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Cruenkypce «Teopus najékuOoCTH 00YUEHUs IO TPEIEICHTAM» YUTACTCS CTYICHTAM
kadespol «Maremarnueckue meTosbl poruosuposanusgy BMK MI'V ¢ 2007 roga B j10-
MoJTHeHNEe K o0sg3aTeTbHOMY KadelpagabHoMy Kypcy «MaremaTnieckme MeTOJIbl PACIIO-
3HaBanus 00pa3oBy. CIENKypc 3HAKOMHUT CTYJEHTOB C COBPEMEHHBLIM COCTOSHHEM Teo-
pun craructudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaercst
pobJIeMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIUPUYECKUM JTaHHBIM. Pojionavaib-
HUKaM# 3Toi Teopun ObLin coBerckme marematuku B. H. Bamauk u A. f. Yeponenkuc.
B 80-e rospr Ta TEOpPUS MOTYUMIa MTUPOKYIO MUPOBYIO U3BECTHOCTD, M B HACTOAIIEE Bpe-
Msl pa3BUBaeTCd O4eHb aKTUBHO. OJinH n3 OCHOBHBIX BOIPocoB SLT — Kak KoJIMuecTBeHHO
OIICHUTH CIIOCOOHOCTDH aJrOPUTMOB KJIACCU(PUKAIUYA ¥ TPOTHO3UPOBAHUSA K OOOOIIECHUIO
SMIUPUIECKUX (DAKTOB. B KaKMX cjydasx MOKHO YTBEDKJIaTh, 9TO OOIUE 3aKOHOMEP-
HOCTH, BBISIBJIEHHBIE 110 TaCTHBIM IIpereleHTaM, He OKayKyTCs JIOKHbIMEI! Kak n3bekarh
repeodyvenns — CUTyalllnd, KOTJIa OTBETHI aJrOPUTMa CJIMIIKOM TOYHBI Ha OOydJaronieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI HA HOBBIX JIAHHBIX, HEM3BECTHBIX Ha dTare 00ydeHus !

B mannoM mocobum m3iaraercs repBasi 9acTh Kypca, OCHOBAHHAsI Ha PE3Y/IbTaTax
aBTopa, ero yueHnkos u koJuter: /1. KouenbikoBa, A. saxuenko, 1. Pemmernska, A. @pes,
N. Toncruxuna, I1. Borosa, M. UBanosa, . 'yza, I'. Maxunoit. Bropas yacTtb Kypca, 1mo-
cBAMEHHas 0030py coBpeMeHHbIX jgoctuxkenuit ST, He Bomura B jJaHHOE 1IOCOOME.

OcHoBHas 1€JIb CIENKypca — JaTh IVIyOOKOe IMOHUMAHWE SBJICHUS IepeodyueHus,
HeoOXOMMOe TIPU PEIIeHN TPUKJIAIHBIX 3a/1a9 WHTE/UIEKTYaJIbHOTO aHaJn3a, JIaHHbIX.
Bropas meib — nmokasaThb, Kak CO3JaéTCAd MaTeMaTUYeCKas TeOPHsd, BOBJIEYb CTY/IEHTOB
B 3TOT YBJICKATEJbHBIA TBOPYECKUI IIPOIIECC.

Kaxkaprit naparpad cooTBeTcTBYeT OJIHO# JIEKITUU, HO MOXKET COJEPXKATH IyTh 00JIb-
e MarepuaJia, YeM MOXKHO yCIIeTh M3JIOXKUTH 3a MOJITOpa daca. B KOoHIe OOJIBITUHCTBA
JIEKIUI umeroTcs yrupaxkaenud. J[s kak1oro ynpaxkKHeHus B CKOOKax yKasaHa OIeHKa
CJIOZKHOCTH. YTIPaxKHEHUs, TTOMEYCHHbIC 3BE3/I0UKO, ABJISIOTCA OTKPBITHIMU TTPObJIeMa-
MU HA& MOMEHT HAIMCAHUS MOCOOMA. DTO O3HAYAET, UTO OHU HAMOOJI€e MHTEPECHBI, XOTs
U He 00s13aTeJIbHO CJIOXKHBI — JI0 MHOTUX 3a/1a4 IIPOCTO He JIOXOJUIN pyKu. B KoHile HeKo-
TOPBIX JIEKIUI UMEIOTCS 33/ [aHusl JIJI BBIYUC/IUTEILHOIO TPAKTUKYMA.

Huke mpuBejiena cxema 3aBucuMocTn naparpados. JIeknu BepxHero psijia o0pa3yoT

OCHOBY KYypCa, HU2KHUE ABJIAIOTCA JOIIOJIHUTE/IbHBIMU.

D@D ® @ O-@
1l e 7
G-@ @

MaTepI/IaH CIIETIKYPCa OOHOBJIAETCA Ha CTpaHHuIle <<TeOpI/IH Ha,ZLé}KHOCTI/I O6y‘{eHI/IH 110

nperneenram (Kype Jsienmii, K.B.Boponios)» Buku-pecypca www.MachinelLearning.ru.
ABTop Oyzer paji JIOOBIM 3aMeYaHUsIM U MPEJJIOKEHUSIM, HAIIPABJIEHHBIM Ha email
voron@forecsys.ru.

Koncmanmun Boponuos,
mapm 2012 e.
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1 [Npobnema nepeobyyeHuns
n cnabasi BEpoOATHOCTHasi akCMoMaTuKa

MarmuaHoe 0OydeHne Win obyuenue no npeyedenmam —TO HayKa O TOM, KaK Ha-
YUIUTH KOMIIBIOTED peliaTh 3a/ia9y ITPOrHO3UPOBAHUS U IIPUHATHUS PEIIeHUl B YCIOBUIX,
KOTJia 3HAHMUI O MpeJIMEeTHON 00/1acTi He XBaTaeT sl IOCTPOEeHUs 0OOCHOBAHHBIX MaTe-
MaTHIeCKUX MOJeseil, HO 3aT0 MMEIOTCA 3HAUNTEIbHbIE MACCUBBI SMIIMPUICCKUX JTAHHbBIX.

Tunuasaelii npuMep — 381891 MEIUITHCKON JTHArHOCTUKN. 31eCh O/ JTAHHBIMH I10-
HUMAIOTCS 3JIEKTPOHHBIE ucTOpuu Oosie3uu. [aHHbie 00 OT/IE/IHHOM KJIMHUYECKOM CJIyYdae
BKJIIOYAIOT aHaMHE3, Pe3y/IbTaThl 00C/Ie0BaHn, Ha3HAYEHHbIE JIedeOHbIe MEePOIPUATHSI,
[IOKA3aTeIn Pe3yAbTaTUBHOCTH JIeUeHus, U T. 1. Tpebyercs MoCTpOuTh aJrOpUTM, KOTO-
PBIif HA OCHOBE UMeOIIeiicst mH(OPMAaIUA O HOBOM ITallieHTe MOI' ObI IIOCTABUTE TUATHO3,
PEKOMEHIOBATH JIEYeHNe MU MTPEJICKA3aTh NCXOJT 3a00/IeBanms. 3aa9a 00y ueHus no npe-
yedenmam 3aKJII0IAETCI B TOM, YTOOBI IIOCTPOUTH TaKOW aJrOPUTM Ha OCHOBE 00Yy4arou,et
6bL00PKU — COBOKYITHOCTH IIPEIEeHTOB, HAOIIOJABIINXCA B IIPOIILIOM, JIJIT KOTOPBIX IIPa-
BUJIbHBIC JIMATHO3BI (PEIeHNs], HCXO/IbI) Y7Ke N3BECTHBIL.

Jpyroit mpumep — 3agada kpedummoz2o ckopuHea. 3IeCh TPEeIeHThl — 9TO 3asBKH
Ha MOJIyJeHne KpenTa B OaHke. AHKeTHbIe JJAHHBIE 3asBUTE/sT BKIIOIAIOT: BO3PACT, IO,
obpa3zoBanue, mpodeccuio, craxk padbOThI, JOXOJ CEMbH, pa3Mep 3aJI0/XKEHHOCTeNl B JIpy-
rux OaHkax, Hajau4dne TeynedoHa, W T. . 3ajada COCTOUT B TOM, UTOOBI 1O OOydaroIieit
BBIOOPKE 3aEMIIUKOB C Y2Ke U3BECTHOM KPEeJIUTHON UCTOpHEil ITOCTPOUTh aJIrOPUTM, IIPe/I-
CKa3BIBAIOININ, Oy/IyT JIN Y JAHHOTO 3asIBUTEI MPOOJIEMBI ¢ TIOTAIIeHUEM KPeJIITa.

CymiecTByeT mpocToii aJropuT™M, KOTOPBIN BBIIAET MPaBUIbHBIE PeleHns /it 00b-
ekToB oby4Jaroreil BbiOopkr. OH cpaBHUBAET HOBBIN OOBEKT C KaxKIbIM U3 00YUIaronnx
00BbEKTOB, M B CJIydae IIOJHOTO COBIAJICHHUS BBIIAECT IPABUILHOE DPEIIeHHe W3 Tab/IUIbI
MCXOMHBIX JIAHHBIX, a BO BCEX OCTAJIbHBIX CIydasdX BHIOMpaeT ciaydaiinoe pemrenne. Taxkoit
AJITOPUTM CIIOCODEH OOYUINTHCS pa3Be UTO UT'Pe B «KPECTUKU-HONKN». B Oostee comeprka-
TEeJBHBIX 3ajladax JIJId YCIEHTHOTO OO0YYeHHsI BayKHO HE TOJIBKO 3allOMUHATH, HO U 0000-
maTh. CIIocoOOHOCTDH AJITOPUTMOB ITPABUIBHO HAXOAUTH OOIINE 3aKOHOMEPHOCTH 10 SMIIU-
PHYECKUM JIAHHBIM Ha3bIBAIOT 000bwatouseti cnocobnocmuio (generalization ability).

OcHoBHasg 3aJa49a Meopuu cmamucmueckozo obyqenua’ (statistical learning theory,
SLT) 3ak/rogaercs B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMYECTBEHHBIE
OTIEHKHU ODOOIIAIOIIEH CIIOCOOHOCTH U 3aTeM Ha MX OCHOBE KOHCTPYHPOBATH OOydaeMble
AJITOPUTMBI, HAJIEXKHO paboTaloliue BHE MaTepuasia 00y IeHus.

Ojina u3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOKHBIE OIEHKN, PACCUNTAHHBIE HA XYM CIydail, Ha IpaKTUKe MOI'YT IPH-
BOJIUTH K OMIMOOYHBIM pereHusAM. B JaHHOM Kypce JIEKIHil paccMaTpuBaeTcs HOBOE Ha-
npasyieare B SLT — komOuHaTopHasi Teopusi 0600mAioOeil criocoOOHOCTH, TTO3BOJIAIONIAS
6oJiee TOYHO OIEHUBATH BEPOSATHOCTD I1€PEODY ICHMS.

'Bropoe nazsanme — meopus evuuciumenvnozo obyuenus (computational learning theory, COLT).
Pazmmaus mexxry COLT u SLT nososbho yeaosabl. B wacraoctun, COLT Britouaer B cebst pobieMaTuKy
BBIUKMCJIUTEIBHON CJI0KHOCTH aJITOPUTMOB 00y YEeHMUSI.
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§1.1 OO6y4eHune n nepeobyueHune

[IycTh 3a/1aHO KOHEYHOE MHOXKECTBO 0ObeKTOB X = {m1,...,x}, Ha3biBaeMoe 2e-
HEPaNLHOT 6b100PKOTl; MHOKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCA AA20PUMMAMU,
n Oounapuas dyskmusa [: A x X — {0,1}, naseiBaemast unduxamopom owubku. Ecim
I(a,x) = 1, TO TOBOPST, 4TO AJITOPUTM @ OIMIUOAETCsI HA OOBEKTE .

Yucyio omumbok anropurMma a Ha Bhibopke X C X ecTb

n(a, X)=> I(a,z).

zeX

Yacmomot owubox anropurma a Ha Beioopke X C X Ha3bIBaeTCH OTHOIICHUE
v(a, X) = n(a, X)/|X].

3apayva oby4eHus no npeuepeHtTam. JlomycrtuMm, 9TO reHepasbHasi BhIOOpKa pasou-
Ta Ha JBe HoABLIOOPKH, X = X LI X. Beibopka X mamubl { HasbBaeTcsa nabarodaemol
Wi obyuarouets, 1jist 06beKTOB & € X M3BECTHBI 3HAYeHUs uHuKaTopa omubku I (a, ).
Bri6opka X JUIHHLI k HA3BIBACTCA CKPLIMOT WA KOHMPOALHOT, N Ha Hell 3HAUCHUS WH-
JINKATOpA, OMIMOKN HEM3BECTHBI. 3aJ/iada COCTOUT B TOM, YTOOBI HaifiTu ajroput™m a € A
C MUHUMAJIBHBIM YHCIOM ONIMOOK Ha TeHepaJsibHOI BeIGOpKe n(a, X), MOoIb3ysach TOIBKO
nndopmarmeit o HabogaeMoit BeiOopKe. /lannas 3aga4da B obmeM ciydae He ©MeeT TOY-
HOTO PEIeHNs], TOCKOJIbKY aJTOPUTM ¢ BBIOMpaeTCs 10 Herno Hoi nndopmarmu. [losromy
CTABUTCS 3a/1a4a MOUCKA MPUOJIMKEHHOTO PEIIeHUsI U OIEHUBAHUS €0 TOYHOCTH.

Memodom obyuenua® HaspBaeTca oTobpazkenne f1: 25 — A, KOTopoe MPOM3BOILHOI
obyuatoreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBIH ajroputm a = X u3 A.

Haubosiee ecrectBennast crparerus oOydeHHsS — HafTH aJropuTM, JOIMYCKAIONIN
HaMMEeHBIIIee IHCI0 OmmboK Ha obydaroreil Boioopke. O6osnadnm depes A(X) mogmmuo-
JKECTBO aJIFOPUTMOB @, HA KOTOPBIX 4ncjIo omubok n(a, X)) MUHUMAJIBHO:

AX) = Argmeifrlln(a,X) ={a € A:n(a,X) <n(d,X), Vd' € A}. (1.1)

Ecmn p X € A(X) s mo6oit obyqaroreit Bei6opku X C X, TO METOJ f1 HA3BIBACTCS
METOIOM MUHUMUSAUUY IMNUPUMECKO20 PUCKA.

Iepeobyuenrocmuio anropurma a npu pasomennu X LI X = X HasbiBaeTcs pasHocTb
9acTOT €ro oMmubOK Ha KOHTPOJIE U O0YUCHUN:

§(a, X) =v(a, X) — v(a, X).
Ilepeobyuenrocmoio MeTO/Ia (1 HA3BIBAETCS €00y IeHHOCTD aJllOpUTMa @ = (X :

6H(X) = 5(:“X>X) = V(:uXaX) - V(MXvX)'

2B aHTI0A3bIMHO# IMTEpATyPe MeTo/ 00yYeHN IPUHATO HAZLIBATD an20pummom obyuenus (learning
algorithm) [76], a amropurm a: X — Y — ruaccudukaropom (classifier), runoresoit (hypothesis), pera-
romeii dyukiwmeii (decision function), mu6o npocro dyuknueit (function). Tepmun «anropurm» B cMbIcse
orobpaxkennst X — Y ynorpebisiercst B paborax HayIHOI mkous! akajgemuka FO. 1. ZKypasaiésa [27]. Tep-
MUHBI «<METOJI» U <«AJITOPUTM», 0003HAUAIOIINE IIPOTIE/LyPY HOCTPOEHUsT (DYHKIIUNH ¢ 110 BHIDOPKE JTAHHBIX
yIOTPEOJISIIOTCS B OT€UEeCTBEHHOM JinTeparype Buepemexkky [11, 1, 29, 28].



I
o
I

S
=
Q
o
Q
3
Q
3

x
T2
T3
Tyq
Ts
Tg
T
g
g

X — nabsoaemast 00ydaromasi BBIOOpKa

X — ckpbITasi KOHTPOJIbHAS BBIOOPKA

HP—KOOOOOHOP—‘[\%
oo ok or&
Y e I=E=-E=E=E=1IS
== O R KRR OO
I—‘HO)—‘)—‘HOO)—‘I—\G%

O OO R OO, OO
OO DO OO OO
OO OO O o

T10

Puc. 1.1. IIpumep marpurnsr omubok, L = 10, D = 8, ¢ = k = 5. Ilokazano omnno
u3 Cir’o pazbuenuii BLIOOPKK HA HAOJIIOIAEMYIO U CKPBITYIO IMOJABBIOOPKHU. MeTom MuHm-
MU3BAIIH SMIIPUIECKOIO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISAETCH ePeodyIeHHBIM
OTHOCHUTEILHO JIAHHOMN Mapbl BBIGOPOK, npudéM 1pu Jiodom & € (0,1).

Ecmu 0,(X) > € npn nekoropom gocraroqno majuom ¢ € (0,1), To roBopsT, 4TO
METO/I [L nepeobyuaemcs Ha BbIOOpKe X .

MaTpuua owmnbok. Bunapublii BekTop-croaber d = (I (a,xi))le Oy/1eM HA3BLIBATDL GEK-
mopom owubok arropurma . COBOKYITHOCTD BCEX MOMTAPHO PA3INIHBIX BEKTOPOB OIMMOOK,
MOPOK/IAEMBIX ajroputMamu a € A, obpasyer mampuuy owubox pasmepa Lx D. Ctpokn
9TOIl MATPUILI COOTBETCTBYIOT O0BEKTAaM, CTOJIOILI — ajqropurmam. Hucsao crosbios D
MOZKeT ObITh MeHbIe |A|, Tak Kak pasaudHble aJrOPUTMBI MOTYT MOPOXKIATH OJIMHAKO-
BbI€ BEKTOPHI OMUO0K. MHOXKeCTBO aJiropuTMOB A BIIOJTHE MOXKET OBITH U OECKOHETHBIM,
OJTHAKO 9HCJIO [) TOMapHO Pa3/JNdHbIX BEKTOPOB OIMMOOK BCEr/ia KOHEYHO U He IPEBBI-
maer 2. B nanbHeiimem mMeHHO MATpPHUIA OMKOGOK C MONAPHO PA3IMYHBIMU CTOJIOIAMN
OyIeT Jijig HAC OCHOBHBIM OOBEKTOM HCCJIEIOBAHUS.

ITpumep 1.1. Marpuia ommbok Ha puc. 1.1 pazdbura Ha 00yJaIOIyI0 U KOHTPOJILHYIO
BBIOODKHU TaK, YTO aJrOPUTM @4, MUHUMU3UPYIOMINI SMIUPUYECKHUI PUCK, JIOIMYCKAET

OomuOKM Ha BCeX 00beKTaxX KOHTPOJIBHON BBIOOPKH. DTO U €CTh IepeodydeHne.

MozkHO TIPeIoIoKUTE, 9TO B JIAHHOM IIPUMepe repeodydenne OKa3aIoCh CJIe/ICTBU-
eM HEeyJIa9HOTO pa3dueHns BLIOOPKY Ha 00ydeHre U KOHTPOJIb. B 1asibHelinieM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X U MeTO/T
0Oy9eHNUd (i, ¥ HEe 3aBUCHAT OT caydaiinoro pasomenms X, X.

3apaun knaccucmkaumm n BocCcTaHoBAeHUst perpeccuun. Jlomycrum, 910 KazKI0My
obberty x € X coorBercrByer npasusvhuiti omeem y(xr) € Y. @yuknns y: X — Y Hazbl-
BaeTcs yenesol sasucumocmouio (target function).

B kauectBe asrzopummos OyjieMm paccMaTpuBaTh (PYHKIIUU TOTO Ke BHJA a: X — Y,
Joryckaromie 3hGeKTUBHYIO peaan3aliiio Ha KOMIIBIOTepe.

B kagectBe MHOXKecTBa A galre BCero 3aaéTcs HEKOTOPOE IMapaMeTpuIecKoe cemeti-
cmeo anzopummos A = {p(x,0): 0 € O}, rie ¢: X x O — Y — duxcupoannas dpyHK-
1usi, © — MHOXKECTBO JIOIYCTUMbBIX 3HaUYeHUI TapamMeTpa #, Ha3bIBaeMOe npocmpaHcmeom
NapaMempos Wil npocmpaHcmseom noucka (search space).
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B kauectBe undurxamopa owubru BozbMéM Omnapuyio dysakmmio [: A x X — {0, 1},
paBHyto 1, Korja mpejickazanue a(r) CyIMECTBEHHO OTJIMYAETCsI OT MPAaBHJIBHOTO OTBE-
ta y(x). NHauKaTop onmbKI MOKET OINPEIeNsIThCs MO-PA3HOMY B 3aBUCHMOCTH OT TIOCTa~
HOBKH 3812491, TJIABHBIM 00Pa30oM — OT HPUPOBI MHOXKECTBA JOIYCTUMBIX OTBETOB Y.

B sagauax xaaccudurayuy, MHOXKECTBO KIaccoB Y KOHEUHO, U MHIMKATOD ONIMOKH
Jalre BCero 3a/1aéTcd B Buje’

I(a,z) = [a(z) £y(x)], z€X, acA

B sajauax soccmanosaenus peepeccuu U MHOTHX 3ajadax npoznoduposanun Y = R,
U BeJIMYUHY OIMMOKH MPUHSATO XapaKTephu30BaTh HENPEepPbIBHON ¢ynkuyuetd nomepv (loss
function), nanpumep, ksagparuunoit: £ (a,z) = (a(z) — y(x))z. Tem me MeHee, MOXKHO
onpeJesATh U GuHApHBbIE (DYHKIMH TI0TePhb, HATIPUMED,

I(a,z) = [la(z) —y(z)| = o(z)], z€X, aecA,

rjge o(x) — TOPOroBbIil YPOBEHB, BBINIE KOTOPOIO OTKJIOHEHHE CUUTAECTCH OITHOKOI.
SameTnM, 9YTO OMHAPHAs (DYHKIINA IOTEPD ABJIETC pobacmHot, TO €CTh HeIYBCTBUTE b
HOM K 6610pocam — OOJIBIINM OTKJIOHEHHAM OTBeTa ajaroputMa a(z) or ucTuHHOrO Y(1).

IIpumep 1.2. Ilycrb oObeKTaMu $BJIFIOTCSA N-MEpHBIE YUC/IOBBIE BEeKTOpbI, X C R™.
O6oznaunm uepes (£, 0) = &101 + - -+ + £,0,, ckansipHoe TpousBejieHne BeKTOPoB B R™.
Jlunetinvie cemeticmea ar20pummos ONPEeIesIAIOTCA CAEIYIOMUM 00Pa30M:

A = {a(x) =sign(z,0) : § € R"} — nua sana1 knaccudukamun, Y = {—1,+1};
A= {a(x) = (z,0) : § € R"} — nna sazau Boccranosnennus perpeccun, Y = R.

JIMHEeNHbIN aIropuT™ KJIaCCU(UKAIIINYT TIPEJICTaBIAET COOO0M TUIIEPIIOCKOCTD ¢ HAIIPABJIs-
IOIIIM BEKTOPOM 0, pa3ie/Isiioly o MpOCTPAHCTBO Ha JiBe 001acTh — Kjaacchl —1 m +1.

B Teopun nepeobytienus MOHATHE «aITOPUTMa» MOYKHO He KOHKPETU3UPOBATH, IIPE/T-
HoJtaras JINIb, 97O 9TO HJIEMEHTHI HEKOTOPOro abcTpakTHOro Muokecta A. ['maBroe, 1To-
OBI I JTIOOOTO aJITOPUTMa @ OBLIAa BOZMOXKHOCTH OIPEJIC/IUTD, JIOMYCKAET JIN OH OIHOKY
Ha oO0bekTe . Takoe MOHMMaHIE «AJTOPUTMa» C OJHOW CTOPOHBI PACIIHUPSIET KJIACC PAc-
cMaTPUBAEMbBIX 3a/1a, HO C JIPYTOil CTOPOHBI OPAHUYUBACT €r0 TEMH 3a/[adaMi, B KOTO-
PBIX BazKeH JIMIIh (akT OMUOKN, HO He BaxKHa BesimdnHa oTkjonenus |a(z) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npusesién npumep 3a/1a4u KjiaccuuKaIlum ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu sBistioress L = 10 TO9eK MIOCKOCTH, IO 5 0ObEKTOB B KAXKJIOM
KJIacce, aJrOPUTMAMK — BCEBO3MOYKHBIE PA3/IEISIOINIe MPSIMbIe, TO €CTh B JIAHHOM CJTy-
qae A —9T0 ceMeiicTBO aunelinnr kiaccuguramopos. B marpuriie ommbOK COMEPKUTCA
OJIUH HYJIeBOI cToJiber (0ObeKThI Pa3IessoTcs IpsMoil 6e3 omuboK), 5 cToIbIoB ¢ OJ1-
HOIT OIMOKOIA, 8 CTOJOIOB € JIByMsI OMINOKAMM, U T. 1.

SKpapaTabie CKOGKH TIEpeBOJIAT JIOTHYECKOe 3HAadYeHme B dmcjopoe: [moxb] = 0, [mctuna] = 1.
Dro o¥eHb HpakTUUHOE 0603HAYEHUE, HA3bIBaeMoe Homayuel Adsepcona [20].
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Puc. 1.2. [Ipumep MaTpuiipl ormmodOK, MTOPOKIAEMON CeMeCTBOM JIMHEHHBIX aJIrOPUT-
MOB KJyaccudukanun Ha BbIOOpKe mamabl L = 10, comep:karreit 5 00bEKTOB OJHOIO
KJtacca u 5 Broporo. Ha Tpéx rpadukax BBepXy MOKa3aHbI BCE aJrOPUTMBI C MOTAPHO
Pa3INYIHBIMU BEKTOPAMU OIIHOOK, C 9HC/IOM OIMUOOK, COOTBeTCTBEeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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Puc. 1.3. Basucumocrs v(puX, X) or v(pX, X) s 3a1a4u IpOrHO3UPOBAHUS 0TI~
JIEHHOI'O Pe3yJIbTaTa XUPYPrUIeCKOro JIEUeHIs ATEePOCKIEPO3a.

[Ipu periennn NpUKIaIHBIX 3a/1a4 IIepeodyIeHre HaOII0IaeTCd TPAKTUICCKH BCETIA.
Bennunna nepeoOydeHHOCTH MOYKET OKa3aThCd KaK IMPUEMIEMO MaJIoil, TaK U HellpueM/ie-
MO OoJibImoi. i yipaBjeHus poreccoM o0ydeHusl XOTeJ0Ch Obl MMETh TOYHbBIE KOJIU-
YeCTBEHHbIE OIEHKH 11ePe00yIeHHOCTH.

IIpumep 1.4. Ha puc. 1.3 Touykam COOTBETCTBYIOT &JI'OPUTMBbI, TOCTPOEHHbBIE PA3TUIHbI-
MH MeTOJaMu OOyUeHUs 110 OJIHONW M TOH Ke BBIOOPKE B 3ajade MPOrHO3UPOBAHUS OT/Ia~
JIEHHOTO PE3yJ/IbTaTa XUPYPrudecKoro jgedenns arepocksaeposa. OObekTaMu x; SBJISIOTCA
onucanust GOJIbHBIX JI0 TIPOBEJIEHUs ONePAIUH (JJAHHBIE TEMOJANHAMUKU U UMMYHOJIOTHYE-
ckoro obcreoBanns ); oTBeThl y; € {0, 1} KomupyroT pesyabrar JIeueHnst 9epes3 ToJl IOCIe
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onepanun: 0 — ycrex, 1 — pecreHo3 IIyHTa W IMOBTOpHas oreparus. [lo ropusonTabHOI
OCH OTJIOXKEeHa TacTOoTa OIMINOOK Ha 00yYeHUH, 110 BEPTUKAJIbHON — Ha KOHTpoJe. HabJro-
JlaeTcs CUCTEMaTUIecKoe CMeIleHne TOYeK IrpadruKa BBEPX; MOUTH BCe TOUKHU JIEYKAT BBIIIIE
OUCCEKTUPUCHI. ITO U €CTh I1epeodyIeHne.

OcHoBHast 33/1a9a CTATUCTUIECKOTO 00y YeHUST 3aK/TI0UAETCS B TOM, 9TOOBI 110 HADJTIO-
JlaeMoii obyuarorell BEIOOpKe HailTh B A ajqropuT™, KOTOPBIN JIOMYCKaJl Obl KaK MOYKHO
MEHBIIIE OMMMOOK HA CKPBITOI KOHTPOJIBHBIN BBIOOPKE. BOMpPOC MOYKHO CTABUTH U TaK: Ka-
KHMHI CBOHCTBAME JIOJIZKHBI 00JIaIaTh MHOXKECTBO aJrOpuT™MOB A u Meros oOydeHus fi,
4TOOBI BEPOATHOCTH IepeodyUeHusl Oblia MUHUMAJILHON! YTOObI MOJIyIUTh OTBET, HEOO-

XOOAUMMO CHaYaJla YTOYHUTDL, B KaKOM CMBICJIE 31E€Ch ITIOHUMaETCAd «BEPOATHOCTDL>.

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKA

OcHoBHasa akcuoma. Byrnem mosaratsh, 9T0 00BEKTH KOHETHOTO HEC/TYIatHOTO MHOMKE-
cTtBa X TOSIBJIIOTCS B CJIyYailHOM TOpsiKe, MpUIeéM Bce L! mepecTaHOBOK reHepasibHOI
BBIOOPKHN X PABHOBEPOSTHBI. DTO MPEJIIOIOKEHUE Mbl OyIeM HA3bIBATEL CAAO0U (UAU nepe-
CMano604HoTl) 6epoAMNOCMHOT akcuoMamukol. JIpyrue BEpOsITHOCTHBIE TIPE/IIOIOKEHNUST
HaM He ITOHa100saTcs. [lamee MbI yBHINM, UTO OZHOTO 9TOIO YK€ BIIOJIHE JTOCTATOTHO JIJIsI
MTOJTy9€HUsT MHOTHX (DYHIaMEHTAJIBHBIX (DAKTOB TEOPUN BEPOATHOCTEN, MaTeMaTHIeCKOi
CTATUCTUKU, TEOPUN CTATHCTUICCKOTO OOYIEHUSI.

Ob6osnauuMm 4depes Sy, IpyIILy BceX IMepecTaHOBOK L sjeMeHTOB. BeceBo3MoOXKHBIE T1e-
peCTaHOBKHU I'e€HepaJIbHOI BBIOOPKH OyaeM 0003HaYaTh depe3 TX, T € Sp.

Onpenenenne 1.1. Ilycrs sajan npesuxar: X2 — {0,1}. Eco (7X) = 1, 1o 6y1em
TOBOPHUTH, 9TO COOBITHE 1) MPOHU3OIILIO Ha IMEePEeCTAHOBKe TX. Bepoammocmuio cobvimus, 1)
HA3bIBACTCS JIOJIST IEPECTAHOBOK TX., HA KOTOPBIX OHO MPOU3OIILIO:

P.4(1X) = % > U(rX). (1.2)
" resy

B cnaboit akcrnomaruke BEpOSTHOCTb COOBITHS 3aBUCUT OT COCTaBa OOBEKTOB I'e€He-
paJbHOI BRIOOPKHU X, HO HE 3aBUCUT OT IOPsIKa UX nepeduncsenns. OyHKIMsS pacipe/ie-
JIEHUsI ¥ MaTeMaTHIecKoe OXKHJIaHUue TaKKe 3aBUCIT OT BHIOOPKM.

Onpenenenne 1.2. Ilyers &: XP — R — pemecrsennas ¢pyurmms. Pynxyueti pacnpe-
denenus BesmrduHe! § Ha BbIOOpKe X OyzeMm HasbBarh Qynknmo Fg: R — [0, 1] Buga

Fi(z) = P, [6(rX) < 2]. (13)

Omnpepenenne 1.3. Mamemamuneckum osrcudaruem seamaunsr &: X — R Ha BbIGOD-
Ke X OyzieM Ha3bIBaTh €6 cpejHee apu(pMeTHIECKOoe 110 BCeM IIepecTaHOBKAaM T:

(%) = =1 3 €(7X). (14)

TEST,
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Bamerum, uro 3Haku P, u E. MOXKHO mOHMMATH Kak OIEpaIuio cpejHero apudme-

TUYIECKOI'o 110 BceM IiepectaHoBkam: P, = E, = % >, To ecTh B ciaboil aKCHOMATHKE
TESL

BEPOSTHOCTH M MaTeMaTHIeCKoe OXKHUJIaHue (DOPMAIBLHO OIPEIEIAI0TC OTUHAKOBO.
BepositTHoCcTb Kak ponst pa3bueHuini reHepasnbHoi BblboOpku. Ilycrs mnpemukar
o(X, X ) siBsiercst dyukimeit moaBeioopkun X C X, eé j10mo/iHeHus X=X \ X, u ne 3a-
BHCHT OT IOpsKa 3aeMentoB B X u X. IlockoinbKy BbiGopka X (bUKCHpOBaHA, BTOPOi
apryMeHT jioroBopuMcs onyckath, p(X) = (X, X). Torma eeposmmnocmy cobvimus
OTIpeJIeISIeTCST KakK doasA pas3bueHuti TeHePaTbHOM BBIOOPKU:

Po(X) = % > elx),

L xex)e
rae [X]¢ — MHOMKecTBO Beex (-3/1eMEeHTHDIX TIOIMHOKECTB I'eHepa/IbHol BIGOPKH X.

OMnupuyeckme oueHKN BeposiTHOCTWU. HemocpegacTBeHHOE BBIUNCCHNE BEJTMIUHDI
P ¢(X) kak o/ pazbuenuii BO3MOXKHO TOJBKO IPU HEOOIbINX 3Hadennsx ¢ nim k. B tu-
IUYHBIX Clydadx uncio pasouennit C' orpomuo. [Tpubmurkénnoit onenkoit s P o(X)
ABjigeTcs cpejiHee 1o Hekotopomy nopmuoxkectsy N C [X]¢ BbiGopox jymHb £, He comuti-
KOM OOJIBITOMY, ITOOBI CyMMa BBIYHC/ISIACH 38 MPUEMJIEMOE BPEMsI, HO U HE CJIUIIKOM
MaJIEHBKOMY, YTOOBI MPUOINKEeHNe ObLIO JIOCTATOYHO TOYHBIM:

~

Py(X) = ﬁ S (X).

XEN

Hamee cumBosiamu P u E Gyjier obo3HadaThes onepalius yCpeHeHUs 110 HEKOTOPOMY
OIMHOXKeCTBY pasbuenuii N. Ecim momMaOXKecTBO BBIOOPOK N BBIOMpPAETCS CJIyUIaiiHO
U PaBHOBEPOSATHO, TO MOBOPST 00 oreHke memodom Morwme-Kapao.

§1.3 BeposTHOCTb NepeobyyeHus

Beposmmnocms nepeobyuerus onpesesiercst Kak JoJs pasouenuii BHIGOPKHU, IPH KO-
TOPBIX 11epeodyIeHHOCTH d,, (X ) mpesbiraeT 3agannblil opor € € (0, 1):

Q- = Q:(1,X) =P[0,(X) = ] =P[r(pX, X) —v(pX,X) >¢. (1.5)

Hapsiny ¢ (). MOXKHO TakzKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDL OULUOOK
Ha, CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(10,X) = P[v(uX, X) > ¢, (1.6)

a TaKzKe OXKIJAEMYIO 9acTOTy OIMUOOK Ha KOHTPOJILHOI BLIOODKE, HAZBIBACMYIO TOAHbIM
cronvsawum konwmponem (complete cross-validation, CCV) [92]:

C=C(u,X) = Ev(uX, X). (1.7)

Bamernm, aro CCV gpisiercs MaremaTiaeckuM oxupanuem, a (1 — R.) — dbyHkimeit
pacnpeienenus caydaiinoit Bemmaunn v(pX, X).

OyuknnoHa bl ()., R. m C xapakTepusyioT 00O0OIIAONLYI0 CIOCOOHOCTL METOIA [l
Ha BbIOOpKe X. VX onennBanme OyeT OCHOBHOM 3ajadeil Ha MPOTSKEHUN BCEro Kypca.
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Ob6pauenue ouyeHok. [Tycrs Q). < 71(e) — BepxHsisl OllEHKA BEPOSTHOCTH MEpEOOyYeHU s,
dbyukIws n(e) meorpuraTenbHasi, yobBarorias u umeet obpatayto £(n). Torna n(e(a)) = «
st mo6oro « € [0,1]. Cneoparesnsno, P[4, (X) = (n)] < 7, u nama Bepxusis oreHKa Mo-
KeT ObITh nepedOpMyINPOBaHa B 9KBUBAJIEHTHOM BHJIE: C BEPOSTHOCTHIO He MeHee (1 — 1)
CIIpaBeI/InBa BEPXHssA OLEHKA JaCTOTHI OMIMOOK Ha CKPBITON BBIOOPKE:

v(pX, X) < v(pX,X)+e(n). (1.8)

[TapameTp € HA3BIBAIOT MOUHOCTVIO, & 1) — HAJEXHCHOCTBIO OTIeHKH [8].
Ananornyno, ecm HaiijieHa Bepxuss orenka R. < n(e) u e(n) — dbyuxiwms, obparHast
K 7(€), TO ¢ BEPOATHOCTBIO He MeHee (1 — 1) crpaBejyinBa BePXHsIsl OICHKA

v(uX, X) <e(n).

Uraxk, obparienne BepXHUX OIEHOK (). win R, J1aéT BepXHue OIEHKN YaCTOTHI OIMTUO0K
Ha KOHTpoJste. Tereph BMECTO MUHUMH3AIME SMIHPHIECKOr0 pucka v(a, X ) MBI MOXKEM
MUHUMHU3IPOBaTh OneHKy (1.8), KoTopas oTam9Iaercst OT SMIUPHIECKOTO PUCKa, HAJTTIHEM
JonoTHITEIbHOTO ctaraeMoro €(n). Tem cambiM Mbl haKTHIECKH MEPEXOIUM K HOBOMY
MeTo Ly 00yueHust 4/, KOTOPBIA IBITAETCS ONTUMU3UPOBATH OOOOINAIONLYIO CIIOCOOHOCTD.
DToT 1puém ouenb Baken B SLT, Tak Kak oH yKa3bIBAET IIyTh IPAKTUYECKOTO TPUMEHEHUST
TEOPETUIECKUX OICHOK BEPOSTHOCTH I1€PE00YICHMUSI.

Y100Bl IpUMEHEHHe TOr0 TpHéMa OBbLIIO KOPPEKTHBIM, oreHka (1.8) mokHa BbI-
MOJTHATHCSA He JIJI KAKOI'0-TO OJIHOTO MeToja OOyYeHUs [i, & JJIs JIOCTATOYHO MTNPOKOTO
KJIacca MeTOJIOB, B KOTODBI JIOJI?KEeH HONacTb U HOBBIA Meroj i/ B jekiuu 5 Mbl pac-
cmoTpuM oreakn Bamnnuka-YepBonenkuca, cripaBe/yiuBbie 0454 4100020 METOJIa 00y IeHUs.
K coxasennto, 3a yrpoineHne mocTaHOBKHU 33191 TPUXOUTCS TIATHTH 3aBBITIEHHOCTHIO
oreHoK. PazobpaBiinch B NPpUYUHAX 3aBBINIEHHOCTHA, MbI IOCTPOUM 0o0Jiee aKKypPaTHYIO
KOMOUHATOPHYIO TEOPUIO, B KOTOPOi oneHK: Buja (1.8) BBIBOIATCS sl CIEIUATBLHOTO
KJIacca MOHOMOHHBLL MeModos 0byuenus. DTO OyJIeT cle/aHo B JIEKIu 9.

MozkeT BOBHUKHYTH BOIIPOC — 3ad€M HUCIOJIb30BATH O0PAIIEHIE BMECTO TOTO, ITOOBI
[IOCTYIHUTD MPOIIE — MUHUMHU3UPOBATH HEIIOCPEICTBEHHO OXKUJIAEMYIO YaCTOTY OIMUOOK
Ha KouTposie (1.7). Teoperndeckn, npenmyinectBo omneHku (1.8) B TOM, 9TO OHA SIBJISIETCST
JIoBepuUTeNIbHON orenkoit. [Ipu 1, nocraTouno 6JM3KNX K HYJTIO, OHA YIUTHIBAET HE TOJTHKO
cpejiHee 3HAYEHNE YAaCTOTHI OIMMOOK Ha KOHTPOJIE, HO U Bejinuuny e€ pazdpoca. [Ipu n = %
OHA TIEPEXOUT B MeJUAHHYIO 0UEeHKY, KOTOpasl, KAK MPABUIO, MAJIO OTJIMIACTCA OT OXKIU-
JaeMoii gacToTsl ommboK Ha KonTpose. IIpakrudeckoe npenmymiecrso (1.8) mepex (1.7)
He OYEBWJIHO M JIOJZKHO MPOBEPATHCA B SKCIIEPUMEHTaX, B TO K€ BPeMs, HeIOCTATKOM
MOKET OBITh BBIYHC/IUTEIbHAsT Hed(DDEKTUBHOCTD OIepaIlii OOpAIeHN.

Ckonb3sawmii KoHTponb. B mammmaHOM 06yYeHUN OIEHKY EV(/LX , X)) 10 TOIMHOYKECTBY
pas30ueHnit HA3BIBAIOT OIEHKOW CKoab3Ause2o konmpoas (cross-validation, CV). Eé uc-
ITOJIB3YIOT JIJIsl SMITMPUTIECKOr0 M3MepeHusi 0000Iaoeil crrocoOHOCTH, KOT/Ia TeopeTutie-
CKI€ OIeHKH 000DIAIOIIEH CIIOCOOHOCTH HEe N3BECTHBI UK HEJI0CTATOIHO TOYHBI. CKOIb34-
Uil KOHTPOJIb ABJIAETCs fe-(paKTo CTaHIAPTHON MEeTOINKON TeCTUPOBAHMS U CPaBHEHUSI
AJITOPUTMOB MAIITMHHOTO OOYIeHHSI.
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O npeapaccygkax v nepeobyveHun. Ilepeobydenne — 310 Ype3MepPHO TOUHAS IIOATOH-
Ka aJI'OPUTMa @ 110 KOHKPETHYI0 O0ydJaloniyio BbIOOPKY X B yiiepbd ero obobujaroueti
cnocobrocmu. OXKUIAETCH, ITO METOJI [ OOHAPYKUT HEKOTOPBIE O0IHe 3aKOHOMEPHO-
CTU TeHePAJILHON BBHIOOPKHU X, HO OH HAXOJIUT JIOZKHbIE 3AKOHOMEPHOCTH — npedpaccyoxu,
CJyYaifiHO MPOsIBUBIIHUECS HA OTHOCUTEHHO Hebosibmioil moaseibopke X C X. I[lonsgrue
«Ipeapaccyikay obu10 BBesieno M. M. Bonrap/iom B 3naMennToit kuure «IIpobjaembr y3na-
BaHUsi» |5, 0 cux mop He TepsIoNel CBOell akTyasbHOCTH. BOHTraps He JaéT cTpororo
OTIPeJIeJIEHNS] TTPEIPACCYIKA, OIPAHNYINBASCEH CJIELYIONTUM TTPUMEPOM.

«IlycTb vesioBeky, He 3HAIOIIEMY HUA UTAJILSIHCKOTO, HI UCIIAHCKOT'O A3bIKOB, TOKA3a 1
CTONKY UTAJbLIHCKUX U CTOIKY MCHAHCKUX KHUT W CKa3aJd, 9TO 3TO O0BHEKTHI, COOTBET-
creenno, | u II kinaccos. Bo Bpemst moncka JI0CTATOYHBIX IPU3HAKOB 9TOT Ye/I0BEK (HUYe-
r0 He 3HAIIUH 06 MCTHHHOM HPUHIIAIE JIeJIeHNsT Ha KJIacchl) OyaeT mpoBepsaTh dhopMar
KHUT, YUACJIO CTPAHUIL, pa3Mephl MPpudTa, YETKOCTb evYaTh, TBEPJIOCTH MEPENIETa, IIBET
obmoxkku, u T.1. U eciin eMmy j1aiu HEOOJIBIIOE YUCIO0 KHUT KaXKJIOrO KJiacca, TO BeChbMa
BEPOSITHO, YTO OH OTOEpPET JIOXKHBIE MPU3HAKU (y HEro MOSBATCH Mpeipaccyiku). Eem,
HaIpUMep, CJIYUUIOCH, 9YTO BCE UTAJTbAHCKIE KHUTH ObLIN IEePeIIeTEeHbl, & CPEJIN UCIIaH-
CKUX HaIJIUCh JBe 0e3 Meperiéra, TO y YeJ0BeKa MOYKET CO3JaThbCs IPEIPACCy/IOK, ITO
OTCYTCTBHE TIEPEIIETa CBUJIETETLCTBYET O MPUHAJJIEXKHOCTH KHUTH K KJtacey 1.

[TycTpb wesoBeky mokazaJid npu 00ydIeHUU OOJIBINOe YUCI0 KHUT KaXKJIOro KJacca, W
OH pernm oTbUpaTh TOJHLKO NMPU3HAKU, XapaKTepPU3yIolne MHOTO KHUT. B 3ToM cirydae
BEPOATHOCTH TOT'O, YTO, HAIIPUMED, CBOMCTBO TePeIIéTa 0TOEPETCI B KAUeCTBE MOJIE3HOTO
npusHaka, oyjer maja. To ke camoe MOXKHO CKa3aTb U O JIIOOOM JIPYTOM IPEIPACCy/IKe
(Tosmmune Kuuru, hopmare u T. 1.). [TocMoTpuM, 4T0 TPOU3OHIET, €CIIHU YeIOBEK MepeiiIéT
OT MPOBEPKHU TAKUX MPOCTHIX MPU3HAKOB K CJIOXKHBIM, COCTABHBIM Ipu3HakaM. OH MOKeT
[IPOBEPUTDH PA3HOCTD YHUCJIa CJIOB Ha YETHBIX U HEYETHBIX cTpanuiiax. Vam Ty ke pa3sHocTb
Ha JBaJIIIaTh BTOPOI 1 JiBeHa IaToi crpanunax. Vn npoussejienne cpejHeii JIIuHbl abd-
3alla Ha Ha YUCJIO CTPAHWI], HAUYMHAIOMMXCA ¢ ad3arna. Vi JacTHOe OT JesleHns ducia
TOYEK Ha BBICOTY IMIpUdTa U T. 1. BEposaTHOCTD TOro, 4T0 KarKJbIil TAKOI IIPeIpaccy 0K
BBIJIEPZKUT TPOBEPKY, MaJjia. HO C/I0XKHBIX MPU3HAKOB CYIIECTBYET YPE3BBIYAHO MHOTO.
[TosToMy MOXKET CJIyYUTHCS, YTO, HECMOTPS HA MAJIYIO BEPOSITHOCTH OTOOpa KaxKJI0ro 3
HUX, MATEMATUIECKOE OXKUJIAHIE TUCIa OTOOPAHHBIX MIPE/IPACCY/IKOB OKaYKEeTCd OOJIBIIIM.
A 3T0 03HaYAET, YTO MAMATh HAYHET 3a0MBATHCA MPEIPAcCyIKaMu. Takum obpazoM, “6o-
raThlii BLIOOP” HE TOJILKO yBEIUYIUBAET BO3MOYKHOCTH OOydYaeMOil MalllMHbI, HO U IPEBAT
MOSABJIEHUEM TIPEJIPACCY/IKOB. »

Taxum odpaszom, yxke B cepeuie 60-X TOJ0B U3 OIBITA PEIICHUS MPAKTUIECCKUX 3a/1aM,
Jla ¥ IIPOCTO W3 OOMIMX cOOOparKeHnil, CTAIHN sICHBI JBe OCHOBHBIE 3aKOHOMEPHOCTH TIepe-
00ydYeHMs: OHO YMEHBIAETCs ¢ POCTOM JIJINHBI BBIOOPKU U YBEJIMINBAETCSH C POCTOM CJIOK-
HocTH cemeiictBa ajropurmoB. B konre 60-x rogos B. H. Bamnuk u A. 4. Yeponenkuc
BIIEPBBIE TPEJIOKUIIN KOJINIECTBEHHOE OIICAHNE STUX 3aKOHOMepHocTedt |9).

Bostee Tounyio mHTepnperanuio mnepeoOydeHus JaéT CJIEeLYIONINi MbICJIEHHBIH 9KC-
nepuMenT. [lycTh 3a71aH0 KOHEUHOE MHOXKECTBO M3 [) aJrOpUTMOB, KOTOPBIE JIOMYCKAIOT
Ha TeHepasIbHOil BIOOpKe X OJIHO M TO K€ YHCJIO OIMUOOK 1M, HE3aBUCUMO JIPYT OT JIpyTa.
YucJto ormubox 10000 U3 3TUX aJropuTMOoB Ha 00y datomieil BHIOOpKe X MOIIMHAETCs 0/
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HOMY W TOMY K€ PacIpe/e/IeHIIO (TUIIEPreOMeTPUIECKOMY, KaK Oy/IeT MOKa3aHo JaJiee).
Buibupast ajroput™ ¢ MUHIMAJIBHBIM YUCIOM OITUOOK § Ha 00ydaroIeil BLIOOPKe, Mbl (haK-
TUYIECKU HaXOUM MUHUMYM U3 [ HE3aBUCHUMBIX OJMHAKOBO PACIIPEIE/TEHHBIX CJIYIailHbIX
BesimauH. MaremaTndeckoe OxKujlaHne MUHUMYMa yMeHbImaeTcs ¢ pocrom unciia D. Cire-

JIOBATELHO, NEePEoOyIeHHOCTD § = =2 — § = 2t — sgik yBeJIMIUBaETCd ¢ pocToM D).

DTH PaccyKJeHNsT OCTAIOTCS B CUJIE U B OOINEM CjIydae, KOT/ia ajrOPUTMbI HE SIBJIs-

FOTCsT HE3ABUCUMBIMU W JIONMYCKAIOT Pa3IndHOe 9rcyio omuOok. [Ipu srom mpossisiores
JIBe JIOTIOJTHUTEJIbHBIE, O0JIee TOHKNE, 3aKOHOMEPHOCTH TIepeolyYeHMs.

[IepBas 3aKOHOMEPHOCTb OTHOCHUTCs K TAKUM CEMeNCTBaM aJIrOPUTMOB, KOTOPbIE Pa3-
OMBAIOTCA Ha CA0U IO YHUCJIy OMUOOK 1M UM COMNEPYXKAT OTHOCUTEIHLHO HEOOJIBIIOE UHCJIO
XOPOIIUX AJTOPUTMOB B HIKHHUX CJIOSIX C MAJIBIM 1 ¥ OTPOMHOE KOJIMIECTBO TIJIOXUX AJl-
TOPUTMOB B BEPXHUX CJIOAX ¢ 6OIbINM m. VIMEHHO 3Ta cuTyarust Jaie Bcero HabJ Tio1aeT-
cd Ha TPaKTHKe. XOPOIIUe aJrOPUTMbI UMEIOT OOJIBIIIE MAHCOB MOIYYUTh MIHIMAJILHOE
YUCJI0 OMUOOK Ha 0Oydarolell BLIDOPKe, B pe3y/IbTraTe MeTo/[ 00yueHus: BbIOUpaeT uX ro-
pasgo uaie. [Lnoxue ajropurmbl, HA0OOPOT, MOYTU HUKOT/A HE BHIOUPAIOTCS, U B IEPBOM
IPUOINKEHIH MOXKHO T10JIaraTh, 9TO UX B ceMeiicTBe BoobOIe HeT. Takum obpasom, paccao-
eHue ceMeicTBa aJITOPUTMOB CIIOCOOCTBYET YMEHBITIEHUTO ero «3(h(MEKTUBHON CIOKHOCTH
U CHIZKEHUIO TIepeodyIeHus.

Bropast 3aKOHOMEPHOCTL OTHOCUTCH K TAKUM CEMEWCTBAM aJI'OPUTMOB, KOTOPBIE
COJIEP2KAT MHOIO TOXOXKHUX aJTOPUTMOB. DTa CUTYyalldsl TaKyKe OYEHb PACIPOCTPAHEHA
Ha npakTuke. JlomycTtum, ceMeficTBO ajqropuTMOB KJIAcCU(MUKAINT 3a1aéTcsd (pyHKIUEH
o(z, 8), nenpepsiBHOii 110 Tapamerpy . Kaxomy 3Hadennio § coorBeTcTByeT HEKOTOPBIi
BeKTOp ommoOoK. [Ipu HenpepniBHOM m3Menenuu € BeKTOp OMMUOOK cHada a OyJIeT ocTa-
BaThCs TE€M 2Ke, IIOTOM U3MEHHUTCsSI, CKOpee BCEro, TOJIbLKO Ha ojiHOM obbekTe. Hampumep,
JIBUTAsT PA3JIEJISONTY 0 THIIEPILIOCKOCTD JIMHEHHOTO KJtaccuuKaTopa, MbI IIOCIEI0BATE b
HO TIPOIIEM depe3 Bce TOUKM BBIOOPKH, IEepeceKas UX IO OJIHOM, 3a MCK/II0YeHneM, ObITh
MOZKET, PEJIKUX OCOOBIX MOJIOZKEHUI TUIEPIIOCKOCTH, IPU KOTOPBIX OHA MPOXOIUT CPa3y
qepes JiBe Wi 0ojiee TOUeK, CM. puc. 1.2. AJIropuTMbl, BEKTOPBI OMMUOOK KOTOPBIX OTJIH-
YAIOTCs TOJILKO HA OJIHOM 00'beKTe, Oy/IeM HA3bIBATH c8A3HuMU. [lobaBienne B cemeiicTBO
AJITOPUTMa, CBSI3HOTO C JIAHHBIM, TIOYTH HE YBEJIUINBAECT CJIOKHOCTH CEMENCTBa, TaK KakK
9TO «IIOYTH TOT 7K€ CAMBIIl aJITOPUTM». Takum 00pasoM, c6A3HOCMb CeMecTBa TaKKe CIT0-
cODCTBYET YMEHBIIEHUIO ero «3(PEKTUBHON CIOXKHOCTH» W CHUXKCHHIO TIePeoOyIeHUS .

B seknusax 6-11 6yzer nokazano, 4To 3h@PeKThl PACCIOEHU U CBA3HOCTH CHUYKAIOT
epeodyUeHne, a uX COBMECTHBIN YUET PaJIMKAILHO YJIYUIIAeT TOYHOCTH OIEHOK.

§1.4 OOb6cy>xxaeHune cnaboii akcMoMaTuUKun

CBA3b C CMNbLHOW BEpOSATHOCTHOI akcuomaTukoi. Kiraccudeckast TeopeTnko-MepHast
akcromarnka A. H. Kosmoroposa (6yem HasbiBaTh €€ CHIIBHOI) OCHOBaHA Ha MOHSITHU
BepoATHOCTHOTrO npoctpancTa (2,2, P), nie 2" — MHOXKeCTBO JIOIyCTUMbIX 00HEKTOB,
) — o-anrebpa cobbiTHit HA 2, P — BepodTHOCTHAsT Mepa, OIpeeIeHHasT Ha COOBITH-
ax u3 (). B 3amavax crarucTudeckoro aHajm3a JAHHBIX OOBITHO IIPEJIIIOJIAraeTCsl, UTO
MHOKeCTBO 00beKTOB X = {x1,...,2} aBagercs npocmot 6vi60pkoti, TO €CTb 0ObEKTHI
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BBIOMPAIOTCST U3 MHOXKECTBA £ CJIyUIailHO U HE3aBUCHMO COTJIACHO BEPOSITHOCTHO# Mepe P.
HesaBucnMOCTh 03HAMAET, YTO BePOATHOCTHAS Mepa, Ha, MHOYKECTBE BLIOOPOK 2 F mnsapu-
AHTHA OTHOCUTEJILHO MIEPECTAHOBOK 3JIEMEHTOB BBIOOPKH. B npuiozkennsax MHOKECTBO 2,
Kak IIpaBIIo, OeCKOHEYHO, a Mepa P HemsBecTHa.

B ciaboit akcnmomMaTnke MHOXKECTBO £ BCEX T'MIIOTETUYECKH BO3MOYKHBIX OOBEKTOB
He BBOjuTCS. PaccMarpuBaeTcss TOJBKO KOHETHOE MHOXKECTBO OOBEKTOB — 2€HEPANOHAA
evibopra X. OHO MOXKET BKJIIOYATH B cebsI KaK OOBEKTHI, HaAOJIIOABIINECS paHee, Tak
U CKPBITBbIE 00BEKTHI, KOTOPhIE CTAHYT M3BECTHBI B Oy 1yIeM. BepogTHOCTHBIM MpOCTpaH-
CTBOM SIBJISIETCS KOHEYHOE MHOYKECTBO BCEX IIEPECTAHOBOK I'eHepasIbHO BRIOOPKHU X, Ha KO-
TOPOM 33J1aéTCsl paBHOMEPHOE paciipejiesienne. TakuM o0pa3oM, CiIydaitHbIMK [TOJIAral0TCs
He caMu OOBEKTHI, & JIUIIb MOPSIIOK UX MOSIBJIEHUsI, UTO COOTBETCTBYET IIPEIIIOI0KEHUIO
0 HE3aBUCUMOCTHU OO'bEKTOB BBHIOOPDKH B CHJIbHON aKCHOMATHUKE.

Crietytoras TeopeMa yTBEPZKIaeT, ITO JiJisd IEPEBOjIA OIEHKHU U3 cJ1aboil aKCHOMaTH-
KU B CHJIbHYIO JIOCTATOYHO B3ATh €€ MaTeMAaTUYIECKOe OKUJIaHUe 110 BLIOOPKE X.

Teopema 1.1. Ilyctp B ciraboii akcuoMaTHke Ha[eHO 3HAYECHHE BEPOSTHOCTH
Py (mX) = f(X). (1.9)
Toria B cuiibHOI akcmoMaTHKe, eCJId BBIOOPKa X IpocTasi, TO
Px ¢(X) = Exf(X). (1.10)

HokazaTeabcTBO. B cuity HezaBucuMocTu HAOJIIO/IEHN B BLIOOPKE X 15T IPOU3BOJILHOMN
nepecranoBku 7 BeinosHstercs Px ¢(X) = Px 1(7X). BosbMém cpejiree 1o BceM mepecta-
HOBKaM 7 OT JIEBOW U MPaBOil YacTeil 3TOro paBeHCTBa U IIPeodOPa3yeM MPaByIO YacTb:

P(X) = 71 37 Pxu(rX) = P, Exd(rX) = Ex P, Y(rX) = Exf(X),

TES]
YTO U TPeDOBAJIOCH JTOKA3ATH. [

B cayuasx, korma ornenka f(X) He 3aBucuT 0T BHIOOPKH X, KOHEUHBIH pe3ysibrar —
orenka B npasoit dacrtu (1.9) u (1.10) — Oyaer onuHAKOB B 00eMX aKCHOMATHKAX.

®PuHuTapHbie N NHPUHUTAPHbIE BEPOSAITHOCTU. Paccvorpum dyHIaMEHTATBHYIO 3a-
Jlady TEOPHH BEPOSTHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM 00ALUWUL “uUcen: OIEHUTH Be-
POATHOCTD OOJIBITIONO OTKJIOHEHUsT 9acToThl V/(.S, X) cobbiTia S Ha KoHednoit Beibopke X
or BepositHocTH P(S) ManHOro cobbITus:

PS =Py {|u(8,X) — P(S)| > ¢} (1.11)

B npakTuvecknx 3a/auax aHAIN3a JTAHHBIX BEPOSATHOCTD cOObITHA P(\S) HEBO3MOKHO
y3HATH TOYHO, TOCKOJIbKY BEPOSTHOCTHAsI Mepa Ha MHOXKECTBE O0BEKTOB, KAK ITPABUIIO,
nensBectHa. [IpoBecTn 6eckonedHOE YHMCI0 HAOJIIOICHUI TaKKe HeBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOJIBIIOTO OTKIOHeHHs P2 HemocpeicTBeHHO He MOKeT
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ObITH M3MEpeHa B SKCIepUMeHTe Kak dactora cobbitus { X : [v(S, X) — P(S)| > €}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYKET OBbITh TOYHO HJACHTUMUIIMPOBAHO.
Jlannasi mpobsieMa He BO3HUKAET, €CJIM C CAaMOI'o HadaJja OTKa3aThCsd OT yHnoTpedJie-
uus BepogtHoctu P(S). Ona onpegensiercst kak npejen dactorsl v(S, X') cobprrus S
Ha TIPOU3BOJIbHON cirydaiinoit Beibopke X' mpu | X'| — oo. B 10 ke Bpems, mpaxrude-
CKHil MHTEpeC IpeJIcTaBiisgeT nMeHHo dactora v(S, X'), Kak BeJMInHa, HEIOCPEICTBEHHO
HabJmo1aeMasi B sKcriepuMente. Vsmernnm mocranoBky 3azgaqdu (1.11) u Gyaem oneHnBaTh
BEPOATHOCTH OOJIBITIONO OTKJIOHEHUS 9acTOT cOObITH S B JIBYX Pa3/IMYHBIX BHIOOPKAX:

Q2 = Pxx{|v(S, X) — v(8, X)| > ¢}. (1.12)

Ecyn npejnosiarars, uro Beibopku X n X' He3aBUCUMbI, TO JIJIsi OTIPEJIe/IEHIsT BEPOSIT-
Hoctu Q2 yiKe He Hy»KHO HU GECKOHETHOTO YHC/Ia CILITAHNI, HI 3HAHNA BEPOATHOCTHOM
Mepbl P na 6eckoneunom muoxkectse 2 . BepositHoets QF siistercst dhunumaproti u Mo-
JKeT ObITh BBIYNC/IEHA KOMOMHATOPHBIME METOIAMH KaK J10/1s pasbuennit X = X X, upn
KOTOPBIX UMEET MeCTO OOJIBINOE OTKJIOHEHHE YacTOT. KpoMe TOro, oHa MOXKET OBITh U3Me-
peHa B 9KCIIEpUMEHTE IO TOJAMHOYKECTBY pas3OMeHuil, TaK KaK MJIeHTHMOUKAINS COOBITHS
{X, X" |v(S,X) —v(S,X')| > e} ne BbI3bIBacT 3aTpyAHeHMil.

Taxum obpazom, Bepoataoctu P(S) u P B (1.11) uMeoT pa3amyuHyio HPUPOJLY.
Beposithocts P(S) npuHIunmaibio ungurumapra — JJisi €€ onpeiesieHus TpebyeTcst JIv-
00 3HATH BEPOATHOCTHYIO Mepy P Ha OecKOHEeIHOM MHOXKecTBe £, OO OCYIIeCTBUTH
upenesbnbiii nepexon v(S, X') — P(S) npu |X'| — 0o, 9T0 HEBO3BMOXKHO C/IeJIaTh IIPH
IIPAKTUYECKOM aHA/U3e JaHHbIX. BeposTHOCTh P° Takyxe mHMDUHUTAPHA, HO MOCIE 3a-
venbl P(S) na wacrory v(S, X’) ona npunnmaer dpunurapubiii Bu Q2 jomycKaomimii
U TOYHOE BBIYUC/IEHNE, U IMITMPUIECKOE U3MEPEHHe.

DT coobparKeHus Kak pa3 U MPUBOIAT K CJIaDOH BEPOATHOCTHONW AKCHOMATHUKE, 3a-
IIPEIAIoNIeil NCIIoIb30Banne NHPUHUTAPHBIX BEPOATHOCTEN U «COOBITHITY, KOTOPbIE HE MO-
ryT ObITH ujeHTUMUIUPOBaHbI B 3KciepumenTe. [Ipuseém emé mHeckonbko mernee (hop-
MaJIbHBIX COOOPaKEHUl B MOJIb3Y CJ1a00I aKCHOMATHUKHU.

CoBpemenHast TeOpUsi BEPOATHOCTEN BOZHUKJIA U3 CTPEM/IEHUST OObEINHATEL B pAMKAX
eJIMHOro (hopMaJIM3Ma JaCTOTHOE TOHATHE BEPOATHOCTHU, Oepylliee HAYAJIO OT a3apTHBIX
Urp, ¥ KOHTUHYaJIbHOE, UJIyIlee OT TeOMEeTPUYIecKUX 3a/ad Tuna 3a1a4u biodgdona o Be-
POSITHOCTH TIOTIA IAHKS UTJIbI B TAPKETHYIO Iiesih. B akcnomaruke Kosmoroposa KoHTHHY-
aJbHOE TOHSTHE OepéTcs 3a OCHOBY Kak 0OoJiee obiee. Paju 3Toit 00ITHOCTH B TEOPUIO Be-
POSATHOCTElN TPUBHOCATCS TUIIOTE3BI CUTMa-aJIATUBHOCTH W M3MEPUMOCTH — TEXHIUIECKIEe
MIPEJIIOJIOZKEHNS] U3 TEOPUU MePbl, UMEIOIINE JIOBOJILHO CIa0ble SMINPUIECKe 000CHOBA-
nust [2]. Takum o6pa3oM, Jijisi U3yUeHUsl JUCKPETHBIX SIBJICHUI, CBSI3AHHBIX CO CJIyJIaiiHO-
CTBIO, OIPEJIe/ICHE BEPOSITHOCTH KaK KOHTUHYAJIbHON Mepbl N3HAYAJIHLHO U30BITOTHO.

Crnabast akcmoMaTnka, (haKTHIECKN, HE BBIXOJIUT 3a PAMKU SJIEMEHTAPHON TeOpHuH
BeposTHOCTelr XVII-ro Beka, ocHOBaHHOI Ha KOMOMHATOPHOM ITOJICYETE BAPUAHTOB.

O6parum Banmanue Ha 3amedanne A. H. Koavoroposa B [34, cTp. 252|: «npejcraniisi-
eTcs BaXKHOM 3a/1a1a 0CBODOXK JIEHIS BCIOJLY, TJI€ 9TO BO3MOXKHO, OT UBJIUITHUX BEPOSITHOCT-
HBbIX jomnyinennii. Ha HezaBuCHMOI 1MEHHOCTH YUCTO KOMOMHATOPHOIO IMOJIXOJa K TEOPUU
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nHbOpMaIU s HEOJTHOKPATHO HACTAUBAJ B CBOUX JIEKIIUSAX». DTO BBICKA3bIBAHUE B 3HA-
YUTEJBHON CTEIIeHU OTHOCUTCH M K MATEMATUYECKOW CTATUCTUKE, KOTOPas TaKzKe UMeeT
JIEJIO ¢ KOHEYHBIMU BBIOOPKAMH.

OnuH u3 BapraHTOB KOMOMHATOPHO-aIredPandecKoro MOCTPOEHUsT Teopuu UHAMOP-
Mmarnun MoKHO Haiitu B kaure B. JI. Tomusr [19]. On, B wacrHocTn, tmmer: «HanobHocrsb
B BEPOATHOCTHOM MOJIEJIM OTIAJIAET, IMOCKOJILKY Teopus MH(MOPMAIMN OKA3BIBACTCHA JI0-
CTATOYHO MHTEPECHOH 1 OOraToil MpPUIOXKEHNAMEI B ajaredpamdeckoi moctaHoBke. OIHIM
U3 TaKUX MMPUJIOKEHUN SIBJIIETCA paclio3HaBaHne 00pa3oB».

Yuenuk A. H. Kosmoroposa FO. K. BesisieB B ipeiuciioBun K kaure «BeposiTHOCTHBIE
METO/[bI BEIDOPOYHOTO KOHTPOJIsS» MHUIIET: «BO3ZHUKJIO TJIyOOKOe YOeKIeHe, YTO B TEOPUU
BBIOOPOYHBIX METOJIOB MOXKHO IOJIYYUTH COJIEPXKATEbHbIE AHAJIOTH OOIBITUHCTBA OCHOB-
HBIX YTBEP:KJICHUII TEOPUM BEPOATHOCTEH U MATEMAaTUIECKOIl CTATUCTUKM, KOTOPbIE K Ha-
CTOLAIIEMY BPEMEHM HaliJIeHbl B MPEJIITOJIOKEHNN B3aUMHON HE3aBUCUMOCTH PE3YIbTaTOB
usmepenuii» [3, crp. 9.

YmectHo mpuBectH emé oaHO0 BbicKasbiBanue A. H. Komvoroposa: «Yucras marema-
THKAa 0JIATOMOJIYYHO PA3BUBAETC KakK I10 IIPEUMYIIECTBY HayKa 0 OecKoHedHOM. . . BecbMa
BEPOSATHO, YTO C Pa3BUTUEM COBPEMEHHOW BBIYUC/IUTE/THHON TEXHUKU OyJIeT TMOHATO, YTO
B OYeHb MHOTHX CJIydasX pa3yMHO H3ydeHUe peasibHbIX sSBJICHHUIl BecTu, m3berasi mpo-
MEXKYTOUHBIH dTall X CTHIN3AIMK B JIyXe IPeJCTaB/JICHUIl MaTeMaTUKH OECKOHEUHOTO
U HEIPEPBIBHOTO, MEPEXO/Id MPAMO K JUCKPETHBIM MojeaaM» |34, crp. 239).

AcnmnToTuyeckme oueHkU. BeckonedHo JinHHBIE BHIOOPKH HE PEAM3yIOTCS Ha IIPaK-
THKE IIPOCTO MOTOMY, YTO KOHEUHA MAMATH KOMIBIOTEPOB U BPEMsl, OTIIYIIEHHOE NCCTIe-
JIoBaTeIAM Ha SKCHEPUMEHTHI. B KaccniecKoil BEpOATHOCTHON aKCMOMAaTHKe JTaHHOe 00-
CTOSITEJILCTBO HEe TPUHUMAETCH BO BHUMAHWE, B YACTHOCTHU, KOTJIa, ITHIIYT

P(S) = |)}"1an v(S, X),
riae P(S) — Bepogrnocts cobbitust S, v(S, X) — gacrora cobbitus S B BIGOpKE X.

B caboit akcnomaruke 3amuch | X| — 00 3almperieHa, u MOHATHE BEPOSITHOCTU CO-
6bitst P(S) ne ompejiesiero. Mbl He Biipase MpeioyiaraTh, YT0 BIGOPKA PeATbHBIX 00b-
€KTOB MOYKeT OBbITh CKOJIb YIOJHO JInHHO#. Tem He MeHee, ObLIO ObI HEJIEIIO OTPHUIIATH
MacCy CTaTUCTHIECKNX (DAaKTOB, KOTOPhIE UMEIOT HA/IEKHbBIE SMIINPUIECKUE TTOITBEPK Ie-
HUsl, HO (DOPMYIUPYIOTCS U JJOKA3BIBAIOTCS C SBHBIM UJIU HESIBHBIM UCIIOIH30BAHUEM TAKIX
IpeJIeIbHBIX [1epexoioB. He nckimoveno, 4To ux BO3MOXKHO 1epedOpMyJInpoBaTh U B (hu-
uutapaoM Buje. CToJb 2Ke HeJelo OTKAa3bIBATHCI OT MPEUMYIIECTB ACUMIITOTUICCKOTO
aHam3a. 3JeCh KOMIIPOMUCC 3aK/TF0IAETCS B TOM, YTOOBI IIPUMEHATH ACUMIITOTUKN JIUIITH
K YUCAEHHLM 0UeHKaM, KaK OJINH U3 CIOCOOOB MPUOIMKEHHBIX BhIYncaennii. Hampumep,
nostyuus B cj1aboii akcnomaruke onenky P, (7X) = f(L), 3aBucsiiyio ot JyinHbl BIGOP-
KH, Mbl MOXKEM HCCJIEJIOBATH ACHMIITOTUIECKOE TIOBe/IeHne IucaoBoil dbyukiuu f(L) mpu
L — oo. Ilpu aTOM cytiecTBOBaHUE CKOJIb YTOJHO JIIMHHOW BHIOOPKH HE TPEJIITOIAraeTCs.
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Pe3iome

BBeienbl 0OCHOBHBIE TIOHATHS, KOTOPBIE OY/IyT MCIIOIH30BATHCA Ha MIPOTIKEHIHI BCETO
Kypca: reHepaJibHas BbIOOpKa, HaOJI0/laeMasd o0ydaionias BbIOOpKa, CKPbITas KOHTPOJIb-
Hasl BBIOOpPKa, MeTO/I 00yUIeHusl, Iepeo0yIeHHOCTb, MAaTPHUIA OITHOOK.

Beenena ciabasi BeposITHOCTHasl AKCHOMATHKA, OCHOBAHHAS HA IIPEJIIIOJIOYKCHIH
0 TOM, 9TO BCe Pa3dbMeHnsi KOHETHO reHepa/IbHON BBIOOPKN UMEIOT PaBHBIE ITAHCHI PEAJIH-
30BaThCA. MOKHO ObLIIO ObI BOOOIIE HE BBOJIUTH TEPMUH «BEPOSATHOCTH» U TOBOPUTH TOJIb-
KO O YacTOoTaX U <«JOJIAX pa3dbueHuil BHIOOPKU», OJIHAKO BEPOSTHOCTHAS TEPMHHOJIOTHSA
u obozuadenus P, E 6osiee mpusbranbl. [lasee Mol yoeanumcs, 4To MHOTHE QYHIAMEHTAb-
Hble (DAKTBI MATEeMATHIECKOW CTATUCTUKUA MOIYT ObITh BBIPAXKEHBI B TEPMHUHAX TaCTOT
U He HYXKJIAI0TCs B TEOPETHKO-MEPHOM olpejieiennn BepoaTHocTr. Cabasi akCMOMAaTHKA
aJIEKBATHA MHOTHM 3a/IadaM aHa/IM3a JAHHBIX, TTOCKOJIbKY OHA UMEET JIeJIO0 ¢ KOHETHBIMU
BBIOOPKAMI U BEJIMYNHAMMU, HEIIOCPEICTBEHHO M3MEPUMBIMU B SKCIIEPUMEHTE.

[TocTaByiena ocnoBHas 3ajia4da — MOJIyUeHHE KaK MOYKHO Oojiee TOUHBIX, d(DPeKTUB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSTHOCTH repeodytdenus (1.5), 60 BEPOSTHOCTH OOJIBITION
4acTOTHI OMMNOOK Ha KoHTpoJie (1.6), mbo mosrHoro ckosb3smero Konrposs (1.7).

B cnepytowein nekumun Mol j1aj M TOTHOE PEIIeHUe OCHOBHOM 3a/1a9u JIj1s ITPOCTEHIIero,
HO BayKHOT'O YaCTHOI'O CJIydasi, KOIjia CeMeiicTBO A COCTONT U3 €IMHCTBEHHOI'O aJITOPUTMA.
B srom ciyuae mo m3BecTHO# WacTOTe OMMOOK JAHHOIO ajropuTMa Ha HaOJII0JaeMOoil
BBIOOPKE OIEHUBAETCsT YACTOTA €0 OIMMOOK Ha CKPBITOI BBHIOOPKE.

Ynpa>kHeHust

Bamada 1.1 (1). B sagaue knaccudurarmynm ¢ npyms xiaaccamu Y = {—1,1} Bbibopka

3ajJlaHa TOYKaMM IpsaMoit: X = {—%, e —%, —%, %, %, cee %} st cemeiicTBa aJropuT-
MoB Kiaccudukaimu ag(x) = sign(x — 0) ¢ napamerpom 6 € R mocrpouTh mMaTpuily

ommnboK u Fpa(bI/IK 3aBUCHUMOCTHN TL(CL@, X) oT 9, €CJIN 1eJjieBasd 3aBUCUMOCTDL UMeEEeT BU/I:

1) y(z) = signx; signx, |x| > M,
L 3) yla) =

2) y(z) = signsinmz; signsin 7z, |x| < M.

CKOIBKO PA3INIHBIX BEKTOPOB OMIMOOK MOPOXKIAeT JTaHHOEe CeMeHCTBO aJrOpUTMOB?
CKOJIbKO 13 HUX JlolrycKaloT m omubok (m =0, ..., L) Ha reHepaibHOil BEIOOPKe X7

Bagagda 1.2 (2). B zagaue knaccuduramynm ¢ npyms xiaaccamn Y = {—1,1} Boibopka
3a/laHa TOYKAMU Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, i=1,... ,L}.
[esiesas 3apucumMocth y(x) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JuHeiiHbIX KJ1ac-
cudukaTopos ag(z) = sign(61&; + Oo&s + 0y), ¢ napamerpom 0 = (61,60, 05) € R3 onmcars
marpuily omubok. CKOJIBKO PasIMIHbIX BEKTOPOB OMUOOK TIOPOKIAET JaHHOe CeMeiicTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0, ..., L) ua Boibopke X7

Bagada 1.3 (5). KakoBo MakcnmMaabHOE THCIO PA3IHIHBIX BEKTOPOB OMIUOOK, TIOPOXK-
JIAeMBIX JIMHEHHBIMI aJropuT™MaMu Kiaaccudukayn Ha Beibopke X = {x1,...,x} C R"?
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2 OueHunBaHue 4acToTbl CODObITUA
N runepreoMeTpmnyeckoe pacnpejgesneHume

Hagném ¢ camoro mpocToro 9acTHOIO CJydasi, KOrJla MHOXKECTBO aJIl'OPUTMOB CO-
CTOUT U3 eJMHCTBeHHOTO 3jemenTa, A = {a}. Torga BeposiTHOCTE HIEpEOOyYYeHMsI IEPEXO-
JIUT B BEPOSTHOCTH OOJIBIIIONO OTKJIOHEHHS YacTOT B JIBYX BbIOOpKax. OHa TeCHO cBA3aHA
¢ 3aKOHOM OOJIBIIUX YHCeJI, UMEIuM (pyHIaMeHTaIbHOe 3HAUYeHNE JIJIT TeOPUN BEPOSIT-
nocreit. [Tosromy Mbr 3a0yjeM HEHAJIOTO PO AJTOPUTMBI U TepeiijiéM K OoJiee oOIeit
TEPMUHOJIOTHH, 3a0/IHO0 HEMHOT'O YIIPOCTUB 0003HAYUEHUS.

§2.1 3apaua oueHuBaHua (NpepckasaHus) 4acToTbl COObITUSA

[Iycts S C X — HEKOTOPOE MHOXKECTBO OOBEKTOB; Oy/IeM HA3BIBATH €0 «COOBITHEM».
CobpiTie S ¥ BEKTOD ONIMOOK aJrOPUTMAa @ B3AUMHO OJJHO3HATHO COOTBETCTBYIOT JIPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [z; € S].

O6osnaunm gepe3 n(U) = |S N U| wucao ssemernmos cobbitus S Ha TPOU3BOJILHOMN
koneunoit Beibopke U C X a uepes v(U) = n(U)/|U|— wacmomy cobvimus S na U.

Bajata mpeicKa3anus YacToThl COOBITHS COCTOUT B TOM, 9TOOBI OIIEHUTD YaCTOTY CO-
ObITHSL S Ha CKPBITOH BBIOOPKE X 110 €ro 4acToTre Ha HaO/IIOnaeMoil BHIOOpKe X 1 OIEHHTH
HAJIEXKHOCTD TIPEJICKA3aHus, TO eCTh MOy YNTh OIEHKY BU/A

PIv(X) = v(X)] > e] <nle); (2.1)

B Tex ciyuasax, Korja S MHTEPIPETUPYETCS KaK «HEXKeJIaTeTbHOe COOBITHEY, MOYKET
CTaBUTLCH 3a/1a9a IOJIyIeHUs] OJJHOCTOPOHHEN BepXHell OleHKN:

PV(X) - v(X) > <] < (o). (2.2)

JIemma 2.1. Ecym n(X) = m, 10 4mcio 2JeMeHTOB coObITHs S B HAOJIOJaeMOI MO

soibopre n(X) m B ckpprroit mogspIbopke n(X) MOMTHHIIOTCS 2UNEP2eoMEMPUUECKOMY

pacnpedeneruro:

3 Cs OK—s

P[n(X) = 3} = P[n(X) =m — s} = hﬁm(s) = —mcf_m,
L

rje s npuaEMaet 3uadenns or s = max{0,m — k} 10 s; = min{¢, m}.

(2.3)

HokazaTeabcTBo. OTOOpaTh S 97eMEHTOB cOObITHA S B HAOIIOMAEMYIO IMOJIBBIOOPKY
MoxkHO CF pasyimyaHbiMu criocobamu. Jlis KazK1oro u3 TUX CIOCOO0B MMeeTcst C’f:srn
c110co60B ¢(hOPMUPOBATH OCTABIIYIOCA YaCTh HAOJII0/IaeMO#l MOJIBBIOOPKH U3 0O0BHEKTOB,
He NPUHAJJIeKAINX S. SHATUT, C’;Cﬁ__‘jn — YUCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOXKECTBa S MONAJal0T B HAOI0aeMyT0 MOBBIOOPKY, OCTAIbHBIE (11 — §) — B CKPBITYIO.
Ix fo1s B obuieM gucie pasouenuit C4 xax pas u cocrasisier ho ™ (s). ]

Bameuanue 2.1. Ecuu ycinosue 0 < s < m He BBIIOJIHAETCS, TO OyJIeM [0JIaraTb, 9TO
C? = 0. Ananoruuno, ecau He BoinoJHseTcs yeaosue 0 < £ —s < L —m, 1o Cﬁ‘fm = 0.
0 <s< ho™(s) =0

TCIOJIA CJIEJLYeT, 9TO €CJIH He BBIIOJHACTCS YCJI0BHe o < § < s1, To hy ™ (s) = 0.
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CeueHne m=100 s [unepreometpudeckoe pacnpepenerue h(m,s) npu L=200, k=100
100 A 100 4
80 ] 80 ] /
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Puc. 2.1. O6nacrb onpejiesieHust ruriepreoMeTpuieckoii pyuknuu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30.

§2.2 [nnepreomerpuyeckoe pacrnpegeneHuve

Tunepeeomempuueckoe pacnpedenerue HOCUT GyHIAMEHTAIBHBIN XapaKTep U BO3HU-
KaeT BO MHOTUX 3aJjiladaXx. B JaHHOM naparpade mepednc/isiioTcs B CIIPABOTHOM MTOPSIIKE
OCHOBHBIE CBOCTBA M'MIIEPreOMEeTPHIECKOrO pacipeenenus (3, 4].

l—s

1. Ilpu dpukcupoBanubix L u ¢ dpyHKImsd hf:’m (s) = ’S”C—i?*m ompe/iesieHa Ha MHOYKe-
crBe map nesbix gucest (m,s): 0 < m < L, max{0,m — k} = sy < s < 57 = min{¢, m}.
DTO MHOXKEeCTBO mMmeeT (opMy mapaJsuienorpamma, puc. 2.1. Bae sToit obsacti npuHATO
nomarars hy ™ (s) = 0.

2. Beeném cireytonue 0003HaYEHNS JIJIsT CYMM KPaWHUX JIEBbIX W KPAHUX ITPaBbIX

YJICHOB I'MIIepreoMeTpruviecKoro paciipeae/JaeHmugd:

L2 51
Hp™(2) =D hi™(s);  H" ()= D A" (s). (2.4)

s=s0 s=[z]

CupasejiyinBa hopMmyJia MoJHON BEPOSATHOCTH:

Do h" () =Hy" (s1) = H ™ (s0) = 1.

S=50

[Tpu dukcuposanubix L, { u m dbysxius h(s) = hé’m (s) sABIAETCH OJHOMEPHDIM
JICKPETHBIM pacipeesienuen. st npumepa Ha puc. 2.1 ciesa nokasana gynkuus h(s)
npy buxcuposansom m = 100. Oynxuums h'(m) = hY™ (s) pacnpemenennen, Boobie
rOBODSI, He SIBJIAETCS, TaK KAK He yJIOBJIETBOP:ET YCIOBHIO HOpMUPOBKH: »  h'(m) # 1.
Ha puc. 2.1 causy nokazana dyukiws h'(m) npu dukcupoBantaoM s = 50.

3. Tlapamerpe! £ 1 m MOKHO mepectaBaaTh Mectamu: hy ™ (s) = h7™ " (s).

4. TlapameTpsi ™ U § MOXKHO 3aMeHsITh pasHocramm: hy ™ (s) = hy L™ (0 — s).



= 22 =

5. CrpaBe/lJIUBBI TOXKIECTBA:
W (s) = (= ) = B () = B (m = ) = B (m = ).

6. OTcrofa BbITEKaIOT ToxKIecTBa i dyukumit H n H:

Hy™(s) =D hp™ (@) =D hp™ (m—j)=Hy" (m—s).
Jj=so0 Jj=so0

7. Pacupenenenue h(s) sBiagercs yauMogaababiM (nmeer popmy rmka). MakcuMaiib-
(m+1)(¢+1)
L+2
8. Tabuma rumepreoMeTpuvdeckoro pacipeie/eHns coaep:kuT fk HeHy/IeBbIX 3HaTe-

HO€E 3Ha4YeHUue JOCTUT'a€TCd IIPpU s* = , C TOYHOCTBIO /IO OKPYIJICHUAI.

uuii. K& MoxkH0 3hdEeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHBIX COOTHOIICHUIL:
e? O — .
h’L (O> - 17

1 k —
B (s) = By (s) bl EZMES,

m+1—s L—m '’

— l—s (2.5)
Re™ (s +1) = ho™ (5) 2. :
s+l =h <S>s—i—1 k—m+s+1
s E—m+s

hp™ (s —1)=hp" (s)

m—s+1 (—s+1°

Y1006 n36€2KaTh BBIYUCIUTEIbHBIX ITOTPEITHOCTEH, 3HATEHUsT him (s) pekomeHLy-
€TCsl BBIYHUC/IATH TOCIEI0BATE/ILHO Jijid BceX m = 0,..., L, Ipu 9TOM JJIsi KazKJIOro m
[EePBBbIM BBIYUC/ISITH 3HAUEHUE, OJIM3KOe K MAaKCUMAJbHOMY (HAIPHUMED, MPH § = Spax),
3aTeM MEHbIINe 3HAYEHUsI BBIUUC/STEL depe3 O6sbine. Cymmuposanue (2.4), Ha060poT,
IIPOUBBOUTCS OT MEHbINX 3Hadennit he ™ (s) K GOIbIII.

