI KpuTepuii nadopmMa-
TUBHOCTH ¢, TIOJIyIUM Kpumeputi npeickadannots urdopmamueHocmu:

H(p,m) = I ((p/0 = )4 (3) = 8), k(n/+(3)). (12.8)
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Mepexop, ot HeHabntopaemoii ouerkn k Habnogaemoii. Oynximm €, €y TPeJICKa-
3piBatoT uncsio omubok [ u Il poga Ha KOHTPO/IBEHOIT BHIOOPKE JJIMHBI k& 10 YUCITY OITUO0K
I u II pona Ha obyuarormeir BbIOOpKe JIHHBL £ 1 Tpady paccaoeHnss—CBA3HOCTH. [Ipu sToM
JIJIE TIOCTPOeHUs rpada UCIIOIb3yeTCsl MoJIHasd BRIOOPKa X ¢ M3BECTHBIMU KJIacCUpUKAIIN-
SIMU 1J; BceX 00beKTOB x; € X. 3Ha4YuT, BIOOPKA X BCE 2Ke IpeIoiaraeTcs Hab ro1aeMoil.
Xoresioch ObI UCIOTB30BATH BCE UMEIOIINECs JaHHble X JjId 00ydeHns 3aKOHOMEPHOCTEI,
a MHMOPMATHBHOCTD IIPEICKA3BIBATE /IS HEKOTOPOIl HEM3BECTHON BHIOOPKH X.
JlorrycTrM, 9TO pean30BaJIOCh OJHO U3 PABHOBEPOSITHBIX PA3OUEHU cynep-6ui00pKu
2 = XUX sl L + K #a nabmonaemyo X ianHbl L n ckpbiTyio X jumesl K. Eciu
ObI MBI 3HAJIM CKPBITYIO BBIOOPKY, TO MOLJINA ObI, IIOBTOPUB B TOYHOCTU BCE BBIKJIAIKH,
HOCTPOUTL PYHKIUH €] g, €7 ;¢ JUIA NPEJICKa3anug UHMOPMATUBHOCTH Ha CKPHITON BbI-
6opke X 10 HabmomaembiM sHauernam p = p(r, X) u n = n(r, X). o anamormu ¢ (12.8)
umeeM wenabarodaemuiti (unobservable) kpumeput npedckazannols ungopmamusrocmu:

Hpn) = (K (p/ T~ i (5) = 8), K(n/L+ ¢ (1)), (129)

OHAKO MBI He MOZKEM BBIYUCIUTE BEJIMINHBI €] 4, €] -, TOCKOJIbKY BBIOODKa X HEM3-
BeCcTHA. 3aMeHUM X HaOJIOIAEMBIMU £} ,, £/, ¥ npenedbpexkéMm nompaskoit 0. [Tosytmm
nabarodaemviti (observable) kpumeput npedckaszannot ungopmamusrocmu:

ob(Ds 1) = %(K(p/L —e:(3)), K(n/L+ s;’,k(é))). (12.10)

[Iponenannas samena ocHOBaHa Ha IUIIOTE3€, YTO ONEHKU HePeODYIeHHOCTH €y, €) k
CYIIECTBEHHO 3aBUCAT OT XapPaKTEPUCTHK PACCIOCHUS U CBI3HOCTU CeMelicTBa mpaBui R,
HO €J1a00 3aBUCAT OT JIJIMHBI BHIDOPKHU.

g npoBepku 3T0it runtore3sl Mapunoit Jlynapernko ObLT IPOBEJIEH CJIeTY IO 9KC-
nepumMent. B npocrpancrse R? cunTesuposainch MojeabHbIe CyIep-BLIO0pKH 2 ¢ Kiac-
cuduranuamu y; = r(x;, ), Ha KOTOPbIe HAKJIAIBLIBAJICS IIIyM — OTBETHI ¥; Ha HEKOTOPBIX
00bEeKTaX X; MHBEPTUPOBAJIUCH. Y POoBeHb 1myMa Bapbuposascs or 0% 1o 50% o6bekToB.
Memnsitoch Takzke pacrupejeseHue nyMa — BOJIN3U IPaHUIbl KJIACCOB, PABHOMEPHO, BJIAJIH
OT rpaHunbl KiaaccoB. Kaxkias cynep-BbIOOpKa MHOTOKPATHO pa3dWBajIaCh CJIydaiiHbIM
obpazoM Ha HabmomaeMyio n ckpbityio, 2 = X U X. ITo noasbi6opke X BBIUHCIISAINCH
OLEHKHU €) ;, €. 110 cynep-pbibopke 2" BHIMUCIAINCH ONEHKY €7 f¢, €7 5. Vlcmombzosaics
SHTPONUNHBI KpUuTepuilt nHGOPMATUBHOCTH F7 .

Puc. 12.1 nokaspiBaeT, 4T0 3aBUCUMOCTb HeHaOJr01aeMoil nH(MpOPMATUBHOCTA OT Ha-
OJ1r0/1aeMolt OJIM3Ka K JIMHEHOM, JazKe HeCMOTps Ha, MaJblii 00béM manabix L = K = 60.

Ha puc. 12.2 nokasaHa 3aBUCUMOCTD JIHHEHHON Koppessiyu cort(#y, Heop) OT JJii-
HbI cynep-BbiOopku. KoppeJisiius cTaHOBUTCH OJIM3Ka K €JIMHUIE HA BBLIOOPKAX MOPSIKA
HECKOJIBKUX JIECATKOB OObeKTOB. lIpum yBesmyenun ypoBHA IIymMa HeoOXOguMas JJIMHA

BBIOOPKHU YBEJIUYUBACTCH, HO HE KPUTUTHO.
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Puc. 12.1. Basucumocts F, OT %’;’b npu L = K = 60 111 IByMEPHBIX MOJETbHBIX
BBIGOPOK 1Ipu pazimdaoM yposre myma (¢ — 0%, o — 10%, 0 — 50%) u paznuanom
pacCHpeIeIeHNH [IyMOBBIX O0bEKTOB (CHHUI — Ha MPAHUIE KJIACCOB, 3eJIEHBINH — PABHO-
MEpHO, KPACHBIN — BJIAJIM OT IPAHUILI KJIACCOB). TOYKH COOTBETCTBYIOT pa3sOUeHUsIM

Cymep-BbIOOPKU Ha HAOJIIOMAEMYIO U CKPLITYIO.

corr wym 0%  corr wym 10%
10 4 1.0 {
09 4 09 4
08
07 §
06 1
05 3 :
04 4 05 7

08 ]
07 ]
06 4

03 04 ]
02 4 03 4
01 02
0.1

20 40 60 80 100 120 140 160 L+K 20 40 60 80 100 120 140 160 L+K

Puc. 12.2. 3aBucumMocTb KOPpessiiun Hyy, U Ao, OT IJIHHBI Cylep-BbIOOPDKH U 3a-
Iy MJIEHHOCTH JAHHBIX IPU PA3IMIHOM yPOBHE U PACHPEIeIEHIH Iy Ma.

§12.3 Knaccbl 3KBUBa/IEBHTHOCTU MOPOroBbIX KOHBLIOHKLWA

Harmeit Oymmkaiimmeit 1mebio Oy/1eT MOMCK KOHCTPYKTHBHOTO OIMMCAHUS MHOYKECTBA
Bcex npaui R Buja (12.1) ¢ momapHo pasaudHbBIME BeKTOpamu OmuboK st 3ddek-
THBHOI'O BBIUUC/ICHUS OIEHOK paccioeHns—casnocru (12.6) u (12.7).

Byzaem nonarars, uro B npasmiax suja (12.1) MHOXKeCcTBO npu3HAKOB J (hUKCHpOBa-
HO, U BCe 3HAKH CPaBHEHUs <; CyTh < (BO3MOXKHOCTH BBIOODA 3HAKOB CPABHEHUS MOXKHO
peasm3oBaTh, 100aBUB N npu3HakoB — fi(x), ..., —f,(x)).

Onpenenuy nnukarop ommbku I(r,z;) = [r(z;) # [y;=y]], ana moboro npasuia
r € R u moboro oobekTa x; € X, r71e y € Y — (DUKCUPOBAHHBIN KJIacc.

YT06bI BBIYUC/IUTL OLEHKY pPaccjaoeHus—CBsa3HOCTH (9.6), HEOOXOIMMO BBINOJHUTH
CYMMUPOBaHIE T10 MHOYKECTBY BCEX IPABUJI C MOMAPHO PA3JNIHBIMI BEKTOPAMH OITHOOK.
st 3TOTO BBEIEM OTHOIEHVE SKBUBAJEHTHOCTH HA IPABUJIAX M PACCMOTPUM OIHCAHWE

KJIACCOB 9KBUBAJIEHTHOCTH, IpejioxkenHoe Anjipeem Usaxuenko B [30, 31, 112].
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Knaccel 3kBuBaneHTHocTu npasun. Jlomycrnm, 4To 3HAMCHHS ) = fi(x;) xaxmoro
npusHaka j € J Ha Bcex 00beKTax x; € X IOIMapHO pa3/InydHbl. be3 orpanmvyeHus OOIIHO-
cti OyJ1eM TIPeIIoIaraTh, YTO Bce MPU3HAKN IPUHUMAIOT Ie/ible 3Hadenns 1, ..., L. 3Ha-
genus 1oporos 67 B npasuiax (12.1) Takyke BHIOMpaIOTCH M3 HebIX 3Hadenuit 0, ..., L.
Takum obpas3oM, 1 00BEKTHI, U IIPABU/IA OINUCHIBAIOTCS dJEeMEHTAMU OJHOIO M TOTO Ke
nuckpernoro muozxecrsa © = {0, ..., L}, Byxem nonarars, uto R =0 n X C O.

Nuukarop ommOKN WHIYIUPYET Ha MHOXKECTBE NMPaBUI R KAGCCH 9KEUBAAECHMMHO-
cmu. JIBa mpaBmTa SKBUBAJEHTHBI, €CJIM UX BEKTOPHI OMMOOK COBIAIAIOT. BEKTOPHI 110-
poros 6, 0" € © sksuBasenTHbIx npaswui r(z, ), r(x, ) Moryr He coBIaIAT.

J1J1s1 IPOUBBOILHBIX BeKTOPOB U = (4 ) ey, v = (v7) ;e 7 13 © BBEJEM eCcTeCTBEHHOE OT-
nomenne nopsaka: (u < v) <> Vi € J (v < vf). Monoxum (u < v) < (u<vuu#o).

ITpumep 12.6. Ha puc. 12.3 nokazan npumep 3a1a4u ¢ n = 2 npusnakamu, L = 10 06b-
extamu u cemeiicto npasui r(x;0) = [x < 0] = [z} < 0] [2? < 6?]. Kaxjomy npasuiy
COOTBETCTBYeT y3eJl IeJIounc/IeHHoil mpsaMoyrobhoit cetku (01, 60%) € © = {0,..., L}2.

Jlemma 12.3. Ilycts EF C R — kJacc 9KBUBaJIeHTHOCTH npaBu/l. lorja Kiaaccy E npu-
Hajtexxut npasuio r(x; 0g), e 0, = reniél 07 s Beex j € J.
€

JokazaTeabcTBO. B cuy sKBUBaJCHTHOCTH UM OMHAPHOCTHU IpaBumi u3 F, mpegukar

re(z) = ] r(x;0) npuanmaer Ha Beex obbekTax x € X Te Ke 3HAYECHUsI, 9TO U JIFOOOE
0cE
npasuio 0 uz E, re(x) = r(z;§). Kpome Toro, npeaukar rg npejcrasum B Buje (12.1):

re(z) = HH[mJ <) = H[xj < ropeiélé’j] = H[x] < 6?5] =r(x;0g).

0cE jeJ jeJ jeJ
Takum obpaszom, npasmio 7(z; 0g) Tak:ke npunaiexutr E. Jlemma nokasana. |

Byzem nazeiBath npasmwio 7g(x) = r(x; 0g) cmandapmmuvim npedcmasumenem Kiacca
skBuBasienTHocTH E. Ha puc. 12.3 cramgaprabie mpeacTaBUTe I COOTBETCTBYIOT JICBBIM
HIPKHIM TOYKaM Kazk1oro kiacca sksusasentnocr: (0,0), (1,8), (2,5), (5,1), n T .

I'paruynots mouwkoti mogmuokecTBa S C X Ha30BEM BeKTOpP g ¢ KOOpmHATAMN
Qé = Iileagcxj, j € J. Bamernm, uro r(x,0s) = 1 ma moboro z € S.

Iparusmvim 063eKmom OIMHOKeCTBa, S Ha30BEM 00beKT o € S, Takoil, 4yTo a7 = 9§
IIPU HEKOTOPOM .

I'paruurvim nodmmoostcecmeom Ha30BEM Takoe MmoaMHOKecTBO S C X, Bce 9/1eMEeHThI
KOTOPOI'O ABJIAIOTCA €ro rpaHuIHbIMU O6”beKTal\H/I.

ITycToe MHOMKECTBO OyIeM CUMTAThL TPAaHHYHBIM C IPaHUYIHOl Toukoil 0 = 0, j € J.

Teopema 12.4. KaxxjoMmy Kjaccy S5KBHBAJIEHTHOCTH [ B3aWMHO OTHO3HAYHO COOTBET-
CTBYeT I'DAHHIHOE MOJIMHOXKECTBO S, npuiéM 0 = 0.

HokazaTeabcTBO. PaccMoTpuM 1Ipon3BOJIBHBIH KJIACC SKBUBAJCHTHOCTH F cO cTanapT-
HBIM TpejcraBuresieM 7(z;0g). 3adukcnpyem nponsBosbHBIT npusHak j € J. B cuny
Jlemmbr 12.3 ymenblenue nopora 67, Ha eJMHUILY IPUBOJUT K YMEHBIIEHUIO 3HAYEHUS
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Puc. 12.3. /IBymepnag Beioopka n3 L = 10 00beKTOB, 110 5 00BEKTOB B KaXKJIOM KJIaC-
ce. OOBbEKTBI OTMEYEHBI KPYIHBIMEI TOUKaMu. [IpaBujiaMm cOOTBETCTBYIOT MEJIKUE TOU-
KU1 B y3J/1aX CETKHU. SKBI/IBaHeHTHbIe IIpaBuJIia COCIMHEHBI OTPE3KaMU. Pﬂ,ZLOM C KazKJIbIM

KJIACCOM SKBUBAJIEHTHOCTH yKAa3aHO YHUCJIO OMMOOK Ha TeHepasibHoll Boibopke m(r, X).

A O N o ©
T

A 4 5

w
T

‘ O Class0(5) % Class 1(5)‘

Puc. 12.4. I'pad cBazeit Mexkay cTaHIAPTHBIMEA IPEICTABATEISIMIA KJIACCOB SKBUBA-

JIEHTHBIX ITPABUJI JIJIsi BLIDOPKH, IIpejicTaBiennoit na Puc. 12.3.

Puc. 12.5. I'pad pacciioenusi—cBsizHOCTH, H30MOPGhHBII rpady cBsizeit Ha Puc. 12.4.
[To BepTHKAIBLHOI OCH OTJIOXKEHO uncyio ommubok npasui m(r, X).



= 118 =

r(z;0g) ¢ 1 1o 0 na Hekoropom obbekre x € X, TakoM, 4o r < O u 7/ = 9};3. Muage MbI
He BBIILTN OBl 3a IIPeJIesIbl Kilacca SKBUBaJIeHTHOCTH F, u  He Mor Obl OBITH CTAHIAPT-
HBIM TIpejicTaBuTesieM. V3 mpeanonokKeHns o IONapHOil pa3InIHOCTH 3HAYEHIH KazKI0T0
pu3HaKa Ha 00beKTax u3 X cJelyer, YTo TaAKOil OOBEKT & €JIMHCTBEHHDINH TPU KayKJIOM J.
MHoxKecTBO BceX TaKnX 00bEKTOB S = {x eX } r<Opudje: = 9‘}3} oIpeIesIEHO
€JIMHCTBEHHBIM 00PA30M U SIBJII€TCS TPAHUYIHBIM, IPUIEM g = 0.

Bepro n obpatnoe. [Ipou3BosibHOMY I'PDAHUIHOMY IOJMHOMKECTBY S COOTBETCTBYET
rpanuyHas Touka fg. [Ipasuio r(x;fg) jeKuT B HEKOTOPOM KJIACCe SKBUBATEHTHOCTH F
U sBJIIETCH ero CTaHJapTHBIM mpejcraButeseM, 0p = fg, MOCKOJIbKY yMEHbIIIEHHE I10-
pora Qg 110 JIIOOOH U3 KOOPJMHAT MPUBEJET K U3MEHEHWIo 3HadeHus 7(z;0g) Ha OHOM
13 TPAHUIHBIX OOBEKTOB MHOXKECTBa S.

Teopema j10ka3aHa. [

13 Teopemsbrl creyer, aro |S| < |J|, B cuity IpeanosiozKeHust, YTO 3HAUEHNsT KaxKJ0T0
IPHU3HAKA, [TONIAPHO Pa3JIMIHbI Ha Beeil Boibopke X.

CsoiicTBa rpaHu4Hbix nogmHoxecTs. O6osHaunM depes M; MHOKECTBO BCEX I'DaHIY-
HBIX ITOJIMHOYKECTB MOIIHOCTHU j U MEPEYUCIUM UX OCHOBHBIE CBOWCTBA.

1. M, cocrour u3 Bcex L 0JHO3IEMEHTHBLIX IIOAMHOXKeCTB, M| = {{a:l}, oo { L}}
2. M, coctouT u3 Bcex Iap HeCPaBHUMBIX OOBEKTOB U3 X.

3. MoOIHOCTb IPAHUYHBIX MOJMHOKECTB HE MOMKET MPEBBIIIATh PAHIA KOHbLIOHKIIH:
M; =@ upu j > |J|.

4. T'panmnOe MOAMHOMKECTBO MOKET COCTOSATH TOJILKO U3 IOIMAPHO HECPABHUMBIX 00b-
exToB. OJHAKO HEe BCAKOE MOJMHOYKECTBO U3 TPEX U 6oJiee IMONAapHO HECPABHUMBIX
00beKTOB siBJIsieTCs IpannaabiM. Hampumep, oobektor (1,3,4), (3,1,1), (2,2,2) 1o-

ITapHO HECpaBHUMbI, HO HOC.HerZ[HI/II'?'I U3 HUX HE ABJIACTCA I'PaHUIHBIM.

5. Jlioboe mopmuoxkecTBo S’ C S rpaHMYHOrO TOJMHOKECTBA S TaK:Ke TPAHUIHOE.

Vcxons U3 9TUX CBOMCTB, MOXKHO IIPEJJIOXKUTD CJIeAYIOIINil aJropuTM epebopa Beex
FpaHHquIX IIOJIMHOZKECTB.

Ha mepBowm 1mare crpourcst MHOXKecTBO M7 Beex L 0HO3I€MEHTHBIX IIOIMHOYKECTB.
asee na kaxkaoMm mare j = 2, ..., |J| kK kaxgomy nogmuozkectsy S’ € M;_y nobasisiercs
BCEMU BO3MOXKHBIMHU criocobamu enié ojun oobekT x € X \ S, u eciu nojrydeHtoe 1mo/i-
mHO)ecTBO S = S" U {2} rpanudnoe (YITO JIErKO MPOBEPSIETCS MO ONMPEIEJCHHUIO), TO OHO
BKJIIO4aeTcs B M.

J111 BBIMNCICHNS OIICHOK PACCIOCHUS—CBA3HOCTH 3TOT aJrOPUTM HE JIOCTATOYHO -
(bekTHBEH, TaK KaK OH He IepeOMpaeT MpaBuIa, 0 CJIOIM CHU3Y BBEPX U HE HOACUYUTHLIBACT
XapaKTePUCTUKH CBA3HOCTU U HEIOJIHOIEHHOCTH KAaKJIOrO IpaBUIIa.
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pachuyeckue npepcraBneHuss knaccoB 3skBuBaneHTHocTu. Ha puc. 12.4 u3obpa-
JKeH 2pag ceazell MeXKITY KIacCaMi SKBUBAJIEHTHOCTH. Beprmabl rpada cOOTBETCTBYIOT
CTaHJIAPTHBIM IIPEJICTABUTENSAM KJIACCOB SKBUBaJEHTHOCTH. PéOpaMu coennHEHbI MMpaBU-
JIa, BEKTOPBI OIMMMUOOK KOTOPBIX pa3/IMYaloTcs Ha ojaHoM oObekTe. ['pad cazeil 3aBucut
TOJIBKO OT O0BEKTOB ;, HO HEe 3aBUCHUT OT UX KJIacCUMUKAIINN ;.

Eciu yaects Knaccudukarum o0beKTOB, TO JJIsi KaxKJI0T0 KJacca SKBUBAJEHTHOCTH F
MOZKHO BBIMHCIINTH 4nciio omubok m(rg, X). Ha Puc. 12.4 ono ykaszano psioMm ¢ Kazk/oi
TOYKOI — CTAHJAPTHBIM IIPeJICTaBUTEIEM KJacca SKBUBaJeHTHOCTH. ['pad paccioenms-
CBSIBHOCTH JIAHHOI'O ceMeiicTBa mpaBus nzomMopden rpady cBazeil u gBJseTCS MHOIO-
JIOJBHBIM. Ero m-it cjioii obpasyercs BceMu IpaBHJIAMU, JJIsi KOTOPbIX m(rg, X) = m,
cm. Puc. 12.5. Cjon pacnoyiararorcest B OPsiIKe BO3pACTaHUS UNC/IA OMIOOK CHU3Y BBEPX.

§12.4 TllocnoiiHoe BblYNC/IEHNE OLLEHKU PacC/IOEHUSI—CBSASHOCTU

Paccvorpum Temneph agroputM mepedbopa IpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCJIATH XapPaKTEPUCTUKN CBA3HOCTUA U HEIOJHONEHHOCTH KaXKJ0T0 IIPaBUJa U, JBUTASICH
10 CJIOSM CHU3Y BBEPX, BOBPEMS IPEPhIBATH BHIYUCIEHNIE OIEHKN PACCIO0CHUS - CBA3HOCTH.

MocTpoeHune okpecTHOCTM NpaBuna. PaccMOTpuM CIIELYIONLYIO BCIIOMOTATEIbHYIO 3a-
nady. 3agano npasuio r(z; 0) ¢ Bekropom moporos 6 = (67) ;¢ ;. Tpebyercs mocTpouTs ero
okpecmmocmy Vo — MHOKECTBO Beex mpaBui 7(x, 0'), BeKTOPBI OMmOOK KOTOPBIX OTIHYa-
IOTCSl OT €ro BEKTOPa OIMMMOOK TOJIHBKO Ha OTHOM OObEKTE.

[Tpr mOCTPOEHUN OKPECTHOCTU OYIYT 3a0AHO0 (POPMHUPOBATHCS U XapaKTEPUCTHKH
npasuia 1(x, 0), HeoOXOAUMbBIE JJIsl BBIYUCIEHHsI OIEHKU PACCIOEHUsI—CBSI3HOCTH:

Xy — nopox garomee MHOKecTBO, () = |Xy| — Bepxusst CBA3HOCTD;

X}, — zamperaroriee MHO)KeCcTBO, ¢(#) = |Xj| — memoanoneHnocTs;

q'(0),q"(0) — menosmmonennocru otaenbHo 1o omubkam 1 u I pona;

m(0) = m(r, X) — aucsio ommbOK npaBusa Ha NeHEPAJbHON BBIOODKE;

m’(0), m"(0) — aucio ommbok I u II poma npaBuia Ha reHepabHO BHIOOPKE.

Bygem cTpouTh TOJBKO TaKWe BEKTOPHI MOPOroB ', KOTOpbIE SBIAIOTCS TI'DaHUY-
HBIMH TOYKaMu U, corjiacHo Teopeme 12.4, oJIHOBpeMEHHO CTaHJIAPTHBIMU IIPEJICTABU-
TeJIAMU KJIACCOB 3KBUBAJEHTHOCTH MNpaBus. llocTpoenne pasbuBaeTcss Ha JBa 3Talla,
cm. Anrropurm 12.1.

Ha nepBom starme (maru 1-5) crposites Bce coceaue npasusia r(x; €'), mosydaembie
u3 0 myTéM yMeHBIIIeHUsT HEKOTOPBIX Toporos, #' < . JIjist 5Toro u3 rpaHuIHOrO TOAMHO-
xectba S(0) = {z € S| 3j € J: 2/ = 67} n00uepEIHO NCKIOTACTCS OTHH U3 00HEKTOB
U COOTBETCTBYIONIHE HOPOru 7, 110 KOTOPLIM OH 1 GBbLI I'PaHUYHBIM, yMeHbIIaoTced. ducsio
HOJTy9aeMbIX TAKHM CIOCODOM COCEJHUX MpaBHJI He Ipesblimaet |S (7).

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 1 (z; 0'), nomydaembie
Iy TEM yBEJIMYEHNUsT HEKOTOPBIX TTOPoros, 6’ > 0. Do GoJtee CIOKHBIIN CITyUail, U 3J1eCh ITPHU-
XOJIUTCS NPUOEraTh K peKypcuBHOii poreaype. CHavaia JgenaeTcs HoJAroTOBUTEIbHAS Pa-
6ora (maru 6, 7): 110 Kazk10if KoopaunaTe j € .J onpejesserca MaKCHMaIbHad Tpanua, 67,
BBIIIIE KOTOPO COCEIHIX PABIII OBITH HE MOKET. DTO He0OsA3aTe/IbHOE IIOCTPOCHNE, HO OHO
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Anropurm 12.1. [Tocrpoenne okpecraoctu Vp npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0 = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.
Brixon:

Vo, Xo, Xo, m(8), m'(6), m"(0), q(0), ¢'(0), ¢"(0), u(6).

