Teopusa HageéxHOCTN oby4yeHust No npeuegeHTam
(kombuHaToOpHas Teopusi nepeobyyeHns)
Kypc nekunii

K. B. Boponrmos
http://www.MachinelLearning.ru - YuacTrHuK:Vokov

voron@forecsys.ru
23 despass 2012 .

MarepuaJi HaX0oUTCs B CTa il pazpabOTKU, MOYXKET COJIEPyKaTh OMMUOKN U HETOYHOCTH. ABTOD Oy 1eT

6arofiapen 3a JIoOble 3aMeYaHns U IPeJIOKEeHNs, HAIIPABJICHHbBIE 110 ajpecy vokov@forecsys.ru, mbo

BbICKa3aHHbIE B 00CYXKIeHun cTpaHulpl « Teopust HagéxkHOCTH 00ydeHHs 110 IIperejeHTaM (Kype JIeKIuii,

K.B.Bopomnmos)» Buku-pecypca www.MachineLearning.ru.

IIeperreuarka dparmMenTos JaHHOrO MaTepuasa 0e3 COrIacus aBTOPa SBJISAETCS ILIATHTATOM.

Copep>xaHue

1 IIpobisiema nmepeobyveHus u cjaabasi BEPOATHOCTHAsI aKCMOMATHKA
1.1 OOyuenme u MEPEOOYUCHUE . . . . . . o v v vt oo et e
1.2 Cabast BEPOSITHOCTHAS AKCHOMATHKA . . . . .« « . « o« o o oo o o .
1.3  BepodATHOCTD MEPEOOYICHMS . . . . « « o v o v e e e e e e
1.4  O6cyxkaenne caabOil AKCHOMATHKI . . . . . .« o o o oo o e o .
Pestome . . . . .

VHPAKHEHIS . .« o o v v oo e e e e e e e e

2 OileHrBaHME YaCTOTHI U TUIIEPreoOMeTPUYECcKoe paciipejiesieHue
2.1 Bamaua onennBanus (IpeJICKa3aHUs) 9aCTOTBl COOBITUS . . . . . . . . . . .
2.2 T'umepreomMeTpmYecKoOe PACHPEICTICHUE . . . . . o o o o v o et o o
2.3  3akoH OOJIBIINX YUCET B CAA00M aKCHOMATHKE . . . . . . . . . . . . . . ..
2.4  Ilepexom or HeHnabJomaeMoil oreHkn K HabfoaeMoit . . . . . . . . . . ..
2.5  OJIHOJIEMEHTHOE CEMEHCTBO AJITOPUTMOB . . . . . . o o o o oo o o o
Pestome . . . e e

VHIPAKHEHUS . . . o o v v v o e e e e e e e e

3 Henapamerpudeckue KpUTepuu U JOBEPUTEJIbHBIE OIEHKU
3.1 JloBepUTENBHOE OMEHUBAHIE . . . . . . « o . o o et e o e e e e o
3.2 JloBepuTe/bHble UHTEPBAJBI I KBAHTUIEH . . . . . . . . . . .« . . . ..
3.3 Kpurepuit 3HAKOB . . . . . . . ...
3.4 Kpurepuit Yunkokcona-Manna-—Yutum . . . . . . . ...
Peztome . . . .o
VIOPAKHEHTS . .« o o v o o e ot e e e e e e e e e e

12
15
19
19

20
20
21
23
25
28
28
29



I
[N}
I

DMnupuvecKue pacnpejieseHus u cirydaiiHnoe OJry>kaaHue

4.1 DOMIUPUYIECKOE PACIPEIEIEHUE . . . . . . o o o o oo o
4.2 Yceuéunnrit Tpeyrosbuuk Ilackana . . . . ... o000
4.3 Teopema CMUDPHOBA . . . . . . o v v v vt et e e
4.4  OO6obiienue Ha cirydail BADUAIMOHHOTO PsiJia CO CBIA3KAMU . . . . . .
Pestome . . . ..

Teopuss Banuunka—YepBonenkuca

5.1 Ormenka Bamauka—YepBoHEHKHCA . . . . . . . . . . . . . ... ...
5.2 Pasmepnocts Bannnka—YepBonenkuca . . . . . . . ... ... ...
5.3 Metroj CTPYKTYPHOI MUHUMUBAIMA PUCKA . . . . . . . . . . . . . .
5.4 TIlpobnema 3aBbimiennocTrt VO-OIMEHOK . . . . . o o o o o 0o oL
Peztome . . . . .

VHPAKHEHIST . .« o o v v v o e e e e e e e e

PazmepnocTts Banauka-YepBoHeHKHCa

6.1 CBsa3b éMKoOCTH ¢ QYHKIMEH POCTA . . . o . o o o v e e o
6.2 DyHKIWMS PoCcTa MHOXKECTBA KOHBIOHKIANR . . . . . . . . . . . . . ..
6.3 EMmkocTb cemeiicTBa IMHEHHBIX KIACCH(PUKATOPOB . . . . . . . . . .
6.4 OmgHomapaMeTrpuviecKkoe ceMeiicTBO OECKOHEUHOH éMKOCTH . . . . . .
6.5 JIpyrue OomeHKM EMKOCTH . . . . .« o v v v v v e e e e
Pestome . . . . .

HpI/IHIJ;I/Il'I IMopo2KJaIinmnuXx 1 3alipellarilnnXx MHO2KeCTB

7.1 [Ilpocrasg rumoreza [ISM . . . . . . . . . ... ... .. .. .....
7.2 0O606ménnag runoresa [ISM . . . . . . . ...
7.3 KoppeKTHOe CeMeHCTBO allOPUTMOB . . . . .+ « « « v v v v v o e o
7.4  @DyHKIMOHAJ TOJIHOTO CKOJIB3SAIIETO KOHTPOIT . . . . . . . . . . . .
Pestome . . . . .

Ilermu anropuTMoB

8.1 PazuoBMHOCTH MUHUMU3AIAN SMIUPUIECKOTO PUCKA . . . . . . . .
8.2 DKCIEPUMEHTBI ¢ MOJECIBLHBIMU CEMECTBAMU aJrOPUTMOB . . . . . .
8.3 CBs3HbIe ceMECTBA ATOPUTMOB . . . . . .« o o o o oo
8.4 'Tounas orneHka /I MOHOTOHHOH 1NN aJIlOPUTMOB . . . . . . . . .
8.5 Toumnag ornenka JIg YHUMOJAJIbHON MEeNN aJrOPUTMOB . . . . . . . .
Pestome . . . . .
VHIPAKHEHMS . . o o o v v v e e e e e e e e e e

[pakTuKyM . . . . . . . . o

OIIGHKI/I pacC/ioeHnA—CBA3HOCTU

9.1 TI'pad pacC/OEHUACBIZHOCTH . . . . . v o v o o e e oo e e e
9.2  OneHKN PacCIOEHUST CBIAZHOCTU . . . . « o« o o o o oo oo
9.3 Ilpoduib paccyioeHUACBAZHOCTH . . . . . « « o o o o oo oo

38
38
39
41
43
45

47
47
50
ol
52
56
57

58
58
99
60
61
62
62

63
63
65
68
68
69

70
70
71
73
76
79
82
83
84



Pestome . . .

VHIPAKHEHUS . . o o o o v v o e e et e e e e

10 MHOrOoOMepHBIE CETH aJITOPUTMOB
10.1 JIBymMepHAs MOHOTOHHAS CETD . . . « « v o v vttt e e e e
10.2 Monoronnas ceTb MPOU3BOJIBHON PASMEPHOCTH . . . . . . . o . . o o« . . .
10.3 Tounas oleHKa paCCIOEHUACBAZHOCTH . . . . . . « o o o o o o oo o oo
10.4 BbMHCIUTEBHBIE SKCIIEPUMEHTBL .« .« .« o o o o v o e e e e e e
Pestome . . . . L
VHParKHEHIST . . . o v v v o e e e e e e e e e e e

11 OneHkKM BepOSATHOCTH PAaBHOMEPHOT'O OTKJIOHEHWUS
11.1 Texnumka mOpPOXKIAIONINX U 3AIMPEIIAIONINX MHOXKECTB . . . . . . . . . . . .
11.2 Texamka MENMHBIX PA3TOKEHUI . . . . . . . v v o oo e e
11.3 Texumka ciaydallHBIX OMYAKIAHWI . . . . . . . o o v oo oo e e
Pestome . . . . L
VHIPAKHEHIS . . o o o v v v o e e e e e e e e

12 KOHBIOHKTUBHBIE JIOTUYECKNE 3aKOHOMEPHOCTH
12.1 Jlormueckne METOMABI KJIACCUMUKAIIAT . . . . . . . o o oo e e e oo e
12.2 3anava npejckazannsg UHOOPMATUBHOCTU . . . . . . . o o o o oo o oo .
12.3 Kiracchl 9KBUBaJIEHTHOCTU TIOPOTOBBIX KOHBIOHKIIANA . . . . . . . . . . . . .
12.4 TlocyoiitHoe BbIYUC/IEHUE OICHKU PACCJIOCHUSCBA3ZHOCTH . . . . . . . . . . .
12.5 DKcrmepuMeHT Ha MOJIEJBHBIX JAHHBIX . . . . . . . o v oot e
12.6 DKcIepUMEHT Ha PEAbHBIX JTAHHDBIX . . . . .« o o o v v e e o e o
Pestome . . . .

VHIPAKHEHIST . . o o o o v v e e e e e e e e e e e

13 Meton 6/m>kaiiliero cocega
13.1 Tlpodpuib KOMIAKTHOCTH BBIOOPDKHM . . . .« v o v v v oo e
13.2 Tounas oleHKa IOJHOIO CKOJB3SIIEr0 KOHTPOIA . . o o o o o o o o o o o ..
13.3 OTOOp 3TATOHHBIX OOBEKTOB . . . .« . o o o v ot o e et e e e
13.4 DKCHEPUMEHTBI U BBIBOIBL . . . . « o o o o ot e e et e e e
Pestome . . . .

VHIPAKHEHIS . . o o o v v o e e e e e e e e

14 MoHoTOHHBIE KJIacCU(PUKATOPHI
14.1 TIpoduab MOHOTOHHOCTH BBIOOPKHM . . . . « o v v v e e e e e e e e
14.2 BepxHsisi OIIEHKa TTOJTHOT'O CKOJIB3SIIETO0 KOHTPOIA . . . . o . .« o o o . . . .
14.3 TouHbIE OIEHKU TOJHOT'O CKOJB3AIIEIO KOHTPOIST . . . .« o o o o o o o o .
Pestome . . . .
VIPaKHEHIST . . . o o o v o v e e e e e e e e

97
97
98
99
100
101
103

104
104
106
107
108
108

109
109
111
116
120
123
125
126
127

129
129
130
132
134
137
137



Il
S
Il

15 IIpunoxkenune. O KOMOMHATOPHOII TeOpUN MEPEOOyYEHU T 150
15.1 TIoCTAHOBKA 3T . . . . . . . . o o v i i it e e e e e 150
15.2 Jlo/iroe TOMTAHUE HA MECTE . . . . . . « « o v v v e e e e e e e 151
15.3 DKCIEPUMEHTBI ¢ TEPEOOYUCHUEM . . . o . o v o e o e e e e e e 152
15.4 «Urpymiednbiey aCTHBIE CIYIAU . . . . . o o o o v v e e e e e 155
15.5 Tlouck OOOOIIEHMIT M AJTBTEPHATUB . . . . . « o . o o o o oo 156
15.6 HecqaThb OTKPBITBIX TPOOJIEM . . . . o« v v e e e o e e e e e e 160

Crucok jaureparypbl 162



I
ot
I

Cruenkypce «Teopus najékuOoCTH 00YUEHUs IO TPEIEICHTAM» YUTACTCS CTYICHTAM
kadespol «Maremarnueckue meTosbl poruosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHeHNEe K o0sg3aTeTbHOMY KadelpagabHoMy Kypcy «MaremaTnieckme MeTOJIbl PACIIO-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJEHTOB C COBPEMEHHBLIM COCTOSHHEM Teo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaercst
pobJIeMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUYECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toi Teopun ObLin coBerckme marematuku B. H. Bamauk u A. f. Yeponenkuc.
B 80-e rospr Ta TEOpPUS MOTYUMIa MTUPOKYIO MUPOBYIO U3BECTHOCTD, M B HACTOAIIEE Bpe-
Msl pa3BUBaeTCd O4eHb aKTUBHO. OJinH n3 OCHOBHBIX BOIPocoB SLT — Kak KoJIMuecTBeHHO
OIICHUTH CIIOCOOHOCTDH aJrOPUTMOB KJIACCU(PUKAIUYA ¥ TPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIUPUIECKUX (DAKTOB. B KaKMX cjydasx MOKHO YTBEDKJIaTh, 9TO OOIUE 3aKOHOMEP-
HOCTH, BBISIBJIEHHBIE 110 TaCTHBIM IIpereleHTaM, He OKayKyTCs JIOKHbIMEI! Kak n3bekarh
repeodyvenns — CUTyalllnd, KOTJIa OTBETHI aJrOPUTMa CJIMIIKOM TOYHBI Ha OOydJaronieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B mannoM mocobum m3iaraercs repBasi 9acTh Kypca, OCHOBAHHAsI Ha PE3Y/IbTaTax
aBTopa, ero yueHnkos u koJuter: /1. KouenbikoBa, A. saxuenko, 1. Pemmernska, A. @pes,
N. Toncruxuna, I1. Borosa, M. UBanosa, . 'yza, I'. Maxunoit. Bropas yacTtb Kypca, 1mo-
cBAMEHHas 0030py coBpeMeHHbIX jgoctuxkenuit ST, He Bomura B jJaHHOE 1IOCOOME.

OcHoBHas 1€JIb CIENKypca — JaTh IVIyOOKOe IMOHUMAHWE SBJICHUS IepeodyueHus,
HeoOXOMMOe TIPU PEIIeHN TPUKJIAIHBIX 3a/1a9 WHTE/UIEKTYaJIbHOTO aHaJn3a, JIaHHbIX.
Bropas meib — nmokasaThb, Kak CO3JaéTCAd MaTeMaTUYeCKas TeOPHsd, BOBJIEYb CTY/IEHTOB
B 3TOT YBJICKATEJbHBIA TBOPYECKUI IIPOIIECC.

Kaxkaprit naparpad cooTBeTcTBYeT OJIHO# JIEKITUU, HO MOXKET COJEPXKATH IyTh 00JIb-
e MarepuaJia, YeM MOXKHO yCIIeTh M3JIOXKUTH 3a MOJITOpa daca. B KOoHIe OOJIBITUHCTBA
JIEKIUI umeroTcs yrupaxkaenud. J[s kak1oro ynpaxkKHeHus B CKOOKax yKasaHa OIeHKa
CJIOZKHOCTH. YTIPaxKHEHUs, TTOMEYCHHbIC 3BE3/I0UKO, ABJISIOTCA OTKPBITHIMU TTPObJIeMa-
MU HA& MOMEHT HAIMCAHUS MOCOOMA. DTO O3HAYAET, UTO OHU HAMOOJI€e MHTEPECHBI, XOTs
U He 00s13aTeJIbHO CJIOXKHBI — JI0 MHOTUX 3a/1a4 IIPOCTO He JIOXOJUIN pyKu. B KoHile HeKo-
TOPBIX JIEKIUI UMEIOTCS 33/ [aHusl JIJI BBIYUC/IUTEILHOIO TPAKTUKYMA.

Huke mpuBejiena cxema 3aBucuMocTn naparpados. JIeknu BepxHero psijia o0pa3yoT

OCHOBY KYypCa, HU2KHUE ABJIAIOTCA JOIIOJIHUTE/IbHBIMU.
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1 [Npobnema nepeobyyeHuns
n cnabasi BEpoOATHOCTHasi akCMoMaTuKa

MarmuaHoe 0OydeHne Win obyuenue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peliaTh 3a/ia9y ITPOrHO3UPOBAHUS U IIPUHATHUS PEIIeHUl B YCIOBUIX,
KOTJia 3HAHMUI O MpeJIMEeTHON 00/1acTi He XBaTaeT sl IOCTPOEeHUs 0OOCHOBAHHBIX MaTe-
MaTHIeCKUX MOJeseil, HO 3aT0 MMEIOTCA 3HAUNTEIbHbIE MACCUBBI SMIIMPUICCKUX JTAHHbBIX.

Tunuasaelii npuMep — 381891 MEIUITHCKON JTHArHOCTUKN. 31eCh O/ JTAHHBIMH I10-
HUMAIOTCS 3JIEKTPOHHBIE ucTOpuu Oosie3uu. [aHHbie 00 OT/IE/IHHOM KJIMHUYECKOM CJIyYdae
BKJIIOYAIOT aHaMHE3, Pe3y/IbTaThl 00C/Ie0BaHn, Ha3HAYEHHbIE JIedeOHbIe MEePOIPUATHSI,
[IOKA3aTeIn Pe3yAbTaTUBHOCTH JIeUeHus, U T. 1. Tpebyercs MoCTpOuTh aJrOpUTM, KOTO-
PBIif HA OCHOBE UMeOIIeiicst mH(OPMAaIUA O HOBOM ITallieHTe MOI' ObI IIOCTABUTE TUATHO3,
PEKOMEHIOBATH JIEYeHNe MU MTPEJICKA3aTh NCXOJT 3a00/IeBanms. 3aa9a 00y ueHus no npe-
yedenmam 3aKJII0IAETCI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Yy4arou,et
6bL00PKU — COBOKYITHOCTH IIPEIEeHTOB, HAOIIOJABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIPa-
BUJIbHBIC JIMATHO3BI (PEIeHNs], HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit mpumep — 3agada kpedummoz2o ckopuHea. 3IeCh TPEeIeHThl — 9TO 3asBKH
Ha MOJIyJeHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTE/sT BKIIOIAIOT: BO3PACT, IO,
obpa3zoBanue, mpodeccuio, craxk padbOThI, JOXOJ CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajau4dne TeynedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI 1O OOydaroIieit
BBIOOPKE 3aEMIIUKOB C Y2Ke U3BECTHOM KPEeJIUTHON UCTOpHEil ITOCTPOUTh aJIrOPUTM, IIPe/I-
CKa3BIBAIOININ, Oy/IyT JIN Y JAHHOTO 3asIBUTEI MPOOJIEMBI ¢ TIOTAIIeHUEM KPeJIITa.

CymiecTByeT mpocToii aJropuT™M, KOTOPBIN BBIIAET MPaBUIbHBIE PeleHns /it 00b-
ekToB oby4Jaroreil BbiOopkr. OH cpaBHUBAET HOBBIN OOBEKT C KaxKIbIM U3 00YUIaronnx
00BbEKTOB, M B CJIydae IIOJHOTO COBIAJICHHUS BBIIAECT IPABUILHOE DPEIIeHHe W3 Tab/IUIbI
MCXOMHBIX JIAHHBIX, a BO BCEX OCTAJIbHBIX CIydasdX BHIOMpaeT ciaydaiinoe pemrenne. Taxkoit
AJITOPUTM CIIOCODEH OOYUINTHCS pa3Be UTO UT'Pe B «KPECTUKU-HONKN». B Oostee comeprka-
TEeJBHBIX 3ajladax JIJId YCIEHTHOTO OO0YYeHHsI BayKHO HE TOJIBKO 3allOMUHATH, HO U 0000-
maTh. CIIocoOOHOCTDH AJITOPUTMOB ITPABUIBHO HAXOAUTH OOIINE 3aKOHOMEPHOCTH 10 SMIIU-
PHYECKUM JIAHHBIM Ha3bIBAIOT 000bwatouseti cnocobnocmuio (generalization ability).

OcHoBHasg 3aJa49a Meopuu cmamucmueckozo obyqenua’ (statistical learning theory,
SLT) 3ak/rogaercs B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OTIEHKHU ODOOIIAIOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaloliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOKHBIE OIEHKN, PACCUNTAHHBIE HA XYM CIydail, Ha IpaKTUKe MOI'YT IPH-
BOJIUTH K OMIMOOYHBIM pereHusAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcs HOBOE Ha-
npasyieare B SLT — komOuHaTopHasi Teopusi 0600mAioOeil criocoOOHOCTH, TTO3BOJIAIONIAS
6oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEODY ICHMS.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Pazmmaus mexxry COLT u SLT nososbho yeaosabl. B wacraoctun, COLT Britouaer B cebst pobieMaTuKy
BBIUKMCJIUTEIBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHune n nepeobyueHune

[IycTh 3a/1aHO KOHEYHOE MHOXKECTBO 0ObeKTOB X = {m1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100PKOTl; MHOKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Oounapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) = 1, TO TOBOPST, 4TO AJITOPUTM @ OIMIUOAETCsI HA OOBEKTE .

Yucyio omumbok anropurMma a Ha Bhibopke X C X ecTb

n(a, X)=> I(a,z).

zeX

Yacmomot owubox anropurma a Ha Beioopke X C X Ha3bIBaeTCH OTHOIICHUE
v(a, X) = n(a, X)/|X].

3apayva obyyveHus no npeuegeHTam. Jlomycrum, 9TO reHepasibHasi BRIOOPKa pas3buTa
Ha JBe moaBeibopkn, X = X L X. Beibopka X HassBaeTca naba00aemoti WL 06y4aio-
wieti, 17151 00BbeKTOB & € X M3BECTHBI 3HAYEHHUs WHaAuKaTopa onmokn I (a, z). Boibopka X
HA3BIBACTCS CKPOIMOT WA KOHMPOALHOU, U Ha Hell 3HAYCHUsT WHINKATOPA, OMMNOKNA HEen3-
BECTHBI. 3a/1a9a COCTOUT B TOM, 9TOOBI HAMTHU aJrOPUTM @ € A ¢ MUHUMAJBHBIM THCJIOM
ommbOK Ha TeHepaJibHOil BEIGopKe n(a, X), mosb3ysich ToIbKO nHGoOpManueii o HabJIo/1a-
eMoit BeIOOpKe. /lannas 3aja4da B 00IIeM ciiydae He UMEeT TOYHOTO PEIIeHUs, TTOCKOIbKY
AJICOPUTM @ BbIOUpaercs 10 HernosHoi nHdopmarmn. [losTomy craBuTcs 3a1ada MoucKa
npub/INKEHHOTO PEIeHUsT U OIEeHUBAHUS €r0 TOUHOCTH.

Memodom obyuenua® HaspBaeTca oTobpazkenne [1: 25 — A, KOTopoe MPOM3BOILHOI
obyuatorteit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBIH ajroput™ a = X u3 A.

Haubosiee ecrecTBennast crparerus oOydeHUsS — HAfTH aJroOpuTM, JIOIYCKAIONIN
HaMMEeHBIIIee THCI0 OmmMOOK Ha obydaroreil Boioopke. O6osnadnm 1depes A(X) mogmmuo-
JKECTBO aJIFOPUTMOB @, HA KOTOPBIX 4ncJio omubok n(a, X)) MUHUMAJIBHO:

AX) = Argmeifrlln(a,X) ={a € A:n(a,X) <n(d,X), Vd' € A}. (1.1)

Ecmn pX € A(X) s mo6oit obyaarorieit Bei6opku X C X, TO METOJL /1 HA3BIBACTCS
METOIOM MUHUMUSAUUY IMNUPUMECKO20 PUCKA.

Iepeobyuenrocmuio anropurMa a npu pasbmennu X LI X = X HasbIBaeTcs pasHocTb
9acTOT €ro omubOK Ha KOHTPOJIE U O0YUEHUN:

§(a, X) =v(a, X) — v(a, X).
Ilepeobyuenrocmoio MeTO/Ia (1 HA3BIBAETCS I€PE0OYIeHHOCTD aJllOpUTMa ¢ = (X :

6H(X) = 5(:“X>X) = V(MXaX) - V(MXvX)'

2B aHTI0A3bIMHO# IMTEpATyPe MeTo/ 00yYeHN IPUHATO HAZLIBATD an20pummom obyuenus (learning
algorithm) [72], a amropurm a: X — Y — kuaccudukaropom (classifier), rumoresoit (hypothesis), pera-
romeii dyukiwmeii (decision function), mu6o npocro dyuknueit (function). Tepmun «anropurm» B cMbIcse
orobpaxkennst X — Y ynorpebisiercst B paborax HayIHOI mkous! akajemuka FO. 1. ZKypasiésa [26]. Tep-
MUHBI «<METOJI» U <«AJITOPUTM», 0003HAUAIOIINE IIPOTIE/LyPY HOCTPOEHUsT (DYHKIIUNH ¢ 110 BHIDOPKE JTAHHBIX
yIOTPEOJISIIOTCS B OT€UEeCTBEHHON JinTeparype Buepemexky [11, 1, 28, 27].
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Puc. 1.1. IIpumep marpurnsr omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pazbuenuii BLIOOPKK HA HAOJIIOIAEMYIO U CKPBITYIO IMOJABBIOOPKHU. MeTom MuHm-
MU3BAIIH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISAETCH ePeodyIeHHBIM
OTHOCHUTEILHO JIAHHOMN Mapbl BBIGOPOK, npudéM 1pu Jiodom & € (0,1).

Ecmu 0,(X) > € npn nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

MaTpuua owmnbok. Bunapublii BekTop-croaber d = (I (a,xi))le Oy/1eM HA3BLIBATDL GEK-
mopom owubok arropurma . COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIMMOOK,
MOPOK/IAEMBIX ajroputMamu a € A, obpasyer mampuuy owubox pasmepa Lx D. Ctpokn
9TOIl MATPUILI COOTBETCTBYIOT O0BEKTAaM, CTOJIOILI — ajqropurmam. Hucsao crosbios D
MOZKeT ObITh MeHbIe |A|, Tak Kak pasaudHble aJrOPUTMBI MOTYT MOPOXKIATH OJIMHAKO-
BbI€ BEKTOPHI OMUO0K. MHOXKeCTBO aJiropuTMOB A BIIOJTHE MOXKET OBITH U OECKOHETHBIM,
OJTHAKO 9HCJIO [) TOMapHO Pa3/JNdHbIX BEKTOPOB OIMMOOK BCEr/ia KOHEYHO U He IPEBBI-
maer 2. B nanbHeiimem mMeHHO MATpPHUIA OMKOGOK C MONAPHO PA3IMYHBIMU CTOJIOIAMN
OyIeT Jijig HAC OCHOBHBIM OOBEKTOM HCCJIEIOBAHUS.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00yJaIOIyI0 U KOHTPOJILHYIO
BBIOODKHU TaK, YTO aJrOPUTM @4, MUHUMU3UPYIOMINI SMIUPUYECKHUI PUCK, JIOIMYCKAET

OomuOKM Ha BCeX 00beKTaxX KOHTPOJIBHON BBIOOPKH. DTO U €CTh IepeodydeHne.

MozkHO TIPeIoIoKUTE, 9TO B JIAHHOM IIPUMepe repeodydenne OKa3aIoCh CJIe/ICTBU-
eM HEeyJIa9HOTO pa3dueHns BLIOOPKY Ha 00ydeHre U KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X U MeTO/T
0Oy9eHNUd (i, ¥ HEe 3aBUCHAT OT caydaiinoro pasomenms X, X.

3apaun knaccucmkaumm n BocCcTaHoBAeHUst perpeccuun. Jlomycrum, 910 KazKI0My
obberty x € X coorBercrByer npasusvhuiti omeem y(xr) € Y. @yuknns y: X — Y Hazbl-
BaeTcs yenesol sasucumocmouio (target function).

B kauectBe asrzopummos OyjieMm paccMaTpuBaTh (PYHKIIUU TOTO Ke BHJA a: X — Y,
Joryckaromie 3hGeKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOXKecTBa A galre BCero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anzopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1usi, © — MHOXKECTBO JIOIYCTUMbBIX 3HaUYeHUI TapamMeTpa #, Ha3bIBaeMOe npocmpaHcmeom
NapaMempos Wil npocmpaHcmseom noucka (search space).



I
©
I

B kauectBe undurxamopa owubru BozbMéM Omnapuyio dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanue a(r) CyIMECTBEHHO OTJIMYAETCsI OT MPAaBHJIBHOTO OTBE-
ta y(x). NHauKaTop onmbKI MOKET OINPEIeNsIThCs MO-PA3HOMY B 3aBUCHMOCTH OT TIOCTa~
HOBKH 3812491, TJIABHBIM 00Pa30oM — OT HPUPOBI MHOXKECTBA JOIYCTUMBIX OTBETOB Y.

B sagauax xaaccudurayuy, MHOXKECTBO KIaccoB Y KOHEUHO, U MHIMKATOD ONIMOKH
Jalre BCero 3a/1aéTcd B Buje’

I(a,z) = [a(z) £y(x)], z€X, acA

B sajauax soccmanosaenus peepeccuu U MHOTHX 3ajadax npoznoduposanun Y = R,
U BeJIMYUHY OIMMOKH MPUHSATO XapaKTephu30BaTh HENPEepPbIBHON ¢ynkuyuetd nomepv (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))z. Tem me MeHee, MOXKHO
onpeJesATh U GuHApHBbIE (DYHKIMH TI0TePhb, HATIPUMED,

I(a,z) = [la(z) —y(z)| = o(z)], z€X, aecA,

rjge o(x) — TOPOroBbIil YPOBEHB, BBINIE KOTOPOIO OTKJIOHEHHE CUUTAECTCH OITHOKOI.
SameTnM, 9YTO OMHAPHAs (DYHKIINA IOTEPD ABJIETC pobacmHot, TO €CTh HeIYBCTBUTE b
HOM K 6610pocam — OOJIBIINM OTKJIOHEHHAM OTBeTa ajaroputMa a(z) or ucTuHHOrO Y(1).

IIpumep 1.2. Ilycrb oObeKTaMu $BJIFIOTCSA N-MEpHBIE YUC/IOBBIE BEeKTOpbI, X C R™.
O6oznaunm uepes (£, 0) = &101 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPoB B R™.
Jlunetinvie cemeticmea ar20pummos ONPEeIesIAIOTCA CAEIYIOMUM 00Pa30M:

A = {a(x) =sign(z,0) : § € R"} — nua sana1 knaccudukamun, Y = {—1,+1};
A= {a(x) = (z,0) : § € R"} — nna sazau Boccranosnennus perpeccun, Y = R.

JIMHEeNHbIN aIropuT™ KJIaCCU(UKAIIINYT TIPEJICTaBIAET COOO0M TUIIEPIIOCKOCTD ¢ HAIIPABJIs-
IOIIIM BEKTOPOM 0, pa3ie/Isiioly o MpOCTPAHCTBO Ha JiBe 001acTh — Kjaacchl —1 m +1.

B Teopun nepeobytienus MOHATHE «aITOPUTMa» MOYKHO He KOHKPETU3UPOBATH, IIPE/T-
HoJtaras JINIb, 97O 9TO HJIEMEHTHI HEKOTOPOro abcTpakTHOro Muokecta A. ['maBroe, 1To-
OBI I JTIOOOTO aJITOPUTMa @ OBLIAa BOZMOXKHOCTH OIPEJIC/IUTD, JIOMYCKAET JIN OH OIHOKY
Ha oO0bekTe . Takoe MOHMMaHIE «AJTOPUTMa» C OJHOW CTOPOHBI PACIIHUPSIET KJIACC PAc-
cMaTPUBAEMbBIX 3a/1a, HO C JIPYTOil CTOPOHBI OPAHUYUBACT €r0 TEMH 3a/[adaMi, B KOTO-
PBIX BazKeH JIMIIh (akT OMUOKN, HO He BaxKHa BesimdnHa oTkjonenus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npusesién npumep 3a/1a4u KjiaccuuKaIlum ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistioress L = 10 TO9eK MIOCKOCTH, IO 5 0ObEKTOB B KAXKJIOM
KJIacce, aJrOPUTMAMK — BCEBO3MOYKHBIE PA3/IEISIOINIe MPSIMbIe, TO €CTh B JIAHHOM CJTy-
qae A —9T0 ceMeiicTBO aunelinnr kiaccuguramopos. B marpuriie ommbOK COMEPKUTCA
OJIUH HYJIeBOI cToJiber (0ObeKThI Pa3IessoTcs IpsMoil 6e3 omuboK), 5 cToIbIoB ¢ OJ1-
HOIT OIMOKOIA, 8 CTOJOIOB € JIByMsI OMINOKAMM, U T. 1.

SKpapaTabie CKOGKH TIEpeBOJIAT JIOTHYECKOe 3HAadYeHme B dmcjopoe: [moxb] = 0, [mctuna] = 1.
Dro o¥eHb HpakTUUHOE 0603HAYEHUE, HA3bIBaeMoe Homayuel Alsepcona [19].
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Puc. 1.2. [Ipumep MaTpuiipl ormmodOK, MTOPOKIAEMON CeMeCTBOM JIMHEHHBIX aJIrOPUT-
MOB KJyaccudukanun Ha BbIOOpKe mamabl L = 10, comep:karreit 5 00bEKTOB OJHOIO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCE aJrOPUTMBI C MOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIIHOOK, C 9HC/IOM OIMUOOK, COOTBeTCTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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Puc. 1.3. Basucumocrs v(puX, X) or v(pX, X) s 3a1a4u IpOrHO3UPOBAHUS 0TI~
JIEHHOI'O Pe3yJIbTaTa XUPYPrUIeCKOro JIEUeHIs ATEePOCKIEPO3a.

[Ipu periennn NpUKIaIHBIX 3a/1a4 IIepeodyIeHre HaOII0IaeTCd TPAKTUICCKH BCETIA.
Bennunna nepeoOydeHHOCTH MOYKET OKa3aThCd KaK IMPUEMIEMO MaJIoil, TaK U HellpueM/ie-
MO OoJibImoi. i yipaBjeHus poreccoM o0ydeHusl XOTeJ0Ch Obl MMETh TOYHbBIE KOJIU-
YeCTBEHHbIE OIEHKH 11ePe00yIeHHOCTH.

IIpumep 1.4. Ha puc. 1.3 Touykam COOTBETCTBYIOT &JI'OPUTMBbI, TOCTPOEHHbBIE PA3TUIHbI-
MH MeTOJaMu OOyUeHUs 110 OJIHONW M TOH Ke BBIOOPKE B 3ajade MPOrHO3UPOBAHUS OT/Ia~
JIEHHOTO PE3yJ/IbTaTa XUPYPrudecKoro jgedenns arepocksaeposa. OObekTaMu x; SBJISIOTCA
onucanust GOJIbHBIX JI0 TIPOBEJIEHUs ONePAIUH (JJAHHBIE TEMOJANHAMUKU U UMMYHOJIOTHYE-
ckoro obcreoBanns ); oTBeThl y; € {0, 1} KomupyroT pesyabrar JIeueHnst 9epes3 ToJl IOCIe
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onepanun: 0 — ycrex, 1 — pecreHo3 IIyHTa W IMOBTOpHas oreparus. [lo ropusonTabHOI
OCH OTJIOXKEeHa TacTOoTa OIMINOOK Ha 00yYeHUH, 110 BEPTUKAJIbHON — Ha KOHTpoJe. HabJro-
JlaeTcs CUCTEMaTUIecKoe CMeIleHne TOYeK IrpadruKa BBEPX; MOUTH BCe TOUKHU JIEYKAT BBIIIIE
OUCCEKTUPUCHI. ITO U €CTh I1epeodyIeHne.

OcHoBHast 33/1a9a CTATUCTUIECKOTO 00y YeHUST 3aK/TI0UAETCS B TOM, 9TOOBI 110 HADJTIO-
JlaeMoii obyuarorell BEIOOpKe HailTh B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KaK MOYKHO
MEHBIIIE OMMMOOK HA CKPBITOI KOHTPOJIBHBIN BBIOOPKE. BOMpPOC MOYKHO CTABUTH U TaK: Ka-
KHMHI CBOHCTBAME JIOJIZKHBI 00JIaIaTh MHOXKECTBO aJrOpuT™MOB A u Meros oOydeHus fi,
4TOOBI BEPOATHOCTH IepeodyUeHusl Oblia MUHUMAJILHON! YTOObI MOJIyIUTh OTBET, HEOO-

XOOAUMMO CHaYaJla YTOYHUTDL, B KaKOM CMBICJIE 31E€Ch ITIOHUMaETCAd «BEPOATHOCTDL>.

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKA

OcHoBHasa akcuoma. Byrnem mosaratsh, 9T0 00BEKTH KOHETHOTO HEC/TYIatHOTO MHOMKE-
cTtBa X TOSIBJIIOTCS B CJIyYailHOM TOpsiKe, MpUIeéM Bce L! mepecTaHOBOK reHepasibHOI
BBIOOPKHN X PABHOBEPOSTHBI. DTO MPEJIIOIOKEHUE Mbl OyIeM HA3bIBATEL CAAO0U (UAU nepe-
CMano604HoTl) 6epoAMNOCMHOT akcuoMamukol. JIpyrue BEpOsITHOCTHBIE TIPE/IIOIOKEHNUST
HaM He ITOHa100saTcs. [lamee MbI yBHINM, UTO OZHOTO 9TOIO YK€ BIIOJIHE JTOCTATOTHO JIJIsI
MTOJTy9€HUsT MHOTHX (DYHIaMEHTAJIBHBIX (DAKTOB TEOPUN BEPOATHOCTEN, MaTeMaTHIeCKOi
CTATUCTUKU, TEOPUN CTATHCTUICCKOTO OOYIEHUSI.

Ob6osnauuMm 4depes Sy, IpyIILy BceX IMepecTaHOBOK L sjeMeHTOB. BeceBo3MoOXKHBIE T1e-
peCTaHOBKHU I'e€HepaJIbHOI BBIOOPKH OyaeM 0003HaYaTh depe3 TX, T € Sp.

Onpenenenne 1.1. Ilycrs sajan npesuxar: X2 — {0,1}. Eco (7X) = 1, 1o 6y1em
TOBOPHUTH, 9TO COOBITHE 1) MPOHU3OIILIO Ha IMEePEeCTAHOBKe TX. Bepoammocmuio cobvimus, 1)
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO MPOU3OIILIO:

P.4(1X) = % > U(rX). (1.2)
" resy

B cnaboit akcrnomaruke BEpOSTHOCTb COOBITHS 3aBUCUT OT COCTaBa OOBEKTOB I'e€He-
paJbHOI BRIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX nepeduncsenns. OyHKIMsS pacipe/ie-
JIEHUsI ¥ MaTeMaTHIecKoe OXKHJIaHUue TaKKe 3aBUCIT OT BHIOOPKM.

Onpenenenne 1.2. Ilyers &: XP — R — pemecrsennas ¢pyurmms. Pynxyueti pacnpe-
denenus BesmrduHe! § Ha BbIOOpKe X OyzeMm HasbBarh Qynknmo Fg: R — [0, 1] Buga

Fi(z) = P, [6(rX) < 2]. (13)

Omnpepenenne 1.3. Mamemamuneckum osrcudaruem seamaunsr &: X — R Ha BbIGOD-
Ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMeTHIECKOoe 110 BCeM IIepecTaHOBKAaM T:

(%) = =1 3 €(7X). (14)

TEST,
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Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATH Kak OIEpaIuio cpejHero apudme-

TUYIECKOI'o 110 BceM IiepectaHoBkam: P, = E, = % >, To ecTh B ciaboil aKCHOMATHKE
TESL

BEPOSTHOCTH M MaTeMaTHIeCKoe OXKHUJIaHue (DOPMAIBLHO OIPEIEIAI0TC OTUHAKOBO.
BepositTHoCcTb Kak ponst pa3bueHuini reHepasnbHoi BblboOpku. Ilycrs mnpemukar
o(X, X ) siBsiercst dyukimeit moaBeioopkun X C X, eé j10mo/iHeHus X=X \ X, u ne 3a-
BHCHT OT IOpsKa 3aeMentoB B X u X. IlockoinbKy BbiGopka X (bUKCHpOBaHA, BTOPOi
apryMeHT jioroBopuMcs onyckath, p(X) = (X, X). Torma eeposmmnocmy cobvimus
OTIpeJIeISIeTCST KakK doasA pas3bueHuti TeHePaTbHOM BBIOOPKU:

Po(X) = % > elx),

L xex)e
rae [X]¢ — MHOMKecTBO Beex (-3/1eMEeHTHDIX TIOIMHOKECTB I'eHepa/IbHol BIGOPKH X.

OMnupuyeckme oueHKN BeposiTHOCTWU. HemocpegacTBeHHOE BBIUNCCHNE BEJTMIUHDI
P ¢(X) kak o/ pazbuenuii BO3MOXKHO TOJBKO IPU HEOOIbINX 3Hadennsx ¢ nim k. B tu-
IUYHBIX Clydadx uncio pasouennit C' orpomuo. [Tpubmurkénnoit onenkoit s P o(X)
ABjigeTcs cpejiHee 1o Hekotopomy nopmuoxkectsy N C [X]¢ BbiGopox jymHb £, He comuti-
KOM OOJIBITOMY, ITOOBI CyMMa BBIYHC/ISIACH 38 MPUEMJIEMOE BPEMsI, HO U HE CJIUIIKOM
MaJIEHBKOMY, YTOOBI MPUOINKEeHNe ObLIO JIOCTATOYHO TOYHBIM:

~

Py(X) = ﬁ S (X).

XEN

Hamee cumBosiamu P u E Gyjier obo3HadaThes onepalius yCpeHeHUs 110 HEKOTOPOMY
OIMHOXKeCTBY pasbuenuii N. Ecim momMaOXKecTBO BBIOOPOK N BBIOMpPAETCS CJIyUIaiiHO
U PaBHOBEPOSATHO, TO MOBOPST 00 oreHke memodom Morwme-Kapao.

§1.3 BeposTHOCTb NepeobyyeHus

Beposmmnocms nepeobyuerus onpesesiercst Kak JoJs pasouenuii BHIGOPKHU, IPH KO-
TOPBIX 11epeodyIeHHOCTH d,, (X ) mpesbiraeT 3agannblil opor € € (0, 1):

Q- = Q:(1,X) =P[0,(X) = ] =P[r(pX, X) —v(pX,X) >¢. (1.5)

Hapsiny ¢ (). MOXKHO TakzKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDL OULUOOK
Ha, CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(10,X) = P[v(uX, X) > ¢, (1.6)

a TaKzKe OXKIJAEMYIO 9acTOTy OIMUOOK Ha KOHTPOJILHOI BLIOODKE, HAZBIBACMYIO TOAHbIM
cronvsawum Konwmponem (complete cross-validation, CCV) [88]:

C=C(u,X) = Ev(uX, X). (1.7)

Bamernm, aro CCV gpisiercs MaremaTiaeckuM oxupanuem, a (1 — R.) — dbyHkimeit
pacnpeienenus caydaiinoit Bemmaunn v(pX, X).

OyuknnoHa bl ()., R. m C xapakTepusyioT 00O0OIIAONLYI0 CIOCOOHOCTL METOIA [l
Ha BbIOOpKe X. VX onennBanme OyeT OCHOBHOM 3ajadeil Ha MPOTSKEHUN BCEro Kypca.
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Ob6pauenue ouyeHok. [Tycrs Q). < 71(e) — BepxHsisl OllEHKA BEPOSTHOCTH MEpEOOyYeHU s,
dbyukIws n(e) meorpuraTenbHasi, yobBarorias u umeet obpatayto £(n). Torna n(e(a)) = «
st mo6oro « € [0,1]. Cneoparesnsno, P[4, (X) = (n)] < 7, u nama Bepxusis oreHKa Mo-
KeT ObITh nepedOpMyINPOBaHa B 9KBUBAJIEHTHOM BHJIE: C BEPOSTHOCTHIO He MeHee (1 — 1)
CIIpaBeI/InBa BEPXHssA OLEHKA JaCTOTHI OMIMOOK Ha CKPBITON BBIOOPKE:

v(pX, X) < v(pX,X)+e(n). (1.8)

[TapameTp € HA3BIBAIOT MOUHOCTVIO, & 1) — HAJEXHCHOCTBIO OTIeHKH [8].
Ananornyno, ecm HaiijieHa Bepxuss orenka R. < n(e) u e(n) — dbyuxiwms, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 1) crpaBejyinBa BePXHsIsl OICHKA

v(uX, X) <e(n).

Uraxk, obparienne BepXHUX OIEHOK (). win R, J1aéT BepXHue OIEHKN YaCTOTHI OIMTUO0K
Ha KOHTpoJste. Tereph BMECTO MUHUMH3AIME SMIHPHIECKOr0 pucka v(a, X ) MBI MOXKEM
MUHUMHU3IPOBaTh OneHKy (1.8), KoTopas oTam9Iaercst OT SMIUPHIECKOTO PUCKa, HAJTTIHEM
JonoTHITEIbHOTO ctaraeMoro €(n). Tem cambiM Mbl haKTHIECKH MEPEXOIUM K HOBOMY
MeTo Ly 00yueHust 4/, KOTOPBIA IBITAETCS ONTUMU3UPOBATH OOOOINAIONLYIO CIIOCOOHOCTD.
DToT 1puém ouenb Baken B SLT, Tak Kak oH yKa3bIBAET IIyTh IPAKTUYECKOTO TPUMEHEHUST
TEOPETUIECKUX OICHOK BEPOSTHOCTH I1€PE00YICHMUSI.

Y100Bl IpUMEHEHHe TOr0 TpHéMa OBbLIIO KOPPEKTHBIM, oreHka (1.8) mokHa BbI-
MOJTHATHCSA He JIJI KAKOI'0-TO OJIHOTO MeToja OOyYeHUs [i, & JJIs JIOCTATOYHO MTNPOKOTO
KJIacca MeTOJIOB, B KOTODBI JIOJI?KEeH HONacTb U HOBBIA Meroj i/ B jekiuu 5 Mbl pac-
cmoTpuM oreakn Bamnnuka-YepBonenkuca, cripaBe/yiuBbie 0454 4100020 METOJIa 00y IeHUs.
K coxasennto, 3a yrpoineHne mocTaHOBKHU 33191 TPUXOUTCS TIATHTH 3aBBITIEHHOCTHIO
oreHoK. PazobpaBiinch B NPpUYUHAX 3aBBINIEHHOCTHA, MbI IOCTPOUM 0o0Jiee aKKypPaTHYIO
KOMOUHATOPHYIO TEOPUIO, B KOTOPOi oneHK: Buja (1.8) BBIBOIATCS sl CIEIUATBLHOTO
KJIacca MOHOMOHHBLL MeModos 0byuenus. DTO OyJIeT cle/aHo B JIEKIu 9.

MozkeT BOBHUKHYTH BOIIPOC — 3ad€M HUCIOJIb30BATH O0PAIIEHIE BMECTO TOTO, ITOOBI
[IOCTYIHUTD MPOIIE — MUHUMHU3UPOBATH HEIIOCPEICTBEHHO OXKUJIAEMYIO YaCTOTY OIMUOOK
Ha KouTposie (1.7). Teoperndeckn, npenmyinectBo omneHku (1.8) B TOM, 9TO OHA SIBJISIETCST
JIoBepuUTeNIbHON orenkoit. [Ipu 1, nocraTouno 6JM3KNX K HYJTIO, OHA YIUTHIBAET HE TOJTHKO
cpejiHee 3HAYEHNE YAaCTOTHI OIMMOOK Ha KOHTPOJIE, HO U Bejinuuny e€ pazdpoca. [Ipu n = %
OHA TIEPEXOUT B MeJUAHHYIO 0UEeHKY, KOTOpasl, KAK MPABUIO, MAJIO OTJIMIACTCA OT OXKIU-
JaeMoii gacToTsl ommboK Ha KonTpose. IIpakrudeckoe npenmymiecrso (1.8) mepex (1.7)
He OYEBWJIHO M JIOJZKHO MPOBEPATHCA B SKCIIEPUMEHTaX, B TO K€ BPeMs, HeIOCTATKOM
MOKET OBITh BBIYHC/IUTEIbHAsT Hed(DDEKTUBHOCTD OIepaIlii OOpAIeHN.

Ckonb3sawmii KoHTponb. B mammmaHOM 06yYeHUN OIEHKY EV(/LX , X)) 10 TOIMHOYKECTBY
pas30ueHnit HA3BIBAIOT OIEHKOW CKoab3Ause2o konmpoas (cross-validation, CV). Eé uc-
ITOJIB3YIOT JIJIsl SMITMPUTIECKOr0 M3MepeHusi 0000Iaoeil crrocoOHOCTH, KOT/Ia TeopeTutie-
CKI€ OIeHKH 000DIAIOIIEH CIIOCOOHOCTH HEe N3BECTHBI UK HEJI0CTATOIHO TOYHBI. CKOIb34-
Uil KOHTPOJIb ABJIAETCs fe-(paKTo CTaHIAPTHON MEeTOINKON TeCTUPOBAHMS U CPaBHEHUSI
AJITOPUTMOB MAIITMHHOTO OOYIeHHSI.
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O npeapaccygkax v nepeobyveHun. Ilepeobydenne — 310 Ype3MepPHO TOUHAS IIOATOH-
Ka aJI'OPUTMa @ 110 KOHKPETHYI0 O0ydJaloniyio BbIOOPKY X B yiiepbd ero obobujaroueti
cnocobrocmu. OXKUIAETCH, ITO METOJI [ OOHAPYKUT HEKOTOPBIE O0IHe 3aKOHOMEPHO-
CTU TeHePAJILHON BBHIOOPKHU X, HO OH HAXOJIUT JIOZKHbIE 3AKOHOMEPHOCTH — npedpaccyoxu,
CJyYaifiHO MPOsIBUBIIHUECS HA OTHOCUTEHHO Hebosibmioil moaseibopke X C X. I[lonsgrue
«Ipeapaccyikay obu10 BBesieno M. M. Bonrap/iom B 3naMennToit kuure «IIpobjaembr y3na-
BaHUsi» |5, 0 cux mop He TepsIoNel CBOell akTyasbHOCTH. BOHTraps He JaéT cTpororo
OTIPeJIeJIEHNS] TTPEIPACCYIKA, OIPAHNYINBASCEH CJIELYIONTUM TTPUMEPOM.

«IlycTb vesioBeky, He 3HAIOIIEMY HUA UTAJILSIHCKOTO, HI UCIIAHCKOT'O A3bIKOB, TOKA3a 1
CTONKY UTAJbLIHCKUX U CTOIKY MCHAHCKUX KHUT W CKa3aJd, 9TO 3TO O0BHEKTHI, COOTBET-
creenno, | u II kinaccos. Bo Bpemst moncka JI0CTATOYHBIX IPU3HAKOB 9TOT Ye/I0BEK (HUYe-
r0 He 3HAIIUH 06 MCTHHHOM HPUHIIAIE JIeJIeHNsT Ha KJIacchl) OyaeT mpoBepsaTh dhopMar
KHUT, YUACJIO CTPAHUIL, pa3Mephl MPpudTa, YETKOCTb evYaTh, TBEPJIOCTH MEPENIETa, IIBET
obmoxkku, u T.1. U eciin eMmy j1aiu HEOOJIBIIOE YUCIO0 KHUT KaXKJIOrO KJiacca, TO BeChbMa
BEPOSITHO, YTO OH OTOEpPET JIOXKHBIE MPU3HAKU (y HEro MOSBATCH Mpeipaccyiku). Eem,
HaIpUMep, CJIYUUIOCH, 9YTO BCE UTAJTbAHCKIE KHUTH ObLIN IEePeIIeTEeHbl, & CPEJIN UCIIaH-
CKUX HaIJIUCh JBe 0e3 Meperiéra, TO y YeJ0BeKa MOYKET CO3JaThbCs IPEIPACCy/IOK, ITO
OTCYTCTBHE TIEPEIIETa CBUJIETETLCTBYET O MPUHAJJIEXKHOCTH KHUTH K KJtacey 1.

[TycTpb wesoBeky mokazaJid npu 00ydIeHUU OOJIBINOe YUCI0 KHUT KaXKJIOro KJacca, W
OH pernm oTbUpaTh TOJHLKO NMPU3HAKU, XapaKTepPU3yIolne MHOTO KHUT. B 3ToM cirydae
BEPOATHOCTH TOT'O, YTO, HAIIPUMED, CBOMCTBO TePeIIéTa 0TOEPETCI B KAUeCTBE MOJIE3HOTO
npusHaka, oyjer maja. To ke camoe MOXKHO CKa3aTb U O JIIOOOM JIPYTOM IPEIPACCy/IKe
(Tosmmune Kuuru, hopmare u T. 1.). [TocMoTpuM, 4T0 TPOU3OHIET, €CIIHU YeIOBEK MepeiiIéT
OT MPOBEPKHU TAKUX MPOCTHIX MPU3HAKOB K CJIOXKHBIM, COCTABHBIM Ipu3HakaM. OH MOKeT
[IPOBEPUTDH PA3HOCTD YHUCJIa CJIOB Ha YETHBIX U HEYETHBIX cTpanuiiax. Vam Ty ke pa3sHocTb
Ha JBaJIIIaTh BTOPOI 1 JiBeHa IaToi crpanunax. Vn npoussejienne cpejHeii JIIuHbl abd-
3alla Ha Ha YUCJIO CTPAHWI], HAUYMHAIOMMXCA ¢ ad3arna. Vi JacTHOe OT JesleHns ducia
TOYEK Ha BBICOTY IMIpUdTa U T. 1. BEposaTHOCTD TOro, 4T0 KarKJbIil TAKOI IIPeIpaccy 0K
BBIJIEPZKUT TPOBEPKY, MaJjia. HO C/I0XKHBIX MPU3HAKOB CYIIECTBYET YPE3BBIYAHO MHOTO.
[TosToMy MOXKET CJIyYUTHCS, YTO, HECMOTPS HA MAJIYIO BEPOSITHOCTH OTOOpa KaxKJI0ro 3
HUX, MATEMATUIECKOE OXKUJIAHIE TUCIa OTOOPAHHBIX MIPE/IPACCY/IKOB OKaYKEeTCd OOJIBIIIM.
A 3T0 03HaYAET, YTO MAMATh HAYHET 3a0MBATHCA MPEIPAcCyIKaMu. Takum obpazoM, “6o-
raThlii BLIOOP” HE TOJILKO yBEIUYIUBAET BO3MOYKHOCTH OOydYaeMOil MalllMHbI, HO U IPEBAT
MOSABJIEHUEM TIPEJIPACCY/IKOB. »

Taxum odpaszom, yxke B cepeuie 60-X TOJ0B U3 OIBITA PEIICHUS MPAKTUIECCKUX 3a/1aM,
Jla ¥ IIPOCTO W3 OOMIMX cOOOparKeHnil, CTAIHN sICHBI JBe OCHOBHBIE 3aKOHOMEPHOCTH TIepe-
00ydYeHMs: OHO YMEHBIAETCs ¢ POCTOM JIJINHBI BBIOOPKU U YBEJIMINBAETCSH C POCTOM CJIOK-
HocTH cemeiictBa ajropurmoB. B konre 60-x rogos B. H. Bamnuk u A. 4. Yeponenkuc
BIIEPBBIE TPEJIOKUIIN KOJINIECTBEHHOE OIICAHNE STUX 3aKOHOMepHocTedt |9).

Bostee Tounyio mHTepnperanuio mnepeoOydeHus JaéT CJIEeLYIONINi MbICJIEHHBIH 9KC-
nepuMenT. [lycTh 3a71aH0 KOHEUHOE MHOXKECTBO M3 [) aJrOpUTMOB, KOTOPBIE JIOMYCKAIOT
Ha TeHepasIbHOil BIOOpKe X OJIHO M TO K€ YHCJIO OIMUOOK 1M, HE3aBUCUMO JIPYT OT JIpyTa.
YucJto ormubox 10000 U3 3TUX aJropuTMOoB Ha 00y datomieil BHIOOpKe X MOIIMHAETCs 0/
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HOMY W TOMY K€ PacIpe/e/IeHIIO (TUIIEPreOMeTPUIECKOMY, KaK Oy/IeT MOKa3aHo JaJiee).

Buibupast ajroput™ ¢ MUHIMAJIBHBIM YUCIOM OITUOOK § Ha 00ydaroIeil BLIOOPKe, Mbl (haK-

TUYIECKU HaXOUM MUHUMYM U3 [ HE3aBUCHUMBIX OJMHAKOBO PACIIPEIE/TEHHBIX CJIYIailHbIX

BesimauH. MaremaTndeckoe OxKujlaHne MUHUMYMa yMeHbImaeTcs ¢ pocrom unciia D. Cire-
m—s S m

— _ L
A0BaTeJIbHO, Hep606y‘IGHHOCTb 0= I e Sﬁ_k yBeJIMInUBa€TCA C POCTOM D.

DTH PaccyKJeHNsT OCTAIOTCS B CUJIE U B OOINEM CjIydae, KOT/ia ajrOPUTMbI HE SIBJIs-

FOTCsT HE3ABUCUMBIMU W JIONMYCKAIOT Pa3IndHOe 9rcyio omuOok. [Ipu srom mpossisiores
JIBe JIOTIOJTHUTEJIbHBIE, O0JIee TOHKNE, 3aKOHOMEPHOCTH TIepeolyYeHMs.

[IepBas 3aKOHOMEPHOCTb OTHOCHUTCs K TAKUM CEMeNCTBaM aJIrOPUTMOB, KOTOPbIE Pa3-
OMBAIOTCA Ha CA0U IO YHUCJIy OMUOOK 1M UM COMNEPYXKAT OTHOCUTEIHLHO HEOOJIBIIOE UHCJIO
XOPOIIUX AJTOPUTMOB B HIKHHUX CJIOSIX C MAJIBIM 1 ¥ OTPOMHOE KOJIMIECTBO TIJIOXUX AJl-
TOPUTMOB B BEPXHUX CJIOAX ¢ 6OIbINM m. VIMEHHO 3Ta cuTyarust Jaie Bcero HabJ Tio1aeT-
cd Ha TPaKTHKe. XOPOIIUe aJrOPUTMbI UMEIOT OOJIBIIIE MAHCOB MOIYYUTh MIHIMAJILHOE
YUCJI0 OMUOOK Ha 0Oydarolell BLIDOPKe, B pe3y/IbTraTe MeTo/[ 00yueHus: BbIOUpaeT uX ro-
pasgo uaie. [Lnoxue ajropurmbl, HA0OOPOT, MOYTU HUKOT/A HE BHIOUPAIOTCS, U B IEPBOM
IPUOINKEHIH MOXKHO T10JIaraTh, 9TO UX B ceMeiicTBe BoobOIe HeT. Takum obpasom, paccao-
eHue ceMeicTBa aJITOPUTMOB CIIOCOOCTBYET YMEHBITIEHUTO ero «3(h(MEKTUBHON CIOKHOCTH
U CHIZKEHUIO TIepeodyIeHus.

Bropast 3aKOHOMEPHOCTL OTHOCUTCH K TAKUM CEMEWCTBAM aJI'OPUTMOB, KOTOPBIE
COJIEP2KAT MHOIO TOXOXKHUX aJTOPUTMOB. DTa CUTYyalldsl TaKyKe OYEHb PACIPOCTPAHEHA
Ha npakTuke. JlomycTtum, ceMeficTBO ajqropuTMOB KJIAcCU(MUKAINT 3a1aéTcsd (pyHKIUEH
o(z, 8), nenpepsiBHOii 110 Tapamerpy . Kaxomy 3Hadennio § coorBeTcTByeT HEKOTOPBIi
BeKTOp ommoOoK. [Ipu HenpepniBHOM m3Menenuu € BeKTOp OMMUOOK cHada a OyJIeT ocTa-
BaThCs TE€M 2Ke, IIOTOM U3MEHHUTCsSI, CKOpee BCEro, TOJIbLKO Ha ojiHOM obbekTe. Hampumep,
JIBUTAsT PA3JIEJISONTY 0 THIIEPILIOCKOCTD JIMHEHHOTO KJtaccuuKaTopa, MbI IIOCIEI0BATE b
HO TIPOIIEM depe3 Bce TOUKM BBIOOPKH, IEepeceKas UX IO OJIHOM, 3a MCK/II0YeHneM, ObITh
MOZKET, PEJIKUX OCOOBIX MOJIOZKEHUI TUIEPIIOCKOCTH, IPU KOTOPBIX OHA MPOXOIUT CPa3y
qepes JiBe Wi 0ojiee TOUeK, CM. puc. 1.2. AJIropuTMbl, BEKTOPBI OMMUOOK KOTOPBIX OTJIH-
YAIOTCs TOJILKO HA OJIHOM 00'beKTe, Oy/IeM HA3bIBATH c8A3HuMU. [lobaBienne B cemeiicTBO
AJITOPUTMa, CBSI3HOTO C JIAHHBIM, TIOYTH HE YBEJIUINBAECT CJIOKHOCTH CEMENCTBa, TaK KakK
9TO «IIOYTH TOT 7K€ CAMBIIl aJITOPUTM». Takum 00pasoM, c6A3HOCMb CeMecTBa TaKKe CIT0-
cODCTBYET YMEHBIIEHUIO ero «3(PEKTUBHON CIOXKHOCTH» W CHUXKCHHIO TIePeoOyIeHUS .

B seknusax 8-11 6yyer nokazano, 4To 3p@PeKThl PACCIOEHU U CBA3HOCTH CHUYKAIOT
epeodyUeHne, a uX COBMECTHBIN YUET PaJIMKAILHO YJIYUIIAeT TOYHOCTH OIEHOK.

§1.4 OOb6cy>xxaeHune cnaboii akcMoMaTuUKun

CBA3b C CMNbLHOW BEpOSATHOCTHOI akcuomaTukoi. Kiraccudeckast TeopeTnko-MepHast
akcromarnka A. H. Kosnvoroposa (6y1em HasbiBaTh €6 CUIIbHOIT) OCHOBaHA HA MOHATUH Be-
posiTHOCTHOTO TipocTpancTBa (2, ), P), e 2" — MHOXKeCTBO JI0MyCTUMBIX 06'beKTOB, {2 —
aJINTUBHAsA o-ajarebpa cobblTuii Ha 2 , P — BepodTHOCTHAasI Mepa, OlpeIe/IéHHas Ha CO-
ObITgx u3 2. B 3aauax craTucTUIeCKOro aHAIN3a JaHHBIX OOBITHO IIPEIIIO/IaraeTCsl, ITO
MHOKeCTBO 00beKTOB X = {x1,...,2} gBagercs npocmot 6vi60pKoti, TO €CTh 00bEKTHI
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BBIOMPAIOTCST U3 MHOXKECTBA £ CJIyUIailHO U HE3aBUCHMO COTJIACHO BEPOSITHOCTHO# Mepe P.
HesaBucnMOCTh 03HAMAET, YTO BePOATHOCTHAS Mepa, Ha, MHOYKECTBE BLIOOPOK 2 F mnsapu-
AHTHA OTHOCUTEJILHO MIEPECTAHOBOK 3JIEMEHTOB BBIOOPKH. B npuiozkennsax MHOKECTBO 2,
Kak IIpaBIIo, OeCKOHEYHO, a Mepa P HemsBecTHa.

B ciaboit akcnmomMaTnke MHOXKECTBO £ BCEX T'MIIOTETUYECKH BO3MOYKHBIX OOBEKTOB
He BBOjuTCS. PaccMarpuBaeTcss TOJBKO KOHETHOE MHOXKECTBO OOBEKTOB — 2€HEPANOHAA
evibopra X. OHO MOXKET BKJIIOYATH B cebsI KaK OOBEKTHI, HaAOJIIOABIINECS paHee, Tak
U CKPBITBbIE 00BEKTHI, KOTOPhIE CTAHYT M3BECTHBI B Oy 1yIeM. BepogTHOCTHBIM MpOCTpaH-
CTBOM SIBJISIETCS KOHEYHOE MHOYKECTBO BCEX IIEPECTAHOBOK I'eHepasIbHO BRIOOPKHU X, Ha KO-
TOPOM 33J1aéTCsl paBHOMEPHOE paciipejiesienne. TakuM o0pa3oM, CiIydaitHbIMK [TOJIAral0TCs
He caMu OOBEKTHI, & JIUIIb MOPSIIOK UX MOSIBJIEHUsI, UTO COOTBETCTBYET IIPEIIIOI0KEHUIO
0 HE3aBUCUMOCTHU OO'bEKTOB BBHIOOPDKH B CHJIbHON aKCHOMATHUKE.

Crietytoras TeopeMa yTBEPZKIaeT, ITO JiJisd IEPEBOjIA OIEHKHU U3 cJ1aboil aKCHOMaTH-
KU B CHJIbHYIO JIOCTATOYHO B3ATh €€ MaTeMAaTUYIECKOe OKUJIaHUe 110 BLIOOPKE X.

Teopema 1.1. Ilyctp B ciraboii akcuoMaTHke Ha[eHO 3HAYECHHE BEPOSTHOCTH
Py (mX) = f(X). (1.9)
Toria B cuiibHOI akcmoMaTHKe, eCJId BBIOOPKa X IpocTasi, TO
Px ¢(X) = Exf(X). (1.10)

HokazaTeabcTBO. B cuity HezaBucuMocTu HAOJIIO/IEHN B BLIOOPKE X 15T IPOU3BOJILHOMN
nepecranoBku 7 BeinosHstercs Px ¢(X) = Px 1(7X). BosbMém cpejiree 1o BceM mepecta-
HOBKaM 7 OT JIEBOW U MPaBOil YacTeil 3TOro paBeHCTBa U IIPeodOPa3yeM MPaByIO YacTb:

P(X) = 71 37 Pxu(rX) = P, Exd(rX) = Ex P, Y(rX) = Exf(X),

TES]
YTO U TPeDOBAJIOCH JTOKA3ATH. [

B cayuasx, korma ornenka f(X) He 3aBucuT 0T BHIOOPKH X, KOHEUHBIH pe3ysibrar —
orenka B npasoit dacrtu (1.9) u (1.10) — Oyaer onuHAKOB B 00eMX aKCHOMATHKAX.

®PuHuTapHbie N NHPUHUTAPHbIE BEPOSAITHOCTU. Paccvorpum dyHIaMEHTATBHYIO 3a-
Jlady TEOPHH BEPOSTHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM 00ALUWUL “uUcen: OIEHUTH Be-
POATHOCTD OOJIBITIONO OTKJIOHEHUsT 9acToThl V/(.S, X) cobbiTia S Ha KoHednoit Beibopke X
or BepositHocTH P(S) ManHOro cobbITus:

PS =Py {|u(8,X) — P(S)| > ¢} (1.11)

B npakTuvecknx 3a/auax aHAIN3a JTAHHBIX BEPOSATHOCTD cOObITHA P(\S) HEBO3MOKHO
y3HATH TOYHO, TOCKOJIbKY BEPOSTHOCTHAsI Mepa Ha MHOXKECTBE O0BEKTOB, KAK ITPABUIIO,
nensBectHa. [IpoBecTn 6eckonedHOE YHMCI0 HAOJIIOICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOJIBIIOTO OTKIOHeHHs P2 HemocpeicTBeHHO He MOKeT
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ObITH M3MEpeHa B SKCIepUMeHTe Kak dactora cobbitus { X : [v(S, X) — P(S)| > €}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYKET OBbITh TOYHO HJACHTUMUIIMPOBAHO.
Jlannasi mpobsieMa He BO3HUKAET, €CJIM C CAaMOI'o HadaJja OTKa3aThCsd OT yHnoTpedJie-
uus BepogtHoctu P(S). Ona onpegensiercst kak npejen dactorsl v(S, X') cobprrus S
Ha TIPOU3BOJIbHON cirydaiinoit Beibopke X' mpu | X'| — oo. B 10 ke Bpems, mpaxrude-
CKHil MHTEpeC IpeJIcTaBiisgeT nMeHHo dactora v(S, X'), Kak BeJMInHa, HEIOCPEICTBEHHO
HabJmo1aeMasi B sKcriepuMente. Vsmernnm mocranoBky 3azgaqdu (1.11) u Gyaem oneHnBaTh
BEPOATHOCTH OOJIBITIONO OTKJIOHEHUS 9acTOT cOObITH S B JIBYX Pa3/IMYHBIX BHIOOPKAX:

Q2 = Pxx{|v(S, X) — v(8, X)| > ¢}. (1.12)

Ecyn npejnosiarars, uro Beibopku X n X' He3aBUCUMbI, TO JIJIsi OTIPEJIe/IEHIsT BEPOSIT-
Hoctu Q2 yiKe He Hy»KHO HU GECKOHETHOTO YHC/Ia CILITAHNI, HI 3HAHNA BEPOATHOCTHOM
Mepbl P na 6eckoneunom muoxkectse 2 . BepositHoets QF siistercst dhunumaproti u Mo-
JKeT ObITh BBIYNC/IEHA KOMOMHATOPHBIME METOIAMH KaK J10/1s pasbuennit X = X X, upn
KOTOPBIX UMEET MeCTO OOJIBINOE OTKJIOHEHHE YacTOT. KpoMe TOro, oHa MOXKET OBITh U3Me-
peHa B 9KCIIEpUMEHTE IO TOJAMHOYKECTBY pas3OMeHuil, TaK KaK MJIeHTHMOUKAINS COOBITHS
{X, X" |v(S,X) —v(S,X')| > e} ne BbI3bIBacT 3aTpyAHeHMil.

Taxum obpazom, Bepoataoctu P(S) u P B (1.11) uMeoT pa3amyuHyio HPUPOJLY.
Beposithocts P(S) npuHIunmaibio ungurumapra — JJisi €€ onpeiesieHus TpebyeTcst JIv-
00 3HATH BEPOATHOCTHYIO Mepy P Ha OecKOHEeIHOM MHOXKecTBe £, OO OCYIIeCTBUTH
upenesbnbiii nepexon v(S, X') — P(S) npu |X'| — 0o, 9T0 HEBO3BMOXKHO C/IeJIaTh IIPH
IIPAKTUYECKOM aHA/U3e JaHHbIX. BeposTHOCTh P° Takyxe mHMDUHUTAPHA, HO MOCIE 3a-
venbl P(S) na wacrory v(S, X’) ona npunnmaer dpunurapubiii Bu Q2 jomycKaomimii
U TOYHOE BBIYUC/IEHNE, U IMITMPUIECKOE U3MEPEHHe.

DT coobparKeHus Kak pa3 U MPUBOIAT K CJIaDOH BEPOATHOCTHONW AKCHOMATHUKE, 3a-
IIPEIAIoNIeil NCIIoIb30Banne NHPUHUTAPHBIX BEPOATHOCTEN U «COOBITHITY, KOTOPbIE HE MO-
ryT ObITH ujeHTUMUIUPOBaHbI B 3KciepumenTe. [Ipuseém emé mHeckonbko mernee (hop-
MaJIbHBIX COOOPaKEHUl B MOJIb3Y CJ1a00I aKCHOMATHUKHU.

CoBpemenHast TeOpUsi BEPOATHOCTEN BOZHUKJIA U3 CTPEM/IEHUST OObEINHATEL B pAMKAX
eJIMHOro (hopMaJIM3Ma JaCTOTHOE TOHATHE BEPOATHOCTHU, Oepylliee HAYAJIO OT a3apTHBIX
Urp, ¥ KOHTUHYaJIbHOE, UJIyIlee OT TeOMEeTPUYIecKUX 3a/ad Tuna 3a1a4u biodgdona o Be-
POSITHOCTH TIOTIA IAHKS UTJIbI B TAPKETHYIO Iiesih. B akcnomaruke Kosmoroposa KoHTHHY-
aJbHOE TOHSTHE OepéTcs 3a OCHOBY Kak 0OoJiee obiee. Paju 3Toit 00ITHOCTH B TEOPUIO Be-
POSATHOCTElN TPUBHOCATCS TUIIOTE3BI CUTMa-aJIATUBHOCTH W M3MEPUMOCTH — TEXHIUIECKIEe
MIPEJIIOJIOZKEHNS] U3 TEOPUU MePbl, UMEIOIINE JIOBOJILHO CIa0ble SMINPUIECKe 000CHOBA-
nust [2]. Takum o6pa3oM, Jijisi U3yUeHUsl JUCKPETHBIX SIBJICHUI, CBSI3AHHBIX CO CJIyJIaiiHO-
CTBIO, OIPEJIe/ICHE BEPOSITHOCTH KaK KOHTUHYAJIbHON Mepbl N3HAYAJIHLHO U30BITOTHO.

Crnabast akcmoMaTnka, (haKTHIECKN, HE BBIXOJIUT 3a PAMKU SJIEMEHTAPHON TeOpHuH
BeposTHOCTelr XVII-ro Beka, ocHOBaHHOI Ha KOMOMHATOPHOM ITOJICYETE BAPUAHTOB.

O6parum Banmanue Ha 3amedanne A. H. Koavoroposa B [33, cTp. 252|: «npejcraniisi-
eTcs BaXKHOM 3a/1a1a 0CBODOXK JIEHIS BCIOJLY, TJI€ 9TO BO3MOXKHO, OT UBJIUITHUX BEPOSITHOCT-
HBbIX jomnyinennii. Ha HezaBuCHMOI 1MEHHOCTH YUCTO KOMOMHATOPHOIO IMOJIXOJa K TEOPUU
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nHbOpMaIU s HEOJTHOKPATHO HACTAUBAJ B CBOUX JIEKIIUSAX». DTO BBICKA3bIBAHUE B 3HA-
YUTEJBHON CTEIIeHU OTHOCUTCH M K MATEMATUYECKOW CTATUCTUKE, KOTOPas TaKzKe UMeeT
JIEJIO ¢ KOHEYHBIMU BBIOOPKAMH.

OnuH u3 BapraHTOB KOMOMHATOPHO-aIredPandecKoro MOCTPOEHUsT Teopuu UHAMOP-
Marnuu MoxKHO Haiitu B kaure B. /1. Tommusr [18]. On, B wacrHocTn, tmmer: «HanobHocrsb
B BEPOATHOCTHOM MOJIEJIM OTIAJIAET, IMOCKOJILKY Teopus MH(MOPMAIMN OKA3BIBACTCHA JI0-
CTATOYHO MHTEPECHOH 1 OOraToil MpPUIOXKEHNAMEI B ajaredpamdeckoi moctaHoBke. OIHIM
U3 TaKUX MMPUJIOKEHUN SIBJIIETCA paclio3HaBaHne 00pa3oB».

Yuenuk A. H. Kosmoroposa FO. K. BesisieB B ipeiuciioBun K kaure «BeposiTHOCTHBIE
METO/[bI BEIDOPOYHOTO KOHTPOJIsS» MHUIIET: «BO3ZHUKJIO TJIyOOKOe YOeKIeHe, YTO B TEOPUU
BBIOOPOYHBIX METOJIOB MOXKHO IOJIYYUTH COJIEPXKATEbHbIE AHAJIOTH OOIBITUHCTBA OCHOB-
HBIX YTBEP:KJICHUII TEOPUM BEPOATHOCTEH U MATEMAaTUIECKOIl CTATUCTUKM, KOTOPbIE K Ha-
CTOLAIIEMY BPEMEHM HaliJIeHbl B MPEJIITOJIOKEHNN B3aUMHON HE3aBUCUMOCTH PE3YIbTaTOB
usmepenuii» [3, crp. 9.

YmectHo mpuBectH emé oaHO0 BbicKasbiBanue A. H. Komvoroposa: «Yucras marema-
THKAa 0JIATOMOJIYYHO PA3BUBAETC KakK I10 IIPEUMYIIECTBY HayKa 0 OecKoHedHOM. . . BecbMa
BEPOSATHO, YTO C Pa3BUTUEM COBPEMEHHOW BBIYUC/IUTE/THHON TEXHUKU OyJIeT TMOHATO, YTO
B OYeHb MHOTHX CJIydasX pa3yMHO H3ydeHUe peasibHbIX sSBJICHHUIl BecTu, m3berasi mpo-
MEXKYTOUHBIH dTall X CTHIN3AIMK B JIyXe IPeJCTaB/JICHUIl MaTeMaTUKH OECKOHEUHOTO
U HEIPEPBIBHOTO, MEPEXO/Id MPAMO K JUCKPETHBIM MoJeIAM» |33, crp. 239).

AcnmnToTuyeckme oueHkU. BeckonedHo JinHHBIE BHIOOPKH HE PEAM3yIOTCS Ha IIPaK-
THKE IIPOCTO MOTOMY, YTO KOHEUHA MAMATH KOMIBIOTEPOB U BPEMsl, OTIIYIIEHHOE NCCTIe-
JIoBaTeIAM Ha SKCHEPUMEHTHI. B KaccniecKoil BEpOATHOCTHON aKCMOMAaTHKe JTaHHOe 00-
CTOSITEJILCTBO HEe TPUHUMAETCH BO BHUMAHWE, B YACTHOCTHU, KOTJIa, ITHIIYT

P(S) = |)}"1an v(S, X),
riae P(S) — Bepogrnocts cobbitust S, v(S, X) — gacrora cobbitus S B BIGOpKE X.

B caboit akcnomaruke 3amuch | X| — 00 3almperieHa, u MOHATHE BEPOSITHOCTU CO-
6bitst P(S) ne ompejiesiero. Mbl He Biipase MpeioyiaraTh, YT0 BIGOPKA PeATbHBIX 00b-
€KTOB MOYKeT OBbITh CKOJIb YIOJHO JInHHO#. Tem He MeHee, ObLIO ObI HEJIEIIO OTPHUIIATH
MacCy CTaTUCTHIECKNX (DAaKTOB, KOTOPhIE UMEIOT HA/IEKHbBIE SMIINPUIECKUE TTOITBEPK Ie-
HUsl, HO (DOPMYIUPYIOTCS U JJOKA3BIBAIOTCS C SBHBIM UJIU HESIBHBIM UCIIOIH30BAHUEM TAKIX
IpeJIeIbHBIX [1epexoioB. He nckimoveno, 4To ux BO3MOXKHO 1epedOpMyJInpoBaTh U B (hu-
uutapaoM Buje. CToJb 2Ke HeJelo OTKAa3bIBATHCI OT MPEUMYIIECTB ACUMIITOTUICCKOTO
aHam3a. 3JeCh KOMIIPOMUCC 3aK/TF0IAETCS B TOM, YTOOBI IIPUMEHATH ACUMIITOTUKN JIUIITH
K YUCAEHHLM 0UeHKaM, KaK OJINH U3 CIOCOOOB MPUOIMKEHHBIX BhIYncaennii. Hampumep,
nostyuus B cj1aboii akcnomaruke onenky P, (7X) = f(L), 3aBucsiiyio ot JyinHbl BIGOP-
KH, Mbl MOXKEM HCCJIEJIOBATH ACHMIITOTUIECKOE TIOBe/IeHne IucaoBoil dbyukiuu f(L) mpu
L — oo. Ilpu aTOM cytiecTBOBaHUE CKOJIb YTOJHO JIIMHHOW BHIOOPKH HE TPEJIITOIAraeTCs.
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Pe3iome

BBeienbl 0OCHOBHBIE TIOHATHS, KOTOPBIE OY/IyT MCIIOIH30BATHCA Ha MIPOTIKEHIHI BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd o0ydaionias BbIOOpKa, CKPbITas KOHTPOJIb-
Hasl BBIOOpPKa, MeTO/I 00yUIeHusl, Iepeo0yIeHHOCTb, MAaTPHUIA OITHOOK.

Beenena ciabasi BeposITHOCTHasl AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOYKCHIH
0 TOM, 9TO BCe Pa3dbMeHnsi KOHETHO reHepa/IbHON BBIOOPKN UMEIOT PaBHBIE ITAHCHI PEAJIH-
30BaThCA. MOKHO ObLIIO ObI BOOOIIE HE BBOJIUTH TEPMUH «BEPOSATHOCTH» U TOBOPUTH TOJIb-
KO O YacTOoTaX U <«JOJIAX pa3dbueHuil BHIOOPKU», OJIHAKO BEPOSTHOCTHAS TEPMHHOJIOTHSA
u obozuadenus P, E 6osiee mpusbranbl. [lasee Mol yoeanumcs, 4To MHOTHE QYHIAMEHTAb-
Hble (DAKTBI MATEeMATHIECKOW CTATUCTUKUA MOIYT ObITh BBIPAXKEHBI B TEPMHUHAX TaCTOT
U He HYXKJIAI0TCs B TEOPETHKO-MEPHOM olpejieiennn BepoaTHocTr. Cabasi akCMOMAaTHKA
aJIEKBATHA MHOTHM 3a/IadaM aHa/IM3a JAHHBIX, TTOCKOJIbKY OHA UMEET JIeJIO0 ¢ KOHETHBIMU
BBIOOPKAMI U BEJIMYNHAMMU, HEIIOCPEICTBEHHO M3MEPUMBIMU B SKCIIEPUMEHTE.

[TocTaByiena ocnoBHas 3ajia4da — MOJIyUeHHE KaK MOYKHO Oojiee TOUHBIX, d(DPeKTUB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSTHOCTH repeodytdenus (1.5), 60 BEPOSTHOCTH OOJIBITION
4acTOTHI OMMNOOK Ha KoHTpoJie (1.6), mbo mosrHoro ckosb3smero Konrposs (1.7).

B cnepytowein nekumun Mol j1aj M TOTHOE PEIIeHUe OCHOBHOM 3a/1a9u JIj1s ITPOCTEHIIero,
HO BayKHOT'O YaCTHOI'O CJIydasi, KOIjia CeMeiicTBO A COCTONT U3 €IMHCTBEHHOI'O aJITOPUTMA.
B srom ciyuae mo m3BecTHO# WacTOTe OMMOOK JAHHOIO ajropuTMa Ha HaOJII0JaeMOoil
BBIOOPKE OIEHUBAETCsT YACTOTA €0 OIMMOOK Ha CKPBITOI BBHIOOPKE.