9. Maremarngeckoe OKIJJlaHe BEJIMYUHBI S €CTh

A= Zsh%m(s) = ﬁfm

S$=S0
10. /Iucnepcus BeJIMYUHBI S €CTh

S1
k(L —m)
2 214, m
o° = s—=A)h; " (s) = A\
S=S0

11. Tlpu Gosbriix 3HaYEHUSAX TApamMeTpoB L, ¢, m mpeie/IbHbIMU PaCIIPe e/ IeHUsIMI

st B(s) = hY™ () MODYT GBITH TOIBKO PACIPE/IE/IEHIS OIHOIO U3 YeTHIPEX THIIOB:
(s—A)Q).

202 )

— Tpu F — p bunomuasvroe pactpenenenne h(s) — CF p*(1 — p) s

— Ipu A — 00 HopMaabHoe pactpejeserue h(s) — \/%7 exp(—
npu % — p bunomuasvroe pactpenesnenne h(s) — C2 p*(1 — p)™—*;
— npu 7 — 0 mm % — 0 pacnpesenenue ITyaccona h(s) — e *\/s!;
— upu A — 0 swpoorcdernoe pacupenenenue h(s) — [s = 0].
12. T'unepreomerpuveckoe pacipejesieHne JOBOJIBHO TOTHO HMPHUOIUKAETCS ¢ TIOMO-
mbio anmnpokcumarmu Mostenapa:
2m — s

hs) = Cip’(1—p)°, p= i1
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§2.3 3akoH bonbwunx Yncen B cnaboin akcnomaTtTmke

[Ipomosmzkum pacemorpenne 3aaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s soboro € € [0,1) cpaBeyinBel TOUHbIE OLEHKH:

Pv(X) <e] =Hp™ (e0); (2.6)

PIU(X) > e] =M™ (m —ck); (2.7)

Pv(X) —v(X) = e] =H; ™ (smle)), Sm(e) = £(m — ck);  (2.8)
PI(X) = v(X)| = e] = Hy ™ (sm(e)) + HL ™ (5m(e)),  8m(e) = £(m+ek).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHK SIBJISTFOTCST HEIIOCPEICTBEHHBIM Cie/icTBreM (2.3):

Y lel]
Pv(X)<e] =) [$<e|P[n(X) =s] =Y hy™(s) =Hy" (el);
¢ |m—ek]|
Pv(X)ze]=)> [2=2>e|Pn(X)=m—s] = Z W™ (s) = Hy™ (m — ek) .

=]

s= s=s0

TpeTbH OI€HKa I10JIy49a€eTCAd aHaJIOTUIHO HepBOﬁ, C TOM JIMIIIb paSHI/IHefI, qTo ycJjioBue

v(X) = % < e 3amensercs ycaosuem V(X ) —v(X) = mk_ s—% > . Orcroa s/1eMeHTapHBIMUI
- ¢
Ipeodpa30BaHUSIMU TIOJIyUaeM BEPXHUI IIpejiesl CYMMUPOBAHAA S < Z(m — ¢k).

Haxowner, JBycTOpOHHsisE OlleHKa (2.9) moJiydaercs, ecjim MpeJiCTaBUTh MHOYKECTBO
pa3buenuit B Bujie 00beIMHEHNsT JIBYX HEIEPECEKAIOMNXCA TOIMHOXKECTB:

PIv(X) ~ v(X)| > €] = P[r(X) — v(X) > ] + P[U(X) —v(X) > ] =
= M (500()) + L™ (5(0)) .

O ckopocTu cxogumocTu B 3akoHe bonblwwux yncen. [lpu npornoprroHaaILHOM yBe-
audennn L, ¢ m m oTHOCUTeJbHAA IMIUPUHA TUIEPreOMeTPUYeCKOro IMUKa YMEHbBIIAETCH,
puc.2.2. B npenene npu L,¢,m — 00 BO3MOYKHO CKOJIb YI'OJHO TOYHOE IpeJICKa3aHNe
ckpbITOit wacToTsl v(X) 110 Habmomaemoit gactore v(X ). PasencTso (2.9) onenusaer cko-
POCTH CXOJMMOCTH YaCTOT COOBITUA B JIByX BHIOOPKAX.

Krnaccudecknit 3akoH OOJIBINIX YHCES YTBEPXKIAET CXOIUMOCTb HaCTOTHI COOBITHA
K eé BepoaTHoCTH. OHAKO B caboil aKCHOMATHKE IOHATHE «BEPOATHOCTH COOBITHA S»
He oupezerneno. [losromy (2.9) MOXKHO HHTEPHPETHPOBATH KaK AHAA02 3AKOHA OOALWUL
wucen B cj1aboit akcnomaTuke. OCHOBaHUEM JIJIl TAKOM NHTEPIIPETAIH TaKKe CJIyKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOSTHOCTH GOJIBIIONO OTKJIOHEHHUS YACTOT COOBITHS
B JIBYX BBIOOpKax # (6) BEPOSTHOCTH OOJIBIIOrO OTKJIOHEHMS TACTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OIEHUBAIOTCS CBEPXY JPYT depe3 JApyra, Kak nokasano B [8]. ITo cyru, stu
JIBE OIIEHKH OTJINYAIOTC HE IPUHININAIBHO.

Kumaccnveckue nepasenctBa Hebbrmésa, Uepnosa, Bepmmreiina, Xéddaunra [87]
OIIEHNBAIOT CKOPOCTB CXOJMMOCTHU B 3aKOHE OOJIBINNX dncesl. Bee OHI ABJISIOTCA aCUMIITO-
TUYCCKUMH U J1aI0T 3aBBLIIICHHBIC OIEHKH BEPOATHOCTU OOJIBIIOTO OTKJIOHEHHA. BhIpazke-
ure (2.9) spisiercd TOYHON (He 3aBBIICHHOl, HE ACHMIITOTUYECKON) OICHKOI, U MOTOMY
€r0 MOYKHO CUHTATh HAMOOJIee TOYHBIM BBIPDA’KEHUEM 3aKOHA OOJIBIINX THCEI.
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H l'Mnepreometpuyeckoe pacnpeaenenue npu L=300, k=100, m=30, eta=0.05
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H 'vnepreomeTpuyeckoe pacnpepenermne npu L=1500, k=500, m=150, eta=0.05
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Puc. 2.2. lN'unepreomerpudeckast byHKIUs h%m (s). Bepxuuii rpacduk nosydes mnpu
L =300, £ = 200, m = 30. Beijesens! Kpaiiaue JeBble, [So, sy ()] = [0, 15], u kpaii-
HUE TIPaBbIe Sy, (€), s1] = [25, 30], "wieHbI pacipe/e/eHns, COOTBETCTBYIOINHE 3HAUYCHIIO
Hagéxuocta 1 = 0.05. Hmkauit rpaduk moayden npu 3Haderusx L, £, m, IpomoOpI-
OHAJILHO YBEJMYEHHBIX B D pas.

MeomeTpuyeckas nHtepnpetauus coornomennit (2.3), (2.8) u (2.9). Paccmorpnm mps-
moyrosbayio cerky {0,...,L} x {0,...,¢} ua puc.2.3. Ionoxum b; = [x; € X]|. Torna
b; = 1 o3Havaer, 4TO0 OOBEKT T; TOIMAJAeT B HADIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpaxkaTh pazouenne X, X B BUJe TPACKTOPHH, TIPOXOJAIIEH 110 y3J1aM CeTKH M3 TO4U-
ku (0,0) B Touky (L, £) coryiacHo npaBuiy: ecjiu b; = 1, TO cMeIaeMcsi Ha JIMHUILY BIIPaBO-
BBepX; ecyim b; = 0, TO cMelaeMcs Ha eUHUILY BIIPaBo. Bee Takue TpaeKTopuu He BHIXOIAT
3a TIPeJIe/Ibl MapaJlie/lorpaMMa, BbIJIEJIEHHOTO Ha puc. 2.3. MHOXKeCTBO Bcex TaKUX TPaeK-
TOpHil M30MOPMHO MHOKECTBY pasbuenuii Bbioopkr X = X L X, n 06a oHE H30MOPMHBI
MHOKECTBY L-MepHBIX OGHHAPHBIX BEKTOPOB (b1, ..., by ), cojep:Kammx POBHO ¢ €JMHMUII.
[TosTomy a5t mosicuéra dncia pasdbueHnii, yI0BIeTBOPAIONINX HEKOTOPOMY CBOMCTBY, 10-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIMINX TPACKTOPUIA.

Y1005 BeIBECTH (2.3), IPOHYMEpYeM 00bEKThI BBIDOPKHU TaK, ITOOBI IIEePBBIE 1M 00hEK-
TOB IpUHA/ KN MHOKecTBY S. Torma 3aatua cBeeTes K MOACIETY JT0JIU TPACKTOPHIi,
IPOXOJSAIIUX Yepe3 Touky (m,s). HaszoBém Takme Tpaekropun donycmumvimu. Tucio
BCEX BO3MOXKHBIX TpaekTopuii Ha orpeske or (0,0) mo (m,s) pasuo C?

m?

n JIJId KaXK 101
l—s -
Tpaekropunu cymecrsyer C;_° BapuanToB eé mnpojosnkenust ot (m,s) mo (L, ). Cremo-
BaTEe/bHO, THCJIO JIONMYCTUMBIX TPACKTOPUN PABHO C;Cﬁ_jn. Pasnenus na obree wuciio
. ‘

BO3MOKHBIX TpaekTopuit C% | nosydaem Tpebyemoe hy ™ (s).

Y0661 BbiBecTH (2.8), HEOOXOIUMO MOJICUUTATEH TUCJIO TPACKTOPH, TIPOXOJISIIIUX e~
pe3 Jo0yto TouKy (m, §), JeKallylo HuzKe JuaroHasn Ha e wm Gouee. st aToro cym-

Mupyetcs wucio Tpaexropuit C5CE % 10 BeeM s = sq, . . ., Sm(€).
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Puc. 2.3. Tpaekropus mnocsienoBaTeIbHOCTH {bi}szo = 0101100010110010, mpu
L =16, (=17, ¢ =0.3. IlpoBesens! juaun s = %m us = %(m + ¢k). IIppy m = 10
BbIJIEJIEHBI TOYKHU BBIIIE BEPXHEH JINHUU, S = S, (), U HIKe HUKHEH JInHuH, § < Sy, (€).

st BBIBOJIA JIBYCTOPOHHEH olleHKu (2.9) TOJCYUTHIBAETCA YUCIO TPACKTOPH, OT-
CTOSIIUX OT JUATOHAJIM Ha £ wm Gosee. B 9ToM cilyuae cyMMupoBaHue HiST 10 BeeM
S =50,-..,5m(€), 3aTEM IO BCeM § = S,,(€), ..., S1.

BbIOOpPOYHbIi KOHTPO/Ib KadecTBa — 5TO HpUMep HPHUKJIAJIHON 3aJaui, B KOTOPOii
OIEHKU TeOPeMbI 2.2 TPUMEHNMBI HEIOCPEeJICTBEHHO [3].

[Iycte X — muO)ecTBO m3jzesmit, S C X — MOJAMHOXKECTBO J1eMEKTHBIX U3JIEIUIA.
Nsrorosiiena naprtus u3geanil X, U3 HEX M OKa3aJUCh JeeKTHbIMU. Jucjao m Hens-
BecTHO. [IpoBepuTh BCIO MAPTUIO MOMITYYHO HE MPEICTABIIETCI BO3MOXKHBIM. [loaTomy
JICJTAETCS  8blOOPOUHDBLT KOHMPOAL KAYECMEG: CIIyYaiiHO, He3aBUCHUMO, 0€3 BO3BpAICHU
BbIOUpaeTcs moaMuoKecTBO X C X, 9TO PABHOCHIBHO CJIyYafflHOMY PaBHOMEPHOMY BbI-
6opy pasomenmsa X LI X = X. 3nag gomo gedektos B Habmomaemoil Bridopke v(X),
TpebyeTcs TpecKasaTh 100 1eeKToB B cKpbiToil Bribopke v(X ). Ecim npu saman-
HOM TOUHOCTH € M HaJg:KHOCTH 1) mMeeT Mecto onenka Plv(X) > ¢] < 7, To maprua X
[IpUHUMAETCS, NHade OHa IeJTUMKOM Opakyercd. [lapaMerpsl € u 1) moadbupaloTcsa n3 IKOHO-
MUYECKIX COOOparKeHUil — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJIHOTO W3NS U BEJTUIUHBI
[I0TE€Ph OT UCIIOJIb30BaHUs JIeHEKTHOTO U3JIE/INs.

§2.4 Tlepexopn ot HeHabnwogaemon oueHKN K Habntogaemoi

Ouenku (2.6)—(2.9) 3aBucaT or 4Yuc/a JEMEHTOB 1M COObITHS S B MeHepaJIbHON Bbi-
bopke X, KOTOpOe HEBO3MOXKHO Y3HaTh, II0Ka HEM3BECTHA CKPhITas I0JBbIOOPKa. B Taknx
CJIydasx TOBOPSIT, UTO OIEHKA sIBJIsieTCs henabatodaemoti (unobservable bound). Curyartis
Ha IePBBIIl B3IVI] TapajoKcaabHa. IToObI OIEHUTh BEPOSATHOCTH OOJIBIIOTO OTKJIOHEHHS
YaCcTOT B HAOJIIO/IA€MOIl U CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH 4ncsao m. OJgHako ec-
Jit ObI MBI €ro 3HaJjid, TO 1o Hab/roaeMoii dacrore v(X) TyT Ke BBIYUCIH Obl TOYHOE
sHauenne cKpbIToit gactorsl V(X ), mockombky kv(X) + (v(X) = m.

BepxHsin oueHka. Ilpocreiimiee perienne 1mpoOeMbl HEM3BECTHOTO 1M 3aKJII0YAETCS
B TOM, YTOOBI B34Th MaKCUMYM II0 1M W HOJYIUTH BMECTO TOYHOI ONEHKHU 3aBBINEHHYIO
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H(m)
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Puc. 2.4. 3asucivocts H(m) = Ho ™ (s,u(e)) or m upu L = 300, £ =200, &= 0.05.
BEPXHIOIO OIICHKY:

Plv(X) —v(X) > €] < m%axL;Lz%m (sm(e)) =T (). (2.10)

3/1ech MaKCUMyM JIOCTATOYHO B3dTh 1O BeeM m ot [ek] no |L — el], tak kak npu
OCTaJIbHBIX SHa4Y€HUAX 111 JiIeBad 1aCTb HEPpABEHCTBa paBHa HYJIIO.

K coxasenno, (2.10) — moBosbHO rpybast OleHKa IPU MAJIBIX 1M, cM. puc. 2.4. ITo s7oii
IPUYIMHE JAHHBIH MOAX0 He IIPUEMJIEM JJId 3a4a49 BLIOOPOYHOIO KOHTPOJIA KadecTBa, 00y-
YeHUS 110 MPEIeIeHTaM, U JIPYTUX CIydaes, KOrja MMEHHO MaJible 3HAYEHUs 1M [IpeIcTaB-
JISIIOT OOJILIION IIPAKTUIECKUAN HHTEPEC.

I3BecTHA BepXHSIS OIEHKA «XBOCTa» MHIIEPIeOMEeTPIYIECKOro pacipeesnenust |67, 99),
C TIOMOITIBIO KOTOPOH MOXKHO OIEHUTH CBEPXY NpaByio dacthb (2.10): mis moboro € > 0

Ok?
I (e) <exp (_%Qﬁ) .

OTa ornenka eré bostee rpydasi. Ha puc. 2.4 eit cooTBeTCTBYeT TOpU30HTATbHAST JTTHUS
c opauaaToit 0.89. Acummrornaeckn I‘KL(e) — O npu £, k — 00, 970 eIié pa3 MoJATBEPKIAET
CBsI3b TOYHBIX OIEHOK (2.8) u (2.9) ¢ 3axonom bosvwus wucen.

TouHasn NMHTepBaJibHasA OUeHKa. CJIe,HyIOHLaH TeopeEMa IIOKa3bIBa€T, KaK I10JIy9aTb TOY-

uble Bepxuue u Hmkine onenxu Jist n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim n(X) — quciao smementos cobbrtust S B HabJIIOaeMoli BBIOODKE,
TO JIISI 9HCJIA 3JIEMEHTOB coObITHs S B MOJIHOH BBIOOPKE ¢ BeposiTHOCThIO (1 — 1) crpa-
BEJITHBA BEDXHSsI OICHKA:

n(X) <max{m=0,...,L | H;™ (n(X)) > n}. (2.11)

HokazarenbcTBo. PaccMoTpuM 0IHOCTOPOHHIOK TOYHYIO OIeHKY (2.6), 0603HaIMB Mpa-
ByIO €€ dacTh depe3 H,, (), rue m = n(X) — HemsBecTHAs BeJTMIHHA!

Plv(X) <e] =Hp™ (el) = Hp(e). (2.12)

Tora ¢ BepositHocThiO 1 — H,,(€) cipaBeinBo HepaBeHCTBO V(X)) > €.
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t, vucno snemenmos S 6 ckpoimoii vibopre
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S, uucno anemenmos S e Habiooaemoi vibopKe

Puc. 2.5. Tounble BepxHue 1 HUZKHIE OlleHKHN dncia t = n(X ) smeMeHToB coObITHs S
B CKPBITOH BBIOOPKEe B 3aBucHMOCTH OT UX 4ucia s = n(X) B Hab/I01aeMOi BBIOODKE.
Yegosust akcniepumenta: L = 200, £ =k = 100, n = 0.05.

Oyukus Hy, (e ) KYCOYHO-TIOCTOSTHHA U OJIHO3HAYHO OIIPeJIe/IsIeTCsl CBOUMU 3HAUYEHUSI-

MI B TOYKax € = 0, 1 ITTK, 1. O6oznaunm uepes E,,(n) byskimo, obparayo Kk H,,(¢).

Torna c BepOﬂTHOCTiIO 1 — 7 cupaseyuBo HepasencTso V(X)) > E,,(n).

[Tockonbky dyuknuu H,,(¢) u F,,(n) Bo3pacraroriue, ¢ BepOATHOCTbIO 1 — 1) cripa-
BeUINBO HepaBeHcTBO H,y, (v(X)) > n.

Oynkia H,, (v(X)) yosisaer o m. [Tosromy mepasencrso H,,(v(X)) > n pasuo-
cubHO M < M, TJIe T — MaKCHMaJbHOe 3Hadenue m, npu koropom H,,(v(X)) > n.

Teopema j10kazana. u
AnaIoruaHbIM CII0COOOM OLEHUBAETCsI CBEPXY CKpbIToe uunc/io n(X ) mo Habroiaemo-

My aucay n(X), a Tak:Ke CTPOSITCs HUYKHUE OIEHKIL.
Caencteue 2.3.1. C BeposrHocTsio (1 — 1) BBIIOJHEHO HEPABCHCTBO

n(X) <max{t =0,....k | Hy " (X)) >} (2.13)
CaexncrBue 2.3.2. C BepositHOCThIO (1 — 1)) BBIIOJHEHO KazKji0€ U3 HEPABEHCTB

n(X) = min{m =0,...,L| H:™ (n(X)) > n};
n(X) = min{t =0,.. k‘Hen(X (n(X))>77}-

Breraucienne mo/rygeHHBIX BEDXHUX W HU?KHUX OIEHOK C MCIIOJIb30BAHIEM PEKYPPEHT-
HBIX cooTHowernit (2.5) Tpebyer nopsiaka O (n(X)n(X)) onepauuit.

Ha puc. 2.5 mokasanbl BepXHHE U HUYKHHE OIEHKH YHCJIA IJIEMEHTOB COOBITHS S
B CKpBITO# BRIGOpKe ¢ = n(X) B 3aBUCHMOCTH OT WX HHCIAa B HAOIIOTAaeMOil BHIGOD-

ke s = n(X). Toacreie cTyneHvaTbie JIUHIN — IPAHUTHBIE 00JACTH, B KOTOPBIX BEJIUTHHA
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HZ ot (s) mIpUHUMAET OJTHO U TO ke 3HadeHne. TouHas BepXHsIsl OIEHKA COBIIAIAET C BEPX-
Heli rpaHuIeil BepxHeit 001acTu, TOUHad HUXKHsS — C HUXKHeH rpaHurieil HuKHeit oo1acTu.
Bumecre onn onpenensior 1 — 2n = 90%-it moBepuTenbHbI MHTEpBAJ JJId YnCIa t IIpu
KazKJIOM 3Ha4YeHUN s. TOHKMe CTyIeHYaThble JIMTHIU — 9TO OIEHKH 110 HAUXY/IIIIeMy 1M, Bbl-
aucsieHabie coryiacHo (2.10). Vx TounocTs najiaer mo mepe npubskenns m K 0 win K L.

O BepoATHOCTU HYNb-COOLITUSA. Tlosb3ysichk Teopemoii 2.3, HETPYIHO OCYUTATH BEpPX-
HIOIO JIOBEepUTENbHYIO OneHKY n(X) it nyav-cobvimusa 22| — takoro cobbITHsI, KOTOPOE
BoobG1ie He HabOnaM0ch, n(X) = 0. B wactroCTH, 110 Tpaduky Ha puc. 2.5 Jerko onpeje-
JINTD, 9TO MPH JIjTuHE Ha0110/1aeMoii BEIOopku ¢ = 100 unc/io coObITHii B CKPBITO# BHIOOPKE
nmabl k= 100 me npessoiinér 4 ¢ BepograocTbio 1 — 1 = 95%. Huxkuas nosepuresbHas
orierka n(X) JJ1s HyJIb-COOBITHS, PA3yMeeTCs, PABHA HYJIIO.

§2.5 OpHo3anemeHTHOE cemMeiicTBO aJIropuTMoB

Bepuémcs K 3ajiate OleHUBAHUsT BEPOSITHOCTU TIEPEOOYUIeHUsT U PACCMOTPUM OJTHO-
sJIeMeHTHOe cemeiicTBo asroputmMoB A = {a}. B arom ciyuae HEUKaKOro o0ydeHusi ObITH
He MoxkeT: uX = a s Jjoboit Beibopku X. Pyurimonan Q.(u, X) = Q.(a,X) Oyzem
Ha3bIBATh BEPOAMHOCNBIO NEPEOOYUEHUA OMOIEALHO20 AA2OPUMMA.

Teopema 2.4. Ilycrs aiaropurM a JOIycKaeT m OMIHOOK Ha I'eHePaJbHOI BbIOOPKE:
n(a,X) = m. Torga ms soboro ¢ € [0, 1] cupaBeInBeI TOYHbIE OLECHKH:

Q- =Plv(a, X) —v(a,X) =] = H;™ (£(m —<k)) ; (2.14)
R.=P[v(a,X) > €] =Hy™ (m —ck) ; (2.15)
C = Ev(a, X) = (2.16)

HokazarenbcrBo. Papencrsa (2.14) u (2.15) BBITEKAIOT HEMOCPEJICTBEHHO M3 TEODPE-
Mbl 2.2, ecan BBectH cobbitne S = {x; € X: I(a,x;) = 1}. Jlna nokasarenscrsa (2.16)

3alluiieM OlIpeae/JICHUA En v, 3aTeM liepeCcTaBUM 3HaKU CYMMUPOBaHUA:

_ ct
Z Z (a,z;) = CEZ]CLZU, Z[xieX]:kaLﬁl:%.

Cr Xe[x]¢ LGX | Xelx)t

vV vV
0
m Cr_4 |

Pe3iome

Bajiaua oneHnBaHUs YacTOThI COOBITHS (HAIIPUMED, OMUOKN (DUKCHPOBAHHOTO aJIr0O-
pUTMa @) Ha CKPBITOI BBIOOPKE 10 €ro 4acToTe Ha HabJI0JaeMOil BBIOOPKE UMeeT TOYHOe
pelenne, KOTOpoe BbIparKaeTcsl depe3 IUIepreoMeTpruyecKoe pacipeieieHue.

B ciraboit BeposgTHOCTHOI aKCHOMATHUKE 3T, OIEHKA OIUCHIBAET CKOPOCTb CXOIUMOCTH

YacTOT B JIBYX BBIOOPKAX WM SABJISETCI aHAJOTOM 3aKOHA OOJILIIIX YKUCEI.



= 29 —

Heyn06cTBO 91001 OlleHKN 3aK/II049aeTcst B TOM, 9TO OHA 3aBUCUT OT HEM3BECTHOW Ya-
CTOTBI COOBITHS Ha TeHepasibHOI BhIOOpKe m. lIpobiiema peraercsa OO B3ATHEM Mak-
CUMyMa TI0 M, W TOIJa IOJyJaeTCs 3aBbIIIeHHAs OIeHKa, JINOO BBIYMCJIEHUEM TOYHOM
MHTEPBAJILHON OIEHKHU, HO TOTJIa OHA He BBIPAYKAETCH B BHUJE SIBHON (DOPMYIIBI.

B cnepyrowein nekumm Mbl okazkeM, 9To B ¢JIaboil aKCHOMATHKE BO3MOXKHO TI0JIyIaTh
TOYHBIE PENIeHnus JI Pdjia KJIACCUIECKNX 3a/a9 MaTeMaTUudIecKoil CTaTUCTUKU, TaKnUX,

KaK IIOCTpoeHHEe JOBEPUTE/IbHBIX NHTEPBAJIOB U IIPOBEPKa CTATUCTUYICCKUX I'MIIOTES.

Ynpa>kHeHust

Bamada 2.1 (1). Iloctpouts rpaduki 3aBUCHMOCTH BEIUIUHBL ()., OIpeessieMoil
no dopmyste (2.14), or ¢ npu dbuxcupoantom k, or k npu dpukcuposanuom ¢ u ot £ = k.

Bamada 2.2 (2). Beisectu Tounbie onenku Q., R. u C' 151 JBYX3JIEMEHTHOIO CeMelicTBa,
A = {ay,ay}, eciin 3aaHbI YETHIPE ApaAMETPA

My = #{z € X: I(ar,z) = u, I(as,z) = v}, u,v € {0,1}.

[Tocrpouts rpacduku 3apucumoctu (., R, u C' 0T XOSMMUHIOBA PACCTOSHIA MEXKJLY aJIro-
pUTMaMU p1o = Moy + M1, B JABYX ciydasix: 1) mpu mo; = myg; 2) 1upu mg; = 0.

Bamaga 2.3 (5*). Ommcars criocod BBIYNUC/IEHUS TOTHONW BEpXHEH OIEHKH BEPOSITHOCTH
nepeobyuenHns Q. 1Jis ceMeiicTBa u3 aByX aaroputmoB A = {ay, as}, eciim npu HEKOTOPOM
pas6uennu (X, X), BLIOpAHHOM CJTy9aiiHO U DABHOBEPOSITHO, M3BECTHBI Y€ThIPE BEJINIMHbI:

suv:#{xeX:](al,x):u, I(ag,x):v}, u,v € {0,1}.

[Toctpouts rpacdukn 3aBUCUMOCTH (). OT XIMMUHTOBA PACCTOSHUS MEXKJLYy AJTOPUT-
MaM¥ P12 = So1 + S10, B JIBYX CJydasx: 1) mpu Sg; = S1o; 2) 1pu So; = 0.
CpaBHUTB ¢ peleHreM IPeIbLIyIeil 3a1adm.

Bamagda 2.4 (3). Beectn Tounbe onenkn ., R. u C' mag cemeiicTBa U3 TPEX asro-
purmoB A = {ay, az, az}, eciau 3aJlaHBl BOCEMb MTApaMeTPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(as,z) =t}, r,s,t € {0,1}.

[TocTpouts rpadurn 3apucumoctn (., R, 1 C' OT XIMMHUHIOBa, PACCTOSTHUST MEXKLy aJIro-
pUTMaMU P12 = Moo + Moo + Mo11 + Mio1, B ABYX CJlydadx:

1) Opu Mi10 = Mio1 = Mo11 = M1oo = Mo10 = 10015

2) upu myig = Mip1 = Migo = Moo = 0, Mo11 = Moo1.
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3 HenapameTpunuyeckne kputepumn
N AoBepuTesibHble OUEHKN

Marepuasa JaHHOI JIEKIIUU HE UMeeT MPIMOro OTHOIIEHUs K OCHOBHOW TeMe Kyp-
ca — mpobsieme nepeodydenusi. OH JIEMOHCTPUPYET BO3MOXKHOCTHU CJIab0#l BEpOATHOCTHOI
AKCHMOMATUKH Ha IIPUMepEe CTAHIAPTHLIX 3319 MaTeMaTUIeCKOW CTaATUCTUKU.

MpbI paccMOTpHUM 3a/1a91 JIBYX THUIIOB.

[lepBbiit T — 3aj1@4n JIOBEPUTEILHOIO OleHUBaHUsA. Josepumenvhoili unmepsan
JUISE CITyYaifHOM BEJIMYUHBI — 9TO OTPE30K, KOHIIBI KOTOPOI'O BBIMUC/IAIOTCS 110 HAOJIIO/Iae-
MOl BBIOOpPKE, HAKPBIBAIOIIUI HEM3BECTHOE NCTUHHOE 3HAYCHUE JIAHHON CIydaiinoil Besn-
YUHBI € 33JIAHHON d06epumesvbHotll 6epoamHocmslo, OU3KON K euHuie, ckaxem, 0.95.

Bropoit Tuir — 3a1a1u MpoBepKU CTATUCTUIECKUX THIIOTE3. BhIBUTaeTcs HeKOTOpas
eunomesa Hy, TIpu yCJIOBUM MCTHHHOCTH KOTOPOH 3ajlaHHas (DYHKIMs BBIOOPKU (cma-
mucmuka) UMeeT U3BECTHYIO (DYHKIMIO paclpejesienus. Boiiensgercs: kpumuueckasn 00-
AGCMYb HAUMEHee BEPOSATHBIX 3HAUEHUI TOM CTATUCTUKY, U (PUKCUPYETCA YPOGEHD 3HAYU-
MOCMYU — BEPOSITHOCTH IONACTb B 3Ty 00JIACTb IPU YCJIOBUU MCTUHHOCTHA THUIOTE3BI Hy.
YPpoBeHb 3HAUMMOCTH BBHIOMPAETCS JOCTATOYHO OJIM3KUM K HYJ0, ckaxkeM, 0.05. Ecian na-
O/o/1aeMoe 3HaYeHne CTATUCTUKHU IMONaIaeT B KPUTUYECKYIO 00JacTb, TO Tunoresa H
OTBEPraeTcd; B IPOTUBHOM CJIydae TOBOPAT, UTO JIAHHBIE HEe MPOTHBOpEeYaT rurnorese H.

B caboit akcrmoMaTrKe HAX0/IAT €CTECTBEHHOE BhIPAXKEHNE MHOTUE HENAPAMEMPUYe-
cKue METOJbI CTATUCTUKH, HE CBA3aHHBIE ¢ AIIPUOPHBIMU MPEJIITOIOKEHUAMEI O ITapamMeT-
pUYECKOM BHUJIe TIJIOTHOCTEN pacipeieieHns KaKUX-JIM00 CIyIailHbIX BeJIMIIH.

§3.1 [JoseputenbHoe oueHnBaHue

PaccmoTpuM 3a/1aty 0 JOBEPUTEILHOM OIEHUBAHUU CJIYYafHON BEJIMIUHBDI.

Bajana yuknus &: X — R, 3HaYeHus KOTOPOil MOMAPHO PA3JINIHBI HA 3JIEMEHTaX
BeIOOPKHU X. Tpedyercss mocTponTh 1o HAOIOaeMOl BHIOOPKEe X CeMefCTBO BJIOZKEHHBIX
dosepumenvior unmepeanos Q.(X) = [67(X), &5 (X)] rakoe, 4o st IPOUZBOILHOTO
CKpBITOro 0o6bekTa T Bobinosuserca &(z) € Q. (X) ¢ BeposTHOCTBIO He Menee 1 — n(e).
Taxum 06pa3oM, JIMHA CKPLITOi BHIOOpK X = {I} HmomaraeTca paBHOI eIUHUTIC.

Bapuayuonnvim padom dyaknuu € na Beibopke U = {uy,...,u;} € X HasbBaercs
[OCJIeIOBATEIbHOCTD 3HaueHuit &(uy), . .., &(u;), ynopsiodentas mo Bospacranuio. O60-
3HAYMM S-€ 3HAYEeHHMe BapuallmoHHOTO psjga & Ha U depes 51(18 ), TOT/1a 5;11 V<< fl(]t).
Teopema 3.1. Omupejenmnm cemeiicTBO BiIOKeHHBIX 0Tpe3koB (). (X) = [S%_EH),S;)},
e e = [(/2],... L. Torga cupaBeymmBa TOIHAST OIJCHKA:

Pl(z) ¢ (X)) =2(1—-%), e=[¢/2],....L (3.1)

JokazaresabcTBo. Beero nveerca C] = L pasbuennii. Bemmanna &(T) npesocxoaut 5&?

Ha TexX pas3OueHUsX, IPU KOTOPBIX HpaBee &(T) B BapUAIMOHHOM DsILy HAXOJUTCS Me-

(L—e+1)
X

Hee L — ¢ o6bekToB. Takux pasbuenuit popuo L — e. Anajiornyno, (z) < £ Ha Tex

pasbueHusiX, IIpu KOTOPBIX Jieee &(T) HaxoauTces MeHee L —e 00bekToB. Takux pasouennit
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Takke poBHO L — e. Urak, mossi pasbuennii, npu KOTOpbIX 3HadeHne (T) monajiaer BHE
orpeska §2.(X), cocrasisier 2(L —¢)/L. n

Amnajiornaao MOXKHO JO0Ka3aThb U TOYHYIO BEPXHIOIO OIICHKY:

Ple() > Q] =1-2, e=[(/2],...,¢ (3.2)

[Tosmaras B (3.1) ¢ = {, 3akio9aeM, 9T0 CKpbITOE 3HadYeHHE &(Z) BBIXOAUT 3a Ipe-
JIeJTbI JTNalia30Ha HaOJII0/[aeMbIX 3HAYEHU [gg) , gﬁ)} C BEPOATHOCTHIO % s npejickaza-
Hus €(Z) ¢ HAJEKHOCTBIO 1) JIOCTATOYHO UMETh % — 1 00BEKTOB B CiIydae OJTHOCTOPOHHEN
OTIEHKU, U ITPUMEPHO BJIBOE OOJIbIIIE, % — 1, mra aBycroponneit. B wactnoctn, 19 06 bekTOB

JOCTATOYHO JIjId TIOJTyIeHNs BEPXHEN OTeHKN ¢ Ha 1eKHOCTHIo (.95.

§3.2 [oBeputesibHble MHTEpBasibl 4N KBAHTWU/IEN

JoBepuTenbHble MHTepBanbl AN KBaHTUNEW B CUNIbHOW akcuomaTuke [25]. Ilycts
§ — ciydaiiHasg BeJIMYMHA C HEIPEPBIBHOI CTPOro Bo3pacTatolieil (byHKImeld pacipe/ie-
neuns F'(z). Pemenne ypasrnenus F(x) = o npu a € (0,1) cymecTByer u ¢IMHCTBEHHO,
obozHagaeTcs &, 1 HA3BIBACTCA (v -KGAHMUALIO pacnpedenetus W KBAHTUIHIO TIOPSIKA, (.
B gactnocru, £1 ectb meduana pacnpedesenus.
2

[Iycrs X = {&,...,&} —BpIOOpKA { HE3ABUCHMBIX CJIyYallHBIX BEJMYAH U3 PAC-
npenesienusa F. [loctpoum e€ BapualmoHHBIN PsijL fg) < --- < fgg). C BeposiTHOCTBIO 1
oH He mMeeT CBA30K. OTpe3ok [gﬁ?,gg?} SIBJISICTCS JIOBEPUTEILHBIM HHTEPBAJIOM JIJIsT
Q-KBaHTUJIU C JIOBEPUTETHLHON BEPOATHOCTHIO

S
Pl <&<ed] =) Clatl — ). (3.3)
t=r
B (r+1) (b—r)
‘{aCTHOCTI/I, OTpGSOK [ X ySX } ABJIAETCA ﬂ‘OBepI/ITeJIbHI)IM I/IHTepBaJIOM ,ILJIH Me-

T
auanbl (o = 1) ¢ goBepuTeabHOI BeposTHOCTBIO 1 — 2 Y Ch27"
=0

JdoBeputenbHble nHTepBanbl ANA KBaHTuNe B cnaboii akcnomatuke. [locranos-
Ky 3a/Ia91 [PUJIETCSI MEHSITDH, TIOCKOJIbKY MOHATUS (-KBAHTHIN U (DYHKITUU PACIpeIesie-
Hust F'(x) ompenensiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOSITHOCTD. AJIEKBATHOMN 3aMeHOM
KBaHTUJIH &, B c1a00it aKCHOMATUKE SBJISAETCS M-i 9JIeH BaPUAIMOHHOTO Psijia FeHepaIb-
HOIT BeIOOpKM X mpu m = aL.

Hormycrum, aro umcsioBas rerepajibiasi Bbibopka X = {&1,...,&p}, cocrour u3 mo-
[MapHO pa3/nyHbIX 3HaveHnuii. [locTponm e€ BapranmoHHbBIN P 55(5) << é}g‘).

Crenyromas TeopeMa yTBEPKIAET, ITO, UMes Hab/IIomaeMy0 BBIOOPKY X, MOXKHO
peICKa3bIBaTh 3nadenue M = §§§m) U OICHUBATD TOYHOCTD IIPE/ICKAZAHUIA.

T 3.2 O (r) ¢#(s)
eopeMa o.4. TPE30K gX y Qx| ABJIAETCH JJIOBEPUTE/IbHBIM HHTEPBAaJIOM I BEJIUIH-

ael M = & ) ¢ i
=y ' ¢ JJIOBEPUTEJBHOI BEPOSTHOCTHIO

S

Pl <M<l =>"nm), (3.4)

t=r
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1J1e BeposiTHOCTh P mmoHmMaeTcss B coOTBeTCTBHH €O CJ1a00i aKCHOMATHKOH, KaK JIOJISI pas3-

OueHuii reHepaJibHOH BBIOOPKH.

JlokazaTebCTBO.
Bo-niepBbix, 3aMeTnmM, 910 P[fgg) <M< §§?)] = [{g) < M] — P[ g?) < M]
PaccmoTrpum cobbitue S, = {fg), . ,fs(gm) CX.

YcioBue P[{g) < M } PaABHOCUJIBHO TOMY, YTO B BBIOOPKY X Iomajiaer He MeHee
7 9JIEMEHTOB COOBITHSA S,,. CortacHo jemme 2.1 U Onpeie/IeHuIo «IIPaBOro XBOCTay THITEP-
reOMeTPUIECKOT0 pacipe/iesierus (2.4) oTcioojia cieyer

Plex’ < M] = ;™ (r).
Anaornano,

Pl < M] =H;™ (s +1).
Takum obpaszom,

PIEY <M <P =Hy™ () —H™ (s +1) =

S1 51 B
=D () = D () =Y A" ().
t=r t=s+1 t=r
Teopema jokazana. [ |

MpepenvHbii nepexod. loBepuresbHast BepoATHOCTH B cjaboil akcnomaruke (3.4) Bbl-
pazkaercs Uepes3 THIePreoMeTpHIecKoe pacipeaenenne. IlokaxkeM, 9To Ipu CTPeM/ICHAN
JIIMHBI CKPBITOI BBIOOPKN K OECKOHEYHOCTH OHO CTPEMUTCS K OMHOMHMAJILHOMY PACIIPEIe-
JIEHUIO, 9ITO MPUBOJUT K KJIACCHIECKON JIOBEPUTEILHOI BepogTHOCTH (3.3).

[Ipu L — oo u k — 00, ukcupoBauHOil JjimHe HabIr0maeMoil BIOOpKU £, (DPUKCHPO-
m

BaHHBIX 7" 1 § U COXPpaHEHUU ITOCTOAHHOI'O OTHOIICHUA ¥ = T nMeeM:
h&m(t) 701&0}271—15 B + m' k' (L—m)' %Ctmt(k_m)fft B
e (o N A ey [ T

= C’g<m>t<E - @)é t—) Clal(1 — a)".
L L L

TakuM 06pa30M, IIEPEHOC JOBEPUTEIBHBIX OIEHOK B CJIA0YI0 aKCHOMATHKY IIOTPe6o-

BaJI 1epedOpMyIHPOBATh TOCTAHOBKY 3aJaud. B c1aboil akCHOMATHKe JIOBEPHTEbHBII

MHTEpBaJI 3aBUCHT OT JUIMHBI CKPBITOi BEIGOPKHU, TO €CTh OT TOI'0, CKOJILKO €IIé HabJII0e-

HUil IPEJICTOUT Ce/IaTh. B aCUMIITOTUKE, IIPU CTPEMJICHUH 9TOIO YUCIa B OECKOHEIHOCTD,

IIoJIy4daeTcd KJIACCUYIECKU ,ILOBepI/ITeJIbHBIﬁ nHnTrepBaJ B CIJIbHOI aKCHOMATHKE.

§3.3 Kpurtepwnii 3HakoB

Knaccunyeckuin kputepuini 3HaKoB poBepseT rurore3y Hy o Tom, 9TO B BhIOOPKe Ou-
1

napubix sesmunn X = {b;}5_,, b; € {0, 1}, e/MHUIIBI TIOSABJIAIOTCS ¢ BEPOATHOCTBIO P = >
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WA, PYTUMHI CJIOBAMME, 9TO BEIOGOPKA MO {IMHSIETCsI OUHOMUAILHOMY PACIIPEJIEIEHIIO C T1a-
PaMeTpOM p = 3.

XpecroMaTuiiHbI TpUMep MPUMEHEHNsT KPUTEPUsl 3HAKOB — IIPOBEPKa CUMMETPU Y-
HOCTH MOHETBI I10 [OCJIEI0BATEILHOCTH BBIIAICHISA «OPJIOB» U «PEIIEK>».

B npakrrueckux 3ajadax aHaau3a JAHHBIX KPUTEPUl 3HAKOB PUMEHSIIOT JIJId IPO-
BEPKH PaBEHCTBA HYJIO MeJIMaHbl BEIeCTBEHHOM ciyuaiinoit Besmaunnnl £. st sToro me-
pexojiaT K 6unapHoii BeiGopke b; = [§; > 0]. Ipyroe npumeHenme — nmpoBepKa 2unomesol
cdeuza & = £+ § B ABYX CBSABHBIX BBIOOpPKaX, rje d — BeJIMYnHa cABura. /st sToro me-
pexoaT K 6unapHoil Beibopke b; = [£) > & + 0]. B wactaoctu, npu § = 0 nposepsiercs
OTCYTCTBHUE CIIBUTA, UK, KaK eIE FOBOPST, omcymemeue agdexma oopabomxu.

¢
[ a1 BeImosHenust Tecta Beraucisgercs crarucruka 1'(X) = > b;. Ilpu yeaosun, 4ro

=1
TUIIOTE3A Hg BepHa, CTaTUCTUKA T ITOAYINHACTCA 6UHOMUCL/L?)HOJVLy pacnpe(?menum:

PIT(X)=t] =Cip'(1—p)~" =Cj27".

['mmoreza H, oTBepraercs Ha YposHe 3HAMUMOCMU (v, €CJIU 3HAYEeHHe CTaTUCTU-
ku T'(X) monajiaer B KpUTHIECKYTO 06JIACTH — «XBOCTBI» OHHOMHUAJILHOIO PACIIPEICICHUS,

1 T(X)
Z g [51-g) 5
t=0

KpuTtepuii 3HakoB B C/1ab0ii aKCMOMAaTUKE CTPOUTCS 110 CYTH TaK ¥Ke, TOJBLKO hopMy-
JIMPOBKa T'MIIOTE3bI HO Y2Ke He MO2KET OIIMPAaTbCA Ha IIOHATHE «BEPOATHOCTL €JUHUIBLI»
1 OMHOMUAJILHOE pacipejieieHue.

Teneps runoresa Hy dopmynmupyercsa Tak: «HaOJ0aeMas BbIOOpKa X IOJydeHa

L
=1

B pesysbrare ciaydaiinoro pasbuenust X U X = X renepasbnoii Beibopkun X = {b;}
cojiepzKalieil POBHO TIOJIOBUHY €JINHUIL, 1M = Zle b; = %», rje L — 1érHoe Jucio.
Ecim runoresa Hy BepHa, TO BepHO U OCHOBHOE IIPEIIOJIOKEHUE CJIaboil aK-
CHOMATUKU O PaBHOI BeposaTHOCTH pasduenuii. [Ipumensas semmy 2.1 K cOOBITHIO
S = {bl- eX:i b= 1}, HIPUXOJUM K BBIBOJLY, 4TO craructuka T(X) mogunusierca eunep-

2EOMEMPUHECKOMY pacnpe&menum:

Y

m—t L
P[T(X)=t] =hy™(t) =C} Cﬁ;f L om=3
L

rJie BepOSATHOCTD P MOHMMAaeTCst B COOTBETCTBUU CO CJIADON aKCHOMATHUKOM, KaK JOJIs Pas3-
OueHnii reHepaaIbHON BHIOOPKU.

asee crangaprHas JIOTUKA IIPOBEPKU CTATUCTUIECKUX TUIIOTE3 MEPEHOCUTCS B CJIa-
Oyro akcnoMaTuky 0e3 m3Mmenenwuii. ['unoreza Hy oTBepraeTcd Ha YpPOBHE 3HAYUMOCTH (v,
ecan 3Hadenne T'(X) monagaer B kpumuueckyo obaacmo:

H" (T(X)) ¢ [5.1-5],
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MpepenbHbii nepexoa. [lapamverp L ObLT BBE/IEH UCKYCCTBEHHO B PE3Y/ILTATE MBICICH-

HOT'O JIoCcTpanBaHus HabJIi01aeMoil BBIOOpKH X J10 TeHepaIbHON BHIOOPKH X. YCTpemJisds

JUTHHY BBIOOPKU X B OECKOHEYHOCTH IIPU 1M = % 1 (BUKCUPOBAHHBIX £, 1, TOTydaeM BCE

TO 7K€ OUHOMUAJILHOE pacipe/ie/ieHne, IPUBOJISINee K KIacCuIecKoMy Kpurepuio (3.5):

! m! k! mimtt mt
—ct " ! e/ — o,
] Clm =t (m— L+t L £t £ (2m)" ¢

P[T(x) =

Takum obpa3oM, MepeHoC KpUTepusl 3HAKOB B CJIA0YI0 aKCHOMATHUKY IIOTPeOOBaJI
JIAIIb TIepeOPMYITUPOBKYU HYJIEBON THIIOTE3bI, HE U3MEHUB PE3YJIbLTAT 110 CYIIECTBY.

§3.4 Kputepuin YunkokcoHa—MaHHa—YuUTHuU

Knaccnyecknin kputepnini YunkokcoHa—MaHHa—YnTHn — 310 HemapameTpudecKuit
CTATUCTUYIECKUN KPUTEPUil, OOBITHO UCTIOJIB3YEMBbIl /IS TPOBEPKU 2UNOME3bL 00HOPOIHO-
CMAL — TIPEJTIIOJIOKeHHs, uTo JBe BbIbopku X = (z1,...,2¢) u X = (2}, ..., 2}) B3aTHI
U3 OJHOTO pactpejenenns. [Ipemonmaraerces, 9T0 BeJIMYUHBL T, &' U3MEPSIOTC B KOJIMYE-
CTBEHHOI WJIN HOPAJIKOBON IIKaJIe.

Ctporo roBopsi, HYJIEBOI THIIOTE30i B JAHHOM KPHUTEPHUU sBJeTCs Oojee ciraboe
npenosnoxkenne Hy: P(z < a') = % [TosTOoMy OH cunTaeTcs He JOCTATOYHO MOIIHBIM JIJIS
[IPOBEPKU TUIIOTE3BI OJIHOPOTHOCTH.

st mpocToTel B KauecTBe ajibrepHaTHBBI pacemorpum Hy: P(x < ') > % [Tpoeepka
JIBYCTOPOHHEN aJIbTepHATUBLI HE HAMHOT'O CJIOYKHEE.

To, 9To MaHHBI TECT HE BCEr/ia MO3BOJIAET 0O0OHAPYKUTH HEOJIHOPOIHOCTH BHIOOPOK,
JIETKO MOKA3aTh C TIOMOIIBLIO KOHTpIpuMepa. BoszbMéM e BoI6opku X, X paBHOIl JTHHLL.
IIycrs X cocpenorodena na orpeske [1,2], mososuna BLIGOPKH X cocpegoTodeHa Ha OT-
peske [0, 1], Bropas nososuaa — na |2, 3]. Torma runoresa Hy cripaBe/jimBa, a MUIIOTE3a
OJIHOPOJTHOCTH, OYEBUHO, HET.

J171sT BBITTIOTTHEHNST TecTa BBIYUCIAETCS CTATHCTHKA

U(X,X):ZZ xz<:1;

i=1 j=1

O06br4HO MCHOJIb3yeTCs 00JIee SKOHOMHBIN criocod Beraucsenus U. Crpourcs Bapua-
ITUOHHBIN P, M < oo < 20 o6beunéHHOl BeIbOpkn X = X L X. JIj1sl pocToThI
OyeM mpejroaraTb, YTO BAPUAIMOHHBIN DSl HE COJEPXKHUT CBs30K. [lajee maxomsirest
pauru r(x;) € {1,...,L} s7eMeHTOB TepBOii BBHIOOPDKH B OOIIEM BapUAIMOHHOM DSILY,
n U BbIpaxkaeTcs depe3 UX CyMMapHbBII paHT:

4
U(X,X) =tk + @ =) ().

i=1

Takum obpa3oM, JIaHHDBIN KPUTEPUil ABJIACTCA IPUMEPOM PaH206020 KPUMEPUSA.
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Pacnpenenenne craructukn U acuMITOTHYECKA HOPMAJIbHO, TPUIEM ACHMIITOTHKON
PEKOMEH/IyeTCsl 1MoJIb30BaThes yake ipu £, k > 8 [44, 4, 33]:

U — Stk
\/%fk'(g—F k+1)

U= ~ N(0,1).

Ecmu U > &1, tae ®1_, — (1—a)-KBaHTHIIb HOPMAJIBHOTO PACIIPEIEIeHNsT, TO TH-
oresza Hy orBepraercs B MOJIb3Y aJbTepPHATUBLI Hq P yPOBHE 3HAYUMOCTH (V.

B cnaboii akcMomaTmke aHaJI0rOM THIIOTE3BI OJJHOPOHOCTH SIBJISIETCSI OCHOBHOE ITPE/I-
ITOJIOZKEHNE O PABHOW BEPOSITHOCTH BCex paszomennii. JlaHHbII KpuTepuil mo3BoJIgeT mpoBe-
PUTDL, MOTJIa /1 1Tapa BEIGOPOoK X, X GBITH HOTyUeHa B PE3yIbTaTe CIydailHoro pasoueHus
ucxoyinoit Beibopku X Ha jsiBe dactu. CoobOpazkeHusl O HEeJIOCTATOYHON MOIITHOCTU STOTO
KPUTEPUS U KOHTPIPUMED OCTAIOTCH B CHJIE.

C roukwm 3penHus caaboil akcmoMaTHKN 3HaK BeposgTHOcTH P B yemosuu Plr < 2] = 5
YHOTPEOJEH HEKOPPEKTHO, MTO3TOMY THIOTE3Y H(y HE0OX0IMMO 1epedOpMyInpoBaTh.

I[lepBas muTepnperanus runoressl Hy. Jomycrnm, uto u3 noassibopok X, X ciy-
JaifHO U PaBHOBEPOSITHO M3BJIEKAETCS 10 OJHOMY O0BEKTY, £ U &' cooTBercTBeHHO. To-
IJIa BEPOSITHOCTH HAJO0 IMMOHUMATh B CMBIC/IE YCPEJIHEHUs He TOJIHLKO 10 BCEM pa3OueHmsIM
BBIOOPKH X, HO U 110 BCEM CIOCOOAM B3sITh 110 OjHOMY 00bekTy m3 X u X. B ciaboit
AKCHOMATHKE BepOATHOCTH Plx < 2’| neiictBurensro paBHa %

L L
Plx <2']=E [mieXngjeXHxl<xj]:

~|
M-

1

-
I

1
lk

L 0—1
1 L(L-1) C¢7L o1
> o < ] Pl € X[y € X] = - AL a7
1 j=1

Mh

7

CrL/Cf

Otcrona cremyer, aro EU (X, X) = %ﬁk. DTO U ecTh BTOpasi MHTEPIIPeTaIlist IUIoTe-
3p1 H), He TpeOyrolas BBEJICHNAA JIONOJHATEIBHON PaHIOMI3aIINN.

Pexyppenrnas dopmysna nas pacuapenenenns craructuku U BeIBonuTca B caaboit
AKCHOMATHKE TaK »Ke, KaK OHa Oblja MOoJIy9eHa B HCXOJHBIX paborax [117, 88].

Teopema 3.3. Ilyctp Bce 3Ha4deHHsT B BRIOOPKE X IIomapHO pasjindHbl. Pacrpenerernne
crarucrugn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,...,0k},

He 3aBHCHUT OT 3JIEMEHTOB BbIOOPDKH X H BBIYHCJISIETCSI 110 PEKYPPEHTHOIH bopmyie
Prp(u) = £ Py i(u) + 5 Prj—1(u — 0),

MIpH HAYAJIHHBIX YCJIOBHIX

Pro(u) = Pog(u) = [u=0], we{0,...,0k};
Prp(u) =0, ug{0,... 0k}
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JlokazaresbcTBO. 110CTPONM BapHAIMOHHBIH psiT d1eMeHToB Beioopkn 1) < - .. < 1),
OH He COJEPKUT CBSA30K B CHJIY YCJIOBHS HONAPHON Pa3InIHOCTH.

O6oznarmm b; = by(X) = [ € X]. Bunapnag nocienosatenbnocTs by, . . ., by, co-
Jep:uT poHo ¢ equnun u k wyneit. Torga

L L
UX,X) =Y i <jlbib;,
i=1 j=1
rie Bj = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. JHaUEHNE CTATUCTHKH U He 3aBHCHT

OT 3HAYUEHNiT 3JIeMeHTOB BBIOOPKH X, a TOJIbKO oT pasbmerns (X, X ) 1 mapaMeTpos JITHHBI
110/1BBI60POK £, k. UT06b1 HaiiTu pexyppenThyto dbopmyny g Uy, = U(X, X), sanumem

L-1L-1 L-1

Ug7k:ZZ[Z<j]bzz_?j+Z_)LZbl

=1 j=1 =1

Ecmu by, = 1, To nepsoe ciaraemoe B 310i cymme ectb Uy_q j;, & BTOPOE PABHO HYJIIO.
L—1

Ecnu by, = 0, To nepsoe ciraraemoe B 910it cymme ectb Uy y_1, a Bropoe »  b; = (.
i=1

Takum obpasom, Ug7k = bLUg_l,k + bL(Ug7k_1 + E)
Anajiornynoe peKyppeHTHOE COOTHOIIEHHIE BBIITOIHSICTCA U JIJI BEPOATHOCTEI:

ngk(u) = P[QZ(L) € X} [Ué—l,k = U] + P[x(L) € X] [Ug7k_1 + 0= U] =
= tPrap(u) + $ P (u —0).

Hawanpubie yenoBus jyist Py (u) SBAAIOTCA OYEBUIHBIM CJICIACTBHCM HAYAIBHBIX
yenosuit jyist U: Uy = Uy, = 0 u orpanndenuii na suadenns aprymenta u € {0, ..., (k}.
Teopema j10kazaHna. [

g mpoBepku runore3bl Hy cTpontcs pacupeseseHne Y nIKOKCOHA

W(U)=>" Pix(u).

Ecom U > Wy_,, tne Wi_, — (1—a)-kBauTmib pacrpejiesieHnsi Y MJIKOKCOHA, TO TU-
roreza Hy oTBepraercs B MOJIb3Y aJbTe€pHATUBBI Hi IIpU YyPOBHE 3HAYUMOCTH (V.

[To Bceit BuimMoOCTH, HE TOJILKO KpUTepuil Y uikokcoHa-Manna—YutHu, Ho u OoJiee
MIUPOKUIT KJIACC PAHTOBBIX KPUTEPUEB MEPEHOCUTCS B CJIa0YI0 aKCHMOMATUKY 0Oe3 3Ha4u-
TEJIbHBIX JIOTIOJTHUTEIbHBIX YCUIUIA.

Pe3iome

B ciraboit BepossTHOCTHOI aKCHOMATHKE YIAETCS IHUCTO KOMOMHATOPHBIMU METOIaMU
1oJIy4aTh aHAJOTM MHOIMX HellapaMeTPUYeCKUX CTATUCTUYECKUX KPUTEpHUEeB U JI0BEPU-
TEJTbHBIX OIEHOK. Pe3y/IbTaThl AB/IAI0OTCA TOTHBIMU U (POPMYIUPYIOTCH B TEPMUHAX KOHEY-
HBIX BBIOOPOK. B psijie ciydaeB MeHseTCs WHTEPIPETAI UCXOTHOM MOCTAaHOBKHU 3aJ1a4H,
HarpumMep, (popMympoBKa HysaeBoil rurnore3nl. [Ipegenbubii epexon L — oo npu huk-
CUPOBAHHOI JIJTIMHE HAOIIOAAeMON BBIOOPKHU £ TMPUBOINT K KJIACCUIECKUM PE3YIbTATAM.
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B cnepytoweii nekumn Mol paccMOTpUM €II¢ OJIHY KJIACCUYECKYTO 3319y MaTeMaTHIe-
CKOUl CTATHCTUKU — OICHUBAaHUE PABHOMEDHOI'O OTKJ/IOHEHUA JIBYX SMIUPUIECKUX (DYHK-
nuit pacupejenenns. Ha eé ocnoBe ctponTtcest 1ByXBBIOOPOUHBIH KpuTepuii Komoroposa-
CMmupHOBa, € IIOMOIIBIO KOTOPOTI'0 MOYKHO ITPOBEPATH THIIOTE3Y OJIHOPOIHOCTH JBYX BBIOO-
pok. B ciraboit akcrmoMaTrke 9Ta 3aa4ua IMeeT TOUYHOe PelleHne. 3a0IHO Mbl TIO3HAKOMIM-
Cd C TAKUMH MHTEPECHBIMU MATEMAaTUYECKUMU O0OBHEKTAMU, KaK YCEUEHHBIN TPEeyroJTbHIK

[Tackams n oJfHOMepHBIE CiIydailHble OJIY K IaHWI.

Ynpa>kHeHust

B cjeAyromux yiipaxKHEHUAX IIpeljiaracTcd, IOJIb3ydCh TOJILKO cJ1aboil akcrmoMaTH-
KOIL/'I7 BbIBECTH TOYHbIEC (bOpMyJIbI pacipeaeseinsd CTaTUCTUKU B HEKOTOPBIX M3BECTHBIX

HerapaMeTpUIecKux KPUTEPHsIX.
Bamaga 3.1 (3*). Kpurepunii cepuit Basbaa-Boasdosura.
Bamaga 3.2 (3*). Kpurepnit Kpackera—Yosmca.

Bamagda 3.3 (3*). Kpurepnii pasencrsa myiio kosbdurmenta koppensnnn Kerema.
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4 SmMnunpunyeckue pacnpegesieHus
N cny4dainiHoe bny>xgaHuve

B Jleknuu 2 MBI OIEHMBAIN BEPOATHOCTH OOJILITIONO OTKJIOHEHWS YacTOT B JIBYX
BeIOOPKax. B c¢1aboil BEPOSTHOCTHONW aKCHMOMATHUKE 3Ta 3aJiada SIBJISETCH €CTECTBEHHBIM
AHaJIOTOM 3aKOHa OOJIBINUX YUCEJ W UMeeT TodHoe pererue. ONeHBAHIE BEPOSTHOCTH
OOJILIIOr0 OTKJIOHEHUS JBYX (DYHKIUI pacrpejiesieHus — 3TO elé OjHa KJiacCuiecKast
3aJlava MaTeMaTUudecKoil craTucTuku. Eé MOKHO MHTEPIPEeTUpPOBATDH JIBYMs CIIOCOOAMMU.
Bo-niepBbix, Kak 3aja4y Ipe/cKa3anusd: JaHa SMIMpUYecKas (DYHKINUA PaCIpe/ie/IeHIs
CIIyYaitHON BeJIMYUHBI Ha HAOJII0/IaeMOil BBIOOPKE; TPeOyeTCs OINEHUTH €€ IMIUPUICCKYIO
dyHKIMIO pacipe/iesienns Ha CKPLITOi BEIOOPKe. Bo-BTOPHIX, KakK 3a/1a9y IPOBEPKHU T'UIIO-
Te3bl OJHOPOJIHOCTHU: JAHbI JiBe HabJII0/I[aeMble BLIOOPKU; TPEOYeTCs ONPEJIENTh, Oy Ye-
HBI JTU OHU U3 OJHOTO pacupejiesienus. s 3Toro uernoab3yoTes pa3andHble CTaTUCTHYe-
CKHUe KpUTEPUH, B 4acTHOCTH, Kpurepuiit CMUpHOBa (dalie Ha3bIBaeMblii JIBYXBBIOOPOTHBIM
kputepreM Kosmoroposa-CMUPHOBA), OCHOBAHHBINH HA CPABHEHHH JIBYX SMIUPUIECKUX
dyHuKIHMit pacnpeaesenns.

Mpbr paccMOTPUM ITOCTAHOBKY U TOYHOE PEIIeHre 3TUX KJIACCUIeCKNX 3a/a4 B cy1aboil
AKCUOMATUKE M MOKAaYKEM, YTO OHU TECHO CBA3AHBI C TAKMMU MATEMATUYECKIMU O0bEeKTa-

MU, KaK yCeUEHHBIN Tpeyroibnuk [lackaaga m ogHoMepHbIe cirydaiinble OJ1yKIanns.

8§4.1 DSDwmnupunyeckoe pacnpegeneHue

Omnpenenum st pon3BosibHON GyHKINN £: X — R 1 Ipon3BoOIbHON KOHETHON BbI-
Gopkn U C X amnupuueckyro gynryuto pacnpedesenusa Fg: R — [0, 1] xax momo o6bek-
ToB x BbIOOpPKU U, jjisi KOTOPBIX 3Ha4YeHue & () He IMPeBOCXOIUT 2

OnpeneuM 0JIHOCTOPOHHEE U JBYCTOPOHHEE PAGHOMEPHOE OMKAOHEHUE IMNUPUYLE-
cKuT Pynruul pacnpedeseHus:

DT (X) = f?eaﬂg(Fg(%X) — Fe(2,X));
D (X)= I?Eaﬂg(Fg(@X) - Fg(z,)?));
D(X) = max|Fe(z, X) — Fe(2, X)| = max{D~(X), D*(X)}.

z€R

3ajiatua cOCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTH OOJIBIIIOIO OTKJIOHEHUS SMIITUPU-

JeCcKUX (PYHKIUI pacipe/ie/IeHus:
PID(X) > <] < (o), (4.1)

rie BmMecto D(X) moryT 6biTh Takxke nojacrasierbl D (X) wm DT (X).
B ksraccuiaeckoil BeposiTHOCTHOM aKCHOMATHKe MMeeT MeCTo creyromuii dhakt [51].
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Teopema 4.1 (H. B. CmupuoB). Eciu X, X C 2" — ciay4qaiinbie, He3aBUCHMBIE, O/H-
HAKOBO pacripesesiéHHble BeIOOpkH; &: X — R — ciydaiinass BeimInHa ¢ HEIPEPBIBHBIM
pacrpejegeHneM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

e}giinoo P{D*(X) >¢} =exp (—252%) ; (4.2)
&EEmPDQY)25}::ZEQC—DHleXp(—%Qﬁﬁﬂ); (4.3)

[Ipasas qacts (4.3) upeicraBuMma Takxke B Buje 1 — K (q/ﬁ%) , e K(z) — dynryus

pacnpedenenus Koamozoposa:
oo
K(z)= ) (-1)ie®",
1=—00

3BecTHB U HEACHMITOTHYECKAE TOYHBIE OIEHKM, HO OHH MMEIOT JOCTATOTHO T'PO-
Moz auit Bu [18]. Mbl mOKazkeM, YTO TOYHBIE OIEHKH MOTYT ObITh BBIDarXKeHBI OoJiee
9JICTAHTHO dYepe3 ycedéHublit Tpeyronbuuk [lackans [60], mpnaém mokasaTebeTBO nMeer
NPO3PAYHbIA T€OMETPUYECKUIT CMBIC/I.

§4.2 VYce4éHHbiii TpeyronsHuk lNackans

[Iycrs g, g, m =0,..., L — 1Be HeyObIBAIOIIHE TIOCIIEI0BATETHLHOCTH, YAOBIETBO-
psitorrue yesiosuto 0 < g0 < gh < m.

Onpepenenne 4.1. Veeuérunom mpeyzoavnukom Ilackans ¢ HuzKHeil rpanuueii g,
u BepxHeii rpanurieii g, HaspiBaercs nejaodncienas Gyukinus G5 = G2 [g.-, gt ], onpe-
J1eJsseMast PEKyYPPEHTHBIMI COOTHOIITCHISIMA

Gy=[s=0], seZ;
Gr= (G + G ) 9 <s<gl], meN, seZ (4.4)

Vceeuénnbrit TpeyrosibHuK [lackasisg BbIYUCIAETCA 110 TOMY K€ PEKYPPEHTHOMY IIpa-
BIJIY, UYTO U KJlaccmuecKuii TpeyroibHuk [lackasis, ecim B HEM OOHYJIUTH BCE SJIEMEHTHI,
JIeKalye 3a mpejesaMu rpasut [g,, g5 ]. «Heyceuéunprit» rpeyrosbuuk [Tackass cosia-
JIaeT ¢ KJIACCHIeCKNM U JIaéT GnHoMuasbHble Kodddurmentsr C5 = G? [0, m)].

[Ipu wagamprOM yenoBun G§ = [s = 0] HeHyJeBbIMU MOTYT ObITH TOJBKO SJI€MEH-
el G5 upu 0 < s < m. pyrue HadaibHble YCIOBUS IIPUBOJIAT K UHBIM HEKJIACCHYECKIM
00600mennsiM TpeyroibHuka [lackasis, KoTopble MbI 3/1eCh HE PAaCCMATPUBAEM.

Omnpeperum Jiisi Tpou3BoJIbHBIX € > 0um = 0, 1,2, ..., JuHeliHble IpaHUIB! (B 1a/1b-
HeMIIeM apryMeHT € HHOT/Ia Oy/IeM OITyCKAaTh):

g () = £(m + ek);

Gm(€) = 7 (m — ek).

Ha puc.4.2 u 4.4 npusejienbl MpUMeEpPbl 9eTHIPEX BAPUAHTOB YCEUECHUS TPEYTOJTbHU-

ka [lackang ¢ Takumu rpanunamu. B orTimdme or npuBbIYHOrO criocoba m300pazkenus,
TPEYTOJILHUKH <«IIOJIOYKEHBI HA OOK» IIyTéM 1moBopoTa Ha 90° MPOTUB YACOBOI CTPEJIKU.
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8§4.3 Teopema CmupHoBa

Teopema 4.2. /[1s1 npou3BOJIbHOH KOHEYIHOH BBHIOODKH X H IPOU3BOJIBHOH (DYHKIIHN
¢ X — R, 3Ha9eHHsT KOTOPOIT MOMAPHO pa3IHIHbl HA JJIEMEHTaX BBIOODKH X, CIIPABEIIH-

BbI TOYHbIC OLICHKH:

PIDH(X) < £] = G4[0,g7 ()] /CL (45)
PID™(X) < e] = G 9z (e). L /C; 46
P[D(X) <e] = GLlgr(e).g0(e)]/Cr.
HokazarenabcTBo. 1. CocraBuM BapHallMoOHHBIH psifl 3HadeHui dbyHKImn () Ha S7eMeH-
tax seiGoprm: £(zV)) < £(x?)) < ... < £(2D)). Baech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHSI TIOTIAPHO# PA3JIHIHOCTH.
O6oznaunm b; = b;(X) = [ € X]. Bumapuaa nocienosarensnocts by, ..., by co-

JIepKUT POBHO { equHuIl u k HyJeil.
Bocnonbzyemces onpejiesienneM (DyHKIIUKA pacpeie/IeHus:

D(X) = max |Fg(z,X) — Fe(z, X)| =

z€R

= max
zeR

121’16)( Z:L‘ZEX x;) < 2] (4.8)

I/I31\IGHI/IM IIOPAJIOK CJjlara€MbIX B CyMMaX, TElIepb CYMMUDPY UX B IIOPAAKE BO3pacCTa-
HUsl 3HadeHui &(2;). DTO PABHOCUIBHO TOMY, 9TO B JAHHON (bOpMYJie BCe BXOXKICHUS T;
samensrcs Ha £V, Torna MOKHO yOGpaTh COMHOMKHTEND [5 (x@) < z}, 3aMEHUB BEPXHUI
1peJiesl CYMMUPOBAHUS Ha M = max{z': E(x™) < z}, U MaKCUMyM OpaThb He 10 JIefiCTBU-
TeJIBHOMY TapaMeTpy 2, & IO MeJOYNCJIEHHOMY HapaMeTpy 1m:

e [ = 1<
_ - (2) _ = (@) _
D) = s |13 (0 € X3 Y10 e ]

e By, = Bp(X)=bi+ -+ by,

Takum obpazom, paBHOMEPHOE OTKJIOHEHHE SMINPUIECKUX PACIpEeIe/IeHNiI Ha BbI-
Gopkax X m X BBIPasKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IHHUIL B IIEPBBIX
m 4JIeHaX MOCIeI0BATEIbHOCTH by, . .., by OT «oxKugaeMoro» anciaa eauaui; mé/ L.



— 49 —

Teneps zanmieM 10110 pazdueHuit BHIOOPKU X, MIPU KOTOPHIX PABHOMEPHOE OTKJIO-
HEHME SMIIMPUIECKUX PACIIPE/IC/ICHII He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD €:

P[D(X)<¢] =
ml| etk
- [m (- 29) <] L, (B (24 49) <] =
gm (€) gm ()
Cz Z H 9m(2) < Bu(X) < g ()] (4.9)

[TocitetHEE PABEHCTBO CJIE/IyeT U3 TOXKJIECTBa [max A, < 0} =11 [Am < 0}.
m m

2. Pacemorpum oapeibopky X™ = {2z ... 2™} cocrosmtyio u3 nepsbix m wie-
HOB BapHaI[OHHOIO Dsia. Bo3pMéM MakcuMasbHOe (IO BKJIIOUEHUIO) MOIMHOKECTBO N
pasbuennit (X, X), y/IOBIETBOPAIONIX JBYM yCTOBUAM:

1) OHM MHIYIUPYIOT MOHAPHO pa3JndHble pasbuenus moaBbioopku X

2) poBHo s 00bekTOB U3 X" momnaanoTr B X .

OuerwuHO, uncso sux pasbuenuit | N| = C% . [Ipegcrasum MHO)KECTBO paszbuenuii N
B BH/JIe OObe/IMHEHNS HellePeCeKaronnXCsI HO,ILMHO}KeCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gysier unrepecoBath Boipaxkenue HS = > H [0 < B.(X) < g], nockonbky

(X.X)r

npasas 4yacthb (4.9) pasna HE/CY. Pazobbém B 9TOM BbIpazkenun cymmy 1o N Ha jise
cymmbr — 110 Ny o Ny, u em@ 3amernm, 9to B,,(X) = s mia seex (X, X) € N:

Taknm obpazom, omydeHa peKyppeHTHas gopmyta qid . dopmaapHO coBmagato-
mast ¢ popmyJIoii yceuénnoro rpeyroibauka [ackamns (4.4). Ocranoch TOJIBKO TPOBEPUTH
IpaHUYIHbBIE CJIyYau.

[Ipu m = 1 u duxcuposannom s € {0, 1} umeercs ToabpKo o/HO pasduenue, |N| = 1,
caegosarensro, Hi = [g,, < s < g}], uto copnamaer ¢ (4.4).

[Ipu s = 0 u mpousBobLHOM M = 1,. .., k MMeercs: TOJIBKO OHO pasbuenue, |N| = 1,
npuaéM HU OuH 00beKT 3 X'™ He nonajgaer B X. 9To o3HadaeT, 9T0 B, = 0 npu Bcex

r=1,...,m. Ho rorna HY, =[], [g; <s < gﬂ, 9TO, OISITh-TAKM, COBIajaer ¢ (4.4).
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Bamernm Takxke, uto npm s = 0 zamuch G° ', = 0 10 onpeesenuio KOppeKTHa,
B TO Ke BpeMsa H ' = 0, nockombky N; = &. Anamorndno, npu s = m uveem Ny = O,

s

crenosarensno, H) | =0=G) ;.

3. Onocroponnue onenku (4.5) u (4.6) BoiBOAUTCST aHATOMMYHO. Pasmaue B TOM, 4T0
JIUTsl HUX BBIPAsKEHUeE 1101 3HAKOM TIpou3BeieHns B (4.9) npuHuMaeTr BUjI, COOTBETCTBEHHO,
6o [O < B, < g;;(s)}, 6o [g;(e) < B, < m}. Vsmensiercs TOILKO (popMa IPAHUILI
B yceuéHHOM TpeyrosbHuke [lackass, coorBeTcTBeHHO, b0 HuUXKHEH ¢ (£) = 0, ymbo
BepxHeit gt (€) = m, u Bce nasbHENIIE PACCYKIECHNS OCTAIOTCS B CUJIE. ]

FeomeTpuyeckas uHTepnpertaums. Bropyioo dacth jokaszaresnbcTBa (mocse hopmy-
Jbl (4.9)) MOXKHO IIPOBECTH TOPA370 KOPOYe U HATJIAIHEe, MOJIb3YSCh CJIEYIONUME Ieo-
METPUIECKUMU COODPAYKEHUSIMIE.

Kaxxoe pazouenne X LIX = X B3anMHO OJJHOZHAMHO COOTBETCTBYET OMHAPHOMY BEK-
topy b= (by,...,br), cocrosiemy u3 ¢ equHuI u k HyJeil, u, B TO ¥Ke BPeMsi, HEKOTOPOi
Tpaekropun, npoxojsgmieit u3 rouku (0,0) B Touky (L, ¢) cormacHo mpasuiy: eciau b; = 1,
TO CMECTUThCA BIIPABO U BBEPX Ha 1; ecytut b; = 0, TO cMeCTUThCA BIIpaBo Ha 1, cM. puc. 2.3.
OueBuIHO, TPAEKTOPHUs COCTOUT U3 Beex Touek (m, B,,)L _ . Bomonnenue copoxynnocTn
yCI0BIiA [g;1 < Bn(X) < grﬂ npu Bcex m = 1,..., L o3Ha"aeT, 9TO TPACKTOPHUA HEe MO-
JKET MPOXOJUTH HUKe IPAHUIBI ¢, WU Bbille Tpanulpl g . Ha puc. 2.3 s1u rpasurst
nokasansl mausivu. Cornacuo (4.9) dynkumonan P[D(X) < e] B Tounocru pasen nose
Takux Tpaekropuil. Bynem HaspBarh nx donycmumvimu. ObosnaumM uepes H amcio
JIOIYCTUMBIX TpaekTopuii, mpoxogamux u3 rouku (0,0) B Touky (m, s). Jomycrumas Tpa-
eKTOpUsT MOXKeT HpuaTu B (m, s) au6o n3 (m—1,s— 1), smbo u3 (m — 1, s). Orcioga cie-
JyeT peKyppenTHas (bopMyIia I YICIa JOMYCTHMBIX TpaekTopuit: HS = HS |+ H5.
OsHako, eciu s ¢ [9;17 g;ﬂ, TO BCe TaKHe TPAeKTOPUU yKe He OYJIyT JIOMYCTUMBIMHE, 110-
9TOMY OKOHUaTesIbHas (popMysia IpuHuMaeT Buj H = (an_l + an__ll) [9771 < s < g;g],
YTO COBIAJAET C OIIpejiesIeHreM ycedéHHoro Tpeyrosibauka lackana: HY = G5 .

MpakTuyeckoe BblYWUCNEHME TIO PEKYPPEHTHBIM cooTHOmmeHnsM (4.4) craakuBaeTcs
¢ upobsiemoii nepenosHenus: 3uadennust (G BBIXOJAT 3a INPeJeIbl Pa3psiIHO CeTKn co-
BPEMEHHBIX KOMITBLIOTEPOB Mpu L MOpsijiKa HECKOIBKUX coTeH. [Ipobiiema cauMaeTes, ecom
BBIBECTU DEKYPPEHTHYIO GOPMYJILy Jilst OTHOIeHuid ¢ = GF /CS | KOTOpbIe IPHHUMAIOT

s—1

suadenns u3 orpeska [0, 1]. [Ipumenns roxecrsa Cf = -Cs-1 = BC2 L oy aum:

m

s m-—s g

o S s—1
Pm = m Pm—1 + E@mfl'
YceuEHHbIIT TpeyroJIibHUK ITackag oka3bIBaeTCsd IIOJIE3HOM KOHueHuHeﬁ HE TOJIBKO
1IPpU BBIBOJIE TOYHOI'O BbIPazKCHUA JIJId KPUTECPUA CMI/IpHOBa, HO BO MHOI'UX 3a/Jia4daX, CBd-
3aHHBIX CO CIYYalHBIMU OJTYKIAHUAMUI IIPU OTPAHUICHUAX. Y TOMSIHEM TOJIHKO BHIOOPOU-

HBIT KOHTPOJIb KadecTBa [3] u ananms BeikuBaemoctH [60).

8§4.4 (O06o0buieHne Ha cny4aii BapyMaLVOHHOIO psiia CoO CBsI3KaMWu

B Teopeme 4.1 (CymmpHOBa) TpeboBaHme HEMPEPLIBHOCTH (DYHKIUHA PACIPE/IC/ICHUST
SBJISIETCS CYIIECTBEHHBIM. B cm/IbHOI akcmoMaTWKe OHO TapaHTUPYET, YTO C BEPOSATHO-
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croio 1 sapmanmonnsiit pag &(x) < £(2?)) < ... < £(2W)) me conepwur omuHaro-
BBIX 3JIEMEHTOB, CJIeI0BATE/ILHO, PAHKUPOBKA OIIPE/Ie/IeHa eIMHCTBeHHbIM obpaszoM. Ecin
YCJIOBUE HEIIPEPBIBHOCTH HapyInaeTcs, papeHcTBa (4.2) u (4.3) MOryT He BBITOJHATHCS [4].

B reopeme 4.2 TpeboBanue pasjmIHOCTH BCEX 3JIEMEHTOB BapUAIMOHHOIO psijia Ghop-
MYJIMPOBAJIOCH B SIBHOM BHjE. [IoKazkeM, ocTaBasCh B paMKax Caaboil aKCMOMATHKH, 9TO
OTKa3 OT 3TOro TpeDOBaHWS HE CUJIbHO MEHdAeT BHJI pe3y/brara — B Teopeme 4.2 u3Mme-
HAIOTCsI TOJIBKO IPaHuIbl ycedenus (g, gb]. Cuemytomast Teopema 0600maer Kpurepuii
CMupHOBa Ha CJIydail IUCKPETHBIX PacpeeeHnii.

Teopema 4.3. Ilyctp £: X — R — npousBosibHast pyHKIH, X — HIPOU3BOJIbHAS KOHEU-
Hasi BBIOOPKA, BapHAIHOHHBIH psiji 3Hadenuii &(x;) cocront uz H cBs30K:

(M) = = @) < gy = ... = g(a®) < - < gty = = g(20))

(. J/ N / N J/
~~ ~~ ~~

1-51 cBsI3Ka 2-51 CBSI3Ka H-s1 cBs3Ka

Torna B ciaboii akcnomatuke cripapeinBbl Tounble orneHkn (4.5), (4.6), (4.7), econ
B3STh I'DAHUIIBI yCeUYEHHOro Tpeyroabunka Ilackams [, , g ]:

Gm(e) =min{g;  (e) +m —in, g5 (e)}:
Gm(e) = max{g; (), g;, (e) +m —in};

JIsT Bcex m = ip_1+1,...,1,, rae h npoberaer 3nadenust or 1 jo H, ig =0, i1y = L.

JlokazaTebCTBO B IEJI0M aHAJTOTUYHO JIOKA3ATEILCTBY TEOPEeMbI 4.2, M0ITOMY OCTa-
HOBHUMCA TOJIBKO Ha Pa3/JIMYUAX.
HokazarenbcrBo. Pacemorpum Beipazkernune (4.8). Kak u npexjie, u3MeHUM MOPsIIOK
cJlaraeMbIX, [IPOCYMMUPOBAB MX B THOPsijiKe HEyObIBaHUs 3HadYeHwi &(T;):

L 1 L

130 -b)[e®) < 2] - 3 3 bile@®) < 2

i=1 i=1

D(X) = max

zeR

Maxkcumym jocrarodno O6parh He 1O BceM z € R, a Juimb 110 KOHEYHOMY MHOYKe-
CTBY 3HaveHHMit, KoTopble GyHKIMSA  IPUHIMAET Ha BHIOOPKE, 2 € {§ (xM), ... &(zH N}.
VoepéM COMHOKHUTED [§ (x@) < z}, 3aMEHUB BEPXHHIl Tpejes cymMMupoBanus L Ha
m = max{i: E(x®) < z} 3ameTnM, 4TO Bce OObEKTHI OIHON CBA3KN OO BMECTE BXOJAT,
JInbO BMECTe He BXOJAT B cyMwmy 10 ¢. [losromy wmciio m MoKeT NpuHUMAThH 3HAYEHUS
TOJIBKO U3 MHO)KecTBa [ = {i1,...,iyx}:

1m
Ez:: (1—b) KZb

Awnayiornano (4.9), nosydaem:

= — Inax
k mely

D(X) = B — —|.

L

T

mGIH
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Uh—1 i

Puc. 4.5. Bepxune g, (¢) u umxnue g (g) rpaHuipl yceu8HHOrO TPEyroJbHUKA
[Tackajiss B cpaBHeHHMH C JIMHEHBIME rpanunamu g,,(¢) u gl () ma orpeske m =
= {ip-1,...,in}, coorBeTCTBYyIOMmEM h-il CBSI3KE.

E,ZLI/IHCTBGHHOG oTyimiaumue oT (49) 3aKJ/II09a€eTCd B TOM, 9TO IIPOXO2KIeHUEe JTOIIyCTUMbIX

TPaCKTOPHIi (m, Bm)ﬁzzo OrPaHUYIEHO CBEpXY ¢, (€) m cHusy g, (£) HE BO BCEX TOUKAX
m=0,...,L, a ToJIbKO B TOYKax m € [p, COOTBETCTBYIOINX KOHIIAM CBSI30K.
PacemorpuM jiomycrumble TpaekTopun Ha orpeske m = {ip_1,...,1,}, COOTBETCTBY-

foreM h-it ¢BsA3Ke, M. puc. 4.5.
- . + . +

Mezk1y TOUKaMK BepxHeill IpaHMIIbI (lh_l, Lgi}HJ) u (zh, Lgth) JIOIyCTUMAs TPaeK-
TOPUS MOYKET UJITH IIPOU3BOILHBIM 00PA30M, CJIEIOBATEILHO, €€ yTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;’: U HAKJIOHHOH mpsaMoil B, < git L (m—ip).

Mex 1y Toukamn muzneit rpamunst (i1, [g; 1) u (in, [g;, ]) Aonmyctnmas Tpaek-
TOPUsT MOXKET UJITH ITPOM3BOJILHBIM 00PA30M, CJI€/I0OBATEILHO, €6 MyTh OrpaHUYeH CHU3Y
TOPU30HTAJILHON NIpsIMOit 3, > 95, _, 1 HAKJIOHHOI IPAMO B, > 9;, + (m —1p).

Takum 06pa30M, TIOJIy9Y€Hbl TPAHUIIBL ], ;'] yceuénnoro rpeyrosbhuka [lackaiis.

Teopema j10ka3aHa. [ |

Bameuvanue 4.1. Eciau Bce cBsa3ku omHodnementHoie, {iy,...,ig} = {1,...,L}, 10
a-(e) =gt (), g.(g) = g,.(¢), u reopema 4.3 nepexomur B Treopemy 4.2.

3ameuanwue 4.2. I[lojnyueHnnble OINEHKU ABJSIOTCA TOYHBIMHU, HO HEHAOJIIOIaeMbIMHI.
MoudunupoBanible rpaHutbl [, §-] CyIEeCTBEHHO 3aBUCAT OT OC/IEI0BATEILHOCTI
i1,...,1, KOTOpPasg CTPOUTCA II0 BCEil TeHepaJibHO# BBIOOPKE X; €€ HeBO3MOXKHO 3HATh,
nMes JINIIb HaOJI01aeMyio BRIOOPKY X. DTO 03Ha4YaeT, 9To TeopemMy 4.3 MOXKHO IIpUMe-
HATH JIJIsI TPOBEPKH THIIOTE3BI OJHOPOJIHOCTH, OJHAKO HEIIOCPEJICTBEHHO OHA HE TOIUTCS
JIIS TIPeJICKa3aHmis SMITUPUYIECKON (DYHKIUN PACIIPEICICHUS.

Pe3iome

BeposiTocTs 60JIBIIOro OTKIOHEHNS SMIMPUIECKIX PACIIPEICICHNT NMeeT aCHMIITO-
Tuaeckoe Beipazkenue (4.2) nan (4.3), KOTopoe IPUBOIUTCST BO MHOIHX YIeOHUKAX 1 CIIPa-
BOYHUKAX [0 CTATUCTHKE, KaK IPABUIIO, 0e3 J0Ka3aTeabCTB. B craboii akcmoMaTnke oHa,
HMeET TOYHOE BBIPAsKEHNE Uepe3 yCedCHHbI Tpeyroabink [lackams u jgerko obobrmaercs
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Ha CIydail BapUalUOHHOI'O PAda CO CBA3KaMH, TO €CTh Ha paclpeleseHusd ¢ Pa3pblBaMu
7 JUCKPETHBIC PACHpPEIeICHUI.

