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Crenkype «Teopust HajgéKHOCTH O0yUEeHUsT IO TPEIEIEHTaM» IUTAETCS CTYIEHTAM
kadepol «Maremarnyueckue meTosbl porunosupoBanusgy BMK MI'Y ¢ 2007 roga B j10-
noJiHeHne K 0bs3aTeIbHOMY KadepaabHOMy Kypcey «Maremarmdeckue MeToj bl pacio-
3HaBanus 00pa3oBy. CIIENKypC 3HAKOMHUT CTYJIEHTOB C COBPEMEHHBIM COCTOSTHHEM TeOo-
puu crarucrudeckoro obyuenus (Statistical Learning Theory, SLT), koropas 3anumaercs
pobJIeMaM BOCCTAHOBJIEHUST 3aBUCUMOCTEN 110 SMIMPUIECKUM JAHHBIM. PojioHava b
HUKaM# 3To# Teopun ObLin coBerckme marematuku B. H. Bamauk u A. f. Yeponenkuc.
B 80-e rospr Ta TEOpUs MoJIyUnIa MUPOKYI0O MUPOBYIO U3BECTHOCTD, U B HACTOLAIIEE BpPe-
Msl PA3BUBAETCd OYeHb aKTUBHO. OJInH 13 OCHOBHBIX BOIPOocoB ST — Kak KOJIM4IecTBeHHO
OIIEHUTH CIIOCOOHOCTDH AJTOPUTMOB KJIACCUMUKAIINA U TPOTHO3UPOBAHUA K 0OOOIIEHUIO
SMIMPUIECKUX (DAKTOB. B KaKMX cjydasx MOXKHO YTBEDXKJIATh, 9TO OOIIUe 3aKOHOMEP-
HOCTH, BBISIBJIEHHBIE 110 TaCTHBIM IPeIe/IeHTaM, He OKayKyTcs JIoKHbIMI! Kak n3bexkarh
repeodyUeHns — CUTyallun, KOTJa OTBETHI aJrOPUTMa CJIUIIKOM TOYHBI Ha OOydJaromnieit
BBIOOPKE, HO HEJIOCTATOYHO TOYHBI Ha HOBBIX JIAHHBIX, HEU3BECTHBIX Ha Tare O0ydYeHus !

B mamnom mocobum m3siaraeTcs Iepsas 9acTh Kypca, OCHOBAHHAs Ha PE3y/IbTaTax
aBTopa, ero yuennkos un koJjuter: /1. Koaenbikosa, A. Upaxuenko, U. Pemernsika, A. @pes,
N. Toncruxuna, II. Borosa, M. UBanosa, . 'yza, I. Maxunoii. Bropas yactb Kypca, 1mo-
CBANIEHHAasS 0030py cOBpeMeHHbIX jocTuzkenuit SUT, He Bomuia B Jannoe mocobue.

OcHoBHas 1€JIb CIENKypca — JaTh IVIyOOKOe ITOHMMAHUEe sBJIEHHS IepeolydeHusd,
HeoOXOIMMO€e TIPU PEIIeHUH MPUKJIAIHBIX 3a/la9 WHTE/UIEKTYaJIbHOrO aHaJM3a, JIaHHbIX.
Bropas mesb — 1nmokasaThb, Kak CO3JaéTCAd MaTeMaTUYeCKasd TeOPHd, BOBJIEYb CTYJIECHTOB
B 3TOT YBJIEKATEJIbHBIA TBOPYECKUI IIPOIIECC.

Kaxkprit naparpad cooTBeTCTBYET OJIHOM JIEKIINU, HO MOYKET COJIEPXKATD IyTh 0OJIb-
e MarepuaJia, YeM MOXKHO YCIIeTh M3JIOXKUTH 3a IMOJITOpa vYaca. B KoHIe OOJIbIINHCTBA
JIEKIINIT nMeroTes yrupazkaenud. J[s KaxkJ1oro ynpaxkKHeHusd B CKOOKaxX ykKasaHa OIeHKa
CJIOZKHOCTH. YTIPaKHEHUs, TTOMEUYEHHbIE 3BE3JI0UKOM, ABJISIOTCA OTKPBITBIMU TTPObJIeMa-
MU Ha MOMEHT HAIUCAHUS [MOCOOMA. DTO O3HAYAET, UTO OHM HAMOOJIee MHTEPECHBI, XOTs
U He 00s13aTeJIbHO CJIOXKHBI — JI0 MHOTUX 3a/1ad IIPOCTO He JIOXOU/IN PyKu. B KoHile HeKo-
TOPBIX JIEKITUI UMEIOTCS 3a/[aHus JIJI BBIMUCIUTEIHLHOIO PAKTUKYMA.

Huzxe npuBejiena cxema 3aBucumocTn raparpados. JIekmun BepxHero psjaa oopa3yoT

OCHOBY KypCa, HUKHUE SABJISIOTCS JOIOJTHUTETbHBIMU.
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Marepuan cnernkypca oOHOBIISeTCs Ha cTpaHulie « Teopust HaIEKHOCTU 00yUeHUs 110

nperieientaM (Kype Jieknmii, K.B.Boponios)» Bukn-pecypca www.MachineLearning.ru.
ABTop Oyzer paJi JFOOBIM 3aMeYaHUsIM U MPEJJIOKEHUIM, HaIlPaBJIeHHBIM Ha email
voron@forecsys.ru.

Koncmanmun Bopownuos,
mapm 2012 e.



|
o
Il

1 [Npobnema nepeobyueHus
n cnabasi BEposiTHOCTHAsi akKCMOMaTuMKa

Marmnunnoe obyuenne win obyuenue no npeyedenmam — 3TO HAyKa O TOM, KaK Ha-
YYIUTH KOMIBIOTED PENIATh 3a/Ia9i [IPOTHO3UPOBAHUS U IMPUHSATUS PEIeHnil B YCJIOBUIX,
KOIVIa 3HAHUI O TIPEJMETHOI 00JIacT! He XBATaeT JIJIs MOCTPOEHUsT 0OOCHOBAHHDBIX MaTe-
MATHIECKIX MOJIeJIel, HO 3aTO UMEIOTCS 3HAUUTE/TbHBIE MACCHBBI SMIIMPUIECKUX JTAHHBIX.

Tunuaaerit npuMep — 331491 MEIUIUHCKON TMarHOCTUKA. 3/1eCh MO/, JAHHBIME 110~
HUMAIOTCS JIEKTPOHHBIE ucTopuu OoJsie3nu. lamubie 06 OTAEIHLHOM KJIMHUYECKOM CITydae
BKJIIOYAIOT aHaMHe3, Pe3yJibTaThbl 00C/Ie/0BaHnil, Ha3HAYEHHbIE JieueOHble MEepOIPUITUS,
[oKa3aTe/n Pe3yJIbTATUBHOCTH JIeUeHus, U T. . T pedyercs mocTpouTh aJrOPUTM, KOTO-
pBIil Ha OCHOBE MMeOIelcs NH(MOPMAIME O HOBOM TAIMEHTE MOT ObI TOCTABUTH JTHATHO3,
PEKOMEHIOBATH JIEYeHNE WU MIPEJICKA3aTh NCXO0/T 3a00/IeBaHms. 3ajiada 00y ueHus no npe-
yedenmam 3aKITI0IAETCS B TOM, YTOOBI TOCTPOUTH TAKOI aJrOPUTM HA OCHOBE 00Y4atouwieli
6b100PKU — COBOKYITHOCTH TIPEIEIEHTOB, HAOIIOABIINXCA B IIPOIILIOM, JJIs KOTOPBIX IIpa-
BUJIbHBIE JIMATHO3BI (PeIeH si, HCXOJIbI) YK€ N3BECTHBI.

Jpyroit nmpumep — 3agada kpedummozo ckopuHaa. 37eCh MPENeIeHTh — 9TO 3aIBKU
Ha MOJIyUeHne KpenTa B ObaHke. AHKeTHbIE JJAHHBIE 3asBUTE/IsT BKIIOYAIOT: BO3PACT, MO,
obpaszoBanue, rnpodeccuio, crazxk paboThl, JO0XOJ CEMbHU, pa3Mep 3aJ0JZKeHHOCTEN B JPY-
rux OaHKax, Haju4dne TeygedoHa, W T. . 3aj@ada COCTOUT B TOM, UTOOBI 10 OOydaroIieit
BBIOOPKE 3aEMIIUKOB € Y2Ke M3BEeCTHON KPEeJINTHON UCTOpHeil IOCTPOUTD aJrOpPUTM, IIPEe/I-
CKa3BIBAOIINI, Oy/IyT JIN Y JAHHOTO 3asiBUTEIS MPOOJIEMBI C TIOTAIlIeHUeM KPeJInTa.

Cy1iecTByeT MpoCToil aJIrOPUTM, KOTOPbBIN BBIIAET MPABUJILHBIE DEIeHus Jiisd 00b-
eKTOB obyuarorieii BHIOOpkU. OH CpaBHUBAET HOBBINA OOBEKT € KAXKJIBIM U3 OOYUAIOIINX
00bEKTOB, U B CJIy4ae IOJIHOI'O COBIIAJIEHUS BBIIAET MPABUIbLHOE pelleHne n3 TabJInIbl
MCXOJIHBIX JIAHHBIX, & BO BCEX OCTAJBHBIX CIydasix BeIOMpaeT ciaydaiiHoe perrenne. Takoit
AJITOPUTM CIIOCOOEH OOYUHMTLCs Pa3Be uTO UI'PE B «KPECTUKU-HOUKU». B OoJtee comepxxka-
TEJILHBIX 3aJ[avdax JijId YCIENHOro OOyUueHus BayKHO He TOJILKO 3aIllOMUHATL, HO M 0000-
marh. CriocoOHOCTD AJITOPUTMOB ITPABUILHO HAXOUTH ODOIINE 3AKOHOMEPHOCTH 10 SMIIH-
PUYECKUM JIAHHBIM HA3bIBAIOT 0600watowels cnocobrocmuio (generalization ability).

OcHoBHas 3a/1a49a Meopuu cmamucmuseckozo obyuenua’ (statistical learning theory,
SLT) 3aksrogaercst B TOM, 9TO0BI JaBaTh CTATHCTHIECKH OOOCHOBAHHBIE KOJMIECTBEHHBIE
oreHKN 0000IIAIoNIeil CrIocCOOHOCTH U 3aTeM Ha UX OCHOBE KOHCTPYUPOBATH O0ydaeMble
AJICOPUTMBI, HAJIEZKHO pA0OTAIOIIe BHE MaTepuaJia 00y IeHus.

Ojtra 3 ocHoBHBIX 11pobeM SLT — oTHOCHTE/IBHO HUBKAsT TOYHOCTH OIEHOK. Upes-
MEPHO OCTOPOYKHBIE OIEHKH, PACCINTAHHBIE Ha XY/IIIUH cIydail, Ha TPAKTUKe MOTYT IIPHU-
BOJUTDH K OIIMOOTHBIM PEIeHUsM. B TaHHOM Kypce JIeKIHil pacCMaTpPUBAETCsT HOBOE Ha-
npasienne B SLT — kombunaTopuasi Teopusi 0000IIAOIIEil CIIOCOOHOCTH, TTO3BOJIAIONIA
0oJ1ee TOYHO OIEHUBATH BEPOATHOCTD MEPEOOY IeHUS.

'Bropoe nazsamme — meopus evuucaumenvrozo obyuenus (computational learning theory, COLT).
Pazymmausg mex iy COLT u SLT nososibro yesosabt. B wacranocru, COLT Briiogaer B cebst mpobieMaTuKy
BBIUUCTUTEJIHBHON CJI0KHOCTU AJITOPUTMOB OO0y YCHUS.
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§1.1 OO6y4eHue n nepeobyueHne

[Tycrb 3a/1aHO KOHEYHOE MHOXKECTBO 00bekToB X = {x1,...,2}, Ha3bBaeMoe ee-
HEPANLHOT 6bL00PKOTL; MHOXKECTBO A, 3JIEMEHTBI KOTOPOTO HA3BIBAIOTCH AA20PUMMAMU,
u Gunapuas ynkuusa : A x X — {0,1}, wassiBaemas undukamopom owubku. Ecim
I(a,z) =1, TO TOBOPAT, 9TO aJTOPUTM @ OIMHOAETCsT Ha OObEKTe .

Yucsio omubok anropurMma a Ha Bhiobopke X C X ectb

n(a, X)=> I(a,x).

zeX

Yacmomot owubox ayropurma a Ha BeiOOpKe X C X Ha3bIBaeTCd OTHOIIECHUE
v(a, X) = n(a, X)/|X].

3apayva oby4eHus no npeuepeHtTam. Jlomycrum, 9TO reHepasibHasi BbIOOpKa pastu-
Ta Ha e HOABLIOOPKH, X = X L X. Beibopka X mmmubl / HasbBaeTca nabarodaemol
wim obywaroueti, st 06beKTOB T € X W3BECTHBI 3HAUCHUs WHUKaTopa omubku I (a,x).
Bri6opka X JUIHLI k HA3BIBACTCA CKPLIMOT WA KOHMPOALHOT, W Ha Hell 3HAUCHNS WH-
JIMKATOPa, OMIMOKKM HEM3BECTHBI. 3ajiada COCTOMT B TOM, 4TOOBI HaiTH aaroput™m a € A
¢ MUHUMAJIBHBIM YHCIOM ONIHOOK Ha TeHepaJsibHOil BeiGOpKe n(a, X), MOoIb3ysach TOIBKO
nndopmarmeit o HabIoaeMoii BeiOopKe. /lannag 3aga4da B 001IeM ciiydae He UMEET TOY-
HOT'O PEITeHNs], TOCKOJIbKY aJTOPUTM ¢ BBIOMpAETCs 110 Heno iHON nndopmarmu. [Tosromy
CTABUTCS 3aJ1a49a MOUCKA MPUOJIMKEHHOTO PEIeHUsT U ONEHUBAHUS €0 TOYHOCTH.

Memodom obyuenua’ HaspBaeTCa oTobpazKkenne [1: 25 — A, KOTopoe IMpOM3BOILHOI
obyuatorreit Beroopke X C X cTaBUT B COOTBETCTBUE HEKOTOPBIH ajroputm a = X u3 A.

Hawubosiee ecrecrBennas crparerus oOydYeHUS — HANTH aJropuTM, JIOIMYCKAIONIU
HAMMeHbIIlee JUCI0 OMmmbOK Ha obydarorieil Beibopke. Oboznaunm gepes A(X) moavuo-
JKECTBO aJIFOPUTMOB @, HA KOTOPBIX 4ncJio omubok n(a, X)) MUHIMAILHO:

AX) = Argmigln(a, X)={aecA:n(a,X) <n(d,X), Vd' € A}. (1.1)
ac

Ecmm pX € A(X) ma mmoboit obywatomnieit Beioopkn X C X, TO METOJ (i HA3BIBACTCSA
METOIOM MUHUMUSAYUL IMNUPUMECKO20 PUCKA.

Hepeobyuennocmoro airoputma a npu pasouennn X U X = X nasblBaercs pasHOCTD
YACTOT €ro OIMMOOK HA KOHTPOJIE M 00y IeHNH:

§(a, X) =v(a,X) — v(a, X).
Ilepeobyuernocmpio MeTO/Ia (1 HA3BIBAETCS I€PE00Y IeHHOCTD aJIropuTMa ¢ = (X :

5,(X) = (X, X) = v(uX, X) - v(uX, X).

2B aHros3pIaHOL ITEpATyYpe MeTO 1 00y UeHns IPUHATO HAZLIBATE aA20pummom obyuenus (learning
algorithm) [60], a asropurm a: X — Y — kuaccuduxaropom (classifier), runoresoii (hypothesis), pema-
romeit dynkiueit (decision function), sm6o npocro dyrknueit (function). TepMuH «anmropuT™M» B CMBICIIE
orobpaxkenust X — Y ynorpebisiercst B paborax HayuHoil mkosbl akagemuka FO. 1. 2Kypasnésa [117].
TepMuHBI «MeTOI» U «aJrOPUTM», 0O03HAYAOIINE TPOTIE/YPY IOCTPOEeHUsT (PYHKIIUU (@ 110 BBIOOPKE JIaH-
HBIX yHOTPEOJISIIOTCS B OTEUeCTBEHHOI JiuTeparype Biuepemexky [6, 8, 41, 118].
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Puc. 1.1. IIpumep marpursr omwubok, L = 10, D =8, ¢ = k = 5. Ilokazano ojno
u3 0150 pasbuenuit BLIOOPKU Ha HADJIIOIAEMYIO U CKPLITYIO MOABBIOOpKH. MeTox Munm-
MU3BAIMA SMITPUIECKOTO PUCKA BBIOUPAET AJITOPUTM (4 U ABJISETCH 11epeo0yIeHHBIM
OTHOCHTEJIBHO JIAHHOMN Hapbl BHIOOPOK, IpruéM mpu Jjirobom & € (0,1).

Ecmm §,(X) > € upu nekoropom jgocrarodno masom € € (0,1), To roBopar, 4ToO
METOJI (L nepeobyuaemcs Ha BbIOOpKe X .

MaTtpuua ownbok. Bunapmsiii Bekrop-cronber @ = (I(a, ;)% Gynem HasbBATH Gek-
mopom owuboxr anropurma a. COBOKYIHOCTD BCEX TTOIAPHO PA3JIMIHBIX BEKTOPOB OIMUOOK,
MOPOK/IAEMBIX aJropuTMamu a € A, obpasyer mampuuy owubox pasmepa Lx D. Ctpokn
9TOIl MATPUILI COOTBETCTBYIOT O0BEKTaM, CTOJIOILI — ajropurmaMm. Hucsao crosnbios D
MOZKET ObITh MeHbIle |A|, Tak Kak pasjimdIHble aJrOPUTMbI MOI'YT HOPOKJIATH OJMHAKO-
BbI€ BEKTOPHI OIMUO0K. MHOXKECTBO aJiropuTMOB A BIIOTHE MOXKET OBITH U OECKOHETHBIM,
OJIHAKO 9HCJIO [) TONmapHO Pa3/JndHbIX BEKTOPOB OIMMMOOK BCErjia KOHEYHO U HE IPEBBI-
maer 2. B panbHeiimem mMeHHO MaTpuIa OMMOOK C MONAPHO PA3INYHBIMI CTOIOIAMI
Oy/eT Jjisg HAC OCHOBHBIM OOBEKTOM HCCJIEIOBAHMUS.

ITpumep 1.1. Marpura ommbok Ha puc. 1.1 pazbura nHa 00ydalolyi0 U KOHTPOJILHYIO
BBIOODKHU TakK, YTO AJTOPUTM (4, MUHUMUIUPYIONIUN SMIUPUIECKUN DPUCK, JTOIYCKAET

OommMOKM Ha BCeX 00beKTax KOHTPOJIbHOI BBIOOPKU. DTO M €CTh IepeodydeHne.

MozkHO TPeIIoIoKUTh, YTO B JJAHHOM IIpUMepe 1epeolydenne OKa3aaoCh CJIe/ICTBU-
eM HeyJIaYHOT0 paszdueHns BLIOOPKH Ha 00ydeHre U KOHTPOJIb. B 1asbHelineM Mbl BBEJIEM
BEPOAMHOCTIL NePeodyuerus — BEJIMINHY, KOTOpas XapaKTepu3yeT BBIOOPKY X M MeTO/T
0Oy9eHHUd (i, ¥ HEe 3aBUCAT OT Caydaiinoro pasbmenus X, X.

3apaun knaccndmkaumm m BOCCTAHOBEHUS perpeccun. [lomyctuM, 910 KazKI0My
obbekty = € X coorBercTByeT npasuavhut omeem y(x) € Y. @yuknug y: X — Y Haszbl-
BaeTcs yeaesotll aasucumocmyio (target function).

B kauectBe aszopummos OyjieM paccMaTpuBaTh (PYHKIIUU TOTO Ke BUJA a: X — Y,
Joryckatorye 3hGeKTUBHYIO pean3aliiio Ha KOMIIBIOTEpe.

B kauectBe MHOXKeCTBa A 1alie BCero 3a/1aéTcs HEKOTOPOe MapaMeTpudeckoe cemeli-
cmeo anzopummos A = {p(x,0): 0 € O}, rne p: X x © — Y — dukcupoBannas QyHK-
s, © — MHOYKECTBO JIOIYCTUMbBIX 3HAYEHU apaMmerpa , Ha3bIBaeMOe NPOCmMpaHCcmeoMm
napamMempos Wi npocmpancmeom noucka (search space).
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B kauectBe undurxamopa owubku BosbMéM OnHapuyo dyakmumio [: A x X — {0,1},
paBHyto 1, Korja mnpejickasanue a(r) CyIIECTBEHHO OTJIMYAETCS OT MPABHJIBHOTO OTBE-
ta y(x). IHIMKaTOp OMMOKI MOYKET OIPEIeNISIThCS MO0-PA3HOMY B 3aBUCHMOCTH OT TIOCTa-
HOBKH 3812491, TJIaBHBIM 00Pa30M — OT HPUPOJIBbI MHOXKECTBa JOIYCTUMBIX OTBETOB Y.

B szasauax kaaccudurayuy, MHOKECTBO KJIaccoB Y KOHEUHO, U MHIUKATOD OIIMOKU
Jale BCero 3a,1aéTcsd B BHjE’

I(a,2) = [a(z) £y(z)], z€X, acA

B 3amagax soccmanosaenus pezpeccuu m MHOTHX 3aa9ax npozrosuposanus Y = R,
U BeJIMYNHY OMMOKM MPUHSATO XapaKTepHU30BaTh HENPEephIBHON ¢ynkuyuet nomepv (loss
function), nanpumep, ksagparuunoit: £ (a,x) = (a(z) — y(:p))Q. Tem He MeHee, MOXKHO
OUPEIETATh U OnHApPHBIE (DYHKIUN IT0TEPh, HAIIPUMED,

I(a,z) = [la(z) —y(z)| = o(z)], z€X, a€A,

rje o(x) — HOpOroBBIil YpOBEHB, BBINIE KOTOPOIO OTKJIOHEHHE CUUTAETCS OIMUOKOIL.
Samernm, 9To OuHapHAsT (DYHKINS TOTEPDb SABJISIETCA PoOACMHOU, TO €CTh HETYBCTBUTE Th-
HOM K 6610pocam — OOJIBIIIM OTKIOHEHHUSAM OTBeTa ajaroputMa a(z) oT HCTHHHOTO y(x).

IIpumep 1.2. Ilycrb oObeKTaMu sABJISIOTCA N-MEpHBIE YUCIOBbIE BeKTOpbI, X C R™.
O6oznaunm uepes (£,0) = 101 + - - - + £,0,, crajsipHOE UpoU3BejeHNEe BEKTOPOB B R
Jlunetinoie cemeticmea ar20pummos ONpPeIeIAI0TCA CAeYIONUM 00pa3oM:

A= {a(z) =sign (z,0) : € R"} — n1a1 sanau knaccudukanun, Y = {—1,+1};
A= {a(z) = (z,0) : § € R"} — na 3ana1 BoccraHoBIeHNs perpeccun, Y = R.

JIMHeHHbIN aropuT™ KaacCu(UKAIMI PEJICTaBIAeT OO0 THIIEPIIOCKOCTD ¢ HAIIPABJIs-
FOIIMM BEKTOPOM 0, pa3mesIsroNryio IPOCTPAHCTBO Ha JBe 0bacT — Kiaacchl —1 n +1.

B Teopun nepeobytienus MOHATHE «AITOPHTMa» MOKHO He KOHKPETH3NPOBATH, IIPE/I-
HoJtaras JIMIIb, ITO 9TO JIEMEHTBI HEKOTOPOro abcrpakTHOro Muoxkecrsa A. ['maBraoe, 1To-
OBI I JTIOOOTO aJITOPUTMAa @ OBbLIa BO3MOXKHOCTH OIPEJIE/INTD, JIOMYCKAET JIN OH OIIHOKY
Ha oO0bekTe . Takoe MOHMMAHUE «AJTOPUTMa» C OJHOW CTOPOHBI PACIIAPSIET KJIACC PAC-
cMaTPUBAEMbBIX 33714, HO C JIPYTOil CTOPOHBI OIPAHUYMBACT €r0 TEMH 3aJadaMi, B KOTO-
PBIX BaKeH JIMIIb (bakT OMUOKHU, HO HE BayKHA BEJIMYMHA OTKJIOHeHus |a(x) — y(x)|.

ITpumep 1.3. Ha puc. 1.2 npuseién npumep 3a1a4u KjaccuuKaIu ¢ JIByMs KJacca-
v, |Y| = 2. O6bekramu spistiorcst L = 10 TOYeK MIIOCKOCTH, TI0 5 06bEKTOB B KAXKJIOM
KJIacce, aJropuTMaMK — BCEBO3MOYKHBIE Pa3JIeIsoNIne IpsMble, TO €CTh B JAHHOM CJIy-
qae A —9T0 CeMeiicTBO AUHETHLT Kaaccuduramopos. B marpuie ommbOK COMePAKUTCS
OJIH HyJIeBOI cTosi0er] (06bEeKTBI PA3JIeAIOTCs IPAMOil 6e3 omuboK), 5 cToJIOIOB ¢ Ojl-
HOI OIMMOKOI, 8 CTOJIOIOB ¢ JIByMsI OMIUOKAME, U T. .

SKpaspaTHbie CKOGKH TIepeBOJAT JIOTHYECKOe 3HAYeHHme B dmcjoBoe: [moxkn] = 0, [mctuna] = 1.
9710 ovYeHBb MPAKTHIHOE 0O603HAYEHNE, HA3bIBaeMoe Homayuel Atsepcona [32].
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Puc. 1.2. [Ipumep MaTpuiisl ormmbOK, MOPOKIAEMON CeMeHCTBOM JTUHEHHBIX aJIrOpUT-
MOB KJiaccudukanmn Ha BbiOOpKe jiaubbl L = 10, comepxkaiieii b 0ObeKTOB OIHOTO
KJiacca u 5 Broporo. Ha Tpéx rpadmukax BBepxy IMOKa3aHbl BCE aJlOPUTMbI C IIOTAPHO
Pa3IMIHBIME BEKTOPAMU OIMMOOK, C 9MCJIOM OIMHOOK, cooTBeTcTBeHHO, 0, 1, 2.

Yacmoma owubok na konmpone, %
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Yacmoma owubok na o6yvenuu, %

Puc. 1.3. 3asucumocrs v(pX, X) or v(pX, X) st 3aa4u IPOrHO3MPOBAHUS OT/a-
JIEHHOTO Pe3yJIbTaTa XUPYPrUIecKOro JedeHnsl aTePOCKIePO3a.

[Ipu perennn npuKIQIHBIX 38/1a49 IIepeodyIeHne HaOII0/IaeTCsd TPAKTUIECKH BCETIA.
Besimunna nepeobyueHHOCTH MOXKET 0OKa3aThCs KaK IIPUEeMJIEMO MaJIoil, TaK U HellpueM/ie-
MO OoutbItioit. [Ijist yripaBiieHus MporeccoM OO0yUeHusl XOTeJI0Ch Obl UMeTh TOYHbIE KOJIU-
YeCTBEHHDBIE OIEHKH TePe00yIeHHOCTH.

IIpumep 1.4. Ha puc. 1.3 ToukaMm COOTBETCTBYIOT aJI'OPUTMbBI, IIOCTPOEHHbBIE PA3THIHbI-
MU METOJaMK O0yYeHUs 110 OJIHON M TOH Ke BBIOOPKE B 3ajade NMPOrHO3MPOBAHUSA OT/Ia-
JIEHHOT'O Pe3yJIbTaTa XUPYPIrUIecKoro JiedeHus arepockieposa. O0bekTaMu x; SBJSIOTCI
onucanust GOJIbHBIX JI0 TIPOBEJIEHUs ONepaIiii (JaHHbIE TeMOJIMHAMUKA U UMMYHOJIOTHYe-
ckoro obcenoBanust ); oreerbl y; € {0, 1} KoupyoT pesybrar JIeueHus 9epe3 rojl mocye



— 11 =

oneparnuu: 0 — ycrex, 1 — pecreHos mryHTa u noBTOpHas oneparud. [[o ropuzonTabHO
OCH OTJIO?KEHa, YaCTOTa OIMMOOK Ha 00y4YeHUH, 110 BePTUKAJILHON — Ha KOHTpoJie. Habio-
JIaeTCd CUCTEMaTHYeCKOe CMeIeHre ToYeK rpaduka BBepX oT buccekTpuchl. [locrpoennbre
AJICOPUTMBI OIMOAIOTCs Ha KOHTPOJIE Yallle, YeM Ha 00yIeHUn. ITO U eCTh IepeodydeHue.

OcHoBHas 3a/1a9a CTATUCTUIECKOTO 00y IeHUsT 3aK/TFOIAETCS B TOM, 9TOOBI 110 HADJTIO-
JlaeMoii obyJarorell BEIOOpKe HailTh B A ajJropuT™, KOTOPBIN JIOMYCKa/T Obl KAK MOYKHO
MeHbIIIe OIMOOK Ha CKPBITON KOHTPOJILHBIN BbIOOPKe. Bompoc MOXKHO cTaBUTh U TakK: Ka-
KHMHU CBOHCTBAME JIOJIZKHBI 00J18/IaTh MHOXKECTBO aJropuT™MoB A m Meros oOydeHus fi,
4TOOBI BEPOATHOCTH IepeodyUeHns Oblia MUHUMAJILHON! YTOOBI MOTyYnTh OTBET, HEOO-

XOJUMO CHa4aJla YTOYHUTDL, B KaAKOM CMBICJIE 31€Ch ITIOHUMaETCA «BEPOATHOCTDL».

§1.2 Cnabas BeposiTHOCTHasi akCMOMaTUKa

OcHoBHast akcnmoma. bByrnem mosararh, 9T0 0ObEKTHI KOHETHOI'O HEC/IYIaifHOTO MHOZKe-
crBa X MOSBJISIIOTCS B CIyYailHOM IOpsJiKe, MpudéM Bce L! rmepecTaHOBOK IeHepasbHOi
BBIOOPKHU X PaBHOBEPOSTHBI. DTO MPEJIIOJIOKEHIE Mbl OyJIeM HA3BIBATE CAAO0U (UuAu nepe-
CMan0604HoTl) 6epoAMHOCIIHOT akcuoMmamukol. JIpyrue BEpOITHOCTHBIE TPE/TITOJIOXKEH ST
HaM He OHa00sTcs. /latee Mbl yBIUIMM, UTO OJIHOIO 9TOTO y2Ke BIIOJIHE JIOCTATOYHO JIJIst
ITOJIyIeHUsT MHOTHX (PYHIAMEHTAJIbHBIX (PaKTOB TEOPUU BEPOSITHOCTEN, MaTeMaTUIecKOi
CTATUCTUKHU, TEOPUU CTATUCTHIECKOTO 00yIEHUs.

Ob6osnauuMm depes Sy, pylily BcexX HepecTaHoBOK L sjemeHTOB. BeceBo3morkHbBIE TTe-
PECTaHOBKHU T'eHepaJIbHOI BBHIOOPKH OyeM 0003Ha4YaTh depe3 TX, T € Sp.

Onpegnenenne 1.1. Ilycrs 3agan npeaurar : X — {0,1}. Ecm p(7X) = 1, To 6y1em
TOBOPHUTH, 9TO COOBITHE 1) MPOHU3OIILIO Ha IHEPECTAHOBKE TX. Bepoammocmuio cobvimud 1)
Ha3bIBAETCS JI0JISI 1IePeCTAHOBOK TX., HA KOTOPBIX OHO IIPOU3OIILIO:

P ¢(1X) = % > P(rX). (1.2)
" resy

B cnaboit akcnomaruke BEpOSTHOCTH COOBITHSI 3aBUCUT OT COCTaBa OObEKTOB I'eHe-
paJbHOI BRIOOPKHU X, HO HE 3aBUCUT OT MOPsIKa UX nepeducsaeHns. OyHKIMA pacipe/ie-
JIEHUS W MaTeMaTUIecKoe OXKHJIaHUe TaKKe 3aBUCIT OT BBHIOODKH.

Onpenenenne 1.2. Ilyers &: XY — R — pemecrsennas pyuxmnmsa. Qynuxyueti pacnpe-
desenus Bemannbl  Ha BbIOopke X Oynem HasbBarh QyHknuio Fg: R — [0, 1] Buga

Fy(z) = P [£(rX) < 2]. (1.3)

Omnpenenenne 1.3. Mamemamuneckum osrcudaruem semaunst £ : XY — R ma BbIGOp-
ke X OysieM Ha3bIBaTh €€ cpejHee apu(pMeTHIECKOoe IT0 BCeM IIePeCTaHOBKaM T:

E£(rK) = = 3 €(7X). (1.4)

TESL
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Bamernm, uro 3Hakn P, u E; MOXKHO NOHMMATh Kak OIl€paIlUIO CPeJHero apudme-

THYECKOT'O II0 BCeM IlepecTaHoBKaM: P, = E; = % >, To ecThb B caboil aKCHOMATHKE
TESL

BEPOATHOCTH U MaTeMaTHIeCKOe OXKMJaHue (POPMaJIbHO OIPEIETIAIOTCA OJIMHAKOBO.
BepositTHoCTb kKak ponsi pasbueHwnii reHepanbHoii Bblbopku. Ilycrs npeamkar
(X, X) asngerca byukiueit nogsbibopku X C X, eé jononmenns X = X\ X, u He 3a-
BucHT OT nopsika stementos B X n X. ITockosbKy BeIGOpKa X (buKcuposaHa, BTOPOit
apryment jorosopumcs omyckath, ©(X) = (X, X). Tormaa eepoammocmy cobvimua
ompejessieTcs Kak doasA pa3bueruli reHepaJbHON BBIOOPKM:

Po(X) = % > elx),

L xe[xp
rie [X]¢ — MHOMeCTBO Beex (-3/IeMeHTHBIX TIOMHOYKECTB IeHepasbHOf BRIOOPKH X.

OMnupunyeckue oueHkn BeposiTHOCTU. Hemocpe/icTBennoe BbIMUCIEHHE BETHINHBI
P ¢(X) kak rom pazdueHnii BOSMOXKHO TOJIBKO IPU HeOOJIbINNX 3Hadernsx ¢ nim k. B tu-
IIIHBIX CTydagx guciao pasbuennit Cf orpommo. Ipubmmkénnoit onernkoit ma P o(X)
ABjIgeTcs cpejipee 10 Hekortopomy nojmuoxkectsy N C [X]¢ BbiGopox jymmbl £, He couti-
KOM OOJIBIIOMY, YTOOBI CyMMa BBIYHC/ISIACH 32 IPHEMJIEMOE BPEMsI, HO U He CJIUIIKOM

MaJIEHbKOMY, YTOOBI HpI/I6JII/I}KeHI/I€ OBLIO JOCTAaTOYHO TOYHBIM:

~

Py(X) = ﬁ S (X).

XeN

anee cumBosiamu P u E Gyser obo3HavaThesd onepalysd yCpeIHEHU 110 HEKOTOPOMY
noIMHO2KecTBY pasouenuit N. Fcim nommuo)kecTBO BHIOOPOK N BBIOMpaeTcs CIIydaitHO
U PaBHOBEPOSITHO, TO TOBOPAT 00 orieHke memodom Monwme-Kapao.

§1.3 BeposaTHOoCTb nepeoby4eHuns

Beposammnocms nepeobyuerus onpesesiercss Kak JoJst pasoneHuii BHIGOPKHU, P KO-
TOPBIX I1epeodyIeHHOCTD 0§, (X ) mpesbiraer 3agannbii mopor € € (0, 1):

Q- = Q:(1,X) =P[0,(X) = ] =P[r(pX, X) —v(pX,X) > ¢]. (1.5)

Hapsmy ¢ (). MOXKHO TakKe OIEHUBATH BEPOAMHOCTNG OOALWOT 4ACTMOMDL OULUOOK
Ha CKPBITOI KOHTPOJILHOI BBIOOPKE:

R. = R.(1,X) = P[v(uX, X) > ¢, (1.6)

a TaKKe OKIJIAEMYIO YaCTOTy OMMOOK Ha KOHTPOJILHON BLIOOPKE, HA3BIBAEMYIO NOAHbIM
croavaaugum Korwmposem (complete cross-validation, CCV) [83]:

C=C(p,X) =Ev(uX,X). (1.7)

Bamernm, aro CCV gpisiercst MareMaTiaeckuM oxunanueM, a (1 — R.) — dbyskrmeit
pacipeeserns ciaydaiiaoit Besmanabl v(puX, X).

Oyuxmuonasisl ()., R, u C' xapakrepusyioT 000DOIIAIONLYI0 CIOCOOHOCTH METOIA [i
na BbiOopke X. VIx onennBanue OyJieT OCHOBHOI 3a/lavueil Ha MPOTHAKEHUN BCEro Kypca.



O6pawenmne ouernok. Ilycrs Q. < 7)(e) — BepxHsist OIEHKA BEPOSTHOCTH 1epeody IeHMs,
dbyukiws n(e) HeorpuraTeabHasi, yobBaroras u uMeet obpathyto £(n). Torna n(e(a)) = «
st moGoro o € [0, 1]. Cnenoaressho, P[4, (X) = (n)] < 7, u nHama BepxHss oreHKa MO-
KeT ObITh 1epedOpMyJIMPOBaHa B 9KBUBAJEHTHOM BHJIE: C BEPOSTHOCTHIO He MeHee (1 — 1)
clipaBeI/InBa BEPXHsAsl OIEHKA JaCTOThI OMIMOOK Ha CKPBITON BBIOOPKE:

v(pX, X) <v(pX,X) +e(n). (1.8)

[TapaMeTp € HA3BIBAIOT MOYHOCBIO, & 1) — HAOENHCHOCMbIO OleHKH [3].
Awnasrormano, ecn HaiijieHa BepxHss orieHka R, < n(e) u £(n) — dyHKus, obparnast
K 7(€), TO ¢ BEPOSITHOCTBIO He MeHee (1 — 7)) crpaBejyinBa BePXHsIsI OIEHKA

v(pX, X) < e(n).

Nrak, obparenne Bepxamnx orneHok (). uian R, 1aéT BepXHue oleHKN YaCTOThI OIMTUO0K
Ha KOHTpoJie. Tereph BMECTO MUHUMU3AINE SMIMPHIECKOr0 pucka v(a, X ) Mbl MOXKeEM
MUHHMHI3IPOBaTh O1eHKY (1.8), KoTopas oTim9Iaercst OT SMIUPHIECKOrO PUCKA HAJTMIHEM
JonostHITeIbHOTO cataraemoro €(n). Tem cambiM Mbl haKTHIECKN MEPEXOUM K HOBOMY
MeTojty OOyueHusi (', KOTOPBIHA TBITAETCs ONTUMHU3UPOBATEH O0ODIIAIOILYIO CIIOCOOHOCTD.
1ot npuéM ouenb BakeHn B SLT, Tak Kak oH yKa3bIBaeT IIyTh IPAKTUIECKOTIO ITPUMEHEHI
TEOPETUIECKIX OIEHOK BEPOSITHOCTH I1€PEO0YIeHNsI.

Y100bI pUMEHEHHEe TOrO TpHéMa OBbLIIO KOPPEKTHBIM, oreHka (1.8) JokHa BBI-
MOJTHATHCST He JIJIsT KAKOTO-TO OJIHOTO MeTO/a OOyYeHUs (i, a JJIsi JIOCTATOYHO MIHPOKOTO
KJIacca MeTOJIOB, B KOTOPBI JIOJI?KEH MONAcTh U HOBBIA MeToj i/ B ek 5 Mbl pac-
cmoTpuM orenkn Bamnunka-YepBonenkuca, cripaBeyiuBbie 045 2100020 MeTOJia 00y UeHus .
K coxasennto, 3a yrpoinenne mocTaHOBKHU 33191 TPUXOIUTCS TIATHTD 3aBBITIEHHOCTHIO
oreHoK. PazobpaBiinch B NPUYUHAX 3aBBIIIEHHOCTH, MbI TIOCTPOUM 00Jiee aKKypPaTHYIO
KOMOMHATOPHYIO TEOPHUIO0, B KOTOpOi oreHKN Buja (1.8) BBIBOAATCA it CIHEIHABHOTO
KJIacca MOHOMOHHBLL MeModos 0byuenus. DTO OyJIeT CIeNaHo B JIEKIH 9.

MozkeT BOBHUKHYTH BOIIPOC — 3a4€M HUCIIOJIb30BATH OOpaIleHne BMECTO TOTO, YTOOBI
[IOCTYIIUTD MPOIIE — MUHUMHU3UPOBATH HEIIOCPEICTBEHHO OKUJIAEMYIO YaCTOTY OIMMHUOOK
Ha kKouTposie (1.7). Teoperndeckn, npenmyrnectso omeHku (1.8) B TOM, 9TO OHA SIBIISIETCST
JioBepuTeIbHOM orenkoit. [Ipu 7, qoctaTouno 6Jin3KNX K HYJIIO, OHA YIUTHIBAET HE TOJHKO
cpejiHee 3HAYEHNE YACTOTHI OIMOOK Ha KOHTPOJIe, HO U Bejnunny e€ pasbpoca. [Ipu n = %
OHA TIEPEXOIUT B MeJUAHHYN 0UEHKY, KOTOPas, KaK MPABUIO, MAJIO OTIMIAETCS OT OXKIM-
JlaeMoil 9acToThl omuboK Ha KoHTpoJie. [IpakTndeckoe npenmyrectso (1.8) mepes (1.7)
HE OYEBHUHO U JIOJIZKHO MPOBEPSATHCA B IKCIIEPUMEHTAX, B TO K€ BPEMs, HEJIOCTATKOM

MOZKET OBITH BLIYUC/IATEIbHAA He3(1)(1)€KTI/IBHOCTb olepanumn O6paHleHHH.

Ckonb3sawmii KOHTpONb. B MammmaHOM 00yYeHUN OIEHKY El/(,U,X , X)) 110 OJIMHOKeCTBY
pasbueHmii HA3BIBAIOT OIEHKON ckoavaauieeo kowmpoas (cross-validation, CV). Eé wuc-
ITOJIB3YIOT JIJIsl SMIIMPUIECKOr0 U3MepeHusi 0000ImatoIeil crrocoOHOCTH, KOTIa TeopeTutIe-
CKHE OIIEHKH 00001 aIonieil criocOOHOCTH He U3BECTHBI MJIM HEJIOCTATOYHO TOYHBL. CKOIb3s-
NI KOHTPOJIb SBJIAETCA Jie-(haKTO CTaHIapTHON METOMKON TeCTUPOBAHUs U CPABHEHUS
AJITOPUTMOB MAIITMHHOTO O0YJIEeHHSI.
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O npepgpaccyakax n nepeobydeHun. Ilepeobyuenne — 310 Ipe3MEPHO TOUHAA TTOJTOH-
Ka aJI'OPUTMa @ 110 KOHKPETHYIO O0ydYaroniyio BbIOOPKY X B yIiiepd ero obobwaroweti
cnocobrnocmu. OKUITAETCS, ITO METOJ, (i OOHAPYXKUT HEKOTOPBIE 0ODIINe 3aKOHOMEPHO-
CTU TeHEPAJIHLHON BBIOOPKHU X, HO OH HAXOJIUT JIOXKHBIE 3AKOHOMEDHOCTHU — npedpaccyori,
cIydaiiHO NPOsIBUBINHUECS Ha OTHOCUTEJHHO Hebosbinoil nonseibopke X C X. Iousrue
«Ipejipaccyikay obL1o BBegeno M. M. Borrapgom B 3namenunroii kaure «lIpobsembr y3na-
BaHusi» [12], 10 cux 1mop He Tepsifoleil cBoelt aKTyaJbHOCTH. BOHrap He J1aéT CcTPOroro
OIIpeJIe/IEHUS TIPEJIPACCY/IKA, OIPAHNYNBASICEH CJIELYIONTUM TTPUMEPOM.

«IlycTpb uesoBeky, He 3HAIONIEMY HUA UTAJILIHCKOTO, HI UCIAHCKOTO A3BIKOB, TOKA3a N
CTOIIKY MTAJbAHCKUX U CTONKY UCHAHCKUX KHUT U CKA3aJIM, YTO 9TO OOBEKTHI, COOTBET-
creenno, | u I kiraccoB. Bo Bpemst moncka JOCTATOYHBIX IPU3HAKOB 9TOT YeJOBEK (Hude-
ro He 3HAOINU 06 MCTHHHOM HPUHIIAIE JIEJIEHNsT Ha KJIacChl) OymeT mpoBepsTh (hopMar
KHUT, YUCJIO0 CTPAHUIL, pa3Mephl MPUdTa, YETKOCTh evYaTh, TBEPJIOCTH MEPEIIETa, 1IBeT
obsoxkku, u T. 1. U eciim emy jiaim HEOOJIBIIOE YUCI0 KHUT KAXKJIOIO KJlacca, TO BeChbMa
BEPOSATHO, YTO OH OTOEPET JIOKHBbIE NPU3HAKK (y HEro TMOsIBATCH Hpeapaccyiku). Fem,
HaIpUMep, CJIYUUIOCh, YTO BCE UTAJTbAHCKIE KHUTH ObLIN IEepPeIIeTeHbl, & CPeJId UCIIaH-
CKUX HaIJIUCh JBe 0€3 MepeIiéTa, TO y YeJ0BeKa MOYKET CO3JaThCs MPEIPACCY/IOK, ITO
OTCYTCTBUE EPEIIETa CBUIETETILCTBYET O MPUHAJJIEXKHOCTU KHUTH K KJiacey 1.

[IycTp desioBeky moKazam MpU 0OyUeHUN OOJIBIIOE YHUCJI0 KHUI KarKJI0ro KJjacca, 1
OH pemmji OTOMPaTh TOJBKO NMPU3HAKU, XapaKTePU3yIolue MHOTO KHUT. B 3ToMm cirydae
BEPOATHOCTH TOT'O, YTO, HAITPUMED, CBOMCTBO TePeriéTa 0TOEPETCA B KAUECTBE MOJIE3HOTO
npu3Haka, oyaer maJja. To »Ke camoe MOXKHO CKa3aThb U O JIOOOM JIPYTOM IIPEIPacCyIKe
(Toymmuue Kuury, hopmare u T. 1. ). [TocMoTpuM, 4T0 TPOU3OHIET, €CIIU YeIOBEK MepeiIeT
OT MPOBEPKHU TAKUX MPOCTHIX MPU3HAKOB K CJIOXKHBIM, COCTABHBIM Ipu3HakaM. OH MoKeT
[IPOBEPUTDH PA3HOCTD YUC/Ia CJIOB Ha YETHBIX U HEUETHBIX cTpaHuiiax. Vam Ty ke pa3HocTb
Ha JIBa/IIIaTh BTOPOI 1 JiBeHa/IaToi crpanunax. Vm npoussejienne cpejaHeii JIIuHbl a0-
3alla Ha HA YUCJIO0 CTPAHMWI], HAYMHAIOMMXCA ¢ ad3ana. Vim gacrHoe OT jejieHus: ducia
TOYEK Ha BBICOTY IIpUdTa U T. 1. BepogTHOCTH TOro, 9TO KarK/Iblil TAKOI IIPEJIPACCYI0K
BBIJIEPYKUT TPOBEPKY, MaJia. Ho CI0KHBIX MPU3HAKOB CYIIECTBYET YPE3BBIYANHO MHOTO.
[TosToMy MOXKET CJYIUThCA, YTO, HECMOTPA HA MAJIYIO BEPOSTHOCTH OTOOPa KaXKJIOro W3
HUX, MATEMATUIECKOe OXKUJIAHIE YUCIa OTOOPAHHBIX ITPEIPACCYIKOB OKAYKETCH OOJIHIITIM.
A 370 03HaYaeT, YTO MaMATh HAYHET 3abuBaThCA Hpeapaccyakamu. Takum obpasom, “6o-
raTblii BLIOOP” HE TOJILKO YBEIUYIUBAET BO3MOYKHOCTH O0OyYaeMOl MalllMHbI, HO U YPEBAT
[OSIBJIEHUEM TIPEJIPACCY/IKOB. »

Taxum obpazom, yke B cepeuie 60-X TO0B U3 OIBITA PEIIEHU MPAKTUIECKUX 3a,/1a4,
Jla ¥ TIPOCTO U3 OOIIMX COOOParKeHUii, CTaJIM FCHBI JIBE OCHOBHBIE 3aKOHOMEPHOCTHU IIepe-
00ydYeHts: OHO YMEHBINAETCs ¢ POCTOM JIJIMHBI BBIOOPKU U yBEJTUIUBAECTCHA C POCTOM CJIOZK-
HocTH ceMmeiictBa ajsropurmoB. B konre 60-x rogos B.H.Bamuuk u A. 9. HepBonenkuc
BIIEPBBIE TPEJIJIOKIIIN KOJIMIECTBEHHOE OIMCAHNE TUX 3aKOHOMepHocTedl [4].

Bostee Tounyio mHTEpperanuio mnepeoOydeHus JTaéT CJIEAYIONNI MBICJIEHHBI 9KC-
nepuMenT. [lycTh 3a/1aH0 KOHEYHOE MHOXKECTBO U3 [) aJropuTMOB, KOTOPBIE JIOIYCKAIOT
Ha reHepasbHoil BIOOpKe X OJIHO U TO K€ YHCJIO OIUOOK 1M, HE3aBUCUMO JIPYT OT JIpyTa.
Yucsto omubox 10000 U3 3TUX aJropuTMoB Ha oOydalomieil BHIOOpKe X MOIUUHAETCs O]



HOMY W TOMY Ke pacipejieJieHuio (TUIIepreoMeTpUIecKoMy, Kak Oy/IeT MOKa3aHo JaJiee).
Buibupast ajiroput™ ¢ MUHIMAaJIBHBIM 9UCIOM OIITUOOK § Ha 00ydatoIeil BEIOOPKe, Mbl (haK-
TUYECKHM HaXOJUM MUHUMYM U3 [) He3aBUCUMbBIX OJIMHAKOBO PACIIPE/IEJIEHHBIX CJIyYailHbIX

pesimauH. Maremaruaeckoe OZKJlaHE€ MUHUMYMa YyMEHbIIaeTCA C POCTOM YHUCJIQ D. Cre-

m=—s s _m _ L
3 7 = & — S7p YBEIMUHBAETCA C POCTOM D.

DT pacCyKJIeHUs OCTAIOTCA B CHJIe U B OOIIEM CiIydae, KOTJa aJIfOPUTMbI He sBJIs-

JIOBATEJIBHO, 11ePe00yIeHHOCTD § =

FOTCsT HE3ABUCUMBIMU U JIOIMYCKAIOT PAa3InIHOe dncjio omuboK. [Ipu srom mpossiisiiorest
JIBE JIOTIOJIHUTEJIbHBIE, D0JIee TOHKNE, 3aKOHOMEPHOCTHU T1epeody IeHUS.

[TepBast 3aKOHOMEPHOCTH OTHOCUTCA K TAKMM CEMEHCTBAM aJrOPUTMOB, KOTOPbIE Pa3-
OMBAIOTCA Ha CA0U IO YHUCJY OMMUOOK M W COJEPYXKAT OTHOCHUTETHLHO HEDOJIBIIIOE YHCJIO
XOPOIINX AJTOPUTMOB B HIKHUX CJIOSIX C MAJIBIM 11 U OTPOMHOE KOJIMYIECTBO TIJIOXUX AJl-
TOPUTMOB B BEPXHUX CJIOAX ¢ OOsbmnM m. VIMeHHO 3Ta cuTyarus Jaiine Bcero Hab/Iio1aer-
cd Ha TPaKTUKe. XOPOIINe aJI'OPUTMbI UMEIOT OOJIBIIE MAHCOB MOJYUYUTh MUHIMAJILHOE
YUCJI0 OMUOOK Ha 0Oydarolell BLIDOPKe, B Pe3y/IbTaTe MeTo/[ 00yUueHus BbIOUpaeT X ro-
pasjio uarie. [Loxue ajropurMbl, HA0OOPOT, MOYTU HUKOTJA He BHIOUPAIOTCS, U B IEPBOM
MPUOIMKEHNT MOYKHO T10JIaraTh, 9TO UX B ceMeiicTBe BoobOIe HeT. Takum obpasom, pacc.ao-
enue ceMeiicTBa aJITOPUTMOB CIIOCOOCTBYET YMEHBIIIEHUTO ero «3(hhEKTUBHO CJIOKHOCTH»
U CHH2KEHUIO TIepeodyueHus.

Bropast 3aKOHOMEPHOCTbH OTHOCUTCH K TAaKUM CeMelCTBaM aJrOPUTMOB, KOTODBIE
CoJIepsKaT MHOTO TOXOXKUX aJTOPUTMOB. DTa CUTYyalldsl TaKyKe OYeHb PACIPOCTPAHEHA
Ha npakTuke. JlomycTum, cemeificTBO ajJropuTMOB KjaccuuKaImu 3aiaéTed (pyHKIUei
o(z, 8), nerpepsiBHOIi 110 Tapamerpy . Kazxomy 3Hadernio § coorBeTCTByeT HEKOTOPBIi
BekTOp omubok. [Ipu HenpepbiBHOM u3MeHeHun f BEKTOP OMMUOOK cHadasa OyJieT ocTa-
BaTbCd TE€M Ke, IIOTOM U3MEHHTCs, CKOPee BCEro, TOJILKO Ha oiHOM oO0bekTe. Hampumep,
JIBUTAST PA3JIE/ISIIONTY 0 THIIEPILIOCKOCTD JIMHEHTHOTO KJtacCuuKaTOPa, MbI TIOCIeI0BATE b=
HO TIPOHIEM Wepe3 BCce TOUKM BBIOOPKH, IepeceKkasi UX IO OJIHOM, 3a MCK/II0IeHnEeM, ObITh
MOZKET, PEJIKUX OCOOBIX IMOJIOXKEHUIN T'UIEPIIOCKOCTH, MIPU KOTOPBIX OHA MPOXOJIUT CPa3y
Yepe3 JiBe Wim 0ojiee TOUeK, CM. puc. 1.2. AJIropuTMbl, BEKTOPBI OMMUOOK KOTOPBIX OTJIH-
YJAIOTCs TOJILKO Ha OJIHOM 00'beKTe, Oy/IeM HA3bIBaTh ceA3HuMU. [JobaBiienne B cemeiicTBO
AJITOPUTMa, CBI3HOTO C JIAHHBIM, TIOYTH HE yBEJIUINBAET CJIOKHOCTH CEMENCTBa, TaK KakK
9TO «IIOYTU TOT 7K€ CAMBIN aJITOPUTM». Takum 00pasoM, ¢643HOCMb CceMeicTBa TaKKe CII0-
cOOCTBYeT YMEHBINEHUIO ero «3(M@EKTUBHON CJI0KHOCTHY U CHUKEHUIO MI€PEodyIeHuns .

B stekrusax 6-11 Oyzer nokazamo, 4To 3@eKThl PACCTOEHNUS U CBA3HOCTU CHUKAIOT
nepeoOyUeHne, a uX COBMECTHBIN YUET PAJIMKAILHO YJIyUIIaeT TOYHOCTH OIEHOK.

§1.4 OO6cy>xaeHune cnaboii akCMoOMaTUKN

CBsA3b C CUNIbHOW BEpOSITHOCTHOW akcuomaTukoin. Kiaccuueckast TeOpeTHKO-MepPHAsT
akcromarnka A.H.Kosmoroposa (Oymem Ha3blBaTh €€ CHIBHON) OCHOBaHA HA TIOHSITHI
BeposiTHOCTHOTO TipocTpancTBa (2, €, P), rne 2~ — MHOXKECTBO JIOIYCTUMBIX OO'bEKTOB,
) — o-anrebpa cobbiTHit HA 2, P — BepodTHOCTHasT Mepa, OIpeJie/IeHHas Ha COOBITH-
sax u3 (). B 3amagax crarucTudeckoro aHajm3a JAHHBIX OOBITHO IIPEJIIOJIATaeTCs, UTO
MHOKECTBO 00beKTOB X = {x1,...,2,} aBiagerca npocmot 6v60pKoti, TO ecTh 0ObEKTHI



BBIOMPAIOTCST U3 MHOYKECTBA £ CJIyUIaiiHO U HE3aBUCUMO COTJIACHO BEPOSITHOCTHOI Mepe P.
HesaBucnMoCTh 03HAMaET, YTO BePOATHOCTHAS Mepa, Ha, MHOYKECTBe BRIOOPOK 2 F unsapu-
AHTHA OTHOCUTE/ILHO TIePECTAHOBOK 3JIEMEHTOB BBIOOPKH. B IpuIoKeHnsiXx MHOXKECTBO 2,
KaK IpaBujo, beckoHevdHo, a Mepa P HenssecTHa.

B ciraboit akcmoMaTnke MHOXKECTBO £ BCEX T'MIIOTETUYECKH BO3MOYKHBIX OOBEKTOB
He BBOjIUTCH. PaccmarpuBaeTcss TOJTBKO KOHEYHOE MHOXKECTBO OOBHEKTOB — 2eHEPANLHAA
evoopra X. OHO MOKET BKJIIOUYATH B cebs Kak OOBEKTHI, HaAOJIIOJABIINECS paHee, Tak
U CKPBIThbIE 00BEKTHI, KOTOPbIE CTAHYT U3BECTHBI B Oy ryIieM. BepogTHOCTHBIM IpOCTpaH-
CTBOM SIBJISIETCS KOHEYHOE MHOYKECTBO BCEX MIEPECTAHOBOK I'eHePaJIbHOM BRIOOPKH X, Ha KO-
TOPOM 3aJIa€TCs paBHOMEPHOE pacipejiesienne. TakuM 00pa3zoM, cirydailHbIMU [TOJIAraloTCs
He caMi OOBEKTHI, & JIUIIb MMOPSIOK MX MOsIBJIEHUS, 9TO COOTBETCTBYET MPEIIOIOKEHUIO
0 HE3aBUCUMOCTH OObEKTOB BHIOOPKM B CUJILHOI aKCHOMATHUKE.

Cuaentyiorasi TeopeMa yTBEDPXKIAET, UTO JIJIs IEPEBO/Ia OIEHKHU U3 CJ1a00l aKCUOMATH-
KU B CHJIbHYIO JIOCTATOYHO B3ATh €€ MaTeMATUYIECKOe OXKUJIaHUe 110 BLIOOPKE X.

Teopema 1.1. Ilyctp B ci1aboii akcmoMaTuke HaH[eHO 3HAYEHHE BEPOSITHOCTH

Py (mX) = f(X). (1.9)

TOF,ZI& B CHJIbHOI aKcuoMaTHuke, ecjii BbI60pKa X npocras, TO

Px ¢(X) = Ex[(X). (1.10)

HokazaTeabcTBO. B cuity HezaBucuMocT HAOJIIO/IEHNI B BLIOOPKE X I TPOU3BOJILHOM
nepecranoBku 7 BeimosHsteTcst Px ¢(X) = Px ¢(7X). BosbMém cpejiree 110 BceM mepecta-
HOBKaM 7T OT JIEBOW U TPaBOil YacTeil 3TOro paBeHCTBa U IIPeoOPa3yeM MPaByIO YacTb:

Pw(X) = 71 3" Pxu(rX) = P, Exd(rX) = Ex P, 0(rX) = Exf(X),

TESL
qTO 1" Tpe6OBaHOCb JIOKa3aThb. ]

B cayuagx, korya ornenka f(X) He 3aBucuT 0T BHIOOPKH X, KOHEUYHBIl pe3ysibraT —
orenka B npasoit gacru (1.9) u (1.10) — Oyaer onuHAKOB B 00eMX aKCHOMATHKAX.

®PuHuTapHble N NMHPUHUTAPHbIE BEPOSATHOCTU. Paccmorpum dyHmaMeHTaIbHYIO 3a-
Jlady TEOPHH BEPOSITHOCTEH, TECHO CBA3AHHYIO C 3AKOHOM O0ALUWUL “ucen: OIEHUTH Be-
POATHOCTD OOJIBITIOrO OTKJIOHEHUA 9acToThl V/(.S, X) cobbitua S na Konednoit Bei6opke X
or BepositHOCcTH P(S) Mannoro codbITus:

P? =Px{|v(5,X) - P(9)| > e} (1.11)

B npakTudecknx 3a/iavuax aHAJIN3a JAHHBIX BEPOATHOCTH cOObITHSA P (.S) HEBO3MOXKHO
Yy3HaThb TOYHO, ITIOCKOJIbKY BEPOATHOCTHAs Mepa Ha MHOXKECTBE OOBEKTOB, KaK IIPABUJIO,
HensBecTHa. [IpoBecTn OeckoHeTHOE UMCJIO HADJIIOIEHII TaKKe HEBO3MOXKHO. B pe3y/ibra-
Te OKA3BIBACTCsI, YTO BEPOATHOCTD GOJIBIIOTO OTKIOHeHs P HermocpeicTBeHHO He MOYKeT



ObITH 3MepeHa B SKCIepHMeHTe Kak dactora cobbitns { X : |[v(S, X) — P(S)| > €}, no-
CKOJIBKY CaMO HACTYILIEHHE 3TOr0 COOBITUS HEe MOYXKET OBbITh TOYHO MICHTUMDUIIUMPOBAHO.
annas mpobiieMa He BO3HHKAET, eCIM € CAMOTO Hadasia OTKa3aThCs OT yrmorpebiie-
uust BepositHoctn P(S). Ona onpenensiercsas Kak npejen dactorsl v(S, X') cobprrus S
Ha [POM3BOJIbHOf ciydaitroit Boibopke X' npu |X'| — co. B To ke Bpewmsi, npakrTute-
CKUii MHTEepecC IpeJcTaBisger nMeHHo dacrora v(S, X'), Kak BeJMIHHA, HEIIOCPEJICTBEHHO
HabJmfo1aeMasi B 9KciiepuMenTe. Vsmernm nocraHoBky 3asaqdu (1.11) u Gyaem oneHnBaTh
BEPOSTHOCTH OOJIBINOIO OTKJIOHEHHs IaCTOT COOBITHs S B JBYX PA3JIMIHBIX BHIOOPKAX:

Q2 =Pxx{|Iv(S, X)—v(S,X)| >} (1.12)

Ecnm npenonarars, uro Beibopku X n X' He3aBUCHMBI, TO JIJIsi OTIPEJIe/ICHNs BEPOSIT-
HocTu QF yiKe He HY»KHO HUM GECKOHETHOTO YHC/Ia CHLITAHUH, HI 3HAHUs BEPOATHOCTHOM
Mepbl P Ha Geckoneunom muoxkectse 2 . BepostHocTh QF apmstercs dunumaproti u Mo-
JKeT OBITH BBIYHCICHA KOMOMHATOPHBEIMI METOJAME Kak 0/ pasouennit X = X UX, npn
KOTOPBIX UMEET MeCTO OOJIbINoe OTKJIOHEHUE 9acTOT. KpoMe TOoro, oHa MOXKET ObITH U3Me-
peHa B 9KCIIEPUMEHTEe IO TOJIMHOYKECTBY pa30meHuil, Tak Kak uJeHTUuUKaIus coObITUs
{X, X" (S, X) — (S, X')| > ¢} He BbI3BIBAET 3aTpYIHEHMUIL.

Taxum obpasom, sepoarHoctr P(S) m P° B (1.11) mMeoT pasimdHyio TpHUPOTY.
BepositHocrs P(S) IpUHIUIHAIBHO uH@uHumapra — J1Jisi €€ orpe/iesieHus: TpebyeTcs Jiv-
60 3HaATH BEPOSITHOCTHYIO Mepy P Ha OecKoHedHOM MHOXKecTBe £, OO OCYIIECTBUTH
upeseabhbiit epexoy v(S, X') — P(S) nupu |X'| — 0o, 9T0 HEBO3MOXKHO CJ/IeJIaTh IIPH
IIPAKTUYECKOM aHa/u3e JaHHbIX. BeposTHocTh P° Takyxke mHbUHUTAPHA, HO MOCTE 3a-
venbr P(S) nma wacrory v(S, X') ona npurnumaer dpuHHTApHBIH BUT Q2 M0MyCKaOMImit
U TOYHOE BBIYUCJIEHUE, U SMIUPUIECKOE M3MEPEHUE.

OTn coobpazkeHus Kak pa3 U MPUBOIAT K CJIa00N BepOATHOCTHOI aKCHOMAaTUKe, 3a-
IIPeIaIoNIeil NCIIoIb30Banne NHPUHUTAPHBIX BEPOATHOCTEN U «COOBITHIT, KOTOPbLIE HE MO-
ryT ObITH mjeHTUuMUIMPOBaHbl B 3KcepuMenTe. [IpuBeiém emé mHeckosbko mernee (op-
MaJIbHBIX COOOPaXKEHUl B MOJIb3Y CJa00 aKCHOMAaTHKMY.