Ynpa>kHeHust

Bamada 1.1 (1). B sagaue knaccudurarmynm ¢ npyms xiaaccamu Y = {—1,1} Bbibopka

3ajJlaHa TOYKaMM IpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJropuT-
MoB Kiaccudukaimu ag(x) = sign(x — 0) ¢ napamerpom 6 € R mocrpouTh mMaTpuily

ommnboK u Fpa(bI/IK 3aBUCHUMOCTHN TL(CL@, X) oT 9, €CJIN 1eJjieBasd 3aBUCUMOCTDL UMeEEeT BU/I:

1) y(z) = signx; signx, |x| > M,
L 3) yla) =

2) y(z) = signsinmz; signsin 7z, |x| < M.

CKOIBKO PA3INIHBIX BEKTOPOB OMIMOOK MOPOXKIAeT JTaHHOEe CeMeHCTBO aJrOpUTMOB?
CKOJIbKO 13 HUX JlolrycKaloT m omubok (m =0, ..., L) Ha reHepaibHOil BEIOOPKe X7

Bagagda 1.2 (2). B zagaue knaccuduramynm ¢ npyms xiaaccamn Y = {—1,1} Boibopka
3a/laHa TOYKAMU Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, i=1,... ,L}.
[esiesas 3apucumMocth y(x) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JuHeiiHbIX KJ1ac-
cudukaTopos ag(z) = sign(61&; + Oo&s + 0y), ¢ napamerpom 0 = (61,60, 05) € R3 onmcars
marpuily omubok. CKOJIBKO PasIMIHbIX BEKTOPOB OMUOOK TIOPOKIAET JaHHOe CeMeiicTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0, ..., L) ua Boibopke X7

Bagada 1.3 (5). KakoBo MakcnmMaabHOE THCIO PA3IHIHBIX BEKTOPOB OMIUOOK, TIOPOXK-
JIAeMBIX JIMHEHHBIMI aJropuT™MaMu Kiaaccudukayn Ha Beibopke X = {x1,...,x} C R"?
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2 OueHunBaHue 4acToTbl CODObITUA
N runepreoMeTpmnyeckoe pacnpejgesneHume

Hagném ¢ camoro mpocToro 9acTHOIO CJydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJMHCTBeHHOTO 3jemenTa, A = {a}. Torga BeposiTHOCTE HIEpEOOyYYeHMsI IEPEXO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS YacTOT B JIBYX BbIOOpKax. OHa TeCHO cBA3aHA
¢ 3aKOHOM OOJIBIIUX YHCeJI, UMEIuM (pyHIaMeHTaIbHOe 3HAUYeHNE JIJIT TeOPUN BEPOSIT-
nocreit. [Tosromy Mbr 3a0yjeM HEHAJIOTO PO AJTOPUTMBI U TepeiijiéM K OoJiee oOIeit
TEPMUHOJIOTHH, 3a0/IHO0 HEMHOT'O YIIPOCTUB 0003HAYUEHUS.

§2.1 3apaua oueHuBaHua (NpepckasaHus) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOXKECTBO OOBEKTOB; Oy/IeM HA3BIBATH €0 «COOBITHEM».
CobpiTie S ¥ BEKTOD ONIMOOK aJrOPUTMAa @ B3AUMHO OJJHO3HATHO COOTBETCTBYIOT JIPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [z; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemernmos cobbitus S Ha TPOU3BOJILHOMN
koneunoit Beibopke U C X a uepes v(U) = n(U)/|U|— wacmomy cobvimus S na U.

Bajata mpeicKa3anus YacToThl COOBITHS COCTOUT B TOM, 9TOOBI OIIEHUTD YaCTOTY CO-
ObITHSL S Ha CKPBITOH BBIOOPKE X 110 €ro 4acToTre Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTH
HAJIEXKHOCTD TIPEJICKA3aHus, TO eCTh MOy YNTh OIEHKY BU/A

PIv(X) = v(X)] > e] <nle); (2.1)

B Tex ciyuasax, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTaBUTLCH 3a/1a9a IOJIyIeHUs] OJJHOCTOPOHHEN BepXHell OleHKN:

PV(X) - v(X) > <] < (o). (2.2)

JIemma 2.1. Ecym n(X) = m, 10 4mcio 2JeMeHTOB coObITHs S B HAOJIOJaeMOI MO

soibopre n(X) m B ckpprroit mogspIbopke n(X) MOMTHHIIOTCS 2UNEP2eoMEMPUUECKOMY

pacnpedeneruro:

3 Cs OK—s

P[n(X) = 3} = P[n(X) =m — s} = hﬁm(s) = —mcf_m,
L

rje s npuaEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

HokazaTeabcTBo. OTOOpaTh S 97eMEHTOB cOObITHA S B HAOIIOMAEMYIO IMOJIBBIOOPKY
MoxkHO CF pasyimyaHbiMu criocobamu. Jlis KazK1oro u3 TUX CIOCOO0B MMeeTcst C’f:srn
c110co60B ¢(hOPMUPOBATH OCTABIIYIOCA YaCTh HAOJII0/IaeMO#l MOJIBBIOOPKH U3 0O0BHEKTOB,
He NPUHAJJIeKAINX S. SHATUT, C’;Cﬁ__‘jn — YUCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKECTBa S MONAJal0T B HAOI0aeMyT0 MOBBIOOPKY, OCTAIbHBIE (11 — §) — B CKPBITYIO.
Ix fo1s B obuieM gucie pasouenuit C4 xax pas u cocrasisier ho ™ (s). ]

Bameuanue 2.1. Ecuu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM [0JIaraTb, 9TO
C? = 0. Ananoruuno, ecau He BoinoJHseTcs yeaosue 0 < £ —s < L —m, 1o Cﬁ‘fm = 0.
0 <s< ho™(s) =0

TCIOJIA CJIEJLYeT, 9TO €CJIH He BBIIOJHACTCS YCJI0BHe o < § < s1, To hy ™ (s) = 0.



= 21 =
CeueHne m=100 s [unepreometpudeckoe pacnpepenerue h(m,s) npu L=200, k=100
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80 ] 80 ] /
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Puc. 2.1. O6nacrb onpejiesieHust ruriepreoMeTpuieckoii pyuknuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepeeomempuueckoe pacnpedenerue HOCUT GyHIAMEHTAIBHBIN XapaKTep U BO3HU-
KaeT BO MHOTUX 3aJjiladaXx. B JaHHOM naparpade mepednc/isiioTcs B CIIPABOTHOM MTOPSIIKE
OCHOBHBIE CBOCTBA M'MIIEPreOMEeTPHIECKOrO pacipeenenus (3, 4].

l—s

1. Ilpu dpukcupoBanubix L u ¢ dpyHKImsd hf:’m (s) = ’S”C—i?*m ompe/iesieHa Ha MHOYKe-
crBe map nesbix gucest (m,s): 0 < m < L, max{0,m — k} = sy < s < 57 = min{¢, m}.
DTO MHOXKEeCTBO mMmeeT (opMy mapaJsuienorpamma, puc. 2.1. Bae sToit obsacti npuHATO
nomarars hy ™ (s) = 0.

2. Beeném cireytonue 0003HaYEHNS JIJIsT CYMM KPaWHUX JIEBbIX W KPAHUX ITPaBbIX

YJICHOB I'MIIepreoMeTpruviecKoro paciipeae/JaeHmugd:

L2 51
Hp™(2) =D hi™(s);  H" ()= D A" (s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopMmyJia MoJHON BEPOSATHOCTH:

Do h" () =Hy" (s1) = H ™ (s0) = 1.

S=50

[Tpu dukcuposanubix L, { u m dbysxius h(s) = hé’m (s) sABIAETCH OJHOMEPHDIM
JICKPETHBIM pacipeesienuen. st npumepa Ha puc. 2.1 ciesa nokasana gynkuus h(s)
npy buxcuposansom m = 100. Oynxuums h'(m) = hY™ (s) pacnpemenennen, Boobie
rOBODSI, He SIBJIAETCS, TaK KAK He yJIOBJIETBOP:ET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantaoM s = 50.

3. Tlapamerpe! £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h7™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsITh pasHocramm: hy ™ (s) = hy L™ (0 — s).
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5. CrpaBe/lJIUBBI TOXKIECTBA:
W (s) = (= ) = B () = B (m = ) = B (m = ).

6. OTcrofa BbITEKaIOT ToxKIecTBa i dyukumit H n H:

Hy™(s) =D hp™ (@) =D hp™ (m—j)=Hy" (m—s).
Jj=so0 Jj=so0

7. Pacupenenenue h(s) sBiagercs yauMogaababiM (nmeer popmy rmka). MakcuMaiib-
(m+1)(¢+1)
L+2
8. Tabuma rumepreoMeTpuvdeckoro pacipeie/eHns coaep:kuT fk HeHy/IeBbIX 3HaTe-

HO€E 3Ha4YeHUue JOCTUT'a€TCd IIPpU s* = , C TOYHOCTBIO /IO OKPYIJICHUAI.

uuii. K& MoxkH0 3hdEeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIICHUIL:
e? O — .
h’L (O> - 17

1 k —
B (s) = By (s) bl EZMES,

m+1—s L—m '’

— l—s (2.5)
Re™ (s +1) = ho™ (5) 2. :
s+l =h <S>s—i—1 k—m+s+1
s E—m+s

hp™ (s —1)=hp" (s)

m—s+1 (—s+1°

Y1006 n36€2KaTh BBIYUCIUTEIbHBIX ITOTPEITHOCTEH, 3HATEHUsT him (s) pekomeHLy-
€TCsl BBIYHUC/IATH TOCIEI0BATE/ILHO Jijid BceX m = 0,..., L, Ipu 9TOM JJIsi KazKJIOro m
[EePBBbIM BBIYUC/ISITH 3HAUEHUE, OJIM3KOe K MAaKCUMAJbHOMY (HAIPHUMED, MPH § = Spax),
3aTeM MEHbIINe 3HAYEHUsI BBIUUC/STEL depe3 O6sbine. Cymmuposanue (2.4), Ha060poT,
IIPOUBBOUTCS OT MEHbINX 3Hadennit he ™ (s) K GOIbIII.

9. Maremarngeckoe OKIJJlaHe BEJIMYUHBI S €CTh

A= Zsh%m(s) = ﬁfm

S$=S0
10. /Iucnepcus BeJIMYUHBI S €CTh

S1
k(L —m)
2 214, m
o° = s—=A)h; " (s) = A\
S=S0

11. Tlpu Gosbriix 3HaYEHUSAX TApamMeTpoB L, ¢, m mpeie/IbHbIMU PaCIIPe e/ IeHUsIMI

st B(s) = hY™ () MODYT GBITH TOIBKO PACIPE/IE/IEHIS OIHOIO U3 YeTHIPEX THIIOB:
(s—A)Q).

202 )

— Tpu F — p bunomuasvroe pactpenenenne h(s) — CF p*(1 — p) s

— Ipu A — 00 HopMaabHoe pactpejeserue h(s) — \/%7 exp(—
npu % — p bunomuasvroe pactpenesnenne h(s) — C2 p*(1 — p)™—*;
— npu 7 — 0 mm % — 0 pacnpesenenue ITyaccona h(s) — e *\/s!;
— upu A — 0 swpoorcdernoe pacupenenenue h(s) — [s = 0].
12. T'unepreomerpuveckoe pacipejesieHne JOBOJIBHO TOTHO HMPHUOIUKAETCS ¢ TIOMO-
mbio anmnpokcumarmu Mostenapa:
2m — s

hs) = Cip’(1—p)°, p= i1
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§2.3 3akoH bonbwunx Yncen B cnaboin akcnomaTtTmke

[Ipomosmzkum pacemorpenne 3aaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cpaBeyinBel TOUHbIE OLEHKH:

Pv(X) <e] =Hp™ (e0); (2.6)

PIU(X) > e] =M™ (m —ck); (2.7)

Pv(X) —v(X) = e] =H; ™ (smle)), Sm(e) = £(m — ck);  (2.8)
PI(X) = v(X)| = e] = Hy ™ (sm(e)) + HL ™ (5m(e)),  8m(e) = £(m+ek).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHK SIBJISTFOTCST HEIIOCPEICTBEHHBIM Cie/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X) =s] =Y hy™(s) =Hy" (el);
¢ |m—ek]|
Pv(X)ze]=)> [2=2>e|Pn(X)=m—s] = Z W™ (s) = Hy™ (m — ek) .

=]

s= s=s0

TpeTbH OI€HKa I10JIy49a€eTCAd aHaJIOTUIHO HepBOﬁ, C TOM JIMIIIb paSHI/IHefI, qTo ycJjioBue

v(X )% < e zamensiercs yeaosueM v(X) —v(X) = == — 5 > €. Orcioia s/1eMeHTapHbBIME
" ¢
IpeobpPasoBaHUAMY HOTyIaeM BEePXHUIT MpejieT cyMMupoBamnd s < 7 (m — k).

Haxowner, JBycTOpOHHsisE OlleHKa (2.9) moJiydaercs, ecjim MpeJiCTaBUTh MHOYKECTBO
pa3buenuit B Bujie 00beIMHEHNsT JIBYX HEIEPECEKAIOMNXCA TOIMHOXKECTB:

PIv(X) ~ v(X)| > €] = P[r(X) — v(X) > ] + P[U(X) —v(X) > ] =
= M (500()) + L™ (5(0)) .

O ckopocTu cxogumocTu B 3akoHe bonblwwux yncen. [lpu npornoprroHaaILHOM yBe-
audennn L, ¢ m m oTHOCUTeJbHAA IMIUPUHA TUIEPreOMeTPUYeCKOro IMUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YI'OJHO TOYHOE IpeJICKa3aHNe
ckpbITOit wacToTsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaer cko-
POCTH CXOJMMOCTH YaCTOT COOBITUA B JIByX BHIOOPKAX.

Krnaccudecknit 3akoH OOJIBINIX YHCES YTBEPXKIAET CXOIUMOCTb HaCTOTHI COOBITHA
K eé BepoaTHoCTH. OHAKO B caboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KaK AHAA02 3AKOHA OOALWUL
wucen B cj1aboit akcnomaTuke. OCHOBaHUEM JIJIl TAKOM NHTEPIIPETAIH TaKKe CJIyKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUS YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSTHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OIEHUBAIOTCS CBEPXY JPYT depe3 JApyra, Kak nokasano B [8]. ITo cyru, stu
JIBE OIIEHKH OTJINYAIOTC HE IPUHININAIBHO.

Kumaccnaeckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xéddaunra [83]
OIIEHNBAIOT CKOPOCTB CXOJMMOCTHU B 3aKOHE OOJIBINNX dncesl. Bee OHI ABJISIOTCA aCUMIITO-
TUYCCKUMH U J1aI0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTU OOJIBIIOTO OTKJIOHEHHA. BhIpazke-
ure (2.9) spisiercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTUYECKON) OICHKOI, U MOTOMY
€r0 MOYKHO CUHTATh HAMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX THCEI.
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H l'Mnepreometpuyeckoe pacnpeaenenue npu L=300, k=100, m=30, eta=0.05
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H 'vnepreomeTpuyeckoe pacnpepenermne npu L=1500, k=500, m=150, eta=0.05
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Puc. 2.2. lN'unepreomerpudeckast byHKIUs h%m (s). Bepxuuii rpacduk nosydes mnpu
L =300, £ = 200, m = 30. Beijesens! Kpaiiaue JeBble, [So, sy ()] = [0, 15], u kpaii-
HUE TIPaBbIe Sy, (€), s1] = [25, 30], "wieHbI pacipe/e/eHns, COOTBETCTBYIOINHE 3HAUYCHIIO
Hagéxuocta 1 = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpomoOpI-
OHAJILHO YBEJMYEHHBIX B D pas.

MeomeTpuyeckas nHtepnpetauus coornomennit (2.3), (2.8) u (2.9). Paccmorpnm mps-
moyrosbayio cerky {0,...,L} x {0,...,¢} ua puc.2.3. Ionoxum b; = [x; € X]|. Torna
b; = 1 o3Havaer, 4TO0 OOBEKT T; TOIMAJAeT B HADIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJe TPACKTOPHH, TIPOXOJAIIEH 110 y3J1aM CeTKH M3 TO4U-
ku (0,0) B Touky (L, £) coryiacHo npaBuiy: ecjiu b; = 1, TO cMeIaeMcsi Ha JIMHUILY BIIPaBO-
BBepX; ecyim b; = 0, TO cMelaeMcs Ha eUHUILY BIIPaBo. Bee Takue TpaeKTopuu He BHIXOIAT
3a TIPeJIe/Ibl MapaJlie/lorpaMMa, BbIJIEJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKUX TPaeK-
TOpHil M30MOPMHO MHOKECTBY pasbuenuii Bbioopkr X = X L X, n 06a oHE H30MOPMHBI
MHOKECTBY L-MepHBIX OGHHAPHBIX BEKTOPOB (b1, ..., by ), cojep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra dncia pasdbueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIMINX TPACKTOPUIA.

Y1005 BeIBECTH (2.3), IPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITOOBI IIEePBBIE 1M 00hEK-
TOB IpUHA/ KN MHOKecTBY S. Torma 3aatua cBeeTes K MOACIETY JT0JIU TPACKTOPHIi,
IPOXOJSAIIUX Yepe3 Touky (m,s). HaszoBém Takme Tpaekropun donycmumvimu. Tucio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske or (0,0) mo (m,s) pasuo C?

m?

n JIJId KaXK 101
l—s -
Tpaekropunu cymecrsyer C;_° BapuanToB eé mnpojosnkenust ot (m,s) mo (L, ). Cremo-
BaTEe/bHO, THCJIO JIONMYCTUMBIX TPACKTOPUN PABHO C;Cﬁ_jn. Pasnenus na obree wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | nosydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICUUTATEH TUCJIO TPACKTOPH, TIPOXOJISIIIUX e~
pe3 Jo0yto TouKy (m, §), JeKallylo HuzKe JuaroHasn Ha e wm Gouee. st aToro cym-

Mupyetcs wucio Tpaexropuit C5CE % 10 BeeM s = sq, . . ., Sm(€).
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Puc. 2.3. Tpaekropus mnocsienoBaTeIbHOCTH {bi}szo = 0101100010110010, mpu
L =16, (=17, ¢ =0.3. IlpoBesens! juaun s = %m us = %(m + ¢k). IIppy m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHUU, S = S, (), U HIKe HUKHEH JInHuH, § < Sy, (€).

st BBIBOJIA JIBYCTOPOHHEH olleHKu (2.9) TOJCYUTHIBAETCA YUCIO TPACKTOPH, OT-
CTOSIIUX OT JUATOHAJIM Ha £ wm Gosee. B 9ToM cilyuae cyMMupoBaHue HiST 10 BeeM
S =50,-..,5m(€), 3aTEM IO BCeM § = S,,(€), ..., S1.

BbIOOpPOYHbIi KOHTPO/Ib KadecTBa — 5TO HpUMep HPHUKJIAJIHON 3aJaui, B KOTOPOii
orenku Teopembl 2.2 TPUMEHUMBbI HETIOCPEICTBEHHO |[3].

[Iycte X — muO)ecTBO m3jzesmit, S C X — MOJAMHOXKECTBO J1eMEKTHBIX U3JIEIUIA.
Wsroropjiena naprusd u3geanii X, U3 HUX 1M OKa3aUCh JepeKTHbIMHU. TUCI0 m Hens-
BecTHO. [IpoBepuTh BCIO MAPTHIO MOMITYYHO HE IPEJCTABIAECTCS BO3MOXKHBIM. [losTomy
JIeJTaeTCs 8blOOPOUHDLT KOHMPOAL KA4eCmEa: CIyIaiiHO, He3aBUCHMO, 0e3 BO3BpAIIEHU
BBIOMpaeTcs moaMHOKeCTBO X C X, 9TO PaBHOCHJIBHO CJIYIAfHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag gomo gedektos B Habmomaemoil Bridopke v(X),
TpebyeTcs TpecKasaTh 100 1eeKToB B cKpbiToil Bribopke v(X ). Ecim npu saman-
HOM TOUHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
[IPUHUMAETCS, MHaYe OHa e TMKoM Opakyercs. [lapaMeTpsr € u 1) moadbuparoTcst U3 SKOHO-
MUYIECKUX COOOPayKeHU — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJHOTO W3JE/INA W BEJTUINHbBI
[IOTEPH OT HCIIOJIH30BaHUs J1e(DEKTHOTO W3/IE/IHsI.

§2.4 Tlepexopn ot HeHabnwogaemon oueHKN K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB 1M COObITHS S B MeHepaJIbHON Bbi-
bopke X, KOTOpOe HEBO3MOXKHO Y3HaTh, II0Ka HEM3BECTHA CKPhITas I0JBbIOOPKa. B Taknx
CJIydasx TOBOPSIT, UTO OIEHKA sIBJIsieTCs henabatodaemoti (unobservable bound). Curyartis
Ha IePBBIIl B3IVI] TapajoKcaabHa. IToObI OIEHUTh BEPOSATHOCTH OOJIBIIOTO OTKJIOHEHHS
YaCcTOT B HAOJIIO/IA€MOIl U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH 4ncsao m. OJgHako ec-
Jit ObI MBI €ro 3HaJjid, TO 1o Hab/roaeMoii dacrore v(X) TyT Ke BBIYUCIH Obl TOYHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHsin oueHka. Ilpocreiimiee perienne 1mpoOeMbl HEM3BECTHOTO 1M 3aKJII0YAETCS
B TOM, YTOOBI B34Th MaKCUMYM II0 1M W HOJYIUTH BMECTO TOYHOI ONEHKHU 3aBBINEHHYIO
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H(m)
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Puc. 2.4. 3asucivocts H(m) = Ho ™ (s,u(e)) or m upu L = 300, £ =200, &= 0.05.
BEPXHIOIO OIICHKY:

Plv(X) —v(X) > €] < m%axL;Lz%m (sm(e)) =T (). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m ot [ek] no |L — el], tak kak npu
OCTaJIbHBIX SHa4Y€HUAX 111 JiIeBad 1aCTb HEPpABEHCTBa paBHa HYJIIO.

K coxasenno, (2.10) — moBosbHO rpybast OleHKa IPU MAJIBIX 1M, cM. puc. 2.4. ITo s7oii
IPUYIMHE JAHHBIH MOAX0 He IIPUEMJIEM JJId 3a4a49 BLIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YeHUS 110 MPEIeIeHTaM, U JIPYTUX CIydaes, KOrja MMEHHO MaJible 3HAYEHUs 1M [IpeIcTaB-
JISIIOT OOJILIION IIPAKTUIECKUAN HHTEPEC.

I3BecTHA BepXHSIS OIEHKA «XBOCTa» MHIIEPIeOMEeTPHYECKOro pacipeesnenust |64, 95,
C TIOMOITIBIO KOTOPOH MOXKHO OIEHUTH CBEPXY NpaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_%Qﬁ) .

OTa ornenka eré bostee rpydasi. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
c opauaaToit 0.89. Acummrornaeckn I‘KL(e) — O npu £, k — 00, 970 eIié pa3 MoJATBEPKIAET
CBsI3b TOYHBIX OIEHOK (2.8) u (2.9) ¢ 3axonom bosvwus wucen.

TouHasn NMHTepBaJibHasA OUeHKa. CJIe,HyIOHLaH TeopeEMa IIOKa3bIBa€T, KaK I10JIy9aTb TOY-

uble Bepxuue u Hmkine onenxu Jist n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim n(X) — quciao smementos cobbrtust S B HabJIIOaeMoli BBIOODKE,
TO JIISI 9HCJIA 3JIEMEHTOB coObITHs S B MOJIHOH BBIOOPKE ¢ BeposiTHOCThIO (1 — 1) crpa-
BEJITHBA BEDXHSsI OICHKA:

n(X) <max{m=0,...,L | H;™ (n(X)) > n}. (2.11)

HokazarenbcTBo. PaccMoTpuM 0IHOCTOPOHHIOK TOYHYIO OIeHKY (2.6), 0603HaIMB Mpa-
ByIO €€ dacTh depe3 H,, (), rue m = n(X) — HemsBecTHAs BeJTMIHHA!

Plv(X) <e] =Hp™ (el) = Hp(e). (2.12)

Tora ¢ BepositHocThiO 1 — H,,(€) cipaBeinBo HepaBeHCTBO V(X)) > €.
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t, vucno snemenmos S 6 ckpoimoii vibopre
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S, uucno anemenmos S e Habiooaemoi vibopKe

Puc. 2.5. Tounble BepxHue 1 HUZKHIE OlleHKHN dncia t = n(X ) smeMeHToB coObITHs S
B CKPBITOH BBIOOPKEe B 3aBucHMOCTH OT UX 4ucia s = n(X) B Hab/I01aeMOi BBIOODKE.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Oyukus Hy, (e ) KYCOYHO-TIOCTOSTHHA U OJIHO3HAYHO OIIPeJIe/IsIeTCsl CBOUMU 3HAUYEHUSI-

MI B TOYKax € = 0, 1 ITTK, 1. O6oznaunm uepes E,,(n) byskimo, obparayo Kk H,,(¢).

Torna c BepOﬂTHOCTiIO 1 — 7 cupaseyuBo HepasencTso V(X)) > E,,(n).

[Tockonbky dyuknuu H,,(¢) u F,,(n) Bo3pacraroriue, ¢ BepOATHOCTbIO 1 — 1) cripa-
BeUINBO HepaBeHcTBO H,y, (v(X)) > n.

Oynkia H,, (v(X)) yosisaer o m. [Tosromy mepasencrso H,,(v(X)) > n pasuo-
cubHO M < M, TJIe T — MaKCHMaJbHOe 3Hadenue m, npu koropom H,,(v(X)) > n.

Teopema j10kazana. u
AnaIoruaHbIM CII0COOOM OLEHUBAETCsI CBEPXY CKpbIToe uunc/io n(X ) mo Habroiaemo-

My aucay n(X), a Tak:Ke CTPOSITCs HUYKHUE OIEHKIL.
Caencteue 2.3.1. C BeposrHocTsio (1 — 1) BBIIOJHEHO HEPABCHCTBO

n(X) <max{t =0,....k | Hy " (X)) >} (2.13)
CaexncrBue 2.3.2. C BepositHOCThIO (1 — 1)) BBIIOJHEHO KazKji0€ U3 HEPABEHCTB

n(X) = min{m =0,...,L| H:™ (n(X)) > n};
n(X) = min{t =0,.. k‘Hen(X (n(X))>77}-

Breraucienne mo/rygeHHBIX BEDXHUX W HU?KHUX OIEHOK C MCIIOJIb30BAHIEM PEKYPPEHT-
HBIX cooTHowernit (2.5) Tpebyer nopsiaka O (n(X)n(X)) onepauuit.

Ha puc. 2.5 mokasanbl BepXHHE U HUYKHHE OIEHKH YHCJIA IJIEMEHTOB COOBITHS S
B CKpBITO# BRIGOpKe ¢ = n(X) B 3aBUCHMOCTH OT WX HHCIAa B HAOIIOTAaeMOil BHIGOD-

ke s = n(X). Toacreie cTyneHvaTbie JIUHIN — IPAHUTHBIE 00JACTH, B KOTOPBIX BEJIUTHHA
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HZ ot (s) mIpUHUMAET OJTHO U TO ke 3HadeHne. TouHas BepXHsIsl OIEHKA COBIIAIAET C BEPX-
Heli rpaHuIeil BepxHeit 001acTu, TOUHad HUXKHsS — C HUXKHeH rpaHurieil HuKHeit oo1acTu.
Bumecre onn onpenensior 1 — 2n = 90%-it moBepuTenbHbI MHTEpBAJ JJId YnCIa t IIpu
KazKJIOM 3Ha4YeHUN s. TOHKMe CTyIeHYaThble JIMTHIU — 9TO OIEHKH 110 HAUXY/IIIIeMy 1M, Bbl-
aucsieHabie coryiacHo (2.10). Vx TounocTs najiaer mo mepe npubskenns m K 0 win K L.

O BeposiTHOCTU HyNb-coObITUA. [lob3yschy Teopemoii 2.3, HETPYAHO HOCUYNTATH BEPX-
HIOIO JIOBepUTENbHYIO OneHKY n(X) st nyav-cobvimusa 21| — takoro cobbITHsi, KOTOPOEe
BoobG1ie He HabOnaM0ch, n(X) = 0. B wactroCTH, 110 Tpaduky Ha puc. 2.5 Jerko onpeje-
JINTD, 9TO MPH JIjTuHE Ha0110/1aeMoii BEIOopku ¢ = 100 unc/io coObITHii B CKPBITO# BHIOOPKE
nmabl k= 100 me npessoiinér 4 ¢ BepograocTbio 1 — 1 = 95%. Huxkuas nosepuresbHas
orierka n(X) JJ1s HyJIb-COOBITHS, PA3yMeeTCs, PABHA HYJIIO.

§2.5 OpHo3anemeHTHOE cemMeiicTBO aJIropuTMoB

Bepuémcs K 3ajiate OleHUBAHUsT BEPOSITHOCTU TIEPEOOYUIeHUsT U PACCMOTPUM OJTHO-
sJIeMeHTHOe cemeiicTBo asroputmMoB A = {a}. B arom ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: uX = a s Jjoboit Beibopku X. Pyurimonan Q.(u, X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMOIEALHO20 AA2OPUMMA.

Teopema 2.4. Ilycrs aiaropurM a JOIycKaeT m OMIHOOK Ha I'eHePaJbHOI BbIOOPKE:
n(a,X) = m. Torga ms soboro ¢ € [0, 1] cupaBeInBeI TOYHbIE OLECHKH:

Q- =Plv(a, X) —v(a,X) =] = H;™ (£(m —<k)) ; (2.14)
R.=P[v(a,X) > €] =Hy™ (m —ck) ; (2.15)
C = Ev(a, X) = (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BbITekarorT HermocpeacTBeHHo mu3 Teope-
Mbl 2.2, ecan BBectH cobbitne S = {x; € X: I(a,x;) = 1}. Jlna nokasarenscrsa (2.16)

3alluiieM OlIpeae/JICHUA En v, 3aTeM liepeCcTaBUM 3HaKU CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = CEZ]CLZU, Z[xieX]:kaLﬁl:%.

Cr Xe[x]¢ LGX | Xelx)t

vV vV
0
m Cr_4 |

Pe3iome

Bajiaua oneHnBaHUs YacTOThI COOBITHS (HAIIPUMED, OMUOKN (DUKCHPOBAHHOTO aJIr0O-
pUTMa @) Ha CKPBITOI BBIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BBIOOPKE UMeeT TOYHOe
pelenne, KOTOpoe BbIparKaeTcsl depe3 IUIepreoMeTpruyecKoe pacipeieieHue.

B ciraboit BeposgTHOCTHOI aKCHOMATHUKE 3T, OIEHKA OIUCHIBAET CKOPOCTb CXOIUMOCTH

YacTOT B JIBYX BBIOOPKAX WM SABJISETCI aHAJOTOM 3aKOHA OOJILIIIX YKUCEI.
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Heyn06cTBO 91001 OlleHKN 3aK/II049aeTcst B TOM, 9TO OHA 3aBUCUT OT HEM3BECTHOW Ya-
CTOTBI COOBITHS Ha TeHepasibHOI BhIOOpKe m. lIpobiiema peraercsa OO B3ATHEM Mak-
CUMyMa TI0 M, W TOIJa IOJyJaeTCs 3aBbIIIeHHAs OIeHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBIPAYKAETCH B BHUJE SIBHON (DOPMYIIBI.

B cnepyrowein nekumm Mbl okazkeM, 9To B ¢JIaboil aKCHOMATHKE BO3MOXKHO TI0JIyIaTh
TOYHBIE PENIeHnus JI Pdjia KJIACCUIECKNX 3a/a9 MaTeMaTUudIecKoil CTaTUCTUKU, TaKnUX,

KaK IIOCTpoeHHEe JOBEPUTE/IbHBIX NHTEPBAJIOB U IIPOBEPKa CTATUCTUYICCKUX I'MIIOTES.

Ynpa>kHeHust

Bamada 2.1 (1). Iloctpouts rpaduki 3aBUCHMOCTH BEIUIUHBL ()., OIpeessieMoil
no dopmyste (2.14), or ¢ npu dbuxcupoantom k, or k npu dpukcuposanuom ¢ u ot £ = k.

Bamada 2.2 (2). Beisectu Tounbie onenku Q., R. u C' 151 JBYX3JIEMEHTHOIO CeMelicTBa,
A = {ay,ay}, eciin 3aaHbI YETHIPE ApaAMETPA

My = #{z € X: I(ar,z) = u, I(as,z) = v}, u,v € {0,1}.

[Tocrpouts rpacduku 3apucumoctu (., R, u C' 0T XOSMMUHIOBA PACCTOSHIA MEXKJLY aJIro-
pUTMaMU p1o = Moy + M1, B JABYX ciydasix: 1) mpu mo; = myg; 2) 1upu mg; = 0.

Bamaga 2.3 (5*). Ommcars criocod BBIYNUC/IEHUS TOTHONW BEpXHEH OIEHKH BEPOSITHOCTH
nepeobyuenHns Q. 1Jis ceMeiicTBa u3 aByX aaroputmoB A = {ay, as}, eciim npu HEKOTOPOM
pas6uennu (X, X), BLIOpAHHOM CJTy9aiiHO U DABHOBEPOSITHO, M3BECTHBI Y€ThIPE BEJINIMHbI:

suv:#{xeX:](al,x):u, I(ag,x):v}, u,v € {0,1}.

[Toctpouts rpacdukn 3aBUCUMOCTH (). OT XIMMUHTOBA PACCTOSHUS MEXKJLYy AJTOPUT-
MaM¥ P12 = So1 + S10, B JIBYX CJydasx: 1) mpu Sg; = S1o; 2) 1pu So; = 0.
CpaBHUTB ¢ peleHreM IPeIbLIyIeil 3a1adm.

Bamagda 2.4 (3). Beectn Tounbe onenkn ., R. u C' mag cemeiicTBa U3 TPEX asro-
purmoB A = {ay, az, az}, eciau 3aJlaHBl BOCEMb MTApaMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(as,z) =t}, r,s,t € {0,1}.

[TocTpouts rpadurn 3apucumoctn (., R, 1 C' OT XIMMHUHIOBa, PACCTOSTHUST MEXKLy aJIro-
pUTMaMU P12 = Moo + Moo + Mo11 + Mio1, B ABYX CJlydadx:

1) Opu Mi10 = Mio1 = Mo11 = M1oo = Mo10 = 10015

2) upu myig = Mip1 = Migo = Moo = 0, Mo11 = Moo1.
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3 HenapameTpunuyeckne kputepumn
N AoBepuTesibHble OUEHKN

Marepuasa JaHHOI JIEKIIUU HE UMeeT MPIMOro OTHOIIEHUs K OCHOBHOW TeMe Kyp-
ca — mpobsieme nepeodydenusi. OH JIEMOHCTPUPYET BO3MOXKHOCTHU CJIab0#l BEpOATHOCTHOI
AKCHMOMATUKH Ha IIPUMepEe CTAHIAPTHLIX 3319 MaTeMaTUIeCKOW CTaATUCTUKU.

MpbI paccMOTpHUM 3a/1a91 JIBYX THUIIOB.

[lepBbiit T — 3aj1@4n JIOBEPUTEILHOIO OleHUBaHUsA. Josepumenvhoili unmepsan
JUISE CITyYaifHOM BEJIMYUHBI — 9TO OTPE30K, KOHIIBI KOTOPOI'O BBIMUC/IAIOTCS 110 HAOJIIO/Iae-
MOl BBIOOpPKE, HAKPBIBAIOIIUI HEM3BECTHOE NCTUHHOE 3HAYCHUE JIAHHON CIydaiinoil Besn-
YUHBI € 33JIAHHON d06epumesvbHotll 6epoamHocmslo, OU3KON K euHuie, ckaxem, 0.95.

Bropoit Tuir — 3a1a1u MpoBepKU CTATUCTUIECKUX THIIOTE3. BhIBUTaeTcs HeKOTOpas
eunomesa Hy, TIpu yCJIOBUM MCTHHHOCTH KOTOPOH 3ajlaHHas (DYHKIMs BBIOOPKU (cma-
mucmuka) UMeeT U3BECTHYIO (DYHKIMIO paclpejesienus. Boiiensgercs: kpumuueckasn 00-
AGCMYb HAUMEHee BEPOSATHBIX 3HAUEHUI TOM CTATUCTUKY, U (PUKCUPYETCA YPOGEHD 3HAYU-
MOCMYU — BEPOSITHOCTH IONACTb B 3Ty 00JIACTb IPU YCJIOBUU MCTUHHOCTHA THUIOTE3BI Hy.
YPpoBeHb 3HAUMMOCTH BBHIOMPAETCS JOCTATOYHO OJIM3KUM K HYJ0, ckaxkeM, 0.05. Ecian na-
O/o/1aeMoe 3HaYeHne CTATUCTUKHU IMONaIaeT B KPUTUYECKYIO 00JacTb, TO Tunoresa H
OTBEPraeTcd; B IPOTUBHOM CJIydae TOBOPAT, UTO JIAHHBIE HEe MPOTHBOpEeYaT rurnorese H.

B caboit akcrmoMaTrKe HAX0/IAT €CTECTBEHHOE BhIPAXKEHNE MHOTUE HENAPAMEMPUYe-
cKue METOJbI CTATUCTUKH, HE CBA3aHHBIE ¢ AIIPUOPHBIMU MPEJIITOIOKEHUAMEI O ITapamMeT-
pUYECKOM BHUJIe TIJIOTHOCTEN pacipeieieHns KaKUX-JIM00 CIyIailHbIX BeJIMIIH.

§3.1 [JoseputenbHoe oueHnBaHue

PaccmoTpuM 3a/1aty 0 JOBEPUTEILHOM OIEHUBAHUU CJIYYafHON BEJIMIUHBDI.

Bajana yuknus &: X — R, 3HaYeHus KOTOPOil MOMAPHO PA3JINIHBI HA 3JIEMEHTaX
BeIOOPKHU X. Tpedyercss mocTponTh 1o HAOIOaeMOl BHIOOPKEe X CeMefCTBO BJIOZKEHHBIX
dosepumenvior unmepeanos Q.(X) = [67(X), &5 (X)] rakoe, 4o st IPOUZBOILHOTO
CKpBITOro 0o6bekTa T Bobinosuserca &(z) € Q. (X) ¢ BeposTHOCTBIO He Menee 1 — n(e).
Taxum 06pa3oM, JIMHA CKPLITOi BHIOOpK X = {I} HmomaraeTca paBHOI eIUHUTIC.

Bapuayuonnvim padom dyaknuu € na Beibopke U = {uy,...,u;} € X HasbBaercs
[OCJIeIOBATEIbHOCTD 3HaueHuit &(uy), . .., &(u;), ynopsiodentas mo Bospacranuio. O60-
3HAYMM S-€ 3HAYEeHHMe BapuallmoHHOTO psjga & Ha U depes 51(18 ), TOT/1a 5;11 V<< fl(]t).
Teopema 3.1. Omupejenmnm cemeiicTBO BiIOKeHHBIX 0Tpe3koB (). (X) = [S%_EH),S;)},
e e = [(/2],... L. Torga cupaBeymmBa TOIHAST OIJCHKA:

Pl(z) ¢ (X)) =2(1—-%), e=[¢/2],....L (3.1)

JokazaresabcTBo. Beero nveerca C] = L pasbuennii. Bemmanna &(T) npesocxoaut 5&?

Ha TexX pas3OueHUsX, IPU KOTOPBIX HpaBee &(T) B BapUAIMOHHOM DsILy HAXOJUTCS Me-

(L—e+1)
X

Hee L — ¢ o6bekToB. Takux pasbuenuit popuo L — e. Anajiornyno, (z) < £ Ha Tex

pasbueHusiX, IIpu KOTOPBIX Jieee &(T) HaxoauTces MeHee L —e 00bekToB. Takux pasouennit
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Takke poBHO L — e. Urak, mossi pasbuennii, npu KOTOpbIX 3HadeHne (T) monajiaer BHE
orpeska §2.(X), cocrasisier 2(L —¢)/L. n

Amnajiornaao MOXKHO JO0Ka3aThb U TOYHYIO BEPXHIOIO OIICHKY:

Ple() > Q] =1-2, e=[(/2],...,¢ (3.2)

[Tosmaras B (3.1) ¢ = {, 3akio9aeM, 9T0 CKpbITOE 3HadYeHHE &(Z) BBIXOAUT 3a Ipe-
JIeJTbI JTNalia30Ha HaOJII0/[aeMbIX 3HAYEHU [gg) , gﬁ)} C BEPOATHOCTHIO % s npejickaza-
Hus €(Z) ¢ HAJEKHOCTBIO 1) JIOCTATOYHO UMETh % — 1 00BEKTOB B CiIydae OJTHOCTOPOHHEN
OTIEHKU, U ITPUMEPHO BJIBOE OOJIbIIIE, % — 1, mra aBycroponneit. B wactnoctn, 19 06 bekTOB

JOCTATOYHO JIjId TIOJTyIeHNs BEPXHEN OTeHKN ¢ Ha 1eKHOCTHIo (.95.

§3.2 [oBeputesibHble MHTEpBasibl 4N KBAHTWU/IEN

JoBepuTenbHble MHTepBanbl AN KBaHTUNEW B CUNIbHOW akcuomaTtuke [24]. Ilycrs
§ — ciydaiiHasg BeJIMYMHA C HEIPEPBIBHOI CTPOro Bo3pacTatolieil (byHKImeld pacipe/ie-
neuns F'(z). Pemenne ypasrnenus F(x) = o npu a € (0,1) cymecTByer u ¢IMHCTBEHHO,
obozHagaeTcs &, 1 HA3BIBACTCA (v -KGAHMUALIO pacnpedenetus W KBAHTUIHIO TIOPSIKA, (.
B gactnocru, £1 ectb meduana pacnpedesenus.
2

[Iycrs X = {&,...,&} —BpIOOpKA { HE3ABUCHMBIX CJIyYallHBIX BEJMYAH U3 PAC-
npenesienusa F. [loctpoum e€ BapualmoHHBIN PsijL fg) < --- < fgg). C BeposiTHOCTBIO 1
oH He mMeeT CBA30K. OTpe3ok [gﬁ?,gg?} SIBJISICTCS JIOBEPUTEILHBIM HHTEPBAJIOM JIJIsT
Q-KBaHTUJIU C JIOBEPUTETHLHON BEPOATHOCTHIO

S
Pl <&<ed] =) Clatl — ). (3.3)
t=r
B (r+1) (b—r)
‘{aCTHOCTI/I, OTpGSOK [ X ySX } ABJIAETCA ﬂ‘OBepI/ITeJIbHI)IM I/IHTepBaJIOM ,ILJIH Me-

T
auanbl (o = 1) ¢ goBepuTeabHOI BeposTHOCTBIO 1 — 2 Y Ch27"
=0

JdoBeputenbHble nHTepBanbl ANA KBaHTuNe B cnaboii akcnomatuke. [locranos-
Ky 3a/Ia91 [PUJIETCSI MEHSITDH, TIOCKOJIbKY MOHATUS (-KBAHTHIN U (DYHKITUU PACIpeIesie-
Hust F'(x) ompenensiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOSITHOCTD. AJIEKBATHOMN 3aMeHOM
KBaHTUJIH &, B c1a00it aKCHOMATUKE SBJISAETCS M-i 9JIeH BaPUAIMOHHOTO Psijia FeHepaIb-
HOIT BeIOOpKM X mpu m = aL.

Hormycrum, aro umcsioBas rerepajibiasi Bbibopka X = {&1,...,&p}, cocrour u3 mo-
[MapHO pa3/nyHbIX 3HaveHnuii. [locTponm e€ BapranmoHHbBIN P 55(5) << é}g‘).

Crenyromas TeopeMa yTBEPKIAET, ITO, UMes Hab/IIomaeMy0 BBIOOPKY X, MOXKHO
peICKa3bIBaTh 3nadenue M = §§§m) U OICHUBATD TOYHOCTD IIPE/ICKAZAHUIA.

T 3.2 O (r) ¢#(s)
eopeMa o.4. TPE30K gX y Qx| ABJIAETCH JJIOBEPUTE/IbHBIM HHTEPBAaJIOM I BEJIUIH-

ael M = & ) ¢ i
=y ' ¢ JJIOBEPUTEJBHOI BEPOSTHOCTHIO

S

Pl <M<l =>"nm), (3.4)

t=r
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1J1e BeposiTHOCTh P mmoHmMaeTcss B coOTBeTCTBHH €O CJ1a00i aKCHOMATHKOH, KaK JIOJISI pas3-

OueHuii reHepaJibHOH BBIOOPKH.

JlokazaTebCTBO.
Bo-niepBbix, 3aMeTnmM, 910 P[fgg) <M< §§?)] = [{g) < M] — P[ g?) < M]
PaccmoTrpum cobbitue S, = {fg), . ,fs(gm) CX.

Yesosue P (r) < M| paBHOCHJILHO TOMY, 4TO B BLIOOpKY X IomajaeT He MeHee
X )

7 3JIEeMEeHTOB coObITUs S,,. Cormacuo Jlemme 2.1 1 onpeneeHuio «IIpaBoro XBOCTa» I'H-

[epreoMeTpUIecKoro pacipeesieaus (2.4) orciofa ciejyer

Plex’ < M] =Hy™ (r).
Anayornano,

Pl < M] =H;™ (s +1).
Takum obpasom,

PIEY <M <P =Hy™ () —H™ (s +1) =

S1 51 B
=D () = D> () =Y A" ().
t=r t=s+1 t=r
Teopema jokazana. [ |

MpepenvHbii nepexod. loBepuresbHast BepoATHOCTH B cjaboil akcnomaruke (3.4) Bbl-
pazkaercs Uepes3 THIePreoMeTpHIecKoe pacipeaenenne. IlokaxkeM, 9To Ipu CTPeM/ICHAN
JIIMHBI CKPBITOI BBIOOPKN K OECKOHEYHOCTH OHO CTPEMUTCS K OMHOMHMAJILHOMY PACIIPEIe-
JIEHUIO, 9ITO MPUBOJUT K KJIACCHIECKON JIOBEPUTEILHOI BepogTHOCTH (3.3).

[Ipu L — oo u k — 00, ukcupoBauHOil JjimHe HabIr0maeMoil BIOOpKU £, (DPUKCHPO-
m

BaHHBIX 7" 1 § U COXPpaHEHUU ITOCTOAHHOI'O OTHOIICHUA ¥ = T nMeeM:
h&m(t) 701&0}271—15 B + m' k' (L—m)' %Ctmt(k_m)fft B
e (o N A ey [ T

= C’g<m>t<E - @)é t—) Clal(1 — a)".
L L L

TakuM 06pa30M, IIEPEHOC JOBEPUTEIBHBIX OIEHOK B CJIA0YI0 aKCHOMATHKY IIOTPe6o-

BaJI 1epedOpMyIHPOBATh TOCTAHOBKY 3aJaud. B c1aboil akCHOMATHKe JIOBEPHTEbHBII

MHTEpBaJI 3aBUCHT OT JUIMHBI CKPBITOi BEIGOPKHU, TO €CTh OT TOI'0, CKOJILKO €IIé HabJII0e-

HUil IPEJICTOUT Ce/IaTh. B aCUMIITOTUKE, IIPU CTPEMJICHUH 9TOIO YUCIa B OECKOHEIHOCTD,

IIoJIy4daeTcd KJIACCUYIECKU ,ILOBepI/ITeJIbHBIﬁ nHnTrepBaJ B CIJIbHOI aKCHOMATHKE.

§3.3 Kpurtepwnii 3HakoB

Knaccunyeckuin kputepuini 3HaKoB poBepseT rurore3y Hy o Tom, 9TO B BhIOOPKe Ou-
1

napubix sesmunn X = {b;}5_,, b; € {0, 1}, e/MHUIIBI TIOSABJIAIOTCS ¢ BEPOATHOCTBIO P = >
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WA, PYTUMHI CJIOBAMME, 9TO BEIOGOPKA MO {IMHSIETCsI OUHOMUAILHOMY PACIIPEJIEIEHIIO C T1a-
PaMeTpOM p = 3.

XpecroMaTuiiHbI TpUMep MPUMEHEHNsT KPUTEPUsl 3HAKOB — IIPOBEPKa CUMMETPU Y-
HOCTH MOHETBI I10 [OCJIEI0BATEILHOCTH BBIIAICHISA «OPJIOB» U «PEIIEK>».

B npakrrueckux 3ajadax aHaau3a JAHHBIX KPUTEPUl 3HAKOB PUMEHSIIOT JIJId IPO-
BEPKH PaBEHCTBA HYJIO MeJIMaHbl BEIeCTBEHHOM ciyuaiinoit Besmaunnnl £. st sToro me-
pexojiaT K 6unapHoii BeiGopke b; = [§; > 0]. Ipyroe npumeHenme — nmpoBepKa 2unomesol
cdeuza & = £+ § B ABYX CBSABHBIX BBIOOpPKaX, rje d — BeJIMYnHa cABura. /st sToro me-
pexoaT K 6unapHoil Beibopke b; = [£) > & + 0]. B wactaoctu, npu § = 0 nposepsiercs
OTCYTCTBHUE CIIBUTA, UK, KaK eIE FOBOPST, omcymemeue agdexma oopabomxu.

¢
[ a1 BeImosHenust Tecta Beraucisgercs crarucruka 1'(X) = > b;. Ilpu yeaosun, 4ro

=1
TUIIOTE3A Hg BepHa, CTaTUCTUKA T ITOAYINHACTCA 6UHOMUCL/L?)HOJVLy pacnpe(?menum:

PIT(X)=t] =Cip'(1—p)~" =Cj27".

['mmoreza H, oTBepraercs Ha YposHe 3HAMUMOCMU (v, €CJIU 3HAYEeHHe CTaTUCTU-
ku T'(X) monajiaer B KpUTHIECKYTO 06JIACTH — «XBOCTBI» OHHOMHUAJILHOIO PACIIPEICICHUS,

1 T(X)
Z g [51-g) 5
t=0

KpuTtepuii 3HakoB B C/1ab0ii aKCMOMAaTUKE CTPOUTCS 110 CYTH TaK ¥Ke, TOJBLKO hopMy-
JIMPOBKa T'MIIOTE3bI HO Y2Ke He MO2KET OIIMPAaTbCA Ha IIOHATHE «BEPOATHOCTL €JUHUIBLI»
1 OMHOMUAJILHOE pacipejieieHue.

Teneps runoresa Hy dopmynmupyercsa Tak: «HaOJ0aeMas BbIOOpKa X IOJydeHa

L
=1

B pesysbrare ciaydaiinoro pasbuenust X U X = X renepasbnoii Beibopkun X = {b;}
cojiepzKalieil POBHO TIOJIOBUHY €JINHUIL, 1M = Zle b; = %», rje L — 1érHoe Jucio.
Ecim runoresa Hy BepHa, TO BepHO U OCHOBHOE IIPEIIOJIOKEHUE CJIaboil aK-
CHOMATUKU O paBHOl BeposaTHOCTH paszduenuit. [Ipumenss Jlemmy 2.1 K coObITHIO
S = {bl- eX:i b= 1}, IPUXOJUM K BBIBOJLY, 4TO craructuka T(X) mogunusiercsa eunep-

2EOMEMPUHECKOMY pacnpe&menum:

Y

m—t L
P[T(X)=t] =hy™(t) =C} Cﬁ;f L om=3
L

rJie BepOSATHOCTD P MOHMMAaeTCst B COOTBETCTBUU CO CJIADON aKCHOMATHUKOM, KaK JOJIs Pas3-
OueHnii reHepaaIbHON BHIOOPKU.

asee crangaprHas JIOTUKA IIPOBEPKU CTATUCTUIECKUX TUIIOTE3 MEPEHOCUTCS B CJIa-
Oyro akcnoMaTuky 0e3 m3Mmenenwuii. ['unoreza Hy oTBepraeTcd Ha YpPOBHE 3HAYUMOCTH (v,
ecan 3Hadenne T'(X) monagaer B kpumuueckyo obaacmo:

H" (T(X)) ¢ [5.1-5],



— 34 —

MpepenbHbii nepexoa. [lapamverp L ObLT BBE/IEH UCKYCCTBEHHO B PE3Y/ILTATE MBICICH-

HOT'O JIoCcTpanBaHus HabJIi01aeMoil BBIOOpKH X J10 TeHepaIbHON BHIOOPKH X. YCTpemJisds

JUTHHY BBIOOPKU X B OECKOHEYHOCTH IIPU 1M = % 1 (BUKCUPOBAHHBIX £, 1, TOTydaeM BCE

TO 7K€ OUHOMUAJILHOE pacipe/ie/ieHne, IPUBOJISINee K KIacCuIecKoMy Kpurepuio (3.5):

! m! k! mimtt mt
—ct " ! e/ — o,
] Clm =t (m— L+t L £t £ (2m)" ¢

P[T(x) =

Takum obpa3oM, MepeHoC KpUTepusl 3HAKOB B CJIA0YI0 aKCHOMATHUKY IIOTPeOOBaJI
JIAIIb TIepeOPMYITUPOBKYU HYJIEBON THIIOTE3bI, HE U3MEHUB PE3YJIbLTAT 110 CYIIECTBY.

§3.4 Kputepuin YunkokcoHa—MaHHa—YuUTHuU

Knaccnyecknin kputepnini YunkokcoHa—MaHHa—YnTHn — 310 HemapameTpudecKuit
CTATUCTUYIECKUN KPUTEPUil, OOBITHO UCTIOJIB3YEMBbIl /IS TPOBEPKU 2UNOME3bL 00HOPOIHO-
CMAL — TIPEJTIIOJIOKeHHs, uTo JBe BbIbopku X = (z1,...,2¢) u X = (2}, ..., 2}) B3aTHI
U3 OJHOTO pactpejenenns. [Ipemonmaraerces, 9T0 BeJIMYUHBL T, &' U3MEPSIOTC B KOJIMYE-
CTBEHHOI WJIN HOPAJIKOBON IIKaJIe.

Ctporo roBopsi, HYJIEBOI THIIOTE30i B JAHHOM KPHUTEPHUU sBJeTCs Oojee ciraboe
npenosnoxkenne Hy: P(z < a') = % [TosTOoMy OH cunTaeTcs He JOCTATOYHO MOIIHBIM JIJIS
[IPOBEPKU TUIIOTE3BI OJIHOPOTHOCTH.

st mpocToTel B KauecTBe ajibrepHaTHBBI pacemorpum Hy: P(x < ') > % [Tpoeepka
JIBYCTOPOHHEN aJIbTepHATUBLI HE HAMHOT'O CJIOYKHEE.

To, 9To MaHHBI TECT HE BCEr/ia MO3BOJIAET 0O0OHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO MOKA3aTh C TIOMOIIBLIO KOHTpIpuMepa. BoszbMéM e BoI6opku X, X paBHOIl JTHHLL.
IIycrs X cocpenorodena na orpeske [1,2], mososuna BLIGOPKH X cocpegoTodeHa Ha OT-
peske [0, 1], Bropas nososuaa — na |2, 3]. Torma runoresa Hy cripaBe/jimBa, a MUIIOTE3a
OJIHOPOJTHOCTH, OYEBUHO, HET.

J171sT BBITTIOTTHEHNST TecTa BBIYUCIAETCS CTATHCTHKA

U(X,X):ZZ xz<:1;

i=1 j=1

O06br4HO MCHOJIb3yeTCs 00JIee SKOHOMHBIN criocod Beraucsenus U. Crpourcs Bapua-
ITUOHHBIN P, M < oo < 20 o6beunéHHOl BeIbOpkn X = X L X. JIj1sl pocToThI
OyeM mpejroaraTb, YTO BAPUAIMOHHBIN DSl HE COJEPXKHUT CBs30K. [lajee maxomsirest
pauru r(x;) € {1,...,L} s7eMeHTOB TepBOii BBHIOOPDKH B OOIIEM BapUAIMOHHOM DSILY,
n U BbIpaxkaeTcs depe3 UX CyMMapHbBII paHT:

4
U(X,X) =tk + @ =) ().

i=1

Takum obpa3oM, JIaHHDBIN KPUTEPUil ABJIACTCA IPUMEPOM PaH206020 KPUMEPUSA.
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Pacnpenenenne craructukn U acuMITOTHYECKA HOPMAJIbHO, TPUIEM ACHMIITOTHKON
PEKOMEH/IyeTCsl MoJIb30BaThes yake ipu £, k > 8 [43, 4, 32:

U — Stk
\/%fk'(g—F k+1)

U= ~ N(0,1).

Ecmu U > &1, tae ®1_, — (1—a)-KBaHTHIIb HOPMAJIBHOTO PACIIPEIEIeHNsT, TO TH-
oresza Hy orBepraercs B MOJIb3Y aJbTepPHATUBLI Hq P yPOBHE 3HAYUMOCTH (V.

B cnaboii akcMomaTmke aHaJI0rOM THIIOTE3BI OJJHOPOHOCTH SIBJISIETCSI OCHOBHOE ITPE/I-
ITOJIOZKEHNE O PABHOW BEPOSITHOCTH BCex paszomennii. JlaHHbII KpuTepuil mo3BoJIgeT mpoBe-
PUTDL, MOTJIa /1 1Tapa BEIGOPOoK X, X GBITH HOTyUeHa B PE3yIbTaTe CIydailHoro pasoueHus
ucxoyinoit Beibopku X Ha jsiBe dactu. CoobOpazkeHusl O HEeJIOCTATOYHON MOIITHOCTU STOTO
KPUTEPUS U KOHTPIPUMED OCTAIOTCH B CHJIE.

C roukwm 3penHus caaboil akcmoMaTHKN 3HaK BeposgTHOcTH P B yemosuu Plr < 2] = 5
YHOTPEOJEH HEKOPPEKTHO, MTO3TOMY THIOTE3Y H(y HE0OX0IMMO 1epedOpMyInpoBaTh.

I[lepBas muTepnperanus runoressl Hy. Jomycrnm, uto u3 noassibopok X, X ciy-
JaifHO U PaBHOBEPOSITHO M3BJIEKAETCS 10 OJHOMY O0BEKTY, £ U &' cooTBercTBeHHO. To-
IJIa BEPOSITHOCTH HAJO0 IMMOHUMATh B CMBIC/IE YCPEJIHEHUs He TOJIHLKO 10 BCEM pa3OueHmsIM
BBIOOPKH X, HO U 110 BCEM CIOCOOAM B3sITh 110 OjHOMY 00bekTy m3 X u X. B ciaboit
AKCHOMATHKE BepOATHOCTH Plx < 2’| neiictBurensro paBHa %

L L
Plx <2']=E [mieXngjeXHxl<xj]:

~|
M-

1

-
I

1
lk

L 0—1
1 L(L-1) C¢7L o1
> o < ] Pl € X[y € X] = - AL a7
1 j=1

Mh

7

CrL/Cf

Otcrona cremyer, aro EU (X, X) = %ﬁk. DTO U ecTh BTOpasi MHTEPIIPeTaIlist IUIoTe-
3bl H(, He Tpebylomas BBeJIeHNs JOMOTHUTETHHON PAHIOMU3AIINN.

Pekyppentnas dopmysia g pacrpejienenus craTucTuku U BbIBOAUTCS B cJyiaboii
AKCHOMATHKE TaK »Ke, KaK OHa Oblja MOJIydeHa B HCXOJHBIX paborax [113, 84].

Teopema 3.3. Ilyctp Bce 3Ha4deHHsT B BRIOOPKE X IIomapHO pasjindHbl. Pacrpenerernne
crarucrugn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,...,0k},

He 3aBHCHUT OT 3JIEMEHTOB BbIOOPDKH X H BBIYHCJISIETCSI 110 PEKYPPEHTHOIH bopmyie
Prp(u) = £ Py i(u) + 5 Prj—1(u — 0),

MIpH HAYAJIHHBIX YCJIOBHIX

Pro(u) = Pog(u) = [u=0], we{0,...,0k};
Prp(u) =0, ug{0,... 0k}
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JlokazaresbcTBO. 110CTPONM BapHAIMOHHBIH psiT d1eMeHToB Beioopkn 1) < - .. < 1),
OH He COJEPKUT CBSA30K B CHJIY YCJIOBHS HONAPHON Pa3InIHOCTH.

O6oznarmm b; = by(X) = [ € X]. Bunapnag nocienosatenbnocTs by, . . ., by, co-
Jep:uT poHo ¢ equnun u k wyneit. Torga

L L
UX,X) =Y i <jlbib;,
i=1 j=1
rie Bj = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. JHaUEHNE CTATUCTHKH U He 3aBHCHT

OT 3HAYUEHNiT 3JIeMeHTOB BBIOOPKH X, a TOJIbKO oT pasbmerns (X, X ) 1 mapaMeTpos JITHHBI
110/1BBI60POK £, k. UT06b1 HaiiTu pexyppenThyto dbopmyny g Uy, = U(X, X), sanumem

L-1L-1 L-1

Ug7k:ZZ[Z<j]bzz_?j+Z_)LZbl

=1 j=1 =1

Ecmu by, = 1, To nepsoe ciaraemoe B 310i cymme ectb Uy_q j;, & BTOPOE PABHO HYJIIO.
L—1

Ecnu by, = 0, To nepsoe ciraraemoe B 910it cymme ectb Uy y_1, a Bropoe »  b; = (.
i=1

Takum obpasom, Ug7k = bLUg_l,k + bL(Ug7k_1 + E)
Anajiornynoe peKyppeHTHOE COOTHOIIEHHIE BBIITOIHSICTCA U JIJI BEPOATHOCTEI:

ngk(u) = P[QZ(L) € X} [Ué—l,k = U] + P[x(L) € X] [Ug7k_1 + 0= U] =
= tPrap(u) + $ P (u —0).

Hawanpubie yenoBus jyist Py (u) SBAAIOTCA OYEBUIHBIM CJICIACTBHCM HAYAIBHBIX
yenosuit jyist U: Uy = Uy, = 0 u orpanndenuii na suadenns aprymenta u € {0, ..., (k}.
Teopema j10kazaHna. [

g mpoBepku runore3bl Hy cTpontcs pacupeseseHne Y nIKOKCOHA

W(U)=>" Pix(u).

Ecom U > Wy_,, tne Wi_, — (1—a)-kBauTmib pacrpejiesieHnsi Y MJIKOKCOHA, TO TU-
roreza Hy oTBepraercs B MOJIb3Y aJbTe€pHATUBBI Hi IIpU YyPOBHE 3HAYUMOCTH (V.

[To Bceit BuimMoOCTH, HE TOJILKO KpUTepuil Y uikokcoHa-Manna—YutHu, Ho u OoJiee
MIUPOKUIT KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCS B CJIa0YI0 aKCHMOMATUKY 0Oe3 3Ha4u-
TEJIbHBIX JIOTIOJTHUTEIbHBIX YCUIUIA.

Pe3iome

B ciraboit BepossTHOCTHOI aKCHOMATHKE YIAETCS IHUCTO KOMOMHATOPHBIMU METOIaMU
1oJIy4aTh aHAJOTM MHOIMX HellapaMeTPUYeCKUX CTATUCTUYECKUX KPUTEpHUEeB U JI0BEPU-
TEJTbHBIX OIEHOK. Pe3y/IbTaThl AB/IAI0OTCA TOTHBIMU U (POPMYIUPYIOTCH B TEPMUHAX KOHEY-
HBIX BBIOOPOK. B psijie ciydaeB MeHseTCs WHTEPIPETAI UCXOTHOM MOCTAaHOBKHU 3aJ1a4H,
HarpumMep, (popMympoBKa HysaeBoil rurnore3nl. [Ipegenbubii epexon L — oo npu huk-
CUPOBAHHOI JIJTIMHE HAOIIOAAeMON BBIOOPKHU £ TMPUBOINT K KJIACCUIECKUM PE3YIbTATAM.
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B cnepytoweii nekumn Mol paccMOTpUM €II¢ OJIHY KJIACCUYECKYTO 3319y MaTeMaTHIe-
CKOUl CTATHCTUKU — OICHUBAaHUE PABHOMEDHOI'O OTKJ/IOHEHUA JIBYX SMIUPUIECKUX (DYHK-
nuit pacupejenenns. Ha eé ocnoBe ctponTtcest 1ByXBBIOOPOUHBIH KpuTepuii Komoroposa-
CMmupHOBa, € IIOMOIIBIO KOTOPOTI'0 MOYKHO ITPOBEPATH THIIOTE3Y OJIHOPOIHOCTH JBYX BBIOO-
pok. B ciraboit akcrmoMaTrke 9Ta 3aa4ua IMeeT TOUYHOe PelleHne. 3a0IHO Mbl TIO3HAKOMIM-
Cd C TAKUMH MHTEPECHBIMU MATEMAaTUYECKUMU O0OBHEKTAMU, KaK YCEUEHHBIN TPEeyroJTbHIK

[Tackams n oJfHOMepHBIE CiIydailHble OJIY K IaHWI.

Ynpa>kHeHust

B cjeAyromux yiipaxKHEHUAX IIpeljiaracTcd, IOJIb3ydCh TOJILKO cJ1aboil akcrmoMaTH-
KOIL/'I7 BbIBECTH TOYHbIEC (bOpMyJIbI pacipeaeseinsd CTaTUCTUKU B HEKOTOPBIX M3BECTHBIX

HerapaMeTpUIecKux KPUTEPHsIX.
Bamaga 3.1 (3*). Kpurepunii cepuit Basbaa-Boasdosura.
Bamaga 3.2 (3*). Kpurepnit Kpackera—Yosmca.

Bamagda 3.3 (3*). Kpurepnii pasencrsa myiio kosbdurmenta koppensnnn Kerema.
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4 SmMnunpunyeckue pacnpegesieHus
N cny4dainiHoe bny>xgaHuve

B Jleknuu 2 MBI OIEHMBAIN BEPOATHOCTH OOJILITIONO OTKJIOHEHWS YacTOT B JIBYX
BeIOOPKax. B c¢1aboil BEPOSTHOCTHONW aKCHMOMATHUKE 3Ta 3aJiada SIBJISETCH €CTECTBEHHBIM
AHaJIOTOM 3aKOHa OOJIBINUX YUCEJ W UMeeT TodHoe pererue. ONeHBAHIE BEPOSTHOCTH
OOJILIIOr0 OTKJIOHEHUS JBYX (DYHKIUI pacrpejiesieHus — 3TO elé OjHa KJiacCuiecKast
3aJlava MaTeMaTUudecKoil craTucTuku. Eé MOKHO MHTEPIPEeTUpPOBATDH JIBYMs CIIOCOOAMMU.
Bo-niepBbix, Kak 3aja4y Ipe/cKa3anusd: JaHa SMIMpUYecKas (DYHKINUA PaCIpe/ie/IeHIs
CIIyYaitHON BeJIMYUHBI Ha HAOJII0/IaeMOil BBIOOPKE; TPeOyeTCs OINEHUTH €€ IMIUPUICCKYIO
dyHKIMIO pacipe/iesienns Ha CKPLITOi BEIOOPKe. Bo-BTOPHIX, KakK 3a/1a9y IPOBEPKHU T'UIIO-
Te3bl OJHOPOJIHOCTHU: JAHbI JiBe HabJII0/I[aeMble BLIOOPKU; TPEOYeTCs ONPEJIENTh, Oy Ye-
HBI JTU OHU U3 OJHOTO pacupejiesienus. s 3Toro uernoab3yoTes pa3andHble CTaTUCTHYe-
CKHUe KpUTEPUH, B 4acTHOCTH, Kpurepuiit CMUpHOBa (dalie Ha3bIBaeMblii JIBYXBBIOOPOTHBIM
kputepreM Kosmoroposa-CMUPHOBA), OCHOBAHHBINH HA CPABHEHHH JIBYX SMIUPUIECKUX
dyHuKIHMit pacnpeaesenns.

Mpbr paccMOTPUM ITOCTAHOBKY U TOYHOE PEIIeHre 3TUX KJIACCUIeCKNX 3a/a4 B cy1aboil
AKCUOMATUKE M MOKAaYKEM, YTO OHU TECHO CBA3AHBI C TAKMMU MATEMATUYECKIMU O0bEeKTa-

MU, KaK yCeUEHHBIN Tpeyroibnuk [lackaaga m ogHoMepHbIe cirydaiinble OJ1yKIanns.

8§4.1 DSDwmnupunyeckoe pacnpegeneHue

Omnpenenum st pon3BosibHON GyHKINN £: X — R 1 Ipon3BoOIbHON KOHETHON BbI-
Gopkn U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax momo o6bek-
ToB x BbIOOpPKU U, jjisi KOTOPBIX 3Ha4YeHue & () He IMPeBOCXOIUT 2

OnpeneuM 0JIHOCTOPOHHEE U JBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYLE-
cKuT Pynruul pacnpedeseHus:

DT (X) = f?eaﬂg(Fg(%X) — Fe(2,X));
D (X)= I?Eaﬂg(Fg(@X) - Fg(z,)?));
D(X) = max|Fe(z, X) — Fe(2, X)| = max{D~(X), D*(X)}.

z€R

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOIO OTKJIOHEHUS SMIITUPU-

JeCcKUX (PYHKIUI pacipe/ie/IeHus:
PID(X) > <] < (o), (4.1)

rie BmMecto D(X) moryT 6biTh Takxke nojacrasierbl D (X) wm DT (X).
B ksraccuiaeckoii BeposiTHOCTHO aKCHOMATHKe MMeeT MeCTo creyrormuii dhakt [49)].
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Teopema 4.1 (H. B. CmupuoB). Eciu X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (4.2)
&EEmPDQY)25}::ZEQC—DHleXp(—%Qﬁﬁﬂ); (4.3)

[Ipasas qacts (4.3) upeicraBuMma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedesenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

MN3BecTHBI U HEACUMNITOTHYIECKHE TOYHBIE OIEHKW, HO OHU MUMEIOT JIOCTATOYHO I'DO-
mozakuit Bug [17]. Mbl moKazkeM, 9TO TOYHBIE OIEHKH MOTYT ObITh BBIParXKEHBI OoJiee
9JIETAHTHO Yepe3 YCeUEHHBIN Tpeyroybuuk [lackans [57], mpuuém moka3areabcTBO MMeeT
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

§4.2 VYce4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 4.1. Veeuérunom mpeyzoavnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
Gr= (G + G ) 9 <s<gl], meN, seZ (4.4)

Vceeuénnbrit TpeyrosibHuK [lackasisg BbIYUCIAETCA 110 TOMY K€ PEKYPPEHTHOMY IIpa-
BIJIY, UYTO U KJlaccmuecKuii TpeyroibHuk [lackasis, ecim B HEM OOHYJIUTH BCE SJIEMEHTHI,
JIeKalye 3a mpejesaMu rpasut [g,, g5 ]. «Heyceuéunprit» rpeyrosbuuk [Tackass cosia-
JIaeT ¢ KJIACCHIeCKNM U JIaéT GnHoMuasbHble Kodddurmentsr C5 = G? [0, m)].

[Ipu wagamprOM yenoBun G§ = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
el G5 upu 0 < s < m. pyrue HadaibHble YCIOBUS IIPUBOJIAT K UHBIM HEKJIACCHYECKIM
00600mennsiM TpeyroibHuka [lackasis, KoTopble MbI 3/1eCh HE PAaCCMATPUBAEM.

Omnpeperum Jiisi Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHble IpaHUIB! (B 1a/1b-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKAaTh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc.4.2 u 4.4 npusejienbl MpUMeEpPbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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8§4.3 Teopema CmupHoBa

Teopema 4.2. /[1s1 npou3BOJIbHOH KOHEYIHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHN
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PIDH(X) < £] = G4[0,g7 ()] /CL (45)
PID™(X) < e] = G 9z (e). L /C; 46
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

121’16)( Z:L‘ZEX x;) < 2] (4.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

e [ = 1<
_ - (2) _ = (@) _
D) = s |13 (0 € X3 Y10 e ]

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.
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Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| etk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Cz Z H 9m(2) < Bu(X) < g ()] (4.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (4.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibauka [ackamns (4.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto copnamaer ¢ (4.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (4.4).
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Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Onocroponnue onenku (4.5) u (4.6) BoiBOAUTCST aHATOMMYHO. Pasmaue B TOM, 4T0
JIUTsl HUX BBIPAsKEHUeE 1101 3HAKOM TIpou3BeieHns B (4.9) npuHuMaeTr BUjI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yceuéHHOM TpeyrosbHuke [lackass, coorBeTcTBeHHO, b0 HuUXKHEH ¢ (£) = 0, ymbo
BepxHeit gt (€) = m, u Bce nasbHENIIE PACCYKIECHNS OCTAIOTCS B CUJIE. ]

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
Jbl (4.9)) MOXKHO IIPOBECTH TOPA370 KOPOYe U HATJIAIHEe, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausivu. Cornacuo (4.9) dynkumonan P[D(X) < e] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TIO PEKYPPEHTHBIM cooTHOmmeHnsM (4.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIT KOHTPOJIb KadecTBa 3] u anaims BbRKUBaeMOCTH [57).

8§4.4 (O06o0buieHne Ha cny4aii BapyMaLVOHHOIO psiia CoO CBsI3KaMWu

B Teopeme 4.1 (CymuprOBa) TpeboBaHMe HENPEPHIBHOCTH (DYHKIIUH PACIIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeI0BATE/ILHO, PAHKUPOBKA OIIPE/Ie/IeHa eIMHCTBeHHbIM obpaszoM. Ecin
YCJIOBUE HEIIPEPBIBHOCTH HapyInaeTcs, papeHcTBa (4.2) u (4.3) MOryT He BBITOJHATHCS [4].

B Teopewme 4.2 TpeboBanue pa3JIndHOCTH BCEX 3JIEMEHTOB BapUAIMOHHOTO psia hop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 9TOro TpeboBaHUs He CUJILHO MEHIeT BUJI pe3ysibrata — B Teopeme 4.2 u3Mme-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 4.3. Ilyctp £: X — R — npousBosibHast pyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomatuke cripapeinBbl Tounble orneHkn (4.5), (4.6), (4.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJIOM aHAJIOTUIHO JIOKA3ATEIbCTBY TeopeMbl 4.2, M03TOMY OCTa-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernune (4.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, [IPOCYMMUPOBAB MX B THOPsijiKe HEyObIBaHUs 3HadYeHwi &(T;):

L L

%2(1—19)[5( M) < 2] —ZZbi[S(m(i)) < z]|.

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiornano (4.9), nosydaem:

B, — —1|.
L

== —max

D(X) Lk mely

mGIH

T
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Uh—1 i

Puc. 4.5. Bepxune g, (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (49) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, M. puc. 4.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 4.1. Eciau Bce cBsa3ku omHodnementHoie, {iy,...,ig} = {1,...,L}, 10
() =gt (), g.,.(¢) =g, (¢), u Teopema 4.3 nepexoaur B8 Teopemy 4.2.

3ameuanwue 4.2. I[lojnyueHnnble OINEHKU ABJSIOTCA TOYHBIMHU, HO HEHAOJIIOIaeMbIMHI.
MoudunupoBanible rpaHutbl [, §-] CyIEeCTBEHHO 3aBUCAT OT OC/IEI0BATEILHOCTI
i1,...,1, KOTOpPasg CTPOUTCA II0 BCEil TeHepaJibHO# BBIOOPKE X; €€ HeBO3MOXKHO 3HATh,
nMes JIUIIb HAaOII0IaeMyio BRIOOPKY X . DTo o3Ha4aeT, 910 Teopemy 4.3 MOXKHO IIpUMe-
HATH JIJIsI TPOBEPKH THIIOTE3BI OJHOPOJIHOCTH, OJHAKO HEIIOCPEJICTBEHHO OHA HE TOIUTCS
JIJIS TIPEJICKa3aHms SMITUPUYIECKON (DYHKIUN PACIIPEICICHUS.

Pe3iome

BeposiTocTs 60JIBIIOro OTKIOHEHNS SMIMPUIECKIX PACIIPEICICHNT NMeeT aCHMIITO-
Tuaeckoe Beipazkenue (4.2) nan (4.3), KOTopoe IPUBOIUTCST BO MHOIHX YIeOHUKAX 1 CIIPa-
BOYHUKAX [0 CTATUCTHKE, KaK IPABUIIO, 0e3 J0Ka3aTeabCTB. B craboii akcmoMaTnke oHa,
HMeET TOYHOE BBIPAsKEHNE Uepe3 yCedCHHbI Tpeyroabink [lackams u jgerko obobrmaercs
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Ha CIydail BapUalUOHHOI'O PAda CO CBA3KaMH, TO €CTh Ha paclpeleseHusd ¢ Pa3pblBaMu
7 JUCKPETHBIC PACHpPEIeICHUI.

B cnepylowenn nekunm Mol BepHEMCd K IpobjieMe epeodydeHns 1 3aiiMEMCs OIeHNBa-
HIEM BEPOSTHOCTU OOJIBINTOrO paBHOMEPHOT'O OTKJIOHEHUST YACTOTHI OIMMNOOK B JIBYX BBIOOD-
Kax. JTa 3ajada HEMHOI'O [T0X0yKa Ha TOJILKO YTO PACCMOTPEHHYIO, HO TOPA3/I0 CJIOZKHEE.
Mpr naunéMm ¢ BepxHUX OlleHOK Bariuka-HepBoHenkuca, KOTOpble HCTOPUYECKHU ObLIH T1ep-
BbIMU. OHI/I JIETKO BBIBOJATCA, HO CHUJIBHO 3aBbIIICHDbI. Hpo6ﬂeMa 3aBbIINICHHOCTH HaJd0JI-
ro 3afiMET HaIle BHUMaHWE, W TOJIBKO B JeKIUu 11 MBI CHOBa BCIOMHUM PO KPUTEPUit
CMupHOBa ¥ MOKAXKEM, YTO /I OJIHOTO YACTHOTO CEeMeCTBa aJrOPUTMOB BEPOSITHOCTH
OOJIBIIOr0 PABHOMEPHOI'O OTKJIOHEHUS TAKKe BhIPAXKAETCs Uepe3 CJIydaiiHble 0Ty 2K IaHns
U yCed€HHbBIN Tpeyroyibuuk [lackasis.
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5 Teopus BanHunka—YepBoHeHkunca

Craructuieckasi TeOPUsS BOCCTAHOBJICHIS 3aBUCUMOCTEN 110 SMIUPUICCKUM JTAHHBIM
(VC-reopust) 6b11a npesyiozkena B. H. Banaukom u A. #1. YepBonenkucom B konre 60-x —
nadasne 70-x romos [9, 10, 11, 8]. B cepeqmue 80-x oHa mosydmiia MIHPOKYIO MHPOBYIO
usBectHocTh [105, 106, 107| u BMecTe ¢ paboramu Bammanta [104| Ha MHOTHE TOBI OIpe-
JleJinita reHepaJibHOe HallpaBJIeHNe Pa3BUTHs TEOPUH CTATUCTUYIECKOrO OOYIeHNUs.

PaccmoTpuM ocHOBHBIE TIPeAIONIOKEHUS U pe3yibraThl VO-Teopun B paMKax cyraboit
BEPOATHOCTHON aKCHMOMATUKU, MCIIOJIb3ys 0003HAUEHUSI IPEJIbILYIIEH IJIaBbI.

§5.1 Ouenka BanHuka—YepBoHeHkuca

Hamomumm, aro X = {z1,..., 2} — KOHeIHOE MHOXKECTBO 00BHEKTOB, A — MHOKECTBO
anroput™MoB, I (a,z) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BEKTOD OIMUOOK 4 = (] (a, xz))le BBesiéM enié HeCKOIBKO NMOHATHI 1 0003HAYEHUI.

A= {Ei fa € A} — MHOKECTBO BEKTOPOB OIIMOOK, ITOPOZK/IA€MBIX MHOYKECTBOM aJI-
roputmMoB A Ha 3ajanHHoil BoiOOpke X. B masbmeiiniem Mbl 9acto OyeM IpenosaraThb,
YTO MHOXKECTBO A M3HAYAIBLHO COCTOUT M3 aI'OPUTMOB C IIOHAPHO Pa3JIMYHBIMU BEKTO-
paMu OIMMOOK M OIIyCKaTh CTPEJKY, 0O03HAYAIONIYI0 BEKTOD, MOCKOJIBKY B 3TOM CIIydae
AJITCOPUTMBI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OIMUOOK.

AA(X) = |A] — roafunuenm paznoobpasus (shattering coefficient)* muozxecTsa aii-
roputMoB A Ha BbIbOpKe X. OH He TPEBBINIAaeT MOIIHOCTH MHOYKECTBa A U He IPEeBBINaeT
2 — qucra pasamaHBIX OyJIeBBIX BEKTOPOB MUIMHE L. B 3a1a9ax KaaccndpuKanumm Ha I1Ba,
KJIacca OH PaBeH YUCIY PasInIHbIX duzomomut (ciocoboB pasienTh BRIGOPKY X Ha J1Ba
KJIACCa), peasin3yeMbIX BCEBO3MOXKHBIMU ajropurMamu u3 A.