B cnepylowenn nekunm Mol BepHEMCd K IpobjieMe epeodydeHns 1 3aiiMEMCs OIeHNBa-
HIEM BEPOSTHOCTU OOJIBINTOrO paBHOMEPHOT'O OTKJIOHEHUST YACTOTHI OIMMNOOK B JIBYX BBIOOD-
Kax. JTa 3ajada HEMHOI'O [T0X0yKa Ha TOJILKO YTO PACCMOTPEHHYIO, HO TOPA3/I0 CJIOZKHEE.
Mpr naunéMm ¢ BepxHUX OlleHOK Bariuka-HepBoHenkuca, KOTOpble HCTOPUYECKHU ObLIH T1ep-
BbIMU. OHI/I JIETKO BBIBOJATCA, HO CHUJIBHO 3aBbIIICHDbI. Hpo6ﬂeMa 3aBbIINICHHOCTH HaJd0JI-
ro 3afiMET HaIle BHUMaHWE, W TOJIBKO B JeKIUu 11 MBI CHOBa BCIOMHUM PO KPUTEPUit
CMupHOBa ¥ MOKAXKEM, YTO /I OJIHOTO YACTHOTO CEeMeCTBa aJrOPUTMOB BEPOSITHOCTH
OOJIBIIOr0 PABHOMEPHOI'O OTKJIOHEHUS TAKKe BhIPAXKAETCs Uepe3 CJIydaiiHble 0Ty 2K IaHns
U yCed€HHbBIN Tpeyroyibuuk [lackasis.
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5 SnemeHTbl Teopun BanHunka—YepBoHeHkunca

Crarucruyeckast TeOpUs BOCCTAHOBJIEHUsI 3aBUCHMOCTEN 110 SMITUPUIECKUM JTAHHBIM
(VC-reopust) 6b11a npesyiozkena B. H. Banaukom u A. #1. YepBonenkucom B konre 60-x —
nadasne 70-x romos [9, 10, 11, 8]. B cepeqmue 80-x oHa mosydmiia MIHPOKYIO MHPOBYIO
uspectHocTh (109, 110, 111| u BMecte ¢ paboramu Bammanta [108| Ha MHOTHE TOBI OIpe-
JleJTiIa TeHepaibHOe HallpaBIeHne PAa3BUTUS TEOPUH CTATUCTHIECKOrO 00y IeHHS.

PaccMorpuM oCHOBHBIE TIpeIIOIOKeHNsT U pe3yabrarbl VC-Teopun B paMKax caaboii
BEPOATHOCTHO aKCHOMATHKHU, UCIOJIb3Ysl BBEJIEHHbIE HAMU paHee 0O03HAYEHUSI.

§5.1 Ouenka BanHuka—YepBoHeHkuca

Hamomumm, aro X = {z1,..., 2} — KOHeIHOE MHOXKECTBO 00BHEKTOB, A — MHOKECTBO
anroput™MoB, I (a,z) — uagukarop ommbku. Kax i aaropurm a € A nopoxgaer Ha X
BexTop onmbok @ = (I(a,z;))=,.

BBes1éM HECKOIBKO HOBBIX HOHATHN M 0003HAYEHUII.

A= {EL’ fa € A} — MHOXKECTBO BEKTOPOB OIMUOOK, IMOPOXKIAEMbIX MHOXKECTBOM aJI-
roputMoB A Ha 3ajanHOil BIOOpKe X. B masjbHeiiiieM Mbl 9acTo OyJeM IIPEJIIOJararh,
YTO MHOXKECTBO A M3HAYAIBLHO COCTOWT M3 aJrOPUTMOB C MOMAPHO PA3IUIHBIMU BEKTO-
paMu OIMMOOK M OIIyCKaTh CTPEJKY, 0O03HAYAIONIYI0 BEKTOD, MOCKOJIBKY B 3TOM CIIydae
AJICOPUTMBI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OITUOOK.

AA(X) = |A] — roaunuenm paznoobpasus (shattering coefficient)* mmozxectsa aii-
roputmMoB A Ha BeIGopKe X. OH He MpeBbIaeT MOITHOCTH MHOKECTBa A ¥ He IpeBhIIaeT
2 — qucira pasamaHBIX OyJIeBBIX BEKTOPOB MUMHE L. B 3a1a9ax KaaccudpuKanum Ha 1B,
KJIACCa OH PABEH YHUCJIY PA3INIHBIX duromomud (CrocoboB pa3iesuTh BLIOOPKY X Ha 1Ba
KJIacca), Peasin3yeMbIX BCEBO3MOKHBIME aJilOpUTMaMi u3 A.

AA(L) = m}gXAA(X)—dinnuu,ﬂ pocma (growth function) mmo)kecTBa asropur-

moB A [11, 111]. Makcumym Gepércst mo BCeBO3MOXKHBIM BbiOOpKam X C 2" jymHbl L
U3 HEKOTOPOro (BO3MOXKHO, GECKOHEYHOr0) MHOYKECTBA JIOMYCTUMBIX 00beKTOB Z . DyHK-
IUsT POCTA SIBJISIETCsT MEPOIi CJIOZKHOCTH MHOYKeCTBa ajroputMos A. B orunaue ot Koaddu-
[HeHTa pa3sHooOpas3usi, OHa He 3aBUCUT OT BBIOOPKM X, BOCCTAHABINBAEMOI 3aBUCUMOCTH
y(z) m metona obyuennus p. Crpasemba Bepxassa onenka A4 (L) < 28,

MpuHUMN paBHOMEpPHOI CXO0AMMOCTU ucnosbsyercs B VC-Teopun 1 MHOIHX IIOCJIETY-
forux paborax (em. 0630psl [112, 62, 13]) auist mosydyeHnsi BEPXHUX OINEHOK BEPOSTHOCTU
nepeobydeHns, He 3aBUCAIINX OT METOJA fi.

4B paborax B. H. Banmuka u A. 4. Yepsonenkuca [10, 11, 8] koadbdument paznoobpasnus HazbBaJICS
undexcom cucmemovs cobvimuti. AJropur™M a WHIyIUpyeT codbiTHe S, = {x eX ’ I(a,z) = 1}. Cewmeii-
crBo A mnpynupyer cucremy cobbituit S = {S,|a € A}. Mnaekce cucrembl coObITHil S eCTh UNCIO pas-
JIMIHBIX TMOJIMHOXKECTB Buja S, N X, riae a npoberaer Bcé MHOXKECTBO A, 9TO PABHOCUIBLHO OIPEIEJICHIIO
Tepes |ff| B anrmogsprarbex paboTtax mprKuaca TepMuH shattering — dauciao pasbmeHunit BceMun BO3MOXK-
HBIME cTI0cObaMu, OYKBAIBHO «Biapebesrn». JIpyroit BapmaHT mepesoia — «apobienues [45].
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Ipunyun pasromeproti cxodumocmu 3aKII0IAeTCI B TOM, 9TOOBI 3aMEHUTH (DY HKITH-
oHaJI (), ero BepxHeil oIeHKOo () — BEPOSATHOCTHIO OOJIBIIIOr0 PABHOMEPHOI'O OTKJIOHEHUSI
YacTOT B JIBYX IOJIBBIOOPKAX:

ngészP max d(a, X) 25} :Pmag[é(a,X) 25], (5.1)
e A e A
re §(a, X) = v(a,X) — v(a,X). OrmMerum, 9TO 37€Ch JOCTATOYHO B3ATH MAKCHMYM

10 MHOXKECTBY BEKTOPOB OIMUOOK A BMECTO MaKCHUMyMa II0 CAMOMY MHOXKECTBY A, I10-
CKOJIbKY JIJIST JIIOOBIX aJropuT™MoB a,a’ € A uz d = d' caenyer 0(a, X) = d(a’, X).

Tepmun «crodumocmsvs O3HAYTAET, UTO €CTIN @E — 0 pu ¢, k — 0o TO mIepeobytIeH-
HOCTB TaKzKe cxo/uTest K Hytio: §(a, X)) — 0. Tepmun «pasromeprocmvy» O3HATAET, UTO Be-
mrarHa O(a, X ) CXOAUTCS K HYJIIO OJIHOBPEMEHHO JIJIsE BCEX aJllOPUTMOB a € A, B TOM 4uce
JIs aaropuTMa ¢ = X, KaKuMu Obl HE ObLIM MeTOJ OOyUYeHns ji 1 BLIOOpKa X .

Crenyromast TeopeMa MOKa3bIBAET, 9TO B HEKOTOPBIX CJIydasix HepaBeHCTBO (. < ().
MOXKET 00paIlaThbCd B PABEHCTBO.

Teopema 5.1. Ilyctp MeTos] |1 MUHUMH3HUPYET SMIIUPHIECKHI PDUCK H BCE AJITODPHTMBI
a € A JIOIyCcKaoT OJJMHAKOBOE YHCJIO OMIMOOK Ha reHepasibHoil Bbibopke, m = n(a, X).
Torya Bepxusist orenka (5.1) obparmiaercst B paBeHCTBO: Qe = Q.

HokazareabcTBo. [lpn dukcupoBannoM m MHHUMUA3AIUS SMIUPUIECKOIO PHUCKA
v(a, X) 9KBUBaJIEHTHA MAKCHMU3AINN [1epE00YIEHHOCTH, TTIOCKOIBKY
m — lv(a, X) m L

’ —v(a,X)=—— —v(a,X).

d(a, X) = P .

Ecmm ke B A ecTh alropuTMbl, JIOMYCKAOIE PA3/JIMIHOE YUCI0 OIMMOOK Ha X, TO
HepaBeHCTBO (5.1) MOXKeT OKazaThCsl KaK TOYHON, TaK M CHJIbHO 3aBBIIEHHO OIEHKOI,
qTto Oy/ieT IMoKa3aHo jaJjiee Ha IpuMepax. B obimiem ciydae TpeboBaHHEe paBHOMEPHOI
CXOJIMMOCTH SIBJISIETCsI U30OBITOTHO CUIBHBIM JOCTATOYHBIM YCIOBHEM 00yYIaeMOCTH.

OcHoBHas Teopema VC-Teopun. 3jiech IPUBOIUTCA JOKA3ATEIHCTBO, CYIIIECTBEHHO 0O~
Jlee KpaTkoe, YeM B MCXOIHBIX paborax [10, 11, §|.

Teopema 5.2. Jlst jrobbix p, X, I, A me € |0, 1] cupaBegmnBa ornenka

Q- <ANX) max Hi" (sp(e)),  sm(e) =

m=1,...,.L

(m — k). (5.2)

Sl

HoxkazareabcTBo. Bocnosbsyemcest mpunimmoM paBaoMepHoit cxoaumoctu (5.1) u ore-

HIM CBEPXY MaKCHMyM OMHAPHBIX BEJHYHH UX CyMMOI:

Qa <éa < 552 PZ[(;(CL,X) 28]

acA

59T0 MOKHO TPAKTOBATHL U KAK OIECHKY BEPOSTHOCTH OOLEIMHEHNS COOLITHIL [5(a,X ) > 5] CBEPXY
cyMMoit ux BeposTHOCTel. K€ HaspiBaior Takke nepasencmeom Byas wim union bound.
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Teneph mepectaBuM MecTaMy 3HaKH cymMvupoBanust: P> = Y P u samumem Be-
posrrocT P[0(a, X) > £] aus ormensHOro aaropuTMa @ €Mepes THIEPreOMeTPHIEecKOe
pachpeesieHue, corjacHo reopeme 2.4:

Q-<Q-<Q.=> Pls(a,X) 2] =S HE™ (50(c) . m = n(a,X). (5.3)

acA aGeA

0 Hy™ I
neanM H ;" ($,,(€)) cBEepXy MaKCHMYyMOM I10 1 U BBIHECEM €T'0 3a 3HaK CyMMBbI. [1o
3HAKOM CyMMBI OCTAHETCA eJIMHAIA, a Best cymMa Oysier pasha |A] = A4(X). [

[TostHOCTBIO aHAJIOTMIHO JIOKA3bIBACTCS BEPXHsIS OIEHKa 1 I (pyHKImoHAIa IR,.

Caencrsue 5.2.1. Jliust yiobbix pu, X, I, A ue € [0, 1] cupasejusa oneHka

R. < Z’Him (m—ek) < AYX) rg)axLH%m (m —ek).
acA e

Taxum obpazom, umeercs cepus VC-ouerox.

HawGosiee Tounas orenka (5.3) —3T0 cyMMa BEpOSITHOCTE HepeobydeHNnsT 110 BCeM
AJICOPUTMAaM CeMEfICTBA C MOMAPHO PA3JINIHBIME BEKTOPAMHU OIUOOK.

Omerka (5.2) 4yTh XyzKe — 9TO BEPOSITHOCTD MepeodyYeH s HANXY/IIIEro aaropuTMa
(maxcumyM Ho™ (sp,(€)) mocruraercs npu m nopsaka L/2), MOMHOMNKEHHASI HA HHCIIO
AJICOPUTMOB C MOTAPHO PA3JIMIHBIMA BEKTOPAMU OIIHOOK.

OreHKy MOYKHO €IT[E HEMHOT'O OC/Ia0NTh, €CJIN 3aMEHUTh KO DUITUEHT PA3HOOOpa3Hs
AA(X) dymkmmeit pocta A4(L). 3ato Temepn oneHKa He GyIeT 3aBHCETh OT BHIOOPKHL.

Haxkoner, dyHKIMIO rUmepreoMeTpuiecKoro pacipe/iesieHus MOYKHO 3aMEHUTH JKC-
ITOHEHIINAJIbHON BepxXHEil OIEHKO, nMeroleir 0codbo mpoctoit Buj upu £ = k [8]:

mn?x%m (sm(e)) < 27, (=F (5.4)
B urore nosnyvaercs nanbosiee nzBecrnas u3z VC-orenok [111]:

Caencrsue 5.2.2. st yiobbix p, X, I, A, e € [0,1] npu ¢ = k cupasesmiBa oneHka:
Q- < AM20) - Be= (5.5)

KoppekTHble MeToabl obydenusi. B VC-reopun [8| ormenbro paccmarpuBaercst Tak
HasbIBaeMast 0emMePMUHUCTICKAA NOCMAH06Ka 3adavu’, Korma MeTOL i KOPPEKMEH, TO €CTh
n(pX, X) = 0 na s06oit 00y varoreii BeI6opke X .

Teopema 5.3. Ecim metos i kKoppekTer npn jganabix X, A, I, To ms oboro € € [0, 1]

<AAX%<AAL Eak 5.6
Q. <At M <arwy (1) (5.6)
L

6B zapy6eskHoii JaTepaType CIOXKHIIACH JPYras TepMHUHOJIOTHS. JleTepMUHICTCKYIO HOCTAHOBKY 3a-
JIavN HAa3BIBAIOT peasusyemvim obyuernuem (realizable learning), mmest B BULy, ITO € TIOMOIIBIO CeMelcTBa
aJIropuTMOoB A BO3MOXKHO Peasn30BaTh UCTUHHYIO 3aBUCHMOCTH Y(x). OBILy0 NOCTAHOBKY 3a/1a91 HA3bI-
BAIOT HEPeaIM3yeMbIM UJIA a2Hocmudeckum obyyweruem (agnostic learning), moqaépKuBast IPUHIAIIAA b
HYIO HEBO3MOXKHOCTD 3HATDH, HAXOJUTCSI JIN UCTUHHAS 3aBUCUMOCTD B cemeiicrse A, win Her.
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HokazareabcTBo. Havasio jjokazaTebcTBa B TOYHOCTH MTOBTOPSET JIOKA3aTEIHLCTBO TEO-
peMbI 5.2, HO K BBIPAXKEHUIO JIjId BEPOATHOCTHU MepeoOyUueHns aJropuT™Ma a J00aBIsgeTcs
yCJIOBHE KOPPEKTHOCTHU:

P[d(a, X) = €] [n(a, X) = 0] = [m > ek] P[n(a, X) = 0] = [m > k] h7™ (0).

Tloncrasum 910 Boipazkenne B (5.3) u, ¢ yaérom by ™ (0) = C4_ /C% | nomyuum

C¢
Lom - m = n(a,X).

ngéa:Z[m>5k] ot
L

acA

Maxkcumym C¥_ /C% nocruraercst npu Haumenbinem m = [ek].

C yuérom onenku Cf_, /Cf < (£)™ nomyuaem nenouky nepasercrs (5.6). ]

CrnencrBue 5.3.1. B ycioBusix teopembl 5.3 npu { = k
Q. < AY(20) - 27

Urak, B ciydae KOPPEKTHOCTH OIEHKa (). CTAHOBUTCHA 00Jiee TOYHON U IMPUHUMAET
nanbosiee 1pocToit Buji. OTCI0/Ia COBEPIIEHHO HE CJIEIYyeT, YTO Ha IIPAKTHKE HAJI0 TO0JIb-
30BAThCA KOPPEKTHBIMU MeToiamu o0ydenus. st obecriedennst KOPPEKTHOCTHU MTPUJIETCST
YCJIOXKHATH KOHCTPYKITHIO CeMeHCTBa ajrOPpUTMOB, UTO MOXKET HMPUBECTUH K yBETUICHUIO
bynxmun pocta A(L), HACTOIBLKO 3HAYUTETLHOMY, 9TO OHO HOTHOCTHIO CKOMIIEHCHDYeT
yMeHbIenne kombunarTopaoro Muozkutesd. [losromy B VC-Teopun mpuHATO CIUTATD, UTO
HE cJiejlyeT J00UBaThCs 6€30MuOOTHON PAOOTHI AJITOPUTMa Ha 0Dy UAIOIIeM MaTepualie.

§5.2 PasmepHocTb BanHnka—YepsoHeHkuca

DYHKITNS POCTA SIBJIIETCS MEPOI CJIOYKHOCTH MHOYXKeCTBa A 1 He 3aBUCHUT OT BBIOOPKH

n Metosa obydenusi. C Hell TECHO CBdA3aHA €IE OJIHa XapaKTEPUCTUKA CJIOKHOCTH.

Onpenenenne 5.1. Eciu cymecrsyer neroe umcio h takoe, aro A4(h) = 2" n

7

AA(h+ 1) < 2" 10 ono naspiBaercs émxocmuvio’ cemeiictsa anropuryos A. Ecin tako-

ro 4mcja h He CyIIecTBYeT, TO I'OBODST, 9TO ceMelcTBO A mmveeT beckoneunyro Emrocmo.

[lepeuncanm Hanbosee BayKHbIE CBOHCTBA €MKOCTH, TIOKa 06€3 J0Ka3aTeIbCTB.

1. Eciu cemeiictBO mmeeT €MKOCTb h, TO BMECTO TPUBUAJIHLHON IKCIIOHEHIHMAJILHOM
onenxn A*(L) < 2L cipaseymba 6ostee ToIHAs TTOMMHOMUATBHAST OTCHKA
3 LM

AA(L) <02+Ci+---+()’g<§ﬁ. (5.7)

B sTom citydae BeposiTHOCTD TiepeodytueHust CTPEMUTC K HYJIIO 1pu { — 00, MOCKOJIBKY
TUIIEPreOMEeTPUYECKUN MHOYKUTEIb CTPEMHUTCS K HYJIIO SKCIOHEHITUAIBLHO. ToTr/1a roBOp«T,

410 cemeiicTBo A obiasiaer coiictBoM obyuaemocmu (learnability).

TA taxe pazmeprocmuvio Bannuka- Yepsonensuca nma VO-pasmeprocmuro (VC-dimension).
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2. Tlyers X =R" u Y = {—1,1}. Emkocth cemeiicTpa mmHeiiHbIX KIaccnduKaTOpOB
A = {a(z) = sign (w, z) | w € R"} paBHa pasMepHOCTH IPOCTPAHCTBA 11, T/IE W — BEKTOP
napaMeTpoB, (w,x) — CKaJsIpPHOE MPOM3BEJIeHNe BEKTOPOB W U T. DTOT (DaKT sIBJISIETCs
NPAMBIM CJIEJICTBUEM TOT'O, YTO B MPOCTPAHCTBE PA3MEPHOCTU 7 4Yepe3 JII0Oble N TOYeK
BO3MOKHO IIPOBECTU THIIEPILIOCKOCTD, & depe3 JitoOble n + 1 yKe Hesb3s.

3. /lameko mHe Bcerjia éMKOCTH paBHa YHC/IY HapameTpon. /[y joboro mapamerpu-
YeCKOro ceMefcTBa 3aJJaHHOl EMKOCTH /. JIErKO MOCTPOUTH JIPYroe CeMeiCcTBO, KOTOPOe
Oy/IeT UMeTh Ha OJINH TapaMeTp OOJIbIEe, HO TIPU 9TOM €ro éMKOCTh Tak:Ke Oy/eT paBHa h.
Hanpumep, MO2KHO 3aMEHUTH OJIMH U3 ITAPAMETPOB CYMMOI JIBYX HOBBIX IIAPAMETPOB, UTO
He TOBJINSAET HA YUCIO0 MOPOKIAEMbBIX CEMEHCTBOM BEKTOPOB OIIHOOK.

4. Ilycts muOXKecTBO A KoHedHO. UHMC/IO aJropuTMOB, TONAPHO HEPA3TUINMBIX
Ha BLIOOpKe X, He mpeBbImIaeT UmCIa BCeX aJIrOPUTMOB, TTOTOMY I (DyHKIIMH POCTa
crpaseyusa onenka A4 (L) < |A|. Emxoers Taxoro cemeiicrsa me npesbimaer |log, [Al],
TaK Kak B IIPOTUBHOM Cjiydae (PYHKIUS POCTa OKazajach Obl GoJbiie |Al.

5. MuoxkecTBa aJrOpUTMOB, PEAJM3yEeMbIX HA KOMIIBIOTEPE, BCErjia KOHEeUYHbI. Fcjm
JIIsT XPAHEHUsI BCEX TTaPAMETPOB aJITOPUTMA UCIIOIB3YeTCs He DoJiee N OUT, TO TUCJIO aJIr0-
PUTMOB B TaKOM CeMeficTBe He mpeBbinraeT 2", a ero éMKOCTh He npesbinraeT log, 2" = n.
Yro06w! 9Ta OlleHKa He ObliIa 3aBBIIMIEHHOI, /I I0ACYETa HEOOXOIMMOI0 IICIa OUT JTOJIK-
HO UCIOJIB30BATLCS MAKCUMAALHO IKOHOMHOE Koduposarue apaMeTrpos. [lannoe mabdiro-
JIEHHE JIEKUT B OCHOBE HPUHIHIA MUHUMYMA OAuns, onucanus (Minimal Description
Length, MDL) [96] u npunrmna mporpamvupyemoii VC-pasmeproctu [24].

6. CytecTByoT ceMeificTBa aJrOPUTMOB KJIACCUMDUKAIME € OJHUM BEIICCTBECHHBIM
napaMeTpoM, éMKOCTb KOTOPBIX OeCKOHEYHA. DTO CBUJIETEILCTBYET O HETPUBUATHLHOCTU
MOHATUS EMKOCTU C OJHOW CTOPOHBI, ¥ O OECKOHEYHBIX BBIPA3UTEIbHBIX CIIOCOOHOCTSX
JIeRCTBUTEIBHOTO ducia ¢ Apyroit. C TpeTbeit CTOPOHBI, BCe TAKWe MPUMEPHI SIBJIAIOTCS
HUCKYCCTBEHHBIMU U «Pa3pyIIAlOTCsI», KaK TOJBKO MBI BO3BMEM BMECTO JI€HCTBUTETLHOTO

YucJia €ero KonedHoe Ipe/cTaB/JeHue B KOMIILIOTEPeE.

OueHkn EMKOCTW HU3BeCTHBI JIjisi HEHPOHHBIX cereil |58, 57, 79, 91|, pematonux epe-
BbeB [26], KOPPEKTHBIX TIOJIMHOMOB HaJl &JITOPUTMAMU BBIYUCJIEHUsT OLEHOK |39], KomMuTer-
HBIX pernaionux npasui [90], 1 MHOIEX IpPyruX ceMeicTs. EMKocTh ceMeiicTs, 0CHOBAHHBIX
Ha SIBHOM XpaHEHWH Beeil obydaromnieil BEIOOPKH, KaK MpaBiiio, GeCKOHedHa (HampuMep,
y aaropur™a OJIMKANIIIX coceeit). Emkocts CeMeNiCTB, rapaHTUPYIONINX KOPPEKTHOCTh
(orcyrerBre omuboK) Ha 00yvarolieil BHIGOPKe, TakKe, Kak MPaBUIo, OeCKOHeIHA. XOTH,
ecTh U UCKJIIoUeHns: B paborax B.JI. MaTpocoBa cTposTCs KOMIIO3UIIUN aJITOPUTMOB BbI-
YUCJICHUS OIEHOK, UMEIONNe KOHEIHYI0 EMKOCTb M OJHOBPEMEHHO T'apaHTHPYIONue KOp-
pekTHOCTH (38, 39, 40, 41].

§5.3 MeTtog CTpYKTYpHOIi MUHMMU3ALNN PUCKA

Nmest BEepXHIOIO OIEHKY BEPOATHOCTHU IepeobyUueHns, HETPY/IHO MOJIyUYUTh BEPXHIOKO
OIIEHKY YacTOTHI OIMNOOK Ha KOHTPOJILHOI BhIOOpKe. OHa Oy/ieT BepHa He BCerjia, a JIUIIhb
¢ HEKOTOPOi#l BEPOSITHOCTBIO, JIOCTATOYHO OJIM3KON K €IUHUIIE.
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Teopema 5.4. Ilpu { = k mist i06bix X, A, I ¢ BepositTHOCTBIO HE MeHee 1 — 1) oJiHOBpE-
MEHHO JIJIST BCeX aJrOPUTMOB a € A cIpaBeInBO HEPABEHCTBO

- h, 20 1 1
via,X) <v(a,X)+ ZIHT—FZIHE. (5.8)

Hokazarenbcrso. [loacrasum B (5.5) Bepxuiow onenky dyuknun pocra (5.9), oreHus
1o popmysie Crupotnra bl > v 2rxhh/e™". Tonydennas ouenka mveer Bu Q. < n(e, l, h).
[Tpumennm K Heit Texuuky obparernst (1.8): BeIpasum € Kak QyHKIUIO OT éMKocTH h,
JUiHBL 00y Uuenus ¢ u 3Hadenus 1. B pesynbrare mosyanm (5.8). [

[Tepsoe ciraraemoe B 9T0ii OrieHKe — sMIupuyeckuit puck. OH He BO3PacTaeT ¢ POCTOM
EéMKOCTH h, TIOCKOJIbKY deM OOJIbIIEe B CeMeiCTBE aJI'OPUTMOB, TeM 00jiee TOYHO MOZKHO
AIlIPOKCUMHUPOBATL BLIOOPKY. BTOpoe ciraraemoe BO3pacraeT ¢ POCTOM EMKOCTH, U €r0
MOKHO PACCMaTPUBATH Kak wmpag 3a caoscnocms (complexity penalty). Cymma B 061iem
caydae JIOCTUTaeT MUHUMYMa MPU HEKOTOPOM A.

st onpeiesieHrst ONTUMAIBHON c1oykHOCTH Mojiesn B VC-Teopun mperaraeTces Me-
TOH, CMPYKMYPHOU MUHUMU3auuY pucka. B cemeiictBe A 3apanee 3aJaéTCst cmpyxmypa
BJIOXKEHHBIX I0JIceMeiicTB Bo3pacraloleil émxoctn Ay C Ay C --- C Aj, = A. 3azada o0y-
YEHHS PEIaeTcst B KayKJIOM U3 9TUX MOJICEMeiCTB, Bcero h pas. Beibupaercst mojcemMeiicTBo
ONTUMAIBHON EMKOCTH, JIJIsT KOTOPOIO JOCTUTAeTCs MUHIMYM mpaBoii dactu (5.8).

Metoj1 cTpyKTYpHO# MUHUMU3AINNA PUCKA SIBJIAETCST BaXKHEHINM KOHCTPYKTHBHBIM
ciaepcreueM VC-teopun. [Ipocienum emé pas joruky Bcero, 9ro ObLao mnpojenano. CHa-
9a/1a Mbl ITOJIY I BEPXHIOKO OIEHKY BEPOSTHOCTHU IepeobydeHusi, KOTOpasl CIipaBe I InBa
Jts Jii00o#t BeIOopku X 1 Jro60oro Merojia obydenus ji. K 3Toit orneHke MbI IPpUMEHUIN
TEXHUKY O6paHleHI/IH 1 IIOJIYYUJIM BEPXHIOIO OHEHKY IJIfd 9aCTOThL OH_H/I6OK Ha KOHTPOJIE.
Ona crpaseymsa aaa moberx X, X, j, ¢ BepoatHoctsio (1 — 1), 6/1m3Ko# K eauHuTe.
Terepb MOXKHO PaACHOPSIUTHCS CBOOOJION BBIOOpa 4 TaK, 9TOOBI MUHUMU3UPOBATH da-
croty omubok Ha KoHTpoJe. [loyuennbit MeTosm 0Oy ueHUsT HABBIBACTCH MUHUMUIAUUET
owmpaghosarnozo amnupuyeckozo pucka (penalized empirical risk minimization).

OTta ke 00IIasi JOTUKa SKCILTyaTUPYeTcs OOJBITMHCTBOM COBPEMEHHBIX I0/IXO0B
B TEOPUH CTATUCTUIECKOro 00ydeHus [62].

3asbiweHHoCTb oueHok (5.2) u (5.8) mpuBoauT K BBIGOPY MojceMeiicTBa 3aHUKEHHOMN
EéMKOCTH, TO €CTh K IIE€PEYIPOIIECHIIO aJITOPUTMOB, YTO IOATBEPXKIAETCS U B 9KCIIEPUMEH-
TaxX Ha MOJICTBHBIX JaHHbIX [80]. PacupocTpanénHoii ommubKoil B HHTEPIIPETAIN Pe3yIbTa-
ToB VC-Teopun siBJIsieTCsT BBIBOJL O HEOOXOIMMOCTH OTPAHUIUBATDH CJIOXKHOCTH CeMeicTBa
airopuT™MOB. Takoit BeIBOJI ObLT OBl crpaBe B, ecin Obl VC-OIeHKN OBLIN TOYHBIMHE.
[Tpumep anropurma 6ycmunea 71| mokaswpiBaer, 910 0606IMAIONIAS CIOCOOHOCTH MOYKET
YIIyUIIaThCA IPU IPAKTHIECK HEOIPAHMYIEHHOM POCTE CJIOXKHOCTH ceMeiicTBa.

IMNMpuUYecKme OUEHKU CKOJb3swero KoHTpons. llpu npaxkTudeckoM MpuMeHEHUn
CTPYKTYPHOI MUHUMU3AIMUA PUCKA BMECTO 3aBbINIEHHON oleHKH (5.8) 9acTo NpUMEHSIIOT
OIEHKY CKOJIB3SIIIEro KOHTPOJIS Ey(a,X ). OnHako Takas 3aMeHa CTABUT IOJ[ COMHEHHE
IIEHHOCTb T€OPETUYECKUX Pe3Y/IbTaTOB, IIOCKOJIbKY CKOJIb3AIINI KOHTPOJIb HE OINUpacTCd
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na VC-teopuio. C mIpakTUIECKON TOYKHU 3PEHUs CKOJIB3SANINN KOHTPOJIb UMEET PsiJl CYIIe-
CTBEHHBIX HEJIOCTATKOB. Bo-1epBbIX, 9TO pecypcoéMKas mporeaypa. Bo-BTOpbIX, OIEHKa
CKOJIB3SIIEr0 KOHTPOJIS NMeeT OOJIBINYIO JUCIEPCHIO, YTO MOXKET MPUBOIUTH K OIMMNOKaM
[P ONTUMU3AIIHN CJIOYKHOCTH. B-TpeThbux, CKOJIB3AMUl KOHTPOJIL YI00€H s SMITHPH-
YECKOT'O OIEHUBAHUS KAadecTBa MeTO/a OOyueHus, HO He yJA00eH i KOHCTPYUPOBAHUS
HOBBIX MeTOJI0B. [[o 3TuM npuamHam 3a1a9a MoJIyYeHnsl TOUYHBIX TEOPETHYECKUX OIEHOK

HE TepsAeT aKTyaJIbHOCTU.

§5.4 CBs3b éMKOCTU 1 (hpyHKLNN poCTa

Jlemma 5.5. Q@ynknus O = OV + CL + -+ + CV, onpenenéunas npu nervix h n L,
takux, 910 0 < h < L, o/HO3HaYHO 3a/1a6TCsT PEKYPPEHTHBIMH COOTHOICHUSIMHI

oL =2 @t =0 oMl 0<h<L

JloKaszaTe/beTBO CIejlyeT U3 TOro, 4To GuHoMHuabHble Koadduuentsl CF ompee-
JISIIOTCS aHAJIOTUYHBIM PEKYPPEHTHBIM cooTHomenuem Ch = Ch | + Cﬁj U OTJINYAI0TCS
TOJILKO IpaHuaHbIM yeaosuem CL = 1.

Jlemma 5.6 (Banuuk, Yepsonenkuc [8]). Eciu grs mo6oii nogspibopkn X1 nz X
poimosmsercs A XMLy < 2ht1 o AA(X) < Dh.

HokazareabcTBo. JlokazaTebcTBO MPOBEJAEM UHIyKIIAEH 110 .

[pu h = 0 u3 Toro, uro A4(z;) < 2 ana Beex x; € X Boirekaer AY(XE) =1 = @Y
cJIe/I0BaTe/IbHO, YTBEPIK/ IeHne JIEMMbI cripaBe/iiinBo. [Ipesnonaras, 1To OHO cripaBe/JInBO
i h — 1, mokazkeMm, 9TO OHO CIIPABEJJINBO TakzKe u Jjisd h npu Beex L, 6osbmux h.

s sToro mpm pUKCUpOBAHHOM h TPUMEHUM WHJIYKITHIO 110 L.

Ilpu L = h+ 1 mveem A4(XPH1) < 2P0 — 1 = @F | sHaumuT yTBepKIeHNE JTEMMBL
BBITIONIHEHO. JlomycTnM Tenepn, aTo oo BemosHsaercs aa A4 (X). PacemoTpuy BEIGOPKY
X' = XU {xs1} n onennm ceepxy A4(X').

Bynem roBoputhb, UTO ajaropuT™m @ Ha 3aJdaHHON BbIOOpKE U undyuupyem nodewvi-
oopry U', ecrm U = {x € U: I(a,z) = 1}. Pa3zobbéM MHOXKECTBO BCEX IMOJBBIOOPOK,
UH/IYIIUPYEMbBIX Ha X BCEMHU aJrOPUTMaMU ceMeicTBa A, Ha MOABBIOODKHU JIBYX THUIIOB:

1) rakue nmojasbibopku X" u3 X, aro ajropurmer cemeiictea A unaynupyor Ha X'
kak X", rak u (X", 2141);

2) BCe OCTaJbHBIE MOJIBBIOODKIL.

Ob6o3HAYINM IUCI0 TIOJBBIOOPOK TTepBoro Tuma K, a Broporo tuma Ks. Torma

ANX) = K + K,
ANX) = 2K, + Ky,

crenosaresvio, AY(X') = AY(X) + K.

PaccmorpuM 1oiMHOKECTBO ayroputMoB A’, HHIynupyromux Ha X TOJIBKO MOJBBI-
6opku mepsoro tuna. Torma K = A4 (X).

Nmeercs 1Be BOSMOYKHOCTH.
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1. Jlonycrum, maiigéres nopseibopka X C X Taxag, aro A4 (X") = 2" Dro o3ma-
YaeT, 9To aJropuTMbl MHOxKecTBa A’ mmpymmpytor wa X" a smaumt m wa (X" xp.),
Bce Bo3MOKHBIe TToBbIoopKn X™ C X" Tlo onpenesenmto muoxectsa A’ na (X", xp 1)
WHIYIUPYIOTCsT TakzKe Bee moasbibopku Buga (X", zp.1). CienoBareibuo

AN (X" xp ) = 20 4 20 = okt

Ho torma A4(X" zp, 1) = 2" w10 NpoTHBOpEYNT YCIOBUIO JTEMMBI.
2. [lommycTuMm Tenepb, 9To AA/(X ") < 2" nna moboit nopseiGopku X" C X. ITo npen-
noJioyKennio nryKimn orciona caeayer A4 (X) < @g_l. Takum obpazom

ANX) = AYX) +AY(X) < Ph ol = ah

VTBepKIeHre UHIYKIUN JToKa3aHo s L+ 1. ]

h
Jlemma 5.7. Crpasenmpa onenka ®% < 1547 0< h < L.

h!>?

JI0Ka3aTeIbCTBO ABIACTCA HECJIOKHBIM TEXHIICCKIM ylpazKHeHneM [8).

Teopema 5.8 (Banauk, YepBoneukuc [8]). Ecuu cemeiictBo A nveer KoHedHYI0 EM-
Koctb h, To npu L > h ¢ynkmus pocra A*(L) sapucut or L mogmHOMEAIBHO:
A h L"

AML) < @} < 15 (5.9)
JokazaresbctBo. Ilycts L < h. Torma uz yenosus A4(h) = 2" srrrexaer, uro cy-
eCTBYeT BBIOOpKa JIMHBI L, Ha KOTODOIl ajJrOpuTMBbl cemeiicTBa A MHIYyIUPYIOT BCe
BO3MOZKHBIE T10/BbICOpKHU. 3uaunt A4 (L) = 2L

[Iycts L > h. Bo3bMmém nipomsBoJibHYIO BBIOOPKY X. [ljist HEE BBIMOHEHO yCI0BHUE
nevmbr 5.6, Tak xkak A4(h + 1) < 2" Crenosarenmsro A4(X) < ®F . u B cury npouns-
BosbHOCTH BbIGOpKH A4 (L) < dF.

Teopema mokazana. [ |

§5.5 ®yHKuUNA pocTa MHOXXECTBA KOHbLIOHKL WA

s ciaydas, Korga 06beKThI ONICBIBAIOTCS JUCKPETHBIME IpusHakamu f;: 2 — D;,
|D;| < 0o, ornennm HyHKIUIO POCTa MHOKECTBA BCEX KOHDBIOHKINIT pamra He Bolire /:

A={a(z) = \lfs(e) = d}

jeJ

JC{1,....n}, |J| <K, djeDj}.

Ecau J — mpousBosibHOE TIOJMHOKECTBO MHIEKCOB 3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO IIOCTPOUTH IO MPU3HAKAM u3 .J, ecTh

Hy(J) = Z H | Dj.

J'CJ jeJ’
7=k
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Ecmu muoxkecrsa D; pasnomornust, |D;| = d, ro Hy(J) = C’llf]‘dk. B obmmem ciyuae Besn-
unaa Hy(J) JIerKo BBIMHUCIISETCS 110 PEKYPPEHTHBIM COOTHOIIEHUSIM:
Hi,(JU{j}) = He(J) + |Dj| Hiea(J), k<|J|, j=1,...,n

CDYHKL[I/IH POCTa OLIEHUBAETCA CBEPXY YNCJIOM KOH’bIOHKI_[I/IfI paHIr'a HE BbIIIC K, KOTOpPbIE

MO2KHO IIOCTPOUTDB IIO BCEM T IIpU3HaAKaM:

AYL) < in{l,...,n}.

§5.6 EmMkocTb cemeiicTBa NnHelHbIX KnaccudukaTopos

[Iycte 2" =R", Y = {—1,1}, A — cemeiicTBO JUHEHHBIX KJIACCH(DUKATOPOB:
A = {a(z) = sign (w,z) | w € R"},

rje (w, ) — CKaJasgpHOe TPOU3BeJIeHne BEKTOPOB w 1 . KarK Iblit aaropur™ 31oro cemeii-
cTBa 3aJ1aéTcsd BeKTopoMm w u3 R™.

Teopema 5.9. FEmMKocTh cemeiicTBa JHHEHHBIX KJIacCH(pUKATOPOB A paBHA pa3MepHOCTH
MIPOCTPAHCTBa N.

W iest mokazaTeIbCTBa 3aK/II09aeTcsd B TOM, YTO B IIPOCTPAHCTBE Pa3MEPHOCTH N Ue-
pe3 IIPOU3BOJIbHBIC 1 TOYEK MOXKHO IIPOBECTH Pa3/eJIAIollylo I'MIIePIIOCKOCTDb, a depe3
HEKOTOPHBIe N + 1 — yiKe Heab3s.

JoxkazaTenbcTio. [lokaxkem crauana, ato A% (n) = 2", CoracHo onpeiesennio dyHK-
UM POCTA 9TO PABHOCUIBLHO CJIEIYIONIEMY BBICKA3BIBAHUIO:

X" = (x1,...,20): Y(z1,...,2,) €Y" JacA: Vi=1,....,n a(x;) = z.

Bosbmém n Bektopo X" = (1, ..,%,) 13 X Takux, 9T0 y i-Oro BEKTOPA i-asi KOMIOHEH-
Ta paBHa 1, a octaabuble pasubl (. PacemoTpum anropurm a € A, 3a1aBaeMblil BEKTOPOM
koapdurmenroB w = (wy, . .., w,). Kakum 661 Hu 66T BEKTOD (Z1, ..., 2,), JEIKO HOJIO-
6paTh KO3hOUIMEHTH! w; TaK, 9TOObI BBIIOJHATOCH a(x;) = sign w; = z;. Takum obpasom,
MBI yKazan 2" aJropuTMOB, PasiandHbIM 00pasoM Jesamux Beioopky X Ha J1Ba Kiacca.
Tenepn mokazkem, aro A% (n + 1) < 271, D10 paBHOCHIBHO BHICKA3HLIBAHHIO

VX" = (21, 2ng1) 321, 201) EYM T VacA Ji=1,...,n+1: a(z;) # 2.

Bosbmém miponsBosibHbBIE 1+ 1 BEKTOPOB X1, . . ., Tpi1 U3 2 . HHCI0 BEKTOPOB MPEBBINIAET
UX Pa3MepPHOCTH, TIOITOMY CPEJIN HUX HANIETCHA XOTd Obl OJWH, SBJIAIONIMICA JTUHERHOMN

KOMOMHAIMEH ocTabHbIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, 9TO 9TO Ly 1:

Tpr1 = oy + -+ + by, (5.10)
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e by, ..., b, — JeficTBUTEIbHbIE YNCIA.

[Honmoxum z; = signb; ang Beex ¢ = 1,...,n u 2,1 = —1. PaccMoTpum 11pon3BoJib-
HBIT agroput™ a € A ¢ koaddunuenramu w = (wy, ..., w,). Jdonycrum, aro a(z;) = z
st Beex @ = 1,...,n+ 1. Ymuoxum obe gactu pasencrsa (5.10) ckasipHo Ha w:

(W, Tpy1) = by (w, ) + -+ by (w,x,) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOTO MEHbIIE HYJIsl, TOCKOJIBKY
sign (w, Tp11) = a(Tpi1) = 2np1 = —1.

B T0 Ke Bpems, KaxK/I0e caraeMoe B [IPaBoil YacTH PaBEHCTBA HEOTPUIIATEILHO, TaK Kak
sign (w, ;) = a(x;) = z; = signb;, i=1,...,n.

Takum obpaszom, cjeaHHOe JIOMYINEHUEe MPUBOJIUT K HpoTUBOpeunio. Kakoii Obl
Hu 6bL1a BeIGopKa XL anropurMbl uz A ne peamusyior seex 2"l cnoco6os momeuTh
eé Ha 2 KJacca.

Teopema s10ka3aHa. |

§5.7 OpHonapameTpuyeckoe ceMeicTBo bHeCKoOHe4YHOoW EMKOCTU

CymiecTBoBaHIe OHOITAPAMETPUIECKOTNO CeMeiicTBa aJrOPUTMOB KJIACCU(MUKAIIIH,
HUMEIOIIEro OECKOHEYHYI0 EMKOCTh CBHJIETE/ILCTBYET O HETPUBUAIBLHOCTH ITOHSTUS EMKO-
CTH C O,ZLHOIZ CTOPOHBI, U1 O 6eCKOHe‘{HbIX BbIpa3UTEJ/IbHbIX CHOCO6HOCT§IX ,[LeﬁCTBHTe.HbHOFO
uncsia ¢ apyroit [110].

Pacemorpum cemeiictso dynknuii a: R — {0, 1} ¢ ogaum mapamerpom v € R:

a(z;7) = [sin(yz) < 0].

Bo3bMEM KOHKPETHYIO BBIGOPKY 00bekToB x; = 107%, i = 1,..., /. Kakosa Gbl HU ObI-
Ja eé mymna £, 11 moboro BeKTopa oTBeToB (Y;)f_, MOXKHO Tak mojo0paTh mapaMerp 7,
A — " . _ ¢ ;
aTobbl a(x;;y) = y;. Heficreurensuo, Bospmém v =7 + 7, y;107. Torza

a’(xi; 7) = |sin(7my; + 710" 4+ 7 y1077) < 0| = [ 1 7o ] Y
A =t [sinyo > 0], = 1.

Yo

U3 onpe/eenns BeJIMIHHBL Yy caeayet, aro 7107¢ < vy < 0.37, mosroMy 3HauEHHe
sin 7y MOJIOXKUTEIFHO, U TIPaBas 9acTh PABEHCTBA €CTh IIPOCTO ;.

PaccmoTpennbrit mpuMmep gBJIsieTCs MCKYCCTBEHHBIM. Kcm 11 mpeicraBiieHns quc-
JIa 7Y MCIO0JIB30BaTh KOHETHOE YUCIO OUT, EMKOCTH yzKe He Oy/ieT O€CKOHETHOI.
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Pe3iome

VC-teopust ocHOBaHa Ha TPHUHITAIE PABHOMEPHOI cxomumoctn. OHa MO3BOJISIET Olle-
HUBaTh BEPOSITHOCTD IepeodyUeHnsi ¢BepXY (PYHKIMEH OT JIUHBI BHIOOPKH M CJIOKHOCTHU
cemeiicTBa aaropuTMoB. Mepoit CJIOXKHOCTH SIBJIgeTCa KOMMUIUEHT pazHoodpasus, orpe-
JIeJITEMbIl KAK YMCJIO IMOMAPHO PA3JIMIHBIX OMHAPHBIX BEKTOPOB OIMMOOK, WHTYIIHPYEMbBIX
BCEBOSMOXKHBIMU aJITOPUTMaMK ceMelcTBa Ha Baﬂ‘aHHOﬁ BbI60pKe.

KonctpykTnabiM BeIxo10M VC-Teopun SBJISeTCS TPUHIAIT MUHAMUABAIN O TPadO-
BAHHOI'O SMIIMPUIECKOTO PUCKA M METOJ CTPYKTYPHOI MUHUMUBAIMKA PUCKA, TO3BOJISIIO-
U ONTUMHU3UPOBATH CJIOXKHOCTDH ceMelicTBa. K coxkasieHuto, 3aBbiiieHHOCTh V C-01eHOK
MO2KET IIPUBOJUTL K 3aHU2KCHUIO CJIO2KHOCTH.

OCHOBHaH IPpUYIrMHa 3aBBINICHHOCTU B TOM, 9YTO 9TO OICHKU «XY/IIECTO CJIyvdasd». OHI/I
CIpaBEeJJINBBI JIJIs JTI000i BBIOOPKHU X, JTIOOOI0 MeToj1a 00yUeHus [ U JTI0OO0I Te1eBoil 3a-
sucumocTr y(x). OHI 3aBUCAT TOJBKO OT Pa3MepOB MATPUIIBI OMMUOOK L, D U TOJHOCTHIO
UTHOPHUPYIOT €€ cojepkuMoe. B naimpreiinieM Mbl 3aiiMEMCcsT KOMOMHATOPHBIMHU OIEHKAMUI
1epeo0yvueHnsI, B KOTOPBIX 3Ta HH(MOPMAIUs CYyIIeCTBEHHO UCIOJIb3YeTCsl.

B cnepytowein nekyunn Mbl pACCMOTPUM SKCIIEPUMEHTBI Ha, MOJIE/ILHBIX U PEATBHBIX JaH-
HBIX, B KOTOPBIX 06Hapy>KuM upessbrdaiinyio (B 10°-101° pas!) zapbimennocrs VC-orenoxk,
MOMMEM IIPUYMHBI 3aBBINNIEHHOCTH W HAMETUM IIyTU YCTPAHEHUS 9TOH MpobJIeMBbl.

Ynpa>kHeHus

Bagaua 5.1 (1). Jokasarb Teopemy 5.4, uctosb3ys dhopmyry CrupiuHra.

Bagaua 5.2 (2). Cmenenvio nexoppexmmuocmu MeToja obydeHus (@ Ha BbIGOpKe X Ha-

3BIBACTCH MAKCUMAJIbHAST IaCTOTa OMMOOK HA BCEBO3MOYKHBIX O0YHAIONIUX MOIBBIOOPKAX:

o(p,X) = max v(puX, X). okazarh, 910 st JIIOOBIX ft, X ¢ OPPAHUYEHHOl HEKOPPEKT-
Xe[X]

Hocteio 0(u, X) < o u soboro € € [0, 1] cupasegmsa onenka, obobmaomast (5.2) u (5.6):

Q- <AMX) max Hp"™ (sule,0)), (5.11)
meM (e,0)
rae M(g,0) = {m: ek <m < k+ol}, s,(c,0) =min{s,(c),ol}.
[Toctponrs rpaduku 3aBucuMocTi OTHOIEHUs oneHku (5.2) K onenke (5.11) or cre-
[eHN HEKOPPEKTHOCTH 0.

Bamada 5.3 (2). Cuemnys [61], mokasaTh, 9T0 ecin MHOXKECTBO BEKTOPOB ONMIOOK A Kiia-
cTepu3yercs 1Mo paccTogHuio XoMMunra Ha S(7) KiIacrepoB pajmyca r KaxKIplii, To

P[0,(X) =2 e+2] <S(r) max HE™ (5m(€)) -

m=1,...,L



— Hh8 =

6 OKcnepumeHTbl C Nepeodby4veHnem

Ocnosrast pobsiema VC-0IeHOK B TOM, 9TO OHI HACTOJIBKO 3aBBIIIEHBI, YTO UX HEIIO-
CpeJCTBEHHOE IIpUMEHEHNE TepAeT CMDBICJI. qTO6bI B 9TOM Y6e,Z[I/ITBCH, JIOCTaTOYHO ClIe/1aTh
[IPOCTO# SKCIIEPUMEHT — BBIYUCIUTD JIOCTATOYHYIO JAJIMHY 00yJatomieil BLIoopku £ pu 3a-
JIAHHBIX 3HAYEHUSTX EMKOCTH h, TOYHOCTH € U BEPOSTHOCTH IepeodydeHns ().

Bropoii sKcriepuMeHT HallpaBJ/IeH Ha BbIsBJIEHNE IPUIUH 3aBbimennocTr. VC-oreHKa
BBIBOJUTCA C ITIOMOIIBIO IMEIIOYKN HEPaBCHCTB, Ha KazKJOM M3 KOTOPBLIX IITPOUCXOJUT I10TE-
ps TouHocTU. VI3MepeHnne 9TUX IoTeph B peasbHbIX 3aa4aX K/IaCCU(MUKAIMA II03BOJISIeT
BBIJIBUHYTH IUIIOTE3Y, YTO BEPOSITHOCTH IEPEOOYUEHNs CYIIECTBEHHO 3aBUCUT OT CBONCTB
PACC/IOEHNS U CBSI3HOCTHU CEMeiiCTBa aJIrOPUTMOB.

Tperuit sKCIIEpUMEHT Ha MOJEJbHBIX JAHHBIX IOATBEPKIACT 3TY I'UIIOTE3Y.

§6.1 DkcnepumeHT NO OUEHMBAHUIO A/INHbI OOy4atouieii BbIDOpPKKN

Pesyibrars! Berauciennst JuHbI 00y datoreii BeIOOpKu £ Kak pyHKINN 0T EMKOCTH h,
TOYHOCTH £ W BEPOSTHOCTHU Tepeobydenust (). npupejgensl B Tadbmumax 6.1, 6.2, 6.3. Bee
JlaHbble nosydeHbl npu ¢ = k. IlepBble jiBe TaOIUIBI TOCTPOEHBI JIJIs OOIIEro cJrydas,
TPeThbs — JIJIs JIeTePMUHUCTCKON ITOCTAaHOBKHU 3aJj1a4u. [Ipu mocTtpoeHnn mepBoit TabIuIbl
HCIOJIB30BAHBI 3aBBIIICHHbIC alllIpoKcuManuu GyHKun pocra (5.9) u rumepreoMmerpude-
ckoro comuoxkuresst (5.4).

OcHOBHBIE BBIBOJIBI CJIEJTYIOIIIHE.

1. Jlaxke B JIeTEPMUHUCTCKOM CJiydae Tpedyemas JJInHa 00ydIeHUsT Ha HECKOJIbKO T10-
PSIZIKOB TIPEBBINIAET T€ XapaKTepHbIE JJIMHBI BHIDOPOK, ¢ KOTOPBIME OOBITHO ITPUXOIUTCS
UMETh JIeJI0 B NPUKJIAIHBIX 3aadax. [[pakTuka mokasbiBaeT, 9To 9TO XOpolinas o0y4ae-
MOCTB BO3MOYKH& IIPU CYIIECTBEHHO MEHBINX JJTNHAX BBHIOOPKH.

2. Onenku B Tabmure 6.1 cymecrBenHo Xy:ke, deM B Tabsmmax 6.2 n 6.3. B gann-
HelireM MbI OyeM n30eraThb UCIOIL30BAHIS 3aBBIIIEHHBIX AIIIPOKCUMAIUN U CTPEMUTHCS
K 10JIydeHnio 3 GEKTUBHBIX BHIMACIUTEILHBIX METOJIOB, & He KOMIAKTHBIX (OpMYIT.

3. Ilpasbie 1mo10BUHBL TaOJIUIT COOTBETCTBYIOT 3HAUEHUIO 1) = | M MOKA3BIBAIOT TPAHU-
1y npumennmoctn VC-orenok. [Ipu Menbmux ¢ BepxHsisl OTIEHKA BEPOSITHOCTH BBIPOK A~
ercst — cranoBuTcs 6oJibire 1. ComnocrapiieHue paBoii U JIeBO# MOJIOBUH TaOJINIL TOKA3bIBa~
€T, UTO JOCTaTOYHas JUIMHA O0YIEeHHsI CyIIECTBEHHO 3aBUCUT OT EMKOCTHA h ¥ TOYHOCTH &,
HO €J1a00 3aBUCUT OT TPeOYEeMOil BEPOSITHOCTU TIEPEOOyIeHUs 1).

4. Tlepag cTpoKa TaOJIUIILI COOTBETCTBYET CEMEHCTBY U3 OJiHOrO ajaropurMma, h = 0.
[Ipu sTOM JMOCTHTAETCST HAWIydIas BO3MOXKHast oreHKa. O JHaKO 9TOT ciIydail He nHTepe-
CeH C TOYKH 3PEHUSA CTATUCTUYIECKOTO OOYIEeHU.

5. Y4ér KOppeKTHOCTH MeToja oOydeHus yrounser VC-OleHKH, HO, Cy/sd 1O JIOKa-
3aTe/ILCTBAM, HE YCTPAHSET HU OJHOTO U3 OCHOBHBIX (PAKTOPOB 3aBBIIIEHHOCTH.

8B maImm JHE cTpeM/IeHHe IOy ATE IPOCTLIE ACHMITOTHICCKHE (DOPMYJILI ABJISETCH CKOPee MePerKiT-
KOM JIOKOMITBIOTEPHON SMOXM, YeM HACYIIHON HeoOX0onnMoCcThio. Muenne criopHoe, I09TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]|e=01|e=0.2 e=001|e=005e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
50 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 | 17149 || 13480635 | 398359 | 84027 | 17014

Tabauma 6.1. 3aBUCUMOCTD JOCTATOYHON JIUHBI 00ydeHus £ oT éMKocTH h, TOIHO-
.. _3L" 3 2
cTH € M HAJEXKHOCTH 1), BBIYHC/ICHHASA COLTIACHO OleHKe Qe < 1 = 537 - 5 exp(—e“)
u3 TeopeMbl 5.2. DTO HaWMeHee TOYHAs OIEHKA, WCIOJIB3YIONAst AINPOKCUMAIIUIO
dyukimu pocra (5.9) U anIPOKCUMAIMIO MUIIEPreOMeTPHYECKOro coMHoxkuTess (5.4).

n =0.01 n=1
h e=001|e=005|e=01]e=02|e=001|e=005]|e=01]|e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 | 15069 2936 || 2481120 70820 | 14549 2805
o0 || 6348132 | 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuiia 6.2. 3aBUCHMOCTD JOCTATOTHON JJIMHBI 00yUeHus £ 0T éMKOCTH h, TOTHO-
CTH € U HaI8KHOCTH 1), cormacHo onerke Q: < 1 = (C9+-- - +CMTY (¢,1). Dro Taxxke
OIleHKa TeopeMbl 5.2, HO (PYHKIUsS POCTa U IUIEPreOMeTPUIECKA COMHOYKUTEb Bbl-
YUCJISIOTCS 110 TOYHBIM popMyJiaM, 6e3 MpUMEHEHHs allllPOKCUMAIUIA.

n =0.01 n=1

h e=001]e=005]e=01]e=02]e=001|e=005]e=01]|e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuiia 6.3. 3aBUCHMOCTE JOCTATOTHON JJIMHBI OOy I€HUsT OT EMKOCTH h, TOTHOCTH &
1 HaJIEXKHOCTH 1), 110 JIeTEPMUHUCTCKON OleHKe Qe < 1) = (Cg NI Cg)(jfg R /Cf
n3 TeopeMbl 5.3, 6€3 IPUMEHEHUN AITPOKCUMAIIH.
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§6.2 DkcnepuMeHT NO oueHMBAHUIO (PAaKTOPOB 3aBbILLEHHOCTN

[Tpuaumst 3aoirrennoctu VC-0IEHOK BUJIHBI U3 JIOKA3ATEIHLCTBA TEOPEMBI 5.2, B KO-
TOPOM CJIeJIaHbI TPU OIEHKHU CBEPXY, & IIPU BBIBOJIE JieacTBud H.2.2 — emié ase. Kiaccuye-
ckasg VC-orerka (5.5) He 3aBUCHT OT BBIOOPKU X 1 MeToJa OOyUeHUs fi, CJIEI0OBATEIBHO,
SIBJISIETCSI OIEHKO# Xy/Iiero ciydasi (worst case bound).

Y10o0BI TIOHATH, BO CKOJIBKO Pa3 YBeJIMIMBAETCs OINEHKA Ha KarKJOM 3Hake <, ObLI
MIPOBEJIEH IKCIEPUMEHT C JIOTMYECKUMU AJITOPUTMaMU KJIacCU(MUKAIIN Ha MECTH Peaslb-
HbIx 3aja4dax u3 pernosuropus UCI [113]. Omyckas TexHudeckue JeTasu, MpUBEIEM JIUIIb
OCHOBHbBIE WJIEU TTOCTAHOBKH 9TOI'0 SKCIEPUMEHTA U €0 Pe3yJIbTaThl.

B kaxnoit 3a1a1e metosom MonTe-Kapsio Bbramciisiiach OleHKa BEPOsiTHOCTH TIepe-
obyuenus Qs. [Tonenus eé Ha (BYHKIUIO THIEPIEOMETPUIECKOTO PACIIPEICICHUS, MOXKHO
oLy duTh afiexmusnui aokarorul Kosgduyuenm pasnoobpasus (DJIKP) A, nokasbi-
BAIOMINI{, KAKIM [I0JZKHO OBLI0 ObI OBITH 3Hauenne Koaddurmenta pasnoobpasusa A4 (X)),
9TOOBI OIEHKA BEPOSATHOCTHU 1epeo0ydeHrs He ObLIa 3aBbITCHHON.

Hapsiny ¢ 9JIKP onenuBaimnch Takxke (paxmopwv, 3a6vuUeHHocmy — KOo3pMUIen-
TBI 71, Ty, T'3, KAYXKJBIH N3 KOTOPBIX ABJISIETCA SMIUPUIECKON OIEHKOW OTHOIIEHUS JIBYX
BBbIPpaYKEeHUIi, CTOANINX CIIpaBa U CJIeBa OT OJHOIO U3 3HAKOB < B IENOYKE HEPABEHCTB.
[Ipoussesenne hakTOPOB 3aBBIMIEHHOCTH JAET OOIILYIO 3aBbIeHHOCTEL VC-orenKu:

Q=11 Ty Ty = AA(L) : %‘97862-

PakTOp 7 ONEHUBAELT 3aBbINIEHHOCTL HepaBeHcTBa (5.1), CBSI3aHHOIO ¢ TPUHIIUIIOM
PaBHOMEPHOI CXOIAMMOCTH. DTa 3aBBIIIEHHOCTH MMEeT JIBe cocTaB/sonme — 3(deKT J1o-
Kajuzanuu 1 3HEPEKT PaccjoeHus ceMelicTBa aJropuTMOB.

dPderm A0KaAU3aUUY COCTOUT B TOM, ITO HEKOTOPBIE aJITOPUTMBI 13 A MOT'YT He BbI-
JIaBaThCSI METOJOM OOYUeHUs f HU Ha OJIHOM M3 00ydJaronmx moiBeI00poK. Bmecto A ciie-
JI0BaJIO GBI PACCMATPUBATH MHOKECTBO aJropuTMoB Af = {,uX XX, | X| =/ }, UHLY-
[UPYEMBIX METOJ0M OOYUEHHsI [i Ha BCEBO3MOXKHBIX 0OYYAIOIIIX MO/IBBIOOPKaX X (HhUKCH-
POBaHHO JIUHBI .

dPderm paccioerus COCTOUT B TOM, ITO Ha MHOXKECTBE aJITOPUTMOB A BOZHUKAET Cy-
[IECTBEHHO HEpAaBHOMEPHOe pactipejiesienne BepostHoctu P(a) = P[uX =a]. Anropurms
C MEHBIIIMM YHCJIOM OMMOOK Ha TeHepaibHOIl BhIOOpKe n(a, X) cymecTBeHHO Jalle MosiB-
JISIIOTCS B pe3yJibTaTe O0yUeHusl, B TO YKe BPEMsl, UX CYIIECTBEHHO MEHBIIE. JKCIEPUMEH-
ThI [86, 85| MOKa3BIBAIOT, YTO OCHOBHAST MACCa aJTOPUTMOB, KAK IPABUIIO, COCPEIOTOUCHA
B obacTi Hanmxyeil gactorsl onmbok v(a, X) ~ 0.5.

Db dexT JoKaIM3aAIUI MOKHO CIUTATH MPEJIEIbHBIM YacTHBIM C/Iy9aeM PacCJIOeHus,
KOIJIa, BEPOSITHOCTD ITOJIYYeHUs] YaCTH AJIPOPUTMOB B TOYHOCTH PaBHA HYJIIO.

DakTOp 73 OIEHUBAECT 3aBBIIIEHHOCTH Hepasencmea Byas (5.3). Ona ocobeHHo Beu-
Ka, KOI'/la CpeJlu BEKTOPOB OH_H/I6OK nMeeTcd MHOT'O TTOXOZKUX. BaMeTI/IM, YTO HEPaBEHCTBO

a

Pmax[5(a, X) > £] <Y _P[§(a, X) > ¢

obpaIaeTcst B paBeHCTBO TOJIBKO Koryia cobbitust [d(a, X)) > €| necoBmecrnsl. Ecin BekTo-
PBI OIMIOOK AJITOPUTMOB @, &' CXOZKH, TO COOTBETCTBYIOIINE UM COOBITHSI OY/IyT CyIIEeCTBEH-
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Sajiaua KJIACC | OOBEKTOB 1 T rs | A [Al; Ag]
crx 0 307 2759 680 32.6 | 24  [10;41]
1 383 1104 1700 11.6 | 12 [11; 180]
german 1 300 15215 1500 10.9 | 54  [38;530]
2 700 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 9.5 | 83 [11;148]
1 123 132 680 22.5| 15 [12;27]
horse-colic 1 191 151 4500 72| 7 [2; 9]
2 109 504 3400 7.3 6 3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 581400 460 28.7 | 30 [2; 44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

TaGauma 6.4. PaxTopbl 3aBLIIMIEHHOCTH T1, T'o, T3 U OIEHKA A C JOBEPUTEIHLHBIM
unrepsajoM [Aq; Ag].

HO coBMecTHBIMHU. Ha IpakTHKe 9acTO HPUMEHAIOTCH C6A3HbIE CeMEUCMEa aIrOpUTMOB,
B KOTOPBIX JIJIsI KaXKJ0ro ajropurma a € A Haiiayres apyrue ajgroput™bl ¢f € A Takue,
YTO BEKTOPBI OMMOOK @ M @' OTIMYAIOTCS TOJBKO Ha OnHOM obbekTe [105|. Ceasuble ce-
MelicTBa MOPOXKIAIOTCS, B YACTHOCTH, METOJaMU KJIAacCU(PUKAINN C HEIIPEPBIBHOMN I10 Ia-
pamMeTpaM pasessonieil TOBepXHOCThI0. K HUM OTHOCATCA JIMHEHHBIE KJIacCH(pPUKATOPHI,
MAIIIHBI OITOPHBIX BEKTOPOB C HENPEPLIBHBIMA AJIPAMU, HEAPOHHBIC CETH C HEIIPEPBLIBHBI-
ME YHKIUAMI aKTUBAIUN, PEIIAoIye JePeBbs ¢ IOPONOBBIMU YCIOBUAMH BETBJIEHHH,
n MHorue japyrue. Takum obpasoM, HepaBeHCTBO Dyiist cuibHee BCero 3aBBIINIEHO KaK pa3
B HanOoJIee MHTEPECHBIX C IIPAKTUYECKON TOUKH 3PEHH CJIydasiX.

PaKTOp 73 OLEHUBACT COBOKYIIHYIO 3aBBIIIEHHOCTH, BOSHUKAIONIYIO B pE3yJbTaTe
MakcuMuzanuy (byHKIUN MUIIEPreOMeTPUYECKOT0 PaCIIPee/IeHHs 110 1M ¥ UCII0JIb30BAHUS
€r'0 IKCIIOHEHINAIBHON aIllIPOKCIMAIINH.

Pesynbtathl 1 BbiBOAbl. Pesynbrarot nmpejcrasienst B Tadauie 6.4. IlockoabKy Joru-
JecKne 3aKOHOMEPHOCTHU CTPOATCS OTIEILHO IO KJiaccaM, KarKJIoi 3a/iade COOTBETCTBYET
JIBe CTPOKU TabuIbl (110 dmcity KiaaccoB). OCHOBHBIE BBIBOJIbI CJIEIYIOIIHE.

1. DkcnepumenTtaibible 3Hadenusa DJIKP mmveror mopamox 10°...102%, Torma xak
dbyaxmmsa pocra maxoguresa B mpegenax 10%...10Y 1o ectn VC-oneHKH 3aBLIMICHBI
Ha HECKOJIBKO MOPSIIKOB.

2. Hawuboutee cyriecTBeHHBI (PaKTOPBI 3aBBIINEHHOCTH 71 U Ty, CBA3AHHBIE C 3bdek-
TaMU paccjoenus u cBa3zHocTu. PakTop 3 HAMMEHEee CYIIeCTBEHEH.

3. Omnenka DJIKP mpakrtudeckn HIKOT/1a HE MPEBBIIIAET JTUHY BBIOOPKU. JTO O3HA~
YAEeT, UTO €CJIH OBl MBI 3aX0TEJIN OIPEJIETUTD MOHATHE IPPHEeKMUEHOT LOKANHOT EMKOCTIU,
TO OHa He TPEBBINIAIa Obl €INHUIII, TO €CTh ObLIa OBl BEIpOkKAeHA. OTCIOMa BO3SHUKAIOT
COMHEHUs B COCTOATETLHOCTHU U ITOJIE3HOCTU MOHATUS EMKOCTH JIJIsI OIEHOK MIePeodyYeHus.
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§6.3 Pa3HoBMAHOCTN MUHUMM3ALNN SMMNNPUYHECKOTO pUCKa

Bynem nonarars, 910 A — KOHEUHOE MHOYXKECTBO, M BCE AJTOPUTMBI UMEIOT TTOIAPHO
passimanble BeKTOpbI omOoK. Oboznatdnm depes A(X) MHOXKECTBO aJllOPUTMOB C MUHI-
MaJIbHBIM YUCJIOM OMINOOK Ha 0OydJarorieir Bibopke X:

A(X) = Arg Eneiiln(a,X). (6.1)

Onpenenenune 6.1. Meros oOyUeHHS |I HA3BIBACTCS MUHUMUIAGUUET IMNUPUYECKO20

pucka, MAP (empirical risk minimization, ERM), ecrm pX € A(X) npm eex X € [X]%.

Ecmn muoxkecrso A(X) cosep:kur 6ojiee OJHOTO SJIEMEHTa, TO BOZHUKAET 1POOJIE-
Ma HEOJHO3HAaYHOCTU BbIOOpa ajiropuT™a. PaccMorpuM cHavasia JiBa KpaitHUX cirydas —

KOIJIa BBIOMPAETCS HAMJIY IIITHI Wi Hauxy il aaroputy u3 A(X).

Omnpenenenne 6.2. Merogq MUHIMH3AIME SMIIHIPHYECKOI'O PUCKA (i HA3BIBAETCS ONIMAU-
mucmuinoim, ecan pX = arg min n(a, X).

acA(X)
Omnpenenenne 6.3. Meronq MUHIMH3AIUIE SMIIHPUIECKOI'O PDUCKA [i HA3BIBAECTCS NECCU-

mucmunoim, ecan pX = arg max n(a, X).
acA(X)

Onruvuctuunas n neccumuctudias MIP wa mpakTnke He peanm3yembl, TakK Kak
KOHTPOJILHYIO BEIGOPKY X HEBO3MOXKHO 3HATH Ha, dTalle oOyueHns. TeopeTHIecKH OHH
UHTEPECHBI TeM, YTO JIAIOT HUXKHIOIO M BEPXHIOIO OIEHKU BEPOATHOCTU IEPEOOYyUEHUS.
[Ipu 00BIX APYTUX CIIOCOOAX pa3pernteHnst HeOJHO3HATHOCTH B MeToie MIP BepositHOCTH
nepeoOydenns Oy/1eT rapaHTUPOBAHHO 3axKaTa MEYKIYy STHMU JIByMS OIleHKaMHU.

Teopema 6.1. Ilyctb fiy;, — onrumuctadabiii MOP, iy, — meccumuctuaabiii MOP.
Torma mist 110605 BeIOOpKH X H JII0OOI0 METOa MUHUMH3AIIMH IMIIIPHIECKOTO PHCKA, [

Qs(/lmina X) < Qa(H;X) < Qe(,umaxa X)

Hawubosiee mpakTUIHBIM TIPEICTABIIAETC CIIOCOO pa3pelnieHns HeOJHOZHATHOCTH, OC-
HOBaHHBII Ha ciIydaiiHoM BeIOOpe ajropurMa u3 Mmuoxkecrsa A(X).

Onpenenenue 6.4. Meronq MUHHMHI3AIUMH SMIIIPHIECKOIO PUCKA (I HA3BIBACTCS PaHdo-
MUSUPOBAHHBIM, €CJIH 41X — TO MPOU3BOJILHBIH aJrOPUTM, BRIODAHHDBIH CJIydaiiHO U paB-
HOBEPOSITHO W3 KOHEYHOTo MHOXKecTBa ajaropurvon A(X).

Pangomuzanys ¢cTaHOBUTCS BTOPBIM HE3aBUCUMBIM HCTOUYHUKOM CJIYyYAHOCTH B 3a-
Jlade CTaTUCTHIEeCKOoro obydenusi. Ecjm panee Ipe/nosaragochb, UTO CAy9IaliHO TOJIBKO
pasbuernne X LI X, To Ternephb ciIydaeH TakzKe I BBIOOD aaropuT™a a u3 MEoKecTBa A(X).
CooTBeTCTBYIOIM 00pa30M U3MEHSETCs U OlpeiesIeHe BEPOSITHOCTH Tepeody IeHusT:

Q. = Em ag(:x) [v(a,X) —v(a, X) > ¢]. (6.2)
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AaropurMm 6.1. Beraucjienue SMITPUIECKUX OIEHOK BEPOATHOCTH 1T€Pe00yIeHUsA.

Bxopn: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Bpixon: BepxH:AS OIEHKa ()., HIKHSAA OIEHKa ().

1: Q.:=0; Q.:=0;
2: nyg Beex pasbuennit X, UX, =X, n=1,...,N
32 A(X,) = Argminv(a, X,,);
acA
4 a:=argmaxv(a,X,); Q.:= Q-+ +[0(a, X,) >el;
aEA(Xn)

5. a:=argminv(a,X,); Q.:= Q.+ [ (a,X,) > 5};
N a€A(Xn) N

6: BepHYTb Q-, Q..

BosabmmucTBO osygaeMbIx j1ajee OleHOK OCHOBaHbI Ha meccuMmucTudHoir MOP. Dke-
MEPUMEHTBI TTOKA3BIBAIOT, YTO 3aBBIINEHHOCTD OIEHOK reccumucTrnanoit MOP neesmka,
PUYIEM ONITUMUCTUIHbBIE, IECCUMUCTUYHBIE U PAHJIOMU3UPOBAHHbBIE OIEHKHU, KaK ITPABUIIO,
HpUOIMKAIOTCS JIPYT K JIPYTY €¢ POCTOM JIJTMHBI BHIOOPKU L.

§6.4 Smnupunyeckoe oueHUBaHNE BEPOSATHOCTU nepeobyyveHus

O06BITHO MATPHUIIA OMIHOOK ITOPOYKIACTCST MHOZKECTBOM aJITOPUTMOB A 1 BEIOOPKO#T X.
O/Hako 71 9KCIEPUMEHTOB ¢ nepeodydenneM eé MOXKHO 3a/1aBaTh M HEIOCPEICTBEHHO,
Kak OnHapuyio MaTpuiry pasmepa L x D. Takne «icKyccTBeHHbIE» MHOYKECTBA aJITOPUTMOB
OyaeM Ha3bIBATL MOoJeabHuMU cemeticmeamu. Vness B ToM, 9TOOBI, BapbUpPys MaTPUILy
oImubOK, UCCJIEIOBATD 3aBUCUMOCTD MIEPEOOyUeHUs OT pa3IndHbIX eé cBoiicTB. [Ipu sTom
BEPOATHOCTH IIePEOOYUEeHUS MIPEJIaraeTcsd OIEHNBATDL SMITMPUYIECKN — 110 ITOJMHOXKECTBY
pasbuenuil TrenepasbHoil BEIOOPKN X = X, U X, n=1,...,N:

N
) . 1
Q:(1,X) =P[6(nX, X) > ¢ =N§ (1 X0, X)) > €],

e 0(a, X) = v(a, X) —v(a, X) — nepeobyueHHoCcTh anroput™a a mpu pasomennn X L X.
B uactnoctu, B memode Monme-Kapao pazbuenuss BbIOMPAIOTCA CJIyYaHBIM 00pPa30M.
Yucso pasoumenuit N MOKHO OpaTb OT HECKOJLKUX COTEH 0 JICCATKOB THICAY — YeM
60JIbIIIe, T€M BBIIIE TOYHOCTH OIEHKHU.

Asropurym 6.1 BBIMHC/ISET J[BE OIEHKN BEPOSITHOCTHU IHepeobydenus: BepxHssd (. co-
orBercTByer meccumuctiaaoii MOP, mmkasas (). — ONTEMHCTHYHON. AJITOPHTM COCTOHT
U3 JBYX BJIOXKEHHDBIX IUKJIOB: BHEINHUiI nepebupaeT pasOueHus, BHYTPEHHUI BBIOMpaeT
u3 A aBa aJropuTMa, MUHUMU3UPYIOMIMX SMIMPUICCKUIT PUCK IPH JAHHOM Pa30HMeHUH —
IIECCUMUCTUYIHBIN G ¥ ONTUMUCTUIHBIN @.

[TomensB MecTaMu J(Ba BJIOKEHHBIX IUKJIA, ogydumM Anaropurs 6.2. On addekTusno
(3a Bpemst O(D)) cTpoutr rpaduk 3aBHCHMOCTH BEPOSITHOCTH MePeo0yUeHHs] OT UHC/Ia
HepBbIX d aJropuTMOB B HOJCeMelcTBe {ay,...,aq}. Ilpejanoaraercs, 94To ajropuTMbl
YIOPSIZIOUEHBI TI0 BO3PACTAHUIO duc/Ia ommbok, n(a, X) < ... < n(ap, X).
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AnroputMm 6.2. 9ddeKkTrBHOE TTOCTPOeHIE IPADUKOB 3aBUCHMOCTH BEPOSITHOCTH TIepe-
obyuenns: oT Yucyia d MepBbIX aaropuT™MoB B cemeiicrse {aq, ..., ap}.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasbuenuii N; mopor &;
Boixon: Bepxuss onenka (). (d) u nmxiss onenka Q. (d) mst nogmmoxkecrsa {ay, . . ., aq}-.

1: creHepupoBaTh u 3adukcupopatb N pa30OneHmii:
X, uX,=X, n=1,...,N,
2: aJICOPUTM, BBIOPAHHBIHN IIPU N-M pa30MeHNH IIeCCUMUCTHIHON 1 ONTUMUCTHIHON MIP:

Up, Qp :=ay, n=1,..., N,
N
3 Q(1), Q.(1) :=+ 21 [6(ar, X,) = €]
4: nng Bcex d = 2, ni, D
5. gys Bcexn:=1,..., N
6: ecan n(aq, X,,) < n(a,, X,) nm
n(ag, Xp) = n(an, X,,) u n(ag, X,) > n(a,, X,,) To
7 Qc(d) = Qe(d — 1) — § [0(an, X)) > €] + 5 [0(ag, X)) > €]
Ay = ag;
8: ecin n(aq, X,) < n(a,, X,) mm
n(ag, X,) = n(an, X,) n n(aq, X,,) < n(a,, X,,) To
9 Qa(d) = Qs(d - 1) - % [5(aann) 2 5] + % [6(ad7Xn) > 5}7
Ap = Qg;

§6.5 CgoiicTBa pacciioeHns n CBA3HOCTU

CgoticTBo paccnoenus. Croem m ceMeincTBa aaropuTMoB A HA3BIBACTCS MHOXKECTBO
Ap ={ac A:n(a,X) =m},

rie m upuanMaet 3uadenus 0, ..., L. MuoxectBo A paszdbuBaeTcs: Ha HelepeceKaroImecst

noaMHOXKecTBa — caon, A = AgU--- L Ap.

CsoiicTBo cBsaA3HOCTU. OmpejieiuM pacCTOSTHIE MeXKIy aJrOPUTMAaMU KaK pPaccmosHue
Xommurza MeXKJLy UX BEKTOPAMU OITUOOK:

L
p(aaa/) = Z‘[(aaxz) _[(alaxi”? vava/ € A
i=1

Onpepenenne 6.5. Koneunas nocienoBaressnocts agaropurmoB A = {ay, ..., ap} Ha-
3BIBACTCST UeNvI0 an20pummos, ecau plaq_1,aq) = 1 g seex d = 1,..., D.

Onpegenenne 6.6. MboxkecTBO anmropuTMoB A Ha3BIBAETCST C6A3HbLM, €CJIH JIJIS JTIOOBIX
a,a’ € A B HEM cyliecTByerT Lelb a = dg, dy, . ..,ap = a’.

Jamnoe onpeenenue 66110 gaHo B [105], 1 Tam ke OblIa MOy YeHA OIEHKA BEPOSTHO-
CTH TIepeo0yYeHNsl, YINThIBAOIIast CBA3HOCTh. OHA OKa3aJiach IPUMEPHO TOTO ¥Ke TOPSII-
Ka 3aBBIMIEeHHOCTH, 9T0 1 VC-OIeHKH, U PO U0 CBI3HOCTU HAJIO/T0 3a0buin. Kak Mbl
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YBUJIUM JlaJiee, JIJIs YMEHbBITIEHUsI TIepeo0yYeHns BayKHO He CTOJIBKO CYIIeCTBOBAHUE ITYTEM,
CKOJIBKO yBeJImdueHne cpejneit cmenenu ceaznocmu. CTenenb CBA3HOCTU aJIFOPUTMa, — 9TO
9HCJIO AJITOPUTMOB B CEMEHCTBEe Ha ¢IUHUIHOM PACCTOAHAU OT JTAHHOTO.

HekoTopbie pa3HoBMAHOCTY uenein anropnTmos.

Onpepnenenne 6.7. Ilenr A = {ag,...,ap} Ha3BIBaETCS NpAmot, ecan p(ag,ap) = D.

B npsimoii mienin Bece 00bEKTHI &g, HA KOTOPBIX PA3JIMIAIOTCs IBa COCETHUX aaropuTMa,
I(ag_1,2q) # I(ag,x4), monapro paznuanel. Jucao takux o0bekToB pasHo D. Orcioma
caejlyeT orpaHumdeHue Ha JuHy npsamoit menu: D < L. Jliobag 1momnoc/ie/1oBaTe/ IbHOCTb

MPAMOM TETN Ay - . ., Ay, 0 < u < v < D, TaKKe ABIAETCH TPAMOI TEIBIO.
Onpenenenne 6.8. IIpsvast rens ajaropurvos A = {ag,...,ap} HA3BIBAETCS MOHO-
momnnot, ecm n(aq, X) = m + d st Bcex d = 0,..., D, npu mekoropom m > 0. AJro-

PHTM Qg Ha3bIBaCTCA AYHUUM 6 UENU.

B monoronnoit nenut I(ag_1,x;) < I(ag, z;) musg seex x; € X, d=1,...,D.

MonoronHas nenb siBjgercst mpsamoii. Orcioga ciaemayer orpanundenne D < L — m.

emnb airopuT™MOB MOZKET TOPOXKIATHCs, B YACTHOCTHU, OJHOIIAPAMETPUIECKUM ceMeii-
CTBOM KJIACCU(PUKATOPOB C HEIPEPBIBHON IO MapaMeTpy JUCKPUMUHAHTHONW (PyHKIIHEH.
Mownoronnas 1enb obpa3yercs, KOorja 3HadeHne rmapamMerpa U3MeHdeTcd TakK, 9TO YUCTIO
ombOK Ha IOJIHOM BBIOOPKE MOHOTOHHO He yObIBaeT. MoHOTOHHAs IEelb — 9TO OJIHO U3
MIPOCTEHMINNX MOJIETTHHBIX CEMENCTB, 00JIaaIoNniee CBONCTBAMU PACCAOEHUA T CEAZHOCTNU.

IIpumep 6.1. Ilycte A — ceMeiCTBO AUHEUNIT GA0PUMMOE KAGCCUPUKAUUY — HTapa-
Merpudeckux orobpazkenuit u3 X =R” Y = {—1,+1} Buga

a(z,w) = sign (vywy + -+ + vwy), = (21,...,2,) €R",

rie napaMerp w € R™ — HanpaBdomnil BEKTOP THIIEPILIOCKOCTH, DPa3/IeISIONIei mpo-
crpanctBo R"™ na jBa mosynpocrpancTsa — kKjaaccbl —1 u +1. [lycrs dynknusa morepb
mveer Bux [(a,z) = [a(z,w) # y(z)], tae y(z) —ncrunnas xnaccndukamms o6bek-
Ta T, 1 MHOYXKECTBO OO0BEKTOB X JIMHEHHO Pas3Jie/InMo, T.€. CYIIEeCTByeT BeKTop w* € R™,
npu KoropoM ajiroput™ a(x,w*) He momyckaer ommbok Ha X. Tormga MHOXKECTBO asro-
purMmoB As = {a(m,w* +t0): t € [0, +oo)} HOPOKJIA€T MOHOTOHHYIO Il IIPU JIF0O0M
0 € R, 3a uckaodeHneM, ObITh MOXKET, HEKOTOPOTO KOHEYHOTO MHOYKECTBA BEKTOPOB.
[Ipu sTom m = 0 B cuty JIMHEHHON Pa3/IeTMMOCTH.

IIpumep 6.2. Ilycte A — cemeiictBo nopozosvir pewarowur npasun (decision stump)
suia a(x, ) = [f(x) > 6}, rie f: X — R — BemecTBennslil npusnak, § € R — 3nadenne
nopora. Ecim Bce 3HaueHust npusHaka Ha 1OJHON BbiOOpKe f(x;), i = 1,..., L nomap-
HO PAa3JIUYHBbI, TO ceMeiicTBO A sBisercs nenbio. Ecau cymectByer mopor 6%, npu Ko-
TopoM BbIOOpKa X pasfesnsercs npaBuiom a(z,0*) 6e3 ommboK, TO MHOKECTBA MOPOrOB
{6:0 > 60"} u{0: 6 <0} nopoxkaaoT jiBe MOHOTOHHBIE I ¢ OOTIIM JIy9IITHM aJIrOPUT-
MOM, BMecCTe 00pasylonne YyHuModaibHy0 4ens, CM. cTp. 92.
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Puc. 6.1. Basucumocts (a4, X) or HoMepa ajaropurMa d B IElH CIyYaiiHbIX HHBEPCHI
¢ paccioenueM (cieBa) u 6e3 paccioenust (cupasa), npu ¢ = k = 100, m = 10.

CemeiicTBa MOPOrOBBIX PEIAIONIMX IIPABIII NIMPOKO UCIOIb3YIOTCS B MAITUHHOM 00Y-
YEeHWUU: B KAUeCTBE 3JIEMEHTAPHBIX KOHBIOHKTOB JIOTHYECKUX 3aKOHOMepHocTeil [48, 28],
B KadecTBe YCJIOBUIl BETBJIEHUS B pelraiomux Jjepesbsix [43, 53|, B kauecTBe 6a30BbIX
KJraccnUKaTOPOB B KOMIIO3UIMsX Tulia Oycrunra [102, 72].