CoBpeMeHHast Teopusi BEPOSITHOCTEN BOZHUKJIA U3 CTPEMJIEHUS OO'bE/IMHATE B pAMKAX
eJImHOro (bopMajIM3Ma JacTOTHOE IOHATHE BEPOSITHOCTHU, Oepylliee HAaYaJI0 OT a3apTHBIX
Urp, ¥ KOHTUHYaJIbHOE, UJIyIllee OT TeOMEeTPUUIeCKNX 3a/ad Tuna 3aa4u bioddona o Be-
POSITHOCTH TOTAJIAHNS UIJIbI B TAPKETHYIO Iesib. B akcuomaruke Kommoroposa KonTumy-
aJbHOE TOHSITHE DEepETcsd 3a OCHOBY Kak OoJiee obiee. Paju 3Toit 0OIIIHOCTH B TEOPUIO Be-
POATHOCTEN MPUBHOCATCS THIIOTE3bI CUT'Ma-a/[JINTUBHOCTA U U3MEPUMOCTH — TEXHUIECKHE
[IPEJIIIOJIOZKEHUS U3 TEOPUU Mepbl, UMEIOIIUE JIOBOJILHO CIadble SMIUPUIECKe 000CHOBA-
aust [9]. Takum o6pasoM, Jijisi U3yUeHUs JUCKPETHBIX SIBJICHUIT, CBSI3aHHBIX CO CJTy9IaiiHO-
CTBIO, OIIPeJIe/IeHIEe BEPOSITHOCTU KaK KOHTUHYAJLHOW Mephl M3HAYAJIHLHO M30BITOYHO.

Crnabast akcmomaTnka, (haKTHIECKN, HE BBIXOIUT 3a PAMKU SJIEMEHTAPHON Teopuu
BepogTHOCcTelr XVII-Tro Beka, 0OCHOBAHHOI HAa KOMOMHATOPHOM ITOJICYETE BAPUAHTOB.

O6parum Banmanue na 3amedanne A. H. Komvoroposa B [53, ctp. 252|: «upejicraiisi-
eTcsl BaXKHOM 3a/1a1a 0CBOOOXKIEHIS BCIOJLY, TJI€ 9TO BO3MOXKHO, OT UBJIUITHIUX BEPOATHOCT-
HbIX Jronytiennii. Ha nHezaBucuMoii MeHHOCTH YUCTO KOMOMHATOPHOTO MOJIX0/Ia K TEOPUU



nHpOpMAIUHT I HEOJIHOKPATHO HACTAUBAJ B CBOUX JIEKIIUSIX». DTO BBICKA3BIBAHUE B 3HA-
YUTEJIbHON CTEIeHN OTHOCHUTCH U K MATEMATUYECKONW CTATUCTUKE, KOTOPasd TaKzKe UMeeT
JIEJIO ¢ KOHEYHBIMU BHIOOPKAMH.

Ojiun 13 BapuaHTOB KOMOMHATOPHO-AJII€OPANTIeCKOT0 MOCTPOEHUsI TeOpUuu UHQOP-
maruu MoxkHO Haiitu B kuure B. 1. Tonmsr [13|. O, B wactaocTu, numer: «Hano6HocTh
B BEPOATHOCTHOM MOJIEJIN OTIAJIAET, IMOCKOJIbLKY Teopus MH(MOPMAIIMN OKA3BIBACTCA JI0-
CTATOYHO MHTEPECHO 1 OOTATOi MPUIOKEHUSIMI B ajaredpamdeckoit mocranoke. OIHIM
U3 TAKUX [MPUJIOXKEHUIN SBJISIeTCS paclo3HaBaHue 00Pa30B».

Vuenuk A. H. Konmoroposa 0. K. Bessies B ipejucsioun kK kaure «BepositHocTHBIE
METOJIbI BLIDOPOYHOTO KOHTPOJIS» IHUIIET: «BO3ZHUKJIO ITyOOKOe YOeXKIeHne, YTO B TeOPUN
BBIOOPOYHBIX METOJIOB MOXKHO IOJIYYUTh COJIEPKATe/IbHbIE AHAJIOTH OOJIBITUHCTBA OCHOB-
HBIX YTBEP:KJIEHUI TEOPUM BEPOATHOCTEN U MATEMaTUIECKO CTaTUCTUKM, KOTOPbIe K Ha-
CTOAIIEMY BPEMEHH HailJIeHbl B IIPEIIIOJIOKEHNN B3aUMHOM HE3aBUCUMOCTU PE3YJIbTaTOB
usMepennii» |2, crp. 9.

YumectHO tipuBecTH erié oHo BbickasbBanne A. H. Konmoroposa: «Yucras marema-
TUKa 0JIATONOJIYyYHO PA3BUBAETCI KaK 110 IPEUMYIIECTBY HayKa 0 OeCKOHeYHOM. . . Becbma
BEPOATHO, UYTO C Pa3BUTUEM COBPEMEHHOW BBIYUC/IUTETLHON TEXHUKU OyJIeT TOHATO, YTO
B OY€Hb MHOIUX CJIydasX PasyMHO U3y4YeHUEe peaJIbHbIX SBJIEHUl BecTH, m3beras Ipo-
MEYKYTOUHBIN STAll MX CTUJIU3AIUU B JIyXe IPeJICTaBJIeHNNl MATEMATUKN OECKOHETHOTO
U HEIPEPBIBHOIO, MEePEXOsl MPsiMO K JUCKPETHBIM MojesaM» |53, crp. 239).

AcumnToTunyeckme oueHkN. BeckoHevuHO JI/IMHHBIE BBIOOPKN HE PEAIU3YIOTCS Ha IIPaK-
THKE MPOCTO MMOTOMY, YTO KOHEYHA MaMATh KOMIILIOTEPOB U BpeMs, OTIIYIIEHHOE HCC/Ie-
JIOBATE/IIM Ha SKCIIEPUMEHTBI. B Kjtaccmyeckoil BepOATHOCTHON aKCMOMATHUKE JTAHHOE 00-
CTOSITEJILCTBO HEe TPUHUMAETCS BO BHUMAHWE, B YACTHOCTHU, KOTIJIa ITHIIYT

P(S)= lim v(S,X),

| X|—00
rje P(S)— BepositHocTh cobprtust S, v(S, X) — gacrora cobbitus S B BeIOOpKe X .

B ciaboit akcmoMaruke 3anuch |X| — 00 3alpelieHa, u MOHSITHE BEPOATHOCTUH CO-
6piTist P(S) e ompejiesieno. Mbl He BIpaBe MpeJIiosiaraTh, 9To BHIOOPKA PEATBHBIX 00b-
€KTOB MOXKET OBbITh CKOJIb yIojHO OoJibInoii. Tem He MeHee, ObLIO ObI HeJIEIIO OTPHUIIATH
MaCCy CTATUCTHYECKUX (PaKTOB, KOTOPbIE UMEIOT HAJICXKHBIE SMITMPUIECKUE TTOITBEPIKIE-
HUst, HO (GOPMYIUPYIOTCA U JOKA3BIBAIOTCS C ABHBIM UJTH HESIBHBIM UCIIOJIH30BAHNEM TAKUX
[IpeJIeTbHBIX TIEPeX0/I0B. B O0JIbIINHCTBE cilydaeB ux yJaaércs rnepedopMyInpoBaTh B (hu-
nurapaoM Buje. CToJb 2Ke HeJerno OTKA3bIBATHCH OT MPEUMYIIECTB aCHMITOTUYECKOTO
aHajm3a. 3J1eCh KOMIIPOMUCC 3aK/TFOIAETCS B TOM, YTOOBI IIPUMEHATh aCUMIITOTUKN JIUIITh
K YUCAEHHDIM OUEHKAM, KAK OJUH U3 CIIOCOOOB NPHUOJIMKEHHBIX BbIunciaeHuit. Hanpumep,
HOJIy9rB B cj1aboit akcrnomatuke onenky P, ¢ (7X) = f(L), 3aBucdriyio ot JJIMHBI BEIOOD-
K, MBI MOXKEM HCCJIEJI0BATH ACHMIITOTUYIECKOE TIOBe/IeHne IucaoBoil dyukimm f(L) mpn
L — oo. IIpu aTOM cyriecTBOBaHUE CKOJIb YTOJHO JIIMHHONW BHIOOPKH HE IPEJIITOIAraeTCo.



Pe3iome

BeeieHbl OCHOBHBIE TTOHSATHSI, KOTOPbIE Oy/IyT MCIIOJIB30BATHCA HA TPOTIKEHUN BCETO
Kypca: rerHepaJjibHas BbIOOpKa, HAOJIOMaeMast 00yJarolias BbIOOPKA, CKPBhITas KOHTPOJIb-
Hasl BBIOOPKa, MeTo/I 00yUeHusl, IepeodyIeHHOCTh, MaTPHUIla OITHOOK.

Bgejsiena ciabas BepOSTHOCTHAS AKCHOMATHKA, OCHOBAHHAS Ha IIPEJITOJIOKEHUN
0 TOM, 9TO BCe pa30MeHnsi KOHEYHOW reHepaJIbHOM BEIOOPKN MMEIOT PaBHBIE ITAHCHI PeaJIi-
30BaThCdA. MOKHO ObLIO OB BOODIIE HEe BBOJIUTH TEPMUH «BEPOSATHOCTH» M TOBOPUTDH TOJThb-
KO O 9acToTaX U <«JOJIX pasbueHuil BHIOOPKU», OJIHAKO BEPOSITHOCTHAS TEPMHUHOJIOTHS
u obozuavenus P, E 6ostee npusbranbt. lasee Mol yoeanmcst, 4To MHOTHE QPyHIAMEHTAb-
Hble (DAKThl MAaTEeMATHIECKOW CTATUCTUKA MOTYT OBITh BBIPDAYKEHBI B TEPMHUHAX TaCTOT
U He HYXKJAIOTCS B TEOPETUKO-MEPHOM OIIpe/iesiennu BepoaTHocTH. Cradas aKCHOMAaTHKA
aJIeKBaTHa MHOIUM 3a/[adaM aHAJIM3a JIAHHBIX, TOCKOJILKY OHA MMEeT JIeJI0 ¢ KOHEIHBIMU
BBIOOPKAMY U BEJINYNHAME, HEIIOCPE/ICTBEHHO U3MEPUMBIMU B SKCIIEPUMEHTE.

[TocraBiena ocHoBHas 3ajiava — MOJIyUeHUE KAK MOXKHO 0oJiee TOYHBIX, 3(heKTuB-
HO BBIYHUCJIUMBIX OIEHOK BEPOSTHOCTH repeodydenust (1.5), aub0 BepOsSTHOCTH GOJIBIION
qacToThl omuboK #Ha KoHTposie (1.6), mbo moaHoro cKosb3siero KouTposs (1.7).

B cnepyowein nekunn Mbl J1a/IMM TOYHOE PeIieHne OCHOBHOMN 3a1a4u JIJIsi ITPOCTEMIIETo,
HO BayKHOI'O YaCTHOI'O CJIydasi, KOIjia CeMeicTBO A COCTOUT M3 €IMHCTBEHHOI'O aJIrOPUTMA.
B srom ciydae 1o m3BecTHO# dYacTOoTe OMMOOK JAHHOTO aJropuTMa Ha HaOJII01aeMoi
BBIOOpPKE OIEHUBAETCS IacTOTa ero OIMIMOOK Ha CKPBITO# BBIOOPKE.

Ynpa>xHeHus

Bamaua 1.1 (1). B sagaue kinaccudurarmu ¢ npyms xiaaccamu Y = {—1,1} Bbibopka

3a/laHa TOYKaMU MpAMoil: X = {—%, ce —%, —%, %, %, ce %} Jlna cemeiicTBa aJaropuT-
MoB Kjaccudukanuu ag(x) = sign(x — 0) ¢ mapamerpom ¢ € R mocrpouts marpuiry

oImnboK 1 rpachK 3aBUCHUMOCTHN TL(CL@, X) oT 9, €eCJIn 1eJjieBasd 3aBUCUMOCTL UMeeT BU/I:

1) y(x) = signx; signz, |x| > M,
L 3) yla) =

2) y(x) = signsin; signsin e, |z| < M.

CKOJIbKO Pa3IUIHBIX BEKTOPOB OIIMOOK MOPOXKIAeT JAaHHOE CEMeiCTBO arOpUTMOB?
CKOJIBKO 13 HUX JI0mycKaioT m ommbok (m = 0,. .., L) Ha reHepajibHOil BbIOOpKe X7

Bamava 1.2 (2). B samgaue knaccuduranuu ¢ apyms kiaaccamu Y = {—1,1} BbiGopka
3a/laHa TOYKAMW Ha OKPYKHOCTH: X = {(sin i, COS ;) P = (z — %)%’T, 1=1,.. .,L}.
[enesas 3apucumMocts y(z) = sign &, x = (&1, &) € R2. Jlna cemeiicTba JiMHeiiHbIX KJ1ac-
cudukaTopos ag(z) = sign(61&; + O2€5 + ), ¢ napamerpom 0 = (61,0, 05) € R3 ommcars
MaTpuity ormmboK. CKOJIBKO PA3JIMIHBIX BEKTOPOB OMMOOK MOPOXK/IAET JTAHHOE CEMENHCTBO?

CKOJIBKO M3 HUX JIOIYCKAIOT poBHO m ommbok (m = 0, ..., L) Ha Boibopke X7

Bamaua 1.3 (5). KakoBo MakcuMasbHOE YHCIIO PA3IMIHBIX BEKTOPOB OMIUOOK, TIOPOK-
JIAeMBIX JIMHEHBIMI aJIropuT™MaMi Kiaaccudurarmn Ha Beibopke X = {x1,..., 2} C R"?



2 OueHunBaHue 4acToTbl CODObITUA
N rmnepreoMeTpuyeckoe pacnpegesieHue

Hauyném c camoro mpocToro 4acTHOTO cjiydasl, KOTJila MHOYKECTBO aJI'OPUTMOB CO-
crout u3 ejuHCTBeHHOTO 3MeMenta, A = {a}. Torga BepogTHOCTH HIepeobyIeHUs TIEPEXO-
JIUT B BEPOATHOCTH OOJIBIIIOrO OTKJIOHEHUS YacTOT B JIBYX BbIOOpKax. OHa TECHO CcBS3aHa
C 3aKOHOM OOJIBINUX YUCE]I, UMEIOINM (PyH/[aMeHTaIbHOe 3HAUYECHHE JIJI TEOPUU BEPOST-
nocreit. [losromy Mbr 3a0yjieM HEHAJIONTO PO AJITOPUTMBI U TEepeiijieM K OoJiee oOIeit
TEPMUHOJIOTUHU, 320/IHO HEMHOT'O YIIPOCTUB 0003HAYEHUS.

§2.1 3apaua oueHuBaHusa (NpepckasaHusl) 4acToTbl COObITUS

[Tycts S € X — HEKOTOpOE MHOXKECTBO OOBEKTOB; Oy/IeM Ha3bIBATH €r0 «COOBITHEM».
CobpiTre S U BEKTOp OHIMOOK aIrOPUTMa @ B3aHUMHO OJHO3HAYHO COOTBETCTBYIOT JPYT
apyry: S = {z;: I(a,z;) = 1}, I(a,2;) = [2; € S].

O6osuaunm vepe3 n(U) = |S N U| wucao ssemenmos cobbitus S Ha IPOU3BOJILHON
koneunoit Beibopke U C X, a wepes v(U) = n(U)/|U| — wacmomy cobwmus S na U.

3a/1aua 1npeJIcKa3aHnus 9acTOThI COOBITUS COCTOUT B TOM, YTOOBI OIIEHUTH YaCTOTY CO-
ObITHA S Ha CKPBITOil BEIGOPKe X 110 €ro 4acToTe Ha HAbJII01aeMoil BHIOOpKe X U OIEHHUTD
Ha/IE2KHOCTD IIPEJICKA3aHNs, TO €CTh IOJIYYUTh OIEHKY BH/JIa

PIv(X) —v(X)] = e] <nle); (2.1)

B rex ClIydadX, KOoI'la S MHTEPHPETUPYETCA KaK «HE2KeJIaTeJIbHOE CO6I>ITI/I€>>7 MOZKET
CTaBUTBHCA 3a/lada ITOJIYICHU A O,HHOCTOpOHHeﬂ BerHefI OIICHKN:

PV(X) — v(X) > <] < n(e). (2.2)

Jlemma 2.1. Ecm n(X) = m, 1o 4mcio smeMenToB cobbiTHst S B HAOIIOLAeMOI 1101
Boibopre n(X) m B ckpwrToii momBBIGopKe N(X) MONTHHIIOTCT 2UNepP2eoMempuyeckomy
pacnpedeseruio:

3 Cs Cé—s
i _ L—
Pn(X)=s|=Pn(X)=m—s| =h;"(s) = mTI:m’

rie s npuHnMaer 3Hadennst ot sy = max{0,m — k} go s; = min{{,m}.

(2.3)

HokazaTeabcTBo. OT0OpaTh S 37eMEHTOB cOObITHA S B HAOIIOIAEMYIO IOJIBBIOOPKY
MokHO C'F pasimdHbIME criocobamu. st KazkJoro m3 9THX CIOCOOOB HMeEeTCs Cﬁ’fm
crocob0B chOPMUPOBATH OCTABIIYIOCH YaCTh HAOJIIOIAeMON IOJABBIOOPKU U3 00HEKTOB,
He MPUHAJJIEKAINX S. SHATUT, CﬁnC’i__";n — 4nCJI0 pa3dbuenuii, Mpu KOTOPBIX S 9JIEMEHTOB
MHOZKeCTBa S HOMAJIAI0T B HAOJIIOIAEMYIO TIOJIBBIOOPKY, OCTAJIbHBIE (1M — §) — B CKPBITYIO.
Ix so1s B obwieM uucie pascuennii C4 kak pas u cocrapisier hy ™ (s). ]

Bameuanne 2.1. Ecim ycinosue 0 < s < m He BBIIOJHSETCS, TO OyJIeM [0JIAraTb, 9TO
C? = 0. Ananoruuno, eciu He BbinoJHsIeTcA yeiaoBue 0 < £ — s < L —m, 1o Cﬁ:ﬁn =0.
O <s < hem (s) =0

TCIOJIA CJIEJLYET, 9TO €C/IN He BBIIOJIHAECTCS YCeaoBHe o < § < S1, To hy ™ (s) = 0.
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CeyeHne m=100 s [unepreometpuyeckoe pacnpeaenerue h(m,s) npu L=200, k=100
100 4 100 -
o o -
60 - 60 -
ol ——| ol !
20 - 20 - i
0 ] 0 ] / ]

0 005 010 0 20 40 60 80 100 120 140 160 180 200
Cevenve s=50

0 20 40 60 8 100 120 140 160 180 200

Puc. 2.1. O6sactb onpe/iesienust rumepreomerpudeckoii dyuximu h(m, s) = h%m (s)
npu L = 200, £ = k = 100, m = 30,

§2.2 [wnepreomeTpuyeckoe pacrnpegeneHue

Tunepzeomempuneckoe pacnpedeserue HOCUT BDyHIAMEHTAIbHBI XapaKTep U BO3HU-
KaeT BO MHOIUX 3ajladax. B jaHHOM naparpade nepeduc/isiioTcst B CIPaBOYHOM TIOPSIIKE
OCHOBHBIE CBOWCTBA MMIIEPIeOMETPUIECKOro pacipesenenns (2, 11].

s l—s
C"L L—m

cL
crBe map nesbix guces (m,s): 0 < m < L, max{0,m — k} = sp < s < s = min{{, m}.

£, m
1. Ilpn duxcuposannsix L u { dyuxrmus h; ™ (s) = olpejiesieHa Ha MHOKe-
DTO MHOXKeCTBO mMeeT (hopmy mapaJuiesorpammva, puc.2.1. Bue sToit obmacti mpuHSTO
nosarars hy™ (s) =0
7 =0.
2. Beeném cieytornme 0003HAUEHNS JIJTsT CYMM KPaWHUX JIEBBIX W KPAHUX MMPaBbIX
YJIEHOB I'UIIEPTEOMETPUYECKOIO PACIIPE/IETICHIS:

lz] S1

He" ()= B (s):  HLT ()= ) hp™(s). (2.4)

5=50 s=[z]

Cupase yiuBa GopmyJia MOJTHON BEPOATHOCTH:

D" (s) =HE™ (s1) = HL ™ (s0) = 1.

S=50

[Tpu durcuposanubix L, ¢ uw m dysxiusa h(s) = h%m (s) aBiIsIeTCs OJIHOMEPHBIM
JINCKPETHBIM pactipejiesierneM. [{is npumepa Ha puc. 2.1 cieBa nokaszana Gyskims h(s)
npu uxcuposansom m = 100. Oyukuus 7' (m) = hY™ (s) pacipeenennen, BooGie
rOBODSI, HE SIBJIAETCS, TaK KaK He yJIOBJIETBOPSET YCIOBHIO HOPMHUPOBKH: y  h'(m) # 1.
Ha puc. 2.1 cansy nokazana dyukiws h'(m) npu dukcupoBanaoM s = 50.

3. Tlapamerpe! { 1 m MOKHO mepectasasTh Mectamu: hy ™ (s) = h™ " (s).

4. TlapaMeTpbl m 1 § MOXKHO 3aMeHsITh pasHocTsvu: hy ™ (s) = hy X7 (0 — s).
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5. CrpaBei/IuBbI TOXKIECTBA:
Wy (s) = Wy P (= ) = B () = B (m = ) = B (m = ).

6. Orciofa BBITEKAIOT TOXkKIecTBa s Gyuxuumit H u H:

S S
£, m o Lm -\ k,m N k,m
Hy™ ()= hp™ () =Y hp™ (m =) =Hy™ (m—s).
Jj=so J=5s0
7. Pacmpenenienne h(s) siBisiercst yanMoaibabiM (nmeet dpopmy mrka). Makcnmasib-
1)(0+1
HOe 3HaYeHHue JOCTUTaeTCs Ipu s* = %, ¢ TOYHOCTBIO JI0 OKPYTJICHUS.
8. Tabymia runepreoMeTpudeckoro pacipeie/eHns conep:kuT k HeHyIeBbIX 3HaUe-

nuii. K€ Moo 3(hPeKTUBHO BBIYUCUTE C IIOMOIBIO PEKYPPEHTHLIX COOTHOIIECHUIA:
27 0 — .
hL (O) - 1)
m+1 E—m+s
m+1—s L-—m '

By (s) = hE™ (s)

— l—s (2.5)
h&m 1 :hf,m m S. .
L) = () T
S k—m-+s

hp™ (s —1) = hy™ (s)

m—s+1 (—s+1°
Y1006 m36€xKaTh BBIUUCIUTEIBHBIX IIOTPEITHOCTEH, 3HATEHHS h%m (s) pekomeny-
€TCsl BBIYHUC/IATD TOCIeI0BaTe/IbHO Jijid BceX m = 0, ..., L, Ipu 3TOM JJIsd KazKJIOro m
HEPBBIM BBIYHUC/IATh 3HAYCHUE, OJIM3KOE K MAKCHMAJbHOMY (HAIPHMED, MPH S = Spax),
3aTeM MeHbIINe 3HAYEeHHs BLIYUCIIATE Yepe3 66biune. Cymmuposanue (2.4), Ha060porT,
IIPOUBBOUTCS OT MeHbIINX 3Hadenuit he ™ (s) K GOMbIII.
9. Maremarmdeckoe OKUJAHUE BEJIUYINHBI S €CTh
S1
A= Zshém(s) = Kfm
)

10. /Iucnepcust BeJIMYUHBL S €CTh

s e 0,0 m k(L —m
o :sto(s—)\) hY @):Aﬁ.

11. Tlpu Gosbriix 3HAYEHUAX TApamMeTpoB L, {, m mpeieIbHbIMI PACIIPE/IeTIEHUSIMI
‘ .
quist h(s) = hy™ ($) MoryT GBITH TOJIBKO PACIPE/IEIEHNsI OJIHOTO U3 YeThIPEX THUIIOB:

— upu A — 00 HOpMaAvHoe pactpeeserne h(s) — \/% exp(—(sggé)Q);

— upu T — p burnomuanvroe pacupepenenne h(s) — Cgp*(1—p)i=;
npu % — p bunomuasvroe pactpeenenne h(s) — C2 p*(1 — p)™—*;
— upu 7 — 0 um % — 0 pacrpenesenue ITyaccona h(s) — e *\®/s!;

— upu A — 0 swpoorcdernoe pacupesenenne h(s) — [s = 0].

12. I'unepreomerpuyeckoe paclipejiesieHne JOBOJIbHO TOYHO IPUOJINKAETCs ¢ OMO-
mbio amnmnpokcuMaimu Mosienapa:
2m — s

h(s)~ Cip°(1—p)~°, p= CYASYIEE
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§2.3 3akoH bonbwux ymncen B cnabovi akcmomaTuke

[pomosmkum pacemorpenne 3ajaad (2.1), (2.2) o npejckazaHuu 9acTOThl COOBITHS.

Teopema 2.2. Ilycre n(X) = m. s so6oro € € [0, 1) cupaBeyiuBbl TOYHBIE OLIEHKH:

Pv(X) <e] =H;™ (e0); (2.6)

Pu(X) =e] = Hy™ (m —ek); (2.7)

PU(X) —v(X) =e] = H;™ (sm(e)), sm(e) = L(m —ck);  (2.8)
PIv(X) = u(X)| = €] = Hy " (sm(e) + Hy " (Sm(€) . Sm(e) = £(m+2k).  (2.9)

HokazarenabcTBo. [lepBbie jiBe ONEHKH SIBISIFOTCS HEIIOCPECTBEHHBIM Cie/cTBrueM (2.3):

e¢)

!
Me§
S

N
Ly

-
=
s

!

P[v(X) <] s) =D R (s) = H" (el
B ; B - [m—ek]
Pv(X)2e] =) [ >e|P[n(X)=m—s] = Y hp™(s) =Hy™ (m —ck).

TpeTbH OIl€HKa I10JIy49a€TCA aHaJIOTUIHO HepBOfI, C TOI JINIIb paBHHHefI, qTo ycJioBUe

v(X) = % < e zamensiercs yesosuem V(X )—v(X) = mk_ 5 —% > e. OTcrona seMeHTapHbIMI
Ipeobpa30BAHUSIMI TTOJIYYaeM BEPXHUI IIPeies CYMMUPOBAHUS S < %(m —¢k).

Hakoner, nBycTopoHHsis onieHKa (2.9) ToJIydaeTcs, ecjim TpeiCTaBUTh MHOYKECTBO
pasbuenuit B Buje 0O0beIMHEHNs JIBYX HEIIEPECEKAIONINXCS MTOIMHOXKECTB:

Pllv(X) —v(X)|2e] =Pw(X) —v(X) =] +P[v(X) —v(X) 2 ¢] =
= Hp" (sm(e) +HL™ (8m(e)). 0

O ckopocTu cxogumocTun B 3akoHe bonblwunx yncen. [Ipu npornoprmroHaILHOM yBe-
Jsudenun L, ¢ m m oTHOCUTE/IbHAs MIUPUHA TUIEPIeOMETPUIECKOTO IHKA YMEHBIIAETC s,
puc.2.2. B npenene npu L, ¢, m — 00 BO3MOXKHO CKOJIb YT'OJIHO TOYHOE IPEJICKa3aHNe
ckpoiToit wacToThl v(X) 110 Habomaemoit gactore v(X ). Pasencrso (2.9) onenusaer cko-
POCTH CXOJIMMOCTHU YaCTOT COOBITHA B JIBYX BBIOODKAX.

Krnaccuuecknii 3aKoH OOJIBITUX YUCETT YTBEPXKJIAET CXOIUMOCTH HaCTOTHI COOBITUSA
K eé BepogTHocTu. OHAKO B CJ1a00I aKCMOMAaTUKe MOHATHE «BEPOATHOCTU COOBITHS S'»
He ompejiesieHo. [losTomy (2.9) MOKHO MHTEPIIPETUPOBATH KAK AHAA02 3GKOHA OONDUUT
vyuces B caaboit akcnomaruke. OCHOBaHUEM JIIs TAKON MHTEPIPETAIINN TAKZKe CJIYKUT TOT
daxkr, uro nBa dyHKIHOHATA — (&) BEPOITHOCTH GOJIBITONO OTKJIOHEHHUST YaCTOT COOBITHS
B JIByX BBIOOpDKax U (6) BEPOSTHOCTH OOJIBIIONO OTKJIOHEHHsI Y9aCTOTHI COOBITHSI OT €ro
BEPOATHOCTH — OLEHUBAIOTCA CBEPXY JPYT Yepe3 JIpyra, Kak nokaszano B [3]. Tlo cyru, stu
JIBE OIEHKH OTJIMYAIOTCS He MPUHIUINAILHO.

Kraccuveckne nepasencrsa YeObrmésa, Uepnosa, Bepumreiina, Xédbdmunra [7§]
OTIEHUBAIOT CKOPOCTDb CXOJIMMOCTH B 3aKOHE OOJIBIIX duces. Bee OHU IBISIOTCH aCHMITTO-
TUIECKUMU U JIAIOT 3aBBIIIEHHBIE OIMEHKN BEPOSITHOCTH OOJIBINOTO OTKJIOHeHWs. Bhiparke-
aue (2.9) siBjisiercst TOYHON (He 3aBBIIEHHON, He ACUMITOTHYECKON) OIEHKOl, 1 MOTOMY
€ro MOYKHO CUUTATh HAMOOJIee TOUHBIM BbIPAYKEHUEM 3aKOHA OOJIBIIIIX YUCEI.
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Puc. 2.2. lN'unepreomerpuveckas GyHKITUS h%m (s). Bepxuuii rpadux nosyuen npu
L = 300, ¢ = 200, m = 30. Beijenensl Kpaiinue jesbie, [So, sy, ()] = [0, 15], u kpaii-
HIEe IpPaBble [S,,(€), s1] = [25, 30|, 4ieHbl paciipejiesieHnst, COOTBETCTBYOIINE 3HAUCHUTO
Hagiéxxkaoctu 1) = 0.05. Huzkawmit rpaduk nosyden npu 3Hadennsx L, £, m, IpomopIu-

OHaJIbHO YBEJIMYECHHBIX B 5 pas.

FeomeTpuyeckas nHtepnpetauyms coorromennit (2.3), (2.8) u (2.9). Pacemorpum mpsi-
moyrosbhyio cetky {0,...,L} x {0,...,¢} na puc.2.3. ITonoxum b; = [x; € X|. Torna
b; = 1 o3Havaer, 4TO OOBEKT T; TOIMAJAeT B HAOIIOIAEMYIO TOJBBIOOPKY. /loroBopumcs
oTobpazkaTh paszouenune X, X B BHJE TPAeKTOPHH, IIPOXOLIIEH MO y3/IaM CeTKH U3 TOU-
ku (0,0) B Touky (L, ¢) cornacuo nmpasuiy: ecyu b; = 1, To cMeraeMcsi Ha €JIMHUILY BIIPABO-
BBepX; ecyin b; = 0, TO cMeraeMcs Ha eMHUILY BIIPaBo. Bee Takue TpaeKTopuu He BBIXOIAT
3a IpeJIesibl apaJsie/iorpaMMa, BblIeJeHHoro Ha puc. 2.3. MHokecTBO Beex TaKnx Tpaek-
Topuii m30MopdHO MHOXKecTBY pasbuennii Beibopkn X = X L X, u 06a oHE n30MOPMHEL
MHOKECTBY L-MepHBIX OMHAPHBIX BEKTOPOB (by,...,br), comepKamux pPOBHO ¢ €JMHMUII.
[TosTomy ny1st moJicuéra uncsa pazduenunii, yJI0BAEeTBOPAIONINX HEKOTOPOMY CBOMCTBY, J0-
CTATOYHO HAWTHU YHCJIO COOTBETCTBYIOIINX TPACKTOPUIL.

Y1006 BeIBECTH (2.3), IPOHYMEPYEeM 00bEKThI BBIDOPKHU TaK, ITO0BI [IEPBBIE 1M 00heK-
TOB npuHa/yIexKam MaozKecTBy S. Torma 3a/1atua cBeIETCA K MOJICIETY JTOU TPACKTOPHIA,
IPOXOJIAININX 1Yepe3 Touky (m,s). HasoBém rtakume tpaexropun donycmumvimu. Hucao
BCEX BO3MOXKHBIX TpaekTopuii na orpeske ot (0,0) g0 (m,s) pasno C?

m?

U JIId KaxK 01
l—s -
Tpaekropun cyitecrsyer C;_° BapuanToB eé npojosrkenus or (m,s) po (L, (). Cremo-
BaTe/LHO, MHC/IO JIOMYCTHMBIX TpaekTopuii papo CF Ct* . Pazjenus Ha obIiee THCIO
. ¢

BO3MOKHBIX TpaekTopuit C% noydaem Tpebyemoe hy ™ (s).

Hro6bl BbiBeCTH (2.8), HEOOXOAUMO MOJCYUTATH YUCIIO TPACKTOPUIL, IPOXOISIIUX Ye-
pe3 Jio0yI0 TOUKy (m, §), JIeKalllyto HUYKEe HArOHAJN Ha 5% i 6ostee. s sToro cym-

MUPYETCH YUCTIO TPAEKTOPHIt C’;C’ﬁ‘_ﬁn 0 BCEM S = Sq, - . ., S (€).



Puc. 2.3. Tpaekropus mnociienoBaTebHOCTH {bi}f’zo = 0101100010110010, upu

L =16, ¢ =17, ¢ =0.3. IlpoBejiens! jmuHUN1 § = %m us = %(m + ¢k). IIpu m = 10

BbIJIeJIEHBl TOUKHY BBIIIIe BEPXHEll JINHUH, § > Sy, (€), M HUKe HUKHEH JIMHUH, § < Sy (€).

Jlist BBIBOJIA JIBYCTOPOHHEl olleHKH (2.9) TOJCYUTHIBAETC YUCIO TPAEKTOPH, OT-

Lk

CTOSIIUX OT JIMaroHaJ/ M Ha €= mjm OoJiee. B sToM ciydae cymMmupoBaHue HiaeT 110 BCEM

T
S =50,-..,5m(€), 3aTEM IO BCeM § = S, (€),. .., S1.
BbIOOpOUHbIi KOHTPOJIb KadecTBa — 5TO HPUMep HPUKJIAIHON 3a/a49u, B KOTOPOI

OIEHKN TeOPeMbI 2.2 IPUMEHNMBI HEIIOCPEICTBEHHO [2].

[Iycte X — muoxkectBo majenuit, S C X — MOJMHOXKECTBO JIePEKTHBIX U3JIEHI.
Wsrorosiena maptus w3aesnii X, u3 HUX M OKA3AJUCh JeMDEKTHBIMUA. THUCI0 M HEU3-
BectHo. [IpoBepurh BCIO MAPTHIO MOMITYYHO HE IIPEJICTABIAETCA BO3MOXKHBIM. [losromy
JIETIAETCA 8bl00POUHBLT KOHMPOLL KGHeCMEa: CIydaiiHo, He3aBUCUMO, 0e3 BO3BpalleHuit
BhIOUpaeTcd moaMuokecTBO X C X, 9TO PABHOCHIBHO CJIyYailHOMY PaBHOMEPHOMY BbI-
6opy pasomennsa X LI X = X. 3nag nomo gedektos B Habmomaemoil Brdopke v(X),
TpebyeTcs TpejicKasaTh 00 /1ebeKTOB B CKpbIToil Bhibopke v(X ). Ecmm npu 3aman-
HOft TOMHOCTH € M HaJEKHOCTH 1) uMeeT Mecto onenka P[v(X) > ¢] < 5, To naprua X
IPUHUMAETCs, MHaYe OHa, e MKoM Opakyercd. [lapameTpsr € u 1) moadbupaioTcs n3 SKOHO-
MUYECKUX COODOParKeHUil — ¢ yIETOM CTOMMOCTH KOHTPOJIS OJHOTO U3JIE/IUs U BEJTUIHHbBI
[OTepb OT MUCIOJIb30BAHUS JEMDEKTHOIO U3IE/TUS.

§2.4 [llepexop oT HeHabnlogaemMmon OUEHKU K HabtogaemMoii

Omenku (2.6)—(2.9) 3aBucar or 4nc/a 3JeMeHTOB m cOObITHs S B MeHepasbHON BbI-
bopke X, KOTOpoOe HEBO3MOXKHO y3HaTh, II0Ka HEU3BECTHA CKPhITas MOJBhIOOPKa. B Takmx
CJIy9asix TOBOPSIT, UTO OIEHKa, siBJIsieTcst henabatodaemoti (unobservable bound). Curyartist
Ha IIE€PBBIl B3IVIA]] TapaJoKcaabHa. ITOObI OEHUTH BEPOATHOCTD OOJIBIIONO OTKJIOHEHUS
JacTOT B HaOJIOJAeMOil M CKPBITON BBIOOPKE, HEOOXOAMMO 3HATH umciao m. OjgHako ec-
qm ObI MBI €ro 3Hasu, To 10 HabsoxaeMoil dactore v(X) TYT Ke BBIYHACIH OBl TOTHOE

sHaveHne cKpbIToil Yactorsl V(X ), mockosbky kv(X) + (v(X) = m.

BepxHas oueHka. Ilpocreiiiiee perenne mpobJieMbl HEM3BECTHOTO 1M 3aKJIIOYAETCS

B TOM, 9TOOBI B34Th MaKCUMYM II0 M W IIOJIYYHUTH BMECTO TOYHOI OIICHKHN 3aBbIIICHHYIO
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Puc. 2.4. 3asucivocrs H(m) = Hy ™ (s,u(e)) or m upu L = 300, £ =200, &= 0.05.
BEPXHIOIO OIICHKY:

P[v(X) —v(X) >¢] < mgloaxLH%m (sm(€)) =T%(e). (2.10)

3/1ech MAKCUMYM JIOCTATOYHO B3ATh 10 BceM m oT [ek| mo |L — ef], Tak Kak mpu
OCTAJIbHBIX 3HAUEHUSIX 11 JIeBasd YacTh HEPABEHCTBA PABHA HYJIIO.

K coxasennio, (2.10) — moBoJibHO Tpybast OIeHKa, [IPU MAJIBIX M, cM. puc. 2.4. [To s1oii
NPUYHHE JaHHBIA OIX0/] He IPUEMJIEM JIJIA 33189 BLIOOPOTHOTO KOHTPOJIA KadecTBa, 00y-
YeHUs 110 MPeNeJIeHTaM, 1 JIPYIUX CIydaeB, KOrjJa IMEHHO MaJible 3HAYEHUs 171 IPEICTaB-
JISTIOT OOJIBINON MPAKTUIECKUH MHTEPEC.

U3BecTHa BepXHsis OIEHKA «XBOCTa» MHIIEPreOMeTPHYeCcKoro pacipeesennst [44, 93],
C TIOMOITIbIO KOTOPOH MOXKHO OIEHUTH CBEpXY npaByio dactb (2.10): mis moboro € > 0

Ok?
I () < exp (_282ﬁ) .

OTa oreHka emé bostee rpybasi. Ha puc. 2.4 eit cooTBETCTBYET rOpU30HTAIbLHAS JTUHUS
¢ opauaaroit 0.89. AcuMnroTnvyeckn FgL(s) — O npu ¢, k — 00, 9T0 eIi¢ pas moJATBepK/IaeT
CBsI3b TOYHBIX OIEHOK (2.8) u (2.9) ¢ 3akonom boavwus wucen.

TouHasn MNMHTEepBaJibHAA OLUEHKa. CJIQ,ZLYIOH_LE%H TeopeMa ITOKa3bIBa€T, KaK I10JIy9aTb TOY-

uble Bepxuue n nrxane onenku 1yt n(X) u n(X) no nabmogaemomy snadennio s = n(X).

Teopema 2.3. Ecim n(X) —uauciao smementos cobbrtusi S B HabJIrOaeMOli BBIOODKE,
TO JJIST 9HCIA 9JIEMEHTOB COObITHsI S B HOJIHOI BBIOOPKe ¢ BepositHOCThIO (1 — 1) crpa-
BeEJlJInBa BEPXHAA OILICHKA!.

n(X) <max{m=0,...,L | HE™ (n(X)) > nt. (2.11)

HokazarenabcTBo. PaccMoTpuM 0JJHOCTOPOHHIO TOUHYIO OIEHKY (2.6), 0603HaIMB Mpa-
ByIO €€ dacThb depe3 H,, (), rue m = n(X) — Hem3BecTHAs BeJTMTHHA!

Pv(X) <e] =H;™ (el) = Hp(e). (2.12)

Torma ¢ BepositHocThiO 1 — H,p,(€) cripaBeinBo HepaBeHcTBO V(X)) > €.



t, yucno anemenmos S 6 ckpuimoil 8b100pKe
100 3

% ]
80 1
70
60
50
40

30 J

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 8 90 95 100

§, yucno snemeHmos S 6 HabIwOaemoil 8lbopke

Puc. 2.5. Tounsle Bepxune u HuzKHEE oneHkn unciaa t = n(X) smemMentoB cobbitust S
B CKPBITOl BBIOOPKE B 3aBuCHMOCTH OT uX uncja s = n(X) B Hab/01aeMOIl BHIOODKE.
Yemosust sxcnepumenta: L = 200, £ =k = 100, n = 0.05.

Oyuknus H,,(e ) KYCOYHO-TIOCTOSTHHA U OJJHO3HATHO OIPEJIeJISIeTCsl CBOMMUI 3HAUCHU -
MH B TOUKax € = (), - Tree 1TTE, 1. O6osnaunm 1epes E,,(n) dyukimo, obparayo Kk H,,(e).
Torna ¢ BeposiTHOCTBIO 1 — 1) cripaBemBo HepaseHcTBo V(X)) > E,,(n).

[Mockosbky dyukuuu H,,(e) u E,,(n) Bospacratomniye, ¢ BepOITHOCTHIO 1 — 1) crpa-
BeBO HepaseHcTBo H,, (v(X)) > n.

Oynknust H,,(v(X)) yoeaer o m. [losromy mepasencrso H,,(v(X)) > n pasHo-
cnbHO M < M, TJIe T — MaKCHMaJIbHOe 3HadeHnue m, npu koropom H,,(v(X)) > n.

Teopema jiokazana. n

AHAOTHYHBIM CTIOCOOOM OIEHMBAETCs CBepXy CKpbiToe uucyo n(X ) 1o Habmozaenmo-
My qucay n(X), a Tak:Ke CTPOSITCS HUKHUE OTEHK.
Caencteue 2.3.1. C BeposrHOCTBIO (1 — 1) BBIIOJIHEHO HEPABEHCTBO
n(X) <max{t =0,....k | Hy "M (n(X)) >} (2.13)

CaenctBue 2.3.2. C BeposrHOCTBIO (1 — 1)) BBIIOIHEHO Kark0e W3 HEPABEHCTB

n(X) 2 min{m =0,...,L ’ Ho™ (n(X)) > n};
n(X) Z min{t = 0, k| 7" (1(X) > 0}

Beranciienne oty 9eHHbIX BEPXHAX U HUXKHAX OIEHOK C HCIOJIE30BAHIEM PEKYPPEHT-
HBIX cooTHOweHnit (2.5) TpeGyer nopsaka O (n(X)n(X)) onepamii.

Ha puc.2.5 nokasaHbl BepxXHUE U HIDKHHE OLEHKU YHC/IA 3JIEMEHTOB coObITHsA S
B CKpbITOil BhiGOpKe ¢ = n(X) B 3aBUCHMMOCTH OT UX UHMC/Ia B HaGJIOIAEMOfl BBIGOD-

ke s = n(X). Toacreie cTyneHvaTbie JIUHIN — TPAHUTHBIE 00JIACTH, B KOTOPBIX BETMIHHA



’HE ot (s) mpUHUMAET OJTHO U TO Ke 3HadeHne. TodHas BepXHsst OIEHKA COBIIAJIAeT C BEPX-
Heill rpaHuIieil BepxHeil 001acTu, TouHad HUXKHsS — C HUXKHEH ITpaHuiieil HuKHeil 00J1acTu.
Bmecre onu onpenensior 1 — 2n = 90%-it noBepuTenbHbIA MHTEPBAJ I UnCIa t 1IpU
KazKJIOM 3Ha4YeHWN s. TOHKMe CTylleHdaThble JIMTHUU — 9TO OIEHKH 110 HAUXYJIIIEeMY 1M, Bbl-
uucsiernble coryiacHo (2.10). Vx TounocTs najiaer o mepe npubsmkenns m K 0 win K L.

O BeposiTHOCTU HYNb-cOObITUA. [lob3ysich Teopemoiil 2.3, HETPY/IHO TTOCYUTATH BEPX-
HIOIO JIoBepUTENIbHYIO OneHKY 1(X) 1tst Hyav-cobvimus [29] — takoro cobbITHsI, KOTOPOEe
BoOOITIEe He Hab0Ia10ch, n(X) = 0. B wactroCTH, 110 TpaduKy Ha puc. 2.5 Jerko ompee-
JINTH, YTO NpHU JiyinHe HabromaeMoii Beioopku £ = 100 4ncsio coObITHil B CKPBHITOI BEIOOPKE
nmuabl k= 100 me npepsoiinér 4 ¢ BepograocTbio 1 — 1 = 95%. Huxknuas posepuresnbnas
orterka n(X) U1 HYJIb-COOBITHS, PA3yMeeTCsi, PABHA HYJIIO.

§2.5 OpHo3nemeHTHOE cemeiicTBO a/iIrOpUTMOB

Bepuénmesi K 3ajate OIEHUBAHUS BEPOSATHOCTH TIEPEOOYIEHUT U PACCMOTPUM OJTHO-
ssementroe cemeiictso anropurmos A = {a}. B srom ciayuae nukakoro obytdenns ObITH
He Moxetr: uX = a s joboit Beibopku X. @yukimonan Q. (i, X) = Q.(a,X) Oyzem
HA3BIBATH 6EPOAMHOCNBIO NEPEOOYUEHUA 0MIEALHO20 GALOPUTNMA.

Teopema 2.4. Ilycrs aaropur a jJoIycKaeT m OHIMOOK Ha T'eHeDAJIbHOH BBIOOPKE:
n(a,X) = m. Torga s sroboro ¢ € [0, 1] cupaBeyiBbr TOUHbIE OLECHKH:

=Plv(a, X) = v(a,X) > e] = H; ™ ({(m — k) ; (2.14)
=P[v(a,X) > €] =H;™ (m - ek); (2.15)
C:Ey( , X) = (2.16)

HokazarenbcrBo. Pasencrsa (2.14) u (2.15) BBITEKAIOT HENOCPEJICTBEHHO M3 TEOpe-
Mbr 2.2, ecim BBectn cobbrrue S = {z; € X: I(a,z;) = 1}. Jdna nokasarenscrsa (2.16)
3amnumIeM onpejeseHus E n v, 3aTeM mepectaBUM 3HAKH CyMMHUPOBaHUA:

_ Cg_
Z Z (a,z;) = CZZIaxZ Z[:EiGX]:n;TLﬁl:%.

Cr Xe[X]Z zi€X Xe[X]
A -~ >

~
0
m Cr4 |

Pe3iome

Bajiaua oleHnBaHusT YacTOThI COOBITHS (HAIIpUMED, OMUOKH (DUKCHPOBAHHOTO aJIr0-
pHUTMa @) Ha CKPBITO{l BBIOOPKE TI0 €ro 4acToTe Ha HaOJII0aeMoil BHIDOPKE UMEET TOTHOEe
perenne, KOTOpoe BbIparKaeTcs depe3 T'MIepreoMeTpruyecKoe pacipeeeHue.

B ci1aboit BepogTHOCTHOI aKCHOMATHUKE 3Ta OIEHKA OIHUCHIBAET CKOPOCTb CXOMMOCTH

JaCTOT B JABYX BbI60pKaX U IBJIFETCI aHAJIOTOM 3aKOHa OOJIBIINAX YUCEJI.



HeymobcTBO 9T0i1 OTIEHKM 3aKJIFOYaeTCA B TOM, YTO OHA 3aBUCUT OT HEM3BECTHON Ya-
CTOTBI COOBITHA Ha TeHepaJsibHOU BbIOOpPKe m. lIpobiema peraercsa OO B3ATHEM Mak-
CUMyMa, 110 M, W TOIJIa TOJIyYaeTCd 3aBbIIEHHAS OIEHKAa, JTMOO0 BBIYUCICHUEM TOYIHO

HHTepBaJIbHOﬁ OIIEHKHU, HO TOI'/la OHa HE BbIPpazKa€TCd B BUJIE ABHOI (bOpMYJIbI.

B cne,u,ytou.l,eﬁ NeKuyunm MbI IIOKazKeM, 9TO B cJ1aboil aKCMOMAaTHUKE BO3MOXKHO 11oJIyd9aTb
TOYHbIE pelieHud JIJId pdlla KJIaCCUYIECKUX 3ajlad MaTeMaTHu4IeCKOM CTAQTUCTUKH, TaKHX,

KaK IIOCTpoeHUue JOBEPUTE/IbHBIX MHTEPBAJIOB U IIPOBEPKa CTATUCTUYICCKUX I'MIIOTES.

Ynpa>xHeHus

Bamaua 2.1 (1). Ilocrpouts rpadukn 3aBUCHMOCTH BeIUIHHBI ()., OIpeIessieMoil
o ¢opmyste (2.14), or ¢ npu dukcuposannom k, or k npu dukcupoanom ¢ u ot £ = k.

Bamaua 2.2 (2). Boisectu Tounbie onenku Q., R. u C' jjis JBYX3JIEMEHTHOIO CeMelcTBa
A = {ay,ay}, eciin 3a1aHbI YETHIPE ApaAMeTPa

mw:#{xEX:I(al,x):u, I(ag,x):v}, u,v € {0, 1}.

[Tocrpouts rpacduku 3apucumoctu (e, R, u C' 0T XOSMMUHIOBa PACCTOSHIA MEYKLy aJIro-
PUTMaMU p1g = M1 + M1g, B JABYX caydasx: 1) mpu mo; = mqg; 2) upu mg = 0.

Bamaua 2.3 (5*). Ommcarh criocod BBIUNCJIEHUsST TOIHON BepXHEil OIEHKH BEPOSITHOCTH
nepeobydenns Q. st cemeiicTBa u3 JaByX aaroputmoB A = {ay, as}, eciiu npu HEKOTOPOM
pasouernnu (X, X ), BBIOpAHHOM CJIy9ailHO 1 PABHOBEPOSTHO, M3BECTHBI Y€THIPE BEJIMINHBI:

suv:#{xeX:I(al,x):u, I(ag,x):v}, u,v € {0, 1}.

[TocrpouTts rpacdukn 3aBucuMocT (). OT XIMMUHIOBa, PACCTOSHUST MEXK/LY AJTOPUT-
MaMu P12 = So1 + S10, B JIBYX CJllydasx: 1) mpu Sg; = S10; 2) upu So; = 0.
CpaBHUTB ¢ PeIlIeHreM PeIbIIyIneil 3a/1aum.

Bamaua 2.4 (3). Boisectu Tounbie onenku ., R, u C s cemeiicTBa U3 TpEX asro-
purmoB A = {aq, az, az}, eciau 3aJlaHBl BOCEMb MTAPaMETPOB

Myt = #{x e X: I(ay,x) =r, I(ag,x) = s, I(as,z) =t}, r,s,t € {0,1}.

[TocTpouts rpadukn 3apucumoct (., R, 1 C' OT XIMMHUHIOBa, PACCTOSTHUS MEXK/Ly aJIro-
puUTMaMU pra = Mo1p + Mio + Mo11 + Mio1, B ABYX Clydadx:

1) mpu myig = Mig1 = Mo11 = Migo = Mo10 = Moot ;

2) 1mpu myip = Mio1 = Migo = Mo10 = 0, Mo11 = Moo1.



3 HenapameTpuueckne kpuntepumn
N AoBepuTesibHble OLEHKN

Marepuas JaHHOI JIEKIIUU HE UMeeT MPAMOTO OTHOIIEHUs] K OCHOBHOW TeMe Kyp-
ca — mpobsieme nepeodyuerus. OH JIEMOHCTPUPYET BO3MOXKHOCTHU CJIab0#l BEpOATHOCTHOI
AKCUOMATUKHM Ha IIPUMEpEe CTAHIAPTHBIX 3a/1a9 MaTeMaTUuIeCKOW CTATUCTUKU.

MpbI paccMOTpHUM 3a/1a91 JIBYX THUIIOB.

[lepsblit Tl — 3aj1a91 JOBEPUTEILHOTO OIEHUBAHUA. /J[06epUMENLHBIT UHMEPBAN
JUIS CITy9aitHONM BEJIMIUHBI — 9TO OTPE30K, KOHIIBI KOTOPOT'O BBIUYUC/IAIOTCS 110 HADJTIOIae-
MOil BBIOOPKE, HAKPBIBAIOIIMI HEM3BECTHOE UCTUHHOE 3HAYEHUE JIAHHON cirydaiiHoil Besu-
YUHBI C 33/JI]AaHHON dosepumenvhoti eepoammnocmuvio, 6Jin3KoM K eunuiie, ckaxem, 0.95.

Bropoit Tuir — 3a1a1n MpoOBEePKU CTATUCTUYECKAX THIIOTE3. BhIBUTaeTcs HeKoTopas
eunomesa Hy, pu ycJIOBUM UCTUHHOCTH KOTODOI 3ajanHas (GyHKIUA BLIOGOPKU (cma-
MUCMUKG) UMeeT U3BeCTHYIO (DYHKIMIO pacipesiesienns. Boliessiercs kpumuyeckas 00-
AGCMY HAUMEHee BEPOSITHBIX 3HAUEHUN ITOM CTATUCTUKY, U (DPUKCUPYETCS YPOGEHD 3HAYU-
MOCTMU — BEPOATHOCTH IOTACTH B 9Ty 0OJIACTD MPU YCJOBUM UCTUHHOCTH TUNOTE3bl Hy).
YpoBeHb 3HAYMMOCTH BBIOMPAETCS JOCTATOYHO OJIM3KUM K HYJ0, ckaxkeM, 0.05. Eciu na-
OJrro/1aeMoe 3HavMeHne CTATHCTUKH T0MaJaeT B KPUTUIECKYIo 00J1acTh, TO rumnoresa H
OTBEPraeTcsd; B IPOTUBHOM CJIydae T'OBOPAT, UTO JIAHHBIE He IIPOTHUBOpeYaT rurnorese H.

B cnaboit akcmoMaTuKe HAXO0/IAT €CTECTBEHHOE BbIPAXKEHNE MHOTUE HEeNapaMempuye-
cKue METOJbI CTATUCTUKH, HE CBA3aHHBIE C AIlPUOPHBIMU IPEIITOIOKEHUSIMI O ITapaMeT-
PUYECKOM BHJIe TIJIOTHOCTEN pacipesesieHnsl KaKUX-JIM00 CIyJIailHbIX BeJIMIH.

§3.1 [dosepuTtenbHoe oueHuBaHune

Pacemorpum 3a/1ady 0 JIOBEPUTEIHHOM ONEHUBAHUU CJIyIailHON BETMIHHBL.

Bagana pynkiusa &: X — R, 3HaYeHNsT KOTOPOH MOTAPHO PA3IUIHBI HA JIEMEHTaX
BeIOOpPKHU X. Tpebyercs mocTpouTs 1o HaO/IIOAaeMOll BHIOOPKe X CeMeiflCTBO BJIOYKEHHBIX
dosepumenvioe unmepeanos Q.(X) = [67(X), &5 (X)] Takoe, uTo 15 IPOU3BOIBLHOTO
CKpBITOro 0bbekTa T BbimosHgerca &(z) € Q. (X) ¢ BeposaTHOCTBIO He Menee 1 — n(e).
Taxum 06pa3oM, JUIHHA CKPLITOH BHIGOpKN X = {Z} 1osiaraercst paBHoil e uHuUIe.

Bapuayuonnvim padom dyaknnun € Ha Beibopke U = {uq,...,u;} C X HasbBaercs
[OCJIeI0BATEIbHOCTD 3HaueHuit &(uq), ..., & (u;), ynopsmodennas mo Bospacraruio. O6o-
3HAYUM S-€ 3HavUeHue BapuarmoHHoro psjia & Ha U uepes 5[(15), TOr/Ia 5((11 Vi< fl(})
Teopema 3.1. Omnpejennm cemeiicTBO BJIOKeHHBIX 0TPe3KOB (). (X) = [ngfsﬂ), g?)],
e e = [(/2],..., L. Torya crupaBeammBa TOIHAS OICHKA:

PlE(z) ¢ Q(X)] =2(1—-2), e=[¢/2],...,L (3.1)

JokazaresbcTBo. Beero nveercs C] = L pasbuennii. Bemmunna &(T) npesocxoaur fg?

Ha TexX pas3OueHHsX, IPU KOTOPBIX HpaBee &(Z) B BAPUAIMOHHOM DsILy HAXOJUTCS Me-

(L—e+1)
X

Hee L — e 06bekToB. Takux paszouenunii posHo L — e. Anasoruano, £(z) < ¢ Ha TexX

pasbmeHusiX, IIpu KOTOPBIX Jieee & (T) HaxoauTes MeHee L —e o0bekToB. Takux pazouenuii
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Takzke poBHO L — e. Urak, mois pasbueHwuit, mpu KOTOPBIX 3HadeHue &(T) monajaer BHE
orpeska {2 (X), cocrasusier 2(L —¢)/L. n

AHajornaHo MOXKHO JO0Ka3aThb U TOYHYIO BEPXHIOIO OIICHKY:

Ple() > Q] =1-2, e=[/2],...,¢ (3.2)

[Monaras B (3.1) € = /¢, 3ak/od4aeM, ITO CKPbITOe 3HadeHue &(Z) BBIXOJUT 3a IIpe-
JIeJIbL JTMana3oHa HabJII0/IaeMbIX 3HAUEHMI [ﬁgg), fgﬁ)] C BEPOATHOCTHIO % s npejickaza-
Hust €(Z) ¢ HaJIEKHOCTBIO 7] JIOCTATOTHO UMETh % — 1 00bEKTOB B cirydae OJIHOCTOPOHHET
OTIEHKU, 1 IIPUMEPHO BJIBOE DOJIBIIIE, % — 1, mra asycroponsneit. B wactnoctu, 19 o6 bekTOB
JIOCTATOYHO JIJIS TOJIyUeHUsT BepXHell OIeHKN ¢ Ha iéKHocThio 0.95.

§3.2 [JoBepuTtenbHble MHTepBasibl 411 KBaHTUNENR

JdoBepuTenbHble MHTEpBanbl ANt KBaHTUNENW B cuibHoi akcmomatuke [30]. Tlycrs
¢ — caydaiiHasg BeJIMYMHA C HEIPEPBIBHON CTPOro Bo3pacTarornieil yHKIMell pacipe/ie-
nenusi F'(z). Pemenne ypasuenns F(x) = a npu o € (0,1) cymecTByer n eMHCTBEHHO,
oboznavaercs &, U HA3bIBACTCI (U -K6AHMUALIO Pacnpedenerus NN KBAHTUIBIO TOPAJIKa (V.
B gacraOCTH, {1 ecTh meduara pacnpedesenus.
2

[Iycrs X = {&,...,&} —BbiOOpKa ( HE3aBUCUMBIX CJIyYalHBIX BEJIUIMH U3 pac-
npegenennda F'. Iloctpoum e€ BapuaimoHHBIN sl §§§) < e < fg?. C BeposaTHOCTBIO 1
OH He mMeeT CBsa30K. OTpe3ok [fg;"),fgg)] SIBJIIETCS JIOBEPUTEIHHBIM HHTEPBAJIOM JIJIsT

Q-KBaHTUJIN C ,ILOBGpHTGJIbHOfI BEPOATHOCTBIO

PV <& <¥] =Y Cla' (- o) (3.3)
t=r
B wacTHOCTH, OTPE30K [fggﬂ), Sg_r)] ABJIFAETCA JIOBEPUTEJILHBIM MHTEPBAJIOM JIJIs Me-
JaHbl (o = %) ¢ jloBepuTesbHOl BepostTHoCTbIO 1 — 2 Cf27¢
t=0

JoBepuTtenbHble nHTepBanbl ANsi KBaHTUeln B cnaboii akcmomatuke. [locranos-
Ky 3aJIa49U MPUIETCH MEHSITH, ITOCKOJIBKY TOHATUS (-KBAHTUIN U (DYHKIIUUA PaCIIpe/ie/ie-
Hust F'(x) ompenensiiorest depe3 TeOpeTHKO-MEPHYI0 BEPOSITHOCTD. AJIEKBATHOMN 3aMeHOM
KBaHTUIN &, B CJIa0ON aKCUMOMATHUKE SABJIIETCH M-Il 14IeH BApUAIMOHHOTO Psijia NeHepaTh-
Hoit BIOOpKK X 1iput m = «v L.

Homycrum, 9To ducioBas reHepasibHasi Beioopka X = {&;,..., &}, cocrour u3 no-
[apHO pa3nyHbIX 3HadeHuii. [locrponm e€ BapuanmoHHBIN PsijL fg) < < fg).

Crenyrorias TeopeMa yTBEP:KIAeT, UTO, MMest HabIIomaeMyio BBIOOPKY X, MOXKHO
IpeJicKa3biBaTh 3Hadenue M = §§(§m) U OIEHUBATDH TOYHOCTH ITPEJICKAZAHMII.

Teopema 3.2. Otpesok [ g;), g‘;)] SBJISIETCS JJOBEPUTEILHBIM HHTEPBAJIOM JIJIs BeJIMYH-

M = el i
HbI = gX C JIOBEPUTEJIbHOHU BEPOATHOCTBHIO

S

Pl <M <ed)=>"mm (), (3.4)

t=r
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1J1e BeposITHOCTH P moHuMaercst B COOTBETCTBHH CO CJ1abOH aKCHOMATHKOM, KaK JIOJIST pas3-

o6ueHuii reHepaJibHOl BBIOODKH.

dokazaTenbcTBO.

Bo-1niepBbIxX, 3aMeTUM, 9TO P[gﬁ? <M <&y } = P[fgg) < M} — P[ g‘;) < M}

Paccmorpum cobwitne S, = {fg), e ,fs(gm) cX.

Yenosue P[Sg) < M| paBHOCUIBHO TOMy, 4TO B BHIGOPKY X IONAJaeT He MeHee
7 9JIEMEHTOB COObITUS S,,. CoracHo jieMMe 2.1 1 OIpPeJIe/IEHII0 < IIPABOTO XBOCTA» THIIED-
reOMeTPHYIECKOr0 pactpe/ienenus (2.4) oTcioia cieayer

PleX) < M) =#H;™ ().
Amnajiorngno,

Pl < M] =HE™ (s +1).
Takum obpasom,

PV <M <P =H ™ (r) —HE™ (s+1) =

=S - Y nem =S " ).
t=r t=r

t=s+1

TeopeMa JIOKa3aHa. ]

MpepenvHbii nepexod. loBepuresbHasi BepOATHOCTH B cjaboil akcnomaruke (3.4) BbI-
paxkaeTcsl depe3 THIepreoMerpudeckoe pacmpejesienne. [lokaxkem, 9To pu cTpeMIeHUN
JUIMHBI CKPBITON BBIOOPKH K OECKOHEYHOCTH OHO CTPEMUTCA K OMHOMUATIHLHOMY PacIpeie-
JIEHUIO, YTO HPUBOJUT K KJIACCUIECKOil JOBepUTEIbHOIN BeposTHOCTH (3.3).
[Ipu L — oo u k — 00, bukcupoBaHHON JjTHHEe HAOJIOIaeMO BBIOOpKHU ¢, (huKkcupo-
m

BaHHBIX 7" 1 § U COXPaHECHUHN ITOCTOAHHOI'O OTHOIIECHUA ¥ = T MeeM:

cprt m! k! (L—m)! —
—Ct i [ i L
or T m O D k—m )t

~a(3) () o

hy™ (t) = Cf

Takum 0b6pa3oM, MEPEHOC JOBEPUTETHLHBIX OIEHOK B CJIA0YI0 aKCHOMATUKY OTPedo-
BaJI 1iepe>OpMyIMPOBAaThH TOCTAHOBKY 3aJlaun. B ciaboil akcmoMaTuke J0BepUTeIbLHBII
MHTEPBAJI 3aBUCHUT OT JIJIMHBI CKPBITOI BHIOOPKHU, TO €CTh OT TOT'O, CKOJIBLKO €Ié HabJIro 1e-
HUIT TPEJICTOUT CJIe/1aTh. B acMMIITOTHKE, ITPU CTPEMJIEHUN STOTO YUC/Ia B OECKOHEYHOCTD,

1IOJIy9a€eTCA KJIaCCUYIECKUIA ,ZLOBepHTeJIbeIfl nHTEPBaJl B CIJIBHOII aKCHOMAaTHKe.