Otamr 1 — mocTpoeHne OKPECTHBIX MPABUJI IIYTEM YMEHbBIIIEHHST ITOPOIOB:

1. V= @,
2: misg Beex x € X rakux, uro r(z;0) =1u3dje J: 7 =27
3. poa Beex j € J Takux, uro x) = ¢’
4: 07 = max{xg } v €X, x; < 9};
5. [Jobasuts (0,0, z);
IloaroroBka K sTamy 2 — MOHCK MaKCHMAJIBHON IDAHITHOH TOYKH 0
6: mJis Bcex j € J
7. ¢ :=min{L,2’ |z eX, 27 >0/, ' <O, t#j};

Oram 2 — 1mocTpoeHne OKPeCTHBIX MPABUJ IyTEM YBEJIMICHHS [IOPOTOB:
8: mJisd Bcex j € J
IS BCeX T Takux, aTo 67 < 27 < 67
10: ecmn & < 0 n ZI.MPOBEPEH = HET TO
11: Mposeputs(z);

12: ITPOLIETYPA T[poseputs(x)
13: agg Beex j € J Takux, uro 07 < z7
14:  pJig BcexX I Takux, uro (7 < 3/ < xJ

15: ecam ) < T < x TO

16: Z.NPOBEPEH := MNJIOXOM;

17: ecJsiu Z.nposepeH = HeT TO [NpoBeputhb(T);
18: BBIXOJT;

19: x.NpOBepeH = XOpOoLUWii;
20: 07 := max{6?, 27}, nnua Beex j € J;
21: [lobasuts(6,0', x);

22: IPOEAYPA [dobasuts(6, 6, x;)
23: j106asuTh ' B cumcok Vp;
24: ecqmm r(z;;0) = [y;=y| TO
npasuio ' HaxoauTCs cJoeM Bbimie, 9eM 6:
25:  Xp:=XoU{x;}; u(f) :=|Xyl;
26: MHaAYE
npaBuio 0 HaxoauTCs cjoeM HHKe, deM 0:
o7 m(B) = m(®) + 1 m(0) = m(O) + lge=yl; m(6) = () + sl
28: Xy =X, U X, U{xl: q(8) :=|Xp;
29 q'(0) :=#{x; € Xpryj =y} ¢"(0):=H#{x; € Xp:y; #y};
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AsroputMm 12.2. BerauciieHue OIEHKH PaCCI0CHUS—CBA3HOCTHU JJIsi CEMeCTBa IIOPOIo-
BbIX KOH'BIOHKITHIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJ, X — BbIOOPKA.
Beixox: Q., Q7 — onenkn BeposTHOCTH Tepeobyuenus (12.6), (12.7).

1. ©:= Argmeinm(@,X); QL:=0; QY:=0;

2: TIOBTOPSTH

3: =0 Q, =0, O:=0g;

4: g Becex 0 € ©

5: MIOCTPOUTH OKPECTHOCTH Vjy ¢ momornbio Ajropurma 12.1;

1) .

6: P9 T CL—u(@)—q(@)/Cgﬂ
L—u(0), m'(0)—q' (0 .

7 Lo = QL+ PG T (£(m/(0) — £k));
L—u(0), m" (0)—q" (0

9: O :=0'U{f € Vyp: m(0) =m(0) +1};
10: QLi=QL+QL,,; QU:=QI+Q,; 0:=6;

11: moKa BKJIAJBI cjiod QL u Q7 He cTaHyT MaJIbl.

[IO3BOJINT B JlajIbHEIeM COKpaTuTh HOoUCK. KaxKplii 00beKT BBIOOPKH & € X MOXKET Ha-
XOJIUTHCS B OJTHOM W3 TPEX CTATYCOB: X.MpoBepeH € {HeT, naoxoii, xopownii}. Crauasa Bee
OOBEKTHI HE TPOBEPEHBI. 3aTeM MPOCMATPUBAIOTCS BCE OOBEKTHI T € X, MOKPHIBAEMbIE
npasusiom 7(x;#), HO He TOKpbIBaeMbIe pasuioM 7(x; #). To osHagaet, uto 0 < x < 0,
U x0T ObI IO OJHOH KOOpJHMHATe OOLeKT ¥ JIeKUT Bbime mopora: 07 < 7. Jlng Kask-
JIOTO TAKOro 06'beKTa BbI3bIBaeTcs mporeaypa [Nposeputs(z). OHa ycTaHaBIMBaET CTATYC
00'beKTa T.XOPOLNiA, ec/iu cylnecTByeT npasuio 7(x; '), HOKpbIBAIOIIEe TOJIBKO OOBEKT T
1 Bce 00BEKTHI, MOKpbIBaeMble mpasuioM 7(x;0). Eciu ke npasuno r(x; '), mHapaty c z,
MOKPBIBAET €I1é OJINH 00bEKT T, He MOKPbIBaeMbIil mpasuioM 7(z; ), To ycraHaBInBaeTCst
craryc oObeKTa T.MAoXol, 1 mporeaypa [1poBepnTs(Z) BbI3BIBAETCST PEKYPCUBHO I 00b-
exra T. Kaxplii «xopormmity 00bekT & nHgynupyer cocennee npasuio 0 = max{0, x},
KOTOpOe  j00aBJisgeTcst B CIIMCOK Vy. BBejienne craTycoB oObeKTOB O3BOJIsIET M30exKaTh
UX IMOBTOPHOTO mepebopa B OCHOBHOM ITHK/I€ BTOPOT'O dTAIla.

DTUMI JIBYMs STallaMi MOUCK OKPECTHBIX IPaBUJI OorpaHudnBaercd. pyrue ciydan
paccMaTpuBaTh He HYKHO, TaK KaK €CJId IOPOI YMEHBIIAeTCs II0 OJHOW KOOpIWHATE,
0" < 7, u ypemuusaercs 1o apyroit, 0t > ', to rpanuunblie Touku 0 u ' He MOryT OLITDH
COCEJIHNMMU, ITOCKOJIbKY BEKTOPDbI OHII/I6OK COOTBETCTBYIOIIUX UM IIPpaBUJI OTJINIaIOTCA, KaK
MUHUMYM, Ha JIByX 00bEeKTax.

IIpn sddexrnBHO peammzanun AnropurMa 12.1 o Kak1oMy Ipu3HaKky f; 3apaHee
CTPOWTCHA MHJIEKC — MACCUB HOMEPOB OOBEKTOB, YIOPSIOYEHHBIX 110 BO3PACTAHUIO 3HAYTE-
uunit npusnaka. Torna ma marax 4, 7, 9, 14 moxkHo Gyer IpocMaTpuBaTh TOJILKO HYZKHBIE
00BLEKTHI, He TIepedupasi BCIO BHIOOPKY.

Mocnoiinbin nepebop knaccoB akBuBaneHTHoCcTU. Ajropurm 12.2 Berunciser (. —
OTIEHKY BEPOSITHOCTH ITepeodyIeHns, epedupasi MpaBuja 1Mo CJIosM cHu3y BBepx. CHadasa
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Puc. 12.6. Buibopka 1 (cieBa) u Bbibopka 2 (crpaBa) B OCSIX JIByX HPU3HAKOB.

dopmupyerca HukHII cioit. Ha kazkoMm 1mare cjoit © coctouT us mpasBuii 6 ¢ oJuHaKO-
BBIM 9rcJIOM OmuboK m(f) Ha rerepaibHOi BbIOOpKe. [lyist Kaxk1oro mnpasuia  BeIUwC-
JII€TCs €r0 BKJIAJ] B BEPOATHOCTH ePEOOyUeHUs, CTPOUTCS OKPECTHOCTh, U O0'beIMHEHNE
BEPXHUX YacTeil BceX MOJIyYEeHHBIX OKPECTHOCTEH cTaHOBUTC ciieaytomuM ciaoem O, Ila-
'l TIOBTOPSIIOTCS JIO TeX T0p, MOKa He OyaeT HabpaHO JIOCTATOYHOE UHUCJIO CJIOEB U BKJIA]T
OYEPE/IHOTO CJIOS HE OKAYKETCs PEeHEOPEKUMO Mal.

§12.5 DkcnepumeHT Ha MoOAEsIbHbIX AAaHHbIX

Bosbmem e nBymepubix (n = 2) asyxkiaccoBbix (Y = {0,1}) cbamancupoBaiibix
(P = N = L/2) moaensubix Boeibopku mmmasl L = 200. Bygem pasousars nx ma o0y-
YeHUe ¥ KOHTPOJIb 1oposhy, ¢ = k = 100. B cemeiicrse npasui (12.1) duxcupyem ore-
panuio cpaBHeHUs < U OyJIeM CTPOUTH TOJBKO npaBuia Kjiacca 1. JLnsg mowmcka mpaBui
HCIOJIb3YeM TUIepreoMeTputIecKnii Kpurepuii nadopmarusHocTn (Tounblil Tect Purepa)
A (p.n) = —In(CHCR/CBY).

Bribopku cremepupyem CJIeIyiomnmM 00pasoM.

B nepnoit BbibOpKe [mcsio omuboK Jiydriero npasusia pasno 40. ['panuna mexty
KJIACCAMU YeTKas, TOCKOJIbKY Bce 40 MyMOBBIX 00HEKTOB PACIIOIOZKEHBI BJIAJIN OT IPAHN-
1Bl KJ1accoB, puc. 12.6 (coesa).

Bo BTOpOil BHIOOPKE YNCIO OMIMOOK JIYUIIIEro paBuia 23, T. €. IIOYTH BJIBOE MEHbIIIE,
IyMOBbIe 00HEKTBI PACTIOIOXKEHBI BJIOJIL MPAHUIIBI KJIACCOB, puc. 12.6 (cipasa).

XoTsI BO BTOPOIT BBLIOOPKE CYIIECTBYET MPABUJIO, TOYTH BJBOE JIydlllee, YeM B Iep-
BOIi, HAfTH ero 1mo oOyvaroIeil MoABBIOOPKE MPAKTUIECKH HEBO3MOXKHO M3-3a I1epeodyie-
HUsl. 3HAYEHUs] KpUTepus NH(GOPMATHUBHOCTH Ha 00y UAOINIEell BEIOOPKE TOUTH OINHAKOBDI
(He3HAIMMOE TIPEe/IIIOUTEeHNe OTAAETCS BTOPOil BEIOOPKE), OJIHAKO HA KOHTPOJIe HaiileHHOe
MIPABUJIO OKA3BIBAETCSH 3HAYNUMO JIYUIIe JIJIsd IEPBOil BRIOOPKU:

BbIOOpKa 1 | BBIOOpKA 2
obyueHune 40,29 40,47
KOHTPOJTH 39,13 34,46
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onenka Monte-KapJo OTIEHKA, PACCIOCHUSI-CBI3HOCTH
N BBIOOpKa 1 BBIOOpKA 2 BBIOOpKa 1 BBIOOpKa 2
0.1 || 24.44 16.29 23.23 13.42
0.2 || 28.07 22.13 27.11 20.58
0.3 || 32.28 28.28 30.45 25.74
0.4 || 34.35 32.98 33.39 27.59
0.5 || 37.63 36.12 34.93 31.21

Tabauna 12.1. 3navenus MoaudUIMPOBAHHOIO KpuTepus 7 Ha oOydeHnn Ha JBYX
MOJIEJIBHBIX BBIOOPKAX, MPU IATH PA3JIMIHBIX 3HAYEHUsIX 7). BeposiTHOCTH 1iepeoby-
YeHUs OICHWBAJACH JByMs criocobamu: meronom Monte-Kapio mo 200 ciygaitHbiM
pazbueHusIM U 110 POPMYJIE PACCIOCHUSI—CBI3HOCTH.

[Ipruanna B TOM, 9TO y BTOPOil BBIOOPKHU CYIIECTBEHHO MEHee BBIPaXKEHO PaCcCIOeHNe,
MOIIIHOCTU HUKHUX CJIOEB OY€Hb OBICTPO BO3pacTaloT, puc. 12.7.

BoznaukaeT BOIpoc — BO3MOXKHO JIU C TIOMOIIHI0 KOMOUHATOPHBIX OIEHOK, UCIIOJIb3Y-
I0MKUX UHAMOPMAIIMIO O PACCTOCHUN M CBA3HOCTH Ha 0Oydalolell BHIOOPKE, IMpeJIcKa3aTh
nH(GOPMATUBHOCTD Ha CKPBITOI KOHTPOJIBHOMN BeiOOpKe? Tabsmma 12.1 1aét yTBepauTeib-
HBIA OTBET.

[Tpeickazannast ”HGOPMATUBHOCTL 7 Beeryia MeHbIIIe Jjisi BTOpoil BEIOOpKH. Takum
obpazoM, HaM JIEHCTBUTEILHO yJIAETCs MPeJCKa3aTh, YTO HAWTU XOPOIIee MPABUJIO IIPU
CUJILHO 3aIyMJIEHHOW I'PAHUIE KJIACCOB HEBO3MOXKHO U3-3a MepPeo0ydeHus.

Cpasrenne ¢ meronom Monrte-Kapiio mokassiBaer, 9To mpejicka3anias TH(QOPMATHB-
HOCTB ¢, BBIYHC/ISIEMast TI0 OIEHKE PACCIOEHU—CBAZHOCTH, BCET/IA IECCUMUCTIHIHO 3aH-
KeHa, MOCKOJIbKY 3aBblleHa onenka p(r, X ) u sammkena orenka n(r, X ). 3aHuKeHHOCTD
MHMOPMATUBHOCTU COCTABJISET B JAHHOU 3ajiade 1-2 Jjisd 1MepBOil BHIOOPKU U 35 JJIsd
BTOPOii. DTO cOrTacyercst ¢ TEOPETHIECKUM BBIBOJIOM, UTO OIEHKA PACCIOEHUsI-CBIA3HOCTU
MeHee TOYHA JIJI BBIOOPOK C MeHee BhIPayKeHHBIM paccyioerueM. [Ipu moncke 3akoHOMep-
HOCTEll TaKas CMEINIEHHOCTD OIEHKU SBJISIeTCS OJIAaronpusaTHON — deM ciabee 3aKOHOMep-
HOCTB, T€M CHUJIbHEEe 3aHUKeHa Ipe/iCKa3anHas nHHOPMATUBHOCTD.

BamMeTuM TakKe, UTO OIEHKa PAaCCJIOCHUS-CBA3ZHOCTH BBITUC/IAETCS CYIECTBEHHO
OBICTpee, YeM saMIupudecKas onenka 1mo meroay Monrte-Kapiio.

PaccmoTpuM Tereph BKIIaT KaxKI0T0 €108 B OIEHKY PaccIoeHnsi—cBI3HOCTU. ["paduk
3aBUCHMOCTH HAKOILUIEHHOT'O 3HA4YeHUs P, OT HOMepa CJIos IpeJcTaBIeH Ha pucyHke 12.8.
Buiao, 910 OCHOBHO# BKJIa/1 BHOCIT CJIOU C MAJIBIM YUCJIOM OMINOOK.

Ecim 0b1 onenkn BepogTHOCTEH P, ObLIM TOYHBIMH, UX CyMMa paBHAJIACh ObI €J11-
nurie. Hakoriennoe 3navenue P, B KpaiiHeil npaBoil Touke rpaduka MO3BOJIAET CYIUTh
O CTeleHM 3aBBIIEHHOCTH OIEHOK paccyioeHuscBsa3HocTH. s BeIOOpKU 1 ¢ «Xoporm
paccjioeHreM» OIeHKa 3aBBIIIeHa BCEro B 2 pasa; JIJisi BHIOOPKHU 2 C «ILIOXUM PACCJIOCHH-
em» — B 40 pa3s.
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Puc. 12.8. BaBucnMocTh HaKOIIEHHOTO 3HadeHus P, or momepa ciost m(r, X) mis
BBIOOpKHM 1 (ciieBa) u BbIOOPKU 2 (crpaBa).

§12.6 DkcnepumeHT Ha peasibHbIX AAHHbIX

Mper He OyjieM 3/1€Ch ONMKUCHIBATH JICTAIN PEATU3AIUN JIOTUIECKUX aJTOPUTMOB KJIac-
cupuKaIUM, MCIOIB30BAHHBIX B 9TOM 3KciepuMenTe. CKazKeM JINIb, YTO WHPOPMATHB-
HOCTB [IPABUJI OIEHUBAJIACH C ITOMOIILIO TouHOTO Tecta Puiepa [85]; myist hopmuposamst
nHMOPMATUBHBIX HAOOPOB MPU3HAKOB ITPUMEHSIICS IOUCK B IMMUPUHY U &JIAIITUBHBIN CJIy-
gafineii mouck [36, 35|; A MOCTPOEHMsI KOMIIO3UIIMNA 3aKOHOMEPHOCTEH MPUMEHSIICEH
tpu ajsroputma: LR, DL, WV.

Jloeucmuueckan peepeccus (LR, logistic regression) —»sto jmHeiiHbIi Kiaccuduka-
TOP, Ha BXOJT KOTOPOMY BMECTO OOBITHBIX OMHAPHBIX MPU3HAKOB MTO/IAI0TCS 3aKOHOMEPHO-
CTU, HOCTPOEHHBIE HE3aBUCUMO JIPYT OT Japyra [73][;

Pewarowuti cnucox (DL, decision list) —9To KaHbIil aJroput™M, B KOTOPOM KazK-
Jlast CJIeIyrolnas 3aKOHOMEPHOCTb 00yYaeTCsl 10 BBIOOPKE OOBLEKTOB, €Ié He MOKPBITHIX
[PEJIbLY IIMEI 3aKOHOMepHOCTsiMI [93].

Basewennoe zonocosanue (WV, weighted voting) — 310 GycTHHI 3aKOHOMEpPHOCTEIH,
noxozxkuit Ha Meros, SLIPPER [66]. B ném nepes nmocrpoenneM Kazxioii e yromnieil 3aKo-
HOMEPHOCTHU TTPOU3BOIUTCSI ITEPEOIEHKA BECOB 00YIAOMNX 00bEKTOB, B Pe3y/Ibrare KOTO-
POl 3aKOHOMEPHOCTh HACTPAUBAETCS ITPEMMYIINECTBEHHO Ha TeX 00beKTaxX, KOTOPhIE OKa-
3aJINCh HAmbOJIee TPYIHBIME JIJTIsT BCEX MPEIbIIYIINX 3aKOHOMEPHOCTEA.
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38141
aJIMOPITMBI australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5 1 C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

71 LR 14.8 4.3 19.9 18.8 14.2 32.0

8| WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

Tabaurma 12.2. Pesyabrars! 9KCIIepUMeHTOB Ha 6 PeasIbHBIX 3a/1a4aX KIaCCUu(DUKAITITT
u3 penosuropuss UCI. [lna kaxkzoit mapsl (3ajada, ajJroput™) B TaOIMIE BBIBEICHA
cpeHsist omubKa (B mporenTax) no 10-KpaTHoMy CKOJIb3sIeMy KOHTPOJIo. st KaxK-
JIOH 380891 YKUPHLIM BBLIEIEHBI TPH JIYUIIIX Pe3yJibTara. AJIropUTMbL 1-7 BHICTYIIAIOT
B poJii 3TaJIOHHbIX. O003HaYeHNsT HAITUX aJaropuTMoB: WV — B3BeIIeHHOE T'OJIOCOBa-
nne, DL — pematonuit cnimcok, +SC u +MC — mojudukaum na ocHOBE OIEHKH
pacciioerusi—cBsizHOCTH U MeTosa MonTe-Kapsio coorBeTcTBEeHHO.

Beutn peanuzoBanbl jiBe Mojpudukanuu kpurepus uapopmarusHoctu ' (p,n).
SC-momcukalisi OCHOBaHa Ha OIeHKe paccyioennsd—cBsi3HocTr. MC-Momudukaimst 0CHO-
BaHa Ha HEIOCPE/ICTBEHHOI oreHke (pynkiuonaa (). merogom Moure-KapJio o 100 ciry-
gaitnpM pasouennam X = X L X. Jlina obenx Mogudukarmii nonarauocs £ = k.

B poau 3TasioHoB 11 CpaBHEHMSI BBICTYIAJM W3BECTHBIE JIOTMYECKHE AJTOPUTMBI
kinaccudurannm: C4.5 [91], C5.0 [90], RIPPER [65] u SLIPPER [66].

Tabsmma 12.2 nokasbiBaeT, 4T0 HeMouduImpoBanubie Bepcun ajaropurmos WV, DL
UMEIOT Ka9eCTBO KJIACCH(DUKAIINN, COIIOCTABIMOE C 3TAJOHHBIMI aJiropuTMamu. B3seren-
Hoe rojiocoBanne WV HeMHOTO Jiydlie pernaorero ciuucka DL, aTo coracyercst ¢ pe3yib-
TaTamu Apyrux ucciaepoBanuii. O6e moandukammu, SC- u MC-, Bo Beex cirydasix omepezka-
IOT CBOM HEMOJUMUITMPOBAHHBIC BEPCUU M 3HAYMMO CHUXKAIOT Nepeobydenue. Pazimans
mexky SC- 1 MC-momudukanusavu He 3uadanMbl. OTCIofa ciielyeT BBIBOJ, UTO OIEHKA
PacCI0eHUA—CBA3HOCTHA, HECMOTPS Ha HEKOTOPYIO 3aBBIINIEHHOCTH, XOPOIIO CIIPABJISIETCS
¢ POJIBIO KpuTepusi 0TOopa IpaBUIL.

Pe3iome

Jlormyueckne aJaropuTMbl KJIaCCUPUKAITIN TPEJICTABISIIOT COOO0M KOMITO3UIIMU THGOP-
MaTHUBHBIX JIOTHYECKUX IPABUII — 3aKOHOMepHOCcTell. B KadecTBe mpaBus 9acTo UCIOJIb-
3YIOTCs KOHBIOHKIIUN ITOPOTOBBIX YCJOBHUI HaJ YUCIOBBIME Npu3Hakamu. JlanHoe cemeii-
CTBO TIPABUJI OIUCHIBAETCS CUCTEMON BCEX I'DAHUYHBIX ITOJIMHOYKECTB MOIIHOCTU, HE TIpe-
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BBINIAONIEH paHra KOHBIOHKIUU. JIjIs MpakTUIecKoro BHIYUC/IEHUS OIEHKN PacCI0CHMII—
CBSIBHOCTH TIpeJijIaraeTcs epednupaTh MpaBUIa 10 CJIOSIM CHH3Y BBEPX, W IIPEKPAIaTh
mepebop B TOT MOMEHT, KOIJIa HOBBIE CJIOM IlepecTaHyT BHOCHTDH CYIECTBEHHBIN BKJIA/T
B orieHKYy. C IMOMOIIBIO 9TON METOIMKHU OBLT ITOCTPOEH MOANMUIINPOBAHHDBIN KPUTEPHil OT-
Oopa IpU3HAKOB. 3aMEHUB CTaHAPTHBIN KpUTepuit MOANMUIMPOBAHHBIM, I HIIETro 060J1ee
He MeHssI B MeTojie 00ydeHus Jjorutdecknx kiaccudukaropos WV u DL, Bo Bcex 6 sKcire-
PUMEHTAX yJIaJI0Ch TPOHADIIONATH 3HAYMNMOE yBeJIMYeHre 0000Iaioneiil criocoOHOCTH.

B cnepytowieii nekumun Mol nepeitjieM K pacCMOTPEHHUIO (DYHKITMOHAJIA TTOJTHOIO CKOJIb-
3SIIET0 KOHTPOJIs, JIIT KOTOPOT'O B HEKOTOPBIX CIyYasdgX YIACTCA MOJIydaTh OYeHb TOUHbIE
OIEHKM, HaXOJdINe ToJIe3Hble NTpaKTuiecKne npuMenenus. J[jig madana Mbl 3aiiMéMcs
METOJIOM OJIMKAMIIero cocejila — 3TO OJMH U3 CAMBIX IPOCTBIX U YACTO HMCIOJIb3YEMbIX
METO/IOB KJIaCCU(PUKAIINN.

Ynpa>kHeHus

Bamaga 12.1 (1). /[okaszars Teopemy 12.1.
Bamaga 12.2 (2). /[okaszars Teopemy 12.2.

Bamaga 12.3 (1). /[lokazarh, 9T0 ecjiu BeKTOp 0 sBISETCS MPAHUIHON TOYKOI IO MHO-
xkecrBa S C X, TO B S MOXKHO €JMHCTBEHHBIM 00PA30M BBIJEIUTH TPAHUTHOE HOIMHOKE-
ctBo S(#) ¢ Toit xKe rpaHnTIHON ToUKOM . Boinmcars Beipazkenue S(#) wepes S u 6.

Bagaua 12.4 (2). Jlokazarb, 9T0 KaxKJIbIil KJIACC SKBUBAJIEHTHOCTU IIPABUJI IIPEJICTAB-
Jisiet coboit guarpammy FOwra.

Bamaga 12.5 (2). Pacemorpum rpad co MHOXKeCTBOM BepiinH ©, B KOTOPOM pEOpaMu
COEJIMHEHBI BCE COCeJIHIE BEPITHHBI (OTIMIAONIIecs Ha 1 TOJIBKO 110 OJIHO# U3 KOOP/IMHAT).
O6beKTBI reHepatbHoil BRIGOPKH = = (27);c; € X COOTBETCTBYIOT HEKOTOPBIM BEPIIHHAM
sroro rpaca, X C 0. Jlina xaxoro x € X yaamnm u3 rpada see pédpa (6, 0), Takue, uro

1) 69 = 67 + 1 nyia mexoroporo j € J u 6° = 0° s seex s € J \ {j};

2) r(x,0) =0, r(x,0) =1,

Jlokazarh, 4TO MOCJIe 3TOTO CBA3HBIE KOMIIOHEHTHI I'pada Oy 1y T B3aAMMHO OTHO3HAYHO
COOTBETCTBOBATH KJIACCAM SKBHBAJIEHTHOCTU ITPABUJI.