§6.6 DkcnepuMeHT C 4YeTbIpbMsi MOAE/IbHbIMN CeMeNCcTBaMmn

[enb 9KCcIepUMeHTa — BBISICHITD, KaK PacC/JIOeHWe W CBA3HOCTH BJIMAIOT Ha Ie€pe-
obyueHnne, Kakoit n3 JByX 3(pPEKTOB BaykHee WM YKe BayKHO UX coderanue. J[1s 3T0or0o
CTPOSATCS IeThIpe MOJIEJIbHBIX ceMeficTBa ¢ MaTpuleil ommnboK pa3mepa L X D u ojuHako-
BBIM JIYYIITUM aJITOPUTMOM (g, KOTOPBIN JOIMYCKAET M OIMMUOOK Ha IIOJTHON BBIOOPKE.

1. Ilenv cayuatinwr uneepcuti ¢ paccaoenuem. Kaxkablil ceIyionuii BEKTOP OIU-
OOK g TOJIydaeTcd U3 MPEJbILIYIIETrO (g1 IIYTEM MHBEPCUU OJIHON CIydaiiHO BHIOpaHHOI
KoopauHaThl. Ecam menb gocrarodyno jummHHAg, [ > L, TO GOJBITUHCTBO aJrOPUTMOB
6y/IyT jomyckaTh 0kos10 L/2 omubok, puc. 6.1.

2. ILlenv cayuatinwz unsepcut 6e3 paccaoenus. Kazxaplit BEKTOP OMINOOK g ITOJIyYa-
eTCsI U3 (g_1 TAKZKe IIyTEM OTHOMN CIyIaiiHON NHBEPCUU, HO TIPU HEIETHBIX d IIPOU3BO/ISITCS
ToJIbKO uHBepcuu 0 — 1, a npu uérabix d — Toabko 1 — 0. B pesyabrare uncio ommbok
AJITOPUTMOB Ha ITOJIHOM BBIOOPKE IMO0YEPETHO IPUHUMAET 3HavdeHusd m u m + 1, puc. 6.1.

3. He-uenwv ¢ paccaoenuem CTPOUTCS IO MEIH C PACCTOCHUEM IIyTEM CJIy4aifHOrO I1e-
peMeIuBanus HyJIel U eJINHUI] B KaZKJIOM BEKTOP-CTOJIOIE MATPUITI OMIUOOK G 4. J1acToThI
omuboOK AJropuT™MOB V(ag, X) TPU 9TOM HE U3MEHSFOTCs, HO BCE aJITOPUTMbI CTAHOBATCS
CYIIIECTBEHHO PA3JIMIHBIMU.

4. He-uenwv 6e3 paccaoerus CTPOUTCS TI0 Telu 0€3 PacC/JoeHus aHAJIOTUIHO.

Bwmecto neneit cirydaiiHbIX HHBEPCUil MOXKHO OBbLIO ObI B3ATh IPSIMBbIE IIEIH, B TacT-
HOCTU, MOHOMOHHYIO 1Uensb BMECTO TEeNU CJIyYallHbIX WHBEPCHil ¢ paccjioenueM, puc. 6.2.
O HaKO WX MCIOJIB30BaHUE HAKJIAIBIBAET OTPpaHUYEHHE Ha IUCI0 ajroputMoB D < L.
Herb caydaiiHbIX WHBEPCUIl TPEJCTABIIETCs 00Jiee PEeATUCTUIHON MOJIEIbIO OJIHOIIApa-
METPUIECKOI0 CeMecTBa aJIrOPUTMOB.
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Puc. 6.2. IIpumep marpuir ommbOOK YETHIPEX MOJEIBHBIX CeMeiCTB, KOTJ/ia BMECTO

Hereit ciayvaiiHbIx HHBepCcuil 6epyTcst IpsMbIe TICIN.

Cornocrapiienne 9eTbIpEX MOJIETBHBIX CEMEHCTB TTO3BOJICT PAa3/Ie/IbHO OIEHUTD BJIU-
SIHUE CBA3HOCU U PACCAOEHUA HA BEPOATHOCTH IepeodydeHUs.

Ha puc. 6.3 u puc. 6.4 nokazanbl 3aBUCUMOCTH BEPOATHOCTH 11epeodydenus (). OT duc-
J1a anaropuTMoB D st 9eThIpéx cemeiicTs, npu £ = k = 100, € = 0.05, m = 10 u m = 50.
Yncno pasbuenuit B metone Monte-Kapio N = 10%. Venosnbie ob6osnadenns na rpadu-
kax: +L —menn, -l — ne-niens, +P — ¢ paccioenunem, —P — 6e3 pacciioenus.

[Tokazamnbl Takzke rpacdukn 3asucumoctu DJIKP — sghdpexmusrozo nokarvrozo xoagph-
duyuenma pazrnoodbpasus A or uncra asiroputmoB D. B nannom ciyuaae DJIKP orpeens-
eTcs KaK OTHOIIEHIE BEPOSTHOCTH Tepeobytdenus cemeiictsa {ay, . ..,ap} K BEPOATHOCTH
epeobyeHnst OTHOIIEMEHTHOTO TiojicemeiicTBa {ag}:

A _ PL(X, X) > €]
|S [(S(CL(), X) =€
OcHoBHble BbIBOAbI.

1. s cemeiicTB Oe3 paccloeHUs U CBA3HOCTH MepeodyueHne MOXKeT OKa3aThCs 3Ha-
YUTEJTbHBIM YK€ IIPU HECKOJIBKUX JIecsITKaX aJlOPUTMOB B ceMeiCcTBe.

2. Ilpu 6ombux D TOJBKO OJTHOBPEMEHHOE HAJTUYINE PACCIOEHUS U CBSI3HOCTHU TIO3BO-
ngeT u3bezxkaTh CHIBLHOrO MepeodydeHnst (HuKHIe KpuBble Ha rpadukax). Takimm obpaszom,
BayKHO MMEHHO COYeTaHWe CBOICTB PACCIOEHUS U CBI3HOCTH.

3. CBs3HOCTDH CHUZKAET TeMIl pocTa 3aBucuMoctu Q. (D).

4. PacciioeHne TIOHNKAET yPOBEHb MOPU30HTAJIBHON acuMITOThI (. (D), mpuduém Tem
cuJIbHee, 9eM Jierde 3aJa4da, TO €CTh 9eM MEHBIIe YUCJIO OMUOOK JIyUIIEro aJropuTMa,
9TO BUJIHO U3 cpaBHeHUs puc. 6.3 u 6.4.

5. llpm Hammunm paccioeHnsl BEPOSITHOCTH BBIOPATh B Pe3ysbTarTe OOyUYeHUs ajro-
PUTM U3 BEPXHUX CJIOEB OBICTPO MMAJIAeT ¢ POCTOM HOMEPA CJIOS.

6. BaBucumoctu Q. (D) u A(D) UMEIOT TOPU30HTAJIBHYIO acCUMITOTY. B TO ¥Ke Bpems,
VC-onenka suneiina o D, Ha rpadurax DJIKP eit coorBercrByeT npsimast A(D) =D.
VC-onenka 6/1M3Ka K TOYHOM TOJBKO JJI He-TIeNeil U TOJIBKO MPU MaJbiX [); B JaHHOM
srcriepuMenTe — ipu D < 10; mpu D nopsiyika 20 oHa yrKe TTPEBOCXOJIAT € IMHUILY.
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HYUcjio aieopunmmoas, D yucio aieopummos, D
Puc. 6.3. 3aBucuMocTh BEPOSITHOCTH Puc. 6.4. 3aBucuMocTh BEPOSITHOCTH
nepeobydenust Q. u DJIKP A ot guc- nepeobydenust Q. u DJIKP A ot guc-
na agropurmoB D. Ilpocrast 3amaua: sa ajgroputmoB D. Tpynnas 3amaqa:
v(ag, X) = 0.05. v(ap, X) = 0.25.
Pesiome

DKCIIEPUMEHTHI MTOKA3BIBAIOT, ITO CEMEHCTBA C PACCAOCHUEM T CEA3ZHOCMBIO CYIIe-
CTBEHHO MeHbIIe nepeodydatorcs. Onenkn Bamanka—YepBonenknca ITrHOPUPYIOT 00a 3TH
CBOICTBA, 9TO U SABJIFETCST OCHOBHOW IMPUINHON UX 3aBBIIIEHHOCTH.

Modeavnvie cemeticmasa, 3a1aBaeMble HEITOCPEICTBEHHO MATPUIIAMI OITUOOK, VI0OHBI
KaK JJId SMIIMPpHUYIECKOT'O HCCJIeJOBaHM A SCbeeKTOB paccjioeHud U CBA3HOCTH, TaK MW JIJIA
OTpa6OTKI/I AHaAJIUTUICCKUX METO/I0B OlleHUBaHUA BEPOATHOCTU Hepeo6yquHH.

Monomonnas uenv an20pumMmo8 — ITO POCTeiilTee MOIETHLHOE CEMENHCTBO C paccyio-
€HUEM ¥ CBA3HOCTBHIO. MOHOTOHHBIE eI MOI'YT ITOPOXKIATHCA OJIHOIAPAMETPUICCKIMUI
ceMeficTBAMU U TOYTH HE MEPEO0YyHaIoTCs, UTO CIYyKUT KOCBEHHBIM OOOCHOBAHHEM IIPU-

MCEHEHHA METOJ0B O,ZLHOMepHOIU/I OIITUMUIAIINN B MaIlIMHHOM O6y‘{€HI/II/I.

B cnepytowein nekymn Mbl OJIyIUM TOUHBIE OIEHKU BEPOSATHOCTHU IIEPEo0y IeHUs JIJIs
HEKOTOPBIX MOJIEJIBHBIX cemeiicTB. Kakmas Takasi oleHKa — 9TO 3ajada Ha CMEKaJKYy,
peleHne KOTopoil onmupaercd Ha ciernndrdeckne ocobeHHOCTH cemeiicTBa. B maibHeitem
MBI Oy/IeM UCKaThb 000OIIEHNsT STUX OIEHOK, IPUMEHUMbIE K PeaJIbHbIM CeMeiCTBaM.
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Ynpa>kHeHust

Bamaua 6.1 (1). oxasars Teopemy 6.1.

Bamada 6.2 (1). [lokasars, uro nensb aaropurmoB A = {ag,...,ap} ABIgETCS TPAMOIL

TOrJIa U TOJIBKO TOIJA, KOTJ/Ia BCe OOBEKTHI Xy, HA KOTOPBIX PA3INIAIOTCS JIBa COCEeTHUX

agropur™a, I(ag-1,2q) # (a4, 4), TOTAPHO PA3IMIHBL.

Bagaua 6.3 (2). lokasarb yrBepxkenue u3 [Ipumepa 6.1.

lNpakTukym

B npakTuueckom 3a1anun mpejiaraeTcs peain3oBarb Ajaroputm 6.2 1 HCI0JIB30BaThH

€ro JijIsd IIPOBEPKU TEOPETUYECKUX OIEHOK U MCCJIeJOBaHUSA HOBBIX CEMENCTB.

Bamada 6.4 (5). Hamucars nmporpammy, MO3BOJISIONLYIO:

IeHEePHPOBATh MOJIebHBIE cemeiicTBa asroputmMoB A = {ay,...,ap} B Buje bGunap-
HOfT MaTpUIBl OMMO0K pasmepa L X D (B MaTpurie ommboK He JIOJKHO OBIThH O/TH-
HAKOBBIX BEKTOPOB OMIMOOK ); JIETKO 3aMEHSATH [€HEPATOPDI JTAHHBIX;

BBITUCJIATH TOYHBIC BEPXHHE M HHUXKHUE OICHKHNU BEePOATHOCTU Hep€O6y‘IeHI/IH, eCcJI

COOTBETCTBYIONINE (POPMYJIbI U3BECTHBI;

BBIYUCTIATE MeTogoM Monrte-Kapio, T.e. mo N ciydaitHbIM pa3OneHnsim:

— BEPXHION OTEHKY (. JIJTsT TIECCUMUCTIIHOTO [lyee (XYM U3 JTyHITIAX);

— HIZKHIOIO OIEHKY () JIUIs OINTUMUCTHIHOTO floy, (JIyIIN U3 JIyTINX);

— CPE/IHIOIO OIIEHKY QE JUIsT PAHJIOMUBUPOBAHHOTO [lpay (CIIyHaiHBIN U3 JIy X );
— OIIEHKY @5 BEPOSITHOCTH PABHOMEPHOIO OTKJIoHeHust dactoT (5.1);

CTPOUTH I'PadUKU, OTKJIAIBIBAs 10 OCH X YUC/I0 HEePBbIX d ajroputMos (6o, Kak

BapUaHT, HOMEp CJIOS M), IO OCH Y :

— sMImpuieckue onerku Q., Q. Q., Q. ULl IOIMHOKECTBA A(d) ={ay,...,aq};

— Tounble 3navenus Q., Q., Q., Q. JyIst IOAMHOKECTBA A(d) (ecsm u3BecTHBI);

ec/im 110 0cu X OTKJIAJIBIBAETCS 1M, TO 10 OCU Y JIONOJTHUTETHHO OTKJ/Ia/IbIBATD:

— YHCJI0 aJITOPUTMOB B 1-M CJIOE;

— J10J1s1 pa30bueHnit, Ha KOTOPBIX N([igecX, X) = m;
= m.

— JI0J1s1 pa3buennii, Ha KOTOPBIX N (flonr X, X) :

crpouTh rpaduKi, B KOTOPBIX 110 OCH Y OTKJIQJLIBAIOTCS TOYHbBIE (€C/U U3BECTHBI)
u sMImpuieckue snadenus Q., Q., Q.. @5, 1o ocu X:

— YUCJI0 OMUOOK JIYUIIEro aJroOpuTMa m;

— JytHa 00y4eHus ¢, Ipu OJJHOBPEMEHHOM POCTE JITUHBI KOHTpOJId £ = k;

— nyimHa o0ydenus ¢ npu PUKCUPOBAHHOM JIJIMHE KOHTPOJISA K;

— JUITHHA KOHTPOJIsI k 1pu (DUKCUPOBAHHOM JijTiHe 00ydeHus £.
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Cremyrommast cepusl 3a/1ad HalpaB/ieHa Ha IKCIEPUMEHTATBLHYIO MPOBEPKY OIEHOK
U uccjeoBanue 3aBucuMocteil )., Qq, (-, (). OT mapaMeTPOB MOJEJIBHOIO ceMefiCcTBa.

Bamagda 6.5 (3). Monoronnas renb ¢ napamerpamu m u D.

Bamada 6.6 (3). Vwumodaavraa uens ¢ mapamerpamu m u D — UpsMasi Telb aaro-
purmoB A = {a_p,...,a_1,a9,a1,...,ap}, y KOTOPOii sesas 6emsv {ag,a_q,...,a_p}
u npasas 6emev {ag, ai, ...,ap} ABIAOTCA MOHOTOHHBIMU IEIISIMU.

Bamauda 6.7 (3). Edunuunas oxpecmuocms ¢ mapamerpamu m u D — MHOXKeCTBa aJi-
roputmoB A = {ag,ai,...,ap}, B Koropom n(ag, X) = m, amropurmsl ag, d = 1,...,D
UMEIOT TIONAPHO PA3JIMIHbIe BEKTOPHI OMUO0K, n(aq, X) = m + 1, p(aq, ag) = 1.

Bama4da 6.8 (3). Ilpoepurh rumoresy, 9T0 MOHOTOHHAs IEIb U TEIb CJOYIAHBIX HH-
Bepcuit [114] nepeobydatorcst TpakTHIeCKH 0MHAKOBO. CPaBHUTH, TIPEJICTABUB HA OJJHOM
rpaduke, TOUHbIe 3HAUeHHs (), 1714 MOHOTOHHOM IeHN, UX SMIMPHICCKIE ONEHKN U SMIII-
pUYeCKHe ONeHKH (), JIJTs eI CIyYaiiHbIX MHBEPCHIl IPH OTMHAKOBEIX m. Kak MensioTcs
pa3Iuaus MeXKIy Qa MOHOTOHHOW TIEIU U IENHU CJIyYaiiHbiXx nHBepcuit ¢ pocrom ¢ u m?

Bamagda 6.9 (3). Ilpoepurh rumoresy, 9To BEpOATHOCTD MepeodyIeHIsT YHUMO/IATBHOI
cetn (mpubIM3UTEIBHO) B JiBa pa3a GoJiblle, YeM y MOHOTOHHOI cetn. CpaBHUTH, MPEJI-
CTaBUB Ha OJHOM IpaduKe, TOUHbIE 3HaYeHNs (). M WX SMIHPHIECKIE OIEHKH /T MOHO-
TOHHON W YHUMOJAJbHON Ierell Ipu oJuHAKOBbIX L, £, m, €.

Bamada 6.10 (3). IIpoepurhb runoresy, 9ro paspeskeHHOE MOJMHOXKECTBO MPAMOIi Iie-
1y 1epeobydaercs NPaKTUIeCKH TaK ¥Ke, Kak caMma lelb. CpaBHUTD, IPEICTABUB Ha OJ-
HOM rpaduKe, SMIHPHICCKHE OeHKH (. MpsMoit ienu {ao, ..., ap}+ U eé ToMHOKeCTBa
{ag, ar, a9, as, ... yuput =1,...,D.
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7 MopenbHble cemelicTBa aJlrOpNTMOB

Hamommuum, 910 HAIIIMM OCHOBHBIM O0HEKTOM UCCJICIOBAHUS sABJISICTCS ONHapHAsT MaT-
puiia omuboK pazmepa L X D, nopoxpaemasi Boioopkoit X = {x1,..., 1} u MHO)KeCTBOM
asaroput™oB A = {aj,...,ap} ¢ HOMAPHO PA3TMIHBIMUA BEKTOPAMH OIMIUOOK.

Mper Oy1em paceMaTpuBaTh ModeavHble CeMeticmaad aA20PUMMOG, KOTOPBIE 38 1af0TCs
HEITOCPEJICTBEHHO CBOMMU MaTpHUIIaMK OIHO0K. MojebHoe ceMeiicTBO — 9TO UCKYCCTBEH-
HBII 00BEKT MCCJIeOBAHUsI, He CBA3aHHBIN ¢ KaKoi-/imbo peasbHOI BhIOOpKOIl. Ero mar-
puriia ormbOK OIPeIe/IsAeTCs CleluaJIbHbIM 00pa3oM 1 00/1aaeT HEKOTOPOH «PeryJ/asipHoit
CTPYKTYPOIii», UTO 00Jerdaer BBIBOJ KOMOMHATOPHBIX OIEHOK BEPOSTHOCTH Iepeodyte-
Hus. s HEKOTOPBIX MOJEIBHBIX CEMENCTB YIA€TCs CTPOUTH IIPUMEPHI MOPOKIAIOIINX
X BBIOOPOK, HO 9TU YaCTHBIE CJIydad BeChbMa dK30THIHBI. MaTpHIlbl OIMUOOK PEaNbHbLT
cemeticme, Kak IPaBUIO, He 00/1a/1al0T KaKoil-1ubo perynrdpHocThio. Tem He Menee, Mo-
JleJTbHBIE CeMefcTBa MIPEICTABISIOT UHTEPEC 10 PSILY MPUINH.

Bo-niepBhix, Ha ux npumMepe mokaszaHa cama BO3MOXKHOCTH TOJIYIEHUS MOYHbHLL Ole-
HOK BeposiTHOCTH Tiepeobydenusi. Jlo pador [114, 14, 115] B Teopun craTncTuaeckoro ooy-
JeHns He OBII0 M3BEeCTHO TOUYHBIX OIIEHOK ODODIIAIONIEH CIIOCOOHOCTH.

Bo-BTOpBIX, MOJIE/IbHBIE CEMEeCTBa TTO3BOJIAIOT UCCIEI0BATh BINAHIE 3(DPEKTOB pac-
CJIOCHHSI U CBA3HOCTH HA BEPOATHOCTD I1€PEOOYICHMS.

B-Tperbux, Ha MOIEIBHBIX CeMeicTBax yI00HO OTpadbaThbiBATh MATEMATHICCKIE TIPH-
éMBbI, KOTOPbIE MOT'YT OKa3aThCsI ITOJIE3HBIMHU JIJIsI TTOJIyIeHUsT OIEHOK O0Jjiee 00Iero BuIa.

B-deTBEpTHIX, HEKOTOPBIE MOJE/IbHBIE CeMeiicTBa 00JIa/Ial0T TEeMU Ke KJIOYEeBbIMU
CBOMCTBAMU, YTO U peasibHble — PACCIOEHNEM, CBI3HOCTHIO U Pa3MEPHOCTHIO, UTO TTO3BO-
JIIeT alllPOKCUMHUPOBATH peajibHbIe CceMeiCTBa MOJACIbHBIMU U UCIIOIb30BATH MOJIE/IHLHbBIE

OIEHKH JIJIsT MUHUMU3AIUN 11epeo0yIeHns B PeaIbHbIX 3a/adaX KacCHu(pUKaImun [7]

§7.1 Cnoii bynesa kyba

Paccmorpum MuokecTBO A, cocrosiiee n3 Beex C' aJropnTMoB, JIOIYCKAIOIIAX POB-
HO M OMMUOOK Ha TOJHON BBIOOPKE X, W UMEIOIIUX IMOaPHO PA3JIUIHBIE BEKTOPDI OIIU-
6ok. [lockosibKy Bce BO3MOXKHBIE BEKTOPBI OIMIMOOK 00pa3yior OyseB KyO pasmepHocTu L,
TO BEKTOPBI OIMHOOK MHOXKecTBa A —3T0 m-ii cjoit OyaeBa Kyoa.

Teopema 7.1. IlycTb p1 — NpOU3BOJIBHBIN METO] MHUHUMH3AIIUUA SMIHPHIECKOIO DHUCKA,
A —m-ii caroii 6ynesa kKyba. Torya gt smoboro € € [0, 1]

Qez[akgmgL—aﬁ].

HokazareabctBo. CorsacHo Teopeme 5.1, B ciydae OJHOIO CJIOS aJrOPUTMOB MHU-
HUMU3AIUsT SMIUPUIECKOIO PUCKA SKBUBAJEHTHA IIPUHIIUIY PABHOMEPHON CXOIMMOCTH.
CienoBaTesbHO,

Q.=P [max (v(a,X) —v(a,X)) > 5]-

acA
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06vexnbl
50 1
45 4
40 4
35 4
30 3
25 4
20 4
15 4
10 3

aneopummbol

Puc. 7.1. Marpura omubok nnrepsaJia Oyiesa Kyda npu L = 50, m =7, m; = 10.

Ecmu m < k, To MakcuMyM JIOCTHTaeTCs Ha TakoMm a € A, y KOTOporo B KOHTPOJIb

ToTa/IaloT Bee m onmoboK, a B o0ydenne — mu ommoil. Torma v(a, X) = 7, v(a, X)=0n

Q. =P[m—0>¢] =[m>ek] = [k <m <k

Eciim m > k, To makcumywm jocTuraercs Ha TakoM a € A, KOTOPBI JOMyCKaeT

OIMMMOKM Ha BCEX KOHTPOJIbHBIX 00bekTax. Tora
Q.- =P[l-22E>el=m<L-cl]l=[k<m<L-—el.
OObenHsIsT BA HECOBMECTHBIX caydas m < k u m > k, momydaeMm Tpebyemoe. [

BbiBoabl. Beposgrnocts nepeodyuenus cjiog pasia jubdo 0, mudo 1. Pesynbrar TpuBnaib-
HBII U B OIIPEJEJIEHHOM CMBbICIEe OTPUIATEIBbHBIN, TeM He MeHee, OH IO3BOJIFeT cJe/laTh
HECKOJIBKO BazKHbBIX BBIBOJOB.

Bo-11epBbIX, aaropuTMbl CaMbIX HUKHUX CJIOEB, m < [£k]|, He BHOCAT BKJIaJ B mepe-
obydeHue.

Bo-BTOpbIX, HIKHUIT €TI0 ceMelicTBa aJIrOPUTMOB, COJIEPXKAIINN aJTOPUTMbBI C THC-
JoM ommboK He MeHee [k, He JOJKEH COJEPIKATh 6Ce Takue ajroputMmbl. He mmeer
cMBIC/Ia TPUMEHATh MeToa, MOP k cimimkom GoraTbiM cemeiicTBaM ajJropuTMOB.

§7.2 WutepBan bynesa Kyba n ero paccsioeHune

[IpemmoiozKuM, ITO BEKTOPHI OMIHMOOK BCEX AJITOPUTMOB U3 A IMOMAPHO Pa3IUIHBI
1 oOpa3yioT MHTepBaJI paHra m B L-MepHOM Oy/IeBoM KyOe. DTO O3HAYAET, 9TO OObEKTHI
JIEJIATCA Ha TPU T'PYIIBL: My «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJIMH M3 aJro-
PUTMOB He JIOIyCKaeT OIMMOOK; 11| «IIIYMOBBIX» OOBEKTOB, HAa KOTOPBIX BCE aJTOPUTMbI
JIOIYCKAIOT OIIMOKM; U M <«IIOIPAHUYIHBIX» OOBEKTOB, Ha KOTOPBHIX peaau3yiorcs Bce 2™
BapUAHTOB JIOIYCTUTH omubKu. Ipyrux oobekToB mer: mg + my +m = L. Ajropurmbl
JIOIYCKAIOT OT My J10 My + m ommbok. Yucemo aaropurmos B A pasao 2. MaTtepBan Oy-
JleBa KyOa obJiajiaeT cBoiicTBaMu paccjioeHus u cBgasnoctu. Ha puc. 7.1 mokazan npumep
MaTPHILLI OMIUOOK JIJIsT HHTepBaJja OyseBa Kyba paHra m = 7.
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PaceMoTpuM moaMHOKecTBO anropurmos A, C A, obpasosannoe HikHuMu f + 1
CilosMI MHTepBasia OyieBa Kyba, A, = Apy U -+ U Apyvg. DTO aJroOpuTMBbI, JIOIYC-
Kafomne He Oojlee t OMUOOK Ha MOrPAHUYHBIX OObeKTax. UMCI0 TaKuX aJropuTMOB
|f~1t| =C% +CL 4...+C! . Tlapamerp t MoxkeT npunnmath suadenus 0, ..., m. [pu t = 0
“MeeM €JIMHCTBEHHBIH aJropuT™M, IpK t = M — MOJHBII HHTEPBAJ paHra m. 9TO MOJIE/Thb-
HOE CeMeHCTBO MHTEPECHO TEM, UTO OHO IO3BOJISET MCCIEI0BATH 3aBUCUMOCTD BEPOSTHO-

cTi mepeobydenHns (), OT YHMCIa HUXKHIX CJIOEB.

Teopema 7.2. Ilyctp |4 — HECCHMHUCTHYIHBIH METOJ] MHHUMHU3AIIMH SMITHPHICCKOIO
PDHCKa, BEIOUPAIOITHET JIrOPATMbBI U3 Ay — moxaX t+1 c10és HHTEpBaJa OyjieBa Kyba ¢ m
MMOrpaHIIHBIMEA U My IIIyMOBbIME oObekTamu. Torma jist jroboro e € [0, 1] BepositHOCTD
1epeodydeHHsI eCTh

m  mi CSCS C’E s§—S1
Z Z m Tr%l —mom [81 < %(ml + min{t7m - S} - €k>]

s=0 s1=0

HoxkazareabcTBo. O603HaINM Yepe3 X, X;, S COOTBETCTBEHHO MHOXKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U IOIPAHUYHBIX O0BEKTOB; a 4Yepe3 Sp, S1, S COOTBETCTBEHHO — YHCJIO
BHYTPEHHUX, NTyMOBBIX U IIOI'PAHUYHBIX O0BEKTOB, MMOMABIINX B 00YYAIOILYIO BRIOOPKY X .

[TockoJIbKY METOJ, ft TIECCUMUCTUYHBIN, OH BCEra OyIeT BhIONpaTh U3 A, AJITOPUTM,
KOTOPBI He ommbaeTcd Ha BCeX OOyYAIONIMX IMOIPAHUYIHLIX OObEKTax, HO OIudaeTCs
Ha BCeX KOHTPOJIBHBIX MTOTPAHUIHBIX 00beKTax. [losTomy

s mq — $1) + min{t,m — s
v(pX, X) = 7 b = &1) { 3
14 k

Yuco pasbuennit X L X, pu kotopsix | Xo N X| = 5o, [ X1 N X| =51, [SNX]| =5,
pasuo Cr0 CPl CF . CriejioBaTe/lbHO, BEPOATHOCTH TlepeodyUeHns NpeJicTaBuMa B BUJIe

ZZZ mOCsl CO's (7n1—31)—|—III{I;1in{15,7TL—S}_S_él26

So= 081—08 0
so+s1+s={

v(pX, X) =

Y1006B! OTYYUTh YTBEPIKJICHUE TEOPEMBI, JJOCTATOYHO BOCIIOJIB30BATHCS COOTHOIIIE-
HUSIMI Mo + mq +m = L u sg + s1 + s = £ u npeobpa3zoBaTh HEPABEHCTBO B KBAIPATHBIX
ckoOKax K Buy 51 < +(mq + min{t,m — s} — ck). ]

Wnrepsast OyieBa KyOa sIBJISeTCsl PEJKUM IIPUMEPOM ceMeiicTBa, /it KOTOPOro -
dexT pacciioeHust He CIIOCOOCTBYET CHUMKEHUIO T1epeoly ICHUS.

CnencrBue 7.2.1. Ecin i — meccuMUCTHIHAS MUHUMH3AIAS SMIHPHIECCKOIO DHCKA,
A — uaTepBas panra m OyieBa Kyba, TO BEPOSTHOCTB mepeobydenust (). COBIAIAET C Be-
POSITHOCTBIO PABHOMEPHOI'O OTKJIOHEHHS:

Q: =Q: = P[Teaj(5(aaX) > €

JokazareabcTBo. [leccuMucTuaHbBI METOJT 4 BCera BhIOUpaeT u3 A aJroputs, KOTO-
pBIii He omubaeTcsd Ha BCEX OOYYAIONINX MOTPAHMIHBIX 00beKTax, HO OIIMOAETC Ha BCEX

KOHTPOJIbHBIX [OTPAHUIHBIX 00'bEKTAX, YTO SKBUBAJIEHTHO Makcumusanuu d(a, X ). ]
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Puc. 7.2. 3aBucuMOoCTh BEPOATHOCTH Tiepeodydenus (. oT ducia ¢ HUKHUX CJIOEB
npu € = 0.05. Bepxuwnit rpaduk: ¢ = k = 100, m; = 10, m = 40. Cpennuii rpaduk:
¢ =k =200, m; =20, m = 80. Hmxkuwuit rpacduk: £ = k = 500, mi = 50, m = 200.

BbiuncnurensHbln akcnepumeHdT. Ha puc. 7.2 npejcrasiensbl rpadukn 3aBUCHMOCTH

BEPOATHOCTH TTepeodydenns (). OT Uncjia HUXKHUX CJIOEB t = my, ..., mi+m. Tpu sxcie-

pUMeHTa OTJINYAJIUCH JJINHON reHepasibHoi BeiOopku L = 200,400, 1000 mpu oguHAKOBOIT
m mi

noe 7 = 20% norpanuunbx 1 = 5% mIyMoBEIX 00bekToB. Ilokasambr TakKe BKIla-

JIBI CJIOEB B 3HadUeHne yHKImoHa a ().. ToIbKo HUKHIE C/ION JIAI0OT HEHYJIEBbIE BKJIAJIBI;
KasK/IbIif BTOPOI CJI0t BOOOIE HEe BHOCHUT BKJAT B (). B CHJIy OTHOIIEHUS % = %, 3TUM
00bsicHsIeTCs 3y0UaTOCTh I'PpadUKOB BKJIAJIOB.

BepositHOCTh TIEpeobydeHust ObICTPO BO3pacTaeT ¢ POCTOM M U t, JIOCTATAs 3HaYTe-
Hug 1. PakTudeckn, K mepeodyIeHHOCTH H00aBIsSIeTC sl BeJININHA, ITPUOJIU3UTE/IHHO paBHAS
% min{t, 5 } Bepograocts nnepeobyuenust 6/1u3Ka K HYJIIO TOJBKO €C/ii OpaTh CaMble HIK-
HHUE CJIOM MHTEepBaJja, B JaHHOM SKCIEPUMEHTE — OKOJ0 2% oT miuabl Boioopku. Mozker
BOBHUKHYTDb THIIOTE3a, 9TO ITO IMPOUCXOINT U3-3a reccumuctuanoctu MIP, onnako onen-

Ka Jisi panjgomusupoBaraoro MOP npaktuaeckn crosib ke mwioxa (cM. 3agady 7.4).

Mutepnpetauun u BbiBoabl. [lo Bceit BupmmocTu, maTepBas OysieBa Kyda sBIISETCs
HEe BIIOJIHE aJIEKBATHON MOJIE/IBIO PeasibHBbIX ceMmeiicTB. ['mmoresa o jieieHnn 00beKTOB Ha
«BHYTPEHHUE», «IIOIDAHUYHBIE» U <IIIYMOBBIE» IIPEJCTAaBJISIETCS] PA3YyMHOM, OJIHAKO B pe-
AJIbHBIX 3a/[a1UaX PEAN3YIOTCs JIAJIEKO He BCE CIIOCOOBI JIOMYCTUTD ONMIMOKHU Ha TOIPaHIT-
HbIX 00bekTax. Bo3mozkio, boJiee ajiekBaTHOI ObL1a ObI MOJIE/b, B KOTOPOI T€M WU UHBIM
CIIOCOOOM BBOJIUTCS XaPAKTEPUCTUKA «CTEIEHN I'PAHUTIHOCTUH» OOBEKTOB U OICHUBACTCS
pacripe/iejieHue 3TOi XapaKTePUCTUKHN B BBIOOPKE.
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§7.3 T[lapa anroputmos

Pacemorpum cemeiictBo u3 AByx anroputmoB A = {a, as} u MeTox 1 meccuMucTHY-
HOI MUHHMUBAIUU SMIIMPUIECKOI0 PUCKA. JTO O3HAYAET, UTO B CJAydasiX HEOIHO3ZHATHO-
cTH BBIOOpA JIydIlero ajropurMa Ha obydaromieil Beibopke, Korja v(a, X) = v(ag, X),
MeTOJ {4 OYJIET BBIOMPATH aJTOPUTM € OOJILIITIM YUCIOM OIMMUOOK Ha ITOJIHON BBIOOPKE.

Teopema 7.3. Ilyctp B BoiOOpke X umeercs: mg 0OBbEKTOB, HA KOTOPBIX 00a aJIroOpuTMa
JIOILYCKAIOT OIIMHOKY; My 00BEKTOB, Ha KOTOPBIX TOJILKO G JIOITyCKAaeT OIIHOKY; Mg 00b-
eKTOB, Ha KOTOPBIX TOJIBKO (g JIOILYCKAET OITHOKY; M3 OCTATbHBIX O0BEKTOB (Ha KOTOPBIX
oba ajropuTMa He JIOIyCKaOT ONIHOKY ), H IIyCTb JIJIS ONMPEJICJGHHOCTH My < Ma:

a=(1,...,1,1,...,1,0,...,0,0,...,0);
»=(1,...,1,0,...,0,1,...,1,0,...,0).
——— N N N —

mo mi m2 m3

U

Torna mist siroboro e € |0, 1] cnpaBegmnBa TodHAST OLICHKA:

C’So CS1 082 Cf S0—81—52
L

Q) =37 5" 3 CRORCRC D

s0=0s1=0 s2=0

(mo + mq — 61{3)}4—

x([sl < 82} [so—l—sl <
< F(mo + my —8/{7)]).

+ [Sl 2 82] [80 + S9

N Nl

HokazareabcTBo. MeTo MUHUMAZAINN SMIIMPUYECKOIO PUCKA BLIOUPAET aJTOPUTM @
upu v(ay, X) < v(ag, X) 1 aqroput™ as B IPOTHBHOM cirydae. Cire10BaTe/bHoO,

Q. = W Z [V(al,X) < V(CLQ,X)} [V(ahX) - V(a17X> 2 6} +
L xex)
b 3 o) vlan, X)) s ) — vl X) > ]
L xex)

Pazobbém muokecTBO X Ha 4 moaMHOXKeCTBa: X — O0bEKTBI, Ha KOTOPBIX OIIHbOa-
0T 00a ajropurma; X; — 00beKThl, Ha KOTOPBIX OMIN0AETCs TOJIBKO a1; X9 — O0OBEKTHI,
HA KOTOPBIX OIHOAETCs TOJBKO ag; X3 — BCe OCTalbHble 00beKThl. OdeBnmHO, m; = |X;]|.
[Monoxkum s; = | X; N X | — auciao o6berToB u3 X;, Homapmmx B 06y4daroniyo BEI60pKyY X .

B sTux 0603HAYEHNSAX YACTOTHI ONMOOK aJIrOPUTMOB @1, 4o Ha BbIOOpKax X, X ecTb

V(a17X):%; V(ale):w;

v(ag, X) = %; y(az,X’) = W

Hucsto pasbueHnit, Ipu KOTOPBIX peasn3yeTcs Habop 3HadeHuil (S, S1, S2, S3), €CTh

> H = |X; N X|] = O3, Co1, 0 03 (7.1)

Xe[x)¢ i=0
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Orcrona cieayer, 9To S, S1, So, S3 JOJKHBI YIOBJIETBOPSATH OIPAHIICHUSIM
0<sp<mp; 0<sp<my; 0< s <my; 0< s3<mgs.

Kpowme Toro, sq, $1, S2, S3 JIOJZKHBI YIOBJIETBOPATH COOTHOIIEHUIO So+ S1 + So + 53 = L.
Takum obpaszom,

Z ZZZZ so+s1+32+53—€}ﬁ[si:|XiﬂXH X

XEX][ s0=0 s1=0 s2=0 s3=0 i=0

% ([51 < 82} [m0+m1]€*50*s1 _ sots1 > 8] +

¢

[51 > 82] [m0+m2k780782 _ SoJerSQ > 5])

[lepecrapiisist 3HaKM cymMmupoBanus u nojcTasisis (7.1), moaydaem Tpebyemoe. |

BbluncnurensHblii akcnepumeHT. [lesb sKcnepuMenTa — MoKasaTh, 9TO Jaxke B IPo-
crefiieM ciydae, KOrjaa ajropuTMOB TOJBKO JIBa, Y?Ke BOZHUKAET IepeodydeHre 1 IPOsB-
JIAI0TCA 9D @PEKTHI PACCTIOCHUS W CXOJACTBA, CHUXKAIOIIUNE BEPOITHOCTD MEPe0OyICHNUs.

Hapsity ¢ BeposiTHOCTBIO TIepeobydeHust Oy1eM OIeHUBATEH AfPekmucHbill A0KAALHDIT
koagpuyuenm pasnoodbpasus (DJIKP). Do Takoe 3HaueHmEe A K03 duimenTa pasHooo-
pasus A?(X), npu xoropom onenka (5.2) ne sasbimena. Conocrasiss (2.14) u (5.2),
nostygaem orenky DJIKP:

v _ Plo(pX, X) > €]
N P[é(al,X)28]

Onenka DJIKP umeer emé jBe muTepriperarnuu. Bo-miepBbix, OHa MOKa3bIBAET, BO
CKOJIBKO pPa3 BEPOSATHOCTH IepeobydueHns ceMeiicTBa 00JIbIle BEPOATHOCTH ITepeody IeHUs
OJIHOTO aJiropuTMa. Bo-BTOPBIX, €€ MOXKHO MOHHUMATbL KaK OIEHKY 4Yucja 3pOEeKTUBHO
HCITOJIb3YEMBIX aJI'OPUTMOB B ceMeiicTRe.

B ciyuae gaByxasementHoro cemeiictba 1 < A<a2.

Ha Puc. 7.3 u 7.4 nokasaHbl 3aBUCHUMOCTHU BEPOSITHOCTHU Ttepeodyuenus (). u DJIKP A
OT paccTosiHUsT XOMMUHIA MeXKy ajropurMamu p(aj,as) = my + mg upu £ = k = 100,
e = 0.05. Tonkumu imaugMU okasanbl onenku DJIKP, Berauciennnie memodom Mowme-
Kapao 1o 1000 caygaitubix pa3oueHuii.

['padukn 103BOJILIOT Ce/IaTh CJIEIYIONIIE BhIBO/IbI.

1. VC-onenka DJIKP A = 2 nocruraercs uib B TOM cliydae, KOrja HeT paccjioe-
HsT (AJITOPUTMBI JIOMYCKAIOT HA X OJMHAKOBOE YUCJIO OMUOOK, M| = Msg) ¥ HET CXOJCTBA
(aJIrOpUTMbI MAKCUMAJIBHO PA3IndHbl, mo = mz = 0), Puc. 7.3.

2. Yewm cusbree paccioerne (d = my —mq > (), TeéM MeHbIIIe BEPOSITHOCTH TIePeody-
genus, u TeM O/mke DJIKP k 1. B nanrom skcriiepumente tpu d = 40 Xymammit u3 JIByX
AJITOPUTMOB y2Ke TPaKTUIeCKN HUKOI A He BeiOmpaeTcs, Puc. 7.4.

3. Yem cuibHee cxoJcTBO (my + my — 0), TeM MeHbIlle BePOSATHOCTH epeobydeHnst
u tem oymmke DJIKP k 1. C Toukn 3peHus nepeodydeHus JBa CXOXKHUX aJrOPUTMAa BEJIYT
cebsT TPAKTUIEeCKN KaK OJIMH aJlOPUTM.
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6eposMHOCTb NepeobyueHus DJIKP

0.50 1
045 1
0.40 1

0.35 1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
XOMMUH20B0 paCCmOﬂHue Me:»cdy azzeopudeMu XOMMUH20B0 paCC’mOﬂHl{e MeOICdy aﬂZOquUl/laMu
— m=20 — m=40 — m=100

Puc. 7.3. BaBucumocts BepositHocTu mepeodbydenus (). u omnenkn DJIKP or pas-
JINYHOCTHU AJITOPUTMOB, KOTJIa OHHU JIOIYCKAIOT OJMHAKOBOE UUCJIO OMIMOOK, 1M1 = M.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAYCHUSM UHC/IA OMIUOOK Ha ITOJHOW BBIOOPKE
m = mq + mg € {20,40,100}. ToHKUME JINHUSIMU [TOKA3AHBI SMIIMPUYECKUE OLIEHKU
metoznoM Monte-KapJiio o 1000 cayyaitabix pa3buenwmii.

6EPOSIMHOCTb NepeodyueHus DJIKP
b 20 -
045 ]
- 1.9 A
0.40 1 18
17 7
0.35 1 :
1 16 1
030 1 15 1
025 14 3
; 1.3 7
0.20 ;
N 1.2 1
0.15 1 14
] 10 ]
0 20 40 60 8 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
XIMMUHS080 paccmosinue Me:»cr)y areopummamu XIMMUH2080 paccmosinue Me:»cdy areopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 7.4. 3aBucumocts BepositHOCTH TiepeobyueHust u orerku DJIKP or pasmuaso-
CTU aJITOPUTMOB, Korja ms3 = 20 u BTOPOIl aJropuTm J0IycKaeT Ha d OmubOK 00Jib-
me, mg = my + d. Yernipe rpaduka COOTBETCTBYIOT YETHIPEM PA3HBIM 3HATCHUSIM
d € {0,10,20,40}. TorknM#u JIMHUAMY TOKA3AHBI SMIIPUYECKHE OIIEHKN MeTo0M MoH-

te-Kapso o 1000 ciyvaiiubix pasoueHuii.
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§7.4 MoHoTOHHas yenb anropnTMoB

Hamomunm, aro muokectBo anropurmoB A = {ay, . .., ap} Ha3bIBaeTCS MOHOMONHOU
UENBI0, €CIIN KaZKIBI aJlrOPUTM g JOIYCKaeT m~+d ommbOK Ha MHOXKECTBE X U OTJINIaeT-
sl OT HPEJIBLIYINEro aJropuTMa TOJBKO Ha OJIHOM 0bbeKTe, p(aq_1,aq) = 1, Tae p(a,a’) —
paccmosnue Xammunza MKy BEKTOPaME OIIHOOK @, d .

MoOHOTOHHAS TIEIIb — 3TO OJHO U3 IIPOCTEHINX MOJIEILHBIX CeMeicTB, 00/1a1amee
CBOICTBAMU paccaoenus 1 c6a3nocmu. MOHOTOHHBIE HEIH MOTYT MOPOKIATHCS ITapaMeT-
PUYECKUMU CeMeiCTBAME aJrOPUTMOB € OJHUM HEIIPEPLIBHBLIM IIapaMeTpoM, cTp. 65.

OuesuaHo, aymHa D MOHOTOHHOM IIENN HEe MOXKET IpeBbLInaTh L — m.

[Iponymepyem 00beKTHI BEIOOPKH Tak, 9To0bl [(ag, ;) = [2 < d} Jutst Beex i,d < D.
Hywmepanus octaabHbIX 06HEKTOB He HMeeT 3HAUYCHUS, TAK KaK aJrOPUTMbI HE PA3JIUIIMbI

Ha #HuX. [IpegcraBum BoiOOpKY X pazdouToit Ha Tpu OJI0KA:

ay a1 Gy a3z ... ap_1 ap
x| 0 1 1 1 1
zo| 0O 0 1 1
x3| 0 0 0 1 1
Tp 0 O 0
0O 0 0 0 0 0
L—D-m
0O 0 0 0 0 0
1 1 1
1 1 1 1 1 1

Crieytormmas jgeMma, 1aéT HeoOX0IMMOE 1 JIOCTATOTHOE YCIOBHE TOTO, ITO aJTOPUTM g
MOHOTOHHOU Iienu OyJeT MOJIydeH B pe3ysbTare oOydeHus MeTOIOM [ 1O BbIOOpKe X.
D10 ycsioBue GOPMYJIUPYETCs B TEPMHUHAX IOJIMHOXKECTB OOBHEKTOB: KAKHE-TO O0bEKTHI
JIOJIZKHBI JIEZKATh B 00ydaloleil BLIOOpKe, JIpyrue — B KOHTPOJILHOI.

Jlemma 7.4. Ilycrs A = {ay,...,ap} — MOHOTOHHAS I[€IIb, METOJ OOy ICHHSI I — ITECCH-
MHCTHYHAS MHHAMHA3AIMS SMIIHPAICCKOTO PHCKA, KaXKI0MY aJIrOPUTMY (g € A 1mocrapie-
HBI B COOTBETCTBHE J[Ba MHOMKECTBA 00beKTOB: Xg = {2441} 1 X)) = {x1,.. ., x4}. Torna
[(Xe C X][X,CX], d<k, d<D;
(nX =aq] = { [X) € X], d<k,d=D; (7.2)
0, d>k
okazareabcTBo. PaccMorpum Tpu citydas.
1. Ilycts d > k. Torma unciio ommbOK ajaropurMa ag, Ha oObeKTaxX Iq,...,ITq Hpe-

BBINIAET JIJIMHY KOHTPOJILHO# BBIOOPKU. HacTh M3 3TUX OMIMOOK 00A3aTEIbHO OKAYKETCS
B oOy4Jaroreil moaBbIOOpKe X, I METO/T [, MUHUMU3UPYIONINN SMINPUIECKNNl PUCK, BBI-
Oeper OJIMH U3 aJITOPUTMOB ¢ MeHbITUM HOMepoM. CJre/I0BATeHbHO, [MX :ad} = 0.
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2. llycts d < k uwd < D. Metojsi ;@ BeIOUpaeT ajaropuT™m ag TOTJAa U TOJBKO TO-
IJIa, KOTJIa BBIMOJIHSIIOTCS JBa YCJIOBUA. BO-IIEPBBIX, BCe OOBEKTHI I, ..., Ly HAXOIITCS
B KOHTPOJIBHOIT MOIBBIOOPKe X , MHAYe METO, /i, MUHIMI3UPYIONIN SMIIMPIYECKIH PUCK,
BBIOpAJT ObI OJINH U3 aJTOPUTMOB C MEHBIIINM HOMEPOM. Bo-BTOPBIX, 00BEKT Ty 1 HAXOIUT-
cs1 B oOyuaroteil moiBeioopKe X, mHa9e METOJ fi, B CUIY HEeCCUMUCTUIHOCTHU, BBIOPAJ Obl
AJITCOPUTM (441 BMECTO ag. CrieIoBaTe/IbHO, [uX :ad} = [Xd cX } [X L C X }

3. llyctb d < k u d = D. EauncrBennoe oT/imdue OT TPEJILIIYIIETO CIydas 3aK/I0-
YaeTcss B TOM, 9TO aJlOPUTM (gy1 HE CYIIECTBYET, MO3TOMY He HY>KHO TPebOBaTh, ITOOBI
O0DBEKT T4y1 HAXOIUJICHA B ODyUaloIieil noiBuioopke X . m

Bameuanwne 7.1. Ciyuaii d > k MOKHO Ob17I0 ObI He BBIIEAATE B (7.2), IIOCKOIBLKY TOIIA
yeaosre X} C X sasenomo e bmosnsiercs u [pX =aq] = 0.

B caeyromieit sekiy Mbl OAMEM, 9TO ycsaoBue Buja (7.2) IMO3BOJISIET BBIMHCATDH
TOYHBIE (POPMYJIbI BEPOATHOCTU TEPEOOYIEHUS U TIOJTHOT'O CKOJIB3SAIIET0 KOHTPOJIA.

§7.5 VYHumopganbHas uenb anropuTMoB

YHuMO1aIbHAas TElb ABJIsIeTCsT 00J1ee PeaIMCTUIHON MOJIE/IBIO OJTHOITAPAMETPUIECKO-
r'0 C6A3H020 CeMECTBa, 110 CPABHEHUIO ¢ MOHOTOHHOM IENbI0. DTa MOIE/b IPEIIIOIaraeT,
9TO OTKJIOHEHHE IapaMeTpa OT ONTHMAaJbHOTO 3HaYeHUd KakK B OOJIBIIYIO CTOPOHY, TaK

1 B MEHbIIYIO, IPUBO/UT K YBEJIMICHUIO YUCJIQ OINOO0K.

Onpegnenenne 7.1. Ilpavag nens A = {ap, ..., a1, a9,d, ..., a’ ' HazpIBaeTCT YHUMO-
) ) s Lo, o,y yUp

danvrot, ecin eé ne6as 6emev g, a1, ...,ap H NPABAA 6EMEb Gg, A, . . ., A\, SBIAIOTCT

MOHOTOHHBIMH IICIISIMH. AJITOPUTM (¢ HAZBIBACTCI AYYULUM 6 UENU.

IIpumep 7.1 (upomonkenue npumepa 6.1, crp. 65). Ilycrs MHO)KECTBO 00BEKTOB
X C R™ nuHERrHO pa3e/ Mo, T. €. CYIIECTBYET aunelinsil kaaccuguramop a(x, w*), ve 10~
nyckaronmii omu6ok na X. Torga MHOXKECTBO aaropuTMOB {a(x, w*+1td): t € R} IOPOZK-
JlaeT YHUMOIAJIBHYIO eI JI/TsT TIOYTH JIF000T0 HAIPaBJIAONEero Bekropa 0 € R™. 3amernM,
9TO B CJlydae MOHOTOHHOIN Teru mnpenosaranoch ¢t € [0,00).

O6osnaunm gepe3 m = n(agp, X) IUCI0 ONIOOK JIYUIIero aJropuTMa.

PaccMoTpuM yHIMOJAIBHYIO [ENb ¢ BETBAMHI paBHOIl jtuisl, D = D',

[lepenymepyeM 0ObEKTEI TaK, ITOOLI KAK/IBIil I3 aJICOPUTMOB @4 JIEBO BETBU JIOILYC-
KaJI OMMOKY Ha OOBEKTAaX I1,..., T4, KAk U3 aJrOpUTMOB @), IIPaBOil BETBU JIOIyC-
KaJI ommOKy Ha 00beKTax i, ..., ). Muoxkecrsa 00bekToB {x1,...,2p} u {2],..., 25}
He [IePEeCeKaIOTCsl B CHJLy TOrO, ITO YHUMOJAJIbHAS [IeNb ABJAeTcd npsaMoit. Jlyuammit a-
TOPHUTM @ HE JIOIYCKAET OMMOKY HI Ha OJHOM 13 9THX 00beKTOB. Hymeparmst ocTaabHbIX
00BEKTOB He NMeeT 3HadeHNsI, TaK KaK aJrOPHTMBI He PA3/IMdiMBbl Ha HIX.
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[IpeacraBum BBIOOPKY X pazdouToii HA UeThIpe OJIOKA:

!/ / !/ /

ap a1 ay a3z ... ap_1 ap a); ah ay ... dp_, dp
z1 | 0 1 1 1 ... 1 1 0 0 0o ... 0 0
xo | O 0 1 1 0 0 0o ... 0 0
z3 | 0 0 0 1 1 1 0 0 0o ... 0 0
zp| O | 0O O O 0 1 0O 0 O 0 0
Zlo0lo o o 0 0|1 1 1 11
$/2 0 0 0 0 0 0 0 1 1 1 1
:L’g 0 0 0 0 0 0 0 0 1 1 1
l"D 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

L—2D—m .

{ 0 0 0 0o ... 0 0 0 0 0o ... 0 0

1 1 1 1 ... 1 1 1 1 1 ... 1 1
{ 1 1 1 1 ... 1 1 1 1 1 ... 1 1

Bynewm nosarars, aro ecoin MmunuMyM (6.1) mocTuraercs Ha JBYX aJrOPUTMax € OJMHA-
KOBBIM THCJIOM OIMHOOK U Ha 00ydalomeil, n Ha KOHTposbHOil Beibopke, A(X) = {ag4, a},
TO MeTO/I /i BLIOMPAET aJIFOPUTM (g U3 JIEBOIl BeTBH.

JIemma 7.5. Ilycrb A = {ap,...,a1,a9,d},...,an} — yaumonanbras nems, (> 2,
D>1, L>2D+m, merox p — neccumuctuananiii MOP. Torja

(uX =ao] = [z1,2] € X];

[
[z1,...,2p € X], d=D; (7.3)
X —=d)] = [y € X][@), ... 2 € X](1 = [z1,...,2q € X]), d< D;
T2 € XI(1 = [z, 2p € X)), d=D

HokaszareabcTBo. PacemorpnM stydmnmmii aaroputm ap. Ecim oba obbekta xq, o) gexar
B 00y4Jaronell BIOOPKE, TO HUKAKOM JIPYTOil alrOpuTM yKe He MOYXKeT ObITh I10JIyYeH, T10-
CKOJIbKY [& MUHHMU3UPYET SMIupudeckuii puck. Ecim xoTst ObI 0JIMH U3 00BHEKTOB 1, )
He JIEKHUT B 00ydJaromieil BLIOOpKe, TO [ BLIOEPET APYToil aJrOPUTM B CHJIY II€CCUMUCTHY-
Hoctu. Takum obpaszom, [uX=ag| = [z1, 2] € X].

PacemorpuM 1Tpon3BOJIbHBIN aJITOPUTM a4 U3 JieBoil BeTBU, d < D. Eciu Ob1 He ObL10
IpaBoil BETBH, TO YCJIOBHE IOJIYUYEHUs aJrOPUTMa (g ObLIO Obl TAKUM YK€, KaK B MOHO-
tounoit nenu: [uX=a,4 = [r411 € X][z1,...,24 € X]. llpu Hammuum npasoit BeTBU ajro-
pPUTM ag GyJIeT Pe3y/ILTATOM 00yHUeHHs IPH TexX ke pasbuennsx X LI X, 3a HCK/IIOUCHICM
CJTydaeB, KOIJia OJIMH U3 aJrOPHTMOB HPaBOil BETBU d , ..., 0 TAK¥Ke MHHUMU3UDYCT
SMIIMPUYECKIH PUCK. DTO HPOUCXOJIUT, KOIJIA BCE OOBEKTBI I,..., Ty,  JIeXKaT B KOH-
TPOJIbHOI BBIGOPKE. 3HAUNT, ycI0BHe HAIO0 JOMHOKHUTGL Ha 1 — [2],..., 2, € X].
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PaccMoTpuM TIpOM3BOJIBHBII AJIrOPUTM @, n3 mpaBoit BerBu, d < D. DToT Ciydaii
aHaJIornaeH npeapryemy. OTIndne cocTouT B TOM, 9T0 1pu {aq, a,} C A(X) nper-
MOYTEHNEe OTIAETCS aJTOPUTMY (g u3 JieBoit BeTBu. ClieloBaTeIbHO, YCJIOBHE TOJTY YeHUsT

/ 9 / / / \
ANrOPHTMA @y HPU OTCYTCTBUH JICBOH BETBH [, € X][x}, ...,z € X] nago mommuo-
Kuth Ha 1 — [21,...,24 € X] — orpuIlaHue TOrO, YTO OJIUH U3 AJTOPUTMOB JIEBOH BETBH
A, - - -, Ap TAKXKE MUHUMU3UPYET SMIUPUIECKUN PUCK.

JI1st mocsieiux aJrOpuT™MOB A, A, T€ Ke PACCYKICHNS IPUBOIAT K YCIOBHAM

[,LLX:CLD] = [xlu"'er € X]7
uX=dp] = [z,....2% € X](1 = [x1,...,2p € X]).

Jlemma JIoKa3aHA. m

Taxkum oOpazoM, HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUSA TOTO, YTO AJTOPUTM YHUMO-
JIAJILHOI TIenn Oy/IeT BBIOpAH METOJIOM j4 B pe3yJIbTaTe 00ydIeHus 110 BIOOPKE X, BBITISIAT
HECKOJIbKO CJIOYKHee, UeM JIJid MOHOTOHHOI 1enu. Tem He MeHee, OHU TakxKe (DOPMYIUPY-
I0OTCA B TE€PMUHAX IIPUHA/JIEIKHOCTU WJIN HEIPUHAJJIEXKHOCTA HEKOTOPBIX MOJIMHOYKECTB
00bEeKTOB 00y 1AIOIIEel U KOHTPOJIbHO BBIOOPKe. B cite/tytoreit ieKiun Mbl MOKaXKeM, |TO,
HECMOTpSI Ha YCJIOJKHEeHHe, ycaoBre (7.3) TakzKe MO3BOJISIeT BBIIUCATH TOUHBIE (DOPMYJIBI
BEPOSATHOCTH ITepe0OYyIeHNA U TTOJTHOTO CKOJIB34IIEro KOHTPOJIS.

Pe3iome

Mogenbuble cemeiicTBa aJropuTMOB 3aJaI0TCH HEMOCPEJICTBEHHO MaTPUIIAME OIHU-
00K, a He peasibHbIMEH BblOOpKamu. Mbl pacemorpesn cioit u unrepBaJi OysieBa KyOa,
JIBYX3JIEMEHTHOE MHOXKECTBO, MOHOTOHHYIO U YHUMOJAJJILHYIO IENN aJropuTMoB. Bo Bcex
ITUX CIIydadgX YIAECTC MOJydaTh TOYHbIE ONEHKNA BEPOATHOCTU TIEPEOOyYeHUs JIjIs 1TeCCU-
MUCTUIHON MUHUMHA3AIMNA SMITPHICCKOTO PUCKA. DTHU OIEHKN SBJISAIOTCA BEPXHUMU JIJIs
[IPOU3BOJILHOIO MeTO/[a MUHUMU3AIMN SMIIMPUYIECKOTO PUCKA, ITPUYEM ITPEJIIOI0KEHNE
[IECCUMUCTUYHOCTH, KaK IIPABUJIO, He CUJILHO YXYIIIAeT OIEHKY.

MonoToHnHbIE U YHUMO/JIAIbHbBIE TIENN AJITOPUTMOB OJIM3KU K PeabHBIM OTHOMEPHBIM
cemetictBam. OHI 00JTATAI0T CBONCTBAME PACCAOEHUA U CBA3HOCTNU W TIOUTH He TIepeodyda-
10TCs. DTOT (PAKT CJIY?KUT KOCBEHHBIM 0OOCHOBAHUEM OJHOMEPHON ONTUMUBAIINH, TITHPOKO
[IPUMEHIeMOIl B MAITMHHOM 00y YeHUH.

Jst KaxKj10ro aJiropuT™Ma MOHOTOHHON M YHUMOJAJILHON IEIH Mbl HAILIH HEOOXO-
JIIMBIE U JIOCTATOYHBIE YCJIOBUA TOTO, YTO OH OyJEeT BLIOpaH METOJIOM [ B Pe3yJbrare
obyuenns 1o BeiOopke X. /Iy aToro odydaromas 1 KOHTPOJIbHAA BHIOOPKU JIOJIZKHBI T1€e-
JINKOM COJIeP2KaTh Wik, HA0OOPOT, HE CO/IePKATh HEKOTOPbIE TIOJIMHOYKECTBa OOHEKTOB.

B cnepyrowein nekuuun st coodbpazkenus OyIyT CYNIECTBEHHO Pa3BUTHI U OOOOIIEHHI.
Byner nmokazano, 4To ycjaoBuUs TAKOTO BUJA MOYKHO 3aIlUCATH BCETJIA, NI JI0O0T0 ceMeli-
CTBa aJITOPUTMOB U JIIOOOT0 MeToa obydenus. ByayT moydeHbl o0Iue OMeHKN BepOsT-
HOCTHU TIepPeoOyIeHus U MOJIHOTO CKOJIb34IIEro KOHTPOJIst. /Iyt MOHOTOHHO# Tiern u yHU-
MO/IaJTBLHOI T1enn Oy Ty T BBITACAHBI TOYHBIE OIIEHKN BEPOSITHOCTU HEePeodydIeHus.
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Ynpa>kHeHust

Bamada 7.1 (1). Haiitu BepogTHOCTD IIepeobyYeHns MHOKECTBA, COCTOSIIIErO U3 OJHOTO
aJIropuTMa ag, n(ag, X) = mgy U MOJHOTO CJI0s AJIrOpuT™MOB A, my < m.

Bamada 7.2 (1). Bepuo s ciescrsue 7.2.1 s cemeiicTsa At <m?

Bamada 7.3 (1). Haiitu BepogrHOCTH IepeobydeHust ¢ HUZKHUX CJIOEB HHTEpBaJia Oysiesa
Ky0a JJIsT ONTUMUCTUIHON MUHUMU3AIME SMITPUIECKOTO PUCKA.

Bagaua 7.4 (2). Haiitu BeposiTHOCTD HIepeoOyuenust ¢ HUXKHUX CJIOEB WHTEpBaJia OysieBa
Ky0Oa JJIs1 PAHIOMU3UPOBAHHON MUHUMUBAIUN SMIUPUIECKOTO PUCKA.

Bamagda 7.5 (1). Haiitu BeposiTHOCTE HiepeobydeHnst t-ro cJiost WHTepBaJsa PAHTa 1M st

MeTOJa MUHUMH3AINN SMIIMPUYICCKOT'O PpHUCKa.

Bamada 7.6 (1). Ilpoeepurb, 4T0 B CIydae MOHOTOHHON 1enu yciaoBus [uX=a] B jiem-

Me 7.4 onpejiesieHbl KOPPEKTHO, JIOKa3aB TOXKIecTBo » | [uX=a| = 1.
acA

IToackaska: BOCIOIBL30BATLCA ToxKIAecTBOM [ € X| =1 — [x € X].

Bamada 7.7 (1). IIposepurs, uro B cirydae yHIMOMAIBHOI 1enn yeioBust (X =a) B jiem-

Me 7.5 ompejiesieHbl KOPPEKTHO, JIOKa3aB TOXKIecTBo » | [uX=a] = 1.
acA
[Tonckaska: cHagasIa PEMIUTDL IPEIbLIYILYIO 3a1ady.

Bama4da 7.8 (2). Beectun dopMmysty BeposiTHOCTH TepeobydeHus IS eIMHUTHOI
OKPECTHOCTH aJropuT™Ma Gy — MHOkKecTBa aiaropurmoB A = {ag,aq,...,ap}, B KoTOpOM
n(ag,X) = m, ajiropuT™mbl aj,...,ap WMEIOT MONAPHO PA3JIMIHbIE BEKTOPBI OIIHOOK,
U KayKJIblil 13 HUX JIOIYCKAeT Ha OJHY OIMMOKY OOJIbIe, UeM .
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8 [lopoxaatouime v 3anpeuiatoline MHOXXeCTBa

Ipuryun noposicoarowuz u sanpewarougus mmuooxcecms (II3M) mossossier mosrydars
ToYHBIe (He 3aBBIIICHHbIE, HE ACUMIITOTHIECKHE) OlleHKN 06obmaroreii criocobnoctu [115].
On ocHOBaH Ha IIPEJINOJIOKEHIH, YTO JJIs KazK/IOr0 aJl'OPUTMa MOXKHO BBIIIICATH HEOOXO-
JIAMBIE U JIOCTATOYHBIE YCJIOBHUs TOIO, YTO OH BJIETC pe3yabTaToM oOydenus. Hemnm xe
YJAETCA BBITUCATD JIAITL HEOOXOIUMBIE YCJIOBHA, TO MOJIyJaloTCs BEPXHUE OICHKN.

§8.1 [llpocrtasa runortesa N3M

l'unore3a 8.1. MruoxkecTtBO A, BhIOOpKa X H METOJ [t TAKOBBI, ITO JIJIsI KaXKJ0T0 AJIT0-
putMa a € A MOXKHO yKazaTh mapy Hemepecekaromuxcs mogmaoxkects X, C X n X! C X,
VJIOBJIETBOPSIIOILYIO YCJIOBHIO

[1X=a] = [X, C X][X, C X], VXe[X" (8.1)

Mruoxkectso X, Oy/eM Ha3bIBATL NOPOAHCOGIOUUM, MHOKECTBO X — 3anpewyarousum
Juig ajsropurMma a. ['mmore3a 8.1 o3Hadaer, YTO METOJI [t BLIOMPAET aJI'OPUTM @ TOTJA
U TOJIBKO TOIJIA, KOTJIa B 00y4arolieil BbioopKe X HaXOIATCA BCE MOPOXKIAIONIIE 00 bEKThI
1 HU OJIHOT'O 3aITPEIaioniero:

uX =a: XaH X! I

X X
Bee ocrambabie 00bekThl X\ X, \ X! Oyiem Ha3bBaTH HeUMPAALHOIMU JIJIS ATTTOPUTMA A.
Hanwmuane mim orcyrcrBrue HeHTpasbHBIX OOBEKTOB B OOydvalolieil BBIOODKe He BIIHAET
Ha pe3ybTaT oOydenus. lasee OyayT npuBegeHbl IPUMEPHI CEMENCTB, /i KOTOPBIX I'H-

nores3a 8.1 BBIITOJHAECTC.

Jlemma 8.1. /[ 1106035 BeiOOpKH X CHpaBEIJIHBO TOXKIECTBO
> [pX=a] =1. (8.2)
acA

JlokazaTeabCTBO ¢ OUE€BUIHOCTBIO BBITEKAET U3 TOrO, 9TO JJId Ji000il BEIOOpKH X Me-
TOJI, /4 BBIOUPAET OJIMH U TOJIHKO OJIMH aaropuTM. ToxKmecTBo (8.2) MOKeT UCIOIB30BaAThCS
JIUISE TIPOBEPKU TOTO, UTO YCJIOBHs B IpaBoii wactu (8.1) chopmMympoBanbl KOPPEKTHO.

s mpousBosibHOTO 0 € A obo3HaumMm uepe3 L, Unucjao HeHTPaJbHBIX O0BHEKTOB,
qepes {, — 9ucJI0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y IAONTyI0 BEIOOPKY:

Lo =L —|Xa| = 1X,];
o= —|X,].

Jlemma 8.2. FEcim rumoresza 8.1 crpaBeinBa, TO BEPOSITHOCTD IIOJIYIUTh B PE3YJIbTaTe
00y deHUsT ajrOpUTM (4 PaBHA,

P, =P[uX=a] = L=, (8.3)
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HokazareabcTBo. Coracuo rumnorese 8.1
P[uX=a] = P[X, C X][X] C X].

D70 ecTh 101 pasbueHnii renepasbHoil BeIGopkn X = X LI X Takux, 4TO MHOKECTBO
00bekTOB X, MEJMKOM JICKUT B X, & MHOYKECTBO OOBEKTOB X TEIMKOM JIEKAT B X.
Yucno Takux paszbueHuit paBHO YHUCIY CIIOCOOOB oTobpatrh f, 3 L, HEHTpaJbHBIX 00b-
eKTOB B 00y4JaroILyo moassi6opKy X \ X,, KoTopoe, 09eBUIHO, DABHO Cff; . Obmiee 1nciio

pasbuenuit pasuo C¢, a ux oTHOIIEHNEe KaK pa3 U ecTb b, ]

BepositHocTh iepeobyuenus (). BbIpazkaeTcs 1o (hopMyJie MOJTHON BEPOSITHOCTHU, €CJIH
JUTST KaXKJI0ro ajroputma a n3 A m3BecTHa BEPOSITHOCTb P, MOJTydIUTh €ro B pe3yJibrare
o0yUeHns 1 yCJI0OBHasS BEPOATHOCTH OOJIBIIIOTO OTKJIOHEHUS YACTOT P(5 (a,X) > ¢ | a) npu
YCJIOBHH, ITO MOJIYUICH AJTOPUTM @

ZPP (a,X) >¢|a).
acA

YcmoBHAsT BEPOSITHOCTD JTAETCA TeopeMoiil 2.4, ecjim y9IecTb, 9TO Iph (PUKCHPOBAH-
HOM ajiropuTMe a nogmuoxkectsa X, n X! me yuactByior B pasbuennsax. Pacemarpuast
L, HefiTpaibHbIX OObEKTOB U BCEBO3MOXKHBIE UX pa3duenus Ha f, odydatommx u L, — l,

KOHTpOJIbeIX, HOJIy‘H/IMZ
P(0(a, X) > e | a) =Hy"™ (sa(e))

TJIe M, — IACJI0 OMMOOK AJTOPUTMA ¢ Ha HEHTPAJbHBIX 00BEKTAX; S,(¢) — Hambosibinee
HCII0 OMUOOK AIrOPUTMa @ Ha HeHTpaabHbIX 00y darormux obberrax X \ X,, Iprn KOTopoM
HMeeT MeCTO OOJIbINoe OTKJIOHEHHE JacToT ommboK, d(a, X) > ¢

mg = n(a, X\ X\ X));
£ (n(a,X) — ek) — n(a, X,).

Sq(€)

[Toka 3T0 OBLIIO He JI0KA3aTEeILCTBO, a JUIb HaBOIAIIIe coobpazkeHus. TPIoK ¢ ycaoB-
HOIl BEPOATHOCTHIO MOYKET ITOKA3aThCsl HE BIIOJIHE OUYeBUIHBIM. Huke mpejcraBiieH cTpo-
i KOMOMHATOPHBIN BBIBOJ TOYHON OIEHKH ().

Teopema 8.3. FEcim rumoresa 8.1 crpaBeinBa, TO BEPOSITHOCTh HePeoOyIeHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Q=(1,X) = D PaHp ™ (sa(e)). (8.4)

acA

HoxkazareabcrBo. Paccmorpum dyukimonan Q.. Beeaém B (1.5) moj 3HaK cymMMupOBa-
Hus 110 X emg JiBa BCIOMOraTeIbHBIX CyMMHUPOBAHMS: IIEPBLI — [0 BCEM aJrOpUTMaM d
u3 A npu ycaosun pX = a, BTOPOil — 110 BCEM 3HAYEHHAM S YUCJIA ONIMOOK aJrOPUTMA, d
Ha noaseibopke X \ X,. OueBujino, 3Hadenue (). OT 3TOrO HE U3MEHUTCH:

Q- =P[0(X) 2] =P [uX=a Z[ (a, X\ X,) = 5] [0(a, X) > €]. (8.5)

acA
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Hucsro ommbok asroputMma a Ha obydaromieir moaseibopke X pasHo s + n(a, X,),

IIO9TOMY OTKJIOHECHHE 1aCTOT OIMOOK BbIpazKaeTCd B BUJIC

n(a,X) —s—nla,Xy) s+nla, X,
k 14 ’

da,X) =
CJIEJIOBATEILHO,
[6(a, X) =] = [s < £(n(a,X) — ek) — n(a, X,)| = [s < s4(e)].

[ToxcraBum mosydyeHHoe BbipazkeHue B (8.5), 3areM 3aMeHUM [,uX = a] IIpaBoii va-
cTbio paBeHCTBa (8.1) M HepecTaBuM 3HAKH CyMMHUPOBaHUsI (OYeBHIHO, P TakKe MOXKHO
paccMaTpuBaTh KAk CyMMHUPOBAHUE):

Lo
= >3 Pl € X][X; € X] [n(a, X\Xa) = 5] [5 < sa(e)]. (8.6)
acA s=0 N~

N(a)

Boiesiennoe B annoit dopmysie Boipazkenne N(a) ectb 11015 pa3bueHnil reHepasib-
Hoit BBIGOpKN X = X LI X Takmx, 9TO MHOXKECTBO OOBLEKTOB X, IICJIUKOM JIEXKHUT B X,
MHOJKECTBO 00BEKTOB X!, MeIMKOM JiesKuT B X, n B noabibopky X \ X, st £, norna-
JIa€T POBHO S OOBEKTOB, HA KOTOPBIX &JITOPUTM @ JIOMYCKAET OIHUOKY.

JL1st HADJISITHOCTH TIPEJICTAaBUM BEKTOD OIMMOOK ¢ Pa3OUTBIM Ha IMIECTh OJIOKOB:

S Mag—S
5 — ——
i=(Xe1,...,1;0,...,0;X0:7,...,150,...,0 ).
X\Xq X\x;,
X X

Hucno ommbOK anropuT™Ma a Ha 00beKTax, He monajamommx Hu B X,, HE B X,
paBHo m,. Cymecrsyer C} = crnocoboB BbIOpaTh U3 HUX S OOBEKTOB, KOTOPBIE IOIAJIyT
B X\X,. st KaxKJI0ro u3 9TUX CIIOCOOOB MMEETCs POBHO C’ﬁ“a__‘jna CII0cO00B BBIOPATH
l, — S 0OBEKTOB, Ha KOTOPBIX AJITOPUTM ¢ HE JIOIYCKAET OMIUOKY, 1 KOTOPhIE TaKKe TOIa-
ayT B X\ X,. Tem cambiM o/fHO3HAYTHO ompejesseTcs coctaB Boibopku X \ X, a, 3HA4IWT,
u coctas seGopku X \ X/ Taxmu o6pasom, N(a) = C3, Cj*~* /C4 . TloactaBum 9To BhIpa-
y)kerre B (8.6) u BbyIe M B HEM (DOPMYJIY THIIEPTeOMETPUICCKOi (DYHKIMN BEPOSTHOCTH:

a O Oz - Lo, mg
=Y % ZS\ sale)] g = > P ™ (s4(6))
acA S=S0 acA
Teopema j10ka3aHa. [ |

§8.2 0O06o06uweEHHasn rmnotesa N3M

[M'umoresa 8.1 HAK/IA/IBIBAET CJIMIITKOM CUJILHBIE OIPDAHUYEHUS HA BBIOOPKY X, ceMeii-
ctBo A n meron . Ilosromy Teopemy 8.3 ymaéres MpUMEHSTDH JIUINb B HEKOTOPBIX CIIE-
[UAJBHBIX CIydagx. B 4acTHOCTH, Jijisi MOHOTOHHOI Ienu oHa BepHa (jemMa 7.4), a Jiist
YHUMOJIAJIbHON — y2Ke HeT (1emma 7.5)
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Paccmorpum ecrectBennoe obobrenne rutoresst 8.1. [Ipesnomoxkum, aTo jijis Kaxk-
JIOTO AJITOPUTMa, @ CYIIECTBYIOT PA3/JINIHbIE BAPUAHTHI BBIJIEJIEHNS MOPOYKIAONINX U 3a-
MPEIAIONINX MHOYKECTB.

I'mnoresza 8.2. MmroxkectBo A, BbIOOpKa X H METOJ [I TAKOBBI, UTO JIJIST KaXKJOTO aJl-
roputMa a € A MOXKHO yKa3aTh KOHEIHOE MHOXKECTBO HHJEKCOB V,, U JIJIS KaXKJ0ro HH-
Jiekca v € V, MOXKHO yKazaTb nopootcdarousee MHOKECTBO X, C X, 3anpewaroujee MHO-
sxecrBo X!, C X u kosapurent c,,, € R, yuioBsrerBopsiomue yciaoBusimMm

(nX=a] = cay[Xaw € X][X], € X], VX € [X]" (8.7)

a
’UEVa
[Ipu ycnoBum c,, = 1 runoresa 8.2 o3HAYAET, UTO METOJ [t BHIOMPAET AJI'OPUTM
TOIJIA U TOJILKO TOIJIa, KOTJla B 00YYaIoNLyIo BIOOPKY X IOIajaioT Bce 0ObEKThI u3 X,
U HU OJHOTO u3 X!, POBHO it OjiHOMN n3 map MHOXKeCTB (X, X! ), v € V,:

B TEEL ] &aX

uX =a: ’ ”Xav‘ ” |X' l ‘ (Xavs Xao)

LT[0 TT ] K Xiw) V=1

OuerntHo, yeaosue (8.7) H0KHO OBITH 3aJIaHO TaK, YTOOBI IpaBas 9aCTh IPUHAMA-
JIa TOJIBKO JiBa 3HadeHus — Jin0o 0, 1ubo 1. D10 TpeboBaHme HAKIAIBIBAET OIPeIeIEHHBIE
OrpaHvYeHns ¥ Ha cucTeMy HOAMHOKECTB (Xyy, X! ), v € V,, u Ha KO3DDUIHEHTB Cqy .
B wacrtrocTH, 1mpu c,, = 1 ycyioBus [X(w cCX } [X ro C X } He MOTYT BBITIOJTHATHCS OJIHO-
BPEMEHHO J/Id JBYX HHIeKCcoB v, v’ € V, i npu KakoM pasouenmn (X, X)), nHaue 3sHadeHme
B IIPABOl YACTH OKAXKeTCsT OOJIBINNM €IMHUIIHI.

K macrosimeMy MOMEHTY He M3BECTHBI CJIydan, KOTJIa MPUXOUI0CH Obl 38/1aBATh KO-
3 PUINEHTDI Cy,y, OTANIHBIE OT +1 mym —1.

OueBnno, rumore3a 8.1 SABJIAETCA IaCTHBIM CJIyYaeM THIIOTE3bI 8.2, KOrja BCe MHO-
KecTBa V), OTHOSJIEMEHTHBIE U Cqp = 1.

Creytomast TeopemMa yTBEPKIAET, 9TO THIIOTE3a 8.2 BepHa BCEr/Ia.

Teopema 8.4. st ioobix X, A u p cymecrByior muoxkectBa Vy, Xq,, X!

av’

[IDH KOTOPBIX
cripaBejiuBo 1npejacrapiaenne (8.7), mpudéM cq, = 1 st Bcex a € A, v € V,.

HokazareabcTBo. 3adukcupyeM IPOM3BOJILHLIL ajaroput™m a € A. BosbMém B Kaue-
CTBe MHJIEKCHOTO MHOYKeCTBa V,, MHOKECTBO BeexX 1ojsbibopok v € [X]% mpu koTopbix
v = a. s xkaxgoro v € V, momoxum X, = v, X! =X\ v, ¢4 = 1. Torga amst mio-
6oro X € [X]* crpaBenmBo npeicTaBienne, umerorniee Buj (8.7):

(pX=a] = > [v=X] =) [v=X][X\v=X\X] = ) " [v € X][X\v C X],

MIPUYIEM, ec/Ti (1X = @, TO POBHO OJIHO CJIaraeMoe B 3TOI CyMMe paBHO €JIMHUTIE, OCTAJIbHbIE
PaBHBI HYJIIO; ecyii Ke (X F# @, TO BCe cJlaraeMble DABHBI HYJIIO. |
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Teopema 8.4 gaBisgercd TUIUYIHON TeopeMoil cyrecTBoBanud. Vcro/b30BaHHbIM TTpU
eé JI0Ka3aTe/IbCTBE CIIOCO0 IMOCTPOEHUsT UHIEKCHBIX MHOXKeCTB V, TpebyeT siBHOTO 11epedo-
pa Bcex pas3bueHuil BELIDOPKH, UTO HPUBOIUT K BHITUCINTEILHO HEI(MD@MEKTUBHBIM OIEHKAM
BepogTHOCTH TIepeobydenus. O Hako npejcras/ienue (8.7) B 001eM ciiydae He e MHCTBEH-
Ho. OT/e/1bHOI TPO0JIEMOIt SIBJISIETCSI TIOUCK TaKOrO IPEeJICTaBIeHN, B KOTOPOM MOIITHOCTH
muoxects |V, | Xoo|, | XL, | Oblam 661 Kak MOKHO MeHbIe. XOoTs runoTesa 8.2 BepHa Bee-
r71a, Mbl OyJeM IpPOJI0JIKaTh HA3bIBATH €€ <«TUIIOTe30i», MMes B BUJLY IPEJIITOJIOXKEHNE
0 CYIIeCTBOBAHUY HEKOTOPOI'O TpejicTaBienns Buja (8.7), 6oee 3¢hbEeKTUBHOTO, 4emM Hc-
[I0JIb30BaHHOE B JIOKA3aTe/IbCTBE TEOPEMbI 8.4.

Beeaém st kaxkioro aaroputma a € A U KaxKJi0ro uHjaekca v € V, obo3HavueHus:

Loy = L — | Xa| = | Xg0];
law = £ — [ Xaol;
May = n(a,X) — n(a, Xu) —nla, X.);
Sav(€) = £(n(a,X) — k) — n(a, Xa0)-

B yciioBusix rumnoresst 8.2 crpaBejiiBbl COOTBETCTBYONINE 0O00IIEHUS JIEMMbI O Be-

POATHOCTAX IOJIyYIEHUsT AJITOPUTMOB U TEOPEMBI O BEPOATHOCTU TEPEOOyIEeHUS.

Jlemma 8.5. FEcim rumoresa 8.2 crupaBeijmBa, TO JJIsT Bcex a € A BepOsITHOCTH IOJIY-
YUTH B pe3yJIbTaTe 0OydeHUs] ajirOPUTM (4, PaBHA

P, =P[pX=a] =Y covPus; (8.8)
veEVy Cé‘“’
Pav:P[Xang} [X(;ng} :CLEU (89>

HokazarenabcTBo. [Jocrarodno npuMeHuTsh orepariio P K jesoit u npasoii gacrsam (8.7).
JlabHelinme paccyKIeHIs aHAJIOTUIHbBI JIOKA3aTe/IbLCTBY JIEMMBbI 8.2. [

Teopema 8.6. FEcjm runoresa 8.2 crpaBe//InBa, TO BEPOSITHOCTH MEePeoOyIeHUsT BHITHC-
JISIETCST 110 (hbopMyJIe

Q-(1,X) =) ) " canParHE ™ (sa0(e)) (8.10)

acAveV,

JlokazaTesabCcTBO. AHAJOTMIHO JIOKA3aTEHLCTBY TEOPEMbI 8.3, BEPOATHOCTH Iepeolyde-
HUs IPUBOJIUTCS K BBIPAZKEHUIO, KOTOPOE OTIHMYIAeTCsI OT (8.6) MmosiBJIeHIeM 3HAKA CYMM-

poBaHUsI 10 U, KOIPMUIIMEHTOB €y U JIBOMHBIX UHIEKCOB 4, BMECTO OIUHAPHBIX

¢
QE - Z Z ZC‘“} P[XC“’ < X} [Xéw C X} [n(avX\Xav) = S] [3 < Sav(£)],

aceA veV, s=0

B ocranbnom J0Ka3aTE/JIbCTBO aHAJIOTUYIHO JOKa3aTE/JIbCTBY TE€OPEMbI 8.3. ]
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OueHkn dyHkumnoHana R. (1.6) jgoka3biBaOTCd aHAJIOTUIHO, C TOM JIUIIb PA3HUIIE,

YTO BbIpazKeHHe
San(€) = £(n(a,X) — ck) — n(a, X,,)
BCIOJIY 3aMEHseTCsl Ha

st (e) =n(a,X) — ek —n(a, Xow)-

a

8§8.3 KoppekTHOEe cemeincTBO a/iIrOPpMTMOB

Asroput™m a, He momyckaroruii ommnOok Ha BeIOOpKe U C X, Ha3bIBAeTCS KOPPEKM-
oM Ha evibopke U. Ecam MHOXKeCTBO A COIEpPXKUT aJllOPUTM (g, KOPPEKTHBIA Ha reHe-
pasibHOIT BBIOOpKE X, TO MHOXkKecTBO A OyieM Ha3biBaTbh Koppexmuvim. B aToM ciydae
dbopmya (8.10) cuabHO yupormaercs.

Jlemma 8.7. B ciaygae m = 0 pyHKIIHS rumepreoMeTpuaecKoro pacipeiejieHust BhIPOXK-
0,0
gaercst: Hy o (s) = [s = 0].

00
HoxkaszarenbcrBo. IIpu s > 0 cymma H;~ (s) B (2.4) cOCTOUT U3 OJHOIO CJIATAEMOTIO,
pasaoro 1. [Ipu s < 0 4nciio craraeMblx paBHO HYJIIO, U BCsL CyMMa PaBHA HYJTIO. ]

Teopewma 8.8. Ilycrp rumoresa 8.2 cupaBejmBa, METOJ |4 SIBJISIETCSI MUHUMHA3AIAEH IM-
IMIPHIECKOTO PUCKa, MHOKECTBO A KOppeKTHO. Torja BeposiTHOCTD epeody IeHusT IPHHHI-
maer 6o.Jiee MpOCTOI BHI:

Q-(1,X) = [n(a,X) > ck] P,. (8.11)

acA

JokazaTeabcTBO. PaccMoTpuM MpOM3BOJIbHBIN aaroput™M ¢ € A U MPOU3BOJIbHBIN WH-
neke v € V,. Eciu HeKoTopblit 00beKT, Ha KOTOPOM @ JIOIYCKAEeT OIMHMOKY, COJIEPIKUTCS
B oOydaroreil Bbioopke X, TO MeTOJ [, MUHUMU3UPYIOIINIT SMINPUIECKUI PUCK, HE CMO-
JKeT BbIOpATDH JIAHHBIN aJITOPUTM, TaK KaK CYIIEeCTBYeT KOPPEKTHbINH aJITOPUTM g, HE J10-
nyckarormuit ormubok Ha X. Cire1oBaTe/IbHO, MHOYXKECTBO OOBEKTOB, Ha KOTOPBIX AJIr0-
PHUTM @ JOIyCKaeT OMMOKY, HEeTHKOM Cofep:KuTcs B X . SHAYNT, aJrOPUTM ¢ HE JIOIyC-
KaeT OIMMOOK Ha HEHTPaJIbHBIX 00bEKTaX U My, = 0. Torma, cormacuo jgemme 8.7,

HE (5a0(€)) = [sa(e) 2 0] = [£(n(a.X) —ek) —n(a, Xaw) > 0] = [n(a,X) > ek].