§3.3 KpuTepuin 3HakoB

Knaccunyeckuin kputepuint 3HaKoB 1poBepseT rurore3dy Hy o ToMm, 9TO B BBIOOPKe O1-

napubix e X = {b;}_,, b; € {0, 1}, eMHUIBI TOABJIAIOTCS ¢ BEPOATHOCTHIO P = %,



WK, JIDYTUMHE CJIOBAMU, YTO BHIOOPKA MOTYMHACTCA OMHOMUAIHLHOMY PAaCIPE/IEIEHUIO C T1a-
1

paMeTpoM p = 5.

XpecroMaTuiiHbIii IpUMep IPUMEHEHUs KPUTEpUs 3HAKOB — IIPOBEPKa CUMMETPUY-
HOCTHU MOHETBI 110 TI0CJIEI0BATETLHOCTH BBIIAJIEHUST <OPJIOB» M «PEIeK>».

B npakTuueckux 3ajadax aHaJu3a JIAHHBIX KPUTEPHii 3HAKOB IIPUMEHSIIOT /I [IPO-
BEPKHU PABEHCTBA HYJIIO MeJIMaHbl BEIIECTBEHHOI cirydaiinoil Bequaunbl £. g sToro me-
pexoiaT K 6urapHOit BeIGOpKe b; = [§; > 0]. Ipyroe npumeHeH#e — IpoOBEpKa, 2unome3o
cdeuza & = £ + 0 B JIByX CBS3HBIX BBIOOPKax, rje 0 — BejuduHa cjapura. s sroro me-
pexondaT K 6uHapHOil BeIGOPKE b; = [£] > & + ¢]. B wacrnocru, npu § = 0 nposepsiercs
OTCYTCTBHUE CJIBUTA, WK, KaK eIE TOBOPST, omcymemeue agdexma obpabomxu.

¢
Js1 Bmosennst tecta Beraucasgerca crarucruka 1'(X) = > b;. Ilpu ycnosun, wro

=1
TUII0TE3A HO BepHa, CTAaTUCTHUKA T IIOJJYNHAECTCA 6UHOMUCL/LbHOMy pacnpedeﬂeﬁmo:

P[T(X)=t] =Cip'(1—p)"=Cr27".

['mnoreza Hy orBepraercss Ha YposHE 3HAYUMOCTIU (v, €CJIU 3HAYeHWe CTATUCTH-
ku T'(X) monajiaer B KpUTHIECKYTO 0BJIACTH — «XBOCTBI» OMHOMUAJIBLHOIO PACIIPEIEJICHNS,

1 T(X)
S ct ¢ 1-g) 5
t=0

KpuTtepuii 3HakoB B C/1aboii akCMOMaTUKE CTPOUTCS 110 CYTH TaK ¥Ke, TOJBLKO hopMy-
JIMPOBKa T'MIIOTE3bI HO V2Ke He MO2KET OIIMPaTbCd Ha IIOHATHE «BEPOATHOCTDL €JIUHUIIBI»
1 OMHOMUAJILHOE pacipejieieHue.

Teneps rumnoresa Hy dopmynmupyercs Tak: «HaOJ0JaeMas BbIOOpKa X IOJydeHa

L
=1

B pesynbrare ciydaiinoro pasomenmsa X LI X = X remepambnoit Beioopkn X = {b;}
cojiepzKallieil POBHO TIOJIOBUHY €JINHUIL, 1M = Zle b; = g», rje L — 9érHoe 9mciio.
Ecan runoresa Hy BepHa, TO BEPHO U OCHOBHOE IIPEJIOJIOKEHUE CJIadoil aK-
CUOMATUKU O PaBHOI BeposTHOCTH pasdouenuit. [Ipumenss jiemmy 2.1 K coOBbITHIO
S = {bl- eX: b = 1}, IPUXOJUM K BBIBOJLY, 4TO craructuka 1'(X) mogunusiercsa eunep-

2EOMEMPUHECKOMY pacnpede,/LeHum:

Y

Croy L
2

P[T(X)=t] =hy™(t) =C} S M=
L

rJie BepOATHOCTD P IMOHMMAaeTcst B COOTBETCTBUN CO CJIADON aKCHOMATHKOM, KaK J0JId pas3-
Ouenuii reHepaIbHOIl BHIOOPKH.

Hasee crangapTHas JOMMKA TPOBEPKU CTATUCTUIECKUX THIIOTE3 MEPEHOCUTCS B CJIa-
Oyro akcuoMaTuky 0e3 m3menenunii. ['mnoreza Hjy oTBepraercd Ha YpOBHE 3HAUYUMOCTH (v,
ecam 3Hadenne T'(X) monajgaer B kpumuveckyro obaacmo:

],

H"(T(X)) ¢ 5,1

no[Q



MNpepenbHbii nepexon. [lapaverp L ObLT BBEJIEH UCKYCCTBEHHO B PE3Y/IbTaTe MBICJICH-

HOT'O JIocTpanBaHus HabJr01aeMoil BBIOOpKH X J10 TeHepaJibHOI BHIOOPKH X. YCTpemJisds

JUTHHY BBIOOPKN X B OECKOHEYHOCTDL IIPU 1M = é n (UKCUPOBAHHBIX £, t, TOTydIaeM BCE

TO K€ OUHOMUAJIBLHOE pacpe/ie/ieHue, IPUBOJISINEe K KIacCuIeckomy Kpurepuio (3.5):

0—t mﬁ
=C} =Ch2
4 (Qm)g 4

m)! m! k! mtm
} = Og Cé Ji

PIT(X) = (m— ) (m — (10l L

Takum obpa3oM, MepeHoc KpUTepusi 3HAKOB B CJIA0YI0O aKCHUOMATHUKY IOTPeOOBAJI
JINIIB 11epeOPMYJIMPOBKY HYJIEBOI TUIIOTE3bI, HE M3MEHUB PE3YJIbTAT 10 CYIIECTBY.

§3.4 Kputepuin YunkokcoHa—MaHHa—YntHun

Knaccnyeckun kputepuin YunkokcoHa—MaHHa—YUTHM — 3T0 HemapamMeTpuiecKuit
CTATUCTUIECKUI KPUTEpHii, OOBITHO MCIIOJIB3YEMBbI I IIPOBEPKU 2UNOMESDL 00HOPOOHO-
CMA — TIPEJIIIONIOzKeH s, uTo JiBe Bbibopku X = (z1,...,2¢) u X = (2}, ..., x}) B3aTHI
u3 OJIHOTO pactpejenenus. [Ipejmonaraercs, 4T0 BeJIMIUHBI T, &’ U3MEPSIOTCS B KOJIMYe-
CTBEHHON WJIM HOPAJIKOBON IIKaJIe.

Crporo roBopsi, HyJIE€BOW THIIOTE30if B JAHHOM KPHUTEPHUHU sBJIETCs Oojee ciaboe
upeosioxkenne Hy: Pz < 2') = % [TosTomy oH cunTaercs: He JOCTATOMHO MOIIHBIM JIJIs
[IPOBEPKU TUIIOTE3BI OJIHOPOHOCTH.

J1st mpocToThl B KadecTBe ajbrepHaTHBBI pacemorpuM Hy: P(x < ') > % [Tposepka
JIBYCTOPOHHE! aJIbTePHATHBBI HE HAMHOI'O CJIOYKHEE.

To, 9To MaHHBII TECT HE BCET/ia MO3BOJIAET OOHAPYKUTH HEOIHOPO/IHOCTH BHIOOPOK,
JIErKO MOKA3aTh C TIOMOIILIO KOHTpIpuMepa. BospMéM e Bo60pkE X, X paBHOIl JIHHEL.
I[Iycts X cocpenorouena na oTpeske [1,2], mojsosuna BLIGOPKH X cocpegoToueHa Ha OT-
peske [0, 1], Bropasi nosmosura — ua (2, 3]. Torma runoresa Hy cripase/yinBa, a MUIoTesa
OJTHOPOJTHOCTHU, OYEBU/IHO, HET.

ZLHH BBITIOJIHECHUA TEeCTa BBIYNUC/IACTCA CTaTHUCTUKA

UX,X) =YY [z <af]

i=1 j=1

O06brvHO MCHOJIb3yeTCst 0oJIee SKOHOMHBIN crtocod Beraucienus U. Crpourcs Bapua-
mponnbii psag M) < -0 < 2 obbeunénnoit Beibopku X = X U X. Jlusg mpocToThl
OyaeM mpejroararh, YTO BAPUAIMOHHBIN DIl HE COJEPXKUT CBsA30K. [lamee HaxomsaTcs
pauru r(x;) € {1,...,L} s7eMeHTOB TepBOii BBLIOODKH B OOIIEM BapUAIMOHHOM DSy,
u U BbIparkaercs depe3 UX CyMMapHBIN paHT:

4
U(X,X) =tk + @ =) (@)

i=1

Takum obpazom, JaHHBIN KPUTEPHUil sIBISIETCA IIPUMEPOM PaH206020 KPUMepPUus.



Pacnpenenenune craructuku U acUMITOTUYECKH HOPMAJIbHO, TPUYIEM ACHMIITOTHKOMN
PEKOMEH/TyeTCsi MoJIb30BaThes yke npu £,k > 8 [69, 11, 52]:

U — Ltk
\/%ek(u k+1)

U= ~ N(0,1).

Ecin U > &y, tie 1, — (1—«)-KBaHTUIH HOPMAJIBLHOTO PACIPEIEIEeHNs, TO [H-
noresa Hy orBepraercs B IOJL3Y aJbTepHATUBLI Hi 1IPU ypOBHE 3HAYUMOCTH (V.

B cnaboi akcMomaTuke aHAJONOM THIIOTE3bI OJHOPOIHOCTH SIBJISIETCS OCHOBHOE TIPET-
[IOJIOZKEHUE O PABHOI BEPOSITHOCTH BCexX paszomenunii. /laHHbII KpuTepuil o3B0IgeT poBe-
PUTD, MOTJIA, /i1 Tapa BEIGOPOK X, X GBITH IOTyUeHa B PE3y/IbTaTe CIyuailHoro pasoueHis
ncxo/iHoit BeiOOpKH X Ha JiBe dacTu. CoobOpazkeHus O HeJIOCTATOYHON MOIIHOCTUA STOTO
KPUTEPHUS U KOHTPIPUMED OCTAIOTCSI B CHUJIE.

C roukn 3peHns caaboii akcnoMaTHKN 3HAK BeposgTHOCTH P B yemosun Plr < 2] = 5
yIoTPeOJIEH HEKOPPEKTHO, TI03TOMY rurioresy Hy Heobxoanmo nepedopMyIupoBaTh.

Ilepsas unTepuperanus runoresst Hy. Jdomycrnu, aro n3 noasuibopok X, X ciry-
YaifHO U PaBHOBEPOSITHO M3BJIEKAETCSA 10 OJHOMY O0BEeKTY, © U &' coorBercrBeHHO. To-
I/1a BEPOSITHOCTH HAJI0 MOHMMATh B CMBICJIE YCDEIHEHNs HE TOJIBKO IO BCeM pa30MeHUSM
BEIOOPKH X, HO U IO BCEM CIOCOGaM B3ATH 1O ogHoMy 06bekTy m3 X n X. B cmaboit
aKcnoMaTnke BepoaTHoCTs Pz < @] neficrurensuo pasna 1

L L
Plx <a2']=E ineX%Z [2; € X][xi < ;] =
L

~| =

1

.

1 L B 1 L(L—l) CZ:l 1
:EZZ%<% \P[%GX”%GX}/:@. 5 _ CLWQ:?

_ _ ~~ L
s ciLyct

Orciona ceayer, uro EU(X, X) = 20k. 910 n ecTh BrOpas MHTEPHPETAIs THIIOTE-
361 Hy, He TpeOylolas BBEJeHUs JIONOJIHUTEIHLHOM PaHI0MU3aIiN.

Pekyppentnas dhopMysia Jijist pacipeieleHns cTaTUCTUKA U BBIBOAUTCH B Caaboi
AKCHOMATHKE TaK ¥Ke, KaK OHa OblLjIa MOoJIydeHa B UCXOJHBbIX paborax [111, 79).

Teopema 3.3. Ilycrs Bce 3nadennst B BbIOOpKe X ronapHo pas/imdHbl. Pacripenenenne
crarucrukn U(X, X),

Pp(u) =PlUX,X) =u], uwe{0,...,0k},

He 3aBHCHT OT 3JIEMEHTOB BbIOOPDKH X H BBITHCJISIETCSI 110 PEKYPPEHTHOH bopmyie
Prj(u) = £ Py p(u) + %Py (u— 0),

1IpU HAYAJIbHDBIX YCJOBHSIX

ngo(u) = Po,k(u) = [UIO], u & {O, e ,f]{]};
Prp(u) =0, uwé¢d{0,... 0k}



JlokazaresbcTBO. 110CTpOnM BapHAIMOHHBIH psiT d7eMeHToB Beioopkn 1) < -« < (1),
On He COJIEPXKUT CBA30K B CUJIY YCJIOBHSA HONAPHON PA3TMIHOCTH.

O6osnaunm b; = b;(X) = [ € X]. Bunapras mocieoBaTenbHOCTD by, . . ., by, co-
nepxkutT poBHO ¢ equnut u k nyneit. Torma

L L
UX,X) =Y [i<jlbib
i=1 j=1
re Z_Dj = 1 — b; — orpunanue OMHAPHON BEJMYUHBL. 3HaUeHNe CTATUCTUKKA U He 3aBHCHT

OT 3HAUEHMI 3/IeMEHTOB BBIOOPKH X, a TOJTbKO oT pazbumerns (X, X ) 1 mapaMeTpos JTHHBI
110/1BBI60pOK £, k. UT06bI HaiiTi pexyppenthyto dbopmyry i Upy = U(X, X), sanumem

L—-1L-1

L—-1
U&k—zz Z<j]bzz_9]+z_9LZbl
=1

=1 j=1

Eciu by, = 1, To mepsoe ciiaraemoe B 9T0i cymme ectb Uy_q i, & BTOPOe PaBHO HYJIIO.
L—1

Ecim by, = 0, To nepsoe ciaraemoe B 910ii cymme ectb Uy g1, a BrOpoe . b; = L.
i=1

Taxum obpazom, Uy = brUp—1 4+ br(Upg—1 + 0).

AHnasormaHOE pEKypPpPEHTHOE COOTHOIIEHNE BBIMOIHAETCS U JIJIsT BEPOATHOCTEI:

Pyr(u) = P[x(L) € X] [Ug,Lk = u} + P[x(L) € )_(} [Ue,kq +/{= u] =
= tPrag(u) + $Prpa(u —0).

Hauasnpuble ycmoBust jyist Ppp(u) SIBIASIOTCS OYEBHHBIM CJICICTBHEM HATAJIBHBIX
yeaosuit it U: Upg = Uy, = 0 u orpannvenuii Ha 3nadenns aprymenta u € {0, ..., (k}.
Teopema jmokazana. [ |

g mpoepku runore3bl Hy cTpontcs pacipejesierne Y uIKOKCOHA

U
= Puslu
u=0

Ecm U > W_,, tne Wi_, — (1—«)-kBauTIIb pactpeiesieHnsi Y MJIKOKCOHA, TO T'H-
rore3a Hy oTBepraercss B M0JIb3Y ajbTepHATUBBI Hi IIPU YPOBHE 3HAYUMOCTH (.

[To Bceit BugmMOCTH, HE TOJILKO KpUTepuii ¥YmjikokcoHa-Manna—YurHu, Ho u 0OoJiee
MITPOKHUI KJIacC PAHIOBBIX KPUTEPUEB MEPEHOCUTCS B CIa0YI0 aKCHMOMAaTUKY 0e3 3Haun-
TeJbHBIX JIOTOJIHUTETbHBIX YCUIUIA.

Pe3iome

B c1aboit BeposiTHOCTHOI aKCHOMATHUKE YJIAETCA INCTO KOMOMHATOPHBIMYI METO/IAMU
[OJIy4aTh aHAJOI'M MHOI'MX HellapaMeTPUYeCKUX CTATUCTUYECKUX KPUTEPUEB U JIOBEpPU-
TeJIbHBIX OIEHOK. Pe3y/IbTaThbl ABJIAI0OTC TOTHBIMU U (POPMYIUPYIOTCS B TEPMUHAX KOHEY-
HBIX BBIOOPOK. B psijie ciydaeB MeHgeTCd MHTEpIPeTalid UCXOIHOM MOCTAHOBKU 3a1a4H,
Harpumep, popMyIupoBKa HyJ1eBoil runoresnl. [Ipegenbublit nepexon L — oo npu dpuk-
CUPOBAaHHOI Ji/InHe HAOJII0/IaeMOil BHIOOPKHU ¢ TPUBOJUT K KJIACCUUECKUM PE3yJIbTaTaM.



B cnepytowein nekummn Mbl pacCMOTPUM €IIE OJIHY KJIACCHYECKYIO 3a/lady MaTeMaThde-
CKOIl CTATHCTUKU — OICHUBaHUE PABHOMEDHOI'O OTKJ/IOHEHUS JIBYX SMIUPUIECKUX (DYHK-
numit pacupejenenusd. Ha eé ocnoBe cTpontcest AByXBbIOOpOUHbIA KpuTepuii Kojmoroposa-
CMUpPHOBA, € MOMOIIBIO KOTOPOI'0 MOYKHO ITPOBEPATH ITMIIOTE3y OJIHOPOIHOCTH JBYX BBHIOO-
pok. B ciraboit akcmomaTuke 3ta 3ajiavua UMeeT TOYHOE PellleHre. 3a0/IHO MbI TO3HAKOMUM-
Cd C TAKUMH MHTEPECHBIMA MATEMAaTUYECKUMU O0BEKTAMU, KAK YCEUEHHBIN TPEYyTroJIbHUK
[TackaJist 1 oJIHOMEpHBIE CITyYaitHbIe OJTyKJIAHUS.

Ynpa>kHeHust

B CJIEIYIOIUX YIIPpaKHEHUAX IIPpe/IjlaracTcCsd, IMOJIb3YACh TOJIBKO cJ1aboll aKcmoMaTH-
KOI‘/JI7 BbIBECTH TOYHbIE (bOpMYJIbI pacipenaesieHud CTaTUCTUKU B HEKOTOPBIX M3BECTHBIX
HellapaMeTPUIECKUX KPUTEPUAX.

Bamaua 3.1 (3*). Kpurepuii cepuii Basbia—Bosabdosuiia.
Bamaua 3.2 (3*). Kpurepuit Kpackera—Yosmca.

Bamaua 3.3 (3*). Kpurepuii papencrsa myiro koaddurmenta koppessin Kenena.



4 DMnupuyeckue pacnpegeneHus
N cnydaiiHoe bny>kaaHue

B Jleknuu 2 MBI OIEHUBAIM BEPOATHOCTH OOJILIIIOTO OTKJIOHEHHS YaCTOT B JIBYX
BhIOOPKax. B c¢1ab0il BEPOATHOCTHONW aKCHMOMATHUKE 3Ta 3aJiada SAB/IIETCH €CTECTBEHHBIM
AHAJIOTOM 3aKOHA OOJIBINNX [HCeT W uMeeT TOUHOe pernerue. OIeHUBaHTE BEPOSTHOCTU
OOJIBIIIOTO OTKJIOHEHUS JBYX (DYHKIUI pacipejiesieHus — 3TO €I OJlHa KJIacCHuecKas
3aJlava MaTeMaTUIecKoil craTucTuku. Eé MOKHO MHTEepPIpPeTHpPOBATDH JABYMs CIIOCOOAMU.
Bo-niepBbix, Kak 3aja4y IMpeJCcKa3aHus: JaHa SMIUPUYIecKas (QYHKIUA PAaCIpPeIe/IeHIs
CIIyYaiiHON BEJIMYMHBI Ha HaOJIIOaeMOil BRIOOPKE; TpedyeTcsd OIEHUTH €€ SMIUPUIECKYIO
dyHKIHUIO pacipe/iesieHns Ha CKPLITOi BLIOOpKe. Bo-BTOPHIX, KakK 3a/iady MPOBEPKHU T'UIIO-
Te3bl OJHOPOJIHOCTH: JIAHbI JiBe HabJII0/IaeMble BHIOOPKU; TPEOyeTCs ONPEeIETUTh, TTOJTyYe-
HBI JTU OHU U3 OJTHOTO pacupejiesienns. [y 3Toro uerob3yoTes pa3andHble CTaTUCTAYe-
CKHUe KpUTEepUH, B 4acTHOCTH, KpuTepuii CMUpHOBa (dalie Ha3bIBaeMblii JBYXBBIGOPOIHBIM
kputepreM Kosmoroposa-CMUPHOBA), OCHOBAHHBIN HA CPABHEHUH JIBYX SMITUPUIECKIX
dyukIuit pactpeenenus.

MbI paccMOTPHUM ITOCTAHOBKY U TOYHOE PEIeHre 3TUX KJIACCHIeCKUX 3a/1ad B ¢J1aboii
AKCUOMATUKE U TOKAXKEM, YTO OHU TECHO CBA3AHBI C TAKMMHU MaTeMaTUIECKUMU 00bHEKTa-

MU, KaK YCeUEHHBII TpeyroibHuk [lackaig u ojHOMepHBIE cirydaiinble OJ1yzK 1aHus.

§4.1 D>Smnupuyeckoe pacnpegeneHuve

Ompenenum st mpon3BosibHOM dyHKINN £: X — R 1 mpon3BOIbHON KOHETHON BbI-
6opkn U C X amnupuneckyro gynrkyuro pacnpedesenusa Fg: R — [0, 1] xak mommo o6bek-
ToB x BbIOOpKU U, Jisi KOTOPBIX 3Ha4YeHne & () He MPEeBOCXOINUT 2

OrnpesiesuM 0JIHOCTOPOHHEE U JIBYCTOPOHHEE PAGHOMEPHOE OMEKAOHEHUE IMNUPUYE-
crkux hynruul pacnpedeseHus:

DH(X) = r?eaﬂg(Fé(z,X) — Fg(z,X));
D (X)= maX(Fé(z,X) — Fg(z,X));

zeR

D(X) = max|F¢(z, X) — Fg(z, X)| = max{ D~ (X), D"(X)}.

z€R

3ajiavua COCTOUT B TOM, YTOOBI HAWTHU BEPOSITHOCTL OOJILIIIONO OTKJIOHEHUS SMITUPU-
JeCcKUX (PYHKIUI PacIpe/ie/IeHIs:

P[D(X) > €] <nle), (4.1)

rie BMecto D(X) moryT 6biTh Takxke nojcrasierbt D (X) wm DT (X).
B kj1accuveckoii BeposITHOCTHON aKCHOMATHKE HMeeT MecTo ciemytomuii dakr [84].



Teopema 4.1 (H. B. CmupuoB). Ecim X, X C 27 — ciay4aiinble, He3aBUCHMbIC, OJH-
HaKOBO pacripejeséaapie Boioopkn; &: 2 — R — ciaydaiinast BemdanHa ¢ HENPEPHIBHBIM
pacrpejeieHieM, TO CIIPABEINBbI ACHMIITOTHIECKHE OIeHKH

z,}giinoo P{D*(X)>¢} =exp (—252%) ; (4.2)
i P{D(X)>¢e} =2 i(—niﬂ exp (—2e2754%) ; (4.3)
' i=1
[Tpasast gactsb (4.3) mpejcraBuma Takzxke B Buje 1 — K <5 Zi—%) ,vie K(z) — dynryua
pacnpedesenus Koamozoposa:
K(z) = i (—1)'e 2"

M3BecTHBI 1 HEACUMITOTHYECKHE TOYHBIE OIEHKU, HO OHU MMEIOT JI0CTATOYHO I'PO-
mozKuit Bujt [1]. Mbr moKazkeM, 9T0 TOUHBIE OIEHKH MOTYT OBITH BhIpazKeHbI OojIee dJie-
FAHTHO Yepe3 ycedéHHbli TpeyrobauK [lackass [35], mpuaém moka3aTebeTBO HMEeT Mpo-
3pavHbIii FeOMETPUYCCKUAI CMBICII.

8§4.2 VYce4éHHbln TpeyronbHuk lNackans

[ycrs g, gt, m=0,..., L — 1Be HeyObIBAIOIINE [OCIEI0BATENLHOCTH, YIOBIETBO-
psitorue yesosuio 0 < g0 < gh < m.

Omnpepnenenne 4.1. Yceuénnovm mpeyzorvnurom Ilackana c¢ Hukpeil rpaxuneii g,
u BepxHeil rpanurieii g, HaspiBaercs nejsounciaennas Gyuknus G5 = G2 [g.-, g ], onpe-

JtesisteMast PeKypPPEeHTHBIMI COOTHOIIICHUSIMH
Gy=[s=0], seZ;
G = (an,l + an:ll) [gﬂ_I <s < g;;], meN, seZ. (4.4)

Yceuénnblit TpeyroibHUK [lackasisg BbIMUC/IAETCA 10 TOMY K€ PEKYPPEHTHOMY Ipa-
BUJIy, UTO U KJIACCUYIECKUIl TpeyrojbHukK [lackass, ecim B HEM OOHYJIMTH BCE DJIEMEHTHI,
JIeKallye 3a mpejesaMu rpasuti [g, . g.b]. «Heyceuénnslit» Tpeyrosnbuuk [lackass cosna-
JIAeT ¢ KJIACCHIeCKUM U JIaéT GuHOoMuasbHble Kovddurmentsr C5 = G2 [0, m].

[Tpu navambHOM yenaosuu Gf = [s = 0] HEHyJEBBIMH MOI'YT OBITH TOJBKO 3JEMEH-
el G 1ipu 0 < s < m. Jpyrue HadajbHbIe YCJIOBUS TPUBOJIAT K MHBIM HEKJIACCUYECKUM
0b6o0IeHnsaM TpeyrobHuka [lackais, KoTopble MbI 3/1eChb HE PACCMATPUBAEM.

OmpeiesiuM Jijist IpousBoJIbHBIX € > 0um = 0,1,2, ... juHelHble rPaHuIbL (B J1a/Ib-
HeflleM apryMeHT € HHOT/Ia Oy/1eM OITyCKaTh):

() = £(m +ek);
Im(e) = 7(m — ck).
Ha pwuc. 4.2 u 4.4 npuBejieHbI TPUMEPBI YETHIPEX BAPUAHTOB yCEUYEHUSA TPEYTOJIbHU-

ka [lackang ¢ Takumu rpanunamu. B oTimdme orT nNpuBBIYHOrO criocoba n3o0pazKeHus,
TPEYTOJILHUKH <«IIOJIOYKEHbI Ha OOK» IyTéM 1moBopora Ha 90° MpOTUB YACOBOI CTPEJIKU.
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Puc. 4.4. Yeeuénustii cupasa rpeyromsunk Hackans G5, [0, g, (e)], L =16, =7, =0.3.
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8§4.3 Teopema CmupHoBa

Teopema 4.2. /[ npousBoJIbHON KOHEIHOH BBIOODKH X M IMPOU3BOJILHONH (DYHKITUN
¢: X — R, 3ravennst KOTOpOIi MOMapHO Pa3/IMIHbI Ha 3JIEMEHTAX BHIOODKH X, CIIPDABEJIH-

BbI TOYHbIC OIICHKH:

P[D*(X) < &] = G407 ()] /C4: (45)
P[D™(X) < &] = G4 g (). L] /C; 16
PID(X) < <] = G [0 (). 05 ()] /.

HokazareabcTBo. 1. CocraBuM BapuallMoOHHBIH psifl 3HavYeHnil byHKImn &(x) Ha S7eMeH-

tax Boibopku: £(z)) < £(2P) < -+ < £(zD)). Byech Bee HepaBeHCTBA CTPOTHE B CHITY
YCJIOBHS NIOIIAPHON PAa3/IHYHOCTH.
O6oznamm b; = b;(X) = [ € X]. Bumapnaa mnocieosatensnocts by, ..., by co-

JIEpKUT POBHO { equHuIl u k Hyseil.
Bocnonbsyemces onpejiesienneM (DyHKIUU pacIpeieeHus :

D(X) = max |Fg(z,X) — Fe(z, X)| =

zeR
L
Z T; € X
=1

M3mennM mops1JIoK cjraraeMbIX B CyMMaX, Tellepb CyMMUPYs UX B IIOPsJIKE BO3pacTa-
Hust 3Ha"YeHNH & (2;). DTO PABHOCUIBHO TOMY, 9TO B JIAHHON (hOpMYJie BCe BXOXKJCHUS T;
samensaTes Ha P, Torma MOKHO yOpaTh COMHOKITEND [f (x(i)) < z}, 3aMeHUB BEepXHUI
peJiesl CyMMUPOBAHUSA Ha 1M = max{i: ¢ (ZL‘(i)) < z}, U MaKCUMyM OpaTh He IO JIeHCTBU-

TeJIbHOMY IIapaMeTpy 2, a 10 IeJOUYUCICHHOMY IapaMeTpy 1m:

ZxZEX z;) < 2]|. (4.8)

k‘lr—‘
C%M—t

= max
zeR

e o - 1< .
— - (i) 2 (i)
D(X) = max |- Z} 2" e X] - Z; [z € X]‘
= 1—b; = b;
m {+k L ml
= ma |2 = 5> b = 0 max |B, - |

e By, = Bp(X) =by + -+ + by,.

Takum 006pa30M, PaBHOMEPHOE OTKJIOHCHHE 3MIIMPUYCCKUX PACIIPEJIeICHUI Ha Bbl-
Gopkax X m X BBIPAsKaeTCd depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL B IIEPBBIX
M 9JIeHAX MOCJIeI0BATEILHOCTH by, . .., by OT «oxkugaemoroy dnciaa egquaut, ml/ L.
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Tenepn 3armminem 10110 pa3dbuenuiit BLIOOPKU X, TTPU KOTOPBIX PABHOMEPHOE OTKJIO-
HEHUEe SMIIMPUYECKUX PACIIPE/IC/IEHNI He MPEBBIIIAeT MOPOTOBYIO TOYHOCTD £:

P[D(X) <e] =
:P[max Bm—%gﬁ]:
m=1..L L L

[Tocnenee paBeHCTBO CllelyeT U3 TOXKIECTBA [max A, < 0] =11 [Am < 0].
m m

2. Pacemorpum noassicopry X™ = {zM), ... 2™} cocrogutyio n3 nepsbIx m wie-
HOB BapHAIlOHHOTO psja. BosbMéM MakcuMasbHOe (IO BKJIIOUEHHUIO) MOJAMHOKECTBO N
pasbuenuit (X, X), y/JIOBIETBOPAIONIIX JIBYM YCTOBUSAM:

1) OHM MHIYTUPYIOT MONAPHO pas3JndHble pasbuenus moaBbioopku X

2) posno s 06bekToB U3 X" momajaor B X.

OuerwntHO, 1m0 stux pasbuennii | N| = C% . [IpegcraBum MHO)KECTBO pasbuenuii N
B BHJIe OObeIMHEHNS HEeIlePECEKAIOIIITXCs HO,ILMHO}KGCTB NO ={(X,X) € N: b, (X) =0}
u Ny ={(X,X) € N:b,(X)=1}. Ouesusno, |No| = m LN = osTL

Hac Gyer nunTepecoBath Boipazkenne H = > H [97 < B,(X) < g;], nockonbky

X, X)

npasas yacth (4.9) pasna HE/CY. Pazobbém B (aTOM BBIpazkKeHHHn cymmy 1o N Ha JiBe
cymmbl — 110 Ny u 1o Ny, u em@ samernm, uto B,,(X) = s mia seex (X, X) € N:

m—1
S o < B0 <g7]lgn <s<gi] +

(X,X)eNo 7=1
-

(X,X)e

Z H (X) <g/][om <s<gh] =

-~

I{s—l1
= (Hy +Hy ) [9,, < 5 < gy

Takum obpa3oMm, oIydeHa peKyppeHTHas (gopmyita g . dpopmaapHO coBagato-
mast ¢ popmyJioii yceuénuoro rpeyrosbauka [ackass (4.4). OcTanoch TOIBKO IPOBEPUTH
IPAHUYHBIE CIyYau.

[Tpu m = 1 u durcupoantom s € {0, 1} mmeercst ToabKO 0/1HO pasbuenue, |[N| = 1,
caeposarensro, Hi = [g,, < s < g], a0 conamaer ¢ (4.4).

[Ipu s = 0 u mpousBoabHOM M = 1, ..., k uMeercsa ToJIbKO 0jiHO pasbuenue, |[N| = 1,
UpuYEéM HEU OJMH 00bekT u3 X He nomagaer B X. 1o osnadaer, uro B, = 0 npu Bcex

r=1,...,m. Ho rorna HY = H:Ll [g; <s < gﬂ, 9TO, ONSITh-TAKM, COBIajaeT ¢ (4.4).



Bamernm Takxke, uro npu s = 0 3amuch G° ', = 0 10 onpeesennio KOppeKTHa,
B TO ke Bpems H: Y = 0, mockonbky Ny = @. Anajormano, pu s = m umeeMm Ny = @,

S

crenoBarensro, Y | =0=G, .

3. Onrocroponnue onenku (4.5) u (4.6) BoiBOUTCS aHagornvHo. Pasmane B ToM, 9T0
JUIst HUX BBIPAsKEHHUE I0J] 3HAKOM Ipou3Be/ieHnst B (4.9) npuHUMaeT BHJI, COOTBETCTBEHHO,
mGo [0 < By, < g5 (¢)], mbo [g,,(¢) < By, < m]. Usmenstercs Tobko dhopMa rpaHuipl
B yceuéHHOM TpeyrosbHuKe [lackasst, cooTBeTcTBeHHO, MO0 HIKHEH ¢, (¢) = 0, 6o
BepxHeil g (¢) = m, u Bce nasbHelie paccyKJIeHNsA OCTAIOTCSI B CUJIE. n

MeomeTpuyeckass mHtTepnpetauus. Bropyio dacth jokaszarenberBa (mocie hopay-
a6l (4.9)) MOXKHO TIPOBECTH TOPA3/I0 KOPOUe W HAIVIAHEe, HOJIb3YACh CJIEYIONUMU Te0-
METPUIECKUMU COOOPAYKEHUSIMU.

Kazkoe pazouenne X LUX = X B3aHMHO OJHO3HAYHO COOTBETCTBYET OGHHAPHOMY BEK-
topy b = (by,...,br), cocrosimemy u3 ¢ eJuHUIL U k HyJ€il, U, B TO YK€ BPeMsl, HEKOTOPOI
TpaekTropun, npoxojsiieit u3 rouku (0,0) B Touky (L, ¢) cormacHo npasuiy: eciau b; = 1,
TO CMECTUTHCs BIIPABO U BBepX Ha 1; ecium b; = 0, To cMecTuThCs BIpaBo Ha 1, cM. puc. 2.3.
OueBHn/IHO, TPAEKTOPUsI COCTOUT U3 Beex Touek (m, B,,)E _ . Bemonnenne copokymnHocTn
YCJIOBHIA [g;L < Bn(X) < g;ﬂ npu Bcex m = 1,..., [ 03Ha4aer, 9T0 TPAEKTOPHUSA HE MO-
JKeT MPOXOJUTh HUKE TPAHUIBI ¢, WU Bbilie Tpanulpl g . Ha puc. 2.3 sru rpasuris
nokazanbl juHusgAMU. Coracuao (4.9) dyHkmonasn P[D(X ) < 5} B TOYHOCTHU PaBEH JI0JIe
Takux Tpaekropuil. Bynem HasbBarh nx donycmumvimu. ObosHaunmM uepes H dmcio
JIOIYCTUMBIX TpaekTopuii, mpoxojsamux u3 touku (0,0) B Touky (m, s). Homycrumas Tpa-
eKTOpHsT MOXKeT IpuJTH B (m, s) mmbo uz (m —1,s — 1), mmbo u3 (m — 1, s). Orciona cie-
JyeT peKyppenTHas (hopMyIia IS YIC/Ia JIOMyCTUMBIX TpaekTopuit: HS = HS | + H: Y.
Onnako, ecin s ¢ [gfm g;g], TO BCe TaKKMe TPAEKTOPUU yKe He OYIyT JOIMYCTUMBIMU, I10-
STOMY OKOHUaTesIbHas (popMysia IpuHUMaeT Buj H,) = (H;;_l + H;;__ll) [g;L < s < g;g],
YTO COBIJAET C OLpeJesIeHneM ycedéHHoro TpeyrosnbHuka llackana: H,), = G,.

MpakTuyeckoe BblYWUCNEHME TIO PEKYPPEHTHBIM cooTHOImeHnsM (4.4) cragkuBaeTcs
¢ mpobJieMoii mepernoiHenust: 3HadeHns G5 BBIXOJAT 3a MPEJIEIbl PA3PsiIHON CeTKH CO-
BPEMEHHBIX KOMITBIOTEPOB 1pH L TOpsijIKa HECKOIBLKIX coTeH. [Ipobiiema cHuMaercs, ecin
BBIBECTH DEKYPPEHTHYIO (GOPMYJILy jiist oTHOIeHuii ¢ = G /CS | KOTOpble NPHHIMAIOT

s—1

sHadennst u3 orpeska [0, 1]. [Ipumenus Toxaecrsa C5, = %Cfn_l = =Cp,y, N0y uM:

m

s m-—s g

_ S s—1
Pm = m Pm—1 + E@mfl'
VceuEHHbIT TPpeyroJIbHUK ITackaig oka3biBaeTcd IIOJIC3HOM KOHLLeHLLI/IeI'/’I HE€ TOJIBKO
1IPU BBIBOJIE TOIHOI'O BbIPazKE€HUA JIJId KPpUTEPUA CMI/IpHOBa, HO BO MHOT'MX 3a/ladaX, CBA-
3aHHBIX CO CIYYallHBIMU OJTY2KIAHUAMU IIPU OTPAHUYEHUAX. Y TOMSIHEM TOJHKO BHIOOPOU-

HBIIT KOHTPOJIb KadecTBa 2] u anaims BbRKHBaEeMOCTH [35).

§4.4 0O6o06uieHue Ha cayyYai BapuaLMOHHOIO psiia CO CBSA3KamMu

B teopeme 4.1 (CymuproBa) TpeboBaHme HEMPEPBIBHOCTH (DYHKIMU PACIPEIETCHUS
SBJISETCS CYNIECTBEHHBIM. B CHJIBHOI aKCMOMATHUKe OHO TapaHTHUPYET, YTO C BEPOSITHO-
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creio 1 sapmammonneiit pa &(xV) < (@) < .. < £(2D)) me comepmur onmHAKO-
BBIX 3JIEMEHTOB, CJICJOBATEILHO, PAHKUPOBKA OIIpeIesIeHa eJIMHCTBeHHbIM obpasoM. Ec-
JIM YCJIOBUE HENPEPBIBHOCTH HapyIaercs, paseHcTsa (4.2) u (4.3) MOryT He BBITOJTHITh-
cst [11].

B reopeme 4.2 TpebGoBaHne pasIMYHOCTH BCEX 3JIEMEHTOB BapHAIIMOHHOIO psiaa (pop-
MyJIIPOBAJIOCH B 9BHOM BHJIe. [ToKazkeM, ocTaBasich B paMKax C1aboil aKCHOMATHKH, 9TO
OTKa3 OT 3TOro TpebOBaHWA HE CUJILHO MEHseT BHJ pe3yiabTaTa — B Teopeme 4.2 m3Me-
HAIOTCA TOJILKO TpaHuIbl yeedenus (g, g.h]. Cieayromas Teopema o6obiiaer Kpurepuii
CMupHOBa Ha CIy4ail JIUCKPETHBLIX PACIpeIeIeHuil.

Teopema 4.3. Ilycrp ¢: X — R — npousBosibnasi pyukius, X — IpOU3BOJIbHAS KOHET-
Hasi BBIOOPKA, BapHAIHOHHBI psiji 3Hadenuii &(x;) cocront uz H cBs30K:

§) =+ = €al) < €l V) = o= glal®) << galtD) = = gali).

/ i - i
~~ ~~ ~~

1-s1 cBsi3Ka 2-51 cBsI3Ka H-s1 cBsizka

Torza B ciaboii akcnomMaTuke crpapeinBbl Tounbie orneakn (4.5), (4.6), (4.7), ecin
B3SITh I'PAHMIIBI ycedéHHOro Tpeyroubunuka Ilackass g, gt

g (&) =min{g; (e)+m —in1, g} (e)};
Im(e) =max{g; (€), gi (¢) +m —in};

JUIsT Bcex m = 1,_1+1, ..., 1, rae h npoberaer 3uadenusi or 1 gjo H, ig =0, 1y = L.

JlokazaTebCTBO B IEJIOM aHAJOTHYHO JI0KA3aTEeIbCTBY TeOpeMbl 4.2, T0ITOMY OCTa-
HOBHUMCH TOJIBKO Ha Pa3/IMIUIX.
HoxkaszareabcTtBo. Paccmorpum Beipakenne (4.8). Kak u npekiie, n3mMeHUM TOPSIOK
cJlaraeMbIX, IPOCYMMUPOBAB MX B HOPsijiKe HEyObIBaHUs 3HadeHui & (1;):

L

E (- ) < 2] - 5 S e ) <2

i=1 i=1

D(X) = max

ze€R

Makcumym joctarodno Oparhb He 1o BceM z € R, a JIuIib 10 KOHEYHOMY MHOYKEe-
cTBY 3HaveHuii, koropsie Gyrkiua { npuanMaer Ha Bbioopke, z € {&(zW), ... &(zF))}.
Yoepém comuoxurens [£(z?) < z], samenus Bepxmuii upesen cymmuposanns L Ha
m =max{i: {(zV) < z}. Bamerum, 4T Bce 0OBEKTHI OJHOI CBAZKN JIMGO BMECTE BXOJIAT,

JMOO BMeECTe He BXOAAT B CYMMY IIO 1. HOSTOMy YUCJIO T MO2KET IIPUHUMaThb 3HaY1€HUA

TOJIBKO 13 MHOKecTBa [y = {i1,...,iy}:
D(X) = max |~ iu b) Zb max | By, — "
= X |— — = — max |B,, — —|.
mely |k € gk melg L

i=1

Ananornaro (4.9), moaygaem:



Th1 i
Puc. 4.5. Bepxune ' (¢) u umknue g (€) rpaHurpl yced8HHOro TpeyroJbHUKA

[Tackasist B CpaBHEHMH ¢ JIMHEHHBIMU Tpanunamu g, () u gt (e) ma orpeske m =

= {ip_1,...,1n}, coorBeTcTBYyMOIIEM h-ii CBsI3KE.

E,ZLI/IHCTBQHHOG oTyimiaue oT (49) 3aKJ/II09a€TCdAd B TOM, 9TO IIPOXO2KJIEHUE JIOITyCTUMbIX

Tpaekropuii (m, By, )5 _, orpanmdeno ceepxy g, () u cumsy g,,(g) He Bo Beex TouKax
m=0,...,L, a TOIbKO B TOUKax M € [, COOTBETCTBYIOMNX KOHI[AM CBS30K.
Paccmorpum porycrumble TpaekTopun Ha oTpeske m = {ip_1, ..., iy}, COOTBETCTBY-

fomeM h-it ¢Bsi3ke, cM. puc. 4.5.
- . + . +

Mezk 1y TOUKaMy BepXHeH IPaHUIIbI (zh_l, ng’h,lJ) u (zh, Lgth) JIOIyCTUMAsl TPaeK-
TOPUS MOKET UJTHU IPOU3BOILHBIM 00PA30M, CJIEJI0BATEILHO, €€ IIyTh OIPAHUYEH CBEPXY
rOpU30HTAJIBLHON IpsaMoit B, < g;}: U HAKJIOHHOMH 1psaMoit B, < g;}: L (m—ip).

Mezk 1y TOYKaM¥ HUKHEH IpaHUIbI (zh,l, (9, _J) u (zh, (9, 1) JIOTTyCTUMAsT TPaeK-
TOPUsT MOYKET UJITH TIPOU3BOJIbLHBIM 0DPA30M, CJIeJI0BATENIbHO, €€ IyTh OIPAHUYEH CHU3Y
FOPUBOHTAILHOM IPAMOiL By, > g; M HaKJIOHHOM 1psMoit By, = g; + (m — iy).

Takum 06pa3oM, 1osIydeHbl TpaHuIpl [§,,, §;] ycedénnoro TpeyrosbHuka Ilackass.

Teopema j10ka3aHa. [ ]

Bameuanne 4.1. Ecau Bce cBs3ku ogHOdMementHble, {iq,...,ig} = {1,...,L}, 10
g-(e) =gt (e), g.(c) =g, (), nu reopema 4.3 nepexoaur B Teopemy 4.2.

ameuanue 4.2. IlosyueHHble OIEHKH SABJISIIOTCA TOYHBIMH, HO HEHAOJIIOIaeMbIMIA.
Mopudunuposantbie TpaHuIbl [, , §;h] CyIIECTBEHHO 3aBUCAT OT IIOCJIEI0BATEIHLHOCTH
i1,...,1g, KOTOpPasg CTPOUTCs 110 BCEil TeHepaJibHOI BBIOOPKE X; €€ HeBO3MOXKHO 3HATh,
nMes JIMIIb HaOJI01aeMyio BEIOOPKY X . DTO 03Ha4YaeT, 9T0 TeopeMy 4.3 MOXKHO IIpUMe-
HATH JIJIS IIPOBEPKU THIIOTE3bI OJIHOPOIHOCTH, OJHAKO HEIOCPEeJICTBEHHO OHA He T'OJIUTCs
JIUTS TIPEJICKA3aHns SMITMPUIECKON (DYHKIUN pacIIpe e IeHus .

Pe3iome

BeposTHOCTH GOJIBIIIONO OTKJIOHEHHS SMIIMPUIECKUX PACIIPEICICHUN UMeeT aCUMITTO-
Traeckoe Beipazkenue (4.2) mian (4.3), KOTOpoe IPUBOIUTCA BO MHOIHX YIeOHUKAX ¥ CIIPa-
BOYHHMKAX 110 CTATHCTUKE, KaK IPAaBUJIO, 0e3 J0Ka3aTeabLeTB. B craboil akcmomaTnke ona
UMeeT TOYHOE BhIpazKeHue 4depe3 yCcedEHHBbIN TpeyroibHuK llackasis u jgerko obodIaercs



Ha CJIy4ail BApUAIIMOHHOI'O PAJia CO CBA3KAMU, TO €CTh Ha Paclpe/lesIeHusd ¢ pa3pblBaMu
1 JINCKPETHBIE PACIIPe/Ie/IeHNS.

B cnepyoweinn nekumm Mol BepHEMC K IpoOJeMe TepeodydIeHns 1 3aiiMEMCs OIeHUBa-
HUEM BEPOATHOCTU 6OJIBIHOI‘O PaBHOMEPHOT'O OTKJIOHEHUA 9aCTOTHI OH_H/I6OK B IBYX BbI60p—
Kax. JTa 3ajada HEMHOI'O ITOX0Ka Ha TOJIHLKO YTO PACCMOTPEHHYIO, HO TOPA3JI0 CJIOZKHEE.
Mpr naunéMm ¢ BepxHux oreHok Bannuka-HepBonenknca, KOTOpble HCTOPUYECKHU OBLIH ITep-
BbIMU. OHI/I JIETKO BBIBOJATCA, HO CHUJIbBHO 3aBbIIICHDI. Hpo6ﬂeMa 3aBbIINICHHOCTU HaJI0JI-
ro 3afiMET HaIle BHUMaHWE, W TOJBKO B JieKIMU 11 MBI CHOBa BCIOMHUM TTPO KPUTEPHit
CMUpHOBa ¥ IMMOKayKeM, UTO JJIs OJIHOI'O YACTHOT'O CeMEeNCTBa AJI'OPUTMOB BEPOSITHOCTD
OOJIBIIIOTO PABHOMEPHOI'O OTKJIOHEHUS TAKKe BBIPAXKAETCs Uepe3 ClydaiiHble OJTy2KIaHus
U yCeu€HHBbIN TpeyroybHuK [lackasis.



5 3SnemeHTbl Teopun BanHuka—YepBoHeHkuca

Crarucrudeckas T€OpPUs BOCCTAHOBJIEHUS 3aBUCUMOCTEH 110 SMIIMPUIECKUM JIAHHBIM
(VC-reopust) 6buta npejyioxkena B. H. Banaukom u A. f1. Yeponenkucom B Konre 60-x —
nauase 70-x royos [4, 5, 6, 3|. B cepeune 80-x oHa moJtyvn/ia MUPOKYIO MUPOBYIO U3BECT-
HOocTh [103, 104, 105| u Bmecre ¢ paboramu BasmanTta [102] Ha MHOTHE TOJBI OMpeIETIIIA
reHepaJ/ibHoe HallpaB/IeHUE PA3BUTUSA TEOPUU CTATUCTUIECKOTO OOYyUeHU.

PaccmoTpuMm ocHoBHBIE TIpeioiokeHus u pe3yabrarsl VO-Teopun B paMKax craboit
BEPOATHOCTHON aKCHMOMATUKU, UCIIOJIb3Yys BBEJIEHHbIE HAME paHee 00O3HAUEHUS .

§5.1 Ouenka BanHnka—YepBoHeHkuca

Hanomuwm, aro X = {z1, ..., 2} — KOHEUYHOE MHOXKECTBO OObEKTOB, A — MHOKECTBO
asroput™MoB, I (a,z) — nagukarop ommbku. Kaxpri aaropurm a € A nopoxgaer Ha X
BexTop onmbok @ = (I(a,z;))=,.

BBeéM HEeCKOJILKO HOBBIX IMOHATUI U 0O0O3HAYEHMIA.

A= {c? fa € A} — MHOXKECTBO BEKTOPOB OIMUOOK, IMOPOXKIAEMbIX MHOXKECTBOM aJI-
ropuTMoB A Ha 3aJaHHON BBIOOPKe X. B majbHeiieM Mbl 9acTO OyJeM IIPEJIoIararh,
9TO MHOXKECTBO A M3HAYAIBHO COCTOWT M3 aJrOPUTMOB C IMOMAPHO PA3TUIHBIMU BEKTO-
paMu OIMMOOK M OIIyCKATh CTPEJIKY, 0OO3HAYAIONIYI0 BEKTODP, MOCKOJIBKY B 3TOM CIIydae
AJICOPUTMbI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT BEKTOPAaM OIMUOOK.

AA(X) = |A] — roapuruenm paznoobpasus (shattering coefficient)? muozecrsa aii-
roputMoB A Ha BeIOOpKe X. OH He TPeBBIIIaeT MOITHOCTH MHOYXKeCTBa A U He MPEeBhINaeT
2L — ymena pasmMYHLIX GY/IeBLIX BeKTOPOB JmHbI L. B 3a1auax Kinaccndukami Ha 182
KJIACCa OH PAaBEH YUCITY PAa3INnIHbIX duzomomut (ciocoboB pasesuTh BRIOOPKY X Ha J1Ba
KJlacca), peain3yeMblX BCEBO3ZMOKHBIMU aJrOpuTMamMu u3 A.

AA(L) = m}ngA(X)—QByH%ou% pocma (growth function) mmoxkecrBa anaropur-

moB A [6, 105]. Makcumym Gepércst 10 BCEBO3BMOMKHBIM BbIOOpKaM X C 2~ mawHbl L
U3 HEKOTOPOTro (BO3MOXKHO, GECKOHETHOI0) MHOYKECTBA JIOIYCTUMbBIX 00beKTOB Z . DyHK-
1A POCTA SIBJISETCST MEPOH CII0KHOCTH MHOXKECTBa aaroputmos A. B ormane ot koaddu-
IMeHTa pPa3Hoodpasusi, OHa He 3aBUCUT OT BBIOOPKM X, BOCCTAHABJIMBAEMOI 3aBUCUMOCTH
y(z) u metona obyuenust p. Crpasejympa Bepxusisa onenka A4 (L) < 25,

MpuHuMN paBHOMEpHOIT cxoAMMOCTU ucrob3yercd B VC-Teopun 1 MHOTHX IIOC/IEJLy-
forx paborax (cm. 0630psl [106, 37, 19]) juist mosydeHnst BEPXHUX OIEHOK BEPOSTHOCTH
nepeobyveHUsI, He 3aBUCAIINX OT METOIA L.

4B paborax B. H. Barmmuka n A. §1. Yepsonenkuca |5, 6, 3] koacdbdbumment pasnoobpasist Ha3bIBAIICS UH-
dexcom cucmemvs cobvimuti. AJropuT™ @ UHIYyIUPYyeT cobbiTHe S, = {ac eX ‘ I(a,z) = 1}. CewmeiictBo A
uHynupyer cucremy coobrruit S = {S,|a € A}. MHueke cucrembl cOOBITHI S €CTh YMCIIO PATMIHBIX
IOJIMHOKECTB BHjia S, N X, rjie a mpoberaer BCE MHOKECTBO A, 9T0 paBHOCUIBLHO OIIPEJICJICHIIO Yepes3 |/Y |
B anrmosizerameix paborax npmkuica tepmui shattering — umcsio pazbuennit BceMu BO3MOXKHBIME CIIOCO-
Gamu, OyKBaJbHO «BApeGe3rus. pyroil BapuantT nepesojia — «japobienues [113].



Hpuruun pasromeproti cxodumocmu 3aKTFOIATCS B TOM, 9TOOBI 3aMEHUTD (DY HKITH-
oHaJI (). ero BepxHeil OMEeHKOi (). — BEPOSITHOCTHIO OOJIBITION0 PABHOMEPHOTO OTKJIOHEHUSI
qacToOT B JIBYX IOJIBBIOOPKAX:

Q.<Q.=P max 6(a, X) 25} = Pmax|[0(a, X) > €], (5.1)
aeA acA
rie §(a,X) = v(a,X) — v(a, X). OrmMerum, 9TO 3j1eCh JIOCTATOYHO B3ATh MAKCHMYyM

[0 MHOYKECTBY BEKTOPOB OIMMOOK A BMECTO MaKCHMyMa IO CAMOMY MHOXKECTBY A, To-
CKOJIBKY JIJIsT JIIOOBIX aJaropuT™MoB a,a’ € A u3 d = d caenyer 0(a, X) = d(a’, X).

Tepmun «crodumocmsv» O3HAYTAET, UITO €CTIN @5 — 0 npu £, k — 0o TO mIepeobyIeH-
HOCTH TaKKe cxouTcst K Hyiio: 0(a, X ) — 0. Tepmun «pasnomeprocmsv» 03HAYAET, 9TO Be-
mansa 0(a, X)) cXouTes K HyJII0 OJJHOBPEMEHHO JIJIst BCEX aJITOPUTMOB a € A, B TOM ducie
JUTd ajiropuTMa a = pX , KaKUMU Obl HI ObLIN MeTOJ1, 00ydeHus (i U BHIOOpKa X .

Crenyrorast TeopeMa MOKa3bIBAET, 9TO B HEKOTOPBIX CIydasix HepaBeHCTBO (. < ().
MOZKET 0OpaIlaThCsd B PaBEHCTBO.

Teopema 5.1. I[lycte mMeTos |4 MUHUMH3UPYET SMIIMPHICCKUH DUCK H BCE AJTOPHTMBI
a € A JI0IycKaoT OJMHAKOBOE YHCJIO OIMMHOOK Ha reHepajbHOH Beibopke, m = n(a,X).
Tora Bepxusisi onenka (5.1) obpamaercs: B paBeHCTBO: Q. = Q..

HokazareabcTBo. [lpn dukcupoBannoM m MHHUMU3AIUS SMIUPUIECKOTO PHUCKA
v(a, X') SKBUBAJEHTHA MAKCUMU3AINN 11ePEO0YIEHHOCTH, MOCKOIBKY
m — lv(a, X) m L

’ —v(a,X)=—— —v(a,X).

0(a, X) = P .

Ecmu ke B A ecTb aJlrOpuTMBbI, JOMYCKAMONINE PA3IUIHOE THC/IO OMMMOOK Ha X, TO
HepaBeHCTBO (5.1) MOKeT OKa3aThCsl KaK TOYHON, TaK W CHJIBLHO 3aBBINIEHHON OIEHKOI,
9yTO Oy/IeT HOKa3aHO Jajiee Ha IpuMepax. B obmem ciydgae TpeboBaHme paBHOMEDHOI
CXOJIMMOCTH IBJIIeTCA N30BITOYHO CHJIBHBIM JIOCTATOYHBIM YCIOBHEM O0YYae€MOCTH.

OcHoBHas Teopema VC-Teopuu. 3jech NPUBOINTCS JOKA3ATETHCTBO, CYIIIECTBEHHO 0O~

Jlee KpaTKoe, YeM B HCXOJIHBIX paborax [5, 6, 3|.

Teopema 5.2. [list sirobbix p, X, I, A ue € |0, 1] cupaBegnBa orenka

Q- <ANX) max H;" (s;n(e)),  sm(e) =

m=1,...,L

(m —ek). (5.2)

Sl

HoxkaszareabcTBo. Bocrosbsyemest mpunimmoM paBHoMepHOi cxoaumoctu (5.1) u ore-

HIM CBEPXY MaKCHMyM OMHAPHDLIX BEJIMIHH UX CyMMOI’:

Q- <Q.<Q.=PY [§(a, X) > €.

acA

5JT0 MOXKHO TPAKTOBATH U KAK OIEHKY BEPOSTHOCTH OO'bEIMHEHMs COOBITHIR [5(@, X) > g] CBEpXY
cyMMoOit ux BepositHOCcTell. K€ naspiBaior Takxke nepasencmeom Byas mim union bound.



Temeps mepecTaBuM MecTaMn 3HAKH cyMMuEpoBaHus: P Y = > P u 3anummem Be-
posrHocTh P[0(a, X) > €] a1s oTaensHOrO aaropuTMa @ Uepes THIEpreOMeTpPHHIecKoe
pacrpe/iesieHne, coriaacHo Teopeme 2.4:

Q:-<Q.<Q =Y Pl(a.X) 2] =S H " (smle), m = n(a,X). (5.3)

acA GeA

0 Ho™ I
INEeHUM L (Sm (6)) CBerY MaKCI/IMYMOM IIO ™M 1 BbIHECEM €I'0 3a 3HaK C}/MMI)I. O/,
3HAKOM CyMMbI OCTAHETCsI eJIMHUIA, a BCsad cyMMa Oyjier pasHa |A| = AA(X). |

[TosrHOCTBIO AHAJIOITYIHO JOKa3bIBa€TCsdA BEPXHAA OIIEHKa W JIJIA beHKHHOHaJIa Re'

Caencrsue 5.2.1. Jlist yiobbix pu, X, I, A ue € [0, 1] cupaBemsa oreHka

R. < Z HE™ (m—ek) < AY(X) %aXLH%m (m —ek).
acA e

Takum obpazom, umeercs cepus VC-ouenorx.

Haubosree Tounast onernka (5.3) —3T0 cymMMa BepOSTHOCTEl HepeobydeHns 110 BCeM
AJITOPUTMAM CeMeiiCTBa ¢ TOMapHO pa3/InIHbIMU BEKTOPAMU OIIHOOK.

Omenka (5.2) 9yTh XyKe — 9TO BEPOSATHOCTDH Mepeo0yIeHNsT HAMXYJIIIEr0 aJrOpIUTMa
(maxcumym Hy™ (sp,(€)) mocruraercs npu m mopska L/2), HOMHOMXKEHHAS HA HHCIIO
AJICOPUTMOB C IOIAPHO PA3JIUIHBIMUA BEKTOPAMU OIIHOOK.

OreHKy MOYKHO €IT[€é HEMHOT'O OC/Ia0NTh, €CJIN 3aMEeHUTh KOI(PDUITHEHT PA3HOOOpa3usT
AA(X) dbynkmmeit pocra A4(L). 3aro Tenepnb orenka He 6y/1eT 3aBUCETH OT BBIGOPKH.

Hakomner, yHKIMIO rumepreoMeTpuieckKoro pacipejie/ieHus MOYKHO 3aMEHUTH IKC-
IMOHEHINAJIBHON BepxHell OIeHKOi, nMmeromeir 0cobo mpoctoit Buj pu £ = k [3]:

max Ho ™ (sm(e)) < %67522, =k (5.4)

B urore nosyvaercst Haubosiee uspecrnast uz VC-onenok [105]:
CaencrBue 5.2.2. s yiobbix p, X, I, A, e € [0,1] upu ¢ = k cupasesmiba orneHka:
Q. < AM20) - 3=, (5.5)

KoppekTHble MeTtoabl obydenusi. B VC-reopun [3| ormensro paccmarpuBaercst Tak
HasbIBaeMast 0eMePMUHUCTICKAA NOCMAH06Ka 3adavu’, KOTa METOJL [i KOPPEKMEH, TO €CTh
n(pX, X) = 0 na so6oit 0byvaroreit BeIGopke X .

Teopema 5.3. Ecjin meros i kKoppekTter 1ipu janabix X, A, I, To jyis smioboro e € [0, 1]

14 e

<AAX@<AAL k ' 56

Q- < A% (X) ot S ()L . (5.6)
L

5B 3apybexxnoii jurepaType CIOXKIIACH APYTasd TePMUHOJIOIUH. JleTepPMIHICTCKYIO HOCTAHOBKY 3a-
JIavN HA3BIBAIOT peasusyemvim obyweruem (realizable learning), mmest B By, 9TO € IIOMOIIBIO CeMeHCTBa
aJIropuTMOB A BO3MOYKHO Peasn30BaTh NCTHHHYIO 3aBUCHMOCTD (). OBy 0 MOCTAHOBKY 32,1811 HA3bI-
BAIOT HEPEAIM3YeMbIM UJIA a2Hocmuseckum obyyweruem (agnostic learning), moaépKuBast IPUHIUIIAA -
HYIO HEBO3MOYKHOCTH 3HATH, HAXOAUTCS JIN UCTUHHAS 3aBUCUMOCTD B ceMeiicTBe A, min Her.



HokazareabcTBo. Havasio jjokazaTeibecTBa B TOYHOCTH TTOBTOPSET JIOKA3aTE/IHCTBO TEO-
pPeMBI 5.2, HO K BBIPAXKEHUIO JIJI BEPOATHOCTHU Mepeo0yvIeHnst aJropuT™Ma ¢ J00aBIIsIeTCs
yCJI0BU€ KOPPEKTHOCTH:

P[d(a,X) > €] [n(a, X) = 0] = [m > ek] P[n(a, X) = 0] = [m > ek] h7™ (0).

Toacrasum 910 Bhipazxkenne B (5.3) u, ¢ yuérom hy™ (0) = C%_ /CL, nomyqum

¢
Lom  m = n(a,X).

Qegéa:Z[m>5k]7>
L

acA

Maxkcumym C¥_ /C% nocruraercst npu naumenbinem m = [ek].

C yuérom onenku Cf_, /Cf < (£)™ nomyuaem nenouky nepasercrs (5.6). ]

CrnencrBue 5.3.1. B ycioBusix Teopembl 5.3 npu { = k
Q. < A4 (20) - 27

Urak, B ciiyyae KOPPEKTHOCTH OIEHKA (). CTAHOBHUTCHA Oojiee TOYHON M HMPUHUMAET
nanbosiee 1pocToit Buji. OTCI0/Ia COBEPIIEHHO HE CJIe/yeT, YTO Ha ITPAKTHKE HAJO0 TOJIb-
30BAThCA KOPPEKTHBIMU MeToiamMu o0ydenus. /st obecriedennss KOpPEKTHOCTH TIPUJIETCST
YCJIOXKHATH KOHCTPYKITHIO CeMeHCTBa aJrOpUTMOB, UTO MOXKET HMPUBECTH K yBETUICHUIO
bynxmn pocta A(L), HACTOIBLKO 3HAUUTETLHOMY, ITO OHO HOJHOCTBIO CKOMIIEHCHDYeT
yMeHbIeHne kombunaTopaoro Mmuoxkuresid. [losromy B VC-Teopun IpuHATO CIUTATD, UTO
He cJiejlyer J1o0uBaThed 6€30MuO0UHOI padOThI aJrOPUTMa Ha 00YUaIoIeM MaTepualle.