Bamada 12.6 (2). Onwucarh CTPyKTYpy KJIACCOB 3KBUBAJEHTHOCTH CEMENHCTBA MPABUII
r(x;01,09) = [81 <z < 92}, re Bce 3HaveHus r; € X C R nmonapuo pasauynsl. [Ipesio-
KUATH 3DPEKTUBHBIN aJITOPUTM UX TTOCI0WHOTO 1tepedopa. [lojickaska: paccMOTpeTh SKBU-
BAJIEHTHOE CeMefiCTBO JBYXIIPU3HAKOBBIX KOHBIOHKINI 7(2; 61, 02) = [—:C < 91} [:1:' < 92}.

Bamaga 12.7 (3). Omnwmcarh CTPYKTYPY KJIACCOB 9KBUBAJEHTHOCTH U TPEJIOKUTH -
(bEeKTUBHBII aJrOpUTM KX IOCIOHHOrO repebopa i caydasi, KOrJda MaTpHiia OIMMUOOK
nopox iaercs uHaukaropom ommbok I pona I'(r, x;) win IT pona 1" (r, ;).
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Bamada 12.8 (5). Ommcarh CTPYKTYPY KJIACCOB 9KBHBAJECHTHOCTH U HPEJIOKUTH 3]~
EeKTUBHBII AJTOPUTM UX TOCIOWHOTO mepebopa I Ciiydas, KOTJa KarKIblil MPU3HAK
MOYKET IIPUHUMATH OJINHAKOBBIE 3HAYEHUS HA PA3THIHBIX O0bEKTAX.

Bamada 12.9 (3*). O606muTs Anropursm 12.2 Ha caydaii, Korja Ha 1mare 1 BMECTO MHO-
JKECTBa, BCEX IPaBUIL, JOCTABJISIONUX MIOOAILHBI MUHUMYM YUCIY ONIMOOK, HAXOJIUTCA
JIIIHL OJHO JIOKAIBHO ONTUMAJILHOE IPaBUIO. [IpelycMOTpeTh BO3ZMOMKHOCTDL MEPEXOI0B
OT MPaBIJI M-TO CJI0s K IPABUIAM HE TOJBKO (m + 1)-ro ciost, Ho u (m — 1)-ro ciost.
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13 MeTtopg 6aunxkaiilero coceaa

[TostydeHne TOIHBIX OIIEHOK 00O00IIaoIIeil ClIoCOOHOCT HEBO3MOYXKHO 0e3 yUéTa arpu-
OpHOIT nH(pOpPMAIME O BLIOOPKE U MeTojie o0ydeHus. B 3Toil jiekuu OyieT paccMoTpeH
MeTOo/, OJIMKAMIIEro cocejia COBMECTHO C allpUOPHOil nHMopMalieii 0 KOMIIAKTHOCTH BbI-
OOpKH, a B CJEIYIONEeil — MeTO MOHOTOHHOM K/IacCH(pPUKAIUA COBMECTHO C allpUOPHOIL
nHdopmaImeii 06 OTHOIIEHUN TOPs/IKa Ha BBIOOPKE.

Paccvorpum 3a1a1y Kiraccuukalm ¢ KOHEIHBIM MHOXKECTBOM KJtaccoB Y. MHanka-
Top ommbkn nmeer sux I(a,z) = [y(z) # a(z)], roe y: X — Y — dbynkums npasuibHoit
kytaccudukanuu (TeseBast 3aBUCUMOCTD), a: X — Y — aJropuT™ KiaccuduKarmm.

B sajiavax kiaccudukaliyi, Kak IpaBujio, CIIPABEJIMBO IMINPUIECKOE ITPEJIIIOI0KE-
HUE, 9TO KJACCHI 00pPa3yIoT JIOKAJIN30BAHHBIC «KOMIIAKTHBIE» TOJMHOXKECTBA O0O0BLEKTOB,
[IO9TOMY CXOKM€ OOBbEKTHI TOPA3/I0 dallle OKA3BIBAIOTCA B OJHOM KJacce, 9YeM B Pa3HBIX.
DTO MPEITOIOKEHNE HA3BIBAIOT 2unome3ot komnaxmuocmu. [Ipocreiimum MmeTomoM 00y-
YeHUsd, MOCTPOECHHBIM Ha €r0 OCHOBE, ABJIACTCA METO]I OJIMKANIINX COCEIEH.

§13.1 [podomnb KOMNakKTHOCTN BbIOOPKYN

[Iycrs na muoxkecrse X = {xy,...,x} oupenenena dyukius paccrosuust p(x, ).

OTHOCHTETBHO KaXKI0T0 00beKTa T; € X pacioIoKUM Bce ocTrajabibie L — 1 00bek-
TOB B IOPSIJIKE BO3PACTAHMUs PACCTOSHUS 10 X;, IPOHYMEPOBAB UX JIBOMHBIMYU WHJIEKCAMU:
T = Ti0, Til, Ti2s-..,Tir—1. TaKIM 00pa3oM,

0= p(xi, zi0) < p(s, xi1) < -+ < plag, Ti,0-1). (13.1)

Memod 6ausicatiwezo coceda (nearest neighbor, NN) —sro mero obydenus ji, KOTO-
pblit 3anoMunHaeT odbyuarorryio Beioopky X C X u ctpout aaroputm a = pX, OTHOCAIIUI
[IPOM3BOJIbHBIN 00beKT o € X K KJIaccy ero OJmKaiiiero odydaroriero o0bekTa:

— 3 /
a(r) = y(arg min p(z, ).

O6osnaunm uepes I, (x;) ommbKy, BOSHUKAIOILYIO, €CJI HPaBUJIbHBIA orBeT ¥(;)
Ha 00'bEKTE T; 3aMEHUTh OTBETOM HA €ro M-OM COCejle:

I (x;) = [y(xl)#y(xzm)], i=1,....,L; m=1,...,L—1.

Onpenenenune 13.1. [lpodusrem xomnaxmmocmu BBIOODKH X HA3BIBACTCS (DYHKIHS
K(m), BpIpazkaromiasi JJoJf0 0OO0BEKTOB BBIOODKH X, JI/IsI KOTOPBIX HPABUJIBHBIH OTBET
He COBITAJIaeT C MPaBHIBHBIM OTBETOM Ha M-OM COCEIIe:

L
1
i=1

HpO(i)I/I.Hb KOMIIaKTHOCTH ABJIACTCHA Cl)OpMa.HbeIM BbIpazKE€HUEM T'MIIOTE3bl KOMITaKT-

Hoctu. UeMm mpoire 3ajada, TO eCTh UeM dalle O0JIu3Kre 00beKThl OKA3bIBAIOTCA B OIHOM
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Puc. 13.1. Bepxuuiit psii: 4 Mojie/ibHbIE 38/1a91 KJIACCU(DUKAIINN, B IIOPSIIKE BO3PAC-
rarust TpyaHoctr, L = 200. Cpenuuii psij: npoduin KOMIAKTHOCTH ITUX 3a/a49. deM
HI2KE MPOXOJUT HAYAJbHBIH yIacTOK HMPOMUIIA, TeM <«IIPOIIey 3ajatda Jijisd aJrOPUT-
Ma NN, u Tem Bbime obobIaoias crnocodHocrb, Hukauit ps: 3aBucumocrts CCV
OT JIJTMHBI KOHTPOJIBHON BBIOOPKHU k nipu pukcupopanHoil juimHe obydenust £ = 200.

KJIacCe, TeM CHUJIbHee <«IPUKMMAeTCs K HYyJI0» HadaJbHbIH ydacTok mpodmid. U, Ha-
000pOT, B 3a/1a9ax, TPYAHBIX JJIs MeToa OJIMKAMIIero coceia, rje oyimkaiimume 00bLeKThI
[IPAKTUIECKH HE HeCyT HH(MOPMAIINN O KJIACCe, IPOMUIIb BBIPOXK TAETCS B KOHCTAHTY, OJTI3-
Kyio K 0.5, cm. puc. 13.1. [Ipoduib KOMIIaKTHOCTH MTOKAa3bIBAET, HACKOJIHLKO XOPOIIIO METOJ,
OsKaiiiiero cocea MOAXOINT JIJId PEIIeHNs JaHHOM 3a/1a9u IIPU BBIOPAHHOI METPHKE p.

§13.2 Tou4Hasa oueHKa NOJIHOIO CKOJIb3SILLEro KOHTPOJIS

NuaTynTuBHO OYeBHIHAA CBA3b NPOMUIT KOMIAKTHOCTA € KAIeCTBOM KJIAacCH(UKa-
UK TIOJITBEPKIaeTcs creryoreii reopemoit. est mokazarenbcrsa B3stta u3 [88].

Teopema 13.1. /[t MmeTosa OmmzKaiIero cocea i ClipaBeInBO CJACAYIONIee BhIParKe-
HIe (pyHKIMOHAJIA MOJTHOIO CKOJIb3siero kourpoJiss CCV:

k Ot
CCV(u, X ZK Lé - (13.2)

H
I



=130 =

JokazaTeabcTBO. 3amuiieM B (DYyHKIIMOHAE CKOJIB3AMIEr0 KOHTPOJIsI YaCTOTY OIIMOOK

qgepe3 CyMMY MHIAUKaTOPOB OIMOKN 1 rmepecraBuM MeCTaMM 3HaKW CYMMHPOBaHUA:

CCV_OeZ EZ (uX, ) = kzofz [z, € X] I(uX, ;). (13.3)

'

N;

Buyrpennss cymma, obo3nadenHas depe3 [V;, eCTb 9HC/IO pa3dUeHMil BHIOOPDKH X,
IIPA KOTOPBIX O0BEKT I; OKa3bIBACTCA B KOHTPOJILHOI 1I0JIBHIOOPKE 1 aJropuT™ (X JIOIyc-
KaeT Ha HEM omuOKy. /lanHast cuTyariust peajau3yercs JIJisi TAKUX pa30oMeHuil, TP KOTOPHIX
M HEePBBIX 00BEKTOB U3 MOCIEJIOBATEIBHOCTH T, Til, - - -, LTj —1 HOIATAIOT B KOHTPOJIb-
HYIO TIOJIBBIOOPKY, M~bIil COCET T, HAXOIUTCs B 00y IaIOIIEeil TOABBIOOPKE U TPUHAIIEXKIT
JIPYTOMY KJIaccy, To ectb I, (z;) = 1. Hucso crmocobos Beibpats (¢ — 1) obyvaromux 06b-
ekToB u3 ocrasimxcst (L — 1 — m) pasuo C’ﬁ__ll_m. Yucio m MOXKeT IPUHUMATDH 3HAYCHUS
TOJIbKO OT 1 710 k. Takum oOpaszoM, HCKOMOE UHC/I0 pa3dueHuil paBHO

k
Ni = Z Im(xl) Ci_—ll—m'
m=1

[Moncrasisss N; B (13.3), ucosb3yst onpe/iesienne mpoduist KOMIAKTHOCTH U TOXKJIe-
crBo kCY = LCY |, momyqaem Tpebyemyto dbopmyiry (13.2). ]

HekoTopble cBoOWiCTBa TOYHOW OUEHKU nonHoro CKONIb35ILLLEero KOHTPOISI.
1. KoMOuHATOPHBIIT MHOXKUTENID Y,y = L L ./ C% | ybIBaeT ¢ pocToM m GuicTpee
reOMETPUIECKOI TPOTPECCUn:
(-1 k
L—1-m L1

Buauenne CCV masio, ecin ipoduib K (m) npuHIMaeT Masible 3HAYeHUsT TIPH MaJIbIX 17,

Ym41 = q(M) Y, qg(m) =1-—

TO ecTh OJIM3KKMe OOBEKTHI YacTo JieskaT B OJHOM KJacce. [Ipu Gosbiux m poct K (m)
KOMIIEHCHPY€eTCs CTPeMJIEHIEeM KOMOMHATOPHOTO MHOMKHUTEIA Y, K HYIIIO, IO3TOMY KJIac-
cuduKauy JaaéKuxX Ipyr oT Apyra 00bEKTOB IPAKTUYeCKN He BiausioT Ha 3Hadenune CCV.

2. [Ipu k = 1 npoduab KOMIAKTHOCTH BBIPOXKIAETCS B TOYKY M COBIAJIACT C Ca-
MuM dynkiponasom CCV, KOTOPBIL B 9TOM C/Iydae Ha3bIBAIOT CKOJIB3SIINM KOHTPOJIEM
¢ uckaouernuem obsexmos no odnomy (leave-one-out, LOO).

B ob6miem ciygae npoduiib cocTouT U3 k TOUEK, NPHIEM OTHOCHTEILHDIH BKIaT K (m)
OBICTPO yMeHbIaeTcs ¢ poctom m. Hampumep, npu k = 1,2, 3:

kE=1: CCV=K();
k=2: CCV=K(1 )Hl +K(2)g+p

e+2 m'
C pocroMm JIMHBL KOHTPOJIs k BKJIAJ] HAYAJIHHBIX 3JIEMEHTOB ITPOMUIIS YMEHBITACTCS.
3. Boruucyenue npodguis kommnakraocru tpedyer O((?) onepanuii, yrnopsjiounpanue
00beKToB 110 Gmzoct — O(£% log £) oneparuii. [Tocsie storo seraucienue CCV npousso-
qurest 3a O(k) onepanuii. 9o ropas o 6uicTpee, 9eM IPOU3BOANTL CyMMUPOBAHUE TI0 BCEM

C% pasbueHusIM, UTO CTAHOBUTCS IPAKTHYECKH HepeasibHO yzKe 1pu k > 2.
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§13.3 OT6o0p 3TaNOHHbLIX 0OBLEKTOB

B meTose 6/mzkaiinero cocejia UMeeT CMBIC 3aIIOMUHATD He BCIO 00YYaloNLy 1o BHIOOD-
KY, & TOJIbKO TUIIMYHbIE OObEKTHI, Ha3blBaeMble amaaonamu (prototype). OT6op sTagoHoB
[IpecsIeyeT OJIHOBPEMEHHO HECKOJIBKO IleJieii: COKpalleHne 00béMa XPAHUMbBIX JAHHDBIX,
MOBBIIICHIE CKOPOCTH KJIACCU(DUKAIINY, TOBBIIICHIE KauecTBa KIaccudukanum 01aro1apst
YCTPAHEHUIO0 HETUIINIHBIX 00beKTOB. Kpome TOro, 3TajioHbl MOTYT MPEIbABIISTHCS O/ Ib-
30BATEJIIO JIJIs1 O0bSICHEHNS PE3YIbTaTOB KJIACCU(UKAIINN.

Hemunuwnbimu WM wymoevimu, HA3BIBAIOT OOBLEKTDHI, HAXOAIINECT B OKPYKEHUN
00beKTOB UyzKOoro Kiacca. Meros mmkaiiimero cocejia rapaHTUPOBAHHO JIOIYCKAET ONIN0-
Ky He TOJIbKO Ha TAKUX O00BEKTaX, HO U HA TeX O0BEKTax TyKOr0 KJIAcCa, JjId KOTOPHIX
HETUIUYHBII 00BLEKT OKAXKeTCs OJIMKANIIIIM COCEIOM.

3BecTHB 3BpHCTHYECKHE MeTOJIbl oTGopa sTasoHoB Stolp, A-Stolp [28], FRiS-
Stolp [6], ocHOBaHHBIE Ha OlEHKAX OTHOIIEHUST JIOKAILHBIX IJIOTHOCTE! KJIACCOB B KAXKIOM
00beKTe. DTU METOJIBI HEILJIOXO 3apPEKOMEH/I0Ba/n cebs Ha MPAKTUKE, OJHAKO BOIPOCHI
TEOPETUIECKOT0 0DOCHOBAHUS OCTAIOTCS JIJIT HUX OTKPBITBIMU: KaKOW (PYHKIIMOHA OHU
MUHUMUBUPYIOT, TTOYeMy OHU 00JIaJIal0T XOpoIieil 0600marorieil criocobHOCThIO, HE CyIIe-
CTBYET JI 3BPUCTUK, KOTOPbIe MOTJIN ObI PAOOTATH €I JIydIIle.

PaccmorpuMm 3aj1ady BbIOOpa MOJIMHOXKECTBA STAJIOHOB, MUHUMUBUPYIOMIETO (DyHK-
muonay CCV s anropurma Oikaiiniero cocema |14, 74]. danmas 3amatda siBiiseTcs
NP-nosroit [114], mosromy st eé perieHust Oy/IyT IPUMEHEHBI SBPUCTHIECKUE AJTTOPHT-
MBI TIOCJIEI0BATETHHOTO YKAJIHOTO VJIaJeHus NI JOOABIEHNST STAJIOHOB.

XagHble anroputmbl otbopa atanoHoB. Obozuaunm depes 2 C X MCKOMOe MHOKe-
CTBO 9TaJIOHOB, Yepe3 I, (x;, {}) — ommbKy, BO3HUKAIOILYTO, eC/IM [IPaBUILHbIH oTBeT Y(T;)
Ha O6’beKTe I; 3aMEHHUTDH OTBETOM Ha €Ir'o 1mM-M Ccocelle U3 MHOXKECTBa Q OHpe,ZLeJII/IM npo-
PUADL KOMNAKMHOCTU OMHOCUMENDHO MHOHCECTNEA IMAA0H06 ()
L
1

K(m,Q) = ZZIm(xi,Q); m=1,...,L—1.
i=1

s orbopa srasioHoB yjaobHee onpenesnTsh Besmduny ekaada T(x;, Q) obbekra x;
u upejcrapiaaTb CCV B Bujie cyMMBI BKJIAJIOB BCeX O0BEKTOB.

Teopema 13.2. /i merona OymzKaiiero cocela [ig, UCIIOJIb3YIOIIEr0 B KAIeCTBE ITa-
JIOHOB TOJIBKO 00beKThI MHO)KecTBa () C X, crpasesusol jBa npeacrapiacaus CCV:

/—1
C’L—l—m

_— 13.4
Lt (13.4)

k Oz_l L k
CCV (o, X) = Y K(m, Q) == = "> " Ln(2:,9)

m=1

T(x4,92)

JokazarenbcTBo anajgorndno Teopeme 13.1 u BbIHECEHO B yIpayKHEHU.

Ecnu zexoTopsrit 00bekT & gobasisgercs B ) uin yaasusiercs us 2, To 171 OOHOBJICHUS
CCV 11ocTaTovHO MepecIuTaTh BKJIAJIBI TOJBKO TeX OOBEKTOB, IS KOTOPBIX OOBEKT I
SBJIETCS He Jlasiee, 9eM k-M COCEeI0M.
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AaropurMm 13.1. ZKajHoe yjiajenue MIyMOBBIX 1 HEMH(MOPMATUBHBIX 00bEKTOB.

Bxona: Boeibopka X, mapamerp 0 > 0;
Boixoa: muoxkectso srasionos €2 C X

=X, Q:= Zle T(2:,9); Qumin = Q;

IIOBTOPATDH

count := 0; — cuéTynk 4ucsa ynaaeHui
IIJIg Bcex x € €

AQi= Y (T(a\e}) — T(a: 9));

2, €V (2,Q2)
ecam () + AQ < Quin + 0 TO

6
7 Q:=Q+AQ; Q:=0\{z};
8: ecad () < Qumin TO Qumin 1= Q;
9 count := count + 1;

10: moka count > (;

AaropurMm 13.2. ZKagroe mobaBiieHne 9TaJOHHBIX 00BEKTOB.

Bxox;: Boibopka X, napamerp 6 > 0;
Boixos: muoxkectBo srasionos (2 C X

1: Q := {10 osHOMY CJIy9aiiHOMY OOBEKTY OT KaXKJIOr0 KJIAacca};
Q= ZiLzl T(x% Q)v Qmin = C;

2: TIOBTOPATH

3 count := 0; — cuérunk umcsia jJobaBjIeHU

4:  mas Beex r € X\

5

AQ:= % <T(xi, QU {z}) — T(a;, Q));

2 €Viy(z,QU{z})
6 ecau () + AQ < Quin — 0 TO
7 Q:=0Q+AQ; Q:=QU{z};
8: ecan () < Qumin TO Quin 1= Q;
9 count := count + 1;
10: mmoka count > 0;

O6osnaunm wepes 7;(z, 2) panr obbekra x € () Bo MHOKeCTBe (), YIIOPSAIOIEHHOM
110 BO3PACTAHUIO PACCTOSIHUI 110 T; € X.

Onpegenenne 13.2. Obpammnoti okpecmrocmyvio m-ro mopsiika oobekra r € §) Ha3bIBa-
eTcst MHOYKECTBO OOBEKTOB, JIJIsT KOTOPBIX OOBEKT T SIBJISIETCSI HE JIajiee, 9eM M-M COCEIOM:

Vin(z,Q) = {$Z€X|T1$Q } m=1,...,L—1.

B [14] mpe/yroxken KaIHBII aJropuT™ y/IaaeHnst, KOTOPbIi nCKIoYaer u3 () Hesra-
JIOHHBIE 0OBEKTHI 110 ojiHOMY, HaunHas ¢ {2 = X. Ha kaxjgoMm mare HaxogauTces TOT 00b-
ekT x € ), yranenue xoroporo munumusupyer CCV (o (a1, X). [Toszke ObL1 mpeiozen
Auropurm 13.1, Koropeiit pabGoraer nHamuoro owictpee [74]. OH ypansger Bce 0ObEKTHI,
yaasgenne KoTopbix yeesuuuaeT CCV ue Oosee, 1em Ha Masyto Besuuauny 0. [lapamerp o
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cHaJaJja I0JIaraloT PpaBHBIM HYJIO, 9TOOBI VAAJUTH BCE NMIYMOBBIE BBIOPOCHI; IIPU ITOM
CCV yonmaer. Koria BEIOpOCH! Oy/1yT yaa/eHbl, TapaMeTp 0 MOXKHO HEMHOTO YBEJTUINTD,
4TOOBI yJIAJIUTh HEMH(MOPMATUBHBIE «BHYTPEHHUE» OOBEKTHI, IJIOTHO OKPYKEHHDBIE 00b-
eKTaMH CBOEro KJjacca. Korma m oHM OKaKyTcs HCUYepIaHbl, MapaMeTp 0 MOMKHO CHOBa
nemuoro yBennanTb. Korga CCV HaunHaeT 3aMeTHO BO3pacTaTh, IIPOIECC yaaaeHnus: 00b-
€KTOB IIPEKPAIAeTCsI, M BCe OCTaBIINECT B ) 00bEKTHI CINTAIOTCA STAJTOHHBIMI.

HemocraTok »kajHOrO yjiajgeHus B TOM, UTO OHO paboOTaeT MeJIeHHO. AJITOPUTMBI
trra Stolp 0OBITHO MCIOIB3YIOT CTPATETHIO KA HOTO J100aBeHus, Oosiee 3(hPEeKTUBHYIO
¢ TOYKH 3peHus 00béMa Beruncaennii. B anropurme 13.2 crparerust 1o0aBaeHnit UCIO b
syercs st ontumusanuu CCV. Jlobapienust jgeaiorcs 10 Tex nop, noka CCV ymenbiia-
eTcst XOTsI ObI Ha MaJIyio BeanunHy 0. HemgocraTok 3Toit cTparern B TOM, 9TO MHOXKECTBO
OTOOPAHHBIX STAJIOHOB MOYKET CYyIIEeCTBEHHO 3aBUCETh OT HAYAJIbHOIO MPUOTNKEHNST — Ca-
MBIX ITEPBBIX 00BEKTOB, KOTOPbIE BBIOMPAIOTCS MPAKTHIECKN CJIyTaiiHO.

KomMmipomuccHoe perienne 3aK/II049aeTcs B TOM, 9TOObI B3Th B KadeCTBE HAYAIHLHOI'O
npub/IMKeHUsT HeOOJIBITIOE CIyYaiiHOe MTOJIMHOXKECTBO O0BEKTOB B KayKJIOM KJIacce, U 3aTeM
JepeioBaTh J00ABIEHNs U yIAJeHUs 9TaJ0HOB. MbI He IPUBOIUM 3/1€Ch 3TOT AJITOPUTM,
TaK KaK OH JIOIyCKaeT OOJIBITOe THC/IO PA3TUIHBIX 9BPUCTUK U BAPUAHTOB PEATN3AIINN.

O meTpuuecknx pepesbsx. [lia sdpdexkruroro mepecaera CCV HEOOXOMUMO OBICT-
PO HaxXOIUTh OO0BEKTHI OKPECTHOCTH M 00OpaTHOl okpecTHOCTH. L1t 3TOr0 HEOOXOIMMA
CTPYKTYyPa JaHHBIX, KOTOPas 1103B0OJIsIa Obl 9 (HEKTUBHO CTPOUTDH, HAXOIUTH U OOHOBJIATD
IpsiMble U OOpaTHbIE OKPECTHOCTU K-TO TOpsJiKa i Jiioboro odbekTa r; € X. Hawmbo-
JIee TTOJIXOJISAT JIJIst 9TOH e Mempuyeckue Jepeavs, TpeTHa3HAYeHHbIE /IS NHIeKCAIUN
MHOKECTBa OObEKTOB, 3a/IaHHbIX TTOMAPHBIMU paccrosgHugMY [62, 63]. B cpenneM Kax ibiit
3aIpoC Ha MOUCK, JJ00aBICHUE WIH yiaaJieHne o0beKTa 00padaThiBACTCAd METPUIECCKUM JIe-
peBom 3a Bpems nopsiika O(log L). Vcnonb3oBanne METpUYIeCKUX JIEPEBLEB MO3BOJISET
CYIIECTBEHHO YCKOPUTH MPOIEcC 0TOOPa ITAIOHOB.