[Toncrasnss s1o Bepazkenne B (8.10), nomyqdaem (8.11). ]

CaencrBue 8.8.1. FEcim B cemeiictBe A cOmMep>KUTCsT aJrOPUTM, KOPPEKTHBIH Ha BCeid
reHepaJibHOI BbIOOPKe, TO Bbhipazkenue (8.11) cupaseuso u jist pyraknuonana R.(u, X).
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§8.4 ®dyHKUMOHAN NOJSIHONO CKOJIb3SLLEro KOHTPOS

Pacemorpum (byHKIMOHAI TIOJTHOTO CKOJIB3sIero KoHTpoJs (1.7). Tlpuarwmn mopoxk-
JIAIOIIMX ¥ 3alIPEIIAIONIINX MHOKECTB TaKzKe JaéT Jijis Hero TOUYHyIo oleHky [17].

Teopema 8.9. FEcjm runoreza 8.2 cripaBeijinBa, TO OIEHKa II0JTHOIO CKOJIB3SIIIEr0 KOH-
TPOJIST BBITHCISIETCST 110 (hOpMYyJIe

C(p, chav

aeA veEV,

ga'u

av

( (a,X\X,) — n(a,X\Xav\X;U)). (8.12)

HokasareabcTBo. 3anuiiem ornpejesienus E u v, 3arem nojgcrasum (8.7) coryiacHo ru-
rnorese 8.2 U nMepecTaBUM 3HaKU CYMMUPOBAHUSI:

C(p ZZMXCL Zfaxz—

Cr Xe[X]¢ acA zi€X
L
:%ZZ%ZI@@ (X, C X][X), € X] [ € X].
a€AvEV,  i=1 - 4

Ecm z; € X),, ro [X], € X|[z; € X] = [X], € X| n, cornacno (8.9),
g O
pla,v,z;) = P[X,, C X|[X], C X]| = —i* = Fo
L

Ecmn z; ¢ X!, n x; € X4y, TO [Xav C X] [xz € X’} = 0, ciegoBaTe/bHO,
pla,v,x;) = 0.

Ecmn z; ¢ X!, w x; ¢ X,,, 10, cormacuo (8.9),
p(a,v,2;) = P[X,, C X][{zi} UX], C X] = “Lol =

Cobupast BMecTe Bce Tpu ciaydas, v; € X, un z; ¢ X

av> TOJLyIHM

pla ) = Pur([12€ X ]+ [ # X [ X, 22 ).

HO,ZLCT&BJIHH 9TO BbIpazKC€CHHE B CYMMY IIO i, 1IoJIy4daeM
L

Ly,—0
Z I((l, xi)p(a, v, .Tz) == Pav (TL(CL, Xéw) + (n(a’7 X) —TL(CL, X[w) _n<a7 Xclw)) %) ’
— av

OTKyia BbITeKaeT Tpebyemoe paBeHcTBO (8.12). Teopema nokazana. ]
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§8.5 BeposiTHOCTb nepeoby4eHnsi MOHOTOHHOW Lenw

Teopema 8.10. Ilycrs A = {aq,...,ap} —MoHOTOHHAS 1Emb agaroputMoB, L = m + D,
m = n(ag, X), METO 0OYYEHHUS [i ABJIAETCS TECCHMHCTHIHON MHUHUMHU3AIHEH IMITHPHIE-
ckoro pucka. Torma BeposSsTHOCTD HOJIYYHTH AJIOPUTM (g B pe3yJbTare 00ydeHHs paBHA

Py=Cr0 5/C d=0,...k

e § = [d < DJ; BeposiTHOCTB 1epeodydeHns paBHa

min{k,D}
Q= D> P (f(m+d—ck)). (8.13)

d=0

HokazareabcTBo. CoracHo jgemme 7.4

(X4 C X|[X,;CX], d<k, d<D;
[,uX:ad}: [Xélg)_(], d<k,d=D,
0, d > k;
rie Xg = {Tmias1} — mopoxgaomee MHOKECTBO, X)) = {Xy11,. .., Tmid} — 3amperna-

foree MHOXKecTBO. Takum obpasom, crpaseminBa mpocras rumoresa (8.1). Yrobsr mpu-
MEHHUTH TeopeMy 8.3, zammiineMm 3HadeHus Lg, (g, Mg, Sq JJIsd KayKI0IO aJrOpPUTMa a4,
0ObeIMHIB TIEPBbIE JIBa CIydasi ¢ MOMOIIBIO TonpaBku 0 = [d < D]:

Lig=L—d—6, lyg=0—6 mg=m-+d—d=m, sd(a):%(m—i—d—sk).

[Tomcraisst 51 Boipazkenus B (8.3) u (8.4), MOJydnM yTBEpXK/ICHHE T€OPEMbL. W

Sameuanwue 8.1. Ilose3no mpoBepuTh, 9TO COBOKYITHOCTH YCIOBHI X = a onpejesieHa

KOPPEKTHO, JoKazas ToxaectBa y  [uX =a] = 1 qmbo > P, = 1. lng MmoHOTOHHOI T1€TIM
acA acA
00e 3TU POBEPKH BHIHECEHBI B Y IIPAYKHEHUS.

BbiuncnurenbHblii akcnepumeHT. [locTponm 3aBUCHMOCTH BEPOATHOCTU IIEPeodyHe-
Hust (). OT TOYHOCTH € W JUIMHBI Tierm . 3a0QHO TPOBEPUM IOJIYIEHHYIO (hOPMYITY,
CPABHIB PEe3yJIbTAT ¢ SMIMPUIECKOI OLEHKOi (., BbraucieHnoil memodom Monme-Kapao
mo N = 1000 ciyuaitnbix pazduenuii. ['pacduku Ha puc. 8.1 nmocrpoenst nipu ¢ = k = 100
um = 20, To ecThb Korja Jiydmmii aaroputM gomyckaer 10% ommbok Ha 1oJIHOI BEIOOPKE.

[Teccumuctuanas u pangomusupoBantas MIP maror mourn oguHakoBbie oreHKn ().,
ONTUMUCTHYHAS — 3aMeTHO 3aHUKEHHYIO OIEHKY, CM. JIEBBIN Ipaduk Ha puc. 8.1.

B skcnepuMenTe BBIYHC/IAIACH TAKXKE SMIIMPUYECKas OleHKa (PYHKIIMOHAIA PABHO-
MEpHO# CXOIMMOCTH,

Q. = ﬁ[%leajcé(a,)() > g].

OH gaBigeTCs 3aBBINIEHHON BepXHEN OIEHKON BeposaTHOCTH Iepeodydenus, Q. < ().,
cM. crp. 48. Ilpassbrit rpaduk Ha puc. 8.1 mMoKa3bIBaeT, YTO MPU Ppa3yMHOM 3HAYCHUU Ha-
néxxnoctu 1 = 0.05 sTa onenka 3asbiiena 6osiee yem B 100 pas.
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6eposmHOCb nepeodyyenus 3a6bIUeHHOCTb QYHKYUOHANA PABHOMEPHOL CXOOUMOCTIU
1100 4
1000 1
900 1
800 1
700 4
600 1
500 1
400 7

0.9 1
08 1
0.7 1

06 ]
05 1 i

04 4

0.3 1 1 300
0.2 4 200 1
0.1 4 }E_‘— 100 1
09 e
0 002 004 006 008 010 012 0M  mounocme, eps 0 002 004 006 008 010 0.12 014 mounocmb, eps
—— TOYHaA ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHast — ont.M3P

Puc. 8.1. CiieBa: 3aBUCHMOCTB OIIEHOK BEPOSITHOCTH Itepeolydenust (). OT &: TOTHAsI
oreHKa m3 TeopeMmbl 8.10 M UeThIpe OIEeHKH, BBIUUCIeHHBIE MeTomoMm MorTe-Kapio
mo 1000 ciygaitupix pasOuenunii: i MeCCUMUCTUTHON, ONTUMUCTHIHON W paHI0MU-
supoBannoiit MOP. Bepxuss kpuBast coorBeTcTBYeT (DYHKIIMOHATY PABHOMEPHOH CXO-
JIIMOCTH ég. CupaBa: cTeleHb 3aBbIMEHHOCTH (DYHKIIMOHAIA PABHOMEPHON CXOINMO-
cTHu QVE/QE. Bcee rpaduku nocrpoenst ipu £ = k = 100, m = 20.

seposimuocmp nepeodyuenus, npu eps=0.0500501 8EpOSIMHOCTb
0.50 0.50
045 045
0.40 A
0.40
0.35 1
0.35 030 1
0.30 A 025 1
0.25 0.20
020 1 0.15 1
0.10
0.15 1
0.05 1
0.10 1 0
0 5 10 15 20 25 30 35 40 wucio arcopummos, D 012345678 91112134  gropumm,d
—— TOYHasi oueHka —— necc.MOP — paHg.M3P —— BeposiTHoCTL anropumvia P(d) —— BepOSITHOCTb NepeobyyeHust
—— paBHOMepHas — onT.MOP —— BKnag d-ro anroputva B Qeps

Puc. 8.2. Crepa: 3aBUCHMOCTb BEPOSITHOCTH TiepeolbydeHust (). OT THUC/Ia AJrOPHUT-
moB D. Bepxuss kpuBasi COOTBETCTBYeT (DYyHKIIMOHATY PABHOMEPHON CXOTUMOCTH @8.
Cupasa: BepOSTHOCTH MOJIyUYeHHsl KaxK0ro u3 ajroputrmos Py = P[uX = ag4], Briag
KaXKJI0T0 aJTOPUTMa B BEPOSTHOCTHL Iepeolyuenns ()., 3HadeHue (). /I MeCCUMU-
cruanoii MOP mo nmopmuoxkectBy anropurmos {ag, ..., a4} Kak QyHKIUS OT 9HCIA
asiroput™MoB d. Bee rpaduku nocrpoenst ipu £ = k = 100, m = 20, ¢ = 0.05.

JleBorit rpaduk Ha puc. 8.2 MOKA3BIBAET, UYTO C POCTOM UHUCA AJTOPUTMOB B MOHO-
TOHHO TIenn (DYHKITMOHAJI PABHOMEPHON CXOJMMOCTH @6 IIPOJIOJIZKAEeT BO3paCTaTh, TOTJIA
KaK BEPOSTHOCTH mepeodydenns (). mocse H—8 aJropuTMOB BBIXOJUT HA TOPU30OHTAILHYIO
acumirrory. CorsacHo TeopeMe 5.1, orleHKa paBHOMEPHON CXOJMMOCTH 3aBbIIIIEHa U3-3a TO-
ro, 9To OHa He yuuThiBaer 3ddekT paccioenus. [losromy kpuyio @5 (BepxHsist KpUBast
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Ha JieBoM rpaduke puc. 8.2) MOKHO paccMaTpUBaTh KaK OIEHKY BEPOSITHOCTU IHepeody-
qeHus JUId uenu 6e3 paccaoenus. TolbKO coBMecTHOE IposiBiieHne 3h@eKTOB paccioe-
HUsI U CBA3HOCTH MOHMYKAET BEPOSITHOCTD T1epeolydeHus 0 MPUeMJIEMO MAJIbIX 3HATEHUII.
DTOT Ke BBIBOJ, CJIe/IaH B KCIIEPUMEHTaX C HEelsIMH CJIyJailHbIX HHBepcHii, cTp. 66.
Bxaadom aneopumma ag B BEpOSITHOCTH TIepeodydeHus (). OyaeM Ha3bIBaTh CIaraeMoe
1o/1 3HaKOM cyMMbI 110 d B opmyiie (8.13). Puc. 8.2 (cipaBa) mokasbIBaeT, 9To CyIecTBEeH-
HbIE BKJIAJIbI BHOCAT TOJIBKO aJTOPUTMbI HECKOJIBKUX HUKHUX CJIOEB. DTO CIIPABEJINBO

U JIJIsd JIPYTUX CeMefiCTB aJIrOpUTMOB, 00JIaJIAI0NIUX CBOMCTBOM PaCCIOCHUA.

§8.6 BeposaTHOCTb nepeoby4veHnst yHumogaabHOW Lenn

Teopema 8.11. Ilycts A = {ap,...,a1,a9,d},...,ad} —yanmonaneras nemns, { > 2,
D>1, L>2D+ m. Ilyctb i — meron neccuvuctudanoii MIOP. Tormga BeposTHOCTH 1M0-
JIVIATD KaXkKJIbIi U3 aJrOPUTMOB IIEIIH B PE3yJbTare 00ydIeHUs eCTh

Cr
Py = P[uX=a,] = C; ;
Cio s —o6Ct !
P, = P[/LX:ad} = L= d 0 o L2d2 g =1,..., min{k, D};
L
06—5 C«E—S
P =PluX=d)| = L—d=9 o L2420 g —=1,... min{k, D};
L
e 6 = [d < D). Ilonoxmnym sy(e) = £(m + d — k). Torza BeposrrOCTD 11€pEOOy TeHmsT
C€_2 . min{k,D} — Z 50 s
L2462 m L m
Q.= TEHET @)+ X (27 H i) -
C m
-, (0 -
Cl % s 0—5,m
- SR (su(2)) ). (8.14)
L

HokazarenbcrBo. Coryacto jgemme 7.3, crpaBe/yinBa 0000ménHas runoresa [I3M (8.7).
Kaxxaomy anaropurmy a € A coorBercTByeT ojHa wiam jBe mapbl [13M, mpuuém eciaun
BTOpas Iapa ecTh, TO €€ KOodMMUIIMEHT OTPUIIATE/IEeH, Cqp = — 1.

[I3M u napamerpsl Ly, {4y, Cap BCEX AITOPUTMOB YI00HO CBECTH B TaOJIUILY:

AJITOPUTM @ ITM 3M Loy Lo Caw
aop {z1,2}} @ L-2 (-2 +1
ag, d=1,..., D=1 | {zg1} A{x1,..., 24} L—d-1 (-1 +1
{wam} Ao, oz, 2} | L—-2d—2 (-1 —1
ag, d=1,..., D=1 {a)} {o},... 2} L—-d-1 (-1 +1
{2} Ao, al o, 2 L—-2d—-1 (-1 -1
ap @ {z1,...,2p} L-D 14 +1
ap @ {z,..., 2} L-D 4 +1
1%} {24, ..., 25, 21,...,2p} | L —2D l -1
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s Beex amropurmos 1 Beex nap [I8M my, = m, s.(e) = %(m +d —€k).

Teneps sterko 3amucars Bepogrnoctu Py, P o dopmyiam (8.8), (8.9) u BeposTHOCTD
nepeobyuenust mo dopmyie (8.10). Obbemunsia caydan d < D u d = D ¢ nomomipo mo-
npasku 0 = [d < D], nosyqaum (8.14). ]

Pe3iome

Ipunyun nopoostcdarowux u 3aNPEULEIOUULT MHOHCECTE OCHOBAH HA TUIIOTE3€, UTO
JUTST KaKJI0TO aJITOPUTMA MOYKHO yKa3aTh MHOXKECTBO N0P0AcIaow,uxr 00bEeKTOB, KOTOPhIE
00g3aHbl OBITH B 0OyJaronieil BBIOOPKE, 1 MHOYKECTBO 3aNpeu,aouur 00beKTOB, KOTOPBIX
He JIOJI?KHO OBITH B 00y Jalolneil BLIOOPKe, 9TOObI METO/] 00y IeHH BHIOPAJI UMEHHO JIAHHBIT
AJITOPUTM. DTO JIOBOJILHO CUJILHOE IIPEITOI0KEHUE, I OHO BBITIOJIHACTCS JTAJIEKO HEe BCErJIA.
B obmmiem ciryaae 151 Kazk10ro aJaropuTMa MOKHO YKa3aTh HECKOJIBKO ITap TMOPOKIATOIITIX
1 3allpeliaionmnux MHO2KECTB. ECJH/I OHU U3BECTHLBI, TO JaJie€ JIE'KO BBIYNUC/IAIOTCA BEPOAT-
HOCTHU TIOJIYYUTDb KazK/Iblii U3 aJITOPUTMOB, BEPOSITHOCTH IEPe0OYHIEeHHs, OICHKA, MTOJTHOTO
CKOJIB3SIIEro KOHTPOJIsI. BBIOOD crCTEeMBI TIOPOXKIAIONINX U 3aIPEIAIONTIX MHOKECTB SB-
JIIeTCsl MCKYCCTBOM U MOKET OBbITh CJIe/IaH Mo-pa3zHoMy. UeM MX MeHbIe U 9eM MeHbIIe
UX MOIITHOCTH, TeM P deKTuBHEE OYAYT BHITUCIATHCS OIEHKH.

B cnepytouwieii nekumu Mol BBeIEM TOHATHE Ipada paccjIoeHnsi—CBI3HOCTH CeMeicTBa
AJTOPUTMOB U TIOJIYYUM OIIEHKY BEPOSITHOCTH IIePeo0yUeHUs, MPUMEHUMYIO He TOJIbKO
K MOJIEJIbHBIM ceMelcTBaM, HO M K PeaJibHbIM. B 00IIeM ciydae 9TO BepXHss OIeHKA,
OJIHAKO JIJIT MOHOTOHHBIX IIeIleii, MOHOTOHHBIX CEeTe€il M HEKOTOPBIX JPYTUX MOJEJTbHBIX
CeMeNCTB OHa ABJIAETCS TOYHOIA.

Ynpa>xHeHus

Bamaga 8.1 (3*). Bepna s rumoresa, aro mas ao0bix A, X, (1 MOKHO yKa3aTh YeThIpe
nojmMuokecTsa 06bekToB X, X!, X,, X! C X, Takux, 410

[nX=a] = [X, C X][X, C X|[X. ¢ X][X, ¢ X], VX e[X"

Bamada 8.2 (1). Haiiti BeposiTHOCTE TiepeobydeHnsT MOHOTOHHOM IENn JJisi ONTHMHU-
CTUYHON M PaHIOMU3NPOBAHHON MUHUMU3AIMN SMIIUPUIECKOTO PUCKA.

Bamada 8.3 (1). [lng MOHOTOHHON Iienu, MCHOJb3Ys BbIpaxKkeHus i P, 1 KOMOHHA-

TOPHbIE TOXKJIECTBA, JIOKA3aTh paBeHCcTBO » |, P, = 1.
a€A

Bamada 8.4 (1). [l yHUMOJAIBHOIN 11€1H, UCHOJIb3Ys BbIpasKeHust jijig P, n KOMOUHA-

TOPHbIE TOXKJIECTBA, JIOKA3aTh PaBeHCTBO » , P, = 1.
a€A

Bamaua 8.5 (1). Bsimmcars dopmyiry mosHoro ckosb3siiero Kourposst C'(u, X) aist mo-
HOTOHHOU 1enu. Bo3MOXKHO Jin €€ yIpOoCTHTS !
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Bamagda 8.6 (1). Bemmcars dopmysty momaoro ckosbssiiero kKouTposas C(u, X) s
YHUMOIaJTbHOM 11enn. Bo3MOXKHO Jin €€ yIpocTuTh?

B crenyromux yrpaskHEHUAX IPEJIaraeTcs BhIBECTH (DOPMYJIY BEPOSATHOCTH IIepe-
obyuennst (). JJIsI MOJIEJIBHOTO ceMeficTBa aJropuTMoB A ¢ MOIapHO pa3jIndHbIMU BEKTO-

pamMun OIINOO0K. MGTO,ZL M — IHMEeCCUMUCTUYIHaA MUHUMU3AINA IMITUPUICCKOTI'O PUCKA.

Bamagda 8.7 (3). A={a_p,...,a0,...,ap} — HeCUMMeTpUYHAS YHUMOJAJbHAS TICIb
AJIFOPUTMOB C BETBAMHU Pa3aIudHOi jymHbl, D # D',

Bamada 8.8 (4*). Pasopsannas uens A = {ag,...,ap,aps1,...,ac}, TA€ ag,...,ap
U apyq,-..,0c — JBe MOHOTOHHBIE 1ienu, n(ag, X) = m, n(apy1,X) =my > m+ D + 1,
HPUYEM AJITOPUTM (1 OMINOAETCS Ha BCeX 00BEKTax, Ha KOTOPBIX OMUOAeTCst ap, U eIlé
Ha m; —m — D obbekTax.

Banmaua 8.9 (5%). A={ap,...,ap} — upsmas menp 6e3 pPacc/IOEHHs; YUCIO0 OMUOOK,
Yepe/lysiCh, IpUHUMAeET jiBa 3HadeHus: n(aq, X) = m+ (d mod 2), d =0,...,D.

Bamada 8.10 (5*). Marpuma ommboK m-auaroHajbHa, TO €CTh aJTOPUTM (4 JOTYCKAeT
omubKn Ha obbekTax x;, 1 =d+1,....d+m, angascex d=0,...,D.

Bamada 8.11 (5*). Marpumna omumbok 06pasyercs UKJINIeCKUM CIBUTOM 1epBbix D+ 1
KOOPJIMHAT BEKTOPA OIIMOOK C 1M OINIUOKAME, TO €CTh AJITOPUTM (g4 JOIYCKAeT OIIUOKN Ha
O0BEKTAX T14(i—1) mod (D+1), ¢ =d+1,...,d+m, anasecex d=0,...,D.

Bagaua 8.12 (7*). A={ag,...,ac,...,ap} — mpsfMas Telb, COCTABJICHHAS W3 IEIH
6e3 paccaoeHust ay, . . ., 4c ¥ MOHOTOHHOM IeIlN ac, . .., dp ¢ OOIIUM aJITOPUTMOM A .

Bamaga 8.13 (8*). A={a_p,...,a_¢cr,...,ac,...,ap} — TpsAMas Ielb, COCTABJICH-
Hasl 13 MOHOTOHHOM HeNn a_cr, . . . , G_p, HeIN 6e3 PACCIOCHHU d_cr, . . . , ¢ 1 MOHOTOHHOM
Henu g, . .., ap, ¢ OOIMMME aJrOPUTMaMK G_cr W (¢ COOTBETCTBEHHO.

Bamaua 8.14 (10*). IlpomsBosibHast Ielb aJIrOPUTMOB.

Bagada 8.15 (5). Ilyuok us h monoronnsix neneit {ag, a;1,...,a;g}, j=1,...,h, cob-
UM JIy 9IIHM aJIFOPUTMOM ag, N(ag, X) = m. [Ipejanoaraercs, 4To MHOKECTBA 00HEKTOB
X(y) = {xz I(ag,z;) =0u I(ajm,x;) = 1}, j=1,..., h, monmapHo He IEePeCeKAIOTCsI.
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9 OueHkn paccnoeHUss—CBA3HOCTU

[Mpunnun noposcdarowux v 3anpewarowur muoxcecms (IIBM) yruBepcasien, HO
He OYeHb YJI00€H B UCIOJIB30BaHUU. Fc/m ke HAJOXKUTH Ha MHOXKECTBO aJTOPUTMOB J10-
nojtHUTEIbHBIE orpaHutdeHus, To [I3M serko BoinucwiBaoTcst B Tepmunax rpada Xacce
YaCTUIHO YTOPSIOYEHHOTO MHOXKECTBa BEKTOPOB omuOoK. HakiaipbiBaeMbie orpanmaeHus
He CJIUITKOM OOPEeMEHUTEIbHBI, U MHOTHE NMPAKTHICCKUE CeMEHCTBa UM YJIOBJICTBOPSIOT.
[Tosrygaemble ONEHKH BEPOSITHOCTH TEePeoOydIeHUs 3aBUCAT OT KOJUYIECTBEHHBIX XapaKTe-
PUCTHUK PaCCJAOEHUS U CBA3HOCTU MHOXKECTBA aJITOPUTMOB, ABJIAIOTCA TOYHBIMU JJIS HEKO-
TOPBIX HETPUBHUAJBLHBIX CEMEHCTB, a MIPU UTHOPUPOBAHUU d(PD(DEKTOB PACC/IOCHUS U CBA3-

HOCTH II€PexXo/IAT B OlleHKH Bartauka-depBoHeHKMcCA.

§89.1 [ pad paccnoeHnsi—cBsi3HOCTU

HanmomuanM ocHOBHBIE 0O03HAYEHUST:

X ={x1,...,2,} — KOHEYHOE MHOKECTBO OOBEKTOB;

A — MHOKECTBO aJIlOPUTMOB;

I(a,z) — nanukarop ommbku ajroputma a € A Ha obberre x € X;

n(a, X) — aucso omubox anropurma a #Ha Beibopre X C X;

p(a, b) — X3MMHUHIOBO PACCTOSTHUE MEXK/Iy BEKTOPAMU OMIUOOK aaropuT™MoB a u b;
A = {a € A: n(a,X) = m} —m-t crol MaoKecTBa A.

Bynem mosarath, 910 Bee BEKTODPBI OMIMOOK 4 = (I (a,xi))le, MOPOKIa€MbIE AJIIO-
put™mamu a u3 A, monapHo paziandubl. Ecm 310 He Tak, TO aJropuTMbl, COOTBETCTBYIOIIIE
JIyOJIMPYIONINM BEKTOPAM OIMMOOK, UCKJIIOUNM U3 MHOXKeCTBa A.

Beeném na A ecrecTBeHHOE OTHOIIEHUE TTOPsiIKA: ¢ < b TOTa U TOJIBKO TOI/Ia, KOT/Ia
I(a,z) < I(b,x) na Beex x € X. Oupenenum a < b ecim a < b u a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gyzmem roBoputh, 4rto a npedwecmeyem b
u 3ammceBarh a < b. OueBnno, 1ro n(a, X) + 1 = n(b, X).

Onpegesienne 9.1. ['pagom paccaoerua—c6a3Hocmu MHOXKECTBA aaropuTMoB A Oymaem
HasbIBaTh HanpabjeHHbl rpad (A, E) ¢ maoxkecTBOM pébep E = {(a, b):a < b}.

['pacd pacc/ioeHnss—CBI3HOCTH SIBJISIETCA MHOTOJOJBHBIM, JIOJH COOTBETCTBYIOT CJIO-
M A,,, pédpamMu MOTYT COEIUHSATHCS TOJIBKO aJTOPUTMBI COCEJIHUX CJIOEB.

Kaxtomy pebpy a < b rpada pacc/ioeHus—CBI3HOCTU COOTBETCTBYET OJUH M TOJIBKO
OIUH 0OBEKT Ty € X, Takoit, uto I(a, xqp) = 0 u I(b, x4) = 1.

IIpumep 9.1. Ha puc. 9.1 nokasan rpad pacc/ioeHusg—CBI3HOCTH, ITIOPOXKIAEMBbI ceMeri-
CTBOM JIMHEHHBIX aJrOPUTMOB Kjaccudukainu Ha BbiOOpke jaunabl L = 10. Hauaabubrii
dparMeHT ero MaTpHUIlbl OMIUOOK PUBOIMICA Ha puc. 1.2, crp. 10. Beibopka jmmHeitHo pas-
JieJimMa, 109TOMY B I'pade nMmeeTcst HyJ1eBOil CJ10il, COCTOAIIMI U3 e IMHCTBEHHOM BEPIITUHBI,
COOTBETCTBYIOIIEH HYJIEBOMY BeKTOPY omuOoK. [lepBolii cyioit obpasyercs 5 aaropuTMaMu
¢ OJIHO¥ OMIUOKO#, BTOPOil /IO — 8 aJI'OPUTMAMU C JIByMsI ONIUOKAME, U T. J.
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Puc. 9.1. Ilpumep rpacda pacciioeHus—CBsI3HOCTH (BBEPXY CJI€Ba; 110 BEPTUKAJBHOI
OCH OTJIOKEHBI HOMEpa CJIOEB), MOPOXKIAEMOTO CEeMEHCTBOM JIMHEHHBIX AJrOPUTMOB
kiaccudukanuu Ha BoIGOpKe u3 10 06beKTOB, 110 5 00BEKTOB B KasKI0M Kjacce (BBEpXy
crpasa). [lepsslil ciioit obpasyercst 5 ajropurMamu ¢ OJHOM OmMOKOil (BHU3Y cieBa),

BTOPOii CJ10ii — 8 asropurmMamMu ¢ JByMs ommMOKaMu (BHU3Y CIIpaBa), U T. JI.

I'pad paccroenus—cBsazHocTH sBjisieTcs moarpadom rpada TpaH3UTUBHON PeLyKITIH
OTHOIIIEHUs MOPsijiKa <, Ha3bIBAEMOro Takxke duazpammoti Xdcce. B rpade (A, E) péo-
paMU COeIUHSAIOTCA TOJBKO aJrOPUTMbBI, OTJIUYAIONINEcT Ha OJHOM OObEKTe, TOrja Kak
B Juarpamme Xacce péopaMu COeIUHSIIOTCS TaKyKe W aJlOPUTMBI a, b, oTandaionimecs 60-
Jlee 9eM Ha OJIHOM OObeKTe, eC/Id He CyIIecTByeT Takoro ¢ € A, 4ro a < ¢ < b.

§9.2 OueHkn paccnoeHnsI—CBA3HOCTU

OcnabneHne Mmetoga NOpoXKAAOLWMX 1 3anpeLlatomx MHoXecTs. HamomuuMm, 9To
JJIST TIOJIy I€HUS TOYHBIX OLEHOK 0000MIAIoNneli CriocOOHOCTH MBI 3aIMCBIBAIM HEOOXOIMMOE
U JIOCTATOYHOE yCaoBue (8.7) TOro, 94To ajJroput™ a € A BbIIAETCS METOJIOM [t B PE3Y/Ib-
Tate obyuenns 110 BoGopke X € [X]%:

nX=a] = 3" 6 [Xeo C X] [X, € X].

veVy

YT00bI yIIPOCTUTH OIEHKY, OCJIaOUM YCJIOBHE JI0 HEOOXOMMOTO, 3aMEHUB PABEHCTBO
HEpPaBEHCTBOM, OCTaBHUM 110 0/1HOI tape [I13M 1151 KazK 1010 aJaropuTMa i MOJTOKIM Cqp = 1.
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I'mnoresza 9.1. MuoxkectBo A, BbiOOpKa X U METOJT [t TAKOBBI, ITO JIJIsI KAXKJI0T0 AJII0-
purMa a € A MOXKHO yKaszaTb nopooicdarouiee MHOMKeCTBO X, C X H 3anpeuarowee MHO-
sxectBo X C X, y/IOBJICTBODSIOIIHE YCTOBUSIM

[nX=a] < [X, C X][X, CX], VX e[X" (9.1)

Teopema 9.1. FEcjm runioresa 9.1 crpaBejjinBa, TO BEPOSITHOCTD I1€PEOOYICHHUST OICHH-
BaeTcst CBEpXy 110 (popMyJie

Q-(1,X) < Qu(p,X) = Z PaH%; " (s4(€)) (9.2)
acA
P,=PuX=a] < P,= Cf‘;/Cﬁ; (9.3)
La =L - |Xa| - |X(;|§
by =10 —|X,|;

me = n(a, X\Xa\X(/l);
sa(e) = £(n(a,X) — ek) — n(a, X,).

EnnuacTBenHoe ormmtimre or TeopeMbl 8.3 B TOM, UTO paBeHcTBO (8.1) B rumorese 8.1
3ameHsieTcst HepaeHcTBOM (9.1) B rumorese 9.1. Xoj oka3aTe/bCTBa COXPAHIETCS B TOU-
noctu. PaserncrBo B orenkax (9.2) u (9.3) jgocruraercst Torja M TOIBKO TOIJIA, KOIZA
B (9.1) mMeeT MECTO PABEHCTBO JIST BCEX AITOPUTMOB d.

CaencrBue 9.1.1. Ornenka (9.2) sBisiercst jocTuzKumMori. PABEHCTBO JJOCTUIAETCST TOTJIA

" TOJIbKO Tor/ia, KOorJia Z Pa = 1. 3gayenue Z Pa OPHUEHTHPOBOYHO IIOKa3bIBaeT CTEIICHb
acA acA
3aBbIIIIEHHOCTU BerHeI;JI OIICHKHN BEPOATHOCTU H€p606yq6HI/IH (92)

MoHoToHHbIe MeToabl 00y4eHus. O6o3HAUMM ITPOEKITHIO BEKTOPA OIMUOOK @ Ha M0/IBbI-
6opky X C X uepes dyx = (I (a, xl))xe x. Ha mpoekiusax ecrecTBeHHBIM 06Pa30M BBOIUTCS
OTHOIIIEHNE YACTHIHOTO TOpsKa: dy < by TOLIa M TOIbKO Tora, korua I(a, z) < I(b, x)
qutsg Beex © € X. Oupenennm dy < I;X ecim Ay < I;X udy # I;X.

Onpepnenenne 9.2. Merog obyuenus ji HazpiBaeTcst moromontovim, ecin ji( X) € Ay (X)
Jrst iroboit obywatomeit soibopkn X € [X]¢, e

Apn(X) = Argmin M (a, X),
acA
u kpurepuii M (a, X') siBasieTcst cTporo MOHOTOHHOIT (hyHKIIHEH BEKTOpa OMIHOOK, TO €CTh
Jutst iiobbix X C X m a,b € A, rakux, uro dx < bx, cupasemmpo M(a, X) < M (b, X).

IIpuMepoM MOHOTOHHOIO METOA SIBJISETCS MUHUMU3AIMS SMIMPUTIECKOTO DHCKA,
a TaxKe eé 0000IIeHne — MIUHIMH3AIHS 636€UWEHH020 IMNUPULECKO20 DUCKE,
M(a,X) = E w;l(a,z;) — min,

a€A
z,€X
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rie w; > 0 — Bec obbekTa ;. BBejienne BecoB 00bEKTOB — JIOBOJIBHO PACIIPOCTPAHEHHBIHT
npuém. OH, B 9aCTHOCTHU, NMPUMEHSETCsI, KOTJ[a KJIacChl He COAJIaHCHPOBAHBI, U OObeK-
TaM MAaJIOYUCJIEHHOIO KJjacca TpedyeTcd npujaTh O0Jbimuilt Bec. Horma MeHbInii Bec
Ha3HAYAIOT TeM 00beKTaMm, MH(MOPMAIS O KOTOPBIX MeHee TouHa. MuHummsarms B3Be-
IIIEHHOT'0 SMIIMPUIECKOT0 PUCKA ITPUMEHSIETCs TaKKe st 00y ueHns 0a30BbIX aJIlOPUTMOB
B KOMIIO3UIMAX Thla Oycruira [101]; B 9ToM cirydae Beca 00BEKTOB II€PECIUTHIBAIOTCH 110
CHeInuaIbHBIM (DOpMYyJIaM TIEePeJT TOCTPOCHUEM KazKJI0ro 6a30BOr0 aJIrOPUTMA.

MeccumuncTudnbie metogbl 0byyeHus. Jlomycrum, 9To Ipo MeToj 00y IEHUsI (i M3BECT-
HO TOJIBKO, YTO OH MUHUMU3MPYET MOHOTOHHBIH Kpurepuit M (a, X), HO He U3BeCTHO, Kak
UMEHHO OH BbIOuMpaer ajroputm u3 MHoxkectBa Ay (X). Torma Gyaem mpejmoaararsh, 4To
peaymsyercd XyAUImii cirydail.

Onpegesienne 9.3. MoHOTOHHDBIH METOI 0Oy I€HHSI [i HAZBIBACTCS V-NECCUMUCTIUYHDIM,
ecn st moboit obyuatomeit soibopku X € [X]¢ uz muoxkecrsa Ay (X) Boibupaercs
aJIrOPATM ¢ HAHOOJIbIIEH 9acTOTOH ONMMOOK B KOHTPOJILHOH BBIOODKE:
pX =arg max v(a, X).
a€An(X)
Onpenesienne 9.4. MoHOTOHHBIE MeTO OOy YEHHS |1 HAZBIBACTCS 0 -NECCUMUCTIUYHDIM,
ecom Jyist Jnioboit obyuatomeit seibopkn X € [X]¢ mz muoxkecrsa Ap(X) Boibupaercs
HanboJjiee 1mepeodyYeHHbII aJIrOPUTM:
pX =arg max d(a, X).
aEA]u(X )
Onpegesienne 9.5. MoHOTOHHDBIHE METO] OOYVYEHHS (I HAZBIBACTCS NECCUMUCTIUYHDIM,
ecjii OH JINOO V-IIeCCUMUCTHYIHBIH, JIHOO O-1MeCCUMUCTHIHBII.

Ecau kpurepuii M onpejensercs kak dacrora ommbok, M(a, X) = v(a, X), To no-
HATUS V-TIECCUMUCTHIHOTO U )-TIECCUMUCTUIHOTO MeTOJIa COBIIaIaioT. B obmem ciydae
9TO He Tak, CM. 3ajlady 9.2.

[TeccumucTraHBIE METOJIHI HEBO3MOXKHO PEan30BaTh Ha IPAKTUKE, TaK KaK OHU «T10/I-
IVISIJIBIBAIOT» B CKPBITYIO BBIOOPKY. TeM He MeHee, OHU MPEJICTABIAIOT 3HATUTE/ILHBIN Teo-
peTuYvecKuii MHTepec, TaK Kak IMoJIydaeMble JIJIT HUX BEPXHUE OIEHKU CITPABEJJIMBBI JIJTs
JIFOOBIX MOHOTOHHBIX METOI0B 00y UeHNs. DKCIEPUMEHTHI IIOKA3BIBAIOT, YTO 3aBbIINIEHHOCTH

OIIEHOK, BO3HUKAIOIasA N3-3a ITECCUMUCTUYIHOCTH, KaK IIPpaBUJIO, HEBEJINKA.

Jlemma 9.2. st srroboit Boroopkn X u JII0OOr0 MOHOTOHHOT'O METOJ[a OOy IeHHST i C KPH-
repuem M (a, X') crnpaBeinBbI OlleHKH

Q- (11, X) < Qe(ps,X),
R.(11,X) < R.(p, X),
C(p, X) < O, X),

e fi, U i — MOHOTOHHBIE MeTOJIbl 00ydenusi ¢ Tem ke Kpurepuem M (a, X), coorer-
CTBEHHO V-ITIeCCUMHUCTUIHBIH H )-1T€CCUMHUCTHIHBII.
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M3M anss MOHOTOHHbLIX MECCUMMUCTUYHbIX MeTogoB 00y4eHua. [lig kaxkaoro aj-
roput™ma a € A ompemennM ABa MHOXKECTBa OOBEKTOB: X, — MHOXKECTBO OOBEKTOB Iy,
COOTBETCTBYIOIIUX BCEBO3MOKHBIM pEOpaM rpada (a,b) € E, ucxoadmum us a:

Xo={zeX|IbeA:a=b, I(a,x) <I(bz)}, (9.4)

n X! — MHOXKeCTBO 00bEKTOB & € X, TAKHX, 9TO ¢ ONHOACTCS Ha X U CYIIECTBYET JIy It
aJIropuT™ b € A, KOTOpPHBIH He ormubaeTcs Ha X

X, ={zeX|beA:b<a, I(bz)<I(az)}. (9.5)

Jlemma 9.3. FEcin (4 — MOHOTOHHDIH IECCHMUCTHIHBIE METOJ OOYYEHHSI, TO MHOKECTBO
X, (9.4) saBasiercs mopozx paromum, a MHOKecTBO X! (9.5) — 3amperarorum Jjist aaro-
puTMa a B cMbIcjie THIoTe3bl 9.1.

HokazareabctBo. I[lycts uX = a. JokaxkeM OoT TPOTUBHOIO, YTO TOTJA BBITOJTHAIOTCS
nsa yenosusa: X, € X u X! C X,

Homryctum, 9ro HafiaéTesa r., € X,, He Jyexammii B X. Bekropnr ommbok a u b
OTJIMYAIOTCS TOJBKO Ha 00bEeKTe Xqp. CrteoBaTeIbHO,

ix =bx, M(a,X)=M0bX), v(a,X)=urvb X).
Buaunt, 0ba asroputma, a u b, npuaauexkar Ay (X). B To xe Bpewms,
iy <bg, via,X)<vb X), daX)<dbX),

[IO3TOMY JIJI METO/IA (4, B CHJIY €r0 IeCCUMUCTUYHOCTH, BLIOOD ajiropuTMa b 1o BeiOopke X
Oy/eT mpenodTuTe/IbHee, 9eM @, ITO MPOTUBOPEIUT yeaoBuio uX = a. 3uaqut, X, C X.
Homyctim Teneps, uro naiiaéres xy,. € X)), aexkanmii B X . Torma b x < dx. Ilockomnnb-
Ky METOJ[ /i MUHUMU3UPYeT MOHOTOHHBIH Kpurepuit M (a, X ), BeiOop ajropurma b Oymer
IPe/IIOYTHTETbHEe, YeM @, ITO IPOTHBOPednT yeiosmio uX = a. Snaunt, X! C X.
Jlemma JIoKa3aHa. m

MoHaTna ceasHocTu u HENOJIHOUEHHOCTU anropunTma.

Onpenenenne 9.6. Beprnet ceasnocmovio u(a) (up-connectivity) aaropurma a € A 6y-
JleM Ha3bIBaTh YUCJI0 pébep rpaga, HCXOMAIUX U3 BePITHHEL (!

u(a) = #{za € X: a = b} =|X,|.

Onpenenenne 9.7. Huocnet ceasnocmoro d(a) (down-connectivity) aiaropurva a € A
OyJ1eM Ha3bIBATb YHCJIO PEOGED rpaca, BXOJSIINX B BEPIIHHY O

d(a) = #{z, € X: b < a}.

Ceszroctsb u(a) (mm d(a)) ectb peasmsyemoe ceMeificTBOM A 9HCIO CIIOCOOOB M3Me-
HUTH aJTOPUTM @ Tak, 4TOObI OH CTAJ JeJaTh Ha OJHY OmMOKY Gosbiue (MM MeHbIIe).
CB#A3HOCTD MOYKHO MHTEPIPETUPOBATH KaK YHUCJIO CTereHeil cBobobl cemeiictBa A B J10-
KaJIbHOI OKPECTHOCTH aJropuTMa a € A.
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Onpenenenne 9.8. Henoanouyernnocmoio q(a) (inferiority) amropurma a € A 6ymem Ha-
3bIBATHh YUCJI0 OOBEKTOB T € X, Ha KOTOPBIX aJII'OPHTM G OIMIHOAETCsI, IIPH TOM, ITO CYIIie-
crByer ajgropur™ b € A, sryanimii, gem a (to ecth b < a), He ommbaroiics Ha T:

q(a) = |X,].

B rtepmunax rpada paccioeHns—CBs3HOCTH ¢(a) PABHO YHUCIY PA3JIUIHBIX O0beK-
TOB T, COOTBETCTBYIOIIIX BCEBO3MOYKHBIM PEOpaM (b, ¢) Ha Iy TAX, BEJLyIUX K BEpIIUHE d.

[Tepeuncimm HeKOTOpBIE CBOficTBa BeamanH u(a), d(a), q(a).

1. Nwmeer mecto nepasernctso d(a) < ¢(a) < n(a, X).

2. Pasencrso d(a) = ¢(a) mocTuraercs Ha BceX aJrOPUTMax JIBYX HUKHUX CIIOEB.

3. Pasencrso ¢(a) = n(a,X) mocruraercst B ciaydae, KOrja CyIecTByeT KOPPEKTHbII
asroput™ ag € A: n(ap, X) = 0.

4. Ecim rpad pacc/ioeHusi—CBSA3HOCTH UMEET UCMOK — aJIOPUTM g, U3 KOTOPOTO
MOZKHO JI00paThes 10 pébpam J10 J11060ro apyroro ajroputma, o ¢(a) = n(a, X) — n(ag, X).

BepxHss oLeHka pacc/ioeHUs—CBA3HOCTU AJ151 BEPOSATHOCTU nepeodyyeHuns ciey-
eT HeroCcpe/ICTBeHHO u3 obmmeit orenkn (9.2) u semm 9.2, 9.3.

Teopema 9.4 (ormeHKa paccyioeHusi—CBSI3HOCTH). /I 1pousBoJibHOI BeIOOpKH X,
[POU3BOJLHOIO MOHOTOHHOTO MEeTOJa 00y denus (v u rnpon3BojbHoro € € (0,1)

4

O _—Z— —Uu, m—
Qe X) < Y — 1 T (£ (m — k), (9.6)
acA L

e u = u(a) — BepxXHsisl CBA3HOCTh, ¢ = ¢(a) — HemosHoneHHocTb, m = n(a, X) — qmcio

oIruOoK aJiropurMa a Ha re’LepaJ/ibHOM MHO2KECTBE 0OBEKTOB.

HokazarenbcrBo. CornacHo jiemme 9.2, cripaseiba orienka Q. (i, X) < Q- (us, X), re
[ls — MOHOTOHHBIH J-IleCCUMUCTHIHBIN MeTos oOydenus. Coryacuo jgeMme 9.3, 11t KazK-
joro ajroputMa a € A muOKecTBO X, (9.4) sIBJIsSIeTCsl MOPOXKJIAIOIIUM, & MHOMKECTBO
X! (9.5) — sanpematornmm. [Ipu srom a ommbaercst Ha Bcex obbekTax u3 X/, u He omuba-
erca Ha Beex obbekTax u3 X, | X,| = u(a), n(a,X,) =0, |X.| =n(a, X)) = q(a). lox-
craigst 511 3HadeHns B popmysibl (9.2) u (9.3), nosydaem Tpebyemyro OIEHKY. ]

Hepe‘H/ICJH/IM OCHOBHBIE CBOMCTBA OIIEHKU PacCc/IOCHUA—CBASHOCTHU.

1. Buarogapst KoMGHHATOPHOMY CoMHOMKHTETIO0 C'F Y

L—u—q / C’f BKJIaJT KaXKJIOT'0 aJITOPUT-

Ma @ B OIEHKY (), 9KCIOHEHIIUAILHO YOBIBAET ¢ POCTOM HEIIOJTHOIEHHOCTH § U CBA3ZHOCTH U.
OTcrofa cIeAyIoT IBa BaXKHBIX JJIA IIPAKTUKU BBIBOJIA.

Bo-11e€pBhIX, CBA3HbIE CeMeHCTBA MEHEee MO/IBEPIKEHBI T1I€Pe0dy YeHUIO.

Bo-BTOPBIX, TOJIBKO HUKHHE CJIOM BHOCAT CYIIECTBEHHBIN BKJIaJ B IepeodyIeHue.

Buiarogapst mocseiaemy 00CTOSITEILCTBY CTAHOBUTCST BOSMOKHBIM 3(h(DEKTUBHOE BbI-
qHCIeHne TPUOIMAKEHHON (HIDKHel) oleHKn (). 110 CJIOSM CHU3Y BBEpX.

2. Yucaurens (9.6) obpamaercs B wHy b ipu £ — u < L — u — ¢. [losromy HeHymeBoii
BKJIQJ[ B CyMMY MOIYT JIaBaTh TOJILKO aJIlOPUTMbI HIZKHUX CJIOEB, Jjig KOTOPbIX ¢(a) < k.
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Taxum obpazom, pu MaJIbIX k MOCTOWHBIM BBIYUCIEHUEM MOYKHO ITOJTy4YaTh HE TMpUO/In-
JK6HHOe, a TouHoe 3Hadenue (). C Ipyroit CTOPOHBI, IIpK coBceM Masbix k = 1,2, 3 urxo-
PHUDPYIOTCsT AJITOPUTMBI € ¢(a) > k, KOTOpble Ipu 6GIBINTIX k MOTJIH ObI BHOCHTD CYIIECTBEH-
HbII BKJIaJ1 B iepeobydenne. OTcioa ciie/lyeT MpakTuieckas PeKOMeH Il i BbIoopa
JUIMHBI KOHTPOJILHOM BBIOOPKU — OpaTh 4uC/IO k He MeHbIe, 9eM YUcjI0 «3hdeKTUBHO
paboTAOIINX» HUXKHUX CJIOEB.

3. Ecau npenebpedn paccjoeHueM U CBA3HOCTBIO, TOJOKUB ¢ = u = () JIIsT KazKI0r0
a € A B dopmyse (9.6), To moyunTes sydmas u3 VC-onenok (5.3):

e)
Q-(1.X) <Y HE™ (£(m —ek)) .
acA
4. OuenKa paccloeHHs—CBA3HOCTH siBjsercst jocTmzkumoit. Hepasencrso Q. < Q.

[EePEXOUT B PAaBEHCTBO, Korja ycsosue (9.1) sapiserca paBencrBoMm. Orenka (9.6) sB-

JIsieTcd TOYHOMN TOrJla 1 TOJIBKO TOI'JIa, KOI'ZIa BBIIIOJIHACTCA TOZ2KIECTBO
l—u _ 4
z :CL—u—q - CL‘ (97)
acA
DTO Tak, B 9aCTHOCTH, JjIsi MOHOTOHHO{I TIe aJropuT™MOB (CTp. 78) U €€ MHOIOMEPHOIO
000011IeHNsT — MOHOTOHHOI CeTH aJI'OPUTMOB, KOTOpas OyJIleT pacCMOTPeHa JaJiee.
5. OreHKa Pacc/iOeHusI—CBI3HOCTU ITPUHUMAET OCOOEHHO IPOCTOI BUJI, KOTJIa B Ce-

MeiicTBe A CyIecTByeT KOPPEKTHBIN aaroput™ ag: n(ag, X) = 0. Takue cemeiicra Oymem
Ha3bIBATh KOPPEKMHBLMU OTHOCUTEILHO BHIOOPKHU X.

Teopema 9.5. Ecjmn g — MOHOTOHHBIH MeTOs 00ydeHusT U ceMeiicTBO A KOPPEKTHO, TO

Cﬁ—u
Qe(n,X) < ) —F=r [m > eh], (9.8)
acA L

e u = u(a), m = n(a,X).

HokazarenbcTBo. Eciim B A cymecrByeT KOPPEKTHBINH aJrOpuTM (g, TO HENOJHOIEH-
HOCTH J1I060ro asropur™a a € A pasHa uuciay ero omubok, g(a) = n(a,X). Ilosromy

B (9.6) moxkuo mojcrasuth m — ¢ = 0. Torya, coracho jiemme 8.7 (crp. 88), rumepreo-
(ff:j,om (%(m —¢k)) = [m > ek]. Orcrona

BbITEKaeT yTBEP2KIACHUE TEOPEMDBI. ]

METPHUYECKOe paclipejieieHne BBbIPOXKIaeTCsT: H

BepxHasi oueHka pacciioeHusi—CBA3HOCTM /11 NOJIHOMO CKOJIb35ILEro KOHTPOs
cJiejlyeT HelocpeICTBeHHO n3 obrmeit onenku (8.12) u memm 9.2, 9.3.

Teopema 9.6 (oreHKa pacc/ioeHUsi—CBSI3HOCTH). I 1pou3BOJIbHOI BHIOODKH X
U 1IPOU3BOJIbHOI'O MOHOTOHHOI'O METO/Ia O6yq€HI/IH %

1 Crt, m—q)(f —u
R gt () 0

e u = u(a) — BepxHsist cBsizHOCTH, ¢ = ¢(a) — HenosHoneHHOCTH, M = n(a, X) — yncsio
OIIMOOK aJIrOPHTMAa G Ha TeHePaJTbHOM MHOYKECTBE 00bEKTOB.
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JlokazareIbCTBO aHAJIOTUYHO JTOKA3aTeILCTBY TeopeMbl 9.4.
Bepxusia orenka (9.9) aBiserca Tounoil (0OpalmaeTcss B PABEHCTBO) TOI/IA U TOJBKO
TOrJIa, KOTJIa BBIIOJHEHO TOXK1eCTBO (9.7).

MoHOoTOHHas uenb anropuTmos. Panee yrke OblLaa MoJydeHa TOYHAs ONEHKA BEPOST-
Hoctu nepeobydenusi (8.13) i MOHOTOHHOM TN AJITOPUTMOB Ay < a1 < -+ < ap,
B KOTODOIi JIyHIIUii aJIropuT™ JOIyCKAaeT m ommboK, n(ag, X) = m:

min{k,D} Cg 5 s
L m
Q:e(wX) = ) =g Ml (pm+d—ch)), s=[d<D]
d=0

Jlerko y6enThest, 9T0 OHa COBIaAaeT ¢ obIeil oreHKoit pacciaoenusi—csiznoctu (9.6).
TO caeLyer u3 TOro, 4To

1) cBasHOCTD paBHa 1 JJIg BeeX aJrOPUTMOB, KpoMe rocsentero, u(aq) = [d < DJ;

2) HEIOJIHOIIEHHOCTh U IHCJIO OIMHOOK CBsI3aHBI paBeHCTBOM N(aq, X) = q(aq) + m;

3) ancaurens (9.6) obpamaercs B Hysnb npu { — § < L —d — 6, o ectb d < k, cite-
JIOBATEJIHLHO, HEHYJICBOM BKJIAJ B CyMMY MOT'YT JaBaTh TOJIBLKO IIEPBLIE k aJrOPUTMOB.

§9.3 T[Mpocdunnb paccnoeHns—cBaA3HOCTH

B psge ciygaes obrast onenka (9.6) npusourcs K 6oJiee yio0HOMY BUILY.

Omnpenenenne 9.9. [Ipodurem paccroenua—c6A3Hocmu MHOKECTBA aJIrOPUTMOB A Ha-
3BIBACTCS  MATPHIA (Amu) pasmepa (L+1)x(L+1), rme A, — 9HCIO0 aJropuTMoB
B M-M CJIO€ C BEePXHEH CBA3HOCTDBIO U:

Ay = E [n(a,X) = m][u(a) = u].
acA
Teopema 9.7. Ilycrb rpag paccjioeHus—CBSI3HOCTH HMEET HCTOK — AJITOPUTM dg, OT KO-
TOPOro MOXKHO J[0OpaThCsi 110 pEGpaM JI0 JII060ro Jpyroro ajropurma, u mg = n(ag, X).
Toryia cupaBeyinBa BEPXHsIsT OI[EHKA BEPOSITHOCTH 11ePe0ly YeHHUsT

L L
C u—m-+mo u, Mo
Q-< Y ZAmuLC—ﬁH‘; nmo o (Em—ck)). (9.10)

JokazaTeabcTBO. Bo3bMEM Hpon3Bo/IbHBIA ajaropurMm a € A. B cuty eauncrBeHHOCTH
HCTOKA BCE 3aIPEIIAONe 00beKThl 13 X HaXoJATcs Ha pEdpax rpada, COCTABIISIONINX
BCEBO3MOKHBIE IIYTH MEK/Iy BEePIIHHAMHU (g U a. IIOCKOJIBKY BCe 3TH IIyTH UMET 00-
Iee HAYaJI0 ag ¥ OOINIMiT KOHEI a, IncjI0 00BbeKTOB B X, PABHO B TOYHOCTHU JJINHE IIyTH
n(a,X) — mg. C apyroii croponbl, 0HO Ke paBHO ¢(a). 3HAYWT,

u(a)

Z Z — m+mOH 21(1)51n72+m0 (%<m B &Tk)) :

m=mo a€Am

[TeperpyrmmupoBas ciraraeMbie U BOCIIOJIb30BaBIINICH OIIPE/Ie/IeHIEeM ITPOMUIIST PACCTOCHI T~
CBA3HOCTHU, TOJIYINM YTBEPKIEHNE TEOPEMDI. |
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Teopema 9.8. I[lycTp BepHBI MTPEAIIOJIOMKEHNST MPEIBLIYINEH TeOPEeMbl H UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM ajaropurmoM, mo = n(ag, X) = 0. Torga crpaBeinBa BepXHsIsl OIlEHKA
BEPOSITHOCTH 1TePe00y IeHN T

C«e—u

L L
Q- < ) ZAmuLa—“{m. (9.11)

HokazareabcTBo. B onenky (9.10) mogcrasum my = 0. ['unepreomerputdeckoe pacipe-
JIeJIeHIEe BBIPOZKJIAETCsT COMJIACHO JieMMe 8.7, OTKy1a 1 moJrydaeM orenky (9.11). |

Cyl1recTBoBaHNE MCTOKA — JIOBOJIBHO CHJIBHOE IPEJIIOIOXKEHNE, U B OOJIBIINHCTBE
IPpaKTHYECKUX CUTYyalllil OHO He BbITIoTHseTCs. [Ipeanoioxkene KOppeKTHOCTH €IE CHThb-
Hee, MMOCKOJIBKY BBOJIUTCH JIOMOJHUTEIbHOE TpeboBaHme, 9TOObI UCTOK ObLT KOPPEKTHBIM

asropuT™oM, mgy = n(ag, X) = 0.

MmnoTte3a o cenapabenbHocTu npoduna paccnoeHusi—ceasHoctu. Ha puc. 9.2 no-
Kazanbl Tpacdukn s3asucuMoctn’ A,,, OT m U u, JJisg MHOYKECTBA JTUHEHHBIX aJrOpPUTMOB
KJIacCUpUKAINNA U JIMHEHHO Pa3/Ie/IMMbIX JIByMEPHBIX BbIOOPOK Jimnnbl L = 20, 50, 100.

[nsas vHa rpaduKu, MOXKHO BBIABUHYTH T'HIIOTE3Y, 9TO IPOMUIL PACCIOCHUI—CBI3-
HOCTH A, SIBJISIETCS C BBICOKOW TOYHOCTBIO CENAPaAOEAbHBIM:

Amu ~ Am)\ua
e A, = |A;| —ducioo aaropurMoB B m-M cioe, A, — J0JIsS AJTOPUTMOB CO CBSI3HO-
CTBIO 1.

Bexrop (A,,)L _, npearaercs naspisath npogusem paccaoenus, a Bekrop (A, )L, —

npodusem c6A3HOCTU MHOKECTBA AJITOPUTMOB A.
OueBniHO, TPOMGUIL CBI3HOCTU HOPMUPOBAH: A\g + - -+ + Ap = 1.
[IpoBepka rumore3nl cenapabebHOCTH TOKA OCTAETCs OTKPBITOH TPOOIEeMOii.

M'MnoTtesa o KoHueHTpauun Npocuns CBAZHOCTU BOKPYr 3HAYEHUS Pa3MepHOCTMU.
Ha puc. 9.2 BugaHO, 9T0 MPOMUIbL CBA3ZHOCTH KOHIICHTPUPYETCS BOKPYT 3HAYECHUSA U = 2,
paBHOrO pasMepHocTH IpocTpancTBa. C yBeJrmyeHueM JJIMHbI BBIOOPKU JTOMUHUPOBAHUE
JIAHHON KOMITOHEHTBI ITPOMUIIST YCUITTBACTCS.

Okcrnepumentsl ernca KovepikoBa ¢ nmneiinbiMu Kiaccudukaropamu |35, 81| mo-
Ka3bIBAIOT, YTO U ITPU OOJIBINNX 3HAYECHUAX PA3MEPHOCTH i MAKCUMYM PO CBAZHOCTU
jocrturaercs upu u = h, cMm. puc. 9.3.

Mo:KHO BBIIBUHYTH THUIIOTE3Y, UTO HPOMUIL CBA3HOCTU KOHIEHTPUPYETCS BOKPYT
3HAYEHHUsT pa3MEPHOCTH HE TOJBKO B C/ydae JIMHEHHBIX KJaccudukaTopoB. bojee Toro,
MOZKHO IPEJIIIOJIOKUTH, YTO €CJIM BBIOOPKA Jie-(haKTO pacroJiaraeTcs B IMOIITPOCTPAHCTBE
MeHBIIell pa3MEePHOCTH, TO MAKCUMYM PO CBA3ZHOCTU YKA3BIBACT HA 3HAYEHUE «IP-
deKTHUBHOIT pasmMepHOCTU» BbIOOPKU. [IpoBepKa 9THX TUIIOTE3 TaKKe IMOKa OCTaéTCd OT-
KPBITOI ITPOOJIEMOIA.

ngI‘{I/ICJII/ITeﬂbHI)Ie 9KCIIEPUMEHTDBI BBLIIIOJIHEHDBI Nieéit Pemmernsikom.
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Puc. 9.2. IIpodumm paccioeHusi—CBA3HOCTH JJIs ABYMEPHBIX BHIOOPOK JyinHbl L = 20,

50, 100, 200. Ilpocduab Auy —3TO KOJIHIECTBO AJTOPUTMOB € IHCIOM OIMHOOK M
Ha TeHepaJIbHOI BHIOOPKE 1 BEPXHEH CBSI3HOCTHIO U.

x 10 x 10

300

8 250

A R 200

A u
2 m150
4

100

50

0 50 100 150 200 250 300 0 5 10 15 20 0 5 10 15
m U (2

Puc. 9.3. Ouenku npoduisi paccioerus A,,, HEHOPMUPOBAHHOTO TTPOMUIIS CBI3HO-
cru Ay = A\y|A| u wsomunuit npoduist pacciIoeHus-CBIZHOCTH Ay, JJIsl ceMelcTBa
ymHefinbx Kiraccudukaropos B R, npu L = 300, cormacno [81].

He BbisicHen Takzke /10 KOHITA BOIIPOC O IMUPUHE MTUKA IPOMPUIIs CBA3HOCTU. 3aMETHM,
41O Ha puc. 9.2 u puc. 9.3 mokazanbl TPOGUIM TOJTHKO geprHet cBI3HOCTH. EeTh runoresa,
9TO TIOJIyCYMMa BepPXHel N HUKHeH CBA3HOCTHU ropas3/io CUIbHee KOHIIEHTPUPYETCT BOKPYT
3HAYEHUST PA3MEPHOCTHU, 9€M BePXHsIsd W HUXKHssS CBI3HOCTD 110 OoT/eabHoCcTH. O603HaAINM
CPEJIHIOI0 BEPXHIOIO CBA3HOCTD B CJIO€ 1M YEPE3 Uy, CPETHIOI HUKHIOI CBA3HOCTH — de-
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pe3 d,,. HYucso pédep, coeUHSIIOMNX aJITOPUTMBbI B JIBYX COCETHUX CJIOAX, MOXKHO 3aIlCaTh
nByMst criocobamm: A,y = Api1dyy. B HIGKHEEX cjtosix ipoduiib paccioennst A, Kak
[IPaBUJIO, CTPEMHUTEIHLHO BO3PACTAET, MOITOMY BEPXHME CBA3HOCTH JIOJIZKHBI CHCTEMATH-
YeCcKHU IMpeBbIarTh Hukane. OTciofa caeayioT aBa BbIBOJA. Bo-1IepBbIX, 3aMeHa BEPXHUX
CBA3HOCTEH aJITOPUTMOB HUZKHHUX CJI0EB 3HAUYEHHEM pa3MepHOCTH OyJIeT, CKopee BCero, 3a-
BBIIIATH OIEHKY BEPOSTHOCTH Iepeodydenns. Bo-BTOPBIX, IpaBas BeTBb IPOMUIIIA CBI3HO-
cru (cM. cpegauii rpaduk Ha puc. 9.3) obpa3oBaHa, CKOpee BCEro, MMEHHO aJrOPUTMaMU
HIDKHUX CJIOEB, TIO9TOMY €€ OIeHUBaHUe MPEeJICTaB/IsgeT HaubOIBINNI WHTEpeC.

Pe3iome

MeTo/1 TOPOXKTAIONX W 3AIIPENTAIONINX MHOYKECTB CYIIECTBEHHO YIIPOIIAETCs, eCJIH
JUTA KazKJIOTO aJIFOPUTMA 3aIMCaTh JIMIIL HEOOXO/IUMbIE YCJIOBUS TOTO, YTO OH OyJIeT IOo-
JiydeH B pe3dyJibrare ooyuenus. [Ipu 3ToM BMECTO TOYHBIX OIEHOK BEPOSTHOCTH I1€Pe0dy-
YeHUsI MOJIydaroTcs Bepxaue orenku. Ouu cyrectBeHHo TouHee V(C-OIEHOK, MTOCKOIbKY
YUUTBIBAIOT CTPYKTYPY I'pada paccaoennd—cBA3HocTH. J[71s1 HEKOTOPBIX ceMEeNCTB, B YacT-
HOCTH, JIjIsI MOHOTOHHOII T[N aJITOPUTMOB, OIeHKa PACCIOEHUSI~CBI3HOCTHU SIBJIETCS TOY-
noit. BkyaJi ajropuTMa B BEPOATHOCTH I€peo0yUeHus] YObIBAET SKCIOHEHITUAJIBLHO C PO-
CTOM CBSI3HOCTU U HOMEPA CJIOsl, B KOTOPOM HaxoiuTcs ajaroputm. OTciona cjieLyer, uTo
CBA3HBIE CeMeiCTBa MeHee CKJIOHHBI K IIepeodydeHuto, a jjid 3 (MeKTUBHOIO MpUO/INKEH-
HOT'O BBIYHUCJICHUS] BEPOATHOCTHU ITepeodyUdeHns, BO3MOXKHO, OyJ/IeT J0CTaTOYHO 1epebpaTh
AJICOPUTMBI U3 HECKOJIbKIX HUYKHUX CJIOEB.

B cnepytowein nekumn Mol IoKaykeM, 9TO OIMEHKA PACCI0CHUACBAZHOCTH SIBJIIETCH TOY-
HOM JIJIsi OJTHOTO BeCbMa HETPUBUAJIBLHOI'O MOJIEILHOIO CceMefcTBa, 00JI1a/Ialomero Hapsty
CO CBOICTBaMU PACC/JIOCHUS U CBA3HOCTH €IIE U Pa3sMEPHOCTHIO.

Ynpa>kHeHust

Bamaua 9.1 (1). /lokazars aemmy 9.2.

Bagaua 9.2 (1). Ilpusectu npumep, KOrja MOHITHS V-TIECCUMUCTUIHOTO M O-TT€CCHMU-
CTUYIHOIO MOHOTOHHOTO MeTOj[a 0O0OyUeHUs] HE COBIIAIAIOT.

Bamaua 9.3 (5). Kakune orpannuenuss HeoOXOAUMO HAJIOKUTH Ha CeMeficTBO A, 9TOOBI
yeaosre (9.1) ObLIO HE TOIBKO HEOOXOJANMBIM, HO 1 JIOCTATOYHBIM, CJI€I0BATE/ILHO, OIEHKA
pacciioerns—casa3noctn (9.6) obparmanack 06l B paBeHcTBO? Bozmozkno s cchopMymmpo-
BaTh 9TH OI'PAHUYIEHUS B TePMUHAX T'pada pacc/IOeHUs-CBAZHOCTH !

Bamaua 9.4 (5%). O606muTH OnEHKY pacciaoenus—cBasnoctn (9.6) Ha caydaii, kKorma
B rpade pacc/IoeHUsA—CBA3HOCTb UMEIOTCs «JIBIPKU», TO €CTh JIis HEKOTOPBIX Iap ajro-
purmoB (a,b), a < b, He cymecTByeT aaropurma ¢ € A, Takoro, 4to a < ¢ < b.

Bamaga 9.5 (10*). O6ocHoBaTh rumoTesy cenapabesbHOCTH [/ JINHEHHBIX aJITOPUTMOB
KJIacCupUKaIu.



= 106 —

10 MHoromepHblie ceTu anropnTmMoB

MHoromepHbIe ceTi aJIropuTMOB — 9TO MOJEIbHbBIE CeMeicTBa, 00J1a ai0Ie He TOIb-
KO CBOHCTBAMHU PACCJIOCHUsI U CBA3HOCTU, HO U Pa3MEPHOCTHIO, YTO COMMKAET UX C pe-
AJbHBIMHI CeMelcTBaMU. DTH CeMelCTBa MHTEPECHBI emé W TeM, 9TO JIJIT HUX OIEHKH
Pacc/IoeHUA—CBA3HOCTHU ABJISAIOTCH TOYHBIMU.

§10.1 [lBymepHas MOHOTOHHasi CeTb

B §7.4 MBI paccMoTpes i MOHOTOHHYIO TIEIb AJITOPUTMOB, KOTOPAs SIBJISIETCST MOJIETBIO
OJTHOIIAPAMETPUIECKOTO ceMeiicTBa aaropuTMoB. EcTecTBeHHBIM 0000ITIEHIEM STOH MO/I1€e-
JIN HA MHOTOMEDHBIN CjIydail mpejcTaB/isieTcs ceMeicTBO, rpad pPaccjaoeHusCBIA3HOCTU
KOTOPOI'0 M30MOpP(EH HEKOTOPOMY (bparMeHTy IpPsiIMOYTOJIbHOIN CeTH pa3sMepHOCTH /.

Ha pucynke mokazaHbl 9eTbIpe HUZKHUX CJI0sI TpadOB PacCI0eHUsI—CBI3HOCTH MOHO-
TOHHOM 1enu (cJieBa) u ByMepHOit cetu (cnpasa). [opusoHTAIBHbBIE JIHHAM COOTBETCTBY-
IOT CJIOAM, M — YHUCJIO OMIUOOK JIYYINero ajropuTMa Ha reHepaJibHoil Beioopke X. O0bek-
ThI BJIOJIb pEGEp rpada 03HAYAIOT, UTO [IPU IePEeXoIe OT HUYKHETO aJIrOPUTMa K BEPXHEMY
olnnOKa BOBHUKAET UMEHHO Ha JIAHHOM OO'beKTe.

B aByMepHOIt ceTn aJIlOPUTM @;; OTIMYAETCA OT aJIlOPUTMa ;41 ; TOJIBKO OTCYTCTBU-
eM omubKu Ha 00LEKTE T}, OT ajJropuT™Ma @ j+1 — OTCYTCTBHEM OIIMOKU Ha 00beKTe x?
Yucso anroputMoB B cioe m + ¢ pasuo ¢+ 1. Bepxusas csasuocts u(a;;) = 2 coBuaia-
er ¢ pasmeprocTbio h = 2. Henosmonennocrs ¢(a;;) paBHa t, HOCKOIbKY @;; OTINIAETCS
OT JIy4IIIero ajropuT™a gy, KOTOPBIN SIBJIAETCA UCTOKOM rpada, pOBHO Ha t 0ObeKTax.
[ToscraBus Bee Tu Januble B OneHKY (9.6) U CrpynimpoBas ciaraeMble M0 CJI0SM, MOJIy-

UM OICHKY PaCCJIOCHUA—CBA3ZHOCTU JJIA H mKaux cjioés LLByMepHOIU/I ceTn aJIrOpuTMOB:

H 0272
Q-=> (t+ 1)%%‘_2,;_’3 (L(m+t—ck)).
t=0 L

OTa OIeHKA BepHa TOJLKO npu k < H. /lanee Mbr 0600IUM 9Ty OIEHKY Ha CJIydail
[IPOM3BOJILHOMN BBICOTHI H ¥ TPON3BOJILHOM pazMepHOCTH h 1 yoeuMcest, 9To OHa JeficTBI-
TeJILHO siBJIsieTcst TouHOiL. [lepBbiM 91y 0611yto onenky mosy«4mt [lasesx Boros [7].
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§10.2 MoHoTOHHas ceTb NPON3BOJILHOW pa3MepHOCTN

[ycrs J = (j1,...,7n) € {0,..., H}" — menounciennplit BEKTOp WHJIEKCOB.

BeeéM Ha BeKTOpaxX MHJEKCOB OTHOMICHUE YaCTUIHOTO HOPSAIKA: JIJIs IPOM3BOIBLHBIX
J =1,y gn) u K = (ky,... k) monoxum J < K, econ jg < kg i Bcex d = 1,... ) h.
[Monoxkum J < K, ecm J < K u J # K. Honoxuwm |J| =51 + -+ + Jn.

Omnpenenenne 10.1. Monomonnoti cemwvio arzopummos pasmepHoctu h u Bbicorbl H
Ha3bIBAETCST MHOXKECTBO aJI'OPUTMOB

A={a;: Je{0,....,H}" |J| < H}, (10.1)

MaTpHIia OHIHOOK KOTOPOTO 3aJa6TCsT pasOneHHeM TeHepaJbHOH BBIOODKH HA TPH HeIle-
peceratonpuxcst moqmuoxecrba X = XoU Xy U {af:t =0,....H -1, d = 1,...,h}
H HHIAKATOPOM OIIMHOKH, OmpejesaseMbiM st Beex ay € A, x € X Kak

0, T e XO;
Iay,z)= (1, x € Xy; (10.2)
[t <jal, ==z

NuTtepnpetauusa. MonoTonHas ceTb — 9TO MOJIE/Ib CeMeiicTBa aJropuTMOB ¢ h Herpe-
pPBIBHBIMU TTapaMeTpaMu. MojeabHoe TpeIno/ioKeHne 3aK/II09aeTcss B TOM, 9TO 110 Me-
pe yBejmdeHusd d-TO TapameTpa OMIMOKM BO3HMKAIOT IIOC/IEI0BATE/ILHO Ha OO0bEeKTax
xg, e ,xﬁl{_l, HE3aBUCUMO OT 3HAYEHUI OCTAJIbHBIX IMapaMeTpoB. B peajbHbIX 3ajadax
9TO, KaK IPABUJIO, HE TaK, XOTs U3BECTHBI IIPUMEPHI, KOTJ/Ia peajJbHOe CeMERCTBO TTOPOK-

JIaeT MOHOTOHHYIO CETh Ha CIENUAJIbHO M0j00panHoi Boibopke (yrpaxuenus 10.2, 10.3).

CBoiicTBa MOHOTOHHOI ceTu.

1. CgoiictBo MmoHOTOHHOCTH: eciin J < K, 10 a; < ag.

2. Jlns Beex ay € A aucio ommbok n(ay, X) =m + |J|, e m = | X;].

3. Ecmn muoxectBo A mmeer crpykrypy (10.1) npu 3aganubix h u H u obiagaer
coiicTBamMu 1 1 2, TO €ro MaTpuIia ONMOOK OJJHOZHATHO ornpe/esisercs popmystoii (10.2).

4. Bce BeKTOPBI OIMHUOOK aJrOpUTMOB .y € A momapHO pas/inydHbI.

5. B A cymecTByeT eMHCTBEHHBIN Ayl AITOPUTM Ay = A(o,...0) ¢ MEHIMAILHBIM
qucsioM ormubok n(ag, X) = m.

6. Pazmepnocts h u BeicoTa H ymoBieTBopdiorT orpanmdenuio m + hH < L.

7. ay < axg TOTJA W TOJHKO TOTJIA, KOTJIa BeKTOPHI J 1 K OT/IMIaroTCs TOJTBKO 10 OT-
HOlI KoopjuHatre, jq + 1 = kq. Pebpy (ay,ar) rpada paccioeHus-CBA3HOCTH B3AUMHO
OJIHO3HAYHO COOTBETCTBYET OOBEKT ;5 = x?d, 11t Koroporo I(ay, ) < I(ag,x,x).

8. Ywmcsro anropuTMoB B ¢1oe m-+t paBHO d4ncsy BeKTOpoB J = (Ji, ..., j) TAKHAX, 9TO
|J| = j1+...+jn = t 1 paBHO YHCITy CIOCOOOB BBLIOPATH ¢ IIPEIMETOB U3 /i ¢ TOBTOPEHUSIMI,

[ Al = Cp = Cizey-

9. IIpocymMmmupoBaB 9HCIO aJrOPUTMOB IO CJIOAM M BOCIIOJIB30BABIINCH U3BECTHBIM
KOMOWHATOPHBIM TOXKJIECTBOM, HETPY/IHO HANUTH YHCJIO AJITOPUTMOB BO BCEll ceTu:

h— h— h
’A| - Oh—ll +ooet Ch—i-llLI—l = CH+h~
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Puc. 10.1. IIpumep gBymepnoii ceru ajaroputmon. s anropurma a BepXHsS CBA3-
Hocthb u(a) = #{z8, x4} = 2, nenosnnonenrocrs q(a) = #{x1, 22} = 2.

§10.3 Tou4Hasi oueHka pacc/I0eHNsI—CBA3HOCTN

O6o3HaunM yepe3 A’ MHOXKECTBO BCEX AJITOPUTMOB ; MOHOTOHHOI ceTn A, 3a UCKJIIO-
JeHreM ajgroputmos nocyejunero cios, A" = A\ A, y. U3 dopmya (9.4), (9.5) u rpada
paccyioerus—casa3aoctu (em. puc. 10.1) caemyer, aro jyist o6oro aaropurma ay € A’

X;= {xf: t=7jq, d=1,... ,h} — TIOPOXKJIAIoIee MHOYKECTBO;

X' = {xf: t < ja, d=1,...,h} — sanpemaloriee MHOKeCTEO.

Jlemma 9.3 maér b HeOOXOIUMOEe YCIOBUE TOTO, YTO AJITOPUTM Gy OyJIeT TOJIyueH
KaK Pe3yJibTaT 00ydeHUs: [MX =a J:| < [X 7 C X } [X hCX } Ojnako B cjiydae MHOIO-

MEpHOI MOHOTOHHO{H ceTu HeoGXOAMMOe YCJIOBUE ABJIAETC TAKIKE U JOCTATOUHbIM.
JIlemma 10.1. Ecjm g — meccuMucTUYIHBIH MOHOTOHHBIH MeTo o6y denns u |J| < H, To
[MX:aJ} = [XJ C X} [X} C X} It Kaskoro ay € A’

HoxkazatenbcTso. Joxaxem, aro ecin X; € X u X, € X, To TOJBKO ajJrOpUTM
MOKET OBITH Pe3y/ILTATOM OOYYEHU.

MuozkecTBO 00bEKTOB &, Ha KOTOPBIX [ (ay, ) = 1, ectb X L X}, TlogmuoxkecTBO X
[EJINKOM JIEZKUT B KOHTPOJIe, a Ha oO0beKkTax u3 X OMuOAI0TCd BCE aJTOPUTMBI CETH.
[Mosromy (dy)x < (dx)x s Beex ayx € A, cienoBarenbro, ay € Ap(X).

[Tokazkem, aro Ay (X) = {aK € A K < J}. HeitctBurenbro, ecoim K £ J, To cy-
d
Ja
xur X, ciaegoBaresibHO, oH npuHajyiexut u X, ogaako [(ay,x) < I(ag, ), mosromy
(@)x < (dr)x, snaunt, ax & Ap(X).

[TokazkeMm Temepb, YTO HUKAKOW Jpyroii amroput™m ax € Ap(X) He Moxer OBITH

mectByer Koopiauuata d € {1,...,h}, Takas, aro kg > j;. O6bekT x = 2§ npHHAJTE-

pesyabratom obyuenus pX . [Tockonbky K < J, cymecrByer koopauaara d € {1,..., h},
Takas, 910 kg < jg. O0bekT T = x‘,ﬁd upuHaieskuT X', CIe[0BaTesIbHO, OH IIPUHAJIIe-
x®ur u X, nosromy (dx)g < (@y)x, U MIECCUMUCTUUHBIN METOJI (i BBIGEPET aJrOPUTM ;.

Takum 06pazoM, TOJIHKO aJTOPUTM G MOXKET OBITH PE3Y/ILTATOM 00y UEeHMUS. [
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Teopema 10.2 (O monoTonHOIi cetn). Ilycrts A — MoHOTOHHAS ceTh pasMepHOCTH h

u BeICOTHI H, | — meccuMucTHYHBIEF MOHOTOHHBIH MeTo 1 oOyaenuss u k < H. Torma

C m
Qe (1 ZCZ+t 1 LC? tHf: ];Z—t (%(m +t—ck)). (10.3)

HokazaTeabcTBO. Bo3bMEM TPOU3BOJIBHBIN AJITOPUTM G; U PACCMOTPUM TPH CJIydas.
1. Ecim |J| > k, To qucio omuboK ajropurma a; Ha 3alpeaioniux oobekTax X

[IPEBBIIAET JIJIMHY KOHTPOJILHOM BBIOOPKHU. HacTh ommnboK 00g3aTeIbHO OKazKeTCst B 00Y-

qarormeil moaBeIGopKe X, U MeTOJ 41 BeIGepeT Apyroit aaroputm. 3uaquTt, [puX=a;] = 0.
2. Cuyuaii |J| < k u |J| = H neBo3moxeH B cuiy yciosust k < H.

3. Eciu |J| < ku |J| < H, To jyi aJiropur™a @, BBIIOJIHEHBI ycsoBus jemmMbl 10.1:
(X =a;] = [X; C X][X, C X]. O603HauMM BEPXHIOIO CBA3HOCTH AJTOPUTMA @y Uepe3
u = u(ay) = |X,| = h, venonronenuocts depe3 ¢ = ¢(ay) = |J|. Ouenka paccaoenus—
cBsa3HOCTH (9.6) ABIISIETCS PABEHCTBOM:

C’th

10.4
e (10.4)

Z PJH%:}Zf:;HJ‘iq (£(m+|J|—<k)), P;=
J: | J|I<k

riae Py = P[uX =a;] — BEpOSTHOCTD MOJIYIUTH aJrOPUTM G B pe3yJbrare 0OyJIeHus.
BepxHsist CBA3HOCTH U HEIOJTHOIIEHHOCTD B KAXKJIOM CJIOE OJINHAKOBBI Y BCEX aJITOPHUT-
MOB. 3aMEeHUM CyMMYy IO ajJropuTMaM cyMMmoii 1o cjioam t = 0,..., H, BBejst 110/ 3HAK
cyMMBbI gucyio aaropurmos B ciaoe Cf ., . Iockombky mpu ¢ > k alropuTMbl BooOie
He BHOCAT BKJIaJl B oreHky, u3 (10.4) ciemyer Tpebyemoe paserctso (10.3). ]

CunenctBue 10.2.1. Ilpu k < H BeposTHOCTH TOro, 9TO METOJOM [i OyJeT IMOJIydeH
KaKoii-mb0o ajropurm ay u3 caos m + t, rae t = |J|, pasua

C’Lht

10.5

Py =Pn(pX,X) = m+t] = Gy 1 Py = Chyy

§10.4 BbluncnuTenbHble 3KCNEPUMEHTbI

dkcnepnmeHT 1: BblYMCNIeHUE OUEHKWN paccioeHns—cBa3HocTu. Ha puc. 10.2 cie-
Ba IOKa3aH I'paduK 3aBUCUMOCTH BEPOSITHOCTH F; MOJYYUTh aJrOPpUTM U3 cjaod m + t,
BbraucsieHnoi mo dpopmyste (10.5), ot gucia t. Crpasa mokasan rpaduk 3aBUCUMOCTH Be-
positHOCTH TIepeobyteHus (). ot nopora €. Ha kaxk oM rpaduke nzodpakeHbl 9 KPUBbIX,
COOTBETCTBYIONINX PA3JIMIHBIM 3HAUYCHUAM paszMepuoctu h = 1,...,9.

Basucumocts Py mMHOromephoii cetn Ha orpeske [0, H — 1] yaumonanbaa. [lpu po-
cTe pa3sMepHOCTHU h TOoJIOKeHHe MakcuMyMa P cMeraercs BIIpaBo U PACTET BEPOATHOCTD
repeodydeHns. ITO 03HAYAET, UTO POCT CBSI3HOCTH, KOTOPBIN IIPUBOJIUT K IKCIOHEHITUA -
HOMY YMEHBIIICHUIO BEPOTHOCTEN Py OTAEIbHBIX aJTrOPUTMOB @ 7, BCE K€ KOMIICHCUPYETCs
POCTOM MOIITHOCTHU CJIOEB.
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Puc. 10.2. 3asucumocru P; ot ¢ (cieBa) u Q- or € (cupasa) /it MOHOTOHHBIX CeTeil
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

JkcnepuMeHT 2: CpaBHEHME MOHOTOHHbIX CeTeli C peasibHbIMU CeMeicTBaMMu.
Ha ocnose mardopmbr RapidMiner ObLin 1mojiydeHbl 9KCIEPUMEHTAJbHbIE 3aBUCUMOCTH
Q- or € st 3amaq u3 pernosuropust UCI (sonar, breast-cancer-wisconsin) na MeTomax
kiaccudukanuu NaiveBayes, SVM, DecisionTree, NeuralNetwork |7]. Dxcrepumvenrarsb-
Hble KPUBbBIE TIEPEO0YYEHHOCTU QE, nosrydeHubie MmetosioM MonTe-KapJio, ammpokcuMupo-
BaJINCh KPUBBIMU I€PEOOYIEHHOCTH MOHOTOHHBIX CeTell mMyTéM 1ojdopa pasMepHocTu h
npu dukcupoBaHubix L,  u m. OKa3ajgochb, 9TO YeM CJI0XKHee CeMeiCTBO aJI'OPUTMOB,
TEM BBIIIE ITPOXOJIUT KPUBasi MepeoOyIeHHOCTH U TEM BBIIIE Pa3MEPHOCTb h AITPOKCH-
MUDYIOIIell MOHOTOHHON ceTw, cM. puc. 10.3, 10.4, 10.5 («bosiee crymneHuaTbie» KpUBbIE
COOTBETCTBYIOT MOHOTOHHBIM CETSIM, «00Jiee TJIaJIKie» — peasbHbIM CeMeicTBaM ).

[Ipumeuarenen Tor dakT, 9T0 Ha 3ajade breast-cancer-wisconsin meros NaiveBayes
[IOKa3aJl KPUBYIO MIepe0OYIEHHOCTH, IKBUBAJIEHTHYI0O MOHOTOHHOW CEeTH pPa3MepHOCTH 1,
puc. 10.5. DddekTuBHass pasMepHOCTb JAHHONH 3aJadl M B CaMOM Jeje Oau3ka K 1,
TaK KaK OYeHb XOPOIIUM pPa3Ie/IsoNnM TPU3HAKOM sIBJIIeTCd CyMMa BceX 9 MpU3HAKOB.
DecisionTree na Tex ke JIaHHBIX HE CMOT HAfTH 3TOT IMPU3HAK U TOKa3a/l OGJIBIIYIO pas-
MEPHOCTB, OOJIBIIYIO IEPe00yIeHHOCTD 1 OGJIBIIYIO OIMUOKY Ha KOHTPOJIE.