§5.2 PasmepHocTb BanHuka—YepBoHeHkunca

OYHKIMSA POCTA SIBJISIETCS MEPOH CJIOKHOCTH MHOYKeCTBa A 1 He 3aBUCHUT OT BBHIOOPKH

n Meroja obyuenns. C Heil TeCHO CBsI3aHa €Ié OJIHa XapPaKTEPUCTHUKA, CJIOKHOCTH.

Onpenenenne 5.1. Ecmr cymectsyer memoe wucio h takoe, aro A“(h) = 2" nu

7

AA(h+ 1) < 2" 10 ono naspiaercst Emrocmuvio’ cemerictsa ajropurmos A. Ecin tako-

ro gucja h He CymecTByeT, TO FOBOPST, 9TO CEMEHCTBO A HMeeT OeCKonewHy1o EMKOCMD.

[Iepeuncanm HanbosIee BayKHBIE CBONCTBA €MKOCTH, TIOKa 0€3 J0Ka3aTeIbCTB.

1. Eciu cemeiicTBO mMmeeT €MKOCTb h, TO BMECTO TPUBUAJIBHON SKCIIOHEHIIHAJILHOM
onenkn A?(L) < 2L cipaseymsa 6ostee TouHasT IOJMHOMIATbLHAS OTEHKA
3 LM

AA(L)<02+Ci+---+C’g<§ﬁ. (5.7)

B sTom cirydae BeposiTHOCTD TiepeoOyUueHus CTPEMUTCsT K HYJTO 1pu { — 00, MMOCKOJIBKY
TUIIEPreOMETPUIECKIIT MHOYKUTETb CTPEMUTCS K HYJIIO SKCIOHEHITUAJILHO. 10T /18 TOBOPAT,

9TO0 ceMeiicTBo A obiazaer csoitctBoM obyuaemocmu (learnability).

TA taxxe pazmeprocmuvio Bannuka- Yepsonerwuca nma VCO-pasmeprocmuio (VC-dimension).



2. Tlyers X =R"u Y = {—1,1}. EmkocThb cemeiicTBa JIMHEAHBIX KIacCHDUKATOPOB
A = {a(z) = sign (w, z) } w € R"} paBHa pasMepHOCTH IPOCTPAHCTBA 11, TIE W — BEKTOP
napaMeTpoB, (w,x) — CKaJSIPHOE MPOM3BEJIEHIE BEKTOPOB W U T. DTOT (DAKT sIBIISIETCS
HIPAMBIM CJIEJICTBUEM TOTO, YTO B MPOCTPAHCTBE PA3MEPHOCTU 7 Yepe3 JIIoOble N TO4YeK
BO3MOZKHO ITPOBECTU THIIEPILIOCKOCTD, & uepe3 JiioOble n + 1 yKe Heb3s.

3. [layeko He Bcerjia éMKOCTbL paBHa YHC/IYy HapameTposB. [y joboro mapamerpu-
JeCKOIro cemeiicTBa 3a/laHHON €MKOCTU h JIErKO IIOCTPOUTH JPyroe CeMeicTBO, KOTOPOe
Oy/eT UMeTh Ha OJIMH IapaMeTp 0OJIbIlle, HO IIPU 9TOM €ro EMKOCTh TakKe Oy/ieT pasHa h.
Hanpumep, MO2KHO 3aMEHUTH OJIMH U3 ITAPAMETPOB CYMMOI JIBYX HOBBIX IIAPAMETPOB, UTO
He TOBJINSAET Ha YUCIO0 MOPOXKIAEMbIX CEMEHCTBOM BEKTOPOB OIMIUOOK.

4. Tlycts muHOXKeCTBO A KOHEYHO. UHWC/IO aJITOPUTMOB, TOMAPHO HEPA3TUINMbBIX
Ha BBIOOpPKe X, He mpeBbIIaeT 4mcsia BCeX aJrOPUTMOB, MOSTOMY [T (DYHKIIIN POCTa,
cripasemBa onenka A(L) < |A]. Enkocts Takoro cemeiictsa me npesbimaet |log, |A| ],
TaK Kak B IIPOTUBHOM cjiyuae (PYHKIUS POCTa OKazajach Obl GoJbiie |Al.

5. MHoxkecTBa aJropuTMOB, PEAJM3yeMbIX Ha KOMIILIOTEpPE, BCerjia KOoHedHbl. FKcym
JIUTsT XPAHEHUsI BCEX TTapaMeTPOB aJlfOPUTMAa UCIIOIB3YeTCs He DoJiee N OUT, TO TUCJIO aJIro-
PUTMOB B TaKOM CeMelCTBe He IpeBbIaeT 2", a ero éMKOCTh He IpeBbIaeT log, 2" = n.
Y10o0B! 9Ta OleHKA He ObLIa 3aBBIINIEHHO, /I MOJICIETa HEOOXOMMOr0 TUCIa OUT JOJIZK-
HO UCIOJIB30BATbCS MAKCUMAALHO IKOHOMHOE Koduposarue tapamerpos. /lannoe mabdsro-
JICHUEe JIEKUT B OCHOBE MPUHIAIA MUHUMYMa daunve onucarus (Minimal Description
Length, MDL) [90] u npunrmna mporpamvupyemoii VC-pasmeproctu [15].

6. CymiecTBytoT ceMmeiicTBa ajJroOpuTMOB KJIacCHU(UKAIUU C OJHUM BEIECTBEHHBIM
napaMeTpoM, éMKOCTbh KOTOPBIX OeCKOHEYHA. DTO CBUJIETEJILCTBYET O HETPUBUAIHLHOCTHU
MOHATUS EMKOCTU C OJHOW CTOPOHBI, U O OECKOHEYHDLIX BBIPA3UTEIbHBIX CIIOCOOHOCTX
JIERCTBUTEIBHOTO ducia ¢ Apyroii. C Tperbeit CTOPOHBI, BCe TaKWe MPUMEPHI SIBIAIOTCS
HUCKYCCTBEHHBIMH U «Pa3pyIIalTCsI», KaK TOJbKO MbI BO3BMEM BMECTO JI€HCTBUTETHHOTO

qHuCJIa €0 KOHEYHOE IIpeJACTaBJIeHUE B KOMIILIOTEDPE.

OueHkn EMKOCTM U3BECTHBI JIjisi HelpoHHbIX cereil |33, 27, 70, 82|, pemaionux jepe-
BbeB [31], KOPPEKTHBIX OJIMHOMOB HaJl aJIFOPUTMAMU BBIYUCIEHHsI OIIEHOK [64], KomureT-
HBIX PENIaronux mpasui [81], u MHOTUX JpyTuX ceMeicTs. EMKOCTD ceMeiicTB, OCHOBAHHBIX
Ha SIBHOM XpaHeHUW Bceil oOydJaroiieil BIOOPKU, KaK IPaBu/Io, OecKoHedHa (HalpuMmep,
y aaropurMa OJIMKANIIIX coceieil). Emrocts CceMeliCcTB, rapaHTUPYIOIINX KOPPEKTHOCTH
(orcyrerBre omuboK) Ha o0yvarolieil BHIGOPKe, TakKe, KaK MPABUIIO, OeCKOHETHA. XOTH,
ecTh U UCKJIIoUYeHus: B paborax B.JI. MaTpocoBa cTposgTcs KOMIIO3UIIUN aJITOPUTMOB BbI-
9UCJIEHUs OTIEHOK, UMEIONNe KOHEUHYI0 EMKOCTh U OJITHOBPEMEHHO TapaHTHUPYIOIIe KOp-
pekTHOCTH |63, 64, 65, 66].

§5.3 MeTtog CTPYKTYpPHOIA MUHNMU3ALUNUN PUCKA

Nmesa BepxHIOIO OIEHKY BEPOATHOCTHU IepeodyueHns, HETPY/HO MOJIYUUTh BEPXHIOIO
OIIEHKY YaCTOTHI OIMMUOOK Ha KOHTPOJILHOI BhIOOpKe. OHa Oy/ieT BepHa He BCEr/ia, a JIUIIh
C HEKOTOPOIl BEPOATHOCTHIO, JTOCTATOYHO OJIU3KOM K eUHUIIE.



Teopema 5.4. [lpu l = k g 06brx X, A, [ ¢ BeposiTHOCTBIO HE MeHee 1 — 1) o/fHOBpe-
MEHHO JIJIST BCEX aJITOPUTMOB G € A cIIpaBeJJIIBO HEPABEHCTBO

- h, 20 1 1
via, X) <via,X)+ Zln%—l—zlnﬁ. (5.8)

HokazarenbcrBo. [lojgcrasum B (5.5) BepxHio onenky dyukiun pocra (5.9), oreHus
1o popmyste Crupumara bl > v/ 2xhh/e ™. Tlosnydennas onenka mveer B Q. < n(e, l, h).
[Tpumennm K Heilt TexHuky obparenust (1.8): BeIpasuM £ Kak QYHKIHIO OT éMKOCTH h,
JUIAHBL 00y uerHust ¢ u 3Hadenus 1. B pesynbrare mosyanm (5.8). [

[TepBoe craraemoe B 3101t oreHke — smmuupudecknii puck. OH He BO3pacTaeT ¢ POCTOM
éMKOCTH h, TIOCKOJIBKY deM OOJIbIlle B ceMelCcTBe aJI'OPUTMOB, TeM 00Jiee TOTHO MOZKHO
AIIIPOKCUMHUPOBATh BBIOOPKY. BTopoe ciaraemoe Bo3pacTraeT ¢ pocTOM €MKOCTH, U €ro
MOYKHO PACCMATPHUBATH Kak wmpad 3a caoocrocms (complexity penalty). Cymma B 061iem
caydae JIOCTUTaeT MUHUMYMa IIPU HEKOTOPOM A.

Jlst onipesiesiennst ONTUMAJIBHOMN CI0yKHOCTH Mojiesin B VC-Teopun mpe iyraraercst Me-
TOM, CMPYKMYpHot MuHUMU3auuu pucka. B cemeiicrBe A 3apaHee 3aJa6TCsd cmpyxmypa
BJIOXKEHHBIX II0JIceMeiicTB Bo3pacTaloleil émroctn Ay C Ay C --- C Aj, = A. 3ajada o0y-
YeHUsI PENIaeTcst B KayKJI0OM U3 9TUX MOCeMeNCTRB, Bcero h pa3. Beibupaercs mocemeiicTBo
ONTUMAJIBHON EMKOCTH, JIJIsT KOTOPOIO JIOCTUTAeTCss MUHIMYM rpaBoii dactu (5.8).

MeTo1 cTpyKTYPHOI MUHUMH3AINKA PUCKA SIBJSETCS BaXKHEHITNM KOHCTPYKTUBHBIM
cinegacreueM VC-teopun. IIpocienum emié pas3 joruky Bcero, 9ro ObLI10 1pojierano. CHa-
YyaJia MbI IOy IUJIN BEPXHIOKO OIEHKY BEPOSITHOCTH ITepeoldyUueHns, KOTopas ClIpaBe I/ InBa
Jts Jii00oit BeIbopku X u Jr060ro Merojia obydenus ji. K 3Toit orieHKe MbI IpUMEHUIN
TEXHUKY OOPAIEHUs U TOJIYIUIN BEPXHIOK OIEHKY JIJIsT 9aCTOThI OMIMOOK Ha KOHTPOJIE.
Omna crpaseymsa jaaa moberx X, X, 1, ¢ BepoarHocthio (1 — 1), 6/1mM3Koi K eauHuIe.
Terepb MOXKHO pacHOpsIUTHCS CBOOOION BBIOOpA (i TaK, YTOOBI MUHUMHU3UPOBATH Ya-
cTOTY OIIMOOK Ha KOHTpoJie. [loyaennbrit MeTo 1 00yUeHnsT HA3BIBACTC MUHUMUIAUUET]
owmpagosannozo amnupuueckozo pucka (penalized empirical risk minimization).

Ota ke 00IMasi JOrUKa SKCIIyaTUPyeTcsi OOJIBITMHCTBOM COBPEMEHHBIX I0JIX0/I0B
B TEOPUU CTATUCTHIECKOro oOyuenus [37].

3asbiweHHoCcTb oueHok (5.2) u (5.8) nmpuBoauT K BHIGOPY MOjCEMEiiCTBA 3aHUKEHHOI
€MKOCTH, TO €CTb K IE€PEYIPOIIEHIIO aJITOPUTMOB, YTO MOJITBEPZKIAETCA U B SKCIIEPUMEH-
TaxX Ha MOJIETIbHBIX JaHHBIX [71]. PacipocTpanéHHoit OniOKoil B MHTEpIIpeTaIini pe3y ibTra-
ToB VC-Teopun sABJIAETCS BBIBOJ, O HEOOXOJAMMOCTH OI'PAaHUYMBATH CJIOKHOCTH CeMeficTBa
ayropuT™MOB. Takoit BeIBOJ ObLT ObI cipaBe B, ecin Obl VC-OIeHKN OBLIN TOYHBIMHU.
[Tpumep anropurma 6ycmunea |55 nmokaspiBaer, 910 0606IMIAIOMIAST CIOCOOHOCTH MOYKET
YIIyUIIATHCA PU TPAKTHYECKN HEOIPDAHUYIEHHOM POCTE CJIOXKHOCTU CeMeiCTBa.

IMnNupuYeckne oueHKN CKONb3AWEero KoHTpons. [lpu mpakTuwdeckoM pUMeHEeHUn
CTPYKTYDHOW MUHUMU3AIMA PHCKA BMECTO 3aBBIINEHHO OleHKN (5.8) 9acTo MPUMEHSIOT
OIEHKY CKOJIB3SIIEr0 KOHTPOJIS Ey(a,X ). OmHako Takasi 3aMeHa CTABUT IOl COMHEHHe
MEHHOCTh TEOPETUIECKUX PE3YJIbTATOB, ITOCKOJIBLKY CKOJIL3AIMNN KOHTPOJIb HE OIUPAeTCs



Ha VC-teoputo. C mIpakTUIECKO TOYKU 3PEHUs CKOJIB3ANINN KOHTPOJIb UMEET PsiJT CyIIe-
CTBEHHBIX HEJIOCTATKOB. Bo-1epBbIX, 3TO pecypcoémKas mporeaypa. Bo-BTOPBIX, OIeHKA
CKOJIB3AIIEro KOHTPOJIA UMeeT OOJIBIIYIO JIUCIIEPCHIO, YTO MOXKET IMPUBOIUTH K OIIOKAM
[IPU ONTUMU3AIIHN CJIOKHOCTH. B-TpeTbux, CKOJIb3dAMnil KOHTPOJIL yI00€H I SMITNPU-
YECKOT'O OIEHUBAaHUS KadecTBa MeTO/a OOydeHus, HO He yJI00eH Jjisd KOHCTPYUPOBaHUS
HOBBIX MeTOJI0B. [[o 3TuM npudmHaMm 3ajiada MoJIyYeHus] TOUYHBIX TEOPETHYECKUX OIEHOK

HE TepAaeT aKTyaJIbHOCTH.

§5.4 C(CBsa3b éMkoCTU N (PyHKLMM poCTa

Jlemma 5.5. Qynxmus O = OV + CL + -+ + CV, onpenenéunas npu nemvix h n L,
takux, 9o 0 < h < L, ojHO3HAYHO 3a/1a6TCST PEKYPPEHTHBIMIA COOTHOIITCHUSIMHI

Y =1, b =2l P =t LRt 0<h<L

JloKkazaTebeTBO CiejlyeT W3 TOro, 4To GuHOMHUaIbHble Kosdduiuentor CF ompee-
JISIIOTCSl aHAJIOTUIHBIM PEKYPPEHTHBIM cooTHomenuem Ch = Ch | + C’Zj U OTJIMYAIOTCA

TOJILKO TpaHnyHbIM yejosuem CF = 1.

Jlemma 5.6 (Banuuk, Yepsonenkuc [3]). Ecmu gis mo6oit nogspibopkn X1 nz X
poiossercs A (XY < 2h+1 Dpo AA(X) < 8.

JlokazareabcTBO. JloKaszareabCTBO MPOBEIEM HHIYKIHEH 110 A.

[pu h = 0 u3 Toro, uro A?(x;) < 2 mua seex x; € X poirekaer AN XL) =1 = @Y
CJIEJIOBATE/IBHO, YTBEP:K/ICHIE JIEMMBI CIipaBe inBo. [Ipesmoaras:, 910 OHO CIIPaBeJTHBO
Juist h — 1, TIoKaxKeM, 9TO OHO CIIpaBEJJIMBO TaKkzKe U Jijist h 1pu Becex L, 60bimux h.

g sToro pu pUKCUPOBAHHOM h IPUMEHUM WHJIYKIIUIO 110 L.

Ipu L = h+ 1 nveem A4(XMH) <2041 — 1 = @) | sHauuT yrBepKIeHHE JTEMMBL
BBINOIHEHO. JlomycTuM Teneps, 1o ono BemosHsaercs aia A (X). PacemoTpum BEIGOPKY
X' = XU {xp,1} n onennm ceepxy A4(X').

Bysem roBoputh, 9TO ajropuT™m a Ha 3ajaHHoit BbIOOpKe U undyuupyem nodeui-
oopry U', ecrm U = {x € U: I(a,z) = 1}. PazobbéMm MHOXKeCTBO BCeX MOJBBIOOPOK,
MH/IYIIIPYEMbIX Ha X BCEMHU aJIlOPUTMaMK ceMeiicTBa A, Ha MOABBIOOPKHU JIBYX THUIIOB:

1) Takme noxsbibopku X" u3 X, uro ajropurmsbl cemeiicrBa A unaynupytor Ha X/
kak X", rak u (X", 2141);

2) BCe OCTAJIbHBIE TIO/BBIOOPKH.

Ob6o3HaYINM YUCI0 TOJBBIOOPOK MepBoro THma K, a Broporo tuma Ks. Torma

ANX) = K, + K,
ANX) = 2K, + K,

cienosarenbio, A (X') = AY(X) + K.

Paccmorpum mogmuoxKecTBO asiroputMoB A’ HHIyIUpPYOMUX Ha X TOJBKO HO/BBI-
6opku mepsoro tuma. Torma K = A4 (X).

Nmeercs jBe BOZMOXKHOCTH.
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1. JTonycrmm, maiigéres nomseibopra X C X taxasz, aro AV (X") = 2" Dro o3ma-
YaeT, 9To aJropuTMbl MHOxecTBa A’ mmpymmpytor Ha X" a smaumt m wa (X" xp.,),
BCce BO3MOzKHBIE 1oBEIGOpKH X" C X", Ilo onpesenennto muoxKecTBa A’ Ha (X h,xLH)
HHJIyIIPYIOTCS TakKe Bce TMoaBbioopku Bujga (X" xp.1). CiaenoBareabHo

AN (XM zp ) = 20 4 20 = ohtL

Ho torma A4(X", zp, 1) = 2", 910 IpOTHBOPEYHUT YCIOBUIO JTEMMEL.
2. omycTuMm Terepb, 9TO AA/(X ") < 2" nna moboit nopseiGopku X C X. TTo npe-
[IOJIOZKEHUIO MHYKIUK oTciona ciegyer A4 (X) < q)gfl. Takum obpasom

AN X') = AYX) + AT(X) < O + @ = 0

YVTBepK/IeHne UHIYKIUN JI0Ka3aHo i L + 1. ]

h
Jlemma 5.7. Cnpasemqmba onernka ® < 1.547 0<h< L.

o

,ZLOK&B&TGJH)CTBO ABJIAETCA HECJIO2ZKHBIM TEXHUYIECKHUM YIIDazKHEHHUEM [3]

Teopema 5.8 (Banuuk, YepBonenkuc [3]). Ecun cemeiictBo A nmeer KOHEUHYIO EM-
Koctb h, To pu L > h ¢pynkmus pocra A*(L) sapucut ot L mogmHOMEAIBHO:
A h L"

AML) < @} < L5 (5.9)
Jokazaresabctio. Ilycts L < h. Torma uz yenosus A4(h) = 2" srirexaer, uto cy-
mecTByeT BBIGOpKa JIMHBI L, Ha KOTOPOIl aJropuTMbl cemeiicTBa A MHIYIUPYIOT BCe
BO3MOZKHBIE T10/1BbICOpKH. 3Haunt A4 (L) = 2L

[Iycts L > h. Bosbmém npoussosibayto BbIOOPKY X. JLg He€ BBIOJHEHO yC/IOBUE
semmbr 5.6, Tak kak A4 (h + 1) < 21 Crenosaremsno A (X) < @ u B cumy npous-
BosbHocTH BhIGopKH A4 (L) < dF.

Teopema jrokazana. n

§5.5 ®dyHKUNA pocTa MHOXECTBAa KOHBIOHKLUA

s caydas, Korga 06beKThI OIHUCBIBAIOTCA JUCKPETHBIME Ipu3Hakamu f;: 2 — D,
|D;| < 00, orfernM (GYHKIMIO pOCTa MHOYKECTBA BCEX KOHBIOHKIMIT paHra He Bbiire [ :

A= {a(x) = \lfs(2) = d; ‘ JC{l,...,n} |V <K, d e Dj}.

Ecau J — mpousBosibHOE TIOJMHOKECTBO MHIEKCOB u3 {1,...,n}, TO 9UCI0 KOHBIOHKITHI
panra k, KOTOpble MOXKHO TTOCTPOUTD 10 TTPU3HAKAM U3 .J, eCThb

H(J)=>_ [ IDjl-

J'CJ je
| J'|=k



Ecnu muozkecrsa D; pasHomontusl, |D;| = d, o Hy(J) = Cf”dk. B obmem ciryuaae Besn-
unnaa Hy(J) JIerKo BBIMHUC/IAETCS 10 PEKYPPEHTHBIM COOTHOIIIEHUSIM:

Hy(J) =0, k> 1[J];

Hi,(JU{j}) = He(J) + |Dj| Hea(J), k<|J|, j=1,...,n

CDYHKHI/IH POCTa OIIEHUBAECTCA CBEPXY YNCJIOM KOH’bIOHKLLI/Iﬁ PaHI'a HE BBIIIE K, KOTOpPbIE

MO2KHO IIOCTPOMTD 110 BCEM Tl IIPU3HaAKaM:

AYL) < in{l,...,n}.

§5.6 EmkocTb cemeiicTBa SIMHENHbIX KiaccudrukaTopoBs

[Iycrs 27 =R", Y = {-1,1}, A — cemeiicTBO JMHEHHBIX KIACCHDUKATOPOB:
A = {a(z) = sign (w,z) | w € R"},

rie (w, r) — CKaJspHOE TPOU3Be/IeHne BEKTOPOB w 1 . KazK/Iplil ajiroput™ 9Toro cemeii-
CTBa 33/1a€Tcsd BEKTOpoM w u3 R™.

Teopema 5.9. EmKocTb cemericTBa JIMHEHHBIX KJIaCCH(UKATOPOB A paBHA pa3zMepHOCTH
ITIPOCTPAHCTBA, M.

Nnest nokazaresibcTBa 3aKII0YAETCS B TOM, 9TO B IIPOCTPAHCTBE PA3MEPHOCTH 1. de-
pe3 IPOM3BOJIbHBIE 1 TOUEK MOXKHO IIPOBECTH DPAa3/Ie/IAoNLyI0 I'MIIEPIIOCKOCTD, a depe3
HEKOTOpBhIe N + 1 — yKe HeJb34.

JoxkazatenbcTso. [lokaxkem crauata, ato A(n) = 2", Cormacro onpeieeHmio dyHK-
IIUU POCTa 9TO PABHOCHILHO CJIEJYIONIEMY BBICKA3bIBAHUIO:

X" = (21,...,20): Y(21,...,2,) €Y" JacA: Vi=1,....,n a(x;) = z.

Bosbmém n BektopoB X" = (x1,...,x,) u3 X Takux, 9TO y i-Or0 BEKTOPA i-as KOMIIOHEH-

Ta paBHa 1, a ocrajbHble paBHbI 0. PaceMorpum anropur™m a € A, 3ajaBaeMblii BEKTOPOM

ko3 durmentoB w = (wy, . .., w,). Kakum 661 HH ObLT BEKTOD (Z1, ..., 2,), JETKO HOJIO-

6paTh KO3hUIMEHTH! w; TaK, 9TOObI BBITOJIHATOCH a(x;) = sign w; = z;. Takum obpasom,

MBI YKaza/u 2" aJrOpUuTMOB, PA3/JIUIHBIM 00pa30M JIeIux BeIOOPKY X Ha JiBa KJIacca.
Teneps moxazkem, aro A4(n + 1) < 2", 910 paBHOCHIBHO BHLICKAZLIBAHNIO

VX" = (21, 2ng1) 321, 2001) €Y Va€A Fi=1,...,n+1: a(x;) # 2.

Bosbmém iponsBosibHBIE 1+ 1 BEKTOPOB X1, . . ., Tpi1 U3 2 . HHC/IO BEKTOPOB IIPEBBIIIAET
UX Pa3MEpPHOCTh, TIOITOMY CPEJIM HUX HAMJIETCs XOTd Obl OJWH, SBJIAIONIMICA JTUHEHHOMN

KOMOMHAIMENH oCTaJbHBIX. JlomycTuM 6e3 orpanudenus OOIIHOCTH, 9TO 9TO Ly 1:

Tn+1 = biry + -+ bnxna (510)



e by, ...,b, — jeificTBUTEIbHBIE YNCIA.

[Toytozxkum z; = signb; ag Becex ¢ = 1,...,n u 2,,1 = —1. PaccMOTpuM 1IpOu3BOJIb-
HBIT agroput™ a € A ¢ koaddunuenramu w = (wy, . .., w,). Jomycrum, aro a(z;) = z;
Juist Beex ¢ = 1,...,n+ 1. ¥YMuoxum o6e vactu paserncrsa (5.10) ckajuspHo Ha w:

(W, Tpy1) = by (W, ) + -+ by (w, ) .

JleBast 4acTh 9TOr0 PABEHCTBA CTPOIO MEHbIIE HYJIs, TOCKOJIbKY
sign (w, Tpi1) = a(Tpi1) = 2np1 = —1.

B o 2Ke Bpems, KaxKJi0e cjaraeMoe B IpaBoil YacTH PaBEHCTBA HEOTPHUIIATE/ILHO, TaK Kak
sign (w, ;) = a(x;) = z; =signb;,, i=1,...,n.

Takum obpasoM, cje/laHHOE JIONYINEeHHe NPUBOJUT K HpoTHBOpednio. Kakoii Obl
HI 66l BEIOOpKa X", agropurMmer u3 A He peammsyioT Bcex 2! croco6oB momesnTh
eé Ha 2 KJracca.

Teopema j0kazaHa. [ |

§5.7 OpHonapameTpuyeckoe ceMencTBoO ODeCKOHeYHOW EMKOCTH

CyniecTBoBaHNE OJHOIAPAMETPUUIECKOTO CeMeiCTBa aJrOpUTMOB KjaccuduKaimm,
UMEIOIEr0 GECKOHETHYI0 6MKOCTh CBUETEIHCTBYET O HETPUBHAJILHOCTH HMOHATHS EMKO-
CTH C OILHOﬁ CTOPOHBI, 1 O 6eCKOHequIX BbIpa3UTEJIbHBIX CHOCO6HOCTHX ,ZLeI'?ICTBI/ITeJIbHOFO
uncita ¢ apyroit [104].

Pacemorpum cemeiictso dyrkmuit a: R — {0, 1} ¢ oganm mapamerpom vy € R:

a(z;y) = [sin(yz) < 0].

Bo3bMéM KOHKPETHYIO BBIGOPKY 00bekToB x; = 1074 i = 1,..., (. KakoBa GbI HI OBI-
na ed jymHa {, 11 J1060r0 BEeKTOpa 0TBeTOB (Y;)f_, MOXKHO Tak 10/106paTh HapaMeTp 7,
LN . . - ¢ :
aTobbl a(w;;y) = y;. Heiicreurensuo, Bospmém v =71+ 7, y;107. Torna

a(%‘; 7) = |sin(7my; + 710" 4+ 7 oy 1007 < 0| = [ Yo ] Y
A = [sinyo > 0], = 1.

Yo

I3 onpejiesieHnst BeJIMInHbL Y, ciaeyet, uto w1078 < 4y < 0.37, nosToMy 3HaMeHHe
sin g MOJIOKUTEIHHO, U TIpaBasg YacTh PABEHCTBA €CTh ITPOCTO ;.
Paccvorpennbril ipuMep sIBIsSIeTCsl HCKYCCTBEHHBIM. Ecim Jijist mpejicraBjieHns muc-

Jla 7y UCIIOJIb30BaTh KOHEYHOE YHNCJIO 6I/IT, E€MKOCTD yKe HE 6y,ILeT OECKOHETHOIA.



Pe3iome

VC-reopust ocHOBaHa Ha MPUHIAIIE pABHOMEPHOI cxoanmocTu. OHa ITO3BOJISIET OIe-
HUBATb BEPOSITHOCTH ITepeoldyueHns: cBepxy (DYHKIUEH OT JJIMHBI BHIOOPKU U CJIOXKHOCTHU
cemeiicTBa aaropuTMoB. Mepoit CJI0XKHOCTH SBJIgeTca KOIMMUIUEHT PazHoodpasus, orpe-
JIeJIEMbBIi KaK IMCJIO IMOMAPHO PA3/IMIHBIX OMHAPHBIX BEKTOPOB OIMMOOK, MHIYIIHPYEMbBIX
BCEBO3MOKHBIMI aJITOPUTMAaMK CeMeliCTBa, Ha 3aaHHOI BBIOODKE.

KoncrpykruBabiM Beixo10M VC-Te0pHUH SAB/ISI€TCs TPUHIMI MUHUMI3AIIANA OIITpadO-
BAHHOI'O SMIIMPUIECKOTO PUCKA W METOJI CTPYKTYPHONH MUHUMHUBAIMH PUCKA, ITO3BOJISIO-
U ONTUMHU3UPOBATH CJIOXKHOCTDH cemeiicTBa. K coxkasiennio, 3aBbiiieHHOCTh VC-0IeHOK
MOYKET IIPUBOIUTH K 3aHUKEHUIO CJIOYKHOCTH.

OcHOBHAasT TPUYINHA, 3aBBIIMIEHHOCTH B TOM, YTO 3TO OIEHKHU «XVIIIero ciaydasas. OHu
CIIPaBE/IUBLI T JTI000H BBIOOPKH X, JII0O0ro MeTo/a o0yUueHus [ 1 JII0OOU TeIeBOii 3a-
BucuMocTH y(x). OHU 3aBUCAT TOJBKO OT PA3MEPOB MATPUIBI OMHOOK L, D U HOJTHOCTHIO
UTHOPHUPYIOT €€ cojiepKuMoe. B jaibHeiinieM Mbl 3aiiMEMCcT KOMOMHATOPHBIMHU OIEHKAMUI
repeolOyvueHnsi, B KOTOPBIX 3Ta HHMOPMAIIAs CYIIECTBEHHO UCIIOIb3yeTCH.

B cnepytowein nekumn Mbl PACCMOTPUM KCIIEPUMEHTBI Ha, MOJIE/IBHBIX U PEATbHBIX JIaH-
HBIX, B KOTOPBIX 06HapyskuM upessbrdaiinyto (B 106-101° pas!) zapsimennocrs VC-ornenoxk,
MOMMEM MPUYMHBI 3aBBINIEHHOCTH U HAMETUM IIYTU YCTPAHEHUs ITOH MpoOJIeMbl.

Ynpa>kHeHus

Bamaua 5.1 (1). [lokasars teopemy 5.4, ucnoin3ysi dpopmyiny Crup/unra.

Bamava 5.2 (2). Cmenenvio nexoppexmmnocmu Merona obydeHns [ Ha BHIGOpKe X Ha-

3BIBAETCS MAKCHMAaJIbHAS YaCTOTa OIMIMOOK Ha BCEBO3MOXKHBIX O0YHAIOIIIX 110/[BBIOOPKAX:

o(p,X) = max v(uX, X). Jokazarh, 910 st JIIOOBIX [t, X ¢ OPPAHUYEHHOI HEKOPPEKT-
Xe[X]

nocteio 0(u, X) < o u soboro € € [0, 1] cupaseymsa onenka, obobmrarormast (5.2) u (5.6):

Q. < AYX) max HL™ (sm(e,0)), (5.11)
meM (g,0)
rie M(e,0) = {m: ek <m <k+ol}, sp(e,0) =min{s,(e),ol}.
[Tocrpouts rpadukn 3asucuMocTr oTHOIIeHUs oreHkn (5.2) K orenke (5.11) ot cre-

IIEHU HEKOPPEKTHOCTH 0.

Bamaua 5.3 (2). Cuenys [36], mokazaTh, 4T0 €cin MHOXKECTBO BEKTOPOB OIMHO0K A Kiia-
cTepu3yercst 0 paccTosHmio XoMMuHra Ha S(7) KiIacrepoB pajmyca r KaxKIplii, To

P[6,(X) = e+ 5] <S(r)- max Hp™ (s,(e)).

m=1,...,.L



6 DkcnepumeHTbl C Nepeoby4deHnem

OcnoBrast mpobsiema VC-0IEHOK B TOM, 9TO OHI HACTOJIBKO 3aBBIIMIEHBI, YTO UX HEIIO-
CpeJICTBEHHOE TIPUMEHEHHe TepsgeT CMbIC. UToObI B 3TOM yO€INThCA, JJOCTATOYHO CAeIaTh
IIPOCTOI SKCIEPUMEHT — BBIUHUC/IATD JOCTATOUHYIO IIUHY 00ydYarorieil BHIOOpKY ¢ Ipu 3a-
JIAHHBIX 3HAYEHUSAX EMKOCTHU h, TOUHOCTU £ U BEPOATHOCTHU TepeodydeHus (..

Bropoii sKcriepuMeHT HAIIpaB/IeH Ha BBISBJIEHUE TPUYINH 3aBbiiieHHoCTH. VC-01eHKa,
BBIBOJIUTCS C TIOMOIIBIO IEIIOYKN HEPABEHCTB, Ha, KarKIOM U3 KOTOPBIX IIPOUCXOIUT IIOTe-
pst TouHocTH. V3Mepenne 3TuUX mOoTEpPh B peasbHBIX 3aJadaX KJIaCCH(PUKAINA TO3BOJISET
BBIJBUHYTH I'HIIOTE3Y, UTO BEPOATHOCTH IIePEOdYyIeHNs CYIEeCTBEHHO 3aBUCHT OT CBOMCTB
paccI0eHnsT U CBA3HOCTH CeMeHCTBa aJIlOPUTMOB.

Tperwnit sKcIIEpUMEHT Ha MOJIEIbHBIX JIAHHBIX IOJITBEPIK/IAET 9Ty TUIIOTE3Y.

§6.1 DkcnepumMeHT NO OUEHUBAHUIO AJ/INHbI 00y4atoulein BbIDOpPKN

Pesybrarsr Brauc/eHnst JInHBI 00y Iatorieil BEIOOPKHN £ Kak pyHKINN OT EMKOCTH h,
TOYHOCTH £ U BEPOSITHOCTHU mepeodyuenus (). npuesenbl B Tadbaumax 6.1, 6.2, 6.3. Bee
Jnanuble rosydensl npu ¢ = k. IlepBble jaBe TaOIUILI TOCTPOEHBI JIJIsi OOIIEro CJrydasd,
TPeThs — JIJIsl JIETEPMUHUCTCKON IMOCTAHOBKU 3a/1a4un. [Ipu moctpoennn mepBoit TabnIibl
HCIOJIb30BAHBI 3aBbIIIEHHbIE alIpoKcnManuy GyHKuu pocra (5.9) u rumepreomerprtie-
ckoro comuoxkuresst (5.4).

OcHOBHBIE BBIBOJIBI CJIETYOIIIHE.

1. /laxke B JIeTEpPMUHUCTCKOM CJiydae Tpebyemas JjIiHa 0OyUeHUs Ha HECKOJIBKO I10-
PSJIKOB IIPEBBIIIAET T€ XapaKTePHbIE JTUHBI BHIDOPOK, ¢ KOTOPHIMU OOBIMHO ITPUXOINTCS
UMEeTDb JIJI0 B IMPUKJIQJTHBIX 3aiad9ax. [[pakTuka moka3biBaeT, 4YTO UTO XOpolas odydae-
MOCTH BO3MOYKHA ITPHU CYIIECTBEHHO MEHBIIUX JJINHAX BHIOOPKHU.

2. Omnenku B Tabmuie 6.1 cymecTBeHHO Xy:ke, deM B Tabsunax 6.2 u 6.3. B jajb-
Heiirem Mbl OyJjieM n30eraThb NCHOJIHL30BaAHUS 3aBBIEHHBIX AIITPOKCUMAIINN H CTPEMHUTHCS
K 1101y 4eHnIo 3(pDEeKTUBHBIX BLIYUCIUTEILHBIX METOIOB, a He KOMIAKTHBIX (hopMyJI®.

3. IlpaBbie 1MOJIOBUHBI TaOJIUI] COOTBETCTBYIOT 3HAYEHUIO 1) = 1 U MOKa3bIBAIOT I'PaHU-
iy npumennmoctu VC-ornenok. [Ipu menbmux ¢ BepxHsIs OIEHKA BEPOSITHOCTU BBIPOZK A~
ercs — cranoBuTcs OoJibie 1. ComnocransieHue MpaBoii u JIeBOii OJIOBUH TAOJIUIL TOKA3HIBA-
€T, YTO JIOCTATOYHAS JIJINHA O0yYeHUs CYIECTBEHHO 3aBUCUT OT EMKOCTH A U TOYHOCTH £,
HO €J1a00 3aBUCUT OT TPeOyeMOil BEPOSITHOCTU TEePeodyIeHUs 1).

4. TlepBag cTpoKa TaOJUIBI COOTBETCTBYET CEMEHCTBY U3 OJIHOTO ajroputMma, h = 0.
[Ipu sTOM JOCTHTAETCS HAWIydIas BO3MOXKHAast orleHKa. O THaKO 9TOT ciIyvail He HHTepe-
CEeH C TOYKH 3PEHUs CTATUCTUYECKOrO O0yUeHUs .

5. Y4ér KOppeKTHOCTU MeTojia oOyuenus yrounser VC-oleHKH, HO, CyJId 10 JIOKa-
3aTeJIbCTBAM, He YCTPAHAET HU OJIHOTO U3 OCHOBHBLIX (PAKTOPOB 3aBBIIIEHHOCTH.

8B mamm JHu cTpeMIeHne TI0JIyYaTh IPOCThIC ACHMITOTHICCKHE (DOPMYJIBI SBJISETCA CKOPee IePeyKHT-
KOM JIOKOMITHIOTEPHOI ITMOXM, YeM HACYIITHON HeOOXOAMMOCThIO. MHenune criopHoe, 09TOMY B CHOCKE.
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n =0.01 n=1
h e=001]e=005]e=01]e=0.2 e=001]e=005]e=01]e=0.2
0 60106 2404 601 150 14054 562 140 35
2 314692 9813 2149 460 265220 7786 1634 328
5 715120 21605 4631 961 665470 19565 4111 827

10 1386763 41427 8808 1806 1337061 39382 8287 1671
20 2733709 81218 17200 3504 2683987 79171 16677 3369
20 6780774 | 200844 | 42438 8616 6731042 198797 | 41916 8481
100 || 13530370 | 400406 | 84550 17149 || 13480635 | 398359 | 84027 | 17014

Tabsuia 6.1. 3aBUCHMOCTD JIOCTATOTHON JIIMHBI 00yUeHusi £ oT éMKOCTH h, TOTHO-
. h

CTU € U HaJEXKHOCTHU 1), BBIYUCJIEHHAsI COIJIACHO OlleHKe (). < 1 = %% . %exp(—s%)

u3 TeopeMbl 5.2. DTO HAMMEHee TOYHAsl OIEHKA, HUCIIOJIb3YIOIasi allllPOKCUMAIIIIO

dbyukimu pocra (5.9) U aNIPOKCHUMAIMIO MUIIEPIeOMETPUYIECKOro coMHoxKuTesst (5.4).

n =0.01 n=1
h e=001]e=005]e=01|e=02|e=001]e=005]|e=01]e=0.2
0 35900 1440 360 91 506 20 10 5
2 259300 7619 1600 316 210035 5579 1089 186
5 632633 18260 3770 741 582841 16219 3250 610

10 || 1262928 36396 7521 1470 || 1213200 34320 6989 1335
20 || 2531001 72918 15069 2936 || 2481120 70820 14549 2805
50 || 6348132 182980 | 37821 7381 || 6298001 180900 | 37290 7250
100 || 7373100 | 295440 | 73821 14811 || 7373100 | 295440 | 73821 14671

Tabsuia 6.2. 3aBUCHMOCTD JIOCTATOTHON JIIMHBI 00yUeHust £ oT éMKOCTH h, TOTHO-
CTH € U HaI8?KHOCTH 1), corTacHo onenke Q. < 1 = (C9+---+CMTY (¢,1). Dro Takxe
OIleHKa TeopeMbl 5.2, HO (DYHKIS POCTa U THIIEPreOMEeTPHIECKUiT COMHOKNTE/b BbI-

YUCJIAIOTCA ITO TOYHBIM (bOpM}LHaM, oe3 IIPUMEHEHN A aHHpOKCHMaHHﬁ.

n = 0.01 n=1

h e=001]1e=005]e=01]e=021|e=001|=005]|e=01]e=0.2
0 800 140 70 35 100 20 10

2 2800 440 200 85 2000 300 120 45
5 6200 960 410 165 5400 800 330 125
10 11900 1820 770 310 11200 1660 690 270
20 23500 3560 1500 600 22700 3400 1420 555
50 58100 8780 3700 1465 57400 8620 3620 1425
100 107000 17480 7370 2915 107000 17320 7290 2875

Tabsuriia 6.3. 3aBUCKMOCTD JJOCTATOYHON JIJIMHBI 00y IeHUsT OT EMKOCTH h, TOUHOCTH &
1 HaJIEKHOCTH 1), 110 JleTepMUHHICTCKOl onenke Q: <1 = (CY +--- + Cﬁ)Cﬁ_kk]/Cﬁ
n3 TeopeMbl 5.3, 663 MpUMEHEHN aITPOKCUMAITIIA.




§6.2 DkcnepmmeHT No oueHnBaHMIO (PaKTOPOB 3aBblLLEHHOCTU

[Ipuunnbr 3apbimerHocTn VC-0IEHOK BUIHBI U3 JI0KA3aTEIbCTBA TEOPEMBI 5.2, B KO-
TOPOM CJIeJIAHBI TPU OIEHKHU CBEPXY, & IIPU BBIBOJIE JiejcTBus H.2.2 — emié ase. Kiaccuyae-
ckag VC-omenka (5.5) He 3aBucHT OT BBIOOPKU X M MeTO/a OOYUEHUS fi, CJIEIOBATEIHHO,
SIBJISIETCsT OTIEHKOM Xy/tmero ciaydas (worst case bound).

Y10o0BI TIOHSTH, BO CKOJIBKO Pa3 YBEeJMIMBAETCS ONEHKa Ha KarKJIOM 3HaKe <, ObLI
MIPOBEJIEH IKCIEPUMEHT C JIOTUIECKUMHU AJITOPUTMaMU KJIACCU(DUKAIINT Ha IECTH PeasTb-
HbIx 3aja4uax u3 pernosuropust UCI [107]. Onyckasi TexHU9IecKue JeTau, MPUBEJIEM JIUIIb
OCHOBHBIE HJIEN TTOCTAHOBKH 9TOI'0 SKCIEPUMEHTA U €ro Pe3y/IbTaThl.

B kaxmoit 3a1a1e metogom MonTe-Kapiio Beraucisiiach oreHka BEpOATHOCTH Iepe-
obyueHns QE. [Tonenus eé Ha (DYHKIUIO THIEPTEOMETPUUIECKOTO PACIIPEICICHI, MOXKHO
HOJLyduTh afifexmuenvt aokaronvl Koadduyuenm pasnoobpasus (DJIKP) A, nokasbr-
BAIOMINI, KaKIM [OJKHO OB1I0 ObI OBITH 3Hauenne Koaddurmenta pasnoobpasusa A4 (X),
9TOOBI OIEHKA BEPOSATHOCTH Iepeo0ydeHus He ObLIa 3aBbIITEHHO].

Hapsimy ¢ 9JIKP onenuBammich takske gaxmopv, 3asviuernocmu — Ko pUImeH-
TBI 71, Ty, T'3, KAYXKJBIH M3 KOTOPBIX ABJISETCS SMIUPUIECKON OIEHKOIW OTHOIIEHUS JIBYX
BBIPpAaKEeHUI, CTOANINX CIIpaBa U CJIeBa OT OJHOIO U3 3HAKOB < B IENOYKE HEPABEHCTB.
[Ipoussesenre hakTOPOB 3aBBIIIEHHOCTH JAET OOIILYIO 3aBbileHHOCTL VC-0orenKu:

Qeryory g =AML - 2o

PakTOp 7| ONEHUBACT 3aBbIIIEHHOCTL HepaBeHcTBa (5.1), CBSI3aHHOIO € IPUHIUIIOM
PaBHOMEDPHOI CXOJMMOCTH. DTa 3aBBINIEHHOCTH UMeeT JIBe cocTaBstionme — 3(MdeKT J1o-
Kajuzanun 1 3O eKT paccJoeHnsT ceMeiicTBa aJropuTMOB.

dddexm roxarudaruu COCTOUT B TOM, 9TO HEKOTOPBIE AJTOPUTMBI U3 A MOTYT He BbI-
JIaBaTbCsSI METOOM OOYU€eHUs 4 HU Ha OJIHOI 3 00ydJaronux moiBei0opoK. Bmecto A ciie-
JIOBAJIO ObI PACCMATPUBATH MHOKECTBO aJropuTMoB Af = { puX: X X, | X|=¢ }, UH/TY-
[UPYEMBIX METOJ0M OOyUeHUsI (i Ha BCEBO3MOXKHBIX OOYYAIOIIIX MO/IBBIOOPKaX X (DUKCH-
POBaHHO JTUHBI .

dddexm paccroerus, COCTOUT B TOM, ITO HA MHOYKECTBE aJlrOPUTMOB A BOSHHUKAET Cy-
[IECTBEHHO HEPABHOMEPHOE paciipejieiienne sepostHoctu P(a) = P[uX =al. Anropurmb
C MEHBIIINM YHCJIOM OIMMOOK Ha TeHepasibHOil BhIOOpKe n(a, X) CcymecTBeHHO Jalle MosiB-
JISIIOTCS B pe3y/ibraTe 0OydYeHUsl, B TO YK€ BPEMsl, UX CYIIEeCTBEHHO MeHbIIe. JKCIIePUMEeH-
ThI |77, 76] mOKa3bIBAIOT, YTO OCHOBHAST MACCa aJlOPUTMOB, KAK MPABUIIO, COCPEIOTOYEHA,
B obJacTi Hanmxymeil 9acrorsl onmbok v(a, X) ~ 0.5.

DddekT JToKATU3ANNE MOKHO CIUTATH IPEJIEIbHBIM YaCTHBIM CJIy9aeM PacC/JIOeHUs,
KOIJIa BEPOSITHOCTD IOJIYyY€HUs] 9aCTH AJITOPUTMOB B TOYHOCTH PaBHA HYJIIO.

PakTOp 75 ONEHNBAET 3aBBIIEHHOCTH Hepasencmea byaa (5.3). OHa ocobeHHO BeJH-

Ka, KOTI'Jla CpeJln BEKTOPOB OIMMOOK MMEETCs MHOTO HOXOXKUX. BaMeTI/IM, YTO HEPaBEHCTBO

a

P max[d(a, X) > ¢] < Z Plo(a, X) > €]

obpalraercs B paBeHCTBO TOJIBKO Korjia cobbirus [d(a, X)) > €| necoBmectsl. Ecin BekTo-
PBI OIIOOK AJITOPUTMOB @, @' CXOKH, TO COOTBETCTBYIOIINE UM COOLITHS OY/IyT CYIIeCTBEH-
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3ajtaua KJIACC | OOBEKTOB 71 79 ry | A [Al; Ag]
crx 0 307 2759 680 32.6 | 24 [10;41]
1 383 1104 1700 11.6 | 12 [11;180]
german 1 300 15215 1500 10.9 | 54 [38; 530]
2 700 | 44400 9000 9.9 | 1.9 [1.0;2.2]
hepatitis 0 32 308 280 95| 83 [11;148]
1 123 132 680 22.5 | 15 [12; 27]
horse-colic 1 191 151 4500 72| 7 [2;9]
2 109 504 3400 7.3 6 [3; 6]
hypothyroid 0 3012 | 1964200 400 165 | 21 [3;220]
1 151 | 581400 460 28.7 | 30  [2;44]
promoters 0 53 555 340 9.8 | 72  [36;230]
1 53 510 790 6.9 | 18 [9; 22]

Tabaumna 6.4. Oakropbl 3aBLIIIEHHOCTH T'1, T9, T3 U OLEHKAa A ¢ JIOBEPUTEIbHBIM
unTepBaioM [Aq; Ag].

HO coBMecTHbIMU. Ha mpakTuke 4acTo MPUMEHSAIOTCH CEA3HDIE CeMEUCMEa aJTOPUTMOB,
B KOTOPBIX JIJIsI KaXKJI0ro ajropurma a € A Haiigyrest apyrue ajroput™bl o' € A Takue,
9TO BEKTOPBI OMUOOK @ U @ OTJIMIAIOTCsT TOJBKO Ha ojHoM obbekTe [99]. Ceasuble ce-
MeCTBa TOPOXKJIAIOTCS, B YaCTHOCTHU, METOJIAMU KJIaCCH(MUKAIINN C HEIPEPLIBHOI 110 T1a-
pamMeTpaMm pasJiessionieil moBepxuocTbio. K HuUM OoTHOCATCH JIMHEHHbIEe KIacCH(DPUKATOPHI,
MalllMHbI OIIOPHBIX BEKTOPOB C HEIIPEPBIBHBIMHU $IJIpaMU, HEIPOHHBIE CETU C HEIIPEPbIBHbI-
MU (PYHKIIUAMU aKTUBAIUU, PEIIaloNniie JePeBbs ¢ MOPOTOBBIMU YCJIOBUSIMU BETBJICHUS,
u MHorue japyrue. Takum oOpa3oMm, HEPABEHCTBO DByiis cuiibHee BCero 3aBbINIEHO KaK Pa3
B HanOOJiee MHTEPECHBIX C MPAKTUYECKON TOUKM 3PEHUS CJIydasix.

DakKTOp 73 OINEHUBAECT COBOKYIHYIO 3aBBINIEHHOCTH, BO3HUKAIONIYIO B PE3YJILTATE
MaKCUMU3AIMN (DYHKIIUUA TUIIEPTEOMETPUYIECKOTO PACIIPE/IE/IEHUS 10 1M U UCIIOJIb30BAHUA
€ro KCIIOHEHIIUAJIbHON allllPOKCUMAIINH.

Pe3ynbTtathl 1 BbiBOAbl. Pesynbrars npejcrasiens B Taduie 6.4. [lockonbKy jorn-
YecKne 3aKOHOMEPHOCTH CTPOATC OTJEIbHO 10 KJlaccaM, KaK/I0i 3a/i1ade COOTBETCTBYET
JIBe CTPOKU TabJuiibl (110 4uc/ty KiaaccoB). OCHOBHBIE BBIBOJIBI CJIELYOIITE.

1. DkcnepumvenTanbabie 3Hadenus DJIKP mveror mopsamox 10°...102%, Torma xak
dbyuxmus pocra Haxoautes B mpepenax 10%...10Y 1o ectr VC-oreHKH 3aBBLIMIEHBI
Ha HECKOJIBKO TTOPSJIKOB.

2. Hawuboustee cytecTBeHHBI (PaKTOPBI 3aBBIIEHHOCTH 71 U Ty, CBA3aHHBIE ¢ 3 dek-
TaMU paccjoeHns u cBa3HOCTU. PaKTOp T3 HAMMeEHee CYIeCTBEHEH.

3. Omnenka DJIKP mpakrtudeckn HIKOT/Ia HE MPEBBIIAET JTUHY BBIOOPKU. JTO O3HA-
AT, UTO €CJIM OBl MBI 3aX0TEJIHU OIPE/IETUTD MOHATHE IPPeKMueHoTl LOKANHOT EMKOCTIU,
TO OHa He TPEeBBIIIaIa Obl eJMHUIIBI, TO €CTh ObLIa Obl BBIpOXKieHA. OTCI0/Ia BOSHUKAIOT
COMHEHUSI B COCTOSTETLHOCTH U ITOJIE3HOCTU MOHATUS EMKOCTH JIJIst OIEHOK IePeodyIeHus .



§6.3 Pa3HoBMAHOCTN MUHUMM3ALUN SMNNPUYHECKOTO PUCKa

Bynem nonarats, 9To A — KOHEYHOE MHOXKECTBO, U BCE AJITOPUTMbI UMEIOT MTOTIAPHO
pasyimgHble BeKTOPbI omnbok. O6o3uaanm depes A(X) MHOXKECTBO aJrOpUTMOB C MUHU-
MaJIbHBIM YHCJIOM OIMUOOK Ha oOydarorieil Bbibopke X :

AX) = Arggleigln(a, X). (6.1)

Onpenenenne 6.1. Meros oOyueHHST |I HA3BIBACTCS MUHUMUIAUUET IMNUPUYECKO20
pucka, MOP (empirical risk minimization, ERM), econ uX € A(X) npu eex X € [X]*.

Ecian muo)kectBo A(X) comep:kur Gojiee OJHOTO 3JI€MEHTa, TO BO3HHUKAET MPOOIIe-
Ma HEOJHO3HAYHOCTH BbIOOpa ajropuTMa. PaccMoTpuM cHadasa JiBa KpailHUX ciydas —

KOTJIa BBIOMPAETCS HAMTY i nn Hauxyammii aaropur™ u3 A(X).

Onpenenenne 6.2. Meros MEHIMH3AINE SMIIPATIECKOTO PHCKA [ HA3BIBACTCS ONIMAU-
mucmusmoim, ec pX = arg min n(a, X).

acA(X)
Onpenenenne 6.3. Meros MEHIMH3AINE SMIIIPAIECKOIO DHCKA [i HA3BIBACTCS NECCU-

mucmusmom, ec pX = arg max n(a, X).
acA(X)

Onrumucruunas u neccuMmuctunanas MOP na mpakTuke He peasm3yeMbl, TaK Kak
KOHTPOJILHYIO BBIGOPKY X HEBO3MOXKHO 3HATL Ha, dTale oOydeHns. TeopeTHdecKd OHH
UHTEPECHBI TEM, YTO JIAI0T HUXKHIOIO M BEPXHIOID OIEHKU BEPOATHOCTU TIEPEOOYICHUS.
[Ipu r00BIX APYTUX CrIOCOOAX pa3pernteHns HeoJHO3HATHOCTH B MeToie MIP BeposTHOCTH
nepeoOyvenns: OyJIeT rapaHTUPOBAHHO 3aKaTa MEXKJIy STHUMU JIBYMS OIEHKAMH.

Teopema 6.1. Ilyctb fiy;, — omrumuctudabiii MOP, piy.. — meccumuctuaabrii MOP.
Torma rst 10608t Beibopku X 1 106010 MeTo/[a MUHUMHU3AIIMH SMITHPHIECKOTO DHCKA [

Qe(Mmin;X) < Qa(:u’a X) < Qe(umaxa X)

Haubosee npakTuaHbIM MPEJCTABIAECTCS CIIOCOO pa3pelrennsi HeOTHO3HATHOCTH, OC-
HOBAHHBII Ha cIyvaiiHoM BeIOOpe ajropurMa u3 MHoxkectBa A(X).

Onpenenenne 6.4. Meros MUHHMHI3AIIH SMIITIPIIECKOTO PHCKA (I HA3BIBAETCH PaHdo-
MUBUPOBAHHBIM, €CJIH X — TO MPOU3BOJILHBIH aJrOPUTM, BRIODAHHBIH CJIydaliHO U paB-
HOBEPOSITHO W3 KOHEYHOro MHOXKecTBa ajaropurmos A(X).

Pangomuzanust craHOBUTCSI BTOPBIM HE3aBUCHMBIM HUCTOYHUKOM CJIYIAHOCTH B 3a-
Jlade CTaTUCTHIeCKoro obydenumsi. Keim panee mpejnosiarajgoch, 9TO CIy9IaifHO TOJBKO
pasbuenne X LI X, To Temeph cIydaeH Takze n BRIOOD ajropuTMa a u3 MHoxkectsa A(X).
CooTBeTCTBYIOIIIM 00pa30M U3MEHSETCsI U OIPeIe/IeHNe BEPOSITHOCTU TIepeoly IeH s :

Q. = Em > e, X) —v(a, X) =<l (6.2)
acA(X)



AnroputMm 6.1. Berancienne sMIupUIecKnx OIMEHOK BEPOATHOCTH MEPEODYIeHNUS.

Bxon: marpura ommbok A = {ay,...,ap}; auciao pasduenuii N; mopor &;
Bpixon: BepxH:Af OIeHKA ()., HIDKHAA OIEHKA ().

Q. :=0; Q.:=0;
2: st Beex pasomennit X, UX, =X, n=1,...,N
30 A(X,) = Argminv(a, X,);

acA

4. a:=argmaxv(a, X,); Q.:= Q.+ [ (@, Xn) > }v
a€A(Xn)
5. a:=argminv(a, X,); Q.:= Q.+ [ (a, Xy) = 5]3

a€A(Xn)

6: BepHYTB -, Q..

BoubImmHeTBO MOJTyIaeMbIX Jajiee OIeHOK OCHOBAHbI Ha meccumucTuanoit MOP. Dke-
[IEPUMEHTHI TOKa3bIBAIOT, YTO 3aBBIIMIEHHOCTb OIEHOK IeccuMucTudnoii MOP Heesmka,
MIPUYIEM ONITUMUCTUYIHbBIE, IECCUMUCTUIHBIE U PAHIOMU3UPOBAHHBIE OIEHKH, KaK ITPABUIIO,
PUOINZKAIOTCS JIPYT K JIPYTY € POCTOM JIJIMHBI BHIOOPKHU L.

§6.4 Dmnupuyeckoe oueHMBaHNE BEPOSITHOCTN nepeobyyveHuns

OO6BITHO MATPHUIA OMTHOOK TOPOKIAETCST MHOZKECTBOM aropuTMoB A 1 BEIOOPKOiT X.
O/mHaKo U 9KCIEPUMEHTOB ¢ Hepeo0ydeHneM eé MOXKHO 3a/laBaTh M HEIOCPEJICTBEHHO,
KakK OmHapHyo MaTpuitly pa3mepa L x D. Takne «MCKyCCTBEHHbIE» MHOYKECTBA aJI'OPUTMOB
OyeM Ha3bIBATH ModeabHuMU cemeticmeamu. Vness B ToM, 9TOOBI, BapbUPys MaTPUILYy
oImuOOK, MUCCJIE/IOBATH 3aBUCUMOCTD MEPeodyUeHns OT pa3IndHbIX e€ cBoiicTB. [Ipu sTom
BEPOATHOCTH TIePEOOYIEeHHs IPE/JIaraeTcs OINEHNBATD SMIIMPUIECKU — IO ITOIMHOXKECTBY
pasbuennil TenepasbHoil BEICOpKH X = X, U X, n=1,...,N:

. . 1 X
Q:(1,X) = P[6(puX, X) > ¢] =NZ (X, X)) > €],

e 0(a, X) = v(a, X) —v(a, X) — nepeobydaentocts anroputma a pu pasouenun X LI X .
B wactaoctn, B memode Mowme-Kapao pasbuennsi BHIOHPAIOTCS CIIydaifHBIM 0Opa3oM.
Hucsmo pasbmennit N MOKHO 6paTh OT HECKOJIBKHX COTEH JIO JIECATKOB THICSAT — €M
6oJIbIIIe, TEM BbIIE TOYHOCTD OIEHKH.

Asropur™ 6.1 BLIMHC/IAET JIBE ONEHKH BEPOSTHOCTH Tiepeobytenns: BepxHas Q. co-
orBercTByer meccuMucTudHoii MOP, HinkHA (). — ONTHMHCTUYHON. AJITOPHTM COCTOHT
U3 JIByX BJIOXKEHHBIX IUKJ/IOB: BHEIIHUI 1epebupaer pasOueHns, BHYTPEHHUT BBIONPAET
u3 A JBa ajroputMa, MEHIMU3UPYOMINX SMIMPUIECKUl PUCK DU JAHHOM pa3OHeHnn —
IIECCUMUCTUYHBIA G ¥ ONTUMUCTUIHBIA @.

[TomeHsIB MecTaMu JIBa BIIOKEHHBIX IUKJIa, oryanm Asroputm 6.2. On addexTusro
(3a Bpemst O(D)) crpouT rpaduk 3aBHCHMOCTH BEPOSITHOCTH MEPEOOyUeHHs OT HUHCIIa
nepBbIxX d aJaropuT™MoB B nojcemeiicrse {ay,...,aq}. Ilpeamnonaraercs, 4ro ajropuTMel
YIOPSIZIOUEHBI 110 BO3pACTaHuio ducia ommbok, n(ar, X) < ... < n(ap, X).
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AnroputMm 6.2. 9ddexkTuBHOE TTOCTPOEHNE IPADUKOB 3aBUCHMOCTH BEPOSITHOCTH TIepe-
obyuenns: o1 yncyia d NepBbIX aaropuT™MoB B cemeiicrse {ay, ..., ap}.

Bxoa: marpuna ommbok A = {ay,...,ap}; aucno pasduenuii N; mopor &;
Boixon;: Bepxuss onenka Q). (d) u nmxuss onenka Q. (d) mist noavuokectsa {ay, . . ., aq}-.

1: crenepupoBaTh u 3adukcupoBarb N pasOueHuit:
X, uX,=X, n=1,...,N,
2: aJITOPUTM, BBIOPAHHBIH IIPU N-M pa30MeHNH IIeCCUMUCTUIHON 1 onTuMucTruIHOi MIOP:

Qp, Qp :=ay, n=1,..., N,
N
3 Q.(1), Q.(1) := % 1[5(a1,Xn) > 5];
4: nag Bcex d = 2, ni, D
5. gJst Bcexn:=1,..., N
6: ecim n(aq, X,) < n(a,, X,) mm
n(ag, X,) = n(an, X,) u nlaq, X,) > n(a,, X,,) To
7 Qa(d) = Qe(d - 1) - % [5(dn>Xn) > 5} + % [5(ad>Xn) = 5]7
a, = ag;
8 ecim n(aq, X,) < n(a,, X,) nm
n(ag, X,) = n(an, X,) n n(aq, X,,) < n(an, X,,) T0
9 Qe(d) = Qe(d - 1) - % [5((_1717Xn) > 5} + % [5(ad>Xn) = 5];
Ay = ag;

§6.5 CgoiicTBa paccsioeHus n CBA3HOCTU

CsoiicTBo paccnoenus. Caoem m ceMeiicTBa aJropuTMOB A Ha3bIBAETCS MHOYKECTBO
A ={a € A: n(a,X) =m},

rje m npuanMaet 3uadenns 0, ..., L. MuoxectBo A pasbuBaeTcst Ha HelepeceKaroIecst

noaMHOXKecTBa — ciaon, A = Ag U --- LU Ap.

CsoiicTBo cBaA3HOCTU. Ompese/inM pacCTOTHIE MEXKJTy aJrOPUTMAMU KaK PacCmosHUE
Xommurea MeKLy UX BEKTOpaMU OITHOOK:

L
/ / /
p(a7a’):§ :‘[<aaxi)_[(aaxi)7 VG,GEA.
i=1
Onpepenenne 6.5. Koneunas nocienoBarenbHocts agaropurmoB A = {ay, . ..,ap} Ha-
3BIBACTCS UENvI0 an20pummos, eca plaq—1,aq) = 1 s Beex d = 1,..., D.

Onpegenenne 6.6. MHoxkecTBO anmropuTMoB A HA3BIBAETCST C8A3HbIM, €CJIH JIJIST JTFOOBIX
a,a’ € A B HEM cyllecTByeT Lellb a4 = dg, Ay, . ..,0p = a’.