§13.4 DkcnepumeHTbl U BbIBOAbI

TectupoBanue ajaropuTMoB 0TOOPA TAJIOHOB ITPOBOJIMIOCH HA JIBYMEPHOI MOJIETIHHOM
BbIOOpKe jiytiHbI L = 1000, cocTositeit u3 JIByX rayCCOBCKUX KJIAaCCOB C JuciiepcusaMu 1 u 2
I PACCTOAHMEM MEKLy MeHTpaMu 5. JIOMoJHATEIbHO B 06y Jalontyio BEIO0PKY X ¥ BBOIH-
JIOCH 110 5 MITyMOBBIX O0bEKTOB B KazkJI0M Kjacce. Ha puc. 13.2 uzobpazkena pas/iessiornias
HOBEPXHOCTD, HOCTPOEHHAs aJI'OPHTMOM OJIMZKAFIIIEro coce/ia Ha HOJIHON BhIOOpKe X~

Ha puc. 13.3 u puc. 13.4 nnokazana pa3zjie/droliasl II0BePXHOCTD I KJiaccuduKaTopa
OJIHOTO OJIMZKAliIero cocejla Mo MHOXKecTBY 3tajoHoB (2. Puc. 13.3 coorBeTcTByeT cTpa-
Ternu yaaJieHusd, puc. 13.4 — crpareruu g00aBaeHus 3TaJOHOB. BoJbimmMu ToukamMu 000-
3HAYEHBI 9TAJIOHHBIE OOBEKTHI, MaJeHbKUMU — Tepudepuiinbie 00beKThl. [ crparerun
YAaJieHnd ITyMOBBIC O6’beKTbI ITIOKa3aHbI TPEeyTI'OJIbHUKaMM. O6a aJITOpUTMa CIVIaKUBatOT
Pa3IEeSIONIYI0 TTOBEPXHOCTD, YIAJIAIOT BCE IIYMOBBIE OOBEKTHI U OCTABJIAIOT MPUOJIN3HU-
TEJLHO OJIMHAKOBOE YHCJIO STAJOHOB, KOTOPbIE BHICTPAUBAIOTCH HAa HEKOTOPOM Yy/IaJIEHUN
OT I'PAHUIILI KJIACCOB.
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Puc. 13.2. Mogenphas 3aga4da kiaccudukanuu: 1000 oobekToB, meTox 1NN,

@ 3TasoHHble k.2

O aTanoHHble kn.1

A wymoBble kn.2

A wymosble kn.1

HeuHdopMaTVBHbIE KI.2

HenHdopmaTUBHbIe k.1

o

Puc. 13.3. Pesyabrar orbopa srasonos Anropurmom 13.1 (crparerust yjiaaeHus).

©  3TasnoHHble Kn.2

O  aTanoHHble kn.1

A wymoBble Kkn.2

A wymosble kn.1

HeuHdopMaTVBHbIE KI.2

°

HevHdopmaTUBHble k.1

o

Puc. 13.4. Pesynbrar or6opa srasonos Asropurmom 13.2 (crparerusi nobaBieHus).
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—— dyHkumoHan CCV Ha obyyeHun

—— yacToTa owmnboK Ha TecTe

Puc. 13.5. 3asucumocts dyukmmonana () or KojndecTsa yJIaaéHHBIX 0ObEKTOB
I —

Q| pst Anropurma 13.1.

0.034
0.032
0.030
0.028
0.026
0.024
0.022
0.020
0.018

W

0 10 20 30 40 50 60
—— dyHKumoHan CCV Ha obyyeHunm
—— yacToTa owubok Ha TecTe

Puc. 13.6. Basucumocts dyukimonasa () or KoaudecTBa J00aBICHHBIX 00bEKTOB
|Q| mrst Anropurma 13.2.

Y1005 poBEPUTH 0OODIIAIOINILYIO CIIOCOOHOCTD AJITOPUTMOB OTOOPA ITAJIOHOB, CTPOU-
J1lachk TectoBas BbiOOpKa jiynHbl 2000 u3 TOro ¥XKe pacipe/ie/ieHus. 9T 00bEKThI He UCTIO b=
30BaJIICh IpH 0TOOpe 3TasoHoB n3 X . Yacrora ommbOK Ha TECTOBOH BBIOOPKE BBITHC-
JIsI7Iach Ha KazK/I0# nTepaluu 1 BBIBOJAUIACH Ha Tpadukax. B ciaydae xKa HOrO yaaieHns
(puc. 13.5) ona usmensiercst cuaxponso co suadennem CCV na obyuatoreii BbIGOpKe. D10
O3HaYaeT, YTO JAHHAs CTPATEI'Hs TPAKTUICCKN He I0JIBep:KeHa rmepeodydennio. B ciydae
JKaTHOTO J106aBenus (puc. 13.6) cTosb 96TKOi CHHXPOHHOCTH He HAOJIIOIAI0Ch.

Ha puc. 13.5 sneBbrit yaactok [0-60] coorBercrByer yianenuto mryMoB (0koso 40 06b-
extoB). [Ipasbrit yaacrok [980-1000] mokasbiBaeT, 9TO UNCA0 KPUTHIECKN BazKHBIX ITAJIO-
HOB B JIAHHOU BBIOOPKE He BeJMKO (paBHO 6), HO yBesmveHne Juc/a 31ajgoHos (10 16) mos-
BOJISIET YMEHBIIIUTHL YaCTOTY ONIMOOK Ha TecToBOI BbIOOPKE (¢ 3,6% 10 2,0%). Ha puc. 13.3
BBIJIJIeHO 42 3TajioHa, KoTopble obecrednBaoT MuHUMYM Q(2) M OTHOBpEMEHHO MU-
HUMAJIBHYIO 9acTOTy OmMOOK Ha TecToBoil Bhibopke 1,8%. Jlnmuublii cpeanmii yuacTok
[60-980|, He nmokazanHblil Ha puc. 13.5, cooTBETCTBYeT 3Tally yiaadeHus nepudepuiiHbx
00bEKTOB, HA KOTOPOM 3HadeHue ()({)) MPaAKTUIECKU MTOCTOSHHO.
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Pe3iome

DOyukimoHa MoJHOTO cKkoyb3siero Koutpossi (CCV) ompesensercs Kak CpeHsis
110 BceM pa30MeHusIM 9acTOTa OIMMOOK Ha KOHTPOJIbHON BhIOOpKe. st MeToma OsmKaii-
mrero coceia Tounasi onenka CCV Bbipazkaercs depes npoduib KoMmuakTHoctn K (m).
OH ompeensieTcss Kak 0/ 00bEKTOB BBIOOPKH, JIJIsT KOTOPBIX M-l cOCEJI JIEXKUT B IPY-
rom kiacce. Ilo dopme HagambHOro ydacTka HPOMUIsi KOMIAKTHOCTH MOYXKHO CYIUTh,
TO/IXO/TUT JIM BIOpaHHAsT MOJIENIb CXOJICTBA OOBEKTOB JI/Ist JaHHOI 3aadau. OT6op 3TamoH-
HBIX 00beKTOB 110 Kpurepuio MunnmyMa CCV 1mo3BojisieT COKpaTUTh 00bEM XPaHUMbBIX
JIAHHBIX, MTOBBICUTH CKOPOCTh U KavuecTBO Kiaaccudukaiun. IIpn 3ToM 00beKTHI pasieis-
FOTCS Ha, TPU THUIIA — IIYMOBbIe, HEMH(MOPMATUBHBIE U STAJOHHBIE, UTO SIBJISIETCS TOJIE3HOI

JIONIOJTHUTE/TbHOI mHMOpMaIueii BO MHOTHX TPUIOKCHUIX.

B cnepytouwein nekuuun Oyayr noaydensr ornenku CCV g cemeiicTBa MOHOTOH-
HBIX KJIacCUPUKATOPOB. XOTs MapaurMbl METPUIECKON U MOHOTOHHON KJIACCH(DUKAITII
Ha TEPBbII B3IV COBEPIIEHHO PAa3JINYIHbI, JIJId 9TUX JIBYX CJIYIaeB IOJIyYAOTCs y/IMBU-
TEJILHO TOXO0XKHUE TI0 CBOEH CTPYKTYpe OIEHKH.

Ynpa>kHeHust

Bamaga 13.1 (1). /[lokaszars Teopemy 13.2.

L-1
Bagmaua 13.2 (1). [okasars, uro > K(m) =1 > L,(L — L), tae L, — 1ucno oG-
m=1 yeY
€KTOB KJjlacca Y B BBIOOpKe X.
L1

Bamaua 13.3 (1). dokaszarb, uro » v, = 1.
m=1

Bamaga 13.4 (2). O6o6muTs Teopemy 13.1 Ha ciydail, Korja B BAPUAIMOHHOM DsiLy
paccrosiauii (13.1) ecrb ojuHakoBbie 3HaueHus. CresaTh NECCHMUCTHIHOE TIPEJIIOTIOKE-
HUEe, 9TO €CJIN JJjIsd KJIacCH(PUIMPYEeMOro 00beKTa &; CYHIIeCTBYeT XOTs Obl OJIUH 00yJaio-
Ui OObEKT & HAa MHUHUMAJIbHOM pPaCCTOTHII Igél)r(l p(x;, x), nexamuii B Ipyrom KJjacce,

TO AJITOPUTM 00A3aTE/ILHO JIONYCTUT OMIUOKY Ha 00bEKTE T;.

Bamada 13.5 (5). O6o6muTs Teopemy 13.2 s Merosa Kiaaccudukanun 1o K G/rikaii-
IIIAM COCEJISIM.

Bagaua 13.6 (5*). Iloayuurh OmeHKH BepOATHOCTH IepeobyueHusi (). U BEPOSATHOCTH
OOJIBIIION YacTOTHI OMMUOOK Ha KOHTpoJe [, Jijis MeTojia OJImKaiIero coceia.
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14 MoHoTOHHble kKaccudumkaTopsbl

Paccmorpum 3aj1auy Kiaccudukaium, B KOTOPOil MHOYXKECTBO OOBEKTOB X YaCTHUIHO
ymopsiogeno, Y = {0,1}; MHO)KecTBO ajropuTMOB A €CTh MHOXKECTBO BCEX MOHOTOH-
ubix Gyakmumit a: X — Y (1o ectb u3 x < 2’ cienyer a(x) < a(z’) mua Beex x, 2’ € X);
ungukarop owmbku umeer sui I(a,z) = [y(z) # a(z)], rue y — Henssecrnas nesesast
3aBUCHMOCTb. [Ipemnonaraercs, 9To GyHKINS § MOHOTOHHA WM «IIOYTH MOHOTOHHA>.

Ha npakTuke orpaHumdeHnss MOHOTOHHOCTH MOTIYT BO3HHKATH B Pa3IMIHBIX CHTYa-
nugAX. YIOMsHEM TPU HanboJjiee paciupoCTPaHEHHBIX.

1. AnpuopHble orpaHu4eHnst MOHOTOHHOCTU. [IpuK/IaHbIE SKCIIEPTH MOTYT JIABAThH
nojckaskn (hints), orpammumBaione MHOKECTBO JIOMYCTHMBIX anroputmos [50]. IIpu-
MEPOM $BJISETCS YTBEPZKJIeHUe «deM OoJibllle 3HaYeHHe Npu3Haka f(I), TeM BbIIe yBe-
PEHHOCTB, YTO OOBEKT ¥ NPUHAJIEKHUT Kjaccy 1». Ecim Takux NpusHaKOB HECKOJIHKO,
yrBep:ierue npuanMaer Buj «ecan f(x) < f(2') masg Becex npusHakoB f u3 3aJaHHOTO
muoxecrsa G, 1o a(x) < a(x’)». Ho 910 n o3nagaer, 1ro dynknnsa a Mmonoronua. [Ipnme-
PBI TAKUX YTBEPKJICHUIT MOKHO HANTH B 3a/1a9aX MEIUINHCKOIO TPOrHO3UPOBAHUs (deM
cTapuie NaldedT M 9eM BBIIE CKOPOCTh KPOBOTOKA B BEHE, TEM BBIIIE PUCK PECTEHO3a
HIyHTa), B 3a/la9aX KpPeAUTHOI'O CKOPpHHI'a (qu BbIITIE€ J10OXO/IbI 3aéMH_H/IKa n 49eM J0JIb-
IIe OH IPOKUBAET HA OJIHOM MeCTe, TeM HUzKe PHUCK Jedo/Ta) U B JIPYIHUX [PEIMETHBIX
obiacrsx [102]. Kak mpapmio, oHE HOCAT TPUOIU3UTENBHBIN XapakTep, W 3aBUCHMOCTh
Y OT NPU3HAKOB Ha CAMOM JleJle He B TOYHOCTH MOHOTOHHA, & «IOYTH MOHOTOHHA>.

2. lMNoporosbie pewatwme npasuna. Ilycrs 3agana dynknusa f: X — R. Oyuxmus
a(x) = [ flx) > 9] HA3BIBAETCS NOPO206BIM PEWAIOUUM NPasusom ¢ TToporom 6. Eciu or-
Howenue nopsaka Ha X sanano kak (z < ') » (f(z) < f(2')), To MHOXKECTBO BCex
MOHOTOHHBIX KJIACCH(PUKATOPOB A coBIagaeT €O MHOMKECTBOM BCEX IOPOTOBBIX pella-
fomux npaBmi. Ha mpakTuke MOpOroBble MpaBHIa IMUPOKO HCIOJB3YIOTCA B KadecTBE
«CTPOUTEIbHBIX OJIOKOB» aJTOPUTMOB KJIaCCH(MUKAINU. DTO dJIEMEHTAPHbIE ITPEIMKATHI
B KOHBIOHKTUBHBIX 3aKOHOMepHOCTX (cTp. 108), yCejoBus BeTBIIEHNs B PEIIAIONINX Jepe-
BbsX [22, 90, 42| u pematonux crmckax [53, 103], 6a30Bble KaaccudUKATOPbl B KOMIIO3U-
musix tuna GyctuHra u 6srrunra (96, 61], mpaBmiIa TPUHSITHS OKOHYATEIHHOIO DEIeHHs
BO MHOTUX aJrOPUTMax KJIacCUMUKAINI Ha JIBa KJIacca.

3. Komnosunyuun anroputmos knaccudumkaumn. Ilycrs umeercsa T' aaropuTMoB Kiiac-
cuduranum Bujga a;(r) = [bt(x) > 0}, rne by X = R, t =1,...,T. Ux xomnosuyuet Ha-
spiBaercst asropurm a(z) = F(bi(x),...,br(x)), roe dynkupa F: RT — Y nasesaer-
st Koppekmupyrowet onepayueti, AITOPUTMbI a; HA3BIBAIOTCS 0a306biMU. SHaYeHUsT by (x)
u b(x) WHTEPIPETUPYIOTCS KAK CTEleHb YBEPEHHOCTH aJrOpUTMOB ay(x) u a(z), cooTBeT-
CTBEHHO, B TOM, 9TO OOBEKT - NpUHAIIeKUT Kiaaccy 1. [Tosromy or dyukiun F Tpebyer-
cst, 9TOOBI OHA MOHOTOHHO He yObiBasia 1o Bcem T’ cBouM aprymentam [46, 12]. TlockobKy
6a30BBIC AJTOPUTMBI MOTYT JIOMYCKATE OMHMOKH, 3aBUCUMOCTD y(x;) 0T T-MEpHBIX BEKTO-
poB (by(z;),...,br(x;)) MoXKeT OKa3aTbCs He MOHOTOHHO, HO «IIOMTH MOHOTOHHO!».
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Haubosiee pacipocTpaHEHHBIM THUIIOM KOMIIO3UIIUN SABJISIETCS 836CULEHHOE 20A0C06A-
nue — JuHeiiHas KoMOuHanus 6a30BbIX ajgroputmos |26, 99, 61, 80:

F(bi(x),...,br(x)) = Z by ().

O6bruHO TpeanonaraeTcss, 9ro «; > 0; B TaKOM cjaydae JUHEHAs KOPPEKTUPYIO-
mas omneparys sBjageTcd MOHOTOHHOI. TpeboBanue JIMHEHHOCTH JJIsT KOPPEKTUPYIOINX
omepalnii BBIVISIINT MeHee 0O0CHOBAHHBIM, UeM TpeboBaHMe MOHOTOHHOCTH. JInHeiiHble
GYHKINN UMEIOT YUCTO IPAaKTHIeCKNe IIPEUMYIIEeCTBa: X IIPOIe CTPOUTD, U KO3 huIm-
CHTBI (; MO2KHO MHTEPIIPpETUPOBaTh KaK CTEIICHH JOBEPpUIA 6&30BBIM aJIrOpUTMaM. MOHO—
TOHHBIE KOPPEKTUPYIOIINE OllepaIii 00Pas3yoT CYIIeCTBEHHO DoJiee MIPOKOEe MHOKECTBO
GYHKIMI, 9TO MO3BOJISIET HAJIESITHCS HA BHINTPHIIT B KAUECTBE KIACCU(PUKAIINN, HO B TO K€
BpeMs 9TO MOXKET IPUBOIUTDH K Iepeodydennio. Bompoc o ToM, Kakne KOPPEKTUPYIONIe
omepalyy JIydiie, JUHeHHbIe NI MOHOTOHHBIE, OTHOCUTEIBHO MAaJIO MCC/IeI0BaH. JKCIIe-
PUMEHTBI CBUIETEIHLCTBYIOT, UTO MOHOTOHHBIE KOPPEKTHUPYIOIIHE OIEPAIIH MOI'YT 00Ja-
JIaTh JIydIrneii 0000IaroIeil ClIoCOOHOCTRIO IIPU 3HAUUTEIHHO MEHbIIIeM KOoJImvIecTBe 0a30-
BBIX aaroput™oB [20], olHaKO MOKa HET YETKOTO MOHMMAHWsI, IOUYEMY 9TO MPOUCKOJNT.

Hasee nac Oyaer mHTEpECcOBATHL BOIIPOC, B KAKUX CJIyYasdX MOHOTOHHBIE K/IacCuuKa-
TOPBI 00J1JIAI0T HAWIYYIIell 0000IIAOIIel CIIOCOOHOCTBIO B CMbIC/IE (DYHKIIMOHAJIA, T0JI-
HOro ckoJib3sitero Kourposs CCV. Boobire roBopst, 0b6ob1maiomast crrocoOOHOCTb J0IZKHA,
OBITH TE€M BBIIIIE, YeM JIyUIle BBIDOPKA COTJIACYETCS € UCIIOIB3YEeMOI MOJIETBIO a/ITOPUTMOB.
B nammoMm cirydae Moiesib — 9TO MHOXKECTBO BCeX MOHOTOHHBIX hyHKuit. [losTomy B Kate-
CTBE OTBETA HA MMOCTABJICHHBIN BOIIPOC OXKMJIACTCS MOy IUTh HEKOTOPYIO XapaKTEPUCTUKY
MOHOTOHHOCTH BBIOOpKU U gBHBIH Buj 3aBucuMoctu CCV 0T 310l XapaKTepUuCTuKH.

§14.1 [lpodmnb MOHOTOHHOCTU BbIOOPKYN

Jomyctum, a1o MeTos 00ydeHus (4 BRIOUpaeT aJrOPUTMbl U3 MHOKeCTBa A Bcex Mo-
HOTOHHBIX byHKIWI a: X — Y.

Onpenenenne 14.1. Beprhum u HUMNCHUM KAUHOM O0OBEKTa T; € X HA3BIBAIOTCS, CO-
OTBETCTBEHHO, MHOXKECTBA,

Wo(z;)) ={z € X: z; <xmy(x) =0};
Wi(z;)) ={reX:x <z, ny(xr)=1}.

[Ipumepsl KIMHBEB TTOKa3aHbl Ha puc. 14.1 (a).

Mmuoxectso W; = Wy(xi)<xi) Oy/ieM Ha3bIBATH IIPOCTO KAUHOM OODbEKTa I;. ITO BCe
00BEKTBI TOTO Ke KJIacca, UTO U T;, JIeyKallue MexK /Iy &; U Ipanuiieil Kiaccos. MorHocTs
kimHa w; = |W;| xapakrepusyer riyOuHy HOrpyzKenust obbekTa x; B CBOil Kjacc. dem
MeHbIIe w;, TeM OJimKe 00beKT K rpanuiie Kiaacca. OObeKThl, He UMEIOINEe CBOEro K/IMHA
(w; = 0) GyJeM Ha3bIBATH 2PAHUYHBLMU.
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Puc. 14.1. JIsymepnas 3a1a4a KiaccuUKAIMH ¢ €CTECTBEHHBIM OTHOIIEHUEM TIOPSI-

ka Ha MHOkecTBe X C R2. Puc. (a): Bepxumit KIMH 06beKTa T;, HIDKHUI KIUH 00b-

exTa xj. Puc. (6): onHa U3 JOIyCTHMBIX MOHOTOHHBIX KJIACCH(UKAIUi reHepasbHON

BbIOOpKH X. O6beKTh 00y vatonieil BEIOOPKU BhIjieseHbl cuMBoJiamu [, B. PoHoM 1oKa-

3aHO O0beAUHEHNEe BEPXHUX 00JIacTeil 00ydaommux 00beKTOB Kiracca 1 n obbeuHeHne

HIDKHUX obJracTeil obyuarormmx o0bekToB Kiacca (.
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Puc. 14.2. Ta xe nBymepHas 3aa4a kiaccudukanuu, 9ro Ha puc. 14.1. JIBa kpaitHux

CJy4dast MOHOTOHHON KﬂaCCH(bHKaHHH: BCE OOLEKTHI B 3a30p€ MeXK/J1y HU2KHUMUA 1 BEPX-

HUMU 00JIACTAMU 00y Jaronux 00beKTOB OTHOCATCs K Kiaccy 0 (a), K kimaccy 1 (6).

Ecim monoToHnHbII AJITOPUTM JIOITYCKaeT OH_II/I6Ky Ha 0OBEKTE ZT;, TO OH HOIIyCKacT

omubKy 1 Ha BceX 00bekTax u3 KjiaumHa W;. DTo 0CHOBHOE CBOWCTBO KJIMHA, KOTOPOE ChIT-

paeT pemaNLyo PoJib MPU MOJTyIYeHUN OIEHOK CKOJIB3SIIEro KOHTPOJIS.

Onpenenenune 14.2. [Ipogurem monomonnocmu BBIOOPKH X HA3BIBACTCS (DYHKITHST

M (m), paBHas ji0J1€ OOBEKTOB C KJIHHOM MOIIHOCTH MM

i=1

L1
IIpoduis MoroTOHHOCTH HOpMHUpOBaH: y_~—  M(m) = 1.
[Ipodbuiib MOHOTOHHOCTH CYIIECTBEHHO 3aBUCUT OT BHIOOPKU, IIPHIEM BO3MOZKHBI JIBA

KpailHux cjrydasi:
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1) ecn B KazKJI0M U3 JIBYX KJIACCOB OOBEKTHI TMOMAPHO HECPABHUMBI, TO BCE KJIMHbS
mycTbl 1 poduiib cocpeoroder B mHye: M(m) = [m = 0];
2) ecom Ha X 3ajaH JuHeHblH nOpanoK, To M(m) = +([m < Lo] 4+ [m < Ly]), rae

L, — 4uciao o0BbEeKTOB KJjacca Yy B IeHepaJibHON BLIOOpKe:; ecyit Lo = Ly, TO Ipoduinb
Y ) 0 )

2

MOHOTOHHOCTHU pacrpeieién pasaomepno: M(m) = ¢ [m < %}

§14.2 BepxHas oueHKa MNOJSIHONO CKOJ1b3SLWEro KOHTPOs

Onpenenenne 14.3. Cmenenvio nemonomonnocmu BEIOOPKH X HABBIBACTCS HAHMEHD-
m1asi 9acToTa OMIHOOK, JIOIYCKACMBIX Ha HEHl MOHOTOHHBIMH aJITOPHTMAMH:
0(X) = min v(a, X).
acA
Bribopka X HasbIBaeTCs MOHOTOHHOM, ecm u3 z; < x; ciaeayer y(x;) < y(x;) mia
BCex ¥;,; € X. Bolbopka MOHOTOHHA TOIIa U TOJILKO Torga, Korga 6(X) = 0.
Ecim MeTof (4 MEHEME3EPYET SMIUPUIECKUIT PACK, TO €CTh CTPOUT AJITOPUTMBI C MU-

HUMUMAJbHBIM YHUCJIOM OIMMUOOK Ha 00ydaroleil BHIOOPKE B KJIACCE BCEX MOHOTOHHBIX

dbyuximit A, To MeTos 1 6yIeT KOppeKTHbIM Ha JTI060i MOHOTOHHOI BbIGOpKE [12].