Pe3iome

TounbIle OIeHKN BEPOATHOCTH HEPEOOyIEHUsT K JTaHHOMY MOMEHTY U3BECTHBI I Psi-
Jla MOJIEJIbHBIX CeMeiicTB aJI'OpuTMOB. B ux 4dmcjie MHOrOMepHbIe MOHOTOHHBIE CETH aJIro-
pUTMOB, 00JIaIA0IIIEe CBOMCTBAMU PACCIOCHNUsI, CBSI3HOCTH U Pa3MEPHOCTH, ITO COTUKAET
X ¢ peaJbHbIMH ceMeiicTBaMu. OIEeHKa PACCIOEHUCBI3HOCTH JJIsI MHOTOMEPHON MOHO-
TOHHOII CETU ABJISIETCSI TOYHOM.

B skcrnepuMenTax KpuBbIe BEPOSITHOCTH I1€peOOyUIeHNs PeaJbHBIX CeMEHCTB HeILIo-
XO TPUOJIMKAIOTCS C IIOMOIIBI0 MHOIOMEPHBIX MOHOTOHHBIX CeTell IIPU COOTBETCTBYIOIIEM
110/100Pe Pa3sMEePHOCTH, KOTOPYIO MOXKHO HHTEPIIPETUPOBATH KaK «3(PMEKTUBHYIO pa3Mep-
HOCTb» 3aJIa4Mu.
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Puc. 10.3. Beposraocts niepeobyuennus (). anropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pa3mepHOCTeil, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gactota ommOOK Ha 00ydYeHHN/KOHTpose, coorBercTBenHo: (.28/0.32;
0.05/0.20; 0.02/0.26. Bamaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 10.4. BepositHoCTh 1Iepeobydenust (). asropurmoB NeuralNetwork ¢ uncsiom meii-
POHOB B CKPBITOM cjioe 1,3,7 U MOHOTOHHBIX CeTell pa3MEepHOCTEH, COOTBETCTBEHHO,
h = 8, 22, 30. Cpeansisi yacToTa OMMOOK Ha O0YYEeHUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. 3agaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 10.5. BepositHocTh mepeobydennst (). anropurmoB NaiveBayes, DecisionTree
U MOHOTOHHBIX cereif pasmeproctn h = 1, 20. Cpemsist gacTora omuboK Ha 0bydeHnu /
kourposie, coorsercreenno: 0.04/0.04; 0.03/0.06. 3amjada breast-cancer-wisconsin,
9 npusnakos, L = 700, ¢ = 630.
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B cnepytouiein nekumnn mbl BepHEMCs K (DYHKITHOHATY PABHOMEPHOIO OTKJIOHEHUs, KO-
TOpBIi ucnosb3yercs B VC-Teopun, u MOKayKeM, 9TO CBSI3HOCTH JIJI HETO YIeCTh MOXKHO,
a PacCJIOCHUe — HeJIb3d.

Ynpa>kHeHus

Bamada 10.1 (1). JlokaszarTh JeBsTh CBOCTB MOHOTOHHOI CETH.

Bagaua 10.2 (1). Ilpusectn npumep BoIGOPKH B R?, 111 KOTOPOi MHOMKECTBO JTMHE -
HBIX KJIaCCHMDUKATOPOB (He 06513aTeIbHO BCEX BO3MOYKHBIX ) TIOPOXKIAeT MOHOTOHHYIO CETh
aJTOPUTMOB.

Bajava 10.3 (3*). Ilpusectn npumep BbiGopku B R”, i KoTOpOit MHOMKECTBO JHEi-
HBIX KJ1acCHhDUKATOPOB (He 00s13aTeIhHO BCEX BOBMOMKHBIX ) TOPOK AT MOHOTOHHYTO CETh
AJITCOPUTMOB.

Bamada 10.4 (5*). Cdopmyauposarb TpebOBaHUS K CeMECTBY aJIrOPUTMOB, IIPU KOTO-
PBIX OIEHKA PACCIOCHUSI—CBA3HOCTH ABJISIETCS TOYHOI.

Bagaua 10.5 (5). Ilosyuurb OIEHKY BEPOSTHOCTH MEPeOOydeHMs Jjisi MHOIMOMEPHOIT
MOHOTOHHOI CeTH, KOIJIa 10 KaxKJI0i pa3MepHOCTU d 3ajilaHa CBOdA BbicoTa H,.

Bamaga 10.6 (8). I[loyunTh OIEHKY BEpOSTHOCTH TEpeoOyUeHUs JIs YHUMOABHOI
h-MepHOit ceTn.

Bamada 10.7 (5). IloayuuTh O1EHKY BEPOSITHOCTH TepeobydeHus i mydka h MOHO-
TOHHBIX Heneit auuner H.
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11 OueHkn BepoSATHOCTU pPaBHOMEPHOIro OTKJ/IOHEeHUS

OYHKITMOHAJ BEPOSITHOCTH PABHOMEPHO20 OMEKAOHEHUA TaCTOT OIMMOOK B JIBYX BbI-
bopkax BoguTcs B VC-Teopun u 6epércst 3a OCHOBY BO MHOT'UX IOCJIEIYIOIIIX HCCJIET0-
BaHMsAX (cM. 0630psl [112, 62, 13]). O gBiseTcs BepXHEil OIEHKON BEpOATHOCTH 1Iepeody-
YeHUsI, HE 3aBUCAIIEH OT MeTOo/Ia O0YIeHUs (1, ITO JAET eMy OIPEIeIEHHOe MPAKTUIeCKOe
npenmytecTBo. C MOMOIIBI0 0OpaIleHnsT U3 HEro MOJIYYIaeTCsl BePXHsIs OIEHKa IacTOThI
ommbOK Ha KOHTPOJLHOI BBIOOpKe. K€ MUHMMM3aIms, B CBOIO OYepe/ib, IPUBOJIUT K HO-
BOMY METOJLy OOyU€HUs (i, KOTOPBIil, KOHETHO K€, OTIMIAETCS OT OOBIMHON MUHUMU3AIUN
SMIUpUYIecKoro pucka. [lo umee, HOBBII MeETOM f JIOJIZKEH OBITH MEHEee IOJIBEPKEH IIe-
PeodYUIeHNTO, TTOCKOJIBKY OH CTPOUJICA M3 COOOParKeHUi ONTHMU3aIMU 0000IIaoIIei cIo-
cobroctr. C APYyroif CTOPOHBI, 3aBBIIIEHHOCTD UCIIOJIb30BAHHON OIEHKU MOYKET IOBJIeTh
3a coDOI HEONTUMAJIbHOCTD MM JaKe HeaJeKBATHOCTh HOBOTO METO/IA.

[TosyunB HECKOJIBKUMHE CIIOCODAMU BEPXHUE OIEHKH BEPOSTHOCTH OOJIBIIIOIO PAaBHO-
MEPHOI'0 OTKJIOHEHHUsI, Mbl BBISICHUM, UTO BCE€ OHU YUYUTBIBAIOT CBA3HOCTH, HO HE y4H-
TBIBAIOT paccjioeHne. VIMEHHO B 9TOM IPOSIBJISIETCSI 3aBBIIMIEHHOCTD OIIEHOK BEPOSITHOCTHU

repeobyvueHns Yepe3 BEPOATHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§11.1 TexHuka nopo>XxkgaroLmMx N 3anpeLiaroLmnx MHOXXECTB

Hanomuuwm, aTo nepeobyuerrocmyio aaropurmMa a Ha BIOOpKe X Mbl Ha3bIBAEM Pa3-
HOCTBb YaCTOTHI €r0o OMIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00yvaromieii:

§(a, X) =v(a, X) — v(a, X).
QO yHKIIMOHAT BEPOSITHOCTH IIePe0dyIeHMS
Q:(1,X) = P[6(uX, X) > ]

OIIEHUBAETCsI CBEPXY BEPOATHOCTHIO GOJIBIIIONO PABHOMEPHOTO (110 MHOXKECTBY aJIlOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX MOJIBBIOOPKAX:

Q-(1,%) < Qo(A,X) = Pmax[i(a, X) > ¢] = P[rgeajcé(a,X) > .

MeTtoa makcumMusauum nepeodbyyeHHOCTU. [IpUHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOKECTB MOZKET ObITh npuMenén K dyuknnonany Q. (A, X), eciu crenuaabHbM 06pa3oM
BBECTH MeTO]I 00yueHusi. DTa ujed npunaiekut Niase Tosmctuxumny.

Omnpenenenne 11.1. Meron obyveHust i HA3BIBACTCS MAKCUMUIAUUET NEPeodby erHo-
cmu (discrepancy maximization), eciim pX = arg max d(a, X).
ac

1] onpeaesieHud cJeAyeT, 9To ecJid MeTO[ ( MaKCUMU3UPYET HepeO6y‘{eHHOCTb7 TO
BEPOATHOCTD Hep606yq€HI/IH COBIIaIa€T C BEPOATHOCTHIO PAaBHOMEPHOI'O OTKJIOHECHUAD,

Q- (H? X) - @a(A> X)
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Jlemma 11.1. Eciu meton i MaKkCHMH3HUPYET 11€peo0y YeHHOCTD, TO JJIST KayKJI0T'0 aJjro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCST TIOPOXKJTAIOIIIM, & MHOXKECTBO
X! = {xba eX: b= a} — 3alpenamIluM B CMbIcje rurnore3nl 9.1:

X =] < [Xo € X][X; € X].
HokazareabcTBo. 13 Toro, uro uX = a ciaemayer
d(a,X) = 0(b, X) mus Beex b € A. (11.1)

BosbmMéM mpousBosibHbI T4, € X,. Torma I(a,xq) = 0, 1(b,z4) = 1. Ecau gormy-
CTHTD, 9TO Tgp € X, TO HOJIYIUM

6(b,X)=v(b,X)—v(b X)=v(a,X)+;—v(a,X)>da,X),

qro nporusopeunt (11.1), snauur, x,, € X. B cuty ero npoussossroctn X, € X.
Bosbmém mpomnsBosbHbIil 1, € X[ Torma 1(b,xp,) = 0, I(a,xp,) = 1. Ecam gory-

CTUTb, 9TO Tp, € X, TO TOJIyIUM
6(b,X)=v(b,X)—v( X)=v(a,X)—v(a,X)+ ;>0 X),
aro porusopesnt (11.1), sHaunut, 1y, € X. B cuity ero npomssombroctn X! C X. n

Ouenka cBasHocTu. U3 semmibr 11.1 1 06mieit orerkn paccioenns—casasaoctu (9.2) cie-
JIyeT OIeHKa CBA3HOCTHU JIIsl BEPOSITHOCTH PABHOMEDPHOI'O OTKJIOHEHUS.

Teopema 11.2. [lycrs BeKTOPBHI OHIMOOK BCEeX ajJTrOPHTMOB W3 A MOMAPHO Pa3/IHIHBI.
Torma mmeer MecTO BEpXHSIsT OIEHKA BEPOSITHOCTH PABHOMEDPHOT'O OTKJIOHEHHS:

~ Cé_jitf —u, m—
Qe(AX) < Y =17 (20m = eh)), (11.2)
acA L
e u = u(a) = |X,| — Bepxusist csazaocrs, d = d(a) = |X]| — HUXKHsIST CBS3HOCTB

amropurMma a, m = n(a,X) — 4ucI0 OMIMOOK aJIrOpUTMa G Ha TEHEPaJIbHOH BBIOODKE.

Dra ONEHKA ropas3jio XyXKe aHAJOIMYIHON 10 CTPYKTYpPe OIEHKH DPaCCIOCHUS—CBSI3-
HocT (9.6) st MOHOTOHHOTO MeTo/a 00y dUeHust. EnHCTBeHHOE pas/indne 3aKII09aeTcst
B TOM, YTO HEIOJHOIECHHOCTb ¢(@) 3aMeHseTCsd Ha HHUKHIOW cBa3HocTh d(a). Hemosmo-
[EHHOCTDH PACTET ¢ HOMEPOM CJIOSI JIMHEHHO, COOTBETCTBEHHO, BKJIA/IBI AJITOPUTMOB B ().
yOBIBAIOT SKCIOHEHIMaIbHO. HikHsst cBa3HOCTD d(a) He npeBbimaet ¢(a) i, Kak MOKa3bl-
BAIOT SKCIIEPUMEHTHI [35], KOHIIEHTPpUPYeTCcsi BOKPYT OJHOTO U TOTO YKe 3HAYECHHs BO BCEX
CJI0SIX, TTO9TOMY AJITOPUTMBI BCEX CJIOCB BHOCSAT IPUMEPHO PaBHBIN BKJIa( B oreHKy (11.2).
Takum 06pa3oM, 9Ta OIEHKA YIUTBIBACT CBA3HOCTH, HO HE YUUTBHIBAET PACCIOCHHUE.
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§11.2 TexHuka uUenHbIX pPa3sI0>KEeHUA

MeTon, oneHIBaHNs BEPOATHOCTH PABHOMEDPHOTO OTKJIOHEHMsI, OCHOBAHHBIN Ha 1en-
Hox pasaoocenusz (chain expansion), npesioxen lerucom Kouenbikosbim B [35].

Teopema 11.3. /JLis sirobbix X, A u smoboro € € [0, 1]

0.(A.%) < Y [{s.90} < £]< thfmd(sa@)). (11.3)

acA

e d = d(a) — HUXKHSIS CBSI3HOCTB aJroputMa a, m = n(a, X) — 9uc/10 ommnboK aaroput-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — ak),

HoxkazareabcrBo. O6o3naunm depes3 U, (X, ) wm tpocro U, uHAMKATOD 11€peodyIeH-
HOCTU aJITOPUTMa @ Ha BBIOOpPKE X :

U, = [0(a, X) > ] = [n(a,X) < s.(¢)].

O6o3naunm gepes U, orpunanue U,, To ectb U, = 1 — U,.

Bocnosibayemcst TeM, 9TO Ha MHOXKECTBE aJIropuTMOB A 3aJaHO OTHOIIEHME JacThd-
HOT'O IOPS/IKa KaK €CTeCTBEHHOEe OTHOIIEHNE MOPSAIKa Ha OY/IEeBBIX BEKTOPaxX OIMMOOK aJi-
ropuT™MoB. J[OMoJIHUM 9TO OTHOIIIEHHE JI0 JIMHEHTHOTO MOPSA/IKa ITPOU3BOJIBHBIM 00Pa30M.
[IpeicTaBuM BEpOSTHOCTH MAKCHMYyMa OMHAPHBIX BEJIMIMH KaK CyMMY BEPOSITHOCTER, BOC-
[TOJIb30BABIINCH UENHOIM PA3NOACEHUEM:

és:Pmc?XUa:ZPUa H Ub.
acA beA: b<a

OcraBuM B IEITHOM pa3/I0KEHUN TOJILKO Takue comHoxkuten Uy, ato b < a. Ocraib-
HbIEe COMHOKUTEJIH TPUBUAJIBHO OIeHUM cBepxy eaununeit, Uy < 1, b £ a. Toraa

<> P I vl
a€EA  bEA: b<a

Pacemorpum nmpoussenenne U,U, 1j1st Ipon3BOJIbHBIX b 1 a Takux, 910 b < a:

U,U, = [ (a X) < a(é‘)} [n(b, X) > sb(é‘)] =
= [Sa( £ =s5(e) <n(b, X) <nla,X) < sue)] =
= [sq(e ——<n(aX) sa(e)] [n(b, X) = n(a, X)] =
[n a, X) = |sq(e )J] [{sa(a)} < ﬂ [xba S X],

rae |s| — menas gacte s, {s} — npobuas gacts s. Torma
<O P ] UO=>P [ [na,X)=lsa()]][{sa(e)} < £][20a € X].
acA  beEA: b<a acA  beEA: b<a

CoMHOKHUTEIH, HEe 3aBUCANIME OT b, BbIHECEM 3a 3HAK IPOU3BeAcHus. BeeaéM MHO-
KecTBO X = {xba eX: b= a} U 3aMETUM, YTO

[T [owex] =[x cx).

beA: b<a
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Takum obpaszom,

Q- <Y [{sa(e)} < 7] Pn(a, X) = [sa(e)]] [X5 € X].

acA
YuaureiBas, aro | X | = d(a), moayuamum ornenky (11.2). Teopema nokasana. ]

Omnenka (11.3) no cBoeit crpykType anagorndna onenke (11.2). B neit ects 1Ba yiryd-
IIeHUd: BO-IIEPBLIX, CYMMUPOBAHUE IIPOU3BOIUTCA He II0 BCEM CJIOAM ceMeficTBa aaropHuT-
MOB (11put £ = k yUIUTBIBAETCS TOJIBKO KaK/IbII BTOPOIi CJIO ), BO-BTOPBIX, BMECTO «JIEBOT'O
XBOCTa» THUIEPreOMETPUYIECKOTo pacupejenenus H B meil durypupyer 3nadenue h ru-
[EePreoMeTPHIeCKOro pacipe/ienenns B onHoil Touke. C npyroit ctopomsl, onenka (11.3)
YUHATBIBAET TOJBKO HUKHIOIO CBA3HOCTB, YTO B UTOreE JiesiaeT eé Oosiee ¢j1aboil o cpaBHe-
uiio ¢ orenkoit (11.2). ITpu sTom 06e OINeHKN He YIUTHIBAIOT PACCIOCHUE.

§11.3 TexHuka cny4daiiHbix Ony>xaaHwui

BeposiTHOCTH PAaBHOMEPHOI'O OTKJIOHEHUSI YacTOT B CJIydae MOHOTOHHOI IIEIN MOYKeT
COBIA/IATh C BEPOSATHOCTHIO PABHOMEPHOI'O OTKJIOHEHUsI SMIIMPUYECKUX DPaclpee/IeHNi.
DToT JIIOOONBITHBIN (hakT ObLT 3aMedeH VBanom [lamuabiv.

JL71s mpon3BOJIbHOTO cemMeiicTBa A BBIpA3UM PAaBHOMEPHOE OTKJIOHEHHE YaCcTOTHI O~
60K B BLIGOpKax X 1 X wepes muamkaTopel b; = by(X) = [z; € X|:

D(X) = maxd(a, X) = max(v(a,X) — v(a, X)) =

a€A acA
L
= max [(a,xi)(% [z, € X] 7 [ EX]) =
acA 4 N—— N——’
=1 1-b; by
L
L 14
=— max » I(a,z;)|——b . 11.4
lk acA & (a, 2:) (L 2) ( )
MoHoTOHHaAs uenb anropuTmMoB — 310 MojenbHoe cemeiicto A = {ag, a1, ...,ap},

B KOTOPOM JITOPUTM @ JOIYCKAET M OIMUOOK Ha reHepasibHON BBIOOPKE, a KaKJIbIil 110-
CJIe IO AJITOPUTM XY2Ke TIPEJIBLIYINEro Ha oJHOM o0bekTe (ompeesenue 6.8, cTp. 65).
[Ieperymepyem OOBEKTHI Ty, . . . , L1, TAKIM 00Pa30M, ITOOBI

Iag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (11.5)

Teopema 11.4. st MOHOTOHHOH II€IH aJaropuTMOB A, IPpOU3BOJILHOI reHepaIbHOH Bbl-
6opku X u rpoussoJibroro € € [0, 1] cupasejiuBa TouHas OLEHKA BEPOSITHOCTH TOI'O, UTO

PaBHOMEPDHOE OTKJIOHEHHE HE IIPEBBICUT &£

| - Gl

Plmaxd(a, X) <e ct :

acA
e g, (€) — JieBasi rpaHmIa ycedéHHOrO Tpeyrobauka Ilackass:

g, (e) = £(t — ek)[m <t <m+ D].
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HoxkaszareabcTBo. B ciyuae MmonoToHHOI Tienu ipejicrasiienue (11.4) yrpormaercst mocie
HO/ICTaHOBKH B Hero (11.5):

L aaygy L 0(m + d)
D0 = g mw Y- (7-0) = g s (5D - B)

=1

vie Byrqg =01+ -+ byrq. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YACTOTHI OIMTUO0K
B BBIOOpPKaxX X 1 X BBIPasKaeTcs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPeIH
IIEPBBIX M + d WIEHOB OMHAPHOI ITOCIeI0BATEILHOCTH] by, . . ., by, OT «0XKIIaeMOroy Incia
equnul £ (m + d).

Haiiém rernepsb BepositHocTh TOro, uro D(X) HE MpEBBIIIALT £:

P[D(X) <e] =P| max (£(m+d) — Busa) < fek] =

D L
—PTI[4(m+d—ck) < Busd| =PT]loi (&) < B].
d=0 t=1
HOqueHHOQ BbIpazKeHne B TOYHOCTH COBIIa/IacT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUs SMIMPUIECKUX pacipesesenuii (4.9), 1yist KoTopoii yzke HaiiIeHO TOYHOe BbIpa-
xkenwe (4.6) gepes yceuénnblii cieBa rpeyrosibauk [lackass. Teopema jgokazana. [

Pe3iome

QyHKIIMOHA PABHOMEPHOI'O OTKJIOHEHUS, BBEJICHHBIH B Teopun Barnnka-YepBonen-
KHCa, YIUTHIBAET CBA3HOCTH CEMENCTBA aJlOPUTMOB, HO HE YUUTBHIBAET €r0 PACCJIOEHUE.
N3-3a 5T0r0 OH MOXKET JIaBaTh CHUJIBHO 3aBbIIIEHHBIE OIEHKH BEPOSITHOCTH II€PEOOY IeHMSI.
Tem He MeHee, OH aKTUBHO HCIIOJIb3YETCA B TEOPUU CTATUCTUYIECKOro oOyueHus. Ero jpo-
CTOMHCTBO B TOM, YTO OH HE 3aBUCUT OT METOJa OOYUEHUs, ITO TO3BOJIAET Pa3padaThiBATH
HOBBIE METOJIbI OOYUCHUS ITyTEM MUHUMHUBAIUN €0 OOPAIEHHBIX BEPXHUX OIECHOK.

[Tpu mosryvyeHnn BEPXHUX OIEHOK BEPOSTHOCTH PABHOMEPHOT'O OTKJIOHEHUSA MOTYT Ha-
KaIJIUBaThCA JOMOJHATEIbHBIE TorpeitHocTu. Cpeau TpEX pacCMOTPEHHBIX TEXHHUK Iep-
BbI€ JIBE JIAIOT 3aBBIINIEHHBIE OIEHKU, TPEeThs Ja€T TOYHYIO OIEHKY, HO TOJHKO JIJId JYacT-

HOTO CJIy9asd MOHOTOHHOM TIeNN aJrOPUTMOB.

B cnepytowein nekumun Mbl TPUMEHUM OIEHKY PACC/IOEHUSI - CBI3HOCTU K CEMEMCTBY T10-
POTOBBIX KOHBIOHKIINI HaJ| BEIECTBEHHBIMU IPU3HAKAMN. JTO TEPBBIA MpUMep He MO-
JIeJIbHOT'O CeMENCTBA, MUPOKO UCIIOJIb3YEMOTO TPU PEIEHNN TPUKJIJIHBIX 3a/1a4.

Ynpa>kHeHust

Bamada 11.1 (5%). IMoay4uTh TOYHYIO OIEHKY BEPOATHOCTU PABHOMEDPHOI'O OTKJIOHEHHUSI
Q-(A,X) 11 yHUMOJIATIBHOI T aJITOPUTMOB.

Bamaua 11.2 (10*). Iloayunts Toumnyio onenky @.(A,X) g mpon3BoIbHOIO MHOKE-
CTBa aJI'OPUTMOB, 33JJAHHOTO I'PAGOM PACCIOCHUI—CBA3HOCTH.
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12 KoOHBIOHKTUBHbIE JlIOrnYeckne 3aKOHOMEPHOCTHU

Mp1 1obpasnch, HAKOHEII, /IO TIEPBOr0 MPAKTUIECKOTO NPUMEHEHUsT KOMOMHATOPHOM
TEOPHUH IepeodydeHns. A IMEHHO, OIeHKH PacCI0€HUsI—CBAZHOCTH OYIYT MPUMEHEHbI JIJIsT
VILYUIICHUS A02UMECKUL MEMOD0E KAACCUPUKAUUU.

§12.1 Jloruueckne metoabl knaccudpukaumm

Paccemorpum 3atauy kinaccudukanuu. Jlomyctm, 910 KaxKjaoMy o0bekTy x; € X co-
OTBETCTBYET NpasusvHuili omeem y; € Y, rae Y — KOHEUHOe MHOYKECTBO NMEH KJIACCOB.
OO0BexTHI onuchBaloTCd HabOPOM 1 IUCIOBEIX npushakos fj: X — R, j=1,...,n.

Jlornyueckne MeTo bl KJIacCUpUKAIINNA OCHOBAHbBI Ha, IIOCTPOCHUH KOMITO3UIINH HHMOP-

MaTUBHbBIX, XOPOIIIO UHTEPIIPETUPYEMBIX JIOTMYCCKNX 3aKOHOMEPHOCTEN.

Jlornyeckue npasmna n TpeboBaHune nHTepnpetTupyemocTn. IIpedukamom Oymem Ha-
3BIBATH [TPOU3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecim r(x) = 1, 1o Gyaem roso-
PUTD, UTO MPEJTUKAT 6bidensem OObeKT .

IIpasusom (rule) Gyem HA3BIBATH IIPEJINKAT U3 HEKOTOPOTO (PUKCHPOBAHHOIO CEMeii-
CTBa TIPEINKATOB R, 06/1a/1aI0INX CBONCTBOM UHMEPNPEMUPYEMOCU — OHU JIOCTATOYHO
IIPOCTHI U JIOIYCKAIOT 3alliCh HA €CTECTBEHHOM $I3BbIKE B TEPMUHAX IPEIMETHOI 00JIacTH.
Dtu TpeboBanmsa GOPMAIUIYIOTCS B caMOil KOHCTPYKInn cemeiictBa . MbI pacemorpum
HanboJIee PACIPOCTPAHEHHBII BUJ IIPABUII — NOP0206ble KOHBIOHKUUL:

r(z;0) = [[1fi(x) s; 6], (12.1)
jed
rie J C {1, ce ,n} — IIOJIMHOXKECTBO IIPU3HAKOB, ¢ cR — nopoez 10 j-My IPU3HAKY,

0 = (67)jc; — 6exmop nopozos, <; — OJUH U3 3HAKOB cpaBHeHus {<, >}.

Yucso |J| HasbiBaercs panzom konsronkyuu. OOBIMHO OHO OMPDAHHYUBAECTCHA CBEPXY
B YIOJIy BCE TOM K€ MHTEPIPETUPYEMOCTH (KaK YTBEPKIAIOT IICUXOJIOTH, JIFOJAM TPYIHO
HOHUMATH IpaBuia, cojep:xarme 6oee 7 yciopuii). Ha mpakTtuke orpanndenue Ha |J|
YCTAHABIMBAETCS PUKJIAHBIMUI CIIEIUATICTAMI UCXO/sl U3 creluduKy 3a1a49m.

ITpumepsbl 3akoHOMepHOCTEI. V13 33191 MeTUITUHCKOTO ITPOrHO3UPOBAHUS: €CJIM «BO3-
pact namuenTa Bbiie 60 JieT 1 paHee oH 1epeHéc HHMAPKT», TO OIEPAIHIO JIe/IaTh He CTOUT.
W3 3amaan kpeauToBaHus (PU3MIECKUX JIMIL: €CIN «3a6MINUK yKas3aJd B aHKeTe CBOM J10-
mamauii Tesiedon u ero sapiuiara npesbimaer $2000 B Mecsal 1 cyMMa KPeJIuTa He IPeBbI-
nraer $5 000», TO KpeauT MOXKHO BBLIATD. V3 3a1a91 pacio3HaBaHus CIIaMa: €CJIN B IIUCh-
Me IIPUCYTCTBYET CJIOBO 6eCIIaTHO U yKa3aH MOCKOBCKHUIT TejieOHHBI HOMED U JIOMEH
oTIpaBuTessd HaxoauTcd B Kurae», To 910 criaM.

MoHaTna 3akoHoMmepHOCTM N uHdOPMATUBHOCTU. Jlozuueckol 3aKOHOMEPHOCTBIO
KJj1acca y € Y OyJjieM Ha3bIBaTh IPaBUjIo r € R, BbjIe/s0MIee B 3aiaHHoil Bbioopke X C X
JIOCTATOYHO MHOTO OOBEKTOB KJlacca i W Majo OOBEKTOB BCEX OCTAJbHBIX KJIACCOB.
Hnga dbopmamuszanuu sToro TpeboBanusi BBOAAT JBa kKpurepus: p(r, X) — qucio noao-
AHCUMENDHDIT NPUMEPOS — OOBEKTOB KJIACCA ¥, BbLIEIAeMbIX HpasuioMm 7, u n(r, X) —



=119 =

YUCJIO OMPUYAMEALHHLT NPUMEPOS — OOBEKTOB BCEX OCTAJTbHBIX KJIACCOB, BBIJIEITEMbIX
npauyioM 7. /s moncka 3akoHOMEpHOCTell B cemeiicTBe npaBui R 110 oOydaroreil Bbl-
Oopke X ecTecTBEeHHO CTABUTH 3aJ1a4y JIBYXKPUTEPHUAJIHLHON ONTUMUA3AINN:

p(r,X) = #{xi cX ‘ r(z;) =1, y; = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

BBe,ILéM TaK2Ke 9UCJIO IIOJIOZKUTEJIbHBIX U OTPpUIlaTE/IbHBIX ITPUMEDPOB B BbI60pKe X:

P(X)=4#{x; e X:y; =y};
N(X) =#{z; € X: y; # y}.

Ha npakTuke JBa KpuUTepus p,n CBOPAYUBAIOT B OIMH I6pucmuMeckutl xpumepul
ungopmamuernocmu H (p,n) — max. VI3BeCTHBI JiecaTKU KPUTEPHUEB, JAONIX HEMHOTO
pasHbIe Pe3yJbTaThl, HO HA OJMH M3 HUX HeIb3d Ha3BaTh OC3YCJOBHO IPEAIIOYTUTEIb-
ubiM [89, 73|. Hekoropble KpuTepuu siBJIAIOTCA YUCTO IBPUCTUUECKUMU, JIPYTUHE MUMEIOT
6oJtee cTporue 060CHOBAHUS B TeOPUH MH(MOPMAIMNA 1 MATEMATUIECKON CTATUCTUKE.

IIpumep 12.1 (sBpuctuyeckue kpurepuu). Kpumepuii mounocmu (accuracy) —
9TO J0JI5 NPABUILHBIX KJaccupUKaIWii, TO €CTh OTHOIIECHHE OOIIEero YiC/Ia, BhIICICHHBIX

ITOJIOZKHUTEJ/IbHBIX M HEBBIJIC/ICHHBIX OTPUIATE/IbHBIX IIPUMEPOB K JIJIMHE BbI60pKI/II

p+N—n
A ="y

Nuorna nopmuposky youpator. uorma BBojgaT mrpad v > 1 3a BbljieIeHIEe OTPUTIATE b

(12.2)

HBIX 00BEKTOB, MOOIMIPsis TEM CaAMBIM MOUCK «boJiee YHCThIX» 3aKoHOMepHocTedt [30]:

H(p,n) =p—n.

IIpumep 12.2 (kpurepmii 6ycrunra). B teopun Oycrunra [103] Bo3HukaeT Kpurepuit
pa3HOoCTU KBa[PATHLIX KOPHEI:

‘%ﬂ(pan) = \/]_)_\/E

B 3a/Jadax KJIaCCH(bHKaHHH C H€C6aﬂaHCHpOBaHHbIMI/I KJlacCaMM (KOI‘,H& ornormrenne P : N

CYIIECTBEHHO OTJIMYHO OT €JIMHUIIBI) UCIIOJIB3YeTCs TaKyKe HOPMUPOBAHHBIN KpUTEpPUil

H(p,n) =/p/P —/n/N.

ITpumep 12.3 (tounsrii Tect @uimepa). Eciu npussTh B Ka9ecTBe HYJIEBOI MUIIOTE-
3Bl TIPEJIITOJIOKEHNE, ITO TIPEJUKaThl 7(T) 1 [y(x) = y} SABJIIIOTCS HE3aBUCUMBIMU CJTY-
JafiHBIMU BeJIMYUHAME, TO NPH (PUKCHPOBAHHOM YHUCJIE BBIJIEISIEMbIX OOBEKTOB (p + n)
YUCJIO BbLACJIACMBIX OTPUIATE/IBHBIX IIPUMEPOB T IIOAYNHACTCA TUllepreoMeTpuIeCKOMY
p+n, N o - p+n, N
pacnpenenenmio h'y.3" (n). Hdocruraemerii yposenns smauumoctn o = HpU'%™ (n) pasen
BEPOATHOCTHA YHUCTO CJAyYalHON peasn3aruu HabOJII0IaeMOro WM eIé MEHbIIEero 3Hade-
Hug n. YeM MeHbIle ¢, TeM MeHee IIPaBIoIoA00Ha I'UII0Te3a O He3aBUCUMOCTH. B KavuecTse

KpuTepus nHMOPMATUBHOCTU OepyT — log av Kak Mepy Hec/IydailHOCTU B3aUMOCBS3H T U -

A (p,n) = —log HE N (n).
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ITpumep 12.4 (sHTpONMTHBII KpUTEpUil). ACHMITOTHYICCKAM NPUOINKEHUEM T'H-
[IEPreOMEeTPUIECKOI0 KPUTEPUS SIBIIACTCA IHMPONUTHBIT KPUMeput uH@opmMamueHocm
win evuzpuis ungopmayuy (information gain, IGain) [93]:

P p+n h P P—l—N—p—nh P—p
P+ N P+N \p+n P+ N P+N—-p—n)’

H(p,n) =h

rie h(q) = —qlog, ¢ — (1 — q) logy(1 — q) — dyHKIWSs SHTPONUN TAPBI UCXOJOB C BEPOST-

HOoCcTsAMU g 1 1 — q.

IIpumep 12.5 (kpurepuii I>kunu). Ha npaxrtuke ncrosb3yor Takxke undekc oicu-
wu (Gini impurity ), ovmaarormuiics ot IGain Tonbpko dynakmumeit h(q) = 4q(1—q), KoTopas
HEIJIOXO alPOKCUMUDPYeT (DYHKIHIO SHTPOIMU Hapbl HCXO10B [63].

Komno3uuyunm 3akoHomepHocTen. Kaxkias 3aKOHOMEPHOCTD BbIJIEISIET JIUIIb 9acTh BbI-
OOpPKM M OTHOCHUT €€ K ofHoMYy u3 KjaccoB. [loaromy kiraccudurarop a: X — Y cTpodar
13 OOJIBITIOTO YKCJIa 3AKOHOMEPHOCTEN, 00be/INHAA UX B KOMITO3UITUIO, HAITPUMED, C TIOMO-
IBI0 636€WEHHO20 2040CO8GHUA:

a(x) = arg max w,r(z), (12.3)

rae R, — MHOXKeCTBO 3aKOHOMEpHOCTeil Kiaacca ¥, w, > 0 — BeC 3aKOHOMEPHOCTH 7.
[TocTpoenne TakuxX KOMIIO3MIUI MOXKHO BecTH Ho-pasnoMy. OjHa u3 cTpareruii 3a-
KJIIOYAETCS B TOM, 9TOObI CHAYAJIA OCTPOUTD CINCKH 3aKOHOMepHOCTeil R, 3aTeM, pac-
CMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KaK HOBbIe IPU3HAKU, MOCTPOUTH HA HUX JIMHEHHBIH
KJIaccupukaTop JIFOOBIM U3 U3BECTHBIX METOO0B, HAIIPUMED, JIOTUCTUYIECKON perpeccu-
eii [77] wim Meromom onopHbIX BeKTOpoB [74]. JIpyrasi crparerusi 3aKJIIOUaeTCs B TOM,
YTOOLI CTPOUTH 3aKOHOMEPHOCTH II0 OYeped, W JIJIs KaxKJOoil 3aKOHOMEPHOCTH T Cpa3y
OLPEIETATH BeC w,. Tak, B 9acTHOCTH, PabOTAIOT aJropuTMbl OycTunra [69).

§12.2 3apava npeackasaHnsa MHPOPMATUBHOCTU

Nrak, numeercd Tpu TUIa TapaMeTPOB, 00ydaeMbIX 110 BHIOOPKE, U, COOTBETCTBEHHO,

TpHU BO3MO2KHBIX UCTOIYHUKA Hep606y‘leHI/IHZ

1) noporu §’, j € J nias KaxKJ0ro Habopa MpU3HAKOB .J;
2) Habop MpU3HAKOB J /I KazK/0i 3aKOHOMEPHOCTH T
3) BeC w, JIsl KazKJI0i 3aKOHOMEPHOCTH 7.

EcrecTBeHHO moJiaraTh, 9TO XOPONIMH aJropuT™M a(r) MOXKHO HOCTPOUTH TOJBKO
U3 HelepeoOYYeHHBIX 3aKOHOMEPHOCTEH, MMEIONNX BBICOKYIO MH(MOPMATUBHOCTH KaK Ha
obyuaroreif, Tak 1 Ha KOHTPOJILHOI BBIOOPKE.

Haueit 1iesibio OyeT HoCTpoeHne Takoro Kpurepus #°, KOTOPbIii IpeIcKa3biBasl Obl
3HAYEHUE 3aJJaHHONO CTAHJIAPTHOIO KPHUTEpHs 7 Ha CKPBITOH BLIOOPKE IOC/IE OINTHUMIU-
sanmu noporos 67, Ipedckasannyio ungopmamuernocms ' IpeaIonaraeTces 3aTeM Hc-

[I0JIb30BaTh B KAYECTBE KPUTEPHUHA BHIOOPA MOJIMHOXKECTB ITPU3HAKOB J.
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[Ipobemoit mepeobyvenusi BeCOB w, Mbl 3aHUMAThCA He OyJieM, OTYACTH ITOTOMY,
9TO OHa y2Ke Hemioxo mccienosana (102, 59, 69, 83|, oruacTu, 9T00BI COCPEIOTOTUTHCS
Ha [IPUMEHEHNN OIEHKN PACCIOEHUsICBA3HOCTU K CeMENCTBY MOPOTOBBIX KOHBIOHKITHIA.

[Lmoc mperaraemMoii cxeMbl B TOM, 9TO OHA He TpeOyeT YTO-JIM00 MEHATH B CYIIe-
CTBYIOIIUX METO/IaX O0yUueHusl 3aKOHOMEPHOCTEN, 3a MCKJII0UeHneM Kpurepus uHdopma-
tuBHOCTH. [[09TOMY €€ JIerko BcTpauBaTh B rOTOBbIE OMOJIMOTEKN aJrOPUTMOB.

Munyc ke B TOM, 9TO HE YUYHTBIBAETCS TEPEOOYUCHHUE, CBA3AHHOE C OINTUMU3aInei
OIMHOXKeCTB J 1 BecoB w,. TaknMm oOpazoM, MbI TIOKa HE MOYKEM JIaTh OKOHYATETHHOTO
perenus MpodJeMbl mepeo0ydeHns JIJIsi B3BEIIEHHOI'O T'0JIOCOBAHIS KOHLIOHKIINI.

MoHOTOHHOCTb KpuTepues nHopmaTUBHOCTU. BBeéM j1jist GUKCUPOBAHHOTO KJlacca
y € Y Ha MHOXKeCTBe HpaBu R MHIMKATOP OMMOKU

I(r,z;) = [r(z;) # yi=yl], r€R, zeX (12.4)

MHOzKeCTBO IpaBuil R MOpozK1aeT KOHETHOe MHOXKECTBO BekTopos ommbok (1(r, x;))=,
Ha KOTOPOM €CTECTBEHHbIM O6pa.3OM BBOAATCA OTHOIICHUSA IMOPAJIKa U IIPpEeAIIeCTBOBaHNA.

Crenyromas TeopeMa MOKa3bIBAET, ITO OOJBINMTMHCTBO U3BECTHBIX KPUTEPUEB NHGOP-
MaTHBHOCTHU SIBJISIFOTC MOHOTOHHBIME B CMbIcJie onpejesenns 9.2 (crp. 9.2). Orciona Bbi-
TEKAET, UTO OLEHKA PACCI0eHUA—CBA3HOCTH (9.6) MPUMEHNMa HE3aBUCUMO OT TOIO, KAKOMH
13 KpUTepues nHMHOPMATUBHOCTH UCIIOJIB3YETCs JIJIsT O0yYeHUs TPABUIIL.

Teopema 12.1. Ecin ¢yrakmnus € (p,n) cTporo MOHOTOHHO BO3PACTAET MO D H CTPO-
ro MOHOTOHHO yObIBaeT 1o n, to kpurepuii M (r, X) = = (p(?", X),n(r, X )) SIBJISTETCST
MOHOTOHHBIM OTHOCHTEJIbHO HHJKaTopa omuoku (12.4), u, cOOTBETCTBEHHO, METOJ] MAK-
CUMM3AIUH UH(POPMATHBHOCTH SIBJISIETCSI MOHOTOHHBIM METOJ[OM OOy YeHUsI [PAaBHUL.

HokazaTeabcTBO. OOO3HAYTNM ITPOEKITHIO BEKTOPA OmubOK 7 Ha moiBbI00pKY X C X we-
pes 7y = (I(a,x;))q,ecx. Hanmommum omnpesiesienne MOHOTOHHOTO KpuTepust M: J1st T0GbIX
X ¢ Xwurwve R, rakux, uaro Ty < Ux, cupaseymso M (r, X) < M (v, X).

Bosbmém npousposibabie X C X u r,v € R, Takue, uro 7y < Ux. Orcioga u u3 onpe-
JIeJICHUS HHAMKaTopa ormmbKn HemeienHo caenyet p(r, X) = p(v, X) un(r, X) < n(v, X),
IpUIEéM XOTs ObI OJHO M3 ITUX JBYX HepaseHcTB crporoe. CienoBaTesbHo,

%”(p(r,X),n(r, X)) > %”(p(v,X),n(v,X)),

qr0 papaocuabHO M (r, X) < M (v, X). Takum obpazom, M yaoBieTBOpsieT Olpe/Ie/IeHI0
MOHOTOHHOI'O KPUTEPHSI. ]

Kputepuin npeackasaHHoin To4HOCTU. Yucsio ommbOK IpaBujia 7 OTHOCUTEIBHO WH/IN-
karopa ommbku (12.4) mporosopumcst 0603HaYaTh GYKBOI M BMECTO OOBIYHOTO 7, ITOOBI
He IIyTaThb C YUCIOM OTPHUIATEIbHBIX IPUMEPOB:

m(r,X) =Y I(r,z) = n(r,X)+ P(X) - p(r,X).

zeX
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Torga wacrora onmbok v(r, X) = m(r, X)/|X| cBazana ¢ kpurepuem tounocru (12.2):
%(p(T,X),n(r,X)) =1- V(TaX)v

a MUHMMU3AIHs SMIIMPUYIECKOrO PUCKA SKBUBAJEHTHA MAKCUMU3AIUKE TOYHOCTH. Bjaro-
Jlapsi TOMY MOJUIMPOBAHHBIN KpuTepuit ' cTpouTCs 0COGEHHO IIPOCTO. 3aIuIineM
OIeHKY paccyioerns—cBs3noctu (9.6): s oboro € € (0, 1)

P[v(r, X) — v(r, X) Z Cioie QHf T (L — ek)) (12.5)

L—u—q
reR

rje u = u(r) — BepXHss CBA3HOCTH, ¢ = ¢(7) — HEHMOJHONEHHOCT, m = m(r, X) — ancio
ommbOK MpaBua T Ha TeHePAJIbHO BhIGOpKe. O0O3HAUNM HPABYIO YaCTh HEPABEHCTBA
qepes 1 (€), obpartHyIo K Heil GyHKIMIO — depes g4, (1n). Torma ¢ BeposTHOCTDHIO He MeHee
(1 —n) cupaBejiBa OIeHKA

v(r, X) <v(r,X)+ eor(n),
WA, [IOCJIE IIEPeX0/Ia OT YaCTOT K TOUHOCTAM,
%”(p(r, )_(), n(r, X)) > %”(p(r, X),n(r, X)) —evi(n).

Bzas n = %, IIOJIyYUM B IIPaBOil 4aCcTU HUZKHIOIO OIEHKY MeJIMaHbl TOYHOCTU Ha CKPBITOM
BbIOOpKe. K€ u nmpumem B KadecTBe mpejickazanus nHMGOPMATUBHOCTH:

H'(p,n) = H(p,n) — erp(3).

B obmem cirydae cToJIb TPOCTO# B3AMMOCBSII3U MEXKIY KpUTEpUeM 7 W JacTOTOM
omuboOK v yKe Her, U Hy’KHO pa3jie/bHo oreruBarh p(r, X ) cauzy u n(r, X) cBepxy.

Ownbku | n Il poga. Eciu r — 3aK0HOMEPHOCTHL KJIACCA Y, TO HEBLIIEJIEHUE 00BHEKTA
KJIacca Y Ha3bIBAIOT «IIPOITYCKOM eIy WIH 0uubKot nepeozo poda, a BelAeIeHIE 00bEKTa
qyKOT0 KJIacca — «JIOXKHOI TPEBOroity Wn owubkot 6mopozo poda. I'eHepasibHas BHIOOD-
Ka pasbuBaercs Ha JBa noamuokectBa X = {z; € X: y; =y} u X' = {x; € X1 y; # y}.
Takum 06paszomM, BOBHUKAIOT €IE ABa OIPeIe/IeHIs] NHIUKATOPa OIMNOKII:

I'(r,z) = [r(z) =0]lyi=y] = I(r,a;)[z; € X];
I"(r,z;) = [r( ) = 1] [yz + y] = I(r,z;) [931 € X”};
U, COOTBETCTBEHHO, JIBa OIIPE/IeJICHIs YUC/Ia U YacTOThI OMINOOK:
m/(r, X) = P(X) — p(r, X); V(r, X) =m/(r, X)/|1X];
m"(r, X) = n(r, X); Ve, X)) =m"(r, X)/|X]|.

B cuny roxaecrsa I'(r,x;) + 1"(r,x;) = I(r,x;) uMeeT MecTO pasiioxKeHHe OBIIEro
4qucJia omumOoK u obrieit vactorsl omubok Ha ommoOku [ u 11 poja:

m/(r, X) +m"(r, X) = m(r, X); Vi, X))+ (r, X) =v(r, X).
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Boimmmenm OleHKN pacCaoeHnsi—CBI3HOCTH OTAe/bHO Jid dactoT vV u v, npenona-
rasi, 9TO MeTO]l OOYIeHUsI SIBJIsIeTCSI MOHOTOHHBIM OTHOCHTEILHO WHIMKATOPa OMuOKM 1.
Jlnst obenx OIEHOK MHOXKeCTBO TpaBujl R m Meros oOydeHusi i oaumHakoBbl. CiiemoBa-
TeJIbHO, OJIMHAKOBBI TAKXKe MOPOXKIAIONINE U 3amperiaonmue Muoxkecrsa X,., X/, rpad
PaCCIOEHUSI—CBII3HOCTH U BePOATHOCTH mosydenns upasuwi P, = P[uX =r|. Jlemmbr 8.2
u 9.3 ocratorca B cute. Opaako Teopembl 8.4 u 9.4 TpeOyOT PEBU3WNH, MOCKOJIbKY Te-
nepb actoThl ' u V' onpeensirores mo ¢cBouM wHAMKaTopaM ommoku I’ u [, orauaHbIM

oT 00ITero uHaAnKaTopa I, mopouBIIero rpad paccjaoeHusA—CBAZHOCTH.

Teopema 12.2 (omenka pacciioeHusi—cBsizHocTu itst omn6ok I u IT poma). /[lis
[TPOU3BOJILHONH BBIOOPKH X, IPOH3BOJIBHOTO MOHOTOHHOIO METOja OOYYeHUs (i U MPOU3-
BosibroOro € € (0,1)

_ Cch 'y
QL=P[/(nX)—v(rnX)>e] < D =5 H N (F(m —ek);  (126)
reR

¢

— C u 1 1
Q=P (rX)—v'(rnX)>e < ) %Hi‘_ﬁ;j’j} U (Em" —ek)); (12.7)
L

reR
e u = | X,.| — BepxHsis cesizHocTh pasuaa r, q = |X!|, ¢ = | X NX'|, ¢" = | X NX"| —
HEIOJHOIEHHOCTh IIPABHJIA I OTHOCHTEIHHO HHAHKaTOpoB ommokn I, 1’1" coorBercTBeH-
mo, m' =m/(r,X), m” =m"(r,X) — gucsi0 onmboOK 1paBmuIa I HA reHepaIbHOH BHIOODKE

OTHOCHTEIbHO HHAUKaTOpoB omubku 1', 1" coorsercrBenHo.

O6osnaxmm mpasbie Tactn nepasencts (12.6) u (12.7) wepes 1y ,.(¢) n 1y, (¢) cooTser-
CTBEHHO, a obpaTHble K HuM byHKIn — [epes &), (n) u €7, (n). Torma ¢ BepoaTHOCTDHIO
He Menee (1 — 7)) crpaBe/IUBbI OIEHKH

’/(T’ X) < I/(T? X) + SZ,k(n%
V'(r, X) <v'(r, X) + g4 (n).

%, YTOOBI TOJIYUYUTh MeJIUaHHbIe OIeHKN. Bo3Bpalasich OT 9acToT OIubOK
V', V" K 0bo3HaueHugAM p, N, HOJYIHUM, ¢ BEPOATHOCTBIO HE MEHEe %,

Bozbmém 1 =

_ 1 1 p(v
rae § = ;P(X) — £ P(X) — mompapka Ha HecTpaTH(HINPOBAHHOCTDL KJIACCOB, KOTOPas
paBHa HyJIIO, €CJIU JOJIN IIOJOKUTEILHBIX IIPUMEPOB B 00YYEHUN ¥ KOHTPOJIE OJIMHAKOBDI.
[Toxcrasiigs npasble 9acTU STUX OLCHOK B 3aIaHHBIA CTaHIAPTHLI KpuTepuii nadopmMa-
TUBHOCTH ¢, TIOJIyIUM Kpumeputi npeickadannots urdopmamueHocmu:

H(p,m) = I ((p/0 = )4 (3) = 8), k(n/+(3)). (12.8)
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Mepexop, ot HeHabntopaemoii ouerkn k Habnogaemoii. Oynximm €, €y TPeJICKa-
3piBatoT uncsio omubok [ u Il poga Ha KOHTPO/IBEHOIT BHIOOPKE JJIMHBI k& 10 YUCITY OITUO0K
I u II pona Ha obyuarormeir BbIOOpKe JIHHBL £ 1 Tpady paccaoeHnss—CBA3HOCTH. [Ipu sToM
JIJIE TIOCTPOeHUs rpada UCIIOIb3yeTCsl MoJIHasd BRIOOPKa X ¢ M3BECTHBIMU KJIacCUpUKAIIN-
SIMU 1J; BceX 00beKTOB x; € X. 3Ha4YuT, BIOOPKA X BCE 2Ke IpeIoiaraeTcs Hab ro1aeMoil.
Xoresioch ObI UCIOTB30BATH BCE UMEIOIINECs JaHHble X JjId 00ydeHns 3aKOHOMEPHOCTEI,
a MHMOPMATHBHOCTD IIPEICKA3BIBATE /IS HEKOTOPOIl HEM3BECTHON BHIOOPKH X.
JlorrycTrM, 9TO pean30BaJIOCh OJHO U3 PABHOBEPOSITHBIX PA3OUEHU cynep-6ui00pKu
2 = XUX sl L + K #a nabmonaemyo X ianHbl L n ckpbiTyio X jumesl K. Eciu
ObI MBI 3HAJIM CKPBITYIO BBIOOPKY, TO MOLJINA ObI, IIOBTOPUB B TOYHOCTU BCE BBIKJIAIKH,
HOCTPOUTL PYHKIUH €] g, €7 ;¢ JUIA NPEJICKa3anug UHMOPMATUBHOCTH Ha CKPHITON BbI-
6opke X 10 HabmomaembiM sHauernam p = p(r, X) u n = n(r, X). o anamormu ¢ (12.8)
umeeM wenabarodaemuiti (unobservable) kpumeput npedckazannols ungopmamusrocmu:

Hpn) = (K (p/ T~ i (5) = 8), K(n/L+ ¢ (1)), (129)

OHAKO MBI He MOZKEM BBIYUCIUTE BEJIMINHBI €] 4, €] -, TOCKOJIbKY BBIOODKa X HEM3-
BeCcTHA. 3aMeHUM X HaOJIOIAEMBIMU £} ,, £/, ¥ npenedbpexkéMm nompaskoit 0. [Tosytmm
nabarodaemviti (observable) kpumeput npedckaszannot ungopmamusrocmu:

ob(Ds 1) = %(K(p/L —e:(3)), K(n/L+ s;’,k(é))). (12.10)

[Iponenannas samena ocHOBaHa Ha IUIIOTE3€, YTO ONEHKU HePeODYIeHHOCTH €y, €) k
CYIIECTBEHHO 3aBUCAT OT XapPaKTEPUCTHK PACCIOCHUS U CBI3HOCTU CeMelicTBa mpaBui R,
HO €J1a00 3aBUCAT OT JIJIMHBI BHIDOPKHU.

g npoBepku 3T0it runtore3sl Mapunoit Jlynapernko ObLT IPOBEJIEH CJIeTY IO 9KC-
nepumMent. B npocrpancrse R? cunTesuposainch MojeabHbIe CyIep-BLIO0pKH 2 ¢ Kiac-
cuduranuamu y; = r(x;, ), Ha KOTOPbIe HAKJIAIBLIBAJICS IIIyM — OTBETHI ¥; Ha HEKOTOPBIX
00bEeKTaX X; MHBEPTUPOBAJIUCH. Y POoBeHb 1myMa Bapbuposascs or 0% 1o 50% o6bekToB.
Memsi10ch TaKzKe PACIOIOXKEHNe IITyMa — BOJIU3H IPAHUIILI KJIACCOB, PABHOMEDHO, BHYTPHU
KJ1accoB. Kaxkas cyrnep-BbI0OpKa MHOTOKPATHO PAa30UBa/IaCh CIyYaifHbIM 00pa30M Ha Ha-
6momaenyio i ckppityio, 2 = X U X, Ilo noaseiGopke X BBIMUCIAMICH ONEHKH £) ), €] 1.
[lo cynep-sriGopke 2~ BBIMUC/IAIACH ONEHKU €7 j¢, €7 - VIcmonb3oBajics SHTpONUiHbI
Kpurepuit nuudopMaTuBHOCTU F7 .

Puc. 12.1 nokaspiBaeT, 4TO 3aBUCUMOCTb HeHaOJII01aeMoil nH(POPMATUBHOCTA OT Ha-
OJ110/1aeMolt OJIM3Ka K JIMHEHOM, JazKe HeCMOTpsl Ha MaJblii 00béM jJanabix L = K = 60.

Ha puc. 12.2 nokazaHa 3aBUCHMOCTD JIHHEHHON Koppessiuu cort(#y,, Heop) OT JJii-
HbI cynep-BbiOOpku. KoppeJisiius cTaHOBUTCH OJIM3Ka K €JUHUIE HA BBLIOOPKAX MOPSIKA
HECKOJIbKUX JIeCATKOB 00beKTOB. lIpu yBe/smveHun ypoBHs IHIyMa HEOOXOIUMAs JITHHA

BBIOOPKHU YBEJUYUBACTCS, HO HE KPUTUTHO.
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/

quﬁun 075 3 Lo @
0.70 §
065 § °
060 §
055 o ©
050 §
045 §
040 §
0.35 §
0.30 §
025 §
020 §
015 4
0.10 §
0.05 {

/
ob

005 010 015 020 025 030 035 040 045 050 055 060 065 070 0.75

Puc. 12.1. Basucumocts F, OT %’;’b npu L = K = 60 111 IByMEPHBIX MOJETbHBIX
BBIGOPOK 1Ipu pazimdaoM yposre myma (¢ — 0%, o — 10%, 0 — 50%) u paznuanom
PACIOJIOKEHUH [IyMOBBIX O0HEKTOB (CUHUIT — Ha IPAHUIE KJIACCOB, 3€JI6HBII — PABHO-
MEpHO, KPACHBIN — BJIAJIM OT IPAHUILI KJIACCOB). TOYKH COOTBETCTBYIOT pa3sOUeHUsIM

Cymep-BbIOOPKU Ha HAOJIIOMAEMYIO U CKPLITYIO.

corr wym 0%  corr wym 10%
10 4 1.0 {
09 4 09 4
08
07 §
06 1
05 3 :
04 4 05 7

08 ]
07 ]
06 4

03 04 ]
02 4 03 4
01 02
0.1

20 40 60 80 100 120 140 160 L+K 20 40 60 80 100 120 140 160 L+K

Puc. 12.2. 3aBucumMocTb KOPpessiiun Hyy, U Ao, OT IJIHHBI Cylep-BbIOOPDKH U 3a-
Iy MJIEHHOCTH JAHHBIX IPU PA3IUIHOM yPOBHE U PACIOJIOKEHUN IIIyMa.

§12.3 Knaccbl 3KBUBa/IEBHTHOCTU MOPOroBbIX KOHBLIOHKLWA

Harmeit Oymmkaiimmeit 1mebio Oy/1eT MOMCK KOHCTPYKTHBHOTO OIMMCAHUS MHOYKECTBA
Bcex npaui R Buja (12.1) ¢ momapHo pasaudHbBIME BeKTOpamu OmuboK st 3ddek-
THBHOI'O BBIUUC/ICHUS OIEHOK paccioeHns—casnocru (12.6) u (12.7).

Byzaem nonarars, uro B npasmiax suja (12.1) MHOXKeCcTBO npu3HAKOB J (hUKCHpOBa-
HO, U BCE 3HAKHU CPABHEHHA < CYTh <. DTO He CyIIECTBEHHOE OrPaHIICHUE, TaK KaK BBIOOD
3HAKOB CPABHEHHsI MOYKHO DeasIn30BaTh, T06ABUB N MPU3HAKOB — f1(x), ..., — fu(T).

Onpenenuy nupukarop ommbku I(r,z;) = [r(z;) # [y;=y]] ns moboro npasuia
r € R u moboro oobekTa x; € X, 171e y € Y — (DUKCUPOBAHHBIN KJIacc.

YT06bI BBIYUC/IUTL OLEHKY paccjaoeHus—CBsa3HOCTH (9.6), HEOOXOIMMO BBINOJHUTH
CYyMMMPOBAHKE TI0 MHOYKECTBY BCEX ITPABUJI C MOTAPHO PA3JIUIHLIMU BEKTOPAMU OIMHUOOK.
JLnist 9TOr0 BBEJEM OTHOIIEHUE SKBUBAJIEHTHOCTH HA IPABUJIAX W PACCMOTPUM OITHMCAHUE

KJIACCOB 9KBUBAJIEHTHOCTH, IpejyioxkenHoe Anjipeem Usaxuenko B [31, 32, 116].
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Knaccel 3kBuBaneHTHocTu npasun. Jlomycrnm, 4To 3HAMCHHS ) = fi(x;) xaxmoro
npusHaka j € J Ha Bcex 00beKTax x; € X IOIMapHO pa3/InydHbl. be3 orpanmvyeHus OOIIHO-
cti OyJ1eM TIPeIIoIaraTh, YTO Bce MPU3HAKN IPUHUMAIOT Ie/ible 3Hadenns 1, ..., L. 3Ha-
genus 1oporos 67 B npasuiax (12.1) Takyke BHIOMpaIOTCH M3 HebIX 3Hadenuit 0, ..., L.
Takum 06paszoMm, U 0OBEKTHI, U MPABUJIA OIMICHIBAIOTCS JIEMEHTAMU OJHOTO U TOTO Ke
nuckpernoro muozxecrsa © = {0, ..., L}, Byxem nonarars, uto R =0 n X C O.

Nuukarop ommOKN WHIYIUPYET Ha MHOXKECTBE NMPaBUI R KAGCCH 9KEUBAAECHMMHO-
cmu. JIBa ipaBu/ia SKBUBAJIEHTHBI, €CJIU UX BEKTOPHI OMMMOOK COBIA/IAIOT. DTO OTHOIIIEHIE
9KBUBAJIEHTHOCTH HE TPUBUAJIBHO, IOCKOJIBKY BEKTOPBI IOPOroB #, ' € © 3KBUBaIEHTHBIX
upasui 7(z,0), r(z,0") Moryr He coBIaIATE.

J171s1 IPOM3BOJIBHBIX BEKTOPOB U = (u?) ey, v = (v7)jc; n3 © BBEAEM €CTECTBEHHOE OT-
nommenue nopsaka: (u < v) <> Vj € J (v < v?). Honoxum (u <v) < (u<vuu#wv).

ITpumep 12.6. Ha puc. 12.3 nokazan npumep 3aja4u ¢ n = 2 npusnakamu, L = 10 06b-
extamu u cemeiicto npasui 7(z;0) = [x < 0] = [z} < 0] [2? < 6?]. Kaxjomy npasuiy
COOTBETCTBYET y3eJl NEeJOUCIeHnoil mpgamoyroabnoii cerku (01,6%) € © = {0,..., L}*.

B JABYMEPHOM CJIy4dae KJIaCChbl 9KBUBAJICHTHOCTHU JICI'KO IIOJIYIUTH U3 ﬂByMepHOﬁ ceT-
K1 O, eciu 11 KazK10ro oobekTa r € X crepeTh BepTUKaJIbHOe Pedpo, nyInee OT & BHUS,
U BCe BepTHKaJIbHBbIE pEOpa B TOI »Ke CTPOKe IIpaBee Hero; 3aTeM CTePeTh MOPU30HTAIb-
HOe pebpo, UiyInee OT T BJIEBO, U BCE NOPU3OHTAJILHBIE PEOPA B TOM K€ CTOJIOIE BBIIIE
HETro. OCTaBHII/IeCH CB4A3HbBIC O6HaCTI/I 1N €CTbhb KJIaCChl 9KBUBAJICHTHOCTHU. 9TOT reomMeTrpu-
YeCKU OYEBUIHBIN aJITOPUTM JIETKO 0000IIAeTCsT 1 Ha MHOTOMEPHBIi cirydait. OiHaKo st
s dekTuBHOrO MIEPEdOpPaA KJIACCOB SKBUBAJECHTHOCTH yJI00HEE UMETh UX ajredpamdeckoe
olrCaHue.

Jlemma 12.3. Ilycts FF C R — KJjacc sKBUBaJIeHTHOCTH TIpaBuJj. lorma Kiaccy E npn-
Hapiexut npasuio r(x; 0g), re 07, = renig 07 s1s Beex j € J.
€

dokazareabcTBo. B cuy SKBUBaJICHTHOCTH W OMHAPHOCTU IpaBuI u3 F, mpeaukar

re(z) = ] r(x;0) npuanmaer Ha Becex obbekTax x € X Te Ke 3HAYEHUsI, YTO U JIFOOOE
0eE
npasuio 0 uz E, re(z) = r(z;6). Kpome Toro, npeaukar rg npejcrasum B Buje (12.1):

re(z) = HH[xJ <) = H[x] < ropeig@j] = H[x] < Qg] =r(x;0g).

0cE jeJ jed j€J
Takum obpaszom, npaswmio 7(z; 0g) Tak:ke npunaiexur E. Jlemma jokasana. |

Byzem nazweiBath npasuwio rg(x) = r(x; 0g) cmandapmmuvim npedcmasumenem Kiacca
skpuBasienTHOCcTH F. Ha puc. 12.3 cranmapTHble IpeIcTaBUTEI COOTBETCTBYIOT JICBBIM
HIPKHUM TOYKaM KazkJjoro kiacca sxksusasentaocru: (0,0), (1,8), (2,5), (5,1), u . 1.

I'panuvrots moukotl moamuoxKkectBa S C X HazoBéM BeKTOp fg ¢ KOOpJIMHATAMUI
6l = meagcxj, j € J. Bamernm, uro r(x,0s) = 1 st smoboro x € S.

x

Ipanusroim 00sexmom nomvuoxkecTBa S Ha30BEM 00beKT & € S, Takoii, uto a’ = 6
TP HEKOTOPOM .
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Puc. 12.3. /IBymepnag Beioopka n3 L = 10 00beKTOB, 110 5 00BEKTOB B KaXKJIOM KJIaC-
ce. OOBbEKTBI OTMEYEHBI KPYIHBIMEI TOUKaMu. [IpaBujiaMm cOOTBETCTBYIOT MEJIKUE TOU-
KU1 B y3J/1aX CETKHU. SKBI/IBaHeHTHbIe IIpaBuJIia COCIMHEHBI OTPE3KaMU. Pﬂ,ZLOM C KazKJIbIM

KJIACCOM SKBUBAJIEHTHOCTH yKAa3aHO YHUCJIO OMMOOK Ha TeHepasibHoll Boibopke m(r, X).

A O N o ©
T

A 4 5

w
T

‘ O Class0(5) % Class 1(5)‘

Puc. 12.4. I'pad cBazeit Mexkay cTaHIAPTHBIMEA IPEICTABATEISIMIA KJIACCOB SKBUBA-

JIEHTHBIX ITPABUJI JIJIsi BLIDOPKH, IIpejicTaBiennoit na Puc. 12.3.

Puc. 12.5. I'pad pacciioenusi—cBsizHOCTH, H30MOPGhHBII rpady cBsizeit Ha Puc. 12.4.
[To BepTHKAIBLHOI OCH OTJIOXKEHO uncyio ommubok npasui m(r, X).
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I'paruvurvim nodmmoostcecmeom Ha30BEM Takoe mmoaMHOKecTBO S C X, Bce 9/1eMEeHThI
KOTOpOFO ABJIIAIOTCA €10 FpaHI/I‘{HbIMI/I O6’beKTa.MI/I.

[IycToe MHOMKeCTBO Oy/IeM CUMUTATh FPAaHHYHBIM C IPaHUYIHOl Toukoil 0 = 0, j € J.

Teopema 12.4. KazkioMy Kjaccy 3KBHBaJCHTHOCTH F B3auMHO OJHO3HAYHO COOTBET-
CTBYeT I'DAHHIHOE IMOJAMHOXKECTBO S, npuiéM 0 = 0.

HokazaTeabcTBO. PaccMoTpuM pou3BOJIBHBIH KIaCC SKBUBAJCHTHOCTH F cO cTan apT-
HBIM TpejicTaBureseM 1 (x; ). 3adbukcupyem pon3BoIbHbI pusHak j € J. B cury jem-
MbI 12.3 yMeHbIIeHne 1mopora 8% Ha eJIMHUILY IPUBOJUT K yMEHbIIeHO 3Hadenus 1 (x; )
¢ 1 10 0 ma nekoropoM obbekTe x € X, TakoM, uTo < O u 27 = 9]5. Wuage Mbl He BBI-
i Obl 3a IpeJe/ibl Kiacca dKBUBaJIeHTHOCTH F, u O He MOr Obl OBITH CTaHIAPTHBIM
npejcrasuTesieM. V3 mpenosiozkeHnst 0 MomapHOi Pa3InTHOCTH 3HAMEHUN KaXKJI0T0 IIPH-
3HaKa Ha O0bEKTaxX M3 X Cjejyer, 9TO TaKoil OOBLEKT T €JMHCTBEHHBIH IPU KaxKJIOM j.
MHuO)KeCcTBO BcexX TaKMX OOBLEKTOB S = {x e X } r<Opudjej: )= HJE} OTIPEIETIEHO
€JINHCTBEHHBIM 00PA30M U ABJISI€TCs I'PAHUIHBIM, IpUIeM g = 0.

Bepuo u obpatnoe. [IpousBosibHOMY I'DAHUYHOMY ITOJIMHOYXKECTBY S COOTBETCTBYET
rpannaHas Touka Og. [IpaBmio r(x;0g) meKuT B HEKOTOPOM KJIacce SKBUBATIEHTHOCTH F
U SIBJIIETCS er0 CTaHJIAPTHBIM TpejcTaBuTeseM, g = fg, MOCKOJIBKY yMEHBIIEHNE I10-
pora Qg 1o JII000N U3 KOOpJMHAT NPUBEIET K U3MeHeHUto 3HadeHust 1 (r;0g) Ha OTHOM
U3 TPAHUIHBIX 00BEKTOB MHOXKECTBA 5.

Teopema ji0kazaHa. [

13 Teopemsbl cieyer, uro |S| < |J|, B cuity IpejosiozKeHus, YTo 3HAUE€HUsT KazxKJI0T0
IPHU3HAKA, [IOIIAPHO Pa3JIMYHbI Ha Beeil Bhibopke X.

CsoiicTBa rpaHu4Hbix nogmHoxecTs. O6osHaunM depes M; MHOJKECTBO BCEX I'DAHIY-
HBIX ITOJIMHOYKECTB MOIIHOCTHU j U MEPEYUCIUM UX OCHOBHBIE CBOWCTBA.

1. M, cocrout u3 Beex L OIHO3IEMEHTHBIX [TOJMHOXKeCTB, M = {{wl}, oo { L}}
2. M, coctouT u3 Bcex nap HECPaABHUMBIX OObEKTOB U3 X.

3. MormmHoCTh IpaHUYHBIX MOJMHOXKECTB HE MOXKET HPEBBINATH PAHra KOHBIOHKIIUN:
M; =@ upu j > |J|.

4. T'paHMYHOE HOJAMHOMKECTBO MOXKET COCTOSITH TOJILKO U3 IIOIAPHO HECPABHUMBIX 00'b-
exToB. OJIHAKO He BCSKOEe HOJMHOMKECTBO M3 TPEX M 0oJiee IOIapHO HeCPABHUMBIX
06beKTOB sABJIsIeTCs TpaHnIHbIM. Hanpumep, oobektor (1,3,4), (3,1, 1), (2,2,2) mo-
[ApHO HECPABHHUMBI, HO IOCJICIHHI U3 HUX He ABJISETCS IPAHUYHBIM.

5. Jlio6oe nopmuoxkecTBo S’ C S rpaHMYHOrO IIOJAMHOXKECTBA S TaK:Ke IPAHUIHOE.

Nexong nsz 9Tux CBONWCTB, MOXKHO MPEJJIOKUTD CJISIYIONIUN aaropuT™ nepedbopa Beex
IPAHUYIHBIX ITOJIMHOXKECTB.

Ha mepBom mare crpoutcss MmuOXKecTBO M7 Bcex L OHO3JIEMEHTHBIX ITOIMHOZKECTB.
Hasee na xkaxx oM mare j = 2, ..., |.J| Kk kaxgomy nogmuoxkecrsy S’ € M;_; nobasisiercs
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BCEME BO3MOXKHBIMHE criocobamu emé ot o0bekT & € X \ S, 1 eciu mosyaeHHoe mo/i-
muOKecTBO S = S’ U {2} rpanudHoe (4TO JIErKO IPOBEPSIETCS MO ONPEJIEJIEHHIO), TO OHO
BKJIIOYaeTcd B M.

J1J1s1 BLIYHMCICHUS OIEHOK PACCIOCHUS—CBAZHOCTH 3TOT aJIFOPUTM He JI0CTATOYHO (-
dexTHBeH, TaK KakK OH He Iepe0HpaeT MPaBUIa, 10 CJIOAM CHU3Y BBEPX U HE HOJACUUTHLIBACT

XapaKTEPUCTUKU CBA3HOCTHU W HEIIOJTHOIEHHOCTU Ka2zK/I0T'0 ITpaBHJIA.

pachuyeckue npepcraBneHuss knaccos 3kBuBaseHTHocTu. Ha puc. 12.4 usobpa-
JKeH 2pag ceazell MeXKIY KIaccaMi SKBUBAJIEHTHOCTH. Beprmmabl rpada cOOTBETCTBYIOT
CTaHJIAPTHBIM IIPEJICTABUTENSAM KJIACCOB SKBUBaJEHTHOCTH. PéOpaMu coelMHEHBI MMpaBU-
JIa, BEKTOPBI OIMMMUOOK KOTOPBIX pa3/IMYaloTcs Ha oJiHOM o0bekTe. ['pad cazeil 3aBucut
TOJIBKO OT 00BEKTOB X;, HO HE 3ABUCHUT OT UX KJIaCCUMDUKAIUN ;.

Ecin yaects Knaccudukaiun o0beKTOB, TO JJIsl KaxKJI0T0 KJIacca SKBUBAJEHTHOCTH F
MOYKHO BBIMHCJINTH 4nciio omubok m(rg, X). Ha Puc. 12.4 onO yKazano psioM ¢ Kazk/oi
TOYKOI — CTAHJAPTHBIM IIPeJICTaBUTEIEM KJjacca SKBUBaJIeHTHOCTH. ['pad paccioenus-
CBSIBHOCTH JIAHHOI'O ceMeiicTBa mpaBu nmzoMopden rpady cBazeil u sBJIsAeTCS MHOIO-
JIOJBHBIM. Ero m-it cjioii obpasyercs BceMu IpaBHJIAMU, JJisi KOTOPbIX m(rg, X) = m,
cm. Puc. 12.5. Cron pacmoyiararorcest B OpsiIKe BO3PACTaAHUS UNC/IA OIMMIOOK CHU3Y BBEPX.

§12.4 TllocnoiiHoe BblYUNC/IEHNE OLLEHKU PacC/IOEHUSI—CBSA3HOCTU

Paccmorpum Temnephb ajaroputM mepedbopa IpaBlil, MO3BOJIAIONINN 3()HEKTUBHO BbI-
YUC/ISTH XapaKTEePUCTUKU CBSI3HOCTH M HEIIOJHOIEHHOCTH KazKJI0T0 MPaBU/Ia U, JBUTAsICh
10 CJIOSIM CHU3Y BBEPX, BOBPEMSI IIPEPBIBATH BBIUNCIECHNE OIEHKN PACCIOCHUS—CBSI3HOCTH.

MocTpoerune okpecTHoCTU npasuna. PaceMoTpuM ciefiyioniyio BCIOMOraTeIbHYIO 3a-
nady. 3agano npasuio r(z; 0) ¢ Bekropom moporos 6 = (67) ;¢ ;. Tpebyercs mocTpouTs ero
okpecmmocmyd Vo — MHOKeCTBO Beex mpaBui 7(x, 0'), BeKTOPBI OMuOOK KOTOPBIX OTIHYa-
IOTCS OT €r0 BEKTOpa OIMMOOK TOJIBKO Ha OJTHOM OOBEKTE.

[Ipu mocrpoeHun OKpecTHOCTH OyiyT 3a0HO (DOPMHUPOBATHCA U XapaKTEPUCTUKU
npasmia 7(z, f), HeOOXOAUMBIE /IS BBIYUCICHUS OIEHKH PAaCCIOCHUA—CBI3HOCTH:

Xy — nopoxgarommee MaOKecTBO, u(f) = |Xy| — Bepxisist CBA3HOCTD;

X}, — zamperaroriee MHO)KeCTBO, ¢(#) = |Xj| — HemoaHONEHHOCTD;

q'(0),q"(0) — menosnmonennocru otaenbHo 1o omubkam 1 u I pona;

m(6) = m(r, X) — aucao ommbOK IpaBuIa Ha TeHEPAIbHOI BBIOOPKE;

m’(0), m"(6) — aucso ommb0k I u II pona npasmia Ha reHepabHOl BHIOOPKE.

Byjem cTpouTh TOJBKO TaKue BEKTOPBI MOPOroB €', KOTOpBIE SBJIAIOTCS I'PAHUY-
HBIME TOYKAMH W, COIJIACHO Teopeme 12.4, OIHOBPEMEHHO CTaHJAPTHBIMU IIPEICTABU-
TEJISIME  KJIACCOB 9KBHBAJEHTHOCTH TipaBu/. llocrpoeHme pasbmpaercst Ha JBa STara,
cm. Ayropurm 12.1.

Ha nepsom stamne (marn 1-5) crpostesa Bee cocennue npasuia r(x; 0'), nomydaemble
u3 0 myTéM yMEHBIIeHUsT HEKOTOPBIX 1oporos, #' < . JIjist 5T0oro u3 rpaHuYHOrO TOIMHO-
xecrsa S(0) = {z € S| 3j € J: 27 = 67} noouepéHO NCKIOTACTCS OUH U3 00HEKTOB
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Anropurm 12.1. [Tocrpoenne okpecraoctu Vp npasuia r(x;6).

Bxopx: J — nabop npusnaxos, 6 = (67);c; — npasuno, y — Kiaacc, X — BbIOODKa.

Beixom: Vi, Xy, Xy, m(0), m'(0), m"(0), q(0), ¢(9), ¢"(0), u(0).

Orarr 1 — nocTpoeHue OKPECTHBIX MTPABUJI ILYTEM YMEHDBIIIEHHS] [I0OPOIOB:

1: V= g,
2: noa Beex x € X rakux, uro r(z;0) =1u 35 € J: 07 = 2
3: g Beex j € J Takux, uro z/ = 67
4: 0 = max{xf } r €X, x; < 9};
5. [Hobasuts (6,0, );
IoaroroBka K sTamy 2 — IMOHCK MAKCHMAJIBHOI I'DAHITHON TOYKH 0:
6: JJ1s1 Bcex j € J
OO :zmin{L,x”xEX, >0, 2t <Ot A£G

8: X.NPOBEPEH := HET JjId BceX T € X
Orar 2 — nocTpoeHne OKPECTHBIX MTPABUJI ILYTEM YBEJUICHHUST TOPOIOB:
9: nJjs Bcex j € J
10:  pug Beex ¢ € X Takux, aTo 7 < 7 < 67
11: eciamn & < 0 1 x.NpoBepeH = HeT TO
12: MposepnTs(z);

13: ITIPOLIETYPA T[poseputs(x)

14: 07 := max{07, 27}, nnsa Beex j € J;

15: agig Beex j € J Takux, uro ¢ < z7

16:  nJisa Becex 7 € X rakux, uro 6/ < 37 < 27

17: 67 := max{#’, 77}, mus Beex j € J;

18: ecan < 0 < 0 1o

19: Z.NPOBEPEH := MNJIOXOM;

20: ecsiu Z.nposepeH = HeT TO [NpoBeputhb();
21: BBIXO/,;

22: T.NMPOBEPEH := XOPOLUNIA;
23: [lobasuts (6,0, x);

24: IPOEAYPA [obasuts(6, 6, x;)
25: j106aBuTh ' B cumcok Vp;
26: ecu 1(x;;0) = [y;=y| TO
npasuio ' HaxoauTCs cJoeM Bbimie, 9eM 6:
21 Xp:=XoU{x;}; u(f) :=|Xyl;
28: MHaYe
npaBuio 0 HaxoauTCs cjoeM HHKe, deM 0:
20 m() = m(®)+1; m(0) = m(O) + lg=yl; (0) = m"(0) + s Ayl
30 X=X UuX, u{x}, q):=|X);
31 q'(0) = #{x; e Xpryy =y} ¢"(0):=#{x; € Xp:y; # )
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AsroputMm 12.2. BerauciieHue OIEHKH PaCCI0CHUS—CBA3HOCTHU JJIsi CEMeCTBa IIOPOIo-
BbIX KOH'BIOHKITHIA.

Bxon: J — nabop npusHakoB, Yy — KJIacC MMPaBUJ, X — BbIOOPKA.
Beixox: Q., Q7 — onenkn BeposTHOCTH Tepeobyuenus (12.6), (12.7).

1. ©:= Argmeinm(@,X); QL:=0; QY:=0;

2: MOBTOPSTH

3: =0 Q, =0, O:=0g;

4: g Becex 0 € ©

5: IIOCTPOUTH OKPECTHOCTH Vj ¢ momoriso Anropurma 12.1;

 tu(9) .

6: P9 T CL—u(@)—q(@)/Ogﬂ
L—u(0), m'(0)—q' (0 .

7 Lo = QL+ PG T (£(m/(0) — £k));
L—u(0), m" (0)—q" (0

9: O :=0'U{f € Vyp: m(0) =m(0) +1};
10: QLi=QL+QL,,; QU:=QI+Q,; 0:=6;

11: moKa BKJIAJBI cjiod QL u Q7 He cTaHyT MaJIbl.

U COOTBETCTBYIONIHE HOPOru 7, 110 KOTOPLIM OH 1 GbLI I'PaHUYHBIM, yMeHbIIaoTced. ducsio
HOJTy9aeMbIX TAKHM CIOCODOM COCEJHUX MpaBHJI He Tpesbimaet |S (7).

Ha Bropowm stare (maru 6-11) crpositest Bee coceaue npasuia 1 (x; 0'), nomydaemble
Iy TEM yBEJIMYEHNUsT HEKOTOPBIX TOPoros, 6’ > 0. Do GoJtee CIOKHBIIN CITyvaii, U 3J1eCh IPHU-
XOJINTCs TpuberaTh K peKypcuBHOil mporierype. CHagasa J1e1aeTcst oIrOTOBUTE/TbHAST Pa-
6ora (maru 6, 7): 110 Kaxk10if KoopauHaTe j € .J onpejesserca MakCuMaIbHas Ipanua, (7,
BBIIIIE KOTOPO#i COCEHUX PABUJI OBITH HE MOKET. DTO HeOOA3ZATETLHOE TOCTPOEHKE, HO OHO
[TO3BOJIUT B JIAJIbHEHIIIEM COKPATUTDH MOUCK. KaxKIblit 00beKT BLIOOPKH & € X MOXKET Ha-
XOJIUTHCsT B OJTHOM W3 TPEX CTATYCOB: X.NMpoBepeH € {HeT, nnoxoii, xopownii}. CHauasa Bee
00BEKTHI He TPOBEPEHBI. 3aTeM MPOCMATPUBAIOTCA BCE OOBEKTHI & € X, MOKPbIBAEMbIE
npasmiaoM 7(x; #), Ho He moKpbIBaeMbIe pasmtoM 7 (z; ). Jjia KazKIoro Takoro oobeKTa
BbI3bIBaeTCs nporeaypa [Nposeputs(z). OHa ycraHaBamBaer craTyc 06beKTa T.XOPOLINii,
eCJI CyIecTByeT npasuiio r(z;6'), moKpbIBaroIiee TOJbKO 0ObEKT T 1 BCe OOBEKTHI, MO~
KpbiBaeMble TpaBusioM r(x; ). Eciu ke npasuno r(x; ), Hapsaay ¢ x, TOKPBIBAET eIré
OJIUH OOBEKT T, HE TIOKPBIBAEMbIii IPaBUIOM 7'(x; 6), TO yCTaHABIUBAETCS CTATYC OOBEKTA
x.nnoxoii, u nporeypa [NpoBepuTs(T) BbI3bIBAETCS PEKYPCUBHO [t 00beKTa . KaxK 1bit
«xXopormity 06beKT & WHIynupyeT cocearee npasuio 0 = max{f,z}, koropoe u m06aB-
JigeTcs B crncok V. BBegenne cratycoB 0ObEKTOB 1103BOJIsIeT M30€:KaTh UX ITOBTOPHOTO
nepebopa B OCHOBHOM ITUKJIE BTOPOIO 3Talla.

DTUMU JBYMsI dTAllaMU TIOMCK OKPECTHBIX MPaBU/I Oorpanndusaercs. Ipyrue ciydan
paccMaTpuBaTh He HY»KHO, TaK KaK eC/Id I[OpPOr yMEHBIIaeTcsl MO OJHON KOOpJuHATe,
0" < §7, u yBeqmumBaeTcd 1o apyroii, 0" > 0%, To rparnanbie Toukn 6 n 0 He MOTYT OBITH
COCEIHUMH, IOCKOJIbKY BEKTOPBI OMMUOOK COOTBETCTBYIONIUX UM IPABUJ OTJIMYAIOTCS, KAK

MUHUMYM, Ha JIByX 00BHEKTaX.



=132 =

200 * 208 200+ 0 o °0, o -
x o
180} SO L @ o o ° o °
o o oO o} CIS 180 ® s 0 © 00 o O
Q o o]
% °, 00 oo ° [} % o oe ®
160 %% o o % o 160 . © ° <O o
oo 94 ° ° 8 ®o ° M x X%, o o
*
140t « I ®.0 140t % o % & o
% x x o © o ° ° «
x x ° x oo
120 x . x o 80 0 ° 120 . x - oo . o
Xx x x o x x x x
x * x x <
100} M x ey 00 o 100 x * x S0
x «  x ° “ x &
x X Xy ©00g * X . X x% o4
L o L x
sof o« % x ° 5 9 80F « ot % .o o
* . x . N o o 4 < S ; x0 °
60 @, L XU X © 60 x . L X xx o
x
° oo x " X% o° L X . ° &% od
40} (] ° X . X x o) 40 * x X x o * oo 0©
o © © x x X’( © ° x % * * @ o
20+ x x X x Sy ° 20F x x Op . Xx
o %, « x o N x x x 9o %x o
x *
P o | . . x L P X% % PG Lx °

I I ] I I I I ]
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

‘ O Class0(100) x CIaSSl(lOO)‘ ‘ 0 Class0(100) x CIassl(lOO)‘

Puc. 12.6. Buibopka 1 (cieBa) u Bbibopka 2 (crpaBa) B OCSIX JIByX HPU3HAKOB.

IIpu sddexrusnoit peasmsanun AnropurMa 12.1 1o Kak1oMy IpusHaky f; 3apaHee
CTPOUTCS WHJIEKC — MACCUB HOMEPOB OOBLEKTOB, YIIOPSIOUYEHHBIX 110 BO3PACTAHUIO 3HAYE-
Huit mpusnaka. Torja vHa marax 4, 7, 9, 14 MoKHO OyJIeT TPOCMATPUBATH TOJTHKO HYKHbIE
00BEKTHI, He TIepedupas BCIO BHIOOPKY.