AA(L) = max AA(X) — dynryua pocma (growth function) mmoxecTBa aaropur-

moB A [11, 107]. Makcumym Gepércst mo BCeBO3MOXKHBIM BbiOOpkam X C 2~ jymHbl L
U3 HEKOTOPOro (Kak MPaBuU/Io, GECKOHEYHOI0) MHOXKECTBA JIOIMYCTUMBIX OOBLEKTOB Z .
OyHKIMSA POCTa ABJIFETCS MEPOI CJI0XKHOCTH MHOYKeCTBa ajaropurmos A. B ormdune o Ko-
s durrenTa pazHoodpa3usi, OHa HE 3aBUCUT OT BHIOOPKHU X, BOCCTAHAB/IMBAEMOI 3aBUCH-
voctr y(z)) m Metona obydenus u. Cripasemsa Bepxuss omenka A4(L) < 2L

MpuHuunn pasHomepHoli cxogumocTu BeoanTca B VC-Teopur 1 MHOTHX ITOCTIE LY IOIINX
paborax (cm. 0630psr [108, 59, 13]), 4To6bl MOTyYaTH BEPXHEE OINEHKU BEPOSITHOCTH TI€Pe-
00y4UeHus, He 3aBUCAIIIE OT METOJIA /L.

Ipunyun pasromeproti cxodumocmu 3aKJII0IAeTCI B TOM, 9TOOBI 3aMEHUTH (DY HKITH-
oHaJI (Q, ero BepxHeil OleHKoil (), — BEPOSITHOCTBIO GOJIBIIONO PABHOMEPHOIO OTKJIOHEHMUs!

4B paborax B. H. Barmmuka u A. §1. Yepronenxuca [10, 11, 8] kosdbdurmenT paznoobpasus HazbBaICH
undercom cucmemvs cobvimutl. AJropuT™ a WHAyIUpyeT cobbrtue S, = {9: e X | I(a,x) = 1}. Cewmeit-
crBo A nnpynupyer cucremy coboituii S = {S,|a € A}. Unuekc cucremsl coObITHii S €CTh YUCIO pas3-
JINYHBIX TIOAMHOXKECTB Buja S, N X, r1e a npoberaer BCE MHOXKECTBO A, 4TO paBHOCUIBLHO OIPEJIETIEHUIO
Jepes |ff| B anrosspranbix paborax npuzkuscs tepmun shattering — amco pasbuenuii BceMu BO3MOK-
HbIME criocobamu, OyKBaabHO «Biapebesru». JIpyroit BapuanT nepesoja — «apobienues [44].
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YacTOT B JIBYX IOJIBBIOOPKAX:

Qgééa:P max d(a, X) 25} :Pma3<[(5(a,X) 25], (5.1)
e A e A
e 0(a, X) = v(a,X) — v(a, X). OTmernm, 9TO 3/€Ch JOCTATOYHO B3ATh MAKCHMYM

110 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa 110 CAMOMY MHOXKECTBY A, 10-
CKOJIbKY JIJIsl JIIOOBIX aJlrOpuTMOB a,a’ € A u3 d = d@ caeayer d(a, X) = d(d’, X).

Tepmun «crodumocmsvs O3HAYAET, UTO €CIU @a — 0 upu ¢, k — co To 11epeody ieH-
HOCTB TaKzKe cxo/uTest K Hyatio: d(a, X)) — 0. Tepmun «pasromeprocmvy» 03HATAET, UTO Be-
mranHa O (@, X)) CXOMUTCS K HyJTIO OTHOBPEMEHHO JIJIsT BCEX aJITOPUTMOB a € A, B TOM JuCIe
JUI aaropuT™a @ = pX, KaKuMu Obl HU ObLIM MeTO]i 00y4eHus (1 U BbIOOpKa X .

OcHoBHas Teopema VC-Teopuu. 3jech TPUBOJUTCA JTIOKA3ATETHCTBO, CYIIECTBEHHO 60~
Jlee KpaTkoe, YeM B UCXOJHbIX paborax |10, 11, §|.

Teopema 5.1. st Jio6bix p, X u e € [0, 1] cnpasesmBa oneHka

Q- <ANX) max H" (su(e)),  sm(e) =

m=1,...,.L

(m — k). (5.2)

Sl

HokazarenbcTBo. Bocrosb3yemess MPUHIMIIOM paBHOMepHO# cxogumoctu (5.1) u ore-

HUM CBEPXY MaKCUMYM 6I/IHapHI)IX BEJIMYMH HUX CYRIMOﬁSS

Q- < Q- <P [6(a, X) >¢].
acA

Tereps mepecraBuM MecTamMu 3HaKH cymMMupoBanus: P> = Y P u samumem Be-
posrrocts P[0(a, X) > €] aus orgensHOro aaropuTMa @ tMepes THIEPreOMETPHIECKOe
pacupeenenne, corjaaciHo Teopeme 2.4:

Q-<Q.<Q. =Y Pls(a.X) 2] =S HE" (50(e). m = n(a,X). (5.3)
acA acA

0 Hy™ I
neruM H; " ($,,(€)) cBepXy MaKCHMyMOM II0 1M 1 BBIHECEM €r0 3a 3HaK CyMMEL. [loz
3HAKOM CyMMBI OCTAHETCA eIMHNUIA, a Best cymMma Oyt pasha |A| = A4(X). [

[TosrHOCTBIO aHAJIOTUYHO JIOKA3bIBACTCH BEPXHAA OIEHKA U Jjid (pyHKIMoHAa ..
Caencrsue 5.1.1. /s qrobbix p, X u e € [0, 1] cnpaBesmba onenka

R. < Z"Him (m—ek) < AYX) mI:nlaxL’H%m (m —ek).
acA o

®JT0 MOYKHO TPAKTOBATH M KAK ONEHKY BEPOATHOCTH OObEIMHEHHs COOBITHIL [5((1,X ) = E] CBEPXY
CyMMO#l UX BeposiTHOCTeH. K€ Ha3pIBaloT Takxke nepagercmeom Byas nam union bound.
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Taxum obpazom, umeercs cepust VC-ouerox.

HawbGosiee Tounas orenka (5.3) —3T0 cymMMa BepOSTHOCTE epeobydeHnst 110 BCeM
AJITCOPUTMaM CEMeNCTBa C IMOMAPHO Pa3IMIHBIMI BEKTOPAMU OIMUOOK.

Omenka (5.2) 9yTh XyKe — 9TO BEPOATHOCTD MepeodyIeHns HANXY/IIIEro ajaropuTMa
(Maxcuvym Hy™ (s,(€)) mocruraercs npu m nopsaka L/2), TOMHOKEHHAS Ha €HCIIO
AJIFCOPUTMOB C TIONAPHO PA3IUIHBIMUA BEKTOPAMU OIINOOK.

OreHKy MOYKHO eIé HeMHOT'O UCIIOPTUTD, €CJIN 3aMEHUTh K03 DUImeHT pasnoodbpa-
sust A4(X) dbyukrueit pocra A4(L). Bato Tenepn orenka He GyJeT 3aBUCETh OT BHIGOPKH.

Haxkoner, dyHKIMIO runepreoMeTpuiecKoro pacipe/iesieHus MOKHO 3aMEHUTH JKC-
IMOHEHIINAIbHON BepXHEil OIEHKOI, nMeromeir 0cobo mpoctoit Bua upu £ = k [8]:

max He ™ (s(e)) < 2=, 0=k (5.4)

m

[\eJ[oV]

B urore nosyvaercs naunbosiee uzsecrnast u3 VC-onenok [107]:

Caencrsue 5.1.2. st yiobbix pu, X, e € [0, 1] npu ¢ = k cnpasesmiBa orneHka:
Q. < AY(20) - 2=, (5.5)

KoppekTHble meToabl oby4denusi. B VC-teopun [8] orgenpro paccmarpubaercss Tak
Ha3BIBAEMasg 0eMePMUHUCTICKAA NOCTAN06KA 3a0a4u’, KOTIa MeTOI [i Koppexmen, TO eCTh
n(uX, X) = 0 na soboit obyarommeii BeI6opke X .

Teopema 5.2. Ecjin meros j1 KoppekreH, To jjist oobix X, € € [0, 1]

14 e
<AAX@<AAL E ' 6
L

HokazareabcTBo. Hadaso jokazareibcTBa B TOYHOCTU MOBTOPLET JIOKA3aTETLCTBO Teo-
peMbl 5.1, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU IMepeobyUdeHns ajJropuT™Ma ¢ J00aBIsgeTcs
yCJIOBAE KOPPEKTHOCTH:

P[o(a, X) = ¢][n(a, X) = 0] = [m = ek] P[n(a, X) = 0] = [m > ck] Ry ™ (0).

Tloncrasum 910 Bhipazkenne B (5.3) u, ¢ yaérom by ™ (0) = C4_ /C%, momyqum

~ Cz
ngQa:Z[m>5k’] é’;m, m:n(a,X).
acA L

Makcumym C%_ /C% nocruraercs npu nanmenbinem m = [ek].
. ¢ ¢ k\m
C yuérom onenxn Cf_, /C} < (§)" momyqaem nenouky nepasencts (5.6). ]

6B zapy6eskHoii JaTepaType CIOXKHIIACH JPYras TepMHUHOJIOTHS. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIavN HAa3BIBAIOT peasusyemvim obyuernuem (realizable learning), mmest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOoB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBILy0 NOCTAHOBKY 3a/1a91 HA3bI-
BAIOT HEPeaIM3yeMbIM UJIA a2Hocmudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIAIIAA b
HYIO HEBO3MOXKHOCTD 3HATDH, HAXOJUTCSI JIN UCTUHHAS 3aBUCUMOCTD B cemeiicrse A, win Her.
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CaencrBue 5.2.1. Ecum meton j1 KoppekreH, o st oobix X, € € [0, 1] npu € = k
Q. < AY(20) - 27

Urak, B ciydae KOPPEKTHOCTH OINEHKA (). CTAHOBUTCS 0OJiee TOYHON U IMPUHUMAET
Hanbostee mpocToit Buj. OTCIo/Ia COBEPIIEHHO He CJIeyeT, 9TO Ha MPAKTHKE HaJI0 TOJIb-
30BaTbCsl KOPPEKTHBIMU MeTojamMu odydennsd. /s obecrieuennsi KOpPEKTHOCTHU IIPUIETCS
YCJIOXKHATH KOHCTPYKIUIO ceMeiicTBa aJlOPUTMOB, YTO MOXKET IIPUBECTU K yBEJIUYEHUIO
bynxmun pocta A4(L), HACTOIBLKO 3HAMHTEILHOMY, YTO OHO HOTHOCTLIO CKOMIICHCUDYET
yMeHbIIIeHne KoMOnHaTOpHOro MHOKUTE . [losromy B VC-Teopun IpUHATO CIUTATD, ITO

He cJIejlyeT J00uBaThcd 0E30IMUO0YHON PAOOTHI aJIfOPUTMa Ha 00yUaloleM MaTepHralie.

§5.2 PasmepHocTb BanHnka—YHepBoHeHkuca

OYHKIMSA pOCTa SIBJIIETCS MEPOI CJI0YKHOCTH MHOYXKeCTBa A 1 He 3aBUCHT OT BHIOOPKH
u Metojia obyuenns. C Hell TecHO CBsI3aHa €MIé OJiHa XapaKTePUCTUKA, CJI0KHOCTH.

Omnpepnenenne 5.1. Ecmu cymecrsyer neroe wucio h taxoe, aro A4(h) = 2" n
AA(h+1) < 2" 10 omo maspiBaeTCs EMKocmuio wiaM pazmeprocmuio Bannuxa- Yepeo-
nenkuca (VC-dimension) cemeticra anropuryon A. Ecim takoro qucia h He CyIecTByer,
TO TOBOPSIT, 9TO CEMEHCTBO A HMeeT beckoneunyto EMKocmy.

[Tepeuncum nanbosiee BaKHbIe CBOMCTBA éMKOocTU. VX JloKa3aTe/ibcTBa OYIYT JIaHbI
B CJIC/LYIONICH JICKIIUU.

1. Eciu cemeiictBO mMmeeT éMKOCTb h, TO BMECTO TPUBUAJIHLHON SKCIIOHEHIHAILHOM
OIICHKU AA(L) < 2F crpaseymBa Goslee TouHAS TTOIMHOMEAILHAA OIECHKA

ANL) K CY+CL+-+OF < =—. (5.7)

B srom ciydae BeposTHOCTH mepeoOydeHnsi CTPEMUTC K HYJIIO 1pu £ — 00, MMOCKOJIbKY
PUIIEPreOMeTPUIECKIN MHOKUTE/Ib CTPEMUTCS K HYJIIO KCIIOHEHIINAIBHO. Tora roBopsT,
q10 cemeiictBo A obsrasaer coiicTBoM obyuaemocmu (learnability).

2. Tlyers X =R"u Y = {—1,1}. Enmkocrh cemeiicTpa mueiiHbIX KiaaccudbuKaTOpoOB
A = {a(z) = sign (w, z) ‘ w € R"} paBHa pasMepHOCTH IIPOCTPAHCTBA 71, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIPHOE MPOM3BEJIEHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCST
[PSIMBIM CJIEJICTBHEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTH N Yepe3 JI0Oble N TOYeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoObie n + 1 yKe Hesb3s.

3. lameko me Bcerjia éMKOCTHL paBHa YHC/IY HapameTpoB. s joboro mapamerpu-
YeCKOro ceMeificTBa 3aJJaHHOi EMKOCTH h JIErKO MOCTPOUTH JIPYroe CEeMeiCTBO, KOTOPOe
Oy/IeT UMeTh Ha OJIMH HapaMeTp OOJIbIe, HO IIPU 3TOM €ro éMKOCTh Tak:Ke Oy/1eT paBHa h.
Harmpumep, MOXKHO 3aMEHUTDH OJIMH U3 TAPAMETPOB CyMMOI JIBYX HOBBIX ITAPAMETPOB, UTO
HE TOBJINSET HA YUCI0 MOPOXKIAEMBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycts muOXKecTBO A KoHedHO. UMC/IO aqropuTMOB, TONAPHO HEPA3THIUMbBIX
Ha BeIGOpKe X, He mpesblmaeT 4mcia Bcex aJrOpHTMOB, I03TOMY s (DYHKIMHE POCTa
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cripaseymBa onenka A% (L) < |A]. Enkocrs Takoro cemeiictsa me npesbimaet |log, |A|],
TaK Kak B MPOTHBHOM cjrydae (QYHKINS PoCTa OKazasachk Obl Gobiie |Al.

5. MHoxKecTBa aJropuTMOB, PEAJTM3YEMbIX Ha KOMITBLIOTEPE, BCErJia KOHEYHbI. Ecin
JIJIS XpaHeHUs BCeX IMapaMeTpPoB aJrOPUTMa UCIIOJIb3yeTcst He 6ojiee n OUT, TO YUCTIO aJiro-
PUTMOB B TaKOM CeMeficTBe He IpeBbIlIaeT 2", a ero éMKOCTh He npesblnaer log, 2" = n.
Yr1006B! 5Ta OlleHKa He Obl/1a 3aBBIIIEHHOI, JIJId 10/ICYETa HEOOXOIMMOI0 YUCIa OUT JIOJIZK-
HO UCIOJIB30BATbCST MAKCUMAALHO IKOHOMHOE Koduposarue apaMmeTpos. lanHnoe HabIr0-
JIeHUe JIEKUT B OCHOBE HPUHIIATA MUHUMYMG Oaunb. onucanus (Minimal Description
Length, MDL) [92] u upunnuna nporpamvupyemoii VC-pasmepuoctu [23].

6. CymiecTByloT cemeiicTBa aJropuTMOB KJIACCU(DUKAIMU C OJHUM BeIeCTBEHHBIM
napaMeTrpoM, éMKOCTb KOTOPBIX OECKOHEYHA. DTO CBUJIETEIHLCTBYET O HETPUBUAIBHOCTU
MOHATHA EMKOCTU C OJIHOW CTOPOHBI, U O OECKOHEYHBIX BBIPA3UTEIbHBIX CIIOCOOHOCTAX
JIefCTBUTEIbHOrO ducia ¢ Apyroif. C Tperbeil cTOPOHBI, BCe TaKWe MPUMEPHI sIBIAIOTCH
HMCKYCCTBEHHBIMU M «Pa3pYHIAIOTCsI», KaK TOJbKO Mbl BO3bMEM BMECTO JIEHCTBUTE/IHHOTO
YUCJIa €r0 KOHEYHOE IIPEJICTABIEHNE B KOMITBIOTEPE.

§5.3 MeTtog CTPYKTYpPHOIA MUHUMU3ALMUKN PUCKA

Vmesi BEpXHIOIO OIEHKY BEPOATHOCTH TepeoldydeHus, HETPYIHO IOJTYyIUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJIbHOI BhIOOpKe. OHa Oy/ieT BepHa He BCErjia, a JIUIh
C HEKOTOPOIl BEPOSITHOCTBIO, JIOCTATOYHO OJTM3KON K €UHUIIE.

Teopema 5.3. Ilpu{ = k g1s1 1106010 pactpeneeHnst Ha MHOYKECTBE X. ¢ BEPOSITHOCTHIO
He mMeHee 1 — 1) OIHOBpEMEHHO JI/IsT BCEX ajJlOPUTMOB a € A crpaBemimBo HEPABEHCTBO

_ 2 4 1
via, X) <via,X)+ %ln (ﬂ) +—In—-. (5.8)

Hoxkazareabcrso. [lojgcrasum B (5.5) BepxHioio onenky dyukimu pocra (6.1), onenus h!
canszy no dbopmyne Crupsmara. [lomyaennas ornenka mveer Bui Q. < 1(g, ¢, h). Ipume-
HUM K Heil TexHuky obparerus (1.8): BbipasuMm & Kak (YHKIHMIO OT éMKOCTH h, JJTHHBI
obyuenus ¢ u 3uadenus 7. B pesyabrare moayqaum (5.8). ]

[TepBoe ciraraemoe B 9TOit orneHKe — s3Mmupudecknii puck. OH He BO3pacTaeT ¢ pOCTOM
éMKOCTH h, IIOCKOJIbKY 4YeM OOJIbIle B CeMeiicTBe aJrOPpUTMOB, TeM 0oJjiee TOYHO MOXKHO
AIlIIPOKCUMHUPOBATh BBIOOPKY. BTopoe ciaraemoe Bo3pacraeT ¢ poCTOM €MKOCTH, U €ro
MOZKHO PacCMaTpUBATh Kak wmpad 3a caroscnocms (complexity penalty). Cymma B obriem
caydae JIOCTUTAaeT MUHUMYMa MPU HEKOTOPOM h.

Jl1st onpeiesieHnst onTUMAIbHON cioykHOCTH Mojien B VC-Teopun mpejraraercs Me-
TOM, CMPYKMYpHOUt MUHUMU3auuY pucka. B cemeiicrBe A 3apaHee 3a1a6TCst cmpyxmypa
BJIOYKEHHBIX I10/IceMeiicTB Bo3pacTaromieit éMroctn A; C Ay C -+ C Ay, = A. Samaga 00y-
JeHNs PEIIaeTcs B KarykKI0M U3 3TUX I0ceMeiicTB, Bcero h pas. Beibupaercs moacemeiicTBoO
ONTUMABHON EMKOCTH, JIJIsT KOTOPOIO JOCTUTAeTCs MUHUMYM mpaBoii dactu (5.8).

Meto cTpyKTYpHO# MUHUMU3AINNA PUCKA SIBJIAETCS BaXKHEHIINM KOHCTPYKTHBHBIM
ciaepcreueM VC-reopun. IIpocieaum emé pas JOruKy BCEro, 4ro ObLIO IPOJIEIAHO.
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CuavaJjia MblI IOJIY IUIN BEPXHIOIO OIIEHKY BEPOSITHOCTH I1epe0dyIeHIsT, KOTOPasi CIIpa-
BeJIUBa, JIJIsd J1I000i BBIOOPKU X UM JII0O0r0 MeTosa oOydeHus fi. K 3Toil oreHke Mbl
NPUMEHUIA TEXHUKY OOpalleHus U IOJYYMJIM BEPXHIOIO OINEHKY I YacTOThI OIIHOOK
na xourpose. Oma crpasenmmsa myis 066X X, X, i1, ¢ BepoaTHocTsio (1 — 1), 61u3Koi
K equnauie. Terepsb pacropsaumcst ¢Bo00/10#1 BBIOOpa (4 TaK, 9TOOBI MUHUMU3UPOBATD Y-
CTOTY OIIMOOK Ha KOHTpoJie. [losmyaeHnbrii MeTo 00ydeHnsT HA3BIBACTCS MUHUMUSAUUET
owmpaghosarnozo amnupuyeckozo pucka (penalized empirical risk minimization).

OTta ke 00IMasi JOIUKa SKCILIyaTUPyeTcs OOJBITMHCTBOM COBPEMEHHBIX I0/IXO0B
B TEOPHUU CTATUCTHYIECKOrO 0Oyuenus [59).

§5.4 Tlpobnema 3aBbiweHHocTu VC-oueHok

JkcnepumMeHT 1: YyncneHHble oueHkn Tpebyemoii anuHbl 0bydeHus. OcHoBHAsI TPO-
osiema VC-OIEHOK B TOM, UTO OHU UPE3BBIYANHO 3aBBIINMIEHBI — HACTOJIBKO, ITO UX IIPH-
MEeHEHUE MTPAKTUIECKHU TePsieT CMBICT. ITOOBI B 9TOM yOEIUTHCS, JOCTATOTHO BBITIOJIHUTH
YUCJIEHHBIH pacuéT Tpedyemoii JyImHbI 00y Jatolieil BHIOOpKH £ Kak (DyHKIINK OT EMKOCTH
TOYHOCTH € U BEPOATHOCTHU TepeodydeHus ().

Pesynbrarer npuseienst B Tabaunax 5.1, 5.2, 5.3. Bee nannbie nmosydens: npu { = k.
[TepBbie jBe TaOIUIBI TIOCTPOEHBI I OOINEro CJIydast, TPEeThs — JJIsl JIETePMUHUCTCKOMN
[IOCTAHOBKY 3a/1a4u. [Ipu mocTpoenun rmepBoit TabIUIIbI UCIIOJIb30BAHbI 3aBbIIIICHHBIC all-
npokcuMarnn pyuknun pocta (6.1) u runepreomerpudeckoro comuoxkuress (5.4).

OcHOBHBIE BBIBOJIBI CJIEJIYIOIIIHE.

1. Jlaxke B JIeTEpPMUHUCTCKOM Cjiydae Tpebyemast JijinHa 0O0y“eHUs Ha HECKOJBKO I10-
PSIZIKOB TIPEBBIIAET T€ XapaKTePHbIE JTUHBI BEIOOPOK, ¢ KOTOPBIME OOBITHO ITPUXOINTCST
UMEeTb JIeJIO B IMPUKJIAIHBIX 3aiadax. [[pakTuKa moka3bBaeT, 9YTO UTO XOPOIasdg o0ydae-
MOCTb BO3MOKHA IIPHU CYIIECTBEHHO MEHBIINX JJINHAX BBIOOPKHU.

2. Onenku B Tabmmie 5.1 cymecTBeHHO Xy:Ke, deM B Tabaunax 5.2 u 5.3. B gajnb-
HefireM MbI Oy1eM n30eraTh UCIO/IB30BaHUST 3aBBIEHHBIX AIITPOKCUMAIINI 1 CTPEMUTHCST
K 101y 49eanio 3(pDEeKTUBHBIX BLEIMUCINTEIBHBIX METO/IOB, a He KOMIAKTHBIX (hOpMYIT .

3. IlpaBble MOIOBUHBI TaOJIUI] COOTBETCTBYIOT 3HAYCHUIO 1) = 1 U IMOKA3bIBAIOT T'PAHU-
iy npumennmoctu VC-orenok. [Ipu MenbIiux ¢ BepXHsist OIleHKa BEPOITHOCTU BBIPOXK 1A~
ercs — cranoBuTcs OoJibiie 1. Comocras/ieHue mpaBoii u JIeBOii OJIOBUH TAOJIUIT IIOKA3bIBA-
eT, ITO JIOCTATOTHAS JI/INHA O0YIEeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTU h U TOYHOCTH &,
HO ¢JIaDoO 3aBUCUT OT TpeOyeMoii BEpOATHOCTU MepeoOyIeHus 7).

4. TlepBas cTpoKa TabJIUIBI COOTBETCTBYET CeMeHCTBY U3 oJiHOro ajropurMma, h = 0.
[Ipu sTOM JgOCTUTaETCS HAMTYUIIast BO3MOXKHas oreHka. OIHAKO 9TOT CIydail He mHTepe-
CEeH € TOYKH 3PEHUSI CTATUCTUIECKOTO 00y IeHMUsI.

5. Yuér anpuopHoil MHMOPMAIIMU O KOPPEKTHOCTH METOJ[a OOYYeHHS YTOYHAET
VC-onenku, HO, Cy/isI TI0 JIOKA3aTeIbCTBaM, He YCTPAHsIeT HU OJHOIO M3 OCHOBHBIX (hak-
TOPOB 3aBBIIIEHHOCTH.

"B Hamm JHE CTpeMJIeHne TI0JIyYaTh TPOCThIe aCHMITOTHYeCKHe (hOPMYJIbI SBJISETCA CKOpee TIePeyKHT-
KOM JIOKOMITBIOTEPHOM 3IT0XU, €M HACYITHON HeOOXOINMOCTHI0. MHeHMe CIIopHOe, ITO9TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 5.1. 3aBUCUMOCTD JOCTATOYHON JIUHBI 00ydeHus £ oT éMKoOcTH h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHASA COLTIACHO OleHKe Qe < 1 = 537 - 5 exp(—e“)
u3 Teopembl 5.1. DTo HamMeHee TOYHAsl OIEHKA, WCIIOIL3YIONAsl AINPOKCUMAIIUIO
dyukiwu pocra (6.1) 1 anIpPOKCUMAIMIO MUIIEPreOMeTPHYECKOro coMHoxkuTess (5.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=01]|e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuiia 5.2. 3aBUCHMOCTD JOCTATOTHON JJIMHBI 00yUeHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q: < 1 = (C9+-- - +CMTY (¢,1). Dro Taxxke
orenka Teopembr 5.1, HO (byHKIUS POCTA ¥ THIIEPrEOMETPUIECKI COMHOKUTEb BbI-
YUCJISIOTCS 110 TOYHBIM popMyJiaM, 6e3 MpUMEHEHHs allllPOKCUMAIUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuria 5.3. 3aBUCHMOCTD JOCTATOTHON JJIUHBI OOy I€HUsT OT EMKOCTH h, TOIHOCTH &
1 HaJIEXKHOCTH 1), 110 JIeTEPMUHUCTCKON OleHKe Qe < 1) = (Cg NI Cg)(jfg R /Cf
n3 Teopemsbr 5.2, 6e3 TpUMEHEHHUT ATTTPOKCUMAITIIA,
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[Ipwauns 3aBbimennocTr VC-0IIEHOK BUIHBI U3 JI0Ka3aTeIbCTBa TeopeMbl 5.1, B KO-
TOPOM CJIeJIaHBI TPU OIEHKH CBepXy, a npu BeiBoje Crencrus 5.1.2 — emé npe. Kaccn-
geckast VC-orenka (5.5) He 3aBUCHT OT KOHKPETHOI BbIOOpKH X U MeTona obydeHus i,
CJIeJIOBATEINILHO, ABJISIETCS OIEHKOM Xy/IIero ciydas (worst case bound), KoTopslii, ckopee
BCEro, HUKOT/Ia HE Peau3yeTcs Ha ITPaKTHKE.

JkcnepumeHT 2: oueHkn PaKTOPOB 3aBblLLIEHHOCTU. UTOOBI MOHATH, BO CKOJIBKO pa3
YBEJIMIMBAETCsI OIEHKa, Ha KayKJIOM 3HaKe <, ObL1 mpoBe/éH sxciepument [109] ¢ mornde-
CKUMU JITOPUTMAMU KJIACCU(PUKAINN Ha IITeCTH PeabHbIX 3aad9ax u3 pernosutopust UCL.
Ormyckas TeXHUIEeCKNe JIeTaI, TPUBEIEM JIMIITb OCHOBHBIE UIeH TTOCTAHOBKH 3TOTO JKCITe-
PUMEHTa U €r0 Pe3yJIbTaThl.

B kaxnoit 3aja1ue merogom MonTte-Kapiio Bbraucsiach oreHKa BepOATHOCTH TI€pe-
obyueHunst QE. [TogenuB €€ HA PYHKIIUIO TUIIEPIeOMETPUYIECKOI0 PacIpe/ie/ieHns, MOXKHO
Oy auTh afifexmuenui aokaronul Koagduyuenm pasnoobpasus (DJIKP) A, noxasbr-
BAIOMIN{, KAKIM [I0JKHO OB110 ObI OBITH 3Hauenne Kosdbdurmenta pasnoodpasus A4 (X),
9TOOBI OIIEHKA BEPOSITHOCTHU IIepeobydeHusl He ObLIa 3aBbIIIEeHHOM.

Hapsny ¢ 9JIKP onenuBainch Takxke (parxmopv, 3a6viuehHocmyu — KodhduImen-
Tl 71, T9, T3, KaxKJIblii U3 KOTOPBIX SIBJISIETCS IMIIMPUYECKON OIEHKONl OTHOIIEHUSI JIBYX
BBIPaKEeHNI, CTOANINX CIIpaBa M CJeBa OT OJHOIO U3 3HAKOB < B IEIIOYKE HEPABEHCTB.
[IpousBenenue (hakTOPOB 3aBBIMIEHHOCTH JAET OOIILYIO 3aBbIIIeHHOCTh VC-OIeHKN:

Qs T To T3 = AA(L) : %6_6£2-

PakTOp 7 ONEHUBAELT 3aBbINIEHHOCTL HepaBeHcTBa (5.1), CBSI3aHHOIO ¢ TPUHIIUIIOM
PABHOMEPHOM CXOJUMOCTH. DTa 3aBBIIIEHHOCTh UMEET JIBEe COCTaBJsAonme — 3hdekT Jo-
Kajnzanun 1 3HEEKT paccjoeHus ceMelicTBa aJropuTMOB.

dPderm A0KaAU3aUUY COCTOUT B TOM, ITO HEKOTOPBIE aJITOPUTMBI 13 A MOT'YT He BbI-
JTaBaThCsSI METOJIOM OOYyUeHUs (4 HU Ha OJIHOM M3 00ydJaronux moIBeI00poK. Bmecto A ciie-
JI0BaJIO GBI PACCMATPUBATH MHOKECTBO aJropuTMoB Af = {,uX X X, | X =Y/ }, WH/LY-
[UPYEMbIX METOJIOM O0YYeHUs [ Ha BCEBO3MOXKHBIX 00ydJaloNuX 1Mo/ iBbI0OpKax X dukcu-
POBaHHO JIUHBI .

dPderm paccioerus COCTOUT B TOM, ITO Ha MHOXKECTBE aJITOPUTMOB A BOZHUKAET Cy-
[IECTBEHHO HEPABHOMEPHOe pactipeiesienne BepostHoctu P(a) = P[uX =a]. Anropurms
C MEHBINNUM YHCIOM OMUOOK Ha TeHepasbHON BbIOOPKe n(a, X) BBIIAIOTCS CYIIECTBEHHO
Jaire, B TO K€ BPeMs, UX CYIIECTBEHHO MEHbIIe. JKCIepuMeHThl (82, 81| mokassiBaior,
YTO OCHOBHAsI MACCa AJITOPUTMOB, KaK IIPABUJIO, COCPEJIOTOYeHA B 00JACTH HAMXY/IIIEi
gacTorhl omubok v(a, X) ~ 0.5.

Db dexT JoKaMM3aIII MOKHO CIUTATh MPEJIEIbHBIM YacTHBIM C/Iy9YaeM PacCJIOeHus,
KOI'JIa, BEPOSITHOCTD IIOJIyYeHUsI YaCTH AJIPOPUTMOB B TOYHOCTH PaBHA HYJIIO.

PakTOp 73 OIEHUBAELT 3aBBIINIEHHOCTH Hepasencmea Byas (5.3). Ona ocobeHHO Beu-
Ka, KOIJIa CPeJIN BEKTOPOB OIMMNOOK MMEeTCsl MHOTO TIOXOXKHUX. 3aMETHUM, ITO HEPABEHCTBO

a

P max[§(a, X) > £] <) P[6(a, X) > €]
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Sajiaua KJIACC | OOBEKTOB 1 T rs | A [Al; AQ]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

TaGauma 5.4. PaxTopbl 3aBLIIIEHHOCTH T1, T'o, T3 U OIEHKA A C JOBEPUTEIHLHBIM
unrepsajoM [Aq; Ag].

obpalaeTcss B PaBeHCTBO TOJIBKO Korja cobbitust [d(a, X) > €| mecoBmecribl. Ecin BexTo-
PBI OIUOOK aJTOPUTMOB @, @' CXOXKHU, TO COOTBETCTBYIOIIIE UM COOBITUSI OYIyT CyIIeCTBEH-
HO coBMecTHbIME. Ha IpakTuke 9acTo MPUMEHAIOTCI CEA3HBIE CeMEUCMBEa aJITOPUTMOB,
B KOTOPBIX JIJIf KayKJ0ro ajaropur™a a € A wmaiijgyres japyrue ajroputmbl a' € A takue,
YTO BEKTOPBI OMMOOK ¢ M @' OTJIMYAIOTCS TOJBKO Ha ogHOM obbekTe [101]. CBsasmble ce-
MelCTBa TOPOXKIAIOTCH, B YACTHOCTU, METOJIAMU KJIACCH(PUKAIINN ¢ HEITPEPBIBHON 110 T1a-
paMeTpaM pas3essdionieil MOBEePXHOCTHI0. K HUM OTHOCATCA JIMHEHHBIE KJIaCCU(PUKATOPHI,
MaIlTUHbBI OMOPHBIX BEKTOPOB C HEIIPEPBIBHLIMU SIPAMU, HEHPOHHBIE CETU C HEIIPEPHIBHbI-
MI (DYHKIUSIMU aKTUBAIUN, PEIIaoNiie JePEeBbsl ¢ IIOPOTOBBIMU YCJIOBUSIMEU BETBJICHUSI,
u MHOrHUe Jpyrue. Takum oO6pa3oM, HepaBeHCTBO Dyiid cuibHee BCero 3aBLINNEHO KAK pa3
B HanboJiee MHTEPECHBIX C MPAKTUYIECKON TOYKHM 3PEHUS CIydadx.

DakTOp 73 OIEHUBACT COBOKYIHYIO 3aBBIINIEHHOCTH, BO3HUKAIOILYIO B PE3YJILTATE
MaKCUMU3AIUN (DYHKIINKA THIIEPTreOMETPUIECKOTO PACIIPEIC/ICHIS 10 1M U UCIIOJIL30BAHMS
€ro 9KCIOHEHITUAIBLHON allpPOKCUMAIUN.

Pesynbrarer npepcrasienst B Taduie 5.4. [lockosibKy jorndeckne 3aKOHOMEPHOCTU
CTPOATCA OTJEIBLHO 10 KJIaccaM, KaxKJoW 3aJiade COOTBETCTBYET JIBE CTPOKU TaOJIMITHI
(o aucsy kiaaccoB). OCHOBHbIE BBIBOJIBI CJIEJLYIOIIHE.

1. Sxcnepumentanabuble snadenns DJIKP nmeror nmopsyox 10°...10%, Toryma kak
dbyuxuus pocra Haxoaures B npegenax 10°...101% 1o ectn VC-oneHku 3aBbiieHbI
Ha, HECKOJIBKO TTOPSJIKOB.

2. HawmboJree cymecTBeHHBI (DAKTOPBI 3aBLIINEHHOCTU 11 U T3, CBA3AHHBIE ¢ 3 deK-
TaMU paccjoeHns u cBaszHocTu. PakTop r3 HAMMEHee CYIIeCTBEHEH.

3. Onenka DJIKP npakTtudeckn HUKOT/Ia HE MPEBLIAET JJTUHY BLIOOPKU. DTO O3HA~
YAeT, ITO eCJIU Obl MBI 3aXOTEJIN OIPEIETUTh HOHATHE aPhdhexmucHnoti L0KaIbHOT EMKOCTIU,
TO OHA He TPEeBBIIIaIa Obl eJIMHUIILI, TO €CTh OblLIa Obl BBIpOXKieHa. OTCI0/1a BO3SHUKAIOT
COMHEHUS B COCTOATETLHOCTH U MTOJIE3HOCTU TMOHATUS EMKOCTH JIJIs OTICHOK ITepe0dy IeHM.
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B meToge CTPYKTYpHOI MUHMMMU3AUUW PUCKA 3aBBINEHHOCTE OreHoK (5.2) u (5.8)
[IPUBOJIUT K BBIOOPY I0JICEMENCTBA 3aHUKEHHOM EMKOCTH, TO €CTh K [EePEYIIPOIIECHIO al-
FOPUTMOB, UTO TIOJTBEDPZKIAETCs U B 9KCIIEPUMEHTaX Ha MOJIEIbHbBIX JaHHbIX [76]. Pacnpo-
CTpaHéHHON OMMOKO# B mHTEepIpeTanun pe3yabraTos VC-Treopun siBjIsieTcs BHIBOJL O HE00-
XOIAMMOCTHU OTPAHUYNBATE CJIOXKHOCTH ceMeiicTBa aaropuTMoB. Takoil BLIBOJ ObLI ObI CIIpa-
BeuB, ecu Obl VC-OIeHKN OBLIN JIOCTATOYHO TOYHBIMU. Ipumep amropurma 6ycmuh-
ea |68| mokaszbiBaeT, YTO OOOOIIAIOIIAS CIIOCOOHOCTD MOYKET YIIydIIaThCs JIazKe TPU TPAK-
TUYECKH HEOIPAHUYEHHOM POCTE CJIOXKHOCTH CeMelCTBa.

O ckonb3siwem koHTpone. [Ipu nmpakTuaeckoM IMPUMEHEHUH CTPYKTYPHON MHUHUMUA3A-
I[[M PECKA BMECTO 3aBbIINEHHON TeOpeTHIecKoil orneHkn (5.8) 4acTo peKOMEH/IYIOT IpUMe-
HATH OIEHKY CKOJIL34IIEro KOHTPOJIS Ey(a, X). OnHako Takas 3aMeHa CTABUT MO COMHE-
HHE IIEHHOCTh TEOPETUYECKUX PE3YJIbTaTOB, IIOCKOJIBKY CKOJIB3SIINI KOHTPOJIb HE Olupa-
ercst Ha VC-teopnuto. C MpakTUIECKON TOUKN 3PEHNsT CKOIB3SIIIINI KOHTPOJIb NUMEeT PSJT Cy-
IMECTBEHHBIX HEJIOCTATKOB. BO-TIEPBBIX, 9TO pecypcoéMKasi Mmporeaypa. Bo-BTOpbIX, OIeH-
K& CKOJIB34IIEro KOHTPOJIS UMeeT OOJIBINYIO JUCIEPCHIO, YTO MOXKET MPUBOJUTH K OIINO-
KaM TP ONTUMU3AINN CJIOKHOCTU. B-TpeTbux, CKOIb34Iuil KOHTPOJIb YI00OEH JIIsT IMITH-
PUYECKOTO OIEHUBAHUS KadyeCcTBa MeTo/1a 00yUeHus, HO He YI00€eH I KOHCTPYUPOBAHUS
HOBBIX MeTOJI0B. 1lo aTmm mpuamHaM 3a1a9a MOTydeHns] TOYHBIX TEOPETUIECKIX OIEHOK
He TepseT aKTyaJbHOCTH.

Korpa oueHka paBHOMEpHOW CXOAMMOCTU BCE-Taku He 3aBblweHa. Ciieryroras Teo-
peMa MOKa3bIBaeT, YTO B HEKOTOPBIX CJIydasx HepaBeHCTBO (5.1) obpataercs B paBeHCTBO.

Teopema 5.4. I[lyctp mMeTos |4 MHHUMU3HDPYET SMIIMPUYECKHI PDHCK W BCE aJTOPUTMBI

d € A uMeroT oMHAKOBOE 9HCJIO0 omIHOOK Ha reHepaJsbHOl Bbioopke m = n(a,X). Torzga
BepxHsist orfeHKa (5.1) obpammaercst B paBeHcTBO: Q. = Q..

HokazareabcTBo. Ilpu durcupoBanHOM M MHHUMUA3AIUS SMIUPUIECKOIO PHUCKA
v(a, X)) sKBUBaJICHTHA MAKCUMU3AINU [1ePE0OYIeHHOCTH, TOCKOIBKY

m — lv(a, X) m L

§(a, X) = - _U(G’X):E_EV(G’X)'

]
Ecin ke muoxkectBo A pacciamBaercs 1m0 ypoBHsiM omubok, 1o (5.1) Moxker oka-
3aThCd KaK TOYHOM, TaK M CUJILHO 3aBBIIIEHHON BEpXHEI OIEHKOM, UTO OyJeT IMoKa3aHO
B JlaJibHelieM Ha puMepax. B obiiem ciiydae TpeboBaHNME PaBHOMEPHO# CXOIMMOCTH
SABJIACTCA M30BITOYHO CUJIBHBIM U JIAET JIUIIb JIOCTATOYHOE YCJIOBHE 00YIaeMOCTH.

Pe3iome

VC-Teopusi ocHOBaHa Ha MPUHITUIIE paBHOMEPHOI cxomumocTu. OHa MO3BOJISET OIle-
HUBATb BEPOSITHOCTH I1epeodyvueHns cBepxy (DYHKIUEH OT JJINHBI BHIODOPKU U CJIOXKHOCTHU
ceMeiicTBa aJiropuTMoB. Mepoii cJIoKHOCTH siBJIsieTCst KO3 pUImeHT pa3noodpasusi, olpe-
JIeJIAEMbBIl KaK YMCJIO MTOMAPHO PA3IMIHBIX OMHAPHBIX BEKTOPOB OIMMMOOK, WHTYIIHPYEMbBIX

BCEBO3MOYKHBIMH aJITOPUTMAMK CeMeiicTBa Ha 3aJIaHHON BBIOOPKE.
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KoncrpykrusabiM BeixoioM VC-Teopun SBIISETCS TPUHITUIT MUHAMUBAINN O TPadO-
BaHHOI'O SMIIMPUIECKOTO PUCKA W METOJ[ CTPYKTYPHOI MUHUMHU3AIMU PUCKa. Beiegcreue
3aBBIINIEHHOCTH OIEHOK MX HEIOCPEJICTBEHHOE IIPUMEHEHNE MOXKET NPUBOJIUTH K HEOITH-
MAJILHOMY BBIOODPY CJIMIITKOM IIPOCTBIX aJrOPUTMOB.

OcnoBnoit npuanHoit 3aBbiennocTu VC-omeHOK siBiisieTcs npeHedperkenne 3bdek-
TaMU PACC/IOCHUS W CBI3HOCTH, KOTOPBIMHU Ha IIPAKTHKE 00/1aal0T MHOTHE CeMeicTBa
ayropuT™MOB. VC-OIEHKHU 3aBUCAT TOJBKO OT pa3Mepa MaTPUIlbl OMMUOOK U IMTOJTHOCTHIO
UTHOPHUPYIOT €€ cojiepkumoe. B masibHeiiem Mbl 3aiiMEMCsT KOMOMHATOPHBIMU OT[CHKAMIU
nepeoOydennsi, B KOTOPbIX 3Ta MHMOPMAIUS HE TepseTcs, Ojarogaps deMy OHH MOTYT
OBITH TOPA3/I0 TOUHEE.

B cnepytowen nekunm OyiyT paccMOTPEHBI BepXHHUE OIEHKN (DYHKIIUKA POCTA U EMKO-
CTH KakK JIjid OOIIEero cjaydas, TaK U JJIsi HEKOTOPBIX KOHKPETHBIX CEMECTB aJrOPUTMOB.
Kazaioch ObI, 3T0O HEKOTOPOE OTCTYILIEHUE OT OCHOBHOM TeN Kypca — IOJIyYeHUs TOY-
HBIX OIIEHOK BEPOSITHOCTHU Iepeolydenus. Tem He MeHee, olleHUBaHUE QPYHKIINN POCTA —
9TO KJIacCUYecKas KoMOMHaTopHas 3a/a4a, moje3nas Jjis IOHUMAHUs BHY TPEHHEH CTPYK-

TypBI CEMENCTB aJIrOPUTMOB.

Ynpa>kHeHust

Bamada 5.1 (1). Hokasare Teopemy 5.3, ucnosnb3syst popmysny Crupsmara.

Bamada 5.2 (2). Cmenenvio nexkoppexmmuocmu MeTojia o0ydeHus (i Ha BBIOOpKe X Ha-
3BIBAETC MAKCHMaJIbHA JacTOTa OMIMOOK Ha BCEBO3MOYKHBIX O0YUAIOIINX MOABBIOOPKAX:

o(p,X) = m?oizé v(pX, X). Hokasarb, 910 /I JIOOBIX [, X ¢ OrPAHUYEHHON HEKOPPEKT-
XeX
Hocthio 0(u, X) < o u smoboro € € [0, 1] cupaseymsa onenka, obobmaomas (5.2) u (5.6):

Q. < AYX) max HY™ (sm(e,0)), (5.9)
meM (e,0)
rae M(e,0) = {m: ek <m < k+ol}, s,(e,0) =min{s,(e),ol}.
[ToctponTs rpadukn 3aBucumocTy orHomeHns onerku (5.2) k orenke (5.9) or cre-
[IeHU HEKOPPEKTHOCTH 0.

Bamaua 5.3 (2). Curemys [58], mokasaTh, 94T0 eCm MHOKECTBO BEKTOPOB OIMUO0K A Kiia-
CTEPHU3YeTCs 10 PACCTOSHIIO XaMMuHra Ha S(r) KJIacTepoB payca 1 KazKIblii, To

P[6,(X) = e+12] <S(r)- max H;™ (sm(e)).

m=1,...,L
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6 PasmepHocTb BanHuka-YHepBoHeHkuca

B reopun Bammmka-Yepponenkuca jgokaspiBaercs, 9To dynkimma pocta A4 (L) mm-
60 pasna 2°, 160 pacTéT MOMMHOMMAIBHO 1O L, TIPHYEM HTPOMEKYTOUHBIX BApUAHTOB
He cyIiecTByer. B nosimHOMuaIbHOM CiIydae BEPOSITHOCTD HEePeodyIeHnsl CTPEMUTCS K HY-
Jiio 1ipu L. — 00, cJieJloBaTe/IbHO, 00yUeHne acUMITOTHIECKH COCTOsATEeIbHO. Pazbepém
9TOT (PYyHIAMEHTAIBHBIN Pe3yJIbTaT OoJIee MOoIPOOHO.

§6.1 Cgs3b émMKoCTU C pyHKLUMeE pocTa

Jlemma 6.1. Qynknus ®) = C) + C} + -+ + C}, onpenenéunas npn neabix h un L,
raknx, 970 0 < h < L, 0/1HO3HAYHO 38/1a6TCsT PEKYyPPEHTHBIMH COOTHOIIECHUSIMU

Y =1, F =2l o =t 4+ Oh 0<h<L

JlokazaTeIbCTBO CJie/lyeT U3 TOro, 9TO OMHOMUAJIbHBIE KOI(MDMOUIINEHTHI Cﬁ orpe/ie-
JIAIOTCH aHAJOTUIHBIM PEKYPPEHTHBIM COOTHOIICHUEM C’f = C}L‘fl + C}Llj U OTJIMYAIOTCA
TOJIBKO TPAHMIHEIM yeaosrem CF = 1.

Jlemma 6.2 (Banuuk, Yepsonenkuc [8]). Eciu s mo6oit nogspibopkn X1 nz X
poimosasercs A XML) < 2h+ o AA(X) < OF.

JokazaTeabcTBO. JloKazaTe/bcTBO MPOBEIEM MHIYKIHUEH 110 A.

[pu h = 0 u3 Toro, aro A4(z;) < 2 ama Beex x; € X Borrekaer A4(XE) =1 = @9
cJe0BaTebHO, YTBEPIK/IeHNe JIEMMBI cripaBe/[iInBo. [Ipenmonaras, 910 OHO cripaBe/JTNBO
st h — 1, mokazkem, 4TO OHO CIIPaBEeJIMBO TaK:Ke U Jjisd h mpu Bcex L, 60bIux h.

st sToro pu (bUKCUPOBAHHOM h ITPUMEHUM UHILYKITHIO 110 L.

Ilpu L = h+ 1 nmeenm A4 (XPH) < 2hF1 — 1 = @) | sHaunT yrBepik/eHue jeMMbl
BBITOIHEHO. JlomycTuM Tenepn, uTo oo BemosHserces g A4 (X). PacemoTpum BEIGOPKY
X' = XU {zr,1} n onenum ceepxy A4(X').

Bynem rosoputh, uTo ajaropuT™m a Ha 3ajannoil Beibopke U undyuupyem nodswi-
bopry U', ecim U' = {x € U: a(x) = 1}. PaccMoTpuM MHOXKECTBO BCEX IOJBBIOOPOK,
UHIyIIIPYEMBIX Ha X Bcemu ajropurmamu cemeiictsa A. Byjem pasiumdars moaBbIO0pKT
JIBYX TUIIOB:

1) Takue nmogsbibopku X" u3 X, aro ajropurmbr cemeiicta A unayrupyor Ha X'
kak X", rak u (X", 2141);

2) Bce ocTaJIbHBIE TTOIBBIOOPKH.

Ob6o3HaINM YUCI0 TOJBBIOOPOK epBoro Tuma K, a Broporo tura Ks. Torma

AYX) = K, + Ky,
ANX) = 2K, + K,

crenosaresbio, A4 (X') = AY(X) + K.
PaceMoTpuM OIMHOKECTBO ayropuTMoB A’ HHIynupyomux Ha X TOJBKO MOJBbBI-
6opku mepsoro tuna. Torma K = A4 (X).
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Vnmeercsa nBe BO3MOKHOCTH.

1. Jomyerum, naiinéres noaseibopka X" C X raxag, uro A4 (X") = 2" Do ozma-
JaeT, 9TO aJIropuTMbI MHOXKecTBa A’ mmpymmpytor ma X", a smaumt m wa (X" xp.),
Bce BosMoxkHBIe To/BBIGOpKH X C X", Tlo onpenenennio muoxectsa A’ na (X" zp,1)
WHJIyIIUPYIOTCs TakKe Bee moBbioopky Buja (X" xp.1). CremoBareabHo

AA/(Xh,xL-H) _ 2h + 2h — 2h+1.

Ho torma A4(X", zp,.1) = 2" 910 NpOTUBOPEYNT YCIOBUIO JIEMMBL.
2. Homycrum temepnb, aro A4 (X ") < 2 g moboit oebiGopku X" C X. Tlo npei-
nooKeruto mHyKImn orciozia caeayer A4(X) < &7, Takum o6pasom

ANX) = AYX) + AT(X) < O + 27 = 0,

VTBep:KieHre UHIYKIUN jgoKazano jiga L + 1. |

h
Jlemma 6.3. Cnpaseqmmba onenka ® < 1.5 0<h < L.

h! >’

,B;OKSB&TGJILCTBO ABJIAETCA HECJIO2KHBIM TEXHUYIECCKUM YIIDazKHEHUEM [8]

HamoMHuM ompejiesieHne: EMKOCMb MHOXKECTBa, aaropuTMoB A — 3To Taxoe mesoe
qucio h, ato A4(h) = 2" u A4(h +1) < 2"! Ecim takoro umena h He cymecTsyer,
TO TOBOPAT, 9TO A IMeeT 6eckoHe o EMKOCb.

Teopema 6.4 (Banuuk, YepBonenkuc [8]). Ecum cemerictBo A nmeer KOHEIHYIO EM-
kocth h, To ipu L > h ¢pynxmus pocra A (L) sasucnt or L momHOMAATHHO:
A h L

AM(L) < @) <157 (6.1)
Hoxkazatenbctso. I[lycts L < h. Torma us yenosua A4(h) = 2" soitexaer, 4ro cy-
[IECTBYET BBIOOPKA JIMHBI [, Ha KOTOPOI aJropuTMbl cemeicTBa A WHIYIUPYIOT BCe
BO3MOZKHBIE 110/1BbIGOpKHU. Snauut A4 (L) = 2L

[Iycte L > h. Bo3bMéM mpou3BoibHYIO BBIOOPKY X. [Ij1s HEeE BBIOJIHEHO YC/I0BUE
semmbl 6.2, Tak kak A4(h + 1) < 2" Crenosarensro A4(X) < O u B cuty npous-
BosibHOCTH BBIGOpKH A4 (L) < OF

Teopema j10ka3aHa. [ |

§6.2 ®dyHKUNA poCTa MHOXXECTBA KOHbLIOHKL WA

na cirydas, Korma 00beKTBl OIMHUCHIBAIOTCA TUCKPeTHbIMI TpusHakamu f;: X — D,
|D;| < 0o, orernM (GyHKIMIO pOCTa MHOKECTBA BCEX KOHBIOHKIHI pamra e Bbite [ :

A={a(@) = \lfi(@) = &}

jed

JC{1,...,n}, | <K, d eDj}.
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Ecau J — mpon3BosibHOE TOMHOKECTBO HHAECKCOB n3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TTPU3HAKaM U3 .J, eCThb

()= > T[IDil-

JCJ jes
| J'|=F

Ecmu mmozkecrsa D; pasnomomntusl, |D;| = d, o Hy(J) = C{f]‘dk. B obmiem cirydae Besn-
ynna Hy(J) Jerko BBIUUCIAETCS 110 PEKYPPEHTHBIM COOTHOIICHHUSIM:

Ho(J) = 1;
Hy(J) =0, k> [J];
Hk:(JU{j}):Hk('])_F’DJ‘kal(J)v k<‘J’7 J=1...,n

DyHKINS pOCTa OIEHUBAECTCS CBEPXY YUCJIOM KOHBIOHKIUN paHra He BbIIEe [, KOTOphIe

MOZKHO ITIOCTPOHUTDH IIO BCEM 7 IIpU3HaKaM:

ANL) <) H L ... n}.

k=1

§6.3 EmkocTb cemeiicTBa SiIMHENHbIX KaaccudrkaTopos

[Iycrs X =R™ Y ={0,1}, A — cemeiicTBO JIMHEHHBIX KIaCCHPUKATOPOB:
A= {a(w) = [(w,2) > 0] | w e R"},

rie (w,r) — CKaJIgpHOe TPOU3BeIeHNe BEKTOPOB w 1 . KarK Iblil aaropuT™ Toro cemeii-
CTBa 33,/1a6TCA BeKTOpoM w u3 R”.

Teopema 6.5. EmMkocTh cemeiicTBa JTHHEHHBIX KIacCH(pUKATOPOB A paBHA pa3sMepHOCTH
[IPOCTPAHCTBA, 1.

Nnes tokazare/bcTBa 3aK/II0YAETCI B TOM, UTO B IIPOCTPAHCTBE PA3MEPHOCTU 7. de-
pe3 MPOM3BOJIBHBIE N TOUEK MOXKHO TPOBECTU Pa3/Ie/IAIONIyI0 THIEPILIOCKOCTD, a Yepe3
HEKOTOPBIe N + 1 — yiKe HeIb3d.

JokazaresbcTBo. [lokaxem cradana, aro A (n) = 2". Coracro onpeenennio byHK-
MM POCTA 9TO PABHOCHIBLHO CJIEIYIOIIEMY BBICKA3BIBAHUIO:

X" Y(z,...,2,) €YY da€e A Vi=1,...,n a(z;) = 2.

Bosbmém n BekTopoB X™ = {x1,...,x,} u3 X Takux, 9410 y i-0ro BEKTOpA i-as KOMIIOHEH-
Ta paBHa 1, a ocrasibable paBubl 0. Pacemorpum anropury a € A, 3aj1aBaeMblii BEKTOPOM
koddurmenTo w = (wy, ..., w,). Kakum 6br #Hu ObLT GUHADHBIT BEKTOD (21, ..., 2,),
JIErKO 110/106paTh KOa(hUIUeHTh w; Tak, 9ToObl BHIIONHAIOCH a(x;) = [w; = 0] = z;.
Takum 06pazoM, Mbl yKazaan 2" aaropuTMOB, Pa3IMIHBIM 0OPA30M JIEIANIX BBIOOPKY
X" Ha 1Ba KJjacca.
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Tenepnb nokazkem, 9o A (n + 1) < 2"+ D10 paBHOCHIBLHO BHICKA3ZBIBAHIIO
VX" 3z, z0g) €Y Vo€ A Fi=1,....n+1 a(z;) # 2.
BosbMéM IponsBosIbHBIE 1 4 1 BEKTOPOB X1, . . ., Tpt1 U3 X. HHUCI0 BEKTOPOB MPEBBIIIACT

UX Pa3MEPHOCTDb, [MOITOMY CPE€J/Id HUX HAWJIETCHd XOTs Obl OJIUH, SBJISIONIUICH JTHHEITHON
KOMOMHAIMEH ocTa/IbHbIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, YTO 9TO Ly i1:

Tnt1 = b11'1 + -+ anny (62)
rae by, ...,b, — HeificTBUTEIbHBIE YHCIIA.

[Momoxkum z; = [b; = 0] mst Beex @ = 1,...,nu 2,11 = 0. PaccMorpumM ipon3BosbHbI
angroput™ a € A ¢ kosbdurnmentamu w = (wy, ..., w,). Homycrum, aro a(z;) = z; 1y
Beex i = 1,...,n+ 1. ¥YMuoxuM 06 qactu pasencrsa (6.2) cKaIapHO Ha w:

(W, Tpg1) = by (w,x1) + -+ + by (W, xp) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOTO MEHbIIE HYJIsl, IIOCKOJIbKY
[(w, Zny1) = 0] = a(Tny1) = 2p11 = 0.

B 10 ke Bpems, KazKJioe cjaraeMoe B IIPaBOil 4acTh paBeHCTBa HEOTPUIIATEIHHO, TaK Kak
(w,z;) 20| =a(z;) =2z =[b; =20}, i=1,...,n.

Takum obpazoMm, cjelaHHoe JIONYIIeHUe MPUBOJUT K NpOoTHBOpednio. Kakoii Obl
mn 6bL1a BEIGOpKa X" anropurMbl n3 A me peammsyior Bcex 2"l croco6os momesuTh
eé Ha 2 KJiacca.

Teopema j0kazana. [

§6.4 OpHonapameTpuyeckoe ceMencTBO DeCKOHe4YHOW EMKOCTU

CymecTBoBaHIE OIHOIIAPAMETPUIECKOTO CeMeiicTBa aJrOPUTMOB KJIACCH(MUKAIIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETEJILCTBYET O HETPUBUAIBLHOCTHU ITOHSITUS EMKO-
CTH C O,Z[‘HOI'_/,I CTOPOHBI, 1 O 6eCKOH€‘t‘IHbIX BbIPpa3UTEJIbHBIX CHOCO6HOCTHX ,ZLeI'_/,ICTBI/ITe.HI)HOFO
qucsta ¢ apyroii [106].

Pacemorpum cemeiictso dynkuuit a: R — {0, 1} ¢ ogaum mapamerpom vy € R:

a(z;7y) = [sin(yz) < 0].

BosbMEM KOHKPETHYIO BEIGOPKY 06bekToB x; = 107% i = 1,.. ., /. KaxoBa 6bl Hu ObI-
a eé nymHa £, 1is moboro BeKTopa OTBeToB (Y;)f_, MOYKHO Tax mojobpaTh mapamerp 7,
910061 a(z;;7y) = y;. JelicTBureibHO, BO3BMEM ¥ = T + 7 Zﬁzl y;107. Torna

a(x;;y) = [sin(7my; + 7107 + 7 y1077) < 0| = [sin o I,y
A = [sinyy > 0], y = 1.

g

o

U3 onpe/esenns BeJIMIHHBL Yy caeayeT, ato m107¢ < vy < 0.37, mosToMy 3HAUECHE
sin 7y MOJIOKUTETHHO, U TTpaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbrit mpumep gBJisieTcs UCKYCCTBEHHBIM. FKcym 11 mpejicraBiiennst qnc-
JIa 7y UCIOJIH30BaTh KOHEYHOE YUCJIO0 OUT, EMKOCTD y2Ke He Oy/eT OeCKOHEeUTHOI.
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§6.5 [Opyrue oueHkn émkocTun

Oterkn éMKOCTH OBLIN TOJTyYeHbI sl HeHpoHHBIX ceteil [55, 54, 75, 87|, pernato-
IUX JIepeBbeB [25], KOPPEKTHBIX TOJMHOMOB HaJl aJIFOPUTMAMU BBIUUCIEHHs OIEHOK [38],
KOMUTETHBIX PEIAoNux npasui [86], u apyrux cemeicrs.

Emxocts ceMeliCcTB, OCHOBAHHBIX Ha $BHOM XpaHEHUU Bceil oOydalomieil BHIOOPKH,
KakK IpaBuio, OeCKOHeUHa (HAIPUMED, Y aaropuT™Ma OJIMKANRIIIX CoceIeit). Emkocts ce-
MeHCTB, TapaHTUPYIONMX KOPPEKTHOCTH (0oTcyTcTBre ommboK) Ha obydarorieil BhIOOPKe,
TaKzKe, Kak MMPaBujIo, OecKoHevuHa. XOTs, eCTh U UcK/aodeHus: B padborax B. JI. MaTpocosa
CTPOSATCA KOMIIO3UITUN aJI'TOPUTMOB BBIYHCJIEHUS OIEHOK, MMEIne KOHEIHYIO €MKOCTh
U OJIHOBPEMEHHO TapaHTHPYIONe KoppeKTHoOCTh [37, 38, 39, 40].

Pe3iome

Emkocts mmn pasmeprocTs Barmuka- UepBOHEHKICA — 9TO KJIACCHIECKas XapaKTe-
PHUCTHUKA, CJIOXKHOCTH CEMENCTB aJaropuTMOB. [[jis IMHEHHBIX ceMeficTB OHa paBHA pa3Mep-
HOCTH IIPOCTPAHCTBA apaMeTpoB. st 1pyrux ceMeiicTB EMKOCTH MOYKET HETPUBUAIHHBIM
00pa3oM 3aBUCETDH OT YHCIa mapaMeTpos. CyIecTBYIOT IPUMEPHI, KOTJIA TapaMeTPOB MHO-
ro, a EMKOCTb PaBHa €JINHUIe, U, HA00OPOT, KOT/Ia IapaMeTp OJ/INH, a EMKOCTh OECKOHEYTHA.

JI10OBIe OTeHKN TIepeodydeHus, BhIparKalomuecs depe3 KoM UImenT paznooopasus
nIn EMKOCTb, OCHOBAHBI Ha INPUHITUIIE PABHOMEPHOI CXOJMMOCTH U HEepaBeHCTBe Byiisd,
U [OTOMY CHJILHO 3aBBIIIEHBI. B JIeKIuu 8 MbI MOKaXKeM, 9TO OHU CUJIBHO 3aBBIIIEHDI
JlazkKe B CAMOM OJIarOnpHUATHOM CJiydae, Koryla éMKOCThL CeMelCTBa paBHA €IMHUIIE.

B cnepyrouwein nekumu Mbl paccMOTPUM 0a30BYIO0 TEXHUKY KOMOMHATOPHOI TEOpHUH IIe-
peobydeHns u yoemMest, ITO JIJTs MOy IeHHsI TOUYHBIX OIEHOK MAaJIo 3HATh KOY(MMUIIMEHT
paszHooOpa3us, TO eCTh YNCTO IOIAPHO Pa3/JINIHbIX BEKTOPOB OINO0K B ceMeiicTBe. Heob-
XOJIUMO TaKyKe YUIUTBIBATD CTEIEeHb UX PA3/JIMIHOCTH.
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7 TMopoxaarouime v 3anpeliatoliLme MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
ToYHBIe (He 3aBBIIICHHbIE, HE ACUMIITOTHIECKHE) OlleHKN obobImaroreii criocobnoctu [111].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§7.1 Tllpocrtasa runotesa N3M

I'unoreza 7.1. MuoxkecTtBO A, BhIOOpKa X H METOJ [t TAKOBBI, ITO JIJISI KaXKJ0T0 AJT0-
putMa a € A MOXKHO yKazaTh mapy Hemepecekaromuxcs mogmaoxkects X, C X n X! C X,
VJIOBJIETBOPSIIOILYIO YCJIOBHIO

[1X=a] = [X, C X][X, C X], VXe[X" (7.1)

Mruoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X — 3anpewyarousum
Juig ajsroputMa a. ['mmore3a 7.1 o3nadaer, YTO METOJI [ BLIOMPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4arolieil BbioopKe X HaXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
1 HU OJIHOT'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nore3a 7.1 BbIIOJHACTCA.

Jlemma 7.1. /[ 110605t Beibopku X cHpaBeIIHBO TOXKECTBO
Z[,qua] = 1. (7.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUPAET OJIMH U TOJIHKO OJH aaroputM. ToxkmectBo (7.2) MOXKET UCIOIB30BaATHCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHsI B IpaBoii wactu (7.1) chopmMymupoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 7.2. FEcun rumoreza 7.1 crpaBenBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, =P[uX=a] = L=, (7.3)
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HoxkazareabcTBo. Coracuo rumnorese 7.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

ZPP (a,X) >¢|a).
acA

YcemoBHast BEpOSITHOCTD Jlaércest Teopemoit 2.4, eciin y9ecThb, 9TO Npu (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTpOJIbeIX, HOJIy‘H/IMZ
P(0(a, X) > e | a) =Hy"™ (sa(e))

TJIe M, — IACJI0 OMMOOK AJTOPUTMA ¢ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obberrax X \ X,, Iprn KOTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHHE JacToT ommboK, d(a, X) > ¢

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOIl BEPOATHOCTHIO MOYKET ITOKA3aThCsl HE BIIOJIHE OUYeBUIHBIM. Huke mpejcraBiieH cTpo-
i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 7.3. FEciu rumoresa 7.1 crpaBeinBa, TO BEPOSITHOCTh HePe0OyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q=(1,X) = D PaHp ™ (sa(e)). (7.4)

acA

HoxkazareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cymMMupOBa-
Hus 110 X emg JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — [0 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJrOPUTMA, d
Ha noaseibopke X \ X,. OueBujino, 3Hadenue (). OT 3TOrO HE U3MEHUTCH:

Q- =P[0(X) 2] =P [uX=a Z[ (a, X\ X,) = 5] [0(a, X) > €]. (7.5)

acA
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),
MO3TOMY OTKJIOHEHHE YACTOT OIMUOOK BBIPAZKACTCA B BUJIE
n(a,X) —s—n(a,X,) s+n(a,X,)
k 14 ’

d(a, X) =
CJIeJI0BATEJIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)]| = [s < s4(e)].

[TocraBum mosydeHnoe BbhipazkeHue B (7.5), 3ameM 3aMeHUM [MX = a] [paBoil ya-
crbio paBeHcTBa (7.1) M mepecTaBUM 3HAKH CyMMHUPOBaHUsI (O9eBHIHO, P TakKe MOXKHO
paccMaTpuBaTh KakK CyMMHPOBAHNIE):

=y Z P[X, € X][X, C X][n(a, X\X,) = 5] [s < sq(c)]. (7.6)

a€eA s=0 M

N(a)

Boienennoe B nannoit dhopmysie Boipazkenne N(a) ecThb 1o/ pa3bueHuit reHepasib-
Hoit BeIOOpKH X = X LJ X Takmx, 9TO MHOXKECTBO OOBEKTOB X, IEIUKOM JIEXKUT B X,
) _
MHOKeCTBO 00beKTOB X 1esmkoM JieskuT B X, u B moasbibopky X\ X, jmuner £, mnoma-
JIaeT POBHO S OOBEKTOB, Ha KOTOPBIX AJTOPUTM @ JIOIYCKAET OITUOKY.
JL1s HATJISITHOCTH TIPEJICTaBUM BEKTOD OIMMOOK ¢ PA30UTHIM Ha IMIECTh OJIOKOB:

— r—zi
a:(Xa;1,...,1;0,...,0-X;,1,. ,1;0,...,0).
X\X, X\X,
X X

Hucno ommbOK ajropuT™Ma a Ha O0beKTax, He mnonajamonmx Hu B X,, HE B X!,
paBHO M. Cymecrsyer C), — c1ocob6oB BbIOpaTh U3 HUX S 0OBEKTOB, KOTOPbIE IIOHAJLyT
B X\X,. 1 Kaxkjaoro m3 sTux CrocoboB MMEETCs POBHO C’ﬁj‘;a c110co00B BBLIOPATH
{, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAeT OIMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayr B X\ X,. Tem cambiM ofHO3HAYHO omnpejersercsa cocta Bbibopku X \ X, a, 3Ha4WT,
u coctan BbiGopku X \ X/ . Takum obpazom, N (a) = C%, C’é ../ CL. oacrasum 510 BbIpa-
ykerre B (7.6) u BbyIEMM B HEM (DOPMYJIY THIIEPTeOMETPUIECKOil (DYHKIMU BEPOSITHOCTH:

e fa Cs Ofa .
=g Dl S sa@) =g = R (s(0)).
acA S$=50 acA
TeopeMa JOKa3aHa. |

§7.2 (O606weéHHas runotesa N3M

[M'umoresa 7.1 HaKIa/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHIMYEHUs] HA BBIOOPKY X, ceMeii-
ctBo A u metop p. [losromy Teopemy 7.3 yaaércs npuMeHsITh JINIIb B HEKOTOPBIX CITEIIN-
AJIBHBIX CcIydasx. PaccMoTrpuM ectecTBenHoe obobmienue runore3nl 7.1. IIpesmonoxum,
9TO JIJId KaXKJ0T0 aJrOPUTMa ¢ CYIIECTBYIOT PAa3/IMIHbIe BApUAHTHI BbIJICJICHUS MTOPOXK-
JIAIONINX U 3aIIPENIAIONIIX MHOXKECTB.



= 66 =

I'mnoresza 7.2. MuoxkectBo A, BbIOOpKa X H METOJ [I TAKOBBI, UTO JIJIST KaXKJOTO aJl-
ropurMa a € A MOXKHO yKa3aTh KOHEYHOE MHOXKECTBO HHJEKCOB Vi, W JJIS KayKJI0rO HH-
Jiekca v € V, MOXKHO yKas3aTh noposxciarouiee MHOXKeCTBO X, C X, 3anpeujaroujee MHO-
sxecrBo X!, C X u kospurent c,,, € R, yzoBirerBopsiomnue ycaoBusimMm

v ¢
(nX=a] = cay[Xaw € X][X], € X], VX € [X]" (7.7)
UGVCL
ITpu ycnoBum c,, = 1 runoresa 7.2 o3Ha4YaeT, 9TO METOJ /i BHIOMpPAET aJIrOPUTM @
TOTJIa U TOJIBKO TOTJIa, KOIJa B O0yYaIOLyI0 BHIOOPKY X IONAJIA0T BCe 0OBEKTHI U3 X,
U HI ofHoro u3 X/, POBHO JyIst O/HOM n3 nap MuoxecTs (X, X.,), v e Vg

B TEEL ] &aX

pmar Kl | BE | (aXi)

LT[0 TT ] Kw X)) V=1

OuerutHo, yeaosue (7.7) J0ZKHO OBITH 3aJIaHO TaK, YTOOBI MpaBas 9acTh IPUHUMA-
JIa, TOJIbKO JiBa 3HadeHus — Jjuoo 0, mubo 1. D10 TpeboBaHme HAKIAIBIBACT OIPEICIEHHbIE
OrpaHUYeHUs U Ha CHCTeMy HOIMHOXKECTB (Xoy, X! ), v € V,, u Ha KOIDDUITHEHTHI Cqy .
B uacrtrocTH, 1npu c,, = 1 ycioBus [X,w cCX } [X I C X } HE MOT'YT BBITIOJTHATHCS OJIHO-
BPEMEHHO JI/Td JIBYX UHJIeKcoB v, v € V, uu ipu Kaxkom pasouennn (X, X)), nHate sHaueHMe
B IIPABOI YaCTU OKaXKeTCs OOJIBINUM €JIMHUITHI.

K nacrosinmeMy MOMEHTY He M3BECTHBI CJIydar, KOT/ia IPUXOIUI0CH Obl 38/1aBaTh KO-
>bGUIUEHTHI ¢4y, OTINIHBIE OT +1 mwian —1.

OueBnaHo, Tunoresa 7.1 SIBJISETCS IaCTHBIM CJIyYaeM THIIOTE3bI 7.2, KOIJIa BCe MHO-
KecTBa V), OIHO3JIEMEHTHBIE U Cqy = 1.

Crenyromas TeopeMa yTBEPKIAET, 9TO THIIOTE3a 7.2 BEpHA BCErIa.

Teopema 7.4. Jlus.mo6bix X, A u i cymecrByior muoxectsa Vy, X g, X!

av?’

IIpH KOTOPHIX
cripaBeuBo npeacrapiaenne (7.7), mpudéM cq, = 1 11 Bcex a € A, v € V,.

JokazareabCcTBO. 3aduKcupyeM IpOU3BOJIbHBIH amroputrm a € A. BosbMéMm B Kade-
CTBe WHIEKCHOTO MHOYKeCTBa V, MHOMKECTBO BCeX MoaBbIoopok v € [X]Y, mpm koTophx
v = a. st kaxgoro v € V, nonoxum X, = v, X! =X\ v, ¢4 = 1. Torga jast sio-
ooro X € [X]* cpaseyiuso npejicrasienue, umeromniee suj (7.7):

[,uX:a] = Zv[v:X] = Zv[v:X] [X\v:X\X] = ZV [v C X} [X\v - X},

npuaéM, ecsnt 4X = @, TO POBHO OJTHO CJIaraeMoe B 9TOI cCyMMe PaBHO €JIMHUIIE, OCTAJIbHbIE
pPaBHBI HYJIIO; ecyin Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. ]

Teopema 7.4 saBigercd THIUYIHON TeopeMoil cyrecTBoBanus. VCIIOIb30BaHHbBIN TTPU
eé JIoKa3aTe/IbCTBE CII0COD TMOCTPOCHUS NHJIEKCHBIX MHOXKECTB V, TpedyeT siBHOT'O mepedo-
pa Bcex pasbueHnii BBIOOPKHU, ITO MPUBOJIUT K BHIYUCIUTETHHO HEI(DDEKTUBHBIM OIEHKAM
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BeposiTHOCTH TIepeodydenns. OHako npejcrasienue (7.7) B 001IeM cirydae He € IMHCTBEH-
HO. OTIeIbHOM TPOBJIEMOTT IBJISIETCS MOUCK TAKOTO MPEJICTABIEHN, B KOTOPOM MOIITHOCTHU
muoxecTs |V, | Xool, | XL, | bl 661 Kak MOXKHO MeHbIIe. XOTs MuinoTesa 7.2 BepHa Bee-
ra, Mbl OyJeM IpOI0/KaTh Ha3bIBATH €€ «IUIIOTe30i», MMes B BUJY IPEJIIOJIOKEHNE
0 CyIIeCTBOBAHUU HEKOTOPOro mpejicraBienus Buja (7.7), 6osee 3¢hHeKTUBHOTO, 1M UC-
110JIb30BAHHOE B JlOKa3aresbcTBe Teopembl 7.4.

Beeném s kaxkgoro aaropurMa a € A n KaxKa0ro mHAeKca v € V, 0003HAYEHUSI:

Loy = L — | Xao| — | X0 |5
law = € — | Xaol;
My = n(a,X) — n(a, Xow) — nla, X,,);
Sav(€) = %(n(a, X) — ak) —n(a, Xoy).

B ycioBusx rumoresbt 7.2 cripaBeIuBbl COOTBETCTBYIONIME 0000IEHNs JIEMMbBI O Be-
POATHOCTSIX TTOJIyUIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTHU TEPEOOy ICHUSI.

Jlemma 7.5. FEciwm rumoresa 7.2 cripaBejjmmBa, TO JUIsT BceX a € A BepOSITHOCTH IOJIY-
YUTH B pe3y/IbTaTe 0O0ydeHus aarOpUTM G PaBHA

P, = P[/LXZG} - Z Cav Pov; (78>
veEV, CZ‘“’
Puy = P[Xa C X][X,, C X] = CL;: (7.9)

HokazarenbcTBo. [JocTarodno npuMeHuTs onepaiuio Pk jiesoit u npasoii gactam (7.7).
JlabHelinme paccyzKIeHns aHAJIOTUYHbBI JIOKA3aTeIbCTBY JleMMbl 7.2. ]

Teopema 7.6. FEcum rumoresa 7.2 clipaBeiiBa, TO BEPOSITHOCTH MEPEOOYIeHUsT BbITHC-
JISIETCST 110 (bopMyJIe

Q:(1:X) =D ) Can P HE ™ (s0(2)) - (7.10)
a€A ’UEVa

JokazaTeabCTBO. AHAJIOINYHO JoKa3aTeabCTBY TeopeMbl 7.3, BEpOSTHOCTD Iepeolyde-
HIsI TIPUBOJIUTCS K BBIPAYKEHUIO, KOTOPoe oTmdaercs oT (7.6) mosiBIeHneM 3HaKa, CyMMU-

poBaHuS 110 v, KOIMDDUIIMEHTOB €y, U JIBOMHBIX UHIEKCOB 4, BMECTO OJMHAPHBIX 4:

Q- = Z Z anv P[X‘w < X} [Xt/w - X} [n(a’7 X\ch) = 3] [S < Sav(&?)],

acAveV, s=0

B ocrambnom j0Ka3aTeIbcTBO aHAJOIMYHO JI0Ka3aTebeTBY Teopembr 7.3. [ ]

OueHkn dyHkumnoHana R. (1.6) jgokaswpiBaoTCd aHAJOTUYHO, C TOM JIUINb PAa3HUIIE,

Y9TO BbIpazKeHnue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIY 3aMEHSETCsI Ha

st (e) = n(a,X) — ek — n(a, Xov).

av
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§7.3 KoppekTHoe cemeincTBO aJiropMTMOB

Asroput™m a, He momyckaroruii ommOok Ha BeIOOpKe U C X, Ha3bIBAETCS KOPPEKM-
HowM Ha evibopke U. Ecam MHOXKeCTBO A CONEPXKUT aJllOPUTM (g, KOPPEKTHBII Ha reHe-
pasibHOI BeIOOpKE X, TO MHOXKecTBO A Oymem Ha3blBaTh kKoppexmuvim. B aTOoM ciydae
dbopmyma (7.10) cuapHO yupormaercs.

Jlemma 7.7. B ciaygae m = 0 pyHKIIMS rumepreoMeTpuaecKoro pacipeiejaeHust BhIPOXK-
0,0
gaercst: Hy o (s) = [s = 0].

00
HoxkazareabcrBo. [Ipu s > 0 cymma H; ' (s) B (2.4) cOCTOMT U3 OJHOTO CJIAraeMoro,
pasroro 1. IIpu s < 0 4uciio caraeMbix PaBHO HYJIIO, U BCs CyMMa PaBHa HYJIO. "

Teopema 7.8. Ilycrpb runoresa 7.2 cripaBeJinBa, METOJ [ SIBJISI€TCS MUHUMHU3AIIHEH 9M-
IMIPHIECKOTO PUCKa, MHOXKECTBO A KOppeKTHO. Torjia BeposiTHOCTD 1epeody deHusT IPHHHI-
maer 6o.Jiee MPOCTO BHJIL:

Q-(1,X) = [n(a,X) > ck] P,. (7.11)

acA

HokazaTeabcTBO. PaccMoTpuM 1pon3BO/IbHbBIN aaroput™M ¢ € A U IPOU3BOJIbHBIN WH-
nekc v € V,. Ecim HeKoTOpbIili 00beKT, Ha KOTOPOM @ JIOIyCKAeT OIMHMOKY, COMEPIKUTCS
B oOydaroreil Beioopke X, TO MeTOJ [, MUHUMU3UPYIOMINI SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpaTh JaHHBI aJrOPUTM, TaK KaK CyIIeCTBYeT KOPPEKTHBIH AJITOPUTM ag, He J10-
nyckafomunii ommbok Ha X. CremoBaTebHO, MHOXKECTBO OOBEKTOB, HA KOTOPBIX AJTO-
PHUTM @ JOIyCKaeT OMIMOKY, IEeJHKOM Cofep:KuTcd B X, . SHAYUT, aJrOPUTM ¢ HE JIOIyC-
KaeT OIMOOK Ha HeHTpaJbHBIX 00beKTax U My, = 0. Torma, cormacuo Jlemme 7.7,

i (500) = [5(6) 0] = [§ (00 ) = k) = (0, Xo) > 0] = [o(a ) > o]

av

[Toncrasiss sto Bepazkenne B (7.10), nomyqaaem (7.11). ]

CunencrBue 7.8.1. Ecam B cemeiictBe A COMEPXKUTCS ajaropuT™M, KOPPEKTHBIH Ha BCel
reHepaJibHOI BbIOOPKe, TO Bbhipazkenue (7.11) cupaseuso u st pyaknuonana R.(u, X).

§7.4 ®yHKUMOHAN NOJIHOIO CKOJ1b3SLULEro KOHTPOIS

PaccmorpuM (byHKIMOHA TIOJTHOTO CKOJIb3sIero KouTposst (1.7). Ilpuanun mopox-
JIQIOIIUX ¥ 3aIlPEIaroniX MHOXKECTB TaKzKe JaéT Jijisi Hero TOUHYo oreHKy [16].