Teopema 14.1. Ecjiu MeTos |1 MUHUMH3HPYET SMIIHPHICCKUH PHCK B KJACCE BCEX MO-
HOTOHHBIX (DYHKIIHI U CTelleHb HEMOHOTOHHOCTH BHIOODKH X paBHAa 6, TO

0L+k—1
COV(1,X) < Y M(m)Hp"™ (0L). (14.1)

m=0

JlokazaTeabcTBO. 3amnuiieM B (DYHKIINOHAJE CKOJIB3SAMEr0 KOHTPOJIS YacTOTY OIMNOOK
Jepe3 CyMMy HHIMKATOPOB OIMNOKY U TIOMEHsIeEM MeCTaMW 3HAKH CyMMUPOBAHUS:

COV = = Z Z (uX, ) %Z—ZZ [z; € X] I(uX, ;). (14.2)

LXX zeX i=1 L xx

N

N

Buyrpennsisi cymma, obozuaderHas depe3 [V;, BbIpaykKaeT UUCI0 pa3dueHuii BbIOOP-
ki X, IIpU KOTOPBIX OOBEKT X; OKA3BIBAETCS B KOHTPOJIBHOI MOJIBBIOOPKE, U MOCTPOEHHBIH
o oOydJaroIeil MoaBbIO0PKe aJITOPUTM JOITyCKAeT Ha HEM OIINOKY.

Orermm V;, BOCIOJIB30BABIIUCH TEM, 9TO €CJIU AJTOPUTM ¢ MOHOTOHHBIH 1 JIOITYCKAeT
omubOKy Ha O0ObEKTE T;, TO OH JIOIYCKAeT OIMMOKY U Ha BeexX oO0bekTax u3 KianHa Wi.

B 3zaBucumocTt OT COOTHOIIEHUST MOIIHOCTU KJIMHA W; U CTEIEHN HEMOHOTOHHOCTH
BBIOOPKU BO3MOYKHBI JIBA CJIyYasl.

Ecmm w; > 6L + k, To Hu mpu KakoM pa3dMeHnn MOHOTOHHBIN aJIrOpUTM He Oyier
omubaThCd Ha X;, MOCKOJIbKY AL + k ecTh MaKCUMaJILHOE YUCJIO OMIUOOK, KOTOPOE MOXKET
JIOIYCTUTH MOHOTOHHAsI (DYHKITUS HA BCeil BLIOOPKe X. DTO BBITEKAET U3 JOIMYIIEHUS, ITO
METOJ, /4 CTPOUT aJTOPUTM ¢ MUHUMUMAJIBHBIM YUCJIOM OIMMOOK Ha 00ydarorieil BhiOopKe
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B KJIacCe BCEX MOHOTOHHBIX (DyHKIUI. MuHIMa/IbHOE TUC/I0 OMUO0K Ha, JTI000# 1TOIBBIOOD-
ke X He IPeBOCXOINT MUHUMAJIBHOTO YNC/Ia OMMOOK Ha Beeil BeiOopke X. CegoBaTebHO
9UCI0 OMMOOK Ha oOydennn He npeBbimaer §L. Takum obpasom, B aToMm ciaydae N; = 0.

Paccemorpum BTOpoit caydaii, kormna w; < 0L + k. Ilycrs s — aucio oobekToB u3 W,
HaXOJISIIIXCS B 00ydaroleil moaBbI0OPKE,

max{0,w; —k + 1} < s < min{fL, {, w;}.

Nmeerca C cnocobor BIOpaTh § 00yvaonmux 00bekToB n3 kiuna Wi. Jlna kaxio-

S

r'o0 M3 9TUX CIIOCOOOB UMEeTCs Cé_—l—wi BapUaHTOB BhIOpATh ¢ — § 0OyYaOmUX 00HEKTOB

u3 muoxkectBa X\ (W; U {z;}). B urore mosyuaem onenky [uciia pasoueHmii:

min{6L,¢,w;}

N; < Z Cfvioﬁ_—sl—wi' (143)
s=max{0,w;—k+1}

[oncrasum onenky (14.3) B (14.2), Bocnosbayemes Toxjectsom kCY = LCOY |
u yarém, aro N; = 0 npu w; = 0L + k:

L min{6L,0,w;} l—s
1 k Co Cr 7w
CCV < — — —
DN ot
i=1 s=max{0,w; —k+1}
w;<OL+k

HpI/IMeHHH olpe/jesenue HpOCbI/IJIH MOHOTOHHOCTH, II0JIy4YaeM OLCHKY

OL+k—1 min{6L,¢,m} Cs s
cev< Y M(m) > e
m=0 s=max{0,m—k+1} L1

Bamerns, 4TO CyMMa II0 § COBIaJaeT ¢ GyHKIMel THIepreoMeTpuIecKoro pacipeie-
¢
nernst H7") (OL), nonyqaem onenky (14.1). Yro n TpeboBaioch j10Ka3arh. ]

CaencrBue 14.1.1. Orenka (14.1) MoHOTOHHO He yObIBaeT 110 6, jjocTurasi HanMeHbIIe-
ro 3uadenust npu § = 0, Korya BRIOOPKA MOHOTOHHA H METOJI [ SIBISIETCST KOPPEKTHBIM

Ha rerepasbHoit Boibopke X, To ecth korma v(uX, X) = 0 g1 seex X € [X]%:

k—1 Cg

CCV(1,X) < Y M(m)—=1" (14.4)
m=0 CL*l

Haubosbmmas onenka CCV < 1 mocturaercs, kKorma w; = 0 g Beex ¢ = 1,..., L.

DTO O3HAYAET, YTO KarK/bIil KJIacc IpeacTaBisgeT coDOil MHOXKECTBO IONapHO HeCpaBHU-
MBIX OOBEKTOB, U BCsS BBIOOPKa paclaaeTcs Ha JBe aHTurenu. B aTom ciydae TpeboBa-
HIIe MOHOTOHHOCTH He HAKJIa/IbIBaeT HUKAKUX OIpAaHUYIEHNI Ha CeMeifiCTBO aaropuT™MoB A,
1 OHO WHAyImpyeT Bce 2 crmocoboB momesnTh TaKyio BBIOOPKY Ha J1Ba Kjacca. BIosHe
€CTeCTBEHHO, 9TO MepeodydeHne B JJAHHOM CIydae MaKCUMAJIbHO.

Haumenbiast onerka CCV < 2/¢ nocturaercst, Korja BbIGOPKa MOHOTOHHA U JIMHET-
HO yropsijodena. B 9ToM ciiydae 9uc/io KJIMHBEB MOIHOCTH W HE MPEBBIIIaeT 2 /i BeeX
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w=1,..., k. CemeficTBO MOHOTOHHBIX AJTOPUTMOB A UHIyIIUPYeT YHUMOJIATbHYIO TICIlh.
[Tepeobyuenue B JJaHHOM CJIydae MUHUMAJIBHO.

['unepreomerpudeckuii MuokuTesb B (14.1) yobIBaer ¢ pocroM m GbICTpee reoMeTpu-
4Jeckoii mporpeccun. Yrobbl obecrieanTs MaJsioe 3Hadenne dpyukimonaia CCV, moctaTrodno
norpeboBaTh, 4To0bl pyHKIMst M (m) npuHIMAaa MaJible 3HAYEHUs TIpU MaJjbix m. [lpn
OOJILITNX M €€ POCT KOMIIEHCHPYETCsl KOMOMHATOPHBIM MHOYKHUTEJIEM. TakuM obOpa3oM,
KaIeCTBO MOHOTOHHOI'O KJIACCH(pPUKATOPA TEM BBIIIE, 9eM MEHbIe 00bEKTOB NMEIOT KJIH-
Hbs HEOOJIBINON MoIHOCTU. [IJ1s1 9TOro OTHOIEHNE MOPs KA Ha MHOXKECTBE 00bEeKTOB X
JIOJIZKHO OBITH OJIM3KO K JIMHEHHOMY BOJIM3W I'PAHUIBI KJIACCOB, WJIHM, JPYTUMH CJIOBAMH,
MHO?KECTBO OMHAPHBIX BEKTOPOB OMIMOOK JIOJI?KHO OBITH OJIU3KO K YHUMOIAJILHON IeIn
BOJIN3U TPAHUIIBI KJIACCOB.

Taxum obpazom, popma TpoduIis MOHOTOHHOCTHA MOYKET PacCMAaTPUBATHCA KaK (pop-
MaJIbHOE BbIpasKeHUe alpruopHOil nHMOPMAIUI O TIOTHOCTH OTHOIIEeHUsI TIOpsIKa [47, 48]
BOJIN3M I'PAHUIIBI KJIACCOB.

BameTum, 9T0 EMKOCMb KJIacCa MOHOTOHHBIX K/AcCu(UKATOPOB OECKOHEUYHA, II0-
CKOJIbKY Ha BBIOOPKE JIIUHBI L, COCTOSINEl M3 MOMAapHO HECPABHUMBIX 3/IEMEHTOB, pea-
msyetcs posHo 2F amxorommit. Takmm obpasoM, KimaccmdecKasa Teopus Bammmka-Yep-
BOHEHKMCa He JIaéT COoJIepKAaTeTbHBIX OIEHOK KadecTBa JjIs JIAHHOIO cjydasd. V3BecTHO
TaKzKe, 9TO 3aBUCSINAA OT BBIOOPKH adhekmuctan EMKOCMd KIacca MOHOTOHHBIX (DYHK-
Uil He TPEBOCXO/IUT JUTMHBI MaKcuMaJsbHOH anTuienu B Bbioopke X [100]. Omenka (14.1)
CYIIIECTBEHHO TOYHEE CJIOXKHOCTHBIX OIEHOK W HUKOT/IA He TIPeBhImaeT 1.

NurepecHo orMeTuTh GOJIBIIOE CTPYKTYPHOE CXOJICTBO oreHoK (13.2) u (14.4), noty-
YEHHBIX JIJId TaKUX PA3JIMIHBIX, HA [TEPBBIH B3IJIsI/I, allPUOPHBIX OMPAHUYEHU, KaK KOM-
[MAKTHOCTh ¥ MOHOTOHHOCTH. yTh 1032K€ MBI TIOIIPOOYEM pa300paThCsi B €ro MpUIHHAX.

§14.3 To4Hble OUEHKWN MOJSIHOIFO CKOJ1b35ILLEero KOHTPOJIs

[Torpobyem pazobparbest, modeMy ornenka (14.1) me sBagercs rounoii. [Ipu onennsa-
HUM Yucia pa3douenuii N; Mbl He 3HAJIM, OMMUOACTCA JIU AJITOPUTM a = pX Ha 00bEeKTe T;,
U c/iestaan M30bITOYHO CHJIBHOE MEeCCHMUCTUYIHOE MPEJIIOIOKEeHNe, YTO OH BCET/ia Ha HEM
omubaercsd. Ecim ke ydecTb, KAaK UMEHHO aJIOPUTM @ OIPEJIEseTcs 10 BhIOOpKe X,
TO BO3MO2KHO ITIOJIYYUTDb TOYHbBIE OIICHKMU.

Bseném ciemyrorue omnpejiesieHus.

Huotcran obracmov obbekTa x; — 3TO MHOYKECTBO BCeX OOBEKTOB & TaKHUX, 9TO T < ;.

Bepxnas obaacmob oObekTa T; — 3TO MHOXKECTBO BCeX OOBEKTOB T TAKUX, 9TO T; < I.

Homyctum, uro BeiOopka X monoTonHa. Torja jro60it MOHOTOHHBIH aJrOPUTM @ MIPa-
BUJILHO KJIACCUMDUITIPYET BCE OOBEKTHI, TOMAJIAIOIINE B HUZKHIE 00/1aCTH 00YIaIoNuX 00b-
exToB Kjacca 0 u B Bepxuue obsactu obydaromux o0beKToB Kiacca 1, cm. puc. 14.1 (6).
[Ipo ocrambHbIE OOBEKTHI Oy/IEM NOBOPUTH, UTO OHU AEHCAM 6 3a30pe MEKIY HIKHIMUI
U BEpXHUMH 00OJIacTsIMi 00y daronux 00bekToB. Kiaccndukarus 3Tux 00beKTOB 3aBUCAT
oT KOHCTpyKImu ajropurma a. Ha puc. 14.1 (6) nokasana ojiHa #3 BO3MOYKHBIX Dean3a-
nmit ajgropurMma a. Ha puc. 14.2 nokasanbl jiBa KpailHUX ciydasd — KOIJ[a BCe OObEKTHI,
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JIezKallye B 3a30pe, OTHOcATCd b0 K Kaaccy 0, ymbo K Kiraccy 1. Hauném ¢ aTux kpaitnux
CJIydaeB, Kak HanboJiee MpOCThIX.

MoHoToHHble knaccudmkaTopbl MO rpaHuuam 3asopa. Hasosém npodusem moro-
monnocmu Kracca y € Y dbynknmio M,(m), paBHyio Jose 00BbEKTOB KJIacca y ¢ KJITHOM
MOIITHOCTHM 1.

M, (m) = !

ll

Z[y(i’?i):y“wizm}; m=0,...,L—1.

OueBnIHO, cCyMMa TIPOGUIIEiT 0 KJIacCaM COBIAIAET ¢ OOIIUM TTPOQUIEM:
M(m) = My(m) + My(m), m=0,...,L—1 (14.5)

Teopema 14.2. FEcimn Bprbopka X MOHOTOHHA U aJIrOPpUTM @ = (41X OTHOCHT BCE OO'BEKTHI,
JIeKalme B 3a30pe, K KJaccy Y, TO CIPABEJINBA TOYHAs OIEHKA

k—1
Yo
CCV(1,X) =) Ml_y(m)ée—l. (14.6)
m=0 L-1

HoxkazareabcTBo. [lomyctum, 4ro anroput™m a = X OTHOCHT BCe OOBEKTHI U3 3a30pa
K kjaccy y = 0. Torga on momyckaer ommbKM TOJBLKO Ha TeX OOBEKTax X; U3 3a30pa,
KOTOPBIe MpuHa IIekaTr Kjaaccy 1. s 3rux o0beKToB unc/io pazouennii N;, Mpu KOTOPHIX
v, € X u I(pX,z;) = 1, soramcasiercss o dopmyae (14.3). Jas ocTagibHBIX 00bEKTOB
u3 3a3opa N; = 0. Takum obpazom,

Ny =Cp_i_,, [y(z:) =1].

Honcrasus N; B (14.2) u Bocnosb3oBasmch Toxkaectsom kCY = LO% | momyuum (14.6)
it caydas y = 0. AnajioruaabiM 00pa3oM mpoBepsieTcs caydait y = 1. [

Ec/ui npeinosiokuTh, 9ro mpoduib MOHOTOHHOCTH JIeJIUTCs coraco (14.5) mpumep-
HO [OPOBHY MKy KJIACCAMU, TO U3 JOKA3aHHOI TeOpeMbl cyiejryer, 4to onenka (14.4) ns
[IPOM3BOJILHOI'O METO/Ia 00y UeHUs 3aBblllleHa MPUOIN3UTe/IbHO BiiBoe. Ha camoMm jiese ona
3aBBIIIEHA CUJIbHEE, TAK KaK OTHOCHTD BCE OOBEKTHI 3a30pa K OJIHOMY KJIACCY — OYEBU/IHO,
He caMag JIydiliasi CTpaTerus ¢ TOYKU 3peHnsd obodImaomneil criocoonoctu. Muaryurms mo/i-
CKa3bIBAET, YTO ONTUMAJbHOE Pasfie/ieHue JO0JKHO MPOXOJIUTh Mocepeinte 3a30pa. dTo-
ObI TPOBEPUTD ITY TUIIOTE3Y, HEOOXOIUMO CPABHUTH METO/IbI OOy UeHUsI, KOTOPbIE TTPOBOIAT
Pa3JIeJISIONLY 10 TIOBEPXHOCTH 110 TPAHUIIAM 3a30Pa, 110 CepejiuHe 3a30pa i (J1j1st O0JIbIIeit
OOIITHOCTH) 110 33IJAHHOMY OTHOIIEHUIO PACCTOSAHUI 710 HUXKHEH U BepXHeH IpaHMuil.

Tounas onerka CCV 151 citydast pas/iesieHust 1o cepeIimHe 3a30pa oIy dena [ajmHoit
Maxunoii B [41].

MoHoTOoHHbIe KnaccndukaTopbl MO PacCTOSHUAM A0 rpaHuy 3a3opa. Onpegenum
JIJTs TPOM3BOJIBHOM apbl 00bEeKTOB &, u € X paccrosHue (T, 1) MKy HUKHEl 00J1aCThIo
obbekTa x u BepxHeil obyacTbio obobekTa u. IloTpebyem, aTobbl dbyHKIMA r obJajgara
CJIEJTYIOIUME CBOMCTBAMIU:
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Puc. 14.3. Monoronubie GyHKINN, TPOXOISINNE Yepe3 TOYKH MOHOTOHHONW 00yda-

formeit BoiGopku B R?: (a) anropurm kinaccudukamun a(x), (6) nenpepbiBHas dyHK-
st b(z). CryneHuaThIMu JTMHUSMEA OKA3aHbl HUXKHSIS M BEPXHsIsl TPAHUIBI 3230Da.

1) r(z,u) = 0 Torga u TOJBKO TOIJA, KOIJA T = U;
2) r(x,u) He Bo3pacTaer 10 x He YOBIBAET II0 1.

Oyuximio 7(x, u) MOXKHO HHTEPIPETUPOBATH TAKYKE U KaK PACCTOsIHEE OT OObEKTa T
JIO BepxHeil 001acTu U, U KaK PaccTogHue or 00beKTa U J0 HUXKHel obiacTu .
Pacemorpum aroputMm Ostuzkaiiniero coceia a = X,

— : /
a(z) = y(arg min p(z, 2')),

(14.7)
U JI0 ero BepxHeii obsactu, ecain y(z') = 1:

onpeenus GyHKuio paccroguus p(x, x') or kiaaccudunupyeMoro oobekTa  J10 00beKTa
obyuarorreit Boibopku ' € X Kak paccrosinue 10 ero HikHeil obsactu, ecam y(x') = 0,

: (L= z), y') =0,
ple, o) =
Ar(x,2’), y(x') =1,
riae A € (0,1) onpejensger mooKeHne pasIesIsionieil TOBePXHOCTH BHYTPH 3a30pa:

npu A — 0 paszesndionias TOBEPXHOCTh IIPOXOIUT 110 HUZKHEH IpaHuIle 3a30pa, U BCe
O0BEKTHI U3 3a30pa OTHOCATCS K KJaccy 1;

npu A — 1 pasjesdronias MoBEepPXHOCTh ITPOXOJIUT 110 BEPXHeil rpaHulle 3a30pa, 1 Bce
00BEKTHI U3 3a30pa OTHOCATCH K Kiaccy 0;

npu \ = % pasesIsIoNas MOBEPXHOCTD IIPOXOANT TOCEpeHe 3a30pa, puc. 14.3 (a).
[Ipn kpaitanx sHagennsax A € {0, 1} yHKIug p MOXKeT HPUHEMATH MHHUMAJIbHOE
snadenue () OJJHOBPEMEHHO Ha 0OYyHalonnX O0beKTaX Pas3sHbIX KJIACCOB, YTO OyJeT IPUBO-
JIITh K HEOJHO3HAYHOCTH BbIOOpa Kiaacca B (14.7). Heo/iHOBHATHOCTEL He BO3HUKHET, €CJIH
6parh kpaiinue suadenus {\g, 1 — \g} Ipu HEKOTOPOM \g, OU€HDb OJIN3KOM K HYJIIO.

Asroputm (14.7) MOYXKHO OIpENENTh IKBHBAJICHTHBIM 00pa3oM Kak a ()

= [b(z) >
do() + dy(z)’

r’'eX

)\} , oie b(x) — oTHOCHTE/IbHOE paccTosiHue JI0 OJinKaiieil HuxkHeli obiactu, puc. 14.3 (6):
d,
br) = )
y(z')=0

do(x) = min p(z, z'),

di(z) = min p(z, z").
y(a')=1
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Teopema 14.3. Ilycrs Beibopka X mMoHOTOHHA, hyHKIHS 7(T,U) VJOBIETBOPSIET CBOM-
cream 1) n 2). Torga ¢ynxnmn a(x) nb(x) MOHOTOHHO He yOBIBAIOT IO T U MPOXOIAT Y€Pe3
rouku obydaromeii Bbioopku: a(x) = b(x) = y(z) aust Beex x € X, npu arom pyrKIms b(x)
HEIpephIBHA.

JokazaresbcTBO MOXKHO Hajitu B [12].

Tounas onenka CCV ms anropurma (14.7) naéres Toit ke Teopemoit 13.1, ato u s
OOBIYHOTO MeTO/Ia OJTHKAMIIEro coce/ia. ToUHO Tak ¥Ke KazKJIblii 00bEKT X; TTOPOXKIaeT YIIO-
psijoUeHne BcexX 00bEeKTOB I'eHepaIbHOM BBHIOOPKHU 110 HEYOBIBAHUIO PACCTOSIHUN JI0 HETO,
U TOYHO TaK K€ OIpeIegeTcsd IpoduiIb KOMIAKTHOCTH.

B3aumocsasb mexay npodnnsiMm KOMMNakTHOCTU U MOHOTOHHOCTU. [lokazkem, 110

Bepxusst oreaka CCV o npoduimo MonotorHOCTH (14.4) MOXKET OBITH HOJIyYeHA B Pe-

sysbrare ociaabmenns Tounoil onenkn CCV o npodmio kommakraocTr (13.1).
BanuiemM TOYHYIO ONEHKY:

CCV = zk: K(m) Clotm _ i lZI (x-)—cﬁzll*m
_m:1 CL*I - I : m\i Cg ’

rie I, (x;) — uHauKaTop OommMoOKN Ha 00beKTe T;, eCTH KJIACCUMDUIMPOBATH €ro 1Mo Mm-My
coceny. Bee obbekThl o u3 Kiauna W siBisiiores nepsbiMu w; = |W;| Gumkaitimimvu co-
ceJiIMu 0O'beKTa T;, TIOCKOJIbKY JIJIsT HUX ¥ TOJIBKO JIJIT HUX PACCTOsiHus p(X;, T) PaBHBI
Hysit0. OObEKThI U3 KJIMHA, IPUHAJIEXKAT TOMY YKe KJIACCY, 9TO U CAM X;, CJIeI0BaTE/IbHO,
Li(z;) = -+ = Ly(z;) = 0. Ognako, HaunHas ¢ (m + 1)-ro cocena, MOIyT BOSHHKATH
omubOku. Takum obpa3oM, cipaBeInBa BePXHsisl OIeHKa st 1,

m—1

I () < [w; < ml :Z[wi:s], m=1,...,L—1.
5=0

[TogcraBum sty onenky B opmyny st CCV u caemaem psi mpeoOpasoBaHMiL:

k 1 L m—1 O
L— 1 —m
CCV < Z I Z [w; = s|]———" o =
m=1 =1 s=0
k. m—1 L
1 ot
DRI IR
m=1 s=0 L i=1 OL_l
k—1 k /—1
C —1-m
:Z Z M(s) ézl
s=0 m=s+1 L-1
k—1 k—1
= M (s ) (C +CL 2— s M (m el =
s=0 m=0 L_l

[Tocie/iHee BuIpazkeHne COBIAJAET ¢ BepxHeil oneHkoil (14.4).
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PaccTosiHus oo BepxHUX n HMXHUX obnacTeii. PaccMoTpum oinH eCcTeCTBEHHBIN CITO-
cob ornpeiesnTh (BYHKIMIO 7', MPEJJIOKEHHBIH B [12] 119 mocTpoeHns MOHOTOHHBIX KOD-
pekTupyitomux oneparuii. [Iycth 00beKTHI 38/1a10TCA 1-MEPHBIMU IHCJIOBBIMU BEKTOPAMH,

XCcR™ x=(z%...,2"), u=(u',... u"). Tlonoxum
_ 1 1 n n

T(ZE,U) —QD((U -z )+7"'7(u -z )+)7
IJIe MHJEKC «+» 0003HAYaeT oleparnuio cpesku: zy = z - [z > 0]; dyukuua ¢(z, ..., 2")
He yObIBaeT Ha Beeil obsactu onpesenenus [0,+00)" U OpUHAMAET HYJIEBOE 3HAYUCHHE
o(z',...,2") = 0 Torma u ToabKO TOrA, Korja 2t = -+ = 2" = (.

B kauectse QyHKIMI ¢ HOJAXOAAT: MakcuMyM max(zl, ..., 2"), cymma 2t + -+ + 27,

1 :

p-HOpMa, ((zl)p + (z”)p) P | 9UCJIO0 HEeHYJIEBBIX apI'yMEHTOB #{z: Z' > 0}. [Ipousseie-
Hue 2 -+ 2" u MuHEMyM min(zl, ..., 2") He NOAXOMAT, TaK KaK OHM HPUHUMAIOT HyJIEeBbIe
3HaveHus He TOJbKO B Touke (0,...,0).

BoccTaHoBneHMe 4acTM4YHO 3a4aHHbIX MOHOTOHHbIX OyneBbix dyHkuumin. Ilycrs
06beKTHI onuchiBaroTcsa n Gunapabivu npusnakamu, X C {0, 1}". Torma 3amada mocTpo-
€HUsl MOHOTOHHOTO KJIacCH(pPUKATOPa COBIIQJIaeT ¢ U3BECTHON 3ajiadeil Teopuu OyJIeBbIX
GYHKIMI 0 BOCCTAHOBJIEHUH YAaCTUIHO 33 IaHHOI MOHOTOHHOI OyseBoit dyukiun. CraH-
JIAPTHBIE aJITOPUTMbI, PEMIAIONIUe JAHHYIO 33/1a1y, OOBIYHO OCHOBAHbBI Ha, JIOMOJTHATETHHOM
TpebGOBaHIN MIHUMU3UPOBATH CJOXKHOCTD Moty daemoii 6ysesoit dyukimn a(z) [51]. Kpn-
tepuii odbodbiaomeit cnocoornoct CCV gBsieTcss HOBBIM B JJAHHOM 3ajade.