Mocnoiinbin nepebop knaccoB akBmBaneHTHocTU. Asropurm 12.2 Beramciager (). —
OTIEHKY BEPOATHOCTH IIepeolyueHns, iepedupas MMpaBua 1o cjaosaM cHu3y BBepx. CHadasa
dopmupyerca HuKHEI ciroit. Ha kazk oM 1mare cjoit © coctouT us mpasBuii 6 ¢ oJuHaKO-
BBIM THcJIOM omuboK m(f) Ha rerepaibHOi BbIOOpKe. [list Kaxkoro mpasuia  BbIUwCc-
JII€TCs €r0 BKJIAJ] B BEPOATHOCTH IEPEOOydeHUs, CTPOUTCS OKPECTHOCTh, U O0bEIMHEHUE
BEPXHUX YacTeil BceX MOJIyYeHHBIX OKPECTHOCTEH cTaHoBUTC ciieayromuM ciaoem O, Ila-
'l TTIOBTOPSIIOTCH JIO TeX TI0p, IMOKa He OyaeT HabpaHO JIOCTATOYHOE UHUCJIO CJIOEB U BKJIAJT
0YEPETHOTO CJI0d He OKAYKETCs TTPEHEOPEKIMO MAaJI.

§12.5 DkcnepumeHT Ha MOAEsIbHbIX AAaHHbIX

Bosbmem jBe nBymepnbix (n = 2) asyxkiaccoBbix (Y = {0,1}) cbamancupoBaiibix
(P = N = L/2) moaensubix Boibopku jmmasl L = 200. Bygem pasousars nx na o0y-
YeHue ¥ KOHTPOJIb 1oposhy, ¢ = k = 100. B cemeiicrse npasui (12.1) duxcupyem orre-
panuio cpaBHeHUs < U OyJeM CTPOUTH TOJBKO npaBuia Kjiacca 1. Jlnsg mowmcka mpaBu
HCIOJIb3YeM TUIepreoMeTpudIecKnii Kpurepuii madopMarusHocTH (TouHbI TecT Puiepa)
H(p.m) = —In(CHCRCHTY).

Bribopku cremepupyem CJIeIyIonmM 00PasoM.

B nepsoit BbibOpKe [mcsio omuboK Jiydriero npasusia pasno 40. ['panuma mexty
KJIaCCaAMU 4YeTKasl, OCKOJIbKY Bce 40 MIyMOBBIX 00bEKTOB PACIIOJIOKEHBI BJIAJIN OT I'DAHU-
bl KJ1accoB, puc. 12.6 (ciesa).

Bo BTOpOil BHIOOPKE YNCIO OMIMOOK JIYUIIEro paBuia 23, T. €. IIOYTH BJIBOE MEHbIIIE,
IIyMOBbIe 00BEKTBI PACTIOJIOKEHBI BJIOJIL IPAHUIIBI KJIAcCcoB, puc. 12.6 (cnpasa).

XoTs BO BTOPOII BBLIOOPKE CYINECTBYET MPABUJIO, HOYTH BJBOE JIydlliee, YeM B IIep-
BOIi, HANTH €ro 1o oOydJaroIeil MoIBLIOOPKE MPAKTUIECKN HEBO3MOYKHO M3-3a Iepeodyde-
HUsl. 3HAYEHUsT KpUTepus NH(GOPMATHBHOCTH Ha 00y UAOINIEeil BEIDOPKE TOUTH OINHAKOBBI
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onenka Monte-KapJo OTIEHKA, PACCIOCHUSI-CBI3HOCTH
N BBIOOpKa 1 BBIOOpKA 2 BBIOOpKa 1 BBIOOpKa 2
0.1 || 24.44 16.29 23.23 13.42
0.2 || 28.07 22.13 27.11 20.58
0.3 || 32.28 28.28 30.45 25.74
0.4 || 34.35 32.98 33.39 27.59
0.5 || 37.63 36.12 34.93 31.21

Tabauna 12.1. 3navenus MoaudUIMPOBAHHOIO KpuTepus 7 Ha oOydeHnn Ha JBYX
MOJIEJIBHBIX BBIOOPKAX, MPU IATH PA3JIMIHBIX 3HAYEHUsIX 7). BeposiTHOCTH 1iepeoby-
YeHUs OICHWBAJACH JByMs criocobamu: meronom Monte-Kapio mo 200 ciygaitHbiM
pazbueHusIM U 110 POPMYJIE PACCIOCHUSI—CBI3HOCTH.

(He3HAYMMOE TIPE/IIOUTEeHNe OTAAETCS BTOPOl BHIOOPKE), OJIHAKO HA KOHTPOJIE HaiileHHOe
[IPaBUJIO OKa3bIBACTCS 3HAYUMO JIYUIIe JIJId 1I€PBO BHIOOPKU:

BeIOOPKa 1 | BeIOOpKA 2
obOyueHune 40.29 40.47
KOHTPOJIb 39.13 34.46

[Ipwauna B TOM, 9TO y BTOPOI BLIOOPKH CYIIECTBEHHO MEHEe BBIPAXKEHO PACC/IOCHUE,
MOIITHOCTU HUKHUX CJIOEB OY€Hb OBICTPO BO3pacTaror, puc. 12.7.

Bosaukaer BOpoc — BO3MOXKHO JIU C TIOMOIIBI0 KOMOUHATOPHBIX OIEHOK, UCIIOJIb3Y-
I0MKUX UHAOPMAIIMIO O PACCTOCHUU M CBA3HOCTH Ha OOydalolell BHIOOPKE, IMpeJIcKa3aTh
nH(GOPMATHBHOCTD Ha CKPBITOI KOHTPOJIBHOMN BeiOOpKe? Tabsmima 12.1 1aét yTBepuTe ib-
HBIIl OTBeT.

[Tpenckazannas nHGOPMATUBHOCTD 77 Beeria MeHbIIe JIJist BTOPOil BBIOOpKH. TakuMm
obpa3oMm, HaM JEfICTBUTEIHLHO y/Ia€TCs MpecKa3aTh, ITO HAWTU XOPOIIee MPABUIO TIPU
CUJTBHO 3aIyMJIEHHOW I'PAHUIE KJIACCOB HEBO3MOXKHO M3-3a MepeolyIeHus.

Cpasrenne ¢ meronom Monrte-KapJio mokassiBaer, 9To mpeicKa3annast THQOPMaTHB-
HOCTDH ¢, BBIUNC/ISIEMas 110 OIEHKE PACCI0EHUs~CBI3HOCTH, BCEr A IeCCUMUCTHYHO 3aHNU-
KeHa, MOCKOJIbKY 3aBbllnena onenka p(r, X ) u sammxena orenka n(r, X ). 3aHuKeHHOCTD
nH(MOPMATUBHOCTH COCTaBJIAECT B JIAHHON 3ajade 1-2 g mepBoil BHIOOPDKH W 3-5 JjId
BTOPOii. DTO coracyercst ¢ TeOPETHIECKNM BBIBOJIOM, UTO OIEHKA PACCI0€HUSI—CBA3HOCTU
MeHee TOYHA JIJIsi BBIOOPOK C MeHee BbIpayKeHHBIM paccyioeHuneM. [Ipu moncke 3akonomep-
HOCTEl TaKasi CMEIIEHHOCTD OIEHKH sBJISIeTCs OJIaronpuaTHON — YeM cjiabee 3aKOHOMED-
HOCTB, T€M CHUJIbHEE 3aHUKEHa Ipe/ICKa3anHass nHHOPMATUBHOCTD.

BameTruM TakKe, UTO OIEHKa PAaCCJIOCHUS-CBA3ZHOCTH BBITHC/IAETCS CYIECTBEHHO
ObICTpee, YeM sMIuprdecKas oneHka 1o meroiay Monrte-Kapiio.

Pacemorpum Teniepsb BKJIaT KazKI0I0 CJI0S B ONEHKY PacCI0eHUA—CBA3HOCTH. ' paduk
3aBUCHMOCTH HAKOILIEHHOI'O 3HAaYeHus P, 0T HOMepa CJIosl IIpeJcTaBieH Ha pucyHke 12.8.
BuiHo, 9T0 OCHOBHO# BKJIa/T BHOCST CJIOU C MAJIBIM YUCJIOM ONMIHOOK.

Ecyimm 6b1 onenkn BepogTHOCTEH P, ObLIM TOYHBIMH, UX CyMMa paBHAJIACh ObI €J11-
nurie. Hakoriernnoe 3navenune P, B KpaiiHeil paBoil Touke rpaduka MO3BOJIAET CYIUTh
O CTEIeH! 3aBBIMEHHOCTH OIEHOK PacCI0eHUA—CBA3ZHOCTU. i BHIOOpKH 1 ¢ «Xopormm
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Puc. 12.8. BaBucnMocTh HaKOIIEHHOTO 3HadeHus P, or momepa ciost m(r, X) mis
BBIOOpKHM 1 (ciieBa) u BbIOOPKU 2 (crpaBa).

pacc/ioeHreM» OIeHKa 3aBBIIIeHa BCEro B 2 Pasa; /IJisi BHIOOPKHU 2 C «ILIOXUM PACCJIOEHH-
eMm» — B 40 pas.

§12.6 OkcnepumeHT Ha peasibHbIX AAHHbIX

Mpur He OyjieM 3/1€Ch ONKUCHIBATH JICTAIN PEATN3AINN JIOTUIECKUX aJTOPUTMOB KJIac-
cupuKaIMM, MCIOIB30BAHHBIX B 3TOM 3KciepuMenTe. CKazkeM JINIb, YTO HHPOPMATHB-
HOCTb [IPABUJI OIEHUBAJIACH C ITOMOIILIO TouHOTO Tecta Puiepa [89]; ayst bopmupoBamst
nHGOPMATUBHBIX HAOOPOB MPU3HAKOB MPUMEHSIJICA MOUCK B MIUPUHY U aJIAIITUBHBINA CJTy-
galiublii nmouck [37, 36|; s mOCTPOEHHsT KOMIIO3UIMU 3aKOHOMEPHOCTEH MPUMEHSIICEH
tpu ajroputma: LR, DL, WV.

Jloeucmuueckan peepeccus (LR, logistic regression) —»s1o jmHeitHbIi Kiaccuduka-
TOP, Ha BXOJl KOTOPOMY BMECTO OOBIYHBIX OMHAPHBIX MTPU3HAKOB MOIAI0TCH 3aKOHOMEPHO-
CTU, HOCTPOEHHBIE HE3ABUCUMO JIPYT OT Japyra [77];

Pewarowuti cnucox (DL, decision list) —3To KaHbIil aaroput™M, B KOTOPOM KazK-
Jlast CeIyrornast 3aKOHOMEPHOCTb 00yYaeTcsl 10 BBIOOPKE OOBEKTOB, eIé He MOKPBITHIX
[PEeJIbLY IIMEI 3aKOHOMepHOCTsIME [97].

Bssewennoe zonocosanue (WV, weighted voting) — 310 GycTHHI 3aKOHOMEpPHOCTEIH,
noxozxkuit Ha meros, SLIPPER [69]. B ném nepes nocrpoenneM Kaxoii e yomneil 3aKo-
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38141
aJIMOPITMBI australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5 1 C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

71 LR 14.8 4.3 19.9 18.8 14.2 32.0

8| WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

Tabaurma 12.2. Pesyabrars! 9KCIIepUMeHTOB Ha 6 PeasIbHBIX 3a/1a4aX KIaCCUu(DUKAITITT
u3 penosuropuss UCI. [lna kaxkzoit mapsl (3ajada, ajJroput™) B TaOIMIE BBIBEICHA
cpeHsist omubKa (B mporenTax) no 10-KpaTHoMy CKOJIb3sIeMy KOHTPOJIo. st KaxK-
JIOH 380891 YKUPHLIM BBLIEIEHBI TPH JIYUIIIX Pe3yJibTara. AJIropUTMbL 1-7 BHICTYIIAIOT
B poJii 3TaJIOHHbIX. O003HaYeHNsT HAITUX aJaropuTMoB: WV — B3BeIIeHHOE T'OJIOCOBa-
nne, DL — pematonuit cnimcok, +SC u +MC — mojudukaum na ocHOBE OIEHKH
pacciioerusi—cBsizHOCTH U MeTosa MonTe-Kapsio coorBeTcTBEeHHO.

HOMEPHOCTH TIPOU3BOJINTCS TIEPEOTIEHKA BECOB 00y JIaOMnX OObEKTOB, B PE3Y/IbTaTe KOTO-
pOil 3aKOHOMEPHOCTh HACTPAWBAETCd ITPENMYIINEeCTBEHHO Ha TeX 00beKTaxX, KOTOPhbIe OKa-
3aJICh HanboJiee TPYIHBIMU JIJIsI BCEX MPEIbIIYIINX 3aKOHOMEPHOCTEI!.

Boun peanmmsoBanbl jiBe Mojudukanun Kpurepus uadopmarusHoctu ' (p,n).
SC-mocukaliust OCHOBaHa Ha, OIeHKe paccyioenns—cBsa3noct. MC-momudukarmst 0CHO-
BaHa Ha HEIIOCPEJICTBEHHOI onenke ¢yukimonaaa (). merogom Monrte-Kapio mo 100 cy-
vaitubiM pasbuenusam X = X U X. g obenx mogudukanuii nosaranocs £ = k.

B posin sTasioHoB Jjid cpaBHEHHS BBICTYHNAJIM U3BECTHDLIE JIOTMYECKUE AaJTOPUTMBI
kinaccudukanum: C4.5 [95], C5.0 [94], RIPPER [68] u SLIPPER [69].

Tabsmma 12.2 nokasbiBaeT, 4T0 HeMouduIupoBanubie Bepcun ajaroputmos WV, DL
MMEIOT KadeCTBO KIACCH(DUKAIINN, COTIOCTABIMOE C 9TAJJOHHBIMU aJIrTOpuTMaMu. B3seren-
Hoe roJsiocoBanne WV memuoro Jiydrie pemaoriero ciucka DL, aTo coryiacyercs ¢ pe3yib-
tataMmu Jpyrux uccieposanuit. Ode moguduramnum, SC- u MC-, Bo Beex cirydasix onepezKa-
0T CBOM HEMOJM(UIIMPOBAHHBIE BEPCUM U 3HAUUMO CHUKAIOT epeodydenue. Paziutans
vexy SC- m MC-momudukanusvu He 3HaInMbl. OTCIOAa CIelyeT BBIBOJ, UTO OIEHKA
PACC/IOEHNA—CBSI3HOCTH, HECMOTPSI HAa HEKOTOPYIO 3aBBINMNEHHOCTH, XOPOIIO CITPABJIAETCS
C pOJIbIO KpuTepusi 0TOOpa MpaBuI.
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Pe3iome

Jlorndeckue ajropuTMbl KJIaCCUPUKAIUN TTPEJCTABIAIOT OO0 KOMIIO3UITUN UHMOP-
MATHUBHBIX JIOTHYECKHUX ITPAaBIJI — 3aKOHOMepHOcTell. B KadecTBe mpaBmjl 9aCTO HMCIIOJIb-
3YI0TCsl KOHBIOHKIIUN ITOPOTOBBIX YCJOBUI HaJ YUCIOBBIME Ipu3Hakamu. JlanHoe cemeii-
CTBO IIPABUJI OIMCHIBAETCS CHCTEMOI BCEX IPAHUYHBIX MOJIMHOYKECTB MOIIHOCTH, He IIpe-
BBIMIAOIIEH paHra KOHBIOHKIUU. /IjIs mMpakKTUIecKoro BHIYNC/IEHNS OIEHKN PaCCI0CHMI—
CBSI3HOCTH TIpejjIaraeTcs mepeOnpaTh IpaBmUjia 10 CJIOSM CHH3Y BBEpPX, W IIPeKpaliarTh
mepebop B TOT MOMEHT, KOIJIa HOBBIE CJIOM IIepecTaHyT BHOCHTD CYIECTBEHHBIN BKJIA/I
B orieHKYy. C IOMOIIBIO 9TOM METOMMKHU OBLT ITOCTPOEH MOANMUINPOBAHHDBIN KPUTEPHil OT-
Oopa IpU3HAKOB. 3aMEHUB CTaHIAPTHBIN KpUTEPUit MOAUMUIIMPOBAHHBIM, I HIYEro 06016
He MeHsIsI B MeToje 00ydeHus jorudecknx kiaccudukaropos WV u DL, Bo Bcex 6 sKcire-
PUMEHTaX yJIaJI0Ch ITPOHADIIONATH 3HAYMMOE yBeJIMIeHrne 00001aoneil ciocoOHOCTH.

B cnepyrowieii nekumun Mol nepeiiiéM K pacCMOTPEHHIO (DYHKITMOHAJIA TTOJTHOIO CKOJIb-
34ero KOHTPOJIdA, JJId KOTOPOI'O B HEKOTOPLIX CJIyYdadX yﬂaéTCH 1I0JIy49aThb O4Y€Hb TOYHBLIC
OIIEHKH, HaXOJINNe IMOJIe3Hble paKTHIecKne IpuMeHenus. /[y Hadaia Mbl 3aiiMEMCs
METOJIOM OJIMZKAMIIEro cocejla — 3TO OJMH U3 CAMBIX IPOCTBIX M 9aCTO MCIOJIB3YEMbBIX
METO/IOB KJIacCH(pUKAIUN.

Ynpa>kHeHus

Bamada 12.1 (1). /[okaszarb reopemy 12.1.
Bamaga 12.2 (2). /[okaszars Teopemy 12.2.

Bamaga 12.3 (1). [lokazarh, 9T0 ecm BEKTOp 0 ABIACTCS IPAHUIHON TOUIKOI IO MHO-
xxectBa S C X, TO B S MOXKHO €/IMHCTBEHHBIM 00Pa30M BBIJIEIUTH IPAHITHOE TTOIMHOYKE-

crBo S(#) ¢ Toii ke rparnaHONl TouKOi . Beinucars Beipaxkenue S() depes S u 6.

Bamaga 12.4 (2). [lokaszarh, 9T0 KayK/Iblil KJIACC SKBUBAJIEHTHOCTH MPABUJ [TPEICTAB-
asger coboit puarpammy FOmra.

Bamaga 12.5 (2). Pacemorpum rpad co MHOXKeCTBOM BepiinH ©, B KOTOPOM pEGpamMu
COeJIMHEHBI BCE COCeJIHIE BEPITHHBI (OTIMIAONIIecs Ha 1 TOJIBKO 110 OJTHO# U3 KOOP/IMHAT).
O6beKThI reHepabHoOil BEIGOPKU = = (27)jc; € X COOTBETCTBYIOT HEKOTOPBIM BEpIIHHAM
sroro rpaca, X C 0. Jlina xaxoro x € X yaaanm u3 rpada see pédpa (6, 0), Takue, aro

1) 69 = 67 + 1 nyiza mexoroporo j € J u 6° = 0° s seex s € J \ {j};

2) r(x,0) =0, r(x,0) =1,

Jlokazarhb, 94TO MOC/Ie 9TOro CBA3HBIE KOMIIOHEHTHI I'pada Oy Iy T B3auMHO OJHO3HATHO
COOTBETCTBOBATH KJIACCAM SKBUBAJEHTHOCTH IIPABIIL.

Bamada 12.6 (2). Onwmcarh CTPYKTYpY KJIACCOB SKBHBAJEHTHOCTH CEMEHCTBA MPABUI
r(z;0q,02) = [01 <z < 92}, rie Bce 3Hadenud r; € X C R monapruo paziauanb. [Ipeio-
JKUATDH 3 PEKTUBHBIN aJITOPUTM UX HOcI0iHOTO 1epedbopa. [lojickaska: paccMOTpeTh IKBU-
BAJICHTHOE CEMEfiCTBO JIBYXIPU3HAKOBBIX KOHbIOHKIHUI 7(x; 01, 09) = [—x < 01} [:17 < 02}.
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Bamaga 12.7 (3). Onmcarh CTPYKTYPY KJIACCOB 9KBHBAJECHTHOCTH U HPEJJIOKHUTH 3]~
(beKTUBHBII AJrOPUTM KX MOCIORHOIO mepebopa JIst Caydas, KOorja MaTpHIia OINIIMOOK
nopoxiaercs uHaukaropoM ommbok 1 pona I'(r, x;) win 11 pona I”(r, z;).

Bamada 12.8 (5). Omnwmcarh CTPYKTYPY KJIACCOB SKBHBAJEHTHOCTU U HPEJJIOKUTH -
(EKTUBHBIN aJTOPUTM UX ITOCJOWHOrO mepebopa i caydas, KOTJa KayKJIbli IMPU3HAK
MOXKET IPUHUMATH OJNHAKOBBIE 3HAYCHUS Ha PA3JIHIHBIX 00bEKTaX.

Bagaga 12.9 (3*). O606muts Anropurs 12.2 Ha ciaydaii, Korja Ha 1mare 1 BMecTo MHO-
JKEeCTBA BCEX MPABIJI, JIOCTABJISIONINX NIOOAJBHBI MUHUMYM YHCJTY OIMMUOOK, HAXOIUTCS
JIUIIb OJTHO JIOKAJIBHO ONTHUMAJbHOE TpaBuio. [IpemycMoTpers BOZMOKHOCTD TIEPEXOI0B
OT HPABUJI M-TO CJIOS K IPABUJIAM He TOJIBKO (m + 1)-ro cios, #o u (m — 1)-ro cios.



= 138 =

13 MeTtopg 6aunxkaiilero coceaa

[TostydeHne TOIHBIX OIIEHOK 00O00IIaoIIeil ClIoCOOHOCT HEBO3MOYXKHO 0e3 yUéTa arpu-
OpHOIT nH(pOpPMAIME O BLIOOPKE U MeTojie o0ydeHus. B 3Toil jiekuu OyieT paccMoTpeH
MeTOo/, OJIMKAMIIEro cocejia COBMECTHO C allpUOPHOil nHMopMalieii 0 KOMIIAKTHOCTH BbI-
OOpKH, a B CJEIYIONEeil — MeTO MOHOTOHHOM K/IacCH(pPUKAIUA COBMECTHO C allpUOPHOIL
nHdopmaImeii 06 OTHOIIEHUN TOPs/IKa Ha BBIOOPKE.

Paccvorpum 3a1a1y Kiraccuukalm ¢ KOHEIHBIM MHOXKECTBOM KJtaccoB Y. MHanka-
Top ommbkn nmeer sux I(a,z) = [y(z) # a(z)], roe y: X — Y — dbynkums npasuibHoit
kytaccudukanuu (TeseBast 3aBUCUMOCTD), a: X — Y — aJropuT™ KiaccuduKarmm.

B sajiavax kiaccudukaliyi, Kak IpaBujio, CIIPABEJIMBO IMINPUIECKOE ITPEJIIIOI0KE-
HUE, 9TO KJACCHI 00pPa3yIoT JIOKAJIN30BAHHBIC «KOMIIAKTHBIE» TOJMHOXKECTBA O0O0BLEKTOB,
[IO9TOMY CXOKM€ OOBbEKTHI TOPA3/I0 dallle OKA3BIBAIOTCA B OJHOM KJacce, 9YeM B Pa3HBIX.
DTO MPEITOIOKEHNE HA3BIBAIOT 2unome3ot komnaxmuocmu. [Ipocreiimum MmeTomoM 00y-
YeHUsd, MOCTPOECHHBIM Ha €r0 OCHOBE, ABJIACTCA METO]I OJIMKANIINX COCEIEH.

§13.1 [podomnb KOMNakKTHOCTN BbIOOPKYN

[Iycrs na muoxkecrse X = {xy,...,x} oupenenena dyukius paccrosuust p(x, ).

OTHOCHTETBHO KaXKI0T0 00beKTa T; € X pacioIoKUM Bce ocTrajabibie L — 1 00bek-
TOB B IOPSIJIKE BO3PACTAHMUs PACCTOSHUS 10 X;, IPOHYMEPOBAB UX JIBOMHBIMYU WHJIEKCAMU:
T = Ti0, Til, Ti2s-..,Tir—1. TaKIM 00pa3oM,

0= p(xi, zi0) < p(s, xi1) < -+ < plag, Ti,0-1). (13.1)

Memod 6ausicatiwezo coceda (nearest neighbor, NN) —sro mero obydenus ji, KOTO-
pblit 3anoMunHaeT odbyuarorryio Beioopky X C X u ctpout aaroputm a = pX, OTHOCAIIUI
[IPOM3BOJIbHBIN 00beKT o € X K KJIaccy ero OJmKaiiiero odydaroriero o0bekTa:

— 3 /
a(r) = y(arg min p(z, ).

O6osnaunm uepes I, (x;) ommbKy, BOSHUKAIOILYIO, €CJI HPaBUJIbHBIA orBeT ¥(;)
Ha 00'bEKTE T; 3aMEHUTh OTBETOM HA €ro M-OM COCejle:

I (x;) = [y(xl)#y(xzm)], i=1,....,L; m=1,...,L—1.

Onpenenenune 13.1. [lpodusrem xomnaxmmocmu BBIOODKH X HA3BIBACTCS (DYHKIHS
K(m), BpIpazkaromiasi JJoJf0 0OO0BEKTOB BBIOODKH X, JI/IsI KOTOPBIX HPABUJIBHBIH OTBET
He COBITAJIaeT C MPaBHIBHBIM OTBETOM Ha M-OM COCEIIe:

L
1
i=1

HpO(i)I/I.Hb KOMIIaKTHOCTH ABJIACTCHA Cl)OpMa.HbeIM BbIpazKE€HUEM T'MIIOTE3bl KOMITaKT-

Hoctu. UeMm mpoire 3ajada, TO eCTh UeM dalle O0JIu3Kre 00beKThl OKA3bIBAIOTCA B OIHOM



= 139 =

104 o o 8 0 o g o 0 o o, 5 o % © O|| ol 9 leloe |0 o
'od’og: «9’ °d°q,e o°°@°; & %3°°o°é}:3§°° %o 6:8: o°%§2°°° °ooo D50 of| % °.°'; % 0o o7%ey
08 7 d) < o2 o%%o %OQQ: P odo oo CO@% o0 ..& ] ‘: 09,802 © g NN
o o ® q
06 wn 3Z T 380000 || Tatedige mmes, || aetia o a0,
1 ® o 5o o o o] 0% e o wo e B 08 o% o 000 ”°.Q°
0.4T {‘.; .....o.: .O....' é) ..°o ‘.oo o° .:.oa.: o 8% Yo i °®
o o o o p
0.2 3".‘ ° "‘ sst Sod o %% ...' 82 ..:..°:".'o'..(.' oc.ooo .oo... '200
0; ,:.’\. ..,. ’o .o.. o... 20 %o ol @ goe 00 07, :,o. oe %0y lo ° :o.
0 02 04 06 08 100 02 04 06 08 100 02 04 06 08 100 02 04 06 08 10
10
08 -
06 -
04 - i
02 1

0]

0 50 100 150 200 0 50 100 150 200 O 50 100 150 200 O 50 100 150 200

06
04

03 4

0.2 T
01 4

03 T T (i VA e e da

0 50 100 150 200 0 50 100 150 200 O 50 100 150 200 O 50 100 150 200

Puc. 13.1. Bepxuuiit psii: 4 Mojie/ibHbIE 38/1a91 KJIACCU(DUKAIINN, B IIOPSIIKE BO3PAC-
rarust TpyaHoctr, L = 200. Cpenuuii psij: npoduin KOMIAKTHOCTH ITUX 3a/a49. deM
HI2KE MPOXOJUT HAYAJbHBIH yIacTOK HMPOMUIIA, TeM <«IIPOIIey 3ajatda Jijisd aJrOPUT-
Ma NN, u Tem Bbime obobIaoias crnocodHocrb, Hukauit ps: 3aBucumocrts CCV
OT JIJTMHBI KOHTPOJIBHON BBIOOPKHU k nipu pukcupopanHoil juimHe obydenust £ = 200.

KJIacCe, TeM CHUJIbHee <«IPUKMMAeTCs K HYyJI0» HadaJbHbIH ydacTok mpodmid. U, Ha-
000pOT, B 3a/1a9ax, TPYAHBIX JJIs MeToa OJIMKAMIIero coceia, rje oyimkaiimume 00bLeKThI
[IPAKTUIECKH HE HeCyT HH(MOPMAIINN O KJIACCe, IPOMUIIb BBIPOXK TAETCS B KOHCTAHTY, OJTI3-
Kyio K 0.5, cm. puc. 13.1. [Ipoduib KOMIIaKTHOCTH MTOKAa3bIBAET, HACKOJIHLKO XOPOIIIO METOJ,
OsKaiiiiero cocea MOAXOINT JIJId PEIIeHNs JaHHOM 3a/1a9u IIPU BBIOPAHHOI METPHKE p.

§13.2 Tou4Hasa oueHKa NOJIHOIO CKOJIb3SILLEro KOHTPOJIS

NuaTynTuBHO OYeBHIHAA CBA3b NPOMUIT KOMIAKTHOCTA € KAIeCTBOM KJIAacCH(UKa-
UK TIOJITBEPKIaeTcs creryoreii reopemoit. est mokazarenbcrsa B3sta u3 [92].

Teopema 13.1. /[t MmeTosa OmmzKaiIero cocea i ClipaBeInBO CJACAYIONIee BhIParKe-
HIe (pyHKIMOHAJIA MOJTHOIO CKOJIb3siero kourpoJiss CCV:

k Ot
CCV(u, X ZK Lé - (13.2)

H
I
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JokazaTeabcTBO. 3amuiieM B (DYyHKIIMOHAE CKOJIB3AMIEr0 KOHTPOJIsI YaCTOTY OIIMOOK

qgepe3 CyMMY MHIAUKaTOPOB OIMOKN 1 rmepecraBuM MeCTaMM 3HaKW CYMMHPOBaHUA:

CCV_OeZ EZ (uX, ) = kzofz [z, € X] I(uX, ;). (13.3)

'

N;

Buyrpennss cymma, obo3nadenHas depe3 [V;, eCTb 9HC/IO pa3dUeHMil BHIOOPDKH X,
IIPA KOTOPBIX O0BEKT I; OKa3bIBACTCA B KOHTPOJILHOI 1I0JIBHIOOPKE 1 aJropuT™ (X JIOIyc-
KaeT Ha HEM omuOKy. /lanHast cuTyariust peajau3yercs JIJisi TAKUX pa30oMeHuil, TP KOTOPHIX
M HEePBBIX 00BEKTOB U3 MOCIEJIOBATEIBHOCTH T, Til, - - -, LTj —1 HOIATAIOT B KOHTPOJIb-
HYIO TIOJIBBIOOPKY, M~bIil COCET T, HAXOIUTCs B 00y IaIOIIEeil TOABBIOOPKE U TPUHAIIEXKIT
JIPYTOMY KJIaccy, To ectb I, (z;) = 1. Hucso crmocobos Beibpats (¢ — 1) obyvaromux 06b-
ekToB u3 ocrasimxcst (L — 1 — m) pasuo C’ﬁ__ll_m. Yucio m MOXKeT IPUHUMATDH 3HAYCHUS
TOJIbKO OT 1 710 k. Takum oOpaszoM, HCKOMOE UHC/I0 pa3dueHuil paBHO

k
Ni = Z Im(xl) Ci_—ll—m'
m=1

[Moncrasisss N; B (13.3), ucosb3yst onpe/iesienne mpoduist KOMIAKTHOCTH U TOXKJIe-
crBo kCY = LCY |, momyqaem Tpebyemyto dbopmyiry (13.2). ]

HekoTopble cBoOWiCTBa TOYHOW OUEHKU nonHoro CKONIb35ILLLEero KOHTPOISI.
1. KoMOuHATOPHBIIT MHOXKUTENID Y,y = L L ./ C% | ybIBaeT ¢ pocToM m GuicTpee
reOMETPUIECKOI TPOTPECCUn:
(-1 k
L—1-m L1

Buauenne CCV masio, ecin ipoduib K (m) npuHIMaeT Masible 3HAYeHUsT TIPH MaJIbIX 17,

Ym41 = q(M) Y, qg(m) =1-—

TO ecTh OJIM3KKMe OOBEKTHI YacTo JieskaT B OJHOM KJacce. [Ipu Gosbiux m poct K (m)
KOMIIEHCHPY€eTCs CTPeMJIEHIEeM KOMOMHATOPHOTO MHOMKHUTEIA Y, K HYIIIO, IO3TOMY KJIac-
cuduKauy JaaéKuxX Ipyr oT Apyra 00bEKTOB IPAKTUYeCKN He BiausioT Ha 3Hadenune CCV.

2. [Ipu k = 1 npoduab KOMIAKTHOCTH BBIPOXKIAETCS B TOYKY M COBIAJIACT C Ca-
MuM dynkiponasom CCV, KOTOPBIL B 9TOM C/Iydae Ha3bIBAIOT CKOJIB3SIINM KOHTPOJIEM
¢ uckaouernuem obsexmos no odnomy (leave-one-out, LOO).

B ob6miem ciygae npoduiib cocTouT U3 k TOUEK, NPHIEM OTHOCHTEILHDIH BKIaT K (m)
OBICTPO yMeHbIaeTcs ¢ poctom m. Hampumep, npu k = 1,2, 3:

kE=1: CCV=K();
k=2: CCV=K(1 )Hl +K(2)g+p

e+2 m'
C pocroMm JIMHBL KOHTPOJIs k BKJIAJ] HAYAJIHHBIX 3JIEMEHTOB ITPOMUIIS YMEHBITACTCS.
3. Boruucyenue npodguis kommnakraocru tpedyer O((?) onepanuii, yrnopsjiounpanue
00beKToB 110 Gmzoct — O(£% log £) oneparuii. [Tocsie storo seraucienue CCV npousso-
qurest 3a O(k) onepanuii. 9o ropas o 6uicTpee, 9eM IPOU3BOANTL CyMMUPOBAHUE TI0 BCEM

C% pasbueHusIM, UTO CTAHOBUTCS IPAKTHYECKH HepeasibHO yzKe 1pu k > 2.
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§13.3 OT6o0p 3TaNOHHbLIX 0OBLEKTOB

B meTose 6/mzkaiinero cocejia UMeeT CMBIC 3aIIOMUHATD He BCIO 00YYaloNLy 1o BHIOOD-
KY, & TOJIbKO TUIIMYHbIE OObEKTHI, Ha3blBaeMble amaaonamu (prototype). OT6op sTagoHoB
Ipec/ie/lyeT OJHOBPEMEHHO HECKOJIBLKO IIeJieil: coKpalleHne o0bEéMa XpaHUMbBIX JIaHHBIX,
MTOBBINIIEHNE CKOPOCTH KJIaCCU(PUKAIINH, IIOBBIIIEHIE KAUeCTBa KJIacCupUKaIuI OJ1arogapst
YCTpaHEHUO0 HETHIIMIHBIX 00beKTOB. KpoMe TOro, STajaoHbl MOI'YT IPEIbIBIATHCS OIhb-
30BaTEIO JIJI O0bACHEHUS PE3Y/IbTaTOB KJIaCCU(PUKAIINN.

Hemunuynvimu mim wymosvimu Ha3bIBAIOT OOBEKTHI, HAXOJANINECS B OKPYKEHUU
00BEKTOB Ty2KOIo KJtacca. MeToj 6/iKaiiero coceaa rapaHTHPOBAHHO JIOIYCKAeT OIIHO-
Ky He TOJIbKO Ha TaKuX 00beKTaxX, HO M Ha TeX 00bEKTax Ty:KOT0 KJiacca, JjIs KOTOPBIX
HETUIUYHBII 00BLEKT OKAXKeTCs OJIMKANIIIIM COCEIOM.

3BecTHB 3BpHCTHYECKHE MeTOJbl oTGopa sTasoHoB Stolp, A-Stolp [29], FRiS-
Stolp [6], ocHOBaHHBIE Ha OlEHKAX OTHOIIEHUST JIOKAILHBIX IJIOTHOCTE! KJIACCOB B KAXKIOM
00beKTe. DTU METOJbl HEILIOXO 3apEKOMEHIOBAIN cebs Ha IPaKTUKE, OJHAKO BOIIPOCHI
TEOPETUIECKOr0 OOOCHOBAHMS OCTAIOTCS JIJIT HUX OTKPBITBIMU: KaKOil (DYHKIIMOHAJ OHU
MUHUMUBUPYIOT, TTOYeMy OHU 00JIaJIal0T XOpoIieil 0600marorieil criocobHOCThIO, HE CyIIe-
CTBYET JI 9BPUCTHUK, KOTOPbIE MOTJIK ObI paboTaTh €I JIydIIie.

PacemorpuMm 3aj1a1y BbIOOpa MOJAMHOMXKECTBA STAJIOHOB, MUHUMU3UPYIOMEr0 (PYyHK-
monant CCV st asroputMma Osmzkaiiniero cocefa [15, 78|, dannas 3amada sBisieTcs
NP-nosroit [118], mosromy st eé perieHust Oy/IyT IPUMEHEHbBI SBPUCTHIECKUE AJTTOPHT-
MBI TIOCJIEI0BATETHHOTO YKAJIHOTO VJIaJeHus NI JOOABIEHNST STAJIOHOB.

XagHble anroputmbl otbopa atanoHoB. Obozuaunm depes 2 C X MCKOMOe MHOKe-
CTBO 9TaJIOHOB, Yepe3 I, (x;, {}) — ommbKy, BO3HUKAIOILYTO, eC/IM [IPaBUILHbIH oTBeT Y(T;)
Ha O6’beKTe I; 3aMEHHUTDH OTBETOM Ha €Ir'o 1mM-M Ccocelle U3 MHOXKECTBa Q OHpe,ZLeJII/IM npo-
PUADL KOMNAKMHOCTU OMHOCUMENDHO MHOHCECTNEA IMAA0H06 ()
L
1

K(m,Q) = ZZIm(xi,Q); m=1,...,L—1.
i=1

s orbopa srasioHoB yjaobHee onpenesnTsh Besmduny ekaada T(x;, Q) obbekra x;
u upejcrapiaaTb CCV B Bujie cyMMBI BKJIAJIOB BCeX O0BEKTOB.

Teopema 13.2. /i merona OymzKaiiero cocela [ig, UCIIOJIb3YIOIIEr0 B KAIeCTBE ITa-
JIOHOB TOJIBKO 00beKThI MHO)KecTBa () C X, crpasesusol jBa npeacrapiacaus CCV:

/—1
C’L—l—m

_— 13.4
Lt (13.4)

k Oz_l L k
CCV (o, X) = Y K(m, Q) == = "> " Ln(2:,9)

m=1

T(x4,92)

JlokazarebcTBO aHAJIOrMYHO TeopeMe 13.1 m BbIHeCEHO B yIPayKHEHUS.

Ecnu zexoTopsrit 00bekT & gobasisgercs B ) uin yaasusiercs us 2, To 171 OOHOBJICHUS
CCV 11ocTaTovHO MepecIuTaTh BKJIAJIBI TOJBKO TeX OOBEKTOB, IS KOTOPBIX OOBEKT I
SBJIETCS He Jlasiee, 9eM k-M COCEeI0M.
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AaropurMm 13.1. ZKajHoe yjiajenue MIyMOBBIX 1 HEMH(MOPMATUBHBIX 00bEKTOB.

Bxona: Boeibopka X, mapamerp 0 > 0;
Boixoa: muoxkectso srasionos €2 C X

=X, Q:= Zle T(2:,9); Qumin = Q;

IIOBTOPATDH

count := 0; — cuéTynk 4ucsa ynaaeHui
IIJIg Bcex x € €

AQi= Y (T(a\e}) — T(a: 9));

2, €V (2,Q2)
ecam () + AQ < Quin + 0 TO

6
7 Q:=Q+AQ; Q:=0\{z};
8: ecad () < Qumin TO Qumin 1= Q;
9 count := count + 1;

10: moka count > (;

AaropurMm 13.2. ZKagroe mobaBiieHne 9TaJOHHBIX 00BEKTOB.

Bxox;: Boibopka X, napamerp 6 > 0;
Boixos: muoxkectBo srasionos (2 C X

1: Q := {10 osHOMY CJIy9aiiHOMY OOBEKTY OT KaXKJIOr0 KJIAacca};
Q= ZiLzl T(x% Q)v Qmin = C;

2: TIOBTOPATH

3 count := 0; — cuérunk umcsia jJobaBjIeHU

4:  mas Beex r € X\

5

AQ:= % <T(xi, QU {z}) — T(a;, Q));

2 €Viy(z,QU{z})
6 ecau () + AQ < Quin — 0 TO
7 Q:=0Q+AQ; Q:=QU{z};
8: ecan () < Qumin TO Quin 1= Q;
9 count := count + 1;
10: mmoka count > 0;

O6osnaunm wepes 7;(z, 2) panr obbekra x € () Bo MHOKeCTBe (), YIIOPSAIOIEHHOM
110 BO3PACTAHUIO PACCTOSIHUI 110 T; € X.

Onpegenenne 13.2. Obpammnoti okpecmrocmyvio m-ro mopsiika oobekra r € §) Ha3bIBa-
eTcst MHOYKECTBO OOBEKTOB, JIJIsT KOTOPBIX OOBEKT T SIBJISIETCSI HE JIajiee, 9eM M-M COCEIOM:

Vin(z,Q) = {$Z€X|T1$Q } m=1,...,L—1.

B [15] mpe/yoxken kKaIHBII aJropuT™ y/IadeHnst, KOTOPbIi ncKIodaer n3 () Hesra-
JIOHHBIE 0OBEKTHI 110 ojiHOMY, HaunHas ¢ {2 = X. Ha kaxjgoMm mare HaxogauTces TOT 00b-
ekT x € ), yranenue xoroporo munumusupyer CCV (o (a1, X). [Toszke ObL1 mpeiozen
Auropurm 13.1, koropeiit pabGoraer namuoro oOeictpee [78]. OH yuansger Bce 0ObEKTHI,
yaasgenne KoTopbix yeesuuuaeT CCV ue Oosee, 1em Ha Masyto Besuuauny 0. [lapamerp o
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cHaJaJja I0JIaraloT PpaBHBIM HYJIO, 9TOOBI VAAJUTH BCE NMIYMOBBIE BBIOPOCHI; IIPU ITOM
CCV yonmaer. Koria BEIOpOCH! Oy/1yT yaa/eHbl, TapaMeTp 0 MOXKHO HEMHOTO YBEJTUINTD,
4TOOBI yJIAJIUTh HEMH(MOPMATUBHBIE «BHYTPEHHUE» OOBEKTHI, IJIOTHO OKPYKEHHDBIE 00b-
eKTaMH CBOEro KJjacca. Korma m oHM OKaKyTcs HCUYepIaHbl, MapaMeTp 0 MOMKHO CHOBa
nemuoro yBennanTb. Korga CCV HaunHaeT 3aMeTHO BO3pacTaTh, IIPOIECC yaaaeHnus: 00b-
€KTOB IIPEKPAIAeTCsI, M BCe OCTaBIINECT B ) 00bEKTHI CINTAIOTCA STAJTOHHBIMI.

HemocraTok »kajHOrO yjiajgeHus B TOM, UTO OHO paboOTaeT MeJIeHHO. AJITOPUTMBI
trra Stolp 0OBITHO MCIOIB3YIOT CTPATETHIO KA HOTO J100aBeHus, Oosiee 3(hPEeKTUBHYIO
¢ TOYKH 3peHus 00béMa Beruncaennii. B anropurme 13.2 crparerust 1o0aBaeHnit UCIO b
syercs st ontumusanuu CCV. Jlobapienust jgeaiorcs 10 Tex nop, noka CCV ymenbiia-
eTcst XOTsI ObI Ha MaJIyio BeanunHy 0. HemgocraTok 3Toit cTparern B TOM, 9TO MHOXKECTBO
OTOOPAHHBIX STAJIOHOB MOYKET CYyIIEeCTBEHHO 3aBUCETh OT HAYAJIbHOIO MPUOTNKEHNST — Ca-
MBIX ITEPBBIX 00BEKTOB, KOTOPbIE BBIOMPAIOTCS MPAKTHIECKN CJIyTaiiHO.

KomMmipomuccHoe perienne 3aK/II049aeTcs B TOM, 9TOObI B3Th B KadeCTBE HAYAIHLHOI'O
npub/IMKeHUsT HeOOJIBITIOE CIyYaiiHOe MTOJIMHOXKECTBO O0BEKTOB B KayKJIOM KJIacce, U 3aTeM
JepeioBaTh J00ABIEHNs U yIAJeHUs 9TaJ0HOB. MbI He IPUBOIUM 3/1€Ch 3TOT AJITOPUTM,
TaK KaK OH JIOIyCKaeT OOJIBITOe THC/IO PA3TUIHBIX 9BPUCTUK U BAPUAHTOB PEATN3AIINN.

O meTpuuecknx pepesbsx. [lia sdpdexkruroro mepecaera CCV HEOOXOMUMO OBICT-
PO HaxXOIUTh OO0BEKTHI OKPECTHOCTH M 00OpaTHOl okpecTHOCTH. L1t 3TOr0 HEOOXOIMMA
CTPYKTYpa JaHHBIX, KOTOPas I03B0JIgIa Obl 9 (HEKTUBHO CTPOUTH, HAXOAUTH U OOHOBJISITH
IpsiMble U OOpaTHbIE OKPECTHOCTU K-TO TOpsJiKa i Jiioboro odbekTa r; € X. Hawmbo-
JIee TTOJIXOJISAT JIJIst 9TOH e Mempuyeckue Jepeavs, TpeTHa3HAYeHHbIE /IS NHIeKCAIUN
MHOKECTBA OObEKTOB, 3a/IaHHbIX TTOMAPHBIMU paccrosgHuAME [65, 66]. B cpeinem Kax ibiit
3aIIpOC Ha IOWCK, J00aB/IeHre WIN yaajleHne o0bekTa 00pabaThIBaeTCsd METPUIECKUM JIe-
peBom 3a Bpems nopsiika O(log L). Vcnonb3oBanne METpUYIeCKUX JIEPEBLEB MO3BOJISET
CYIIECTBEHHO YCKOPUTH MPOIEcC 0TOOPa ITAIOHOB.

§13.4 DkcnepumeHTbl U BbIBOAbI

TectupoBanue ajaropuTMoB 0TOOPA TAJIOHOB ITPOBOJIMIOCH HA JIBYMEPHOI MOJIETIHHOM
BbIOOpKe jiytiHbI L = 1000, cocTositeit u3 JIByX rayCCOBCKUX KJIAaCCOB C JuciiepcusaMu 1 u 2
I PACCTOAHMEM MEKLy MeHTpaMu 5. JIOMoJHATEIbHO B 06y Jalontyio BEIO0PKY X ¥ BBOIH-
JIOCH 110 5 MITyMOBBIX O0bEKTOB B KazkJI0M Kjacce. Ha puc. 13.2 uzobpazkena pas/iessiornias
HOBEPXHOCTD, HOCTPOEHHAs aJI'OPHTMOM OJIMZKAFIIIEro coce/ia Ha HOJIHON BhIOOpKe X~

Ha puc. 13.3 u puc. 13.4 nnokazana pa3zjie/droliasl II0BePXHOCTD I KJiaccuduKaTopa
OJIHOTO OJIMZKAliIero cocejla Mo MHOXKecTBY 3tajoHoB (2. Puc. 13.3 coorBeTcTByeT cTpa-
Ternu yaaJieHusd, puc. 13.4 — crpareruu g00aBaeHus 3TaJOHOB. BoJbimmMu ToukamMu 000-
3HAYEHBI 9TAJIOHHBIE OOBEKTHI, MaJeHbKUMU — Tepudepuiinbie 00beKThl. [ crparerun
YAaJieHnd ITyMOBBIC O6’beKTbI ITIOKa3aHbI TPEeyTI'OJIbHUKaMM. O6a aJITOpUTMa CIVIaKUBatOT
Pa3IEeSIONIYI0 TTOBEPXHOCTD, YIAJIAIOT BCE IIYMOBBIE OOBEKTHI U OCTABJIAIOT MPUOJIN3HU-
TEJLHO OJIMHAKOBOE YHCJIO STAJOHOB, KOTOPbIE BHICTPAUBAIOTCH HAa HEKOTOPOM Yy/IaJIEHUN
OT I'PAHUIILI KJIACCOB.
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Puc. 13.2. Mogenphas 3aga4da kiaccudukanuu: 1000 oobekToB, meTox 1NN,

@ 3TasoHHble k.2

O aTanoHHble kn.1

A wymoBble kn.2

A wymosble kn.1

HeuHdopMaTVBHbIE KI.2

HenHdopmaTUBHbIe k.1

o

Puc. 13.3. Pesyabrar orbopa srasonos Anropurmom 13.1 (crparerust yjiaaeHus).

©  3TasnoHHble Kn.2

O  aTanoHHble kn.1

A wymoBble Kkn.2

A wymosble kn.1

HeuHdopMaTVBHbIE KI.2

°

HevHdopmaTUBHble k.1

o

Puc. 13.4. Pesynbrar or6opa srasonos Asropurmom 13.2 (crparerusi nobaBieHus).
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[0-60] [980-1000]

—— dyHkumoHan CCV Ha obyyeHun

—— yacToTa owmnboK Ha TecTe

Puc. 13.5. 3asucumocts dyukmmonana () or KojndecTsa yJIaaéHHBIX 0ObEKTOB
I —

Q| pst Anropurma 13.1.

0.034
0.032
0.030
0.028
0.026
0.024
0.022
0.020
0.018

W

0 10 20 30 40 50 60
—— dyHKumoHan CCV Ha obyyeHunm
—— yacToTa owubok Ha TecTe

Puc. 13.6. Basucumocts dyukimonasa () or KoaudecTBa J00aBICHHBIX 00bEKTOB
|Q| mrst Anropurma 13.2.

Y1005 poBEPUTH 0OODIIAIOINILYIO CIIOCOOHOCTD AJITOPUTMOB OTOOPA ITAJIOHOB, CTPOU-
J1lachk TectoBas BbiOOpKa jiynHbl 2000 u3 TOro ¥XKe pacipe/ie/ieHus. 9T 00bEKThI He UCTIO b=
30BaJIICh IpH 0TOOpe 3TasoHoB n3 X . Yacrora ommbOK Ha TECTOBOH BBIOOPKE BBITHC-
JIsI7Iach Ha KazK/I0# nTepaluu 1 BBIBOJAUIACH Ha Tpadukax. B ciaydae xKa HOrO yaaieHns
(puc. 13.5) ona usmensiercst cuaxponso co suadennem CCV na obyuatoreii BbIGOpKe. D10
O3HaYaeT, YTO JAHHAs CTPATEI'Hs TPAKTUICCKN He I0JIBep:KeHa rmepeodydennio. B ciydae
JKaTHOTO J106aBenus (puc. 13.6) cTosb 96TKOi CHHXPOHHOCTH He HAOJIIOIAI0Ch.

Ha puc. 13.5 sneBbrit yaactok [0-60] coorBercrByer yianenuto mryMoB (0koso 40 06b-
extoB). [Ipasbrit yaacrok [980-1000] mokasbiBaeT, 9TO UNCA0 KPUTHIECKN BazKHBIX ITAJIO-
HOB B JIAHHOU BBIOOPKE He BeJMKO (paBHO 6), HO yBesmveHne Juc/a 31ajgoHos (10 16) mos-
BOJISIET YMEHBIIIUTHL YaCTOTY ONIMOOK Ha TecToBOI BbIOOPKE (¢ 3,6% 10 2,0%). Ha puc. 13.3
BBIJIJIeHO 42 3TajioHa, KoTopble obecrednBaoT MuHUMYM Q(2) M OTHOBpEMEHHO MU-
HUMAJIBHYIO 9acTOTy OmMOOK Ha TecToBoil Bhibopke 1,8%. Jlnmuublii cpeanmii yuacTok
[60-980|, He nmokazanHblil Ha puc. 13.5, cooTBETCTBYeT 3Tally yiaadeHus nepudepuiiHbx
00bEKTOB, HA KOTOPOM 3HadeHue ()({)) MPaAKTUIECKU MTOCTOSHHO.
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Pe3iome

DOyukimoHa MoJHOTO cKkoyb3siero Koutpossi (CCV) ompesensercs Kak CpeHsis
110 BceM pa30MeHusIM 9acTOTa OIMMOOK Ha KOHTPOJIbHON BhIOOpKe. st MeToma OsmKaii-
mrero coceia Tounasi onenka CCV Bbipazkaercs depes npoduib KoMmuakTHoctn K (m).
OH ompeensieTcss Kak 0/ 00bEKTOB BBIOOPKH, JIJIsT KOTOPBIX M-l cOCEJI JIEXKUT B IPY-
rom kiacce. Ilo dopme HagambHOro ydacTka HPOMUIsi KOMIAKTHOCTH MOYXKHO CYIUTh,
TO/IXO/TUT JIM BIOpaHHAsT MOJIENIb CXOJICTBA OOBEKTOB JI/Ist JaHHOI 3aadau. OT6op 3TamoH-
HBIX 00beKTOB 110 Kpurepuio MunnmyMa CCV 1mo3BojisieT COKpaTUTh 00bEM XPaHUMbBIX
JIAHHBIX, MTOBBICUTH CKOPOCTh U KavuecTBO Kiaaccudukaiun. IIpn 3ToM 00beKTHI pasieis-
FOTCS Ha, TPU THUIIA — IIYMOBbIe, HEMH(MOPMATUBHBIE U STAJOHHBIE, UTO SIBJISIETCS TOJIE3HOI

JIONIOJTHUTE/TbHOI mHMOpMaIueii BO MHOTHX TPUIOKCHUIX.

B cnepytouwein nekuuun Oyayr noaydensr ornenku CCV g cemeiicTBa MOHOTOH-
HBIX KJIacCUPUKATOPOB. XOTs MapaurMbl METPUIECKON U MOHOTOHHON KJIACCH(DUKAITII
Ha TEPBbII B3IV COBEPIIEHHO PAa3JINYIHbI, JIJId 9TUX JIBYX CJIYIaeB IOJIyYAOTCs y/IMBU-
TEJILHO TOXO0XKHUE TI0 CBOEH CTPYKTYpe OIEHKH.

Ynpa>kHeHust

Bamaga 13.1 (1). /[lokaszars Teopemy 13.2.

L-1
Bagmaua 13.2 (1). [okasars, uro > K(m) =1 > L,(L — L), tae L, — 1ucno oG-
m=1 yeY
€KTOB KJjlacca Y B BBIOOpKe X.
L1

Bamaua 13.3 (1). dokaszarb, uro » v, = 1.
m=1

Bamaga 13.4 (2). O6o6muTs Teopemy 13.1 Ha ciydail, Korja B BAPUAIMOHHOM DsiLy
paccrosiauii (13.1) ecrb ojuHakoBbie 3HaueHus. CresaTh NECCHMUCTHIHOE TIPEJIIOTIOKE-
HUEe, 9TO €CJIN JJjIsd KJIacCH(PUIMPYEeMOro 00beKTa &; CYHIIeCTBYeT XOTs Obl OJIUH 00yJaio-
Ui OObEKT & HAa MHUHUMAJIbHOM pPaCCTOTHII Igél)r(l p(x;, x), nexamuii B Ipyrom KJjacce,

TO AJITOPUTM 00A3aTE/ILHO JIONYCTUT OMIUOKY Ha 00bEKTE T;.

Bamada 13.5 (5). O6o6muTs Teopemy 13.2 s Merosa Kiaaccudukanun 1o K G/rikaii-
IIIAM COCEJISIM.

Bagaua 13.6 (5*). Iloayuurh OmeHKH BepOATHOCTH IepeobyueHusi (). U BEPOSATHOCTH
OOJIBIIION YacTOTHI OMMUOOK Ha KOHTpoJe [, Jijis MeTojia OJImKaiIero coceia.
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14 MoHoTOHHble kKaccudumkaTopsbl

Paccmorpum 3aj1auy Kiaccudukaium, B KOTOPOil MHOYXKECTBO OOBEKTOB X YaCTHUIHO
ymopsiogeno, Y = {0,1}; MHO)KecTBO ajropuTMOB A €CTh MHOXKECTBO BCEX MOHOTOH-
ubix Gyakmumit a: X — Y (1o ectb u3 x < 2’ cienyer a(x) < a(z’) mua Beex x, 2’ € X);
ungukarop owmbku umeer sui I(a,z) = [y(z) # a(z)], rue y — Henssecrnas nesesast
3aBUCHMOCTb. [Ipemnonaraercs, 9To GyHKINS § MOHOTOHHA WM «IIOYTH MOHOTOHHA>.

Ha npakTuke orpaHumdeHnss MOHOTOHHOCTH MOTIYT BO3HHKATH B Pa3IMIHBIX CHTYa-
nugAX. YIOMsHEM TPU HanboJjiee paciupoCTPaHEHHBIX.

1. AnpuopHble orpaHu4eHnst MOHOTOHHOCTU. [IpuK/IaHbIE SKCIIEPTH MOTYT JIABAThH
nojckaskn (hints), orpammvmBaioNe MHOMKECTBO JIOMYCTUMBIX aaroputmos [52]. IIpu-
MEPOM $BJISETCS YTBEPZKJIeHUe «deM OoJibllle 3HaYeHHe Npu3Haka f(I), TeM BbIIe yBe-
PEHHOCTB, YTO OOBEKT ¥ NPUHAJIEKHUT Kjaccy 1». Ecim Takux NpusHaKOB HECKOJIHKO,
yrBep:ierue npuanMaer Buj «ecan f(x) < f(2') masg Becex npusHakoB f u3 3aJaHHOTO
muoxecrsa G, 1o a(x) < a(x’)». Ho 910 n o3nagaer, 1ro dynknnsa a Mmonoronua. [Ipnme-
PBI TAKUX YTBEPKJICHUIT MOKHO HANTH B 3a/1a9aX MEIUINHCKOIO TPOrHO3UPOBAHUs (deM
cTapuie NaldedT M 9eM BBIIE CKOPOCTh KPOBOTOKA B BEHE, TEM BBIIIE PUCK PECTEHO3a
HIyHTa), B 3a/la9aX KpPeAUTHOI'O CKOPpHHI'a (qu BbIITIE€ J10OXO/IbI 3aéMH_H/IKa n 49eM J0JIb-
IIe OH IPOKUBAET HA OJIHOM MeCTe, TeM HUzKe PHUCK Jedo/Ta) U B JIPYIHUX [PEIMETHBIX
obaacrsx [106]. Kak mpasmio, oHE HOCAT TPUOIU3UTENbHBI XapakTep, W 3aBUCHMOCTh
Y OT NPU3HAKOB Ha CAMOM JleJle He B TOYHOCTH MOHOTOHHA, & «IOYTH MOHOTOHHA>.

2. lMNoporosbie pewatwme npasuna. Ilycrs 3agana dynknusa f: X — R. Oyuxmus
a(x) = [ flx) > 0} HA3BIBAETCS NOPO206BIM PEWAIOUUM NPasusom ¢ TToporom 6. Eciu or-
Howenue nopsaka Ha X sanano kak (z < ') » (f(z) < f(2')), To MHOXKECTBO BCex
MOHOTOHHBIX KJIACCH(PUKATOPOB A coBIagaeT €O MHOMKECTBOM BCEX IOPOTOBBIX pella-
fomux npaBmi. Ha mpakTuke MOpOroBble MpaBHIa IMUPOKO HCIOJB3YIOTCA B KadecTBE
«CTPOUTEIbHBIX OJIOKOB» aJTOPUTMOB KJIaCCH(MUKAINU. DTO dJIEMEHTAPHbIE ITPEIMKATHI
B KOH'BIOHKTUBHBIX 3aKOHOMEPHOCTsX (cTp. 118), yCcjaoBus BeTB/IEHNs B PEIIAIONINX Jepe-
BbsX (23, 94, 43| u pematonux crmckax [56, 107], 6a3oBble KaaccudUKaTOPbl B KOMIIO3U-
musix tuna Gycrunra u 6srrunra [100, 64], npaBnia TPUHSTH OKOHIATEILHOTO PEIeHst
BO MHOTUX aJrOPUTMax KJIacCUMUKAINI Ha JIBa KJIacca.

3. Komnosunyuun anroputmos knaccudumkaumn. Ilycrs umeercsa T' aaropuTMoB Kiiac-
cuduranum Bujga a;(r) = [bt(x) > 0}, rne by X = R, t =1,...,T. Ux xomnosuyuet Ha-
spiBaercst asropurm a(z) = F(bi(x),...,br(x)), roe dynkupa F: RT — Y nasesaer-
st Koppekmupyrowet onepayueti, AITOPUTMbI a; HA3BIBAIOTCS 0a306biMU. SHaYeHUsT by (x)
u b(x) WHTEPIPETUPYIOTCS KAK CTEleHb YBEPEHHOCTH aJrOpUTMOB ay(x) u a(z), cooTBeT-
CTBEHHO, B TOM, 9TO OOBEKT - NpUHAIIeKUT Kiaaccy 1. [Tosromy or dyukiun F Tpebyer-
cst, 9TOOBI OHA MOHOTOHHO He yObiBasia 1o Bcem T’ cBouM aprymentam [47, 12]. TlockobKy
6a30BBIC AJTOPUTMBI MOTYT JIOMYCKATE OMHMOKH, 3aBUCUMOCTD y(x;) 0T T-MEpHBIX BEKTO-
poB (by(z;),...,br(x;)) MoXKeT OKa3aTbCs He MOHOTOHHO, HO «IIOMTH MOHOTOHHO!».
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Haubosiee pacipocTpaHEHHBIM THUIIOM KOMIIO3UIIUN SABJISIETCS 836CULEHHOE 20A0C06A-
Hue — JuHeiiHas KoMOuHarnus 6a30BbIX ajgroputmos (27, 103, 64, 84]:

F(bi(x),...,br(x)) = Z by ().

O6bruHO TpeanonaraeTcss, 9ro «; > 0; B TaKOM cjaydae JUHEHAs KOPPEKTUPYIO-
mas omneparys sBjageTcd MOHOTOHHOI. TpeboBanue JIMHEHHOCTH JJIsT KOPPEKTUPYIOINX
omepalnii BBIVISIINT MeHee 0O0CHOBAHHBIM, UeM TpeboBaHMe MOHOTOHHOCTH. JInHeiiHble
GYHKINN UMEIOT YUCTO IPAaKTHIeCKNe IIPEUMYIIEeCTBa: X IIPOIe CTPOUTD, U KO3 huIm-
CHTBI (; MO2KHO MHTEPIIPpETUPOBaTh KaK CTEIICHH JOBEPpUIA 6&30BBIM aJIrOpUTMaM. MOHO—
TOHHBIE KOPPEKTUPYIOIINE OllepaIii 00Pas3yoT CYIIeCTBEHHO DoJiee MIPOKOEe MHOKECTBO
GYHKIMI, 9TO MO3BOJISIET HAJIESITHCS HA BHINTPHIIT B KAUECTBE KIACCU(PUKAIINN, HO B TO K€
BpeMs 9TO MOXKET IPUBOIUTDH K Iepeodydennio. Bompoc o ToM, Kakne KOPPEKTUPYIONIe
omepalyy JIydiie, JUHeHHbIe NI MOHOTOHHBIE, OTHOCUTEIBHO MAaJIO MCC/IeI0BaH. JKCIIe-
PUMEHTBI CBUIETEIHLCTBYIOT, UTO MOHOTOHHBIE KOPPEKTHUPYIOIIHE OIEPAIIH MOI'YT 00Ja-
JIaTh JIydIrneii 0000IaroIeil ClIoCOOHOCTRIO IIPU 3HAUUTEIHHO MEHbIIIeM KOoJImvIecTBe 0a30-
BBIX aJrOpUTMOB [21], 0/IHAKO MOKa HET YETKOTO MOHMMAHWSI, IOUYEMY 9TO POUCKOJUT.

Hasee nac Oyaer mHTEpECcOBATHL BOIIPOC, B KAKUX CJIyYasdX MOHOTOHHBIE K/IacCuuKa-
TOPBI 00J1JIAI0T HAWIYYIIell 0000IIAOIIel CIIOCOOHOCTBIO B CMbIC/IE (DYHKIIMOHAJIA, T0JI-
HOro ckoJib3sitero Kourposs CCV. Boobire roBopst, 0b6ob1maiomast crrocoOOHOCTb J0IZKHA,
OBITH TE€M BBIIIIE, YeM JIyUIle BBIDOPKA COTJIACYETCS € UCIIOIB3YEeMOI MOJIETBIO a/ITOPUTMOB.
B nammoMm cirydae Moiesib — 9TO MHOXKECTBO BCeX MOHOTOHHBIX hyHKuit. [losTomy B Kate-
CTBE OTBETA HA MMOCTABJICHHBIN BOIIPOC OXKMJIACTCS MOy IUTh HEKOTOPYIO XapaKTEPUCTUKY
MOHOTOHHOCTH BBIOOpKU U gBHBIH Buj 3aBucuMoctu CCV 0T 310l XapaKTepUuCTuKH.

§14.1 [lpodmnb MOHOTOHHOCTU BbIOOPKYN

Jomyctum, a1o MeTos 00ydeHus (4 BRIOUpaeT aJrOPUTMbl U3 MHOKeCTBa A Bcex Mo-
HOTOHHBIX byHKIWI a: X — Y.

Onpenenenne 14.1. Beprhum u HUMNCHUM KAUHOM O0OBEKTa T; € X HA3BIBAIOTCS, CO-
OTBETCTBEHHO, MHOXKECTBA,

Wo(z;)) ={z € X: z; <xmy(x) =0};
Wi(z;)) ={reX:x <z, ny(xr)=1}.

[Ipumepsl KIMHBEB TTOKa3aHbl Ha puc. 14.1 (a).

Mmuoxectso W; = Wy(xi)<xi) Oy/ieM Ha3bIBATH IIPOCTO KAUHOM OODbEKTa I;. ITO BCe
00BEKTBI TOTO Ke KJIacca, UTO U T;, JIeyKallue MexK /Iy &; U Ipanuiieil Kiaccos. MorHocTs
kimHa w; = |W;| xapakrepusyer riyOuHy HOrpyzKenust obbekTa x; B CBOil Kjacc. dem
MeHbIIe w;, TeM OJimKe 00beKT K rpanuiie Kiaacca. OObeKThl, He UMEIOINEe CBOEro K/IMHA
(w; = 0) GyJeM Ha3bIBATH 2PAHUYHBLMU.
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Puc. 14.1. JIsymepnas 3a1a4a KiaccuUKAIMH ¢ €CTECTBEHHBIM OTHOIIEHUEM TIOPSI-

ka Ha MHOkecTBe X C R2. Puc. (a): Bepxumit KIMH 06beKTa T;, HIDKHUI KIUH 00b-

exTa xj. Puc. (6): onHa U3 JOIyCTHMBIX MOHOTOHHBIX KJIACCH(UKAIUi reHepasbHON

BbIOOpKH X. O6beKTh 00y vatonieil BEIOOPKU BhIjieseHbl cuMBoJiamu [, B. PoHoM 1oKa-

3aHO O0beAUHEHNEe BEPXHUX 00JIacTeil 00ydaommux 00beKTOB Kiracca 1 n obbeuHeHne

HIDKHUX obJracTeil obyuarormmx o0bekToB Kiacca (.
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Puc. 14.2. Ta xe nBymepHas 3aa4a kiaccudukanuu, 9ro Ha puc. 14.1. JIBa kpaitHux

CJy4dast MOHOTOHHON KﬂaCCH(bHKaHHH: BCE OOLEKTHI B 3a30p€ MeXK/J1y HU2KHUMUA 1 BEPX-

HUMU 00JIACTAMU 00y Jaronux 00beKTOB OTHOCATCs K Kiaccy 0 (a), K kimaccy 1 (6).

Ecim monoToHnHbII AJITOPUTM JIOITYCKaeT OH_II/I6Ky Ha 0OBEKTE ZT;, TO OH HOIIyCKacT

omubKy 1 Ha BceX 00bekTax u3 KjiaumHa W;. DTo 0CHOBHOE CBOWCTBO KJIMHA, KOTOPOE ChIT-

paeT pemaNLyo PoJib MPU MOJTyIYeHUN OIEHOK CKOJIB3SIIEro KOHTPOJIS.

Onpenenenune 14.2. [Ipogurem monomonnocmu BBIOOPKH X HA3BIBACTCS (DYHKITHST

M (m), paBHas ji0J1€ OOBEKTOB C KJIHHOM MOIIHOCTH MM

i=1

L1
IIpoduis MoroTOHHOCTH HOpMHUpOBaH: y_~—  M(m) = 1.
[Ipodbuiib MOHOTOHHOCTH CYIIECTBEHHO 3aBUCUT OT BHIOOPKU, IIPHIEM BO3MOZKHBI JIBA

KpailHux cjrydasi:
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1) ecn B KazKJI0M U3 JIBYX KJIACCOB OOBEKTHI TMOMAPHO HECPABHUMBI, TO BCE KJIMHbS
mycTbl 1 poduiib cocpeoroder B mHye: M(m) = [m = 0];
2) ecom Ha X 3ajaH JuHeHblH nOpanoK, To M(m) = +([m < Lo] 4+ [m < Ly]), rae

L, — 4uciao o0BbEeKTOB KJjacca Yy B IeHepaJibHON BLIOOpKe:; ecyit Lo = Ly, TO Ipoduinb
Y ) 0 )

2

MOHOTOHHOCTHU pacrpeieién pasaomepno: M(m) = ¢ [m < %}

§14.2 BepxHas oueHKa MNOJSIHONO CKOJ1b3SLWEro KOHTPOs

Onpenenenne 14.3. Cmenenvio nemonomonnocmu BEIOOPKH X HABBIBACTCS HAHMEHD-
m1asi 9acToTa OMIHOOK, JIOIYCKACMBIX Ha HEHl MOHOTOHHBIMH aJITOPHTMAMH:
0(X) = min v(a, X).
acA
Bribopka X HasbIBaeTCs MOHOTOHHOM, ecm u3 z; < x; ciaeayer y(x;) < y(x;) mia
BCex ¥;,; € X. Bolbopka MOHOTOHHA TOIIa U TOJILKO Torga, Korga 6(X) = 0.
Ecim MeTof (4 MEHEME3EPYET SMIUPUIECKUIT PACK, TO €CTh CTPOUT AJITOPUTMBI C MU-

HUMUMAJbHBIM YHUCJIOM OIMMUOOK Ha 00ydaroleil BHIOOPKE B KJIACCE BCEX MOHOTOHHBIX

dbyuximit A, To MeTos 1 6yIeT KOppeKTHbIM Ha JTI060i MOHOTOHHOI BbIGOpKE [12].

Teopema 14.1. Ecjiu MeTos |1 MUHUMH3HPYET SMIIHPHICCKUH PHCK B KJACCE BCEX MO-
HOTOHHBIX (DYHKIIHI U CTelleHb HEMOHOTOHHOCTH BHIOODKH X paBHAa 6, TO

0L+k—1
COV(1,X) < Y M(m)Hp"™ (0L). (14.1)

m=0

JlokazaTeabcTBO. 3amnuiieM B (DYHKIINOHAJE CKOJIB3SAMEr0 KOHTPOJIS YacTOTY OIMNOOK
Jepe3 CyMMy HHIMKATOPOB OIMNOKY U TIOMEHsIeEM MeCTaMW 3HAKH CyMMUPOBAHUS:

COV = = Z Z (uX, ) %Z—ZZ [z; € X] I(uX, ;). (14.2)

LXX zeX i=1 L xx

N

N

Buyrpennsisi cymma, obozuaderHas depe3 [V;, BbIpaykKaeT UUCI0 pa3dueHuii BbIOOP-
ki X, IIpU KOTOPBIX OOBEKT X; OKA3BIBAETCS B KOHTPOJIBHOI MOJIBBIOOPKE, U MOCTPOEHHBIH
o oOydJaroIeil MoaBbIO0PKe aJITOPUTM JOITyCKAeT Ha HEM OIINOKY.

Orermm V;, BOCIOJIB30BABIIUCH TEM, 9TO €CJIU AJTOPUTM ¢ MOHOTOHHBIH 1 JIOITYCKAeT
omubOKy Ha O0ObEKTE T;, TO OH JIOIYCKAeT OIMMOKY U Ha BeexX oO0bekTax u3 KianHa Wi.

B 3zaBucumocTt OT COOTHOIIEHUST MOIIHOCTU KJIMHA W; U CTEIEHN HEMOHOTOHHOCTH
BBIOOPKU BO3MOYKHBI JIBA CJIyYasl.

Ecmm w; > 6L + k, To Hu mpu KakoM pa3dMeHnn MOHOTOHHBIN aJIrOpUTM He Oyier
omubaThCd Ha X;, MOCKOJIbKY AL + k ecTh MaKCUMaJILHOE YUCJIO OMIUOOK, KOTOPOE MOXKET
JIOIYCTUTH MOHOTOHHAsI (DYHKITUS HA BCeil BLIOOPKe X. DTO BBITEKAET U3 JOIMYIIEHUS, ITO
METOJ, /4 CTPOUT aJTOPUTM ¢ MUHUMUMAJIBHBIM YUCJIOM OIMMOOK Ha 00ydarorieil BhiOopKe
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B KJIacCe BCEX MOHOTOHHBIX (DyHKIUI. MuHIMa/IbHOE TUC/I0 OMUO0K Ha, JTI000# 1TOIBBIOOD-
ke X He IPeBOCXOINT MUHUMAJIBHOTO YNC/Ia OMMOOK Ha Beeil BeiOopke X. CegoBaTebHO
9UCI0 OMMOOK Ha oOydennn He npeBbimaer §L. Takum obpasom, B aToMm ciaydae N; = 0.

Paccemorpum BTOpoit caydaii, kormna w; < 0L + k. Ilycrs s — aucio oobekToB u3 W,
HaXOJISIIIXCS B 00ydaroleil moaBbI0OPKE,

max{0,w; —k + 1} < s < min{fL, {, w;}.

Nmeerca C cnocobor BIOpaTh § 00yvaonmux 00bekToB n3 kiuna Wi. Jlna kaxio-

S

r'o0 M3 9TUX CIIOCOOOB UMEeTCs Cé_—l—wi BapUaHTOB BhIOpATh ¢ — § 0OyYaOmUX 00HEKTOB

u3 muoxkectBa X\ (W; U {z;}). B urore mosyuaem onenky [uciia pasoueHmii:

min{6L,¢,w;}

N; < Z Cfvioﬁ_—sl—wi' (143)
s=max{0,w;—k+1}

[oncrasum onenky (14.3) B (14.2), Bocnosbayemes Toxjectsom kCY = LCOY |
u yarém, aro N; = 0 npu w; = 0L + k:

L min{6L,0,w;} l—s
1 k Co Cr 7w
CCV < — — —
DN ot
i=1 s=max{0,w; —k+1}
w;<OL+k

HpI/IMeHHH olpe/jesenue HpOCbI/IJIH MOHOTOHHOCTH, II0JIy4YaeM OLCHKY

OL+k—1 min{6L,¢,m} Cs s
cev< Y M(m) > e
m=0 s=max{0,m—k+1} L1

Bamerns, 4TO CyMMa II0 § COBIaJaeT ¢ GyHKIMel THIepreoMeTpuIecKoro pacipeie-
¢
nernst H7") (OL), nonyqaem onenky (14.1). Yro n TpeboBaioch j10Ka3arh. ]

CaencrBue 14.1.1. Orenka (14.1) MoHOTOHHO He yObIBaeT 110 6, jjocTurasi HanMeHbIIe-
ro 3uadenust npu § = 0, Korya BRIOOPKA MOHOTOHHA H METOJI [ SIBISIETCST KOPPEKTHBIM

Ha rerepasbHoit Boibopke X, To ecth korma v(uX, X) = 0 g1 seex X € [X]%:

k—1 Cg

CCV(1,X) < Y M(m)—=1" (14.4)
m=0 CL*l

Haubosbmmas onenka CCV < 1 mocturaercs, kKorma w; = 0 g Beex ¢ = 1,..., L.

DTO O3HAYAET, YTO KarK/bIil KJIacc IpeacTaBisgeT coDOil MHOXKECTBO IONapHO HeCpaBHU-
MBIX OOBEKTOB, U BCsS BBIOOPKa paclaaeTcs Ha JBe aHTurenu. B aTom ciydae TpeboBa-
HIIe MOHOTOHHOCTH He HAKJIa/IbIBaeT HUKAKUX OIpAaHUYIEHNI Ha CeMeifiCTBO aaropuT™MoB A,
1 OHO WHAyImpyeT Bce 2 crmocoboB momesnTh TaKyio BBIOOPKY Ha J1Ba Kjacca. BIosHe
€CTeCTBEHHO, 9TO MepeodydeHne B JJAHHOM CIydae MaKCUMAJIbHO.

Haumenbiast onerka CCV < 2/¢ nocturaercst, Korja BbIGOPKa MOHOTOHHA U JIMHET-
HO yropsijodena. B 9ToM ciiydae 9uc/io KJIMHBEB MOIHOCTH W HE MPEBBIIIaeT 2 /i BeeX
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w=1,..., k. CemeficTBO MOHOTOHHBIX AJTOPUTMOB A UHIyIIUPYeT YHUMOJIATbHYIO TICIlh.
[Tepeobyuenue B JJaHHOM CJIydae MUHUMAJIBHO.

['unepreomerpudeckuii MuokuTesb B (14.1) yobIBaer ¢ pocroM m GbICTpee reoMeTpu-
4Jeckoii mporpeccun. Yrobbl obecrieanTs MaJsioe 3Hadenne dpyukimonaia CCV, moctaTrodno
norpeboBaTh, 4To0bl pyHKIMst M (m) npuHIMAaa MaJible 3HAYEHUs TIpU MaJjbix m. [lpn
OOJILITNX M €€ POCT KOMIIEHCHPYETCsl KOMOMHATOPHBIM MHOYKHUTEJIEM. TakuM obOpa3oM,
KaIeCTBO MOHOTOHHOI'O KJIACCH(pPUKATOPA TEM BBIIIE, 9eM MEHbIe 00bEKTOB NMEIOT KJIH-
Hbs HEOOJIBINON MoIHOCTU. [IJ1s1 9TOro OTHOIEHNE MOPs KA Ha MHOXKECTBE 00bEeKTOB X
JIOJIZKHO OBITH OJIM3KO K JIMHEHHOMY BOJIM3W I'PAHUIBI KJIACCOB, WJIHM, JPYTUMH CJIOBAMH,
MHOXKECTBO OMHAPHBIX BEKTOPOB OIMIUOOK JIOJIKHO OBITH OJIM3KO K YHUMOJAJILHON IeIn
BOJIN3U TPAHUIIBI KJIACCOB.

Taxum obpazom, popma TpoduIis MOHOTOHHOCTHA MOYKET PacCMAaTPUBATHCA KaK (pop-
MaJIbHOE BbIpasKeHHe alpruopHOil nHMOPMAIUI O IIOTHOCTH OTHOIIeHUs! TTopsIKa [49, 50|
BOJIN3M I'PAHUIIBI KJIACCOB.

BameTum, 9T0 EMKOCMb KJIacCa MOHOTOHHBIX K/AcCu(UKATOPOB OECKOHEUYHA, II0-
CKOJIbKY Ha BBIOOPKE JIIUHBI L, COCTOSINEl M3 MOMAapHO HECPABHUMBIX 3/IEMEHTOB, pea-
msyetcs posHo 2F amxorommit. Takmm obpasoM, KimaccmdecKasa Teopus Bammmka-Yep-
BOHEHKMCa He JIaéT COoJIepKAaTeTbHBIX OIEHOK KadecTBa JjIs JIAHHOIO cjydasd. V3BecTHO
TaKzKe, 9TO 3aBUCSINAA OT BBIOOPKH adhekmuctan EMKOCMd KIacca MOHOTOHHBIX (DYHK-
Uil He TPEBOCXO/UT JUIMHBI MaKcuMaJsIbHOH anTuienu B Bbioopke X [104]. Onenka (14.1)
CYIIIECTBEHHO TOYHEE CJIOXKHOCTHBIX OIEHOK W HUKOT/IA He TIPeBhImaeT 1.

NurepecHo orMeTuTh GOJIBIIOE CTPYKTYPHOE CXOJICTBO oreHoK (13.2) u (14.4), noty-
YEHHBIX JIJId TaKUX PA3JIMIHBIX, HA [TEPBBIH B3IJIsI/I, allPUOPHBIX OMPAHUYEHU, KaK KOM-
[MAKTHOCTh ¥ MOHOTOHHOCTH. yTh 1032K€ MBI TIOIIPOOYEM pa300paThCsi B €ro MpUIHHAX.

§14.3 To4Hble OUEHKWN MOJSIHOIFO CKOJ1b35ILLEero KOHTPOJIs

[Torpobyem pazobparbest, modeMy ornenka (14.1) me sBagercs rounoii. [Ipu onennsa-
HUM Yucia pa3douenuii N; Mbl He 3HAJIM, OMMUOACTCA JIU AJITOPUTM a = pX Ha 00bEeKTe T;,
U c/iestaan M30bITOYHO CHJIBHOE MEeCCHMUCTUYIHOE MPEJIIOIOKEeHNe, YTO OH BCET/ia Ha HEM
omubaercsd. Ecim ke ydecTb, KAaK UMEHHO aJIOPUTM @ OIPEJIEseTcs 10 BhIOOpKe X,
TO BO3MO2KHO ITIOJIYYUTDb TOYHbBIE OIICHKMU.

Bseném ciemyrorue omnpejiesieHus.

Huotcran obracmov obbekTa x; — 3TO MHOYKECTBO BCeX OOBEKTOB & TaKHUX, 9TO T < ;.

Bepxnas obaacmob oObekTa T; — 3TO MHOXKECTBO BCeX OOBEKTOB T TAKUX, 9TO T; < I.

Homyctum, uro BeiOopka X monoTonHa. Torja jro60it MOHOTOHHBIH aJrOPUTM @ MIPa-
BUJILHO KJIACCUMDUITIPYET BCE OOBEKTHI, TOMAJIAIOIINE B HUZKHIE 00/1aCTH 00YIaIoNuX 00b-
exToB Kjacca 0 u B Bepxuue obsactu obydaromux o0beKToB Kiacca 1, cm. puc. 14.1 (6).
[Ipo ocrambHbIE OOBEKTHI Oy/IEM NOBOPUTH, UTO OHU AEHCAM 6 3a30pe MEKIY HIKHIMUI
U BEpXHUMH 00OJIacTsIMi 00y daronux 00bekToB. Kiaccndukarus 3Tux 00beKTOB 3aBUCAT
oT KOHCTpyKImu ajropurma a. Ha puc. 14.1 (6) nokasana ojiHa #3 BO3MOYKHBIX Dean3a-
nmit ajgropurMma a. Ha puc. 14.2 nokasanbl jiBa KpailHUX ciydasd — KOIJ[a BCe OObEKTHI,



= 153 =

JIezKallye B 3a30pe, OTHOcATCd b0 K Kaaccy 0, ymbo K Kiraccy 1. Hauném ¢ aTux kpaitnux
CJIydaeB, Kak HanboJiee MpOCThIX.

MoHoToHHble knaccudmkaTopbl MO rpaHuuam 3asopa. Hasosém npodusem moro-
monnocmu Kracca y € Y dbynknmio M,(m), paBHyio Jose 00BbEKTOB KJIacca y ¢ KJITHOM
MOIITHOCTHM 1.

M, (m) = !

ll

Z[y(i’?i):y“wizm}; m=0,...,L—1.

OueBnIHO, cCyMMa TIPOGUIIEiT 0 KJIacCaM COBIAIAET ¢ OOIIUM TTPOQUIEM:
M(m) = My(m) + My(m), m=0,...,L—1 (14.5)

Teopema 14.2. FEcimn Bprbopka X MOHOTOHHA U aJIrOPpUTM @ = (41X OTHOCHT BCE OO'BEKTHI,
JIeKalme B 3a30pe, K KJaccy Y, TO CIPABEJINBA TOYHAs OIEHKA

k—1
Yo
CCV(1,X) =) Ml_y(m)ée—l. (14.6)
m=0 L-1

HoxkazareabcTBo. [lomyctum, 4ro anroput™m a = X OTHOCHT BCe OOBEKTHI U3 3a30pa
K kjaccy y = 0. Torga on momyckaer ommbKM TOJBLKO Ha TeX OOBEKTax X; U3 3a30pa,
KOTOPBIe MpuHa IIekaTr Kjaaccy 1. s 3rux o0beKToB unc/io pazouennii N;, Mpu KOTOPHIX
v, € X u I(pX,z;) = 1, soramcasiercss o dopmyae (14.3). Jas ocTagibHBIX 00bEKTOB
u3 3a3opa N; = 0. Takum obpazom,

Ny =Cp_i_,, [y(z:) =1].

Honcrasus N; B (14.2) u Bocnosb3oBasmch Toxkaectsom kCY = LO% | momyuum (14.6)
it caydas y = 0. AnajioruaabiM 00pa3oM mpoBepsieTcs caydait y = 1. [

Ec/ui npeinosiokuTh, 9ro mpoduib MOHOTOHHOCTH JIeJIUTCs coraco (14.5) mpumep-
HO [OPOBHY MKy KJIACCAMU, TO U3 JOKA3aHHOI TeOpeMbl cyiejryer, 4to onenka (14.4) ns
[IPOM3BOJILHOI'O METO/Ia 00y UeHUs 3aBblllleHa MPUOIN3UTe/IbHO BiiBoe. Ha camoMm jiese ona
3aBBIIIEHA CUJIbHEE, TAK KaK OTHOCHTD BCE OOBEKTHI 3a30pa K OJIHOMY KJIACCY — OYEBU/IHO,
He caMag JIydiliasi CTpaTerus ¢ TOYKU 3peHnsd obodImaomneil criocoonoctu. Muaryurms mo/i-
CKa3bIBAET, YTO ONTUMAJbHOE Pasfie/ieHue JO0JKHO MPOXOJIUTh Mocepeinte 3a30pa. dTo-
ObI TPOBEPUTD ITY TUIIOTE3Y, HEOOXOIUMO CPABHUTH METO/IbI OOy UeHUsI, KOTOPbIE TTPOBOIAT
Pa3JIeJISIONLY 10 TIOBEPXHOCTH 110 TPAHUIIAM 3a30Pa, 110 CepejiuHe 3a30pa i (J1j1st O0JIbIIeit
OOIITHOCTH) 110 33IJAHHOMY OTHOIIEHUIO PACCTOSAHUI 710 HUXKHEH U BepXHeH IpaHMuil.

Tounas onerka CCV 151 citydast pas/iesieHust 1o cepeIimHe 3a30pa oIy dena [ajmHoit
Maxunoii B [42].