Teopema 7.9. Ecm runoresa 7.2 cripaBejinBa, TO OIEHKa IIOJTHOIO CKOJIB3SIIIETO KOH-
TPOJISI BBITHCJISIETCST 110 (DOPMYJIe

C(p, X) = %Z Z CMCC_;:; (n(a, X) — f_/‘w n(a,X\XL’w)) : (7.12)

acAveV, av
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HHokazarenbcTBo. 3anumem onpejesnenns E n v, 3arem mozgcrasum (7.7) cormacHo ru-
rmorese 7.2 W mepecTaBUM 3HaKNW CYMMUPOBAHUSI:

CuX) = o 3 Y [pX=dy Y Haw) =

L xe[x)t aca zeX
L
_ %Z S o Ta,2:) P[Xo € X][X), € X] [ € X].
acAveV, i=1 ~
p(a,v,x;)
Ecm z; € X),, ro [X], C X|[z; € X] = [X], € X| n, cornacno (7.9),
ZU/U
pla,v, ;) = P[X(w C X} [X:w C X} = % =P,
L
Ecmn a; ¢ X, 1o (X}, C X]|[z; € X] = [{a;} U X[, C X] u, cornacro (7.9),
Cav _
pla,v,z;) = P[ X, C X|[{z;} UX], C X]= CLz_l = PM,M.
Cr Lo,
Cobupas BMecte jBa ciydas, x; € X, u x; ¢ X!, . moaydnm

plav.n) = Pa ([ € X0 ] + [ X, E22 00 ).

[ToncTaByisist 3TO BhIpazKeHne B CYMMY II0 %, TTOJTydaeM

L
Z I(a7 xi)p(aa v, xz) - Pav (’I’L(CL, thw) + (n(a, X) - n((l7 thzv)) L‘“’L_ gav) )
i=1 av

OTKyj1a BbITeKaeT Tpebyemoe paBeHcTBo (7.12). Teopema nokazana. [

Pe3iome

Ipunyun noposrcdarowur u 3anpewaowus MHOACECME OCHOBAH Ha THIIOTE3e, ITO
JUTS KazKJIOTO aJITOPUTMa MOYKHO yKa3aTh MHOYKECTBO N0postciaowur 0ObeKTOB, KOTOPhIe
00s13aHbI OBITH B 00y JaroIeil BHIOOPKE, M MHOYKECTBO 3aNpeu,aowur 00beKTOB, KOTOPBIX
He JIOJIKHO OBITH B 00y Yaloleil BLIOOPKe, 9TOOBI METOJ 00yYeHUs BHIOPAJ UMEHHO JTAHHBIT
AJICOPUTM. DTO JIOBOJILHO CUJILHOE TIPE/IITOJIOZKEHIE, i OHO BLITIOJIHICTCH JTAJIEKO He BCET/IA.
B obmmem ciryuae /17151 KayKJI0r0 aJaropuTMa MOYKHO YKa3aTh HECKOIBKO AP MOPOXK TAIONTIX
U 3aIpeNaonuX MHOXKeCTB. Ecm oHn U3BECTHBI, TO Jlajiee JIETKO BBIYHC/IAIOTCH BEPOST-
HOCTH TIOJIYIUTh KaK/IbIil U3 aJIrOPUTMOB, BEPOSITHOCTD 11epeo0yIeH s, 1 OIICHKA TTOJIHOTO
CKOJIB3SIIIEr0 KOHTPOJIsI. BBIOOP CHCTEMBI TTOPOXKTAOIIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCST UCKYCCTBOM. UeM UX MeHbINle, W 9eM MEHBIIe UX MOIHOCTH, TeM 3(hdeKTuBHee

OYIYT BBIYUCIATHCS OIEHKH.

B cnepyroweinn nekumu ¢ 1oMoIbio IPUHIIATIA TTOPOXKIAIONIIX U 3aIlIPENIAoNuX MHO-
JKE€CTB MBI IOJIYIUM TOYHBIE OIEHKU BEPOSATHOCTHU IePeoOyUeHUs JIJIT HEKOTOPBIX ITPO-

CTBIX, HO y2K€ HCTPUBUAJILHBIX MOIC/IbHBIX ceMerCcTB AJITOPUTMOB.
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8 Uenn anroputmos

Y100BI BOCIIOJIL30BATHCS IMPUHITUIIOM ITOPOXKIAIONINX U 3allPeIlafoInX MHOYKECTB,
HEOOXO/IMMO KOHKPETH3UPOBATH METO| OOYUIEHUS [ U CeMeicTBO ajroputMoB A. Mbr Hat-
HEM C METO/Ia MUHUMHU3AIUN SMITUPUIECKOTO PUCKA U TIeleil aJropuTMOB — MTPOCTEHIITIX
MOJIEJIBHBIX CEeMEeMCTB, 00J1a/Ial0IUX CBOHCTBAMHU PACCJIOEHUS U CBA3HOCTH. UTOOBI 10/I-
KPENUTh TeOpeTUIeCKNe BBIKJIAJIKN SKCIIEpUMEHTaMU, IIpeJjiaraeTcd HalnucaTh HeCJI0XK-
HYIO IPOIPAMMY, BBIUUC/ISIONLYIO SMIIMPUYECKHAE OIEHKU BEPOSTHOCTH IepeodydeHus
110 3aJIAaHHOI MaTPHIE OIMIHOOK.

§8.1 Pa3HoBMAHOCTN MUHUMM3BALNN SMNNPUYHECKOrO PUCKA

Byznem mosaraTrh, 9To A — KOHEYHOE MHOYKECTBO, I BCE aJITOPUTMBI HMEIOT IOIAPHO
paszsmanble BeKTOPbI omubok. Obosmnadnm depe3 A(X) MHOKECTBO aIrOPUTMOB € MHUHH-
MaJIbHBIM YHCJIOM OIMMOOK Ha obydarorieit Bbioopke X :

AX) = Argmiiln(a,X). (8.1)

ac

Omnpenestenne 8.1. Merox ob6ydenus i HA3BIBACTCS MUHUMUSAUUET IMNUPUMECKO20
pucka, MOP (empirical risk minimization, ERM), ecoin uX € A(X) npu eex X € [X]*.

Ecau muoxkectBo A(X) cofep:kur 6oJiee OJHOIO 3JIEMEHTa, TO BOZHUKAET MpodJIe-
Ma HEeOJIHO3HAYHOCTH BbIOOpa ajropurMa. PaccmMoTpum cHavasa jiBa KpailHuX ciiydas —
KOTJ[a BBIOMPAETCsT HAWTYIIuii win Hauxyamuit aaropurm u3 A(X).

Onpenenenune 8.2. Meronq MEHIMH3AIUN SMITPUIECCKOIO PUCKA [I HA3ZBIBACTCS ONMU-
mucmunoim, ecan pX = arg min n(a, X).

acA(X)
Onpenenenue 8.3. Meronq MEHHMHI3AIUH SMIIIPUICCKOIO PUCKA (I HA3BIBACTCS NECCU-

mucmuinoim, ecan pX = arg max n(a, X).
ac A(X)

Onrumuctnanas u neccumuctudrass MOP wa mpakTuke He peajm3yeMbl, TakK Kak
CKPBITYIO KOHTPOJILHYIO BBIOOPKY X HEBO3MOYXKHO 3HATL Ha 3Tare obydenms. TeopeT-
YeCKM OHU MHTEPECHBI T€M, YTO JIal0T HUKHIOIO U BEPXHIOIO OIIEHKU BEPOATHOCTU Ilepe-
obydenus. [Ipu 006X Apyrux crocobax pasperieHus HeopHo3HadHoct B Metone MOP
BEPOATHOCTH TIePeo0ydYeHNs TapaHTUPOBAHHO 3aKaTa MEYKJLy STUMU JIBYMs OTICHKAMM:

Teopema 8.1. Ilyctb fiyi, — onrumuctudabiii MOP, piy.. — meccumuctuaabiii MOP.
Torya st smoboit BeIoopku X u JII060ro MeTo/[a MUHUMH3AIAA SMITHPIICCKOTO DHCKA |1

Qz—:(ﬂmimx) < Qs(ﬂax) < Qz—:(,umax’X)-

Hanbosnee mpakTHYHBIM TIPE/ICTABIIAETCS CHOCOO pa3perIeHns HeOTHO3HATHOCTH, OC-
HOBaHHBI Ha cirydaiiHoM BbIOOpe asropurma u3 Muoxecrsa A(X).
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Onpenenenue 8.4. Meronq MuHHMHI3AIUIN SMITIPIIECKOIO PUCKA (I HA3BIBACTCS PaHdo-
MUSUPOBAHHBIM, €CJIH [1X — TO MPOU3BOJILHBIH aJrOPUTM, BBIODAHHBIH CJIydaiiHO U paB-
HOBEPOSITHO U3 KOHEYHOro MHOXKecTBa ajaropurvon A(X).

PanjomMu3aliist cTaHOBUTCSA BTOPBIM HE3aBUCHUMBIM UCTOYHUKOM CJIyYIaffHOCTH B 3a-
Jlade CTaTUCTUYIecKoro oOydenus. Ecim paHee Tpeosarajoch, UTO CIYYailHO TOJIBKO
pasbuenne X LI X, To Temeph cTydaeH TaKyKe U BLIGOD anropuTMa a u3 MuozkecTBa A(X).
CooTBeTcTBYIONIUM 00pa30M M3MEHSIETCS W OIpPe/Ie/IeHe BEPOSITHOCTH 11epe00y IeHM:

1 _
QE:EW E [V(G,X)—V((I,X) 28] (82)
|AX)]
acA(X)
Boabmuacrso 1IOJIy9a€eMBbIX J1aJice OICHOK OCHOBaHbI JOo Ha IIGCCHMHCTHHHOﬁ, Jb60o
Ha paHﬂOMH3HpOBaHHOﬁ M>SP. SKCHepI/IMeHTbl ITOKa3bIBaIOT, YTO 3aBbIIICHHOCTL OIICHOK
neccuMmucTnaHO MOP HEeBeJIMKa, HpI/I‘{éM OIITUMHUCTHUYIHBIC, IICCCUMUCTUYHbBIC 1 PAHIOMU-

3UpPOBaHHBIE OIEHKU, KaK MPABUJIO, CXOJATCA JAPYT K JPYTy ¢ POCTOM JIJIMHBI BIOOPKHU L.

§8.2 DkcnepumeHTbl C MOAENIbHbBIMN CEMeNCTBaMN airopuTMoB

MopgenbHble cemeiicTBa anroputmoB. HamoMmamM, 9TO HAIIMM OCHOBHBIM OOBEKTOM
UCCJIeJIOBAHUS ABJIsIeTCs OMHApHAs MaTpHUIla omOoK pasmepa L X D nmopoxKgaemasi Bbl-
Goproit X = {x1,...,z1} u muO)KkecTBOM anropurmoB A = {ay,...,ap} ¢ nonapHo pas-
JINIHBIMU BEKTOPAMH OITHOOK.

Mpur Oyem paccMaTpuBaTh ModeavHble CeMeUCMEa aA20pUMMO8, KOTOPhIE 3a1at0T-
¢ HEIOCPEJICTBEHHO CBOMMHU MaTpuiamu omubdbok. MojeabHoe ceMeiicTBO — 9TO HCKYC-
CTBEHHBII 00bEKT MCCJIeOBaHUsI, He CBA3aHHBIN ¢ KaKOi-1100 peabHON BBIOOPKOI. Ero
MaTpHILa OIIMOOK OIPeIessieTcs CIeluaIbHBIM 00pa3oM u 0bJiajlaeT HEKOTOPOH <«pery-
JIAPHON CTPYKTYpPOil», ITO 00JIerdaeT BBIBOJ KOMOMHATOPHBIX OIEHOK. JIjIs HEKOTOpBIX
MOJIC/TBHBIX CEMENCTB yIaéTCsd CTPOUTH MPUMEPHI TOPOKIAIONINX X BBIOOPOK, OOBIYHO
9TO BeCbMa 9K30TUYECKHE JacTHbIe ciydan. PeajibHble cemeiicTBa KpaiitHe pejako odJiaia-
0T KaKOW-/1100 peryyigpHoil cTpyKTypoit. Tem He MeHee, n3ydeHue MOJIe/IbHBIX CeMeiicTB
[IPEJICTABISIET UHTEPEC 110 CJICAYIOMIUM ITIPUIITHAM.

Bo-11epBbix, OHI TO3BOJIAIOT UCCIEI0BATH BiusgHIE 3(DPEKTOB PACCTIOCHUS U CBI3HO-
CTH Ha BEPOATHOCTD IE€peoOydIeHUsd.

Bo-BTOpbIX, Ha HUX OTPAdATHIBAIOTCH MaTEeMATUICCKUE TPUEMBI, KOTOPBIE MOTYT OKa-
3aTbCs MOJIE3HBIMU TIPU TIOJIYIEHUU OIEHOK OoJjiee 00IIero BU/IA.

B-Tperbux, HeKoTOpBIE MOJIE/IBHBIE ceMecTBa 00/1a/1al0T TEMH Ke KJIIOUEBbIMU CBOI-
CTBaMH, 9TO 1 peaJibHbIEe — PaCCJIOCHUEM, CBASHOCTBHIO U PaSMEPHOCTBIO, 1 MOI'YT UCIIOJIb-
30BaThCs KAK 3aMeHa PeabHbIX CEMEHCTB P OlleHUBaHUN Tepeodydenus [7].

dMnNupnyeckoe oueHMBaHWE BEPOSITHOCTU MNepeodyyeHust No maTpuue owwmnbok.
Nnes 3akiovuaercss B TOM, 9TOOBI OIEHUTH BEPOSITHOCTH MEPEOOYUEHUs 10 HEKOTOPOMY
MIOJIMHOYKECTBY pas3buenuii renepasibHoil Beioopkn X = X, U X,,, n=1,... N:

Qs(ﬂa X) = % Z [(5(an, X)) 2 5}7

n=1
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AaropurMm 8.1. Bpraucjienue SMIUPUIECKUX OIEHOK BEPOATHOCTH 11€PEeOOyIeHUA.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Bpixon: BepxH:AS OIeHKa ()., HIKHSAA OIEHKa ().

Qs = 0; Qa = O;
2: nyg Beex pasbuennit X, UX, =X, n=1,...,N
A(X,) := Argminv(a, X,,);

a€eA

4 a:=argmaxv(a,X,); Q.:= Q-+ +[0(a, X,) >el;
CLGA(Xn) B
5 a:=argminv(e, X,); Q= Q-+ [ (a,X,) > 8};
- a€A(Xy) a

—

6: BEpHYTH ()., Q-.

AaropurMm 8.2. DddekTuBHOE TTOCTPOEHNE I'PaPUKOB 3aBUCUMOCTH BEPOATHOCTHU IIE€pe-
obyuenns: oT Yucyia d MepBbIX aaropuT™MoB B cemeiicrse {ay, ..., ap}.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasduenuii N; mopor &;
Brixon: Bepxuss orenka (). (d) u nrmkuss onenka Q. (d) 1y noaMHoxkectsa {ay, . . ., aq}.

1: creHepupoBaTh u 3adukcupopaTb N pa30OneHmii:
X,UX,=X, n=1,...,N;

2: aJIrOPUTM, BEIODAHHBIH [IPU 1-M PA30UEHNH [TeCCUMUCTUIHON 1 onTuMuctuaroit MIP:

Qp, Qp :=aj, n=1,..., N,
N
3 Qe(1), Q:(1) == Zl[ (a1, Xn) > €l;
4: nag Bcex d = 2, n_, D
5. gyst Bcexn:=1,..., N
6: ecan n(aq, X,,) < n(a,, X,) nm
n(ag, Xpn) = n(an, X,,) u n(aqg, X,) > n(a,, X,,) To
. Ou(d) = O(d — 1) — L [3(@n, X0) > €] + L [3(aa, Xa) > €]
an = ag;
8: ecin n(aq, X,) < n(a,, X,) nm
n(ag, X,) = n(a, X,,) n n(aq, X,,) < n(a,, X,,) To
9 Qa(d) = Qa(d - 1) - % [5(anXn) > 5] + % [5(ad7Xn) = 5};
(079 aq,

rae 0(a, X) = v(a, X) — v(a, X) — nepeobyuenHOCTD anropuT™a a npu pasbmermm X L X .

B memode Monme-Kapao pazdbuenns: BBIOUpAOTC Cirydaitabiv obpazom. Hucso pas-
ouenuit N 0ObIYHO O€PYT OT HECKOJIBKUX COTEH JIO JIECATKOB THICAY.

AnropuryM 8.1 BLIMHCAAET [BE ONEHKN BEPOATHOCTH HepeobydeHus: BepxXaas (). co-
orBeTcTByeT neccuMmucTuanoit MOP, mkuas (). — onTuMucTuynoil. AJropuT™M COCTOUT
U3 JBYX BJIOYKEHHBIX IIMKJ/IOB: BHENIHU mepeOupaer pa3OueHus, BHyTPEHHUI BbIOUpaeT
u3 A ajaroput™, MUHUMHU3UPYIONUN SMITUPUIECKUI PUCK MPU JAHHOM Pa30MeHUN, TOY-

Hee, JBa aJI'OPUTMa — IECCUMUCTUYHBIA G U ONTUMUCTUYHBIA a.
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[TomensB MecTaMu JIBa BJIOKEHHBIX UK/, HogxyanM Ajnroputm 8.2. On 3¢ deKTuBHO
(3a Bpemsi O(D)) cTpouT rpaduk 3aBHCHMOCTH BEPOSITHOCTH MePeodyUIeHHs] OT UHC/Ia
HepBbIX d aJrOpuTMOB B HOJCeMeicTBe {ay,...,aq}. Ilpeanonaraercs, 9To ajropuTMbl
YIOPSIZIOUEHBI TI0 YUCIy OIMUOOK Ha TeHepaibHoil BeiGopKe, n(ar, X) < ... < n(ap, X).

§8.3 C(Cssa3Hble cemeiicTBa anropnTmos

Uenu anroputmoB. OtupeseiiM PacCTOsSTHUE MEXK/Iy aJTOPUTMAMU KaK PAcCMOANHUE
Xommunrea MeXKITYy UX BEKTOPAMU ONIHOOK:

L
p(a,a’) = Z}[<aaxz) _[(a/7$i)|> VCL,CL, €A
=1

Onpenenenne 8.5. Koneunas nocienoBaressnocts aaroputmoB A = {ay, ..., ap} Ha-
3BIBAETCST UeNvl0 an20pummos, ecau p(aq_1,aq) = 1 st Becex d =1,..., D.

Onpenenenne 8.6. MHOXKecTBO aJrOpuTMOB A HA3BIBAETCS CEA3HbIM, €CJIH JIJIS JIIOOBIX
a,a’ € A B HEM cyIiecTByer Ijelb a = ag, a1, ...,ap = d’.

Onpenenenne 8.7. Ilenr A = {ay,...,ap} Ha3BIBACTCS Npamot, ecan p(ag,ap) = D.

B npsimoii mienin Bce 00bEKTHI &g, HA KOTOPBIX PA3JIMIAIOTCS IBA COCETHUX aJrOpUTMA,
I(ag_1,2q) # I(ag,z4), monapro pazmuanel. Jucao takux o0bekToB pasHo D. Orcroa
caejlyeT orpaHumdeHue Ha JIUHY IpsMoit menu: D < L. Jliobas 1momnoc/ie/1oBaTe IbHOCTD

IPAMOI TEIH oy, . . ., Ay, 0 < u < v < D, TakKe sIBJISICTCs TPSIMOM TIETIBIO.
Onpenenenne 8.8. Ilens amropurmos A = {ao,...,ap} HA3BIBACTCS MOHOMOHHOU,
ecin n(ag,X) = m + d st Bcex d = 0,..., D, npu mekoropom m > 0. Amropurm ag

Ha3bIBaC€TCA AYHYUUM 6 UENU.

B mownoronnoit nenn I (ag_1, ;) < I(aq, z;) aist Beex ; € X, d=1,...,D.
Mownoronnas 1ens sBisgercs npsamoit. OTcioga ciremyer orpanndenue D < L —m.
B ciiygae MoHOTOHHOI T1en 0OHEKTHI BBIOOPKU MOYKHO IEPEHYMEPOBATH TaK, YTOOBI

ag,z;)=[i<m+d|, i=1,...,L, d=0,...,D.

[Hernb aJropuTMOB MOZKET ITOPOXKIATHCS, B 9aCTHOCTH, OJHOTIApAMETPUIECKUM CeMeii-
CTBOM KJIACCU(PUKATOPOB C HEIPEPBIBHON 10 MapaMeTpy JUCKPUMUHAHTHONW (PyHKIIHEL.
Ecim mpu HenpepbIBHOM CMEIIEHUU TapaMeTpa B CTOPOHY OT ONTHMAJIBLHOTO 3HAYCHUS
YUCJIO OIMMOOK Ha TOJIHON BHIOOPKE MOHOTOHHO He YOBIBAET, TO 0Opa3yeTcs MOHOTOHHAS
1erib. MOHOTOHHAS TEITb — 9TO OJHO U3 IMPOCTEHNIIIX MOJIEIbHBIX ceMeiicTB, obJrajiaroIee
CBOMCTBAMU PACCAOCHUA T CEAZHOCTNU.

ITpumep 8.1. Ilycth A — ceMeicTBO AUHETHLT AAOPUMMOE KAACCUDGUKRAUUL — Tapa-
merpuaeckux orobpaxenuit uz X = R" B Y = {—1,+1} Buga

a(x,w) = sign (rywy + - -+ + zowy), x = (r1,...,7,) € R,
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Puc. 8.1. Basucumocts (a4, X) or HOMepa ajaropurMa d B IEH CJIyIaiiHbIX HHBEPCHI
¢ paccioenueM (cieBa) u 6e3 paccioenust (cupasa), npu ¢ = k = 100, m = 10.

e napamMerp w € R™ — HanpaB/IdOMui BEKTOD TUIEPILIOCKOCTH, Pa3JIe/IAOINIei mpo-
crpancTBo R™ Ha jiBa mosynpocrpancTBa — Kjaaccbl —1 u +1. [lyers dyHkng morepb
umeer Bug I(a,z) = [a(z,w) # y(z)], vae y(r) — ncrunnas xinaccndukamus oobekTa
U MHOYKECTBO OOBEKTOB X JIMHEWHO pa3JeuMo, T.e€. CylecTByeT BekKTop w* € R mpu
KOTOpOM ajiroputm a(x, w*) He momyckaer ommOok Ha X. Torma MHOKECTBO aJrOpUTMOB

As = {a(z,w* +16): t € [0,400)}

MTOPOK TAaeT MOHOTOHHYO TeIb 1Tpu JI000oM 0 € R™, 3a HCK/TIOYeHeM, OBITh MOYKET, HEKOTO-
POr0o KOHEYHOI'O MHOYKeCcTBa BEKTOPOB. IIpu sTom m = 0 B cuity JIMHEIHON pas3/1eTMMOCTH.

IJKCNepuMeHT C YeTblipbMsi MoAesibHbIMU cemencTBamMu. llesb sxcrepuMenTa — Bbl-
sICHUTh, KaK PACCJIO0EHHUE U CBA3HOCTD BJIUSAIOT Ha IIepeodyueHne, Kakoil us JByx 3pdexTon
BazKHEe WJIN K€ BayKHO WX codeTaHue. [[jig 9TOro ctpodrcs derTbipe MOJETbHBIX CeMeii-
CTBa C OJIMHAKOBBIM JIYUIIUM aJIlOPUTMOM (g, KOTOPBIN JIOMYCKAET 1M OIIMOOK Ha II0JI-
HOit BeIOOpKe. Kaxk1oe m3 4eThIpéx ceMeiicTB 3aaéTcsd HelIOCPEICTBEHHO CBOEl MaTpuIieit
omuboK pazmepa Lx D.

1. Ienv cayuatinwr uneepcuti ¢ paccaoenuem. Kaxkablii ceIyionuii BEKTOP OIU-
OOK g TOJIydaeTcd U3 MPEJbLIYIIEeTO (g1 IIyTEM UHBEPCUU OJIHON CIydaiiHO BHIOpaHHOI
KoopuHaThl. Ecu 1ens jjocratodno jymuHHag, D > L, TO OOJIBIIUHCTBO aJIOPUTMOB
6y/yT jomyckaTh 0koj1o L/2 omubok, puc. 8.1.

2. Ilenv cayuatinoir uneepcud 6e3 paccroenus. Kaxk bt BEKTOp OMMOOK (g ITOJIyYa-
eTCsI U3 (g1 TAKZKe IyTEM OHOMN CIyIailHOl NHBEPCUU, HO IPU HEIETHBIX d MIPOU3BO/ISITCS
ToJIbKO uHBepcuu 0 — 1, a npu 4érabiX d — ToabKo 1 — 0. B pesysibrare dnciio ommbok
aJITOPUTMOB Ha IOJIHOM BBIOOPKE IMO0YEePETHO PUHUMAET 3HadeHusd m u m + 1, puc. 8.1.

3. He-uenwv ¢ paccioenuem CTPOUTCS IO MEMH ¢ PACCTOCHUEM IIyTEM CIyYaifHOrO I1e-
peMeIuBanus HyJIel U eJIMHUI] B KaZKJIOM BEKTOP-CTOJIOIE MATPUITI OMIIOOK ¢ 4. 1acToThI
omubOK AJropuT™MOB V(ag, X) TIPU 9TOM HE U3MEHSIFOTCs, HO BCE aJITOPUTMbI CTAHOBATCS
CYIIIECTBEHHO PA3JIMIHBIMU.

4. He-uenwv 6e3 paccaoerus CTPOUTCS T10 Telu 0e3 pacc/JoeHusT aHAJIOTUIHO.
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Puc. 8.2. Ilpumep marpuir ommbOOK YETHIPEX MOJEIBHBIX CeMeiCTB, KOTJ/ia BMECTO

Hereit ciayvaiiHbIx HHBepCcuil 6epyTcst IpsMbIe TICIN.

Bwmecto 1ieneit cirygaitHbIX MTHBEPCUIT MOYKHO OBLIO ObI B3ATH U MIPAMBIE TN, PUC. 8.2.
O HaKo WX MCHOJIB30BaHUE HAKJIAJIBIBAET OTPpaHUYEHUe Ha YUCI0 aJroputMoB D < L.
Kpome Toro, 1emnb ciydailHbIX WHBEPCHil IIPEJICTAB/ISIETCS 00JIee PEATUCTUIHON MOJIE/IBIO
OJTHOTIAPAMETPUIECKOTO CeMENCTBa aJIfOPUTMOB.

Corocrapiienne 9eThIPEX MOJIE/IBHBIX CEMENHCTB MO3BOJISIET Pa3/Ie/INTh BIUSHUE C68A3-
HOCTU U PACCAOEHUA HA BEPOATHOCTH ITepeo0yYeH .

Ha puc. 8.3 u puc. 8.4 mokazanbl 3aBUCHMOCTH BEPOATHOCTH ITepeodydenus (). OT duc-
J1a ajaroputmMoB D ijist 4eTbIpéx cemeiicts, nipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yucsio paszbuenuit B metoge Monte-Kapio N = 10%. Venosnble ob6o3nadenns Ha rpadu-
kax: +LU —mens, —L| — ne-tienb, +P — ¢ paccioennem, —P — 6e3 pacciioenusi.

[Tokazanbr Takzke rpadukn 3aucumoctu DJIKP — sfhexmusrozo aokarvrozo xoogp-
Puvuernma pasnoobpasua A ot uncia aaropuryos D. DJIKP B 1aHHOM cirydae ompeie)is-
eTcsd KaK OTHOIIEHIE BEPOSTHOCTH Iepeobytienus cemeiictsa {ay, . ..,ap} K BEPOATHOCTI

repeobydeHnst OJTHOIIEMEHTHOTO TiojiceMeiicTBa {ag}.

OcHoBHble BbIBOAbI.

1. Jlna cemeiicTB 6e3 pacc/ioeHns: U CBA3HOCTH ITepeodydeHrne MOXKeT OKa3aThCs 3Ha-
YUTEJILHBIM yrKe [IPU HECKOIBKUX JIECATKAX aJlOPUTMOB B CeMeCTBe.

2. Ilpu Gosbiux D TOJIBKO OJIHOBPEMEHHOE HAJIMYNE PACCIOCHUS U CBSI3HOCTHU TI03BO-
JigieT n3bekaTh CUJILHOTO Iepeobyuenust (HIZKHIE KpUBbIe Ha rpadukax). Takum ob6pazom,
BayKHO MMEHHO COYETAHUE CBOWCTB PACCIOEHUSA U CBAZHOCTH.

3. CBA3HOCTD CHMKAET TeMIT pocTta 3aBucnMocTi Q. (D).

4. Paccoenne IOHNKAET yPOBEHb TOPU30HTAJIBHON acUMITOTHI (. (D), mpuiuém Tem
cUJIbHee, YeM Jierde 3ajiada, TO €CTh YeM MEHbBIIEe YUCJIO0 OIMMOOK JIYdINero ajropurMa,
YTO BUJIHO U3 cpaBHeHUd puc. 8.3 u 8.4.

5. Ilpm mHaymamu paccjioeHus BEPOATHOCTb BhIOpATh B pe3yJibTare OOYUeHHsS ajiro-
PUTM U3 BEPXHUX CJIOEB OBICTPO MaJIaeT ¢ POCTOM HOMEpA CJIOS.

6. Basucumoctu Q. (D) un A(D) UMEIOT TOPU30HTAJIBHYIO acCUMITOTY. B TO yKe Bpems,
VC-onenka smneiina mo D, #a rpacdukax DJIKP eit coorBercTByeT mnpsmas A(D) =D.
VC-ornenka 6/iM3Ka K TOYHOI TOJIBKO JIjIs He-Teleil U TOJbKO P MaJbiXx [); B JaHHOM
skcnepumente — rpu D < 10; mpu D nopsiyika 20 oHa yKe MPEBOCXOIUT €/IMHUILY.
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Puc. 8.4. 3aBucumoctsb BEPOSTHOCTH
nepeobydenust Q. u DJIKP A ot guc-

sa ajgroputmoB D. Tpynnas 3amaqa:
v(ap, X) = 0.25.

Puc. 8.3. 3aBucuMocTh BEPOSITHOCTH
nepeobyuenusi Q. u DJIKP A or unc-
na agropurmoB D. Ilpocrast 3amaua:
v(ag, X) = 0.05.

DKCIEPUMEHT C YeThIPbMsi MOJEJIbHBIM CeMeHCTBAMHU BBIIBIU HEOOXOIUMOCTb COB-
MECTHOT'O YYE€Ta CBOMCTB PaCC/JIOCHUS U CBI3HOCTH W IMOJITOJIKHYI K TEOPETHICCKOMY H3Y-
YEeHUI0 MOHOTOHHBIX IIeleil aJropuTMoB. VIMEHHO ¢ 3TOro SKcIepuMeHTa HaIa0Ch aKTHB-

HOE pa3BUTHE KOMOMHATOPHOIN TEOPHUU IePeodyIeHUS .

§8.4 TouHas oueHka /151 MOHOTOHHOI LENN anropuTMoB

Tounas OIICHKa BEPOATHOCTU Hep606y‘{eHI/IH JJIA MOHOTOHHOM el aJropuTMoB MO-
2KET OBITh IIoJIyd€eHa C IIOMOIIBIO METO/La ITOPO2KAAIONINX U 3allpellalonnX MHO2KECTB.

Teopema 8.2. Ilycte A = {ay,...,ap} —MoHOTOHHAST Henb aaroputMoB, L > m + D,

m = n(ag, X), MeTO] O6YIEHHUs |1 SIBISETCS MeCCAMUCTHIHON MUHIMU3AIHEN SIMITHPHYIe-
cKkoro pucka. Torja BeposTHOCTh HOJIYIHTh aJrOPUTM G4 B PE3yJbTaTe 00y IeHHs PABHA

Py=C0 jCt d=0,...k;

e § = [d < D]; BeposiTHOCTB 1epeobydenisi paBHa
min{k,D}
-5,
Z F d,HL—dinzS

d=0

Q& (%(m—i—d—sk)) .



— 77—

HokazareabcTBO. lleperymepyem oObEKTHI TaKuM 00pa30M, ITOOBI KAXKJIBI U3 AJIr0-
puTMOB ag, d = 1,..., D momyckas ommoOKy Ha 00bEeKTax Iy, ..., Tq. OUeBUIHO, JIydInit
AJITCOPUTM @ He JIOIyCKaeT OIMMOKY HU Ha OJIHOM M3 3TUX 00bekToB. Hymeparus ocrain-
HBIX OOLEKTOB He UMeeT 3HAYEHUs, TaK KaK aJrOPUTMbI HE PA3IMINMbl Ha HUX.

JL1st HATJISITHOCTH TIPEJICTaBUM BBHIOOPKY X paszOouTOil HA TpH OJIOKA:

T1 T2 T3 D #
a=( 0, 0, 0, 0, 0,...,0, 1,...,1 );
aq=( 1, 0, 0, 0, 0,...,0, 1,...,1 );
d=( 1, 1, 0, 0, 0,...,0, 1,...,1 );
iz =( 1, 1, 1, 0, 0,...,0, 1,...,1 ),
ap=1( 1, 1, 1, 1, 0,...,0, 1,...,1 );

BadukcupyeMm aaropuT™m g U pACCMOTPUM TPH CJIydasi.

1. Eciu d > k, To unciio ommboK ajiroputMa a, Ha MHOYKECTBE 0ObeKTOB {X1, ..., Tq}
[IPEBBIIIACT JJIMHY KOHTPOJILHOHN BhIOOPKHU. HacTh ommnboK 00g3aTeIbHO OKaXKeTCsi B 00Y-
Jaroreil moJBbIOOpKe X, U MeToJ 1 BbIOepeT Jpyroit aaropurm. B sTom ciiydae

[,uX:ad]:0, Pd:O

2. Eciud < kud < D, 1o MeTo/1 i1 BEIOEPET AJITOPUTM (g, KOTJIa O0BEKTDI X1, . . . , Lq
Oy/IyT HaXOJUTHCA B KOHTPOJIBHON MOABBIOOPKE X, a 0O0BEKT X411 — B obydaromeit X:

[/J,Xzad]:[.’L’d+1€X][Z'1,...7l'dEX], LdZL—d—l, by =10—1.

3. Ecmm d < kud= D, To MeToJ1 )4 BbIOEpET HAUXY/IIIIUI aJrOPUTM B IENU ap),
KOTJIa BCE OOBEKTHI I, . .., Tp OYAyT HAXOIUTHCS B KOHTPOJIBHO MOJIBRIOOPKE X :

[,uX:ad]:[xl,...,xdEX], Li=L—-d, {;=1V.

Takum 0b6pasoM, crpaBeInBa IPOocTasl TUII0Te3a O IHOPOXKAIOIINX U 3aIIPeIaioux
muokecTBax (7.1). Yrobsl npumennts Teopemy 7.3, HallAéM 71 KayKI0TO aJrOPUTMa dg
saadenust Lg, (g, Mg, Sq, OObeIUHUB Caydan 2 U 3 ¢ MOMOIIBIO Honpasku 6 = [d < D|:

Li=L—d—06, ly=(-5 mg=m+d—d=m, s4(e)=%(m+d—ck).

[Toncrasiss 51 Beipaxkenus B (7.3) u (7.4), MOJydnM yTBEpK/IEHHE T€OPEMBL. W

Bameuanwue 8.1. Bepxumuit npemes cymmuposaiiust B (8.3) MOXKHO IIOJIOKHTH PABHBIM D,
nockobKy nipu d > k mveem C7 %+ = 0, ciejosarensno, Py = 0.

Sameuanmne 8.2. Ilose3no npoBepuTh, 9TO COBOKYIIHOCTH YCIOBHI (X =a ompejesieHa

KOPPEKTHO, JIoKa3aB ToxkjaectBa y  [uX=a| =1 mmbo > P, = 1. ljsi MOHOTOHHOI T1eTn
acA acA
00e 5Tu POBEPKU BHIHECEHBI B Y IPaKHEHU.



— 78 —

8epOAMHOCHIb Nepeodyyenus 306bIUEHHOCHb QYHKYUOHANA PABHOMEPHOU CXOOUMOCIIL
1100 4

0.9 4 1000 4

0.8 900 1
800 1

700 1§

0.7 1

06 1
600 1

500 1
400 1

05 1 }

04 1

0.3 1 =l= 300 1
0.2 1 200 4
0.1 4 }E_‘_ 100 1
0 1 0]
0 002 004 006 008 010 012 0%  mounocms, eps 0 002 004 006 008 010 012 014 mounoCH®, eps
—— TOYHasi ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHast — onT.M3P

Puc. 8.5. CiieBa: 3aBUCHMOCTD OIEHOK BEPOSITHOCTU TiepeolydeHust (). OT €: TOU-
Hag orenka n3 Teopembl 8.2 U UeThIpe OIEHKHU, BhIMUCICHHBIE MeTonoM MonTte-Kapiio
o 1000 ciydaitHbIX pa3OUeHuit: AJIst MeCCUMUCTUIHON, ONTUMUCTUIHON U pPaHIOMU-
supoanHoii MOP. BepxHsisi KpuBasi COOTBETCTBYET OIEHKe 10 (DYHKIHOHAY PaBHO-
MepHOI# cxomumoctH Pe. ClipaBa: CTeleHb 3aBbIIIEHHOCTH dbyHKIIMOHAIA PABHOMEPHOMN
exomocta P / Q<. Bee rpaduku nocrpoenst mpu £ = k = 100, m = 20.

sepoamuocmy nepeodyyenus, npu eps=0.0500501 8EPOAMHOCTb
0.50 0.50 1
045 045
0.40
040 1
0.35 1
0.35 1
0.30 1
0.30 0.25 1
0.25 0.20
020 1 0.15 §
0.10 1
0.15 1
0.05 1
0.10 § 0]
0 5 10 15 20 25 30 3 4 wucro areopummos, D 012345678 9101121811 gropumu,d
—— TOyHas oueHka —— necc.MOP — paHg.MOP —— BeposATHOCTb anmropytvia P(d) ~ —— BeposTHOCTL nepeobyyeHuns
—— paBHOMepHas ~ —— onT.MOP —— Bknag d-ro anropumva B Qeps

Puc. 8.6. Crepa: 3aBUCHMOCTb BEPOSITHOCTH TiepeolydeHust (). OT UHCJIa AJTOPUT-
MmoB D. CupaBa: BEpOSITHOCTB MOJIy9eHHsI KaxKJI0ro u3 ajaroputvos Py = P[uX =ay),
BKJI&JI KasKJIOr0 aJlfOPUTMa B BEPOSITHOCTD Itepeobydenns ()¢, 3Hadenne () /Il IeCCh-
muctuaroir MOP o mojamuO)KeCTBY agropur™MoB {ag, . .., a4} Kak MYHKIUS OT IHCIa
asiroput™MoB d. Bee rpaduku nmocrpoenst ipu £ = k = 100, m = 20, ¢ = 0.05.

BbluncnurenbHbii akcnepumedT. [locTtponm 3aBUCHMOCTD BEPOSTHOCTH TIepeodytie-
Hust (). OT TOYHOCTH € W JUIMHBI Tiern . 3a07QHO TPOBEPUM IOJYIEHHYIO (hOPMYJIY,
CPaBHUB PE3YJILTAT C SMIUPUICCKON OTCHKOM Q., BeranCIeHHoi Mmemodom Mowme-Kapao
mo N = 1000 ciyuaiinbix paszouenwnii. ['pacdukn na puc. 8.5 nmocrpoensn! npu £ = k = 100
u m = 20, To ecTb Koryia Jiydmuii aaropurm jomyckaer 10% ommbok Ha 10JIHON BHIGOPKE.
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[TeccumucTranast u pangoMusupoBanias MIOP naror mouru oanHakoBbIe OMEHKHT ().,
OITUMHUCTUIHAST — 3aMETHO 3aHUKEHHYIO OIEHKY, CM. JIEBBIIl rpaduk Ha puc. 8.5.

B skcnepumMenTe BBIYHC/IAIACH TaKKe SMIIMPUIECKas OIeHKa (DYHKIIMOHAIA PABHO-
MEPHOU CXOJIUMOCTH,

P. = ﬁ[rgleajcé(a,X) > 5].

OH 9aBjsieTcst 3aBBINIEHHON BepXHEH OIEHKOH BepodTHOCTH Tepeobyuenus, (). < P,
cM. c1p. 48. TlpaBblit rpaduk Ha puc. 8.5 MOKA3BIBAET, YTO ITa OIEHKA MOXKET ObITh 3a-
BBIINIEHHON B COTHU PAa3.

JleBorit rpaduk Ha puc. 8.6 MOKA3BIBAET, YTO C POCTOM UHUC/A AJTOPUTMOB B MOHO-
TOHHOI T1enn (DYHKITHOHAJI PABHOMEPHON CXOMUMOCTH P, TIPOJI0/IZKAET BO3PACTaTh, TOT/IA
KaK BEPOSITHOCTD TepeolydeHust (). mocie H—8 aJropuTMOB BBIXOINT HA TOPU30HTATIBHYTO
acumnroty. Corstacio Teopeme 5.4, oreHKa PABHOMEPHO CXOIMMOCTH 3aBbIIIEHA U3-38
TOro, UTO OHA He yunThiBaer 3deKT paccioenus. [1osroMy Kpusyto P. (BepxHsist KpUBast
Ha JieBoM rpaduke puc. 8.6) MOXKHO paccMaTpUBaTh KaK OIEHKY BEPOSITHOCTU Iepeody-
qeHus JUId uenu 6e3 paccaoenus. TolbKO coBMecTHOE IposiBiieHne 3(h@eKTOB paccaoe-
HUsI U CBA3HOCTH MOHMZKAET BEPOSITHOCTD TIepeolyIeHusT 10 MPUEeMJIEMO MAJIbIX 3HATEHUII.
DTOT 2Ke BBIBOJI ObLII CJIeJIaH BBIIIE B SKCIIEPUMEHTAX CO CIYUANHBIMU IIETISAMHA.

Braadom Qc(a) anzopumma a B BeposSTHOCTD Hiepeodydenust (. OyeM Ha3bIBaTh CJia-
raemoe Iojl 3HaKOM CyMMBI » , B ob1meil hopmyse BepositHocTH tiepeobydenust (7.10):

acA
Qg - CavPaU%ZGW ey (Sav (5)) :
> D .
acA veV, B
Q:(a)

Puc. 8.6 (cripaBa) mokasbIBaeT, UTO CyIIECTBEHHBIE BKJIA bl B BEPOSTHOCTH [IEPE0dy e~
HUSI BHOCAT TOJIBKO QJITOPUTMbI HECKOJILKIX HUKHUX CJIOEB. DTO CIIPABE/JINBO HE TOJIHKO
JJ1d MOHOTOHHBIX IIellell, HO U JJIA MHOTMX JPYTUX CEMEHCTB aJIlOPUTMOB.

§8.5 TouHas oueHka gnst yHMMoaaNbHOW LENN aNropuTMOB

YHUMO 1A IbHAS TIEb ABJISIeTCs 60JIee PEATMCTUIHON MOJIE/IBIO OJITHOITAPAMETPUIECKO-
IO C6A3H020 cemelicmea, TI0 CPABHEHNIO ¢ MOHOTOHHOI 1enbio. OHa mpeJimoaraeT, 9To OT-
KJIOHEHUE BEIECTBEHHOI'O IapaMeTpa OT ONTHMAJIBHOIO 3HAYEeHHS, KaK B OOJIBIIYIO, TaK
U B MEHBIIYIO CTOPOHY, IPUBOJNUT K YBEJIUUECHUIO THUCJIa OMINOOK.

Onpenenenne 8.9. Ilpsvas nens A = {ap,...,a1,ap,d},. .., } HA3BIBACTCT YHUMO-
danvhotli, ecim €€ Ae6as 6emed Gy, Ay, . ..,Ap H NPABAA 6EMEb Ay, Ay, . .., A, SBIIIOTCSI
MOHOTOHHBIMH IIEIISIMH. AJITOPDHTM G HA3BIBAETCS AYUULUM 6 UEN.

IIpumep 8.2 (mpomosrkenne npumepa 8.1). Ilycrs mHO)KecTBO 06bekTOB X C R”
JIMHEHHO Pa3/IeInMo, T.e. CYMIECTBYeT Aunelnud Kkiaccuduramop a(x,w*), He IOIycKa-
foruit omuooK Ha X. Torma MHOXKeCTBO aJIropUTMOB {a(x, w* +t0): t € ]R} MMOPOXKJIaeT
YHUMOJIAJTbHYIO TIeIlh JIjIs TOYTH JIF000T0 HAIPaBJIAIONero Bekropa 0 € R™.
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O6osnaunm gepe3 m = n(ag, X) IUCI0 ONUOOK JIYUIIEro aJropuTMa.

PaceMoTpuM yHUMOJIQJIBHYIO TIellb ¢ BeTBAME paBHOi jyuabl, D = D’. [leperywme-

pyeM OO0bEeKThI TaK, 9TOObI KaXKbIil U3 aJIropuT™MoB agq, d = 1,..., D jomyckaj ommuoKy
Ha O0BEKTaX X1,...,Tq; & KaxK/Jblil U3 aaroput™oB ay, d = 1,..., D momyckas ommoKy
Ha 00bEKTax x,..., .. MuoxecrBa oobekToB {21,...,2p} u {x],..

IOTCd B CHJIy TOI'O, 9YTO YHUMO/JaJIbHad HEIIb ABJIACTCA HpHMOﬁ. ()“IGBI/I,ZLHO7 JIyLIH_II/Iﬁ aJIro-

PUTM ap HE AOIIyCKaeT OH_H/I6Ky HI Ha OJHOM M3 9TUX 0OBLEKTOB. HyMepauHﬂ OCTaJIbHBIX

.,&'n} He Iepeceka-

0OBEKTOB HE MMEET SHa4deHud, TaK KaK aJIr'opuTMbl HE pa3/IMYMMbI Ha HUX.

JL1s1 HADJISIIHOCTH TIPEeJICTaBUM BBIOOPKY X pasOuToil Ha deThipe OJI0Ka:

Ty T2 XT3 D xr
60 - ( 07 07 07 07 07
ajl = ( 17 07 07 07 07
62 = ( 17 17 07 07 07
63 - ( 17 17 17 07 07
6D - ( 17 17 17 ]-7 07
6_i/l = ( 07 07 07 07 ;
C_L'/2 = ( 07 07 07 07 3
6{3 = ( 07 07 07 07 )
in=( 0, 0, 0, ... 0, 1,

Byzem nosarars, 1o ecsin MunnmyMm (8.1) gocruraercst Ha JIByX aJrOpUTMax ¢ O/HA-
KOBBIM YHCJIOM OIMMOOK U Ha 00ydarorieil, 1 Ha KOHTpoJIbHON BbibOpKe, A(X) = {aq4, aj},

1,

x 'y
07 07 07 N ’O’
07 07 07 ’07
07 O? 07 * 707
0, 0, 0,....0,
0, 0, 0,...,0,
0, 0, 0,...,0,
Y O? 07 * ’07
17 07 07 * 707
1, ... 1, 0,....0,

TO METOJI [/ BBIOUPAET AJTOPUTM Gy U3 JICBOIl BETBU.

Teopema 8.3. Ilycte A = {ap,...,a1,a,ad},..
D>1, L>2D+m. Ilycte i — merox neccuvucruaroii MIP. Torma BeposTHOCTH 1mO-

JIYIUTDH Ka}K,lIbH;I U3 aJropuTMoB II€lid B pesyJibTare O6yquI/IH €CThb

Cr%
P(] =P ,LLX:CLO = — ;
o =an] = Lo
06:57 _50611 B
Pd:P[MX:ad}: Ldécg L—2d—2
L
Pc/l _ P[“X:azl} _ Cﬁi(il—d B Cﬁi(;d—é’

L

)

d=1,...,min{k, D};

d=1,...,min{k, D};

m

—

1.1

., a'n} — yaEIMOna bHAS 1enb, { > 2,
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e § = [d < D). Honoxum sy(e) = £(m + d — k). Torna BeposrHOCTD 11€pEOy deHmsT

Cl oy 2, P Ci A 5,
Q. = Cg H EAICICIEIY) ct ——H 5 (sa(e)) —
d—1
C —1,m
-0 0221 R S (sa(e) —
Cl 51 05m
T ot Hy a5 (sale)) |- (8.4)
L

HoxkazareabcTBo. PacemorpuM stydmniuii aaroputm ag. Eciam oba obbekTa x1, o) jexar
B 0oDyH1aroIeil BBIOOPKe, TO HUKAKOI JPYTOif aJirOPUTM y2Ke He MOYKET OBITh TIOJIyUeH, 110-
CKOJIBKY (@ MAUHUMUBHUPYET SMIUpHIecKnuil puck. Ecin xors 661 oqun n3 00bEKTOB X1, T}
He JIYKUT B oOydJaronieil BhIOOpKe, TO 4 BIOEPET JIPYTOil aJlfOPUTM B CHJTY TTECCUMUCTUY-
noctu. Takum obpasom,

[uX=a0] = [11, 2] € X].

PaccMoTpuM mpon3BOIbHBIN aaropuTM ag u3 JeBoit Bersu, d < D). Eciu 661 He 66110
[IPaBOii BETBU, TO YCJOBHUE IOJIYUEHUs AJTOPUTMA G4 ObLIO Obl TAKUM Ke, KaK B MOHO-
tounoit nenu: [uX=a,4] = [1411 € X][x1,..., 24 € X]. Ilpn Hammamm npaBoii BeTBH ajro-
PUTM ag OyJeT Pe3yIbTaToM 0OydeHns IpH Tex yKe pasomenuax X LI X, 3a uckmodeHueM
CTydaeB, KOTJa OJUH W3 aarOPHTMOB IIPaBOil BETBH Gy, .. .,d  TaKKe MHHEMUI3HPYET
SMIIMPUICCKUI PUCK. DTO MPOMCXOIUT, KOTJIa OOBEKTHI L, . . . , Ty, 1 JIE?KAT B KOHTPOJILHOI
BoIOOpKe. CJre/10BaTe/IHHO,

(nX=a4 = [zas1 € X][z1,..., 24 € X](1 = [2,... .2l €X]), d=1,...,D—1

YesoBus JJIA Hp&BOfI BETBU BLIIUCBEIBAIOTCA aHajornduo. Orjmyne cOCTOUT B TOM,

10 1IpH {ay, a;} C A(X) npeanourenne oT1aéTCsa AITOPUTMY (g U3 JI€BOil BETBH:
(uX=ay] = [l € X][2},...,a, € X](1 = [21,...,20€ X]), d=1,...,D—1.
Jis mocste IHIX aJIrOPUTMOB ap, 4y, T€ YKe PACCYKICHUsT TIPUBOJST K YCIOBUSM

[nX=ap] = [z1,...,2p € X];
(uX=dp] = [z,....2% € X](1 = [x1,...,2p € X]).

Takum obpaszom, crpasemBa 0600mEHHas runoresa [13M (7.7). Kaxmomy asro-
purmy a € A coorBeTcTBYeT OjiHA min jiBe napbl [I3M, npuuém ecim Bropast mapa ecrb,
TO €€ K03(bUIMeHT OTpUIaTe eH, Cq = —1.

[I3M u mapamerpbl Ly, L4y, Cqp BCEX AJTOPUTMOB YI0OHO CBECTH B TaOJIMILY:
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AJITOPUTM ITM 3M Ly Lo Caw
aop {z1,2}} @ L—-2 -2 +1
ag, d=1,..., D=1 | {zg1} A{x1,..., 24} L—d-1 (-1 +1
{wam} Ao, oz, 2} | L—-2d—2 (-1 —1
aj,d=1,....D=1 | {z),} {},..., 2 L-d-1 (-1 +1
@,y Ao, al e, ey | L—=2d—-1 (-1 —1
ap @ {z1,...,2p} L-D 14 +1
ap @ {z,..., 2 L-D 4 +1
1%} {24, ..., 2p,21,...,2p} | L —2D 14 -1

Jst Beex anroputvos u Beex nap [IBM mg, = m, sq(e) = £(m +d — ck).

Teneps Jierko 3anmncars BeposgTHoCTH Py, P 110 dhopmyiam (7.8), (7.9) n BeposaTHOCTD
nepeobyuenus 1o dpopmyie (7.10). Oobenunsst ciayuan d < D u d = D ¢ 1IOMOIIBIO T10-
upaBku § = [d < D], momyanm (8.4). n

Sameuanwne 8.3. Ilpu d > k zampemniatoriee MHOXKECTBO HE YMEMIACTCs EJTUKOM B KOH-
TPOJIBHYIO BBIOODKY, n Torja [uX=a,4 = [pX=a)] =0. D10 06CTOATEIBCTBO MOKHO
YUeCThb SIBHO, OPPAHWYIWB BEPXHUiT HHjeKe cymMmmupoBanust B (8.4) munnmymom min{k, D}.
Ho MOXKHO u ocTaBUThH BepxHUil uHjIEKC D, MOCKOIBKY OMHOMHUAJBHbIE KOIMDMOUIUEHTDI
Ct7° s B 9TOM CilyHuae oGpaIIaioTcs B HyJlb.

3ameuanme 8.4. Ilposepka koppekTHOCTH yCa0BuUil X =a BbIHECEHA B YIIPaYKHEHUS.

Pe3iome

Mojenbable ceMeiicTBa aJropuTMOB 3a/Ial0TCS HEIIOCPEICTBEHHO MaTPUIIAMU OIIHU-
00K, a He peaJbHBIMH BbIOOpKaMu. MoHOTOHHAaS TElb aJrOPUTMOB — 3TO MIPOCTEIIee MO-
JIeJTbHOE CeMEMCTBO, 00J1a/1alolee CBOMCTBAMI PACCAOEHUA U C8A3ZHOCTIU. Y HUMOIaIbHAs
[IEIlb AJITOPUTMOB COCTOUT U3 JIBYX MOHOTOHHBIX Ieleil U sBJsieTcs 0oJiee aJIeKBATHOM
MOJIEJILIO CeMENCTBa, aJITOPUTMOB C OJJTHAM BEIECTBEHHBIM TapaMeTpPOM.

MeTo/1 MOpoK TafoNuX U 3alpPenalimX MHOKECTB JIaéT TOUHYIO OIEHKY BEPOATHO-
cTh 1epeodyvdeHns JIJisi MOHOTOHHBIX U YHUMOJAJIbHBIX Teleil aJropuTMOB.

XopoIro pacc/ioeHHbIe TEIN AJTOPUTMOB MTOUYTH HE IepeodydaeTcsa. DTOT (HakT CIy-
JKAT KOCBEHHBIM OOOCHOBAHUEM JIJIsI TIPOIELYP OJHOMEPHONH ONTHUMUBAINHT, IITUPOKO IIPHU-

MEHACMDbBIX B MaIlIMHHOM O6y‘{eHI/II/I.

B cnepyrowein nekumu Mol BBeJIEM IMOHATHE I'pada PacC/IOeHUs—CBI3HOCTH CeMeli-
CTBa aJITOPUTMOB U TIOJIYIUM BEPXHIOIO OIEHKY BEPOATHOCTHU I1epeodydYeHns, IPUMEHUMY IO
K ITPOU3BOJILHBIM ceMeficTBaM, KaK MOJICJIbHBIM, TaK U peajbHbIM. B ol0Iem cirydae 910
UMEHHO BEPXHSASA OIeHKa, OHAKO JIJIT MOHOTOHHBIX Ilereil, MOHOTOHHBIX ceTell U HEKOTO-

PBIX APYTIUX MOJEJLHBIX CEMEHCTB aJI'OPUTMOB OHA ABJISAETCA TOIHOI.
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Ynpa>kHeHust

Bamaua 8.1 (1). oxasars Teopemy 8.1.

Bamada 8.2 (1). [lokaszars, uro nensb amropurmoB A = {ag,...,ap} ABIgETCS TPAMOIL
TOrJIA U TOJIBKO TOIJIA, KOIJa BCE OOBEKTHI T4, HA KOTOPBIX PA3IMYAIOTCs J[BA COCEIHIX
agropur™a, I(ag-1,2q) # (a4, 4), TOTAPHO PA3IMIHBL.

Banagda 8.3 (1). Ilposepurs, U0 B ciyuae MOHOTOHHOI Tenn yemosust [uX=a| B Teo-

peme 8.2 ompejieleHbl KOPPEKTHO, JI0KAa3aB TOXKIAeCTBO » | [uX=a| = 1.
acA

[losickasKa: BOCIOIL30BAaThCA TOKAecTBOM |1 € X| =1 — [x € X].

Bamada 8.4 (1). Ilposepurs, uro B cirydae yHUMOIAIbHOI Henu yeaosus (X =al B Teo-

peme 8.3 olpejiesieHbl KOPPEKTHO, JI0OKa3aB TOxKAecTBO » . [uX=a] = 1.
a€A
HO,JCKBBK&I CHa4daJla PEIINTDL HTPEIBbIAYHIYIO 3a/1a9y.

Bamada 8.5 (1). [ljnsg MOHOTOHHON Iienu, UCHOJIb3Ys BbipaxKkenus jjid P, 1 KOMOUHA-
TOPHBIE TOXKJIECTBA, JI0OKA3aTh PaBeHCTBO » , P, = 1.

acA
Bamada 8.6 (1). [ng yHUMOJAIBHON TI€1H, UCHOJIb3YS BbIpasKeHust jijig P, u KoMOUHa-
TOPHBIE TOXKJIECTBA, JI0OKA3aTh PaBeHCTBO » , P, = 1.

acA
Bamada 8.7 (1). Boiucars ONEHKY TOJHOTO CKOJb3siero kourpossa C'(u, X) s mo-

HOTOHHOW U YHUMOJIAJLHONI IENN.

B cirepyomux ynpaxKHeHUSIX PeJIaraeTcs BHIBECTH TOYHYIO OINEHKY BEPOATHOCTU
nepeodydenus (). Jjig HEKOTOPOI'O MOJEJIBLHOIO ceMeiicTBa ajaropuTMoB A, B KOTOpoMm Bce
BEKTOPBI OMIMOOK TorapHo pas3andubl. [Ipemnonaraercs 9To MeTo 1 00yUeHus [ sABJISE€TCS

HNECCUMUCTUYHON MUHUMUIAIMECIH IMIIMPUICCKOIO PUCKA.

Banada 8.8 (1). A ={ap,a1,...,ap} — eauHUIHAS OKPECTHOCTH JIy9IIEr0 aJrOPUT-
Ma ag, n(ag,X) = m. Comepkut D aaropuT™MOB € MOHAPHO PA3IMIHBIMU BEKTOPAMU
OIMOOK, KazK/Iblif U3 KOTOPBIX JIOIMYCKAET Ha OJIHY OIMUOKY OOJIbIe, YeM a.

Bamada 8.9 (3). A={a_p,...,a9,...,ap} — HECUMMETPUYHAS YHUMOJAJIbHAS TIEIh
AJITOPUTMOB C BETBAME PAa3JIUIHON jmuHbl, D # D'

Bamauya 8.10 (4*). Pasopsannas nens A = {ag,...,ap,aps1,...,ac}, A€ ag,...,ap
U apy1,...,0c — JiBe MOHOTOHHBIE 1ienu, n(ag, X) = m, n(apy1,X) =my > m+ D + 1,
HPUYEM AJTOPUTM (1 OMIMOACTCA Ha BCeX 00LEKTax, Ha KOTOPBIX OMMOACTC ap, U CIIe
Ha m; —m — D obbekTax.

Bamaga 8.11 (5%). A ={ap,...,ap} — npsimas 1enb 6e3 pacCjIOeHUs ; YUCIO ONHMOOK,
Jepejysich, IpUHUMAET JjiBa 3uadenust: n(aq, X) = m + (d mod 2), d=0,...,D.
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Bamaga 8.12 (5*). Marpuna ommboK m-auaroHajibHa, TO €CTh aJTOPUTM (4 JOTYCKAeT
omubKM Ha obbekTax x;, 1 =d+1,....d+m, nnascex d=0,...,D.

Bamada 8.13 (5*). Marpuma ommbok 06pasyercst UKJINIeCKUM CIBUTOM TepBbix D+ 1
KOOP/IMHAT BEKTOPa OMIMOOK € 1M ONIMOKAMU, TO €CTh aJTOPUTM (g JIOIYCKAET OIMOKU Ha
OOBEKTAX T14(i—1) mod (D+1), ¢ =d+1,...,d+m, angaseex d=0,...,D.

Bamauya 8.14 (7*). A={ag,...,ac,...,ap} — uUpsAMasg Ielb, COCTABJIEHHAA U3 IENN
6e3 paccyIoeHus dg, . . . , Gc 1 MOHOTOHHOMN LEIH A, . . .,Ap C OOIIUM aJITOPUTMOM (.

Banada 8.15 (8*). A={a_p,...,a_¢cr,...,ac,...,ap} — TUpsAMas IE€lb, COCTABJICH-
Hasi U3 MOHOTOHHOM IENH a_cr, . .., d_p/, el 0e3 pacC/JIOeHU a_cv, . . . , ¢ 1 MOHOTOHHOI
Leru ag, . ..,ap, ¢ OOIUMHI aJITOPUTMAMU (_cv U Q¢ COOTBETCTBEHHO.

Bamada 8.16 (10%). IIpousposibHas TI€lb ATTTOPUTMOB.

Bagada 8.17 (5). Ilyuok u3 h monoronusix neneit {ag, a;1,...,a;4}, j=1,...,h, cob-
IIIUM JIY9IIHM aJITOPUTMOM ag, n(ag, X) = m. [Ipeamonaraercs, 9ro MHOKECTBA OOBEKTOB
X(j) = {zi: I(ag,z;) =0 u I(ajy,x;) =1}, j=1,...,h, HOIAPHO HE IEPECEKAIOTCAL.

NpakTukym

B npakTuueckom 3a/IlaHnu 1pe/jiaraeTcs peajin3oBarb AJroputm 8.2 U UCI0J/Ib30BaTh

€ro JJigd IIPpOBEPKU TECOPETUYICCKUX OICHOK M MCCJIeJOBaHMsA HOBBLIX ceMeicTB.

Bamada 8.18 (5). Hammcars nporpamMmy, mO3BOJISIOIILYIO:

® IeHEPHPOBATH MOJIEIbHbIE cemeiicTBa asroputmoB A = {ay,...,ap} B Buje bunap-
HOIT MaTpuUIBl ommMb0K pasmepa L X D (B MaTpurie omnmboK He JIOJKHO OBITh O/TH-
HAKOBBIX BEKTOPOB OIMMUOOK ); JIENKO 3aMEHATh NeHEPATOPhI JIAHHbIX;

® BLIYUCJ/IATH TOYHbLIC BEPXHUE W HUZKHHE OICHKU BEPOATHOCTHU Hepe06yquHH, ecJi

COOTBETCTBYIOININE (POPMYJIbI H3BECTHDI;

e BLIHUCIATH MeTojoM Monte-Kapiio, T.e. mo N ciydaitHbIM pazOneHmsiM:
— BEPXHION ONEHKY (. JIJIsT IECCUMUCTIHIHOTO [iyee (Xy/UNMIi U3 JIyHITIHX);
— HIZKHIOIO OIEHKY () JIUIs OITUMUCTHIHOTO flog, (JIYINN U3 JIyINX);
— CPEJIHIOI0 OIEHKY QE JUIST DAHIOMIBHPOBAHHOLO flpay (CILyIANHBIN U3 JTyIIHX);
— OLIEHKY @E BEPOSITHOCTU PABHOMEPHOIO OTKJIoHeHUst dacToT (5.1);

e crpouTh rpaduKu, OTKJIIbIBast [0 OCH X YUCJIO0 NepBbIX d ajaropuTMoB (Jubo, Kak
BapUaHT, HOMEp CJIOs M), O OCH Y:
— sMImpuieckue onerku Q., Q. QE, @E st nonmuokectBa A(d) = {aq, ..., aq};
— Tounble 3Havenus Q., Q., Q., Q. st HOAMHOKECTBA A(d) (ecsm u3BecTHBI);
ec/i 10 ocu X OTKJIAJBIBAETCS 1M, TO 10 OcU Y JIONOJTHUTETHHO OTKJIa/IbIBATh:
— YUCJIO aJITOPUTMOB B 1-M CJIOE;
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— J10J1s1 pa30ueHnit, Ha KOTOPBIX N fyec X, X) :

=1m
:m’

— JI0J1s1 pas3buennii, Ha KOTOPBIX N flonr X, X)
® CTPOUTH I'padUKU, B KOTOPBIX IO OCH Y OTKJIQJIBIBAIOTCS TOYHBIE (€CJIU U3BECTHBI)

u sMImpuiecKue sadenns Q., Q., Q.. @5, o ocu X:

— YUCJI0 OMUOOK JIYUIIEro aJrOpuTMa m;

— JytnHa 00y4eHusi ¢, Ipu OJJHOBPEMEHHOM POCTE JITUHBI KOHTpOJd £ = k;

— nyimHa o0ydenus ¢ npu PUKCUPOBAHHOMN JIJIMHE KOHTPOJISA K;

— JIJINHA KOHTPOJIst k 1ipu (puKcupoBaHHo#l jiyinHe o0y4aenus /.

Crenyromas cepus 3aJad HallpaBjieHa Ha SKCIEPUMEHTAJbHYIO IPOBEPKY OIEHOK
U uccjaeoBanue 3apucuMocreit Q., @z, QQ:, (). OT mapaMeTpPOB MOJEJIBLHOIO CeMeCTBA.

Baga4da 8.19 (3). Monoronnas remb ¢ napaMerpaMu m u D.
Bamagda 8.20 (3). YuuMmomamgbHas Ielb ¢ HapaMeTpaMu m u D.
Bamaua 8.21 (3). Egumumanas okpecrnocTs ¢ napamerpamu m u D (em. Sagatdy 8.8).

Bamaga 8.22 (3). I[Ipoepurh rumoresy, 9T0 MOHOTOHHAS IEIb U IEMb CIYIaiHBIX HH-
Bepenii [110] nepeobyuarorcs nmpakTudeckn o uHaK0BO. CPaBHUTH, IIPEJICTABUB HA OJJHOM
rpaduKe, TOUHbIe 3HAYCHH (), 1T MOHOTOHHOM IeMHN, UX SMINPHICCKIE ONEeHKN U SMIII-
puHecKue onenKky (), JIJId el CyYaiiHbIX MHBEPCHIl TPH 0IMHAKOBEIX m. Kak MensioTcs
pazmmans MexkLy (). MOHOTOHHOI IIEIM U IIeNH CJIyHUailHBbIX MHBEpCHil ¢ poctoM £ u m?

Bagaua 8.23 (3). IlpoBepurhb rumoresy, 9T0 BEPOATHOCTDH IEPEOOYUECHUS YHUMOIAIb-
HOiT ceTn (mpuOIM3UTENbHO) B JBa pasa GoJblle, 9eM y MOHOTOHHOi cetn. CpaBHHUTS,
[IPEJICTABUB Ha OJJHOM rpaduke, TOUHbIE 3HAUCHUS (). U WX IMIUPUIECKNAE ONEHKHU JIJIsT

MOHOTOHHOW M YHUMOJIAJILHOM Tereil pyu OJMHAKOBBIX L, £, m, €.

Bamada 8.24 (3). IIpoepurb runoresy, 9ro pasperkeHHOE MOJMHOXKECTBO MPAMOii Iie-
I TIepeodydaeTcst MPaKTUIECKN TakK Ke, Kak cama Ielb. CpaBHUTD, IPEJCTaABUB Ha O/I-
HOM TpaduKe, IMIUPUICCKIE OIECHKN QE upsiMoit tiertn {ag, ..., ap} U €6 MOAMHOKECTBa,
{ag, ar, a9, as, ... yuput =1,...,D.
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9 OueHkn paccnoeHUss—CBSA3HOCTU

[Ipunnun noposcdarowux u 3anpeusarowur muoxcecms (II3M) yruBepcasen, HO
He O4YeHb yJ00eH B WCIOJIb30BaHUU. Kcam 2Ke HAJIOXKUTHL Ha MHOXKECTBO aJI'OPUTMOB
JIOTIOJIHUTEJIbHBIE OTPDAHMYEeHUs PaccjaoeHus u cBsg3uoctu, 1o [I3M jierko BhIICHIBAIOT-
cd B TepMuHax rpada Xacce JaCTHIHO YIHOPSJIOYEHHOTO MHOYKECTBA BEKTOPOB OIUOOK.
Haxkma/ipiBaeMble OrpaHWYeHns] He CJIUIIKOM OOpPEeMEHUTETbHBI, I MHOTHE ITPAKTHIeCKNe
cemeiicTBa UM YJI0BIETBOPSAIOT. [lorydaemMble OlleHKN BEPOATHOCTH 1Tepeo0yYeHIsT 3aBUCAT
OT KOJIMTYECTBEHHBIX XapaKTEPUCTUK PACCIOCHUS M CBA3HOCTU MHOXKECTBa aJI'OPUTMOB,
SABJIAIOTCS TOYHBIME I HEKOTOPLIX HETPUBUAJIBLHBIX CEMEUCTB, a IPU UTHOPUPOBAHUU

3dPeKTOB paccjioeHus U CBA3HOCTHU IIEPEXO/IAT B OlleHKN BamHuka-YepBoHeHKHCA.

§89.1 [ pad paccnoeHns—cBsi3HOCTU

HamoMmuanM ocHOBHBIE 0DO3HAYEHWS:

X ={x1,...,2,} — KOHEYIHOE MHOKECTBO OOBEKTOB;

A — MHOKECTBO aJIlOPUTMOB;

I(a,z) — napukarop ommbku agroputma a € A Ha obberre x € X;

n(a, X) — aucyo omubok anropurma a #a Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEXKJLy BEKTOPaMU OMUOOK AJrOPUTMOB a U b;
Ay ={a € A: n(a,X) = m} —m-t croli MaoKecTBa A.

Byzem nosarars, uto Bee BekTOph! ommbok @ = (I(a,x;))%,, mopoxaemble amro-
putmamu a w3 A, monapHo pasindHbl. K 9T0 He TakK, TO aJrOPUTMBbI, COOTBETCTBYOIIIE
JyOJTUPYIOIIIUM BEKTOPAM OIMIMOOK, UCKJIIOYNM U3 MHOXKECTBa A.

Bgeném na A ecrecTBeHHOE OTHOIIEHME MTOPsiIKA: ¢ < b TOTJIa 1 TOJIBKO TOT/Ia, KOT/Ia
I(a,z) < I(b,x) na Becex x € X. Oupenenum a < b ecim a < bu a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 410 @ npedwecmaeyem b
u 3ammcsBarh a < b. OueBnno, 1ro n(a, X) + 1 = n(b, X).

Onpegenienne 9.1. ['pagom paccaoerua—c6a3HoOCMU MHOXKECTBA, aaropuTMoB A Oyaem
HasbIBaTh HanpasJeHHbli rpad (A, E) ¢ maoxkecTtBOM pébep E = {(a, b):a < b}.

['pacd pacc/ioeHnss—CBI3HOCTH SIBJISIETCA MHOTOJOJBHBIM, JIOJH COOTBETCTBYIOT CJIO-
M A,,, pédpamMu MOTyT COEIUHSATHCS TOJBKO aJTOPUTMBI COCEJIHUX CJIOEB.

Kaxiomy pebpy a < b rpada pacc/ioeHusi—-CBA3HOCTU COOTBETCTBYET OJUH M TOJIBKO
OIUH OOBEKT Ty € X, Takoit, u10 I(a, x4p) = 0 u I(b, x4) = 1.

IIpumep 9.1. Ha puc. 9.1 nokasan rpad pacc/ioeHusg—CBI3HOCTH, ITIOPOXKIAeMbIil ceMeri-
CTBOM JIMHEHHBIX aJrOpUTMOB Kjaccudukainun Ha BbiOopke junabl L = 10. Hauaabubrii
dparMeHT ero MaTpuUIlbl OMIUOOK PUBOIMICA Ha puc. 1.2, crp. 10. Beibopka jmHeitHO pas-
JieJIuMa, 109TOMY B I'pade nMmeeTcst HyJIeBOil CJ10il, COCTOAIIMI U3 e IMHCTBEHHOM BEPIITUHBI,
COOTBETCTBYIOIIEH HYJIEBOMY BeKTOPY omuOoK. [lepBblit cyioit obpasyercs 5 aaropurMaMu
C OJIHO¥ OITUOKO#, BTOPOil CJIO — 8 aJI'OPUTMAMU C JIByMsI ONIUOKAMM, U T. I.
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Puc. 9.1. llpumep rpada pacciioeHusi—CBsI3HOCTH (BBEPXY CJI€Ba; 10 BEPTUKAJIBHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKJIAEMOTO CEeMEHCTBOM JIMHEHHBIX aJrOPUTMOB
kitaccudukanuu Ha BbIGOpKe u3 10 06beKTOB, 110 5 00BEKTOB KazKJI0ro Kiacca (BBepXy
cupasa). [lepsbiii ciioit 06pasyercst 5 aaropurMamu ¢ OJHOl omubKoii (BHU3Y cieBa),

BTOPOIt €J10ii — 8 ajropur™Mamu ¢ JAByMst ommbkamu (BHU3Y CIpaBa), U T. 1.

B tunmanom cirydae rpad pacciioeHus—CBI3HOCTH n3oMopden rpady TpaH3uTUBHON
PEAYKIME OTHOIIEHMS IOPsiIKa <, HAa3bIBAEMOMY Takxke duazpammoti Xdcce. Oriamane
B ToM, 4T0O B rpade (A, E) pébpamu COeIUHSIIOTCS TOJBKO aJTOPUTMbI, OTINIAIONITECs
Ha OJHOM OOBEKTe, TOIja KaK B JuarpaMme Xacce péOpaMu COeIMHSIIOTCA TaKxKe U ajl-
TOPUTMBI a, b, oTyimgalomuecs: 60jee 1eM Ha OJIHOM O0bEKTe, €CJIU He CYIIECTBYEeT TaKOTo

c € A, aro a < ¢ < b. B obiiem ciygae rpad paccioeHusi—CBI3HOCTHU SIBJISIETCSI TOATPa-
dom mmarpammbr Xacce.

§9.2 OueHkn paccnoeHnsa—CcBSA3HOCTU

Ocnabnenne metoga NOpoXKAAOLWMX 1 3anpeLatowmx MHoxecTs. HamomuuMm, 9o
JIJIS TIOJTYY€HUA TOIHBIX OIEHOK 0000IIAloNieil ClioCOOHOCTH MbI 3AITMCHIBAIN HEOOXOIMMOE
u jocrarognoe yejaosue (7.7) Toro, 9to ajroput™m a € A BBIIAETCS METOJIOM [ B PE3YIlb-

Tate obyuenus 110 BbiGopke X € [X]%:

pX=a] = ¥ e [Xeo € X] [X, € X].

’UEVCL
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YT00BI yIPOCTUTH OIEHKY, OCJIabUM YCJIOBHE JI0 HEOOXOIMMOTO, 3aMEHUB PABEHCTBO
HEpPaBEHCTBOM, OCTaBUM 110 01HOI ape [I3M 11st Kazk10ro aaropuTMa, i MOJTOKIM Cqp = 1.

I'unore3a 9.1. MmruoxkecTtBO A, BBIOOpKa X H METOJ [t TAKOBBI, ITO JIJISI KaXK0T0 AJT0-
purMa a € A MOXKHO yKaszaTh nopootcdarowee MHOKecTBO X, C X U 3anpewarowee MHO-
skecTBO X! C X, YJIOBIETBOPSIIOIIHE YCIOBHIM

[1X=a] < [X, C X][X, CX], VXe[X" (9.1)

Teopema 9.1. FEcjm runioreza 9.1 cripaBejjinBa, TO BEPOSITHOCTD 11€PEOOYICHHUST OI[CHH-
BaeTcst CBEpXy 10 (popMyJie

Q-(1,X) < Qe X) = PH™ (s4(e)); (9.2)
acA
P, = P[IMX = a] < Pa - O%Z/Cﬁ) (93)
Lo =L — | Xa| = |X,];
Uy =0 —|X,];

ma = n(a, X\Xo\Xy);
sa(e) = £(n(a,X) — ek) — n(a, X,).

Ennuacreennoe ormane ot Teopembr 7.3 B Tom, uro paBercrso (7.1) B I'umorese 7.1
samensiercs HepaBeHcTBoM (9.1) B ['mmorese 9.1. Xos oKa3aTebeTBa COXPAHSIETCST B TOY-
HOCTH. 3HAK cpaBHeHH: = min < 6e3 u3Menenus nepexout u3 (9.1) B (9.3) s Kaxk10ro
asropur™a a. [losromy paseHcTBo B onenke (9.2) jgocTuraercs TOrja M TOJBKO TOIJIA,
koryia B (9.1) mmeer MeCcTO paBEHCTBO /IS BCEX aJITOPUTMOB .

CaencrBue 9.1.1. Omnenka (9.2) saisiercs jocruzkumoii. PaBencrBo jocturaercst roria

U TOJIBKO Torja, Korja y . P, = 1. Buadenne Y, P, opHeHTHPOBOTHO ITOKA3BIBAET CTEIICHB
acA acA
3aBBIIIEHHOCTH BEDXHEI OIIEHKH BEpOsiTHOCTH 1iepeobydennst (9.2).

MoHoToHHbIe MeToabl 00y4eHns. O6o3HATMM ITPOEKITUIO BEKTOPA OIMUOOK @ HA MO/IBbI-
6opky X C Xuepes dx = (I(a,x;))ue x- Ha npoekIusx ecTecTBeHHBIM 06Pa30M BBOIUTCS

OTHOIIIEHUE YaCTUIHOTO TOPSJIKA: x < bx TOIJIA I TOIBKO Toryia, Korja [ (a,x) < I(b,x)
s Beex x € X. Onpenenum ayx < bX ecin Ay < bX uayx # bX

Ounpenesienne 9.2. Meros 06ydenus (1 Ha3bIBACTCS MoHomonHovLm, ecar (i( X ) € Ay (X)
ts roboii obywatomert seiboprn X € [X|¢, e

Ay (X) = Argmin M (a, X),

acA
u kpurepuii M (a, X') siBiasiercst crporo MOHOTOHHOI (DyHKI[HEHl BEKTOpa OUIHOOK, TO €CTh

Jutst io6bix X C X ma,b € A, raknx, aro dx < by, cupasegmso M(a, X) < M(b, X).

HpI/IMepOM MOHOTOHHOI'O MeETO/a ABJIAdeTCAd MHUHUMU3aIlld SMIIMPUYICCKOI'O PUCKa,

a Tak»Ke eé O606H16HI/IG — MHHHUMM3aIUA 636ECWEHHO020 IMNUPUYECKO20 PUCKA,

M(a,X) = Z wil(a,z;) — min,

zr,€X
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rje w; — HeOTPUIATeIbHbBI Bec 00beKTa x;. BBejgenne BecoB 0ObEKTOB — JOBOJIBHO pac-
npocTpaHéHubiil puéM. OH, B YaCTHOCTH, TPUMEHSIETCs, KOT/Ia KJIACChl He cOATaHCHPO-
BaHbl, 1 00bEKTAM MaJIOYUCJIECHHOTO KJjiacca TpedyeTcd mpujaTh Oosbiuii Bec. MHora
MEHBIINI BeC Ha3HAYAIOT TeM 00beKTaM, NH(MOPMAIs O KOTOPBIX MeHee TouHa. EIé Mu-
HUMU3AIS B3BEMIEHHOI'O SMITIPUIECKOT0 PUCKA IPUMEHSIETCsI 71t 00y deHusi 6a30BbIX aJl-
TOPUTMOB B KOMIO3UIUSX TUITa Oycrurra [97]; B 9TOM citydae Beca 06bEKTOB ME€PECTUThI-

BaIOTCA TI0 CIIENNAIBHBIM (DOPMYyJIaM IMepe] IMOCTPOEHNeM KazK/I0TO 0a30BOr0 aJrOPUTMA.

MeccumuncTudnbie metogbl 0byyeHusa. Jlomycrum, 9To Ipo MeToj 00YIEHUsI [, M3BECT-
HO TOJIBKO, YTO OH MUHUMH3UPYET MOHOTOHHBIH Kpurepuil M (a, X), HO He u3BeCTHO, Kak
UMeHHO OH BbIOupaer asropur™ u3 MHOKecTBa Ay (X). Torma 6ymem mpesmonaraTs, 9To
peaJsiu3yercd XyAUIIi cirydail.

Onpegesienne 9.3. MoHOTOHHDBIH METOI 0Oy IEHHSI |4 HABBIBACTCS V-NECCUMUCTIUYHDIM,
ecn st moboit obyuatomeit soibopku X € [X]¢ uz muoxkecrsa Ay (X) Boibupaercs
aJrOPATM ¢ HAHOOJIbINEH 9acTOTOH OIMMOOK B KOHTPOJILHOH BBIOODKE:
puX =arg max v(a,X).
a€An(X) 7
Onpenenienne 9.4. MoHOTOHHBIE MeTO 00y YEHHUS [i HAZBIBAECTCS 0 -NECCUMUCTIUYHDIM,
ecom Jyist Jnoboit obyuatomeit seibopkn X € [X]¢ mz mmoxkecrsa Ap(X) Boibupaercs
HauboJIee mepeody YeHHbI aJIrOPUTM:
pX =arg max d(a,X).
a€AN (X )

Onpenenenue 9.5. MoHOTOHHBIH MeTOJ OOYYEeHHS (i HA3BIBAETCI MECCUMUCTIUYHBLM,
€cJIH OH JTHOO V-IECCHMUCTHYIHBIH, JIHOO )-IIeCCHMHUCTHIHDIH.