Hannoe onpenesrenne 661710 1aHO B [99], 1 Tam »Ke ObLTa MOJIyYeHa OIEHKA BEPOSTHO-
CTH TIepeodydeHnsI, YINThIBAOIIast CBA3HOCTh. OHA OKa3aJiach IPUMEPHO TOTO YK€ IOPSII-
Ka 3aBbllieHHOCTH, 9T0 1 VC-OIeHKHN, 1 IIPO UJIEK0 CBA3HOCTH HAI0JIr0 3a0bLin. Kak Mbl



YBUIUM J1aJiee, JIJjid YMEHbIIICHN A Hep€O6y‘{€HI/IH Ba2KHO HE CTOJIBKO CYyII€eCTBOBaHHE HyTefI,
CKOJIBKO yBeJIMYE€HNEe Cpe,ZLHefI cmenenu ceazrnocmu. CrerneHb CBA3HOCTH aJICOpUTMa — ITO
YUCJIO aJITOPUTMOB B ceMelicTBe Ha CAMHUYIHOM PaCCTOAHHUN OT JaHHOI'O.

HEKOTopre pa3HOBUOHOCTHU u,ene|7| anropnTmos.

Onpepenienne 6.7. Ilenr A = {ag, ...,ap} HasbIBaAETCS Npamot, ecim p(ag, ap) = D.

B npsimoii 1ienin Bce 00beKTHI &g, HA KOTOPBIX PA3JIMIAIOTCA JIBA COCEIHIX aJrOPUTMA,
I(ag_1,2q) # I(ag,x4), monapro paznuanel. ducao takux o0bekToB pasHo D. Orcroia
cejlyeT orpaHudeHue Ha JUmmHY npsamoit menm: D < L. Jlobas mojroc/ieioBaTe/IbHOCTh

MPAMOM TETU Ay . . ., Ay, 0 < u < v < D, TaKXKe ABJIAETCH TPAMOI TEIBIO.
Onpepesienne 6.8. Ilpsvast rens ajaropurvoB A = {ag,...,ap} Ha3bIBAETCS MOHO-
monnot, ecm n(aq, X) = m + d gt Bcex d = 0,..., D, npu mekoropom m > 0. Auro-

PHTM Qg Ha3bIBA€TCA AYHUUM 6 UENU.

B monoronnoit netn I(ag_1,x;) < I(aq, z;) msg seex z; € X, d=1,...,D.

Monoronnag nenp siBjisiercst mpsimoit. Orciofia ciemyer orpanndenne D < L —m.

[lens aropuTMOB MOXKET IMOPOKIATHCS, B YACTHOCTH, OJIHOIIADAMETPUIECKUM CeMeii-
CTBOM KJIACCU(PUKATOPOB € HEIPEPBIBHON 10 IapaMeTpy JUCKPUMUHAHTHON (DyHKIIIEId.
Mownoronnas 1ernb 0ob6pa3yercs, KOrja 3HadeHue rmapamMerpa U3MeHdeTCs TakK, 9TO YUCTIO
ommbOK Ha IMOJTHOM BBIOOPKE MOHOTOHHO He yObiBaeT. MoOHOTOHHAs IElb — 3TO OJIHO U3
[IPOCTEMINUX MOJIEJIBHBIX CEMEeNCTB, 00JIaaloNniee CBONCTBAMU PACCAOEHUSA T CEAZHOCTNU.

IIpumep 6.1. Ilycrs A — ceMefCTBO AUHEUHBIT GAOPUMMOS KAACCUPUKAUUU — TTAPa-
merpuueckux orobpaxkenuii uz X =R 8 Y = {—1,+1} Buga

a(x,w) =sign (viwy + - - -+ Twy,), = (r1,...,2,) € R",

rje mapamerp w € R™ — HampaBisiomuii BeKTOP T'MIEPIIOCKOCTH, Pa3/IeJIsIoneli mpo-
crpancTBo R™ Ha jiBa mosynpocrpancrsa — kKjaaccbl —1 u +1. [lycrs dynknus morepb
mveer Bug I(a,z) = [a(z,w) # y(z)], tae y(z) —ncrunnas knaccnduxammus o6bek-
Ta T, 1 MHOXKECTBO OOBEKTOB X JIMHEHHO Pa3/e/nMo, T.e. CyIecTByeT BeKTop w* € R™,
Ipu KOTOPOM ajroput™ a(x,w*) me joryckaer omubok Ha X. Torga MHOXKECTBO ajro-
purmo As = {a(z,w* + t§): t € [0,+00)} NOPOKIAET MOHOTOHHYIO IEIb NPH JIHOGOM
d € R™, 3a uckiodeHneM, OBbITH MOXKET, HEKOTOPOTO KOHEYHOIO MHOXKECTBA BEKTODOB.
[Ipu sTom m = 0 B cuity JIMHEHHON Pa3/IeTMMOCTH.

IIpumep 6.2. Ilycte A — cemeiicTBO nopozoswir pewarowur npasun (decision stump)
Buta a(z,0) = [f(z) > 6], te f: X — R — emecrsennblii upusnak, § € R — snauenue
nopora. Ecim Bce 3HadeHnsi npu3Haka Ha MOJIHOM BbIOOpKe f(7;), @ = 1,..., L monap-
HO Da3JIMYHBI, TO ceMeicTBo A siBigercs Tnenbio. Ecmm cymectByer mopor 6, npu Ko-
TopoM BbIOOpKa X pasfengercs npaBuiom a(z,0*) 6e3 ommboK, TO MHOKECTBA MOPOIOB
{0:0 >0} u{0: 0 < 6"} nopoxkaaroT JiBe MOHOTOHHBIE TIEIN C OOIIM JIYIIITHM aJIlOPUT-
MOM, BMecTe 06pas3yIolye YHUMO0aAbHYI0 4enb, CM. CTp. 92.
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Puc. 6.1. Basucumocts v(ag, X) or HoMepa ajroputma d B IEIH CIyYaiiHbIX MHBEpCuii
¢ paccioenneM (ciesa) u 6e3 paccioenus (cupasa), npu ¢ = k = 100, m = 10.

CewmeiicTBa MTOPOTOBBIX PEIIAIOININX TPABUII MTUPOKO UCIIOIB3YIOTCA B MAITUHHOM 00Y-
YEeHUU: B KAUECTBE 9JIEMEHTAPHBIX KOHBIOHKTOB JIOTMYECKUX 3aKoHOMepHocTel [114, 118],
B KAQueCcTBe YCJIOBUIl BETBJIEHUsI B PEIIAIOIINX jlepeBbax [67, 10|, B kauecTBe 6a30BBIX KJlac-
cnduKaTOPOB B KOMITO3UIMsX Trlia Gyctuara [96, 56].

§6.6 DkcnepuMeHT C 4eTbipbMs MOAEJ/SIbHbIMU CeEMeNCcTBaMmn

[less sKcHiepuMeHnTa — BBIICHUTH, KaK PAaCCIOCHHE M CBA3HOCTD BJIMAIOT Ha Tepe-
oOydenne, Kakoil 3 JBYX 3(hdEKTOB BaKHee WM Ke BayKHO ux coderanue. s sToro
CTPOSATCS YeThIPe MOJIEJIbHBIX CEMENCTBA ¢ MATpPHIleil omuboK paszmepa L X D u ojuHaKO-
BBIM JIYUIIUM aJTOPUTMOM @, KOTOPBIH JIOIYCKAeT 1M OIMUOOK Ha MOJIHOM BHIOOPKE.

1. Ienv cayuatinwr uneepcuti ¢ paccaoenuem. Kaxkblii caeIyIonuii BeKTOp OIu-
OOK @y TIOJIydaeTCsd U3 IPEeIbIIYIIero ag_1 IIyTEM UHBEPCUM OJIHOW CJIyYaitHO BHIOpaHHOI
koopyuHaThl. Ecinu menb jgocrarodyno jyimuHasg, D > L, TO GOJBITUHCTBO aJrOPUTMOB
6y/IyT gommycKarh okosio L/2 omubok, puc. 6.1.

2. Ienw cayuatinvx unsepcuti 6e3 paccaoenus. Kaxkpiit BEKTOP OommbOK a4 MoJIyda-
€TCsl U3 (41 TaKKe IIyTEM OJIHON CIydailHON MHBEPCHH, HO IIPU HEYETHBIX d IPOU3BOIATC
ToJIbKO nHBepcuu 0 — 1, a npu uérabix d — Tosibko 1 — 0. B pesyibrare yncio ommbok
AJICOPUTMOB Ha TIOJIHOI BBIOOPKE TTOOYEPETHO NIPUHUMAET 3Hadenusd m u m + 1, puc. 6.1.

3. He-uenwv ¢ paccaoeruem CTPOUTCS TIO TENN C PACCTOEHUEM IIyTEM CJTyYaifHOTO ITe-
peMeNuBaHus HYJIE€H U €JIMHUI B KaKJIOM BEKTOP-CTOJIOIE MATPHUIIBI OMUOOK Gg. HacToThI
ommubOK AJrOPUTMOB V(ag, X) TIPU 9TOM HE U3MEHSIIOTCsI, HO BCE aJITOPUTMbl CTAHOBATCS
CYTIECTBEHHO Pa3JIMIHBIMU.

4. He-uenw 6e3 paccaoenus CTPOUTCH 1O TeH 0e3 PACCIOeHUs] aHAJIOTUIHO.

Bwmecro neneit cydaiiHbIXx MHBEPCHIT MOYKHO OBLJIO ObI B3ATH MPAMBIE TEIH, B YaCT-
HOCTH, MOHOMOHHYI Uenb BMECTO el CIyYailHbIX MWHBEPCUH ¢ paccjoeHueM, puc.6.2.
O 1HaKO WX MCIOJIB30BaHUE HAKJIAJIBIBAET OTPpAHUYEHHE Ha IUC/I0 ajroputMoB D < L.
Henb ciygaitHbIXx WHBEpPCHUil TpejcTaBiisgercs 00jiee PeaJMCTUIHON MOJIEJILIO OJTHOIapa-
MeTPUYECKOI0 ceMeiicTBa aJropuTMOB.



C pacCJIOEHNEM 0e3 paccjIoOCHUA

IeIb

He-11elTb

Puc. 6.2. Ilpumep marpur ommbOK YETHIPEX MOJIEILHBIX CEMEHCTB, KOTJa BMECTO

nerneit cjryvaiiHbIX HHBEepCuilt 0epyTCs IPAMbIE TICIH.

CormocraB/ieHne 9eTbIPEX MOJE/IBHBIX CeMENCTB TO3BOJISEeT Pa3/ebHO OIEHUTH BJIU-
SIHUE CBA3HOCU U PACCAOEHUA HA BEPOATHOCTH I1epeoly IeHMUsl.

Ha puc. 6.3 u puc. 6.4 nokazanbl 3aBUCKMOCTH BEPOSATHOCTH 1tepeolydenns (). OT 4uc-
J1a anroputMoB D jijtst 4eThIpéx cemericts, ipu £ = k = 100, € = 0.05, m = 10 u m = 50.
Ynco paszbuennii B Metone Monte-Kapio N = 10%. Venosnble o6o3nadenns na rpadu-
kax: +LU —mens, —L| — ne-tienib, +P — ¢ paccioennem, —P — 6e3 pacciioenmusi.

[Tokazanbl Takzke rpacdukn 3apucumoctu DJIKP — sgpexmusrozo aokarvrozo xoagp-
Puyuernma pasnoodbpasus A ot uncra asiroputMoB D. B nannowm ciryuae 9JIKP ornpenens-
eTcs KaK OTHOIIEHHe BEPOSITHOCTH Tepeobydenus cemeiicTsa {ay, ..., ap} K BEPOATHOCTH
nepeobydeHnst OIHOIIEMEHTHOTO TIojiceMeiicTBa {ag}:

e]

>
P[6(ag, X) > ¢

A _ Pl(X.X)

OcHoBHble BbIBOAbI.

1. s cemeiicTB 6€3 pACC/IOEHUs U CBA3HOCTH MIePeOdyUeHre MOXKET OKAa3aThCs 3Ha-
YUTEJILHBIM y2Ke [PU HECKOJIbKUX JIECATKAX aJrOPUTMOB B ceMeicTBe.

2. Ilpu 6osbmux D TOJIBKO OJJHOBPEMEHHOE HAJIUYINE PACC/IOCHUS U CBSI3HOCTHU TI03BO-
ngeT n3bekaTh CHIBLHOTO MepeodydeHns (HuKHIe KpuBble Ha rpadukax). Takumm obpasom,
BayKHO MMEHHO COYETAHWE CBOWCTB PACC/IOEHUs U CBA3ZHOCTH.

3. CBsI3HOCTB CHEZKAET TeMII pocTa 3aBucuMoctu Q. (D).

4. Paccroenne MOHNKAET yPOBEHb MOPU30HTAJIBHON acUMITOTH (D), mpuduém Tem
cUJIbHee, YeM Jierde 3aJiada, TO €CTh YeM MEHbBINe YUCJIO OIMUOOK JIydIero ajropurMa,
9TO BUJIHO U3 cpaBHeHUd puc. 6.3 u 6.4.

5. Ilpu mHaymamm paccioeHusd BEPOATHOCTb BbIOpATh B pe3y/bTare OOYUEHHUS asiro-
PUTM M3 BEPXHUX CJIOEB OBICTPO MAJIaeT ¢ POCTOM HOMEPA CJIOS.

6. Basucumoctu Q. (D) u A(D) UMEIOT TOPU30HTAJILHYIO acCUMITOTY. B TO yKe Bpems,
VC-onenka snuneiina mo D, Ha rpadukax DJIKP eii coorBercrByeT mnpsimast A(D) =D.
VC-orenka 6/iM3Ka K TOYHOW TOJBKO JIJI He-TIeNeil U TOJIBKO MpU MaJbiXx [); B JAHHOM
skcrepuMenTe —1pu D < 10; nmpu D nopsika 20 oHa y2Ke MPEeBOCXOIUT €JINHUILY.
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nepeobyuenus Q. u DJIKP A ot wmc- nepeobyuenus Q. u DJIKP A ot wmc-
na aaroputmoB D. Ilpocrtas 3amada: sia anropurmos D. Tpynnas 3amaqa:
v(ag, X) = 0.05. v(agp, X) = 0.25.
Pesiome

DKCIEPUMEHTHI TOKA3BIBAIOT, UTO CEMEHCTBA C PACCAOCHUEM T CEAZHOCMBIO CYIIEe-
CTBEHHO MeHbIIe epeodydarorcea. Onenkn Bamanka—YepBoHeHKIICA NTHOPUPYIOT 008 9TH
CBOWCTBA, UYTO U ABJIAETCH OCHOBHOI MPUYMHON UX 3aBBIIMEHHOCTH.

Modeavhoie cemeticmasa, 3a1aBaeMble HEITOCPEICTBEHHO MATPUIIAMU OIMTUOOK, VI0OHBI
Kak JIJIsi SMIIIPUIECKOTO ucc/enoBanust 3pdeKToB paccjaoeHus U CBSI3HOCTH, TaK U JIJIsi
OTPabOTKM aHAJIUTUIECKUX METOJIOB OIEHMBAHUA BEPOATHOCTHU I1€PEe00YIeHUs.

Moromonnas uensv arzopummos — 3TO MPOCTeliTee MOJAETHHOE CEMEICTBO ¢ PaCC/IO-
eHUeM U CBA3HOCTHIO. MOHOTOHHBIE IENN MOI'YT TOPOXKIATHCS OJHOIAPAMETPUICCKUMM
ceMeficTBaMU ¥ MOYTH He 1epeodydaroTcs, UTO CJIYXKHUT KOCBEHHBIM ODOCHOBAHUEM ITPHU-

MEHEHHA METOJ0B OLLHONIGpHOﬁ OIITUMUIAIINN B MaIlIMHHOM O6y‘{eHI/H/I.

B cnepytoweii nekumm Mbl OJIyIUM TOYHBIE OTIEHKU BEPOATHOCTH TIEPEOOYIEHUS JIJIst
HEKOTOPBIX MOJEJIbHBIX ceMeiicTB. Kark/iasi Takasi OoleHKa — 9TO 3ajiada Ha CMEKaJIKY,
pelenne KOTopoii onmpaeTcs Ha crernuduaeckrne ocobeHHOCTH ceMmeiicTBa. B manbHeiiem
MBI Oy/IeM UCKaTh ODOOIIEHUsT STUX OIEHOK, IIPUMEHUMbIE K PeaibHbIM ceMeiicTBaM.



Ynpa>kHeHust

Bamaua 6.1 (1). [lokazars Teopemy 6.1.

Bamaua 6.2 (1). [lokasars, uro nenb amropurmo A = {ag,...,ap} ABageTCS TPAMOIL

TOI'Ja 1 TOJIBKO TOI'la, KOI'Zla BCE 00 BEKTHI T4, Ha KOTOPbLIX Pa3/IMYal0OTCA JIBa COCEITHUX

asropur™a, I (ag4-1,2q) # (a4, T4), TOIAPHO PABIUIHEL.

Bamaua 6.3 (2). [lokasars yreepxenue u3 [Ipumepa 6.1.

lNpakTunkym

B npakTutaeckom 3aIlaHIN MIpe/jIaraeTcsi peajm3oBarb Aaroputm 6.2 1 NCIO/Ib30BaTh

€ro JJid IIPpOBEPKU TEOPETUYICCKUX OICHOK M MCCJIeJJOBaHUA HOBBLIX CeMeCTB.

Bamaua 6.4 (5). Hammcars mporpammy, TO3BOJISIONLYIO:

reHepUpOBaTh MOJIebHbIe cemeiicTBa ajroputmoB A = {ay,...,ap} B Buje OGuHap-
HOPT MaTpUIBl OMMO0K pasmepa L X D (B MaTpurie ommboK He JIOJKHO OBITH O/TH-
HAKOBBIX BEKTOPOB OIMIMOOK ); JIETKO 3aMEHSTh M€HEPATOPbI JTAHHBIX;

BbBIIUCJIATH TOYHBIC BEPXHHE WM HHUXKHUE OICHKHN BEPOATHOCTU Hep606yq€HI/IH, ecJIi

COOTBETCTBYIOININE (POPMYJIbI H3BECTHDI;

BBIYUCIATE MeTogoM Monte-Kapiio, T.e. mo N ciydaitHbIM pa3OneHusiM:

— BEPXHIOI ONEHKY (. JIJIsT TIECCHMUCTHIHOTO [lyee (Xy/UINMI U3 JIyHITIHX);

— HIZKHIOIO OIEHKY () JIIsl OINTUMUCTHIHOTO floyy (JIYIIN{ U3 JIyTIINX);

— CPE/IHIOIO OIIEHKY QE JUIsT PAHJIOMU3HPOBAHHOLO [lpay (CIIyHaifHBIH U3 JIydIINX);
— OIIEHKY @5 BEPOSITHOCTH PABHOMEPHOIO OTKJIOHeHUs dacToT (5.1);

CTPOUTH IpadUKU, OTKJIAJILIBas 0 OCH X YUC/IO HEePBbIX d ajroputMoB (6o, Kak
BapUaHT, HOMEp CJIOS M), 1O OCH Y:

— sMmmmupudeckue onekn Q., Q. Q., Q. JuIst OAMHOKECTBA A(d) =A{aq,...,aq};
— rounble 3HaueHnsa Qc, Q- Q.. Q. JUIst IOJIMHOKECTBA A(d) (ecsm u3BecTHBI);
ecJin 110 ocu X OTKJIaJbIBAETCS 11, TO 10 OCH Y JIONOJHUTEJIBHO OTKJIAIbIBATh:

— YUCJIO aJITOPUTMOB B 1-M CJIOE;

I

— J10J1s pa30ueHnil, Ha KOTOPBIX N figec X, X) = m
— JI0J1s1 pa3bueHuii, Ha KOTOPBIX N flonr X, X) = m;

crpouTh rpaduKi, B KOTOPBIX 110 OCH Y OTKJIQJIBIBAIOTCS TOUHBIE (€CJIU U3BECTHHI)
1 sMIprdeckue snadennst Q., Q., Q.,Q., 1o ocu X:

— YHUCJIO OMUOOK JIYUIIero ajaropuTMa m;

— nyimHa o0ydenus {, Ipu OJITHOBPEMEHHOM pPOCTe JJIMHBI KOHTpossd ¢ = k;

— nyimHa o0ydenus ¢ npu PpUKCUPOBAHHOI JIJIMHE KOHTPOJIA K;

— JJINHA KOHTPOJIst k 1pu PpUKCUPOBAHHOI JiyinHe o0y4enus /.



Crenyromas cepust 3aJ1ad HalpaB/ieHa Ha 9KCIIEPUMEHTAJbHYI0 TPOBEPKY OIEHOK
U nccaefoBanne 3aBucuMocteil ()., Qq, (-, (). OT mapaMeTPOB MOJEJIBLHOIO CeMeCTBA.

Bamaua 6.5 (3). Monoronnas rens ¢ napamerpamu m u D.

Bamaua 6.6 (3). Vwumodasvnas uens ¢ mapamerpamu m u D — upsMasi Ielb aaro-
purmoB A = {a_p,...,a_1,ap,a1,...,ap}, y KOTOpoii se6as 6emev {ag,a_1,...,a_p}
u npasas 6emev {ag, ai, . ..,ap} SABIAOTCI MOHOTOHHBIMU IEIISIMU.

Bamaua 6.7 (3). FEdunuuwnas okpecmuocms ¢ mapamerpamu m u D — MHOXKeCTBa aji-
roputrmoB A = {ag, ai,...,ap}, B Koropom n(ag, X) = m, aaropurmsl ag, d = 1,..., D
MMEIOT TIONAPHO PA3JIMIHbIe BEKTOPBI OMmuboK, n(aq, X) = m+ 1, p(aq, ag) = 1.

Bamaua 6.8 (3). Ilpoepurh rumoresy, YTO0 MOHOTOHHAs IElb U TElb CJOYYaiHBIX HH-
Bepcuit [108] mepeobyuarorcs mpakTHIecKn o nHAKOBO. CPaBHUTH, IIPEJICTABUB HA OJJHOM
rpaduke, TOUHbIE 3HAYCHUS QE JJIsi MOHOTOHHOM IIeIH, X SMIIMPUYECKUE OIICHKU U IMIIU-
pudecKue OleHKA Qa JIJIS TIeTT CTyIaiiHbIX MHBEPCU ITPU OJTMHAKOBBLIX M. Kak Mmendarorcs
pas3mausa MexKJry QE MOHOTOHHO IIENN 1 IENN CIyYaiiHbIX HHBepcuii ¢ pocroMm £ m m?

Bamaua 6.9 (3). Ilposepurh rumoresy, 9To BEPOATHOCTD MepeodyIeHrst YHIMOIAIbHOIT
cetr (npubIM3UTENBHO) B JiBa pa3a GoJIbIle, YeM y MOHOTOHHOI cetn. CpaBHUTH, MPEJi-
CTAaBUB HA OJHOM rpaduKe, TOUHbIE 3HAUCHUA (). ¥ UX IMIIMPUIECKNE OIEHKU I MOHO-

TOHHON W YHUMOJIaJIbHOMN Temeil Ipu ouHAKOBbIX L, £, m, €.

Bamaua 6.10 (3). IIpoepurhb runoresy, 9ro paspeskeHHOE MOJMHOXKECTBO MPAMOii 1ie-
1 1epeobydaercsd MpaKTUIeCKH Tak ¥Ke, Kak cama 1enb. CpaBHUTh, IPEJICTABUB Ha, OJ1-
HoM rpaduKe, SMIUPUIECKNe ONEeHKN (). IpsMoi et {dg, ..., ap} 1 eé ToIMHOKECTBA
{ag, ar, ag,as, ...} uput =1,... D.



7 MopenbHble cemelicTBa aJlIrOPNTMOB

Hanowmawm, 910 HAIITIM OCHOBHBIM OOHEKTOM UCCJIE/IOBAHUS SIBJIAETCS OMHAPHAS MaT-
puiia ommbok pazmepa L X D, nopoxpaemasi Boioopkoit X = {xy, ...,z } u MHO)KECTBOM
anaroputMoB A = {ay,...,ap} ¢ NOMAPHO PA3TMIHBIMU BEKTOPAMU OIMIUOOK.

Mer 6yj1em paccMaTpuBaTh ModeavHble CeMeUCmBea aA20PUMMOE, KOTOPBIE 38 Iaf0TCs
HEITOCPEJICTBEHHO CBOMMHK MaTpHIlaMu omubok. MojeabHoe ceMeiicTBO — 9TO UCKYCCTBEH-
HBIIl OOBEKT MCC/IEJIOBAHN, He CBA3AHHBIN ¢ KaKOW-11ub0 peasbHoil BbIOOpKOil. Ero mar-
puIia ommbOK OIIPEJIE/ISIeTCs ClelaaIbHbIM 00pa30oM U 00J1a/IaeT HEKOTOPOIl «PeryJIsspHoit
CTPYKTYPOIi», 4TO 00JIerdaeT BBIBOJI KOMOMHATOPHBIX OIEHOK BEPOSITHOCTH Iepeolyte-
nusd. [ HEKOTOPBIX MOJIEIBHBIX CEMENCTB YIAETCAd CTPOUTD ITPUMEPDLI MOPOKIAIONTNX
X BBIOOPOK, HO 9TU YaCTHBIE CJIydYad BECbMa dK30THIHBI. MaTpHIlbl OMUOOK pPeasbHvL
cemeticme, Kak MPABUJIO, He 00JIaJIal0T KAKOW-JInOO peryaspHOCThIO. TeM He MeHee, MO-
JleJIbHBIE CceMeiicTBa MPEeJICTaBIAIOT UHTEPEC 110 Py PUIHH.

Bo-1niepBbIX, Ha UX IpuUMepe TMOKa3aHa caMa BO3MOXKHOCTH MOJIyYEHUS MOYHbLT OTle-
HOK BeposiTHOCTH Trepeobydenusi. [lo pador [108, 20, 109] B Teopun craTncTuveckoro ooy-
JeHns He ObLIO M3BECTHO TOYHBIX OIEHOK 0OOOIIAIONIe CIIOCOOHOCTH.

Bo-BTOpbIX, MOJIE/IbHBIE CEMEHCTBA TTO3BOJISIOT UCCIIE/IOBATD BIUsAHIE 9P HEKTOB pac-
CJIOEHUS W CBA3HOCTH Ha BEPOSATHOCTH HEPeOOy IeHUS.

B-Tperbux, Ha MOJIEIBHBIX ceMeiicTBax yI00HO OTpadaThiBaTh MaTEMATHIECKUE TTPH-
€MBI, KOTOPBIE MOT'YT OKa3aThCS MOJIE3HBIMU JIJTs TIOJIYYeHUs OIEHOK 0oJiee OOIero Buia.

B-ueTBEPTHIX, HEKOTOPBIE MOJEIbHbIE ceMeiicTBa 00JIaIal0T TEMU K€ KJIIOUYEBBIMU
CBOICTBaMU, YTO M peasibHble — PACCJIOEHUEM, CBIA3HOCTBHIO U PA3MEPHOCTHIO, YTO ITO3BO-
JIleT allPOKCUMHUPOBATH peajibHble ceMeNCTBA MOJETbHBIMU U UCIIOJIb30BAThH MO/IE/IbHBIE
OIEHKH [IJTsi MUHUMU3AIUHN [IepeobydeHnst B peajibHbIX 3a/adax Kiaccudukarnun [16].

§7.1 Cnoii byneBsa kyba

Pacemorpum MHO)KecTBO A, cocrosinee u3 Bcex C]' aaropnTMoB, JOIYCKAIOIINX POB-
HO M OHmMOOK Ha IMOJHON BBIOOPKE X, U MMEIOIINX IONAPHO Pa3/IMYHbIe BEKTOPBI OIIIN-
6ok. [lockosibKy Bce BO3MOXKHBIE BEKTOPBI OMIMOOK 00pa3yioT OysiesB Kyd pasmepnocTtu L,
TO BEKTOPBI OIMIMOOK MHOXKeCTBa A —39T0 m-ii cjioit OyaeBa Kyoa.

Teopema 7.1. IlycTp |t — NpOU3BOJIBHBIH METOJ MHUHUMH3AIIMH SMIHPHIECKOIO DHUCKA,
A —m-ii cioii 6yesa kyb6a. Torma st moboro e € [0, 1]

Q. = [5k<m<L—€€}.

HokazareabctBo. CoracHo Teopeme 5.1, B ciydae OJHOIO CJIOS aJlOPUTMOB MHU-
HUMM3AISA SMIMPUIECKOIO PUCKa SKBUBAJEHTHA MPUHIIUAIY PABHOMEPHON CXOIUMOCTH.
CiieoBaTesIbHO,

Q.=P [max (v(a, X) —v(a, X)) > 5]~

acA
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Puc. 7.1. Marpuma omubok nnrepsasia Oyiesa Kyba npu L = 50, m =7, m; = 10.

Ecmm m < k, To MakCHMyM JOCTHraeTcs Ha TakoM ¢ € A, y KOTOPOro B KOHTPOJIb
HONAJIAIOT BCe M oumboK, a B obyuenne — au oxnoit. Torma v(a, X) =2, v(a,X) =0n
QezP[%—OES} =[m > ek| = [ek <m < k.

Ecim m > k, To makcumywm jrocTuUraeTcs Ha TakKoM @ € A, KOTOPBIH JOIMyCKaeT

OIMMMOKM Ha BCEX KOHTPOJIbHBIX 00bekTax. Torma
Q.- =P[l-"E>el=[m<L—cel]=[k<m<L-—el.
OObenHsIsT JIBA HECOBMECTHBIX cIydas m < k u m > k, mojsydaeM Tpedyemoe. [

BbiBoabl. BeposgrnocTs nepeodydenus cjiog pasaa jubo 0, mubdo 1. Pesynbrar TpuBnaib-
HBII U B OIIPEIEJIEHHOM CMBbICJIE€ OTPUIlATEIbHBIN, TeM He MeHee, OH IO3BOJIFET CJelaTh
HECKOJIBKO BazKHbBIX BBIBOJIOB.

Bo-11epBbIX, aIrOPUTMbI CAMBIX HUZKHUX CJIOEB, m < [ek], He BHOCAT BKJIAJ| B mepe-
oby1eHue.

Bo-BTOpbIX, HIKHUI CJI0iT ceMeiicTBa aJrOPUTMOB, COJEPXKAIIUN AJITOPUTMbBI C YHC-
JoM ommboK He MeHee [gk], He JIOJZKEH COJIEPKATH 6C€ Takue ajroputMmbl. He mmeer
cMBbIC/Ia TIPUMeHATh MeTo, MOP k cimikom GoraTbiM cemeiicTBaM aJropuTMOB.

§7.2 Wutepsan bynesa kKyba n ero paccnioeHune

[IpemookuM, 9TO BEKTOPBI OMIOOK BCEX aJrOPUTMOB W3 A TONMAPHO Pa3INIHbI
1 00pa3yroT MHTepBaJ paHra m B L-MepHOM OyJIeBOM KyOe. DTO O3HAYAET, YTO OObEKTHI
JIeJISITCS Ha TPU TPYIIBL 1M «BHYTPEHHUX» OOBEKTOB, HA KOTOPBIX HU OJINH U3 AJINO-
PUTMOB He JIOIYCKAeT OIIUOOK; 1My <ITyMOBBIX» OOBEKTOB, Ha KOTOPBHIX BCE AJITOPUTMbI
JIOIYCKAIOT OIIMOKM; U 1M <«IIOIPAHUYIHBIX» OOBEKTOB, Ha KOTOPBHIX peau3yrorcs Bce 2™
BapUAHTOB JIONYCTUTH OmuOKu. Ipyrux oobekToB HeT: mg + my + m = L. Ajnropurmbr
JIOIYCKAIOT OT My JI0 My + m ommbok. Hucno amropurmos B A pasuo 2. MaTepBa 0y-
JleBa Kyba obJiajlaeT cBoiicTBaMu paccioeHus u cBsasnoctu. Ha puc. 7.1 mokasaH mpumep
MaTPHILLI OITUOOK JIJIsT HHTEepBaJja OyseBa Kyba paHra m = 7.



PaceMoTpuM oaMHOKecTBO anroputmos A, C A, 06pasoBaHHOe HIKHEME t+ 1
closiMm MHTEpBasa OyineBa Kyba, A, = Apy U -+ U Apyig. DTO aJropuTMbl, JIOITyC-
Kamolme He Oojiee ¢ OMMOOK Ha IMOIPAHMYHBIX O0beKTaX. UMCI0 TaKUX aJI'OPUTMOB
|14N1t| =C% +CL +...+C! . Tlapamerp t MoxkeT npunnMath 3uadenus 0, ..., m. [put = 0
UMeeM eJIMHCTBEHHBI aJrOpuT™, IPU ¢ = M — MOJIHBI WHTEPBAJ PAHTa 1. DTO MOJIE/Ib-
HOE CeMefiCTBO MHTEPECHO TeM, UTO OHO IO3BOJISET MCCIEI0BATH 3aBUCUMOCTD BEPOSTHO-
ctu iepeodydeHus (). OT YNCIa HUKHUX CJIOEB.

Teopema 7.2. Ilyctb p — HOECCHMUCTHYIHBIE METOJ] MHHHUMH3AIHA SMITHPHIECKOTO
pHCKa, BOIOGHpatommii amropurybl 03 A, — HimkHix t+1 c10és nHTepBasa 6yesa Kyba ¢ m
MOrpaHUYHBIME U My IIyMOBbIMU obbekTamu. Torga jist jiioboro € € [0, 1] BepositHOCTD
11epeodyIeHHsT eCTh

m  mi s /s l—s—s1
S Can;IC o g, < L(my + min{t, m — s} — k)]

s=0 s1=0

HokazareabcTBo. O60o3naunM depes X, Xq, S COOTBETCTBEHHO MHOYKECTBA BCEX BHYT-
PEHHUX, IIYMOBBIX U IOIPAHUYHBIX O0BEKTOB; a 4Yepe3 Sy, S1, § COOTBETCTBEHHO — YHUCJIO
BHYTPEHHUX, NTyMOBBIX U IIOI'PAHUYHBIX OOBEKTOB, IMOMABIINX B 00YYAIONLYI0 BEIOOPKY X .
[TockoyibKy METOJI fi TECCUMUCTUYHBIN, OH Beerja OyJeT BhIOUpaTh u3 A, AJITOPUTM,
KOTOPBII He omubdaeTcd Ha BCeX OOyYAIONIUX IMMOIPAHUYHBIX OObEKTax, HO OIudAeTCs
Ha BCEX KOHTPOJIBHBIX MMOTPAHUIHBIX 00bekTax. [losromy
1 (my — s1) + min{t,m — s}
0’ k
Yuco pasouennit X LI X, pr kotopsix | Xo N X| = 5o, [ X1 N X| =351, [SNX]| = s,
pasno Cr0 CPl CF . CiiejloBaTe/lbHO, BEPOATHOCTH 11epeodyUeHns NpejiCTaBuMa B BUJIe

ZZZ mOCSI o (m1—31)+?in{t,m—8}_%>8

So= 081—08 0
so+s1+s=~

V(MX’X): V(:U’X>X):

Y100BI TOTYYNTh YTBEPXKIEHNE TEOPEMBI, JTOCTATOYHO BOCIIOIB30BATHCS COOTHOIIIE-
HUSIMI Mo + My +m = L u Sg + s1 + s = { u npeobpa3zoBaTh HEPABEHCTBO B KBAIPATHBIX
ckoOKax K Buity 51 < £(my + min{t,m — s} — k). ]

Nurepsas OyiieBa Kyba ABJISETCA PEJIKUM IPUMEPOM CeMeHCTBa, JIJisi KOTOPOro -
dekT pacciioenns He CrIOCOOCTBYET CHUYKEHHIO [1ePeo0yIeHuUs.

CnencrBue 7.2.1. Ecin i — meccuMUCTHIHAS MUHUMU3AIAS SMIHPAIECKOTO DHCKA,
A — unaTepBas panra m OyieBa Kyba, TO BEPOSTHOCTh mepeodyderust (). COBIAIAET C Be-
POSITHOCTBIO PABHOMEPHOI'O OTKJIOHEHHSI:

Q.=Q. = P[rggajcé(a,X) > €

HokazareabcTBo. [leccumMucTuaHbIil METOJT 14 Beeryia BbIOUpaeT u3 A ajropurs, KOTO-
pbIii He omubaeTcd Ha BCEX OOYYAIONINX MOTPAHUMIHBIX 00beKTax, HO OIMbaeTCd Ha BCEX

KOHTPOJIbHBIX TIOTPAHNIHBIX 0O'bEKTAX, UTO IKBUBAJIEHTHO MakcuMusamm o(a, X ). ]
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Puc. 7.2. 3aBucuMocTh BEPOATHOCTH TepeodyueHus (). OoT dmciaa t HUKHUX CJIOCB
npu € = 0.05. Bepxunit rpaduk: £ = k =100, m; = 10, m = 40. Cpenuauit rpadux:
¢ =k =200, m; =20, m = 80. Huxnuwuit rpacduk: ¢ = k = 500, my = 50, m = 200.

BbiuncnurtensHblin akcnepumeHT. Ha puc. 7.2 npejicraBiensbl rpadukn 3aBUCHMOCTH

BEPOATHOCTH Tlepeodyuenus (). OT YUCIa HUKHUX CJIOEB & = My, ..., my+m. Tpu skcrre-

pPUMeHTa OTJIMYAJIUCEH JJTUHON TeHepasbHoil Beioopku L = 200,400, 1000 mpu oguHaKOBOI
m mi

J10JI1e 7 = 20% IHOI'PaAaHUYHbIX U DA 5% HIYMOBBIX 00bekToB. IlokasaHnbsl Tak:Ke BKJIa-

JIBI CJIOEB B 3HadUeHne (pyHKIHoHAa ().. TOIBKO HUKHUE CJION JIAIOT HEHYJIEBBIE BKJIAJIBI;
KasK/IbIIl BTOPOIT /IOl BOOOIIE HE BHOCUT BKJA B (). B CHJIy OTHOIIEHUS % = %, 3TUM
o0bsicHseTCd 3y0UaToCcTh IpadUKOB BKJIAJIOB.

BepositHOCTh 11epeoOyUenusi ObICTPO BO3pACTaeT C POCTOM M U ¢, JIOCTUTAs 3HAYe-
nug 1. PakTudeckn, K mepeodydYeHHOCTH J00aBIsIeTC BEJIMINHA, TPUOJTU3UTE/IHHO PaBHAS
% min{t, 5 } BepograocTs niepeodydenus 6/1m3Ka K HYJIIO TOJBKO ec/ii OpaTh CaMble HUK-
HUE CJIOM MHTEpBaJa, B JAHHOM SKCIIEPUMEHTe — OKOJI0 2% oT mimabl Bbibopku. Moxker
BO3HUKHYTb T'MIIOTE3a, YTO 3TO MPOUCXOJNUT U3-3a neccumucrudnoctn MOP, onnako oren-

Ka Jjisi panjgomusupoBarnoro MOP npakruaeckn ctosib ke mwioxa (cM. 3agady 7.4).

MuTtepnpetauun u BbiBoabl. [lo Bceit BupmmocTu, maTepBas OyieBa Kyda sABJISETCs
He BIIOJIHE aJIEKBATHOI MOJIE/IbIO peaJibHbIX ceMmeiicTB. ['mioresa o jiejieHnn 00beKTOB Ha
«BHYTPEHHUE», «IIOIDAHUYHbIE» U «IIIYMOBBIE» IIPEJICTABJISIETCS PA3yMHOI, OJIHAKO B pe-
AJIBHBIX 3a/1a7aX Pean3yiTcsd JAJIEKO He BCe CIIOCOOBI JOMYCTUTh OMTUOKN Ha MTOTPAHN-
HBIX 00bekTax. Bo3dmorkHo, boJiee ajlekBaTHO ObLIa ObI MOJIE/b, B KOTOPOIl T€M WU UHBIM
CII0COO0OM BBOJIMTCST XapPAKTEPUCTUKA, «CTEIEHN TPAHUIHOCTH» OOBEKTOB U OIECHUBACTCS
pacripejiesieHre 9TOi XapaKTePUCTUKNA B BBIOOPKE.



§7.3 Tlapa anroputmos

Pacemorpum cemeiictBo u3 JByX aiaroputMoB A = {aj,as} ¥ METOM (t MECCHMUCTHY-
HON MUHUMU3AIMNA SMIIMPUIECKOT0 PUCKA. DTO O3HAYAET, YTO B CIyUasiX HEOJHO3HATHO-
CTH BBIOOpA JIydIllero ajropurma Ha oOydaromieir Beibopke, Korma v(aj, X) = v(ag, X),
MeTOJI {4 OYJIET BBIOUPATH aJITOPUTM € OOJIBIITUM YUCIOM OIMMUOOK Ha ITOJIHON BBIOOPKE.

Teopema 7.3. Ilyctb B BeibOpKe X HMeeTcsT my 0OBEKTOB, HA KOTOPBIX 00a aJropuTMa
JIOITyCKarOT OIIHOKY; ™My O0BEKTOB, Ha KOTOPHIX TOJIBKO (7 JIOIYCKAET OIIHOKY; Mo 00b-
eKTOB, Ha KOTOPBIX TOJIBKO (g JIOILYCKAET OITHOKY; M3 OCTAJIbHBIX O0BEKTOB (Ha KOTOPBIX
oba ajropuTMa He JIOIyCKaiOT OHIHOKY ), H IIyCTh JIJISI ONPEJICJIGHHOCTH My < Ma:

a=(1,...,1,1,...,1,0,...,0,0,...,0);
»=(1,...,1,0,...,0,1,...,1,0,...,0).
—— —— Y—— Y——

mo mi ma m3

U

Torma mist siroboro e € |0, 1] cupaBegmnBa ToYHAST OIEHKA!

CSO 081 052 CZ S0—S1—S2
L

Q) =37 51 3 CRORCECI I

s0=0 s1=0 s2=0

(mo + mq — 6]43)}—}-

x([sl < 32} [30—1—31 <
< Fmo +ma — k)] ).

+ [81 = 82} [80 + S9

Sl Nl

HokazareabcTBo. MeTo) i MUHUMUBAIIUN SMINPUIECKOTO PUCKA BHIOUPAET AJTOPUTM @
upu v(ay, X) < v(ag, X) 1 aJroOpuT™ as B IPOTHBHOM cirydae. Cire0BaTe/bHO,

Q. f Z via, X) < V(CLQ,X)] [l/(al,X) —v(ay, X) > 5] +

¥ % Z w0, X) > vlan, X)] [as, X) — vlas X) > €],

L xexpe

Pazobném muO)KecTBO X Ha 4 mogMHOXKecTBa: Xg — 00bEKThI, HA KOTOPBIX OIIubOa-
0Tca 0ba ajropurma; X| — 00beKThl, HA KOTOPBIX OMIN0AETCs TOJBKO a1; X9 — O0bEKTHI,
Ha KOTOPBIX OIMHOAETCsT TOJBKO ag; X3 — BCe ocTajbHble 00beKThl. OdeBnmHO, m; = | X;|.
[Monoxkum s; = | X; N X | — anciao o6bexToB u3 X, HomaBmmx B 00yvaroriyto BIOOPKY X .

B 31X 0603HaUEHHAX YaCTOTHI OIMKOOK aJlOPHTMOB G, Gy Ha BeIGOpKax X, X ecTb

V(M,X):%; y(al’X):W;

V(a/27X) = %7 V(GQ,X) — W

Yucsro pasbueHnii, Ipu KOTOPBIX peasin3yercs Habop 3HadeHuil (So, S1, S2, S3), €CTh

Z H = X, N X[ = O3, 01,0 0 (7.1)
Z 1=0



Orcrona cieayer, 9To Sg, S1, So, S3 JOJZKHBI YIOBJIETBOPATH OIPAHITIEHUSIM
0<sp<mp; 0<sp<my; 0<so<Kmg; 0< 53 <ma.

Kpowme Toro, sg, s1, S2, S3 JOJIZKHBI yJIOBIETBOPSTH COOTHOIIEHUIO So+ S1+ So+ S3 = L.
Taxum obpasom,

Z ZZZZ so+81+32+33—€}ﬁ[3i:|XiﬂXH X

X]¢ so= 0 51=0 s2=0 s3=0 =0

% ([81 < 32} |:m0+m1k*30*31 _ sots1 > g} +

14

[81 2 82} |:m0+m2k*30*32 _ 804282 > €}>

[Tepecrapiisis 3HaKU CyMMUPOBaHUs 1 1ojcTa/dAst (7.1), nosydaem Tpebyemoe. |

BbluncnurenbHbii akcnepumeHT. [lens sxcnepuMerTa — MOKA3aTh, 9TO JlayKe B IIPO-
cTefiriieM cjydae, KOrja ajJropuTMOB TOJIBKO JIBA, YK€ BOZHUKAET IMepeodyIeHne U IPOsIB-
JSTIOTCA 9DMEKTHI PACCTIOEHIS U CXOJICTBA, CHUKAIOIINE BEPOATHOCTD IEPE00Y ICHHS.

Hapsity ¢ BeposiTHOCTBIO TIepeobyueHust Oy/IeM OIeHUBAaTh aPPekmueHviil AOKANDHLT
koagpuyuernm pasnoobpasus (DJIKP). Dr1o Takoe 3HaueHme A KodddurmenTa pasHooo-
pasus A?(X), npn xoropom omenka (5.2) we sasbimena. Comocrasmss (2.14) u (5.2),
nostygaem oresky 9JIKP:

«_ Pl(X, X) > €]
B P[6(ar, X) > €]

Omnenka DJIKP umeer emé jBe muTeprperanun. Bo-miepBbix, OHa MOKA3BIBAET, BO
CKOJIBKO pa3 BEPOSITHOCTH IepeodydueHns: ceMeiicTBa, 60JIbIlle BEPOATHOCTH ePeodyIeHs
OJIHOTO AJITOPUTMa. BO-BTOPBIX, €€ MOYXKHO TOHMMATh KaK OIEHKY ducjia dPHEeKTUBHO
HCIIOJIB3YEMBIX aJITOPUTMOB B ceMeficTBe.

B caydae aByxssieMeHTHOrO cemeiicTBa 1 < A <.

Ha Puc. 7.3 u 7.4 moka3aHbl 3aBUCUMOCTH BepOATHOCTH 1tepeodydenns (). u DJIKP A
OT paccTOosiHUsT XOMMUHTA MeXKy ajroputmamu p(aj, as) = my + mg upu £ = k = 100,
e = 0.05. Toukumu JimaIAMEU TTOKa3aHbl onenkn DJIKP, Berauciaenusie memodom Monme-
Kapao no 1000 caydaitubix pa3oueHuii.

['paduku 1Mo3BOJIAIOT ¢/IeIaTh CJIELYIONINE BBIBOIDI.

1. VC-onenka DJIKP A = 2 jocruraercst Juimb B TOM cliydae, KOorja HeT paccjoe-
Hsl (AJITOPUTMBI JIOMYCKAIOT Ha X OJIMHAKOBOE YUCJIO OMUOOK, 1M1 = Msg) M HET CXOJICTBA
(aJIrOpUTMbI MAKCUMAJIBHO PA3JIMIHbL, mo = mz = 0), Puc. 7.3.

2. Yewm cmibree paccioerne (d = my —mq > (), TeM MeHbIIe BEPOSTHOCTH epeody-
venust, u Tem Omke DJIKP k 1. B mamroMm skcriepumente mpu d = 40 Xymmmit u3 JIByX
AJITOPUTMOB y2Ke ITpaKTHYECKN HUKOIJa He BhiOMpaercd, Puc. 7.4.

3. Yem cuibHee cxofcTBO (Mg + my — 0), TeM MeHbIIle BEPOSITHOCTD TIepeoby YeH st
u tem Osmke DJIKP k 1. C Touku 3penns nepeoOydueHus JBa CXOXKUX AJTOPUTMa BEYT
ce0st TPAKTUIECKN KAaK OJINH aJITOPUTM.



8EPOAMHOCHIL NepeodyyeHus

0.50 1
045 1

0.40 1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

XOMMUH2080 PACCMOAHUE MeNHCOY AN20PUMMAMU XIMMUH20B0 PACCMOAHUE MENHCOY ANOPUMMAMU
— m=20 — m=40 —— m=100

Puc. 7.3. BaBucumocts BepositHocTu tepeobyuenus . u ornenku IJIKP or pas-
JITIHOCTHU aJITOPUTMOB, KOI'/Ia OHM JOIYCKAIOT OJWHAKOBOE YHCJIO OIIUOOK, 1M1 = My.
Tpu rpaduka cOOTBETCTBYIOT TPEM 3HAYEHHUSIM UHC/Ia OIMIMOOK Ha IOJJIHONW BBIOOPKE
m = mq + mg € {20,40,100}. ToHKuMU JIMHUSAMU [TOKA3AHBI SMIIMPUIECKIE OICHKI

merosioM Monte-Kapiio o 1000 coryuaitabix paszdoneHnunii.

8EPOAMHOCHIL NepeodyyeHus OJIKP
i 20 '
045 1 ]
: 19 ]
0.40 - 1.8 '
17 1
0.35 1
i 16 1
030 ] 15 ]
0.25 . 14 -
; 1.3 7
0.20 1
] 12 3
0.15 1 RE
] 10 ]
0 20 40 60 8 100 120 140 160 180 0 20 40 60 8 100 120 140 160 180
XOMMUHC060 paccmosiarue Me.)l(,‘()y ajieopummamu XOIMMUHS060 pacCmosiHue MleCOy aileopummamu
— d=0 — d=10 — d=20 —— d=40

Puc. 7.4. 3aBucumocTb BeposiTHOCTH TiepeobytueHust u onerku DJIKP or pazamaHo-
CTH aJITOPUTMOB, Korja mg = 20 u BTOPO#l ajaropuTM AomyckaeT Ha d ommuboK 60JIb-
me, mo = mi + d. Yerbipe rpaduKka COOTBETCTBYIOT YETHIPEM Pa3HBIM 3HAUEHUSIM
d € {0,10, 20,40} . TorkuMu JIMHUSAME TOKA3aHBI SMIMPUYECKUE OIIEHKH MeTo1oM MoH-
te-Kapsio o 1000 ciyuaifHbx pasoueHuii.



§7.4 MoHoTOHHas uenb aNropnTMoB

HanmomuwmM, aro mHO)KecTBO anroputmoB A = {ay, ..., ap} Ha3BIBAETCI MOHOMOHHOU
UenwvIo, €CJIM KazK bl aJIrOPUTM g JOIycKaeT m+d omuboK Ha MHOKECTBE X M OTIMIaeT-
sl OT TPEJIBIIYINEro aaropuTMa TOJBKO Ha OTHOM 0bbekTe, p(aq_1,aq) = 1, T1e p(a,a’) —
paccmosnue Xammunza MKy BEKTOpaM# OMMUOOK @, d .

MonoTOHHAS TIElb — TO OJHO U3 IIPOCTEAINNX MOJIEIBHBIX CeMeHcTB, obaaioIee
CBOCTBAMU paccaoenus n c6a31ocmu. MOHOTOHHBIE HEIM MOTYT MOPOKIATHCA ITapaMeT-
PUYECKUMHU CeMefcTBaME aJrOPUTMOB C OJHUM HEIPEPBIBHBIM IIapaMeTpoM, ¢Tp. 65.

OuesuzHo, jyimHa D MOHOTOHHOI Ienu He MOXKeT IpeBbIaTh L — m.

[Iporymepyem 06beKTHI BHIOOPKH Tak, 9To0bI [ (ag4, x;) = [z < d} Jutst Beex 4, d < D.
Hywmepanust octaabHbIX 0ObEKTOB He HMEeT 3HAUYCHH, TaK KaK aJrOPUTMbI HE PA3/JIUIHMbI

na nux. [Ipeacrasum Boibopky X pazburoit Ha Tpu OJi0Ka:

Qg aq a9 as ... ap—-1 ap
x| O 1 1 1 ... 1 1
) 0 0 1
z3| 0 0 O
Tp 0 O 0
0 O 0 0
L—D—m
0 0 0 0 0 0
1 1 1
11 1 1 1 1

Crenryrormast gjeMma JaéT HeoOXOIUMOE U JIOCTATOYHOE YCIOBHE TOTO, UTO aJTOPUTM (g
MOHOTOHHOI IIenu OyJIeT MOJIyueH B pe3yJsbTare OOydeHUs METOJIOM (i 110 BbIOOpKe X.
D10 ycsioBue GopMyJIUpyeTcss B TEPMUHAX OJIMHOXKECTB OOBHEKTOB: KaKHE-TO OOBHEKTHI
JIOJIZKHBI JIE?KATh B 00ydaloleil BLIOOPKe, JIpyrue — B KOHTPOJILHOI.

Jlemma 7.4. Ilycre A = {ao,...,ap} — MOHOTOHHASI I[ETTb, METOJ] OOy IE€HHUST L — MIECCH-
MHUCTHYHAS MAHAMHA3AIUs SMIIPUICCKOI0 PUCKA, KasKJOMY aJlOPUTMY (g € A 1mocrapiie-
HBI B COOTBETCTBHE JiBa MHOKecTBa 00beKTOB: Xy = {xgy1} m Xy = {x1,...,24}. Torma
[(Xa C X][X,CX], d<k, d<D;
(nX =aq4] = { [X) C X], d<k,d=D; (7.2)
0, d>k
JokazareabcTBO. Paccmorpum Tpu cirydasi.
1. Ilycts d > k. Torpma gmcsio ommbOK aJiropuTMa G, Ha 00bEKTaX Ty, ..., Tq Ipe-

BBINIAET JIJINHY KOHTPOJILHOHM BBIOOPKU. HacTh M3 3TUX OMMOOK 00A3aTE/IbHO OKaYKeTCs
B o0y4aroreil moJIBbIOOpKe X, U METOJ, 4, MUHUMU3UPYIONINN SMIUPUIECKUIT PUCK, BbI-
Oeper OJIMH U3 aJrOPUTMOB ¢ MeHbITUM HOMepoM. CJie/IoBaTeIbHO, [MX :ad} =0.



2. llyctb d < k uwd < D. Merosi ¢t BeIOUpaeT ajropuT™M g TOTJA U TOJBKO TO-
I/, KOTJa BBIMOJIHSIIOTCS JBa YCI0BUsA. BO-II€pBBIX, BCe OOBEKTHI I, ..., Ty HAXOISITCS
B KOHTPOJIBHOII MOABBIOOPKe X , MHAYe METO, /i, MEHIMI3HPYIOMIII SMIIMPIICCKHI PUCK,
BBIOpaJT OBl OJINH M3 AJITOPUTMOB C MEHBIITUM HOMEPOM. BO-BTOPBIX, OOBEKT X1 1 HAXOIUT-
cs B o0ydaroreil moiBbIoopKe X, WHa9€e METOJ, (i, B CUIY MECCUMUCTUIHOCTH, BBIOPAJ ObI
AJITOPUTM (441 BMECTO ag. CrieoBaTe/IbHO, [/LX :ad] = [Xd CcX } [X 1CX }

3. Ilyctb d < k u d = D. ExunacTBeHHOE OT/IMYNE OT HPEIbIIYINEro CIydas 3aKJIo-
YAETCA B TOM, 9TO aJTOPUTM (441 HE CYIIECTBYET, TIOITOMY He HYZKHO TPeOOBATH, ITOOBI
O0DBEKT T4y1 HAXOIUJICS B O0OyUaloIiei noiBuioopke X . [

Bameuanwne 7.1. Ciyuaii d > k MOxKHO Ob1710 ObI He BBIIEAATE B (7.2), IIOCKOJIBKY TOTJIA
yenosne X)) C X 3aeomo e Boimosnsgercs n [pX =aq| = 0.

B cruemyrommeit sekim Mbl oiMEM, 9TO ycsioBue Buja (7.2) IMO3BOJISET BBITHCATH
TOYHBbIE (POPMYJIBI BEPOATHOCTHU I1€PEe0OYIEeHUsT 1 ITOJTHOIO CKOJIB3SIIEro KOHTPOJISI.

§7.5 VYHumopganbHas uenb anropmTmMoB

VHauMomaabHas 1elb IBJIAeTCs 00/1ee PeAJTMCTUIHON MOIETIBIO OTHOITapAMETPHIECKO-
ro C6A3H020 CeMeCTBa, 110 CPABHEHUIO ¢ MOHOTOHHOM IEIbI0. DTa MOJE/b IPEIIIoIaraer,
9TO OTKJIOHEHHE IapaMeTpa OT OINTHUMAaJbHOI'O 3HaYeHUs KakK B OOJIBIIYIO CTOPOHY, Tak

U B MEHBIITYIO, TPUBOJIUT K YBEJIMYCHUIO YUC/Ia OIMTUOOK.

Onpenesnienune 7.1. Ilpavag nens A = {ap,...,ay,a9,0d, ..., a, } HazpBaeTCS yruMmo-
) ) s Lo, U, s Wp

danvrotl, ecn eé ne6as 6emev g, ay,...,ap H NPABAA 6EMEb Gy, A, . . ., A, SBIAIOTCT

MOHOTOHHBIMH IIeIIsIMU. AJITCOPHTM g HA3BIBACTCI AYYULUM 6 UENU.

ITpumep 7.1 (nmpomosrkenune npumepa 6.1, crp. 65). Ilycrh MHOXKECTBO 00HEKTOB
X C R™ nuHeRHO pasIesinMo, T. €. CYIIeCTBYeT aukelinuil kaaccuguramop a(z, w*), ve 10~
nyckaromuii ommook Ha X. Torma MHOXKECTBO aaropuTMOB {a(:c, w*+1t0): t € R} OPOK-
JlaeT YHUMOJIAJIBHYO IEMb J/TsI TIOYUTH JIF000T0 HAIPpaBJIAoNero Bekropa 0 € R™. 3amernm,
9TO B CJlydae MOHOTOHHOI Ternu mpenosaranoch ¢ € [0, 0o).

O6osHaanm gepe3 m = n(agp, X) IUCI0 OMHIOOK JIYUIIIEro ajropuTMa.

PaccMoTpuM yHUMOJAIBHYTO TIellb ¢ BETBsIMU paBHOH jyuHbl, D = D',

[TepenymepyeM 06beKThI TaK, 9TOOBI KAZKIBI 13 AJITOPUTMOB @4 JIEBOH BETBU JIOILYC-
KaJI OIMOKY Ha OOBEKTaX I, ...,~Tq; KayKJbIl U3 aJrOPUTMOB @) NPABOl BETBHU JIOIYC-
KaJ1 ommbKy Ha 00beKTax i, ..., x,. Muoxkecrsa oobektoB {xy,...,xp} u {z},..., 25}
HE MePEeCEeKAITCA B CUJIy TOIO, YTO YHUMOJIAJIbHAS TI€lb ABJIAeTcst npamMoit. Jlyummuii asi-
FOPUTM (g HE JIOIYCKAeT OMMOKY HU Ha OJJHOM U3 3TuX 00bekToB. Hymeparus ocraabHbIX
0OBEKTOB He UMeeT 3HaYEHHUsI, TAK KAaK aJrOPUTMbI HE Pa3/IMUYUMbl Ha HUX.



= 80 =

[IpencraBum BeIOOPKY X pa3buToil Ha YeTbipe OJIOKA:

ap a1 ay az ... ap_1 ap a; ah ay ... dp_, dp
x1| O 1 1 1 ... 1 1 0 0 0o ... 0 0
zo | O 0 1 1 ... 1 1 0 0 0o ... 0 0
z3| 0 0 0 1 1 1 0 0 0o ... 0 0
zp | O 0 0 0 0 1 0 0 0 0 0
Zlo0l0o o o 0 0|1 1 1 11
oo 0 0 0 o0lo0 1 1 11
xg 0 0 0 0 0 0 0 0 1 1 1
‘T,[) 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

L—2D—m

{ 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 ... 1 1 1 1 1 ... 1 1
{ 1 1 1 1 ... 1 1 1 1 1 ... 1 1

Byuem nosiarars, 1o ecin mubumyMm (6.1) gocruraercst Ha JIByX aJaropuTMax ¢ O/JuHa-
KOBBIM THCJIOM OIMHOOK U Ha 00ydalomieil, n Ha KOHTposbHOIT BeiOOpKe, A(X) = {ag4, a},
TO METO/I /i BLIOMPAET aJI'OPUTM (g U3 JIEBOI BETBU.

Jlemma 7.5. Ilycrb A = {ap,...,a1,a0,0a},...,ap} — yHuMOna/ibHas 1enb, (> 2,
D>1, L>2D+m, merox p — neccumuctudubtii MOP. Torna

[nX =ao] = [x1,2} € XJ;
Tay1 € X|[z1,. .. xq € X](1 = [#],..., 2, € X]), d<D;

[
[z1,...,2p € X], d=D; (7.3)
[/LX:CLI} — [x:i-i—lEXHxl’ 71.&6)?](1_[1'17 -7xd€X])7 d<D,
I @), 2l € X|(1 = [z1,...,2p € X)), d=D

HokaszarenbcTBo. Pacemorpum stydmmmit aaroputm ag. Ecim oba odbekTa xq, o) jgexar
B oOy4Jarorieil BLIOOpPKe, TO HUKAKOW JIPYTroil aJTOPUTM Y2Ke He MOXKET OBbITh IOJTy4eH, 10~
CKOJIBKY f(t MAUHUMU3UDYET SMIupudeckuii puck. Ecim xorsa 661 o n3 00bEKTOB T, T}
He JIEXKUT B 00ydJaloleil BLIOOpKe, TO (i BBIOEPET JIPYToil aJropuTM B CUJIY ITECCUMUCTUY-
Hoctu. Takum obpaszom, [uX=ag| = [z1, 2] € X].

PacemorpuM npon3BosibHBII aIropuT™ ag U3 JieBoii BeTsr, d < D. Eciu 661 HEe OBLIO
[IpaBOil BETBU, TO YCJOBHUE IOJIYUEHUs] aJTOPUTMA G4 ObLIO ObI TAKUM JKe, KaK B MOHO-
tonnoit nenu: [uX=a,4] = [z411 € X][z1,..., 24 € X]. Ipu Hammuum npaBoii BeTBU aJro-
pPUTM ag GyJIeT Pe3y/IbTaTOM OOyHUeHus IpH TexX ke pasbmennsax X L X, 3a nckouenuem
CTydaeB, KOTJa OJUH W3 alrOPHTMOB IPaBOil BETBH Gy, . ..,d} TaKykKe MHHUMU3HPYeT
SMIIMPUYECKHH PHUCK. DTO IPOUCXOJUT, KOTJa BCE OOBEKTHI I, ..., Ty, JeKaT B KOH-
TPOJIBHOI BBIOOPKE. HAUHT, YCJIOBHE HAJI0 JOMHOKHUTH Ha 1 — [2],. .., 2l € X].



PacemorpuM pon3BOJIBHBI aJIrOpUTM @ u3 mpaBoii Bersu, d < D. DToT Ciydvaii
aHaJornaeH npeaptyieMmy. OTIndne coCTOUT B TOM, 4T0 1pu {aq, a,} C A(X) nper-
HOYTEHHE OTIAETCS AJITOPUTMY g 13 JieBoi Bersu. Clie0BaTeIbHO, YCJIOBUE MOy YCHHs

aJITOPUTMA, @), 1IPH OTCYTCTBUM JIeBoil BeTBu |2, € X|[z,..., 2}, € X] nano jgomHo-
Kuthb Ha 1 — [21,...,24 € X] — orpuIlaHue TOTO, YTO OJIMH U3 AJTOPUTMOB JIEBOH BETBH
A, - - - ,ap TAKXKE MUHUMUZUPYET IMIUPUUECKUTT PUCK.

JI1st mocsie X aJilrOpUTMOB ap, A, Te ¥Ke PACCYKICHNS IPUBOIAT K YCIOBHAM

[uX=ap] = [z1,...,2p € X];
(WX=dp] =[2,...,2p € X](1 = [z1,...,2p € X]).

Jlemma J10Ka3aHA. m

Taxum obpaszoM, HEOOXOIMMBIE U JIOCTATOYHBIE YCJIOBUSA TOTO, YTO AJTOPUTM YHUMO-
JTAJILHOI TIenn OY/IeT BBIOPAH METOJIOM f4 B PE3YJIbTATe O0YUIEeHHS 110 BHIOOPKE X , BBITJISIAT
HECKOJIbKO CJIOYKHee, UeM JJid MOHOTOHHOII nenu. Tem ne mMeHee, oHUM TakxKe (DOPMYIUPY-
I0OTCA B TE€PMUHAX MIPUHAJIEZKHOCTH WU HEIPUHAJJIE)KHOCTH HEKOTOPBIX IOJIMHOYKECTB
00beKTOB 00y 1aIoIIell 1 KOHTPOJIbHOI BBIOOPKe. B citeytortieit ieKIumu Mbl TOKaKeM, |To,
HECMOTDs Ha YCJIOXKHEHUe, ycaoBre (7.3) TakzKe MO3BOJISIET BBIIUCATH TOUHBIE (DOPMYJIBI
BEPOATHOCTH 11epeobyIeHns] U MOJTHOTO CKOJIB3SIIEr0 KOHTPOJIS.