MoHoTOoHHbIe KnaccndukaTopbl MO PacCTOSHUAM A0 rpaHuy 3a3opa. Onpegenum
JIJTs TPOM3BOJIBHOM apbl 00bEeKTOB &, u € X paccrosHue (T, 1) MKy HUKHEl 00J1aCThIo
obbekTa x u BepxHeil obyacTbio obobekTa u. IloTpebyem, aTobbl dbyHKIMA r obJajgara
CJIEJTYIOIUME CBOMCTBAMIU:
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Puc. 14.3. Monoronubie GyHKINN, TPOXOISINNE Yepe3 TOYKH MOHOTOHHONW 00yda-

formeit BoiGopku B R?: (a) anropurm kinaccudukamun a(x), (6) nenpepbiBHas dyHK-
st b(z). CryneHuaThIMu JTMHUSMEA OKA3aHbl HUXKHSIS M BEPXHsIsl TPAHUIBI 3230Da.

1) r(z,u) = 0 Torga u TOJBKO TOIJA, KOIJA T = U;
2) r(x,u) He Bo3pacTaer 10 x He YOBIBAET II0 1.

Oyuximio 7(x, u) MOXKHO HHTEPIPETUPOBATH TAKYKE U KaK PACCTOsIHEE OT OObEKTa T
JIO BepxHeil 001acTu U, U KaK PaccTogHue or 00beKTa U J0 HUXKHel obiacTu .
Pacemorpum aroputMm Ostuzkaiiniero coceia a = X,

— : /
a(z) = y(arg min p(z, 2')),

(14.7)
U JI0 ero BepxHeii obsactu, ecain y(z') = 1:

onpeenus GyHKuio paccroguus p(x, x') or kiaaccudunupyeMoro oobekTa  J10 00beKTa
obyuarorreit Boibopku ' € X Kak paccrosinue 10 ero HikHeil obsactu, ecam y(x') = 0,

: (L= z), y') =0,
ple, o) =
Ar(x,2’), y(x') =1,
riae A € (0,1) onpejensger mooKeHne pasIesIsionieil TOBePXHOCTH BHYTPH 3a30pa:

npu A — 0 paszesndionias TOBEPXHOCTh IIPOXOIUT 110 HUZKHEH IpaHuIle 3a30pa, U BCe
O0BEKTHI U3 3a30pa OTHOCATCS K KJaccy 1;

npu A — 1 pasjesdronias MoBEepPXHOCTh ITPOXOJIUT 110 BEPXHeil rpaHulle 3a30pa, 1 Bce
00BEKTHI U3 3a30pa OTHOCATCH K Kiaccy 0;

npu \ = % pasesIsIoNas MOBEPXHOCTD IIPOXOANT TOCEpeHe 3a30pa, puc. 14.3 (a).
[Ipn kpaitanx sHagennsax A € {0, 1} yHKIug p MOXKeT HPUHEMATH MHHUMAJIbHOE
snadenue () OJJHOBPEMEHHO Ha 0OYyHalonnX O0beKTaX Pas3sHbIX KJIACCOB, YTO OyJeT IPUBO-
JIITh K HEOJHO3HAYHOCTH BbIOOpa Kiaacca B (14.7). Heo/iHOBHATHOCTEL He BO3HUKHET, €CJIH
6parh kpaiinue suadenus {\g, 1 — \g} Ipu HEKOTOPOM \g, OU€HDb OJIN3KOM K HYJIIO.

Asroputm (14.7) MOYXKHO OIpENENTh IKBHBAJICHTHBIM 00pa3oM Kak a ()

= [b(z) >
do() + dy(z)’

r’'eX

)\} , oie b(x) — oTHOCHTE/IbHOE paccTosiHue JI0 OJinKaiieil HuxkHeli obiactu, puc. 14.3 (6):
d,
br) = )
y(z')=0

do(x) = min p(z, z'),

di(z) = min p(z, z").
y(a')=1
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Teopema 14.3. Ilycrs Beibopka X mMoHOTOHHA, hyHKIHS 7(T,U) VJOBIETBOPSIET CBOM-
cream 1) n 2). Torga ¢ynxnmn a(x) nb(x) MOHOTOHHO He yOBIBAIOT IO T U MPOXOIAT Y€Pe3
rouku obydaromeii Bbioopku: a(x) = b(x) = y(z) aust Beex x € X, npu arom pyrKIms b(x)
HEIpephIBHA.

JokazaresbcTBO MOXKHO Hajitu B [12].

Tounas onenka CCV ms anropurma (14.7) naéres Toit ke Teopemoit 13.1, ato u s
OOBIYHOTO MeTO/Ia OJTHKAMIIEro coce/ia. ToUHO Tak ¥Ke KazKJIblii 00bEKT X; TTOPOXKIaeT YIIO-
psijoUeHne BcexX 00bEeKTOB I'eHepaIbHOM BBHIOOPKHU 110 HEYOBIBAHUIO PACCTOSIHUN JI0 HETO,
U TOYHO TaK K€ OIpeIegeTcsd IpoduiIb KOMIAKTHOCTH.

B3aumocsasb mexay npodnnsiMm KOMMNakTHOCTU U MOHOTOHHOCTU. [lokazkem, 110

Bepxusst oreaka CCV o npoduimo MonotorHOCTH (14.4) MOXKET OBITH HOJIyYeHA B Pe-

sysbrare ociaabmenns Tounoil onenkn CCV o npodmio kommakraocTr (13.1).
BanuiemM TOYHYIO ONEHKY:

CCV = zk: K(m) Clotm _ i lZI (x-)—cﬁzll*m
_m:1 CL*I - I : m\i Cg ’

rie I, (x;) — uHauKaTop OommMoOKN Ha 00beKTe T;, eCTH KJIACCUMDUIMPOBATH €ro 1Mo Mm-My
coceny. Bee obbekThl o u3 Kiauna W siBisiiores nepsbiMu w; = |W;| Gumkaitimimvu co-
ceJiIMu 0O'beKTa T;, TIOCKOJIbKY JIJIsT HUX ¥ TOJIBKO JIJIT HUX PACCTOsiHus p(X;, T) PaBHBI
Hysit0. OObEKThI U3 KJIMHA, IPUHAJIEXKAT TOMY YKe KJIACCY, 9TO U CAM X;, CJIeI0BaTE/IbHO,
Li(z;) = -+ = Ly(z;) = 0. Ognako, HaunHas ¢ (m + 1)-ro cocena, MOIyT BOSHHKATH
omubOku. Takum obpa3oM, cipaBeInBa BePXHsisl OIeHKa st 1,

m—1

I () < [w; < ml :Z[wi:s], m=1,...,L—1.
5=0

[TogcraBum sty onenky B opmyny st CCV u caemaem psi mpeoOpasoBaHMiL:

k 1 L m—1 O
L— 1 —m
CCV < Z I Z [w; = s|]———" o =
m=1 =1 s=0
k. m—1 L
1 ot
DRI IR
m=1 s=0 L i=1 OL_l
k—1 k /—1
C —1-m
:Z Z M(s) ézl
s=0 m=s+1 L-1
k—1 k—1
= M (s ) (C +CL 2— s M (m el =
s=0 m=0 L_l

[Tocie/iHee BuIpazkeHne COBIAJAET ¢ BepxHeil oneHkoil (14.4).
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PaccTosiHus oo BepxHUX n HMXHUX obnacTeii. PaccMoTpum oinH eCcTeCTBEHHBIN CITO-
cob ornpeiesnTh (BYHKIMIO 7', MPEJJIOKEHHBIH B [12] 119 mocTpoeHns MOHOTOHHBIX KOD-
pekTupyitomux oneparuii. [Iycth 00beKTHI 38/1a10TCA 1-MEPHBIMU IHCJIOBBIMU BEKTOPAMH,

XCcR™ x=(z%...,2"), u=(u',... u"). Tlonoxum
_ 1 1 n n

T(ZE,U) —QD((U -z )+7"'7(u -z )+)7
IJIe MHJEKC «+» 0003HAYaeT oleparnuio cpesku: zy = z - [z > 0]; dyukuua ¢(z, ..., 2")
He yObIBaeT Ha Beeil obsactu onpesenenus [0,+00)" U OpUHAMAET HYJIEBOE 3HAYUCHHE
o(z',...,2") = 0 Torma u ToabKO TOrA, Korja 2t = -+ = 2" = (.

B kauectse QyHKIMI ¢ HOJAXOAAT: MakcuMyM max(zl, ..., 2"), cymma 2t + -+ + 27,

1 :

p-HOpMa, ((zl)p + (z”)p) P | 9UCJIO0 HEeHYJIEBBIX apI'yMEHTOB #{z: Z' > 0}. [Ipousseie-
Hue 2 -+ 2" u MuHEMyM min(zl, ..., 2") He NOAXOMAT, TaK KaK OHM HPUHUMAIOT HyJIEeBbIe
3HaveHus He TOJbKO B Touke (0,...,0).

BoccTaHoBneHMe 4acTM4YHO 3a4aHHbIX MOHOTOHHbIX OyneBbix dyHkuumin. Ilycrs
06beKTHI onuchiBaroTcsa n Gunapabivu npusnakamu, X C {0, 1}". Torma 3amada mocTpo-
€HUsl MOHOTOHHOTO KJIacCH(pPUKATOPa COBIIQJIaeT ¢ U3BECTHON 3ajiadeil Teopuu OyJIeBbIX
GYHKIMI 0 BOCCTAHOBJIEHUH YAaCTUIHO 33 IaHHOI MOHOTOHHOI OyseBoit dyukiun. CraH-
JIAPTHBIE aJITOPUTMbI, PEMIAIONIUe JAHHYIO 33/1a1y, OOBIYHO OCHOBAHbBI Ha, JIOMOJTHATETHHOM
TpeGOBaHIN MIUHUMU3UPOBATH CJOKHOCTD Moty daemoii 6ysesoit dyukimn a(z) [54]. Kpn-
tepuii odbodbiaomeit cnocoornoct CCV gBsieTcss HOBBIM B JJAHHOM 3ajade.

JloromnuTeIbHOE 3aTPYAHEHNE CBI3aHO C TE€M, UTO €CTECTBEHHOE B JIAHHOM CJIydae
paccrostaue XsmmuHra p(x, ') IpuHUMaeT JIUCKPeTHbIH Habop 3HaueHwuit 0, . .., n, 910 He
[O3BOJISIET OJTHO3HAYHO PAHKUPOBATH COCEEH U ONpeessiTh Y (L, ) — KIace m-ro cocesia
obbekTa ;. B pesyibrare MonoTonmble Kiraccubukaropsl Biga (14.7) MoryT oTsimaaTses
Ha 00beKTaxX, PABHOYIAJEHHBIX OT I'paHull KiaaccoB 0 u 1.

s mostyaennst Bepxueit orieHku CCV paccMOTpPUM MECCUMUCTUYIHBINA METO/T 00y de-
HUST [l,,, KOTOPBIiL cTponT Kaaccudukarop fi,(X ), omnbaomuiics Ha BceX TaKUX 00bEKTax.

HukHsst OleHKa T10J1yIaeTcst JiJisl ONTUMUCTUIHOIO METOJA, iy, IPH KOTOPOM fi(X )
[IPaBUJILHO KJIACCU(DUIUPYET BCE TaKUE OObEKTHI.

st kazkoro ; € X onpeenum hyHKImE nestoaucaentoro aprymenta v € {0, ..., n}:
aijEX\:Ui

si(v) = Z [oa(i,25) = (L4 X =2y 0)v] [y # 515
x;eX\z;

pi(v) = Z [Px(%%) = U] [3/@ = Z‘/J]-

xz;eX\x;
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012 02¢
1 022
0.10 0.20
008 | 018
1 0.16
0.06 014
00 | 0.12
! 0.10
002 0.08
] 0.06

-0.8 -0.6 -04 -0.2 0 0.2 04 06 08 -0.8 -06 -04 -0.2 0 0.2 04 0.6 08

(a) (©)

Puc. 14.4. 3asucumocts C, u C)p or A upu ¢ = k =100, n = 15: (a) BbbOpKa ¢ IIu-
POKHMM 3a30poM U umcjioM o6bekToB B Kiaccax (100,100); (6) Bbibopka ¢ 3a30pom
cs10KHO#T (bopMbl 1 HecbastancupoBaHHbIME Kiaccamu (150, 50).

Teopema 14.4 ([16]). Ilycrs BriGOpra X wsownoronna. Torma C, = C(u,, X) <
C(u, X) < C(up, X) = Cp, e
L n l l
Cr ., -C
. —ti(v)—1 L—tv)—si(v)—1
Cp= Z Z LY :
i=1 v=0 L
L n 4 0
cr ., -C
_ —tyv)—p{v)—1 L—ti(v)—siv)—piv)—1
Co=2_2. ; '
i=1 v=0 kCL

YucneHHubin akcnepumeHT. llenb skcrepuMenTa — IPOBEPUTH IMIIOTE3Y, UTO IIPOBEJIE-
HIe pas3/IelIsdoleii mosepxuocTr mocepeune 3a3opa (A = 0) muanmusupyer CCV.

DKCIEPUMEHT IPOBOAMIICS Ha OMHAPHBIX MOJEJBHBIX JAHHBIX, IPU Pa3JINIHbIX 3HA-
yeHuax n, L, £, upu pa3mdnoii coasancupoBaHHOCTH KJIACCOB, IPU Pa3IMIHOi hopme 3a-
sopa. IIpakTudecku BO BCeX SKCIEPUMEHTAX HAOIIOMAJICS Y6TKO BBHIPAYKCHHDBI MUHIMYM
CCV mpu A = 0, npu stom onernku C, u C, 6bum ouenb Oamsku, puc. 14.4. B 3amagax
¢ MaJIbIMU BBIOODKAMHU WJIM CYIIECTBEHHO HecOAJaHCHPOBAHHBIMU KJIACCAME ITOJIOXKEHIE
MUHUMYMa, HHOTJIa HE3HAYUTEILHO OTJINYaIoch 0T A = 0.

Pe3iome

J11sT MOHOTOHHBIX AJIrOPUTMOB Kjaccuduranuu Bepxuss onenka CCV BbIpazkaeTcs
Jepe3 MpoduIb MOHOTOHHOCTU BBIOOPKU, XapaKTEePU3YIONIHil TJIOTHOCTH OTHOIIEHUS 10~
PAIKa B6.HI/ISI/I I'paHuIbl KJIaCCOB MJIM CTEIICHb COIVIaCOBaHHOCTHU OI'PpaHMYeHNd MOHOTOH-
HocTu ¢ HabJroTaeMoit BbIOOpKoii. ToUHbIE OIEHKN TaKKe MOTYT OBITH IOJIyYI€HbI, HO JIJIst
9TOr0 HEOOXO/IMMO YUUTHIBATH KOHCTPYKIINIO MOHOTOHHOTO Kjaccudukaropa. s mono-
TOHHOI'O MeTOJia OJIMZKANIIero cocesla yIaeéTcs MOJIyYUTh TOYHBIE OIEHKUM M 000CHOBATH
[IPOBE/IEHUE PA3/IC/IAIONIECH TOBEPXHOCTH MTOCEPEIIHE 3a30Pa MEXK/Ly KJIACCAMU.

Ynpa>kHeHust

Bamada 14.1 (2). O606muTh Teopemy 14.2 Ha ciydaii, Korja BbIOOpKa He 06g3aTebHO
MOHOTOHHA.

Bamaga 14.2 (1). /[okasars Teopemy 14.3.
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Bamaga 14.3 (2). g corydas, Korjia BEIOOPKa He 0653aTe/IbHO MOHOTOHHA, 0000IIHTH
MOHOTOHHBIT Kitaccudukarop Gimkaiiniero cocema (14.7) n reopemy 14.3.

Bamaga 14.4 (3*). [na caydas, Korja BeIOOPKa He 00s3aTEIbHO MOHOTOHHA, BBIBECTH
BepxHIOO oreHky CCV 1o nmpodmniio MoHOTOHHOCTH 1Yepe3 TouHyto oreHKy CCV 1o mpo-
pUIII0 KOMITAKTHOCTH.

Bamauda 14.5 (4). [okaszarb reopemy 14.4.
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15 [Mpunoxenwue.
O komMOuHaTOpHOI Teopuun nepeodyYeHus

OTH 3aMeTKI aJIPecOBaHbI, TVIABHBIM 00Pa30M, CTYIeHTaM U aclipaHTaM, BHIOPABIITIM
KOMOMHATOPHYIO TEOPHUIO IepeoOydeHnsl B KadeCTBe TeMbl CBOEH HayIHO-HCCJIe0BaTe b-
cKoif paboTbl. Bo3MOKHO, OHU OyJIyT IOJIE3HBI U TEM, KTO HHTEPECYETCS METOJI0JIOTHEH
HayIHOI'O UCCJICTOBAHMUA. 371€Ch B XPOHOJOIMICCKOM TIOPSIJIKE PACCKa3bIBAETCS O TOM, KaK
BOBHUKAJIU U PeIlajnuch 3aa49i, pacCMOTPEHHbBIE B JIAHHOM KypCe JIEKITHii.

Bo BcgkoMm mccseioBaHnm IPEJIIecTBYOIINE Pe3yIbTaThl, KaK MOJOXKUTEIbHbIE, TaK
1 OTpHUIlATeIbHBIE, MTOJCKA3LIBAIOT HAIlpaBJIEHNE JIAJbHEHINX MOUCKOB. VIHOrIa MOXKHO
HE 3aMETUTh ITU MOJICKA3KHU M MOTEPITH TOJbI, UMes Pe3ybTaT OYKBAJILHO I10J] HOCOM.
MpbI yamMmces 3amMedaTh UX Ha KOHKPETHBIX HPUMEpPax, COOCTBEHHBIX U UyKUX OITHOKAaX.
Cyauraercs, 9TO 3TOT OIBIT UHAUBHUIyAJE€H U IEPEIACTCs OT YIUTE I K YICHUKY B IIPO-
mecce paborel. C APyroit CTOPOHBI, BCE HMOJIB3YIOTCsS MPUMEPHO OJHUM U TeM ke «AJro-
purmoMm HUP», KOTOpBIt COCTOUT B CJICIYIONIEM: Ha KaKJIOM IIare BLIITOJHAETCS OIlpe/ie-
JIEHHas paboTa; MOPsSI0K paboT BLIOMPAETCA 0 CUTYAIMU, HO BCE OHU BaXKHbI, M HUA OJIHY
HEJIb3sI YIIYCKATh:

1) morpyzkeHue B COBpDEMEHHYIO (B OCHOBHOM aHTJIOS3BIYHYIO) HAYYHYIO JTUTEPATYDY;

\)

) pemeHne IpoCThIX YaCTHBIX 3a/1a4, JazKe €CJIM OHU Ha HepBbeI B3I'JIA L 66CHOH€3HI)I;

w

) depejioBaHUe TEOPETUIECKUX UCCIEOBAHUI C 9KCIIEPHUMEHTAM;

W

) qepeoBaHne IOIIbITOK PEHINTL 3a/iavdy C IHHOIIbITKaMW U3MEHUTDH eé ITOCTaHOBKY;

(S

) qgepeJoBaHue CaMOCTOATe/IbHbIX paSMbHHJIeHI/Iﬁ C ceEMHHapaMu 1 O6cy}K,ZLeHI/IHMI/I;
6) yiuupomeHue 0b03HaueHI 1 JOKa3aTeJIbCTB, ITIOUCK y,uaquﬁ TEPMHUHOJIOTUHN.

[IpakTuyeckn g KazKJI0ro IMyHKTa MOXKHO BCIOMHUTBH CJIydad, KOIJI[a UMEHHO 3Ta
paboTa ImoMorJIa BHIBECTH UCCTIEIOBAHTE U3 3aTAHYBIIIerocs Tynuka. Vm, naobopor, Koria
TYIHUK BO3HUKAJ M3-32 TOTO, 9TO KaKasi-TO U3 3TUX padOT MOJOJTY OTKJIA/IbIBAJIACE.

§15.1 [locrtaHoBka 3agaun

1991 rop. lcxomnas 3ajiada, rmocrapjieHHas MOUM HAayJHBIM pyKoBojuTesaeM Koncran-
tuaoM Biamumuposutdem PynakoBbiM, Korja s ObLT cTyjeHTOM Tperhero kKypca MOTU,
cocrosia B caemytomemM. Heobxonnmo 6bu10 u3yunts padorst B. JI. Marpocosa (39, 40, 41],
B KOTOPBIX JIOKA3bIBAJIOCh, YTO KOPPEKTHBIE ajredpanieckne 3aMbIKaHU HaJT aJITOPUTMAa-
MU BBIYUCJIEHUS OIEHOK MMEIOT KOHEYHYI0 EMKOCTh, CJIEJIOBATEIHLHO, 00ydaeMbl COTJIACHO
reopun B. H.Bannuka n A. 1. Yepsonenkuca (VC-teopun). 3arem HaJI0 ObLIO U3yUUThH
paboter camoro K. B. Pyrakosa [46], B KOTOPBIX MOKa3bIBAJIOCH, ITO MOKHO CTPOUTH AJl-
redpanvecKne 3aMbIKaHUS ropas3jio Menblieil crenenu, o 4ém B. JI. MaTpocos B nadase
80-x 3HaTh HUKaK He Mor. [lostomy pesynbrarst B.JI. MarpocoBa MOXKHO yIydIIUTh, 9TO
MHE ¥ [PEJIJIAraJIOCh CJIeATh.

Pazobpasiimch, s He TOHST TVIABHOTO — 3adeM HYXKHbBI OIIeHKH, KOTOPbIE TIOTOM HU-
rje He ucnosb3yored. lemo okazanoch B ToM, uro VC-OlEHKH, HA KOTOPBIE OMUPAJICS
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B.JI. MaTpocoB, HACTOJILKO 3aBBIMIEHBI, YTO UX MOYKHO JIMIITh WHTEPIPETHUPOBATH Kade-
CTBEHHO — €MKOCTHh KOHEYHA, 3HAYUT 00y4aeMOCTb eCcTh. MaJjiasd BEepOsTHOCTH ONIUOKH
Teopueil rapaHTUPYeTCs, HO, coryiacHo VC-0eHKaM, JIOCTUTraeTCs Ha BHIOOPKAX JJTMHBI 10~
psIKa MUJITHAP/IOB. B TO 2Ke BpeMs U3BeCTHO, YTO MPaKTUIeCKUe 33/ 1a9H BIIOJIHE YCIIEITHO
PeIaloTCst IPU BLIOOPKAX U3 COTEH a MHOIJIA JlayKe JIeCATKOB 00bEKTOB.

YacrHaa 3aja4da yJIydlleHds 3aBeJOMO 3aBBIIIEHHON OIEHKU B TOT MOMEHT IIOTe-
psia it MeHs BCsKuii cMbIcy. [IpobsieMa 3aBBIIEHHOCTH CKPBIBAJIACH TJIE-TO BHYTPHU
VC-reopun, u e€ perreHne mpecTaBisioch ropasino 60see BazKHbIM.

§15.2 [Honroe tonTtaHme Ha mecTe

1991-1995. Ilo Boipaxkenuio lloiist, B 11000t Teopun uUMeeTCs HeEKasl «CKPBITasi JIBU-
JKyIIas MPYKUHA», TVIABHBIH MOMEHT JOKA3aTEeIbCTBA, «B KOTOPBIH BCE M ITPOUCKOIUT.
Buumaresbnoe nzydenue pador Bannuka n YepBoHeHKnca 1Mokas3aJjo, 9To TAKOH MOMEHT
JIEHCTBUTEILHO €CTh W HAXOJUTCs B €JMHCTBEHHOI Teopeme (cTp. 48), T1e JesaloTcs Hau-
boJiee TpybObIe OleHKN cBepxy. OcTajibHasg TeOpHs HUKOUM OOPa3oM He CBA3aHA C IIPO-
6J1eMoil 3aBbIIIeHHOCTU. VIHTEPECHO, YTO 9TOT MOMEHT JIOKA3aTeIbCTBA UMEET YUCTO KOM-
OMHATOPHYIO MPUPOY. BeposgTHOCTHAs Mepa UCHOJIB3YETCs JIUIIb JijIs TOrO, ITOObI TIe-
peBecTr KOMOMHATOPHBIN 110 CYTH pPe3y/IbTaT Ha BEPOSTHOCTHBIN s3bIK. Kceanm odnctuth
JIOKA3aTeJIbCTBO OT BTOPOCTENEHHBIX JleTasleil, TO CTaHeT BUJHO, UYTO Ha CaMOM JIeJie OIle-
HUBaeTCd KOMOMHATOPHAs BeJIMUUHA, OlpeJieigeMas caeayomum oopazom. [lyers 3amana
KOHEeUHAs T'eHepajbHasd BbIDOPKa OOBEKTOB U PACCMATPHUBAIOTCA BCe €€ pa30ueHus Ha JBE
[IO/IBBIOOPKM, OOYYAIONIYI0 U KOHTPOJIbHY0. 3a/aH0 CEeMefICTBO aJITOPUTMOB, B KOTOPOM
MBI HaJIeeMCs HAWTU aJrOPUTM, JOIMYCKAIONMi Majo ommubok. HazoséM pasduenue rmio-
XUM, €CJIH B CEMeNCTBE CYIIECTBYeT aJrOPUTM, Y KOTOPOTO PAa3HOCTh YaCTOTHI ONTMOOK
Ha KOHTPOJIE U Ha OOy4YeHUU MPEeBBINIaeT 3aJanublii mopor. o mioxux paszoueHuit —
9TO U €CTh TOT OCHOBHOI (PYHKIIMOHAJ KAUeCcTBa, BOKPYT KoToporo crpoutcs VC-teopus,
U JIJIsI KOTOPOTO ToJiydena BepxHsisi VC-oreHka.

Koncrantun BiaguMupoBud He pas roBOpHJI, 9TO Ha IPpaKTHKE PEIIeHne 3a/1a9 pac-
MMO3HABAHUS IMPOUCXOIUT He TaK, U HUKOMY He IPUJIET B TOJIOBY IepeOUpPaATh aJrOPUTMbI
U WCKATh CPEJIU HUX IJIOXME — C MAaJIbIM YHCJIOM OIMMUOOK Ha OOydYeHWH U OOJILIITUM Ha
KoHTpoJie. Ha mpakTuke MPUMEHSIOT HEKOTOPBIN MeToj| 00yUYeHus (HACTPOWKY Hapamer-
pOB) aJrOpUTMa, ITOOBI 1O 3aJJaHHOI 00yUalolieil BHIDOPKE MOJIYIUTh OJIMH KOHKPETHBIH
ajroputM. [losTomy Gostee ajiekBaTHBIM (DYHKIIMOHAJIOM SBJIACTCA JOJIA PA30UEHUN BbI-
OOpKU, P KOTOPBIX UMEHHO 3TOT AJITOPUTM IIepeodyUueH, TO eCTh Pa3HOCTh YaCTOThI €r0
omubOK Ha KOHTPOJIE U Ha OOyUEHUU MPEBLIAaeT 3aannblii mopor. Takoit dpyHKImona
BIIOCJIEJICTBUU OBLT HA3BaH 6eposamuocmvio nepeobyvwernus (crp.12). OueBnmHo, 910 OH
OIEHMBAETCsI CBePXy (DYHKI[MOHATIOM paBHOMEpHOi cxopumoctu (5.1), 3HAYUT, JJIsT HErO
takzke cripaseBa VC-orenka. OHAKO BEPOATHOCTD Iepeo0yIeHns 3aBUCUT OT BBIOOD-
KI 1 OT MeTojia obyuenud. [lorennuasbHo 310 1aéT BOZMOKHOCTH KAK-TO YIUTHIBATH TN
JlaKe ONTUMU3UPOBATEH METO]I O0YIeHUs.

Ha toMm 3Tarte HUKAKOro HOBOTO pe3yJibTaTa I10 CyIiecTBy He ObL10. KitiodeBas Teope-
ma VC-teopun ObLTa mepernucaHa Ha JIPYTrOM sI3bIKe, 0oJjiee JTAKOHUTHOM U €CTECTBEHHOM
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(cTp. 48). D10 MOXKHO OBLIO HHTEPIPETUPOBATH U KAK OCJIa0/IeHIe AKCHOMATUKU C COXPa-
HEHUEM PE3YJIbTATOB: 110 KJIACCUKE TIPEJITOJIATraI0Ch, YTO O0HEKThI BHIOMPAIOTCS CJIYYaiHO
7 HE3aBUCHMO M3 HEKOTOPOI'O CYIIECTBYIOIIEro, HO HEM3BECTHOI'O PAaCHpeesIeHns B IIPO-
cTpaHCcTBe OOBLEKTOB; TelEePh 2Ke JIOCTATOYHO IIPEJIINOIAraTh, YTO BLIOOPKA MPOU3BOJILHA
U HecjydaiiHa, 3aTO BCe €€ pa3dueHus: CJIydailHbl U paBHOBEPOATHBI. PakTuvuecku, u3
HaboOpa KJIACCHIECKNX BEPOSITHOCTHBIX JIOMYINEHNN OCTaBAJIOCH TOJBKO IIPEJIIOJIOKEHNE
0 HE3ABUCHMOCTH OOBEKTOB BBIOOPKH. DTH COOOparKeHUsT BIIEPBbIE OBLIN JIOJIOXKEHBI HA

kougepennuun MMPO-7 B 1995 romy.

1995-2005. /lokazaTeabCTBO OCHOBHOI TEOPEMBI CO BpEMEHEM YIAI0CH YKaTh OYKBAJIHHO
J10 TPéx cTpok. OJIHAKO MOIMBITKH HAIIPABUTH €0 B JIPYTrOe PYCJIO OCTaBAJUChH OECILIOJN-
ubiMu. Bo3HukaBIime wjen depe3 HEKOTOPOe BPEeMsl MOUCKOB B UHTEPHETE HAXOIUIUCH
B cTaThax H—10-j1eTHell JaBHOCTH, BCe 0 €JIMHOM, 1, KaK IIPaBUJIO, OHU y:Ke ObLIN J0CTa-
TOYHO TTyOOKO TrpopaboTanbl! O4ueBmIHO, 1 OBLT B 3TOM 1Tpob/ieMe He OJInH, U Oe3HaIEXKHO
orcrasasl. MHOroe yke OBLIO CIIEJITAHO, OCTABAJIOCH TOJILKO Y3HaBaTh, KAK 9TO Ha3bIBa-
ercd no-anryimiicku. ONEHKH, MCIOb3YIoNe NHMOPMAIMIO U3 00ydarolieil BLIDOPKU —
data dependent bounds. Meros obytuenus — learning algorithm. Ornenku 1o jaByM KO-
HeYHBIM BbIOOpKaM — transductive bounds. VYirydiienue oneHok B Iporiecce o0ydeHUs
3a CYET TOCTENEHHOro cyzKenns cemeiicrBa — self-bounding algorithms [70]. Yaér Tosn-
KO 9aCTU aJIFOPUTMOB C HEBBICOKMM ypoBHeM ommbok — algorithmic luckiness [75], shell
bounds [86, 85]. Tounas oneHKa MOJHOIO CKOJIB3SIIErO KOHTPOJIS [T MeTojia OJImKaii-
mero cocega — complete cross validation [92|. U Tax naee. ..

Hay4aroe coob1mecTBo yrKe 0CO3HAIO MPUIHHBI 3aBbITeHHOCTH VC-0IeHOK 1 aKTUBHO
nckajio HoBble TyTH. [IpaBma, Bce dyzKue pe3ysibTaThbl TaKKe OCTABJIAINA IYBCTBO IUTy0OO-
KOl HeyJIOBJIETBOPEHHOCTH. B KaKOil-TO MOMEHT MPOU3OIIET OTKa3 OT KOMOMHATOPHBIX
METOJIOB B I10JIb3y O0Jjiee CJI0KHOTO MATeMATHIeCKOro ammnapara (hyHKIIMOHAJIHLHOTO aHa-
JIA3a U TEOPUH KOHIIEHTPAIMN BEPOATHOCTHO Mephl (87, 62|. Onenku yirydimaaincsh, HO BCE
7K€ OCTaBaJIUChb 3aBbINICHHBIMHN Ha ITOPAJIKHU. ILOK&3&T€JIBCTB& YCII02KHAJIUCh, U CTaHOBU-
JIOCh BCE TPYJHEE MPOCICUTh, B KAKIX MECTaX BO3ZHUKAIOT «YTEUYKH TOTHOCTH». 3a/1a4a
[OJIyY€HUs] TOYHBIX OIEHOK Jla’Ke He CTaBUJIACh, [0 BCEHl BUJIMMOCTH, KaK ITOJHOCTHIO
besnarékaast. OOBIYHO pedb IILIa JIUIIb O 3a)KaThIX, TO €CTh HE CUJIbHO 3aBBLIINIEHHBIX,

orenkax (tight bounds) [85, 98, 55].

§15.3 DkcnepumeHTbl C NnepeobyyeHrem

2005 rop. Eciu mpobiiema He perraercss TEOPEeTUYeCcKd, TO ¢ Heil Hajlo MompoOOBATDH
pazobparbest skcnepuMenTaabao. VC-orenka (5.2) mnpejcrapiger coboii MPpOU3Be/IeHe
JByX comHoxkuTeseit. [lepsoiit — xoagduyuenm pasnoobpasus (shattering coefficient) ce-
MeiicTBa, paBHBIII MaKCUMAJIbHOMY UHCIY PA3JIUIHBIX OMHAPHBIX BEKTOPOB OIMIUOOK, IO~
POXKIAEMBIX AJITOPUTMAMH CeMefiCTBa Ha TeHepasIbHOI BBIOOPKe (i-51 KOOp/MHATA BEKTOPA
ommboK paBHa 1, ecin aaropur™ orubaercs Ha i-M 00bekTe, nHade (). Bropoii comHoXKu-
TeJIb, PABHBII BEpOATHOCTH IepeobydeHnst (PUKCHPOBAHHOTO AJTOPUTMA, ITOBOJIHHO TOY-
HO OIKCHIBaeTCsa (PYHKIUEH TUIIEPreoMeTPUIECKOro pacipeieieHns. 3aBbIIieH, TJIaBHbIM
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00pa3oM, MepBbIil COMHOXKUTETb. BO3HUKAET BOIPOC, KAKUM JIOJI?KHO ObLIO OBl OBITH 3HA-
JeHne Ko3(hduImenTa pasHoodpasns, 9ToObl OlleHKa OblIa He 3aBBIIMIEHHONR, a TOYHOI?!
D10 3HaUEHUE OBLIO HA3BAHO APPHeKMUSHM AOKANDHOIM KOIPHUUUEHMOM Da3HO0OPA3UA
(DJIKP).

Yro6br usmepurs DJIKP, 6611 ipoBeién ciemyrommumit sxcrepument (crp. 61). Jlesas
4acTh HEPaBEHCTBA (BEPOATHOCTH Iepeobydennst) oreHnBagach Merogom Monre-Kapio
110 CJIydaffHOMY TOJIMHOXKECTBY pas3sOMeHuii U JIeIn/Iach Ha TUIIEPreoMeTPUYCCKUl COMHO-
JKITeJIb U3 IPaBoil acTn HepaBeHcTBa. J[1g 9KCIIepnMeHTOB NCIOJIB30BaIach ONOIMOTEKA
JIOTHIECKUX aJITOPUTMOB Kjiaccudukarym, pazpadborantas leancom Kodenpikobim 1 AH-
npeeM VBaxuenko. Pe3ybraThl 9KCIIEPUMEHTOB HA YETBHIPEX PEAIbHBIX 3aJlavaxX KJIacCh-
dukanmyn ObLIM MOKUPYIOMUMI: HI Ha omHOoi u3 3aga4d DJIKP me mpesbicur 10, Torma
KaK OOBIYHBIN K03 DHUINEHT pa3HooOpa3ns Ha TexX ke 3ajadax nMmes mopsaakn 1081011,
910 o3nadasio, 4To VC-OIEHKN 3aBBIINEHbI HA MHOTO HOPsIKOB. Ecin 661 MBI 3axoTe/n
OIIPEJIEJIUTE TOHATHE 3(DDEKTUBHON JOKAIBHON EMKOCTH, TO OHA ObLIa Obl BRIPOXKIEHA —
HUKOTJIa He IpeBbimaia O0bl eauauiibl. OTCIOMa BO3HUKAET COMHEHHE B COCTOSTETbHOCTU
U TIOJIE3HOCTH MOHATHUA EMKOCTH JIJIS OIEHOK I1epeodyYeHnsd.

OTn pe3ysbTaThl He OBLIN MPWHATHI Ha BeJAyINe MeXKIyHapOIHble KOH(MEPEeHIIIH
COLT u ALT, ¢ obbsicHeHHEeM, YTO TPaHCAYKTHBHAs IMOCTAHOBKA 3aJa9d U (PaKT 3aBbl-
menHocTu VC-0IeHOK XOPOIIO U3BECTHDI; TOJIHKO SKCIEPUMEHTATLHBIN Pe3yJIbTaT ObLIT HO-
BBIM U UHTEPECHBIM, HO OJIHOT'O €T0 He JIocTaTo4HO i mybankanun. Kputnka VC-reopun
ObLTa HEKOHCTPYKTUBHA, HUYIErO HOBOT'O W JIyYIIEro B3aMeH He mpejyraraaoch. Cracubo
pelleH3eHTaM, yKa3aBIIUM Ha psijl crareii, B ToM ducie Ha paborsl KoapamHcekoro [82],
JIsurdopua [85], Xepbpuua [75|, KoTopble jieficTBUTEILHO GBI YITYIIEHBL.

2006 roa. B xome paboThl HaJI OMIMOKAMU ONUCAHHBIN SKCIIEPUMEHT OBLT IIepeaesiaH TIHa-
TesbHee, n MeTouKa onennBanus JJIKP Obina ycinoxkuena. Bo-mepBbix, HeOoIbIIAST 3aBbI-
IMIEHHOCTh TUIEPIeOMeTPUIeCKOr0 MHOXKUTe s mpuBoamia K 3anmkenno DJIKP. Tloce
HCIIpaBJIeHusT 9TOi ommuoOKu 3Hadennsa DJIKP Ha HEKOTOpBIX 3aa17ax MOAPOCIN, HO HIKO-
IJIa He MIPEBBIIIAIN JINHBI BBIGOPKU (Ha cTp. 61 TOKa3aHbl y2Ke UCIpPaBIeHHbIE De3yJIbTa-
To1). Takum o6pas3om, BBIBOJL O TOM, 9TO 3(DpdeKTUBHAS JIOKAJIbHAST 6MKOCTb BBIPOKJIEHA
U HE IPEBBIAET eIUHUIBI, COXpaHsicsd. Bo-BTOPhIX, ObLIN M3MepeHbl (haKTOPhl 3aBbl-
IIIEHHOCTH, TO €CTh IIOTEePsl TOYHOCTH Ha KarKJIOM 3HaKe < B Iernouke HepapeHcTB. CTasio
IIOHSITHO, YTO OCHOBHBIX IPUYNH 3aBBIIIEHHOCTU JIBE — 3TO IIpeHeOperKeHne CBOMCTBaMU
pacc/I0eHusd U CBA3HOCTH, KOTOPBIMU IIPUMEHsIeMbIe Ha, IPAKTHKE CeMeHCTBa aJIrOPUTMOB,
KaK MpaBUjIo, 00/1a/af0T.

CBoiicTBO paccaoenus CBSI3aHO € TeM, 9TO B KOHKDPETHOH 3ajade JINIIb HEMHOI'He
AJTOPUTMBbI M3 CEMECTBAa UMEIT HU3KYI0 JacTOTy OIIMOOK, HO MMEHHO OHU dallle BCEro
BBIOMPAIOTCST B pe3ysbrare o0ydeHns. DMMHEKTUBHO HMCIOIB3YeTCs JINMIb MaJias 9acTh
ceMelcTBa, B KaxKJI0M 3aj1a4de CBO4.

CBOHCTBO €68A3HOCTMU TIOABISETCS W3-3a TOTO, YTO IIPUMEHsIEMble Ha ITPAKTUKE ajro-
PUTMBI, KaK IIPaBUJIO, HEIPEPBIBHBI 110 napameTpam. [[osTomy i1 KarKJI0ro aJiropuTMa
B ceMeiicTBe HallIeTcss HEKOTOPOe KOJUYIECTBO JIPYTHUX AJTOPUTMOB, ¥ KOTOPHIX BEKTOPHI
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omuOOK OTJINYAIOTCS OT JIAHHOI'O TOJIBKO Ha OJHOM 00bekTe. C TOUKM 3peHus 1nepeodyye-
HUSI TIOMHOYKECTBO CTOJIb CXOKUX AJITOPUTMOB BEJIET Ce0s «IIOUTH KaK OJIUH aJTOPUTM».

DKCIEPUMEHTHI TOKA3aJ1, YTO CBOWCTBA PACCIOCHHUA U CBI3HOCTH IIPUMEDPHO OJIU-
HAKOBO BaXKHBI JIJIsI CHIZ2KeHUsi mepeodydenns. HeBOo3MOXKHO MOTYyYUTH TOYHBIE OINEHKU
1epeodyveHusl, yIUThIBast TOJBKO OJUH U3 9TUX JABYX 3(PDMDEKTOB. DKCIIEPUMEHTBI IPOBO-
JIMJTUCH Ha, TOHN Ke OuOJIMOoTeKe JIOTMIECKUX aJrOPUTMOB KJIACCU(MDUKAIIUU, UTO U IIPEJIbI-
nytue, coBMmectHo ¢ Auapeem VBaxueHKo.

OTH pPe3yIbTaThl OBLIN JOJOXKEHbI Ha OTKPBITOM Te€PMAHCKO-PYCCKOM CeMHHApPEe
OGRW B Or1rimarene B asrycre 2007 roga. I ma sTOT pas HUYEro KOHCTPYKTHBHOI'O
He mpejiarajoch. [IoHATHO, 9TO HAJIO0 YYUTBHIBATL PACC/JIOEHUE U CBA3HOCTD. lloHdTHO,
aro VC-orenkn He yunTbiBaioT 00a sdderra. [loraTHo, YTO B Teopun CTaTHCTHIECKO-
ro o0y4eHus MOKa HET I0JIX0/I0B, TTO3BOJIAIONINX YINTHIBATL 00a 3pdeKkTa 0 HOBPEMEHHO
U JIOCTATOYHO aKKyparTHO. He MOHATHO TOJBKO, UTO Jes1aTh JajblIle.

Anpenb 2007 roga. Eciu npobsema He perraeTcs B 00IEM cjIydae, TO HaJ 0 HaYUHATD
¢ CAMBIX IIPOCTBIX YaCTHBIX CJIydaeB. 3ajada O TOUYHON KOMOMHATOPHOI OIEHKEe BEpOsIT-
HOCTH T1€peo0ydeHrN Mapbl ajropuTMoB (cTp. ??) BO3HUKJIA CHOHTAHHO U TYT Ke ObLIa
npejjioXKeHa cryjgeHTaM Broporo kypca BMK MI'Y B kauecTBe TecTOBO#l IIpH IIOCTYII-
nennn Ha Kadenapy MMII (Maremarudeckux MeTon0B MpOorHO3upoBanus). Heoxumanno
HECKOJIBKO Y€e/I0BEK €€ OBICTPO PENIUIN, HO BCe PeIlleHrs OKa3aich pasubiMu. locse nc-
IpaBJIeHHsT OIMHMOOK CTAJIO IOHATHO, UTO 3a/ada He CJIOKHAS, U MOYKHO BBIBOJUTH OIEHKHI
BEPOATHOCTH ITePe0dYIeHN JIJIT YaCTHBIX CJIyYaeB, IOCTEIEHHO JIBUTAsICh B CTOPOHY 0000-
mernit. OHAKO eIé OKOJIO TOjla HAWTHU JAPYyTrue JIeTKO pellaeMble JaCTHBIE CJIydan HUKO-
My He yJaBaJjoch. [IpocToe yBenndenne quc/ia ajropuTMOB Ka3aJIoCh MOHAYAIY Hanbosee
ecrecTBeHHBIM IyTéM. Ciydail TpEX aJropuTMOB OBLT HECKOJIBKO CJIOXKHEE TEeXHUYIECKH,
HO HUYEro He J00aBJIsy KOHIENTyaabHo. /lajbHeiliiiee yBendenne 4quc/ja ajJropuTMOB
IIPUBO/IMJIO K SKCIOHEHITUAJIHLHOMY POCTY O0ObEMa BBIYUCECHUN U YHUC/Ia HeHAOJIIOIaeMbIX
mapaMeTpoB B oreHke. J[Jis mpou3BOILHOIO YHC/Ia aJITOPUTMOB ObLTa BBITHCAHA O404HGA
0UEHKa BEPOSITHOCTH iepeodydenust (cTp. 77). DTo TouHAas OIEHKA, JTOBOJLHO U3SIIIHAS 110
dopme, HO rpoMO3IKas u becriose3Has 110 cyTu. CTajo siCHO, 9YTO 9TOT IIYTh TYITHKOBBI,
U SCHO, TIoYeMy — OJIOUHAsl OICHKA He YUIUTHIBAJA B SBHOM BHUJEC KJIIOUYEBBIC CBOHCTBA
pPacCI0eHUus U CBAZHOCTH.

[Ipocreiimmm MHOXKECTBOM aJTOPUTMOB, KOTOpOE yzKe 00JiajlaeT CBOMCTBAMH pac-
CJIOCHUS W CBA3HOCTH, SABJIAETCs, 10 BCEHl BUIMMOCTU, MOHOTOHHAs IIEIb aJrOPUTMOB
(cTp. 64). D10 TOCIEIOBATELHOCT AJTOPUTMOB, B KOTOPOW KaXK/IBIH CJIEYIONIHIi aJIro-
PUTM JlejlaeT OMUOKHM Ha TeX »Ke O00beKTaX, U4TO U HPEIbLIYIINiM, IIIOC emé Ha OJIHOM
obbekTe. BrImucars OleHKY BEPOSTHOCTH IepeodydeHrs MOHOTOHHOM TIEN CXO/Ly He yjIa-
Jock. Torna BO3HUK/IA UJies] ITPOBECTU YUCJCHHBIN SKCIEPUMEHT, TTOCUUTAB BEPOATHOCTH
nepeodyuenns Merojgom Monrte-Kapio. Iyt HarasiHocTn ¢Tponsics rpaduk 3aBUCHMO-
CTH BEPOATHOCTHU IepeodbydeHus () OT Yuc/ia aJropuTMOB, ecjii OpaTh TOJBKO [ mep-
BBIX, CAMBIX JIy9IHX, aJroputMoB renu (crp. 66). Okazasnocs, uro kpusas (D) 6s1cTpo
BBIXOJIUT Ha HackimeHue. [Ipu jymmne BoibOopku L = 200 yxe npu D = 6 BEpOATHOCTH
nepeodydenns (), mocturnys 3Hadenns: 0.1, mepecraér pactu, 910 0UeHb Xoporro. Kako-
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My 3bdekTy Mbl 00s13aHbI 0OJIbIIIE — PACCJIOCHUIO Win CBA3HOCTU! UTOOBI OTBETUTDH HA
9TOT BOIPOC, OBLIN CTEHEPUPOBAHBI €IEé TPU MOJE/IBHBIX ceMeiicTBa: Ienb 0e3 paccioe-
HUsI U JIBa HECBSI3HBIX CeMeCTBa, ¢ paccjaoeHneM n 6e3 paccioenns. B Kaxk1oM cemeiicTBe
AJICOPUTMBI OBLITH YIOPSIAOYEHbI 110 BO3PACTAHUIO YNC/Ia OIMMUO0K Ha TeHepabHO BBIOOD-
Ke, a HaWJIydIIuil ajJropuTM BO BCeX ceMeiicTBaxX ObLI OJHHM M TEM Ke. JKCIePUMEHT
[OKa3aJl, 9TO CBSA3HOCTH YMEHBINAeT TeMIl pocta Kpusoit (D), a paccioeHune MOHIKAET
YPOBEHb MOPU30HTAJBHON acUMITOTHI. [Ipuemiemble 3HAYEHNsT BEPOSITHOCTH TIepeody e~
HUsT Ta€T TOJTBKO X coderanue. OTCyTCTBHE XOTsI ObI OJTHOTO U3 JIBYX 3((PEKTOB TPUBOIAT
K [1€peodYIeHnIo ¢ BepoaTHOCTBIO () = (0.5 yzKe IpU HECKOJbKHUX JIeCATKAX aJlOPUTMOB.
DTOT MPOCTOI IKCIIEPUMEHTATBHBII PE3Y/IBTAT B KOPHE MEHSAET B3IV HA CYIIECTBYIOIINE
teopun repeodyderus. OH O3HAYAET, ITO IIPUMEHsIEMbIe Ha MIPAKTUKE ceMeiicTBa, cojep-
JKalliie OrPOMHOE YIHCJI0 aJrOPUTMOB, ¢ HEOOXOMMOCTHIO JIOJIZKHBI OBITH PaCCIOEHHBIMUI
U CBA3HBIMH, HHAYE CUJIbHOE IepeodydeHne Hen30ezKHO.

MonTe-KapJIOBCKHiT 9KCIIEPUMEHT OBLI MPOJEIaH U C Mapoil aaroputmoB (crp.77).
OkazaJioch, YTO IPU YBEJIUUCHUU PA3JIUTHOCTH AJTOPUTMOB BEPOSITHOCTD epeolyIeHUsT
pactér, mocturas VC-OIeHKN B €JIMHCTBEHHOM HAUXYV/IIIEM CJIydae — KOIJIa JIBa aJiro-
pUTMa MAKCHUMATBHO IJIOXH (MMEIOT 4acToTy omuboK 0.5) 1 MAKCHMATBHO PA3JINIHBL (IX
BEKTODBI OIIMOOK HE COBIAJAIOT HU Ha OJHOM 0ObekTe). CTOUT OJHOMY aJrOPUTMY OKa-
3aThCA XOTs ObI HEMHOI'O JIyYIlle APYroro, ¥ BEPOATHOCTH Iepeol0ydeHus pe3Ko MalaeT —
910 3 derT paccioerns. Co CXOACTBOM OKa3aJIOCh IOXYZKe: aJrOPUTMbI JOJKHBI ObITh
OYEHb TOXOXKW W PA3INIaThCs OyKBaJIbHO HA HECKOJBKUX OOBEKTaX; Jajiee ¢ POCTOM UX
PA3JIMIHOCTH BEPOSITHOCTD Iepeodydenns ObIcTPOo pacTér. OCHOBHON BBIBOJ] 3aKJIIOYAJICS
B TOM, 9TO 3P PeKThI epeobydeHns], PACCIOEHUsI U CBSI3HOCTH MPOSIBJIAIOTCA J1aKe B Ca-
MOM IIPOCTOM CJIydae, KOrja o0y4deHne CBOJANTC K BHIOOPY JIYUIIEro u3 JBYX aJlOPUTMOB.

PesysibraThbl SKCIIEPUMEHTOB C IENSME U [TapaMu aJroOpUTMOB OBLIN JIOJIOXKEHBI Ha

koudepennuu NOU B Anymre B utone 2008 roja.

§15.4 «WrpyweuHble» 4acTHble cay4au

KoHeun 2008 ropa. [lepsblie TOUHBIC OIEHKN BEPOATHOCTHU TepeoOydeHUs ObLIN Halijie-
HBI JIJIsT MOHOTOHHOI TIEIH, YHUMO/IATBHOM TN 1 eJIMHIIHOI oKpecTHOCTH (CTp. 78-82).
DT 3a/aun 00CYKJIAMNCH Ha cienkypee «Teopus HaIEKHOCTH O0yUeHUS 110 IIPEIe/IeH-
TaM» ¥ JIaBaJIUCh CTYJEHTAM B KadecTBe 3aJlaHuil. B TOT MOMEHT y MeHd caMoro He ObLIO
peIeHns, HO CTYJEHTH 00 9TOM He 3HaJU. DTN JHUIb HABOAAIINE COOOPayKeHUs, KOTO-
pble yOexxan, 9To 3a/ia49r, HaBepHOe, HeCJIOXKHbIe. Pernenus J0BOIbHO ObICTPO HAILIN
Kanna Koxkaxmeroa n Asekceit Kypennoit, u ognospemento cryaeat MOTU Ajek-
caujp @peii. O6cTosgITEILHDBIN PA300p U COMOCTAB/IEHNE STUX PEIICHUI TPUBET K UX 0000~
[IEHNIO — HPUHIIAITY TOPOZKIAONIIX U 3alpermaonmx Maoxkects, [I3M (crp. 83). O oc-
HOBAH Ha THIIOTe3€, YTO JJIA KaxKJIOro aJlOPUTMa ¢ MOYKHO yKa3aThb JIBa MOJIMHOXKECTBA
00bEKTOB — mOpoXKIatoniee X, u 3amperaomniee X!, Takue, 9TO @ sBJISETCS PE3yJIbTa-
TOM OOyU€eHHUsI TOTJIa U TOJIbKO TOIJa, Korja X, IMeJIMKOM JIEKUT B o0ydalolnieil BLIOOpKe,
a X! — mesmKOM B KOHTPOJIBHOW. DTOi MUIOTE3bI OBLIO JOCTATOYHO, YTOOBI BBIIICATH

TOYHYIO OIIEHKY BEPOATHOCTU H€p€06y‘{eHI/IH 1 IIOIIyTHO JJIAd KazK/JI0I'O aJI'OPpUTMa TOYHYIO
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OIIEHKY BEPOSITHOCTH TOT'O, UTO JAHHBII aJaropuT™m OyieT BeIOpaH B pe3y/abTare 00y deHus.
Jlist yHUMOJAJIBHOM I aJrOpUTMOB 3Ta I'HMIIOTe3a He BBINMOJIHSIACH, HO ObLIa BEpHA
boJstee o0Ias TUITOTE3a — YTO € KaXKJIBIM AJITOPUTMOM CBSI3aHO HECKOJIBKO TIap MOPOK/Ia-
IONUX U 3alperianomux MHOKecTB (cTp. 86, 92).

HeoxxuiaHHbIM OTKPBITHEM CTaJI TOT (DAKT, YTO 0DOOIIEHHAS I'UIIOTE3a BEpHA BCErIA,
TO ecTh MHOXKecTBO nap [I3M moxker ObITH yKa3aHO g JIFOOOTO MeToj1a O0YyIeHusI, JIo-
6oro cemeiicTBa agropuT™MoB 1 10601 BeIGOPKH (cTp. 86). lokaszareapcTBo sT0oro dakrra
9JIEMEHTAPHO, KOHCTPYKTUBHO, HO HEI(MMEKTUBHO — TOYHASA OINEHKA BEPOSATHOCTH Iepe-
obOyueHns: TpedyeT IKCIOHEHIINAIBHOIO 110 JIJINHE BEIOOPKH 00bEéMa Bhruuciennii. Cracaer
JINIIB TO, UTO BhIIUcaTh cucteMy [I3M MOKHO pasHbIMEU CIIOCODAME, CPeI KOTOPBIX MHO-
raa yaaérea Haiitn 3ddexTuabie. CKopee mazke yrajgaTb, 9eM HAWTH, 9TO IPEBPAIAECT
9Ty JAeATeTbHOCTh B CBOEIO POJIa UCKYCCTRO.

C nomornpio npuniuna [I3M Obiia perena 3a/1ada 0 peKyppPeHTHOM BbIYUCICHIH Be-
POATHOCTH 1epeoby e st TIpu JT00aBIEHIH AJITOPUTMOB 110 ogHOMY (cTp. ?7). Pexyppent-
Has IPOIEIypa CoJIeprKajia OJUH ITPOCTON U KPACUBBIE MOMEHT, KOTOPbI OOHADYKUJICS
JINIITB TI0CJIE HECKOJIBKIX HEJIE/Ib PA3MBIIILIEHII U TOPhl YePHOBUKOB, U3PUCOBAHHBIX OH-
HAPHBIMEI MaTPUTIAMU. BbIancjierne BEposiTHOCTH TIepeol0y IeHNsT CBOJIMIOCH B UTOTE K CYM-
MUPOBAHWIO 3HAKOITEPEMEHHOTO Psijia, MPUIEM, OOPBIBasi Psil, MOXKHO OBLIO OOMEHUBATH
TOYHOCTH OIEHKHU Ha BPEMsl BHIYUCICHMIA.

Hauyano 2009 ropga. Hakonusiinecs K 9TOMYy MOMEHTBI PE3Y/IbTATHI ObLIN CHOBA I10Ja-
uel Ha KoHbepenimun COLT u ALT, HO He npuHSTHI, MOCKOJIBKY (1) MX Teopermyeckast
3HAYMMOCTH MaJja, (2) J0Ka3aTeIbCTBa IeperpyzkeHsbl, (3) rumoresa, JexKarias B OCHOBE
METO/Ia, MTOPOXKIAIONINX U 3aIPeIaroNiX MHOYKECTB, ABJISAeTC HeeCTECTBEHHBIM U Upes-
MEpHO CHJIbHBIM OrpaHndeHueM, (4) Bce cirydan, Jijist KOTOPBIX Hafi/IeHbI TOUHBIE OTIEHKN —
UCKYCCTBEHHBIE U TPEOYIOT 3HAHUS CKPBITHIX [IAPAMETPOB I'eHepaIbHON BHIOOPKH.

[Toxkauryii, TOJBKO ¢ IyHKTOM (3) HHKAK HEJb3sl COTIACUTHCS, B OCTAIBHOM PEIeH-
3€HTBI COBEPITIEHHO TTPABHI.

Barem ObLTH TOJYYEHBbI ONEHKU €IMIE JIJIsT HECKOJbKUX MOJICTHHBIX CEeMEHCTB asro-
PUTMOB — CJIOEB U HMHTEPBaJIOB OyseBa Kyba (cTp.71). DTO KpacuBble YacTHBIE CJIydaH,
HO, K COYKAJICHUIO, 32 HUMHU TaK U HE OOHAPYKUJIOCH HUKAKOI'O ODIIEro crocoba BLIBOIA
OTICHOK.

§15.5 [lounck obobLLeHut 1 anbTepHaTUB

Ob6mmast oreHKa, B sIBHOM BHJIe YUNTBIBAIONIAA CBONCTBA PACCIOEHUsST U CBA3HOCTH,
ObLIa MOJIyYeHa C MTOMOIIBI0 «YMO3PUTETHLHOIO BBITIOJHEHUA» PEKYPPEHTHON MPOIE/Ty PhI
(ctp. 7?7). JlokazareabcTBO ObLIO 'POMO3JIKHUM, U B HEM HUKAK HE YJIABAJIOCH M30ABUTHCS
OT CWJILHOT'O JIOMOJIHUTEILHOTO TPebOBaHUs, YTOOLI B CEMENCTBE COJIEPIKAJICSI KOPPEKT-
HBII (He JIOITYCKAIOMINi ommrboOK Ha reHepasibHOI BbI60pKe> AJICOPUTM. DTO OrpaHUIEHNE
Ka3aJ10Ch U30BITOYHBIM, HO KaK €ro CHAThb, ObLIO He sCHO.

[Ipumepro B 3TO BpeMs HETPUBHAILHBIE PE3YJIHTATHI CTAJM TOSABIATHCA Y BCEX, KTO
3aHUMAJICAd KOMOMHATOPHOI Teopueil mepeodydeHus.
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Hennc KouenpikoB mosyumi BepxHue oreHKu Jiist (pyHKInoHa a Bamruka-Yepso-
HeHKHca (BEPOSITHOCTD BGOJIBIIIONO PABHOMEPHOTO OTKJIOHEHHUSI IaCTOT OIMMUOOK B JIBYX BbI-
6opKax), CIpaBejIiBble Il MPOU3BOJBHOIO CeMefiCTBA AJTOPUTMOB U yUUTHIBAIOIIIE
addekT cBaznocTu. IhdEKT paccaoennsd g JAHHOrO (PYyHKIMOHAIA HE MOYKET ObITh
yuT€H B npunnuie. [ mokazarebcTBa UCIOIB30BATACHh TEXHUKA TEMHBIX PA3JIOKEHU
WA IPUHITUIT BKJIIOYeHnA-ucKodenus. [Iposepsiach Tak:ke BO3MOXKHOCTDH ITPUMEHEHUS
nepasencTs Tuna bondepponu-l'amamboca — 9TO MEPCHEKTUBHBIN MTyTh, HO MOKa OH HE
JlaJT KaKux-au00 mpeumyiecTs. Vcnoab3ysa meTosibl KomOuHaTOpHO# reomerpun, lenuc
JIOKA3aJ1, 9TO JIJIst JINHEHHBIX KJIACCH(MDUKATOPOB 3HAYECHUST BEPXHEH CBI3HOCTHU (BEpPXHsIs
CBSI3HOCTH aJITOPUTMa — 3TO YHUCJIO AJTOPUTMOB CEMENCTBA, JOIYCKAIOIUX OIMOKY Ha
Tex Ke 00bEeKTaX, 9TO U JAaHHBIH, ITIOC €Ié HA OJHOM OObEKTe) KOHIEHTPUPYIOTCI BO-
KPYT 3HAYEHUSA Pa3MEPHOCTH IIPocTpaHcTBa. [103ke OH MOy ONEHKY U IS JTUCIIEPCUT
CBA3HOCTH.

[TaBesr Boro 00600111 MOHOTOHHYIO I€llb AJTOPUTMOB Ha CJIydail MPOU3BOJIBHOMN
Pa3MEPEHHOCTU U PENIWI 33JIa9y O MepeoOyUYeHrn MHOTOMEPHOW MOHOTOHHO CeTH aJjro-
putMOB (cTp. 107). D10 06001IIEHIE TATOCH HA YIUBJICHIE JIETKO. 3aTe€M OH MOJTydUJI OIIeH-
KU JIJIs0 ITy9Ka MOHOTOHHBIX IIeIeil W JIJId MHOTOMEPHOW YHUMOJIAJILHOW CeTH, HO B ITUX
caydadx JI0Ka3aTeIbCTBa ObLIN CIOXKHEe. YIAJI0Ch JlayKe MM0Ka3aTh, YTO BEPOATHOCTD Iie-
peobyueHnst YHUMOJAJIBHON ceTH IPUOIU3UTE/IHHO PaBHA BEPOITHOCTH II€Pe00yIeHUsT MO-
HOTOHHOI ceTu yJIBOEHHON pa3mepHOcTH. /loKazarebecTBa OMUpAINCh HA MOIUMDUITTPO-
Bauublil npuHmn [I3M, B KkoTopoMm ocHOBHas Tumoresa (hOpMYINpPOBAIACh HE JIJIsT OT-
JICJIBHOTO AJITOPUTMA, a MEeJTUKOM JIJId KaxKJ0ro CJIof aJropuTMoB. M3 Bcex M3ydeHHBIX
K 9TOMY MOMEHTY MOJICJIbHBIX CeMEHCTB MHOTOMEpHas MOHOTOHHadA CeTh HauboJjee Ipu-
o/mmkena K peasibHocTu. Ona 00/1a/1aeT KJII0UEBbIMU CBOMCTBAMU PACC/IOEHUS, CBI3HOCTU
U pa3MepHOCTH, KOTOPBIME 00JIQJIAI0T U peajibHble ceMeiicTBa. Bo3HukIia njed: Heb3s 1
peaJibHbIe ceMeiicTBa alpOKCUMUPOBATH MOHOTOHHBIMU CeTME! BBIT OCTaBIeH IKCIIe-
PUMEHT Ha PeaJIbHbIX 3a/la9ax KJIaCCU(DUKAIIMT U PEaIbHbIX CeMefcTBaX — IO/ IOTBITHBIMUI
OKa3aJIMCh HePOHHas CeTh, HAMBHBIN OailecOBCKUil KiraccuuKaTop u MeTO I, OJIMKARIITNX
cocesieit. Bo Bcex ciydasx BepOATHOCTH HepeodyUueHus JAeiCTBUTEILHO HEILIOXO TPUO/In-
JKaJIaCh BEPOSITHOCTBIO IepeobydeHnsi MOHOTOHHOM CETH, eCJIM IOoJ00paTh JiBa €€ mapa-
MeTpa: 9acToTy OMUOOK JIydIero aaropur™a u pasmeprocts cetu (crp. 111). Ho kak nx
oIOUPATh M KaKyIo MOJIb3Y MOKHO M3 3TOr0 n3Bjedb! [IoKa 9T0 OTKPBITHIE BOIPOCHI.

Antekcanap @peit peIozKNI OPUTHHAIBHBIA TOJIX0/T K ITOJIYIeHNI0 TOYHBIX OIEHOK
BEPOATHOCTH TIePeOOyYeHNUsl JIJIT MOJIEIbHBIX CEMEMCTB aJI'OPUTMOB, 00JIaJIAIONTUX CBOM-
crBoM cummverpun (ctp. ?77). OTeHKN BBIBOANINCH sl METO/IAa PAHIOMU3UPOBAHHON M-
HUMU3AIIE SMITIPAIECKOTO PUCKa Ha OCHOBE pa3pabOTAHHOI'O UM TEOPETHUKO-T'PYIIIOBOTO
nogxojia. Pazsus sToT noaxos, Mnba TomcTuxun mosrydus onenKy T XIMMHUHTOBA TIa-
pa B Oy/ieBOM KyDe, ero HUXKHHX CJIOEB M OTIE/JbHO B3ATOIO IMEHTPAJIBHOIO CJI0s IIapa.
A Unba Pemmernsak 3aMeTusi, 9To OIEHKA I IEHTPAJIBHOIO CJIOS Iapa MOXKeT ObITh
JIETKO TIOJTyYeHa U JIJIsi OOBIYHON MUHUMHU3AIIUKA SMITUPUIECKOr0 PUCKa, 6€3 ITpUBIeYeHU
TEOpUHU TPYIIII.

Maxkcum VIBaHOB MOJIyYInJI TOYHYIO KOMOMHATOPHYIO OIEHKY (DYHKIIMOHAJIA ITOJTHOIO
CKOJIB3SIIIEr0 KOHTPOJIsI JJIsi MeTo/1a OIMzKafIX cocelieil, BRIPa3suB €€ depe3 BKJIA bl OT-



= 167 =

JIEJIBHBIX 00bEKTOB. DTO MO3BOJINIO MY MOCTPOUTH JOCTATOTHO 3(DDEKTUBHBIN AJITOPUTM
opMupoBaHUsa MHOXKECTBa 9TaJIOHOB (prototype selection) myTém mocsie10BaTEIbHOTO J10-
GaBJeHus WK yjaasaerusi oobekTos (crp. 141).

B cenTsabpe 2009 roja Bce 3T pe3yabTaThl ObLIN JIOJI0ZKEHbI aBTOpaMi Ha KOH(EpEH-
mu MMPO-14.

Moyiesibable cemeiicTBa THITA XIMMUHTOBBIX IIAPOB U MHTEPBAJIOB Oy/ieBa KybOa WH-
TEPECHBI TeM, YTO OHU B HEKOTOPOM CMBICJIC «MaKCUMAJILHO IJIOTHBIe». PacdéTsl mokasa-
JII, 9TO OHU MOTYT COJIEPYKATDH JIECATKN M COTHU THICAY AJTOPUTMOB IIPU OTHOCUTETHHO
HEOOJIBINON BEPOATHOCTH IIepeodydeHnsi. A MOXKHO JI allllPOKCHMUPOBATH ILJIOTHBIE Ce-
MelCcTBa MX pPa3PEKEHHBIMU MOJIMHOXKECTBAMU, U CKOJILKO aJI'OPUTMOB JIJIs 3TOTO IPU-
nérest B3aTh? Benommnas skcrepumMent 1o oreruBannio DJIKP, MoxkHO m1penomoKuTh,
YTO HECKOJIBKUX JIECATKOB JIOJIKHO XBaTUTh. Mba Tosictuxun mokazasi, 9To J0CTaTOY-
HO B3ATb HECKOJILKO JIECATKOB aJITOPUTMOB Ha BHEINIHEH OKPYXKHOCTH CJIOA XIMMUHIOBA
mapa, 9To0bl MPUOJIM3UTH BEPOSITHOCTH IepeodydeHns] BCEro c¢jiosd. TakuM obpa3oM, all-
[IPOKCUMAITUS IJIOTHBIX CEMENCTB UX Pa3PEKEHHBIMU IOJIMHOXKECTBAMU JI€HCTBUTETHHO
BO3MOYKHA. A Jiyisi HEOOJIBIIIONO Pa3PEeKEHHOTO TOAMHOYKECTBA BEPOSITHOCTD ME€PeodytIe-
HUSA MOXKHO HaiiTu pasubiMu criocobamu. Hampumep, MOXKHO «HATAHYTb» Ha HETO JIPYToe
MOJIe/TbHOE CeMefCTBO, JIJI KOTOPOI'0 M3BECTHA TOUHASA OIEHKA. DTa Ujles MOKa eIlé HIKeM
He npopaborana. Kpome Toro, rmoka He HMOHATHO, KaK JOJXKHO PaCCIANBATbCS AITPOKCHU-
MUPYIOIIEee MHOYXKECTBO.

22 anpens 2010 roga MHOTOJIETHUE YCUJIAS 3aBEPIINIICH 3AITUTON JJOKTOPCKO# auccep-
taruu «KoMOuHaTopHasi Teopus HaJAEKHOCTUH OOYUeHU TI0 TIperie/ienTamM». [[o gecTHoMy,
9TO OBLIM JIMIIb HAMETKE TeOpUU. XOopolas Teopust Jo/KHa (1) mpaBHIbHO 00bICHITE
HabJTI0/IaeMble BJIeHNs, (2) OBITH MOHATHON U OTHOBPEMEHHO HETPUBHUAJILHOI U (3) mpuHO-
CUTh MPAKTUIECKYIO MM0JIb3Y. PaboTa Oblia mpojerana 60Jbiasi, HO ¢ IIOHATHOCTBIO OBLIH
Ipo0JIEMBI, a MPaKTUYeCKUe MPUMEHEHUsI U BOBCE OTJIOKEHBI Ha 1moToM. [l pazpaboTku
XOPOIIeil TEOPUN OJTHOM JUCCEPTAINN He JIOCTATOYTHO.

[Touemy ke morpeboBasioch Gojiee 15 Jier, 9TOOBI JOOPATHCH JIO MEPBBIX BHATHBIX
pesysbraToB? BuHOIT TOMYy He CTOJIBKO OCHOBHas paboTa, KOTOpasi OTBJEKasa OT Teope-
TUYECKUX 3aHSITUN, CKOJIBKO OMUOKNA B METOJ00ruu uccieoBanus. «Ajropurm HUP»
rapaHTUPOBAHHO BBIBOJUT W3 TBOPYECKUX TYIUKOB, €CJU HU OJIMH W3 IMaroB HE YIIyC-
KaThb. Terneppb yzKe 09eBUIHO, ITO KATAJIM3aTOPOM JIAHHOTO UCC/IeTOBAHUS TTOCTY KUJT 9KC-
[IEPUMEHT ¢ MOHOTOHHOI IEIThIO0 aJITOPUTMOB, KOTOPBIH IIPOTPAMMUPYETCs 3a OJIUH BeUep,
U HUYTO, B caMOM Jiejie, He MeIlajio C¢JeaaTh ero 15 jieT Ha3al.

Emé omHoit ypadHOl mjieeil craJio NpeJicTaBIeHHe ceMeiicTBa aJIlrOpUTMOB B BU-
ne rpada pacciaoenusi—csisaoctr (crp. 95). Wibst PereTHsiK mepBBIM MOy IHIT ONEHKY
PaCCI0eHUA—CBA3ZHOCTH, CIIPABEJIMBYIO JIJIs ITPOU3BOJILHOTO CEMEHCTBA AJITOPUTMOB, U Ha-
MHOT'O JIYYIIIYIO, YeM BCE NPEJIbIIYIINE. DTOT PE3YJIHTAT BOMIET B €r0 JUILIOMHYIO PabOTY.
['pacdukn BeposiTHOCTH TIEpe0OyUeHUsT JeHCTBUTEILHO BICUATISIN: JJIsi JTUHEHHDBIX KJIac-
cupUKATOPOB OINEHKU OBLIN 3aBBIIICHBI JIUIIb B HECKOJIBKO Pa3, MAKCUMYM — Ha ITOPSJIOK.
O/ 1HaKO B TOT MOMEHT OIeHKA TIOKA3a/1ach HEYI00HON B NCIIO/IB30BAHUT M BEITHC/IATETHHO

Tpyoémroii. C 9Toit OIEHKO CBA3aH CJIEYIONHUil Ka3yc.
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OkTa0pb 2010 roga. Ha koudepennuio MOU-8 s B3si1 ¢ coboit Tekct Eprenust Co-
KOJI0Ba, cTyleHTa TpeTbero Kypca BMK, koTopblit TOJIBKO HauMHA 3aHUMATHCST KOMOU-
HATOPHBIMK OIlleHKaMu. B 4wuciie mpodero oH OYKBaJIbHO B AT CTPOK BBIBOJUJI OIEHKY
BEPOSTHOCTH TIEPEOOYUCHHS, YIUTHIBAIONLYIO BEPXHIOI CBA3HOCTH KaKJIOI'O ajropuTMa,
1 He TPeOYIONLYIO CYIIECTBOBAaHMS KOPPEKTHOIO aJI'OPUTMa. BUUTaBIIUCh B J0Ka3aTe/h-
CTBO, s1 OCO3HAJI, ITO ITO IpsiMoe ciejacTBue npuHimina [13M, a BepxHAA CBA3SHOCTH —
HE 9TO MHOe, KaK MOIIHOCTH MOPOXKAOIIEro MHOXKeCTBa 00beKTOB. Ha pagocTsx s j10-
OaBUJI 3Ty TEOPEMY B MPE3EHTAIINI0 MOETO JIOKIaJIa, CO CChLIKOi Ha COKOJIOBa, a CBOMM
aclMpaHTaM TAWHCTBEHHO 3asBUJI, YTO UX XKJIAET NPUATHBIN cioprpu3s. [lociie moxiraia
BBISICHIJIOCH, ITO HEKOTOPOE BpeMsl Ha3aJl OHH y2Ke pacCKa3bIBaJIl MHE HEUITO I0/I00HOE,
HO HACTOJILKO HEBPA3yMUTE/IHHO, UTO I HE CMOT MOHATH UJICI0 U PEInI, 9TO OHA COBCEM
ceipasi. B Tor ke Beuep Amnmpeit VBaxHeHKO MmoKasas, UTO MOXKHO YJIyUIIUTH OIEHKY,
€CJIN yYIeCTh eIl W HUXKHIOIO CBA3HOCTH, U 9TO HE YTO MHOE, KaK MOIIHOCTH 3allpera-
IOINEro MHOXKeCTBa 00bEKTOB. BoJjiee Toro, B 3ampemniaroliee MHOXKECTBO HAJI0 BKJIIOYUTH
BCAKMIT OOBEKT, HA KOTOPOM JAHHBII aJrOPUTM JIOIYCKAeT OMNUOKY, IIPH YCJIOBHH, UTO CY-
IIeCTBYeT MOHOTOHHO JIYUIIUI aJrOPUTM, He JOIMYCKAOIUi Ha HEM OIMUOKY. DTO JiesiaeT
OTIEHKY HAMHOTO 00Jjiee TOYHOM, TaK KaK Telepb OHa CYIECTBEHHO YINTHIBAET HE TOJIBKO
CBA3HOCTD, HO U paccyioenne. Beé 910 BepHO i1 TPOU3BOILHOIO MHOYKECTBA aJIrOPUTMOB,
a 9TO O3HAYAET, UTO IPEJIOJOKEHNE O CYIIECTBOBAHUM KOPPEKTHOIO aJIrOPUTMa HaKO-
uer caaTo. I Bcé s3to — mupsamoe ciepcrsue npuniuna [I3M, npuaém mokazarebCTBO
3aHIMAaeT HeCKOJBbKO cTpok (crp.99). Hepes mapy mHeil s 0CO3HAJ, UTO 9TOT PE3yJIbTAT
B TOYHOCTHU coBIajaer ¢ ornenkoit Vasn Permernska, mpocto oH He mcrnoab3oBas [13M
U JIOKa3bIBAJ BCE C TOMOIIBI0 KOMOMHATOPHBIX PACCYKJIECHUN, B KOTOPBIX OBLIO JIETKO
zaryTarbes. M3 Beeit 9Toit uctopun ciaeayeT MmoydnTe bHbIH BBIBO MaTeMaTHKa — 9TO
B IIEPBYIO OdYepe/ib s3bIK. [IpaBuibHO 1MomoOpaHHbie cjioBa U Kpacota (pOpMy/T UMEIOT
OTPOMHOE 3HAYEHUE JIJIsT BOCIIPUSITHA pe3ysabrara. Halm coBMeCTHBIN pe3yIbTaT ObLIT 101
ke Ha KoH(Mepermun POAU B gexabpe 2010 roja.

Yy1b nosxke Wiabsa Tosictuxun, pazdupasich ¢ pajieMaxepoOBCKOI CJI0KHOCTBIO, 3aMe-
TIJI1, 970 pyHKIuonaa Bamnuka-YepBoHeHKNCa SKBUBAJCHTEH (DYHKIIHOHAY BEPOSITHO-
CTH IepeoOyUIeHNs, eC/IM B KaUeCTBe MeTOAa O0yUeHnsT B3ATh He MUHUMHU3AIINIO JaCTOTHI
ommbOK Ha 00YIEeHNN, a MAKCUMU3AIIIO PA3HOCTU YACTOT OMUMOOK Ha KOHTPOJIE U Ha 00y-
genun (discrepancy maximization). Bpose 661 sroT dakr 6611 gasuo ussecren. Ho Uibs
3aMETHJI, 9TO K 9TOMY METO 1y 00yUeHUsi TaK»Ke MOyKHO npuMenuTsb rnpuHIimir [I3M. Crosa
KOPOTKOE JIOKA3aTEIbCTBO B JIBE CTPOKH, U3 KOTOPOI'O CJIE/IYET, UTO JIJIs KAYXK/I0TO aJrOpPUT-
Ma BEPXHSSA CBA3HOCTH PaBHA MOIITHOCTH IIOPOXK IAIOIIEr0 MHOYKECTBA OOBEKTOB, & HUYKHSIS
CBSI3HOCTH — MOITHOCTH 3anperraroriero (crp. 113). OTciona HeMeyIeHHO cieiyeT BepXHsist
OTIEHKA BEPOATHOCTH lepeodydeHus. [Ipumdaém 3ToT JErKo JocTaBIIAiics pe3yIbTaT ropas o
ayurie orenkn KovebIkoBa, CTOUBINEH HECKOJILKUX CTPAHUIL BBIKIaI0K (crp. 115).

Teopus B 11es1oM crajia npuodpeTarTsh U3AMmHbIi Bui. OCHOBHBIE COIEPIKATETLHBIC TEO-
PEMBI JOKA3BbIBAIOTCS B HECKOJIBKO CTPOK, Osaromaps npuaiuiny 1I183M, mperermayromemy
Ternepb Ha POJIb OCHOBHOT'O YHUBEPCAJIBLHOI'O MHCTPYMEHTA, TOJIYUYeHUSA OICHOK.
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24 pekabpst 2010 roga Amjpeii VBaxHeHKO 3alUTHI KaHIUJIATCKYIO IUCCEPTAIMIO.
B »1oit pabore KoMOMHATOpPHAsi OIEHKA BEPOSITHOCTH IIepeo0yUueHmusl Ha OCHOBe Tpada
PaCCI0eHUA—CBA3HOCTH ObljIa BIIEPBbIE IMPUMEHEHa K MPAKTHIECCKOMY CJIydaro — ceMeii-
CTBY KOHBIOHKTUBHBIX JIOTUYIECKUX 3aKoHOMepHocTeil. Teopus Oblita JIoBejieHa JI0 ITpaK-
TUYIECKON peasu3allii 1 JaKe IIPUBeia K HEKOTOPOMY VIydIlleHrne KauecTBa Kiaccuduka-
nuu. OIeHKa OnupaJiach, olsaTh-Taku, Ha npunmnun [I3M, Ho Teneps ocHOBHAs rumoTesa
3alChIBaIACh Cpa3y B BUJIE HEPABEHCTBA, U JJI KaKJIOT'O aJI'OPUTMAa IPEJIINo/1araaoch
CTPOUTH TOJBKO oy tapy [I3M, uro 3aBeoMo yrporaio moydenue onenku (crp. 97).
[lepBbiM mjIer0 ¢ HepaBeHCTBOM Bbickaszas Beayx Carra @peit, XoTd oHA ObLIa OYEBHUIHA.
HeoueBuaabiM OBLIO TO, UTO OHA MPHUBEAET K OOIEH OIEHKEe PaCcCI0CHUSI—CBI3HOCTH. BhI-
YHUCJIEHNIE 9TOW OIEHKM $IBJISIeTCS PECYPCOEMKHM, HO BCE »Ke BIIOJIHE peain3yeMbIM OJia-
rojiapd JIByM YXHIIPeHUAM. Bo-TepBbIX, mepeduparoTcsd TOJIHKO aJTOPUTMbI U3 HUKHUX
CJIOCB CceMelicTBa; B XOPOIIUX CydasdgxX UX TaM HEMHOI'O, a B IJIOXUX CIydasX OIECHKa
3aBeJIOMO He Hy»KHa. Bo-BTOpBIX, cTposTcs 3hdeKTUBHBIE TTPOTIEIYPHI IIepexojia OT IIPo-
U3BOJILHOI'O BEKTOpPa OIMMOOK KO BCEM €0 COCEJIHUM B cJjejyloiieM cjoe. /[jis cemeiicTBa
KOH'BbIOHKIINII 9Ta 3a/iava OKa3aJach He BIIOJIHE TPUBUAJIbHONI 1 ITOTpedoBaia aKKypaTHO-
T'0 OIlMCaHUsA CTPYKTYPbI KJIaCCOB 9KBUBAJIEHTHOCTH, LITO6bI HE Hepe6I/IpaTb JIMNTHUI pa3
AJITOPUTMBI € OJIMHAKOBBIMU BekTOpamu ommbok (crp. 125). [Ipeacrasiasercs, aro aHaso-
TUYHBIM 00Pa30M MOXKHO PACIPABIATHCA U C JIPYTUMHU CeMeHcTBaMMU.

Ha JaHHOM dTalle yzKe HE JOCTAaTOYIHO ITOHMMaHUA B3aUMOCBA3U PACC/IOCHUA U CBA3-
HocTu ¢ nepeobydenueM. MojebHbIe ceMeiicTBa NHTEPECHBI JUITh KaK yaeOHble 3a1a9u.
OcHOBHBIE BOTIPOCHI — KaK MPUMEHATH KOMOMHATOPHBIE OIMEHKU K PeabHBIM CeMeiCTBAM
U KaK yJIydIaTh ¢ UX HOMOIIBIO METOIbI 00y ICHUS.

§15.6 [decsiTb OTKpbITbIX Npobaem

B zaksmouenne npuBesiéM repetdeHb OCHOBHBIX ITPOOJIeM KOMOMHATOPHOM Teopuu re-
peobydenus, KOTOPbIE MTOKa YKJIyT CBOErO PEIIeHUs.

1. Iloydenue ONEHOK, YUUTBIBAIONINX CBA3U MEXKJIY aJTOPUTMAMH C XEMMUHTOBBIM
paccrosinrieM, OoJibiuM 1. VIX urnopupoBaHue siBjaseTCs, 110 BCEil BUJIMUMOCTH, OC-
HOBHOU MPUYNHON 3aBBIMNIEHHOCTH ONEHKN PACCIOEHUSCBA3ZHOCTH.

2. Ilonmyuenue oneHOK, He 3aBUCAIINX OT XapaKTEPUCTHUK TOJTHON BBIOOPKHU X, & TOJIb-
KO OT HabJ/IIOJaeMbIX BeJIMYNH, KOTOPble MOTYT OBITH BBIYHMCJIEHBI 10 KOHKPETHOI
obyuaroreit moaBeioopKe X .

3. Pacmmpenne KJracca MeTOJIOB 00yUeHUsl, I KOTOPBIX KOMOMHATOPHBIE OIEHKH 103~
BOJISIOT YJIydIIaTh 0O0OIIAIONTYIO CIIOCOOHOCTD.

4. Tlosyuenne 3(pHEKTUBHO BHIYUCIUMBIX OIEHOK JIJIs IIPOU3BOJILHBIX IEIeil aJropuT-
MOB. 3aTeM, ¢ UX ITOMOIIbIO, COBEPIIIEHCTBOBAHNE METOIO0B O0yUEHHUsI, CBOIAIINXCS
K PENIeHNIO TOCJIe/I0OBATETbHOCTH OJTHOMEPHBIX 33/1a9 ONTUMU3AITUN.



10.

[Tonyuenne 5 HEKTUBHO BBITUCIUMBIX OIEHOK PACC/IOCHUS—CBSI3HOCTHU JIJIsT CeMeli-
CTBa JIMHEHHBIX KJIACCU(PUKATOPOB. 3aTeM, C UX IOMOIIBIO, COBEPIIEHCTBOBAHNE Me-
TOJIOB 0TOOpa IMPU3HAKOB.

ObocHoBaHUE ¥, BO3MOXKHO, YTOUHEHHUE MIPUHIIUIIOB PErY/ISPU3aIlNN, AllllPOKCUMa-
IIUA SMIIAPAYIECKOTO PUACKA, MAKCUMU3AIINN 3a30PA.

O6001IeHIe KOMOMHATOPHBIX OIEHOK Ha CJIydail HeOMHAPHBIX (DYHKIUHI TOTEPD.

[IpoBepka rUIOTE3BI O TOM, YTO 3HAYEHUs CBA3ZHOCTU KOHIIEHTPUPYIOTCS BOKPYT
3HaYEHUs JIOKAJbHON PasMEPHOCTH ITPOCTPAHCTBA MTapaMeTPOB.

[IpoBepka rumnore3nl o cenapadebHOCTH TPOMUIIS PACCTIOEHUS - CBAZHOCTH.

[Tostyuenne oreHOK 0606IAOIIEH CIOCOOHOCTH JIJIs 3a/1a9 JruHaMIdeckoro (online)
o0y eHus.
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