Ecau kpurepuii M onpejensiercs kak dacrora ommbok, M(a, X) = v(a, X), To no-
HATHUS V-TIECCUMUCTHIHOTO U )-TIECCUMUCTUIHOTO MeTOJia COBIaIaioT. B obmem cirydae
9TO HE TaK, cM. 3ajady 9.2.

HeCCI/IMI/ICTI/I‘{Hble METObI HEBO3MOZKHO peaJiIn30BaTh Ha ITPpaKTHUKe, TaK KaK OHU «IIO/I-
IVISIBIBAIOT» B CKPBITYIO BBHIOOPKY. TeM He MeHee, OHU MPEeJICTaBIAIOT 3HATUTE/ILHBIN Teo-
peTuvecKuii MHTepec, Tak Kak IoJIydaeMble JJisi HUX BEePXHHE OIEHKH CIIPABEJJIUBBI JIJIs
JIFOOBIX MOHOTOHHBIX METOI0B 00y UeHNs. DKCIEPUMEHTHI IIOKA3BIBAIOT, YTO 3aBbIINIEHHOCTH

OIIEHOK, BO3HUKaIOIIasA N3-3a IICCCUMUCTUYIHOCTH, KaK IIPpaBUJIO, HEBEJ/INKA.

Jlemma 9.2. /st s1ro60ii Bbroopku X u JiF060ro MOHOTOHHOT'O METOJIa OOV UCHHS [ C KPH-
repuem M (a, X') cnpaBeinBbI OLlCHKH

Qe (1, X) < Qc(ps,X),
R (p, X) < Re(p, X),
C(p, X) < O, X),

rje ji, U jis — MOHOTOHHBIE MeTO/bI 00y4eHus ¢ TeM ke kpurepuem M (a, X), coorBer-
CTBEHHO V-TTIeCCUMHUCTHIHBIH H )-1T€CCUMHUCTHIHBII.
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M3M gnss MOHOTOHHbLIX MECCUMMUCTUYHbIX MeToA0B 00y4eHusa. [lig Kaxkoro aj-
roput™ma a € A ompeaennM ABa MHOXKECTBa OOBEKTOB: X, — MHOXKECTBO OOBEKTOB Iy,
COOTBETCTBYIOIIUX BCEBO3MOXKHBIM pEOpam rpada (a,b) € E, ucxoadmum us a:

Xo={zeX|IbeA:a=<b, I(a,x) <I(bz)}, (9.4)

un X! — MHOXKeCTBO 00BEKTOB & € X, TAKHUX, 9TO ¢ ONHOAETCS Ha X W CYIIECTBYET JIy It
aJIrOpuT™ b € A, KOTOPBIH He ormubaeTcs Ha X

X, ={zeX|beA:b<a, I(bz)<I(az)}. (9.5)

Jlemma 9.3. Ecjm (1 — MOHOTOHHBII IECCUMUCTHIHBIA METOJ] O0YYIEHHUsI, TO MHOXKECTBO
X, (9.4) saBasiercs mopozx paromum, a MHOKecTBO X! (9.5) — 3amperarorumM JIJist aaro-
purMa a B cMbicie I'umoresnr 9.1.

HoxkazareabctBo. Ilycts pX = a. lokaxkeM OoT IPOTUBHOIO, YTO TOTJ@ BBITOJTHAIOTCS
nsa yenosus: X, € X u X! C X,

JomycTtum, 910 HaWAETCSA X4 € X,, He Jexkammit B X. BekTopsl ommbok a u b
OTJIMYIAIOTCST TOJIBKO Ha 00beKTe Xqp. CrteoBaTesIbHO,

ix =bx, M(a,X)=MbX), v(aX)=urvb X).
Buaunt, oba agroputma, a u b, npuaaexar Ay (X). B To xe Bpewms,
iy <bg, v(a,X)<vb X), daX)<dbX),

[IO3TOMY JIJII METOJIA (4, B CHJIY €r0 IeCCUMUCTUIHOCTH, BLIOOD ajiropuT™a b 1o Beioopke X
Oy/eT mpeanodTuTe/IbHee, 9eM @, ITO IPOTUBOPEIUT yeaoBuio X = a. 3uaqut, X, C X.
Hormyctim Teneps, aro naiiaéres xy,. € X, aexanmii B X . Torma b x < dx. Ilockonnb-
Ky METOJI {t MUHUMU3MPYET MOHOTOHHBII Kpurepuii M (a, X), BpiGop anropurma b Gyjer
IPe/IIOYTHTETbHEE, YeM @, ITO IPOTHBOPednT yeiopmio X = a. 3naunt, X! C X.
Jlemma J1oKa3aHA. m

MoHaTna ceasHocTn u HENOJZTIHOUEHHOCTWUN anropunTma.

Onpenenenne 9.6. Beprnet ceasnocmovio u(a) (up-connectivity) aaropurma a € A 6y-
JleM Ha3bIBaTh YUCI0 pébep rpaga, HCXOMAIUX U3 BePITHHBL (.

u(a) = #{za € X:a = b} =|X,|.

Onpenenenne 9.7. Huowcnel ceaznocmoro d(a) (down-connectivity) aiaropurva a € A
OyJIeM Ha3bIBATh YHCJIO PEOGEp rpaca, BXOJSIINX B BEPIIHHY O

d(a) = #{zp, € X: b < a}.

Ceasnocts u(a) (mwmm d(a)) ects peanmsyemoe cemeiictBoM A 9nc/o crmocoboB u3Me-
HATH AJITOPUTM @ TaK, 9TOObI OH CTaJl JeJaTh Ha OJHY OMMOKY Oosblie (MM MEHbIIe).
CBS3HOCTH MOYKHO HHTEPIPETHPOBATH KaK UHCIIO creneneil cBoGoapl cemeiictBa A B J0-
KaJIbHOM OKPECTHOCTH aJI'OPUTMa a € A.
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Ounpenesienne 9.8. Henoanouennocmuio q(a) (inferiority) amropurma a € A 6ynem Ha-
3bIBATH YUCJI0 OOBEKTOB T € X, Ha KOTOPBIX a/JII'OPUTM G OIIHOAETCsI, IIPH TOM, ITO CYIIIe-
crByer ajgropur™ b € A, sryuanimii, gem a (to ectb b < a), He ommbaroiics Ha :

q(a) = |Xql.

B repmunax rpada paccioeHns—CcBa3HOCTH ¢(a) PaBHO YHCIY Pa3/IMIHBIX O0bEK-
TOB Zpe, COOTBETCTBYOIINX BCEBO3MOKHBIM pEOpaMm (b, ¢) Ha My TsX, BEJAYIUX K BEPIIUHE G.

Cupaseyineo Hepasenctso d(a) < q(a) < n(a, X).

Pagencrio ¢(a) = d(a) qocruraercs Ha BceX aaropuTMax JBYX CAMBIX HIZKHUX CJIOEB.

Pagencrso ¢(a) = n(a,X) mocruraercs B caydae, Korja CymniecTByeT KOpPEKTHbIH aJl-
roput™m ag € A: n(ag, X) = 0.

BepxHss oueHka paccioeHns—CBA3HOCTU A1 BEPOSITHOCTU nepeobyydeHus ciejry-
eT HernocpeJICTBeHHO u3 obimeil onenku (9.2) u jgemm 9.2, 9.3.

Teopema 9.4 (oreHka paccioeHusi—CBA3HOCTH). /L1 nponsBo/ibHON BBIOOPKH X,
MIPOH3BOJIBHOIO MOHOTOHHOI'O MeToja o0ydenns (. i npouspoJbaoro € € (0, 1)

CLmg gt
Qe X) < D =5t (2(m—eh)) (9.6)
acA L

e u = u(a) — BepxHsisi cBSI3HOCTh, ¢ = (¢(a) — HenosHOeHHOCTh, M = n(a, X) — 4dmcso
ommbOK aJaropuTMa a Ha FeHepaJbHOM MHOXKECTBE 00BLEKTOB.

HoxkazareabcTrBo. Coracho jemme 9.2, cipaseymmBa onerka Q. (i, X) < Q¢ (us, X), rie
Jl§ — MOHOTOHHBIN )-TIECCUMUCTUIHBIN MeTo | 00y4uenusi. CorstacHo jlemMe 9.3, it KaxK-
jgoro ajroput™a a € A mMHOXKecTBO X, (9.4) sIBIIsieTcsl MOPOXKJIAIOIINM, & MHOYKECTBO
X! (9.5) — sanpematontum. [Ipu 9T0M @ omubaercs Ha Beex o0bekTax n3 X, u He omubda-
ercs Ha Beex obbekTax u3 X,: |X,| = u(a), n(a,X,) =0, |X]| =n(a, X)) = q(a). Hox-
craBiisisgt 91u 3HadeHust B (popmysit (9.2) u (9.3), nosygaem TpebyemMyIo OIEHKY. ]

[lepeuncum oCHOBHBIE CBOIICTBA OICHKY PACC/IOCHUSCBI3HOCTH.

1. Buarogapst KoMOMHATOPHOMY COMHOYKUTEJTIO Cf:fh ” /C¥ BKJIaJT KasK10r0 aaropuT-
Ma @ B OTIEHKY (). SKCIIOHEHITUABHO YOBIBAET ¢ POCTOM HEITOJTHOIEHHOCTH ¢ U CBSI3HOCTH U.
OTcioa c/IeyioT JiBa BayKHBIX JIJIs IIPAKTUKU BBIBOJIA.

Bo-niepBbix, cBa3HbIe ceMeiicTBa MeHee TOJIBEPKEHbBI TIePeody IeHHUIO.

Bo-BTOpBIX, TOJBKO HUYKHUE CJION BHOCSAT CYIIECTBEHHBIN BKJIAJ] B II€PEO0yIeHIUE.

Birarogapst mocsieineMy 00CTOSITEIBCTBY CTAHOBUTCS BO3MOXKHBIM (D hDEKTUBHOE BbI-
qucienne TpubAKEHHOH (HIDKHed) oneHKn Q. 1O CJIOAM CHU3Y BBEpPX.

2. Yucsurens (9.6) obpamaercs: B wvyib ipu £ — u < L — u — . [Tosromy HeHyseBoii
BKJIaJ[ B CyMMY MOTYT JaBaTh TOJIbKO aJrOPUTMbI HIZKHUX CJIOEB, Jjist KOTOPbIX ¢(a) < k.
Taxum ob6pazom, pu MaJIbIX k MOCTOWHBIM BBIYUCIEHUEM MOYKHO IOJTy4YaTh HE MpUOJIn-
JK6HHOe, a TouHoe 3Hadenue (.. C JIPyroil CTOPOHBI, IIPH COBCeM Majbix k = 1,2, 3 ur-
HOPUPYIOTCS AJIrOPUTMBI ¢ ¢(a) > k, KOTOpble TpH OOJBIINX k MODJIH Obl BHOCHTH CY-
IMECTBEHHbIN BKJIaJ B niepeobydenne. OTciofa ciie/lyeT MpakTUdecKas PEeKOMeHIaIus —
Oparh uncsio k He MeHbIIe, YeM YUC/I0 «3(DPEKTUBHO PAOOTAIONINX> HUKHUX CJIOEB.
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3. Ecim npenebpedn paccioeHneM U CBA3HOCTDHIO, MOJOKUB ¢ = u = 0 J1J1s KazKJ0ro
a € A B dopmyre (9.6), o mosyunrcs sydrras uz VC-onenok (5.3):

Q:(11,X) < Y H™ (£(m —ck)) .

acA

4. OrmeHKa pacCIOeHnsI—CBA3HOCTH sIiBJIsteTcsa jocTrzkuMoii. Hepasencrso (). < ().
[epexo/UuT B paBeHCTBO, Korja ycjosue (9.1) sapiserca paBencrsoM. Ornenka (9.6) siB-
JISIETCS TOYHOM TOIJIa ¥ TOJBKO TOIJIA, KOIJIA BBIIOJIHIETCS TOXKIECTBO

y oo = (9.7)

acA

D10 Tak, B YaCTHOCTH, Jjisi MOHOTOHHO{I Tieru ajroputMoB (¢Tp. 76) u €€ MHOrOMEPHOIO
000011IeHNs] — MOHOTOHHO# CeTH AJITOPUTMOB, KOTOPas OyJ/ileT pacCMOTpeHa JiaJiee.

5. Orenka pacc/ioeHnsi—CBI3HOCTU IIPUHUMAET OCOOEHHO IPOCTOH BU/JI, KOTJA B Ce-
MmeiicTBe A cyrecTByeT KOppPeKTHbIH agroputm ag: n(ag, X) = 0. Takue cemeiicta 6y1em
Ha3bIBATH KOPPEKMHbIMU OTHOCUTEIHHO BHIOOPKHU X.

Teopema 9.5. FEcin @ — MOHOTOHHBIH MeTOs 0OyUIeHHsT 0 ceMeiicTBO A KOppeKTHO, TO

C«K—u

L—u—m

Qe(p, X) < ot

acA

[m > 5k], (9.8)

e u = u(a), m = n(a,X).

HokazaTeabcTBo. Ecim B A cymecTByeT KOPpPeKTHBIN AJTOPUTM (g, TO HEIOJHOIEH-
HOCTD JiI0boro anropur™ma a € A pasha umcsy ero omm6ok, ¢(a) = n(a,X). ITosromy

B (9.6) moxkuo mozcraButrh m — ¢ = 0. Torma, cormacuo Jlemme 7.7 (crp. 68), runepreo-
l—u, 0 (ﬁ
L—u—m \ L
BLITEKACT YTBEPKICHUE TEOPEMDI. ]

METPHYECKOE DACIPEJIeIeHne BBIPOKIaeTcs: H (m —¢ek)) = [m > ek]. Orcrona

BepxHsisi oueHka pacciioeHUsi—CBSI3HOCTU AJ1S1 NOJSIHOMO CKOJIb3SILEro KOHTPOs
CJIEJyeT HEMoCpeCTBeHHO n3 obmieit omenkn (7.12) u gemm 9.2, 9.3.

Teopema 9.6 (oreHKa pacciioeHUusi—CBSI3HOCTH). /151 1pou3BoJibHON BbIOOPKH X
¥ IIPOU3BOJIBHOIO MOHOTOHHOT'O METOJa O0YIEeHHUsT i

Oﬁ__qu_Q m — —u

a€A L—u—q

e u = u(a) — BepxXHsisI CBA3HOCTh, q = ¢(a) — HemosHOIeHHOCTh, M = n(a, X) — qmcso
OIIMOOK aJIrOPUTMa, a Ha FeHepabHOM MHOXKECTBE OObEKTOB.

JloKa3aTeIbCTBO aHAJOTUYHO JI0KA3aTeIbCTBY TeopeMbl 9.4.
Bepxuss orenka (9.9) sapiasgercs TogHO (06palmaercs B paBEeHCTBO) TOTa U TOJBKO
TOr/1a, KOTJIa BBIIOJIHEHO TOXK1ecTBO (9.7).
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MoHoToHHas uenb anroputmoB. Panee yke Oblia MojiydeHa TOYHAsI OICHKA BEPOSIT-
HOoCcTH TIepeobydenus (8.3) i MOHOTOHHOI IENu aJropuT™MoOB ag < a3 < -+ < ap,
B KOTODOIi JIydIIuii aJropuT™ JOIMycKaeT m ommbok, n(ag, X) = m:

min{k,D} Cg il s
L ,m
Q-(nX)= Y ot —= U1 N (S(m+d —<ck)), 6= [d< D]
d=0

Jlerko y6emThes, 9TO OHa COBNAIAET ¢ 00IIelt OneHKoit paccioenus—caszaocTr (9.6).
DTO caeayeT u3 TOro, UTo

1) cBasHOCTB paBHa 1 JjI BeeX ajlrOPUTMOB, KpoMe mocesitero, u(aq) = [d < DJ;

2) HENOJIHOIEHHOCTb U YHMCJI0 OMMOOK CBA3AHBI paBeHCTBOM n(aq, X) = q(aq) + m;

3) uucaurens (9.6) obpamaercsa B Hysub npu £ —§ < L —d — 6, to ectb d < k, cite-
JIOBaTeJILHO, HEHYJIeBOil BKJIaJ, B CyMMY JAlOT TOJIBKO HepBble k aaropuTMOB.

Taxum 06pa3oM, MOHOTOHHAS TIEIb AJIrOPUTMOB — 9TO IPUMEP CeMeiicTBa, J1JIst KOTO-
poro obrmast oneHka pacciaoeHns—ca3Hoct (9.6) ABiseTcst TOTHOIL.

§9.3 [Mpocdunnb paccnoeHuss—cBA3HOCTU

B psne caygaes obmas onerka (9.6) npusoguTes K 6oJiee yI00HOMY BHLY.

Ompegenenne 9.9. IIpogurem paccroenui—c6A3Hocmu MHOKECTBA aJIropuTMoB A Ha-
3bIBACTCS  MaTPHIA, (Amu) pasmepa (L+1)x(L+1), rme A, —9ucao ajaropurMoB
B M-M CJIO€ C BEepXHEIH CBS3HOCTBIO U:

Ay = Z [n(a,X) = m][u(a) = u].

acA

Teopema 9.7. Ilyctp rpac paccioeHUs-CBI3HOCTH HMEET HCTOK — €JHHCTBEHHBIH aJI-
TOPUTM @y, OT KOTOPOIO0 MOXKHO JIOOpaThbCs MO pébpam JI0 JII0O60ro Jpyroro ajaropurMa,
u my = n(ap, X). Torya cripaBeyinBa BepXHsisi OIEHKa BEPOSITHOCTH 11€Pe00y IeHUST

L L
C u—m-+mo —u, mo
Q-< Y ZAMLC—{%‘”L_I;_MW (L(m — ek)) . (9.10)

HokazaTeabcTBo. Bo3bmém mpousBosibubIl aaroputm a € A. B cuny eauncTBerHOCTH
HCTOKa BCe 3allperaonie 00beKThl n3 X, HaXoudaTes Ha pédbpax rpada, COCTaBIISIONIX
BCEBO3MOKHBIE IIYTU MEKJy BepIIMHAMU ag U a. [locKoIbKy Bce 3TH ImyTH MMeT 00-
Iee HAYAJI0 (g M OOIIHiT KOHEI| a, 9ucjI0 00BEKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) — mg. C Apyroit cTOPOHBI, OHO K€ paBHO ¢(a). 3HAYNT,

(a)

Z Z (a) m+m0 Hi_—l;((a(z)yflﬂf’)b-i-mo (%(m — Ek)) .

m=mo a€Am

HeperyHHHpOBaB CJIara€MbI€ 1 BOCIIOJIb30BaBIINCH OIIPpEJAEC/ICHUEM HpOClDI/IJIH pacCJIOCHUA—
CBA3HOCTHU, IIOJIYIUM YTBEP2KIAECHUE TCOPEMBDI. ]
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Teopema 9.8. I[lycTp BepHBI ITPEANIOIOMKEHNST MPEIBLIYINEH TeOPEeMbl U UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mg = n(ag, X) = 0. Torga crpaBeynBa BepXHsIsI OIIEHKA
BEPOSITHOCTH 1TePe00y IeHIsT

L L Cé_u
m=/[ek]

u=0

HokazarenabcTBo. B orenky (9.10) mogcrasum my = 0. ['unepreomerputdeckoe pacipe-
JleJIeHne BBIPOK 1aeTcs coryacHo Jlemme 7.7, orkymia u moiaydaem ornenky (9.11). ]

CyriecTBoBaHNE HMCTOKA — JIOBOJIBHO CHJIBHOE IPEJIIOIOXKEHNE, U B OOJIBINIUHCTBE
MPAKTUIECKUX CUTYAINil OHO He BblnoJiHgeTcs. [Ipe/nooxkenne KOpPEKTHOCTHU €IIE CUTb-
Hee, MMOCKOJIBKY BBOJIUTCH JIOMOJHUTEIbHOE TpeboBaHne, 9TOOBI NCTOK ObLT KOPPEKTHBIM
asropuT™oM, mgy = n(ag, X) = 0.

NmnoTte3a o cenapabenbHocTu npodcduna paccnoeHusi—ceasHoctu. Ha puc. 9.2 no-
Kas3aHnbl TpaduKn 3aBUCEMOCTHS A,,, OT M ¥ u, JJig MHOYKECTBA JTUHEHHBIX aIrOPUTMOB
KJIacCUpUKAIUN U JIMHEHHO Pas3JIe/IMMbIX JIByMEPHBIX BBIOOPOK Jmnnbl L = 20, 50, 100.

[nsas vHa rpaduKu, MOXKHO BBIIBUHYTH I'HIIOTE3Y, YTO HPOMUIL PACCIOCHUI—CBI3-
HOCTH A, SIBJISIETCS C BBICOKOW TOYHOCTBIO CENAPaAbOEAbHBIM:

Ay = A Ay,
e A, = |A;,| —ducio aaropuTMoB B m-M cI0e, A, — J0JIS AJTOPUTMOB CO CBSI3HO-
CTBIO U.

Bexrop (A,,)E _, mpearaercs nasbisath npogusem paccaoenus, a Bekrop (A, )L, —

npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.
OueBniHO, TPOMUIL CBI3HOCTU HOPMUPOBAH: A\g + - -+ + Ap = 1.
[Tposepka runoTesbl cenapadebHOCTU TTOKa OCTaETCsl OTKPBITON TPOOJIEMOI.

MMnoTtesa o KoHuUeHTpauuu Npocuns CBAZHOCTU BOKPYr 3HAYEHUS Pa3MepHOCTMU.
Ha pwuc. 9.2 BuaHO, 9T0 POMUIbL CBA3ZHOCTH KOHIICHTPUPYETCS BOKPYT 3HAYCHUSA U = 2,
paBHOIO pa3MepHocTH IpocTpaHcTBa. C yBeJmYeHueM JIJIMHbI BBIOOPKU JOMUHUPOBAHUE
JIAHHON KOMITOHEHTBI IIPOMUIIST YCUITTBACTCS.

Akcrnepumentsl ernca KovespikoBa ¢ smneiinbivMu Kiaccudukaropamu |34, 77| mo-
Ka3bIBAIOT, YTO U ITPU OOJIBINNX 3HAYECHUSAX PA3MEPHOCTH i MAKCUMYM PO CBAZHOCTU
jocruraercs upu u = h, cMm. puc. 9.3.

Mo:KHO BBIABUHYTH THUIIOTE3Y, UTO IPOMUIL CBA3HOCTU KOHIEHTPUPYETCS BOKPYT
3HAYEHUsT Pa3MEPHOCTH HE TOJBKO B Cydae JIMHEHHBIX KJaccudukaTropoB. Bojee Toro,
MOYKHO ITPEJIIOJIOKUTh, YTO €CJU BBIOOPKa J1e-(haKTO pacrojiaraeTcd B MOIPOCTPAHCTBE
MEHBITEN PA3MEPHOCTH, TO MAKCUMYM ITPOMUIIS CBA3HOCTU YKA3BIBACT HA 3HAUEHUE «dP-
deKTUBHOIT pasmMepHOCTU» BbIOOPKU. [IpoBepKa 9THX TUIOTE3 TaKKe IMOKa OCTaéTCd OT-
KPBITOI ITPOOJIEMOIA.

8]31)1“II/IC.)'II/ITEJII)HI:-IQ 9KCIIEPUMEHTDBI BBIIIOJITHEHDBI Nipéit Pemernsikom.
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250

100

Puc. 9.2. IIpoduiun paccioeHusi—CBA3HOCTH JjIsI ABYMEPHBIX BHIOOPOK JyinHbl L = 20,
50, 100, 200. Ilpoduiab Any —3TO KOJIMIECTBO AJTOPUTMOB € UHCIOM OIMUOOK M

Ha TeHepaJIbHOI BBIOOPKE 1 BEpPXHEH CBSI3HOCTHIO U.

x 10 x 10 Amu
4 10 300

8 250

w

A R 200

Ay 4 m_

100

N

50

0 50 100 150 200 250 300 0 5 10 15 20 0 5 10 15
m U u

Puc. 9.3. Onenku npocduss paccioenust A,,, HEHOPMUPOBAHHOTO MPOMUISA CBAZHO-
ctu Ay = A\y|A| u wsomuHuilt npoduist pacciIoeHus-CBIZHOCTH Ay, JJIisl ceMeicTBa
nmHedtHbIX K1accudukaropos B R, pu L = 300, coracuo [77].

He Boisicnen Takzke /10 KOHITA BOIIPOC O IMUPUHE MTUKA IPOMPUIIs CBA3HOCTU. 3aMETHM,
410 Ha puc. 9.2 u puc. 9.3 mokazaHbl NPOGUIM TOJTHLKO geprHet cBa3HOCTH. EeTh runoresa,
9TO TIOJIyCYMMa BepXHell N HUKHeN CBA3HOCTU ropas3/o CUIbHee KOHIIEHTPUPYETCS BOKPYT
3HAYEHUS] PA3MEPHOCTHU, 9€M BePXHsIs M HUXKHsAS CBA3HOCTD 110 OT/ie/bHoCTH. O603HaINM
CPEJTHIOI0 BEPXHIOIO CBA3HOCTD B CJIO€ M YEPE3 Uy, CPETHIOI HUKHIOIO CBA3HOCTH — Ye-
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pe3 d,,,. HYucsio pédep, coeMHSIIONNX aJITOPUTMBbI B JIBYX COCETHUX CJIOAX, MOXKHO 3aI1ACaTh
nByMs criocobamm: A,y = Api1dy,. B HIGKHEX citosix mpoduib paccioennst A, Kak
[IPaBUJIO, CTPEMHUTEIHLHO BO3PACTAET, MOITOMY BEPXHME CBSA3HOCTH JIOJIZKHBI CHCTEMATH-
YeCKU INpeBbIaTh HixKae. OTCIona CIeyIoT JABa BbIBOJA. BO-IIepBbIX, 3aMeHa BEPXHUX
CBSI3HOCTEH aJITOPUTMOB HIUZKHHUX CJI0EB 3HAUYEHHEM pa3MepHOCTH OyIeT, CKopee BCEero, 3a-
BBIIIATH OIEHKY BEPOSITHOCTH Iepeodydenns. Bo-BTOPBIX, IpaBas BeTBb IPOMUIIA CBI3HO-
cru (cM. cpegauii rpaduk Ha puc. 9.3) obpa3oBaHa, CKOpee BCEro, MMEHHO aJrOPUTMaMU
HIDKHIX CJIOEB, TIO9TOMY €€ OIeHUBaHUe MPEeJICTaB/IsgeT HaubOIBINI MHTEPeC.

Pe3iome

MeTo/1 TOPOXKTAIONNX W 3AIIPENTAIONINX MHOYKECTB CYIIECTBEHHO YIIPOIIAETCs, eCJIH
JIUTS KazKJIOTO aJIFOPUTMA 3aIMCaTDh JIUIIL HEOOXO/IUMbIe YCJIOBUS TOTO, YTO OH OYyJEeT I0-
JlydeH B pe3dyJibrare oboyuenus. [Ipu 3ToM BMECTO TOUHBIX OIEHOK BEPOSTHOCTH I1€PE0dy-
YeHus MoJydaioTcs Bepxaue ornenku. Ouu cymectBenno tounee VC-OIEHOK, MTOCKOIbKY
YUUTBIBAIOT CTPYKTYPY I'Pada paccaoennd—cBA3HOCTH. [[1s HEKOTOPBIX CeMEeNCTB, B YacT-
HOCTH, JIjIsI MOHOTOHHOII TIeTTH aJIrOPUTMOB, OIleHKa PACCIOEHNSI~CBI3HOCTHU SBJIETCS TOY-
noit. BkyaJi ajiropurMa B BEPOSATHOCTL I€PeO0yUeHnsl YObIBAET SKCIOHEHITUAJILHO C PO-
CTOM CBSI3HOCTU U HOMEPA CJIOsl, B KOTOPOM HaxoiuTcs ajaroputrm. OTciona ciieryer, uTo
CBA3HBIE CeMeliCcTBa MeHee CKJIOHHBI K I1epeo0ydeHuto, a jijid 3 (MeKTUBHOrO MpUO/INZKEH-
HOT'O BBIYHUCJICHUS BEPOATHOCTHU IepeoOyUdeHns, BO3MOXKHO, OyJ/IeT J0CTaTOYHO 1epebpaTh
AJICOPUTMBI U3 HECKOJIBKUX HUKHUX CJIOEB.

B cnepytowein nekumMn Mbl TOKazKeM, YTO OIEHKA PACCI0CHUACBAZHOCTH SIBJISIETCH TOY-
HOM JI/Isi OJTHOTO BeCbMa HETPUBUAIBLHOI'O MOJIEILHOIO CceMefcTBa, 00J1a/Ialomero Hapsiy
CO CBOICTBaMU PACC/JIOCHUSA U CBA3HOCTH €IIE U Pa3sMEPHOCTHIO.

Ynpa>kHeHust

Bamaua 9.1 (1). Jlokazars aemmy 9.2.

Bagaua 9.2 (1). Ilpusecru npumep, KOrja MOHSTHS V-TIECCUMUCTUIHOTO M O-TT€CCHMU-
CTUYHOTO MOHOTOHHOT'O MeTOJIa OOyUYeHUs He COBIAJIAIOT.

Bamaua 9.3 (5). Kakue orpannuenus HeoOXOAUMO HAJIOKATH Ha CeMeiicTBO A, 9TOOBI
yeaiosre (9.1) 6bLI0 HEe TOIBKO HEOOXOJANMBIM, HO 1 JIOCTATOYHBIM, CJI€I0BATE/ILHO, OIEHKA
pacciioerns—casa3noctu (9.6) obparanack 66l B paBeHcTBo? Bozmozkno s cchopmysmmpo-
BaTh 9TH OI'PAHUYIEHUS B TePMUHAX I'pada pacc/IOeHUsICBA3ZHOCTH !

Bamaua 9.4 (5%). O600muTEL OnEHKY pacciaoenus—ceasuocTn (9.6) ma ciydaii, Korja
B rpade pacciaoeHns—CBA3HOCTb UMEIOTCs «JIBIPKU», TO €CTh JJis HEKOTOPBIX ap ajro-
purmoB (a,b), a < b, He cymecTByeT aaroputma ¢ € A, Takoro, 4to a < ¢ < b.

Bamaga 9.5 (10*). O6ocHoBaTh runoTesy cenapabesbHOCTH [/ JINHEHHBIX aJITOPUTMOB
KJIaccupuKaIiim.
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10 MHoromepHble ceTu anropnTmMoB

MHoromepHbIe ceTi aJIropuTMOB — 9TO MOJIEIbHbBIE CceMeiicTBa, 001aJai0Ie He TOIb-
KO CBOHCTBAMHU PACCJIOCHUsI U CBA3HOCTU, HO U Pa3MEPHOCTHIO, UTO COMMKAET UX C pe-
AJbHBIME CeMelcTBaMU. DTH CeMelCTBa MHTEPECHBbI elé W TeM, 9TO JIJIT HUX OIEHKH

PaCCJIOCHUA—CBASHOCTU ABJIAIOTCA TOYHBIMU.

§10.1 /[lBymepHass MOHOTOHHAsA ceTb

B §8.4 MBI paccMOTpesI MOHOTOHHYIO IIEIIb aJIlOPUTMOB, KOTOPasl SIBJISIETCS MOJIETIBIO
OJIHOIIAPAMETPUYECKOTO CeMelCcTBa aJIropuTMOB. EcrecTBeHHBIM 0600IIeHreM STOi Mojie-
JIM HA MHOTOMEDHBIIl CJIydail MpejcTaBiIsercs ceMeicTBO, rpad pacCJoeHUsI—CBI3HOCTH
KOTOPOro u30MOPQeH HEKOTOPOMY (bpArMEeHTY MPSIMOYTOJIBLHON CeTH PasMepHOCTH /.

Ha pucyHke nokasaHbl 4eTbIpe HUZKHUX CJI0si IPa(OB PaCC/I0eHHsI-CBAZHOCTH MOHO-
TOHHOU 1enu (cJieBa) U ByMepHOit cetu (crpasa). [opusoHTAIbHbBIE JIHHAN COOTBETCTBY-
0T CJIOSIM, 1M — YUCJIO OIIMOOK JIy9IIero ajJropuTMa Ha IeHepabHOIl BBIOOPKe.

A @ A

B asymepHoil ceTu npu Iepexojie OT IIPOU3BOJILHOIO aJlOPUTMa (;; K aJlOPUTMY
2
5
Yucso anroput™MoB B cioe m + ¢ pasuo ¢+ 1. Bepxusas csasnocts u(a;;) = 2 cosuaia-

@;41,; BO3HUKaET oMnbKa Ha 00beKTe x}, a IPU 1Iepexoie OT ;j K ;41 — Ha 00BbEKTe X

er ¢ pasmeprocTbio h = 2. Henommonennocts ¢(a;;) paBHa t, HOCKOIbKY @;; OTJINIAETCS
OT JIyYIIIEro aJil'OpUTMa agy POBHO Ha t oObekTax. [lojcTaBuB Bce 9TH JaHHBIE B OIEH-
Ky (9.6) u crpynmmpoBaB caaraeMble MO CJIOSIM, MOJIYIUM OIEHKY DACCIOeHUsI—CBI3HOCTI
i H HIKHUX CJI0EB JIBYMEPHO CeTH aJIrOPUTMOB:

H 08—2
Qe <Y _(t+ )52 H s (L(m+t = <k).
t=0 L

[Toka 9TO JIUIIB TIpeIBAPUTE/IHHBIE COODPAYKEHNUS, TOKA3BIBAIONINE, 9TO OIEHKN Pac-
CJIOEHUSI-CBSI3HOCTU MOYKHO TIOJIYYIATh JOBOJIBHO MPOCTO. /lajiee Mbl 0600IIUM 3Ty OIEHKY
Ha CJIydail IPOM3BOJILHON pa3MepHOCTH U H0Jiee aKKYyPATHO YITEM OTCYTCTBUE CBI3HOCTHU
B BepxHeM cjioe. Mbl Takke yOemMest, ITO OIeHKa, PACC/TIOCHUA—CBI3HOCTH JIjisd h-MepHOit
MOHOTOHHOII ceTu siBsieTcss TouHoil. [lepsbiM 91y orenky mosyuni [lasen Boros [7].
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§10.2 MoHoTOHHas ceTb NPON3BOJILHOW pa3MepHOCTN

[ycts J = (j1,...,7n) € {0,..., H} — menounciennplii BEKTOp WHIEKCOB.

BBeséM Ha BeKTOpax MHIEKCOB OTHOIIEHUE YaCTUIHOTO MOPSIKA: I IIPOU3BOJIbHDBIX
J =1, gn) u K = (ky,... k) monoxum J < K, econ jg < kg i Bcex d = 1,... ) h.
[Monoxkum J < K, ecm J < K u J # K. Honoxuwm [J| =51 + -+ + Jn.

Omnpenenenne 10.1. Monomonnoti cemwvio arzopummos pasmepHocT h u BbicoTbl H
Ha3bIBAETCS MHOXKECTBO aJI'OPUTMOB

A={a;: Je{0,....,H}" |J| < H}, (10.1)

MaTpHIla OHIHOOK KOTOPOTO 3aJaéTCsT pasOueHHeM IeHepaJbHOH BHIOODKH HA TPH HeIle-
peceratonpxcss moqmuoxkecrba X = XoU Xy U {af:t =0,....H -1, d = 1,...,h}
¥ HHIAKATOPOM OIIMHOKH, OmpejesseMbiM JiIst Beex ay € A, x € X Kak

O, T e XO;
Iay,z)= <1, xr € Xy; (10.2)
t < jal, ==z

NuTtepnpeTtauus. MonoTonHas ceTb — 9TO MOJIE/Ib CeMeiicTBa aJropuTMOB ¢ h Herpe-
PBIBHBIMU ITapaMeTpaMu. MojeabHoe mpeJInoioKeHne 3aK/II09aeTcss B TOM, 9TO 110 Me-
pe yBeJqnmdeHHsd d-TO TapaMmeTrpa OMMOKM BO3HMKAIOT IIOC/IEI0BATE/IHHO Ha O0bEKTax
zz:g, e ,x}l{_l, HE3aBUCUMO OT 3HAYCHUIT OCTAJIbHBIX ITapaMeTpoB. B peajbHbIX 3ajadax
9TO, KaK IPABUJIO0, HE TaK, XOTsl U3BECTHBI IIPUMEPHI, KOTJIa peajJbHOe CeMENCTBO TTOPOXK-

JlaeT MOHOTOHHYIO CeTh Ha CIENUaJIbHO Moj00panHoi Boibopke (yupaxuenus 10.2, 10.3).

CBoiicTBa MOHOTOHHOI ceTu.

1. BEcm J < K, 10 05 < ag.

2. Jlns Beex ay € A aucio ommbok n(ay, X) = m + |J|, tne m = | X;|.

3. Ecmm muoxectBo A mmeer crpykrypy (10.1) npu 3aganubix h u H u obiagaer
coiicTBaMu 1 1 2, TO €ro MaTpuIia ONMOOK OJJHOZHATHO ornpe/esisercs hopmystoii (10.2).

4. Bce BEKTOPHI OMMOOK AJITOPUTMOB a; € A MOmapHO pas/IMIHBbI.

5. B A cymecTByer e MHCTBEHHBIH Ayl AITOPUTM Ay = d(o,...0) ¢ MEHIMAILHBIM
qucsioM ormmbok n(ag, X) = m.

6. Pasmepnocts h u BeicoTa H ynoBieTBopdioT orpanmdenuio m + hH < L.

7. ay < ax TOTJIa W TOJIBKO TOT/A, KOTJa BeKTOPHI J 1 K OT/IMIaroTcs TOBKO 10 OT-
HOlI KoopjuHatre, jq + 1 = kq. Pebpy (ay,ar) rpada paccioeHus-CBA3ZHOCTH B3AUMHO
OJIHO3HAYHO COOTBETCTBYET OOBEKT I ;5 = :E;ld, 11t Koroporo I(ay, ) < I(ag,x,x).

8. Ywmcsro anropuTMoB B ¢1oe m-+t paBHO d4ncyay BeKTOpoB J = (J1, ..., jp) TAKHAX, 9TO
|J| = ji+...+jn = t u paBHO "mCITy C1OCOOOB BHIOPATH ¢ IIPEIMETOB U3 /i ¢ TOBTOPEHUSIMI,

[Amsel = Cp = Chipy

9. IIpocymMmMmupoBaB 9HCIO aJrOPUTMOB II0 CJIOAM M BOCIIOJIB30BABIINCH U3BECTHBIM
KOMOMHATOPHBIM TOKJIECTBOM, HETPY/IHO HANUTH YHC/IO AJITOPUTMOB BO BCell ceTu:

h— h— h
|A| - Oh—ll +ooet Ch+11LI—1 = CH+h‘
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m-1-

Puc. 10.1. IIpumep gBymepnoii ceru ajropurmon. s ajropurma a BepXHsS CBA3-
Hocth u(a) = #{x3, 24} = 2, wenonnonennocrs q(a) = #{z1, 22} = 2.

§10.3 Tou4Hasa oueHka pacCcNOeHNSA—CBA3HOCTU

O6o3HaunM yepe3 A’ MHOXKECTBO BCEX AJITOPUTMOB ; MOHOTOHHOI ceTn A, 3a MCKJIIO-
JeHreM ajroputmos nocyeanero cios, A" = A\ A, y. U3 dopmya (9.4), (9.5) u rpada
paccyioernsi—cBstznoctu (em. puc. 10.1) ciemyer, aro jyist o6oro anropurma ay € A’

X;= {xf: =jg, d=1,..., h} — TIOPOXKJIaIoIee MHOYKECTBO;

X = {xf: t < ja, d=1,...,h} — sanpemalomiee MHOKeCTBO.

Jlemma 9.3 maéT JuIb HEOOXOMMOE YCJIOBHE TOI'O, YTO AJITOPUTM @y OyJIeT TOoJIydeH
KaK Pe3yJibTarT 00y4eHUs: [uX =a J:| < [X 7 C X } [X hCX ] Ojnako B cjaydae MHOIO-

MEPHON MOHOTOHHOI CeTH HEOOXOJAUMOE YCIOBHE SIBJISIETCS] TAKYKE M JIOCTATOTHBIM.
Jlemma 10.1. Ecim i — meccuMucTuaHbIi MOHOTOHHBIH MeTo o6y denns u |J| < H, To
[MX:aJ} = [XJ C X} [Xf, C X} st kazxxaoro ay € A’

HoxkazatenbcTso. Joxaxem, aro ecin X; € X u X, C X, To TOJBKO ajJrOpUTM
MOZKET OBITH Pe3yJIbTaTOM OOyUIeHUs.

MHuozkecTBO 00bEKTOB &, Ha KOTOPBIX [ (ay, ) = 1, ectb X L X} TlogmuoxkecTBO X
[EJINKOM JIEXKUT B KOHTpPOJIe, a Ha o0bekTax u3 Xi OMMOAIoTCd BCE aJTOPUTMbBI CETH.
[Mosromy (dy)x < (Ax)x s Beex ax € A, cienoBaresbro, ay € Apr(X).

[Tokazxem, aro Ay (X) = {aK € A K < J}. HeiictBurenbro, ecoim K £ J, 1o cy-
d
Jd
xur X, ciaegoBaresibHO, oH npuHajuiexut u X, ogaako [(ay,x) < I(ag, ), mosromy
(@)x < (dk)x, snaunr, ax & Ap(X).

[Tokakem Terepb, YTO HUKAKOW Jpyroii amroput™m ax € Ay (X) He MoxeT OBITH

mectByer Koopiauuata d € {1,...,h}, Takas, aro kg > j;. O6bekT x = 29 npHHAJTE-

pesyabratom obydenus pX . [Tockonpky K < J, cymecrByer koopaunara d € {1,..., h},
Takas, 910 kg < jg. O0ObekT T = xzd upuHaieskuT X, ce[0BaTesIbHO, OH IIPUHAJLIe-
x®ur u X, mosromy (Ax)g < (d;)x, U MECCUMUCTHYHBIN MeTO/I (i BbIOEDET aJIrOPUTM @ ;.

Takum 06pa3oM, TOJBKO AJITOPUTM G MOXKET OBITh PEe3yIbTaTOM 00y UIEeHUS. [
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Teopema 10.2 (O monorouHoi#i cetn). Ilycrs A — MoHOTOHHAS ceTh pasMepHOCTH h

u BbIcOTBI H, | — meccuMucTUIHBIE MOHOTOHHBIH MeTo 1 oOyuenuss u k < H. Torma

Z
Q- (1 ZOM | L

okazareabcTBO. Bo3bMEM ITPOM3BOILHBIN AJTOPUTM (; U PACCMOTPUM TPHU CJIydasi.

h
= fH‘{_’;;f; (£(m+t—ck)). (10.3)

1. Ecmm |J| > k, To qucio omuboOK ajropurMa a; Ha 3alpemaioniux oobekTax X
[IPEBBIIAET JJIMHY KOHTPOJILHOM BBIOOPKHU. HacTh omuboK 00g3aTe IbHO OKazKeTcs: B 00y-
qaroreit mojBeibopke X, U MeTo1 (1 BeIOEpeT Jipyroit aaroputM. B sToMm ciydae

(uX=a,] =0.

2. Caywaii |J| < k u |J| = H HeBo3MOXKeH B cuity yciosust k < H.

3. Ecmu |J| < ku |J| < H, To ayig anroputMma a,; BIIOJHEHDI yerosus Jlemmbr 10.1:
(X =ay) = [X; € X][X) € X].

B srom ciaygae Bepxuss casnocts u(ay) = | X ;| = h, nenommonennocts ¢(ay) = |J|,
oreHKa pacciaoeHnsg—cBasnoctu (9.6) sBIgETC PABEHCTBOM:

Ct-
t—h, m+|J|—q (¢ - h
Z PJHthfq q(z<m+|J|—€k)), PJ— OZ q’ (104)
J:|JI<k L
rae P; = PluX =a,] — BepogrHOCTD HOJIyYUTH aJrOPUTM G; B pe3yjbrare 00ydeHus,

u = u(ay) — BepXHssd CBA3HOCTH, ¢ = ¢(a;) = |.J| — HEIOJIHOIEHHOCTD AJITOPUTMA A
Bepxnssa cBA3HOCTb U HEIIOJHONIEHHOCTD B KazKJIOM CJI0€ OJIMHAKOBBLI Y BCEX aJIlOPUT-
MOB. 3aMEeHIM CyMMY IO aJropuTMaM cyMMoil mo ciaoam t = 0,..., H, BBeJd 1oj 3HAK
cyMMBI "ncio aaroputmoB B cinoe Cy ., . Ilockomeky mpm ¢ > k amropurmsr BooGie
HE BHOCAT BKJIaJ[ B oieHKy, u3 (10.4) caenyer rpebyemoe pasencrso (10.3). n

CranencrBue 10.2.1. Ilpu k < H BeposTHOCTH TOro, 9TO METOAOM (i Oy/eT MOJIydeH
KaKoH-/1100 ajaroput™ ay u3 caos m + t, rae t = |J|, paBra

t—h
CL* _

P, =Pn(puX,X) =m+t] =C},, Py = C}tLthflT (10.5)
L

§10.4 BbluncnutenbHble 3KCNEPUMEHTbI

dkcnepumeHT 1: BblYMCEHUE OUEHKU paccnoeHunsi—cBs3HocTu. Ha pwmc. 10.2 cre-
Ba I0Ka3aH I'paduK 3aBUCUMOCTH BEPOSTHOCTH P; MOJYYUTh aJrOpUTM U3 Cjos m + t,
BerIuCAeHHON 110 hopmyste (10.5), or qucia t. Cupaa nokasasn rpaduk 3aBUCHMOCTH Be-
posiTHOCTH TIepeodyueHus (). oT mopora €. Ha kaxk1om rpaduke n3obpakeHbl 9 KPUBBIX,
COOTBETCTBYIONMINX PA3JIMIHBIM 3HAYCHUAM pasdMepHoct h = 1,...,9.

Basucumocts P, muoromepnoit cetu ua orpeske [0, H — 1] yaumosmanbua. Beposit-
HOCTH TIOCJIEJTHETO CJIOsi HEMHOTO BBINIE, TaK KaK JIjIs HEro BEPXHss CBA3HOCTH paBHA
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Puc. 10.2. 3asucumoctu P; ot ¢ (cieBa) u Q- or € (cupasa) JijIsi MOHOTOHHBIX CeTeit
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

nymio. [Ipu pocre pasmeprocTu h nojoxkenne mMakcumyma P; cMmeraercs: BIpaBo U pac-
TET BEPOATHOCTD I1ePEe0dYyUeHHA. ITO 0O3HAYAET, YTO POCT CBIA3ZHOCTHU, KOTOPBIN PUBOIAT
K 9KCIIOHEHITUAJIbHOMY YMEHBITIEHUIO BEPOSITHOCTEH P; OT/Ie/IbHBIX aJrOPUTMOB @ 7, BCE 2Ke
KOMIIEHCUPYETCS POCTOM MOIITHOCTH CJIOER.

IKcnepuMeHT 2: cpaBHeHWE MOHOTOHHbIX CeTell C peasibHbIMU CemeicTBamu.
Ha ocnose mnardopmbr RapidMiner ObLn 1mojtydeHbl SKCIEPUMEHTAIbHbIE 3aBUCUMOCTH
Q: or & s 3amad u3 pernosuropuss UCI (sonar, breast-cancer-wisconsin) Ha merojax
kiaccudukanun NaiveBayes, SVM, DecisionTree, NeuralNetwork [7]. Dxcnepumvenraiin-
HbIE KPUBBIE TIePe00y ICHHOCTH Qa, nosryderHubie MeTosioM MonTe-Kapiio, anmmpokcuMupo-
BaJINCh KPUBBIMU T1epe00yIeHHOCTH MOHOTOHHBIX CeTeil ImyTéM 1momdopa pasmMepHocTu h
npu dukcupoBanubix L, { n m. OKa3aaoch, 9TO 9eM CI0KHEe CeMeHCTBO aJTOPUTMOB,
TEeM BBIIE TPOXOJIUT KPUBas MepeoOyIeHHOCTH U TeM BBIIE Pa3sMePHOCTH h AITPOKCH-
MupyoIieil MoHoToHHOI cetu, cm. puc. 10.3, 10.4, 10.5 («6oJiee cryneH4YaTbie» KPHUBBIE
COOTBETCTBYIOT MOHOTOHHBIM CETsIM, «00JjIee TJIaJIKIe» — PeasIbHbIM CeMeNCTBAaM ).

[Ipumeuarenen Tor dakT, 9YTo Ha 3aja4e breast-cancer-wisconsin meros NaiveBayes
MoKa3aJl KPUBYIO MepeoOyIeHHOCTH, SKBUBAJEHTHYI0O MOHOTOHHOI CeTH pasMepHOCTH 1,
puc. 10.5. DddexkTuBHass pa3sMepHOCTb JAHHOW 3aJadd W B caMOM Jiejie Ou3ka K 1,
TaK KaK OYeHb XOPOIIUM PA3JIE/ISONUM ITPU3HAKOM SBJISETCH CyMMa BCeX 9 MPU3HAKOB.
DecisionTree Ha Tex ke JaHHBIX HE CMOI' HAWTH 9TOT IPU3HAK U ITOKa3aJl OOJIBIITYIO pas3-
MEPHOCTh, OOIBINYIO TEPe00yIeHHOCTD U OGJIBIIYIO OIMMUOKY Ha KOHTPOJIE.

Pe3iome

Tounble o1eHKN BEPOATHOCTH TEPEOOyIEHUs K JTAHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
JTa MOJIETTbHBIX CeMeCTB aJI'OPUTMOB. B uxX 4mcjie MHOTOMepHbIe MOHOTOHHBIE CETH aJIlo-
pUTMOB, 00JIaIAI0MINE CBOWCTBAME PACC/IOCHUST, CBI3HOCTU U PA3MEPHOCTH, ITO COJIMKAET
UX C peaJbHbIME ceMeiicTBaMu. OIEHKa PACCIOCHUI—-CBI3HOCTHU JJIsI MHOTOMEPHOI MOHO-

TOHHOH CeTU sgBJAIEeTCA TOYHOM.
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Qcyy ]
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Puc. 10.3. Beposraocts nepeobydenus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pas3mepHOCTell, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactora ommbOK Ha 00ydeHHN/KOHTpose, coorBercrBenHO: (.28/0.32;
0.05/0.20; 0.02/0.26. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe

09 -

038 -

07 1

06 -

05 -

04 1

03 1 NN3

0.2 1 NN1

01 1
0]

0 0.05 0.10 0.15 0.20 0.25 030 ¢

Puc. 10.4. BepositHocTh 1tepeobyuenust (). asropurmoB NeuralNetwork ¢ auciiom nHeii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha 00YYEeHWUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. Bagaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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0 001 002 003 004 005 006 007 008 ¢

Puc. 10.5. BepositHocTh nepeobyuennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX ceTeiil pazmeproctu b = 1, 20. CpejiHsist yacToTa OMMOOK Ha 00y YeHnn /
koHTposie, coorsercreenHo: 0.04/0.04; 0.03/0.06. 3amada breast-cancer-wisconsin,
9 npuznakos, L = 700, ¢ = 630.
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B skcnepuMenTax KpuBble BEPOATHOCTH Iepe0OyYeHrs PeabHBbIX CEMENHCTB HETLIO-
XO TPUOJIMKAIOTCA C TOMOIIBI0O MHOTOMEPHBIX MOHOTOHHBIX CETell ITPU COOTBETCTBYIOIIEM
11o/100pe PasMepPHOCTH, KOTOPYIO MOXKHO MHTEPIIPETUPOBATH KaK «3(PMEKTUBHYIO pa3Mep-
HOCTb» 3a/Iadu.

B cnepyrowen nekunn mbl BepaéMcd K DYHKIMOHAY PABHOMEPHOI'O OTKJIOHEHUS, KO-
TOpbIt ncnosb3yercsd B VC-Teopun, n MOKazKeM, ITO CBSI3HOCTD JIJI HET'O yUIeCTh MOYKHO,
a paccJIOeHNe — HeJTb34l.

Ynpa>kHeHust

Bamaga 10.1 (1). JlokaszaTh JeBaTh CBOCTB MOHOTOHHOI CETH.

Bagaua 10.2 (1). Ilpusectu npumep BuiGopku B R? /1 KOTOPOil MHOKECTBO JIMHEii-
HBIX KJIacCudUKATOPOB (He 00s3aTeIbHO BCEX BOSMOYKHBIX ) TOPOK AT MOHOTOHHYTO CETh
AJITOPUTMOB.

Bagaua 10.3 (3*). Ilpusectu npumep BbiGopku B R”, 11a KoTopoit MHOXKeCTBO JuHe-
HBIX KJ1accnduKaTopoB (He 00s3aTeIbHO BCEX BO3MOMKHBIX ) ITOPOK AT MOHOTOHHYTO CETh
AJTOPUTMOB.

Bamada 10.4 (5%). CdopmyanpoBarb TpebOBaHUS K CeMEiCTBY aJIrOPUTMOB, IIPU KOTO-
PBIX OIIEHKA PACCIOCHUSCBI3HOCTU SBJISIETCA TOYHOI.

Bamada 10.5 (5). Iloayuurh OIEHKY BEPOSITHOCTH IepeodydeHusl JJIsi MHOTOMEPHOIT
MOHOTOHHOM CeTH, KOIJia 10 KaxKJI0il pasmepHocTu d 3ajiana cBosi BbicoTa Hy.

Bamada 10.6 (8). ITosyuuTh OIEHKY BEPOATHOCTH TE€PEOOYUEHUs JIJIs YHUMOAIbHOI
h-mepHoit cern.

Bamagda 10.7 (5). [loayunTh ONEHKY BEPOATHOCTH IepeobydeHus i mydka h MOHO-
TOHHBIX Tieneit pmaer H.
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11 OueHkn BeposATHOCTU paBHOMEPHOro OTKJ/IOHEeHUs

OYHKITMOHAJ BEPOSITHOCTH PASHOMEPHO20 OMKAOHEHUA TaCTOT OIMMOOK B JIBYX BbI-
6opkax BBomuTca B VC-reopun u Gepércs 3a OCHOBY BO MHOIMX ITOCJIEILYIONIUX HCCJIEI0-
BaHusX (cM. 0630psl [108, 59, 13]). On saBiseTcs BepXHEil OIEHKON BEpOATHOCTH 1Iepeody-
YeHUsI, He 3aBUCAIIEH OT MeTOo/1a O0YIEHUs (i, ITO JAET eMy OIPEIeIEHHOe MPAKTUIEeCKOe
npenmytecTBo. C MOMOIIBI0 0OpalleHnsT W3 HEro MOJIYYIaeTCsl BEePXHsIsS OIEHKA IacTOThI
ommbOK Ha KOHTPOJBHOI BBIOOpKe. K€ MUHMMM3aIms, B CBOIO OYepe/ib, IPUBOJUT K HO-
BOMY MeTO/Ly OOyYeHUsl (i, KOTOPBIi, KOHETHO YK€, OTJIUIACTCA OT OOBITHON MUHUMU3AIINN
OMIIMPUICCKOT'O PHUCKa. HO niaee, HOBBII METOA W JOJIZKEH 6bITb MeHee IIoJBepzKeH IIe-
PeodYIEeHNTO, TTIOCKOJIBKY OH CTPOUJICA M3 COOOParKeHUi OonTUMU3aIni 0000IIaoIIei CIo-
cobroctu. C Apyroif CTOPOHBI, 3aBBIIIEHHOCTh UCIIO/Ib30BAHHON OIEHKU MOYKET IOBJIETh
3a cODOI HEONTUMAJIbHOCTD MJIN JaKe HeaJeKBATHOCTH HOBOTO METO/IA.

[TosryunB HECKOJIBLKUMM CIIOCODAMU BEPXHUE OIEHKU BEPOATHOCTH OOJIBIIIONO PaBHO-
MEPHOT'O OTKJIOHEHHUA, Mbl BbIZACHHUM, YTO BCE€ OHH YYUTLIBalOT CBA3HOCTL, HO HE€ Yy4HU-
ThIBalOT pacCCJIOCHHUC. I/IMeHHO B 9TOM IIPOABJIACTCA 3aBbIINICHHOCTL OIECHOK BEPOATHOCTU

nepeobyvueHns Yepe3 BEPOATHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§11.1 TexHuka nopo>XxgaroLwmx N 3anpeLiarolmnux MHOXXECTB

Hanmomuum, 9To nepeobyuerrocmoto aaropurMa a Ha BeIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €ro OIMMOOK Ha JIBYX BBIOOPKAaX, KOHTPOJILHON 1 00yvatomieii:

§(a, X) =v(a, X) — v(a, X).
O yHKIIMOHA BEPOSITHOCTH IIePe0dyIeHIs
QE(,U> X) = P[(S(IUX’ X) > 5}

OIIEHUBAETCsI CBEPXY BEPOSATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHHUST 9aCTOT B JIBYX IOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[6(a, X) > ] = P [Igleaj((S(a,X) > e

MeTtoa makcumunsauumm nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK IATOIINX U 3aIPENIAIONTIX
MHOZKECTB MOXKeT ObITh puMenér K dynknnonany Q. (A, X), eciu creruaabHbM 06pa3oM
BBECTH MeToJ 00yueHus. dta ujed npuHaiekut Niabe Tosrctuxumny.

Omnpenenenne 11.1. Meron obydeHust i HA3BIBACTCS MAKCUMUIAUUET NEPeobyueHHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

N3 onpeaesjieHud cJeAyeT, 9TOo eCJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb, TO
BEPOATHOCTD Hep606y‘IGHI/IH COBIIa €T C BEPOATHOCTHIO PaBHOMEPHOI'O OTKJIOHCHU A,

Qa(:u7 X) = @a(A7 X)
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Jlemma 11.1. FEcim MeTos |1 MAKCHMHU3UPYET 11€PE0O0YIEeHHOCTh, TO JIJISI KaXKJIOTO aJIro-
purma a € A mHO>KecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba e X: b= a} — zanperalIiuM B cMbicie I'umoresnr 9.1:

X = < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b,X) mus Beex b € A. (11.1)

Bosbmém npousBosibHbIN T4, € X,. Torma I(a,xzq) = 0, I(b,z4) = 1. Ecau gormy-
CTHTD, 9TO Tap € X, TO HOJYYUM

6(b,X)=v(b,X)—vb X)=v(a,X)+;—v(a,X)>d(a,X),

aro nporuBopeunt (11.1), snaunt, x,, € X. B cuty ero npoussosbsaoctn X, C X.
Bosbmém mpomnsBosbHbil 1y, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gormy-

CTUTb, 9TO Tp, € X, TO TOJIYyIUM
6(b,X)=v(,X)— v X)=v(a,X)—v(a,X)+ ;>0 X),
aro iporusopeunt (11.1), sHaunt, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 Jlemmer 11.1 u o6mieit onerku paccioenusi—csiznoctu (9.2) ciie-
JIyeT OIEHKa CBA3HOCTHU JIIsi BEPOSITHOCTH PABHOMEDPHOIO OTKJIOHEHUS.

Teopema 11.2. [lycrs BeKTOPBI OHIMOOK BCeX ajJrOPUTMOB W3 A MOMapHO pa3/IHIHBI.
Tora mmeer MecTO BEpXHSIsST OIEHKA BEPOSITHOCTH PABHOMEDHOTO OTKJIOHEHHSI:

A C’e—fii —u, m—
Qe(AX) < Y ===t T (F(m —eh)) (11.2)
acA L
e u = u(a) = |X,| — Bepxusist csaznocrs, d = d(a) = |X!| — HuXKHSIST CBSI3HOCTD

amropurma a, m = n(a, X) — 4ucja0 omMOOK aJIropuTMa 4 Ha MeHEPaJIbHOH BBIOODKE.

OTa OIEHKa ropa3/io XyKe aHAJOTHYHON 110 CTPYKTYpE OIEHKH DACCIOCHUS CBSI3-
HocTH (9.6) J1sT MOHOTOHHOIO MeTo/a 00y dUeHust. EMHCTBEHHOE pas/Indne 3aKII09aeTCst
B TOM, YTO HEMOJHOIEHHOCTh ¢(a) 3aMeHsIeTcsl Ha HUXKHIOI CBsi3HOCTH d(a). HermosHo-
[IEHHOCTb PACTET ¢ HOMEPOM CJIOs JINHEHO, COOTBETCTBEHHO, BKJIA/IBI aJIlOPUTMOB B ().
yOBIBAIOT SKCIIOHEHIMAIBHO. HikHsst cBs3HOCTD d(a) He npeBbiiaet ¢(a) U, KaK MOKa3bl-
BAIOT 9KCIEPUMEHTHI [34], KOHIEHTPUPYeTCs BOKPYT OJJHOIO M TOI'O YK€ 3HAYEHHsI BO BCEX
CJI0SIX, TO9TOMY aJITOPUTMBI BCEX CJIOCB BHOCAT HPUMEPHO PaBHBIN BKJIa/L B OoeHKy (11.2).
Takum 06pa3oM, 9Ta OIEHKA YIUTBIBAET CBA3HOCTH, HO HE YUUTBIBAET PACCIOCHHUE.



= 106 —

§11.2 TexHuka uenHbIX pPa3sIO>KeHU

MeTon, oneHEBaHNs BEPOATHOCTH PABHOMEPHOTO OTKJIOHEHMsI, OCHOBAHHBIN Ha Uen-
nox pasaootcenusz (chain expansion), npesioxen lerucom Kouenbikoseim B [34].

Teopema 11.3. /JLis sirobbix X, A u ymoboro € € [0, 1]

0.4 %) <Y [{s.90} < £]© thﬁmd(sa@)). (11.3)

acA

e d = d(a) — HUXKHSISI CBSI3HOCTB ajroputMa a, m = n(a, X) — 9ic/10 ommnboK ajaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — 5k),

HoxkazareabcrBo. O6o3uaunm depes3 U, (X, ) wim upocro U, uHAUKATOD 11€peodyIeH-
HOCTH aJITOPUTMa @ Ha BBIOOpPKE X :

U, = [0(a, X) > ] = [n(a,X) < sa.(¢)].

O6o3naunm depes U, orpunanue U,, To ectb U, = 1 — U,.

Bocrmoibayemcst TeM, 9TO Ha MHOXKECTBE aJIropuTMoB A 3aJaHO OTHOIIEHHE JacThud-
HOT'O IOPSAJ/IKa KaK €CTeCTBEHHOEe OTHOIIEHNE MOPSAIKa Ha OYJIeBBIX BEKTOPax OIMMOOK aJl-
ropuT™MoB. JIomoJiHUM 3TO OTHOIIEHUE JI0 JIMHEHHOIO MOPSs/IKa ITPOU3BOJIBHBIM 00pa30M.
[IpeicTaBuM BEpOSTHOCTDH MAKCHMYyMa OMHAPHBIX BEJIMIMH KaK CyMMY BEPOSITHOCTEH, BOC-
[IOJTb30BABIINCH UETHDIM DA3AOHCEHUEM:

@s:PmC?XUa:ZPUa H Ub.
acA beA: b<a

OcTaBuM B IEITHOM pa3JI0:KEeHUN TOJIBKO Takne coMHoKuTeau Uy, 1o b < a. Ocrajb-
Hbl€ COMHOXKUTEJIN TPUBUAJIBHO OLEHUM CBEPXY €IUHUIIEI, Ub 1, b £ a. Torna

<> P I vl
a€EA  bEA: b<a

Pacemorpum npoussenenne U,U, 1j1st IpOon3BOJIBHBIX b 1 a Takux, 910 b < a:

U.U, = [n (a X) < sa(e)] [n(b, X) > sp(e)] =
= [sa( £ =s5(e) <n(b, X) <n(a,X) < s.e)] =
G ——<n(a X) < s4(8)] [n(b, X) = n(a, X)] =
[n a, X) = |sq(e )J] [{sa(e)} < %} [xba € )_(],

rae |s| — menas gacte s, {s} — npobnas gacts s. Torma
<O P ] Ulh=>P ] [na,X)=lsae)]][{5a(e)} < £][20a € X].
a€A  beEA: b=a acA  bEA: b=<a

CoMHOKHUTEIH, HEe 3aBUCANIMC OT b, BBIHECEM 3a 3HAK IPOU3BeAcHus. BeegaéM MHO-
KecTBO X = {xba cX:b=< a} U 3aMETHM, 9TO

[T [owex] =[x cx).

beA: b<a
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Takum obpasom,

Q- <Y [{5a(0)} < 1] P[n(a, X) = [sa()]] [X, C X].

acA
YuaureiBas, aro | X | = d(a), moayumnm onenky (11.2). Teopema nokazana. ]

Omnenka (11.3) no cBoeit crpykType anagorndna onenke (11.2). B neit ects 1Ba yiryd-
IIeHNd: BO-IIEPBLIX, CYMMUPOBAHUE IPOU3BOIUTCA HE 110 BCEM CJIOAM ceMeficTBa ajaropuT-
MOB (11p#t £ = k y9IUTBIBAETCS TOJIBKO KazK/IbIil BTOPOIi CJIOM ), BO-BTOPBIX, BMECTO «JIEBOT'O
XBOCTa» THUIIEPreOMETPUYIECKOTO pacupejenenuss H B meil durypupyer snadenue h ru-
[EePreoMeTPHIECKOro pacipe/ienenns B onHoil Touke. C npyroit cropomsl, onenka (11.3)
YUHUTBIBAET TOJBKO HUKHIOIO CBA3HOCTB, YTO B UTOTE JlesiaeT eé Oojiee cj1aboil 0 cpaBHe-
uiio ¢ orenkoit (11.2). ITpu sTom 06e OIeHKN He YIUTHIBAIOT PACCIOCHUE.

§11.3 TexHuka cny4daiiHbix bDny>XaaHwi

BeposiTHOCTH PAaBHOMEPHOI'O OTKJIOHEHUSI YACTOT B CJIyYae MOHOTOHHOII eI MOYKET
COBIIA/IATh C BEPOSATHOCTHIO PABHOMEPHOI'O OTKJIOHEHUsI SMIMPUYECKUX DPacIpee/IeHN.
DToT JIIOOONBITHBIN (hakT Ob1T 3aMedeH MBanom [lanuabiv.

JL1st mpom3BoJIbHOTO ceMeiicTBa A BBIpA3UM PAaBHOMEPHOE OTKJIOHEHHEe YacTOTHI O~
60K B BHIGOPKax X 1 X wepes muamkaTopsl b; = bi(X) = [z; € X|:

D(X) = maxd(a, X) = max(v(a,X) — v(a, X)) =

acA acA
L
= max [(a,xﬁ(% [z, € X]—7 [ EX]) =
acA — N— N——
= 1-b; b,
L
L 1
=— max » I(a,z;)|——b . 11.4
Ck acA & (a, i) (L ’) ( )
MoHOoTOHHaAs uenb anropuTmMoB — 310 MojesbHoe cemeiictBo A = {ag, aq,...,ap},

B KOTOPOM JITOPUTM @ JOIYCKAET M OIINOOK Ha reHepasibHON BBIOOPKE, a KayKJIbIil 110-
CJIETYFOIIUIT AJITOPUTM XY2Ke TIPeJIBLIYIIEro Ha oJHOM o0bekTe (orpeesenue 8.8, cTp. 73).
[Iepernymepyem OOBEKTHI T, . . ., L1, TAKIM 00PA30M, UTOOBI

Iag,x;)=[i<m+d|, i=1,...,L, d=0,...,D. (11.5)

Teopema 11.4. i1t MOHOTOHHOI IIeIH ajaropuTMoB A, Ipou3BOJILHOI reHepaIbHOH Bbl-
6opku X u rpoussoJibroro € € [0, 1] cupaseyiuBa TouHas OLEHKA BEPOSITHOCTH TOI'O, UTO
PaBHOMEPDHOE€ OTKJIOHEHHE HE IIPEBBICUT &£

| - Gilsio).1]

Plmaxd(a, X) <e c :

acA
e g, (€) — JieBasi rpaHmIa ycedéHHOTO Tpeyrobauka Ilackas:

gy (6) = £(t — ek)[m <t <m+ D].
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HoxkaszareabcTBo. B ciyuae MmonoToHHOI Tienu nipejicrasiienue (11.4) yporaercst mocie
Ho/JCTaHOBKY B Hero (11.5):

m-4d
)= £y S (L) = £ (125 )

i=1
e Byyg =01+ -+ byrg. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OMTUO0K
B BBIOOPKAaX X 1 X BBIPAsKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPEIH
IIEPBBIX M + d WIEeHOB OMHAPHOI TTOCIeI0BATEIbHOCTH] by, . . ., by, OT «0XKII1aeMOroy Incia
equnul £ (m + d).

Haiiiém renepsb BepositHOoCTh TOro, uro D(X) HE MpeBbIIIAeT £:

P[D(X) <e] =P| max (£(m+d) — Busa) < fek] =

D L
—PTI[4(m+d=ck) < Busd| =PT] [0 (&) < B].
d=0 t=1
HOﬂyquHoe BbIpazKeHne B TOYHOCTH COBIIa/JacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacrpesesennii (4.9), ajist KoTopoii yzke HaiiIeHO TOYHOe BbIpa-
xkenwue (4.6) gepes3 yceuénnblii ciieBa rpeyrosibauk [lackass. Teopema jgokazana. [

Pe3iome

DYHKITMOHAJ PABHOMEDPHOTO OTKJIOHEHU, BBE/IEHHBII B Teopun Bannnka-YepBonen-
KHCa, YYATBIBAET CBA3HOCTH CEMEeNCTBa aJrOPUTMOB, HO HE YUHUTBHIBAET €0 PACC/IOeHUE.
N3-3a 31010 OH MOYXKET J1aBaTh CUJIHLHO 3aBBIINIEHHDBIC OICHKHN BEPOATHOCTH MEPEOOYIeHUS.
Tem He MeHee, OH aKTHBHO UCIOIB3YETCH B TEOPUM CTATUCTUYECKOTO obydenus. Ero jo-
CTOMHCTBO B TOM, 9YTO OH HE 3aBUCUT OT METO/a OOyUYeHUsA, ITO TO3BOJIAET Pa3padaThIBATDH
HOBBIE MeTOJbI OOyYeHUs IIyTEM MUHUMHU3AIUN €10 OOPAIEHHBIX BEPXHUX OIEHOK.

[Ipu nostydyennn BepXHUX OIEHOK BEPOSATHOCTH PABHOMEPHOI'O OTKJIOHEHUS MOTYT Ha-
KaIJIUBATHCS JIONOJIHUTE/IbHBIE TIorperrHocTu. Cpein TpEX PacCMOTPEHHBIX TEXHUK TIep-
BBIE JIBE JIAIOT 3aBLIINIEHHBIE OIEHKHU, TPEThd JIAET TOYHYIO OIEHKY, HO TOJILKO JIJIs 4acT-

HOTO cJIydass MOHOTOHHOH Ienn aJrOpUTMOB.

B cnepytouwein nekummn Mbl IPUMEHUM OIEHKY PACC/IOEHUs - CBI3HOCTU K CEMEMCTBY T10-
POTOBBIX KOHBIOHKINI HaJ| BEIECTBEHHBIMU ITPU3HAKAMN. JTO TEPBBIA MpUMep HE MO-
JIeJIBHOT'O CeMeCTBa, MMPOKO MCHOJIb3YEMOT'O TIPU PEINeHNN TPUKJIIHBIX 3a/1a.

Ynpa>kHeHus

Bamada 11.1 (5%). IMoay4uTh TOYHYIO ONEHKY BEPOATHOCTU PABHOMEDPHOI'O OTKJIOHEHHUSI
Q-(A,X) 1151 yHUMOJIATIBHOI T AJITOPUTMOB.

Bamaua 11.2 (10*). Iloayunts Toumnyio ornenky (. (A,X) mis mpon3BoIbHOIO MHOXKE-
CTBa aJI'OPUTMOB, 33 ]AHHOTO I'PAdQOM PACCIOCHUI—CBA3HOCTH.
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12 KoOHBIOHKTUBHbIE JlIOrnYyeckne 3aKOHOMEPHOCTHU

Mpbr o6pasinch, HAKOHEIT, /IO TEPBOr0 MPAKTUIECKOTO NMPUMEHEHNsT KOMOMHATOPHOMN
TEOPHUH IepeodydeHns. A IMEHHO, OIIeHKH PaCcCI0€HUsI—CBA3HOCTU OYIYT MPUMEHEHDI JIJIs1
VILYUIIEHUS A02UMECKUL MEMODOE KAACCUPUKAUUU.

§12.1 Jloruueckmne metoabl knaccucpukaumm

Paccemorpum 3atauy kinaccudukanun. Jlomyctm, 910 KaxKjoMy 00beKTy x; € X co-
OTBETCTBYET NPasusbHuili omeem y; € Y, riae Y — KOHEIHOEe MHOYKECTBO UMEH KJIACCOB.
OO0BeKTHl onuchBaIOTCA HAOOPOM 1 IUCIOBBIX npushakos fi: X — R, j=1,...,n.

Jlornaeckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, ITOCTPOCHUH KOMITO3UIINH HHMOP-

MATHUBHBIX, XOPOIIO UHTEPIPETUPYEMBIX JOI'MTYCCKIX 3aKOHOMEPHOCTEI.

Jlornyeckue npaBmna n TpedboBaHne nHTepnpetupyemocTn. IIpeduxamom Oymem Ha-
3BIBATH MTPOM3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecom r(x) = 1, 1o Gyzem roso-
PHUTD, UTO MPEJIUKAT 6bidensem OObeKT .

IIpasusom (rule) Gyem HA3BIBATH IIPEJUKAT U3 HEKOTOPOTO (DPUKCHPOBAHHOTO CeMeii-
CTBa IPeINKATOB R, 06/1a/1aI0MnX CBOWCTBOM UHMEPNPEMUPYEMOCY — OHU JIOCTATOYHO
IIPOCTHI U JIOIYCKAIOT 3AIIUCh Ha €CTECTBEHHOM SI3bIKE B TEPMHUHAX MPEIMETHON 00/1aCTH.
Dtu TpeboBanmsa POPMAIU3YIOTCS B caMOil KOHCTPYKInn cemeiicrBa K. MbI paceMoTpum
HanOoJIee PacIPOCTPAHEHHBIN B IPABU — NOPO206vLE KOHBIOHKUUL:

r(z;0) = [[[fi(x) s; 7], (12.1)
jeJ
rne J C {1, c ,n} — IIOJIMHO2KECTBO NIPU3HAKOB, ¢ cR — nopoz 10 j-My TPU3HAKY,

0 = (67)jc; — 6exmop nopozos, <; — OJUH U3 3HAKOB cpaBHeHus {<, >}.

Hucno |J| HasbBaercs panzom konstonkyuu. OOBIMHO OHO OIPAHUYUBAETCS CBEPXY
B Yrojly BCE TOM K€ MHTEPIPETUPYEMOCTH (KaK yTBEPXKIAIOT [ICUXOJIONH, JIFOJISM TPY/IHO
HOHUMATH [paBuia, cojep:are 6oee 7 yciopuii). Ha npakTtuke orpanndenue Ha |J|
yCTaHABINBAETCH MPUKIIAIHBIMI CHEIUAJINCTAMYI HCXO/d U3 CIenUKI 3a1a91.

IIpumepsbl 3akoHOMepHOCTE. V3 33191 MeTUIIUHCKOTO ITPOrHO3UPOBAHUS: €CJIN «BO3-
pact namuenTa Bbiie 60 JieT 1 paree oH MepeHéc HHMAPKT», TO OIEPAITHIIO JIe/IaTh He CTOUT.
N3 3amaan kpeauToBaHus (BU3NIECKUX JIMIL: €CIN «3a6MINUK yKas3aj B aHKeTe CBOM J10-
Mamauii Tesiedon u ero sapiuiara npesbimaer $2000 B MecsI 1 cyMMa KPeJIuTa He IPeBbI-
maet $5000», To KpeJInT MOZKHO BBLIATE. 13 381241 pacrio3HaBanus CliaMa: eCIu «B IMUCh-
Me IIPUCYTCTBYET CJIOBO 6eCIIaTHO U yKa3aH MOCKOBCKHUIT TejieOHHBI HOMED U JOMEH
OTIIpaBHUTE/IsI HaxoauTcss B Kurae», To 310 criaMm.

MoHaTna 3akoHoMepHOCTUM M uHOpMATUBHOCTU. Jlozuueckotll 3aKOHOMEPHOCTBLIO
KJj1acca y € Y OyJjieM Ha3bIBaTh IPaBUIoO 1 € R, Bbje/soNee B 3aianHoil Bbioopke X C X
JIOCTATOYHO MHOTO OOBEKTOB KJacca i W Majo OOBEKTOB BCEX OCTAJbHBIX KJIACCOB.
Hng dbopmamuszanuun sToro TpeboBanusi BBOAAT JBa kKpurepus: p(r, X) — 4uciao no.ao-
HCUMEADHVT NPUMEPOE — OOBEKTOB KJIACCA Y, BbIEIAEMBbIX HpasuioMm 7, u n(r, X) —



YUCTIO OMPUUAMENLHBLT NPUMEPOS — OOBEKTOB BCEX OCTAJIBHBIX KJIACCOB, BBIIC/ITEMBIX
mnpasujioMm 7. /s 1moncka 3akoHOMEpHOCTell B cemeiicTBe mpaBui R 110 oOydaroreil Bbl-
6opke X ecTecTBEHHO CTABUTDH 3aJ1a9y JBYXKPUTEPUATHHON OTTUMUBAIIIN:

p(r,X) = #{xi cX ‘ r(z;) =1, y; = y} — max;
n(r,X)=#{z;, € X |r(z;) =1, y; # y} — min.

BBe,ILéM TaK2K€ 9UCJIO IIOJIOZKUTEJIbHBIX N OTPpUIlaTE/IbHBIX ITPUMEDPOB B BbI60pK€ X:

P(X)=4#{x; € X: y; = y};
N(X) = #{a € X: g, £ 3},

Ha npakTuke JBa KpuUTepus p,n CBOPAYMBAIOT B OIMH I26pucmuveckutl xpumepul
ungopmamuenocmu H (p,n) — max. VI3BeCTHBI JiecaTKU KPUTEPHUEB, AKX HEMHOTO
pasHbIe Pe3yJbTaThl, HO HU OJMH N3 HUX HEIb3d Ha3BaTh OC3YCJOBHO IPEAIOYTUTEIb-
ubiM [85, 69]. Hekoropble KpuTepun sIBJIAIOTCA YUCTO IBPUCTUUECKUMU, JIPYTUHE MUMEIOT
6oJtee cTporue 060CHOBAHUS B TeOPUK MH(MOPMAIMNA M MATEMATUIECKON CTATUCTUKE.

ITpumep 12.1 (sBpuctuyeckue kpurepuu). Kpumepuii mounocmu (accuracy) —
9TO J0JI NPABUILHBIX KJacCu(pUKAIWii, TO €CTh OTHOIIEHHE OOIIEro YMC/Ia, BhIICICHHBIX

IIOJIOZKHUTEJIbHBIX W HEBBIJIC/ICHHBIX OTPUIATE/IbHBIX IIPUMEPOB K JIJINHE BbI60pKI/II

p+N—n
A ="y

Nuorna nopmuposky youpator. uorna BBojar mrpad v > 1 3a BbljieleHIe OTPUTIATE b

(12.2)

HBIX 00BEKTOB, MOOIMIPsis TEM CaMbIM HOUCK «b0Jiee YHCThIX» 3aKOHOMepHocTedl [29):

H(p,n) =p—n.

IIpumep 12.2 (kpurepmii 6Gycrunra). B teopun Gycrunra [99] Bo3HuKaeT KpuTepwmit
pa3HoCTU KBa[PATHLIX KOPHE:

%(pan) = \/E_\/E

B 3aJadax KJIaCCI/ICbI/IKaHI/II/I C HeC6aJIaHCI/IpOBaHHbIMI/I KJlacCaMM (KOI‘,Ha ornomenne P : N

CYIIECTBEHHO OTJIMYHO OT €JIMHUIIBI) UCIIOJIB3YeTCs TaKyKe HOPMUPOBAHHBINH KPUTEPUil

H(p,n) =/p/P —+/n/N.

ITpumep 12.3 (tounsrii Tect @uimepa). Eciu npussTh B Ka9ecTBe HYJIEBOH MUIIOTE-
3Bl TIPEJIITOJIOKEHNE, ITO TPEeJUKaThl () U [y(x) = y} SIBJISTIOTCST HE3aBUCUMBIMU CJIy-
JafHBIMKU BEJIMYMHAME, TO TIPU (PUKCUPOBAHHOM YHUCJIE BBIIEIAEMBIX 00bEKTOB (p + M)
YUCJIO BbIACJIACMBIX OTPUIATEJIBHBIX ITPUMEPOB T INOAYNHACTCA TUIlepreoMeTpuaeCKoOMy
pacpeie/IeHIIO hﬁ’;f}{,N (n). Jocturaemblii ypoBeHb 3HAUUMOCTH (@ = H]},fﬁ\’,N (n) pasen
BEPOATHOCTH YHCTO CIydaiiHOM peaju3anuy HaOJIIOJaeMOr0 WIN €Ié MEeHBIIero 3Hade-
HUgA n. YeM MeHbIIe o, TeM MeHee IIPaBIoIIo00Ha TUII0Te3a O He3aBUCUMOCTH. B KavuecTse

KpuTepus nHGOPMATUBHOCTU OepyT — log av Kak Mepy Hec/IydailHOCTU B3aUMOCBS3H 1" U Y-

H(p,n) = —log Hi N (n).
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IIpumep 12.4 (sHTpONMITHBIN KpUTEepuii). ACHMITOTHYCCKUM HPUOINKEHHEM T'H-
[IEPreoMeTPUIECKOr0 KPUTEPUS SIBJIACTCA IHMPONUTHIT KPUmMeput uH@opmMamueHocm
win evuzpuis ungopmayuu (information gain, IGain) [89]:

P p+n n( P P—i—N—p—nh P—p
P+ N P+N \p+n P+ N P+N—-p—n)’

H(p,n) =h

rie h(q) = —qlogy ¢ — (1 — q) logy(1 — q) — dyHKIWSs SHTPONUN TAPBI UCXOJOB C BEPOST-

HOCTAMU g 1 1 — q.