JloromnuTeIbHOE 3aTPYAHEHNE CBI3aHO C TE€M, UTO €CTECTBEHHOE B JIAHHOM CJIydae
paccrostaue XsmmuHra p(x, ') IpuHUMaeT JIUCKPeTHbIH Habop 3HaueHwuit 0, . .., n, 910 He
[O3BOJISIET OJTHO3HAYHO PAHKUPOBATH COCEEH U ONpeessiTh Y (L, ) — KIace m-ro cocesia
obbekTa ;. B pesyibrare MonoTonmble Kiraccubukaropsl Biga (14.7) MoryT oTsimaaTses
Ha 00beKTaxX, PABHOYIAJEHHBIX OT I'paHull KiaaccoB 0 u 1.

s mostyaennst Bepxueit orieHku CCV paccMOTpPUM MECCUMUCTUYIHBINA METO/T 00y de-
HUST [l,,, KOTOPBIiL cTponT Kaaccudukarop fi,(X ), omnbaomuiics Ha BceX TaKUX 00bEKTax.

HukHsst OleHKa T10J1yIaeTcst JiJisl ONTUMUCTUIHOIO METOJA, iy, IPH KOTOPOM fi(X )
[IPaBUJILHO KJIACCU(DUIUPYET BCE TaKUE OObEKTHI.

st kazkoro ; € X onpeenum hyHKImE nestoaucaentoro aprymenta v € {0, ..., n}:
aijEX\:Ui

si(v) = Z [oa(i,25) = (L4 X =2y 0)v] [y # 515
x;eX\z;

pi(v) = Z [Px(%%) = U] [3/@ = Z‘/J]-

xz;eX\x;
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012 02¢
1 022
0.10 0.20
008 | 018
1 0.16
0.06 014
00 | 0.12
! 0.10
002 0.08
] 0.06

-0.8 -0.6 -04 -0.2 0 0.2 04 06 08 -0.8 -06 -04 -0.2 0 0.2 04 0.6 08

(a) (©)

Puc. 14.4. 3asucumocts C, u C)p or A upu ¢ = k =100, n = 15: (a) BbbOpKa ¢ IIu-
POKHMM 3a30poM U umcjioM o6bekToB B Kiaccax (100,100); (6) Bbibopka ¢ 3a30pom
cs10KHO#T (bopMbl 1 HecbastancupoBaHHbIME Kiaccamu (150, 50).

Teopema 14.4 ([15]). Ilycrs BreiGOpra X wmownoronna. Torma C, = C(u,, X) <
C(u, X) < C(up, X) = Cp, e
L n l l
Cr ., -C
. —ti(v)—1 L—tv)—si(v)—1
Cp= Z Z LY :
i=1 v=0 L
L n 4 0
cr ., -C
_ —tyv)—p{v)—1 L—ti(v)—siv)—piv)—1
Co=2_2. ; '
i=1 v=0 kCL

YucneHHubin akcnepumeHT. llenb skcrepuMenTa — IPOBEPUTH IMIIOTE3Y, UTO IIPOBEJIE-
HIe pas3/IelIsdoleii mosepxuocTr mocepeune 3a3opa (A = 0) muanmusupyer CCV.

DKCIEPUMEHT IPOBOAMIICS Ha OMHAPHBIX MOJEJBHBIX JAHHBIX, IPU Pa3JINIHbIX 3HA-
yeHuax n, L, £, upu pa3mdnoii coasancupoBaHHOCTH KJIACCOB, IPU Pa3IMIHOi hopme 3a-
sopa. IIpakTudecku BO BCeX SKCIEPUMEHTAX HAOIIOMAJICS Y6TKO BBHIPAYKCHHDBI MUHIMYM
CCV mpu A = 0, npu stom onernku C, u C, 6bum ouenb Oamsku, puc. 14.4. B 3amagax
¢ MaJIbIMU BBIOODKAMHU WJIM CYIIECTBEHHO HecOAJaHCHPOBAHHBIMU KJIACCAME ITOJIOXKEHIE
MUHUMYMa, HHOTJIa HE3HAYUTEILHO OTJINYaIoch 0T A = 0.

Pe3iome

J11sT MOHOTOHHBIX AJIrOPUTMOB Kjaccuduranuu Bepxuss onenka CCV BbIpazkaeTcs
Jepe3 MpoduIb MOHOTOHHOCTU BBIOOPKU, XapaKTEePU3YIONIHil TJIOTHOCTH OTHOIIEHUS 10~
PAIKa B6.HI/ISI/I I'paHuIbl KJIaCCOB MJIM CTEIICHb COIVIaCOBaHHOCTHU OI'PpaHMYeHNd MOHOTOH-
HocTu ¢ HabJroTaeMoit BbIOOpKoii. ToUHbIE OIEHKN TaKKe MOTYT OBITH IOJIyYI€HbI, HO JIJIst
9TOr0 HEOOXO/IMMO YUUTHIBATH KOHCTPYKIINIO MOHOTOHHOTO Kjaccudukaropa. s mono-
TOHHOI'O MeTOJia OJIMZKANIIero cocesla yIaeéTcs MOJIyYUTh TOYHBIE OIEHKUM M 000CHOBATH
[IPOBE/IEHUE PA3/IC/IAIONIECH TOBEPXHOCTH MTOCEPEIIHE 3a30Pa MEXK/Ly KJIACCAMU.

Ynpa>kHeHust

Bamada 14.1 (2). O606muTh Teopemy 14.2 Ha ciydaii, Korja BbIOOpKa He 06g3aTebHO
MOHOTOHHA.

Bamaga 14.2 (1). /[okasars Teopemy 14.3.
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Bamaga 14.3 (2). g corydas, Korjia BEIOOPKa He 0653aTe/IbHO MOHOTOHHA, 0000IIHTH
MOHOTOHHBIT Kitaccudukarop Gimkaiiniero cocema (14.7) n reopemy 14.3.

Bamaga 14.4 (3*). [na caydas, Korja BeIOOPKa He 00s3aTEIbHO MOHOTOHHA, BBIBECTH
BepxHIOO oreHky CCV 1o nmpodmniio MoHOTOHHOCTH 1Yepe3 TouHyto oreHKy CCV 1o mpo-
pUIII0 KOMITAKTHOCTH.

Bamaua 14.5 (4). [okazars Teopemy 14.4.
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15 [Mpunoxenwue.
O komMOuHaTOpHOI Teopuun nepeodyYeHus

OTH 3aMeTKI aJIPecOBaHbI, TVIABHBIM 00Pa30M, CTYIeHTaM U aclipaHTaM, BHIOPABIITIM
KOMOMHATOPHYIO TEOPHUIO IepeoOydeHnsl B KadeCTBe TeMbl CBOEH HayIHO-HCCJIe0BaTe b-
cKoif paboTbl. Bo3MOKHO, OHU OyJIyT IOJIE3HBI U TEM, KTO HHTEPECYETCS METOJI0JIOTHEH
HayIHOI'O UCCJICTOBAHMUA. 371€Ch B XPOHOJOIMICCKOM TIOPSIJIKE PACCKa3bIBAETCS O TOM, KaK
BOBHUKAJIU U PeIlajnuch 3aa49i, pacCMOTPEHHbBIE B JIAHHOM KypCe JIEKITHii.

Bo BcgkoMm mccseioBaHnm IPEJIIecTBYOIINE Pe3yIbTaThl, KaK MOJOXKUTEIbHbIE, TaK
1 OTpHUIlATeIbHBIE, MTOJCKA3LIBAIOT HAIlpaBJIEHNE JIAJbHEHINX MOUCKOB. VIHOrIa MOXKHO
HE 3aMETUTh ITU MOJICKA3KHU M MOTEPITH TOJbI, UMes Pe3ybTaT OYKBAJILHO I10J] HOCOM.
MpbI yamMmces 3amMedaTh UX Ha KOHKPETHBIX HPUMEpPax, COOCTBEHHBIX U UyKUX OITHOKAaX.
Cyauraercs, 9TO 3TOT OIBIT UHAUBHUIyAJE€H U IEPEIACTCs OT YIUTE I K YICHUKY B IIPO-
mecce paborel. C APyroit CTOPOHBI, BCE HMOJIB3YIOTCsS MPUMEPHO OJHUM U TeM ke «AJro-
purmoMm HUP», KOTOpBIt COCTOUT B CJICIYIONIEM: Ha KaKJIOM IIare BLIITOJHAETCS OIlpe/ie-
JIEHHas paboTa; MOPsSI0K paboT BLIOMPAETCA 0 CUTYAIMU, HO BCE OHU BaXKHbI, M HUA OJIHY
HEJIb3sI YIIYCKATh:

1) morpyzkeHue B COBpDEMEHHYIO (B OCHOBHOM aHTJIOS3BIYHYIO) HAYYHYIO JTUTEPATYDY;

\)

) pemeHne IpoCThIX YaCTHBIX 3a/1a4, JazKe €CJIM OHU Ha HepBbeI B3I'JIA L 66CHOH€3HI)I;

w

) depejioBaHUe TEOPETUIECKUX UCCIEOBAHUI C 9KCIIEPHUMEHTAM;

W

) qepeoBaHne IOIIbITOK PEHINTL 3a/iavdy C IHHOIIbITKaMW U3MEHUTDH eé ITOCTaHOBKY;

(S

) qgepeJoBaHue CaMOCTOATe/IbHbIX paSMbHHJIeHI/Iﬁ C ceEMHHapaMu 1 O6cy}K,ZLeHI/IHMI/I;
6) yiuupomeHue 0b03HaueHI 1 JOKa3aTeJIbCTB, ITIOUCK y,uaquﬁ TEPMHUHOJIOTUHN.

[IpakTuyeckn g KazKJI0ro IMyHKTa MOXKHO BCIOMHUTBH CJIydad, KOIJI[a UMEHHO 3Ta
paboTa ImoMorJIa BHIBECTH UCCTIEIOBAHTE U3 3aTAHYBIIIerocs Tynuka. Vm, naobopor, Koria
TYIHUK BO3HUKAJ M3-32 TOTO, 9TO KaKasi-TO U3 3TUX padOT MOJOJTY OTKJIA/IbIBAJIACE.

§15.1 [locrtaHoBka 3agaun

1991 rop. lcxomnas 3ajiada, rmocrapjieHHas MOUM HAayJHBIM pyKoBojuTesaeM Koncran-
tuaoM Biamumuposutdem PynakoBbiM, Korja s ObLT cTyjeHTOM Tperhero kKypca MOTU,
cocrosia B caemytomeM. Heobxonnmo 66u10 n3yunts padorst B. JI. Marpocosa |38, 39, 40],
B KOTOPBIX JIOKA3bIBAJIOCh, YTO KOPPEKTHBIE ajredpanieckne 3aMbIKaHU HaJT aJITOPUTMAa-
MU BBIYUCJIEHUS OIEHOK MMEIOT KOHEYHYI0 EMKOCTh, CJIEJIOBATEIHLHO, 00ydaeMbl COTJIACHO
reopun B. H.Bannuka n A. 1. Yepsonenkuca (VC-teopun). 3arem HaJI0 ObLIO U3yUUThH
paboter camoro K. B. Pyrakosa [45], B KOTOPBIX MOKa3bIBAJIOCH, ITO MOKHO CTPOUTH AJl-
redpanvecKne 3aMbIKaHUS ropas3jio Menblieil crenenu, o 4ém B. JI. MaTpocos B nadase
80-x 3HaTh HUKaK He Mor. [lostomy pesynbrarst B.JI. MarpocoBa MOXKHO yIydIIUTh, 9TO
MHE ¥ [PEJIJIAraJIOCh CJIeATh.

Pazobpasiimch, s He TOHST TVIABHOTO — 3adeM HYXKHbBI OIIeHKH, KOTOPbIE TIOTOM HU-
rje He ucnosb3yored. lemo okazanoch B ToM, uro VC-OlEHKH, HA KOTOPBIE OMUPAJICS
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B.JI. MaTpocoB, HACTOJILKO 3aBBIMIEHBI, YTO UX MOYKHO JIMIITh WHTEPIPETHUPOBATH Kade-
CTBEHHO — €MKOCTHh KOHEYHA, 3HAYUT 00y4aeMOCTb eCcTh. MaJjiasd BEepOsTHOCTH ONIUOKH
Teopueil rapaHTUPYeTCs, HO, coryiacHo VC-0eHKaM, JIOCTUTraeTCs Ha BHIOOPKAX JJTMHBI 10~
psIKa MUJITHAP/IOB. B TO 2Ke BpeMs U3BeCTHO, YTO MPaKTUIeCKUe 33/ 1a9H BIIOJIHE YCIIEITHO
PeIaloTCst IPU BLIOOPKAX U3 COTEH a MHOIJIA JlayKe JIeCATKOB 00bEKTOB.

YacrHaa 3aja4da yJIydlleHds 3aBeJOMO 3aBBIIIEHHON OIEHKU B TOT MOMEHT IIOTe-
psia it MeHs BCsKuii cMbIcy. [IpobsieMa 3aBBIIEHHOCTH CKPBIBAJIACH TJIE-TO BHYTPHU
VC-reopun, u e€ perreHne mpecTaBisioch ropasino 60see BazKHbIM.

§15.2 [Honroe tonTtaHme Ha mecTe

1991-1995. Ilo Boipaxkenuio lloiist, B 11000t Teopun uUMeeTCs HeEKasl «CKPBITasi JIBU-
JKyIIas MPYKUHA», TVIABHBIH MOMEHT JOKA3aTEeIbCTBA, «B KOTOPBIH BCE M ITPOUCKOIUT.
Buumaresbnoe nzydenue pador Bannuka n YepBoHeHKnca 1Mokas3aJjo, 9To TAKOH MOMEHT
JIEHCTBUTEILHO €CTh W HAXOJUTCs B €JMHCTBEHHOI Teopeme (cTp. 48), T1e JesaloTcs Hau-
boJiee TpybObIe OleHKN cBepxy. OcTajibHasg TeOpHs HUKOUM OOPa3oM He CBA3aHA C IIPO-
6J1eMoil 3aBbIIIeHHOCTU. VIHTEPECHO, YTO 9TOT MOMEHT JIOKA3aTeIbCTBA UMEET YUCTO KOM-
OMHATOPHYIO MPUPOY. BeposgTHOCTHAs Mepa UCHOJIB3YETCs JIUIIb JijIs TOrO, ITOObI TIe-
peBecTr KOMOMHATOPHBIN 110 CYTH pPe3y/IbTaT Ha BEPOSTHOCTHBIN s3bIK. Kceanm odnctuth
JIOKA3aTeJIbCTBO OT BTOPOCTENEHHBIX JleTasleil, TO CTaHeT BUJHO, UYTO Ha CaMOM JIeJie OIle-
HUBaeTCd KOMOMHATOPHAs BeJIMUUHA, OlpeJieigeMas caeayomum oopazom. [lyers 3amana
KOHEeUHAs T'eHepajbHasd BbIDOPKa OOBEKTOB U PACCMATPHUBAIOTCA BCe €€ pa30ueHus Ha JBE
[IO/IBBIOOPKM, OOYYAIONIYI0 U KOHTPOJIbHY0. 3a/aH0 CEeMefICTBO aJITOPUTMOB, B KOTOPOM
MBI HaJIeeMCs HAWTU aJrOPUTM, JOIMYCKAIONMi Majo ommubok. HazoséM pasduenue rmio-
XUM, €CJIH B CEMeNCTBE CYIIECTBYeT aJrOPUTM, Y KOTOPOTO PAa3HOCTh YaCTOTHI ONTMOOK
Ha KOHTPOJIE U Ha OOy4YeHUU MPEeBBINIaeT 3aJanublii mopor. o mioxux paszoueHuit —
9TO U €CTh TOT OCHOBHOI (PYHKIIMOHAJ KAUeCcTBa, BOKPYT KoToporo crpoutcs VC-teopus,
U JIJIsI KOTOPOTO ToJiydena BepxHsisi VC-oreHka.

Koncrantun BiaguMupoBud He pas roBOpHJI, 9TO Ha IPpaKTHKE PEIIeHne 3a/1a9 pac-
MMO3HABAHUS IMPOUCXOIUT He TaK, U HUKOMY He IPUJIET B TOJIOBY IepeOUpPaATh aJrOPUTMbI
U WCKATh CPEJIU HUX IJIOXME — C MAaJIbIM YHCJIOM OIMMUOOK Ha OOydYeHWH U OOJILIITUM Ha
KoHTpoJie. Ha mpakTuke MPUMEHSIOT HEKOTOPBIN MeToj| 00yUYeHus (HACTPOWKY Hapamer-
pOB) aJrOpUTMa, ITOOBI 1O 3aJJaHHOI 00yUalolieil BHIDOPKE MOJIYIUTh OJIMH KOHKPETHBIH
ajroputM. [losTomy Gostee ajiekBaTHBIM (DYHKIIMOHAJIOM SBJIACTCA JOJIA PA30UEHUN BbI-
OOpKU, P KOTOPBIX UMEHHO 3TOT AJITOPUTM IIepeodyUueH, TO eCTh Pa3HOCTh YaCTOThI €r0
omubOK Ha KOHTPOJIE U Ha OOyUEHUU MPEBLIAaeT 3aannblii mopor. Takoit dpyHKImona
BIIOCJIEJICTBUU OBLT HA3BaH 6eposamuocmvio nepeobyvwernus (crp.12). OueBnmHo, 910 OH
OIEHMBAETCsI CBePXy (DYHKI[MOHATIOM paBHOMEpHOi cxopumoctu (5.1), 3HAYUT, JJIsT HErO
takzke cripaseBa VC-orenka. OHAKO BEPOATHOCTD Iepeo0yIeHns 3aBUCUT OT BBIOOD-
KI 1 OT MeTojia obyuenud. [lorennuasbHo 310 1aéT BOZMOKHOCTH KAK-TO YIUTHIBATH TN
JlaKe ONTUMU3UPOBATEH METO]I O0YIeHUs.

Ha toMm 3Tarte HUKAKOro HOBOTO pe3yJibTaTa I10 CyIiecTBy He ObL10. KitiodeBas Teope-
ma VC-teopun ObLTa mepernucaHa Ha JIPYTrOM sI3bIKe, 0oJjiee JTAKOHUTHOM U €CTECTBEHHOM
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(cTp. 48). D10 MOXKHO OBLIO HHTEPIPETUPOBATH U KAK OCJIa0/IeHIe AKCHOMATUKU C COXPa-
HEHUEM PE3YJIbTATOB: 110 KJIACCUKE TIPEJITOJIATraI0Ch, YTO O0HEKThI BHIOMPAIOTCS CJIYYaiHO
7 HE3aBUCHMO M3 HEKOTOPOI'O CYIIECTBYIOIIEro, HO HEM3BECTHOI'O PAaCHpeesIeHns B IIPO-
cTpaHCcTBe OOBLEKTOB; TelEePh 2Ke JIOCTATOYHO IIPEJIINOIAraTh, YTO BLIOOPKA MPOU3BOJILHA
U HecjydaiiHa, 3aTO BCe €€ pa3dueHus: CJIydailHbl U paBHOBEPOATHBI. PakTuvuecku, u3
HaboOpa KJIACCHIECKNX BEPOSITHOCTHBIX JIOMYINEHNN OCTaBAJIOCH TOJBKO IIPEJIIOJIOKEHNE
0 HE3ABUCHMOCTH OOBEKTOB BBIOOPKH. DTH COOOparKeHUsT BIIEPBbIE OBLIN JIOJIOXKEHBI HA

kougepennuun MMPO-7 B 1995 romy.

1995-2005. /lokazaTeabCTBO OCHOBHOI TEOPEMBI CO BpEMEHEM YIAI0CH YKaTh OYKBAJIHHO
J10 TPéx cTpok. OJIHAKO MOIMBITKH HAIIPABUTH €0 B JIPYTrOe PYCJIO OCTaBAJUChH OECILIOJN-
ubiMu. Bo3HukaBIime wjen depe3 HEKOTOPOe BPEeMsl MOUCKOB B UHTEPHETE HAXOIUIUCH
B cTaThax H—10-j1eTHell JaBHOCTH, BCe 0 €JIMHOM, 1, KaK IIPaBUJIO, OHU y:Ke ObLIN J0CTa-
TOYHO TTyOOKO TrpopaboTanbl! O4ueBmIHO, 1 OBLT B 3TOM 1Tpob/ieMe He OJInH, U Oe3HaIEXKHO
orcrasasl. MHOroe yke OBLIO CIIEJITAHO, OCTABAJIOCH TOJILKO Y3HaBaTh, KAK 9TO Ha3bIBa-
ercd no-anryimiicku. ONEHKH, MCIOb3YIoNe NHMOPMAIMIO U3 00ydarolieil BLIDOPKU —
data dependent bounds. Meros obytuenus — learning algorithm. Ornenku 1o jaByM KO-
HeYHBIM BbIOOpKaM — transductive bounds. VYirydiienue oneHok B Iporiecce o0ydeHUs
3a CYET TOCTENEHHOro cyzKeHns cemeiicrBa — self-bounding algorithms [67]. Yaér Tosn-
KO 9aCTU aJI'OPUTMOB C HEBBICOKMM ypoBHeM ommbok — algorithmic luckiness [71], shell
bounds [82, 81]. Tounas oneHKa MOJHOTO CKOJIB3SIIEIO KOHTPOJIS [T MeTojia OJImKaii-
mero cocega — complete cross validation [88]. U Tax nasee. ..

Hay4aroe coob1mecTBo yrKe 0CO3HAIO MPUIHHBI 3aBbITeHHOCTH VC-0IeHOK 1 aKTUBHO
nckajio HoBble TyTH. [IpaBma, Bce dyzKue pe3ysibTaThbl TaKKe OCTABJIAINA IYBCTBO IUTy0OO-
KOl HeyJIOBJIETBOPEHHOCTH. B KaKOil-TO MOMEHT MPOU3OIIET OTKa3 OT KOMOMHATOPHBIX
METOJIOB B I10JIb3y O0Jjiee CJI0KHOTO MATeMATHIeCKOro ammnapara (hyHKIIMOHAJIHLHOTO aHa-
JIA3a U TEOPUH KOHIIEHTPAIMN BEPOATHOCTHO Mephl (83, 59|. Onenku yirydimaainch, HO BCE
7K€ OCTaBaJIUChb 3aBbINICHHBIMHN Ha ITOPAJIKHU. ILOK&3&T€JIBCTB& YCII02KHAJIUCh, U CTaHOBU-
JIOCh BCE TPYJHEE MPOCICUTh, B KAKIX MECTaX BO3ZHUKAIOT «YTEUYKH TOTHOCTH». 3a/1a4a
[OJIyY€HUs] TOYHBIX OIEHOK Jla’Ke He CTaBUJIACh, [0 BCEHl BUJIMMOCTH, KaK ITOJHOCTHIO
besnarékaast. OOBIYHO pedb IILIa JIUIIb O 3a)KaThIX, TO €CTh HE CUJIbHO 3aBBLIINIEHHBIX,
orenkax (tight bounds) [81, 94, 52].

§15.3 DkcnepumeHTbl C NnepeobyyeHrem

2005 rop. Eciu mpobiiema He perraercss TEOPEeTUYeCcKd, TO ¢ Heil Hajlo MompoOOBATDH
pazobparbest skcnepuMenTaabao. VC-orenka (5.2) mnpejcrapiger coboii MPpOU3Be/IeHe
JByX comHoxkuTeseit. [lepsoiit — xoagduyuenm pasnoobpasus (shattering coefficient) ce-
MeiicTBa, paBHBIII MaKCUMAJIbHOMY UHCIY PA3JIUIHBIX OMHAPHBIX BEKTOPOB OIMIUOOK, IO~
POXKIAEMBIX AJITOPUTMAMH CeMefiCTBa Ha TeHepasIbHOI BBIOOPKe (i-51 KOOp/MHATA BEKTOPA
ommboK paBHa 1, ecin aaropur™ orubaercs Ha i-M 00bekTe, nHade (). Bropoii comHoXKu-
TeJIb, PABHBII BEpOATHOCTH IepeobydeHnst (PUKCHPOBAHHOTO AJTOPUTMA, ITOBOJIHHO TOY-
HO OIKCHIBaeTCsa (PYHKIUEH TUIIEPreoMeTPUIECKOro pacipeieieHns. 3aBbIIieH, TJIaBHbIM
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00pa3oM, MepBbIil COMHOXKUTETb. BO3HUKAET BOIPOC, KAKUM JIOJI?KHO ObLIO OBl OBITH 3HA-
JeHne Ko3(hduImenTa pasHoodpasns, 9ToObl OlleHKa OblIa He 3aBBIIMIEHHONR, a TOYHOI?!
D10 3HaUEHUE OBLIO HA3BAHO APPHeKMUSHM AOKANDHOIM KOIPHUUUEHMOM Da3HO0OPA3UA
(DJIKP).