Pe3iome

MojiesibHBIE ceMelicTBa aJITOPUTMOB 3a/IAI0TCA HEIOCPEJICTBEHHO MaTPHUIIAMU OIITH-
00K, a He peasbHBIMEI BbIOOpKamu. Mbl paccmorpesn cioif u unrepsaJ OyseBa Kyoda,
JIByX3JIEMEHTHOE MHOKECTBO, MOHOTOHHYIO W YHUMOJAJILHYIO IENN aJropuTMoB. Bo Bcex
ITUX CIydadX YIAECTCA MOJydaTh TOYHbIE ONEHKU BEPOATHOCTU TIEPEOOydeHUs JIjIsd 1TeCCHU-
MUCTUIHON MUHUMUBAINNA SMIIMPUIECKOTO PUCKA. ITHU OTEHKN SIBISIOTCA BEPXHUMU JIJIsT
[IPOU3BOJILHOIO METO/[a MUHUMU3AIMH SMIIMPUYECKOIO PUCKA, ITPUYEM ITPEIIOIOKEHIe
[IECCUMUCTUYHOCTHU, KaK IIPABUJIO, HEe CUJIBHO yXYIIIaeT ONEHKY.

MonoToHHBIE U YHUMOJIAIbHBIE TIETTN aJITOPUTMOB OJTU3KU K PeabHBIM OJTHOMEPHBIM
cemeiictBam. OHI 00/18AI0T CBORCTBAME PACCAOEHUA U CBA3HOCTNU W TIOUTH He TIepeodyda-
10TCsl. DTOT PAKT CIIYKUT KOCBEHHBIM 00OCHOBAHUEM OJITHOMEPHON ONTUMU3AIIH, IITHTPOKO
[IPUMEHSIEMOIl B MaITMHHOM O0YYeHUN.

st KaxKJi0oro aJiropuT™Ma MOHOTOHHON M YHUMOJAJIBHON eI MbI HAILIH HEOOXO-
JIIMBIE U JIOCTATOYHBIE YCJIOBUS TOTO, UTO OH OyJEeT BbIOpaH METOJIOM [ B Pe3y/brare
obyuennus 1o BeiOopke X. /[y aToro odydarorniasd u KOHTPOJIbHAA BHIOOPKU JIOJIZKHBI T1€e-
JINKOM COJIEP2KATH MJId, HA0OOPOT, HE CO/IepyKaTh HEKOTOPbIE TIOJMHOKECTBa 00BHEKTOB.

B cnepyoweinn nekunmn 3tu coobparkeHus OY/IyT CYIIECTBEHHO Pa3BUTHI U OOOOIIEHBHI.
Byner mokazano, 4To ycjaoBHs TAKOTO BUJA MOYKHO 3allUCATDH BCETJIa, NI JI0O0T0 ceMeii-
CTBa aJIFOPUTMOB U JIIOOOr0 MeTo/a 00yUdeHusA. ByayT mojrydeHbl o0Iue OIeHKH BepOsT-
HOCTH TIePeOOYIeHUsT U MOJIHOTO CKOJIB3SIIEro KOHTPOJIst. /[yt MOHOTOHHOI Tiern u yHU-
MO/IaJTbHOM T1e1n Oy Iy T BBIMUCAHBI TOYHBIE OTIEHKN BEPOSTHOCTH MEPEODyIeHNs.



Ynpa>kHeHust

Bamaua 7.1 (1). Haiitu BeposiTHOCTD HIepeobydeHnsT MHOKECTBA, COCTOSIIIErO U3 OJHOTO
aaropuTMa ag, n(ag, X) = mgy U MOJHOTO CJIOS AJrOPUTMOB A,,, mgy < m.

Bamaua 7.2 (1). Bepuo siu cuejcrsue 7.2.1 s cemelicTa flt, t<m?

Bamaua 7.3 (1). Haiitu BepogTHOCTD lIepeobyueHns ¢ HUZKHUX CJIOEB HHTEPBaJIa OyieBa
Ky0a Il ONTUMUCTUYHON MUHUMHU3AIUN SMITUTPUIECKOTO PUCKA.

Bamaua 7.4 (2). Haiitu BepogTHOCTD lIepeobyuenHns ¢ HUZKHUX CJIOEB HHTEPBaJIa OyieBa
Ky0a JIJIsi PAHIOMU3UPOBAHHON MUHUMUBAIUN SMIUPUIECKOTO PUCKA.

Bamaua 7.5 (1). Haiitu BeposiTHOCTB TiepeobydenHnst t-ro cJiost HHTepBaJja PAHTa M st

MeTOJla MUHUMU3AIIUN IMIITNPUICCKOI'O PUCKA.

Bamaua 7.6 (1). Ilpoepursb, 9T0 B CiIydae MOHOTOHHOW Tienn ycjaosust [uX=a| B jiem-

Me 7.4 onpejiesieHbl KOPPEKTHO, JI0Ka3aB ToXKIecTBo » | [uX=a| = 1.
acA _

[Toackaska: Bocosib3oBaThes ToxKIecTBoM [z € X| =1 — [z € X].

Bamaua 7.7 (1). Ilposepurs, uro B cirydae yHIMOJAJILHOI 1ienn yeioBust (X =a] B jiem-

Me 7.5 ompejiesieHbl KODPEKTHO, JI0Ka3aB TokjiecTBo y | [uX=a| = 1.
acA
[Toackaska: cHavaIa PEIuTh MPEeIBLIYILYIO 3a/1ady.

Bamaua 7.8 (2). Beectn dopmysy BeposTHOCTH TepeoOydeHus: Ul eTMHUTHOL
OKPECTHOCTH aJrOpUTMa Gy — MHOXKecTBa ajroputmoB A = {ag,aq,...,ap}, B KoTOpOM
n(ap,X) = m, aIrOpuTMbI a1, ...,ap UMEIOT [OMAPHO PA3JINIHbIE BEKTOPbI OIIHMOOK,
U KayKJIbIil U3 HUX JIOIYCKAEeT Ha OJIHY OIIMOKY OOJIbIIe, YeM dqg.



8 [lopoxpatouime n 3anpeljatoLlme MHOXXeCTBa

IIpunyun noposrcdarowyux v sanpewarouius mrodicecms (II3M) mosBosisger mosrydaTh
TOYHBIe (He 3aBBIIICHHbIE, HE ACUMIITOTHIECKHE) OlleHKN 06001matomnieii criocobroctu [109).
On ocHOBaH Ha IIPEJINOJIOKEHIN, YTO I KazK/I0Tr0 aJrOpUTMa MOXKHO BBIIHCATH HEOOXO-
JINMBIE U JIOCTATOYHBIE YCJIOBUS TOIO, YTO OH fBJIETCs Pe3yIbTaToM oOydeHns. Femnm xe

yﬂaéTCﬂ BBIIINCAaTh JINIIH HGO6XOILHMBI€ YCJ10BUd, TO IIOJIYyHIalOTCA BEePpXHUE OICHKU.

§8.1 [lpocrtasa runortesa N3M

I'mnoresza 8.1. MruoxkecTBO A, BhIOOpKa X H METOJ [t TAKOBBI, ITO JIJISI KAXK0T0 AJIT0-
putMa a € A MOXKHO yKazarhb mapy Hemepecekaroruxcst mojvaoxkects X, C X n X! C X,
V/IOBJIETBOPSIIONLYIO YCJIOBHIO

[1X=a] = [X, C X][X,C X], VX e[X]" (8.1)

MmuoxectBo X, Oy/eM Ha3bIBATD NOPOAHCOGIOULUM, MHOKECTBO X/ — 3anpewaiousum
Jyig asiroputma a. I'mmnore3a 8.1 o3HadvaeT, YTO METOJI [ BHIOMpAET aJlOPUTM G TOIJA
U TOJIBKO TOIJIa, KOTJIa B 00ydJaroIeil Beioopke X HaXO/ATCs BCe MTOPOKIAOIIHEe 00 beKThI
U HU OJIHOT'O 3aIIPEIaioIiero:

uX =a: Xa| X! |

D e
X X

Bee ocrasbabie 00berThl X\ X, \ X! Oyiem Has3bBaTh HEUMPAAbHOLMU JIJIS ATTOPUTMA A.

Haymmame mim oTcyTcTBHE HEHTpPaJbHBIX OOBLEKTOB B OOydJaromieil BHIOODKe HE BIIHAET

Ha pe3yibraT oOydenus. lasiee OyIyT npUBeIeHBl IPUMEPHI CeMEHCTB, J1Jji KOTOPBIX I'H-

nore3a 8.1 BBITOJHACTC.

Jlemma 8.1. /[rst j11060it Beioopku X cIIpaBe/IMBO TOXKJIECTBO
> [pX=a] =1. (8.2)
acA

JlokazaTebCTBO ¢ OYEBUIHOCTHIO BHITEKAET U3 TOTO, YTO JjIs JIIo00i BEIOOPKH X Me-
TOJI, /4 BEIOUPAET OJIMH U TOJIBKO OJIUH aaroput™. ToxiecTso (8.2) MOXkKeT UCIIOIb30BATHCA
JIUIsE TIPOBEPKU TOTO, 9TO YCJIOBHs B IpaBoil dactu (8.1) copmMyIupoBaHbl KOPPEKTHO.

s mpousBosibHOTO 0 € A 060o3HAUIMM Uepe3 L, YNCa0 HeHTPaJbHBIX OOBEKTOB,
qepes {, — 9uc/I0 HERTPATbHBIX 00BEKTOB, TOMAIAIININX B 00y ANy BEIDOPKY:

Ly=L—|Xa| = X5
o= —|X,].

Jlemma 8.2. FEcsm runoresa 8.1 cripaBeyiBa, TO BEPOSITHOCTH IIOJIYIUTH B PE3yJIbTaTe
00ydeHusT ajJrOpuTM  PaBHA

P, =PuX=a] = L= (8.3)



HokazareabcTBo. CornacHo rumorese 8.1
P[1X=a] = P[X, C X][X] C X].

70 ecTh 10714 pasbuenuii TeHepabHoil BEIGopKH X = X L X Takux, 9T0 MHOMKECTBO
00bekToB X, MEJMKOM JIEKUT B X, & MHOYKECTBO OOBEKTOB X, IEIUKOM JIE2KUT B X.
Yucso Takux pazdbuenuii paBHO YHCJY CIIOCOO0B 0TobpaTh ¢, u3 L, HEHTPAJIbHBIX 00b-
eKTOB B 00y4JarorLyo moasbibopKy X \ X,, KOTopoe, 0YeBUJIHO, DABHO Cﬁ . Ob1mee [umciio

pasbuenuii pasro C'f, a WX OTHOIIEHHE KAK Pa3 U ecTh P, |

BepositaocTs 1epeodydenust (). BbIpazkaeTcs 10 (popMyJie HOJIHON BEPOSITHOCTH, €CJIn
JUIs KazKJI0T0 aJI'OPUTMa @ U3 A M3BECTHA BEPOATHOCTH P, HOJIYIUTH €r0 B PE3YJIbTaTe
00y'eHNs! 1 yCJIOBHAS BEPOSTHOCTD 6OJIBIIOro OTKI0HeHNs actoT P(d(a, X) > € | a) upn
YCJIOBHH, UTO IIOJIyYeH aJIl'OPUTM @

Q-=> P.P(5(a,X)>¢]a).
acA
YciioBHast BEPOSITHOCTH JAETCA TeopeMoil 2.4, eCciii y4uecTh, 9TO Ipu (DUKCHPOBAH-
HOM aJjiropuT™e a nojMuoxkectBa X, nu X! He yuacrByloT B pasbuennsix. Paccmarpubast
L, HefiTpaJibHbIX 00bEKTOB U BCEBO3MOXKHBIE UX pa3dueHus Ha f, odydatomux u L, — l,
KOHTPOJIbHBIX, MOJTY IUM:

P(6(a,X) >¢e|a) =H"™ (s4(2)),

rje Mg — YUCJI0 ONMMMOOK AJTOPUTMA @ Ha HEHTPaJbHBIX 00BEKTaX; S,(¢) — HamboJibIee
HCIJI0 OMUOOK AIrOPUTMa @ Ha HefTpaabHbIX 00y darormmx obberrax X \ X,, Ipin KOTopoM
nMeeT MecTO GOJIbINoe OTKJIOHEHHEe 9acToT OmuboK, d(a, X) = &:

mg = na, X\ X\ X));
sa(e) = £(n(a,X) — ek) — n(a, X,).

[Toka 310 OBLIIO HE JOKAa3aTE/ILCTBO, a JIUIITh HABOISIIE cOOOparkeHusi. T PIOK ¢ yC10B-
HOIT BEPOATHOCTBIO MO2KET ITOKa3aTbCdA HE BIIOJIHE OYE€BUIHDBIM. HI/I}KG npe/cTaB/IeH CTPO-

ruit KOMOMHATOPHBIN BBIBOJ TOTHON OIEHKH (..

Teopema 8.3. FEcim rumoresa 8.1 cripaBejjiuBa, TO BEPOSITHOCTh HEPEOOYICHUsT BHITHC-
JISIeTCsT 110 ¢hbopMyJie

Qu(1.X) = 3 PAHE ™ (s.(€)) (8.4)
acA
HoxkaszareabcTBo. Pacemorpum dyrkmmonan (.. Beeaém B (1.5) mos 3HaK cymMMupoBa-
HUA 110 X eH.I‘e JIBa BCIIOMOI'aTE€JIbHBIX CYMMMHPOBaHUA: HepBijI— 110 BCEM aJI'OPpUTMaM @
u3 A npu ycmosun X = a, BTOpOil — 10 BceM 3HAYEHUAM S UUC/IA OMMOOK aJITOPUTMA
Ha mozBbibopke X\ X,. OueBnyHo, 3HaUeHNE (). OT STOrO HE M3MEHUTCS:

Lla

Q- = P[0u(X) > ¢] =P} _[1X=a] 3 _[nlo, X\X) = 5] o0, X) 2 €] (8)

acA s=0



Yucsio ommbok ajsroputMma a Ha obydatomiein moaseibopke X pasHo s + n(a, X,),

IIO9TOMY OTKJIOHEHHE 1aCTOT OIMOOK BbIpazKaeTCd B BUJIC

n(a,X) —s—n(a,X,) s+n(a,X,)
k 4 ’

da,X) =
CJIeJI0BATEIIbHO,
[6(a, X) =] = [s < £(n(a,X) — ek) —n(a, X,)]| = [s < s4(e)].

[MoxcraBum mostydeHHOE BBhIpaxKkeHue B (8.5), 3aTeM 3aMeHIM [MX = a] IpaBoil Ja-
cTbio paBeHCcTBa (8.1) U MepecTaBUM 3HAKH CyMMHUPOBaHUsI (OUEBUIHO, P TakKe MOXKHO
paccMaTpuBaTh KaK CyMMHPOBAHUE):

Lo
Q- =3 D P[X, € X][X; € X][n(a, X\X,) = 5] [s < sa(c)]. (8.6)

A s=0 -
aed = N(a)

Beiienennoe B gannoil dhopmysie Boipazkenne N(a) ecthb 10715 pasdueHnii reHepaib-
Hoit BBIGOPKN X = X LI X Takmx, 9T0 MHOXKECTBO OOBEKTOB X, IIEJIMKOM JIEXKHUT B X,
MHOZKECTBO 00BbeKTOB X! MemKoM JiexkuT B X, u B 110abibopky X\ X, jmnbr £, norna-
JIa€T POBHO S OOBEKTOB, HA KOTOPBIX &JTOPUTM @ JIOIYCKAET OIIHOKY.

JL1g HATJISJTHOCTH TIPEJICTABUM BEKTOD OIIMOOK ¢ Pa30UTBHIM Ha IMIECTh OJIOKOB:

S Mag—S
5 — —
= (Xy1,...,1;0,...,0;X0:7,...,1;0,...,0).
X\ X, X\x;,
X X

Hucno ommbOK asropuT™Ma a Ha O0bEKTax, He Hnonajamommx Hu B X,, HE B X,
pasHo m,. Cymecrsyer C} = crnocob0B BBIOpaTh U3 HUX S O0BHEKTOB, KOTOPBIE IOIAJLyT
B X\X,. s KaxKJI0ro m3 9TUX CIIOCOOOB MMEETCs POBHO C’ﬁ:ﬁna CIIoco0OB BBIOPATH
{, — s 00BEKTOB, HA KOTOPBIX AJITOPUTM @ HE JIOIYCKAET OIMINOKY, M KOTOPbIE TaKKe I0Ta-
ayT B X\ X,. Tem cambiM oJfHO3HATHO ompejessiercs cocta BoiOOpku X \ X, a, 3HAYIWT,
u cocras seiGopku X \ X/. Taxmny o6pasom, N(a) = C3, Cj*~* /Ct . TloacraBum 910 BbIpa-
ykerre B (8.6) u BbyIe MM B HEM (DOPMYJIY MHIIEPreOMEeTPHYIECKOil (DYHKIMN BEPOSTHOCTH:

Cfa La, Cs C«ﬁa—s ,
Q=) D [s< sa(e)] et = STRHE™ (s4(0)) -
Lq

acA L EEET) acA

Teopema j10ka3aHa. [ ]

§8.2 0O06o06weEHHan rmnoTesa N3M

[M'unoreza 8.1 HakjIa/IbIBACT CJAUITKOM CHJIBHBIE OIPDAHUYEHUs Ha BBIOOPKY X, cemeii-
ctBo A m meto p. Ilosromy Teopemy 8.3 yimaércs MpUMEHSTH JIWIIb B HEKOTOPBIX CITe-
[UAJIbHBIX CIydasX. B gacTHOCTH, JiIsi MOHOTOHHOI 1ienn oHa BepHa (Memma 7.4), a Jist
YHUMOJIAJIbHOI — y2Ke HeT (jemma 7.5)



Paccmorpum ecrecrBerHoe 0bo01enne rutoresbl 8.1. IpeamnonoxKum, 9To JUid Kak-
JIOTO aJICOPUTMAa @ CYIIECTBYIOT PA3JIMIHBbIE BAPUAHTHI BBIIEIEHNS MOPOXKIAOIMIIX 1 3a-
OPEIIAONAX MHOXKECTB.

I'mnoresza 8.2. MruoxkecTtBO A, BBIOOpKA X H METOJ [i TAKOBBI, ITO JIJIST KaXKJOTO aJI-
ropurMa a € A MOXKHO yKa3aTh KOHEIHOE MHOXKECTBO HHJEKCOB V,, U JIJIS KaXKJ0ro HH-
Jekca v € V, MOXKHO yKazaTb nopostcdarowee MHOKECTBO X4, C X, sanpeujarou,ce MHO-
kectBo X!, C X u Kospdunment c¢,,, € R, yrnosiersopsitorime yc10BUsSM

% ¢
(pX=a] =) con[Xaw € X][X], € X], VX € [X]" (8.7)
vEV,
[Ipu ycnoBun ¢y, = 1 runoresa 8.2 o3HAYAET, UTO METOJ[ [/ BHIOMPAET aJI'OPUTM
TOTJIa, M TOJILKO TOIJIa, KOIJIa B OOyYAIOILyI0 BEIOOPKY X IOIAJIAi0T BCe 00BEKTHI U3 X,
u HE oj(HOrO n3 X!, POBHO JjIst O/HOMN n3 map MHOXKeCTB (Xgy, X)), v € Vi

B OTHEET ] KX

uX =a: ‘ |Xm,| | |X' | ‘ (Xaw, Xow)

L[] (Xav, Xay), V = Vil

OuerwnytHo, yeaosue (8.7) H0JIZKHO OBITH 3aJIaHO TaK, YTOOBI IpaBast 9aCTh IPUHIMA-
JIa TOJIBKO J1Ba 3HadeHus — Jjin0o 0, 1ubo 1. 910 TpeboBaHMe HAK/IAIBIBAET OIPEIeIEHHBIE
OrpaHUYeHNs U Ha cuCTeMy MOJAMHOKECTB (X, X! ), v € V,, u Ha KOIDDUIHEHTDI Cyyy .
B wacraoctu, nipu c,, = 1 yciioBus [Xav cX } [X - X } HEe MOT'YT BBITIOJIHATHCS OJIHO-
BPEMEHHO JI/Td JBYX HHeKcoB v, v’ € V, inu npu KakoM pasouenmn (X, X)), nHaue sHadenue
B [IPABO YACTH OKAXKETCA OOJIBINM €INHUIIBI.

K macrosmemy MOMEHTY He M3BECTHBI CJIyYam, KOIJa IPUXOAUIOCH ObI 3a/1aBaTh KO-
3 OUIMEHTHI 4y, OTINIHBIE OT +1 win —1.

OueBnino, runoresa 8.1 gBJIgETCA IaCTHBIM CJIyYIaeM THIIOTe3bl 8.2, KOrJa BCe MHO-
KecTBa V), OTHOSIEMEHTHBIE U Cqy = 1.

Crenyroras TeopeMa yTBEP:KIAeT, 9TO IUIIOTe3a 8.2 BepHA BCeria.

Teopema 8.4. st moobix X, A u p cymecrBytor maoxkecta Vy, Xqy, X!

av’

[IPH KOTOPBIX
cripaBeynBo 1npescrapienne (8.7), npuaéM c,, = 1 jurst Bcex a € A, v € V.

JokazarenbcTBo. 3adukcupyeM Ipou3BOJIbHbIL anroput™m a € A. Bosbmém B Kate-
CTBE MHJIEKCHOTO MHOXKECTBa V, MHOMKECTBO BCeX MojBbibopok v € [X]Y, mpu KoTopbix
v = a. s kaxaoro v € V, momoxknm X, = v, X! =X\ v, ¢4 = 1. Torma ast sro-
ooro X € [X]¢ cripaseymBo npejcrasienue, umeroree B (8.7):

(pX=a) =Y [v=X] =D [v=X][X\v=X\X] = Y [v C X][X\v C X],

HpI/I‘{éM7 eCJIn /,LX = G, TO POBHO O/THO CJlal'acMO€ B 3TOI CyYMME€ DpaBHO €/IMHUIIE, OCTaJIbHbIE
PaBHbBI HYJIIO; €CJIN 2KE ,LLX 7£ a, TO BCE CJlal'a€MbI€ PpaBHbI HYJIIO. ]



Teopema 8.4 aBjgercd TUIUYIHON TeopeMoil cyrecTBoBanud. VCIo/Ib30BaHHbBIN TTpU
eé J10Ka3aTe/IbCTBE CIIOCOO IMOCTPOEHUsT MHIEKCHBIX MHOXKeCTB V, TpebyeT siBHOTO 1epedo-
pa Bcex pas3dueHuil BBIDOPKH, UTO HPUBOIUT K BHIYUCIUTEIbHO HEIM(MEKTUBHBIM OIEHKAM
BepogTHOCTH TIepeobyuenus. OHako mpejcrasienue (8.7) B oOIieM ciiydae He e/IMHCTBEeH-
Ho. OT/1e/1bHOI TPOOJIEMOIt SIBJISIETCS TIOUCK TaKOTO IPEeJICTAaB/IeHNs, B KOTOPOM MOIITHOCTH
muoxects |Vy|, | Xool, | XL, | b1 661 Kak MOKHO MeHbIe. XOoTs ruinoTes3a 8.2 BepHa Bee-
I71a, Mbl OYJIeM ITPOJIOJI?KATH HAa3bIBaTh €€ <«TUIOTe30il», MMesd B BUJLY IPEIIOIOKEHIE
0 CyIIEeCTBOBAHUU HEKOTOPOro IpeJicraBienns Buja (8.7), 6osee 3¢hHeKTUBHOTO, TeM UC-
MT0JIb30BAHHOE B JIOKA3aTeIbCTBE TeOpeMbI 8.4.

Besém s Kaxkjioro agaroputma a € A n KaxKioro nujekca v € V, obo3HaYeHUs:

Loy = L — | Xo| — |X0,:
law = £ — | Xaol;
Moy = n(a,X) = n(a, Xa) — nla, X},);
sav(€) = £ (n(a,X) — k) = n(a, Xa)-

B YCJIOBUAX T'HNIIOTE3bI 8.2 CIIpaBE€/IJINBbI COOTBETCTBYIOITHUE O606HLGHHH JIEMMBI O Be-

POATHOCTAX IOJIyYEHUs aJITOPUTMOB U TEOPEMBI O BEPOATHOCTU TIEPEOOYICHUS.

Jlemma 8.5. FEcim rumoresa 8.2 crpaBenjmBa, TO JJIsT Bcex a € A BeposITHOCTH HOJIY-
YUTH B pe3yJibrare 00ydeHus: ajJrOpUTM 4 PaBHA

P, =PluX=a] = ) cuPu: (8.8)
vela C’éav
P(M):P[XCM)QX] [X(/M)QX} :CLEU (89)

HokazareabcTBo. [JoctarodHo mpuMeHnTh onepaiiiio P K jeBoil n npasoit qactsam (8.7).
Janbueiiimme paccyzKaeHust aHaJIOITYHbL JOKA3aTEILCTBY JIEMMbI 8.2, [

Teopema 8.6. FEcim runoresa 8.2 cripapeiyiuBa, TO BEPOSITHOCTD MTEPEOOYIeHUS] BHIIUC-
JISIeTCsT 110 ¢hopMyJie

Q-(1,X) =) ) can Py HE ™ (sau(e)) (8.10)

acA veV,

JlokazaTeqbCcTBO. AHAJOTUIHO JIOKA3aTEIHLCTBY TEOPEMbI 8.3, BEPOATHOCTD TIepeodyde-
HUsI TIPUBOJIUTCA K BBIPAYKEHUIO, KOTOPOE OTindaercst oT (8.6) mosiBjleHneM 3HaKa CyMMU-

poBaHUS 110 v, KOIMDUIIMEHTOB Cy,, U JIBOMHBIX WHIEKCOB 4, BMECTO OJMHAPHBIX 4:

l
Q- =" 3" " eu P[Xuy C X][X], € X] (e, X\Xo) = 5] [5 < 500(e)],

acA veV, s=0

B ocranbnom J0Ka3aTe/IbCTBO aHAJIOTUYIHO JIOKa3aTE/JIbCTBY TEOPEMbI 8.3. ]



Ouenkn dyHkumonana R. (1.6) moKasbIBAIOTCA aHAJIOIMYIHO, ¢ TOM JIMIIb PA3HUIEN,

YTO BbIpazKeHue
Sav(€) = £(n(a,X) — k) — n(a, Xo)
BCIOJIy 3aMEHsETCsT Ha

st (e) =n(a,X) — ek —n(a, Xow)-

a

§8.3 KoppekTHOe cemeincTBO a/IrOPpNTMOB

Anropur™m a, He momyckaromuii omm6ok Ha BuIOOpKe U C X, HasbIBACTCS KOPPEKM-
nowm ma evbopke U. Ecim MHOKeCTBO A CONEPXKHUT aIrOPUTM o, KOPPEKTHBINA Ha IeHe-
pabHOil BEIOOPKe X, TO MHOXKeCcTBO A OyneM HasbIBaTh KoppexkmuvLm. B 3TOM ciaydae
dbopmya (8.10) cuabHO ympormaercs.

Jlemma 8.7. B ciyuae m = 0 ¢pyHKIHS ruriepreoMeTpuIecKoro pacipee/IeHusT BEIPOK-
0,0
gaercs: Hy o (s) = [s = 0].

0,0
HoxkazarenabcrBo. [Ipu s > 0 cymma H; o (s) B (2.4) COCTOUT U3 OJHOIO CJIAIAEMOIO,
pasuoro 1. I[Ipu s < 0 4mciio ciaraeMbix paBHO HYJIIO, U BCI CyMMa paBHA HYJIIO. [

Teopema 8.8. Ilyctp rumoresa 8.2 cupaBejjiuBa, METOJ i SABJISI€TCI MUHUMU3AIIHCH 9M-
IMAPHIECKOr0 PUCKa, MHOYKeCTBO A KoppekTHo. Torga BeposiTHOCTE 11epeody deHHsT [IPUHHI-
maer 6o.Jiee POCTON BUJIL:

Q-(1,X) = [n(a,X) > ck] P,. (8.11)

acA

JokazareabcTBO. PaccMoTpuM IpOM3BOJIBHBIN aaropuT™M @ € A U MPOU3BOJIbHBIN MH-
nekc v € V,. Eciaun HeKoTOpbIit 00bEKT, Ha KOTOPOM @ JIOITYCKAET OIIMNOKY, COJIEPIKUTCS
B oOydaroreil Bbioopke X, TO MeTOJ, (4, MUHUMU3UPYIOMINN SMIUPUIECKII PUCK, HE CMO-
JKeT BhIOpATh JIAHHBIN aJrOPUTM, TaK KaK CYIIEeCTBYeT KOPPEKTHBIN aJrOpuTM ag, He J10-
nyckarormii ommook Ha X. CiemoBaTebHO, MHOXKECTBO OOBEKTOB, HA KOTOPBIX AJTO-
PHUTM @ JIOIyCKAET OIMIMOKY, TEeTUKOM COAepKUTCS B X! . SHAYNT, aJrOPUTM ¢ HE JIOIyC-
KaeT OIMOOK Ha HeHTpaJbHbIX 00beKTax U Mg, = 0. Torma, cormacHo jgemme 8.7,

i (50n0) = [5(6) > 0] = [§ (00 ) = k) = (o, Xo) > 0] = [o(a ) > ek].

av

[Moxcrasiss 910 Beipaxkenue B (8.10), momydaem (8.11). ]

CrunencrBue 8.8.1. Ecau B cemeiictBe A COMEPXKHUTCS ajaropuTM, KOPPEKTHBIH Ha BCe
reHepaJibHOI BbIGOpKe, To Boipaskerue (8.11) crpasemmso u jist pyakimonasa R (i, X).
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§8.4 ®dyHKUMOHAN NOJSIHOrO CKOJMb3ALLEro KOHTPOSA

Pacemorpim yHKITMOHAT TOJHOTO CKOJIb3sIero Kourposs (1.7). Ilpusmnum mopox-
JIAIOMIMX U 3alPEIAIONINX MHOKECTB TaKKe JIAET JIjIs Hero TOYHYIO OleHKY [23].

Teopema 8.9. FEcsm runoresa 8.2 cupaBeimBa, TO OIEeHKa ITOJTHOTO CKOJIB3SIIET0 KOH-
TPOJIST BBIYHCISIETCST 110 (hOPMYyJIe

gav

av

1 Cr,
O(IU”X) = E Z Z Cav Cﬁ

acA veV,

(n(a, X\ Xo) — 20 (a, X\XGU\X;U)) . (8.12)

HokazarenbcTBo. 3anuinem onpejesenns E u v, 3arem nojcrasum (8.7) coryacHo ru-
nore3e 8.2 U MepecTaBUM 3HAKNW CYMMUPOBAHUSI:

Clu¥) = 77 30 S[pX=a]f 3 Hawi) =

L xe[x]t acA %

L
- %Z Z CQUZI(a,xi)P[Xm) C X|[x., € X][z: € X].
a€EA VeV, i=1 N~ — 1)

p(a,v,x;)

Ecmn x; € X!

av’

to [X], C X][2; € X] = [X], € X] u, cormacno (8.9),

EGU

p(aavaxi) = P[Xav - X] [Xclw - X] = % = Pa.
L

Ecmn z; ¢ X!, n x; € X4y, TO [Xm, C X} [xz € X] = 0, ciegoBarTe/bHO,
pla,v,x;) = 0.

Ecm z; ¢ X!, u z; ¢ X,p, 10, cornacuo (8.9),

Can _
pla,v,2;) = P[X,, C X|[{z;} UX,, CX]| = % — PavL‘“’Lig‘w.
L av

Cobupast BMecTe Bce Tpu ciaydas, v; € X, un x; ¢ X!

av?

1IOJIy9UM

Lav - E(w
pla.v,2) = Pan ([xl- € XI] 4 [ & Xuo] [ ¢ X1,] L7> |
HO,ZLCT&BHHH 9TO BbIpazK€EHHE B CYMMY IIO 7;, 1IOJIyH9aeM
L

Loo—7
> I(a,xi)pla, v, 2;) = P, (n(av Xow) + (n(a, X)—n(a, Xav) —n(a, X‘/“’))%)’
2:1 av

OTKy1a BbITeKaeT Tpebyemoe paBeHcTBO (8.12). Teopema mokazaHa. [
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§8.5 BepositHOCTb Nnepeoby4YeHNs1 MOHOTOHHOW LEenw

Teopema 8.10. Ilycrs A = {aq,...,ap} — MoHOTOHHAS 1ENb agaropuTMoB, L = m + D,
m = n(ag, X), MeTO 0OyIeHHsI |1 SIBJISICTCS MECCHMUCTHIHON MHHHMH3AIHEH IMITHPHIE-
ckoro pucka. Torya BeposSiTHOCTD HOJIYYUTh AJIOPHTM (g B PE3yJbTare 0OydeHHs] paBHA

Py=0C0 JCY d=0,...,k;

e § = [d < D]; BeposiTHOCTB 1epeobyyeH s paBHa

min{k,D}

Q.= Y PM" (£(m+d—ck)). (8.13)

d=0

HoxkazareabctBo. CornacHo jemme 7.4

(X4 CX|[X,CX], d<k, d<D;
[MX:ad}: [Xc’lg)_(}, d<k,d=D,
0, d>k;
rie Xg = {Tmia+1} — nopoxatomee MHOKECTBO, X)) = {Xy11,. .., Tmid} — 3amperna-

foree MHOXKecTBO. Takum obpaszom, crpaseinBa mpocras rumnoresa (8.1). Urobwr mpu-
MEHUTH Teopemy 8.3, 3arnuineMm 3HadeHuss Lg, g, Mg, Sq I KaXKJIO0rO ajJropuTMa dg,
06beIMHIB TIePBbIe JIBa CIydasi ¢ HOMOIIBIO onpaku 0 = [d < D]:

Li=L—d—06, lg=(-5 mg=m+d—d=m, s4(e)=2%(m+d—ck).

[MomcraBisiss 51 Beipaxkenus B (8.3) u (8.4), mosydnM yTBEpK/EHHE T€OPEMbl. W

Sameuanue 8.1. Ilosie3no mpoBepuThH, 9TO COBOKYIIHOCTH YCIOBH X = a onpejesieHa

KOPPEKTHO, JoKazaB ToxaecrBa y  [uX =a] = 1 5mbo > P, = 1. Jlusg MoHOTOHHOI T1eTm
acA acA
00e 5TU IIPOBEPKU BbIHECEHBI B Y IPaKHEHUSI.

BbluncnurenbHbii akcnepumeHT. [locTtponM 3aBUCHMOCTD BEPOSTHOCTH TIepeolyte-
Husg (). OT TOYHOCTH € W JIMHBI nenn . 3a0JHO IPOBEPUM IOJIYyUIEHHYIO (DOPMYIIY,
CPABHUB PE3yJIbTAT C SMIMPUIECKOil OIeHKOil (., Bbrauciennoil memodom Monwme-Kapro
nmo N = 1000 ciayuvaiinbix pazduennii. ['pacduku na puc. 8.1 nmocrpoenst nipu ¢ = k = 100
um = 20, TO ecTb KOra JIydimii aaroputM jgomyckaer 10% ommbok Ha moJIHOI BHIOODKE.

[Teccumuctuanas u pangomusupoBantas MIP mator nouru oguHakoBbie oreHKT ().,
ONITUMUCTUIHAS — 3aMETHO 3aHUKEHHYIO OIEHKY, CM. JIEBBIN Ipaduk Ha puc. 8.1.

B skcnepuMenTe BBIUHC/IAIACH TAKYKE SMIMPUYIEcKas OleHKa (PYHKIIMOHAIA PABHO-
MEPHOI CXOJUMOCTH,

Q. = Is[réleajcé(a,X) > 6].

OH «aB/IsIeTCsT 3aBBINIEHHON BEpPXHEN OIEHKON BeposiTHOCTH 1epeodydenns, (). < ().,
cm. ctp. 48. [lpasbrii rpaduk Ha puc. 8.1 mokasbIBaeT, YTO MPU Pa3yMHOM 3HAYEHUU Ha-
néxnoctu 1) = 0.05 sTa onenka 3asbiiiena 6osee yem B 100 pas.



6epoSAMHOCIb nepeodyyenus 3a6bIUEHHOCTb PYHKYUOHANA PABHOMEPHOL CXOOUMOCTIU
1100 4

1000 4
900 1
800 1
700 1§
600 1
500 4
400 7

0.9 1
08 1
0.7 1

06 7
05 4 i

04 4

0.3 1 =l= 300 1
0.2 4 200 1
0.1 1 100 4
09 e
0 002 004 006 008 010 012 0M  mounocm, eps 0 002 004 006 008 010 012 014 mounocme, eps
—— TOYHas ougHka —— necc.MOP — paHg.MOP
—— paBHOMepHast — ont.M3P

Puc. 8.1. CiieBa: 3aBUCHMOCTE OIIEHOK BEPOSITHOCTHU I1€peodyUueHust (). OT &: TOYHAsI
orerka u3 Teopembl 8.10 m weThIpe OIEHKHU, BbraucjiaeHubie meronoMm Monre-Kapiio
o 1000 ciryuaitHbix pazdueHuii: Jjisi MIeCCUMUCTUIHON, ONTUMUCTUYHON W PAaHIOMU-
supoBannoit MOP. Bepxuss kpuBasi coorBeTcTByeT (DYHKIIMOHAY PABHOMEPHOI CXO-
JIIMOCTH és. CupaBa: crerneHb 3aBbIIIEHHOCTH (DYHKIIMOHAA PABHOMEPHON CXOJMMO-
CTH @E/Qs. Bcee rpaduku nmocrpoenst npu £ = k = 100, m = 20.

sepoamuocmy nepeobyyenus, npu eps=0.0500501 8EPOAMHOCTIb
0.50 1 0.50
045 7 0.45 1
0.40
0.40
0.35 1
0.35 1 030
0.30 A 025 1
0.25 1 0.20
020 ] 015 4
0.10 1
0.15 A
0.05 1
0.10 1 01
0 5 10 15 20 25 30 35 40 wucro arcopummos, D 012345678 91112134  gropumm,d
—— TOYHasi oueHka —— necc.MOP — paHg.MOP —— BeposiTHoCTL anroputvia P(d) —— BEpOSITHOCTb NepeobyyeHust
—— paBHOMepHas — onT.MOP —— BKnag d-ro anroputva B Qeps

Puc. 8.2. Crepa: 3aBUCHMOCTh BEPOSTHOCTH TiepeolOydeHust (). OT YHCIa aJTOPHUT-
MoB D. Bepxusisa kpuBasi COOTBETCTBYeT (DYHKIIMOHAIY PABHOMEDPHON CXOIMMOCTHU @a.
Cupasa: BepOsSITHOCTD MOJIyUYeHHsT KaxKJoro u3 ajgropurmos Py = P[uX = a4], Briasn
KaKJIOTO AJITOPUTMa B BEPOSATHOCTH Iepeodydenusi ()., 3HadeHUe Q. JJIsd ECCUMU-
cruanoit MOP mo noxmuokecTBY asroputrmoB {ag,...,aq} Kak QYHKIUS OT 9HCTIA
ajiroput™MoB d. Bee rpadukn nocrpoenst npu £ = k = 100, m = 20, € = 0.05.

JleBoiit rpaduk Ha puc. 8.2 MOKA3bIBAET, YTO C POCTOM UHUCJA AJTOPUTMOB B MOHO-
TOHHOM Ten (DYHKITMOHAJ PABHOMEPHON CXOIMMOCTH @E IIPOJIOJIZKAET BO3pacTaThb, TOLIA
KaK BEPOSTHOCTD Tepeolyderus (). moce H—8 aJropuTMOB BBIXONT HA TOPU3OHTATIBHYIO
acumirrory. CoryiacHo Teopeme 5.1, olleHKa paBHOMEPHON CXOJUMOCTH 3aBbIIIIEHa U3-3a TO-
ro, 9To OHa He yunuTbiBaeT 3ddekT paccioenus. [losromy kpuByio Qve (BepxHsist KpUBast
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Ha JieBOM TpaduKke pHC.8.2) MOXKHO PacCMaTpUBATh KAaK OINEHKY BEPOSATHOCTH Hepeoly-
qeHus JUId uenu 6e3 paccaoenus. ToJIbKO coBMecTHOe IposiBjieHne 3(h@eKTOB paccioe-
HUsI U CBA3HOCTH TOHUZKAET BEPOSITHOCTD TIepeo0yIeHrsT 10 TPUeM/IEMO MAJIBIX 3HATEHU.
DTOT Ke BBIBOJL CJIeJIAH B IKCIIEPUMEHTaX C IEeNsIMU CJIyIalHbIX UHBepCHil, cTp. 66.
Bxaadom anzopumma ag B BEPOSITHOCTH TIepeodyderust (). OyaeM Ha3bIBaTh CIaraeMoe
o1 3HaKOM cyMMbI 110 d B opmyiie (8.13). Puc. 8.2 (cripaBa) mokasbIBaeT, 9To CyIecTBeH-
HbIE BKJIAJIbI BHOCAT TOJIBKO aJTOPUTMbI HECKOJIBKUX HUKHUX CJIOEB. DTO CIIPABEJINBO

n JJrd JpyTrux ceMelicTB AJITOPUTMOB, O6JI&,IL&IOIHI/IX CBOMICTBOM PacCJIOCHUA.

§8.6 BeposTHOCTb Nepeoby4veHns yHUMOAaIbHOW Lenu

Teopema 8.11. Ilycts A = {ap,...,a1,a9,d},...,adp} —yanmonansras e, (> 2,
D>1, L>2D+ m. Ilycte i — meron neccumucrudnoii MIP. Torma BeposTHOCTD 1TO-
JIYYHTH KaKJIbII U3 aJITOPUTMOB IIEIIH B PE3YJIbTATE 00y YIEHHs eCTh

Cr5
Py =P[pX=ao| = C—;,
Ci% 5 —8C8-
Py =P[uX=a4) = —= s = 3 2 d=1,...,min{k,D};
L
Cﬁ—é CZ—&
P, =PluX=d)] = Lod=s o L2420 g —1,... min{k, D};
L
e § = [d < D). Ilonoxnm sy(e) = £(m + d — k). Toraa BeposrrOCTE MEpeobyderms
C . min{k,D} — il i 6
L— 2 2 m L m
Qz—: = Cg H ( (8>> + Z 2— CZ H -6 (Sd(g)) -
d=1
ot
9 (jﬁ e ML (sa(9)) -
Cllbass o eb,m
T o Hy 5 5 (sa(€)) |- (8.14)
L

HoxkazareascTBo. Coryacuo jgemme 7.3, cipaBe/yinBa 0000méHHas rumoresa [I3M (8.7).
Kaxkxaomy anaropurmy a € A coorBercrByer oiHa wmin e napbl [I3M, mpuuém ecim
BTOpasd Iapa ecTh, TO €€ KO3 MUIIMEHT OTPUIIATEIEH, Cqp = — 1.

[I3M u mapamerpsl Lgy, L4y, Cap BCEX aITOPUTMOB YI0OHO CBECTH B TaOJINILY:

AJITOPUTM IIM SM Lo Cow Caw
aop {z1,2)} @ L-2 (-2 +1
ag, d=1,..., D=1 | {zqg1} A{x1,..., 24} L—d-1 /(-1 +1
{xd+1} {xl,...,xd,x’l,...,xfjﬂ} L—-2d-2 (-1 -1
ag, d=1,..., D=1 | {al} {},... 2} L—d-1 /(-1 +1
(TN SR T T A I ¥ L—-2d—-1 (-1 -1
ap 1%} {z1,...,2p} L—-D ¢ +1
ap @ {z,..., 2 L—-D l +1
1%} {24, ..., &p,21,...,2p} | L —2D l —1




Jyist Beex anroputyos u Beex map [IBM mg, = m, s (e) = £(m +d — ck).

Teneps sterko 3amucars Bepogrnoctu Py, Py o dopmyiam (8.8), (8.9) u BepostHOCTD
nepeobyuenns mo dopmyre (8.10). Oobenunsia caydan d < D u d = D ¢ moMoIpo mo-
npasku 0 = [d < D], nosyunm (8.14). ]

Pe3iome

Hpuruyun nopootcdarowur u 3anpewaruur MHodxcecms OCHOBAH Ha THIIOTE3E, UTO
JIJIST Ka2KJI0TO aJIrOPUTMa MOXKHO yKa3aTh MHOYKECTBO Nopootcdatouur 00beKTOB, KOTOPbIE
00g3aHbl OBITH B 0OyJaroNieil BHIOOPKE, M MHOYKECTBO 3aNPeULaowur 00beKTOB, KOTOPBIX
He JIOJIPKHO OBITH B 00yYalolreil BLIOOPKe, 9TOObI METOJ] 00YUYeHIs BHIOPAJI UMEHHO JIAHHBIHT
AJICOPUTM. DTO JIOBOJILHO CHJILHOE TIPEJIIIOJIOYKEHIE, U OHO BBIIIOJTHSIETCS JTAJIEKO He BCeria.
B obmiem ciryuae J171st KayKJ10r0 aJaropuTMa MOYKHO yKa3aTh HECKOJIBLKO AP MOPOXK TAIONTUX
U 3AIIPEIaionnX MHOXKeCTB. K/l OHM M3BECTHBI, TO JaJiee JIETKO BBITUCISAIOTCS BEPOST-
HOCTHU TIOJIYYUTDH KaKJIblii U3 aJI'OPUTMOB, BEPOSITHOCTH IepeodyUdeHns, OIEeHKa, MOJTHOTO
CKOJIB3SIIIEro KOHTPOJIs. BBIOOp crCTeMBbI TOPOXKIAIONIUX U 3AIIPEIAIONINX MHOXKECTB SIB-
JISIETCS UCKYCCTBOM U MOKET OBbITH CJieJIaH MO-pa3sHoMy. JeM MX MeHbIe U YeM MeHbIIe
UX MOIITHOCTH, TeM 3P deKTuBHee OYIyT BBIMUCIATHCA OIEHKU.

B cnepyroweii nekunn Mbl BBeIEM HOHSATHE Tpada paccI0eHUsA—CBA3HOCTHA ceMeiicTBa
AJTOPUTMOB U TIOJIYYUM OIIEHKY BEPOSITHOCTH I1epeo0ydeHns, MPUMEHUMYIO He TOJbKO
K MOJEJbHBIM CeMelicTBaM, HO M K peaJibHbIM. B o0IeM ciydae 9TO BepxXHsisi OIEHKA,
OJIHAKO JIJId MOHOTOHHBIX IIelleli, MOHOTOHHBIX CeTeil WU HEKOTOPBIX JAPYI'UX MOJICJIbHBIX
ceMeliCTB OHa ABJAETCS TOYHOIA.

Ynpa>xHeHus

Banmaua 8.1 (3*). Bepna i rumoresa, aro mis ao6bx A, X 1 MOXKHO yKa3aTh deThipe
nojMuOKecTBa 00bekToB X, X!, X, X! C X, Takux, 410

(nX=d] = [X, C X][X, C X][X. ¢ X][X, ¢ X], VX e[X"

Bamaua 8.2 (1). Haiitu BeposTHOCTEL TIepeobydeHns MOHOTOHHOMN IIENN JiJisi ONTHMHU-
CTUYHOI M paHJOMHU3UPOBAHHON MUHUMHU3AIINN SMIIUPUIECKOIO PUCKA.

Bamaua 8.3 (1). [ljnsg MOHOTOHHOM IeNH, WCIHOJIB3Ys BbIparKkeHus jid P, 1 KOMOUHA-

TOPHbIE TOXKJIECTBA, JIOKA3aTh PaBeHCTBO » , P, = 1.
acA

Bamaua 8.4 (1). [ns yHUMOJAILHOI TI€1H, UCHOJIb3Ys BbIpasKeHus jijid P, n KOMOUHA-

TOPHbIE TOXKJIECTBA, JIOKA3aTh PaBeHCTBO » , P, = 1.
acA

Bamaua 8.5 (1). Bemmucars dopmyity moaHoro ckosb3siero koarposs C'(u, X) ast Mo-
HOTOHHOII 1enu. Bo3zmozkno Jjin €€ ynpoctuts?
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Bamaua 8.6 (1). Bemmcars dopmysy momaoro crosbssiiero kKoutposas C(u, X) s
YHUMO/IAJTHHOM 11ern. Bo3MOXKHO i €€ yIpocTuTh?

B ciemyomux yrpaKHEHUAX IPEJJIaraeTcst BbIBECTH (DOPMYJIY BEPOATHOCTH IIepe-
obOydennst (). JJIsT MOJIEJIBHOTO CeMeiicTBa aJrOpuTMOB A ¢ IMOMAPHO Pa3THIHBIMU BEKTO-

pamMun OIITNOOK. MeTO,ZL M — IeCCUMUCTUYIHasA MUHUMU3AIUA IMITUPUIECKOTO PUCKA.

Bamaua 8.7 (1). Bemmcars cucremy II3M u Q. s upsamoit erm A = {aq,...,ap},
n(aq, X) = m upu d wveuaéruwx, n(aq, X) =m + 1 npu d veuérnbix, npu D = 3,4, 5.

Bamaua 8.8 (1). Bemmcars cucremy I1I3M u Q. st npsamoit nerm A = {aq,...,ap},
n(aq,X) = m+ 1 upu d veuérunix, n(aq, X) = m upu d vHeuérabix, npu D = 4, 5.

Bamaua 8.9 (1). Bemmcars cucremy [I18M u Q. miug npamoit nenun A = {aq, ..., a5},
n(ag, X)=m, m+1, m+2, m+1, m g d=1,2,3,4,5 cooTBETCTBEHHO.

Bamaua 8.10 (3). A={a_p/,...,a0,...,ap} — HecUMMeTpHYIHAS YHUMOJATHHAS TIEIIH
AJTOPUTMOB C BETBSIME pas3jndHoil juusl, D # D'

Bamaua 8.11 (4%). Pasopsannas nens A = {ag,...,ap,aps1,...,ac}, 1€ ag,...,ap
U apii,--.,0c — JBE MOHOTOHHBIE Tienn, n(ag, X) = m, n(apy1, X) =my > m+ D + 1,
IPUYEM AJITOPUTM A p 1 OIMIMOAETCsT Ha BCeX 00beKTax, Ha KOTOPBIX ONIUOAeTCs ap, U eIl
Ha m; — m — D obbekTax.

Bamava 8.12 (5*). A ={ag,...,ap} — upsamag 1enb 6e3 PaccJIOCHUs; TUCIO OMUOOK,
YepeiysCh, IPUHUMAET ABa 3Hadenns: n(aq, X) =m+ (d mod 2), d=0,...,D.

Bamaua 8.13 (5*). Marpuna ommboK m-uaroHajbHa, TO eCTh aJrOPUTM (g JOIYCKAET
ommbKM Ha obbekTax x;, 1 =d+1,....d+m, anascex d=0,...,D.

Bamaua 8.14 (5*). Marpuna ommbok 06pasyercs IUKJINIeCKIM CIBUTOM 1epBbix D + 1
KOODJIMHAT BEKTOPa OMIMOOK C 1M OMUOKAME, TO €CTh aJITOPUTM (g JIOIYCKAET OINUOKU Ha,
00BbEKTAX T14(i—1) mod (D+1), ¢ =d+1,...,d+m, auascex d=0,...,D.

Banmaua 8.15 (7*). A={ag,...,ac,...,ap} — npsMag Ielb, COCTABIEHHAS U3 IEINN
6e3 paccJIoeHus dg, . . . , Gc 1 MOHOTOHHOM HENIH ac, . . .,Ap ¢ OOIIUM aJIFOPUTMOM (.

Bamaua 8.16 (8*). A={a_p,...,a_¢c/,...,ac,...,ap} — TUpsAMas Ielb, COCTABJIECH-
Hasl U3 MOHOTOHHOI IeNu a_cr, . . ., G_pr, NeTn 6€3 PacCIOeHNsl d_¢r, . . . , ¢ U MOHOTOHHOM
Henu g, . .., ap, ¢ OOIUME aJrOPUTMaMK G_cr W d¢ COOTBETCTBEHHO.

Bamava 8.17 (10%). IIpousBosibHasi Ielb aJIrOPUTMOB.

Bagaua 8.18 (5). Ilyuok u3 h MonoToHHBIX 1eneit {ag, a;1,...,a;x}, j=1,...,h, cob-
MM JIY 9IIHM aJITOPUTMOM g, N(ag, X) = m. Ilpennonaraercs, 9o MHOXKeCTBa 00HEKTOB
X(j) = {z;: I(ag,x;) = 0w I(ajm, ;) =1}, j=1,...,h, HOHADHO He IEPECEKAIOTCL.



9 OueHkn paccinoeHUs—CBA3HOCTU

[Mpunnun noposcdarowux u 3anpewarowur mroxcecme (IIBM) yausepcasien, HO
He OYeHb YJ00eH B MCIOJIb30BaHUU. Ecn Ke HAJIOXKUTH Ha MHOYKECTBO aJI'OPUTMOB J10-
nostHUTEIbHbIE orpanntdenus, To [I3M jerko BoinucwiBaioTcss B Tepmunax rpada Xacce
YaCTUIHO YIOPSJI0OYEHHOTO MHOXKECTBA BEKTOPOB omubOoK. HakiaipiBaemMbie orpaHnyeHus
He CJIUIIKOM OOpPEMEHUTEIbHBI, U MHOT'HE NMPaKTHYECKUEe CeMelCcTBa MM Y/IOBJICTBOPSIIOT.
[Tonydaemble OIEHKYM BEPOSTHOCTH IePe00yUeHrs 3aBUCAT OT KOJUYIECTBEHHBIX XapaKTe-
PUCTUK PACCJIOEHUs U CBA3HOCTU MHOYKECTBA aJTOPUTMOB, ABIAIOTCS TOYHBIMHU JIJIs HEKO-
TOPBIX HETPUBUAJBHBIX CEMEHCTB, a MPU UTHOPUPOBAHUU d(PD(HEKTOB PACC/IOCHUT U CBA3-

HOCTH TI€PeX0/IisiT B OlleHKHN Bartauka-depBoHeHKmcAa.

§9.1 [ pad paccnoeHnsa—cBasHoOCTU

Hamomunm ocHOBHBIE 0003HAYEHMS:

X ={x,...,2,} — KOHEUHOE MHOXKECTBO OOBHEKTOB;

A — MHOXKeCTBO aJIl'OPUTMOB;

I(a,z) — napukarop ommbku ajroputma a € A Ha obbekre x € X;

n(a, X) — aucyo omubox asroputma a Ha Beibopre X C X;

p(a,b) — X3IMMUHIOBO PACCTOSIHEE MEK/Iy BEKTOPAMU OMIUOOK AJrOPUTMOB @ U b;
A ={a € A: n(a,X) = m} —m-1 caoli mpoxecrsa A.

Bysem mosiarath, 9To Bee BEKTODPBI OMIMOOK 4 = (I (a, xi))le, [OPOKIa€MbIe AJIIO-
put™Mamu a u3 A, monapHo pazandabl. Eciu 9To He Tak, TO aJropuTMbl, COOTBETCTBYIONTTE
JyOUPYIONIAM BEKTOPAM OIMMOOK, NCKJIFOYNM U3 MHOXKecTBa, A.

Beesiém Ha A ecrecTBeHHOE OTHOIIEHEE MOPsiIKA: ¢ < b TOT/Ia U TOJBKO TOIJIa, KOT/Ia
I(a,z) < I(b,x) na Beex x € X. Oupenenum a < b ecin a < b u a # b.

Ecim a < b u npu srom p(a,b) = 1, To Gymem roBopurbh, 9to a npedwecmeyem b
u 3anuceiBaTh @ < b. OueBuno, uro n(a, X) + 1 = n(b, X).

Onpepesienne 9.1. 'pagom paccioerusi—c6A3HOCTNU MHOKECTBA alrOpUTMOB A Gymem
HasbIBaTH HanpaseHnbli rpag (A, E) ¢ mpoxecrsom pébep E = {(a,b): a < b},

['pad pacciioennsi—CBA3HOCTU SIBJIETCS MHOTOJIOJIBHBIM, JIOJU COOTBETCTBYIOT CJIO-
sm A, pédpamMu MOTYT COEIUHSTHCST TOJBKO aJTOPUTMBI COCE/THUX CJIOEB.

Kaxmomy pebpy a < b rpada pacc/ioeHusi—CBA3HOCTU COOTBETCTBYET OJUH M TOJIBKO
OIuH O0OBEKT Ty, € X, Takoit, u10 I(a, x4p) = 0 u 1(b, x4) = 1.

IIpumep 9.1. Ha puc. 9.1 nokasan rpad paccjaoenusa—CBA3HOCTH, TTOPOKIAEMbIil ceMeii-
CTBOM JIMHEHHBIX aJIrOPUTMOB Kjaccudukainun Ha BbiOOpKe jymmabl L = 10. Havaabubrit
dparmenT ero MaTpuIibl omubOOK npuBoAuscs na puc. 1.2, crp. 10. Beibopka suneitno pas-
JIeJIuMa, IT09TOMY B I'pade nMmeeTcst HyJIeBOil CJ1oil, cOCTOANIII U3 e IMHCTBEHHO BEPIITUHBI,
COOTBETCTBYIOIIEH HyJleBOMYy BeKTOpY omubok. [lepBrlii ciioit obpasyercst 5 aaropurMaMu
C OJIHOI OIMMOKOIi, BTOPOil CJ10i1 — 8 aJropuTMaMu ¢ JByMs OIMTUOKAME, U T. JI.



L L L L L L L L L L L L L L
-4 -2 0 2 4 6 8 10 12 -4 -2 0 2 4 6 8 10 12

Puc. 9.1. llpumep rpada pacciioeHns—CBsa3HOCTH (BBEpXY CJI€Ba; 110 BEPTUKAJILHOIL
OCH OTJIOXKEHBI HOMEpa CJIOEB), MOPOXKIAEMOrO CeMEHCTBOM JIMHEHHBIX AJTOPUTMOB
kytaccudukaym Ha Boibopke u3 10 06beKTOB, 110 5 00HEKTOB B KayKJIOM Kjacce (BBepXy
crpasa). [Tepsblil csioit obpasyercst 5 ajaropurMamu ¢ OJHOM OImMOKoil (BHU3Y cieBa),
BTOPOIi CJ10ji — 8 asiropuTmMaMu ¢ JByMsi ommbkaMu (BHU3Y clipaBa), U T. JI.

['pad paccnoenus—cBaznocTu gBigercd nojarpadom rpada TPAH3UTUBHON PETYyKITUN
OTHOIIIEHUS MOPsijiKa <, Ha3bIBAEMOTO Takxke duazpammots Xdcce. B rpade (A, E) péo-
paMn COeJUHAIOTCA TOJIBKO aJI'OPUTMBbI, OTJIMYalOIIuecd Ha O/JHOM O6’beKTe, TOrJa KaK
B Jmarpamme Xacce péopaMu COeJIMHSIIOTCS TaKyKe U aJlOPUTMBI @, b, oTyimdatoniuecst 60-
Jiee YeM Ha OJTHOM OOBEKTe, ecjii He CyNIecTByeT Takoro ¢ € A, aro a < ¢ < b.

§89.2 OueHku paccnoeHnsi—CBsAI3HOCTH

OcnabneHne metoga NOpoXXAAOLNX U 3anpeLatowmx MmHoxecTs. Hamovmnm, aro
JIIS TIOJTy IeHHs TOYHBIX OIEHOK 00O0OIIAOIIeil CITOCOOHOCTH MBI 3aIIICHIBAJIN HEOOXOIIMOE
U JIOCTATOYHOE ycsioBue (8.7) TOro, 4To ajroput™m a € A BBIIAETCS METOJOM (i B PE3Y/Ib-
Tate obyuenus 110 Brbopke X € [X]%:

pX=a] = 3" 6 [Xo0 © X] [X[, € X,

vEV,

Y10o0b! yIPOCTUTH OIEHKY, OCJIabUM yCJIOBHE JI0 HEOOXOMMOTO, 3aMEHUB PABEHCTBO
HEPaBEHCTBOM, OCTaBHUM 110 0/1HOI tape [I13M 1151 KazK10ro ajaropuTMa, i MOJIOKIM Cqp = 1.
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I'mnoresza 9.1. MruoxkecTBO A, BhIOOpKa X H METOJT [t TAKOBBI, ITO JIJISI KAXK0T0 AJIT0-
purMa a € A MOKHO yKazaTb nopooicdarowee MHOKeCTBO X, C X H 3anpewarowee MHO-
sxectBo X C X, y/IOBJIETBODSIOIIHE YCIOBUSIM

[nX=a] < [X, C X][X,CX], VXe[X" (9.1)

Teopema 9.1. FEcim rumoresa 9.1 cripaBejjinBa, TO BEPOSITHOCTH 1€PE0OYIEHHST OLE€HH-
BaeTcs CBepXy 1o popmyiie

Q:(1,X) < Qc(p,X) = Z Pa%%,; " (sa(€)); (9.2)
acA
P,=PuX =a < P,=Cp/C; (9.3)
Lo = L — [ Xa| = [X4];
ly =10 —|X,|;

Mg ::n(a,Bi\)(a\)(é%
sa(e) = £(n(a,X) — ek) — n(a, X,).

Enuncreennoe ormmtaie oT TeopeMbl 8.3 B ToM, 4TO paBeHcTBO (8.1) B rumorese 8.1
samensiercst HepaBeHCTBOM (9.1) B runorese 9.1. Xoj1 1oKa3aTeIbCTBA COXPAHIETCS B TOU-
noctu. PasencrBo B orenkax (9.2) u (9.3) gocruraercss Torja M TOMBKO TOLJA, KOIJA
B (9.1) mMeeT MECTO PABEHCTBO JJIST BCEX AJTOPUTMOB d.

CaencrBue 9.1.1. Omnenka (9.2) sapisiercs gocrmxknMoii. PaBencrBo gocruraercst rorga

" TOJIBKO ToryIa, Koryia » , P, = 1. Buauenune ), P, opHeHTHPOBOYHO ITOKA3BIBACT CTEIICHb
acA acA
3aBBIIIEHHOCTH BEPXHEI OIIeHKH BeposiTHOCTH 1iepeobydenist (9.2).

MoHoToHHbIe MeToabl 00y4eHus. OOo3HATMM ITPOEKITUIO BEKTOPa ONMMUOOK @ Ha 110/IBbI-
6opky X C X uepes dx = (1(a,;))a,ex. Ha npoexiusx ecrecTBeHHBIM 00PA30M BBOIUTCH
OTHOIIEHHE YaCTUIHONO HOPsIKa: @y < by TOIa U TOJILKO TOIJa, Koria (a,z) < 1(b,x)
qutst Beex x € X. Oupenennm dy < I;X ecin Ay < I;X uady # I;X.

Onpepesienne 9.2. Meros ob6yuenus (i HazbiBaeTcst Moromontoim, ecin ji( X ) € Ay (X)
st Jmoboit o6y waroreit seibopkn X € [X]¢, rae

Apn(X) = Argmin M (a, X),
acA
u kpurepuii M (a, X') siBiasiercst cTporo MOHOTOHHOIH (DyHKIIHEH BEKTOpa OMIHOOK, TO €CTh
Jutst mobbix X C X ma,b € A, raknx, aro dx < by, cupasegmso M(a, X) < M(b, X).

IIpumepoM MOHOTOHHOIO METO/A SBJISIETCS MUHUMH3AI SMIHPHTIECKOTO DHUCKA,
a TaxxKe eé 0000IIeHne — MIUHIMU3AINS 636€UWEHH020 IMNUPUECKO20 DUCKG,
M(a,X) = E w;l(a,z;) — min,

acA
r,€X



e w; > 0 — Bec oObekTa ;. BBejenne BecoB 00bEKTOB — JIOBOJILHO PACIIPOCTPaHEHHBIHI
npuém. OH, B 9aCTHOCTHU, NMPUMEHSIETCs, KOIJa KJIacChl He COAJIaHCHPOBAHBI, N OObEK-
TaM MaJIOYNCJIEHHOTO KJjacca Tpedyercs mpujaarh Oosibinmit Bec. VHorma menbImuii Bec
HA3HAYAIOT TeM 00beKkTaM, HH(MOPMAIUs O KOTOPBIX MeHee TOYHA. MuHUMU3aIms B3Be-
IIIEHHOT'0 SMIIMPUIECKOr0 PUCKA ITPUMEHSIETCs TaKKe it 00yUeHns 0a30BbIX aJIl'OPUTMOB
B KOMITO3MIUAX THIA OycTuHTra [95]; B 9TOM citydae Beca 00bEKTOB MEPeCINThIBAIOTCS 110
crenaIbHBIM (hOPMYyJIaM TIepe/T MOCTPOEHNEM KarKI0r0 0a30BOr0 aJIrOPUTMA.