IIpumep 12.5 (kpurepmii >kunu). Ha npaxrtuke ncrosb3yor Tak:xke undekc Joicu-
wu (Gini impurity ), ormaarormuiics ot IGain Toibpko dynakmumeit h(q) = 4q(1—q), KoTopas
HEIJIOXO alPOKCUMUPYeT (DYHKIHIO SHTPOIMH Hapbl nexooB [60).

Komno3unuynm 3akoHomepHocTen. Kaxk ias 3aKOHOMEPHOCTD BbIJIEISET JIUIIb 9acTh BbI-
OOpKM M OTHOCHUT €€ K ofHoMy u3 kKjaccoB. lloaromy kiraccudukarop a: X — Y crpodr
13 OOJIBINIOTO YKCJIa 3aKOHOMEPHOCTEN, 00beINHAA UX B KOMITO3UIIUIO, HAITPUMED, C TIOMO-
IBI0 636€WEHHO20 2040COBGHUA:

a(x) = arg max w,r(z), (12.3)

rae R, — MHOXKeCTBO 3aKOHOMepHOCTeil Kiaacca y, w, > 0 — BeC 3aKOHOMEPHOCTH T'.
[TocTpoenne TakuxX KOMIO3MIUI MOXKHO BecTH Ho-pasnoMy. OHa u3 cTpareruii 3a-
KJIFOYAETCS B TOM, YTOObI CHAYAaJIa [OCTPOUTD CIUCKH 3aKOHOMepHocTeil R, 3aTeM, pac-
cMaTpuBas 3aKOHOMEPHOCTH 7'(Z) KaK HOBbIe IPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBIH
KJ1accupukaTop JIFOOBIM U3 U3BECTHBIX METOO0B, HAIIPUMED, JIOTUCTUYIECKON perpeccu-
eit [73] wim meromom onopubix BekTopoB [70]|. Jlpyrasi crparerusi 3aKJII0OUaeTCS B TOM,
YTOOLI CTPOUTH 3aKOHOMEPHOCTH II0 OYeped, W JIJIs KazKJOoil 3aKOHOMEPHOCTH T Cpa3y
OpEIETATh BeC w,. Tak, B 9acTHOCTH, PabOTAIOT aJropuTMbl OycTunra [66].

§12.2 3apava npeackasaHna MHPOPMaATUBHOCTU

Nrak, numeercd Tpu TUlla TapaMeTpoB, 00ydaeMbIX 110 BHIOOPKE, U, COOTBETCTBEHHO,

TpH BO3MO2KHBIX UCTOYHUKA Hep606y‘{eHI/IHI

1) noporu &7, j € J nias KaxK0ro Habopa MPU3HAKOB .J;
2) Habop MpU3HAKOB J /I KazK/I0il 3aKOHOMEPHOCTH T
3) BeC w, JIsl KazKJI0i 3aKOHOMEPHOCTH 7.

EcrecTBeHHO moJIaraTh, WTO XOPONIHH aJropuT™M @) MOXKHO HOCTPOUTH TOJBKO
13 HelepeoOYYeHHBIX 3aKOHOMEPHOCTEN, MMEIONNX BBICOKYIO MH(MOPMATUBHOCTH KaK Ha
obyuaroreil, Tak 1 Ha KOHTPOJILHOI BhIOOPKE.

Haueit 1iesibio Oyzer mocTpoenne Takoro Kpurepus 2, KOTOPbIii IpeIcKa3biBajl Obl
3HAYEHUE 3aJJaHHONO CTAHJIAPTHOIO KPHUTEpHs 7 Ha CKPBITOH BLIODOPKE IOC/IE OINTHUMIU-
sanmu 1oporos @7, IIpedckasannyto ungdopmamuenocms ' IpeonaraeTces 3aTeM Hc-

[I0JIb30BaTh B KAYECTBE KPUTEPHUSA BHIOOPA MOJMHOXKECTB ITPU3HAKOB J.
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[Ipobemoit mepeobyvenus BeCOB w, Mbl 3aHUMATbhCA He OyJieM, OTYACTH ITOTOMY,
9TO OHA y»Ke HeIuioxo mccienoBana [98, 56, 66, 79|, orgacTu, 9T0ObI COCPEIOTOTUTHCS
Ha [IPUMEHEHNN OIEHKU PACCIOEHUsCBA3HOCTU K CEMENCTBY MOPOTOBBIX KOHbBIOHKITHIA.

[Limoc mpeyraraemMoii cxeMbl B TOM, 9TO OHA He TpedyeT YTO-JM00 MEHATh B CyIIe-
CTBYIOIIUX METO/IaX 00yUueHus 3aKOHOMEPHOCTEN, 3a MCKJIIOUeHneM Kpurepus uHdopMa-
tuBHOCTH. [[09TOMY €€ JIerKo BcTpanBaTh B rOTOBbIE OMOJIMOTEKN aJTOPUTMOB.

Munyc ke B TOM, 9TO HE YUUTBIBAETCS IEPEOOYUCHHUE, CBA3AHHOE C ONTUMU3AIUei
OIMHOKeCTB J 1 BecoB w,. TaknuMm oOpaszoM, MbI TIOKa HE MOYKEM JIaTh OKOHYATETHLHOTO
perenns MpodJIeMbl mepeo0ydeHns JIJIsi B3BEIIEHHOI'O T'0JIOCOBAHIS KOHLIOHKITNI.

MoHOTOHHOCTb KpuTepues nHopmaTuBHOCTU. BBeém j1jist hUKCUPOBAHHOTO KJlacca
y € Y Ha MHOXKeCTBe IpaBu/ R MHIMKATOP OMUOKN

I(r,z;) = [r(z;) # lyi=yl], T €R, zeX (12.4)

MHOzKecTBO IpaBuil R MOpoK1aeT KOHETHOe MHOXKECTBO BekTopos ommbok (1(r, x;))=,
Ha KOTOPOM €CTECTBEHHbIM O6pa301\1 BBOAATCA OTHOIICHUSA IIOPLAJIKa U IIPpeJIIeCTBOBaHMA.

Crenytomast TeopeMa MOKa3bIBAET, ITO OOJBITMHCTBO U3BECTHBIX KPUTEPUEB NHGOP-
MaTHBHOCTH $IBJISAIOTCA MOHOTOHHBIMHU B cMblciie Onpenenenus 9.2 (crp. 9.2). Orciona Bbl-
TeKaeT, YTO OLEHKA paccjoeHus—CcBa3HocTH (9.6) IpuMeHrMa HE3aBUCHMO OT TOIO, KaKoii
U3 KpUTepueB MHPOPMATUBHOCTH UCIIOJIb3YeTC JIjIsi OOy UeHMsT TTPABUII.

Teopema 12.1. Ecin ¢yraknus € (p,n) cTporo MOHOTOHHO BO3PACTAET MO D H CTPO-
ro MOHOTOHHO yObIBaeT 1o n, to kpurepuii M (r, X) = —A (p('r’, X),n(r, X )) SIBJISTETCST
MOHOTOHHBIM OTHOCHTEJIbHO HHHKaTopa omuoku (12.4), u, cOOTBETCTBEHHO, METOJ] MAK-
CUMM3AIUH UH(POPMATHUBHOCTH SIBJISIETCSI MOHOTOHHBIM METOJ[OM OOy YeHUsI [PABHUIL.

HokazaTeabcTBO. OOO3HATNM ITPOEKITNIO BEKTOPA OMuOOK 7 Ha 1moiBbIOOPKY X C X wve-
pes 7y = (I(a,x;))q,ex. Hamommum onpesiesienne MOHOTOHHOTO KpuTepust M: 11st T0GBIX
X CcXwurwv€ R, rakux, 9ro 7'y < Uy, cupaseamuso M (r, X) < M (v, X).

Bosbmém nponsposibabie X C X u r,v € R, Takue, 4ro 7y < Ux. Orcioja u u3 onpe-
JIeJICHUS HHIIKaTopa ormmbKn HemeienHo caenyet p(r, X) = p(v, X) un(r, X) < n(v, X),
npuIéM X0Ts ObI OJHO M3 3TUX JBYX HepaseHcTB crporoe. CienoBaTesbHo,

%”(p(r,X),n(r, X)) > ,%”(p(v,X),n(v,X)),

qr0 papaocuabHOo M (r, X) < M (v, X). Takum obpazom, M yaoBreTBOpsieT OIpe/Ie/IeHI0
MOHOTOHHOTO KPHTEPUSI. ]

Kputepuin npeackasaHHoin To4HoCcTU. Yucso ommbOK IpaBuja 7 OTHOCUTEIBHO WH/IN-
karopa omubku (12.4) mporosopumcst 0603HaYaTh GYKBOI 1M BMECTO OOBIYHOTO 7, ITOOBI
He IIyTaTh C YUCIOM OTPHUIATEIbHBIX TPUMEPOB:

m(r,X) =Y I(r,z) = n(r,X) + P(X) - p(r,X).

zeX
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Torga wacrora onmbok v(r, X) = m(r, X)/|X| cBazana ¢ kpurepuem tounocru (12.2):
%(p(T,X),TL(T,X)) =1- V(’I",X),

a MUHMMHI3AIHs SMIIUPUIECKOrO PUCKA SKBUBAJEHTHA MAKCUMU3AIUH TOYHOCTH. Bjaro-
Jlapst 9TOMy MOMUIMPOBAHHBIN KpuTepuit ' cTpouTcst 0COGEHHO IIPOCTO. 3aIuIneM
OIeHKY paccyioerns—cBs3noctu (9.6): s oboro € € (0, 1)

P[v(r, X) — v(r,X) Z Cio QHf T (L — ¢k)) (12.5)

L—u—q
reR

rje u = u(r) — BepXHsAs CBA3HOCTH, ¢ = ¢(7) — HEHMOJIHONEHHOCT, m = m(r, X) — ancio
ommbOK IpaBuja T Ha TeHepaJbHON BBIOOpKe. OOO3HAYNM MPABYI0 YaCTh HEPABEHCTBA
1epes 1. (€), obparHyio K Heil GyHKImIO — depes g4, (7n). Torma ¢ BeposTHOCTHIO He MeHee
(1 —n) cupasejBa OIeHKA

v(r,X) <v(r,X)+ eor(n),
WU, TIOCJIE IIEPEX0/Ia OT YaCTOT K TOUHOCTAM,
%(p(r, )_(),n(r, )_()) > %”(p(r,X),n(r, X)) —ei(n).

Bzas n = %, IIOJIyYUM B IIPaBOil 4aCcTU HUZKHIOIO OIEHKY MeJIMaHbl TOYHOCTU Ha CKPBITOM
BbIOOpKe. K€ u nmpumem B KadecTBe mpejickazanms nHGOPMATUBHOCTH:

H'(p,n) = H(p,n) —eo(3).

B obmem ciydae cTosib TPOCTOI B3aMMOCBI3U MEXKYy KpUTEpUeM 7 W 9acTOTOM
omuboK v yKe Her, U Hy’KHO pa3JiebHo orenuBarh p(r, X ) cauzy u n(r, X) cBepxy.

Ownbku | n Il poga. Eciu r — 3aKk0HOMEPHOCTH KJIACCa Y, TO HEBLIIAEJIEHNE 00BHEKTA
KJIacca Y Ha3bIBAIOT «IIPOITYCKOM IEJIH» WIH 0uubKol nepeozo poda, a BeIAeICHIE 00bEKTA
qyZKOTO KJIacca — <«JIOXKHOI TPEBOIroity Wn owubkot 6mopozo poda. I'eHepasibHas BHIOOD-
Ka pasbuBaercs Ha JBa noamuokectBa X = {z; € X: y; =y} u X' = {x; € X1 y; # y}.
Takum 06pa3omM, BOBHUKAIOT €IE ABa OIpeIe/IeHIs] NHIUKATOPA OIMNOKI:

I'(r,z) = [r(z) =0]lyi=y] = I(r,az;)[z; € X];
I"(r,z;) = [7“( i) = 1] [?Jz # y] = I(r,z;) [ﬂfz € XH];
U, COOTBETCTBEHHO, JIBa OIIPEJICJICHUs YUC/Ia U YaCTOTHI OMIMOOK:
m/(r, X) = P(X) — p(r, X); Vir, X)) =m'(r, X) /| X];
m"(r, X) = n(r, X); Ve, X)) =m"(r, X)/|X]|.

B cuny roxaecrsa I'(r,x;) + 1"(r,x;) = I(r,x;) uMeer MecTO pasiioxKeHHe ODITEro
4qucJia ommOoK u obrieit yactorsl omubok Ha ommbku [ u 11 poja:

m/(r, X) +m"(r, X) = m(r, X); Vir, X))+ (r, X) =v(r, X).
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BrlnuineM oneHKyr pacCaIoeHus—CBI3HOCTH OTAEAbLHO i dacTor v/ un V', upenmona-
rasi, YTO MeTOJ[ OOYUEHUs SIBJIACTCS MOHOTOHHBIM OTHOCHTEILHO MHMKATOPa OmubKM 1.
Jlnst obenx OmEHOK MHOXKeCTBO TpaBui IR m Meros obydenusi i ogumHakoBbl. CiemoBa-
TeJIbHO, OJMHAKOBBI TAKXKe MOPOXKIAIONINE U 3ampernaomnue Muoxkecrsa X,., X/, rpad
PaCCIOEHUSI—CBSI3HOCTH U BEPOATHOCTH mosydenus upasuwi P, = PluX =r|. Jlemmbr 7.2
u 9.3 ocratorca B cuie. Ognako Teopembr 7.4 u 9.4 TpeOyOT peBU3UHU, TMOCKOJBKY Te-
nepb JactoThl ' u v onpejensirores mo ¢cBouM wHUKaTopaM ommoku I’ u I, oramaHbIM

oT 00ITero uHAnKaTopa I, mopouBIIero rpad paccjoeHnsi—CBA3HOCTH.

Teopema 12.2 (omenka pacciioeHusi—cBsizHocTu AJiist omn6ok I u IT poma). s
MPOU3BOJILHOI BBIOOPKH X, IPOH3BOJILHOI'O MOHOTOHHOTO METOJIa OOYUECHUS [L U IIPOH3-
BosibrOrO € € (0,1)

QL=P[/(nX)-vV(rnX)>¢] < D —5 L“q Ho om0 (L — k) (12.6)
reR

Q=P (rnX)—v'(rnX)>¢] < Y ot Chtoagynmt o (&(nt — 2t)); (127
reR

e u = | X,.| — Bepx#sis cesizrocTh npasuaa r, q = |X/|, ¢ = | X . NX'|, ¢" = | X! NX"| —
HEIOJHOIEHHOCTH IIPABHJIA I OTHOCHTEIbHO HHAHKaTOpoB ommokn I, 1’ 1" coorBercTBeH-
mo, m' =m/(r,X), m"” =m"(r,X) — uncso ommbok npasmua r Ha reHepasbHOI BLIOODKE

OTHOCHTEILHO HHAKaTOpoB omubku I’ I" coorsercreento.

O6osnaxum mpasbie wacTn Hepasencts (12.6) u (12.7) wepes 1y ,.(¢) n 1y, (¢) cooTser-
CTBEHHO, a obpaTHble K HuM dyHKIm — [epes €y, (n) u €7, (n). Torma ¢ BepoaTHOCTDIO
He Meree (1 — 1)) crpaBeJIUBbI OIEHKH

V(r, X) <V(r, X) +e5,(n),
V' (r, X) <V X) + k().

BospméM 1 = 2

2
V V K 0603HaquHHM P, n, IIOJIYIUM, C BEPOATHOCTbHIO HE MEHEE

(p(r, X)/€ —€,,(3) = 0),

9TOOBI TOJIYUYUTh MeUaHHbIe OleHKN. Bo3Bpaliasich OT 9acToT OImbOK

1
29

_ 1 1 p(v
rae § = ;P(X) — £ P(X) — monpaska Ha HecTpaTH(HINPOBAHHOCTDL KJIACCOB, KOTOPas
paBHa HYJIIO, €CJIU JOJIM IIOJOKUTEJILHBIX IIPUMEPOB B 00yUYEHNN ¥ KOHTPOJIE OJIMHAKOBDI.
[Toacrasiigs npasble 9acTU STUX OLECHOK B 3aIaHHBIA CTAHJIAPTHLI KpuTepuii nadopMa-
TUBHOCTH ¢, TIOJIyIUM Kpumeputi npeickadannots urpopmamueHocmu:

H(pm) = A (K(p/0 = () = 8), k(n/t+[i(3)). (12.8)
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Mepexop ot HeHabntopgaemoii ouerkn k Habnopaemoii. Oynximm €, £y TPe/ICKa-
3piBaloT uncsio omubok [ u Il poga Ha KOHTPO/IBLHOI BBEIOOPKE JJIMHBI k 10 YUCITYy OIMTUOO0K
I u II posa Ha obyuarormeir BbIOOpKe JIHHBL £ 1 Tpady paccaoeHnss—CBA3HOCTH. [Ipu sToM
JIJIE TIOCTPOEHUs rpada UCIIOIb3yeTCs TMoJIHas BRIOOPKa X ¢ M3BECTHBIMU KJIacCU(pUKAIIN-
SIMH J; BceX 00beKTOB x; € X. 3Ha4YuT, BHIOOpKaA X BCE 2Ke IpeIroiaraeTcst Hab ro1aeMoii.
Xoresioch ObI UCIOTB30BATH BCE UMEIOIINECs JaHHble X JJ1d 00yYeHns 3aKOHOMEPHOCTEI,
a MHPOPMATHBHOCTD IIPE/ICKA3BIBATE [/ HEKOTOPOH HEM3BECTHON BBIOOPKH X.
JlorrycTrM, 9TO pean30BaJIoCh OJTHO U3 PABHOBEPOSITHBIX PA3OUEHUil cynep-6ul00pKu,
2 = XUX sl L + K Ha nabmonaemyo X mHbl L u cKpbiTyio X jymesl K. Eciu
ObI MBI 3HAJIM CKPBITYIO BBIOOPKY, TO MOLJINA ObI, IIOBTOPUB B TOYHOCTU BCE BBIKJIAIKH,
HOCTPOUTL PYHKIUH €] g, € jr JUIA NPEJICKa3anug UHMOOPMATUBHOCTH Ha CKPBITOU BbI-
6opke X 1o mabmomaembiM sHauernam p = p(r, X) u n = n(r, X). o anamorun ¢ (12.8)
umeeM renabarodaemuiti (unobservable) kpumeput npedckazannots ungopmamuerocmu:

Hppn) = (K (p/ T~ i (5) = 8), K(n/L+ ¢ (3) ). (129)

OiHAaKO MBI HE MOZKEM BBIYUCJIUTE BEJIMINHBI £ 4, € -, TTOCKOJIbKY BBIOOPKa X HEM3-
BeCTHA. 3aMeHUM X HaOJIOIAEMBIMU £} ,, £/, ¥ npeneOpexkéMm nomnpaskoit 0. [losy
nabarodaemviti (observable) kpumeputi npedckaszannot ungopmamusrocmu:

ob(Dy 1) = %(K(p/L —e(3)), K(n/L+ sgk@))). (12.10)

[Iponenantas 3amena ocHOBaHa Ha IUIIOTE3e, YTO ONEHKU HePeobYUeHHOCTH £y, €y k
CYIIECTBEHHO 3aBUCAT OT XapPaKTEPUCTHK PACCJIOCHUS U CBI3HOCTU CeMeicTBa mpaBus R,
HO ¢J1ab0 3aBUCAT OT JITUHBI BHIOOPKH.

s npoBepku 3T0i rurtore3sl Mapunoit JlyiapeHko ObLT IPOBEJIEH CJIS YOI 9KC-
nepument. B npocrpancrse R? cunTesnposainch MoeabHbIE CyIep-BLIOOPKH 2 ¢ Kiac-
cucdukanusamu y; = r(x;, ), Ha KOTOPbIe HAKJIABIBAJICS [ITyM — OTBETHI {J; HA HEKOTOPHIX
00bEeKTaX X; MHBEPTUPOBAJIUCH. Y POBeHb 1myMa Bapbuposascs or 0% 1o 50% o6bekToB.
Mensioch TakzKe paciupejeseHne IyMa — BOJIN3U I'PAHUIBI KJIACCOB, PABHOMEDPHO, B/IaJIN
OT rpaHunbl KiaaccoB. Kaxkas cynep-BbIOOpKa MHOTOKPATHO pa3dMBaJIaCh CJIyYailHbIM
obpazoM Ha HabmomaeMyio n ckpbityio, 2 = X U X. ITo noasbi6opke X BBIUHCIISAINCH
OLEHKHU ), €. 110 cynep-ppibopre 27 BHIMUCIAIUCH ONECHKY €7 f¢, €7 5. VlcmosbzoBaics
SHTPONUNHBI KpUTEpHilt "HGOPMATUBHOCTH F7 .

Puc. 12.1 nokaspiBaeT, 4TO 3aBUCUMOCTb HeHAOJI01aeMoil nH(MpOPMATUBHOCTH OT Ha-
O.10/1aeMolt 6JTM3Ka K JIMHEHHOM, jTayke HeCMOTPs Ha, MaJiblit 00beéM Janubix L = K = 60.

Ha puc. 12.2 nokazana 3aBUCUMOCTD JIHHEHHON Koppessiwu cort(#y, Heop) OT JJiu-
HbI cynep-BeiOopku. KoppeJisius craHoBuTcs 0JIM3Ka K €JMHUIE HA BBHIOOPKAX MOPSIKA
HECKOJIBKUX JIEeCATKOB OObeKTOB. [Ipm yBesmdyenun ypoBHS IIymMa HeoOXOoguMas JJIMHA

BbI60pKI/I YBeJIMINBaE€TCA, HO HC KPUTUYIHO.
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Puc. 12.1. Basucumocts J), o %’g’b npu L = K = 60 1711 IByMEPHBIX MOJETbHBIX
BLIOOPOK 1IpU pazimdaoM yposre myma (¢ — 0%, o — 10%, 0 — 50%) u paznmuanom
paCIpeIeIeHNN [IyMOBBIX OObEKTOB (CHHUI — Ha IPAHUIE KJIACCOB, 3€JIEHBINH — PABHO-
MEPHO, KPACHBIN — BJIAJIM OT IPAHUILI KJIACCOB). TOYKH COOTBETCTBYIOT pa3OUeHUsIM

CyIep-BbIOOPKHU Ha HAOJIIOMAEMYIO U CKPBITYIO.

corr wym 0%  corr wym 10%
10 { 10 4
09 4 09 4
08
07 ]
06 1
05 ]
04 4 05

08
07 3
06 3

03 04 ]
02 4 03 4
01 3 02
041

20 40 60 80 100 120 140 160 L+K 20 40 60 80 100 120 140 160 L+K

Puc. 12.2. 3aBucuMocTb KOPpesun Hy, U Hop OT IJIUHBI CyHEP-BLIOOPKH U 3a-
Iy MIEHHOCTH JAHHBIX IPU PA3IXIHOM YPOBHE U PACHPEICTIEHIH Iy Ma.

§12.3 Knaccbl 3KBUBa/IEBHTHOCTU MOPOroBbIX KOHBLIOHKLUIA

Hammeit Omxaiimmeit mebio Oy/eT MOMCK KOHCTPYKTHBHOTO OIMCAHUS MHOYKECTBA
Becex npasui R Buga (12.1) ¢ momapHo pasaudHbBIME BeKTOpamu OMmuboK Jist 3ddek-
THBHOI'O BBIUUC/ICHHS OIEHOK paccioeHus—cBsasnocru (12.6) u (12.7).

Byzaem nonarars, aro B npaBmiax suja (12.1) MHOXKeCTBO npu3HaKOB J (bUKCupoBa-
HO, U BCe 3HAKH CPaBHEHHS <; CyTh < (BO3MOKHOCTH BBIOOPA 3HAKOB CPABHEHUS MOXKHO
peasm3oBaTh, 100aBUB N npu3HakoB — fi(x), ..., —f,(x)).

Onpenenuym naukarop ommbku I(r,z;) = [r(z;) # [y;=y]], ana moboro npasuia
r € R u joboro oobekTa x; € X, e y € Y — huKcupoBaHHBII KJ1acc.

YT06bI BBIYUC/IUTL OLEHKY paccaoeHns—CBa3HOCTH (9.6), HEOOXOIMMO BBIOJHUTH
CYMMMPOBAHUE 110 MHOYKECTBY BCEX IPABHUJI C MONAPHO PA3IUIHBIMUA BEKTOPAMHE OIMTHOOK.
[yt 9TOTO BBEJIEM OTHOIIEHNE SKBUBAJIEHTHOCTH HA, MPABUJIAX U PACCMOTPHUM OIUCAHUE

KJIACCOB 9KBUBAJIEHTHOCTH, IpejyioxkenHoe Anjipeem Waxuenko B [30, 31, 112].
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Knaccel 3kBMBaneHTHocTu npasun. Jlomycrnm, 4to 3HAadeHHs ) = fj(x;) xaxmoro
npu3sHaka j € J Ha Bcex o0beKTax r; € X IONapHO pas3/IndHbl. be3 orpanumyenns 0OIITHO-
cTu OyzeM IpeJInoaraTh, 9YTO BCe MPU3HAKN IIPUHUMAIOT IeJible 3Hadenus 1, ..., L. 3Ha-
genns 1noporos 67 B npasuiax (12.1) Takxke BHIOMpaIOTC M3 HebIX 3Havenuit 0, ..., L.
Takum 06pa3oM, 1 00BLEKTHI, U HPaBUJIA OIMMCHLIBAIOTCA 3JIEMEHTAMU OJHOIO0 U TOIO Ke
mmckpernoro muozxecrsa © = {0, ..., L}l Byxem nonarars, uto R =0 n X C O.

Nuukarop ommOKN WHIYIUPYET Ha MHOXKECTBE NMPaBUI R KAGCCH, 9KEUBAAECHMMHO-
cmu. JIBa mpaBuiia SKBUBAJEHTHBI, €CJIM UX BEKTOPBI OMIMOOK COBIAJIAIOT. BEKTOPHI 1O~
poros 6, 0" € © sksuBasenTHbx npasui r(z, ), r(x, ) Moryr He coBIAIAT.

J1J1s1 IPOUBBOILHBIX BeKTOPOB U = (1) ey, v = (v7) ;e 7 13 © BBEJEM eCTECTBEHHOE OT-
nomenne nopsiika: (u < v) <> Vj € J (v < vf). Monoxum (u < v) < (u<vuu#o).

IIpumep 12.6. Ha puc. 12.3 nokazan npumep 3a1a4u ¢ n = 2 npusnakamu, L = 10 06b-
ektamu u cemeiicTso npasui 7(x;0) = [z < 0] = [x! < 0'][2? < 6?]. Kaxpomy npasuiy
COOTBETCTBYeT y3eJl IeJIounc/IeHHoil mpsaMoyrobhoit cetku (01,60%) € © = {0,..., L}2.

Jlemma 12.3. Ilycts E C R — kitacc skBuBaJsieHTHOCTH npaBui. Torjga xiaccy E npu-
Hajtexxur npasuio r(x; 0g), e 0, = 1;;11}151 07 s Beex j € J.
€

JokazaTeabcTBO. B cujty sKBUBaJCHTHOCTH U OMHAPHOCTHU IpaBuwi u3 F, npegukar

re(z) = [] r(x;0) npuanmaer Ha Becex obbekTax x € X Te Ke 3HAYECHUsI, UTO U JIFOOOE
0cE
npasusio 0 uz E, rp(z) = r(z;6). Kpome Toro, npeaukar rg npejcrasum B Buje (12.1):

re(z) = HH[xj <] = H[x] < r@réi]glé’j} = H[xj < QJE] =r(x;0p).

0cE jeJ jeJ jeJ
Takum obpaszom, npaswmio 7(z; ) Takyke npunaiexut F. Jlemma nokasana. |

Byzaem nazwviBath npasmwio 7 (x) = r(x; 0g) cmandapmmuvim npedcmasumenem Kiacca
skBuBajienTHOCTH F. Ha puc. 12.3 crangaprable MpeCTaBUTEN COOTBETCTBYIOT JIEBBIM
HIKHIM TOYKaM Kazk/[oro kiacca sksusasentnocru: (0,0), (1,8), (2,5), (5,1), n T .

I'parnuyanotc movwrkoti mogmuokecTBa S C X Ha30BEM BEKTOP f#g ¢ KOOpamHATAMN
0L, = meagcxj, j € J. Bamerum, uro r(x,0s) = 1 aist oboro x € S.

x

Iparunmvim 063exmom IOIMHOKeCTBa, S Ha30BEM 00beKT o € S, Takoil, uTo 1/ = 9§
IIPU HEKOTOPOM .

I'paruurvm nodmmoostcecmaeom HA30BEM Takoe mmogaMHOKecTBO S C X, Bce 9/1eMEHThI
KOTOPOI'O ABJIAIOTCA €ro rpaHnIHbIMI O6T)€KT&MI/I.

[TycToe MHOKeCTBO OyIeM CUMTAThL TPAHHYHBIM C IPaHMYIHOl Toukoil 6 =0, j € J.

Teopema 12.4. KazxxjoMmy Kjaccy 9KBHBAJIEHTHOCTH [ B3aWMHO OJHO3HAYHO COOTBET-
CTBYeT I'DAHHIHOE MOJIMHOXKeCTBO S, npuiéM 0 = 0.

HokazaTeabcTBO. PaccMoTpuM 1IpOn3BOJIBHBIH KJIACC S9KBUBAJCHTHOCTH F cO cTanapT-
HBIM TpejcTaBuresieM 1(z;0g). 3adukcupyem mponsBosbHBI npusHak j € J. B cuny
Jlemmbr 12.3 ymenblenue mnopora 67, Ha eJMHUILY IPUBOJUT K YMEHBIIEHUIO 3HAYEHUS
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Puc. 12.3. /Isymepnas Beibopka u3 L = 10 00beKTOB, 10 5 00HEKTOB B KA2XKJIOM KJIAC-
ce. OOBbEKTBI OTMEYEHbI KPYIHBIMEI TOYKaMu. [IpaBujiaMm cOOTBETCTBYIOT MEJIKUE TOU-
KU1 B y3J/1aX CETKHU. SKBI/IB&HGHTHI}IG IIpaBuJia COCIMHEHBI OTPE3KaMU. PSI,ZLOI\J C KazKJIbIM

KJIACCOM SKBUBAJIEHTHOCTH yKa3aHO YHUCJIO OMMOOK Ha reHepalibHOll Bbibopke m(r, X).

A O o N o ©
T

A 4 5

o B N W

‘ O Class0(5) % Class 1(5)‘

Puc. 12.4. I'pad cazeit Mexkay cTaHIAPTHBIMEA IPEICTABATEISIMI KJIACCOB SKBUBA-
JIBHTHBIX IPABUJI JIJI BHIOOPKH, IIpejicTaBiennoil na Puc. 12.3.

Puc. 12.5. I'pad pacciioenusi—cBsizHOCTH, H30MOPMhHBII rpady cBsiseit Ha Puc. 12.4.
[To BepTHKAIBLHOI OCH OTJIOKEHO YUCI0 ommbOK tpasut m(r, X).
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r(z;0g) ¢ 1 g0 0 Ha HeKOoTOpOM OObekTe T € X, TakoM, 4o = < Op u 2/ = 975. Nuage MbI
He BBIINLIN OBI 3a MPeJIesIbl Kiiacca SKBuBajgeHTHOCTH F, u f He Mor Obl OBITH CTaHIAPT-
HBIM TIpejicTaBuTesieM. V3 mpearnonokenus o IonapHOil pa3InIHOCTH 3HAYEHIH KazKI0T0
Ipu3HaKa Ha 00beKTax n3 X cJielyer, 4To TaKOil OOBEKT & €JIMHCTBEHHbINH TPU KayKJIOM J.
MHoxKecTBO BceX TaKuX OOBbEKTOB S = {x eX | r<Opudjet: = HJE} OIpeIeIEHO
€JINHCTBEHHBIM 00PA30M U SIBJISI€TCS TPAHUIHBIM, TPUIEM g = 0.

Bepro u obparnoe. [IponsBosbHoMy TpaHUTIHOMY HOIMHOXKECTBY S COOTBETCTBYET
rpanndHas Touka fg. [Ipasuio r(x;fg) jeKuT B HEKOTOPOM KJIACCe SKBUBATEHTHOCTH
U sBJIIETCH €ro CTaHJAapPTHBIM mpejcraButeseM, 0p = fg, MOCKOJIbKY yMEHbBIIIEHHE I10-
pora 9{; 10 JIOOON U3 KOOPJMHAT MPUBEJET K U3MEHEHWIo 3HadeHus 7(r;0g) Ha OHOM
U3 TPAHUIHBIX OOBEKTOB MHOXKECTBa S.

Teopema j10ka3aHa. [ |

13 Teopemsbrl ceyer, aro |S| < |J|, B cuity IpeanoioKeHust, YTO 3HAUCHNsT KaXKI0T0
IPU3HAKA, [IONIAPHO Pa3JIMYHbI Ha Beeil Boibopke X.

CsoiicTBa rpaHu4Hbix nogmHoxecTs. O6o3HaunM depes M; MHOKECTBO BCEX I'DAHIY-
HBIX ITOJIMHOYKECTB MOIIHOCTHU j U MEPEYUCIUM UX OCHOBHBIE CBOWCTBA.

1. M, cocrour u3 Beex L OHO3IEMEHTHBIX [TOJMHOXKeCTB, M = {{;1:1}, oo { L}}
2. M, coctouT m3 Bcex Iap HeCPaBHUMBIX OOBEKTOB U3 X.

3. MOIHOCTb IPAHUIHBIX MOJMHOKECTB HE MOXKET MPEBBIIIATh PAHIA KOHbLIOHKIH:
M; = @ upu j > |J|.

4. T'panuaHOE MOAMHOKECTBO MOKET COCTOATH TOJBLKO U3 IOIAPHO HECPABHUMBIX 00b-
exToB. OJHAKO HE BCAKOE MOJMHOYKECTBO U3 TPEX U 6oJiee HMONApHO HECPABHUMBIX
00beKTOB siBJIsieTCs rpanndabiM. Hampumep, oobektor (1,3,4), (3,1,1), (2,2,2) no-

ITIapHO HECpaBHUMbI, HO HOC.HGI[HHIZ N3 HUX HE ABJIACTCA I'PaHUIHBIM.

5. Jlio6oe mopmuoxkecTBo S’ C S rpaHUYHOrO TIOJMHOMKECTBaA S TaK:Ke IPAHUIHOE.

Vcxons U3 9TUX CBOMCTB, MOXKHO IIPEJIOXKUTD CJIeAYIOIINil aJropuTM nepebopa Beex
FpaHI/ILIHBIX IIOJIMHOZKECTB.

Ha nmepBowm 1mare crpounrcst MmuOXKecTBO M7 Beex L 0HO3I€MEHTHBIX IIOIMHOYKECTB.
asee na kaxxaoMm mare j = 2, ..., |J| kK kaxxgomy nogmuozkectsy S’ € M;_y gobasisercs
BCEMU BO3MOXKHBIMU criocobamu emé ojun oobekT x € X \ S, u eciu nojrydeHtoe 1moi-
muOoKecTBO S = S' U {2} rpanmdnoe (4T0 JIEMKO IPOBEPSIETCS MO ONMPEJIEJCHHUIO), TO OHO
BKJIIO4YaeTcs B M.

J111 BBIMMCICHUA OIICHOK PACCIOCHUSCBA3HOCTH 3TOT aJrOPUTM HE JOCTATOYHO -
bexTHBEH, TaK KaK OH He IepeOHpaeT MPaBUIa, 10 CJIOAM CHU3Y BBEPX U HE HOJACUUTHLIBACT
XapaKTePUCTUKN CBAZHOCTH U HEIIOJHOIEHHOCTH KarKJIOrO IIPABUIIA.
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pachuyeckue npepcraBneHuss knaccos 3skBuBaneHTHocTu. Ha puc. 12.4 u3obpa-
JKeH 2pagh ceazell MeXKIY KiaccaMi SKBUBAJIEHTHOCTU. BepmmHbl rpada COOTBETCTBYIOT
CTaH/IAPTHBIM IIPEJICTABUTENSIM KJIACCOB SKBUBaJEeHTHOCTH. PéOpamMu coelMHEHbBI MMpaBU-
JIa, BEKTOPBI OIMMMUOOK KOTOPBIX pa3/IMdaloTcs Ha ojHoM o0bekTe. ['pad cazeil 3aBucut
TOJIBKO OT OOBEKTOB ;, HO HE 3aBUCHUT OT UX KJIacCUMDUKAIUN ;.

Ecin yaects Kiaccudukaium o0beKTOB, TO JJIsi KaxKJI0T0 KJacca SKBUBAJIEHTHOCTH F
MOZKHO BBIMHCINTE “rcsio omubok m(rg, X). Ha Puc. 12.4 ono ykaszano psioM ¢ Kazk1oii
TOYKOI — CTAHJAPTHBIM IIPeJICTaBUTENIEM KJacca SKBUBaJIeHTHOCTH. 'pad pacciroenms-
CBSIBHOCTH JIAHHOI'O CeMeiicTBa mpaBus nzoMopden rpady cBazeil u gBJIsAE€TCS MHOIO-
JOJBHBIM. Ero m-it cjioit obpasyercss BceMu IpaBHJIAMU, JJisi KOTOPbIX m(rg, X) = m,
cm. Puc. 12.5. Cjon pacmoyiararorcest B MOpsiIKe BO3PACTaHUST UNC/IA OIMMUOOK CHU3Y BBEPX.

§12.4 TllocnoiiHoe BblYNC/EHNE OLLEHKN PacC/OEeHNSI—CBSA3HOCTU

Paccvorpum Temnephb agroputM mepedbopa paBulil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUCJIATH XapaKTEPUCTUKN CBA3HOCTU U HEIOJHONEHHOCTH KaXKJ0r0 IpaBuUja U, JBUTASACH
10 CJIOSAM CHU3Y BBEPX, BOBPEMS IPEPhIBATH BHIYUCIECHNIE OIIEHKN PACCIOCHUS~CBA3HOCTH.

MocTpoeHne okpecTHOCTM NpaBunaa. PaccMOTpuM CJIELYIONLYIO BCIIOMOTATEJILHYIO 3a-
nady. 3agano npasuio r(z; 0) ¢ Bekropoum moporos 6 = (67) ¢ ;. Tpebyercs mocTpouTs ero
oxpecmmocmyd Vo — MHOKeCTBO Beex mpasui 7(x, 0'), BeKTOPbI oMmmbOK KOTOPBIX OTIHYa-
IOTCsl OT €ro BEKTOPa OIMMOOK TOJIBKO Ha OJHOM OOBEKTE.

[Ipr mOCTPOEHUM OKPECTHOCTU OYIYT 3a01HO0 (POPMHUPOBATHCS U XapaKTEPUCTUKH
npasuia 1 (x, 0), HeoGXOAUMbBIE JJIsi BBIYUCIEHNsI ONEHKU PACCIOEHUsI—CBSI3HOCTH:

Xy — nopoxgaromee MuOKecTBO, u(f) = |Xp| — Bepxisis CBI3HOCTD;

X}, — zamperaroriee MHO)KecTBO, ¢(#) = |Xj| — memonornennocTs;

q(0),q"(0) — menomnonennoctu otaenbHo 1o ommubkam 1 u I pona;

m(0) = m(r, X) — aucsio ommbOK MpaBua Ha MeHEPAJbHON BBIOODKE;

m'(0), m"(0) — aucio ommbok I u Il posa npaBuiia Ha reHepaIbLHO BHIOOPKE.

ByseM crponTh TOJILKO Takue BEKTOPbI MOPOroB (', KOTOpbIE SBJISIIOTCS TDAHMY-
HBIMH TOYKaMu U, corjiacio Teopeme 12.4, oJIHOBpeMEHHO CTaHJIAPTHBIMHU ITPEJICTABU-
TeJIAMU  KJIACCOB 3KBUBAJEHTHOCTH NpaBus. llocTpoenne pasbuBaercss Ha JBa 3Talla,
cm. Ayrropurwm 12.1.

Ha nepom starme (maru 1-5) crposites Bee coceuue npasusa r(x;6'), mosydaembie
u3 0 myTéM yMeHBIIeHUsT HEKOTOPBIX oporos, 0’ < . JIjist 5T0oro u3 rpaHuIHOrO TOIMHO-
xectba S(0) = {x € S| 3j € J: 27 = 67} n004epEIHO NCKIOTACTCS OHH 13 00HEKTOB
U COOTBETCTBYIONIHE HOPOru 7, 110 KOTOPLIM OH 1 GBbLI IPaHUYHBIM, yMeHbInaoTced. ducsio
HOJTy9a€MbIX TAKHM CIOCODOM COCEJHUX MpaBHJI He Ipesbiaet |S(0)].

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 1 (x; 0'), nomydaemble
Iy TEM yBEJIMYEeHNsT HEKOTOPBIX TOPOros, 6’ = . Do GoJtee CIIOKHBIIN CITyUail, U 3J1eCh [IPU-
XOJIUTCS PpUHEraTh K peKypcuBHOii iporeaype. CHavaia jge1aeTcs HoJAroTOBUTE IbHA Pa-
6ora (maru 6, 7): 110 Kazk 10t KoopaunaTe j € .J onpejesserca MaKCHMabHad Tpanua, 67,
BBIIIIE KOTOPOH COCEIHIX MPABIII OBITH HE MOKET. DTO HeoOsA3aTeIbHOE IIOCTPOCHNE, HO OHO
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Anropurm 12.1. ITocrpoenne okpecraoct Vp npasuia r(x;6).

Bxon:

J — nabop npusnakos, 0§ = (67);c; — npaBmio, y — Kjacc npaBui, X — BBIOOPKA.

Brixon:

Vi, Xo, X}, m(0), m'(0), m”"(0), q(0), ¢'(0), ¢"(0), u(0).

Otarr 1 — mocTpoeHne OKPECTHBIX MPABUJI IIYTEM YMEHbBIIICHHST ITOPOIOB:

1. V= @,
2: muist Beex x € X rakux, uro r(x;0) =1u 35 € J: 7 = 2
3:  pgdg Beex j € J Taxkux, uro 77 = 67
4: 07 = max{xg |2 € X, 2 < 0};
5. [Jobasuts (0,0, x);

IoaroroBka K sTamy 2 — IIOMCK MaKCHMAJIBLHOI MPAHITIHON TOUYKH 0:
6: 1mJis Bcex j € J
7. ¢:=min{L,2’ |z eX, 27 >0/, ' <O, t#j};

Orair 2 — mocrpoeHne OKpPEeCTHBIX MPABHJI IIyTEM YBEJIHMYCHHS TTIOPOT'OB:
8: mJisd Bcex j € J
9:  JUIsT BCeX T Takux, 4To 67 < a7 < 67
10: ecn v < 0 n ZT.MPOBEPEH = HET TO
11: Mposeputs(z);
12: ITIPOLIETYPA [posepnts(x)
13: ngig Beex j € J Takux, uro 07 < z7
14:  jJig Bcex 7 Takux, 4ro () < 3/ < 27
15: ecan ) < T <z TO
16: Z.NPOBEPEH := NJIOXOIA;
17: ecJyiu Z.nposepeH = HeT TO [NpoBeputs(I);
18: BBIXO/I;
19: x.NpoBepeH := XOPOLUNii;
20: 07 := max{07, 27}, nnsa Beex j € J;
21: [lobasuts (0, ', x);
22: IIPOLUEYPA [obasuts(d,0', x;)
23: n06asuTh #' B crmcok Vip;
24: ecam r(x;;0) = [y;=y] TO

npasuio 0 HaxoauTes cjioeM Bbille, 9eM 0:
25:  Xgp:=XoU{x;}; w(f):=|Xgl;
26: MHaA4Ye
npapuio ' HaxoauTCsT cJIoeM HuKe, deM 0:

o7 m(B) = m(@) + 1w (8) = () + [—yl; m(O) = m(8) + [y Ayl
28: X=X, UX, U{x}s q(8) :=|Xp;
20:  (0) :=#{z; € Xpry; =y} ¢"(0):=#{x; € Xp:y; #u};
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AsropurMm 12.2. BerauciieHue OIEHKH PACCI0CHUS—CBA3HOCTHU JJIsi CeMeCTBa IIOPOIo-
BBbIX KOH'BIOHKIINIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJI, X — BBhIOOPKA.
Beixon: Q, Q7 — onenkn BeposTHOCTH Iepeobyuenus (12.6), (12.7).

1. ©:= Argmeinm(H,X); QL:=0; QY:=0;

2: IOBTOPSTH

3: tmi=0, Q, =0, O:=0g;

4: g Becex 0 € ©

5: IIOCTPOUTH OKPECTHOCTH Vj ¢ momoriso Anropurma 12.1;

. t=u(0) .

6: B = CL—u(e)—q(e)/C£7
L—u(0), m'(0)—q' (0 .

7 Lo = QL+ P 0T (£ (0) — 2k));
L—u(0), m" (0)—q" (0

9: O :=0'U{f € Vyp: m(0) =m(0) +1};
10: QLi=Ql+ @, QU:=QI+Q,; 0:=6;

11: moKa BKJIAJbI cjod QL u Q7 He cTaHyT MaJbl.

[IO3BOJINT B JajIbHEIeM COKpaTuTh MOUCK. KaxKiplii 00beKT BBIOOPKH & € X MOXKET Ha-
XOJIUTHCA B OIHOM U3 TPEX CTATYCOB: Z.MpoBepeH € {HeT, naoxoii, xopowunii . Crauasa Bce
OOBEKTHI HE TPOBEPEHBI. 3aTeM MPOCMATPUBAIOTCS BCE OOBEKTHI T € X, MOKPHIBAEMbIE
npasusiom 7(x; #), HO He TOKpbIBaeMble rpasuioM 7(x; #). To osHagaet, uto 0 < x < 0,
U XoTs ObI 1O OJHOI KOoOpJHHATe OOLeKT ¥ JIeKUT Bblme mopora: 07 < 7. Jlna Kask-
JIOTO TAKOro 06'beKTa BbI3bIBaeTcs mporeaypa [Mposeputs(z). OHa ycTaHABINBAET CTATYC
06bEKTa . XOPOLWNiA, ecsiu cyIecTByeT npasusio 7(x;0’), moKpbIBaroIee TOIBKO 00bEKT &
1 Bce 00BEKTHI, MOKpbIBaeMble mpasuioM 7(z;0). Eciu ke npasuio r(x; '), mHapary ¢ z,
HOKPBIBAET €I1é OJINH 00bEKT T, He MOKPbIBaeMbIil mpaBuioM 7(z; ), To ycraHaBIHBAETCS
craryc oObeKTa .NaoxXol, 1 mporeaypa [1poBepnTs(Z) BbI3LIBAETCS PEKYPCUBHO JIJIst 00b-
exra T. Kaxplii «xopormmity 00beKT © nHynupyer cocennee npasuio 0 = max{0, x},
KOTOpOe U j00aBJigeTcss B CIIMCOK Vy. BBejienne craTycoB oObeKTOB O3BOJIIET M30exKaTh
UX IIOBTOPHOTO 1epebopa B OCHOBHOM IUKJIE BTOPOTO JTalla.

DTUMHI JIBYMs STallaMU MOUCK OKPECTHBIX MPaBUJI orpaHuduBaercd. pyrue ciydan
paccMaTpuUBaTh He HYKHO, TaK KaK €CJIU [MOPOI YMEHBIIaeTcsd II0 OJHOI KOOpIuHAaTe,
0" < 7, u ypesmuusaercs 1o japyroit, 0’8 > 6!, to rpanuunble Touku 0 u ' He MOryT OLITDH
COCCIHNMMU, ITOCKOJIbKY BEKTOPDbI OH_H/I6OK COOTBETCTBYIOIIUX UM IIPpaBUJI OTJINYaIOTCA, KaK
MHHUMYM, Ha JIBYX O00bEKTax.

IIpn sddexrnBHO peasmsanun Anropur™a 12.1 1o KaK10My IpHU3HaKY f; 3apaHee
CTPOUTCHA MHJIEKC — MACCUB HOMEPOB OOBEKTOB, YIOPSIOYEHHBIX 110 BO3PACTAHUIO 3HAYTE-
uunit npusnaka. Torna Ha marax 4, 7, 9, 14 moxkHo Gyer IpocMaTpuBaTh TOJILKO HYZKHBIE
00BEKTHI, He TIepedupasi BCIO BHIOOPKY.

MocnoiiHbin nepebop knaccos akBuBaneHTHoOCTU. Ajropurm 12.2 Berunciser (). —
OTIEHKY BEPOSITHOCTHU MepeodyIeHnst, iepedupasi paBua Mo CJIosiM cHu3y BBepx. CHada a
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Puc. 12.6. Bribopka 1 (cieBa) u Bbibopka 2 (crpaBa) B 0CSIX JIByX [PU3HAKOB.

dopmupyerca HmzkHEI ciroit. Ha kazkmoMm 1mare cjoit © cocrouT us mpasBuii f ¢ oJuHaKo-
BBIM 9HCJIOM omuboK m(f) Ha rerepasbHOil BbIOOpKe. [lyist Kazk1oro mpasuia § BeITwC-
JIIETCs €r0 BKJIAJ] B BEPOATHOCTH IEPEOOyUeHNUs, CTPOUTCSA OKPECTHOCTh, U 00'be TMHEHNE
BEPXHUX YacTeil BCeX MOJIyYEeHHBIX OKPECTHOCTEH cTaHOBUTC cireayromuM ciaoem O, Ila-
'l TTIOBTOPSIIOTCS JI0 TeX T0p, IMOKa He OyaeT HabpaHO JIOCTATOYHOE YHCJIO CJIOEB U BKJIA]T
OYEPE/IHOTO CJIOS HE OKAYKETCs MPEeHEOPEKUMO Mal.

§12.5 DkcnepumeHT Ha MOAEsIbHbIX AAHHbIX

Bosbmenm e nBymepnbix (n = 2) asyxkiaccoBbix (Y = {0,1}) cHbamancupoBaiibix
(P = N = L/2) moaensupix Beibopku mmmasl L = 200. Bygem pasousars nx ma o0y-
YeHre ¥ KOHTPOJIb 1oposhy, ¢ = k = 100. B cemeiicrse npasui (12.1) duxcupyem orre-
paIuio cpaBHeHUs < U OyJIeM CTPOUTH TOJBKO npaBuia Kjiaacca 1. Jlng mowmcka mpasBu
HCIOJIb3YeM TUIepreoMeTpuIecKnii Kpurepuii madopMarusHocTH (TouHblil Tect Purnepa)
A (p.n) = —In(CHCR/CBY).

Bribopku cremepupyem CJieIyiomnmM 00pasoM.

B mnepgoit BbibOpKe [mcsio omubok Jiydriero npasusia pasuo 40. ['panuma mexty
KJIACCAMU YeTKasl, TOCKOJIbKY Bce 40 MyMOBBIX 00HEKTOB PACIIOJIOKEHBI BJIAJIU OT IPAHN-
bl KJ1accoB, puc. 12.6 (ciesa).

Bo BTOpOil BHIOOPKE YNC/IO OMIMOOK JIYUIIEro paBuia 23, T. €. IOYTH BJIBOE MEHbIIIE,
IIyMOBbIe 00BEKTBI PACTIOJIOKEHBI BJIOJIL IPAHUIIBI KJIAaccoB, puc. 12.6 (cipasa).

XoTs BO BTOPOII BBLIOOPKE CYIIECTBYET MPABUJIO, TOYTH BJBOE JIydlllee, YeM B IIep-
BOIl, HANTH €ro 1o 0OyJaroIIell O IBBIOOPKE TPAKTUYIECKN HEBO3MOXKHO 1U3-3a 11epeolyte-
Hug. 3Ha4YeHus KPUTEpHs NHMOOPMATUBHOCTU Ha, 00ydaroIieil BHIOOPKE MTOYTH OJINHAKOBBI
(He3HAYMMOE TIPEe/IIIOUTEeHNe OTAAETCS BTOPO BEIOOPKE), OJIHAKO HA KOHTPOJIe HaiileHHOe
[IPABUJIO OKA3bIBAETCH 3HAUUMO JIYUIIE JIJI IEPBOil BLIOOPKM:

BbIOOpKa 1 | BBIOOpKA 2
obOyueHune 40,29 40,47
KOHTPOJIb 39,13 34,46
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ornenka Monte-KapJo OTIEHKA, PACCIOCHUSI-CBI3HOCTH
N BbIOOpKa 1 BBIOOpKA 2 BBIOOpKa 1 BBIOODKa 2
0.1 || 24.44 16.29 23.23 13.42
0.2 || 28.07 22.13 27.11 20.58
0.3 || 32.28 28.28 30.45 25.74
0.4 || 34.35 32.98 33.39 27.59
0.5 || 37.63 36.12 34.93 31.21

Tab6amma 12.1. 3uadenus MoAupUIMPOBAHHOrO Kpurepus ' Ha 0OydeHnn Ha, JBYX
MOJIEJIBHBIX BBIOOPKAX, MPU IATH PA3JIMIHBIX 3HAYEHUsIX 7). BeposiTHOCTH 11epeoby-
YeHUd OINECHWBAJACH JByMs criocobamu: meronom Morte-Kapio mo 200 ciayvaitHbiM
pas3bueHusIM U 110 POPMYJIE PACCIOCHUSI—CBI3HOCTH.

[Ipuunna B TOM, YTO y BTOPOil BBIOOPKHU CYIIECTBEHHO MEHee BBIPAXKEHO PacCIOeHue,
MOIIIHOCTU HUKHUX CJIOEB OYeHb OBICTPO BO3PACTAIOT, PHUC. 12.7.

BoznaukaeT BOIpoc — BO3MOXKHO JIU C TIOMOIIHI0 KOMOUHATOPHBIX OIEHOK, UCIIOJIb3Y-
OIUX THAOPMAIINIO O PACCJOCHUN U CBA3HOCTU Ha OOydJaroleil BhIOOPKe, IpejcKa3aTh
nHGOPMATUBHOCTD Ha CKPBITOI KOHTPOJIBHOMN BeiOOpKe? Tabsmrma 12.1 1aét yTBepauTeb-
HBII1 OTBeT.

[Tpeickazannast ”HGOPMATUBHOCT 7 BCeryia MeHbIIIe Jjisi BTOpoil BEIOOpKH. Takum
o0pa3oM, HaM JIEUCTBUTEIBHO YJIAETCA ITPEICKa3aTh, YTO HANUTH XOPOIee MPABUJIO ITPU
CUJILHO 3aIyMJIEHHON I'PAHUIE KJIACCOB HEBO3MOXKHO U3-3a MEePeo0ydeHUs.

Cpasrenne ¢ meromom MonTte-Kapiio mokassiBaer, 9To mpe/icKa3anias MHOOPMATHB-
HOCTB | BBIYHC/IsIeMas TI0 OIEHKE PACCIOEHUSI—CBA3HOCTH, BCET/Ia TIECCUMUCTUIHO 3aHN-
KeHa, IOCKOJIbKY 3aBbllIeHa onernka p(r, X ) u ammkena orenka n(r, X ). 3aHuKeHHOCTD
MHMOPMATUBHOCTH COCTABJISET B JAHHOW 3ajiade 1-2 Jijisd 1epBOil BHIOOPKH U 35 JJIsd
BTOPOii. DTO cOrTacyercst ¢ TeOPETHIECKUM BBIBOJIOM, UTO OIEHKA PACCIOEHUSI-CBIA3HOCTU
MeHee TOYHA JIJIs BBIOOPOK C MeHee BbIpaxKeHHBIM paccyioeHueM. [Ipu moncke 3akonomep-
HOCTell Takas CMEIEHHOCTD OIEHKH SIBJIAETCs OJIArONMPUATHON — deM cjadee 3aKOHOMeD-
HOCTB, T€M CHJIbHEE 3aHUKeHa Ipe/icKa3annas nHHOPMaTUBHOCTD.

BameTum TakKe, UTO OIEHKa PAaCC/JIOCHUS-CBA3ZHOCTH BBITHC/IAETCS CYIECTBEHHO
ObICTpee, YeM saMIuprdecKasd onenka 1mo meroay Monte-Kapiio.

PaccemorpuM Teniepb BKJIaT KazK I0I0 CJI0S B ONEHKY pacCI0CHUA—CBA3HOCTH. | 'paduk
3aBUCHMOCTH HAKOIJIEHHOI'O 3HadeHus P, oT HOMepa cJjiod IpeJicTaBIeH Ha pucynke 12.8.
Buio, 910 0CHOBHOI BKJI&] BHOCIT CJIOU C MAJIBIM YHCJIOM OITHOOK.

Ecim O6b1 onenkn BepogTHOCTEH P, ObLIM TOYHBIMH, UX CyMMa paBHsAJIACh ObI €J11-
nurie. Hakoriennoe 3navenue P, B KpaiiHeil paBoil Touke rpaduka MO3BOJIAET CYIUTh
O CTEleHM 3aBBIIEHHOCTH OIEHOK pacc/ioeHusdcBa3HocTH. g BBIOOpKU 1 ¢ «Xoporm
paccjioeHreM» OIeHKa 3aBBIIIeHa BCEro B 2 pasa; JIJisi BHIDOPKHU 2 C «ILIOXUM PACCJIOCHM-
em» — B 40 pa3s.
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Puc. 12.8. BaBucnMocTh HaKOIIEHHOTO 3HadeHus P, or momepa ciost m(r, X) mis
BBIOOpPKH 1 (ciieBa) 1 BbIOOPKE 2 (crpaBa).

§12.6 DkcnepumMeHT Ha peasibHbIX AAHHbIX

Mper He OyzieM 3/1€Ch ONKUCHIBATH JCTAN PEATU3AINN JIOTUIECKUX AJTOPUTMOB KJIac-
cupuKaIIM, UCIOIB30BAHHBIX B 9TOM 3KciepuMenTe. CKazKeM JINIb, YTO HHPOPMATUB-
HOCTb [IPABUJI OIEHNBAJIACE C TOMOIILIO TouHOTO Tecta Puiepa [85]; mst hopmupoBatst
nH(MOPMATUBHBIX HAOOPOB MPU3HAKOB MIPUMEHSIJICA MOUCK B IIUPUHY U &JIAIITUBHBINA CJTy-
galiublii mouck [36, 35|; s MOCTPOEHHsT KOMIO3UIMN 3aKOHOMEPHOCTEH MPUMEHSINCEH
tpu ajsroputma: LR, DL, WV.

Jloeucmuueckasn peepeccus (LR, logistic regression) —sro jmHelHbIN Kjiaccuduka-
TOP, Ha BXOJT KOTOPOMY BMECTO OOBITHBIX OMHAPHBIX MPU3HAKOB MTO/IAI0TCS 3aKOHOMEPHO-
CTU, OCTPOEHHBIE HE3ABUCUMO JIPYT OT JapyTa [73];

Pewarowudi cnucox (DL, decision list) —9To KaHbIil aJroput™M, B KOTOPOM KazK-
Jlast CJIeIyrolnast 3aKOHOMEPHOCTb 00y9aeTcsl 10 BBIOOPKE OOBHEKTOB, eIé He MOKPBITHIX
[P IAME 3aKOHOMepHocTsiMu [93].

Basewennoe zonocosanue (WV, weighted voting) — 310 GycTHHI 3aKOHOMEpPHOCTEIH,
noxozxkuit Ha Meros; SLIPPER [66]. B ném nepest nocrpoenneM Kazxk1oii Ceyromneil 3aKo-
HOMEPHOCTHU TTPOUBBOJIUTCS TIEPEOIEHKA BECOB 00YUAIONINX 00bEKTOB, B pe3yJibTaTe KOTO-
pOil 3aKOHOMEPHOCTh HACTPAMBAETCS ITPEUMYIINECTBEHHO Ha TeX 00beKTax, KOTOPhIE OKa-
3aJIMCh HAmOOJIee TPYIHBIMI JIJIsT BCEX MPEIbLIYIINX 3aKOHOMEPHOCTEH.
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3314491
aJIMOPITMBI australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5 1 C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8 | WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

Tabauiia 12.2. Pe3yabrars! 9KCIIepuMeHTOB Ha 6 peabHbIX 3aJa9aX KIaCCH(PUKAIINN
u3 penosuropuss UCI. [lna kaxkzoit mapsl (3a1ada, aJroput™M) B TaOJIMIE BBIBEICHA
cpeHsis omubKa (B mporenTax) no 10-KpaTHoMy CKOJIb3sIeMy KOHTpOJIo. st KaxK-
JIOH 38291 YKUPHLIM BbLIEIEHBI TPH JIYUIIIX Pe3y/ibrara. AJIrOpUTMbL 1-7 BHICTYIIAIOT
B poJi 3TajIoHHbIX. OO03HaYeHNsT HAIIX aJaropuTMoB: WV — B3BeIIeHHOE T'OJIOCOBa-
nne, DL — pematommuii cincok, +SC um +MC — momudukanuy Ha OCHOBE OIECHKHU
pacciioerunsi—cBsi3HOCTH U MeTosia MouTe-Kapsio coorBeTcTBEeHHO.

Beutn peanmzoBanbl e Mojpudukanun kpurepus uapopmarusHoctu S (p,n).
SC-moandukalys OCHOBaHa Ha OIeHKe paccioeHus—cBsa3nocTu. MC-moandukalms oCHO-
BaHa Ha HEIOCPEICTBEHHOM oreHke ¢yHKImonaaa (). merojgom Monre-Kap.io o 100 ciry-
qaiinbpiM pasouennam X = X L X. Jlna obenx mogudukarumii nonarauocs £ = k.

B poau 3TasioHoB 11 CpaBHEHMS BBICTYIAJIM W3BECTHBIE JIOTMYECKHE AJTOPUTMBbI
kinaccudurannm: C4.5 [91], C5.0 [90], RIPPER [65] u SLIPPER [66].

Tabsmuma 12.2 nokasbiBaeT, 4T0 HeMouduImpoBanubie Bepcun ajaroputmos WV, DL
UMEIOT Ka9eCTBO KJIacCHu(pPUKAIUN, COIIOCTABIMOE C TAJOHHBIME aJiropuTMamu. B3semen-
Hoe rojiocoBanne WV HeMHOTO Jydlie pernatoriero ciucka DL, aTo coracyercst ¢ pe3yib-
TaTamu Apyrux ncciaemosanuii. O6e moandukammu, SC- u MC-, Bo Beex cirydasix omeperka-
IOT CBOM HEMOUMDUITMPOBAHHBIE BEPCUU M 3HAYMMO CHUXKAIOT nepeoOydenue. Pazimauns
mexky SC- 1 MC-momudukanusavu He 3uadnMbl. OTCIOfa clie/lyeT BBIBOJI, UTO OIEHKA
PacCI0eHUA—CBA3HOCTHA, HECMOTPSA Ha HEKOTOPYIO 3aBBIINIEHHOCTH, XOPOIIO CIIPABJISIETCS
C POJIBIO KpuTepusi 0TO0pa IpaBII.

Pe3iome

Jlornyueckue ajiropuTMbl KJIaCCUMPUKAIINN TTPEJICTABIAIOT COO0i KOMIIO3UITUN UHMOP-
MaTHBHBIX JIOTHYECKUX MPABUJ — 3aKOHOMepHOCTell. B KadecTBe MpaBWI 4acTO MCHOJIb-
3YIOTCS KOHBIOHKIIUH ITOPOIOBBIX YCJIOBUI HaJ| YUCJIOBBIMU Npu3Hakamu. /lammoe cemeii-
CTBO IIPABUJI OIMCBHIBAETCS CHUCTEMOI BCEX I'PDAHUYHBIX MOJIMHOYKECTB MOIITHOCTH, HE IIpe-
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BBIIIAONIEH paHra KOHBIOHKIUU. JIjIs TpaKTHIeCcKoro BBIYUC/IEHHSI OIEHKH PAaCCIOCHMSI—
CBSA3HOCTH TIpeJijIaraeTcs mepeduparh MpaBmUa IO CJIOSM CHH3Y BBEPX, W IIPEKPaIaTh
mepebop B TOT MOMEHT, KOIJIa HOBBIE CJIOM IepecTaHyT BHOCUTH CYIIECTBEHHBIN BKJIA/T
B o1eHKY. C IMOMOIIBIO 9TON METOIMKHI OBLI TOCTPOEH MOINMUIINPOBAHHDBIN KPUTEPHil OT-
Oopa IpU3HAKOB. 3aMEHUB CTaHIAPTHBIN KpUTepuit MOANMUIMPOBAHHBIM, I HIYETro 060./1ee
He MeHsIsI B MeTojie 00ydeHus jorutdecknx kiaccudpukaropos WV u DL, Bo Bcex 6 sKcire-
PUMEHTAX yJIaJI0Ch TPOHADIIONATD 3HAYMMOE yBeJIMIeHre 0000IIaoneil criocoOHOCTH.

B cnepytowen nekumun Mbl nepeiiyiéM K pacCMOTPEHHIO (bYHKITUOHAJIA TTOJTHOIO CKOJIb-
34ITIEr0 KOHTPOJIS, 771 KOTOPOTO B HEKOTOPBIX CIyYasX YAAETCd MOJIydaTh OUeHb TOUYHbIE
OTIEHKH, HaXOJAIINe IT0JIe3Hble ITpaKTHYecKne npuMeHenus. /[y Hagasia Mbl 3aiiMéMcs
MEeTOJIOM OJIMKAUIIEro coceia — 3TO OJUH U3 CAMBIX ITPOCTBIX W YacCTO UCHOIb3YyEMbIX
METOJIOB KJIACCU(DUKAIIIH.

Ynpa>kHeHust

Bamaga 12.1 (1). /[okaszars Teopemy 12.1.
Bamada 12.2 (2). /[okaszars Teopemy 12.2.

Bamaga 12.3 (1). /[lokaszarh, 910 ecjim BeKTOp 0 sABISETCS MPAHUIHON TOUKOM TTOMHO-
xkecrBa S C X, TO B S MOKHO €JMHCTBEHHBIM 00PA30M BBIJEIUTD TPAHUTHOE OIMHOKE-
crBo S(#) ¢ Toit xKe TpaHnTHON TOUKOM . Beimmcars Beipaxkenne S(#) wepes S u 6.

Bagaua 12.4 (2). Jlokazarb, 9TO KaxKJblil KJIACC SKBUBAJEHTHOCTU TIPABUJI IIPEJICTAB-
Jisiet coboit guarpammy FOwra.

Bamaga 12.5 (2). Paccmorpum rpad co MHOXKeCTBOM BepiimH ©, B KOTOPOM pEGpaMu
COEJIMHEHBI BCe COCEJIHIE BEPITMHBI (OTIMIAONIIecs Ha 1 TOJIBKO 110 OJIHO U3 KOOP/IMHAT).
OObeKTHI reHepatbHoOil BEIGOPKU = = (27)jc; € X COOTBETCTBYIOT HEKOTOPBIM BEPIIMHAM
sroro rpaca, X C 0. Jlia xaxoro x € X yaamnm u3 rpada see pédpa (6, 0), Takue, uro

1) 69 = 67 + 1 nyia mexoroporo j € J u 6° = 0° s seex s € J \ {j};

2) r(x,0) =0, r(x,0)=1.

JlokazaTrh, 4TO MOCJIe 3TOTO CBA3HBIE KOMIIOHEHTDI I'pada Oy 1y T B3aUMHO OJTHO3HAYTHO
COOTBETCTBOBATH KJIACCAM SKBUBAJEHTHOCTU ITPABUJI.

Bamada 12.6 (2). Onwmcarh CTPYKTYPY KJIACCOB 3KBUBAJEHTHOCTH CeMeNHCTBA MPABUII
r(x;01,05) = [91 <z < 92}, rie Bce 3HaveHus r; € X C R nmonapno pazauunsl. [Ipesio-
KUATH 3DPEKTUBHBIN aJITOPUTM UX TTOCJIOWHOTO 1epedopa. [lojickaska: paccMOTpeTh SKBU-
BAJIEHTHOE CeMefiCTBO JBYXIIPU3HAKOBBIX KOHBIOHKINI 7(2; 01, 09) = [—:c < (91] [:c < 92].

Bamada 12.7 (3). Omnwmcarh CTPYKTYPY KJIACCOB 9KBHBAJIEHTHOCTH U HPEJIOKUTH -
(PEeKTUBHBII aJrOpuT™M X MOCIORHOrO mepebopa Jiis caydas, KOrja MaTpHIa OINIMOOK
nopoxiaercs uuaukaropoM ommbok I poga I'(r, x;) win 11 pona I”(r, ;).
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Bamaga 12.8 (5). Omnmcarh CTPYKTYPY KJIACCOB 9KBHUBAJECHTHOCTH U HPEJIOKHUTH 3]~
(EKTUBHBII aJITOPUTM UX IOCJOWHOrO mepebopa Jiid caydas, KOTJia KayKJIbIil TPU3HAK
MOXKET MIPUHUMATH O/INHAKOBbIE 3HAYEHNs Ha PA3JINIHBIX O0bEKTax.

Bamaga 12.9 (3*). O606muTs Anropurm 12.2 Ha ciaydaii, Korja Ha 1mare 1 BMECTO MHO-
JKECTBA BCEX MPABII, JOCTABJISIONINX IOOATBHBI MUHIMYM YHCITY OMUOOK, HAXOIUTCS
JIMIIB OJIHO JIOKAJIBHO ONTHMAJIbHOE HPaBUIIo. IIpeycMoTpeTh BO3MOKHOCTD [IEPEXOJI0B
OT MPaBIJI M-TO CJI0s K IPABUIAM HE TOJBKO (m + 1)-ro ciost, Ho u (m — 1)-ro ciost.
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13 Metop 6aunxkaiiwero coceaa

[TostygeHne TOIHBIX OIEHOK 0000IIaoNIeil ClIoOCOOHOCTH HEBO3MOYXKHO 0e3 yUéTa arpu-
opHOIT nH(pOpPMAIMI O BRIOOPKE U MeToje o0ydeHus. B 3Toil jiekiun OyieT paccMoTpeH
MeTo 1, OJIMKAMIIIero cocejla COBMECTHO C allpUOPHOil mHbopMalieii 0 KOMIIAKTHOCTH BbI-
OOpKH, a B CJEIyIONEeil — MeTO MOHOTOHHOW KJIacCH(pPUKAIUN COBMECTHO C allpUOPHOIL
nHbopMaImeil 06 OTHOIIEHUN TOPs/IKa Ha BHIOOPKE.

Paccmorpum 3a1a1y KiaccuuKalm ¢ KOHEIHBIM MHOYXKECTBOM KJraccoB Y. MHanka-
Top ommbkn nmeer sux I(a,z) = [y(z) # a(z)], roe y: X — Y — dbynkuus npasuibHoit
kyaccudukanuu (TeseBast 3aBUCUMOCTD), a: X — Y — aJropuT™ KiaccuduKaImm.

B sajjavax kiaccudukaliym, Kak IpaBujio, CIIPaBEJIMBO IMINPUIECKOE ITPEIII0I0KE-
HUe, 9TO KJACCHI 00pa3yIoT JIOKAJIN30BAHHBIC «KOMIIAKTHBIE» IOJIMHOXKECTBA O00BLEKTOB,
[IO9TOMY CXOKM€ OOBbEKTBI TOPA3/I0 dJallle OKA3bIBAIOTCA B OJHOM KJIacCe, 9YeM B Pa3HBIX.
DTO MPE/ITOIOKEHNE HA3BIBAIOT 2unome3ot xomnaxmuocmu. [Ipocreitmum MmeTomom 00y-
YeHUsA, MIOCTPOECHHBIM Ha €r0 OCHOBE, SABJIACTCA METO]I OJIMKANIINX COCEIEeH.

§13.1 [podmnb KOMNakKTHOCTUN BbIOOPKYN

[Iycrs na muoxkecrse X = {xy,...,x} oupenenena dyHkius paccrostaust p(x, x').

OTHOCHTETBHO KaXKJI0T0 00beKTa T; € X PacIoIo:KUM Bce ocTajabHbie L — 1 00bek-
TOB B IOPSIJIKE BO3PACTAHUs PACCTOSHUS 10 X;, IPOHYMEPOBAB UX JIBOMHBIMYU WHJIEKCAMU:
T; = Ti0, Til, Ti2s...,Tir—1. LaKIM obpasom,

0 = p(xi, zi0) < p(zs, xi1) < -+ < plag, Ti,0-1). (13.1)

Memod bausicatiwezo coceda (nearest neighbor, NN) —sro meros obyuenus ji, KOTo-
pblit 3anoMunHaeT obyuarortyio Beioopky X C X u ctpout ajaroputm a = puX, OTHOCAIIUI
[IPOM3BOJIbHBIN 00beKT o € X K KJIaccy ero OJimzKkaiiinero odydaroriero o0bekTa;

— ] /
a(r) = y(arg min p(z, ).

O6osnaunm uepes I, (x;) ommbOKy, BOSHUKAIOILYIO, €CJIM HPaBUIbHBIA orBer ¥(;)
Ha 00BbEKTE T; 3aMEHUTH OTBETOM HA €0 1M-0M COCEJIE:

I (x;) = [y(:cl)#y(xlm)], i=1,...,L; m=1,...,L—1.

Onpenenenune 13.1. [Ipopurem romnaxmmnocmu BBIOOPDKH X HA3BIBACTCS (DYHKITHS
K(m), BpIpaxkaromiasi JIoJf0 00BEKTOB BBIOODKH X, JIJIsi KOTOPBIX HPABUJIBHBIH OTBET
He COBITaJIaeT C MPaBHJIbLHBIM OTBETOM H&a M-OM COCEJIE:

L
1
i=1

HpOCl)I/I.Hb KOMIIAKTHOCTU ABJIACTCA Cl)OpMa.HI::HbIM BbIpazKE€HHUEM T'MIIOTE3bl KOMITaKT-

noctu. YeMm mporre 3aja4a, TO eCTh 9eM dYalle OJIM3Kue 00bEeKThI OKA3BIBAIOTCI B OJHOM
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Puc. 13.1. Bepxuuit psa: 4 mMojiesibHbIE 3312490 KJIACCU(DUKAIINN, B ITOPSIKE BO3PAC-
rarust TpyaHoctr, L = 200. Cpenuuii psiji: npoduin KOMIAKTHOCTH 9THX 3a/a49. deM
HI2KE MPOXOJIUT HAYAJbHBIN yIacTOK HPOMUIIs, TEM <«IIPOIIey 3ajata Jijisd ajJrOpPUT-
Mma NN, u rem Bbime obobIaoias crnocodHocrb, Hukauit ps: 3asucumocrs CCV
OT JIJTMHBI KOHTPOJIbHON BBIOOPKHU k 1ipu (pukcupopanHoil jyinHe obyuenust £ = 200.

KJIacce, TeM CUJIbHee <«IIPIKUMAeTCs K HY/II0» HadaJbHbBIH ydJacToK npodwuid. M, na-
000poT, B 3aja4ax, TPYAHBIX JJIsd MeToja OJIMKANIIero coce/ia, rje ojimkaiimme 00bLeKThI
[PAKTUIECKH HE HeCyT HH(POPMAIINN O KJIACCe, IPOMUIIb BBIPOXK IAETCS B KOHCTAHTY, OJTI3-
kyio K 0.5, cm. puc. 13.1. [Ipocdunib KOMIIAKTHOCTHU MTOKA3bIBAET, HACKOJIBKO XOPOIIIO METO/T
OsKaiiiiero cocea MOAXONT JIJIs PEIIeHrs JaHHOM 3a/1a91 IIPU BBIOPAHHOI METPHKE p.

§13.2 Tou4Has oueHkKa NOJIHOIO CKOJIb3SILLEro KOHTPOIS

NuaTynTBHO OYeBHUIHAA CBA3b NPOMUIT KOMIAKTHOCTA C KAIeCTBOM KJIacCU(MUKa-
UK TIOJITBEPKIaeTCs creryoreii reopemoit. Uest mokasarenbcrsa B3sta u3 [88].

Teopema 13.1. /[ meTosa OmmzKaiImero cocea (i ClipaBeJInBO CJACIYIONIee BbIPaKe-
HIe (DYHKIHOHAJIA TTOJTHOTO CKOJb3siiiero koarposist CCV:

(J
L —clom (13.2)

k
COV(p,X) =) K(m)—;
m L—

=1
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JokazaTeabcTBO. 3amuiieM B (DYHKIIHOHAE CKOJIB3AMIEr0 KOHTPOJIsI YaCTOTY OIIMOOK

qepe3 CyMMYy HHIAUKaTOPOB OINOKN 1 nepecraBuM MeCTaMu 3HaKW CYMMMHPOBaHUA:

ccv—CfZ EZ (uX, ) = kzcéz 2, € X] I(uX, ;). (13.3)

e

N;

Buyrpennssa cymma, obosnadenHas depe3 [V;, eCTb 4HCIO pa3dueHuil BHIOOPKHU X,
[PU KOTOPBIX 00BEKT X; OKA3BIBACTCS B KOHTPOJILHOI TI0/IBBIOOPKE U AJIrOPUTM 41X JIOITyC-
KaeT Ha HEéM ommnoOKy. JlanHas curyanus peaausyercs it TaKux pa3bueHnii, mpu KOTOPbIX
M IEePBBIX 00BEKTOB U3 MOCIEIOBATEIBHOCTU T, Til, - - -, Lj,[—1 HOIATAIOT B KOHTPOJIb-
HYTO TIO/IBBIOODKY, M~blil COCEJL T, HAXOMUTCH B OOYIAMOIIEH MOBBIOOPKE U IPUHAJIEKHUT
JIPYTOMY KJIaccy, T0 ecthb I, (z;) = 1. Hucso crnocobor Beibpats (¢ — 1) obygaromux 00b-
exToB u3 ocrapimxcs (L — 1 —m) papro C7 Y Yucio m MOXKeT IPUHIMATE SHAYCHUS
Tos1bK0 0T 1 110 k. Takum o6pazom, uckomoe 4nc/io paszbueHnii paBHo

k
N; = Z I () Ci_fllfm'
m=1

[Moncrasisss N; B (13.3), ucrosb3yst onpe/iesienne mpodusi KOMIAKTHOCTH U TOXK 1€~
ctBo kCY = LCY |, momyqaem Tpebyemyto dbopmyity (13.2). [

HekoTopble cBoWiCcTBa TOYHOW OUEHKU nonHoro CKONb35ILLLEero KOHTPOISI.
1. KoMOuHATOPHBINT MHOXKUTEND Y,y = L L ./C% | ybuiBaeT ¢ pocToM m GuicTpee
FEOMETPHUIECKOI TPOTPECCUn:
‘-1 k
L—1-m L1

Buauenne CCV masio, ecin npoduib K (m) npuHIMaeT MaJible 3HAUeHUsT TIPH MAaJIbIX 17,

Y41 = q(M) Y, qg(m) =1-—

TO ecTh OJIM3KKMe OOBbEKTHI YacTo JieKaT B OJHOM KJacce. Ipu Gosbiux m poct K (m)
KOMIIEHCHPYeTC CTPeMJIEHIEeM KOMOMHATOPHOTO MHOMKHUTEJIA Y, K HYIIO, IO3TOMY KJIAcC-
cudukanyuy JajaéKuxX Ipyr oT Apyra 00bEeKTOB MPAKTUYeCKN He BiusioT Ha 3Hadenune CCV.

2. Ilpn k£ = 1 npoduab KOMIAKTHOCTH BBIPOXKIAETCS B TOYKY M COBIQJIACT C Ca-
muM bynkimonagsom CCV, KOTOPBI B 9TOM ciIydae Ha3bIBAIOT CKOJIB3SIINM KOHTPOJIEM
¢ uckaouenuem obsexmos no odnomy (leave-one-out, LOO).