Yro6br uzmepurs DJIKP, 6611 ipoBeién ciemyrommit skcepument (crp. 55). Jlesas
4acTh HEPaBEHCTBA (BEPOATHOCTH Iepeobydennst) oreHnBagach Merogom Monre-Kapio
110 CJIydaffHOMY TOJIMHOXKECTBY pas3sOMeHuii U JIeIn/Iach Ha TUIIEPreoMeTPUYCCKUl COMHO-
JKITeJIb U3 IPaBoil acTn HepaBeHcTBa. J[1g 9KCIIepnMeHTOB NCIOJIB30BaIach ONOIMOTEKA
JIOTHIECKUX aJITOPUTMOB Kjiaccudukarym, pazpadborantas leancom Kodenpikobim 1 AH-
npeeM VBaxuenko. Pe3ybraThl 9KCIIEPUMEHTOB HA YETBHIPEX PEAIbHBIX 3aJlavaxX KJIacCh-
dukanmyn ObLIM MOKUPYIOMUMI: HI Ha omHOoi u3 3aga4d DJIKP me mpesbicur 10, Torma
KaK OOBIYHBIN K03 DHUINEHT pa3HooOpa3ns Ha TexX ke 3ajadax nMmes mopsaakn 1081011,
910 o3nadasio, 4To VC-OIEHKN 3aBBIINEHbI HA MHOTO HOPsIKOB. Ecin 661 MBI 3axoTe/n
OIIPEJIEJIUTE TOHATHE 3(DDEKTUBHON JOKAIBHON EMKOCTH, TO OHA ObLIa Obl BRIPOXKIEHA —
HUKOTJIa He IpeBbimaia O0bl eauauiibl. OTCIOMa BO3HUKAET COMHEHHE B COCTOSTETbHOCTU
U TIOJIE3HOCTH MOHATHUA EMKOCTH JIJIS OIEHOK I1epeodyYeHnsd.

OTn pe3ysbTaThl He OBLIN MPWHATHI Ha BeJAyINe MeXKIyHapOIHble KOH(MEPEeHIIIH
COLT u ALT, ¢ obbsicHeHHEeM, YTO TPaHCAYKTHBHAs IMOCTAHOBKA 3aJa9d U (PaKT 3aBbl-
menHocTu VC-0IeHOK XOPOIIO U3BECTHDI; TOJIHKO SKCIEPUMEHTATLHBIN Pe3yJIbTaT ObLIT HO-
BBIM U UHTEPECHBIM, HO OJIHOT'O €T0 He JIocTaTo4HO i mybankanun. Kputnka VC-reopun
ObLTa HEKOHCTPYKTUBHA, HUYIErO HOBOT'O W JIyYIIEro B3aMeH He mpejyraraaoch. Cracubo
pelleH3eHTaM, yKa3aBIIUM Ha psijl crareii, B ToM uducie Ha paborsl KoapauHcekoro [78],
JIsurdopna [81], Xepbpuua [71], KoTopble jieficTBUTEIBHO OBLIN YITYIIEHBL.

2006 roa. B xome paboThl HaJI OMIMOKAMU ONUCAHHBIN SKCIIEPUMEHT OBLT IIepeaesiaH TIHa-
TesbHee, n MeTouKa onennBanus JJIKP Obina ycinoxkuena. Bo-mepBbix, HeOoIbIIAST 3aBbI-
IMIEHHOCTh TUIEPIeOMeTPUIeCKOr0 MHOXKUTe s mpuBoamia K 3anmkenno DJIKP. Tloce
HCIIpaBJIeHusT 9TOi ommuoOKu 3Hadennsa DJIKP Ha HEKOTOpBIX 3aa17ax MOAPOCIN, HO HIKO-
/I3 He MPEBBIIIAIN JJINHBI BBIGOPKU (Ha CTP. 55 MOKA3aHbl y2Ke UCIPABIEHHbIE De3yiIbTa-
To1). Takum o6pas3om, BBIBOJL O TOM, 9TO 3(DpdeKTUBHAS JIOKAJIbHAST 6MKOCTb BBIPOKJIEHA
U HE IPEBBIAET eIUHUIBI, COXpaHsicsd. Bo-BTOPhIX, ObLIN M3MepeHbl (haKTOPhl 3aBbl-
IIIEHHOCTH, TO €CTh IIOTEePsl TOYHOCTH Ha KarKJIOM 3HaKe < B Iernouke HepapeHcTB. CTasio
IIOHSITHO, YTO OCHOBHBIX IPUYNH 3aBBIIIEHHOCTU JIBE — 3TO IIpeHeOperKeHne CBOMCTBaMU
pacc/I0eHusd U CBA3HOCTH, KOTOPBIMU IIPUMEHsIeMbIe Ha, IPAKTHKE CeMeHCTBa aJIrOPUTMOB,
KaK MpaBUjIo, 00/1a/af0T.

CBoiicTBO paccaoenus CBSI3aHO € TeM, 9TO B KOHKDPETHOH 3ajade JINIIb HEMHOI'He
AJTOPUTMBbI M3 CEMECTBAa UMEIT HU3KYI0 JacTOTy OIIMOOK, HO MMEHHO OHU dallle BCEro
BBIOMPAIOTCST B pe3ysbrare o0ydeHns. DMMHEKTUBHO HMCIOIB3YeTCs JINMIb MaJias 9acTh
ceMelcTBa, B KaxKJI0M 3aj1a4de CBO4.

CBOHCTBO €68A3HOCTMU TIOABISETCS W3-3a TOTO, YTO IIPUMEHsIEMble Ha ITPAKTUKE ajro-
PUTMBI, KaK IIPaBUJIO, HEIPEPBIBHBI 110 napameTpam. [[osTomy i1 KarKJI0ro aJiropuTMa
B ceMeiicTBe HallIeTcss HEKOTOPOe KOJUYIECTBO JIPYTHUX AJTOPUTMOB, ¥ KOTOPHIX BEKTOPHI



= 153 =

omuOOK OTJINYAIOTCS OT JIAHHOI'O TOJIBKO Ha OJHOM 00bekTe. C TOUKM 3peHus 1nepeodyye-
HUSI TIOMHOYKECTBO CTOJIb CXOKUX AJITOPUTMOB BEJIET Ce0s «IIOUTH KaK OJIUH aJTOPUTM».

DKCIEPUMEHTHI TOKA3aJ1, YTO CBOWCTBA PACCIOCHHUA U CBI3HOCTH IIPUMEDPHO OJIU-
HAKOBO BaXKHBI JIJIsI CHIZ2KeHUsi mepeodydenns. HeBOo3MOXKHO MOTYyYUTH TOYHBIE OINEHKU
1epeodyveHusl, yIUThIBast TOJBKO OJUH U3 9TUX JABYX 3(PDMDEKTOB. DKCIIEPUMEHTBI IPOBO-
JIMJTUCH Ha, TOHN Ke OuOJIMOoTeKe JIOTMIECKUX aJrOPUTMOB KJIACCU(MDUKAIIUU, UTO U IIPEJIbI-
nytue, coBMmectHo ¢ Auapeem VBaxueHKo.

OTH pPe3yIbTaThl OBLIN JOJOXKEHbI Ha OTKPBITOM Te€PMAHCKO-PYCCKOM CeMHHApPEe
OGRW B Or1rimarene B asrycre 2007 roga. I ma sTOT pas HUYEro KOHCTPYKTHBHOI'O
He mpejiarajoch. [IoHATHO, 9TO HAJIO0 YYUTBHIBATL PACC/JIOEHUE U CBA3HOCTD. lloHdTHO,
aro VC-orenkn He yunTbiBaioT 00a sdderra. [loraTHo, YTO B Teopun CTaTHCTHIECKO-
ro o0y4eHus MOKa HET I0JIX0/I0B, TTO3BOJIAIONINX YINTHIBATL 00a 3pdeKkTa 0 HOBPEMEHHO
U JIOCTATOYHO aKKyparTHO. He MOHATHO TOJBKO, UTO Jes1aTh JajblIle.

Anpenb 2007 roga. Eciu npobsema He perraeTcs B 00IEM cjIydae, TO HaJ 0 HaYUHATD
¢ CAMBIX IIPOCTBIX YaCTHBIX CJIydaeB. 3ajada O TOUYHON KOMOMHATOPHOI OIEHKEe BEpOsIT-
HOCTH T1€peo0ydeHrN Mapbl ajropuTMoB (cTp. ??) BO3HUKJIA CHOHTAHHO U TYT Ke ObLIa
npejjioXKeHa cryjgeHTaM Broporo kypca BMK MI'Y B kauecTBe TecTOBO#l IIpH IIOCTYII-
nennn Ha Kadenapy MMII (Maremarudeckux MeTon0B MpOorHO3upoBanus). Heoxumanno
HECKOJIBKO Y€e/I0BEK €€ OBICTPO PENIUIN, HO BCe PeIlleHrs OKa3aich pasubiMu. locse nc-
IpaBJIeHHsT OIMHMOOK CTAJIO IOHATHO, UTO 3a/ada He CJIOKHAS, U MOYKHO BBIBOJUTH OIEHKHI
BEPOATHOCTH ITePe0dYIeHN JIJIT YaCTHBIX CJIyYaeB, IOCTEIEHHO JIBUTAsICh B CTOPOHY 0000-
mernit. OHAKO eIé OKOJIO TOjla HAWTHU JAPYyTrue JIeTKO pellaeMble JaCTHBIE CJIydan HUKO-
My He yJaBaJjoch. [IpocToe yBenndenne quc/ia ajropuTMOB Ka3aJIoCh MOHAYAIY Hanbosee
ecrecTBeHHBIM IyTéM. Ciydail TpEX aJropuTMOB OBLT HECKOJIBKO CJIOXKHEE TEeXHUYIECKH,
HO HUYEro He J00aBJIsy KOHIENTyaabHo. /lajbHeiliiiee yBendenne 4quc/ja ajJropuTMOB
IIPUBO/IMJIO K SKCIOHEHITUAJIHLHOMY POCTY O0ObEMa BBIYUCECHUN U YHUC/Ia HeHAOJIIOIaeMbIX
mapaMeTpoB B oreHke. J[Jis mpou3BOILHOIO YHC/Ia aJITOPUTMOB ObLTa BBITHCAHA O404HGA
0UEHKa BEPOSITHOCTH iepeodydenust (cTp. 77). DTo TouHAas OIEHKA, JTOBOJLHO U3SIIIHAS 110
dopme, HO rpoMO3IKas u becriose3Has 110 cyTu. CTajo siCHO, 9YTO 9TOT IIYTh TYITHKOBBI,
U SCHO, TIoYeMy — OJIOUHAsl OICHKA He YUIUTHIBAJA B SBHOM BHUJEC KJIIOUYEBBIC CBOHCTBA
pPacCI0eHUus U CBAZHOCTH.

[Ipocreiimmm MHOXKECTBOM aJTOPUTMOB, KOTOpOE yzKe 00JiajlaeT CBOMCTBAMH pac-
CJIOCHUS W CBA3HOCTH, SABJIAETCs, 10 BCEHl BUIMMOCTU, MOHOTOHHAs IIEIb aJrOPUTMOB
(cTp. 73). DTO TOC]IEIOBATELHOCT AJTOPUTMOB, B KOTOPOW KaXK/IbIH CJIEYIONIHIIT aJIro-
PUTM JlejlaeT OMUOKHM Ha TeX »Ke O00beKTaX, U4TO U HPEIbLIYIINiM, IIIOC emé Ha OJIHOM
obbekTe. BrImucars OleHKY BEPOSTHOCTH IepeodydeHrs MOHOTOHHOM TIEN CXO/Ly He yjIa-
Jock. Torna BO3HUK/IA UJies] ITPOBECTU YUCJCHHBIN SKCIEPUMEHT, TTOCUUTAB BEPOATHOCTH
nepeodyuenns Merojgom Monrte-Kapio. Iyt HarasiHocTn ¢Tponsics rpaduk 3aBUCHMO-
CTH BEPOATHOCTHU IepeodbydeHus () OT Yuc/ia aJropuTMOB, ecjii OpaTh TOJBKO [ mep-
BBIX, CAMBIX JIy9IHX, aJroputMoB renu (crp. 74). Okazasock, uro kpusas (D) 6s1cTpo
BBIXOJIUT Ha HackimeHue. [Ipu jymmne BoibOopku L = 200 yxe npu D = 6 BEpOATHOCTH
nepeodydenns (), mocturnys 3Hadenns: 0.1, mepecraér pactu, 910 0UeHb Xoporro. Kako-
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My 3bdekTy Mbl 00s13aHbI 0OJIbIIIE — PACCJIOCHUIO Win CBA3HOCTU! UTOOBI OTBETUTDH HA
9TOT BOIPOC, OBLIN CTEHEPUPOBAHBI €IEé TPU MOJE/IBHBIX ceMeiicTBa: Ienb 0e3 paccioe-
HUsI U JIBa HECBSI3HBIX CeMeCTBa, ¢ paccjaoeHneM n 6e3 paccioenns. B Kaxk1oM cemeiicTBe
AJICOPUTMBI OBLITH YIOPSIAOYEHbI 110 BO3PACTAHUIO YNC/Ia OIMMUO0K Ha TeHepabHO BBIOOD-
Ke, a HaWJIydIIuil ajJropuTM BO BCeX ceMeiicTBaxX ObLI OJHHM M TEM Ke. JKCIePUMEHT
[OKa3aJl, 9TO CBSA3HOCTH YMEHBINAeT TeMIl pocta Kpusoit (D), a paccioeHune MOHIKAET
YPOBEHb MOPU30HTAJBHON acUMITOTHI. [Ipuemiemble 3HAYEHNsT BEPOSITHOCTH TIepeody e~
HUsT Ta€T TOJTBKO X coderanue. OTCyTCTBHE XOTsI ObI OJTHOTO U3 JIBYX 3((PEKTOB TPUBOIAT
K [1€peodYIeHnIo ¢ BepoaTHOCTBIO () = (0.5 yzKe IpU HECKOJbKHUX JIeCATKAX aJlOPUTMOB.
DTOT MPOCTOI IKCIIEPUMEHTATBHBII PE3Y/IBTAT B KOPHE MEHSAET B3IV HA CYIIECTBYIOIINE
teopun repeodyderus. OH O3HAYAET, ITO IIPUMEHsIEMbIe Ha MIPAKTUKE ceMeiicTBa, cojep-
JKalliie OrPOMHOE YIHCJI0 aJrOPUTMOB, ¢ HEOOXOMMOCTHIO JIOJIZKHBI OBITH PaCCIOEHHBIMUI
U CBA3HBIMH, HHAYE CUJIbHOE IepeodydeHne Hen30ezKHO.

MoHnTe-KapJIoBCKuii SKCIepUMEHT ObLI IMPOJeJaH U ¢ 1apoit ajropurmos (crp. 77).
OkazaJioch, YTO IPU YBEJIUUCHUU PA3JIUTHOCTH AJTOPUTMOB BEPOSITHOCTD epeolyIeHUsT
pactér, mocturas VC-OIeHKN B €JIMHCTBEHHOM HAUXYV/IIIEM CJIydae — KOIJIa JIBa aJiro-
pUTMa MAKCHUMATBHO IJIOXH (MMEIOT 4acToTy omuboK 0.5) 1 MAKCHMATBHO PA3JINIHBL (IX
BEKTODBI OIIMOOK HE COBIAJAIOT HU Ha OJHOM 0ObekTe). CTOUT OJHOMY aJrOPUTMY OKa-
3aThCA XOTs ObI HEMHOI'O JIyYIlle APYroro, ¥ BEPOATHOCTH Iepeol0ydeHus pe3Ko MalaeT —
910 3 derT paccioerns. Co CXOACTBOM OKa3aJIOCh IOXYZKe: aJrOPUTMbI JOJKHBI ObITh
OYEHb TOXOXKW W PA3INIaThCs OyKBaJIbHO HA HECKOJBKUX OOBEKTaX; Jajiee ¢ POCTOM UX
PA3JIMIHOCTH BEPOSITHOCTD Iepeodydenns ObIcTPOo pacTér. OCHOBHON BBIBOJ] 3aKJIIOYAJICS
B TOM, 9TO 3P PeKThI epeobydeHns], PACCIOEHUsI U CBSI3HOCTH MPOSIBJIAIOTCA J1aKe B Ca-
MOM IIPOCTOM CJIydae, KOrja o0y4deHne CBOJANTC K BHIOOPY JIYUIIEro u3 JBYX aJlOPUTMOB.

PesysibraThbl SKCIIEPUMEHTOB C IENSME U [TapaMu aJroOpUTMOB OBLIN JIOJIOXKEHBI Ha

koudepennuu NOU B Anymre B utone 2008 roja.

§15.4 «WrpyweuHble» 4acTHble cay4au

KoHeun 2008 ropa. [lepsblie TOUHBIC OIEHKN BEPOATHOCTHU TepeoOydeHUs ObLIN Halijie-
HBI JIJIsT MOHOTOHHOI TIEIIH, YHUMO/IATBHOM T 1 eJIMHIIHOI okpecTHOCTH (CTp. 76-83).
DT 3a/aun 00CYKJIAMNCH Ha cienkypee «Teopus HaIEKHOCTH O0yUeHUS 110 IIPEIe/IeH-
TaM» ¥ JIaBaJIUCh CTYJEHTAM B KadecTBe 3aJlaHuil. B TOT MOMEHT y MeHd caMoro He ObLIO
peIeHns, HO CTYJEHTH 00 9TOM He 3HaJU. DTN JHUIb HABOAAIINE COOOPayKeHUs, KOTO-
pble yOexxan, 9To 3a/ia49r, HaBepHOe, HeCJIOXKHbIe. Pernenus J0BOIbHO ObICTPO HAILIN
Kanna Koxkaxmeroa n Asekceit Kypennoit, u ognospemento cryaeat MOTU Ajek-
caujp @peii. O6cTosgITEILHDBIN PA300p U COMOCTAB/IEHNE STUX PEIICHUI TPUBET K UX 0000~
[IEHNIO — HPUHIIAITY TOPOZKIAONIIX U 3alpermaonx Maokects, [I3M (crp. 63). On oc-
HOBAH Ha THIIOTe3€, YTO JJIA KaxKJIOro aJlOPUTMa ¢ MOYKHO yKa3aThb JIBa MOJIMHOXKECTBA
00bEKTOB — mOpoXKIatoniee X, u 3amperaomniee X!, Takue, 9TO @ sBJISETCS PE3yJIbTa-
TOM OOyU€eHHUsI TOTJIa U TOJIbKO TOIJa, Korja X, IMeJIMKOM JIEKUT B o0ydalolnieil BLIOOpKe,
a X! — mesmKOM B KOHTPOJIBHOW. DTOi MUIOTE3bI OBLIO JOCTATOYHO, YTOOBI BBIIICATH

TOYHYIO OIIEHKY BEPOATHOCTU H€p€06y‘{eHI/IH 1 IIOIIyTHO JJIAd KazK/JI0I'O aJI'OPpUTMa TOYHYIO
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OIIEHKY BEPOSITHOCTH TOT'O, UTO JAHHBII aJaropuT™m OyieT BeIOpaH B pe3y/abTare 00y deHus.
Jlist yHUMOJAJIBHOM I aJrOpUTMOB 3Ta I'HMIIOTe3a He BBINMOJIHSIACH, HO ObLIa BEpHA
boJstee o0Ias TUITOTE3a — YTO € KaXKJIBIM AJITOPUTMOM CBSI3aHO HECKOJIBKO TIap MOPOK/Ia-
IONUX U 3alperianomux MHOKecTB (cTp. 66, 79).

HeoxxuiaHHbIM OTKPBITHEM CTaJI TOT (DAKT, YTO 0DOOIIEHHAS I'UIIOTE3a BEpHA BCErIA,
TO ecTh MHOXKecTBO nap [I3M moxker ObITH yKa3aHO g JIFOOOTO MeToj1a O0YyIeHusI, JIo-
6oro cemeiicTBa agropuTMoB 1 10601 BeIGOPKH (cTp. 66). lokaszareapcTBo sT0oro dakrra
9JIEMEHTAPHO, KOHCTPYKTUBHO, HO HEI(MMEKTUBHO — TOYHASA OINEHKA BEPOSATHOCTH Iepe-
obOyueHns: TpedyeT IKCIOHEHIINAIBHOIO 110 JIJINHE BEIOOPKH 00bEéMa Bhruuciennii. Cracaer
JINIIB TO, UTO BhIIUcaTh cucteMy [I3M MOKHO pasHbIMEU CIIOCODAME, CPeI KOTOPBIX MHO-
raa yaaérea Haiitn 3ddexTuabie. CKopee mazke yrajgaTb, 9eM HAWTH, 9TO IPEBPAIAECT
9Ty JAeATeTbHOCTh B CBOEIO POJIa UCKYCCTRO.

C nomornpio npuniuna [I3M Obiia perena 3a/1ada 0 peKyppPeHTHOM BbIYUCICHIH Be-
POATHOCTH 1epeoby e st TIpu JT00aBIEHIH AJITOPUTMOB 110 ogHOMY (cTp. ?7). Pexyppent-
Has IPOIEIypa CoJIeprKajia OJUH ITPOCTON U KPACUBBIE MOMEHT, KOTOPbI OOHADYKUJICS
JINIITB TI0CJIE HECKOJIBKIX HEJIE/Ib PA3MBIIILIEHII U TOPhl YePHOBUKOB, U3PUCOBAHHBIX OH-
HAPHBIMEI MaTPUTIAMU. BbIancjierne BEposiTHOCTH TIepeol0y IeHNsT CBOJIMIOCH B UTOTE K CYM-
MUPOBAHWIO 3HAKOITEPEMEHHOTO Psijia, MPUIEM, OOPBIBasi Psil, MOXKHO OBLIO OOMEHUBATH
TOYHOCTH OIEHKHU Ha BPEMsl BHIYUCICHMIA.

Hauyano 2009 ropga. Hakonusiinecs K 9TOMYy MOMEHTBI PE3Y/IbTATHI ObLIN CHOBA I10Ja-
uel Ha KoHbepenimun COLT u ALT, HO He npuHSTHI, MOCKOJIBKY (1) MX Teopermyeckast
3HAYMMOCTH MaJja, (2) J0Ka3aTeIbCTBa IeperpyzkeHsbl, (3) rumoresa, JexKarias B OCHOBE
MeTO/1a MTOPOKIAIONINX U 3aIPeIaioinX MHOYKECTB, ABJISeTCd HeeCTeCTBEHHBIM U dIpes-
MEpHO CHJIbHBIM OrpaHndeHueM, (4) Bce cirydan, Jijist KOTOPBIX Hafi/IeHbI TOUHBIE OTIEHKN —
UCKYCCTBEHHBIE U TPEOYIOT 3HAHUS CKPBITHIX [IAPAMETPOB I'eHepaIbHON BHIOOPKH.

[Toxkauryii, TOJBKO ¢ IyHKTOM (3) HHKAK HEJb3sl COTIACUTHCS, B OCTAIBHOM PEIeH-
3€HTBI COBEPITIEHHO TTPABHI.

BareM OBLIH TOJyYEHBI ONEHKHU eINE JJId HECKOJBKUX MOJETbHBIX CeMeiCcTB ajro-
PUTMOB — CJIOEB U UHTEpBaJIOB Oysesa Kyba (crp.??). D10 KpacuBble YacTHBIE CJIyvaH,
HO, K COYKAJICHUIO, 32 HUMHU TaK U HE OOHAPYKUJIOCH HUKAKOIO ODIIEro crocoba BbIBOIA
OTICHOK.

§15.5 [lounck obobLLeHut 1 anbTepHaTUB

Ob6mmast oreHKa, B sIBHOM BHJIe YUNTBIBAIONIAA CBONCTBA PACCIOEHUsST U CBA3HOCTH,
ObLIa MOJIyYeHa C MTOMOIIBI0 «YMO3PUTETHLHOIO BBITIOJHEHUA» PEKYPPEHTHON MPOIE/Ty PhI
(ctp. 7?7). JlokazareabcTBO ObLIO 'POMO3JIKHUM, U B HEM HUKAK HE YJIABAJIOCH M30ABUTHCS
OT CWJILHOT'O JIOMOJIHUTEILHOTO TPebOBaHUs, YTOOLI B CEMENCTBE COJIEPIKAJICSI KOPPEKT-
HBII (He JIOITYCKAIOMINi ommrboOK Ha reHepasibHOI BbI60pKe> AJICOPUTM. DTO OrpaHUIEHNE
Ka3aJ10Ch U30BITOYHBIM, HO KaK €ro CHAThb, ObLIO He sCHO.

[Ipumepro B 3TO BpeMs HETPUBHAILHBIE PE3YJIHTATHI CTAJM TOSABIATHCA Y BCEX, KTO
3aHUMAJICAd KOMOMHATOPHOI Teopueil mepeodydeHus.
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Hennc KouenpikoB mosyumi BepxHue oreHKu Jiist (pyHKInoHa a Bamruka-Yepso-
HeHKHca (BEPOSITHOCTD BGOJIBIIIONO PABHOMEPHOTO OTKJIOHEHHUSI IaCTOT OIMMUOOK B JIBYX BbI-
6opKax), CIpaBejIiBble Il MPOU3BOJBHOIO CeMefiCTBA AJTOPUTMOB U yUUTHIBAIOIIIE
addekT cBaznocTu. IhdEKT paccaoennsd g JAHHOrO (PYyHKIMOHAIA HE MOYKET ObITh
yuTéH B npunnuie. st 1oKazaTebcTBa UCIOIB30BAIACh TEXHUKA MEMHBIX PA3JIOKEHUI
WA IPUHITUIT BKJIIOYeHnA-ucKodenus. [Iposepsiach Tak:ke BO3MOXKHOCTDH ITPUMEHEHUS
nepasencTs Tuna bondepponu-l'amamboca — 9TO MEPCHEKTUBHBIN MTyTh, HO MOKa OH HE
JlaJT KaKux-au00 mpeumyiecTs. Vcnoab3ysa meTosibl KomOuHaTOpHO# reomerpun, lenuc
JIOKA3aJ1, 9TO JIJIst JINHEHHBIX KJIACCH(MDUKATOPOB 3HAYECHUST BEPXHEH CBI3HOCTHU (BEpPXHsIs
CBSI3HOCTH aJITOPUTMa — 3TO YHUCJIO AJTOPUTMOB CEMENCTBA, JOIYCKAIOIUX OIMOKY Ha
Tex Ke 00bEeKTaX, 9TO U JAaHHBIH, ITIOC €Ié HA OJHOM OObEKTe) KOHIEHTPUPYIOTCI BO-
KPYT 3HAYEHUSA Pa3MEPHOCTH IIPocTpaHcTBa. [103ke OH MOy ONEHKY U IS JTUCIIEPCUT
CBA3HOCTH.