MeccumuncTuynbie metogbl 0by4deHus. Jlomycrum, 910 Ipo MeToJ 00YIEHUsT [, M3BECT-
HO TOJIBKO, YTO OH MUHUMU3MPYET MOHOTOHHBI Kpurepuii M (a, X ), HO He U3BECTHO, KaK
UMEHHO OH BbiOmpaeT ajropursm u3 MHOKecTBa Ay (X). Torma Gymem mpejmoarars, 9To
peanusyercsd XyAImii ciay4dait.

Omnpenenenue 9.3. MoHOTOHHBIIF MeTO] OOy IeHHST [t HA3BIBACTCS V-NECCUMUCTIUYHDIM,
ecom Jiist Jmioboit obyuatomeit seibopkn X € [X]¢ mz mmosxecra Ay (X) BbiGupaercs
aJIrOPATM € HAHOOJIBINEH 9aCTOTOH OIIMOOK B KOHTPOJILHOIH BBIOODKE:
pX =arg max v(a, X).
G,GA]w(X )
Omnpenenenne 9.4. MoHOTOHHBI MeTOJ] OOy IE€HUS L HA3BIBAETCS 0 -NECCUMUCTNUYHDIM,
ecom Jyist Jmioboit obyuatomeit seibopkn X € [X]Y s mmoskecra Ay (X) BoiGupaercs
Hanbosiee 11epeodyYeHHBII aJITOPHTM:
pX =arg max d(a, X).
G,GA]w(X )
Onpenenenue 9.5. MoHOTOHHBI METOZ OOyYEHHS [i HA3BIBACTCH NMECCUMUCTUYHDIM,
€CJIH OH JINOO V-ITeCCHMUCTHYHDII, JINOO )-11€CCUMHUCTHIHBI.

Ecaun kpurepnit M onpejenserca kak gacrora onmook, M(a, X) = v(a, X), To 1o-
HATUS V-TIECCHMUCTUIHOIO U 0-TIECCUMEICTHIHOTO METO/Ia COBIAIAioT. B obmiem cirydae
9TO He Tak, CM. 3ajiady 9.2.

[TeccnmucTraHbIE METOIBI HEBO3BMOXKHO PEATI30BATh HA IPAKTHKE, TaK KaK OHU «I10]I-
DJISIBIBAIOT» B CKPBITYIO BBIOODKY. Tem He MeHee, OHU MPEJICTABIIAIOT 3HAYUTETbHbI Teo-
PETUYECKHI HHTEPEC, TaK KaK MOJIydIaeMble /I HIX BEPXHHE OIEHKH CIIPABE/JINBDI I
JEOOBIX MOHOTOHHBIX METOJIOB 00y IeH . DKCIEPUMEHTHI OKA3bIBAIOT, UTO 3aBLIIEHHOCTH

OIIEHOK, BO3HUKaIOIaA N3-3a ITECCUMUCTUYIHOCTH, KaK IIpaBUJIO, HEBEJINKA.

Jlemma 9.2. /[rst mo6oii Beroopku X u Jil060ro MOHOTOHHOT'O METO/Ia OOy IEHHS |4 ¢ KPH-
repuem M (a, X) crpaBeinBbI OLleHKH

Q ( ) < Qa(:u&a )a
Re(p1,X) < Re(p, X),
C(p, X) < O, X),

e ju, M [ty — MOHOTOHHBIE METOJbI 00ydeHust ¢ Tem ke kpurepuem M (a, X)), coorBer-
CTBEHHO V-TTECCHMHUCTHYIHBIH U §-TI€CCHMHUCTHIHBIH.



M3M gnst MOHOTOHHBLIX MECCUMUCTUYHbLIX MeToAoB 0DyuYeHus. [list Kaxkoro aj-
roput™ma a € A ompeenuM ABa MHOXKECTBa O00BEKTOB: X, — MHOXKECTBO OOBEKTOB Iy,
COOTBETCTBYIOIIMX BCEBO3MOKHBIM péOpam rpada (a,b) € E, ucxoadmum us a:

X,={zeX|IbeAd:a=<b, I(a,x) <I(baz)}, (9.4)

u X! — MHO)KeCTBO 06BEKTOB & € X, TAKHUX, 9TO @ ONHOACTCS HA X W CYIIECTBYET JIy It
aJyropuT™ b € A, KOTODPBIl He ormubaeTcs Ha X

X, ={zeX|BbeA:b<a, I(bz)<I(a,x)}. (9.5)

Jlemma 9.3. FEcim (4 — MOHOTOHHBIH IECCHMUCTHYHBIE METOJ OOYIEHHSI, TO MHOKECTBO
X, (9.4) saBasiercss mopox paromumM, a MHOKecTBo X! (9.5) — 3amperarorum JJist aaro-
puTMa a B cMbIcje runore3nl 9.1.

HokazareabcTBo. [lycts pX = a. /lokaxkeM oT IPOTUBHOTO, ITO TOTJIA BBITOJHAIOTCS
msa yerosus: X, € X n X! C X.

Homryctum, 9to HABAETCH T4, € X,, He Jiexkammit B X. BekrTopnr ommbok a u b
OTJIMIAIOTCST TOJIBKO HA 00BbEKTE Xqp. CrieoBaTe IhHO,

ix =bx, M(a,X)=M(®0X), v(a,X)=uv(bX).
Buauut, 06a asropurma, a u b, npuaaexar Ay (X). B To xe Bpewms,
iy <bg, v(a,X)<v(b X), &, X)<db X),

[IO3TOMY JIJI METOJIA (4, B CUJIY €r0 MeCCUMUCTUIHOCTHU, BLIOOD ajiropuTMa b 1o BeiOOpKe X
Oy/eT mpeanodTuTe/IbHee, 9eM @, ITO MPOTUBOpeduT yeaouio X = a. 3uaqut, X, C X.
Homyctum Teneps, uro naiaéres x,. € X, aexammii B X . Torma b x < ayx. Ilockomnb-
Ky MeTO/J[ /4 MUHUMHU3UPyeT MOHOTOHHBIH Kpurepuit M (a, X ), Beibop asropurma b Oymer
IPe/IOYTHTE IbHEe, YeM @, 9TO IPOTHBOpednT yciomio X = a. 3naunt, X! C X.
Jlemma J10Ka3aHA. m

MonaTna ceaA3HoCcTU U HenoJIHOUEHHOCTU aaropunTtmMma.

Onpepenienne 9.6. Beprnet ceasnocmoio u(a) (up-connectivity) aaropurma a € A 6y-
JleM Ha3blBaTh 9HCJI0 pébep rpacpa, HCXOMAIUX U3 BEPIIHHBI (:

u(a) = #{zs € X:a = b} =|X,|.

Onpepenenne 9.7. Huoicnel ceasnocmoio d(a) (down-connectivity) amropurma a € A
OyJ1eM Ha3bIBATH YHCJIO PEOEp rpaa, BXOJSIINX B BEPIIUHY O

d(a) = #{xy, € X: b < a}.

Caszrocts u(a) (mmm d(a)) ects peanmsyemoe cemeiicTBoM A 9nCIo cr1ocoboB n3Me-
HUTH AJTOPUTM @ Tak, YTOOBI OH CTaJs JIeJaTh Ha OJIHY OMHUOKY OoJsbiie (MM MeHbIIe).
CBSA3HOCTH MOYKHO HHTEPIPETHPOBATH KaK UHCIIO creneHeil cBoGoipl ceMeiictBa A B J0-
KAaJIbHOM OKPECTHOCTH aJIrOpuTMa a € A.



Onpepesienne 9.8. Henoanouernnocmuio q(a) (inferiority) amropurma a € A 6ymem Ha-
3bIBATH YUCJI0 0OBEKTOB T € X, Ha KOTOPBIX aJIl'OPUTM @ OIIHOAETCsI, IIPH TOM, ITO CYIIe-
crByer ajgropur™ b € A, syumimii, gem a (To ecth b < a), He ommbaroniics Ha :

q(a) = [X,].

B repmunax rpacda pacciioeHusi—CBA3HOCTH ¢(a) PABHO UHCIY PA3JIMIHBIX O00bHEK-
TOB T'pe, COOTBETCTBYIOIIIX BCEBO3MOYKHBIM PEOpaM (b, ¢) Ha Iy TsAX, BEJLyIIIX K BEpIIUHE d.

[Tepeuncimm nekoTopsle cBoiicTsa Besanann u(a), d(a), g(a).

1. Nmeer mecto Hepasencrso d(a) < ¢(a) < n(a, X).

2. Pasencrso d(a) = ¢(a) mocturaercs Ha Bcex aJrOPUTMax JIBYX HUZKHUX CJIOEB.

3. Pasenctso ¢(a) = n(a,X) mocruraercs B ciaydae, KOrja CyIecTBYeT KOPPEKTHBII
asroput™ ag € A: n(ap, X) = 0.

4. Ecim rpad pacciioeHus—CBA3HOCTH UMEET UCOK — aJIlOPUTM g, U3 KOTOPOTO
MOZKHO JI0OpaThCsI TI0 PEGpaM J10 Jir6oTo ipyroro agropurma, 1o ¢(a) = n(a, X) — n(ag, X).

BerHSISI OUEeHKa pPacCioeHNA—CBA3HOCTU O BEPOATHOCTU nepeo6yquvm CcJIey-

eT Herocpe/ICTBeHHO u3 obrmeit orenkn (9.2) u semm 9.2, 9.3.

Teopema 9.4 (omeHka paccijioeHusi—CBA3HOCTH). /Jl1s1 1pou3BoJibHOI BBIOOPKH X,
IIPOU3BOJILHOTO MOHOTOHHOI'O MeTO/[a 00yderust . 1 mpousBosibaoro € € (0, 1)

S -
QE(MaX) < Z %Hifuij ! (%(m - gk)) ) (96)
L

acA

e u = u(a) — BepxXHsis CBA3HOCTh, ¢ = ¢(a) — HemosHoneHHocTb, m = n(a, X) — qmucio

oHIMOOK aJIrOPpUTMa, 4 Ha FeHepaJIbHOM MHOXKeCTBE 0ObEKTOB.

HokazarenascrBo. CoracHo slemme 9.2, cripaseymba orieHka Q. (u, X) < Q. (us, X), re
[t — MOHOTOHHBI J-IleCCUMUCTUIHBIH MeTos 00ydenus. Coryacuo jgemme 9.3, 11t KazK-
joro ajroputMa a € A muO)kecTBO X, (9.4) sIBJIsIeTcsl MOPOXKJIAIOIIUM, & MHOYKECTBO
X! (9.5) — sanpermatonum. IIpu sToM @ omubaercs Ha Beex obbekrax n3 X, u me ommba-
erca Ha Beex obbekTax u3 X, |X,| = u(a), n(a,X,) =0, |X]| =n(a, X)) = q(a). lox-
craBiisist 9tu 3HadeHust B opmysint (9.2) u (9.3), noaydaem TpebyeMyIo OIEHKY. [

Hepe‘{I/ICJII/IM OCHOBHBIE CBOICTBa OIIEHKHU PaCC/JIOCHUA—CBA3HOCTU.

1. Buarogapst KoM6HHATOPHOMY coMHOMKHTEN0 C'F Y

L—u—q /C*¥ BKJIaJ] KazK0ro aaropuT-

Ma @ B OLEHKY () 9KCIIOHEHIMAIBHO YOBIBAET ¢ POCTOM HEIIOJHONEHHOCTH § U CBA3HOCTH U.
OTcrofa cJIeAyIoT IBa BaXKHBIX JJIA IIPAKTUKU BBIBOJIA.

Bo-11epBbIX, CBA3HBIE CeMERCTBa MEHEe MOABEPKEHBI 1epeodyIeHuIO.

Bo-BTOPBIX, TOJBKO HUMKHKE CJIOU BHOCST CYIIECTBEHHBINH BKJIa/| B IIepeobyIeHue.

Buiarogapst moceiaeMy 00CTOSITETLCTBY CTAHOBUTCST BO3MOXKHBIM 3(D(DEKTUBHOE BbI-
qucIenne TpUOIMZAKEHHOM (HIDKHEl) oneHKn (). 10 CJI0AM CHU3Y BBEpX.

2. Yucauresns (9.6) obpamaercs B vy b ipu £ — u < L — u — ¢. [Tosromy HeHysieBoii
BKJIaJ[ B CyMMY MOTYT JIaBaTh TOJIbKO aJrOPUTMbI HIZKHUX CJIOEB, JJist KOTOPbIX ¢(a) < k.



Takum obpazom, 1ipu MaJibix k ITOCTOMHBIM BBIUHUC/IEHHEM MOYKHO IOJIyYaTh HE HPUOJIN-
JK6HHOe, a TouHoe 3Hadenne (.. C Apyroif cTOpoHBI, pu coBceM Masbix k = 1,2, 3 urHo-
PHUDPYIOTCST aJIrOPUTMEL ¢ ¢(a) > k, KoTOpbie Ipu 6GJIBITIX & MOL/IH ObI BHOCHTD CyIIeCTBEH-
HbII BKJIaJ B iepeoOydenue. OTcioa ciie/lyeT MpakTuieckas peKOMeH IAIs JIjis BbIOopa
JUIMHBI KOHTPOJILHOM BBIOOPKU — OpaTh YHCJIO k He MeHbIe, YeM YUCI0 «3(hOEeKTUBHO
paboOTAIONNX» HUKHUX CJIOEB.

3. Ecyim npeneOpedb paccioeHHeM U CBA3HOCTBIO, TOJIOKUB ¢ = u = () Jj1d KaKJI0r0
a € A B dopmyie (9.6), o nosyunrcs sydnias uz VC-onenok (5.3):

Qe (11, X) < ZH%W (£(m —ck)) .

acA

4. OneHka pacc/IOeHUsI—CBA3ZHOCTU sABJsgercs pocrixkumoii. Hepasencrso @, < Q).
[EePEXOJUT B PaBeHCTBO, Korja yciaosue (9.1) siserca paBencrBoMm. Orenka (9.6) siB-

Jisiercd TOYHOM TOrZla 1 TOJIbKO TOI'/Ia, KOT'/Ia BBIIOJIHACTCA TOXKJICCTBO
§ : _
C(L u—q C(L‘ (97)
acA

DT0 Tak, B 9aCTHOCTH, JIsi MOHOTOHHOII TIerH ajropuT™MoB (CTp. 78) n €€ MHOIOMEPHOIO
0060011IeHnsT — MOHOTOHHOMN CETU aJI'OPUTMOB, KOTOpad OyJIeT pacCMOTpeHa, JTaJiee.

5. OreHKa Pacc/jOeHUSI—CBI3HOCTH ITPUHUMAET OCOOEHHO IPOCTOM BHJI, KOTJa B Ce-
MeiicTBe A CyIecTByeT KOpPEKTHBIN ajroput™ ag: n(ag, X) = 0. Takue cemeiicta Oymem
Ha3bIBaTh KOPPEKMHHLMU OTHOCUTEIHLHO BHIOOPKHU X.

Teopema 9.5. FEcyii j1 — MOHOTOHHBIH MeTOJ 00ydeHHsT U ceMelcTBO A KOPPEeKTHO, TO

c-
QE(M>X) < Z LC?Z = [m

acA L

WV

51{:} , (9-8)

e u = u(a), m = n(a,X).

HokazareabcTBo. Eciim B A cymecrByer KOppeKTHBI aJropuT™M (g, TO HENOJIHOIEH-
HOCTH J1I060r0 asroputr™a a € A paBHa quciay ero ommbok, g(a) = n(a,X). Iosromy
B (9.6) moxnuo nogcraButh m — g = 0. Torga, cormacuo semme 8.7 (ctp. 88), runepreo-
METpHUECKOe pacipeseienue Bopozaercs: Hy 0 (£(m — k) = [m > ek]. Orciona
BBITEKACT YTBEPZKJICHUE TEOPEMBI. ]

BepxHsas oueHKa pacc/oeHUA—CBSASHOCTM A1 MOJIHOMO CKOJIb3SLLLEro KOHTPOoss
cJieJlyeT HelocpeICTBeHHO u3 obimeit omenku (8.12) u emm 9.2, 9.3.

Teopema 9.6 (oreHKa paccIOeHUsi—CBSI3HOCTH). [T 1POU3BOJILHOI BBIOODKH X
" IIPOU3BOJIBHOTO MOHOTOHHOT'O METOJia O0YIeHUs i

Cp.X) < ¢ Z Oy (m— (mL__qL(g__qu)), (9.9)

acA

e u = u(a) — BepXHsIsl CBA3HOCTH, ¢ = ¢(a) — HemosHoneHHocTb, m = n(a, X) — qmucio
oHIMOOK aJrOpHTMa G Ha IeHePaJIbHOM MHOYKECTBE 0OBEKTOB.
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JlokazaTe/IbCTBO aHAJIOTUYHO JOKA3aTe/ILCTBY TeopeMbl 9.4.
Bepxuss orenka (9.9) asisercsa Toanoit (0OpalmaeTcss B PABEHCTBO) TOIJIA U TOJBKO
TOI/IA, KOTJIa BBIIOJHEHO TOXK1ecTBO (9.7).

MoHoToHHas uenb anropuTmoB. Panee yxke Oblia 1OJIydeHa TOYHAS ONEHKA BEPOSIT-
HocTu niepeoOydenust (8.13) i MOHOTOHHOI TeNM AJrOPUTMOB 4y < a1 < -+ =< ap,
B KOTODOIi JIydIInii aJropuT™ JOIMyCKaeT m ommboK, n(ag, X) = m:

min{k,D} Cg,(; s
Qe X)= 3 =S H G (pm+d—ek)), d=[d<D]
d=0 L

Jlerko ybennThest, 9T0 OHa COBIAIaeT ¢ 001Ieil orleHKoi paccioerusi—cBsizHocTa (9.6).
DTO CIeIyeT U3 TOro, 4To

1) cBasuoCTh paBHa 1 Jijig BeeX aJl'OPUTMOB, KpoMme nociiejnero, u(aqg) = [d < DJ;

2) HEMOJIHOIIEHHOCTh U YHCJIO OIMUOOK CBsI3aHBI pABeHCTBOM N(aq, X) = q(aq) + m;

3) ancauresnb (9.6) obpamaercs B Hysab npu £ — § < L —d — 6, o ectb d < k, cire-
JIOBATEILHO, HEHYJICBOI BKJIAJI B CyMMY MOI'YT JaBaTh TOJILKO IIEPBLIE k aJIrOPUTMOB.

§9.3 [lMpodunnb paccnoeHns—CcBA3HOCTN

B psne ciyaae obras onenka (9.6) npuBourcs K 6oJiee y1o60HOMY BUILY.

Omnpegenenne 9.9. [Ipodurem paccroenusi—ce43Hocmu MHOKECTBA aJiropuTMoB A Ha-
3BIBACTCS  MaTPHILA (Amu) pasmepa (L+1)x(L+1), rge A, —9uCI0 ajaropuT™MoB
B M-M CJIO€ C BEPXHEH CBA3HOCTBIO U:

A = g [n(a,X) = m][u(a) = u].
acA
Teopema 9.7. Ilycrs rpag paccioeHus—CBSI3HOCTH HMEET HCTOK — aJTOPUTM dg, OT KO-
TOPOro MOXKHO JI0OPAThCs 110 pébpaM Jio JIIoboro JApyroro ajropurma, m mgy = n(ag, X).
Tora cripaBeinBa BEepXHsIsl OIIEHKAa BEPOSITHOCTH I1€Pe00y YeHIHsT

L L
C u—m-+mo —u, Mo
Q-< Y. ZAmuLciéJrHiwgmmo (L(m — ek)) . (9.10)

JokazaTeabcTBO. Bo3bMéM 1Tpon3Bo/IbHBIN aaroput™m a € A. B cuty equHCTBEHHOCTH
HCTOKA BCE 3alPerakonie 00beKThl 13 X, HAXOATCst Ha pEOpax rpada, COCTABIISIONINX
BCEBO3MOKHBIE TIYTU MEXKJy BepITUHAMU (g U a. [[oCKOIBKY BCe 9TH IMyTH MMET 00-
Iee HAYaJI0 (o U OONIHiT KOHEI ¢, IncJI0 00BEKTOB B X, PABHO B TOYHOCTH JJIMHE IIyTH
n(a, X) — mg. C apyroit cTopoHbl, OHO Ke paBHO ¢(a). 3HAYNT,

U(a)

Z Z —u(a) m+moHL u(aa))mn(;-i_mo (%(m—gk)) .

m=mg a€Am

HeperynHHpOBaB CJlara€eMbI€ 1 BOCIIOJIb30BaBIINCH OIIpE/ICJICHUEM HpOCbI/IJIH pacCJIoOCHUA—
CBA3HOCTHU, IIOJIYIUM YTBEPZKJICHNE TEOPEMDI. ]



Teopema 9.8. I[lycTb BepHBI MIPEANIOIOMKEHUS MPEIBLIYIICH TeOPEMbl H UCTOK SIBJISIET-
¢s1 KODPEeKTHBIM aJaropurmom, mg = n(ag, X) = 0. Torga crpaBemBa BepXHsIsI OIIEHKA
BEPOSITHOCTH T1€PEOOYIeHHST

~ . Ot
Q-< > ZAWT. (9.11)

m=[ek] u=0

HoxkazareascTBo. B orenky (9.10) mogcrasum my = 0. ['unepreomerpudeckoe pacipe-
JIeJIeHIEe BBIPOZKJIAETCST COMJIACHO JieMMe 8.7, OTKyia 1 moJrydaeM oreHky (9.11). [

CymiecTBoBaHNe HCTOKA — JIOBOJIBHO CHJIBHOE IIPEJIIOJIOYKEeHNe, U B OOJILINUHCTBE
MPAKTUIECKIX CUTYaINil OHO He BbinoiHgeTcs. [Ipe/inooykenne KOpPEKTHOCTH €IE CUJTb-
Hee, MMOCKOJIBKY BBOJIMTCH JIOMOJHUTEIbHOE TpeboBaHne, YTOObI UCTOK OBbLT KOPPEKTHBIM
asroput™oM, mgy = n(ag, X) = 0.

MmnoTte3a o cenapabensHocTu npodunsa paccnoeHus—ceasHocTu. Ha puc. 9.2 no-
KazaHnbl Tpacdukn 3asucuMoctn’ A,,, OT M U u, Jjisg MHOYKECTBA JTMHEHHBIX aIrOPUTMOB
KJIACCU(UKAIMY 1 JIMHEHHO PA3J/IeIUMbBIX JIByMEPHBIX BHIOOPOK Jinnbl L = 20, 50, 100.

[nang na rpadgukn, MOXKHO BBIJIBUHYTH THIIOTE3Y, YTO TPOMUIL PACCTOEHUS CBA3-
HOCTH A, SIBJSIETCS C BBICOKOW TOYHOCTBIO CENapabesvHbiM:

Ay = A Ay,
e A, = |A;,|—duciao aaropurMoB B m-M cioe, A, — J0JIsS AJTOPUTMOB CO CBSI3HO-
CTBIO 1.

Bexrop (A,,)E _, npearaercs nasbisath npoguaem paccaoenus, a Bekrop (A, )L, —

npodusem c6A3HOCNU MHOKECTBA AJITOPUTMOB A.
OueBniHO, TPOPUIIL CBI3HOCTH HOPMHUPOBAH: A\g + - -+ Ap = 1.
[Iposepka rumnoresnl cermapabebHOCTU TTOKA OCTAETCA OTKPBITOM TPOOJIEMOii.

MMnoTe3a o KoHUeHTpauum Npocuas CBA3HOCTM BOKPYr 3HAYeHUSI pa3MepHOCTU.
Ha puc. 9.2 BugaHOo, uT0 mpoduiib CBA3HOCTH KOHIIEHTPUPYETCH BOKPYT 3HAYECHUA U = 2,
paBHOro pasMepHocTH npocrpancTBa. C yBeJndeHneM JJIMHBI BHIDOPKU JIOMUHUPOBAHNE
JIAHHOW KOMITOHEHTBI PO UIIs YCUTUBAETCH.

Dkcrepuments! lernca Kovepikosa ¢ nmneiinbiMu Kiaccudukaropamu [51, 72| mo-
Ka3bIBAIOT, UTO U IIPU OO/IBINNX 3HAYECHUSIX PA3MEPHOCTH /i MAKCUMYM ITPOMUIT CBA3ZHOCTU
JlocTuraeTcd npu u = h, cm. puc. 9.3.

MokHO BBIJIBUHYTH THUIIOTE3Y, UTO MPOMPUJIL CBAZHOCTH KOHIEHTPUPYETCH BOKPYT
3HAYEHUs Pa3MEPHOCTU He TOJBKO B CiIydae JIMHEHHBbIX KiaaccuduxkaTopos. Bosee Toro,
MOXKHO IPEJIITOJIOKHUTH, YTO €CJIM BBIOOPKA Jie-(haKTO pacloJiaraeTcs B IMOIITPOCTPAHCTBE
MEHBITel pa3MEPHOCTH, TO MAKCUMYM IPOMUIT CBA3HOCTH YKA3bIBAET HA 3HAYCHUE «IP-
deKTuBHOIT pazMepHOCTH» BbIOOPKHU. [IpoBepKa 9TUX TUIIOTE3 TaKXKe IMOKa OCTaéTCd OT-
KPBITO 1pObJIEMOIi.

ngI‘{I/ICJII/ITeJ'H:HI)Ie 9KCIIEPUMEHTDI BBLIITIOJITHEHBI Ninéit Pemernskonm.
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Puc. 9.2. IIpoduiu paccioeHuI—CBI3HOCTH JIJIsT IBYMEPHBIX BRIOOPOK Jnnbl L = 20,

50, 100, 200. IIpocdpuiib A, — 9TO KOJIUYECTBO AJTOPUTMOB C YUCIOM OIIHMOOK 1M

Ha NeHePAaJIbHOI BBIOOPKE U BEPXHEH CBA3HOCTHIO U.

x 10

300

8 1 250

A s | 200

2 A 4 | o

100

50

G0 50 100 150 200 250 300 00 5 10 15 20 0 5 10 15

m u u

Puc. 9.3. Onenkn npocduss paccioernst A,,, HEHOPMUPOBAHHOTO TPOMUIT CBAZHO-
cru Ay = A\y|A| n wzonmuHmii npoduist paccioeHus-CBA3HOCTH Ay, Ui ceMeiicTBa

yHefHBIX Kraccudukaropos B R, mpu L = 300, cormacuo [72].

He Boisicnen takzke J10 KOHIA BOIIPOC O IIUPHUHE IMUKA TPOMUIIA CBA3HOCTU. 3aMETHM,
41O Ha puc. 9.2 u puc. 9.3 mokazanb! MpoUIN TOJILKO 6eprHeti cBa3HocTu. KeTh rumoresa,
9TO TIOJTyCYMMa BEpPXHell 1 HIKHe CBA3HOCTHU ropas3/i0 CUIbHee KOHIIEHTPUPYETCs BOKPYT
3HAYEHUS PA3MEPHOCTHU, YeM BEPXHHAA U HUKHsS CBI3HOCTD 10 oT/eabHocTH. O603HATNM
CPEJIHIOI0 BEPXHIOIO CBA3HOCTB B CJIO€ 1M YEPE3 Uy, CPEIHIO HUKHIOIO CBA3HOCTH — 4Ye-



pe3 d.,. HYuciio pédep, cCoeIMHSIIONINX aJrOPUTMBbI B JIBYX COCEJIHUX CJIOSIX, MOXKHO 3allicaTh
nByMs criocobamm: A,y = Api1dpy- B HIKHEEX citosix npoduiib paccmoennst A, Kak
[IPaBIJIO, CTPEMUTEIHLHO BO3PACTAET, IMOITOMY BEPXHUE CBA3HOCTH JIOJZKHBI CHCTEMATHU-
JecKHu IpeBbImaTh HuxkHIe. OTCIo/Ia CIeAyIOT JIBa BbIBOA. Bo-1IepBhIX, 3aMeHa BEPXHUX
CBA3HOCTEN aJITOPUTMOB HUZKHHUX CJIOEB 3HAYEHHEM pa3MepHOCTH OyJieT, CKopee BCero, 3a-
BBIIIATH OIEHKY BEPOSITHOCTH IepeodydeHnst. Bo-BTOPBIX, IIpaBast BeTBb POMUIIA CBI3HO-
cru (cM. cpegamit rpaduk Ha puc. 9.3) obpa3oBaHa, CKOpee BCEro, MMEHHO aJrOPUTMaMU
HUZKHUX CJIOEB, ITO3TOMY €€ OIeHHBaHUE IIPEJICTaB/IsieT HanbOJIBIINI HHTEpEC.

Pe3iome

MeTo1 TOPOXKTAIOINX W 3AIIPETAIONINX MHOYKECTB CYIIECTBEHHO YIIPOIIAETCs, eCJIH
JUTS KazKJIOTO aJIFOPUTMA 3aIMCATDh JIMIIL HEOOXOIMMbIE YCJIOBUS TOTO, YTO OH OyJIeT I0-
JiydeH B pedyJibrare ooyuenus. [Ipu 3ToM BMECTO TOYHBIX OIEHOK BEPOATHOCTH I1E€PEODY-
YeHUsl MOJIyJaroTcs BepxHue orenkn. Oun cymectBeHHO TouHee V(C-OIEHOK, TOCKOJIbKY
YUUTBIBAIOT CTPYKTYPY I'pada pacciaoenusd—cBA3HOCTU. J[1s1 HEKOTOPBIX CeMENCTB, B YacT-
HOCTH, JIJIT MOHOTOHHOI IIeNN aJrOPUTMOB, OIEHKa PACCI0EHUA—CBAZHOCTU ABJISIETCS TOY-
noit. BkyaJi ajiropuTMa B BEpOSATHOCTH I€peo0yUeHnsi YObIBAET SKCIIOHEHITUAJILHO C PO-
CTOM CBSI3HOCTU U HOMEPA CJIOs, B KOTOPOM HaxojuTcd ajaroputrm. Orciona ciejyer, uTo
CBA3HBIE CeMeficTBa MeHee CKJIOHHBI K 11epeodydeHnio, a jijid 3p(MeKTUBHOrO TPUOINKEH-
HOT'O BBIYHUC/ICHUS BEPOATHOCTU IepeoOyUdeHns, BO3MOXKHO, OyJIeT J0CTaTOYHO 1epedpaTh
AJITOPUTMBbI U3 HECKOJIBKNX HUZKHUX CJIOEB.

B cnepytowein nekumn Mol IoKazKeM, YTO OIEHKA PACCI0CHUACBAZHOCTU SIBJIAETCH TOY-
HOI1 JIJIST OJTHOTO BeChbMa HETPHUBUAJIBHOIO MOJIETTHHOTO CeMelicTBa, 00J/Ia/IafoIero Haps Ly
CO CBOMCTBAMHU pACC/JIOEHUA U CBA3HOCTH €Ill€ U Pa3MEPHOCTDIO.

Ynpa>kHeHust

Bamava 9.1 (1). [lokazars jgemmy 9.2.

Bamaua 9.2 (1). IIpuectu npumep, KOTja HOHITHS V-IECCUMUCTHIHOTO U )-IIECCUMU-
CTUYHOI'O MOHOTOHHOT'O MeTO/[a O0yUeHUsI HE COBIIAJIAIOT.

Bamaua 9.3 (5). Kakue orpanmndenusi HeoOXOINMO HAJIOXKHUTH HA CeMeHcTBO A, 4T00BI
yesiosue (9.1) 6bLT0 He TOIBKO HEOOXOIUMBIM, HO U JIOCTATOUHBIM, CJIE0BATEIHHO, OIEHKA
paccioenus—casasaocru (9.6) obparasnack 661 B paseHcTBo? Bo3MoKHO 1t chopmynpo-
BaTh 9TU OI'DAHUYEHUs B TEPMHUHAX I'pada Pacc/I0eHUsACBA3HOCTH !

Bamaua 9.4 (5*). O606mmTL ONEHKY paccioeHus—cBsisHoctn (9.6) Ha ciydaii, Koria
B rpade pacc/oeHus—CBA3BHOCTL UMEIOTCS «JIBLIPKH», TO €CThb JIIi HeKOTOPBLIX Hap aJro-
purmoB (a,b), a < b, He cymecrByer aaropurma ¢ € A, Takoro, 4to a < ¢ < b.

Bamaua 9.5 (10*). O6GocHoBaTh rumoTesy cenapabeJbHOCTH JIJIs JINHEHHBIX aJTOPUTMOB
KJIaccupUKaInm.



10 MHoromepHble ceTu anropnTMoB

MHOFOMeprIe CETU aJI'OPUTMOB — 9TO MOJIEJIbHBIE CeMeIL/'ICTBa, O6JI&,ZL&IOHII/IG HE TOJIb-
KO cBOliicTBaMu paccjioenud U CBA3SHOCTHU, HO U Pa3MEpPHOCTbIO, 9ITO cONMMzKaAET UX C pe-
aJbHBIMUA CeMeHCTBAMHU. DTHU ceMelcTBa NHTEPECHbI eI_[Ié n TeM, 49TO JJid HHUX OI€HKH

PacCCJIOCHUA—CBASHOCTU ABJIAIOTCA TOYHBIMU.

§10.1 [lBymepHasi MOHOTOHHAsA ceTb

B §7.4 MBI paccMOTpes i MOHOTOHHYO IIEITh AJITOPUTMOB, KOTOPAas sIBISIETCS MOJIE/IBIO
OJIHOIIAPAMETPUIECKOTO ceMeiicTBa aaropuTMoB. EcrecTBeHHBIM 00001I€HIEM 9TOM MO/IE-
JIN Ha, MHOTOMEPHBIH cjydail MpeJcTaB/sgeTcs ceMeicTBO, rpad pacClIoeHUI—CBI3HOCTH
KOTOPOI'o M30MOp(eH HEKOTOPOMY (bparMeHTy IPsiIMOYTOJIbHOHN ceTn pasMepHOCTH /.

Ha pucynke mokasaHbl YeTbipe HUXKHHUX CJI0si I'padOB PacCI0eHnusi—CBI3HOCTH MOHO-
TOHHOH 1enu (cJieBa) u aByMepHOit cetu (crpasa). [opusoHTAIBHbBIE JIMHUE COOTBETCTBY-
IOT CJIOSAAM, M — YHUCJIO OIMIUOOK JIYUIIEro ajropuTMa Ha reHepaJibHoil Beioopke X. OO bek-
THI BJIOJIb pédep rpada 03HATAIOT, 9TO IIPHU IIePexXo/ie OT HUXKHErO aJrOpuTMa K BEPXHEMY
OIMMOKA BO3HUKACT MMEHHO Ha JAHHOM OOLEKTE.

B nBymepHOil ceTn aaropuT™ a;; OTJIHYAETCA OT aATOPHTMA (4 1,; TOTBKO OTCYyTCTBHU-
eM omubKHu Ha 00LEKTe T}, OT ajJropuT™Ma @ j+1 — OTCYTCTBHEM OIIMOKM Ha 00beKTe x?
Yucsao anroputmoB B cioe m + ¢ pasuo t+ 1. Bepxussa csasuocrs u(a;;) = 2 coBuaia-
er ¢ pasmeprocrbio h = 2. Henosmonennocrs ¢(a;;) paBHa ¢, HOCKOJIbKY @;; OTJINIAETCS
OT JIYYIIIero aJirOPUTMa gy, KOTOPBIN SBJIAETC UCTOKOM rpada, poBHO Ha t 0ObeKTax.
[TomcraBuB Bee oTu naHHble B OeHKY (9.6) U CrpynmmMpoBaB cjaaraeMble 1Mo CJI0sIM, TTOJTy-

YUM OIEHKY PaCCJIO0CHUACBAZHOCTH JIJIsd H HUXKHUX CJIOEB JBYMEPHON CETU aJI'OPUTMOB:

- Cita, -2
Qe =D (t+ D=5 (Fm -t — k).
t=0 L

OTa OIeHKA BepHa TOJLKO npu k < H. /lanee Mbl 0600IIUM 9Ty OIEHKY Ha CJIyUaii
[IPOM3BOJILHOI BBICOTHI H ¥ IPON3BOILHOM pa3zMepHOCTH h 1 yOemMcest, 9To OHa, JeficTBU-
TeJIbHO siBJIsieTcst TouHOi. [lepBbiM a1y 061yto onenky mosyamnia [Tasesr Boros [16].



§10.2 MoHoTOHHaAA ceTb NPOU3BOJILHOI pPa3MepPHOCTU

[yers J = (ji,...,7n) €{0,..., H}" — nemounciennbiit BEKTOp MHIEKCOB.

BBejiéM Ha BEKTOpax MHJIEKCOB OTHOIIEHNE YACTUIHOTO MOPSIJIKA: JIJIsl IIPOU3BOJIbHBIX
J =1,y gn) u K = (ky, ..., k) momoxum J < K, econ jg < kg i Beex d = 1,... k.
[Monoxkum J < K, ecom J < K u J # K. Honoxuwm |J| = j1 + -+ + Jn.

Onpenenenune 10.1. Mornomonroti cemvio arzopummos pazmepaoctu h u Borcorbl H
Ha3bIBACTCS MHOXKECTBO aJIl'OPUTMOB

A={a;: J€{0,....,H} |J| < H}, (10.1)
MaTpHIia OHIMOOK KOTOPOTO 3aJ1aéTCsT pa3OHeHueM TeHepaJbHOH BBIOODKH Ha TPH Helle-
peceratonpxca mogmuoxectsa X = XoU Xy U {af:t =0,....H -1, d = 1,...,h}
H HHIAKATOPOM OIIMHOKH, OIpeesieMbIM st Beex ay € A, x € X Kak

O, T € AXV()7
I(ay,z) =41, x € Xq; (10.2)

(t < jal, =21

MuTepnpetauusa. Monoronnas ceTb — 3TO MOJIEJb CEMeNCTBa aJI'OPUTMOB ¢ h Herpe-
PBIBHBIMU ITapameTpaMu. MojeabHOoe TPeIooKeHne 3aK/II09aeTcsd B TOM, 9TO 110 Me-
pe yBe/lndeHud d-To TapameTrpa OINMOKU BO3HUKAIOT IIOC/IEI0BATE/ILHO Ha OObEKTax
:cg, ..,2% |, HesaBHCHMO OT 3Ha¥eHmil OCTAJLHBIX MapaMeTpoB. B peasbHBIX 3a/auax
9TO, KaK IPaBUJIO, He TaK, XOTd M3BECTHBI IPUMEPHI, KOIVIa pPeajibHOe ceMefiCTBO IOPOXK-

JlaeT MOHOTOHHYIO CeTh Ha CIIEIUAJIbHO 1o00paHHoil Beibopke (yrnpaxkuenus: 10.2, 10.3).

CBoiicTBa MOHOTOHHOW CeTU.

1. CroiicTBo MonoTonnoctu: ecym J < K, 10 a; < ak.

2. Jna Beex ay € A uucio omubox n(ay, X) = m+ |J|, tne m = | X;|.

3. Ecim muoxectBo A mmeer crpykrypy (10.1) npu 3amansbix h u H u obiajaer
coiicTBamu 1 1 2, TO €ro MaTpUIa ONMOOK OJHO3HAYTHO onpeensgercs dhopmysoit (10.2).

4. Bce BEKTOPBI OMUOOK AJTOPUTMOB a; € A momapHO pas/InvdHbL.

5. B A cymecTByer eMHCTBEHHBIIH Ayl aITOPUTM g = d(,...0) ¢ MEHIMAIbHBIM
qucsioM ormmbok n(ag, X) = m.

6. Pazmepnocts h u Bbicora H ynosierBopsitoT orpanundenuto m + hH < L.

7. ay < ax TOTJA U TOJBKO TOTIJIA, KOr/Ja BEKTOPHI J 1 K OTJIMYA0TCsl TOJIBKO 110 OJI-
HOil KoopmuHare, j; + 1 = kg Pebpy (ay,ax) rpada paccioeHus-cBsI3HOCTH B3aMMHO
OJIHO3HAYHO COOTBETCTBYET OOBEKT T ;5 = :E;ld, 11t Koroporo I(ay, ) < I(ag,x,x).

8. Hwucs10 aaropuTMOB B ¢jioe m-+t paBHO dncsy BeKTopoB J = (Ji, ..., j) TAKAX, 9TO
|J| = j1+...+jn = t u paBHO YnCITy C1OCOOOB BHIOPATH ¢ IIPEIMETOB U3 /i ¢ TOBTOPEHUSIMI,

[ At = Cf = Cyiey

9. IIpocymmupoBaB 9HCIO aJrOPUTMOB II0 CJIOSIM W BOCIIOJIb30BABIINCH M3BECTHBIM
KOMOMHATOPHBIM TOXKJIECTBOM, HETPY/IHO HANTH YHC/IO aJITOPUTMOB BO BCell ceTu:

|A| - Oi}zl:ll oot C/}:J:Il{—1 = CI};Jrh'
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Puc. 10.1. TIpumep gBymepnoit ceru ajaroputMoB. st ajropurma a BEPXHSIS CBA3-
Hoctb u(a) = #{z3, x4} = 2, wenosnnonennocrs q(a) = #{z1,z2} = 2.

§10.3 Tou4Has oueHka pacc/I0eHNsI—CBA3HOCTN

O6o3naunM yepe3 A’ MHOXKECTBO BCeX aJrOPUTMOB ¢ MOHOTOHHOM ceTn A, 3a NCKJIIO-
JeHreM aaropuTMoB nociennero ciost, A’ = A\ A, pg. U3 dopmyn (9.4), (9.5) u rpada
paccyioerns—cBsa3aoctu (em. puc. 10.1) ciemyer, aro jyist o6oro anropurma ay € A’

X;= {xf: t=7jq, d=1,..., h} — TIOPOKJIAIOIIee MHOYKECTBO;

X' = {xf: t<jgg, d=1,..., h} — 3aImpernaroliee MHOZKECTBO.

Jlemma 9.3 maér jminb HEOOXOMMOE YCJIOBHE TOrO, YTO AJITOPUTM a7 OyJIeT TOJIyueH
KaK pe3yJibTaT 00ydeHUs: [MX =a Jj| < [X 7 C X } [X hC X } Onako B ciIydae MHOIO-

MEpHOIT MOHOTOHHOIT CeTH HeOOXOIUMOE YCJIOBUE SBJIACTCS TAKKE U JOCTATOTHDIM.
Jlemma 10.1. Ecim g — meccuMucTuaHbIH MOHOTOHHBIH MeTos o6y dennst u |J| < H, To
(nX=a,;] = [X, € X][X) C X]| au kaxzoro a; € A'.

HokazarenbcTBo. [lokaxkem, uro eciim X; C X n X C X, TO TOJIBKO AJTOPUTM G
MOXKET OBITH PEe3y/IbTaTOM O0yYeHUS.

MHozkecTBO 00BHEKTOB , Ha KOTOpbIX [ (ay,x) = 1, ects X U X, TlogvmoxectBo X/
LEJMKOM JIEZKUT B KOHTPOJIE, a Ha O0beKTax m3 X OmubAoTCsa BCE aJrOPUTMbI CETH.
[Mosromy (dy)x < (dk)x Juts Beex ax € A, cinenoBarensio, ay € Ay (X).

[Mokazkem, aro Ay (X) = {aK € A: K < J}. HeiictBurenbro, ecoim K £ J, 10 cy-
mecrByer Koopiamuara d € {1,..., h}, Takas, aro kg > j;. O0bekr x = x?d [IpUHA/IJIE-
KuUT X, CIeJI0BATEIbHO, OH mpuHajyiexkut u X, ogaako [(ay,x) < I(ag,z), mosromy
(dy)x < (Ak)x, 3uaqnt, ax ¢ Ay (X).

[Tokaxkem Terepb, 9T0 HUKaKOil jpyroit ajropurm ax € Ay (X) He Moxer ObITH
pe3yJIbTaTOM O0YYeHUs [1.X . HOCKOHbe K < J, cymecrByer koopiunata d € {1,...,h},
Takasi, 910 kg < jq. OObeKT T = xk upunaiekut X, cieoBaTe/IbHO, OH IIPUHAJIIe-
xut u X, nosromy (Gx)g < (@7)g, U MECCHMUCTHYHBIH METOJ [t BHIOEPET aarOPHTM a;.

Takum 06pa3oM, TOJILKO aJIrOPUTM ¢ ; MOYKET ObITh PE3YJILTaTOM O00YUeHUs. [
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Teopema 10.2 (O moHoTOHHO{ cetn). I[lycts A — MoHOTOHHASI CETh pazMepHOCTH h

u BeICOTHI H, | — meccumMucTuIHbBIN MOHOTOHHBIH MeTos ooydenus u k < H. Torma

CZ h .
Q- (1 ZC;L+t == h t,Hf; }Z—t (%(m—l—t—gk)). (10.3)

JokazaTeabcTBO. Bo3bMEM TPOU3BOJILHBIN AJITOPUTM G; U PACCMOTPUM TPH CJIydas.
1. Eciu |J| > k, 10 1unciio ommboOK ajIropuT™Ma @y Ha 3allpelaionnx oobekrax X

[IPEBBIIIAET JIJIMHY KOHTPOJILHON BBIOOPKHU. HacTh ommrboK 00g43aTeIbHO OKazKeTcs B 00y-

Jarormeil oBeI6opKe X, U MeTOJ (1 BeIOEpeT Apyroil aaroputs. 3uaqut, [uX=a;] = 0.
2. Cuyuaii |J| < k u |J| = H HeBo3moxeH B cuity yesiosus k < H.

3. Eciu |J| < kwu |J| < H, To jy1st aJropuT™Ma @ BBIIOJHEHBI yejoBus jgeMMbl 10.1:
(uX =a;] = [X; C X][X, C X]. O60o3HaumM BepXHIOIO CBA3ZHOCTH AJIFOPUTMA @7 Uepe3
u = u(ay) = |X,| = h, vHenosnronenuocts Yepe3 ¢ = ¢(ay) = |J|. Ouenka paccaoenms—
cesizHoCcTH (9.6) SABISETCA PABEHCTBOM:

CYth

> P (e ] = ek) L Pr=
L

J: | J|<k

(10.4)

riae Py = PluX =a;] — BEpOSTHOCTD MOJIYIUTH aJrOPUTM Gy B pe3ysbrare 0OydeHus.
Bepxussa CBA3HOCTDb 1 HEIIOJIHOIEHHOCTD B KaXKJIOM CJIO€ OJINHAKOBBI Y BCEX aJITOPUT-
MOB. 3aMEHIM CyMMy IO aJIFOPUTMaM CyMMoil 1o cjoaM ¢t = 0,..., H, BBeJd 1101 3HAK
cyMMBI 4ncsio ajaropurmos B ciaoe Cj o, ;. Ilockonbky npu ¢ > k auroputmbl BooOIe
He BHOCAT BKJaJ B orerky, u3 (10.4) ciemyer tpebyemoe paserctso (10.3). [

CunencrBue 10.2.1. Ilpu k < H BeposTHOCTH TOTO, 9TO METOAOM (i OyJeT MOJIydeH
Kakoi-J11mb0 ajaroput™ a; u3 cios m + t, nae t = |J|, paBHa

C(Lht

b= P[n(ﬂXa X) - m—i_ﬂ - C;LJFt*lPJ B Ctht ! CZ
L

(10.5)

§10.4 BbluncauTenbHble 3KCNEPUMEHTbI

dkcnepumeHT 1: BbluMcneHue oueHku paccnoeHusi—ceasHocTu. Ha puc. 10.2 cire-
Ba MOKa3aH I'padUK 3aBUCHMOCTH BEPOATHOCTH I MOJIyIUTH aJropuT™m U3 cJiod m + i,
BhrancaeHHoi 1o dopmyiie (10.5), or uncsa ¢. Cupasa nokasan rpaduk 3aBUCUMOCTH Be-
posiTHOCTH TIepeolyderus (). or mopora €. Ha kaxkom rpacduke n3o06pakeHbl 9 KPUBBIX,
COOTBETCTBYIONINX PA3JIMIHBIM 3HAUYEHUAM pasMepHocT h = 1,...,9.

Basucumocts P; MHOroMepHoit cetn Ha orpeske [0, H — 1] yanmonanbua. [pu po-
cTe pa3MepHOCTH h TOJIOKeHne MaKcuMyMma P cMeraercss BIIPaBO U PACTET BEPOATHOCTH
repeodyUeHns. DTO O3HAYAET, YTO POCT CBA3HOCTH, KOTOPBIN MIPUBOIUT K SKCIIOHEHIIHA b~
HOMY YMEHBIITEHUIO BEPOATHOCTEN P OTJIE/IbHBIX aJTOPUTMOB @ 7, BCE YK€ KOMIIEHCUPYETCS
POCTOM MOIITHOCTHU CJIOEB.
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Puc. 10.2. 3aBucumocru P, or t (caeBa) u Q- or € (cupasa) Jijisi MOHOTOHHBIX ceTeii
pasmeprocreit h =1,...,9 npu L = 100, £ =60, m =10, H = 10.

JKcnepMMeHT 2: cpaBHEHME MOHOTOHHbIX CeTeill C peajibHbiIMU CeMeicTBamu.
Ha ocnose nardopmbr RapidMiner Obuin 1mostydenbl SKCIepuMeHTaIbHbIE 3aBUCUMOCTHI
Q- or € s 3amaq u3 pernosuropust UCI (sonar, breast-cancer-wisconsin) wa meTomax
kiaccndukanun NaiveBayes, SVM, DecisionTree, NeuralNetwork [16]. DkcrepumenTasib-
Hble KPUBbBIE TIEPEOOYIEHHOCTH QE, nosryderubie MeTosioM MonTe-KapJio, armmpokcnMupo-
BaJINCh KPUBLIMU T1€Pe00yIEeHHOCTH MOHOTOHHBIX ceTeil ImyTéM Ioidopa pasmMepHocTu h
npu duxcupoBanubix L, { u m. OKa3aaoch, 9TO 4YeM CJI0KHEe CeMEHCTBO aJIrOPUTMOB,
TEeM BBIIIE ITPOXOJIUT KPUBas MepeoOydYeHHOCTH U TeM BBIIIE Pa3MEePHOCTb h AITPOKCH-
MEpYIOTeit MoHOTOHHOU ceTr, oM. puc. 10.3, 10.4, 10.5 («bojee crymeHuaTbie» KpUBbIE
COOTBETCTBYIOT MOHOTOHHBIM CETSIM, «00Jiee TIIaJIKie» — peasibHbIM CeMeicTBaM ).

[Ipumeuarenen ToT dhakT, 4To Ha 3aja4de breast-cancer-wisconsin mero NaiveBayes
[OKa3aJl KPUBYIO 11epeo0ydYeHHOCTH, SKBUBAJIEHTHYIO MOHOTOHHOM ceTu pasMepHocTH 1,
puc. 10.5. DddexkTuBHas pasMepHOCTb IAHHONW 3aJadd M B CAMOM Jeje Oanm3ka K 1,
TaK KaK OYEHb XOPOIIUM Pa3Ie/IsIoNInM ITPU3HAKOM sIBJIIETCHd CyMMa BceX 9 MpU3HaKOB.
DecisionTree ma Tex ke JaHHBIX HE CMOI' HAWTH TOT HMPU3HAK U ITOKa3aJl OOJIBIIYIO pPas3-
MEPHOCTH, OOJIBIIYIO IEPEOOYIeHHOCTh U OOJIBIIYIO OMMUOKY HA KOHTPOJIE.

Pe3iome

TounbIe O1eHKN BEPOATHOCTH TIEPeOOydeHUs K JJAaHHOMY MOMEHTY U3BECTHBI JIJIA Psi-
J1a MOJIEJIbHBIX CeMeiiCcTB aJIroOpuTMOB. B ux 4mcjie MHOroMepHble MOHOTOHHBIE CETH aJIiro-
pUTMOB, 00JIaIA0IIIEe CBOMCTBAMU PACCIOCHUsI, CBSI3HOCTH U Pa3MEePHOCTH, 9TO COTUKAET
X ¢ peajbHbIMEU ceMeiicTBaMu. OIEeHKa PACCIOEHUSI—CBI3HOCTHU JIJIsi MHOTOMEPHON MOHO-
TOHHOI CETU ABJISAETCSI TOYHOIM.

B skcnepumMenTax KpuBble BEPOSTHOCTH IepeoOyUueHns] peabHbIX CeMeHCTB HerIo-
XO TPUOJIMKAIOTCS C IIOMOIIBI0 MHOIOMEPHBIX MOHOTOHHBIX CeTell IIPU COOTBETCTBYIOIIEM
110JI00pe Pa3sMEPHOCTH, KOTOPYIO MOYKHO MHTEPIPETUPOBATH KaK «3P(MEKTUBHYIO pa3Mep-
HOCTBH» 3a/Iaul.
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Puc. 10.3. BepositHocTb niepeodyuenus (). asmropurmoB NaiveBayes, NeuralNetwork,
DecisionTree m MOHOTOHHBIX ceTeil pasmepHOCTeil, coorBercTBeHHO, h = 8, 28, 46.
Cpennsisi  gacrora ommbOK Ha 00ydeHnu/KoHTpoJse, coorBercrBeHHo: 0.28/0.32;
0.05/0.20; 0.02/0.26. 3amaua sonar, 20 npusnakos, L = 208, ¢ = 187.

Qe
09 1
0.8 1
07
06
0.5 1

0.4 1 NN7

03 1 NN3
0.2 - NN1

01
0 A

0 0.05 010 015 0.20 025 030 ¢

Puc. 10.4. BepositHocTs tepeobydenust (). asropurmoB NeuralNetwork ¢ unciiom Heii-
POHOB B CKpBLITOM cJjioe 1,3,7 U MOHOTOHHBIX ceTeil pasMepHOCTell, COOTBETCTBEHHO,

h = 8, 22, 30. Cpeausist yacToTa OmMMUOOK Ha O0YyYeHUM/KOHTPOJIE, COOTBETCTBEHHO:
0.29/0.34; 0.12/0.23; 0.03/0.19. Bazaua sonar, 20 npusnakos, L = 208, ¢ = 187.
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Puc. 10.5. BepositHocTh mepeobyuenust (. anropurmoB NaiveBayes, DecisionTree
1 MOHOTOHHBIX cereil pasmepuoctu h = 1, 20. Cpeansist yacTora omuboK Ha 0OyueHnn /
koHTpoJie, coorBercTBenHo: 0.04/0.04; 0.03/0.06. 3asmada breast-cancer-wisconsin,
9 npusnakos, L = 700, ¢ = 630.
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B cnepytowen nekunn Mol BepHEMCcd K (DYHKIIMOHAY PABHOMEPHOI'O OTKJIOHEHUS, KO-
TOpBIi ucnosb3yercs B VO-Teopun, u MOKayKeM, 9TO CBSI3HOCTH JIJI HETO YIeCTb MOXKHO,
a paccjaoeHne — HeJIb3d.

Ynpa>kHeHus

Bamaua 10.1 (1). Jlokaszarh JeBsTh CBOWCTB MOHOTOHHOI CETH.

Bagaua 10.2 (1). Ilpusectu npumep BuIGOPKH B R?, /19 KOTOPOil MHOXKECTBO JIMHE-
HBIX KJIACCUDUKATOPOB (He 00sA3aTe/IbHO BCEX BO3MOMKHBIX ) IOPOZK AT MOHOTOHHYIO CETh
AJTOPUTMOB.

Bayaua 10.3 (3*). Ilpusectn npumep Boibopku B R”, 111 KOTOPOi MHOMKECTBO JTHHE -
HBIX KJ1acCuhUKATOPOB (He 00513aTeIbHO BCEX BOBMOMKHBIX ) ITOPOK AT MOHOTOHHYTO CETh
AJITOPUTMOB.

Bamaua 10.4 (5%). Cdopmyauposars TpebOBaHUSA K CeMEHCTBY aJrOPUTMOB, IIPU KOTO-
PBIX OIIEHKa PACCIOEHUS-CBA3ZHOCTHU ABJISETCA TOYHOI.

Bamaua 10.5 (5). IMosyuurh OIEHKY BEPOSITHOCTH IepeoOydeHus JIjisi MHOIOMEPHOIL
MOHOTOHHOM CETH, KOTJIa 110 KazKJIOH pasMepHoCTH d 3ajiaHa CBOs BbicoTa H.

Bamaua 10.6 (8). I[loyuuTh OIEHKY BEpOSTHOCTH TEpeoOyUeHHUs JJIs YHUMOAIbHOIT
h-mMepHOit ceTn.

Bamaua 10.7 (5). [loyunTh ONEHKY BEPOSITHOCTH TepeobydeHus /I MydKa h MOHO-
TOHHBIX Tleneil Jmuuabl H.



11 OueHkn BeposATHOCTN paBHOMEPHOIro OTKJ/IOHEHUS

DYHKIIMOHAJI BEPOSITHOCTU PABHOMEPHO20 OMKAOHEHUA TaCTOT OIIMOOK B JIBYX BbI-
bopkax BBojuTCH B VC-Teopun u O6epéTcs 3a OCHOBY BO MHOTHX ITOCJIE/LYIONTUX HCCJIE0-
Banusix (cm. 0630pset [106, 37, 19]). On saBisiercst BepxHeil OIEHKOI BepOATHOCTH 1IEpeoly-
YeHus, He 3aBUCAIIEH OT MeTojia O0yUYeHUs (i, YTO JIAET eMy OIPeJIeIEHHOE TPAKTHIECKOe
npenmytnectBo. C MOMOIBIO 0OpaIleHnsT U3 Hero MOJIYYIAeTCsT BEPXHsSIS OIEHKA IaCTOThHI
omubOK Ha KOHTPOJIBHOI BbIOOpKe. K€ MuHnMmsarus, B CBOIO 04epe/ib, IPUBOJIUT K HO-
BOMY METOJLY OOyU€HUs (i, KOTOPBIil, KOHETHO K€, OTJINYAETCS OT OOBITHON MIUHIMU3AIIUN
sMIMpUIecKoro pucka. [lo ujee, HOBBINT MeTOM (1 JIOJIZKEH OBITH MeHee IOJBEPYKEH ITe-
PeodyUeHNI0, TTOCKOJIBKY OH CTPOUJICA M3 COOOParKeHUH ONTUMU3AIMU 0000IIaoIIeil cro-
cobroctu. C Apyroif CTOPOHBI, 3aBBIIIEHHOCTb UCIIO/Ib30BAHHON OIEHKU MOXKET TOBJIETh
3a cODOI HEONTUMAJILHOCTD WJIN JIaZKe HeaIeKBATHOCTH HOBOTO METO/IA.

[TonyunB HECKOTBKUME CIOCODAME BEPXHUE OIEHKH BEPOSATHOCTU OOJIBIIOTO PABHO-
MEPHOT'O OTKJIOHEHUsI, Mbl BBIICHUM, YTO BCE OHU YYUTHIBAIOT CBA3HOCTH, HO HE y4U-
TBIBAIOT paccjioeHue. VMIMeHHO B 9TOM TPOSB/ISAETCH 3aBBIIMIEHHOCTb OIEHOK BEPOSITHOCTHU
nepeodyUeHns Yepe3 BEPOSITHOCTh PABHOMEPHOI'O OTKJIOHEHUS.

§11.1 TexHuka nopoXkgaroWmMx N 3anpeLiaromnux MHOXXECTB

Hanomunwm, 1ro nepeobyuermocmsio ajropurMa a Ha BEIOOPKe X MbI HA3bIBAEM Pas-
HOCTBH YaCTOTHI €ro OIIMOOK Ha JIBYX BBIOOPKaX, KOHTPOJILHON 1 00ydJalomieii:

§(a, X) =v(a, X) — v(a,X).
O yHKIIMOHAJT BEPOSITHOCTHU TIEPEOOYIeHUS
Q(1,X) = P[5(X, X) > <]

OIEHMBAETCsI CBEPXY BEPOSTHOCTBIO OOJIBIIIONO PABHOMEPHOTO (IO MHOYKECTBY AJITOPUT-
MOB A) OTKJIOHEHUsT 9acTOT B JIBYX IOJBBIOOPKAX:

Q-(1,X) < Q.(A,X) = Pmeaj([é(a, X)ze| = P[meajw(a,X) > el.

MeTtoa makcumMunsaumm nepeodyyveHHOCTU. [IpuHIUIT TOPOXK TATOIINX U 3aIPENAONIX
MHOYKECTB MOYKET ObITh MpuMeHEH K pyHKnoHaty Q. (A, X), ecu creruajibHbIM 06pa3om
BBECTHU MeTo]1 00yduenus. dta ujes npunajyiexxut Uinbe Tonctuxumy.

Onpepesienne 11.1. Meros oOydenus: |1 HA3BBIBAECTCS MAKCUMU3AUUET NePeody eHHo-
cmu (discrepancy maximization), eciim pX = arg max 0(a, X).
ac

s onpene/Jiennd CJIeAyeT, 9To eCJIM METO/[ (4 MaKCUMU3UPYET Hep806y‘{€HHOCTb, TO
BEPOATHOCTD Hepeo6yquI/IH COBITaIa€T C BEPOATHOCTBIO PaBHOMEDPHOI'O OTKJIOHEHU,

QE(M> X) - QE(A7 X)
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Jlemma 11.1. FEcim Metos |1 MAKCHMHU3UPYET 11€peobyIeHHOCTD, TO JIJIsSI KaXKJI0TO aJIro-
purma a € A mHOKecTBO X, = {xab eX:a< b} SIBJISIETCSI TIOPOXKTAIOIITHM, & MHOXKECTBO
X! = {xba e X: b= a} — 3alperarIiuM B CMbICIe rumoTe3br 9.1:

X = a] < [X, € X] [x, € ¥].
HokazareabctBo. 13 Toro, yro uX = a ciemyer
0(a,X) = 6(b, X) mus Bcex b € A. (11.1)

Bosbmém npousBosibHbIil T4, € X,. Torma I(a,z.) = 0, I1(b,x4) = 1. Ecom gormy-
CTHUTD, UTO Tgp € X, TO HOJIYUNM

6, X)=v(,X)—-vb,X)=v(a,X)+;—v(a,X) > d(a, X),

aro nporuBopeunt (11.1), snaunt, z, € X. B cuny ero npoussossroctn X, C X.
Bosbmém mpousBosibHbLil 1y, € X[ Torma (b, xp,) = 0, I(a,zp,) = 1. Ecim gormy-

CTUTb, 9TO Tp, € X, TO OJIyIUM
60, X) =v(,X)—vb X)=v(a,X)—v(a,X)+ 3 > d(a, X),
uro porusopeunt (11.1), sHaunut, 1y, € X. B cuiy ero npomssombroctn X! C X. n

Ouenka cBasHocTu. 13 slemmbr 11.1 1 o6mieit oreHkn paccioennsg—csasuoctu (9.2) cie-
JIyeT OIIeHKA CBA3HOCTHU /ISl BEPOSITHOCTH PABHOMEDHOI'O OTKJIOHEHUS.

Teopema 11.2. Ilycts BeKTOpBI OHNIMOOK BCEX aJrOPUTMOB W3 A morapHO pas/ImdHbL.
Toryia nveer MecTo BEPXHSS OIlEHKA BEPOSITHOCTH PABHOMEDHOI'O OTKJIOHEHUS:

A Cé_jif —u, m—
Q:(AX) <D == T (Fm = k) (11.2)
acA L
e u = u(a) = |X,| — Bepxuss csasuocts, d = d(a) = |X!| — HuKHsIS CBSI3HOCTD

aymropurma a, m = n(a, X) — 4uca0 onMbOOK aJIropuTMa 4 Ha MeHEepaJbHOIH BBIOODKE.