B ob6miem ciydae npoduiib cocTonT U3 k TOUEK, MPHIEM OTHOCHTEILHDIH BKIa K (m)
OBICTPO yMeHbINaercd ¢ pocrom m. Hanpumep, npu k£ = 1,2, 3:

E=1: CCV=K(@);
k=2: CCV=K( )Hl +K(2)g+p

k=3: CCV=K()5%+K(2) + K(3)

Ze @DED @
C pocroM JIMHBI KOHTPOJIs K BKJIA] HAYAJIBHBIX 3JIEMEHTOB ITPOMUIIT YMEHBITACTCS.
3. Boruucyenue npoduis komnakraoctu tpedyer O((?) onepanuii, yropsijiounBanme
06beKTOR 110 Gmzoct — O(£2 log £) oneparuii. [locse storo seraucienue CCV npousso-
jures 3a O(k) oneparuit. 9o ropas o GbIcTpee, YeM IPOU3BOIUTH CyMMUPOBAHUE 110 BCEM

C pasbueHusiM, 4TO CTAHOBUTCsI MIPAKTUIECKH HEPeasbHO yzKe 1pu k > 2.
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§13.3 OTO6op 3TaNOHHbLIX 0OBHLEKTOB

B meTose 6/mmkaliinero cocejia UMeET CMBIC 3aIIOMUHATD He BCIO 00y YaloITy 1o BHIOOD-
KY, & TOJIbKO TUIIMYHbIe 0OObEKTHI, Ha3bIBaeMble amanonamu (prototype). OT6op sTagsoHoB
[IpecseIyeT OJIHOBPEMEHHO HECKOJIBKO IieJieii: COKpalleHne 00béMa XPAHUMbBIX JAHHBIX,
MOBBIIICHIE CKOPOCTH KJIACCH(DUKAIINY, TOBBIIICHIE KauecTBa KIaccudukanum 0,1aroiapst
YCTPAHEHUIO HETUIINIHBIX 00BbeKTOB. Kpome TOro, 3TajloHbl MOTYT HPEIbABIISTHCS O Ib-
30BATEJIIO [IJIs1 O0bSICHEHNS PE3YIbTaTOB KJIACCHMUKAIINN.

Hemunuuwnbimu WM wymoevimt, HA3BIBAIOT OOBLEKTDI, HAXOAAININECT B OKPYKEHNN
00bEeKTOB UyzKOro Kitacca. Meros 6mmKaiiiiero cocejia rapaHTUPOBAHHO JIOIYCKAET OMIN0-
Ky HE TOJIbKO Ha TAKUX 00BEKTaX, HO U Ha TeX OOBbEKTax UyKOro KJIACCa, JjIT KOTOPBIX
HETUIUYHBIIT 00BEKT OKAXKeTCs OJIMKANIIIIM COCEIOM.

3BecTHBI 3BpHCTHYECKTE METObl oTOOpa sTaqoHoB Stolp, A-Stolp [28]|, FRiS-
Stolp [6], ocHOBaHHBIE Ha ONEHKAX OTHOIIEHUS JIOKATBHDBIX IJIOTHOCTEl KJIACCOB B KAXKJIOM
00beKTE. DTU METOJIbI HEILJIOXO 3apEKOMEHI0Ba/n cebs Ha MPAKTUKE, OJHAKO BOIPOCHI
TEOPETUIECKOT0 0DOCHOBAHUS OCTAIOTCS JIjIT HUX OTKPBITBIMU: KaKOW (PYHKIIMOHA OHU
MUHUMUBUPYIOT, T0YeMy OHU 00JIaJIAI0T XOpoIieil 06001maroIeil criocobHOCThIO, HE CYIIe-
CTBYET JI 9BPUCTUK, KOTOPbIe MOTJIN ObI PAOOTATH €IIé JIydIIle.

PaccmorpuMm 3ajiady BbIOOpa MOJIMHOXKECTBA STAJIOHOB, MUHUMUBUPYIOMIETO (DyHK-
muonasl CCV s anropurma Oikaiiniero cocema |14, 74]. danmas 3amada siBiiseTcs
NP-nosroii [114], mosTromy st eé perieHust Oy/IyT IPUMEHEHbBI SBPUCTHYIECKUE AJTOPHT-
MBI TIOCJIEJIOBATEIHHOTO YK THOTO Y/AJIeHUsT W JT0OABIEHUS STAJIOHOB.

XagHble anroputmbl otbopa atanoHoB. Obosaaunm depes 2 C X nCKOMOe MHOMKe-
CTBO 9TaJIOHOB, Yepe3 I, (x;, (1) — ommbKy, BO3HUKAIOILYTO, eC/IM IPABUILHbIH oTBeT Y(T;)
Ha O6’beKTe I; 3aMEHHUTDbL OTBETOM Ha €I'0 1mM-M CcOocCelle U3 MHOXKECTBa Q OHpe,LLeJII/IM npo-
PusL KOMNAKMHOCTU OMHOCUMEABHO MHONHCECTNEA IMAA0H06 ()

L
1
K(m,Q) :ZZIm(a:i,Q); m=1,...,L—1.

=1

st orbopa srasioHoB yjaobHee omnpenesnTsh Besnauny ekaada T(x;, Q) obbekra x;
u upejcrapiaaTtb CCV B Bujie cyMMBI BKJIAJIOB BCeX OOBEKTOB.

Teopema 13.2. /i merosa bymxKkaiiero cocelia [ig, UCIIOJIb3YIOIIEr0 B KAIeCTBE ITa-
JIOHOB TOJIBKO 00beKThI MHOXKecTBa () C X, crpasesmusol jBa npeacrapiacaus CCV:

0 L (J
L 1 ~L-1-m L— 1 —m
=2 > Inlwi,® ITer (13.4)

k
COV(uo, X) = Y K(m.Q
m=1

okazarenbcTBo anajgorndno Teopeme 13.1 u BbIHECEHO B yIpayKHEHU.

Eciu zexoTopsiit 00bekT & gobaBisgercs B 2 uin yiaausiercs us {2, 7o 171 OOHOBJICHUS
CCV 10cTaTovHO MepecYnuTaTh BKJIAJIBI TOJBKO TeX OOBEKTOB, JJIs KOTOPBIX OOBEKT I
SABJIETCS He Jlajiee, 9eM k-M COCeI0M.
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AaropurMm 13.1. ZKajHoe yjajenue MyMOBbIX 1 HEMH(MOPMATUBHBIX 00bEKTOB.

Bxoa: Boibopka X, mapamerp 0 > 0;
Boixoa: muoxkectso srasionos ) C X

0=X;, Q:= ZiLzl T(2:,9); Qmin = Q;

IIOBTOPATDb

count := 0; — cuéTyuk 4ucsa ynajaeHuii
I Bcex x € €

AQi= Y (T(a\x}) — Tl 9));

2, €V (2,Q2)
ecam () + AQ < Quin + 0 TO

Q= Q+AQ; Q:=0\{z}
ecJjin Q < CQmin TO Qmin = Q:

count := count + 1;

10: moka count > (;

AgropurMm 13.2. ZKagHoe mobaBiieHne STaJOHHBIX 00BEKTOB.

Bxon: Boibopka X, mapamerp § > 0;
Boixoj: muoxkectBo sTasionos ) C X

1: Q := {10 ojHOMY CJIy9aiiHOMY OOBEKTY OT KayKJIOr0 KJIacca};
Q= ZiLzl T(xiv Q)a Qmin = C;

2: TIOBTOPATH

3 count := 0; — cuérunk umc/ia jJobaBaeHUT

4:  mas Beex z € X\

5

AQ:= % (T(:cl-, QU {z}) — T(a;, Q));

2 EVip(z,.QU{x})
6 ecau () + AQ < Quin — 0 TO
7 Q:=Q+AQ; Q:=QU{x};
8 ecan () < Qumin TO Quin 1= Q;
9 count := count + 1;
10: moka count > 0;

O6osnaunm depes 7;(z, 2) panr obbekra x € ) BO MHOXKeCTBe ), YIIOPSAI0IEHHOM
110 BO3PACTAHUIO PACCTOSIHUIL J10 x; € X.

Onpegenenne 13.2. Obpamnotl oxkpecmmocmyvio m-ro mopsiika oobekra r € §) Ha3bIBa-
eTcsi MHOYKECTBO OO'bEKTOB, JIJIsT KOTOPBIX OOBEKT T SIBJISIETCSI He Jlajiee, €M M-M COCEI0M:

Vin(z,Q) = {xZ€X|nxQ } m=1,...,L—1.

B [14] mpeyoxken kaIHBII aJropuT™ y/IajdeHns, KOTOPbIi ncKkaovdaer n3 () Hera-
JIOHHBIE 00BEKTHI 110 ogHOMY, HaunHas ¢ §) = X. Ha kaxKmgom 1mare HaXOIUTCs TOT 00b-
exr x € ), yranenue xoroporo munnmusupyer CCOV (o a1, X). [Toszke ObL1 mpeiiozen
Auropurm 13.1, Koropeiit paboraer Hamuoro oOwictpee [74]. OH yaansger Bce 0ObEKTHI,
yaajenre KoTopbix yeesuduaeT CCV ue Oosee, uem Ha Masyto Besuuauny 0. [lapamerp o
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cHAYaJIa MO0JIaral0T PaBHBIM HYJIIO, UTOOBI YIAJUThH BCE NMIYMOBBIE BBIOPOCHI; TIPU TOM
CCV yonmaer. Kora BEIOpOCH! Oy/1yT yaa/IeHbl, TapaMeTp 0 MOXKHO HEMHOTO YBEJTUIUTD,
4TOOBI yJIAJIUTh HEMH(POPMATUBHBIE «BHYTPEHHUE» OOBEKTHI, IJIOTHO OKPYKEHHDBIE 00b-
eKTaMH CBOEro KJjacca. Korma m oHM OKaXKyTcs HCUYepIaHbl, mapaMeTp 0 MOMKHO CHOBA
nemuoro yBennanTb. Korga CCV HaunHaeT 3aMeTHO BO3pacTaTh, IIPOIECC yIaaeHus: 00b-
€KTOB IIPEKPAIIAeTCs, 1 BCE OCTABIIHECS B () 00bEKTHI CIUTAIOTCSA ITAJTOHHBIMU.

HemocraTok »kajHOrO yjiajgeHus B TOM, YTO OHO paboOTaeT MeJJIeHHO. AJTOpUTMBI
trta Stolp 0OBITHO UCIOIB3YIOT CTPATETHWIO KA THOTO JT00aBeHus, Ooree 3(hPEeKTUBHYIO
¢ TOYKH 3peHus o0béMa Beruucaenunii. B anropurme 13.2 crparerus go0aBieHUit UCIOb-
gyercs jyist ontumuiarnuu CCV. Jlobasiienus nenatorces g0 tex nop, noka CCV ymenbiia-
ercst XoTs Obl Ha MaJIyio BeJimanHy 0. HemoctaTok 9T0i cTpaTernu B TOM, YTO MHOKECTBO
O0TOOPAHHBIX ITAJOHOB MOYKET CYIIEeCTBEHHO 3aBUCETh OT HAYAJIbHOIO MPUOTUKEHNST — Ca-
MBIX IT€PBBIX 00BEKTOB, KOTOPbIE BHIOMPAIOTCS TPAKTHIECKN CJIyIaiiHO.

KomMmipoMuccHoe pertenne 3aK/II049aeTcss B TOM, 9TOObI B3Th B KadeCTBe HAYATHLHOIO
Hpub/IMKeHUsT HeOOJIBITIOE CIyYaiiHOe MOJIMHOXKECTBO O0EKTOB B KayK/JIOM KJIacce, U 3aTeM
JepeioBaTh JM00aBJIEHNsT U YIAJEHUsT STAJTOHOB. MbI He MPUBOINM 3/1€Ch ITOT AJTOPUTM,
TaK KaK OH JIOIyCKaeT OOJIBITOe THC/IO PA3IUIHBIX 9BPUCTUK U BAPUAHTOB PEATN3AIINN.

O meTpuyecknx pepesbsx. [lira sdpdexkruroro mepecyera CCV HeoOXOMUMO OBICT-
PO HaxXOIUTh OOBEKTHI OKPECTHOCTH U 00OpaTHOil oKpecTHOCTH. [L1st 3TOr0 HEOOXOIMMA
CTPYKTYyPa JaHHBIX, KOTOPas M03BOJIsAIa Obl 9 (HEKTUBHO CTPOUTDH, HAXOIUThH U OOHOBJIATD
IpsiMble U OOpAaTHbIE OKPECTHOCTU K-TO TOpsJiKa i Jiioboro odbekTa x; € X. Hambo-
JIee TIOJIXOJISAT JIJIsT 9TOM eI MEeMPUYeckue Jepeaba, TpeHa3HAYeHHbIE /IS WHIeKCAIIIN
MHOKECTBa 0O'bEKTOB, 3aJIaHHBIX TOMAPHBIMU paccrosHusgME 62, 63]. B cpenneM Kaz ibiit
3aIpoC Ha IMOUCK, J00aBIeHUE WIH yAaJleHne 00beKTa 00padbaThiBAeTCd METPUIECCKUM JIe-
peBom 3a Bpems nopsiyika O(log L). Vcnosnb3oBanne METpUYIecKuxX JIEPEBLEB MO3BOJISET
CYIIECTBEHHO YCKOPUTH MPOIEcC 0TOOpa ITaIOHOB.

§13.4 DkcnepumeHTbl U BbIBOAbI

TecTtupoBanue ajaropuTMOB 0TOOPA TAJIOHOB ITPOBOJIMIOCH Ha, IBYMEPHOI MOJIETIHHOM
BbIOOpPKe jiytuHbl L = 1000, cocTosmeil u3 JIByX rayCCOBCKUX KJIACCOB C JuciiepcusaMu 1 u 2
I pacCTOSHIEM MexK Iy IenTpamu 5. JomoJHITeILHO B 00ydarontyio BLI6opKy X © BBoiu-
JIOCH TI0 D IITyMOBBIX OObEKTOB B KazkJI0M Kitacce. Ha puc. 13.2 uzobparkena pasiessiorniast
IOBEPXHOCTD, OCTPOEHHAs aJI'OPHTMOM OJIMZKAIIIEro coce/ia Ha HOJIHON BhIOOpKe X~

Ha puc. 13.3 u puc. 13.4 nnokazana pa3zjedroliasl I0BePXHOCTD I KJiaccuduKaTopa
OJIHOTO OJIMZKafiIero cocejla o MHOXKecTBY 3tajoHoB 2. Puc. 13.3 coorBeTcTByeT cTpa-
Terun yjaJsenus, puc. 13.4 — crparerun J00aBIeHUs STAJIOHOB. BoJibiimmu Toukamu 060-
3HAYEHbBI 9TAJOHHBIE OOBEKTHI, MaJeHbKIMU — Iepudepuiinbie 00beKThI. [l1g crparerun
y/IaJleHrs [TyMOBbIe OOBEKThI TIOKa3aHbl TpeyroybHuKaMu. Oba ajiropurMa CriazKiuBatoT
Pa3ICSIONIYI0 TTOBEPXHOCTD, YAAJIAIOT BCE IIYMOBBIE OOBEKTHI U OCTABJIAIOT MPUOJIN3U-
TEeJIBHO OJIMHAKOBOE YHCJIO 9TAJIOHOB, KOTOPbIE BHICTPAUBAIOTCS HA HEKOTOPOM V/IAJCHUN
OT T'PAHUIILI KJIACCOB.
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Puc. 13.2. Mogenbhas 3agada kiaaccupuraruu: 1000 oobekToB, meroa 1NN.
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A wymosble kn.1 A wymoBble kn.2
°  HeuHdopMaTVBHble k.1 °  HeuHdopMaTVBHbIE Ki.2

Puc. 13.3. Pesysnbrar orbopa srasonos Asropurmom 13.1 (crparerust yjasuenust).
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O  3TanoHHble kn.1 @ 3TanoHHble Kn.2
A wymosbie kn.1 A wymosble Kkn.2
°  HeuHdopmaTVBHble Kn.1 °  HeuHdopMaTVBHbIE KN.2

Puc. 13.4. Pesynbrar or6opa srasonos Asropurmom 13.2 (crparerust gobaBjieHust).
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Puc. 13.6. Basucumocts dyukimonana Q(2) or kosmdecTsa 106aBIEHHBIX O0BEKTOB

|| mst Anropurma 13.2.

Y1005 IpoBEPUTH 0OODIIAIOIILYIO CIIOCOOHOCTH AJITOPUTMOB OTOOPA ITAJIOHOB, CTPOU-
J1:ach TectoBas BeiOOpKa jiyinHbl 2000 u3 TOro ¥XKe pacipe/ie/ieHus. YT 00bEKThI He UCTIO b=
30BaJIICh IIpH 0TOOpe sTasonoB n3 X . Yacrora ommOOK Ha TECTOBOH BHIOOPKE BBITHC-
JIsI7Iach Ha KazK/I0# nTepalun U BBIBOAWIACH Ha Tpadukax. B ciaydae KaHOTO yaajieHns
(puc. 13.5) ona usmensiercst cuaxponso co suadennem CCV na obyuaoreii BbIGOpKe. D10
O3HaYaeT, YTO JAaHHAs CTPATErUs IPAKTUICCKN HE I0/IBep:KeHa rmepeodydennio. B ciydae
JKaTHOTO J1o6aBenus (puc. 13.6) cTosb 96TKOf CHHXPOHHOCTH He HAOJIIOIAI0Ch.

Ha puc. 13.5 snesbriit yaactok [0-60] coorBercrByer yiamenuto mryMoB (000 40 06b-
extoB). [Ipasbrit yaacrok [980-1000] mokasbiBaeT, 9TO UNCA0 KPUTHIECKN BazKHBIX ITAJIO-
HOB B JIAHHOU BBIOOPKE He BeJUKO (paBHO 6), HO yBeJmdeHne Juc/ia 3TajoHoB (10 16) mos-
BOJISIET YMEHBIIUTh YaCTOTY ONIMOOK Ha TecToBOI BbIOOPKE (c 3,6% 10 2,0%). Ha puc. 13.3
BBIJIeJIeHO 42 sTajioHa, KoTopble obecrednBaioT MuHuMyM Q(2) W OTHOBpEMEHHO MU-
HUMAJIBHYIO 9acTOTy OmMMOOK Ha TecToBoil Bhibopke 1,8%. Jlymuublii cpeanmii yuacTox
[60-980|, He nokazaunHblil Ha puc. 13.5, coOTBETCTBYeT 3Tally yiaajdeHus nepudepuitHbx
00bEKTOB, HA KOTOPOM 3HadeHue ()({)) MpaKTUIECKN MTOCTOSHHO.
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Pe3iome

DyuKImoHaI TOJHOTO cKoyb3sMero Koutposst (CCV) ompesensgercs Kak cpeTHsis
110 BceM pa30MeHHsIM 9acToTa OIMMOOK Ha KOHTPOJIbHON BhIOOpKe. st MeToma OsmKaii-
mero coceia Tounasi onenka CCV Bbipazkaercs depes npoduib KoMmnakTaoctu K (m).
OH ompee/sieTcss Kak J0JisT 00bEKTOB BBIOOPKH, JIJIsT KOTOPBIX M-l COCE JIEXKHUT B IPY-
rom kiacce. Ilo dopme HagaabHOroO ydacTka TPOMUIsi KOMIAKTHOCTH MOYKHO CYIUTh,
ITOJIXO/TUT JIM BBIOpaHHAsT MOJIE/Ib CXOJICTBA OOBEKTORB JI/Ist JaHHOI 3aadqu. OT16op 3TamoH-
HBIX 00beKTOB 110 Kpurepuio MunumyMa CCV 1mo3BojisieT cOKpaTUTh 00bEM XPaHUMbBIX
JIAHHBIX, MTOBBICUTH CKOPOCTh U KavuecTBO Kjiaccudukanun. 1Ipn 3ToM 00bEeKTHI pasieis-
FOTCS Ha, TPY THUIIA — IIYMOBbBIEe, HEMH(MOPMATUBHBIE U STAJOHHBIE, UTO SIBJISIETCS TOJIE3HOM

JIOTIOJIHUTEIbHOM MHMOpMAaIeii BO MHOTHX ITPUJIOKEHUIX.

B cnepytowein nekuun Oyayr nonydensr omenkun CCV st cemeiicTBa MOHOTOH-
HBIX KJIaCCU(PUKATOPOB. XOTS MapaJUIMbl METPUIECKON M MOHOTOHHON KJraccuUKAIIN
Ha TEPBBII B3IV COBEPIIEHHO PA3JINYHbI, JIJI 3TUX JIBYX CJIyYaeB IOJIy4YaroTCs y/IMBU-
TEeJIBHO TOXOXKHUE TI0 CBOEH CTPYKTYPe OIEHKHU.

Ynpa>kHeHust

Bamaga 13.1 (1). /[okaszars Teopemy 13.2.

L-1
Bagmaua 13.2 (1). [okasars, aro >, K(m) =1 > L,(L — L), tae L, — 1ucno o6b-
m=1 yeY
€KTOB KJjlacca Y B BBIOOpKe X.
L-1

Bamaua 13.3 (1). lokaszars, uro > 7, = 1.
m=1

Bamada 13.4 (2). O606muts Teopemy 13.1 Ha ciaydaii, Korja B BAPUAIMOHHOM DsiLy
paccrosiauii (13.1) ecrb ojuHakoBbie 3HaueHus. CresarTh NECCHMUCTHIHOE TPEJIIOTIOKE-
HUEe, 9TO eCJIN JJIsd KJIaCCH(PUIMPYeMOro 00beKTa &; CYIeCTBYeT X0Ts Obl OJIUH 00ydaio-
muit 00bEKT T HAa MHUHUMAJIBHOM PACCTOSTHUU Imrél)I(l p(x;, ), nexamuii B Ipyrom KJjacce,

TO AJITOPUTM 00A3aTE/ILHO JIOIYCTUT OMIUOKY Ha 00bEKTE T;.

Bamada 13.5 (5). O6o6muTs Teopemy 13.2 s MeTosa Kiuaccudukanuu 1o K G/rkaii-
IIIAM COCEJISIM.

Bagaua 13.6 (5*). Iloayuurh OmEHKN BepOATHOCTH IepeobyueHusi (). U BEPOSATHOCTH
OOJIBINIOI YacTOTHI OMMUOOK Ha KOHTpoJe R, jjis MeTojia OJmzKaiiero coceia.
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14 MoHoTOoHHble kKaccudumkaTopsbl

Paccmorpum 3aj1auy kiaccudukaium, B KOTOPOil MHOXKECTBO OOBbEKTOB X 4aCTHIHO
ymopsiodero, Y = {0,1}; MHO)KeCcTBO ajropuTMoB A €CTh MHOXKECTBO BCEX MOHOTOH-
ubix Gyakmumit a: X — Y (1o ectb u3 x < 2’ cienyer a(x) < a(z’) mua Beex x, 2’ € X);
unjukaTop ommbku umeer sun I(a,z) = [y(z) # a(x)], rae y — Henssecruas nesesast
3aBUCHMOCTb. [Ipeonaraercs, 9To QYHKINS Y MOHOTOHHA WM «IIOYTH MOHOTOHHA>.

Ha npakTuke orpaHudeHnss MOHOTOHHOCTH MOIYT BO3HHKATH B PA3JIMIHBIX CHTYa-
nugAX. YIOMsHEeM TPU HanboJjiee pacipoCTPAHEHHBIX.

1. AnpuopHble orpaHu4eHnst MOHOTOHHOCTU. [IpuK/IaHbIE SKCIIEPTH MOTYT JIABATh
nojckaskn (hints), orpanmdmBarone MHOKECTBO JIOMYCTHMBIX anroputmos [50]. IIpu-
MEPOM ABJISETCS YTBEPKJIEHUEe «deM OoJibllle 3HaYeHHe Npu3Haka f(I), TeM BbIIe yBe-
PEHHOCTB, YTO OOBEKT X NPUHAJIEKHUT Kjiaccy 1». Ecim Takux mpusHakoB HECKOJIBKO,
yrBepzierne npuanMaer Buj «ecan f(x) < f(2') mag Bcex npusHakoB f U3 3aJaHHOTO
muoxectBa G, To a(x) < a(x’)». Ho 10 1 o3navaet, uro dyukms a MonoronHa. [Ipume-
PBI TAKUX YTBEPKJICHUIT MOKHO HANTH B 3a/1a9aX MeIUIINHCKOIO TPOrHO3UPOBAHUs (1eM
cTaplie MaldedT M 9eM BBIIIE CKOPOCTh KPOBOTOKA B BEHE, TEM BBIIIE PUCK PECTEHO3a
IHyHTa), B 3a/la9aX KPeIUTHOI'O CKOPHHI'a (qu BbIITIE€ J10OXO/IbI 3aéMmHKa n 49eM I0JIb-
Ile OH IPOKUBAET HA OJIHOM MeCTe, TeM HUzKe PHUCK Jedo/Ta) U B JIPYIHUX [PEIMETHBIX
obacrax [102]. Kax mpapmio, oHE HOCAT TPUOIU3UTENBHBI XapakTep, U 3aBHCHMOCTh
Y OT IPU3HAKOB Ha CAMOM JIeJIe He B TOYHOCTU MOHOTOHHA, & «IIOYTH MOHOTOHHAY.

2. lNoporosble pewatwme npaBuna. Ilycrs 3agana dynknusa f: X — R. Oyuxmus
a(x) = [ flx) > 0] HA3BIBAETCS NOPO206YIM PEWAIOUUM NPasusom ¢ TToporom 0. Eciu or-
Howenue nopsaika Ha X sanano kak (z < ')  (f(z) < f(2')), To MHOXKeCTBO BCex
MOHOTOHHBIX KJlacCu(UKaTOPOB A COBIIaaeT O MHOXKECTBOM BCEX IMOPOTOBBIX PeIa-
fomux npaBuia. Ha mpakTuke MOpOTOBbIE NMpaBWUJIa MIUPOKO HCHOJIB3YIOTCA B KadeCTBE
«CTPOUTEILHBIX OJIOKOB» aJrOPUTMOB KJIaCCH(MUKAIUU. DTO dJIeMEHTAPHbIE ITPEIMKATHI
B KOH'BIOHKTUBHBIX 3aKOHOMepHOCTsX (cTp. 109), yCejaoBUS BeTB/ICHNs B PEIIAIOININX Jepe-
Bbsx [22, 90, 42| u pematonux crmckax |53, 103], 6a30Bble KaaccuGUKATOPhl B KOMIIO3U-
musix Tuna GyctuHra u 6srruara (96, 61|, mpaBmiIa TPUHSTH OKOHYATEIBHOIO PEIeHHst
BO MHOTI'UX aJrOPUTMax KJIacCUMUKAIIN Ha JIBa KJIacca.

3. Komnosunyuun anroputmos knaccudumkaumn. Ilycrs umeerca T' aaropuTMoB Kiac-
cuduranum Buja a;(r) = [bt(:p) > O}, rne b;: X =R, t =1,...,T. Ux xomnosuyuet Ha-
spiBaercst auropurm a(x) = F(bi(z),...,br(x)), roe dynkupa F: RT — Y naseisaer-
cst Koppekmupyrowet onepayueti, AITOPUTMbI a; HA3BIBAIOTCS 0a306biMU. SHadYeHust by (x)
u b(x) WHTEPIPETUPYIOTCS KAK CTelleHb YBEPEHHOCTH AJrOpUTMOB ay(x) u a(z), cooTBeT-
CTBEHHO, B TOM, 9TO OOBLEKT - NpUHAIIeKUT Kiaaccy 1. [Tosromy or dyukiun F rpebyer-
cst, 9TOOBI OHA MOHOTOHHO He yObiBasa 1o BceM T’ cBouM aprymentam [46, 12]. TlockobKy
6a30BBIE AJTOPUTMBI MOTYT JIONYCKATE OMMOKH, 3aBUCHMOCTD y(x;) OT T-MEpHBIX BEKTO-
poB (by(z;),...,br(x;)) MOKeT OKa3aTBCS He MOHOTOHHO, HO «IIOMTH MOHOTOHHOH».
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Hamnbosree pacnpocTpaHEHHBIM TUIIOM KOMIIO3UIIHM SABJISIETCS 636CULEHHOE 20A0C06A-
Hue — JuHeiliHas KoMOuHarust 6a30BbIX ajgroputmos |26, 99, 61, 80:

F(bi(x),...,br(z)) = Z by ().

O6bruHO TpeanonaraeTcss, 9ro «; > 0; B TaKOM cjaydae JUHEHas KOPPEKTUPYIO-
mas oreparys sBageTcd MOHOTOHHOM. TpeboBanue JTUHEHHOCTH JJIsT KOPPEKTUPYIOIINX
omepalnii BBIVISIINT MeHee 0O0CHOBAHHBIM, UeM TpeboBaHMe MOHOTOHHOCTH. JInHeiiHble
GYHKIINN UMEIOT YUCTO IPAaKTHIeCKNe IIPEUMYIIECTBa: X IIPOIEe CTPOUTDh, U KO3 huIm-
CHTBI (' MO2KHO MHTEPIIpETUPOBATL KaK CTEIICHN JOBEPpUA 6a30BbIM aJIrOpuTMaM. MOHO—
TOHHBIE KOPPEKTUPYIOIINE OllepaIiii 00Pas3yoT CYIIeCTBEHHO DoJiee IMIMPOKOEe MHOKECTBO
GYHKINMI, 9TO MO3BOJISIET HAJIESITHCS HA BHINTPHIIT B KAUECTBE KJIACCU(PUKAIINN, HO B TO K€
BpEMs 9TO MOXKET IMPUBOJUTH K Iepeodydennio. Bompoc o ToM, Kakne KOPpPEeKTHPYIONIe
omepalyy JIydiie, JUHeHHbIe W MOHOTOHHBIE, OTHOCHTEIBHO MAaJIO MCCIeI0BaH. JKCIIe-
PUMEHTBI CBUIETEIHLCTBYIOT, UTO MOHOTOHHBIE KOPPEKTHUPYIOIINE OIEPAIIMH MOI'YT 00Ja-
JaTh JIydIrneit 0000IaroIeil CIIoCOOHOCTRIO IIPU 3HAYUUTEIHHO MEHbIIIeM KOJIm4uecTBe 0a30-
BBIX aaropuT™MoB [20], oHAKO MOKa HET YETKOTO MOHMMAHWsI, IOUYEMY 9TO MPOUCKO/INT.

Hanee nac Oyaer mHTEpECOBATH BOIIPOC, B KAKUX CJIyYasdX MOHOTOHHDIE K/IacCubuKa-
TOPBI 00JIQJIAI0T HAWJIYYIIell 0000IIAOIIel CIIOCOOHOCTBIO B CMbIC/IE (DYHKITMOHAJIA, T10JI-
HOro ckoJib3sitiero Kourposs CCV. Boobire roBopsi, 060o01maionast crrocoOOHOCTb JIOIZKHA
OBITH TE€M BBIIIIE, UM JIyUIle BBIDOPKA COTJIACYETCS € UCIIOIB3YEeMON MOJIETBIO A/ ITOPUTMOB.
B nammom citydae Moiesib — 9TO MHOXKECTBO BCeX MOHOTOHHBIX (hyHKnnit. [losTomy B Kate-
CTBE OTBETA HA MMOCTABJICHHBIN BOIIPOC OXKMJIACTCS MOy IUTh HEKOTOPYIO XapaKTEPUCTHKY
MOHOTOHHOCTU BbIOOPKHU U siBHBIH BuT 3aBucuMoct CCV oT 9T0i XapaKTepPUCTHKU.

§14.1 Tlpodunb MOHOTOHHOCTU BbIOOPKMU

Jomyctum, 910 MeTo 00yUYeHus (4 BRIONPAeT aJrOPUTMbI U3 MHOXKeCTBa A Bcex Mo-
HOTOHHBIX (pynknmit a: X — Y.

Omnpenenenne 14.1. Beprnum u HUHCHUM KAUHOM 00BbeKTa T; € X Ha3BIBAIOTCS, CO-
OTBETCTBEHHO, MHOXKECTBA

Wo(z;)) ={reX: x; <z umy(xr)=0};
Wi(x;)) ={reX:z <z my(x)=1}.

[Ipumepsl KIMHBEB TTOKa3aHbl Ha puc. 14.1 (a).

Mmuoxectso W; = Wy(xi)(xi) Oy/leM Ha3bIBATH IPOCTO KAUHOM OODbEKTa I;. ITO BCe
00BEKTBI TOT'O 2Ke KJacca, 9To U &;, JIeXKalue MexKIy *; U rpaHurei Kiaaccon. MomHocTh
kimHa w; = |W;| xapakrepusyer riyOnHy HorpyKenust obbekrTa x; B CBOii KJacc. dem
MeHBIIIe w;, TeM OJmKe 00beKT K rpanuie Kiaacca. OObeKThl, He UMEOIINe CBOEro KJINHa,
(w; = 0) GyJeM Ha3bIBATH 2PAHUNHBLMU.
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Puc. 14.1. JIsymepnas 3a1a4a KiaccuduKAIMH ¢ €CTECTBEHHBIM OTHOIIEHUEM TIOPSII-
ka Ha MHOkecTBe X C R?. Puc. (a): Bepxmmit KanH o6beKkTa T;, HIDKHIH KIUH 00b-
exTa ;. Puc. (6): oxHa U3 JOIyCTHMBIX MOHOTOHHBIX KJIACCH(UKANNi reHepasbHON
BBIOOpKN X. O6beKTh 00y vatoneil BEIOOPKHU BhIjieseHbl cuMBoJiamu [, B. DoHoM 1oKa-
3aHO O0beuHEeHNe BEPXHUX 00J1acTeil 00ydaommux 00beKTOB Kiracca 1 n obbeuHeHne

HUDKHUX obJracTeil obyuarormmx o0bekToB Kiacca (.
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Puc. 14.2. Ta xe aBymepHas 3a/1ada kiaccudukanuu, 9ro Ha puc. 14.1. JIBa kpaitnux
cJIydasi MOHOTOHHOM KJTacCu(DUKAIUN: BCe OObEKTHI B 3a30P€ MEXKIy HUKHUMU U BEPX-

HUMU 00JIACTAMEU 00y Jaroux 00beKTOB oTHOCATC s K Kiaccy 0 (a), K kiaaccy 1 (6).

Eciim MOHOTOHHBIN AJTOPUTM JIOIYCKAET OIMMUOKY Ha OOBEKTE X;, TO OH JIOMYCKAeT
omubOKy 1 Ha BceX 00beKkTax nu3 KiamHa W;. 9To 0OCHOBHOE CBOWCTBO KJIMHA, KOTOPOE ChIT-
paeT Peraonyio poJib PHU MOJIYUECHIH OIEHOK CKOJIL3SIIEr0 KOHTPOJIS.

Onpenenenune 14.2. [Ipogurem monomonnocmuy BBIOOPKH X HA3BIBACTCS (DYHKITHS
M (m), paBHasi ji0J1€ OOBEKTOB ¢ KJIMHOM MOIHOCTH M

=1

L-1
[Ipoduis MonoToHHOCTH HOpMEUpOBaH: » "o M(m) = 1.
[Ipocdutb MOHOTOHHOCTH CYIIECTBEHHO 3aBUCUT OT BHIOOPKHU, IPUIEM BO3SMOXKHBI J[Ba,
KpaillHux cjrydasi:
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1) ecam B KaxKJIOM U3 JIBYX KJIACCOB OOBEKTHI TONAPHO HECPABHUMBI, TO BCE KJIMHbS
nycThbl 1 poduiib cocpegorodeH B mHyse: M(m) = [m = 0];

2) ecom Ha X 3ajaH JuHeHbL n0panoK, To M(m) = +([m < Lo] + [m < L1]), rae
L, — guciao o0beKToB Kiacca y B IeHepaJsbHoil BbIOOpKe; ecau Lo = Ly, TO 1npoduib

2

MOHOTOHHOCTH pacrpe/eén papaomepno: M(m) = = [m < %}

§14.2 BepxHsas oueHKa MNOJIHONO CKOJ1b3SLEro KOHTPOs

Omnpenenenne 14.3. Cmenenvio HEMOHOMOHHOCMU BEIOOPDKH X HA3BIBACTCS HAHMEHD-
mast 9acToTa OMIHOOK, JOIYCKAeMbIX Ha Heil MOHOTOHHBIMH AJIOPHTMAMH:
0(X) = min v(a, X).
acA
Bribopka X HasblBaeTCs MOHOTOHHOM, ecm u3 z; < x; ciaeayer y(x;) < y(x;) mia
BCcex ¥;,¢; € X. Bolbopka MOHOTOHHA TOIIa U TOJIBKO Torga, Korga 6(X) = 0.
Ecin MeTos jf MUHUMU3UPYET SMIMPUIECKUAN PUCK, TO €CTh CTPOUT aJITOPUTMBI ¢ MU-

HUMUMAJbHBIM YHUCJIOM OIMUOOK Ha 00ydaromieil BHIOOPKE B KJIACCE BCEX MOHOTOHHBIX

dbyukimit A, To MeTos 1 6yeT KOpPeKTHBIM Ha 1060l MOHOTOHHOI BbIGOpKE [12].

Teopema 14.1. Ecjm MeTos |1 MUHUMH3HPYET SMIIHPHICCKUH PHCK B KJACCE BCEX MO-
HOTOHHBIX (DYHKIIHI U CTelleHb HEMOHOTOHHOCTH BHIOODKH X paBHa 6, TO

0L+k—1
CCV(1,X) < Y M(m)Hp"™ (0L). (14.1)

m=0

JlokazaTeabcTBO. 3anuiieMm B (DYHKIMOHAJE CKOJIL3AIIEr0 KOHTPOJIST YaCTOTY OIMUOOK
Jepe3 CyMMy WHIMKATOPOB OIMNOKWM W TMOMEHsIeEM MeCTaMW 3HAKH CyMMUPOBAHUS:

COV = = Z Z (X, ) %272 [z; € X] I(uX, ;). (14.2)

LXX zeX i=1 L xx

N

N

Buyrpennsisi cymma, oboznadennast depe3 [V;, BbIpayKaeT UUCI0 pa3dueHuii BbIOOP-
ki X, IIpU KOTOPBIX OOBEKT X; OKA3BIBAETCS B KOHTPOJIBHOM MOJIBBIOOPKE, U MOCTPOEHHBIH
o oOydJaromieil moaBbIOOPKe aJITOPUTM JOITyCKAeT Ha HEM OIIHOKY.

Ornermm V;, BOCIOJIB30BABIINCH TEM, 9TO €CJIU AJTOPUTM (G MOHOTOHHBIN ¥ JIOITYCKAET
omuOKy Ha OObEKTE T;, TO OH JIOIyCKAeT OIMMOKY U Ha BeeX o0beKTax u3 Kianna Wi.

B zaBucumocTt 0T COOTHOIIEHMST MOIIHOCTU KJIMHA W; U CTEICHH HEMOHOTOHHOCTH
BBIOOPKHU BO3MOXKHBI JIBa, CJIyUad.

Ecmm w; > 6L + k, To Hn mipu KakoMm pa30MeHnn MOHOTOHHBIN aJIrOpuT™M He Oyier
omubaThCA Ha X;, MOCKOJIbKY AL + k ecTh MaKCUMaJIbHOE YUCJIO OMIUOOK, KOTOPOE MOXKET
JIOIYCTUTH MOHOTOHHAs (PYHKINS Ha BCeil BLIOOPKe X. DTO BLITEKAET U3 JOIYIIEHUS, ITO
METO/JI, /4 CTPOUT AJTOPUTM ¢ MUHUMUMAJIBHBIM YUCJIOM OIMMUOOK Ha 00ydarorieil BhIOOpKe
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B KJIacce BCEX MOHOTOHHBIX (DyHKIUI. MuHIMAa/IbHOE TIC/I0 OMUO0K Ha, JTI000i 1TOIBBIOOD-
ke X He IPeBOCXOIUT MUHUMAJIBHOTO YUC/Ia OMMOOK Ha Beeil BeiOopke X. CriegoBaTeibHO
YUCI0 OMmMMOOK Ha oOydeHnn He npeBbimaer §L. Takum obpasom, B aToM ciaydae N; = 0.

Paccemorpum BTOpoit ciaydaii, kormaa w; < 0L + k. Ilycrs s — aucio oobekToB u3 W,
HaXOJISIIIXCS B 00y Jalolieil moIBbI0OOPKE,

max{0,w; —k + 1} < s < min{fL, (, w;}.

Nmeerca C criocoboB BbIOpaTh § 00yvaomux o0bekToB n3 Kiuna Wi, Jlna kaxio-

S

ro U3 9TUX CIIOCOOOB MMeeTCs C’i__l_wi BapUaHTOB BhIOpATh ¢ — § 0Oyvalomux 00bEKTOB

u3 muoxkectBa X\ (W; U {z;}). B urore nmosyuaem onenky uncia pasoueHnii:

min{0L,¢,w;}
N; < > Cs.Co (14.3)

s=max{0,w;—k+1}

[oncrasum onenky (14.3) B (14.2), Bocnosbsyemes Toxaectsom kCY = LCY |
u yarém, aro N; = 0 npu w; = 0L + k:

L min{0L,l,w;} I—s
1 k Cs b
CCV £ = _ Wi T LTl
P2 o
=1 s=max{0,w; —k+1}
w; <OL+k

HpI/IMeHHH olpeaesieHnue HpO(bI/IJIH MOHOTOHHOCTH, II0JIy4daeM OLCHKY

OL+k—1 mind0LEm}p s s
coveS S G
m=0 s=max{0,m—k+1} L—=1

BameTuB, 9TO CyMMa 110 § COBIAJaeT ¢ PyHKIMeH MMIepreoMeTpiuieckoro pacipeie-
¢
nerust H7"} (OL), nonyuaem onenky (14.1). Yro u TpeboBasioch 10Ka3aTh. ]

Caencrsue 14.1.1. Ornenka (14.1) MoHOTOHHO He yObIBAET 110 0, goCTHTas HATMEHBIIIE-
ro 3uadenust npu § = 0, Korya BRIOOpKAa MOHOTOHHA H METOJ[ [ SIBJISIETCS KOPPEKTHBIM

Ha rerepasbHOIF BhibopKe X, To ecth korma v(uX, X) = 0 g1 seex X € [X]:

k-1
cto
COV(1,X) < Y M(m)é,£—1. (14.4)
m=0 -
Hau6osbmmas onmenka CCV < 1 mocturaercs, Korma w; = 0 g Beex ¢ = 1,..., L.

DTO O3HAYAET, YTO KarK/bIIl KJIacc IpeacTaBigerT co0Oil MHOXKECTBO IOIMapHO HeCpaBHU-
MBIX 00BEKTOB, U BCsl BBIOOPKA pacliajiaeTcs Ha JBe aHTurenu. B sTom ciydae TpeboBa-
HHEe MOHOTOHHOCTH H€ HaKJIaJIblBacT HUKAKNX OFpaHI/IT-IeHI/Iﬁ Ha CeMelCTBO AJITOPUTMOB A,
U OHO WHAyImpyeT Bce 2 crmocoboB momesnTh TaKyio BBIOOPKY Ha J[Ba Kjacca. BIosHe
€CTeCTBEHHO, UTO MepeodyIeHne B JJAHHOM CIydae MaKCUMAJIBHO.

Hamwvenbimas ornenka CCV < 2/¢ nocruraercs, Korjia BEIOOPKa MOHOTOHHA ¥ JIMHEH-
HO yIopsijodera. B 5ToM cjydae 9uc/io KJIMHBEB MOIHOCTH W HE MPEBBIIIaeT 2 /i BeeX
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w=1,...,k. CeMmeiicTBO MOHOTOHHBIX AJTOPUTMOB A MHIYIHUPYET YHUMOJAIBHYIO IEIIh.
[Tepeobyuenue B JJaHHOM CJIydae MUHUMAJIBHO.

['unepreomerpudeckuii MuozKuTesb B (14.1) ybbIBaer ¢ pocroM m GbICTpee reoMeTpu-
4Jeckoii mporpeccun. Yrobbl obecrieanTs MaJsioe 3Hadenne dpyukimonaia CCV, moctaTrodno
norpeboBaTh, 9To0bl yHKIMs M (m) npuHIMAasa MaJible 3HAYEHUs TIpU MaJjbix m. [lpn
OOJIBITTUX M €€ POCT KOMIIEHCHPYETCs KOMOMHATOPHBIM MHOMKHUTEJIEM. TakuM oOpa3oM,
KavIeCcTBO MOHOTOHHOI'O KJIACCH(pPUKATOPA TEM BBIIIE, 9eM MEHbIe 00bEKTOB NMEIOT KJIH-
Hbsl HEOOJIBIIION MOITHOCTH. [IjIsT 9TOro OTHOIIEHHE MOPsIIKa Ha MHOKECTBE 00beKTOB X
JIOJIZKHO OBITH OJIM3KO K JIMHEHHOMY BOJIM3W I'PAHUIBI KJIACCOB, WJIHM, JPYTUMH CJIOBAMH,
MHO>KECTBO OMHAPHBIX BEKTOPOB OIIHOOK JIOJI?KHO OBITH OJIM3KO K YHHUMOJAJLHON IEIH
BOJIN3U TPAHUIIBI KJIACCOB.

Takum obpazom, popma TpoduIis MOHOTOHHOCTHA MOYKET pacCMAaTPUBATHCA KaK (pop-
MaJIbHOE BbIPpasKeHHe alpruoOPHOil nHMOOPMAIMI O TIOTHOCTU OTHOIIEHUs TopsIKa [47, 48|
BOJIN3U T'PAHUILBI KJIACCOB.

BameTum, 910 EMKOCMb KJIacCa MOHOTOHHBIX KJiaccubUKATOPOB OECKOHEYHA, II0-
CKOJIbKY Ha BBIOOPKE JIMHBI L, COCTOSINEl M3 MONAapHO HECPABHUMBIX 3/IEMEHTOB, pea-
mzyetcs posHo 2F amxorommit. Takmm obpasoM, KimaccmdecKasa Teopus Bammmka-Yep-
BOHEHKICA He JIACT cojeprKaTe/IbHbIX OIEHOK KadecTBa JijId JIAHHOTO ciydas. V3BecTHO
TakK:Ke, 9TO 3aBUCSINAA OT BBIOOPKH adhhexmuctan EMrocmsd KIacca MOHOTOHHBIX (DYHK-
i He TTPEBOCXOIUT JUTHHBI MaKcuMaJsbHOH anTuienu B Bbibopke X [100]. Onenka (14.1)
CYIIIECTBEHHO TOYHEE CJIOXKHOCTHBIX OIEHOK W HUKOT/IA He IPeBhImaeT 1.

NurepecHo orMeTuTh GOJIBIIOE CTPYKTYPHOE CXOJACTBO oreHoK (13.2) u (14.4), noy-
YEHHBIX JIJId TAKUX PA3JIMIHBIX, Ha MTEPBBII B3IJIsi/I, allPUOPHBIX OMPAHUYEHU, KaK KOM-
[MAKTHOCTh ¥ MOHOTOHHOCTB. 1yTh 1032K€ MBI TIOIIPOOYEM pa300paThCsi B €ro NpUInHAX.

§14.3 To4Hble OUEHKU MOJSIHOIFO CKOJ1b35LLEero KOHTPOJIs

[Torpobyem pazobparbest, moueMy orerka (14.1) ve sBagercs rounoit. [Ipu onennsa-
HUM Yucia pa3douenuit N; Mbl He 3HAJIN, OMHUOACTCA JIT AJITOPUTM a = pX Ha 00bEeKTe T;,
U ¢/iesiaan M30bITOYHO CHJIBHOE MECCHMUCTUYIHOE MIPEJIIOIOXKEHNe, YTO OH BCETia Ha HEM
omubaercd. Ecin ke ydecTb, KaK MMEHHO aJTOPUTM @ OIPEJIEsieTcs 110 BbIOOpKe X,
TO BO3MO2KHO ITIOJIYYUTHb TOYHbIE OIICHKMU.

Bseném cremyrorue omnpeiesieHus.

Huowcran obaracmov odObekTa x; — 9TO MHOYKECTBO BCeX 00OBbEKTOB & TaKHUX, UTO T < X;.

Bepxnas obaacmob 00bekTa T; — 3TO MHOXKECTBO BCeX OOBEKTOB T TAKUX, 9TO T; < I.

Homyctum, uro BeiOOpKa X MoHOTOHHA. Toraa jr000it MOHOTOHHBIH aJrOPUTM @ MIPa-
BUJILHO KJIACCUMDUITUPYET BCE 00BEKTHI, TONAJIAOIINE B HUZKHIE 00/1aCTH 00YIatonux 00b-
exToB Kjacca 0 u B Bepxune obsactu obydaromux o6beKToB Kiacca 1, cum. puc. 14.1 (6).
[Ipo ocrambHbIE OOBEKTHI Oy/IEM TOBOPUTH, UTO OHU AEHCAM 6 3G30pe MEKTY HUKHIMUI
1 BepxXHUME 0ObOJsracTsiMi 00y daronux 00bekToB. Kiaccudukarus 3Tux 00beKTOB 3aBUCAT
oT KOHCTpyKImu ajropurma a. Ha puc. 14.1 (6) nokasana ojiHa 13 BO3MOYKHBIX DeaJin3a-
nmit ajgropurMma a. Ha puc. 14.2 nokazanbl jiBa KpailHUX ciydas — KOIJ[a BCe OObEKTHI,
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JIezKallye B 3a30pe, OTHOcATCs b0 K Kaaccy 0, ymbo K Kiraccy 1. Hauném ¢ aTux kpaitnux
CJIydaeB, Kak HanOoJiee MPOCTHIX.

MoHoToHHble knaccudpmkaTopbl MO rpaHuuam 3asopa. Hasosém npogusem moro-
monnocmu Kracca y € Y dbynknmo M,(m), paBHyio Jose 00BbEKTOB KJIAcca y ¢ KJIHHOM
MOIITHOCTH M

L
1
M,(m) = z;[y(x,) =y|[w;=m]; m=0,...,L—1.
OueBniHO, cyMMa TPOGUIIEiT 0 KIacCaM COBIAAET ¢ OOIIIM TTPOQUIEM:
M(m) = My(m) + My(m), m=0,...,L—1 (14.5)

Teopema 14.2. FEciyn Bpibopka X MOHOTOHHA U aJrOPUTM @ = (41X OTHOCHT BCE OO'HEKTHI,
JIeKalme B 3a30pe, K KJaccy Y, TO CIPABEJINBA TOYHAs OIEHKA

k—1
el
CCV (1, X) = le_y(m)ég—l. (14.6)
m=0 L-1

HokazareabcTBo. [lomycrum, 4To ajroput™m a = X OTHOCHT BCe OOBEKTHI U3 3a30Pa
K kjaccy y = 0. Torga on pomyckaer ommubKM TOJBLKO Ha TeX OObEKTax X; U3 3a30pa,
KOTOPBIe TpuHa IIeKaT Kjaaccy 1. s arux o0beKToB unc/io pazouennii [V;, Ipu KOTOPHIX
v, € X u I(pX,z;) = 1, oramcnstercs o dopayae (14.3). JIas ocTamibHBIX 00beKTOB
u3 3a3opa N; = 0. Takum obpazom,

Ny =Cp_i_,, [y(z:) =1].

Hoacrasus N; B (14.2) u Bocnosb3osasmch Toxkaectsom kCY = LOY | nomyuum (14.6)
it caydas y = 0. AnajioruaabiM 00pa3oM mpoBepsieTcs caydait y = 1. [

Ec/u ipeinosiokuTh, 4o mpoduib MOHOTOHHOCTH JIeJIUTCs coryacHo (14.5) mpumep-
HO [OPOBHY MEeZKJLy KJIACCAMHU, TO U3 JOKA3aHHO TeOpeMbl ciejiyeT, 4To onenka (14.4) nis
IIPOU3BOJILHOIO METO/Ia 00y UIeHHsI 3aBbIlleHa TPUOIH3UTE/IHHO BiBoe. Ha camom mese ona
3aBblIllIeHa CUJIbHEe, TaK KaK OTHOCUTH BCE OObEKTHI 3a30Pa K OJIHOMY KJIACCY — OYEBU/IHO,
He camag JIydIlasi CTpaTerus ¢ TOYKN 3penus obodImaomneit criocoonoctu. MaTyunrms mo/i-
CKa3bIBAET, UTO OINTHUMAJJILHOE pas3jieseHne H0JKHO IIPOXOINTDh IocepeanHe 3a30pa. dro-
OBI IPOBEPUTDH ITY I'UIIOTE3Y, HEOOXOIMMO CPABHUTH METO/Ibl 00y YeHUsI, KOTOPbIE ITPOBOIAT
Pa3IeJISIONLY 10 TIOBEPXHOCTH 110 TPAHUIIAM 3a30Pa, 110 CepejinHe 3a30pa Wi (J11st O0JIbIIeit
OBIIIHOCTH) 110 33JJAHHOMY OTHOIIEHUIO PACCTOSHUI 10 HUXKHEH U BepXHeH IpaHmuil.

Tounas onerka CCV jyts1 citydast pas3/iesieHust 1o cepeiinHe 3a30pa mojrydena [ajamHoit
Maxunoii B [41].

MoHoToHHbIe KnaccndukaTopbl MO PaAcCTOSHUAM A0 rpaHuy 3a3opa. Onpeaenum
JJTsT TPOU3BOJIBHOM apbl 00beKTOB &, u € X paccrosHue (X, 1) MKy HUKHel 00J1aCThIo
obbekTa x u BepxHeil obacTbio obobekTa u. IloTpedbyem, aTobbl byHKIMA r ob/ajgaia
CTICTYIOIUME CBOMCTBAMMU:
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Puc. 14.3. Monoronubie GyHKINN, TPOXOISIINE Yepe3 TOIKH MOHOTOHHONW 00yda-

fomeit BoiGopku B R?: (a) anropurm kinaccndukanun a(r), (6) nenpepbiBHas byHK-

JE8%5%1 b(l’) CTyHeH‘IaTbIMI/I JIMHUSAMMU ITOKa3aHbl HUZKHAA U BEPXHAA I'DAHUIIBI 3a30Pa.

1) r(z,u) = 0 Torga u TOJBKO TOIJA, KOIJA T = U;
2) r(x,u) He Bo3pacTaer 10 x HE YOBIBAET II0 1.

Oyuximio (2, u) MOXKHO HHTEPIPETUPOBATH TAKYKe U KaK PACCTOsIHEE OT OObEKTa T
JIO BepxHell 001acTu U, U KaK PaccTogHue or 00beKTa U J0 HUXKHel obacTu .
Pacemorpum asiroputMm Ostuzkaiimiero cocena a = X,

— : /
a(x) = y(arg min plx,x )),

(14.7)
onpejesus GyHKIWMIO paccrosiaust p(z, x') or KiaccudunupyeMoro o6beKTa ' 10 00beKTa,

obyuaromieil BeiGopku ' € X Kak paccrosgnue JI0 ero HuxkHeil obiacru, eciu y(x') =0,
u JIo ero BepxHeil obsacru, ecim y(x') = 1:

p(z,2') = (I=Mr@,z), y)
’ Ar(z, '), .

y(z')

riae A € (0, 1) onpeesiser MOJIOKEHNe Pa3IeIAIoNnieil TOBEPXHOCTH BHYTPH 3a30pa:

=0,
=1,

npu A — 0 paszesndionias IOBEPXHOCTH IIPOXOIUT 110 HUZKHEH IpaHulle 3a30pa, U BCe
O0BEKTBHI U3 3a30pa OTHOCATCS K Kaaccy 1;

npu A — 1 pasjesdonias MOBEePXHOCTh TPOXO/IUT 110 BEPXHEil rpaHulle 3a30pa, 1 Bce
00BEKTHI U3 3a30pa oTHOCATCA K Kiaaccy (;

npu A = % pas/iesisiioniast MOBEPXHOCTh MTPOXOJIUT Iocepeinte 3a30pa, puc. 14.3 (a).

[Ipn kpaitanx sHadennsx A € {0, 1} yHknusg p MoKeT HPUHEMATH MHHUMAJIbBHOE
snadenue () OJJTHOBPEMEHHO Ha 00ydalonux o0beKTaX Pas3sHbIX KJIACCOB, YTO OyJIeT IPUBO-
JIATDH K HEOJHO3HATHOCTH BhIOOpa Kiacca B (14.7). HeommnosnadHocTh He BO3HUKHET, €CJIT
Oparh Kpaitaue 3naderust {\g, 1 — Ao} IIpu HEKOTOPOM g, OYeHb GJIU3KOM K HYJTIO.

Asroputm (14.7) MOYXKHO OIPEIENNTh IKBUBAJICHTHBIM 00pa3oM Kak a ()

= [b(z) >
A], pae b(z) — orHOCHTEIBHOE paccTOsiHEe 10 OiiKalimeii HizKHeii obactu, puc. 14.3 (6):
d
b(x) = o)

d, = mi ! d — i ay
@ @) @ yg%gop(x,x), (@) = min p(e, o)

y(z')=1
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Teopema 14.3. Ilycrs Beibopka X mMoHOTOHHA, QyHKIHS 7(T,U) VJOBIETBOPSIET CBOM-
crBam 1) n 2). Torga ¢ynxnnu a(x) n b(x) MOHOTOHHO He yOBIBAIOT IO X U MPOXOIAT depe3
roukn o6y daroreii Beibopku: a(x) = b(x) = y(x) mist Bcex x € X, npu srom yrkims b(x)
HerpephIBHA.

JlokazarebeTBO MOXKHO HaiiTi B [12].

Tounas onenka CCV st anropurma (14.7) naéres Toit ke Teopemoit 13.1, ato u j1ys
0OBIYHOIO MeTO/Ia OJIHKAMIIEro coce/ia. ToUHO Tak »Ke KazKIblit 00bEKT X; TOPOXKIaeT YIIO-
psiioUeHne BceX 00bEeKTOB I'eHepasIbHOM BBHIOOPKH 110 HEYOBIBAHUIO PACCTOSIHUN JI0 HETO,
1 TOYHO TaK K€ OIpPeIeIgeTcsd IPpOoduiIb KOMIAKTHOCTH.

B3anmocBsasb mexay npodnasiMm KOMMNaKTHOCTU U MOHOTOHHOCTU. [lokazkem, 110

Bepxusst orneaka CCV o npodusmo MoHoTorHOCTH (14.4) MOXKET OBITH HOJIyYeHA B Pe-

syabrare ociabmenns Tounoil onenkn CCV 1o npodmiio komnakraocTr (13.1).
BanuiemMm TOIHYIO OIEHKY:

k k
1
cov = 3" o) Citom g 1 () 2Lt
2 Km=g=2 = D 72 Inle) ¢

rie I, (x;) — uHauKaTop OmmMOKN Ha O0bEeKTe T;, eCH KJIACCUMDUIMPOBATH €ro Mo M-My
coceny. Bee obbekThl o u3 Kiauna W siBisiiores nepsbiMu w; = |W;| Gumkaiiimimu co-
ceJiIMu 0ObEKTa T;, TIOCKOJIbKY JIJIsT HUX ¥ TOJIBKO JIJIT HUX PACCTOsiHUs p(X;, T) PABHBI
Hys1t0. OObEKThI U3 KJIMHA IPUHAJIEXKAT TOMY Ke KJIACCY, 9TO U CaM X;, CJIeI0BaTe/IbHO,
Li(z;) = -+ = Ly(z;) = 0. Ognako, Haunuas ¢ (m + 1)-ro cocena, MOIyT BOSHHKATH
omubOku. Takum oOpa3oM, cipaBeInBa BePXHsisl OIeHKa st 1,

m—1
I (x;) < [wi<m]:Z[wi:s], m=1,...,L—1.

s=0

[TogcraBum o1y onenky B dhopmyny s CCV u caemaem psiy mpeoOpasoBaHMii:

F 1
CCVgZE

[w; = s|———" =

CL,

L m—1
CVle

L
1 ot
L2 = -

k—1 0—1
C —1-m
— Z M(s) (ngl
5s=0 m=s+1 L-1
k—1 1 k—1
=2 M) (G -+ ) = ) M(m ; =
s=0 L-1 m=0 L_l

[Tocie/iHee BhIpazkKeHne COBIAJAET ¢ BepxHeil orenkoit (14.4).
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PaccTosHua no BepxHux n HUXHUX obnacrteit. Paccmorpum ojiH ecTeCTBEHHBII CIIo-
cob orpeiesnTh (bYHKIMIO 7, MPEJJIOKEHHBI B [12] 118 mOoCTpoeHnsT MOHOTOHHBIX KOD-
pekTupyitomux oneparnuii. [lycrs 00beKTBI 3a71a10TCs N-MEPHBIME YHCJIOBBIMI BEKTOPAMH,

XCR? x=(z...,2"), u=(u',... u"). Tonoxum
_ 1 1 n n

T’(ZE,U) _SO((U -z )+7"'a(u -z >+)7
IJIe MHJEKC «+» 0003HAuaeT olepanuio cpeskn: zy = z - [z > 0]; dyukuua ¢(z1, ..., 2")
He yObIBaeT Ha Beeil obsractu onpesenenus [0,+00)" U OPUHAMAET HYJIEBOEC 3HAYUCHHIE
o(z',...,2") = 0 Torma u ToaBKO TOrjA, Korja 2t = -+ = 2" = (.

B kauectse QyHKIMI @ HOJAXOAAT: MakcuMyM max(zl, ..., 2"), cymma 2t + -+ 4 27,

1 :

p-HOpMa ((zl)p ++ (z”)p) P 9UCJI0 HEHYJIEBBIX apI'yMEHTOB #{z: ' > O}. [Tpousseie-
mue 2!+ 2" u MuanMyM min(zt; ... 2") He HOJAXOAAT, TaK KAK OHU MPUHUMAIOT HYJICBbIE
3HaveHns He TOJbKO B Touke (0,...,0).

BoccTaHoBneHne 4acTu4HO 3a4aHHbIX MOHOTOHHbIX OyneBbix dyHkuuin. Ilycrs
06beKThI onuchiBaroTcsa n Gunapubivu npusHakamu, X C {0, 1}". Torga 3amada moctpo-
eHns MOHOTOHHOTO KJiaccuuKaTopa COBIAJIAeT ¢ M3BECTHON 3ajiaveil Teopuu OyJIeBbIX
dyHKINT 0 BOCCTAHOBJIEHUN YACTUYIHO 3aJIAHHONW MOHOTOHHOI OysieBoit dyukiuu. Cran-
JIAaPTHBIE aJITOPUTMBI, PEIIAOIINE JTAHHYO 33818y, OOBITHO OCHOBAHBI HA JIOTIOJTHUTE/ILHOM
TpebGOBaHNN MUHUMU3UPOBATH CJOKHOCTD Moty daemoii 6ysesoit dyukmmn a(z) [51]. Kpn-
tepuii obobraomeii ciocoornoct CCV gBisieTcss HOBBIM B JJAHHOIN 3a/ade.

JomnotHuTEIbHOE 3aTPY/IHEHNE CBA3aHO C T€M, YTO €CTECTBEHHOE B JAHHOM CITydae
paccrostaue XammuHra p(x, ') IpuHUMaeT IUCKPeTHbI Habop 3HaueHwuit 0, . .., n, 910 He
[03BOJISIET OJTHO3HAYHO PAHKUPOBATH COCEEil U ONpenessiTh Y (L, ) — KIace m-ro cocesia
obbekTa ;. B pesymbprare mMonotonmbsie Kiraccudukaropsl Biga (14.7) MoryT oTsimaaThes
Ha 00beKTaxX, paBHOYIAJEHHBIX OT TpaHul] Kiaaccos 0 u 1.

st nomyuenus Bepxueii onenku CCV paccMOTPHUM [MECCUMUCTUYHBINA MeTOJT, 00y de-
HUSL [L,,, KOTOPBIL cTponT Kaccudukarop fi,(X ), ormnbaomuiics: Ha BceX TAKUX 00bEeKTax.

Huzkasis OmeHKa, Moy IaeTcst /I OITUMICTIHIHOTO METOMA [iy, IPH KOTOPOM fi,(X)
[IPaBUJILHO KJIACCU(UIIUPYET BCE TaKue OObEKTHI.

s kaxxoro z; € X onpeesinm byHKIUHI HeJI0UUCIeHHOTo aprymenTa v € {0,... n}:
ti(v) = Z [pa(zi, zj) < (14X =2y \)v];

a:]EX\a:i
si(v) = Z [oa(zi,25) = (L4 X =24 \)v] [y # 515

x;eX\z;

pi(v) = Z [Px(xz'a%') = U] [yi = f‘/j]-

xz;eX\x;
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(a) (©)

Puc. 14.4. 3asucumocts C, u C)p ot A upu £ = k =100, n = 15: (a) BbIbOpKa ¢ IIU-
POKHMM 3a30poM U umcjioM obbekToB B Kjiaccax (100,100); (6) Beibopka ¢ 3a30pom

cJ10KHOiT (bopMbl 1 HecbastaHcupoBaHHbIME Kitaccamu (150, 50).

Teopema 14.4 ([15]). Ilycrs BreiGOpra X wmonoromna. Torma C, = C(u,, X) <
C(1, X) < C(pyp, X) = C,, e

L n ? l
cr - C
—ti(v)—1 L—t(v)—si(v)—1
Cr=2_2 ‘

=1 v=0 kcﬁ
L n 4 14
cr - C
—ti(v)—piv)—1 L—ti(v)—si(v)—piv)—1
C, = E E )
’ =1 v=0 kCﬁ

YucneHHubin akcnepumeHT. lleb skcrepuMenTa — MPOBEPUTH IMIIOTE3Y, UTO IIPOBEJIE-
HIe pa3/IelIsoleii mosepxuocTu nocepeune 3a3opa (A = 0) muanmusupyer CCV.

DKCIEPUMEHT IPOBOAMIICS Ha OMHAPHBIX MOJEJBHBIX JAHHBIX, IPH PA3JIMIHbIX 3Ha-
yeHusx n, L, £, upu pas3jmdnoii coasancupoBaHHOCTH KJIACCOB, IPU Pa3IMIHO hopme 3a-
sopa. IIpakTudecku BO BCeX SKCIEPUMEHTAX HAOIIONAJICS YETKO BBHIPAYKCHHDBIH MUHIMYM
CCV mpu A = 0, npu stom onernku C, n C, 6bum ouenb Oamsku, puc. 14.4. B 3amagax
¢ MaJIBIMH BBIOODKAMHU WJIM CYIIECTBEHHO HecOaJaHCHPOBAHHBIMU KJIACCAMU IOJIOXKEHIE
MUHUMYMa, HHOTJIa HE3HAYUTETHLHO OTJINYaIoch 0T A = 0.

Pe3iome

Jl1st MOHOTOHHBIX AJrOPUTMOB Kjaccudukanuu Bepxuss orenka CCV BbIpazkaercs
yepes3 npoduIb MOHOTOHHOCTU BBIOOPKU, XapaKTEepU3YIONHil TIJIOTHOCTH OTHOIIEHUS 10~
PAIKa B6.HI/I3I/I I'paHUIbI KJIaCCOB MJIM CTEIICHb COIVIaCOBaAHHOCTHU OI'PpaHMYeHNd MOHOTOH-
HocTu ¢ HabJroaeMoit BbIOOpKoii. TodHbIe OIEHKN TaK»Ke MOTYT OBITH IOJIyYI€HbI, HO JIJIst
9TOT0 HEOOXO/IMMO YUUTHIBATH KOHCTPYKIINIO MOHOTOHHOTO Kjaccudukaropa. s mono-
TOHHOI'O MeTOja OJIMZKAMIIEro cocea yIaéTcs MOJYyIUTh TOYHBIE OIEHKN U 0DOCHOBATH
[IPOBE/IEHIE PA3/IC/IAIONIECH TOBEPXHOCTH MTOCEPEIMHE 3a30Pa MEXK/Iy KJIACCAMU.

Ynpa>kHeHust

Bamaga 14.1 (2). O6o6muTh Teopemy 14.2 Ha ciaydaii, Korja BbIOOpKa He 06g3aTebHO
MOHOTOHHA.

Bamaga 14.2 (1). /[okasars Teopemy 14.3.
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Bamaga 14.3 (2). g coydasi, Korjia BEIOOPKa He 0653aTe/IbHO MOHOTOHHA, 0000IIUTH
MOHOTOHHBI Kiaccudukarop Oimkaiiniero cocega (14.7) u reopemy 14.3.

Bamada 14.4 (3*). [na caygas, Korja BeIOOPKa He 00s13aTEIbHO MOHOTOHHA, BBIBECTH
BepxHIOO oreHky CCV 1o npodnio MoOHOTOHHOCTH Yepe3 TouHyto orerky CCV 1o mpo-
pUII0 KOMIIAKTHOCTH.

Bamaga 14.5 (4). [okazars Teopemy 14.4.
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15 [NlpunoxeHue.
O komMOuHaToOpHOI Teopuun nepeodyYeHus

DT 3aMETKHU aJIPECOBAHBI, IJIABHBIM 00PA30M, CTYACHTAM U ACITIUPAHTAM, BHIODABIIIAM
KOMOMHATOPHYIO TEOPHIO IepeodyUueHnsl B Ka4eCTBE TEMbI CBOEH HayIHO-HCCJIE/I0BATE b
ckoit paboThl. Bo3aMmoxkHO, oHI Oy/IyT TOJIE3HBI W TeM, KTO WHTEPECyeTCsl MEeTO/I0I0Tneit
HAYYIHOI'O UCCJIEJIOBAHNA. 3/1eCh B XPOHOJIOIMTYECKOM TOPSIJIKE PACCKA3BIBAETCS O TOM, KaK
BO3HUKAJIU U PEIIAJINCH 3aJIa91, PACCMOTPEHHbIE B JIAHHOM KYypCe JIEKIINIA.

Bo BcgakoMm mccieioBaHnN TIPEJIIIECTBYIONINE PE3YIbTAThl, KaK MOJI0KUTEIbHBIE, TaK
U OTPUIATE/IbHBIE, MOJICKA3bIBAIOT HAIPABJIEHNE JAJIbHEHInX monckoB. MHorma MoxKHO
He 3aMETUTh 3TH IOJCKA3KN W MOTEPATH T'OJbI, UMes Pe3yJbTaT OYKBAJIbHO ITOJ HOCOM.
Mpbr yuumces 3aMedaTh UX HA KOHKPETHBIX MPUMepax, COOCTBEHHBIX U UYXKUX OINIMOKaX.
CunTaercs, YTO STOT OMBIT UHJIUBUIYAJICH U HEPeIaéTcs OT YUIUTEIsd K YICHUKY B IIPO-
mecce paborel. C APYyroit CTOPOHBI, BCE HOJIB3YIOTCsS MPUMEPHO OJHUM U TeM ke «AJro-
purmoMm HUP», KoTOpbIit COCTONT B CJIEIYIONIEM: Ha KaXKJIOM Iare BLIITOJHAETCs Olpe/ie-
JéHHad paboTa; MOPAI0K PaboOT BBEIOMPAETCS IO CUTYAINH, HO BCe OHU BayKHBI, U HU OJIHY
HEJIb3sl YIIYCKATD:

1) morpyzkeHue B COBPEMEHHYIO (B OCHOBHOM AHIVIOSA3BIYHYIO) HAYYHYIO JTUTEPATYDY;

[\

) pemeHne IIpoCThIX YaCTHBIX 3a/1a4, JazKe €CJIM OHU Ha HepBbeI B3I'JIA ] 6eCHOHe3HbI;

w

) depejioBaHUe TEOPETUIECKUX UCCIEOBAHUIL C IKCIIEPIMEHTAMI;

W

) qepezioBaHne IOIIbITOK PEHINTDL 3a/iavdy C IHHOIbITKaMW U3MEHUTDH eé ITOCTaHOBKYj

ot

) qgepeJoBaHue CaMOCTOATe/IbHbIX paBMbIIHJIeHI/Iﬁ C ceMHUHapaMi 1 O6cy}K,H‘€HI/IHMI/I;
6) yYipomeHue obosHaueHuil u JOKa3aTeJIbCTB, ITIOUCK yﬂaquﬁ TEPMHUHOJIOTUU.

[IpakTuyeckn jjig KazKJaoro IyHKTa MOYKHO BCIOMHUTHL CJIyYad, KOIJ[a UMEHHO 3Ta
paboTa IMoMoTIa BHIBECTH UCCTIEIOBAHIE U3 3aTAHYBIIIerocs Tynuka. m, naobopor, Korja
TYIIUK BO3HUKAJ M3-32 TOTO, YTO KaKasi-TO U3 ITUX pabOT MOJOJTY OTKJIA/IHIBAJIACE.

§15.1 T[locTtaHoBka 3apauun

1991 rop. lcxoanasa 3ajiada, rmocTraBjieHHas MOUM HAyYHBIM pykKoBojuTesaeM Koncran-
tuaoM Bianuvmuposutdem PynakoBbiM, Korya s ObLT cTyJeHTOM Tperhero kypca MOTU,
cocrosia B caemytormeM. Heobxonnmo 66110 n3yants padborst B. JI. Marpocosa |38, 39, 40],
B KOTOPBIX JIOKA3bIBAJIOCh, YTO KOPPEKTHBIE ajredpanieckne 3aMbIKaHU HaJT aJIrOPUTMAa-
MU BBIYUCJIEHUS OIIEHOK MMEIOT KOHEYHYI0 EMKOCTh, CJIEJIOBATEILHO, 00ydaeMbl COTJIACHO
reopun B. H.Bannuka n A. 1. Yepsonenkuca (VC-teopun). 3arem HaJI0 ObLIO U3yUUTH
paboter camoro K. B. Pynakosa [45], B KOTOPBIX MOKa3bIBAJIOCH, ITO MOKHO CTPOUTH AJl-
rebpanvecKkne 3aMbIKaHUSA ropas3/io Menblieil crenenu, o 4ém B. JI. MaTpocos B nadase
80-x 3HaTh HUKaK He MOr. [losTomy pesynbrarst B. JI. MarpocoBa MOXKHO yIydIIUTh, 9TO
MHE ¥ [PEJIJIAraJIOCh CJIEeIATh.

Pazobpasiimcn, s He TOHST TVIABHOTO — 3adeM HYXKHbBI OIIeHKH, KOTOPbIE TIOTOM HU-
rje He ucnosb3yored. lemo okazanoch B ToM, uro VC-OlEHKH, HA KOTOPBIE OMUPAJICS
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B.JI. MaTpocoB, HACTOJILKO 3aBBIMIEHBI, YTO UX MOYKHO JIMIITh WHTEPIPETHPOBATH Kade-
CTBEHHO — EMKOCTHh KOHEYHA, 3HAYUT 00y4aeMOCTb eCTh. MaJjiasgd BEepOosaTHOCTH OIMIUOKH
Teopueil rapaHTUPYeTCs, HO, coryiacHo VC-0IeHKaM, JIOCTUTraeTCs Ha BHIOOPKAX JTHHBI 10~
psIKa MUJLTHAP/IOB. B TO Ke BpeMs M3BeCTHO, YTO MPAKTUIeCKUe 33/1a9H BIIOJIHE YCIIEITHO
PEeIaloTCsl IPU BLIOOPKAX U3 COTEH a MHOIJIA JIayKe JIeCATKOB 00bEKTOB.

YacrHaa 3ajada yJIydlleHus 3aBeOMO 3aBBIIIEHHON OIEHKU B TOT MOMEHT IIOTe-
psia st MeHs BesKuii cMbIcy. [IpobiieMa 3aBBIIEHHOCTH CKPBIBAJIACH TJIE-TO BHYTPHU
VC-reopun, u €€ perreHne mpeacTaB/isioch ropasio 6osee BazKHbIM.

§15.2 [Honroe tonTaHme Ha mecTe

1991-1995. Ilo Boipaxkenuio Iloiis, B 000t Teopunm mMeeTCsl HEKas «CKPbITas JIBU-
JKyIIas MPYKUHA», TVIABHBIH MOMEHT JOKA3aTEeIbCTBA, «B KOTOPBIH BCE M ITPOUCXOIUT .
Buunmaresbnoe nsydenue pador Bannuka n YepBoHeHKMCaA MOKA3aJ10, YTO TAKONH MOMEHT
JIEHCTBUTEILHO €CTh W HAXOJUTCs B €JIMHCTBEHHOI Teopeme (cTp. 48), T71e Je/1aloTcs Hau-
bosiee rpydble oneHkn cBepxy. OcrajbHas Teoprus HUKOUM 0Opa30M He CBs3aHa C IIPO-
OJ1eMoit 3aBbIIeHHOCTU. VIHTEpEecHO, 9TO 9TOT MOMEHT J0KA3aTe/IhCTBA UMEET UUCTO KOM-
OMHATOPHYIO NPHUPOLY. BeposTHOCTHasi Mepa HMCIOJIb3YeTCd JIUIIb JJIsi TOrO, YTOObI ITe-
peBecT KOMOMHATOPHBIN TI0 CYTH pPe3y/IbTaT Ha BEPOSTHOCTHBIN s3bIK. Kcaum ouncTtuth
JIOKa3aTe/IbCTBO OT BTOPOCTEIEHHBIX JIeTajIeil, TO CTaAHeT BUJIHO, UTO HA CAMOM JieJie OIle-
HUBAETCA KOMOMHATOPHAs BeJINYUNHA, OlpejiesisieMast caeytonumM oopasom. [Iycrs 3a1ana
KOHeJHas T'eHepaJibHas BbIOOPKa 00bEKTOB U PacCMaTPUBAIOTCs BCe €€ pas3OueHus Ha, JIBe
[IO/IBBIOOPKM, OOYYAIONIYI0 U KOHTPOJIbHY0. 3a/aH0 CeMEefICTBO AJITOPUTMOB, B KOTOPOM
MBI HaJIeeMCsl HAWTHU aJrOpuTM, JOIyCKaoNuil Masio omubok. HazoséMm pasduenue rio-
XUM, €CJIH B CeMeHCTBe CYIIEeCTBYET aJTOPUTM, Y KOTOPOI'O Pa3HOCTb YacTOThI OIMIHOOK
Ha KOHTPOJIE W Ha OOYYEHHH IIPEBBbIAeT 3aJaHHbiil mopor. Jlosd rroxux pasouenuit —
9TO M €CTh TOT OCHOBHO# (DYHKIIMOHAJ KauecTBa, BOKPYT KOToporo crpoutcst VC-Teopust,
U JIJIsI KOTOPOTO ToJiydeHa BepxHusisi VC-oreHka.

Koncrantun BiaguMupoBud He pas roBOpuJI, 9TO Ha IpaKTHKE PEIeHne 3a/1a9 pac-
[MO3HABAHMS ITPOUCXOIUT HE TaK, U HUKOMY He HPUJIET B IOJIOBY IepeOupaTh aJrOPUTMbI
U UCKATh CPEeJId HUX IJIOXHE — € MAaJBIM IUCJIOM OIMMOOK Ha 00ydueHun u OOJIBIAM Ha
KoHTpoJie. Ha mpakTuke IMPUMEHSIOT HEKOTOPBIN MeToj| 00y4ueHus (HACTPOUKY Mapamer-
pOB) aJrOpUTMa, YTOOBI 10 3aJIaHHOI 00yJalolieil BHIDOPKE IMOJIYIUTh OJIMH KOHKPETHBIM
ajroputM. [losTomy Gostee ajieKBaTHBIM (DYHKIIMOHAJIOM SBJIACTCA JOJIA PA30UEHUN BbI-
OOpKM, IIpU KOTOPBIX UMEHHO 3TOT aJrOPUTM Iepeo0ydeH, TO eCTh PA3HOCTb YaCTOTHI €r0
oImOOK Ha KOHTPOJIE U Ha OOyUYeHUU IPEBLINIAET 33 aHHbIi mopor. Takoit (dpyHKIoHa
BIIOCJIEJICTBUU OBLIT HA3BaH 6eposmuocmvio nepeobyvwerus (crp.12). OueBumno, 9r0 OH
OIEHMBAETCsI CBePXY (DYHKI[MOHATIOM paBHOMEpHON cxoiumoctu (5.1), 3HAYUT, JJIs HETO
takKe crpasenBa VC-orenka. OHAKO BEPOSITHOCTD epeo0yIeHsT 3aBUCUT OT BBIOOP-
KI ¥ OT MeToj1a o0yuenus. [loreHnmnaabHO 9TO JaéT BOZMOKHOCTH KAK-TO YIUTHIBATH WU
Jlazke ONTUMU3UPOBATH METOJ 00y IeHUSI.

Ha toMm sTare HIKAKOro HOBOTO pe3yJibTaTa 110 CyIiecTBy He ObL10. KitiodeBas Teope-
Ma VC-Teopun OblLiTa miepenucaHa Ha JIPYTOM s3bIKe, 0oJiee JTAKOHUTHOM U €CTeCTBEHHOM
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(cTp. 48). D10 MOKHO OBIJIO HHTEPIIPETUPOBATH 1 KaK OCIa0IeHNe aKCHOMATHKHI C COXPar-
HEHUEM Pe3YIbTATOB: IO KJIACCHKE ITPEIII0IaraJoch, YTO OOBEKTHI BEIONPAIOTCS CJIyIailHO
U HE3ABUCHMO M3 HEKOTOPOT'O CYIIECTBYIOIIEr0, HO HEM3BECTHOI'O PaCHpesesIeHns B IIPO-
CTpaHCTBe OOBLEKTOB; TElEPDh 2Ke JIOCTATOYHO IIPEJINOJIAraTh, YTO BLIOOPKA MPOU3BOILHA
U Hecjydaiina, 3aTO Bce e€ pa3dueHusi CJydailHbl U paBHOBEPOATHBI. PakTUvuecKu, n3
HabOpa KJIACCHYIECKNX BEPOSTHOCTHBIX JIOMYINEHNN OCTaBAJIOCH TOJIBKO IPEJIOJIOKEHNE
0 HE3ABUCHMOCTH OOBEKTOB BBIOOPKH. DT COOOparKeHUsT BIIEPBbIE OBLIN JIOJIOXKEHBI HA

kougepennun MMPO-7 B 1995 romy.