[TaBesr Boro 00600111 MOHOTOHHYIO I€llb AJTOPUTMOB Ha CJIydail MPOU3BOJIBHOMN
Pa3MEPEHHOCTU U PENIWI 33JIa9y O MepeoOyUYeHrn MHOTOMEPHOW MOHOTOHHO CeTH aJjro-
puT™MOB (cTp. 97). D10 06001TIEHIE TAT0Ch HA YIUBIICHNE JIETKO. 3aTeM OH MOJLY 9iJI OIEHKN
JIJIS Iy 9Ka MOHOTOHHBIX TIETeil U JIj1sT MHOTOMEPHON YHIUMO/IAILHONW CETH, HO B 9TUX CJIyYa-
SIX JIOKa3aTeIbCTBA ObLIN CJIOZKHEe. YIaJI0Ch JlaKe MM0Ka3aTh, 9TO BEPOATHOCTD I1epeody-
YeHUd YHUMOJAJIBHON ceTr MpUOJIM3UTETHHO paBHA BEPOSATHOCTH IIepe0dyIeHsT MOHOTOH-
HOI ceTn y/IBOEHHOI pasmepHocTu. JlokazarenmbcTBa onupaanch Ha MOAUMUITTPOBAHHBII
npuain [I83M, B KoTopoM OCHOBHasi rumnoresa (GpOpMYIUpPOBAIACh HE I OTIEJHHOTO
AJITOPUTMA, & IEJTUKOM JIJId KayKJIOro CJIod ajJropuTMoB. M3 Bcex M3ydeHHBIX K 9TOMY
MOMEHTY MOJIEJIbHBIX CeMeCTB MHOroOMepHas MOHOTOHHAasi CeTh HamboJiee NpUOJIMZKeHa
K peanbHOocTH. OHa 00/1aJIaeT KJIFOYEBBIME CBOMCTBAME PACCIOEHNUsI, CBSI3HOCTH U pa3Mep-
HOCTHU, KOTOPBIMU 00JIaJIAI0T U peasibHble ceMelicTBa. Bo3HuK/Ia nujies: Helb3s JIU PeaibHbIe
ceMeiicTBa aIlIPOKCUMUPOBATH MOHOTOHHBIME CeTsIMU! BBLT MOCTaB/IeH IKCIEPUMEHT Ha,
peasIbHBIX 3a/a49aX KJIacCu(MUKAINA 1 PeabHbIX ceMeficTBax — IMOJIONBITHBIMU OKa3aJIMCh
HepOHHAsI CeTh, HAUBHBIN OalileCOBCKMIT KJIACCH(MUKATOP U METOJ, OJIMKANUIINX coceeil.
Bo Bcex ciry1asix BepogTHOCTE 1epeodyuenust JeHCTBUTEIbHO HEILJIOXO0 TPUO/INKaIacCh Be-
POATHOCTBIO TTepeodyueHnsi MOHOTOHHOM CeTH, eCJIn MOJ00paTh JiBa €€ mapaMeTpa: 9acTo-
Ty OommOOK JIydIero ajroputMma u pasmeprocts cetu (ctp. 101). Ho xak ux mojbupars
1 KakKyIo MMOJIb3y MOYKHO U3 9TOro u3sjednb! [loka 3T0 OTKPBITHIE BOIIPOCHT.

Antekcanap @peit peIozKNI OPUTHHAIBHBIA TOJIX0/T K ITOJIYIeHNI0 TOYHBIX OIEHOK
BEPOATHOCTH TIePeOOyYeHNUsl JIJIT MOJIEIbHBIX CEMEMCTB aJI'OPUTMOB, 00JIaJIAIONTUX CBOM-
crBoM cummverpun (ctp. ?77). OTeHKN BBIBOANINCH sl METO/IAa PAHIOMU3UPOBAHHON M-
HUMU3AIIE SMITIPAIECKOTO PUCKa Ha OCHOBE pa3pabOTAHHOI'O UM TEOPETHUKO-T'PYIIIOBOTO
nojixosia. PaszsuB atoT noyxor, Mibsa TomcTuxud morydus ONeHKH JIjId X9MMUHTOBa, Ti1a-
pa B Oy/ieBOM KyDe, ero HUXKHHX CJIOEB M OTIE/JbHO B3ATOIO IMEHTPAJIBHOIO CJI0s IIapa.
A Unba Pemmernsak 3aMeTusi, 9To OIEHKA I IEHTPAJIBHOIO CJIOS Iapa MOXKeT ObITh
JIETKO TIOJTyYeHa U JIJIsi OOBIYHON MUHUMHU3AIIUKA SMITUPUIECKOr0 PUCKa, 6€3 ITpUBIeYeHU
TEOPUU I'PYIIIL.

Maxkcum VIBaHOB MOJIyYInJI TOYHYIO KOMOMHATOPHYIO OIEHKY (DYHKIIMOHAJIA ITOJTHOIO
CKOJIB3SIIIEr0 KOHTPOJIsI JJIsi MeTo/1a OIMzKafIX cocelieil, BRIPa3suB €€ depe3 BKJIA bl OT-
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JIEJIBHBIX 00bEKTOB. DTO MO3BOJINIO MY MOCTPOUTH JOCTATOTHO 3(DDEKTUBHBIN AJITOPUTM
opMupoBaHUsa MHOXKECTBa 9TaJIOHOB (prototype selection) myTém mocsie10BaTEIbHOTO J10-
GaBJenus win yjasenusi oobekTos (crp. 131).

B cenTsabpe 2009 roja Bce 3T pe3yabTaThl ObLIN JIOJI0ZKEHbI aBTOpaMi Ha KOH(EpEH-
mu MMPO-14.

Moyiesibable cemeiicTBa THITA XIMMUHTOBBIX IIAPOB U MHTEPBAJIOB Oy/ieBa KybOa WH-
TEPECHBI TeM, YTO OHU B HEKOTOPOM CMBICJIC «MaKCUMAJILHO IJIOTHBIe». PacdéTsl mokasa-
JII, 9TO OHU MOTYT COJIEPYKATDH JIECATKN M COTHU THICAY AJTOPUTMOB IIPU OTHOCUTETHHO
HEOOJIBINON BEPOATHOCTH IIepeodydeHnsi. A MOXKHO JI allllPOKCHMUPOBATH ILJIOTHBIE Ce-
MelCcTBa MX pPa3PEKEHHBIMU MOJIMHOXKECTBAMU, U CKOJILKO aJI'OPUTMOB JIJIs 3TOTO IPU-
nérest B3aTh? Benommnas skcrepumMent 1o oreruBannio DJIKP, MoxkHO m1penomoKuTh,
YTO HECKOJIBKUX JIECATKOB JIOJIKHO XBaTUTh. Mba Tosictuxun mokazasi, 9To J0CTaTOY-
HO B3ATb HECKOJILKO JIECATKOB aJITOPUTMOB Ha BHEINIHEH OKPYXKHOCTH CJIOA XIMMUHIOBA
mapa, 9To0bl MPUOJIM3UTH BEPOSITHOCTH IepeodydeHns] BCEro c¢jiosd. TakuM obpa3oM, all-
[IPOKCUMAITUS IJIOTHBIX CEMENCTB UX Pa3PEKEHHBIMU IOJIMHOXKECTBAMU JI€HCTBUTETHHO
BO3MOYKHA. A Jiyisi HEOOJIBIIIONO Pa3PEeKEHHOTO TOAMHOYKECTBA BEPOSITHOCTD ME€PeodytIe-
HUSA MOXKHO HaiiTu pasubiMu criocobamu. Hampumep, MOXKHO «HATAHYTb» Ha HETO JIPYToe
MOJIe/TbHOE CeMefCTBO, JIJI KOTOPOI'0 M3BECTHA TOUHASA OIEHKA. DTa Ujles MOKa eIlé HIKeM
He npopaborana. Kpome Toro, rmoka He HMOHATHO, KaK JOJXKHO PaCCIANBATbCS AITPOKCHU-
MUPYIOIIEee MHOYXKECTBO.

22 anpens 2010 roga MHOTOJIETHUE YCUJIAS 3aBEPIINIICH 3AITUTON JJOKTOPCKO# auccep-
taruu «KoMOuHaTopHasi Teopus HaJAEKHOCTUH OOYUeHU TI0 TIperie/ienTamM». [[o gecTHoMy,
9TO OBLIM JIMIIb HAMETKE TeOpUU. XOopolas Teopust Jo/KHa (1) mpaBHIbHO 00bICHITE
HabJTI0/IaeMble BJIeHNs, (2) OBITH MOHATHON U OTHOBPEMEHHO HETPUBHUAJILHOI U (3) mpuHO-
CUTh MPAKTUIECKYIO MM0JIb3Y. PaboTa Oblia mpojerana 60Jbiasi, HO ¢ IIOHATHOCTBIO OBLIH
Ipo0JIEMBI, a MPaKTUYeCKUe MPUMEHEHUsI U BOBCE OTJIOKEHBI Ha 1moToM. [l pazpaboTku
XOPOIIeil TEOPUN OJTHOM JUCCEPTAINN He JIOCTATOYTHO.

[Touemy ke morpeboBasioch Gojiee 15 Jier, 9TOOBI JOOPATHCH JIO MEPBBIX BHATHBIX
pesysbraToB? BuHOIT TOMYy He CTOJIBKO OCHOBHas paboTa, KOTOpasi OTBJEKasa OT Teope-
TUYECKUX 3aHSITUN, CKOJIBKO OMUOKNA B METOJ00ruu uccieoBanus. «Ajropurm HUP»
rapaHTUPOBAHHO BBIBOJUT W3 TBOPYECKUX TYIUKOB, €CJU HU OJIMH W3 IMaroB HE YIIyC-
KaThb. Terneppb yzKe 09eBUIHO, ITO KATAJIM3aTOPOM JIAHHOTO UCC/IeTOBAHUS TTOCTY KUJT 9KC-
[IEPUMEHT ¢ MOHOTOHHOI IEIThIO0 aJITOPUTMOB, KOTOPBIH IIPOTPAMMUPYETCs 3a OJIUH BeUep,
U HUYTO, B caMOM Jiejie, He MeIlajio C¢JeaaTh ero 15 jieT Ha3al.

Emé omHoit ypadHOl mjieeil craJio NpeJicTaBIeHHe ceMeiicTBa aJIlrOpUTMOB B BU-
ne rpada pacciaoenusi—cssHocTr (crp. 86). Mibst PereTHsiK mepBBIM MOy IHIT ONEHKY
PaCCI0eHUA—CBA3ZHOCTH, CIIPABEJIMBYIO JIJIs ITPOU3BOJILHOTO CEMEHCTBA AJITOPUTMOB, U Ha-
MHOT'O JIYYIIIYIO, YeM BCE NPEJIbIIYIINE. DTOT PE3YJIHTAT BOMIET B €r0 JUILIOMHYIO PabOTY.
['pacdukn BeposiTHOCTH TIEpe0OyUeHUsT JeHCTBUTEILHO BICUATISIN: JJIsi JTUHEHHDBIX KJIac-
cupUKATOPOB OINEHKU OBLIN 3aBBIIICHBI JIUIIb B HECKOJIBKO Pa3, MAKCUMYM — Ha ITOPSJIOK.
O/ 1HaKO B TOT MOMEHT OIeHKA TIOKA3a/1ach HEYI00HON B NCIIO/IB30BAHUT M BEITHC/IATETHHO

Tpyoémroii. C 9Toit OIEHKO CBA3aH CJIEYIONHUil Ka3yc.
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OkTa0pb 2010 roga. Ha koudepennuio MOU-8 s B3si1 ¢ coboit Tekct Eprenust Co-
KOJI0Ba, cTyleHTa TpeTbero Kypca BMK, koTopblit TOJIBKO HauMHA 3aHUMATHCST KOMOU-
HATOPHBIMK OIlleHKaMu. B 4wuciie mpodero oH OYKBaJIbHO B AT CTPOK BBIBOJUJI OIEHKY
BEPOSTHOCTH TIEPEOOYUCHHS, YIUTHIBAIONLYIO BEPXHIOI CBA3HOCTH KaKJIOI'O ajropuTMa,
1 He TPeOYIONLYIO CYIIECTBOBAaHMS KOPPEKTHOIO aJI'OPUTMa. BUUTaBIIUCh B J0Ka3aTe/h-
CTBO, s1 OCO3HAJI, ITO ITO IpsiMoe ciejacTBue npuHimina [13M, a BepxHAA CBA3SHOCTH —
HE 9TO MHOe, KaK MOIIHOCTH MOPOXKAOIIEro MHOXKeCTBa 00beKTOB. Ha pagocTsx s j10-
OaBUJI 3Ty TEOPEMY B MPE3EHTAIINI0 MOETO JIOKIaJIa, CO CChLIKOi Ha COKOJIOBa, a CBOMM
aclMpaHTaM TAWHCTBEHHO 3asBUJI, YTO UX XKJIAET NPUATHBIN cioprpu3s. [lociie moxiraia
BBISICHIUJIOCH, IYTO HEKOTOPOE BPEMsI Ha3a/l OHU YK€ PACCKa3bIBAJIU MHE HEUTO TOJI00HOE,
HO HACTOJILKO HEBPA3yMUTE/IHHO, UTO I HE CMOT MOHATH UJICI0 U PEInI, 9TO OHA COBCEM
ceipasi. B Tor ke Beuep Amnmpeit VBaxHeHKO MmoKasas, UTO MOXKHO YJIyUIIUTH OIEHKY,
€CJIN yYIeCTh eIl W HUXKHIOIO CBA3HOCTH, U 9TO HE YTO MHOE, KaK MOIIHOCTH 3allpera-
IOINEro MHOXKeCTBa 00bEKTOB. BoJjiee Toro, B 3ampemniaroliee MHOXKECTBO HAJI0 BKJIIOYUTH
BCAKUI O0BEKT, HA KOTOPOM JIAHHBIN &JITOPUTM JIOMYCKAET OIIUOKY, IIPU YCJIOBUU, UTO CY-
IIeCTBYeT MOHOTOHHO JIYUIIUI aJrOPUTM, He JOIMYCKAOIUi Ha HEM OIMUOKY. DTO JiesiaeT
OTIEHKY HAMHOTO 00Jjiee TOYHOM, TaK KaK Telepb OHa CYIECTBEHHO YINTHIBAET HE TOJIBKO
CBA3HOCTD, HO U paccyioenne. Beé 910 BepHO i1 TPOU3BOILHOIO MHOYKECTBA aJIrOPUTMOB,
a 9TO O3HAYAET, UTO IPEJIOJOKEHNE O CYIIECTBOBAHUM KOPPEKTHOIO aJIrOPUTMa HaKO-
uer caaTo. I Bcé s3to — mupsamoe ciepcrsue npuniuna [I3M, npuaém mokazarebCTBO
3aHIMAaeT HeCKOJBbKO cTpok (crp.89). Hepes mapy mHeil s 0CO3HAJ, UTO 9TOT PE3yJIbTAT
B TOYHOCTHU coBIajaer ¢ ornenkoit Vasn Permernska, mpocto oH He mcrnoab3oBas [13M
U JIOKa3bIBAJ BCE C TOMOIIBI0 KOMOMHATOPHBIX PACCYKJIECHUN, B KOTOPBIX OBLIO JIETKO
zaryTarbes. M3 Beeit 9Toit uctopun ciaeayeT MmoydnTe bHbIH BBIBO MaTeMaTHKa — 9TO
B IIEPBYIO OdYepe/ib s3bIK. [IpaBuibHO 1MomoOpaHHbie cjioBa U Kpacota (pOpMy/T UMEIOT
OTPOMHOE 3HAYEHUE JIJIsT BOCIIPUSITHA pe3ysabrara. Halm coBMeCTHBIN pe3yIbTaT ObLIT 101
ke Ha KoH(Mepermun POAU B gexabpe 2010 roja.

Yy1b nosxke Wiabsa Tosictuxun, pazdupasich ¢ pajieMaxepoOBCKOI CJI0KHOCTBIO, 3aMe-
i1, 9To pyuknnonaa Bamnnka-YepBonenkuca sKBuBajJeHTEH (DYHKIIMOHATY BEPOSITHO-
CTU TIePeodyUeHNsl, eC/Ii B Ka9eCTBe MeTOo/[a OOyUeHUsT B3ATh HE MUHUMU3AIIIO IaCTOTHI
ommbOK Ha 00YIEeHNN, a MAKCUMU3AIIIO PA3HOCTU YACTOT OMUMOOK Ha KOHTPOJIE U Ha 00y-
genun (discrepancy maximization). Bpose 661 sroT dakr 6611 gasuo ussecren. Ho Uibs
3aMETHJI, 9TO K 9TOMY METO 1y 00yUeHUsi TaK»Ke MOyKHO npuMenuTsb rnpuHIimir [I3M. Crosa
KOPOTKOE JIOKA3aTEIbCTBO B JIBE CTPOKH, U3 KOTOPOI'O CJIE/IYET, UTO JIJIs KAYXK/I0TO aJrOpPUT-
Ma BEPXHSIS CBSI3HOCTH PaBHA MOITHOCTH MTOPOXK TAOIIET0 MHOKECTBA O0bEKTOB, & HUYKHSIST
CBSI3HOCTH — MOITHOCTH 3anperraroriero (crp. 103). OTciona HeMeJIeHHO ClieiyeT BepXHsIst
OTIEHKA BEPOATHOCTH lepeodydeHus. [Ipumdaém 3ToT JErKo JocTaBIIAiics pe3yIbTaT ropas o
sydre orenkn KodeibIkoBa, CTOUBINEH HECKOJILKUX CTPAHUIL BBIKIaI0K (crp. 105).

Teopus B 11es1oM crajia npuodpeTarTsh U3AMmHbIi Bui. OCHOBHBIE COIEPIKATETLHBIC TEO-
PeMbI JIOKa3bIBAIOTCS B HECKOJIBKO CTPOK, Ojarojapst npunnuiy [I3M, mperermgyromemy
Ternepb Ha POJIb OCHOBHOT'O YHUBEPCAJIBLHOI'O MHCTPYMEHTA, TOJIYUYeHUSA OICHOK.
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24 pekabpst 2010 roga Amjpeii VBaxHeHKO 3alUTHI KaHIUJIATCKYIO IUCCEPTAIMIO.
B »1oit pabore KoMOMHATOpPHAsi OIEHKA BEPOSITHOCTH IIepeo0yUueHmusl Ha OCHOBe Tpada
PaCCI0eHUA—CBA3HOCTH ObljIa BIIEPBbIE IMPUMEHEHa K MPAKTHIECCKOMY CJIydaro — ceMeii-
CTBY KOHBIOHKTUBHBIX JIOTUYIECKUX 3aKoHOMepHocTeil. Teopus Oblita JIoBejieHa JI0 ITpaK-
TUYIECKON peasu3allii 1 JaKe IIPUBeia K HEKOTOPOMY VIydIlleHrne KauecTBa Kiaccuduka-
nuu. OIeHKa OnupaJiach, olsaTh-Taku, Ha npunmnun [I3M, Ho Teneps ocHOBHAs rumoTesa
3alChIBaIACh Cpa3y B BUJIE HEPABEHCTBA, U JJI KaKJIOT'O aJI'OPUTMAa IPEJIINo/1araaoch
CTPOUTH TOJBKO ojHy tapy [I3M, uTo 3aBe10MO yIpoIaio moJydenue oneHku (crp. 88).
[lepBbiM mjIer0 ¢ HepaBeHCTBOM Bbickaszas Beayx Carra @peit, XoTd oHA ObLIa OYEBHUIHA.
HeoueBuaabiM OBLIO TO, UTO OHA MPHUBEAET K OOIEH OIEHKEe PaCcCI0CHUSI—CBI3HOCTH. BhI-
YHUCJIEHNIE 9TOW OIEHKM $IBJISIeTCS PECYPCOEMKHM, HO BCE »Ke BIIOJIHE peain3yeMbIM OJia-
rojiapd JIByM YXHIIPeHUAM. Bo-TepBbIX, mepeduparoTcsd TOJIHKO aJTOPUTMbI U3 HUKHUX
CJIOCB CceMelicTBa; B XOPOIIUX CydasdgxX UX TaM HEMHOI'O, a B IJIOXUX CIydasX OIECHKa
3aBeJIOMO He Hy»KHa. Bo-BTOpBIX, cTposTcs 3hdeKTUBHBIE TTPOTIEIYPHI IIepexojia OT IIPo-
U3BOJILHOI'O BEKTOpPa OIMMOOK KO BCEM €0 COCEJIHUM B cJjejyloiieM cjoe. /[jis cemeiicTBa
KOH'BbIOHKIINII 9Ta 3a/iava OKa3aJach He BIIOJIHE TPUBUAJIbHONI 1 ITOTpedoBaia aKKypaTHO-
T'0 OIlMCaHUsA CTPYKTYPbI KJIaCCOB 9KBUBAJIEHTHOCTH, LITO6bI HE Hepe6I/IpaTb JIMNTHUI pa3
AJITOPUTMBI C OJIMHAKOBBIMU BekTopamu ommbok (crp. 115). Ilpeacrasiasercs, aro aHaso-
TUYHBIM 00Pa30M MOXKHO PACIPABIATHCA U C JIPYTUMHU CeMeHcTBaMMU.

Ha JaHHOM dTalle yzKe HE JOCTAaTOYIHO ITOHMMaHUA B3aUMOCBA3U PACC/IOCHUA U CBA3-
HocTu ¢ nepeobydenueM. MojebHbIe ceMeiicTBa NHTEPECHBI JUITh KaK yaeOHble 3a1a9u.
OcHOBHBIE BOTIPOCHI — KaK MPUMEHATH KOMOMHATOPHBIE OIMEHKU K PeabHBIM CeMeiCTBAM
U KaK yJIydIaTh ¢ UX HOMOIIBIO METOIbI 00y ICHUS.

§15.6 [decsiTb OTKpbITbIX Npobaem

B zaksmouenne npuBesiéM repetdeHb OCHOBHBIX ITPOOJIeM KOMOMHATOPHOM Teopuu re-
peobydenus, KOTOPbIE MTOKa YKJIyT CBOErO PEIIeHUs.

1. Iloydenue ONEHOK, YUUTBIBAIONINX CBA3U MEXKJIY aJTOPUTMAMH C XEMMUHTOBBIM
paccrosinrieM, OoJibiuM 1. VIX urnopupoBaHue siBjaseTCs, 110 BCEil BUJIMUMOCTH, OC-
HOBHOU MPUYNHON 3aBBIMNIEHHOCTH ONEHKN PACCIOEHUSCBA3ZHOCTH.

2. Ilonmyuenue oneHOK, He 3aBUCAIINX OT XapaKTEPUCTHUK TOJTHON BBIOOPKHU X, & TOJIb-
KO OT HabJ/IIOJaeMbIX BeJIMYNH, KOTOPble MOTYT OBITH BBIYHMCJIEHBI 10 KOHKPETHOI
obyuaroreit moaBeioopKe X .

3. Pacmmpenne KJracca MeTOJIOB 00yUeHUsl, I KOTOPBIX KOMOMHATOPHBIE OIEHKH 103~
BOJISIOT YJIydIIaTh 0O0OIIAIONTYIO CIIOCOOHOCTD.

4. Tlosyuenne 3(pHEKTUBHO BHIYUCIUMBIX OIEHOK JIJIs IIPOU3BOJILHBIX IEIeil aJropuT-
MOB. 3aTeM, ¢ UX ITOMOIIbIO, COBEPIIIEHCTBOBAHNE METOIO0B O0yUEHHUsI, CBOIAIINXCS
K PENIeHNIO TOCJIe/I0OBATETbHOCTH OJTHOMEPHBIX 33/1a9 ONTUMU3AITUN.



10.

[Tonyuenne 5 HEKTUBHO BBITUCIUMBIX OIEHOK PACC/IOCHUS—CBSI3HOCTHU JIJIsT CeMeli-
CTBa JIMHEHHBIX KJIACCU(PUKATOPOB. 3aTeM, C UX IOMOIIBIO, COBEPIIEHCTBOBAHNE Me-
TOJIOB 0TOOpa IMPU3HAKOB.

ObocHoBaHUE ¥, BO3MOXKHO, YTOUHEHHUE MIPUHIIUIIOB PErY/ISPU3aIlNN, AllllPOKCUMa-
IIUA SMIIAPAYIECKOTO PUACKA, MAKCUMU3AIINN 3a30PA.

O6001IeHIe KOMOMHATOPHBIX OIEHOK Ha CJIydail HeOMHAPHBIX (DYHKIUHI TOTEPD.

[IpoBepka rUIOTE3BI O TOM, YTO 3HAYEHUs CBA3ZHOCTU KOHIIEHTPUPYIOTCS BOKPYT
3HaYEHUs JIOKAJbHON PasMEPHOCTH ITPOCTPAHCTBA MTapaMeTPOB.

[IpoBepka rumnore3nl o cenapadebHOCTH TPOMUIIS PACCTIOEHUS - CBAZHOCTH.

[Tostyuenne oreHOK 0606IAOIIEH CIOCOOHOCTH JIJIs 3a/1a9 JruHaMIdeckoro (online)
o0y eHus.
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