1995-2005. /lokazaTeabCTBO OCHOBHOI TEOPEMBI CO BpEMEHEM YIAJI0Ch YKaTh OYKBAJIHHO
J10 Tpéx cTpok. OJIHAKO MOIMBITKH HAIIPABUTH €ro B JPYroe PYCJIO OCTaBAJUCh OECILIOJN-
ubiMu. BosHukaBIme ujen depe3 HEKOTOPOe BPeMsl MOUCKOB B UHTEPHETE HAXOIUIUCH
B cTaTbax H—10-j1eTHell JaBHOCTH, BCe 0 €JIMHOM, 1, KaK IIPaBUJIO, OHU y:Ke ObLIN J0CTa-
TOYHO TyOOKO TrpopaboTanbl! O4ueBnIHO, 1 OBLT B 3TOM pob/ieMe He OJInH, 1 Oe3HAIEKHO
orcrasas. MHOroe yke OBLIO CII€JIAHO, OCTABAJIOCH TOJIBKO Y3HaBaTh, KAK 9TO HA3bIBA-
ercd no-anryimiicku. ONEHKH, UCIOJIb3YIoNe NHMOPMAIMIO U3 00ydarolieil BLIDOPKU —
data dependent bounds. Meros obytuenus — learning algorithm. Ornenku 1mo aByM KO-
HeYHBIM BbIOOpKaM — transductive bounds. VYiydiienue orneHok B Iporiecce o0ydeHUs
3a CYET TOCTENEHHOro cyzKeHns cemeiicrBa — self-bounding algorithms [67]. Yaér Tosb-
KO 9aCTU aJI'OPUTMOB C HEBBICOKMM ypoBHeM ommbok — algorithmic luckiness [71], shell
bounds [82, 81]. Tounas oneHKa MOJHOTO CKOJIB3AIIEIO KOHTPOJIS JIJIA MeTojia OJImKaii-
mero cocega — complete cross validation [88]. U Tax nmasee. ..

Hay4roe coob1mecTBo yrKe 0CO3HAIO MPUIHHBI 3aBbIeHHOCTH VC-0IeHOK 1 aKTUBHO
nckaso HoBble yTH. [IpaBma, Bce dyzKue pe3ysbTaThbl TaKKe OCTABJIAIN IYBCTBO IUTy0OO-
KOl HeyJIOBJIETBOPEHHOCTH. B KaKOil-TO MOMEHT MPOU3OIIET OTKA3 OT KOMOMHATOPHBIX
METOJIOB B II0JIb3Y 00JIee CJIOXKHOTIO MATEMATUIECKOTO alapara (pyHKIMOHATLHOTO aHa-
JIA3a U TEOPUH KOHIIEHTPAIMN BEPOATHOCTHO Mephl [83, 59|. Orenku yirydimaainch, HO BCé
7K€ OCTaBaJIMCh 3aBbIINICHHBIMHN Ha ITOPAJIKHU. ILOKa(BaTe.HbCTBa YCIO2KHAJIUCh, U CTaHOBU-
JIOCh BCE TPYJHEE MPOCICUTh, B KAKIX MECTaX BO3ZHUKAIOT «YTEYKH TOTHOCTHY. 3a/1a4a
[OJIyY€HUsI TOYHBIX OIEHOK Jla’Ke He CTaBUJIACh, M0 BCEl BUJIMMOCTH, KaK ITOJHOCTHIO
663Haﬂ,é)KHaﬂ. O6I)I‘IHO PeYb IJla JIMIIb O 3a2KaTbIX, TO €CTb HE€ CUJIbHO 3aBbIINCHHBIX,
orenkax (tight bounds) [81, 94, 52].

§15.3 DkcnepumeHTbl C NnepeobyyeHuemM

2005 rop. Eciam mpobiiema He perraercss TEOPETUYECKH, TO ¢ Heil HaJjlo MOmpoOOBATDH
pazobparbest skcnepuMenTanbio. VC-orenka (5.2) mpejcrapisger coboil MPOU3Be/IeHe
JByX comHOkuTe el [lepBoiit — koagduyuenm pasnoobpasus (shattering coefficient) ce-
MeHCTBa, PaBHBINT MAKCHMAJLHOMY YUCIY PA3JIMIHBIX OMHAPHBIX BEKTOPOB OMINOOK, I10-
POXKIIAEMBIX AJITOPUTMAME CeMeficTBa Ha TeHepaJsIbHOI BBIOOPKe (i- KOOp/MHATA BEKTOPA
omuboK pasHa 1, ecn aaropur™ omubaercs Ha i-M 0o0bekTe, nHade (). Bropoii comHoXKI-
TeJIb, PABHBII BEpOATHOCTH TepeolbydeHust (PUKCHPOBAHHOTO AJTOPUTMA, TOBOJHHO TOY-
HO OINChIBaeTcsd PYHKIUEH TUIIEPreoMeTPUIecKOro pacipeieeHns. 3aBbIIieH, TJIaBHbIM
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obpas3oM, IepBbIil COMHOXKHUTE/H. BO3HUKAET BOIIPOC, KAKUM JIOJIZKHO OBLIO Obl OBITH 3HA-
JeHne Ko3(hduImenTa pasHoodpasns, IToObl OleHKa OblIa He 3aBBIIMIEHHONR, a TOYHO?!
D10 3HaUEHUE ObLIO HA3BAHO APPHeKMUSHM AOKANHOIM KOIPPHUUUEHMOM DA3HO0OPA3UA
(DJIKP).

Yro6br usmepurs DJIKP, 6611 ipoBeién ciemyromnumit skcrepument (crp. 55). Jlesas
9acTh HEPABEHCTBa (BEPOATHOCTHL MepeobyueHws ) oreHuBasach Merogom Monre-Kapiio
10 CJIydaffHOMY TIOJIMHOYKECTBY pas3OMEHUii U JIeJIN/Iach Ha TUIIEPreoMeTPUYCCKUN COMHO-
JKUTEJIb U3 IIPaBOii 9acT HepaBeHCTBa. [l 9KCIiepruMeHTOB HCII0/Ib30Balach ONOIMOTEKA
JIOTHYECKUX aJIrOPUTMOB KJtaccudukaluu, paspadorantas Jleancom KoveapikoBbiM n AH-
npeeM MBaxuenko. Pe3ybraThl 9KCIIEPUMEHTOB HA YETBHIPEX PEAbHBIX 3aJ/lavaxX KJIacCH-
dukanmyn ObLIM MIOKUPYIOMUMI: HI Ha omHOi u3 3aga4d DJIKP me mpesbicur 10, Torma
KaK OOBIYHBIN KO3 DHUINEHT pa3HooOpa3ns Ha TexX ke 3ajadax nMmes mopsaakn 108101
D10 o3Havdas0, 9T0 VC-OIeHKN 3aBBIIIEeHbl HA MHOI'O HOPSIAKOB. Ecan ObI MbI 3aX0TesIH
ONpeJIe/INTh oHATHE 3(DPEKTUBHON JIOKAIBHONI EMKOCTH, TO OHA ObLiIa ObI BBIPOXKI€HA —
HUKOTJIa He IpeBbimaia 0bl euauiibl. OTCIOa BO3HUKAET COMHEHHE B COCTOSTETbHOCTU
U TIOJIE3HOCTH TOHATUA EMKOCTH JIJIS OIEHOK I1epeodyIeHm.

OTn pe3ysbTaThl He OBLIN MPWHATHI Ha BeAyIINe MeXKIyHapOIHble KOH(MEPEeHIIH
COLT u ALT, ¢ oObsicHeHHEeM, YTO TPaHCAYKTHBHAA ITOCTAHOBKA 3a/Ja9d U (aKT 3aBbl-
meHHoCcTH VC-0IIEHOK XOPOIIIO H3BECTHBI; TOJIHKO SKCIIEPUMEHTAIBHBIN pe3y/IbraT ObLI HO-
BBIM U UHTEPECHBIM, HO OJIHOT'O €T0 He JI0CTaTo4IHO i mybaukanun. Kputnka VC-teopun
ObLTa HEKOHCTPYKTUBHA, HUYErO HOBOI'O W JIyUIIero B3aMeH He mpejyraraaoch. Cracubo
pelleH3eHTaM, yKa3aBIIUM Ha psijl crareii, B ToM ducye Ha paborsl KoapauHcekoro [78],
JIsurdoppa [81], Xepbpuua [71], KoTopble jieficTBUTEIHLHO GBI YITYIIEHBL.

2006 roa. B xome paboThl Ha I OMIOKAME ONUCAHHBIN SKCIIEPUMEHT OBLI IIepeaesiaH TIHa-
TesbHee, n MeToauKa onennBanus JJIKP Obna ycinoxkuena. Bo-iepBbix, HeOoIbIIAST 3aBbI-
IMIEHHOCTH TUIEPIeOMETPUIEeCKOr0 MHOXKUTE I puBoamia K 3anmkennio DJIKP. Tlocie
HCIIpaBJIeHusI 9Toi omuoKu 3Hadennsa DJIKP Ha HeKOTOpBIX 3aa9ax MOAPOCIN, HO HUKO-
[JIa He [PEBBIIIAIN JJINHBI BBIGOPKU (Ha CTP. 5D MOKA3aHbl yKe MCIPABIEHHbIE De3yIbTa-
Tb1). Takum 06pas3om, BBIBOJL O TOM, 4TO 3(PdeKTUBHAS JOKaJIbHAsT 6MKOCTb BBIPOKJICHA
U HE IPEBBIAET eIUHUIBI, COXpaHsicsa. Bo-BTOphIX, ObLIN M3MepeHbl (haKTOPhl 3aBbl-
IIIEHHOCTH, TO €CTh IIOTEePsl TOYHOCTH Ha KarKJIOM 3HakKe < B Iernouke HepapeHCTB. CTasio
IIOHSATHO, YTO OCHOBHBIX IPUYNH 3aBBIIIEHHOCTH JIBE — 3TO IIpeHeOperKeHne CBOMCTBaMU
paccI0eHud U CBA3HOCTH, KOTOPBIMU IIPUMEHsIEMbIe Ha, IIPAKTHKE CeMeHcTBa aJIrOPUTMOB,
KaK MPaBUIo, 00/1a/Iaf0T.

CBoiicTBO paccaoenus CBSI3aHO ¢ TeM, 9TO B KOHKDPETHOH 3ajade JIMIIb HEMHOIHEe
AJTOPUTMBbI M3 CEMeCTBa UMEIT HU3KYIO JacTOTy OIIMOOK, HO MMEHHO OHU dallle BCEro
BBIOMPAIOTCST B pesysabrare o0ydeHnsi. DPMHEKTUBHO HMCIOIB3YeTCs JINMb MaJias IacTh
ceMelicTBa, B KaxkKJI0M 3aj1a4de CBO4.

CBOHCTBO €68A3HOCTMU TIOABJISIETCS W3-3a TOIO, YTO IIPUMEHsIEMble Ha ITPAKTUKE aJIro-
PUTMBI, KaK IIPaBUJIO, HEIPEPBIBHBI 110 HapameTpam. [[osTomy 11 KarKJ10ro aJropurMa
B ceMeiicTBe HaliJIETCs HEKOTOPOe KOJUYIECTBO JIPYTHUX aJTOPUTMOB, ¥ KOTOPHIX BEKTOPHI
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OIMMUOOK OTJIUIAIOTCS OT JAHHOTO TOJIBKO Ha OJHOM 00bekTe. C TOUKM 3peHusi mepeodyte-
HUSA TIOJIMHOZKECTBO CTOJIb CXOXKUX AJTOPUTMOB BEJIET Ce0dA «ITOYTH KAK OJIMH aJITOPUTM».

DKCIEPUMEHTHI TOKA3aJIU, YTO CBOWCTBA PACCIOCHHUSA U CBA3HOCTH IIPUMEDPHO OJIU-
HAKOBO BaKHBI JIJIsI CHIZKeHUsI mepeodydenns. HeBO3MOXKHO MOIYYUTh TOYHBIE ONEHKU
epeodyveHusi, YIUThIBast TOJBKO OJMH U3 9TUX JABYX 3(PDDEKTOB. DKCIEPUMEHTHI IPOBO-
JIMJTUCH Ha, TOHU Ke 6uOIMOTeKe JIOTMYECKUX aJrOPUTMOB KJIACCU(DUKAIINU, UTO U IIPEJIbI-
nytue, copMmectHo ¢ Auapeem VBaxueHko.

OTH pPe3yIbTaThl OBLIN JIOJOXKEHBI Ha OTKPBITOM Te€PMAHCKO-PYCCKOM CeMHHApPe
OGRW B Or1rnuarene B asrycre 2007 roma. I mHa 9TOT pas HUYEro KOHCTPYKTHBHOI'O
He mpejjiarajoch. [IoHATHO, 9TO HAJIO0 YYUTBHIBATL PACC/JIOEHUE U CBA3HOCTD. llondTHO,
gro VC-ornenkn He yuuTbiBaioT 00a sdderra. [loraTHo, 94T0 B Teopun CTaTHCTHIECKO-
ro o0y4eHusl MOKa HET I0JIX0/I0B, TTO3BOJIAIONINX YINTHIBATH 00a 3dpdeKkTa 0 THOBPEMEHHO
U JIOCTATOYHO aKKypaTHO. He MOHATHO TOJIBKO, UTO Je/aTh Jajbllle.

Anpenb 2007 roga. Eciu npobsiema He perraeTcs B 00IIEeM cjIydae, TO HaJ 0 HaAYUHATD
€ CaAMBIX IIPOCTBIX YAaCTHBIX CJIydaeB. 3ajada O TOUYHON KOMOMHATOPHOI OIEHKE BEpOsIT-
HOCTH 11€peoOydeHrn napbl ajropuTMoB (cTp. ??7) BO3HUKJIA CIHOHTAHHO U TYT Ke ObLIa
npejjioXKena cryjeHTaM Broporo kypca BMK MI'Y B kauecTBe TeCTOBO# IIpH IIOCTYII-
nenvn Ha Kadenapy MMII (Maremarudeckux MeTon0B MpOrHO3upoBanus). HeoxumanHno
HECKOJIBKO Y€JIOBEK €€ OBICTPO PENIUIN, HO BCe PEIleHns OKa3aJnch pasubiMu. [locie nc-
[IpaBJIeHHsT OIMMOOK CTAJIO IMOHATHO, UTO 3a/a49a He CJIOKHASA, U MOYKHO BBIBOJIUTH OIEHKHI
BEPOATHOCTH ITepe0dYIeHH JIJI YaCTHBIX CJIyYaeB, TOCTEIIEHHO JIBUTAsICh B CTOPOHY 0000~
mernit. OHAKO eI OKOJIO TOJ[a HAWTHU JAPYTrhe JIeTKO pellaeMble JacTHBIE CJIydan HUKO-
My He yjaBajock. [IpocToe yBesmmdenue dnciia aaropuTMOB Ka3aJj0Ch ITOHAYa Iy Haubosiee
ecrecTBeHHBIM IyTéM. Ciydail TpEX aJaropuTMOB OBLT HECKOJIBKO CJIOXKHEE TeXHUYIECKH,
HO HUYEro He J00aBJIsyl KOHIENTyaabHo. /lajbHeiliee yBendenue 4qucjia ajJropuTMOB
[IPUBO/IMJIO K SKCIOHEHITUAJIHLHOMY POCTY O0bEMa BBIYUCICHUN U YHC/Ia HEHAOJIIOIaeMbIX
apaMeTpoB B orieHke. i Mpou3BOJILHOIO YHC/Ia aJITOPUTMOB ObLTa BBITHCAHA O40%HAA
0UEHKG BEPOSITHOCTH Tiepeodydenust (¢Tp. 77). DT0 TouHas OlEHKA, JTIOBOJLHO U3SIIIHAS 110
dopme, HO rpoMO3IKas U GecriosiesHas 110 cyTu. CTajo siCHO, UYTO 9TOT IIYTh TYITHKOBBI,
U SCHO, 1oUeMy — OJiouHAasl OICHKA He yUIUTHIBAJA B SBHOM BHUJEC KJIIOUYEBBIC CBOHCTBA
paccI0eHnus U CBA3ZHOCTH.

[Ipocreiimum MHOYKECTBOM aJITOPUTMOB, KOTOpOe yzKe 00JiajlaeT CBOMCTBaAMU pac-
CJIOCHUS W CBA3HOCTH, SABJISAETCs, 10 BCEil BUIMMOCTU, MOHOTOHHAs IEIb aJrOPUTMOB
(cTp. 73). D10 1MOCIIEAOBATEIHLHOCTL AJTOPUTMOB, B KOTOPO# KaxKbIil CIIeyIOnuil ajiro-
pUTM JiejlaeT OMIMOKHM Ha TeX K€ O00beKTaX, U4TO U HPEIbIIYIIUi, III0C emé Ha OJIHOM
obbekTe. BeImucars OlEeHKY BEPOSATHOCTH IepeodydeHns MOHOTOHHOMN TN CXO/Ly He yj1a-
Jock. Torna BO3HUK/IA UJies] IIPOBECTU YUCJCHHBIN SKCIEPUMEHT, TIOCYUTAB BEPOATHOCTH
nepeobyuenns merojgom Monrte-Kapio. Iy HarasiiHocTn ¢Tponsics rpaduk 3aBUCAMO-
CTU BEPOATHOCTH IepeolydeHus () OT 4YuUC/Ia aJrOPUTMOB, €Cji OpaTh TOJBLKO [ 1ep-
BBIX, CAMBIX JIy9IINX, aJroputMoB renu (crp. 74). Okazasock, 1to kpusas (D) 6s1cTpo
BBIXOJIUT Ha Hackimenue. [Ipu jmHe Boibopku L = 200 yxe npu D = 6 BEpoATHOCTH
nepeobydenns (), nocturnys 3Hadennst 0.1, mepecraér pactu, 910 0UeHBb Xoporo. Kako-
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My 3 dERTy MBI 00sI3aHBI OOJIBINE — PACCIOCHUIO WM CBA3HOCTH! UTOOBI OTBETUTH Ha
9TOT BOIMPOC, OBLIN CTEeHEPUPOBAHBI €IEé TPU MOJE/IBHBIX ceMeiicTBa: Ielb 0e3 paccioe-
HUsI U JIBa HECBSI3HBIX CeMeICTBa, ¢ paccjaoeHneM n 6e3 paccjioenns. B Kaxk1oM cemeiicTBe
AJICOPUTMBI OBLIH YIOPSIIOYEHbI 110 BO3PACTAHIIO YMC/Ia OIMMUOO0K Ha TeHepasbHO BBIOOD-
Ke, a HaWJIy4IIuil aJropuT™M BO BCeX ceMeiicTBax ObLI OMHHM M TeM rKe. JKCIePUMEHT
[OKa3aJl, 9TO CBSA3HOCTH YMEHBINAeT TeMIl pocTta Kpusoil (D), a paccioeHune MOHIKAeT
YPOBEeHb NOPU30HTAJIBHON acHMITOTHI. [Ipuemiemble 3HAYEHUS BEPOSITHOCTH TIepeoly e~
HUsT Ta€T TOJTBKO X coderanune. OTCyTCTBHE XOTsI ObI OJTHOTO U3 JIBYX 3((PEKTOB TPUBOIAT
K [1epeodyIeHnIo ¢ BepoATHOCTBIO () = (0.5 y»Ke IpU HECKOJbKHUX JIeCATKAX aJlOPUTMOB.
DTOT IPOCTOH IKCIEPUMEHTAILHLIA Pe3yJIbTaT B KOPHE MEHSeT B3IJIA/L Ha CYIIECTBYIOIIIE
Teopun mnepeodydenns. OH 03HAYAET, UYTO IPUMEHsIEMbIe Ha IIPpaKTHKE CeMeiicTBa, CoIep-
JKallliie OrPOMHOE YHCJIO aJI'OPUTMOB, ¢ HEOOXOAUMOCTBIO JIOJI?KHBI OBITH PaCCIOEHHBIMUI
U CBSI3HBIMU, WHAYE CUJIbHOE IepeodydeHne Hem30eKHO.

MonTe-Kap/IOBCKIiT 9KCIEPUMEHT OBLI MPOJIEIaH U ¢ Hapoil aaroputMos (crp. ?7).
Okaszajioch, 9TO MPHU YBEJIUIEHUN PA3JTHIHOCTH AJTOPUTMOB BEPOSITHOCTD II€PE00YIeHMS
pacrér, mocturasi VC-OIEHKH B €IMHCTBEHHOM HAMXYJIIEM CJaydae — KOT/Ia JBa AJro-
pUTMa MAKCHMAJTBHO IJIOXH (MMEIOT 9acToTy omuboK 0.5) 1 MAKCHMATBHO PA3JINIHBL (IX
BEKTOPBI OIMMOOK He COBIAJIAIOT HU Ha OJHOM 00bekTe). CTOUT OJHOMY aJrOpuTMy OKa-
3aThCA XOTs ObI HEMHOI'O JIy9Ille APYroro, ¥ BEPOATHOCTH Iepeo0ydeHuns pe3Ko IalaeT —
910 3hderT paccioerns. Co CXOACTBOM OKa3aJIO0Ch IOXYzKe: aJrOPUTMbI JOJKHbBI ObITh
OYeHb TOXOXKHU U Pa3IndaThCsad OyKBAJbHO HA HECKOJIBKHX OOBEKTAX; Jajiee ¢ POCTOM UX
PA3JIMIHOCTH BEPOSITHOCTD Iepeodydenns ObICTPO pacTér. OCHOBHOW BBIBOJ] 3aK/IIOUAJICS
B TOM, 9TO 3(h@eKThI mepeodydeHns, paccJOeHrs U CBA3HOCTH IIPOSIBJISIIOTCS JaykKe B ca-
MOM IIPOCTOM CJIydae, KOrja 00ydeHne CBOINTCs K BHIOOPY JIYUIIEro U3 JBYX aJlOPUTMOB.

Pesyibrarhl 9KCIIEPUMEHTOB € IEHsSMU U IapaMy aJrOPUTMOB ObLIU JIOJIOKEHBI Ha

koudepennuu NOU B Anymre B ntore 2008 roja.

§15.4 «Wrpywe4yHblie» 4YacTHble cay4au

KoHeu 2008 ropa. Ilepsbie TOUHBIE OIEHKN BEPOATHOCTU TepeoOydeHus ObLIN Haiijie-
HBI JIJIsT MOHOTOHHOI TIEIIH, YHUMO/IATBHOM TIeNH 1 eJIMHIIHOI okpecTHOCTH (CTp. 76-83).
DT 3a/1aun 00CYXKIAMNCH Ha cienkypee «Teopus HaAEKHOCTH O0yUYEHUS 110 MIPEIe/IeH-
TaM» ¥ JIaBaJIUCh CTYJEHTAM B KadecTBe 3a/laHuil. B TOT MOMEHT y MeHd caMOoro He ObLIO
peIeHns, HO CTYJEHTHI 00 9TOM He 3HaJN. DBUIN JUIb HABOAAIINE COOOPayKeHUs, KOTO-
pble yOexKaJin, 9To 3a/ia9u, HaBepHOe, HeCJIOXKHbIe. Pelnenus J0BOIbHO ObICTPO HAILIN
Kanna Koxkaxmeroa n Asekceit Kypennoit, u ognospemento crygeHT MOTU Ajek-
causip Opeit. O6crosgTeILHDBIN Pa300p U COMOCTAB/IEHNE STUX PEIICHU TPUBET K UX 0000~
[IEHNIO — IPUHIIAITY TOPOZKIAONIIX U 3alpermaonux Maokects, [I3M (crp. 63). On oc-
HOBAH Ha THIOTe3€, YTO JJIA KaxKJI0ro aJlOPUTMa ¢ MOYKHO YKa3aThb JIBa MOJIMHOXKECTBA
00bEKTOB — TOpoXKIatoniee X, ¥ 3amperaomniee X, Takue, 9TO @ sBJISETCS DPE3yJIbTa-
TOM OOyU€eHUsI TOTJIa U TOJIBKO TOIJa, Korja X, IeJIMKOM JIEKUT B o0ydalonieil BhIOOpKe,
a X! — mesmKoOM B KOHTPOJIBHOM. DTOi MUIOTE3bI OBLIO JOCTATOYHO, 9TOOBI BBIIICATH

TOYHYIO OIIEHKY BEPOATHOCTHU Hepeo6yquHH 1 IIOITyTHO JJId KazK/I0T'O aJI'OPpUTMa TOYHYIO
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OIIEHKY BEPOSITHOCTH TOT'O, UTO JAHHBII aJaropuT™m Oy/ieT BIOpaH B pe3y/abTare 00y IeHus.
JIist yHUMOJAJIBHOM I aJrOpUTMOB 3Ta I'HMIIOTe3a He BBIMOJIHSIACH, HO ObLIa BEpHA
OoJiee 00IIast THIIOTE3a — YTO C KaXKJIBIM aJITOPUTMOM CBS3aHO HECKOJIBLKO Tap IMOPOXKIa-
IONUX U 3alperianommx MHOKecTB (cTp. 66, 79).

HeoxkumanabiM OTKPBITHEM CTaJI TOT (hakT, 9TO OOOOIIEHHAS THIIOTe3a BepHa BCer/a,
TO ecTh MHOKecTBO map [I3M moxker ObITH yKa3aHO I JIFOOOTO MeToj1a O0YyIeHHsI, JIo-
6oro cemeiicTBa agropuTMoB 1 J1060i BeIOOPKH (cTp. 66). lokazareabcTBo sToro daxra
9JIEMEHTAPHO, KOHCTPYKTUBHO, HO HEI(M@MEKTUBHO — TOYHAS OIEHKA BEPOSITHOCTH Iepe-
o0yueHns: TpedyeT IKCIOHEHITUAIBLHOIO T10 JIJIMHE BHIOOPKK 00bEéMa Bhraucjenunii. Criacaet
JINIIB TO, UTO BhIIUcaTh cucteMy [I3M MOKHO pasHBIMEI CIIOCOOAME, CPeIu KOTOPBIX MHO-
raa yaaérea Haiitu 3 dexTuBabie. CKopee mazke yrajaTb, YeM HAWTH, 9TO IPEBPAIAECT
9Ty JeATeTbHOCTh B CBOEIO POJIa NCKYCCTRO.

C nomormpio npuniuna [I3M Obiia perena 3a/1ada 0 peKyppPeHTHOM BbIYUCICHIH Be-
POSITHOCTH TIepeodyYeH sl TP JI0OABIEHIN aIrOPUTMOB TI0 oHOMY (cTp. 77). PexyppeHnt-
Has IIPOIEypa CoJIeprKaia OJUH IIPOCTON U KPACUBBI MOMEHT, KOTOPbI OOHADY2KUJICS
JINIITB TI0CJIe HECKOJIBKNAX HEJIE/Ib PA3MBIILIEHII U TOPhl YePHOBUKOB, U3PUCOBAHHBIX OH-
HAPHBIMEI MaTPUTIAMU. BbIIuc/ienrne BeposiTHOCTH TIepeol0y IeH ST CBOJIMIOCH B UTOTE K CYM-
MUPOBAHUIO 3HAKOIIEPEMEHHOI'O Psijia, IMPUIEM, 0OpbIBas psijl, MOXKHO ObLIO OOMEHUBATDH
TOYHOCTH OIEHKH Ha BPeMs BBITUCICHUIL.

Hauano 2009 ropga. Hakomnusinecs K 3TOMYy MOMEHTBI PE3Y/ILTATHI ObLIN CHOBA I10Ja-
ubl Ha KoH(bepenruun COLT u ALT, vo me npunsaTh, HOCKOJIBKY (1) mx Teopermueckas
3HAYMMOCTb MaJa, (2) J0Ka3aTeIbCTBa MeperpyzKeHsbl, (3) rumoresa, JexKarias B OCHOBE
MeTO/a TMOPOKIAIOMNX W 3aIPEITAIONIX MHOXKECTB, SBJISIETCS HEeCTECTBEHHBIM M IPe3-
MEPHO CUJIbHBIM OTpaHudenueM, (4) Bce ciydan, Jijisg KOTOPBIX HaliIeHbl TOUHBIE OIEHKH —
UCKYCCTBEHHBIE U TPEOYIOT 3HAHUS CKPBITHIX [IAPAMETPOB I'eHepaIbHO BHIOOPKH.

[Toxkasryii, TOJIBKO ¢ IMyHKTOM (3) HUKAK HEJb3sl COMIACUTHCS, B OCTAJIBHOM DEIeH-
3€HTBHI COBEPITIEHHO TTPABHI.

BareM OBLIH TOJyYeHBI ONEHKHU eIIe JIJId HECKOJBKUX MOJIETbHBIX CeMeiCcTB ajro-
PUTMOB — CJIOEB U UHTEpBaJIOB Oyiesa Kyba (crp. ??). D10 KpacuBble YacTHBIE CJIydaH,
HO, K COYKAJICHUIO, 33 HUMHU TaK U He OOHAPYKUJIOCH HUKAKOIO ODIIEro crocoba BLIBO/IA
OTICHOK.

§15.5 [lounck o0b0buLeHut U anbTepHaTUB

Ob6mmast oreHKa, B sIBHOM BHJIe VINTBIBAIONIAsA CBONCTBA PACCIOEHUsST W CBA3HOCTH,
ObLIa MOJIydYeHa C MOMOIIBI0 «YMO3PUTEIHLHOIO BBITIOJHEHUA» PEKYPPEHTHOMN POy PhI
(ctp. 7?7). JlokazarebCTBO OBLIO IPOMO3JIKUM, U B HEM HUKAK HE YJIABAJIOCH M30ABUTHCS
OT CWJILHOT'O JIOMOJIHUTEILHOTO TPebOBaHUs, YTOOBI B CEMENCTBE COJIEPIKAJICSI KOPPEKT-
HBII (He JIOITYCKAIOMIN ommrbOK Ha reHepasibHOM BbI60pKe) AJICOPUTM. DTO OrpaHUYIEHIE
Ka3aJ10Ch U30bITOYHBIM, HO KaK €ro CHATh, ObLIO HE sCHO.

[IpumepHo B 9TO BpeMs HETPUBHAJILHBIE PE3YIHTATHI CTAJN TMOSABISITHCS Yy BCEX, KTO
3aHUMAJICAd KOMOMHATOPHOI Teopueil mepeodydeHus.
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Jennc KouebIKoB moTydnsi BepxHue oreHku g pynknuonana Bamnnka-Yepso-
HeHKHca (BEpOSITHOCTD OOJIBIIONO PABHOMEPHOTO OTKJIOHEHUSI IaCTOT OMMUOOK B JIBYX BbI-
GopKax), CIpaBejIBble Il MPOU3BOJBHOIO CeMefiCTBa AJTOPUTMOB U yUUTHIBAIOIIIE
addexT cBaznocTu. IhdEKT pacciaoennd Jid JAHHOrO (DYyHKIMOHAIA HE MOYKET ObITh
yuTéH B npunnuie. s moKazaTeabcTBa UCIOIB30BAIACh TEXHUKA MEMHBIX PA3JIOKEHUI
WM IIPUHITUIT BKJIIOYeHUA-UCKioYeHus. [Iposepsiach Takzke BO3MOXKHOCTDH TPUMEHEHUS
HepaBencTB Tuna bondepponun-l'amamboca — 3TO MEPCHEKTUBHBIN TyTh, HO MTOKA OH HE
JlaT KaKux-au00 mpeumyecTB. Vcnoab3ysa mMeToibl KomOuHaTOpHO# reomerpun, lenuc
JIOKA3aJ1, ITO JIJIst JINHEHHBIX KJIACCH(MDUKATOPOB 3HAYECHUST BEPXHEH CBI3HOCTHU (BEpPXHsIs
CBSI3HOCTH AJTOPUTMA — ITO YUCJIO AJTOPUTMOB CEMEHCTBA, JIOMYCKAIONINX OIIMOKY Ha
Tex Ke 00beKTaX, 4TO U JAaHHBI, ITIOC eIMé HA OJHOM OOBEKTe) KOHIEHTPUPYIOTCI BO-
KpYT 3HAYEHUS PAa3MEPHOCTH IIPocTpancTBa. [103ke OH Moy I ONeHKY U JIIs JTUCTIEPCUT
CBA3HOCTH.

[TaBesr Boro 00600111 MOHOTOHHYIO I€Ilb AJTOPUTMOB Ha CJIydail MPOU3BOJILHOMN
Pa3MEPEHHOCTU U PENIWI 33/Ia9y O MepeodyUYeHn MHOTOMEPHOUW MOHOTOHHO CeTH aJjro-
puT™MOB (cTp. 98). D10 06001IIEHIE [TATO0CH HA YIUBIICHNE JIETKO. 3aTeM OH MOJLY IUJT OIEHKN
JIJIS Iy 9Ka MOHOTOHHBIX TIETeil U JIj1 MHOTOMEPHON YHUMO/IAILHOM CeTH, HO B 9TUX CJTyYa-
SX JI0OKa3aTeIbCTBA ObLIN CJIOZKHEE. YIaJI0Ch JlaKe MM0Ka3aTh, 9TO BEPOATHOCTD I1epeody-
YeHUsT YHUMOJAJIBHON ceTn MpuOJIN3UTEIbHO paBHa BEPOATHOCTH I1epe0dyIeHsT MOHOTOH-
HOIl ceTn y/BOEHHOI paszmepHocTu. /loKazarebeTBa ONUpaaInch Ha MOIUMUITTPOBAHHBIT
npuaIun [I83M, B KoTopoM OCHOBHasi rumoresa (pOpMYINPOBAIACH HE I OTIEJIHHOTO
AJITOPUTMA, & IEJTUKOM I KayKJIOro CJIod ajJropuTMoB. M3 Bcex M3ydeHHBIX K 3TOMY
MOMEHTY MOJIEJIbHBIX CeMeiCTB MHOrOMepHas MOHOTOHHAasi CeTh HamboJiee NMpUOJINZKeHa
K peanbHOocTH. OHa 00/Ia/IaeT KJIFOYEBBIME CBOMCTBAME PACCIOEHNUsI, CBSI3HOCTH U pa3Mep-
HOCTHU, KOTOPBIMU 00JIaJIAI0T U peasibHble ceMelicTBa. Bo3HuK/1a njies: Helb3s JIU PeaibHbIe
ceMeficTBa aIlPOKCUMUPOBATH MOHOTOHHBIME CeTAME! BBLI MOCTaBIeH IKCIEePUMEHT Ha
peasIbHBIX 3a/a4uaX KJIacCu(UKAINA 1 PeabHbIX ceMeificTBaxX — IOJIONBITHBIMU OKAa3aJIMCh
HepOHHAasI CeTh, HAUBHBII OalileCOBCKMIT KJIACCH(MUKATOP U METOJ, OJIHKANUIINX COCeIei.
Bo Bcex ciry1asix BepogTHOCTD 1epeodyeHust JeHCTBUTEILHO HEILJIOXO0 TPUO/INKaAIACh Be-
POATHOCTBIO TTepeodyueHnsi MOHOTOHHOMN CeTH, eCJIn MoJ00paTh JIBa €€ mapaMerpa: 9acTo-
Ty OmmMOOK JIydIero ajroputMa u pasmeprocthb cetu (ctp. 102). Ho kak ux mojabuparh
1 KakKyIo MMOJIb3y MOYKHO U3 9TOro u3sjednb! [loka 3T0 OTKPBITHIE BOIIPOCHT.

Astekcanap @peit peIozKNI OPUTHHAIBHBIA TOIX0/T K ITOJIYIeHUI0 TOYHBIX OIIEHOK
BEPOATHOCTH TIePeOOyUIeHUsl JIJIT MOJIEIbHBIX CEMECTB aJI'OPUTMOB, 00JIaJIAIONTUX CBOM-
crBoM cummerpun (ctp. ?77). ONEeHKN BBIBOANINCH JJIsi METO/A PAHIOMU3UPOBAHHON M-
HUMU3AIIH SMITTPUIECKOTO PUCKa Ha OCHOBE pa3pabOTAHHOIO UM TEOPETHUKO-TPYIIIOBOTO
nojxosa. Paszsub atoT nogxosr, Mibsa TomcTuxud moryan ONeHKH JIjId X9MMUHTOBa, Ti1a-
pa B OyJieBoM Ky0Oe, ero HUXKHHUX CJIOEB M OTIE/JbHO B3ATOIO IMEHTPAJIBHOIO CJI0s Iapa.
A Wnbsa Perernsak 3aMeTusi, 9TO ONEHKA JjId IEHTPAJIBHOIO CJIOS Iapa MOXKeT ObITh
JIETKO TIOJTyYeHa U JIJ/Isi OOBIYHON MUHUMHU3AIIUKA SMITUPUIECKOrO PUCKa, 6€3 IPUBJICYCHUS
TEOPUU T'PYIIIL.

Maxkcum VIBaHOB MOy TOYHYIO KOMOMHATOPHYIO OIEHKY (DYHKIIMOHAJIA TTOJTHOIO
CKOJIB3SIIIEr0 KOHTPOJIsI /TSI MeTo/a OJIMzKafImX cocesieil, BRIPas3suB €€ depe3 BKJIA bl OT-
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JIEJIBHBIX 00bEKTOB. DTO MO3BOJINIO MY MOCTPOUTH JOCTATOTHO 3(DDEKTUBHBIN AJITOPUTM
opMupOBaHs MHOXKECTBa 9TaJIOHOB (prototype selection) myTém mocsie10BaTEIbHOTO J10-
GaBseHns WK yJasaenus oobekToB (crp. 132).

B cenTsabpe 2009 roja Bce 3T pe3yabTaThl ObLIN JIOJI0KEHbI aBTOpaMi Ha KOH(EpeH-
v MMPO-14.

Moyiesibable cemeiicTBa THIA XIMMUHTOBBIX IIAPOB U MHTEPBAJIOB Oy/ieBa KyOa WH-
TEPECHBI TeM, YTO OHU B HEKOTOPOM CMBICJIC «MaKCUMAaJIbLHO IIOTHBIe». PacdéThl okasa-
JIN, 9TO OHU MOT'YT COJIEPKATH JECATKH M COTHU THICIY AJTOPUTMOB IPH OTHOCUTETHHO
HEOOJIBINON BEPOSATHOCTU TIepeodyUeHuss. A MOXKHO JIM alllPOKCUMUPOBATH ILJIOTHBIE Ce-
MeHCTBa UX Pa3PEKEHHBIMU TOIMHOYKECTBAMU, U CKOJIBKO aJrOPUTMOB JIJIsi 9TOTO IIPU-
nérest B3aTh! Benomunas skcrepumMenT 1o orernBannio DJIKP, MoxKHO mpenomoKuTh,
YTO HECKOJIbKUX JIECATKOB JIOJIKHO XBaTUTh. Vaba TojicTuxuu mokasasi, 9To J0CTaTOY-
HO B34Th HECKOJBKO JECSATKOB aJITOPUTMOB Ha BHEIIHENH OKPYXKHOCTH CJIOS XIMMUHIOBA
mapa, 4ToObl MPUOIU3UTH BEPOATHOCTD Iepeo0ydeHus BCEro Ciosd. Takum oOpasoMm, ari-
[IPOKCUMAITUS TJIOTHBIX CEeMeHCTB UX Pa3PEeKEHHBIMU IOJIMHOXKECTBAMU JIEHCTBUTETHHO
BO3MOXKHA. A It HEDOJIBIIOTO PA3PEKEHHOTO TOIMHOYKECTBa BEPOSITHOCTDH 1epeolyte-
HUsT MOYKHO HaWTH pasHbIME criocobamu. Hampumep, MOKHO «HATIHYThH» Ha HETO JIPYyTroe
MO/IEJIbHOE CEMENCTRO, JIJIsi KOTOPOI'O0 U3BECTHA TOYHAS OIEHKA. DTa njies MOKa ellé HUKeM
ne npopaborana. Kpome Toro, moka me moHsTHO, KaK JIOJ2KHO PACCIAUBATHCA AITPOKCH-
MUPYIOIIee MHOYKECTBO.

22 anpens 2010 roga MHOTrOJIETHUE YCUIAS 3aBEPIINIMCH 3aITUTON JJOKTOPCKO auccep-
taruu «KoMOuHaTopHas Teopusd HaJAEKHOCTH OOYUEeHUS TI0 TIperie/ienTamM». [lo gecTHOMYy,
9TO OBLIM JIMIIb HAMETKE TEOPUU. XOopolas Teopus Jo/KHa (1) mpaBHIbHO 00bICHITH
HabJTI0/IaeMble gBJIeHNs, (2) OBITH MOHATHON U OTHOBPEMEHHO HETPUBHUAJILHOIT U (3) mpuHo-
CUTh MPAKTUIECKYIO MM0JIb3Y. PaboTa Oblia mpojiesrana 60Jbiasi, HO ¢ IOHATHOCTBIO ObLIH
po0JIeMBbI, a MMPaKTUIeCKNe MPUMEHEHNsI U BOBCE OTJIOKEHBI Ha 1moToM. [l pazpaboTku
XOPOIITeil TeEOPUN OJTHOM JUCCEPTAINN He JIOCTATOTHO.

[Touemy ke morpeboBasioch Gojiee 15 jrer, 9TOOBI J0OPAThCH JIO MEPBBIX BHATHDBIX
pesysibraToB? BuHOII TOMY He CTOJIBKO OCHOBHas paboTa, KOTOpas OTBJEKasa OT Teope-
TUYECKUX 3aHATHUI, CKOJILKO OIMUOKKM B METOHO0JIOTHK HucciemoBanusd. «Aaropurm HIP»
rapaHTHPOBAHHO BBIBOIUT W3 TBOPYECKUX TYIHMKOB, €CJIM HU OJIUH W3 IIaroB HE YIIyC-
KaTh. Temneppb yzKe 09eBUIHO, ITO KATAJIM3aTOPOM JIAHHOTO UCCJIETOBAHUS TTOCTY KUJT 9KC-
[IEPUMEHT ¢ MOHOTOHHOII IEIThIO aJITOPUTMOB, KOTOPBIH IIPOTPAMMUPYETCs 3a OJUH Bedep,
U HUYTO, B CAMOM JleJie, He Mellajio CJIeaaTh ero 15 jieT Ha3al.

Emé omHoit yjpadHOll mjieeil cTaJio NpeJicTaBIeHHe ceMeiicTBa aJrOpuTMOB B BU-
ne rpada pacciaoenusi—csisHoctr (crp. 86). Mibst PereTHs K mepBBIM MOy IHII ONEHKY
PaCCI0eHUA—CBA3ZHOCTH, CIIPABEJIMBYIO JIJIsl ITPOU3BOJILHOTO CeMEHCTBa aJITOPUTMOB, U Ha-
MHOT'O JIYYIIIYIO, YeM BCE TPEJIbIIYIINe. DTOT PE3YJIHTAT BOIIET B €r0 JUILIOMHYIO PabOTY.
['pacdbukn BeposiTHOCTH TIEpeOOyUeHUsT ACHCTBUTEILHO BICUATISIIN: JJIsi JTUHEHHBIX KJIac-
cupUKATOPOB OIEHKU OBLIN 3aBBIIICHBI JIUIIb B HECKOJIBKO Pa3, MAKCUMYM — Ha ITOPSJIOK.
O/ 1HaKO B TOT MOMEHT OIeHKA TIOKA3a/1ach HEYI00HON B UCIIO/Ib30BAHUHT W BEITHC/IHTETHHO
Tpytoémioii. C 9Toit OIEHKO CBA3aH CJIEYIONHUil Ka3yc.
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OkTa0pb 2010 ropga. Ha koudepennuto MOU-8 s B3si1 ¢ coboit Trekct Eprenumst Co-
KOJI0Ba, cTyleHTa Tperbero Kypca BMK, koTopblit TO/IbKO HauMHA 3aHUMATbCST KOMOU-
HATOPHBIMK OlleHKaMu. B 4wnciie mpodero oH OYKBaJbHO B AT CTPOK BBIBOIUJI OIEHKY
BEPOATHOCTU I1€PEOOYUIEHNs, YIUTHIBAIONLYI0 BEPXHIOID CBA3HOCTb KarKJIOTO AJTOPUTMA,
1 He TPeOYIONLYIO CYIIECTBOBAaHMS KOPPEKTHOIO aJI'OPUTMa. BUnTaBIINCh B J0Ka3aTe/ b
CTBO, s OCO3HAJI, YTO ITO TpsiMoe cjiejcTue npunnuia [[3M, a BepxHss CBI3HOCTb —
HE 9TO MHOe, KaK MOIIHOCTH MOPOXKAOIIEr0 MHOXKeCTBa 00beKTOB. Ha pajgocTsx s j10-
OaBUJI 3Ty TEOPEMY B IMPE3EHTAIINI0 MOETO JIOKIaJIa, CO CChLIKO Ha COKOJIOBa, a CBOMM
aclMpaHTaM TAWHCTBEHHO 3asBUJI, 9TO UX XKJAET HPUATHBIN cioprpu3i. [lociie moxiraa
BBISICHIJIOCH, ITO HEKOTOPOE BpeMsl Ha3aJl OHH y2Ke pacCKa3bIBaJIl MHE HEUTO I0I00HOE,
HO HACTOJIBKO HEBPA3yMHUTEIbHO, UTO s1 HE CMOI' IOHATH MJICI0 M PEII, YTO OHa COBCEM
ceipasi. B Tor ke Beuep Amnmpeit VBaxHeHKO MmoKasas, UTO MOXKHO YJIyUIIUTH OIEHKY,
€CJIN yUIeCTh eIl W HUKHIOIO CBA3HOCTBH, W 9TO HE YTO MHOE, KaK MOIIHOCTDH 3alIperia-
IOIEro MHOXKeCTBa 00beKTOB. BoJjiee Toro, B 3ampemniaroliee MHOXKECTBO HAJI0 BKJIIOUUTH
BCAKMIT OOBEKT, Ha KOTOPOM JAHHBII aJrOpUTM JIOIYCKAeT OMMUOKY, IIPH YCJIOBHH, UTO CY-
IIECTBYeT MOHOTOHHO JIYYIIHil aJrOPUTM, He JIOIYCKAIOIN Ha HEM OIMHOKY. DTO JIeIaeT
OTIEHKY HAMHOTO 00Jjiee TOYHOM, TaK KaK Telepb OHa CYIECTBEHHO YINTHIBAET HE TOJIHKO
CBA3HOCTD, HO U paccyioenne. Beé 910 BepHO 11 TPOU3BOILHOIO MHOYKECTBA aJIrOPUTMOB,
a 9TO O3HAYAET, UTO IPEJIOJIOKEHNE O CYIIECTBOBAHUN KOPPEKTHOIO aJIrOPUTMa HaKO-
wer; caaTo. 1 Bcé 310 — npsmoe ciaeacrsue npuaimna [13M, npudaém mokazaTeabcTBO
3aHIMAaeT HeCKOJIbKO cTpok (crp.90). Hepes mapy mHeil s 0CO3HAJ, UTO HTOT PE3yJIbTAT
B TOYHOCTHU coBIajaer ¢ ornenkoir Vipn Pemernska, mpocto oH He ncrnosb3oaa [13M
U JIOKa3bIBAJI BCE C TOMOIIBI0 KOMOMHATOPHBIX PACCYKJIECHU, B KOTOPBIX OBLIO JIET'KO
zammyTarbes. V3 Beeit 9Toit uctopun ciaeayeT MmoydnTe bHbIH BBIBO: MaTeMaTHKa — 9TO
B IIEPBYIO OoYepeb s3bIK. lIpaBmiibHO 1m0om0OpaHHBIE CJIOBa W KpacoTa (HOPMYyJ UMEIOT
OTPOMHOE 3HAYEHUe JIJIsT BOCIIPUSITHA pe3ysabrara. Halm coBMeCTHBIN pe3yabTaT ObLIT J10J1-
»xed Ha KoH(pepermumun POAU B mexabpe 2010 roja.

Yy1e nozxke Wiaba Tosictuxun, pazdupasich ¢ pajieMaxepoOBCKOi CJI0KHOCTBIO, 3aMe-
TIJI, 970 pyHKIuoHaa Bamnnka-YepBoHeHKNCA SKBUBAJCHTEH (DYHKIIHOHAY BEPOSITHO-
CTH IepeoOYyUIeHNsI, eC/IM B KaUeCTBe MeTOAa O0yUeHNsT B3ATh He MUHUMHU3AIINIO JaCTOTEI
ommbOK Ha 00YIEeHNN, a MAKCUMU3AIIIO PA3HOCTH YACTOT OIMUOOK Ha KOHTPOJIE U Ha 00y-
gennn (discrepancy maximization). Bpose 661 sToT hakr 6611 gasuo ussecren. Ho Wibs
3aMETHJI, 9TO K 9TOMY MeTOo/1y 00yUeHns TaKzKe MOyKHO puMeHuThb nmpuniui [I3M. Crosa
KOPOTKOE JIOKA3aTEJIbCTBO B JIBE CTPOKH, U3 KOTOPOI'O CJIEJIYET, UTO JIJIs KAYK/I0TO aJrOPUT-
Ma BEPXHSS CBA3HOCTH PaBHA MOIITHOCTH IIOPOXK IAIOIIEr0 MHOYKECTBA OObEKTOB, & HUZKHSIS
CBSI3HOCTH — MOITHOCTH 3anperiaorniero (crp. 104). OTciona HeMeJIeHHO CJIe1yeT BepXHsIst
OTIeHKa BEPOATHOCTHU epeodydeHus. [Ipudaém 3ToT JErKo J0CcTaBIIAiica Pe3y/IbTaT ropas o
syurie orenkn KodenbkoBa, CTOMBINEH HECKOJILKUX CTPAHUIL BBIKIaI0K (crp. 106).

Teopus B 11es10M crasa npruodbpeTaTh n3dAnHbI Bua. OCHOBHBIE COfeprKaTe/IbHbIE T€O-
PEMBI JOKa3bIBAIOTCS B HECKOJIBKO CTPOK, Osaromaps npuaiminy [I3M, mperermyromemy
Ternepb Ha POJib OCHOBHOTO YHUBEPCAJIBLHOI'O MHCTPYMEHTa, TOJIYYeHUSA OIEHOK.
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24 pekabpsi 2010 roga Amjpeii VBaxHeHKO 3alUTHI KaHIUIATCKYIO IUCCEPTAIMIO.
B »10ii pabore KoMOMHATOpPHAsi OIEHKA BEPOsITHOCTH IIepeo0yUueHusl Ha OCHOBe Tpada
PAaCCI0EHUSA—CBA3HOCTH OblLjIa BIIEPBbIE IMPUMEHEHa K MPAKTHIECCKOMY CJIydaro — ceMeii-
CTBY KOHBIOHKTUBHBIX JIOTHYIECKUX 3aKoHOMepHocTeil. Teopus Oblia JoBejieHa JI0 IpaK-
THUYIECKON pean3allii 1 JaKe IIPUBeia K HEKOTOPOMY VJIydIlleHrne KauecTBa KiIaccuduka-
nuu. OTeHKa onupasiach, onsdTh-Taku, Ha npunnui [I3M, HO Teneps ocHOBHAs ruoTE3a
3aIiChIBAIACh Cpa3y B BUJE HEPABCHCTBA, U JJId KaKJIOT'O aJI'OPUTMAa IPEJIIN0/Iaraaoch
CTPOUTH TOJBKO ojfHy Tapy [I3M, 4To 3aBe10MO yIpOIaio moJrydenue olneHku (crp. 88).
[IepBbiM mjier0 ¢ HepaBeHCTBOM Bbickaszas Beiyx Carra Ppeit, XoTd OHa ObLIa OYEBHUIHA.
HeoueBuaabiM OBLIO TO, UTO OHA MPHUBEIET K OOIEH OleHKEe PacCI0CHUSI—CBI3HOCTH. BhI-
YHUCJIEHIE 9TOW OIEHKM sIBJISIETCS PECYPCOEMKHM, HO BCE »Ke BIIOJIHE peain3yeMbIM OJia-
rojlapsd JIByM YXWIIPEHUAM. Bo-TIepBbIX, MepedUparoTcsd TOJIHKO AJTOPUTMbI U3 HUKHUX
CJIOCB CeMeiicTBa; B XOPOIIUX CAydasgX UX TaM HEMHOI'O, a B IUIOXHX CJIydadX OIEHKa
3aBeJIOMO He HyzKHa. Bo-BTOPBIX, cTposTCs 3hdEKTUBHBIE TTPOIIEYPhI IIepexojia OT IIPo-
U3BOJILHOI'O BEKTOpPa OIMMOOK KO BCEM €ro COCEJHUM B cJiejytoiieM cjoe. /[ cemeiicTBa
KOH'BIOHKIINIT 9Ta 3a/iata OKa3aJiach He BIIOJIHE TPUBUAJIbHONI 1 ITOTpedoBaia aKKypaTHO-
T'0 OllMCaHUsA CTPYKTYPBI KJIaCCOB 9KBUBAJIEHTHOCTH, LITO6bI HE Hepe61/1paTb JIMNTHUI pa3
AJITOPUTMBI € OJIMHAKOBBIMU BekTOpamu ommbok (crp. 116). [Ipeacrasiasercs, aro aHaso-
TUYHBIM 00Pa30M MOYKHO PACIPABIATHCA U C JIPYTUMHU ceMefcTBaMU.

Ha JaHHOM dTalle y2Ke HE JOCTaTOYIHO ITOHMMaHUA B3aUMOCBA3U PACCJIOCHUA U CBA3-
HocTu ¢ nepeodydenueM. MojebHbIe ceMeiicTBa NHTEPECHBI JUITh KaK yaeOHbIe 33 1a9u.
OcHOBHBIE BOTIPOCHI — KaK MPUMEHATH KOMOMHATOPHBIE OIEHKU K PeabHBIM CeMeiCTBAM
U KaK yJIy4dIIaTh ¢ UX HOMOIIBIO METOIbI 00y ICHMS.

§15.6 [decsaTb OTKpbITbIX Npobaem

B zaksmodyenne npuBesiéM repevdeHb OCHOBHBIX IIPOOJIeM KOMOMHATOPHOM Teopuu re-
peobydenus, KOTOpbIE MOKa YKJIyT CBOET'O PEIeHUs.

1. Ilonydenue OIEHOK, YUUTBIBAIONINX CBA3U MEXKJIY aJTOPUTMAMH C XEMMUHTOBBIM
paccrosinrieM, OosibiiuM 1. VIX urnHopupoBaHue siBJISETCs, 110 BCEHl BUJIUMOCTH, OC-
HOBHOW MPUYNHON 3aBBIMNIEHHOCTH ONEHKN PACCIOEHUS—CBA3ZHOCTH.

2. Ilonmyuenue ONeHOK, He 3aBUCAIINX OT XapaKTEPUCTHUK TOJTHON BBIOOPKHU X, & TOJIb-
KO OT HabJ/IIOJaeMbIX BeJIMYNH, KOTOPbIe MOTYT OBITH BBIYHMCJIEHBI 10 KOHKPETHOI
obyuaroreil moaBbiOOpKe X .

3. Pacmmupenune Kjiacca MeTOJIOB 00yUeHUsl, /I KOTOPBIX KOMOMHATOPHBIE OIEHKH 1103~
BOJISIOT YJIydIIaTh 0O0OIIAIONTYIO CIIOCOOHOCTD.

4. Tlosyuenne 3pHEKTUBHO BHIYUCIUMBIX OIEHOK JIJIsI IIPOU3BOJILHBIX TEIeil aJropuT-
MOB. 3aTeM, ¢ UX ITOMOIIbIO, COBEPIIEHCTBOBAHNE METOI0B O0yUEeHUsI, CBOJAIINXCS
K PEIIeHnIO MOCJIe/I0OBATETbHOCTH OJTHOMEPHBIX 33/1ad ONTUMU3AITUN.
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[Tosrygenne 3hdHEKTUBHO BBIMUCIUMBIX OIIEHOK PaCCIOCHUSI-CBSI3HOCTH JIJIsi ceMeii-
CTBa JIMHEHHBIX KJIACCUPUKATOPOB. 3aTeM, ¢ UX ITOMOIIBIO, COBEPITEHCTBOBAHIE Me-
TOJIOB 0TOOpa MPU3HAKOB.

ObocHoBaHME ¥, BO3MOXKHO, YTOUHEHUE MIPUHIUIIOB PErY/ISPU3AINN, AlllIPOKCUMa-
IIUA SMIIAPAYIECKOTO PUCKA, MAKCUMU3AIINN 3a30Pa.

O60061IeHNe KOMOMHATOPHBIX OIEHOK Ha CJIydail HeOMHAPHBIX (DYHKIUI TOTEPD.

[IpoBepka TUIOTE3BI O TOM, YTO 3HAYEHU CBA3HOCTU KOHIIEHTPUPYIOTCS BOKPYT
3HaYEHUs JIOKAJbHON pasMEpHOCTH ITPOCTPAHCTBA ITapaMeTPOB.

[IpoBepka rumnoresnl o cenapadebHOCTH MTPOMUIIS PACCTOEHUS - CBAZHOCTH.

[Tostyuerne oreHOK 0606IaoIel CocOOHOCTH JJIst 38189 JruHaMIIeckoro (online)
o0y eHus.



= 162 —

Cnucok nutepaTtypbl

[
2]
3]
4]
[5]
6]

17l

18]

19]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]

Atsasan C. A., Byxwmabep B. M., Ewnoxos U. C., Mewaaxun JI. /[. llpuknagaas cra-
TUCTUKA: KaaccuduKalus n cHmKkenne pasmeproctu. — M.: @unancer u cratucruka, 1989.
Aaumos FO. W. AnprepHaTuBa METOy MaTeMaTUIECKONH CTATHCTUKU. — JHaHwue, 1980.
Beases FO. K. BeposiTHOCTHBIE MeTO/IbI BEIOOPOYIHOTO KOHTpoJist. — M.: Hayka, 1975.
Boavwes JI. H., Cmupnos H. B. Tabauiel marematudeckoit craructuku. — M.: Hayka,
1983.

Boneapd M. M. Ilpobiema y3uasanus. — M.: Hayka, 1967.

Bopucosa U. A., /hoéarnos B. B., 3azopytuxo H. I, Kymnenxo O. A. CXoacTBO U KOM-
nakTHOCTh // Beepoce. koud. Maremarnaeckue MeTojbl pacrno3HaBaHus 00pasoB-14. —
M.: MAKC IIpecc, 2009. — C. 89-92.

Bomos 11. B. Touynble O1leHKHN BEPOATHOCTH 11epe00yYeHUs JIJIs MOHOTOHHBIX M YHUMO/AJIb-
HBIX cemeiicTB asroputmoB // Beepoce. koud. Maremarndeckue MeTO/bI PACIO3HABAHUS

obpaszos-14. — M.: MAKC Ilpecc, 2009. — C. 7-10.

Banwux B. H. Boccranopjienue 3aBUCUMOCTel 10 sMmupudeckuM ganabiM. — M.: Hayka,

1979.

Bannux B. H., Yepsonenxuc A. 5. O paBHOMEPHOI CXOJIMMOCTU YacCTOT HOSABJICHUS COObI-
tuit K ux Beposgiraoctam // JAH CCCP.— 1968. — T. 181, Ne 4. — C. 781-784.

Bannux B. H., Yepsonenxuc A. 4. O paBHOMEPHOH CXOIMMOCTU YACTOT TOSIBJIEHUS CO-
ObiTHil K ux BepositHOCTSIM // Teopus eeposmmuocmeti u ee npumernenus. — 1971. — T. 16,
Ne 2. — C. 264-280.

Bannux B. H., Yepsonenxuc A. 4. Teopust pacriosnasanust oopazos. — M.: Hayka, 1974.
Boponyos K. B. OuruMu3ainoHHble METO/IbI JIMHEHHOW U MOHOTOHHO# KOPPEKIIUU B AJ-
rebpanveckoM Mojxojie K npobjeme pacrnosnasanus // XKBM u M®.— 2000. — T. 40,
Ne 1. — C. 166-176.

Boponuos K. B. O630p COBpeMeHHBIX HCCJIEIOBAHMI 10 IpobJeMe KadecTBa O0yUeHUsT
anroputmoB // Taspuueckut eecmnux ungopmamuku v mamemamuru. — 2004, — Ne 1. —
C. 5-24.

Boponuos K. B., Koaockos A. O. Ilpoduin KOMIIAKTHOCTH U BbIJIEJEHUE OIMOPHBIX 00b-
eKTOB B METPHUYECKHX ajropurmax kinaccudurkaiuu // Hekycemeennoti Hnmeanerxm. —
2006. — C. 30-33.

Boponuos K. B., Maxuna I. A. Ilpuanun MakcuMU3aluy 3a30pa Jjis MOHOTOHHOTO KJIAc-
cudukaropa bmzkaiiiero cocesa // 15-s1 Bcepocceniickasi kondepenius « Maremarnyeckue
METOJ[bI pacio3HaBaHusi 0bpa3osy, [lerposasomck. — 2011. — C. 64-67.

Boporuos K. B., Pewwemnax . M. Tounble koMOMHATOPHBIE OIEHKN 0000IIAONIEeil Crio-
cobHocTu omJaitHoBoro obyuenus: // Mex. koud. MaTemexryanusamyst 06pabOTKN MH-
dopmarmun MOU-8. — M.: MAKC Ilpecc, 2010. — C. 24-27.

Taex 4., Hludax 3. Teopusi panrosbix kpurepues. — M.: Hayka, 1971.

I'onna B. /[. Beeaenne B anrebpamdeckyio Teopuio nudopmaruu. — M.: Hayka, 1995.
I'paxem P., Knym /1., Ilamawnux O. Konkpernas maremaruka. — M.: Mup, 1998.

I'ys U. C. Hesuneitable MOHOTOHHBIE KOMIIO3UIMN Kiaccudukaropos // Maremaruaeckue
MeTOJIbl pacro3HaBanusi obpazos-13. — M.: MAKC Ilpecc, 2007. — C. 111-114.



[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[20]

[30]

[31]

[32]
[33]

[34]

[35]

[36]

[37]
[38]
[39]
[40]

[41]

= 163 —

I'ypos C. H. Toueunas onenka seposgraoctu 0-cobbitus // Beepoce. koud. Maremaruue-
CcKHe MeTojIbl pacrosHaBanust obpazos-14. — M.: MAKC Ilpecc, 2009. — C. 22-25.
Honckott B. U. Anropurmbl 00yUeHHsI, OCHOBAHHBbIE Ha IIOCTPOEHUHU PEIIAIONINX JIepe-
BbeB [/ 2KBMuM®. — 1982. — T. 22, Ne 4. — C. 963-974.

Zlonckoti B. H. KoaMoropoBcKast CJI0?KHOCTH KJIACCOB ODIEPEKYPCUBHBIX (PYHKINI ¢ orpa-
HUYEHHOI éMKocThIO [/ Taspuveckuti ecmmur urngopmamury u mamemamury. — 2005. —
Ne 1. — C. 25-34.

/otieud I. Tlopsakosbie craructuku. — M.: Hayka, 1979. — 336 c.

Jhoauvesa FO. FO. Onenka VCD r-peryniupoBaHHOrO SMImpuyaeckoro jeca // Taspuueckud
secmmuk ungopmamury u mamemamuxu. — 2003. — Ne 1. — C. 31-42.

Kypasaée FO. H. O6 anredbpamdecKoM IOAX0J/E K PENIEHUIO 3aa9 PACIIO3HABAHUS N
kinaccudukanuu // IIpobaemor kubepremuru. — 1978. — T. 33. — C. 5—68.

Kypaenaée FO. U., Paszanos B. B., Cenvko O. B. «PacnosuaBanues. Maremarudaeckne
metonbl. [Iporpamvuas cucrema. [IpakTtudeckue npumenenus. — M.: @azuc, 2006.
Sazopyiivo H. I llpuxsiajabie MeTo/bl aHajn3a JaHHBIX u 3Hanuii. — HoBocubupck:
UM CO PAH, 1999.

Bacopytivo H. T, Eaxuna B. H., Jl6os I C. AIropurMbl 0OHADYKEHHIs SMIHPUYECKIX
zakonomepuocteii. — HoBocubupek: Hayxka, 1985.

Hsaxnenro A. A. O BepogTHOCTH HIepeo0y ICHNUST TIOPOTOBBIX KOHBIOHKIM // Mexk 1. KoHD.
Unrenmexryammsanus obpadorkn wadopmarmun MOU-8. — M.: MAKC Tlpecc, 2010. —
C. 57-60.

Heaxnenrxo A. A. Tounast BepxHsisl OIIEHKa BEPOATHOCTH HEPEOOyIeHUs /IS KOPPEKTHBIX
noruueckux upasui // Tpyow MOTH. — 2010. — T. 2, Ne 3. — C. 81-87.

Kobsapv A. U. llpuknagras Mmatemarndeckas craructuka. — M.: @uzmarant, 2006.

Koamozopos A. H. Teopust undopmanuu u reopust ajropurmos / [ox pex. FO. B. ITpoxo-
pos. — M.: Hayxka, 1987. — 304 c.

Kouedvxos /J[. A. CTpyKTypbl CXOACTBAa B ceMefCTBAX AaJTOPUTMOB KIACCH(MUKAIINN
u oreHKH obobaroeii criocobroctu // Beepoce. koud. Maremarnieckue METOIbI PACIIO-
sHaBanusa obpa3os-14. — M.: MAKC Ilpecc, 2009. — C. 45-48.

Joos I'. C. Metojpl 06pabOTKU pa3HOTHUITHBIX IKCIEPUMEHTAJBHBIX JaHHBIX. — HoBoCH-
oupck: Hayka, 1981.

Joos I'. C., Komwxos B. U., Mawapos FO. II. Meroj obHapyzKeHUs JIOTHIECKUX 3a-
KOHOMEPHOCTEH Ha sMOupudeckux tabimnax // Buuuciumesvhoie cucmemvl. — 1976. —

T. 67. — C. 29-42.

Mampocos B. JI. KoppekTubie aaredbpbl OrpaHIYIeHHON EMKOCTH HaJ MHOYKECTBAMU HEKOP-

pekTHBIX anroputmos // JAH CCCP.— 1980. — T. 253, Ne 1. — C. 25-30.

Mampocos B. JI. EMKOCTD anrebpanaecKuX PaCcIIHpeHnii MOJIC/IN ATOPUTMOB BBIMHCTCHIST
onenok // 2KBMuM®. — 1984. — T. 24, Ne 11. — C. 1719-1730.

Mampocos B. JI. Huxkune rpanuiibl EMKOCTA MHOTOMEPHBIX aaredp ajrOPUTMOB BBIUUC-
nenust oneHok // 2KBMuM®. — 1984. — T. 24, Ne 12. — C. 1881-1892.

Mampocos B. JI. EMKOCTb aliropuTMIHecKIX MHOTOU/ICHOB HA,JT MHOYKECTBOM aJIFOPUTMOB
BbIUHCIeHnst OneHoK [/ 2KBMuM®. — 1985. — T. 25, Ne 1. — C. 122-133.

Mazuna I A. Onenka o600maioMeil crrocobHOCTH I MOHOTOHHBIX aJI'OPUTMOB KJIACCHU-



[42]

[43]
[44]

[45]

|46]

[47]
48]

[49]

[50]

[51]

[52]

[53]
[54]

[55]

[56]

[57]

[58]

= 164 —

duramuu // 16-s1 Mmexynapoaas kKoudepennust «IIpobiembl TeopeTnieckoil KubepHeTu-
kuy». Huxxanit HoBropos, 2025 utonst 2011. — 2011. — C. 307-310.

Hopywuc A. Ilocrpoenne ornieckux (IpeBooOPa3HbIX) KIacCnDUKATOPOB METOIAMI HIC-
xozsmmero noucka (063op) // Crarucruaeckne npobiemsr yupasienus. Boi. 93 / Iloz pes.
HI. Paymuc. — Bubatoc, 1990. — C. 131-158.

Opaos A. . dxonomerpuka: YuebHUK st By30B. — M.: Dkzamen, 2003. — 576 c.

Patizopodcxuti A. M. DkcrpeMasibHbIE 3aladd Teopud rpadoB U aHAIN3 JTaHHBIX. —
M.: HUII «Perynspraas u xaoTudeckas JUHAMUKa», HCTUTYT KOMIbIOTEPHBIX UCCJIET0-
Banwmii, 2008. — 118 c.

Pydarxos K. B. Anrebpamdeckast TeOpHsl yHUBEPCAJIBHBIX U JIOKAJIBHBIX OTDAHUIEHU JIJTsT
aJrOpUTMOB pacro3naBanus. — Jluccepranusa Ha couckanue yduéHoil cremeru J1.¢.-M.H.,
M.: BII PAH. — 1992.

Pydaxos K. B., Boponyos K. B. O MeTojiax ONTUMU3AINNA U MOHOTOHHON KOPPEKITUHU B AJI-
rebpandeckoM Tojxoje K mnpobseme pacrnosnasanusi // Joka. PAH.— 1999. — T. 367,
Ne 3. — C. 314-317.

Cémourxun A. H. Jluneiinble HOCTPOEHMSI YACTUYHOIO IOPsAJIKA Ha KOHEYHBLIX MHOXKE-

creax // Jen. ¢ BHUHUTH. — 1998. — Ne 2964-B98. — C. 19.

Cémourun A. H. Onenkn ¢yHKIIMOHAIA KA9eCTBA JJIS KJIACCA AJIFOPUTMOB C YHUBEPCAJIb-
HBIMH OrpaHnYeHusiMu MoHoToHHOCTH // [en. 6 BUHHUTH. — 1998. — Ne 2965-B9S8. —
C. 20.

Cmupros H. B. OueHka pacxoxKIeHUsT MEXKIY SMINPUISCKIMI KPUBBIMU PACIIPEIeIeHUSI
B JIBYX HE3aBUCUMBIX BbIOOpKax // Broan. Mockosckozo yn-ma, cepus A. — 1939. — Ne 2. —
C. 3-14.

Abu-Mostafa Y. S. Hints // Neural Computation. — 1995. — Vol. 7, no. 4. — Pp. 639-671.

Akers S. B. A truth table method for synthesis of combinational logic // IRE Trans. —
1961. — Vol. EC-10, no. 4. — Pp. 604-615.

Ambroladze A., Parrado-Herndandez E., Shawe-Taylor J. Tighter PAC-Bayes bounds //
Advances in Neural Information Processing Systems 19 / Ed. by B. Scholkopf, J. Platt,
T. Hoffman. — Cambridge, MA: MIT Press, 2007. — Pp. 9-16.

Anthony M. Generalization error bounds for threshold decision lists // Journal of Machine
Learning Research. — 2004. — Vol. 5. — Pp. 189-217.

Anthony M., Shawe-Taylor J. A result of Vapnik with applications // Discrete Applied
Mathematics. — 1993. — Vol. 47, no. 2. — Pp. 207-217.

Bartlett P. Lower bounds on the Vapnik-Chervonenkis dimension of multi-layer threshold
networks // Proceedings of the Sixth Annual ACM Conference on Computational Learning
Theory. — ACM Press, New York, NY, 1993. — Pp. 144-150.
Bartlett P. The sample complexity of pattern classification with neural networks: the size
of the weights is more important than the size of the network // IEEE Transactions on
Information Theory. — 1998. — Vol. 44, no. 2. — Pp. 525-536.

Bauer M., Godreche C., Luck J. M. Statistics of persistent events in the binomial random
walk: Will the drunken sailor hit the sober man? // J.STAT.PHYS. — 1999. — Vol. 96. —
P. 963.

Bax E. T. Similar classifiers and VC error bounds: Tech. Rep. CalTech-CS-TR97-14: 1997.



[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]

[72]

73]

[74]

[75]

[76]

7]

= 165 —

Boucheron S., Bousquet O., Lugosi G. Theory of classification: A survey of some recent
advances // ESAIM: Probability and Statistics. — 2005. — no. 9. — Pp. 323-375.

Breiman L. Technical note: Some properties of splitting criteria // Machine Learning. —
1996. — Vol. 24. — Pp. 41-47.

Breiman L. Arcing classifiers // The Annals of Statistics. — 1998. — Vol. 26, no. 3. —
Pp. 801-849.

Brin S. Near neighbor search in large metric spaces // 21th International Conference on
Very Large Data Bases (VLDB 1995). — 1995. — Pp. 574-584.

Chavez E., Navarro G., Baeza-yates R., Marroquin J. L. Searching in metric spaces //
ACM Computing Surveys. — 1999. — Vol. 33. — Pp. 273-321.

Chwdtal V. The tail of the hypergeometric distribution // Discrete Mathematics. — 1979. —
Vol. 25, no. 3. — Pp. 285-287.

Cohen W. W. Fast effective rule induction // Proc. of the 12th International Conference
on Machine Learning, Tahoe City, CA. — Morgan Kaufmann, 1995. — Pp. 115-123.

Cohen W. W., Singer Y. A simple, fast and effective rule learner // Proc. of the 16 National
Conference on Artificial Intelligence. — 1999. — Pp. 335-342.

Freund Y. Self bounding learning algorithms // COLT: Proceedings of the Workshop on
Computational Learning Theory, Morgan Kaufmann Publishers. — 1998.

Freund Y., Schapire R. E. Experiments with a new boosting algorithm // International
Conference on Machine Learning. — 1996. — Pp. 148-156.

Firnkranz J., Flach P. A. Roc ‘n’ rule learning-towards a better understanding of covering
algorithms // Machine Learning. — 2005. — Vol. 58, no. 1. — Pp. 39-77.

Hastie T., Tibshirani R., Friedman J. The Elements of Statistical Learning, 2nd ed. —
Springer, 2009.

Herbrich R., C.Williamson R. Algorithmic luckiness // Journal of Machine Learning
Research. — 2002. — no. 3. — Pp. 175-212.

Herbrich R., Williamson R. C. Learning and generalization: theoretical bounds // The
handbook of brain theory and neural networks, 2nd Edition. — Cambridge, MA, USA:
MIT Press, 2002. — Pp. 619-623.

Hosmer D. W., Lemeshow S. Applied Logistic Regression, second ed. — New York: Wiley,
2000.

Ivanov M. N. Prototype sample selection based on minimization of the complete cross
validation functional // Pattern Recognition and Image Analysis.— 2010.— Vol. 20,
no. 4. — Pp. 427-437.

Karpinski M., Macintyre A. Polynomial bounds for VC dimension of sigmoidal neural
networks // 27th ACM Symposium on Theory of Computing, Las Vegas, Nevada, US. —
1995. — Pp. 200-208.

Kearns M. J., Mansour Y., Ng A. Y., Ron D. An experimental and theoretical comparison
of model selection methods // 8th Conf. on Computational Learning Theory, Santa Cruz,
California, US. — 1995. — Pp. 21-30.

Kochedykov D. A. A combinatorial approach to hypothesis similarity in generalization
bounds // Pattern Recognition and Image Analysis.— 2011.— Vol. 21, no. 4. — P. (to
appear).



78]

[79]

[80]
[81]

[82]

[83]

[84]

[85]

[36]

[87]
88
[89]
[90]

[91]
[92]

[93]
[94]
[95]

[96]

= 166 —

Koltchinskit V., Panchenko D. Rademacher processes and bounding the risk of function
learning // High Dimensional Probability, IT / Ed. by D. E. Gine, J.Wellner. — Birkhauser,
1999. — Pp. 443-457.

Koltchinskit V., Panchenko D., Lozano F. Further explanation of the effectiveness of
voting methods: The game between margins and weights // 14th Annual Conference
on Computational Learning Theory, COLT 2001 and 5th European Conference on
Computational Learning Theory, EuroCOLT 2001, Amsterdam, The Netherlands, July
2001, Proceedings. — Vol. 2111. — Springer, Berlin, 2001. — Pp. 241-255.

Kuncheva L. Combining pattern classifiers. — John Wiley & Sons, Inc., 2004.

Langford J. Quantitatively Tight Sample Complexity Bounds: Ph.D. thesis / Carnegie
Mellon Thesis. — 2002.

Langford J., McAllester D. Computable shell decomposition bounds // Proc. 13th Annu.
Conference on Comput. Learning Theory. — Morgan Kaufmann, San Francisco, 2000. —
Pp. 25-34.

Lugosi G. On concentration-of-measure inequalities. — Machine Learning Summer School,
Australian National University, Canberra. — 2003.

Mann H. B., Whitney D. R. On a test of whether one of two random variables is
stochastically larger than the other // The Annals of Mathematical Statistics. — 1947. —
Vol. 18, no. 1. — Pp. 50-60.

Martin J. K. An exact probability metric for decision tree splitting and stopping //
Machine Learning. — 1997. — Vol. 28, no. 2-3. — Pp. 257-291.

Mazurov V., Khachai M., Rybin A. Committee constructions for solving problems
of selection, diagnostics and prediction // Proceedings of the Steklov Institute of
mathematics. — 2002. — Vol. 1. — Pp. 67-101.

Mertens S., Engel A. Vapnik-Chervonenkis dimension of neural networks with binary
weights // Phys. Rev. E.— 1997. — Vol. 55, no. 4. — Pp. 4478-4488.

Mullin M., Sukthankar R. Complete cross-validation for nearest neighbor classifiers //
Proceedings of International Conference on Machine Learning. — 2000. — Pp. 639-646.
Quinlan J. Induction of decision trees // Machine Learning. — 1986.— Vol. 1, no. 1. —
Pp. 81-106.

Quinlan J. R. C4.5: Programs for machine learning. — Morgan Kaufmann, San Francisco,
CA, 1993.

Quinlan J. R. Bagging, boosting, and C4.5 // AAAI/TAAI Vol. 1. — 1996. — Pp. 725-730.
Rissanen J. Modeling by shortest data description // Automatica. — 1978. — Vol. 14. —
Pp. 465-471.

Rivest R. L. Learning decision lists // Machine Learning.— 1987.— Vol. 2, no. 3. —
Pp. 229-246.

Riickert U., Kramer S. Towards tight bounds for rule learning // Proc. 21th International
Conference on Machine Learning, Banff, Canada. — 2004. — P. 90.

Scala M. Hypergeometric tail inequalities: ending the insanity // Proofs. — 2009. — Pp. 1-
5.

Schapire R. The boosting approach to machine learning: An overview // MSRI Workshop
on Nonlinear Estimation and Classification, Berkeley, CA. — 2001.



197]

98]

[99]
[100]
[101]

[102]

[103]

[104]
[105]
[106]
[107]
108

[109]

[110]

[111]

[112]

113]

[114]

= 167 =

Schapire R. E. A brief introduction to boosting // International Joint Conference on
Artificial Intelligence. — 1999. — Pp. 1401-1406.

Schapire R. E., Freund Y., Lee W. S., Bartlett P. Boosting the margin: a new explanation
for the effectiveness of voting methods // Annals of Statistics. — 1998. — Vol. 26, no. 5. —
Pp. 1651-1686.

Schapire R. E., Singer Y. Improved boosting using confidence-rated predictions //
Machine Learning. — 1999. — Vol. 37, no. 3. — Pp. 297-336.

Sill J. The capacity of monotonic functions // Discrete Applied Mathematics (special issue
on VC dimension). — 1998. — Vol. 86. — Pp. 95-107.

Sill J. Monotonicity and connectedness in learning systems: Ph.D. thesis / California
Institute of Technology. — 1998.

Sill J., Abu-Mostafa Y. S. Monotonicity hints // Advances in Neural Information
Processing Systems / Ed. by M. C. Mozer, M. 1. Jordan, T. Petsche. — Vol. 9. — The
MIT Press, 1997. — Pp. 634-640.

Sokolova M., Marchand M., Japkowicz N., Shawe-Taylor J. The decision list machine //
Advances in Neural Information Processing Systems 15. — MIT-Press, Cambridge, MA,
USA, 2003. — Pp. 921-928.

Valiant L. G. A theory of the learnable // Communications of the ACM.— 1984.—
Vol. 27. — Pp. 1134-1142.

Vapnik V. Estimation of Dependencies Based on Empirical Data. — Springer-Verlag, New
York, 1982.

Vapnik V. The nature of statistical learning theory. — Springer-Verlag, New York, 1995.
Vapnik V. Statistical Learning Theory. — Wiley, New York, 1998.

Vayatis N., Azencott R. Distribution-dependent Vapnik-Chervonenkis bounds // Lecture
Notes in Computer Science. — 1999. — Vol. 1572. — Pp. 230-240.

Vorontsov K. V. Combinatorial probability and the tightness of generalization bounds //
Pattern Recognition and Image Analysis. — 2008. — Vol. 18, no. 2. — Pp. 243-259.

Vorontsov K. V. Splitting and similarity phenomena in the sets of classifiers and their effect
on the probability of overfitting // Pattern Recognition and Image Analysis.— 2009. —
Vol. 19, no. 3. — Pp. 412-420.

Vorontsov K. V. Exact combinatorial bounds on the probability of overfitting for empirical
risk minimization // Pattern Recognition and Image Analysis. — 2010. — Vol. 20, no. 3. —
Pp. 269-285.

Vorontsov K. V., lvahnenko A. A. Tight combinatorial generalization bounds for threshold
conjunction rules // 4th International Conference on Pattern Recognition and Machine
Intelligence (PReMI’11). June 27 — July 1, 2011. — Lecture Notes in Computer Science.
Springer-Verlag, 2011. — Pp. 66-73.

Wilcozon F. Individual comparisons by ranking methods // Biometrics Bulletin. — 1945. —
Vol. 1, no. 6. — Pp. 80-83.

Zukhba A. V. NP-completeness of the problem of prototype selection in the nearest
neighbor method // Pattern Recognition and Image Analysis.— 2010.— Vol. 20.—
Pp. 484-494.