DTa OIEHKa ropa3/o XyKe aHAJOTHYHON 110 CTPYKTYPE OIEHKH DACCIOCHUSCB3-
uoctu (9.6) /U1 MOHOTOHHOIO MeTO/ia 00y UeHusA. EUHCTBEeHHOe pas/Iitiie 3aK/II0IaeTCs
B TOM, YTO HEIIOJIHOIEHHOCTh ¢(@) 3aMeHseTcs Ha HIKHIO cBasHocTh d(a). Hemoumo-
[IEHHOCTb PACTET ¢ HOMEPOM CJIOs JIMHEHHO, COOTBETCTBEHHO, BKJIA/IbI aJllOPUTMOB B ().
yOBIBAIOT 9KCIOHeHIHAIbHO. Hinknss casnocTs d(a) me npesbimaet ¢(a) 1, KaK MOKa3bl-
BAIOT 9KCIIEPUMEHTEI 51|, KOHIIEHTPUPYETCsT BOKPYT OJIHOIO M TOTO YK€ 3HAYCHUs BO BCEX
CJIOSIX, TIO9TOMY AJTOPUTMBI BCEX CJIOEB BHOCST MPUMEPHO PaBHBIN BKJIaJL B oreHKy (11.2).
Takum 06pas30M, 9Ta OIEHKA YUINTBIBAET CBIA3HOCTH, HO HE YUUTHIBAET PACCIIOCHUE.
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§11.2 TexHuKa LENHbIX Pa3/1I0>KEHUA

Meros oneHmBaHUS BEPOSTHOCTH PAaBHOMEDHOI'O OTKJIOHEHHUS, OCHOBAHHBIN Ha en-
nox pasaooscenuar (chain expansion), npemoxken Jenncom KouenbikoBbiM B [51].

Teopema 11.3. /JLis siro6bix X, A u smoboro € € [0, 1]

G.(A%) <Y [{s.(0)} < £]< Ld/#md@a(g)). (11.3)

acA

e d = d(a) — HIXKHSIS CBSI3HOCTB aJropurMa a, m = n(a, X) — 9ic/10 ommnbOK aaropuT-

Ma a Ha reHepaJbHOI BBIOODKE, Sq(€) = %(m — gk),

HoxkazareabctBo. O6o3uaunm depes U, (X, ) wim upocro U, nHanKaTop mnepeobydeH-
HOCTH aJI'OPUTMa @ Ha BBIOOpKe X:

U, = [0(a, X) > ] = [n(a, X) < s.(¢)].

O6o3naunm gepes U, orpunanne Uy, To ectb U, = 1 — U,,.

Bocrmoibayemest TeM, 9TO Ha MHOXKECTBE aJropuTMOB A 3aJaHO OTHOIIEHNe JacThud-
HOT'O TOPSAJIKA KaK €CTeCTBEHHOE OTHOIIEHUE MOPsAIKa Ha OYJIEBBIX BEKTOPaX OIMMOOK aJi-
ropuT™MoB. J[OMOJIHUM 3TO OTHOIIEHUE JI0 JIMHEHHOTO MOPA/IKa MPOU3BOJIBHBIM 00PA30M.
[IpeicraBuM BEpOSTHOCTD MAKCUMyMa OMHAPHBIX BEJIMTIUH KaK CYMMY BEPOSITHOCTEI, BOC-

IIOJIB30BaBIINCH UENHBIM PA3AOHCEHUEM:
Q.=PmaxU, =Y PU, [[ U
a
acA beA: b<a

OcTtaBuM B IIEITHOM Pa3JI0zKEeHUU TOJIBKO Takue coMHokuTeun Uy, aro b < a. Ocrajb-
Hble COMHOXKUTEJIM TPUBUAJBHO OIEHUM CBEPXY €JIUHUIIEH, U, < 1, b £ a. Torna

<> P I vl
a€A  bEA: b<a

Pacemorpum npoussenenue U,U, st IPOU3BOJIbHBIX b 1 a TaKuX, 9T0 b < a:

UaUp = [n(a, X) < sa(e)] [n(b, X) > sp(e)] =

= [sa(e) = £ = s(e) < n(b, X) < n(a, X) < s4()] =
= [sale —%<n(aX) sa(e)] [n(b, X) = n(a, X)] =
= [n(a, X) = [s4(e)]] [{50(e)} < £] [0 € X],

rie |s| — menast gacte s, {s} — npobuas gactsb s. Torga
<Y P ] Ul=> P ][] [nlaX)=lsale)]] {5a(e)} < £] [0 € X].
acA  bEA: b<a acA  bEA: b<a

CoMHOXKHTEIM, He 3aBUCAIe OT b, BbIHECEM 3a 3HaK IIPOU3BeJeHHUA. BBeaéM MHO-
KecTBO X = {xba eX:b< a} 1 3aMETHM, 9TO

[1 [reX) =[x cx]

beA: b<a
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Taxum obpazom,

Q- <Y [{sa(e)} < £] Pln(a, X) = [sa(e)]] [X; € X].

acA
YunteBas, uro | X!| = d(a), moayanm onenky (11.2). Teopema mokazana. ]

Onenka (11.3) o cBoeii crpykrype anagorundna onenke (11.2). B neit ectb jBa yiryd-
IIIEHN: BO-TIEPBBIX, CYMMUPOBAHNE ITPOU3BOJUTCS HE 110 BCEM CJIOSIM CeMeNCTBa aJrOpHUT-
MOB (11pit ¢ = k yUIUTBIBAETCS TOJIBKO KazK/IBIil BTOPOIi CJIOI ), BO-BTOPBIX, BMECTO «JIEBOT'O
XBOCTa» THIIEPreOMeTPUYIecKoro pacupejenenus H B meit durypupyer snadenue h ru-
[EePreOMeTPUIECKOro paciipe/iesienus: B ojHoit Touke. C apyroii cropons, onenka (11.3)
YUIUTBIBAET TOJIHLKO HUKHIOIO CBS3HOCTD, UTO B UTOre JlejaeT e€ boJiee ¢1aboii 1o cpaBHe-
Huto ¢ orenkoit (11.2). Ilpu arom 06e OleHKN He YIUTHIBAIOT PACCIOCHHUE.

§11.3 TexHuka cnyyaiiHbix Gay>XaaHWiA

BeposaTHOCTH PAaBHOMEPHOT'O OTKJIOHEHUS YacTOT B CIydae MOHOTOHHOII IIEITN MOYKET
COBIIA/IATh C BEPOATHOCTHIO PABHOMEPHOI'O OTKJIOHEHUS SMIIMPUYECKUX DPAacIpejesIeHuil.
DToT MH000NBITHBIIN dakT ObLT 3aMeden VBarnom [TlanmabiM.

Jst mponsBoJIbHOIO cemeiicTBa A BbIpa3UM PaBHOMEPHOE OTKJIOHEHHE YacTOThI OIIH-
60K B BLIGOpKax X m X wepes muaukaTopel b; = b;(X) = [z; € X|:

D(X) = maxd(a, X) = max(v(a, X) — v(a, X)) =

acA acA
L
= max I(a,:pi)@ [xiEX]—%[xiEXD =
a€A 4 N—— N——
=1 1-b; b;
L
L 12
=—max » I(a,z;)|—=—b]. 11.4
lk acA & (a, ;) (L Z) ( )
MoHOTOHHas uenb anropuTmMoB — 310 MojeabHoe cemeiicteo A = {ag, a1, ...,ap},

B KOTOPOM &JITOPUTM @ JIOIYCKAET M OIMMOOK Ha reHepasbHON BHIOOPKE, a KayKJIbIil 110~
CJIEJIY 0TI AJITOPUTM XY7Ke TIPEJIBLIYINEro Ha oJHOM o0bekTe (onpeesenue 6.8, cTp. 65).
[IepenymepyeM OOBEKTHI T, . . ., L1, TAKIM 00PA30M, YTOOBI

I(ag,z;)=[i<m+d|, i=1,...,L, d=0,...,D. (11.5)

Teopema 11.4. J[y1s1 MOHOTOHHOII TIeTH aJIrOPUTMOB A, IPOU3BOJIBHOM I'eHepaIbHOH BbI-
6opku X u npoussoJibHoro € € [0, 1] cupaBejyiuBa TouHas OLEHKA BEPOSITHOCTH TOI'O, 4TO

PaBHOMEPDHOE OTKJIOHEHHE He IIPEBBbICUT &£

Gi [QZ (5)7 L}

P réleaj((S(a,X) < 5} -

e g; (€) — J1eBasi rpaHmIa ycedéHHOrO TpeyroJibanka Ilackass:

g, (e) =L1(t —ck)[m <t <m+ DJ.



HokazareabcTBo. B ciaydae MmoroToHHOI nienn npejcrasienne (11.4) yupormaercs mocie
o/cTaHoBKY B Hero (11.5):

L ez gy L t(m + d)
PO =3 5% (‘ —bz‘) = T 2 (*L —Bm+d) :

e Byig =01+ -+ byg. Takum obpazom, paBHOMEPHOE OTKJIOHEHHE YaCTOThI OITUO0K
B BeIOOpPKaxX X 1 X BBIPAsKaeTCs depe3 PaBHOMEPHOE OTKJIOHEHHE UHCJIa €IMHUIL CPEJH
IIePBBIX M + d WJIEHOB OMHAPHOI 1TOC/Ie/I0BATEILHOCTH] by, . . ., by, OT «0XKUIaeMOro» Incia
equuut +(m + d).

Haiiném reneps BepositHOCTh TOrO, uTo D (X ) HE MpEBBIMIAET E:

P[D(X) <e] =P| max (£(m+d) = Buia) < fek] =

D L
—PTI[4(m+d—ck) < Busa| =PT] [0 () < B].
d=0 t=1
HOqueHHOe BbIpazK€Hrne B TOYHOCTHU COBIIa/acT C BEPOATHOCTHIO PaBHOMEPHOI'O OT-
KJIOHEHUsI SMIUPUIECKUX pacupejenennii (4.9), g KOTopoil yke HallIeHO TOTHOE BbIpa-
xkenue (4.6) yepes yceuénnblii ciesa Tpeyroibauk [lackass. Teopema Jokazana. [

Pe3iome

QyHKIIMOHAJ PAaBHOMEPHOI'O OTKJIOHEHUS, BBEJIEHHBIN B Teopun Barnnnka-epBonen-
KHCa, YYATBIBAET CBA3HOCTb CEMENCTBa aJrOPUTMOB, HO HE YUHUTBHIBAET €0 PACC/IOEHUE.
N3-3a 3T0Or0 OH MOXKET JIaBaTh CUJILHO 3aBBIINIEHHbIE OIEHKH BEPOATHOCTH MEePeodyIeHus .
Tem He MeHee, OH aKTHBHO UCIOJIB3YETCA B TEOPUM CTATUCTUYECKOTO obydenus. Ero jo-
CTOMHCTBO B TOM, YTO OH HE 3aBUCUT OT METO/a OOYUeHUA, ITO TO3BOJIAET Pa3padaThiBATD
HOBBIE METOJbI OOyYeHHs IIyTEM MUHUMU3AIIN €10 OOPAIIEHHBIX BEPXHUX OIEHOK.

[Ipu nosrydennn BepxXHUX OIEHOK BEPOSITHOCTH PABHOMEPHOT'O OTKJIOHEHUSI MOTYT Ha-
KaIJIUBATHCA JIONOJIHATEIbHBIE TIorpertHocTu. Cpei TPEX PACCMOTPEHHBIX TEXHUK Tep-
BBIE JIBE JIAIOT 3aBBIINIEHHBIE OIEHKHU, TPEThd JIAET TOYHYIO OIEHKY, HO TOJILKO JIJIsi 4acT-

HOI'O cJjiy4dasd MOHOTOHHOM el aJIropuTMoB.

B cnepytowein nekummn Mbl IPUMEHUM OIEHKY PACC/IOEHUSI - CBI3HOCTU K CEMEMCTBY T10-
POTOBBIX KOHBIOHKIINIT HaJl BEIIECTBEHHBIMH IIPU3HAKAMU. DTO IEPBBIA IpuUMep HE MO-

JeJIbHOI'O CeMeﬁCTBa, I POKO HUCIIOJIb3YEMOI'O IIPpU PEIIEHUN ITPUKJIQJIHBIX 3a/1a4.

Ynpa>kHeHust

Bamaua 11.1 (5%). Iloay4uTh TOYHYIO OIEHKY BEPOATHOCTUH PABHOMEDPHOIO OTKJIOHEHHUSI
Q-(A, X) 1151 yHIMO/IAIBHO TN aJITOPUTMOB.

Bamaua 11.2 (10*). IHoayumurs Tounyio oneHky (. (A,X) mig mpousBOIBHOIO MHOXKe-
CTBa aJrOPUTMOB, 3aJJAaHHOIO I'PadoM PaCcCIOEHUI—CBI3HOCTH.



12 KoOHBIOHKTUBHbIE JlOrnYeckne 3aKOHOMEPHOCTWU

Mpr obpasuck, HaKOHeI, J0 MEePBOIO MPAKTUYIECKOTO MPUMeHEeHUsT KOMOMHATOPHO
Teopun repeodydeHnsi. A UMEHHO, OTIEHKHU PACCIOCHUSI—CBAZHOCTH OY/IyT ITPUMEHEHBI JIIs
VILYUIIEHUS A02UNMECKUL MEMOJ08 KAACCUPUKAUUU.

§12.1 Jloruyeckune metoabl Knaccncpumnkaymm

Pacemorpum 3ajgauy knaccudukanun. Jlomyctum, 4To KaxkjIoMy o0beKTy T; € X co-
OTBETCTBYET NPasusbHuili omeem y; € Y, riae Y — KOHEYHOe MHOYKECTBO MMEH KJIACCOB.
OO0beKTHI onuchBaloOTCa HAOOPOM 1 IUCIOBBEIX npusnakos fi: X — R, j=1,... n.

Jlorndeckne MeTo bl KJIacCUpPUKAIINN OCHOBAHbBI Ha, TIOCTPOCHUH KOMITO3UIINH HHMOP-

MATUBHBIX, XOPOIIO UHTEPIPETUPYEMBIX JOTUTICCKUX 3aKOHOMEPHOCTEI.

Jlornyeckue npaBuna n TpeboBaHne nHTepnpetTupyemocTu. IIpeduxamom Oymem Ha-
3BIBATH TPOM3BOJIbHOE oToOpazkenue Bua r: X — {0,1}. Ecin r(x) = 1, 1o Gyem roso-
PUTH, 9TO NPEIUKAT 6bideniem O0ObEeKT T.

ITpasu.nom (rule) Gysem HA3BIBATH MPEJUKAT U3 HEKOTOPOrO (DUKCUPOBAHHOIO CeMeii-
CTBa IpeNKaTOB R, 00J1aaI0MUX CBOMCTBOM UHMEPNPEMUPYEMOCU — OHHU JIOCTATOTHO
IIPOCTHI U JIOIYCKAIOT 3aIlMCh Ha €CTECTBEHHOM f3BbIKE B TEPMUHAX IIPEIMETHOI 00JIacTu.
Dtu TpeboBaHmsa POPMAIUIYIOTCS B caMOil KOHCTPYKIUU cemeiictBa . Mbr paceMoTpum
HanboJiee PaCIPOCTPAHEHHBII BUJ IIPABUII — NOP0206bIE KOHBIOHKUUL:

r(a;0) = [[1fi(@) s 0], (12.1)
jeJ
e J C{l,...,n} — nojmHO)KecTBO TpusHakoB, #/ € R — mnopoe 1o j-My HpuU3HAKY,

0 = (67)jc; — 6exmop nopozos, <; — OJUH U3 3HAKOB cpasHeHns {<, >}.

Hucso |J| HasbiBaercst pareom konsonkyuu. OOBIMHO OHO OMPAHUYUBAECTCHA CBEPXY
B YroJ/ly BCE TOM YKe MHTEPIPETUPYEMOCTH (KaK yTBEPXKIAIOT MCUXOJIOIH, JIFOJAM TPY/IHO
HOHUMATh [paBuia, cojepzaime Goee 7 yciopuii). Ha mpakrtuke orpanndenue Ha |J|

YCTaHaBJINBaeTCA IIPUKJIaJIHBIMUA CIIeIUuaJINCTaMM NCXO/1d U3 CHGHI/ICl)I/IKI/I 3a/Ja491.

IIpumepbl 3akoHOMepHOCTE. V3 331891 MEIUITUTHCKOTO TPOTHO3UPOBAHUS: €CJTU «BO3-
pact nanuenTa Bbite 60 JieT 1 paHee oH IepeHéc HHPAPKT», TO OIEPAIHIO JIeJIaTh He CTOUT.
N3 3aaum kpeiuToBanusd (BU3UUECKUX JIUI]: €CJIN «3aEMINMUK yKa3aJ B aHKeTe CBOM J10-
ManrHuit Testedpon u ero sapiuiara npesbimaer $2000 B MecsIr 1 cyMMa KpeaIuTa He TPEeBbI-
maet $5000», To KpenuT MOKHO BbLIATE. VI3 3a1a491 paclio3HaBaHus CIIAMa: €CJIH «B IUCh-
Me IPUCYTCTBYET CJIOBO 6eCIIaTHO U yKa3aH MOCKOBCKHUI TejieOHHBI HOMED U JOMEH
oTmpaBuTe g HaxoauTcd B Kurae», To 310 criaM.

MoHaTus 3akoHomMepHOCTU M uHpOpMATUBHOCTU. Jlo2uueckol 3aKOHOMEPHOCTNLIO
KJlacca iy € Y OyjeM Ha3bIBaTh MPaBUIo 1 € R, Boedionee B 3ajannoii Bbibopke X C X
JIOCTATOYHO MHOTO OOBEKTOB Kjlacca Y M Majo OOBEKTOB BCEX OCTAJIBHBIX KJIACCOB.
Hnga dbopmammszanuu sToro Tpebopanus BBOAAT JBa Kpurepus: p(r, X) — duciao noao-
HCUMEADHDIT NPUMEPOE — OOBEKTOB KJIACCa Y, BbIEIsAeMbIX HpasuioMm 7, u n(r, X) —



TUCTIO OMPUUAMENOHHLT NPUMEPOS — OOBEKTOB BCEX OCTAJBHBIX KJIACCOB, BBIIEISTEMBIX
npauyioM 7. [ljs moncka 3akoHOMEpHOCTeH B ceMeiicTBe mpaBui R 110 oOy4Jaroreil Bbl-
Oopke X eCTeCTBEHHO CTABUTH 3aJIa4y JIBYXKPUTEPHUAJIHHON ONTUMUA3AIUN:

p(r,X) =#{z; € X | r(z;) = 1, yi = y} — max;
n(r,X)=#{z; € X |r(z;) =1, y; # y} — min.

BBe,ZLéM TaK2Ke 9UCJIO IIOJIOZKUTEJIbHBIX N OTPpUIlaTE/IbHBIX ITPUMEDPOB B BbI60pK€ X:

PX)=H#{x;e X:y; =y}
N(X) = #{a € X: g, £ ).

Ha mpakTuke npa Kpurepusi p,n CBOPAYUBAIOT B OJUH 26pUCTIUMECKUll Kpumepul
ungopmamuernocmu H (p,n) — max. VI3BeCTHBI JiecaTKN KPUTEPUEB, JAONIIX HEMHOTO
pa3Hble pe3yJ/ibTaTbl, HO HU OJWH MN3 HUX HEJIb34d Ha3BaTb 663yCJIOBHO IpeaAIIoYTUTe/Ib-
ubim [80, 57|. Hekoropble Kpurepun siBIAIOTCS YUCTO IBPUCTUUECKUMU, JIPYTHe UMEIOT
6ostee cTporue 060CHOBAHUS B TeOPUH MH(MOPMAIMNA M MATEMATHYCCKON CTaTHCTUKE.

ITpumep 12.1 (sBpuctuueckue kpurepun). Kpumeputi mounocmu (accuracy) —
9TO JI0JIS MPABWILHBIX KJIaccuUKAIUil, TO eCTh OTHOIIEHE OOIIEero YHc/ia BhIJIEJTEHHBIX
[IOJIOYKUTETbHBIX ¥ HEBBIJIEJIEHHBIX OTPUIATETBLHBIX IPUMEPOB K JIJINHE BHIOOPKU:

p+N—n
%(p,n):ﬁ-

Nuorna nopmuposky youpator. uorna BBojar mrpad v > 1 3a BbljIe/IeHIE OTPUTIATE b

(12.2)

HBIX O0BEKTOB, MOOIIPsis TEM CaMbIM MOUCK «bo0Jiee YHCThIX» 3aKOHOMepHocTell [42]:

H(p,n) =p—yn.

ITpumep 12.2 (kpurepuii 6Gycrunra). B reopun Gycrunra [97| BosHukaer Kpurepuii
pa3HOCTU KBa[PATHLIX KOPHEil:

%(p,n):\/];—\/ﬁ

B 3a/Jadax KJIaCCI/ICbI/IKaLLI/II/I C H€C6aﬂaHCI/IpOBaHHbIMI/I KJlaCcCaMM (KOI‘,ZL& ornomenne P : N

CYIIECTBEHHO OTJIMYHO OT €JIMHUIIBI) UCHOJIb3YeTCs TaKzKe HOPMUPOBAHHBI KPUTEPHit

A (p,n) =+/p/P —/n/N.

ITpumep 12.3 (tounsbriii Tect @umepa). Eciu npunaTh B Ka9ecTBe HyJIEBOI MUIIOTE-
3Bl TIPEJITOJIOKEHNE, ITO TPEJUKAThl 7(T) 1 [y(x) = y] SIBJIAIOTCH HE3ABUCUMBIMU CJTY-
YaffHBIMI BEJIMYUHAMHI, TO NP (DUKCHPOBAHHOM YHCJIE BBIIEIIEMbIX 00BEKTOB (p + 1)
YUCIO BBIJIEISIEMBIX OTPHUIATEIBHBIX ITPUMEPOB N MOIIUHSIETCA TUIEPTeOMETPUIECKOMY
pacIpe;1eJIeHIIO h’;fﬁ{,N (n). Jdocruraembrii ypoBeHb 3HAIUMOCTH (v = H%ﬁ%N (n) pasen
BEPOATHOCTH HHCTO CIydailHON peasm3anuu HaOJIIOAEMOr0 WM €€ MEHBIIero 3Hade-
Hust n. Yem MeHbliie o, TeM MeHee IIPaB/IONoI00Ha THIIOTe3a 0 He3aBUCUMOCTH. B KadecTBe

KpuTepusi "HHOPMATUBHOCTHU OepyT — log av KaK Mepy Hec/IydaifHOCTU B3aMMOCBSA3U T U -

A (p,n) = —log HELRY (n).



IIpumep 12.4 (sHTpOHMITHBIN KpuTepuii). AcCHMITOTHYIECKUM PUOINKEHUEM I'Hi-
[IEPreOMETPUIECKOTO KPUTEPUS SBJIACTCSI IHMPONUTHbIT KPUmeput uH@opmamueHocm
wim eviuepvis ungopmayuy (information gain, 1Gain) [87]:

B P p+n P P+N—-p—n P—p
%(p’”>_h<P+N) P+Nh(p—|—n) P+N h<P+N—p—n’

rie h(q) = —qlog, ¢ — (1 — q) log,y(1 — q) — dyHKIWs SHTPONUN TAPBI UCXOJOB C BEPOST-

HocTaMu q 1 — q.

ITpumep 12.5 (kpurepwuii Ixkuau). Ha npakTuke ucrosb3yor Takzxke undekc Jlocu-
wu (Gini impurity ), ormaarormuiics ot IGain Tosbpko dysakuueit h(q) = 4q(1—q), Koropas
HEIJIOXO alllIPOKCUMUPYeT (DYHKIHIO SHTPOIUHU Hapbl HCX00B [38].

Komno3uuyum 3akoHomepHocTeii. Kaxkias 3aKOHOMEPHOCTD BbIJIEISET JIUIIb 9acTh BbI-
OOpKM M OTHOCHUT €€ K ojHOMY u3 KJjaccoB. [losaromy kiraccudurarop a: X — Y cTpodar
13 OOJIBIIOTO YUC/Ia 3aKOHOMEPHOCTEH, 00be/InHsAA UX B KOMITO3UITUIO, HAITPUMED, C TIOMO-
IIBIO 636€WEHHO20 20A0CO8GHUA:

a(x) = arg max w,r(x), (12.3)

rae R, — MHOXKeCTBO 3aKOHOMEpHOCTe(l Kiacca Y, w, > 0 — BeC 3aKOHOMEPHOCTH 7.
[Tocrpoenre Takux KOMIO3HUIUIA MOXKHO BecTH Ho-pasnoMy. OjiHa U3 cTpareruii 3a-
KJIIOYAeTCsd B TOM, 9TOOBI CHAa4YasIa IOCTPOUTH CIIMCKU 3aKOHOMepHOcTell R, 3aTeM, pac-
cMaTpuBasi 3aKOHOMEPHOCTH 7'(Z) KAaK HOBble MPU3HAKU, MOCTPOUTH Ha HUX JIMHEHHBII
KaaccuduKaTop JIOObIM M3 M3BECTHBIX METOJIOB, HAIPUMEP, JOIMCTUYECKO perpeccu-
eit [61] wim meromom onopHbIx BekTOpoB [58|. Jlpyrasi cTparerusi 3aKJIIOUAETCS B TOM,
9TOOBI CTPOUTH 3aKOHOMEDHOCTH I10 OYEPeIr, U JIJIsi KayKJ0il 3aKOHOMEPHOCTH I Cpasy
onpesIesisTh BeC w,. Tak, B 9acTHOCTH, PabOTAIOT aJropuTMbl OycTunra [46].

§12.2 3apava npepgckasaHust UHPOPMaATUBHOCTU

Nrak, mmeercd Tpu THIla apaMeTpoB, 00ydaeMbIX 0 BHIOOPKE, U, COOTBETCTBEHHO,

TPU BO3MOZKHBIX UCTOYHUKA I1€PeOdyIeHUs:

1) noporu ¢, j € J jayig KaxK10ro Habopa MPU3HAKOB J;
2) HabOp MPU3HAKOB J /I KarK/I0ii 3aKOHOMEPHOCTH T
3) BeC w, JyIst KayKJIOi 3aKOHOMEPHOCTH 7.

EcrecTBeHHO T0JIAraTh, WTO XOPOIIHHA aJropuT™M a(r) MOXKHO HOCTPOUTH TOJBKO
U3 HelepeoOYUEeHHBIX 3aKOHOMEPHOCTEH, MMEIONNX BBICOKYIO MH(MOPMATUBHOCTH KaK Ha
obydaroreif, Tak 1 Ha KOHTPOJIbHOI BBIOOPKE.

Haimeit nesbio OyaeT mocrpoenne Takoro Kpurepust 7, KOTOpbIi IpejicKasbiBal Obl
3HAYEHNe 33JJaHHOINO CTAHJIAPTHOIO KpUTEpHus 7 Ha CKPBITOH BBHIODOPKE IOC/IE OINTUMI-
3armu 1oporos 07. Ipedexasannyto ungopmamuernocms ' MpeIionaraeTcs 3aTeM Hc-

[I0JIb30BaTh B KAYECTBE KPUTEPUA BHIOOPA MOJIMHOZKECTB ITPU3HAKOB J.
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[Ipobiemoit mepeobyvenus BeCOB w, Mbl 3aHUMATHCA HE OyJIeM, OTYACTH IIOTOMY,
9TO OHA y»Ke Heruoxo uccienoBana [96, 34, 46, 74|, orgacTu, 9T0OBI COCPEIOTOTNTHCS
Ha [IPUMEHEHUN OIEHKN PACCIOEHUSI-CBA3HOCTU K CeMEHCTBY MOPOTOBBIX KOHbIOHKIIHIA.

[Lmroc mpesiaraemMoit cxeMbl B TOM, 9TO OHa He TpedyeT |UTo-TubO0 MEHSTH B CyIIle-
CTBYIOIINX METO/IaX 00ydUeHus 3aKOHOMEPHOCTEN, 3a MCKJIIOUeHneM KpuTepus uHbopMa-
tuBHOCTH. [[09TOMY €€ JIerKo BCTpanBaTh B rOTOBbIE OMOJIMOTEKN aJTOPUTMOB.

Munyc ke B TOM, 9TO HE YUYUTBIBAETCI IEPEOOYUEeHHe, CBA3AHHOE C OINTUMHU3aIneit
oJIMHO2KeCTB J 1 BecoB w,. TakuMm oOpazoM, MbI TIOKa HE MOYKEM JIaTh OKOHYATETHLHOTO
pertenns mpodJIeMbl mepeo0ydenns JJisi B3BEIIEHHOI'O T'OJI0COBAHNS KOHLIOHKITNIA.

MOHOTOHHOCTbL KpuTepues MHPOPMATUBHOCTU. BBejiém j1jist hUKCHPOBAHHOTO KJiacca
y € Y Ha MHOXKeCTBe IpaBul R MHJIMKATOP OIMMOKN

I(r,z;) = [r(x) # lyi=y]], reR, xeX (12.4)

MmuozkecTBo mpaBni R mopokjgaeT KOHEYHOE MHOXKECTBO BEKTOPOB OIINOOK (I (r, :zcz)) L,
Ha KOTOPOM €CTECTBEHHBIM 00pa30M BBOJATC OTHOIIEHU ITOPAJIKA U IIPE/IIIECTBOBAHNA.

Cuestyromasi TeopeMa IIOKa3bIBaeT, YTO OOJIBIITIMHCTBO U3BECTHBIX KpHUTepueB nHMOp-
MATHBHOCTH SIBJISIIOTCA MOHOTOHHBIME B cMbIcJie onpeesennst 9.2 (crp. 9.2). Orciona BbI-
TEKaeT, UTO OIEHKA PACCI0eHUACBA3HOCTH (9.6) MpUMEHNMa HE3aBUCHMO OT TOTO, KAKOM

u3 KpuTepueB nHMHOPMATUBHOCTH UCIIOJIB3YETC JIJIsi O0OYYeHUS TTPABUIIL.

Teopema 12.1. Ecin ¢yaknus € (p,n) cTporo MOHOTOHHO BO3PACTAET MO P H CTPO-
ro MOHOTOHHO yObIBaeT 1o n, to kpurepuii M(r, X) = —%(p(r, X), n(r, X)) SIBJISIETCST
MOHOTOHHBIM OTHOCHTEJIbHO HHJHKaTOpa omuoku (12.4), u, cOOTBETCTBEHHO, METO/] MAK-

CUMU3aInn I/IHd)OpMaTI/IBHOCTI/I ABJIAETCA MOHOTOHHBIM METO/I0OM O6yq€HI/IH npaBHJI.

JokazaTesabcTBO. O0O3HATNM ITPOEKINIO BEKTOPA OmuOOK 7 Ha moiBbIOOPKY X C X ve-
pes 7y = (I(a, z;))z,ex. Hanmomsmm onpesesenne MOHOTOHHOrO Kpurepust M: st o0bIx
X Cc Xurve€ R, takux, aro 7'y < Ux, cupasejymso M (r, X) < M (v, X).

Bosbmém mpomssosibibie X C X u r,v € R, Takue, uto Tx < Ux. OTciona u u3 omnpe-
JleJIeHus HHARKaTopa ommbkn nemeienuo ciaenyer p(r, X) = p(v, X) un(r, X) < n(v, X),
npu4IéM XOTs ObI OJIHO M3 STUX JIBYX HepaBeHCTB crporoe. CrieoBaTesbHo,

%(p(r,X),n(r,X)) > %”(p(v,X),n(v,X)),

qr0 papaocuiabHO M (r, X) < M (v, X). Takum obpazom, M yaoBIeTBOpsieT ONpe/Ie/IeHI0
MOHOTOHHOT'O KPUTEPHS. n

Kputepuii npepckasaHHon To4HOCTU. Yucso omubOK IpaBujia  OTHOCUTEIbHO WMH/IM-
kartopa omubku (12.4) moroBopumcs 0603HAYATH OYKBOI 1M BMECTO OOBITHOTO 71, UTOOBI
He IyTaTb C YUCJIOM OTPHUIATEHLHBIX TPUMEPOB:

m(r,X) =Y I(r,x) = n(r,X)+P(X) - p(r,X).

reX
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Torga wacrora ommbok v(r, X) = m(r, X)/|X| cBasana ¢ kpurepnem tounocru (12.2):
%(p(T,X),TL(T,X)) =1- V(TaX)a

a MHHUMUI3AIUS SMIIPHIECKOI0 PUCKA SKBUBAJIEHTHA MAKCUMU3AIMU TOYHOCTH. Biaro-
Japst 9roMy MOANMUINPOBAHHBIN KpuTepuit 7 cTPOUTCst 0COOEHHO HPOCTO. SallUIeM
OIEHKY paccyoenus—cas3noctu (9.6): mis moboro € € (0, 1)

Pv(r, X) — v(r, X) Z Cuo Wﬁ e (Lim —ek)) (12.5)

rje u = u(r) — BepXHsAsd CBA3HOCTH, ¢ = ¢(7) — HEHMOIHOIEHHOCTH, m = m(r, X) — ancio
ommbOK MpaBuia T Ha TeHepabHON BhIOOpKe. OOO3HAUNM MPABYIO YaCcTh HEPABEHCTBA
1qepes 1. (€), obparHyio K Heil QyHKIMIO — depes g4, (1n). Torma ¢ BepogTHOCTHIO He MeHee
(1 —n) cupaBeuBa OIEHKA

v(r, X) <v(r,X) +eu(n),
ujimn, 1ocJjie 1mepexoga OT 9aCTOT K TOYHOCTAM,
%(p(ra X)v n(Ta X)) > jf(p(?“, X)7 n(Ta X)) - 5&/6(”)'

Bzas n = %, [IOJIYYUM B IIPaBOil 4YaCTU HUZKHIOIO OLEHKY Me/IMaHbl TOYHOCTU Ha CKPBITOM
BBIOOpKe. Fé n nmpumem B KadecTBe mpejicKa3anns NHGOPMATUBHOCTU:

/ 1
H'(p,n) = H(p,n) —cur(3).
B obmiem cirydae ¢Tosib POCTO# B3AMMOCBA3U MEXKIY KpHUTEpueM 7 U IacTOTOi
ommbOK V yrKe HeT, U Hy’KHO pasjiebHo oreruBarh p(r, X) cuusy u n(r, X) cBepxy.

Owwubkn | n Il poga. Eciu r — 3aKOHOMEPHOCTH KJjlacca ¥y, TO HEBbIJEIEHNE 00beKTa
KJIacCa i Ha3bIBAIOT «IIPOITYCKOM IIEJIN» WIN 0w ubkot nepeozo poda, a BbLIeIEHIE O0HEKTA,
qy>KOr0 KJIacca — <«JIOXKHOI TPEBOroity WIn owubkot 6mopozo poda. I'eHepasibHas BHIOOD-
Ka pasbuBaercs Ha JBa noamHokectBa X = {z; € X: y; =y} u X' = {x; € X1 y; # y}.
Takum 006pa3soM, BOHUKAIOT €IE JIBa ONPEIeIeHIsT HHINKATOPa, ONIHOKMT:

I'(ryz;) = [r(z) =0]lyi=y] = I(r,a;)[z; € X];
I"(ra;) = [r(e) =1][yi #y] = I(r,z;)]2; € X"];
U, COOTBETCTBEHHO, JIBA ONPEJICICHNA YUCIa ¥ YaCTOTHI ONMTHOOK:
m'(r, X) = P(X) — p(r, X); Vi(r, X) =m/(r, X)/|X];
m"(r, X) = n(r, X); Viir, X)=m"(r, X)/|X]|.

B cuny roxpecrsa I'(r,x;) + 1"(r,x;) = I(r,x;) uMeerT MecTo pasiioxKeHHe OOIIEro
4qucJia omumOoK u obrieit vactorsl omubok Ha omuoku [ u 11 poja:

m'(r, X) +m"(r, X) = m(r, X); Vin X))+ (r X) = v(r X).



BrinmieM oneHKn pacCaoeHus—CBI3HOCTH OTACALHO Jyid dacTor v n V', npenmnona-
rast, 9TO MeTOJ OOy9YeHUsl SABJISETCsI MOHOTOHHBIM OTHOCUTETHHO WHIMKATOPA OMUOKN [ .
Jlnst obenx OIEHOK MHOXKeCTBO TpaBuj R m mMeros obOydenust i ogumHakoBbl. (CiemoBa-
TeJIbHO, OJIMHAKOBBI TaKXKe MOPOXKIAIOININe U 3amperaiorme Muoxkecrsa X,., X/, rpad
PaCCIIOEHUA—CBA3ZHOCTU U BEPOSITHOCTH HojtydeHus npasuin P. = P{uX =r]. Jlemmbr 8.2
u 9.3 ocratorca B cue. Opaako Teopembl 8.4 u 9.4 TpeOyIOT pEeBU3NH, MOCKOJBKY Te-
nepb yactoThl ' u vV onpejensirores Mo ¢cBouM wHMKaTopaM ook I’ u 1”7, oraudaHbIM

oT obrero uHMKaTOpa I, mopoauBInero rpad paccaoeHus CBA3HOCTH.

Teopema 12.2 (orenka pacciioeHusi—cBsizHocTu AJiisi omm6ok I u IT pona). s
MIPOU3BOJIbHON BBHIOOPKH X, MPOU3BOJILHOIO MOHOTOHHOTO METOJ[a OOYUIEHHS [t U ITPOU3-
Bosibroro € € (0, 1)

Q=P[/(nX)-vV(rnX)2¢e] < D Ciri LAyt (Ll — ck)); (12.6)
reR

Q=P (rnX) ' (rnX)>¢] < Y Cibagyton o (L — ) (127
reR

e u = | X, | — Bepxmszs casuocts npasuna v, ¢ = | X||, ¢ = |X.NX/|, ¢ =X NnX"| —
HEITOJTHOI[EHHOCTD MIPAaBHJIA T OTHOCHTE/ILHO HHAHKaTopoB ommokn 1, I', 1" coorsercrpen-
mo, m' =m/(r,X), m"” =m"(r,X) — gncso onmbok npasmnIa r Ha reHepaIbHOI BHIOODKe

oTHOCHTEJILHO HHAKaTopoB omubku I', I" coorsercrsento.

O6o3naunm mpasble dacTn HepasencTs (12.6) u (12.7) wepes 1, ,.(¢) n 1), (g) coorser-
CTBEHHO, a obpaTHble K HUM (yHKINH — depe3 €, ,(n) u €/, (n). Torma ¢ BeposTHOCTHIO
He Menee (1 — 7)) crpaBeJIUBbI OIEHKH

1

Bospmém n = 2 4TOOBI IIOJIYIUTDHb M€/IMaHHbIE OIICHKMU. BOBBpaHIaHCI) OT YacTOT OIMNOOK

V', V" K 0603HAMEHNSAM P, N, HOJIYUUM, C BEPOSTHOCTBIO HE MeHee i

(p(r, X))/t~ 52,/%;( ) — 5)7

_ 1 1 p(v
rie 6 = ;P(X) — £ P(X) — monpaska Ha HecTpaTH(HUIIPOBAHHOCTDL KJIACCOB, KOTOPas
paBHa HYJIIO, €CJIN JOJIN TOJIOXKATEIHHBIX IPUMEPOB B O0yYeHUH U KOHTPOJIE OJINHAKOBDI.
[TozcraBiisist MpaBble 9acTh 3TUX OIEHOK B 3aJIaHHBIA CTAHAPTHBIA KpUTepuil mHpopMa-
TUBHOCTH ¢, TIOJIyIUM Kpumeputi npeickadannots uH@opmamueHocmu:

A (p,m) = I (b(p/0 = )4 (3) = 8), k(n/t+(3)). (12.8)



=124 =

Mepexop ot HeHabntopgaemoii ouerkn k Habnopaemoii. Oynkimn €y, £y ) TPeJICKa-
3piBatoT uncsio omubok I u II poga Ha KOHTPOJILHOI BHIOOPKE JIJIMHBI Kk 110 YUCTY OITUOOK
I u II pona Ha obyuaroreit BeIOOpKe AauHbI £ 1 rpady pacciaoenns—cBasHocTn. [Ipu srom
JIJISE TTIOCTPOeHUsI rpada UCITOIb3yeTCs TMoJIHasd BRIOOPKa X ¢ M3BECTHBIMU KJIACCU(pUKAIIN-
sIMH ; BceX 00beKTOB x; € X. 3HaUYUT, BHIOOPKaA X BCE 2Ke IpeIro/iaraeTcs Hab o 1aeMoil.
XoTemoch OBl UCIOIB30BATEH BCE NMEIOIINECs JTaHHbIe X JJIs 00yIeHUsT 3aKOHOMEPHOCTEI],
a MHPOPMATHBHOCTD IPE/ICKA3BIBATE IS HEKOTOPOH HEM3BECTHON BBIOODKH X.
JlotrycTM, 9TO peaim30BaIoCh OJIHO U3 PABHOBEPOSITHBIX PAasOUEHUil cynep-6u00pku
Z = XUX sl L + K #a nabmonaemyo X bl L u ckpbiTyio X jymusl K. Eciau
ObI MBI 3HAJIA CKPBITYIO BBIOOPKY, TO MOIJIM ObI, IIOBTOPUB B TOYHOCTU BCE BBIKJIAJKH,
HOCTPOUTL PYHKIUY €] g, €7 i JUIA NPeJICKasanus WHMOPMATUBHOCTH Ha CKPHITON BbI-
6opke X 1o HabmomaembiM sHauernaM p = p(r, X) u n = n(r, X). o anamormu ¢ (12.8)
umeeM nenabarodaemuvili (unobservable) kpumeput npedckazannots ungopmamusrocmu:

H(p,n) = 7 (K (p/L = e, ie(3) = 0), K(n/L+2l 1(3))). (12.9)

O1HAKO MBI HE MOZKEM BBIUUC/IUTH BEJIMIUHBI £ 4, £ -, TOCKOJIbKY BBIOOPKa X HEM3-
BeCTHA. 3aMeHuM X HaOJIOIAeMBIMU £} ,, £/, U IpeHebpe:kém nomnpaskoit 0. [Tosytmm
nabarodaemviti (observable) kpumeput npedckaszarnnot un@Gopmamuerocmu:

(P, n) = %<K(p/L —ei(3)), K(n/L+ s;’,k(é))) (12.10)

[Iponesannas 3aMena OCHOBaHa Ha THIIOTE3€, UTO ONEHKU MePeobyueHHOCTH )y, €y )
CYIIECTBEHHO 3aBUCAT OT XapPaKTEPUCTUK PACCIOEHUs U CBI3HOCTHU ceMelicTBa mpasBus R,
HO ¢JIaDO 3aBUCAT OT JIJTMHBI BHIOOPKH.

g npoBepku 3T0i runore3bl Mapunoit JlyapeHko ObLT IPOBEJIEH CJIETY IO 9KC-
nepuMent. B npocrpanctse R? cuHTe3npOBAIICH MOJEIBHbIC CyTIep-BLIOOPKN 2 ¢ Kiac-
cuduranuamu y; = 7(x;, 0), Ha KOTOpble HAKJIA IBIBAJICS IIIyM — OTBETHI ¥; Ha HEKOTOPBIX
00beKTaxX x; MHBEPTUPOBAJIUCH. Y POBeHb ImyMa Bapbuposascs ot 0% 10 50% o6 bekTos.
Memnsioch Tak»Ke pacloJIOyKeHHe IyMa — BOJIU3HU I'PAHUIIBI KJIACCOB, PABHOMEPHO, BHYTPH
KJ1accoB. Kaxkias cynep-BbI00pKa MHOTOKPATHO Pa30UBa/IaACh CIyYailHbIM 00pa30M Ha Ha-
6monaemyto u ckpoiryio, 2 = X U X. ITo moasbibopke X BBIUNC/ISAIACH OIEHKH E0 ks €Lk
Io cynep-soiGopke 2~ BLIMHC/IAIICH ONEHKU €7 j¢, €7 - VIcnonb3oBajics SHTpONHiHbIH
KpuTepuiit nHGOPMATUBHOCTH F7 .

Puc. 12.1 nokaswiBaeT, ITO 3aBUCUMOCTb HeHa0OJI0/IaeMOil MHMPOPMATUBHOCTU OT Ha-
OJ1r0/1aeMolt OJIM3Ka K JIMHEWHOM, JakKe HeCMOTpsi Ha MaJiblii 00beéM manabix L = K = 60.

Ha puc. 12.2 nokazana 3aBUCHMOCTB JINHEHHOI Koppesstiuu cort(#y,, Hep) OT JTH-
HbI cynep-BoiOOpKU. Koppesisius cTaHoBUTCH OJIM3Ka K €UHUIE HA BBIOOPKAX MOPS/IKA
HECKOJIbKUX JIECATKOB 00beKTOB. lIpu yBesimuenun ypoBHs IIyMa HeOOXO[MMAas JIJIHHA

BBIOOPKHU YBEJIMUUBACTCA, HO HE KPUTUTHO.
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Puc. 12.1. Basucumocrs ), or %’gb npu L = K = 60 1j1s1 IByMEPHBIX MOJIETHHBIX
BBIOOPOK IpH pasyndHoM yposae myma (¢ — 0%, o — 10%, 0 — 50%) u pasauaHoM
PaCIIOIOKEHUH [ITYMOBBIX OObEKTOB (CHHUI — Ha IpaHHUIE KJIaCCOB, 3€JI6HBII — paBHO-
MEPHO, KPACHBIl — BJlaJin OT I'PAHUILI KJIACCOB). TOUKHM COOTBETCTBYIOT Pa3OUEHMsIM

Cynep-BbLIOOPKH Ha HAOJIIOIAEMYIO U CKPBITYIO.

corr wym 0%  corr wym 10%
10 10

0.9 % 0.9 é
08 3
07
06
05 § E
04 ] 05

08
07
06 3

03 04 3
02 ] 03 ]
01 02
0.1 3

20 40 60 80 100 120 140 160 L+K 20 40 60 80 100 120 140 160 L+K

Puc. 12.2. 3asucumocts KOppensanuu Ay, U Hap OT JUIHHBI CyTep-BHIOOPKU U 3a-

IHYMJIéHHOCTI/I JIAHHBIX IIPU PA3JIMIYHOM YPOBHE U PACIOJIO?2KEHNHW HIyMa.

§12.3 Knaccbl 3kBUBasIEHTHOCTU MOPOroBbIX KOHBIOHKLWIA

Hameit 6ymmkaiimeit 1meibio OyjieT MOUCK KOHCTPYKTHBHOI'O OIUCAHUS MHOYKECTBA
Bcex mpasui R Buja (12.1) ¢ momapHo pasamdHbIME BeKTOpamu OmuboK st 3ddek-
THBHOI'O BBIUUCJIEHUS OIEHOK paccioeHns—cBsasnocrn (12.6) u (12.7).

Bysiem nosarars, uro B npaBuiax suja (12.1) MuoxectBo npusHakos J Gpukcuposa-
HO, ¥ BCE 3HAKH CPABHEHHA S; CYTh <. DTO HE CyNECTBEHHOE OTPaHnIeHne, TaK KaK BEIOOD
3HAKOB CPABHEHHsI MOXKHO DEeaJIM30BaTh, T00ABUB N MPU3HAKOB — f1(x), ..., —fn(T).

Onpesenum nupukarop ommbku I(r,z;) = [r(z;) # [y;=y]] mis moboro npasumia
r € R u jioboro oobekTa x; € X, re y € Y — huKCcupoBaHHBIN KJ1acc.

H100bl BBIYUC/UTH OIEHKY pPaccoeHnsd—CcBaA3HocTH (9.6), HEOOXOIMMO BBIIOJHUTH
CYMMUPOBAHUE 110 MHOXKECTBY BCEX IPABUJI C MONAPHO PA3IUIHBIMU BEKTOPAMU OIIHOOK.
Jlnst 9TOTO BBEIEM OTHOIIEHNE SKBUBAJEHTHOCTH HAa IPABUJIAX M PACCMOTPUM OIHCAHWE

KJIACCOB 9KBUBAJIEHTHOCTH, IpejyioxkenHoe Anjpeem VBaxuenko B [47, 48, 110].



Knaccol akeueaneHTHocTM npasun. Jlomycri, uto suatdenus @) = f;(2;) Kaxmoro
npu3Haka j € J Ha Bcex o0bekTax r; € X IONapHO pa3/indHbl. be3 orpanmdyenns: 0OIITHO-
cTi GyJIeM MPEeoIaraTh, 9T0 BCe MPU3HAKK IIPUHAMAIOT NeJible 3Havenns 1, . .., L. 3ua-
genus noporos 67 B npasuiax (12.1) Takske BbIOMpatoTcs u3 Hesbx sHadenuit 0, ..., L.
Takum 00pa3oM, U OOBEKTHI, U IIPABUJIA OIUCHIBAIOTCS 3JEMEHTAMU OJHOIO U TOTO ZKe
muckpernoro muozxkecrsa © = {0, ..., L}, Byxem nonarars, uto R=0 n X C O.

Nuankarop ommOKM WHIIYIIUPYET HAa MHOXKECTBE MPaBUI R KAGCCHl 2K8UBANAEHMHO-
cmu. JIBa npasuia SKBUBAJIEHTHDI, €CJIM UX BEKTOPBI OMIMOOK COBIAIAIOT. DTO OTHOIICHIE
9KBUBAJIEHTHOCTH HE TPUBUAJILHO, MOCKOJILKY BEKTOPBI IIOPOroB 6, § € © 3KBUBAJIEHTHBIX
upasui 7(z,0), r(x,0") Moryr He coBIAIATD.

J1J1s1 IPOM3BOJIBHBIX BEKTOPOB U = (/) e, v = (v7);c; n3 © BBEJEM eCTECTBEHHOE OT-
nomenne nopsaka: (u < v) <> Vj € J (v < vf). Monoxum (u < v) + (u<vuu#o).

IIpumep 12.6. Ha puc. 12.3 nokaszan npumep 3ajia4u ¢ n = 2 npusnakamu, L = 10 06b-
ektamu u cemeiicto npasui (z;0) = [x < 6] = [z} < 0'][2? < 6?]. Kaxmomy npasuiy
COOTBETCTBYET y3eJl IeJOMUCIennoii mpamoyroabhoii cerku (01, 6%) € © = {0,..., L}*.

B JABYMEPHOM CJIy4dac KJIaCChbl 9KBUBaJICHTHOCTHU JICI'KO IIOJIYIUTH U3 ,ZLByMepHOfI ceT-
K1 O, ecyu 15 KaxK10ro oobekTa © € X crepeTb BepTUKaJIbHOe PeOpo, niyIee OT & BHAB,
U BCe BepTUKaJIbHbIE pEOpa B TOI Ke CTPOKE IIpaBee HEero; 3aTeM CTePeTb TOPU30HTAIb-
Hoe pedpo, WyIee OT T BJIEBO, U BCe TOPU30HTAJILHBIE PDEOpPA B TOM Ke CTOJIOIE BBIIIE
HETOo. OCTaBH_H/IQCﬂ CB4A3HBIC O6J'[aCTI/I 1 €CTh KJIaCChl 9KBUBAJICHTHOCTH. STOT reomMeTpu-
JeCKH OYEBHUIHBIN aJITOPUTM JIETKO 0000IAETCs M Ha MHOMOMEPHBIi ciaydait. OgHaKO IIst
sddexkTuBHOrO 1mepedbopa KJIacCoB SKBUBAJEHTHOCTH y/I00HEe MMeTh X aJiredpantdecKoe

OIIMCaHHe.

Jlemma 12.3. Ilycte EE C R — kitacc sxBuBaJsieHTHOCTH npasuil. Torna kiraccy E npw-
Haptexknt npasuio r(x; 0g), rie 05 = renig 07 s Beex j € J.
€

JokazareabcTBo. B cujy SKBUBaJIEHTHOCTH W OMHAPHOCTH TpaBwjil u3 FE, mpeaukar

re(z) = [] r(x;0) npuanmaer Ha Beex obbekTax x € X Te Ke 3HAYEHHsI, YTO U JIOOOE
el
upaswio 0 uz E, rg(z) = r(x;0). Kpome Toro, npeaukar rg upejcrasum B Buje (12.1):

re(r) = H H[x] < 0]} = H[xj < min@j} = H[xj < 0}5] =r(z;0g).
0cE jeJ jeJ bk jeJ

Takum obpaszom, npasmio 7(z; 0p) Tak:ke npunaexkut E. Jlemma nmokasana. [

Bynem naspiBars npasuio rg(x) = r(z; 0g) cmandapmmsm npedcmasumenem Kiacca
sksuBasienTHocTd E. Ha puc. 12.3 crapgaprible IpeCTABATEN COOTBETCTBYIOT JIEBBIM
HIPKHIM TOYKaM Kazkoro kiacca sxksusasentrocr: (0,0), (1,8), (2,5), (5,1), n T .

Iparnurnot mowkot nogmuozkectBa S C X Ha30BéM BeKTOp fg ¢ KOOpIHHATAME
0l = meagcxj, j € J. Bamernm, uro r(x,0s) = 1 st smoboro x € S.

T

Ipanunvim 06sexmom noaMuOKecTBa S HA30BEM 00beKT = € S, Takoit, uro a’/ = 0%
TP HEKOTOPOM .
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Puc. 12.3. /Isymepuas Boibopka n3 L = 10 00beKTOB, 110 5 00HEKTOB B KAXKIOM KJIAC-
ce. OObEKThI OTMEUEHbI KPYIHBIMIA TOYKaMu. [IpaBuiaM COOTBETCTBYIOT MEJIKHE TO'-
KU B y3JIaX CETKU. DKBUBAJEHTHbBIE [TPABUJIA COEJIMHEHBI OTPE3KAMU. PSIIOM ¢ KarKIbIM

KJIACCOM 9KBHBAJIEHTHOCTH yKAa3aHO YHUCJIO OMMOOK Ha TeHepasibHoil Bbibopke m(r, X).

n w » o o ~ oo ©o o
T

N4 5

| O Class0(5) % Class1(5)|

Puc. 12.4. I'pad cBsaseit MexK 1y CTaHIAPTHBIMY PEJICTABUTEISMEI KJIACCOB SKBHUBA-
JIEHTHBIX TPABUJI JIJIsi BBIOOPKH, IIpejicTaBieHHoNl Ha Puc. 12.3.

Puc. 12.5. I'pad paccioenus—cBsiznoctu, nzoMopdubiii rpady cBaseit Ha Puc. 12.4.
[To BepTHKAIBHOI OCH OTJIOKEHO IHCIO0 OmMOOK mpasuit m(r, X).



I'paruvrvim nodmmoostcecmeom Ha30BEM Takoe mmoaMHOXKecTBO S C X, Bce 9/1eMEeHTHI
KOTOpOFO ABJIAIOTCA €10 FpaHI/IquIMI/I O6’beKTaMI/I.

[TycToe MHOKeCTBO Oy/eM CUMTATh TPAHIYHBIM C TPaHUYIHO Toukoit 6% = 0, j € J.

Teopema 12.4. KazkjoMmy KJjaccy SKBHBAJEHTHOCTH F B3aWMHO OJHO3HAYHO COOTBET-
CTBYeT IDAHHIHOE ITOJMHOXKeCTBO S, npuiéMm Oy = Og.

JokazareabcTBO. PaccMoTpuM POU3BOJIBHBIN KJIACC SKBUBAJIEHTHOCTU F cO cTaHIapT-
HBIM TpejicTaBuTesieM r(x; ). 3adbukcupyeM Tpon3BoJIbHbI pu3Hak j € J. B cury jgem-
MbI 12.3 yMeHbIITeHne TTopoTra 913 Ha eJIMHUILY IPUBOJUT K yMEHbIIeHNIO 3HadeHus 1 (x; )
¢ 1 10 0 na nekoropom obbekTe x € X, TakoM, 4To ¥ < Op u 2/ = 013. WNnave Mbl HE BbI-
M OBbI 3a TPeJiesibl KJacca SKBUBaJeHTHOCTH F, u fp He MOr Obl OBITH CTaHJIAPTHBIM
npejcrapuTesieM. V3 mpenosioxKeHnst o momapHoil Pa3InIHOCTH 3HAMEHUH KazKJI0T0 MIPH-
3HaKa Ha 00bEKTaxX M3 X CJIeJIYeT, YTO TaKoil OOBLEKT T €JIMHCTBEHHBIN IPU KayKJIOM j.
MHo2KecTBO BceX TaKUX OOBEKTOB S = {x eX } r<fOpudje: al= 0{5} oIpesieIeHO
€JIMHCTBEHHBIM 00PA30M U SIBJIFETCH T'PAHUYHBIM, IpUIeM Hg = 0.

Bepno u obpatnoe. [IponsBosibHOMY I'DAHUYHOMY ITOJMHOYXKECTBY S COOTBETCTBYET
rpanndHas Touka Og. [Ipasmio r(x;fg) meKuT B HEKOTOPOM KJIacce SKBUBATEHTHOCTH F
U SIBJIIETCS €r0 CTaHJAPTHBIM TpejcTaButeseM, g = fg, MOCKOJIBKY yMEHBIIIEHUE I10-
pora Qg 10 JIIOOOI U3 KOOD/MHAT HMPUBEJET K M3MEHEHWIO 3HadeHus 7(r;0g) Ha OHOM
U3 TPAHUYHBIX OOBEKTOB MHOXKECTBa S.

Teopema j0kazaHa. [ ]

U3 Teopemsl ciegyer, aro |S| < |J|, B cuity IIpe/iosozKeHusi, 9To 3HAUYEHHs! KaXK[0r0
IpHU3HAKa [IOIIAPHO Pa3J/INIHBI Ha Beeil BbIOOpKe X.

CsoiicTBa rpaHn4HbIx nogmHoxecTs. O6o3HaunM depes M; MHOKECTBO BCEX I'DAHUY-
HBIX ITOJMHOKECTB MOIIHOCTHU J U II€PEYUCJIUM UX OCHOBHBIE CBONCTBA.

1. M, cocrout u3 Bcex L OIHO3IEMEHTHBIX [TOJIMHOXKeCTB, M = {{xl}, oo {z L}}
2. M, coctout m3 Bcex map HECPABHUMBIX OOBHEKTOB U3 X.

3. MoOIHOCTD IPAHUYHBIX MOJMHOKECTB HE MOMKET MPEBBINIATH PAHIA KOHbHIOHKIIUH:
M; = @ upu j > |J|.

4. T'paHuvHOE MOAMHOZKECTBO MOXKET COCTOATH TOJBKO M3 IOIAPHO HECPABHUMBIX 00b-
exToB. OIHAKO HE BCSAKOE HMOAMHOXKECTBO M3 TPEX M 0oJIee TMOINapHO HECPABHUMBIX
06beKTOB sABJsIeTCs TpaHnaHbIM. Hanpumep, oobektor (1,3,4), (3,1, 1), (2,2, 2) mo-
[ApHO HECPABHUMbI, HO TIOCJIEHUNA U3 HUX HE SIBJISETCA TPAHUIHBIM.

5. JIio6oe mopmuo)kecTBO S' C S IpaHMYHOrO MOJMHOXKECTBA, S TaKyKe TPAHUIHOE.

Wcxong n3 3TuX ¢BOWCTB, MOYKHO HPEJJIOXKUATDH CJIEIYIONINI aJropuTM nepedopa Bcex
IPAHUIHBIX TOJIMHOYKECTB.

Ha nepBom mrare crpoutcss muoxkectBo M; Bcex L OTHOIIEMEHTHBIX MOIMHOMKECTB.
Jasee na kaxkoMm mare j = 2, .. ., |J| kK kax oMy nogmuozkectsy S’ € M;_y gobasisiercs



BCEME BO3MOXKHBIMHU criocobamu ené o obbekT x € X \ S, u ecu moJydeHHoe mo/-
muOKecTBO S = S’ U {x} rpannvnoe (4T0 JIETKO HPOBEPSIETCsI 110 ONPEJIEJIEHNUIO), TO OHO
BK/IIO4YaeTcs B M.

JIJ1s1 BLIYMCIEHUST OIEHOK PACCJIOCHUSI—CBABHOCTH 3TOT AJIFOPUTM HE JIOCTATOYIHO (-
bexTHBEH, TaK KaK OH He IepeOHpaeT MPaBMIa, 10 CJIOIM CHU3Y BBEDPX U HE HOJACUUTHLIBACT

XapaKTEePUCTUKU CBA3HOCTHU W HEIIOJTHOIIEHHOCTU KazK/I0T'O ITpaBHJIA.

pachuyeckme npepcraBneHus kKnaccoB 3kBuBaneHTHocTu. Ha puc. 12.4 usobpa-
JKeH 2pagh ceazell MeXKTy KiaccaMi SKBUBAJIEHTHOCTH. BepmmHbl rpada cOOTBETCTBYIOT
CTAHJIAPTHBIM IIPEJICTABUTE/ISIM KJIACCOB SKBUBaJeHTHOCTH. PEOpamMu coe/iuHeHbl MpaBu-
JIa, BEKTOPBI OIMMMUOOK KOTOPBIX pa3jiMvaioTcd Ha ojHoM o0bekTe. ['pad csazeit 3aBucut
TOJIBKO OT O0BEKTOB X;, HO He 3aBUCUT OT UX KJIaCCUMDUKAINN Y.

Ecan yuects kiraccudukaiium 00bEKTOB, TO JIJId KarKI0TI'0 KJIacca SIKBUBAJIEHTHOCTH F
MOZKHO BBIMHCJIUTE 4nc/io omubok m(rg, X). Ha Puc. 12.4 ono ykazamno psioM ¢ Kazkoii
TOYKOI — CTAHJIAPTHBIM IIPEJICTaBUTENIEM KJacca SKBUBaJIeHTHOCTH. ['pad pacciioenus-
CBSIBHOCTH JIAHHOI'O CeMelicTBa mpaBus nsoMopden rpady cBdazeil u gBJsgeTCsS MHOIO-
Jo7bHBIM. Ero m-ii cioit obpasyerca Bcemu mpaBHJIaME, JIs KOTOPBIX m(rp, X) = m,
cm. Puc. 12.5. Cron pacmioyiararorcest B OPsIIKe BO3pACTaHUS UNCIA OIMMNOOK CHU3Y BBEPX.

§12.4 TllocnoiiHoe BblYNCNEHNE OLEHKN PAacC/OeHNSA—CBA3HOCTN

Paccmorpum Tereps ajaroputm mepebopa paBuii, HO3BOJSONIN 3hHEKTUBHO BbI-
YUCIATH XapaKTEePUCTUKN CBA3HOCTH W HEITOJTHOIIEHHOCTH KayKJIOrO ITpPaBUJIa U, JIBUTAICh
10 CJIOAM CHU3Y BBEPX, BOBPEMS IIPEPhIBATH BHIYHUCIEHIE OIIEHKN PACCIOEHUCBAZHOCTH.

MocTpoerune okpecTHOCTM npaBuna. PaccMoTpuM CiielyIonyo BCIOMOraTeIbHYIO 3a-
nady. 3aano npaemio 7(x; 0) ¢ Bekropom moporos 6 = (67);c ;. Tpebyercs mocTpouTs ero
oxpecmmocmsd Vo — MHOKeCTBO Beex mpasui 7(x, 0'), BeKTOPBI OMMUOOK KOTOPBIX OT/IHYa-
IOTCsL OT €r0 BEKTOPA OIMUOOK TOJBKO Ha OJIHOM OObEKTE.

[Ipu mocTpoeHNn OKPeCTHOCTH Oy/yT 3a0HO (DOPMHUPOBATHCA U XaPAKTEPUCTUKN
npasuia r(x, 0), HeoOXoAUMbIe JIJIsi BBIYMCIICHUs OIEHKN PACCJIOCHUI—CBA3HOCTH:

Xy — nopoxgaromee MHOKeCTBO, u(f) = |Xy| — Bepxisis CBI3HOCTB;

X}, — zanperaroriee MHOKeCcTBO, ¢(#) = |X)| — HEIOIHOIEHHOCTD;

q'(0),q"(0) — menonnonennocru ot/esnpHo 1o ormmubkam [ n I pona;

m(f) = m(r, X) — aucao ommbOK IpaBmIa Ha TeHEPAILHO BBIOOPKE;

m'(0), m"(6) — aucso ommb0k I u Il pona nmpasmia Ha reHepaIbHON BBIOOPKE.

ByzmeMm ¢TpouTh TOJBKO TakKue BEKTOPbI MOPOroB (', KOTOpBbIE SBJIAIOTCSH IDAHUY-
HBIMU TOYKAMHU WU, COIVIACHO TeopeMe 12.4) OJIHOBpEMEHHO CTaHJAPTHBIMH IIPEJICTaBU-
TEJISIMU  KJIACCOB 9KBHBAJEHTHOCTH TpaBu/. llocrpoeHme pasbuBaercst Ha JiBa STalla,
cm. Asrropurm 12.1.

Ha nepsom stame (maru 1-5) crposites Bee cocesnue npasuia r(x; 0'), noxydaemble
u3 0 1yTéM yMEHbIIEHNs HEKOTOPBIX 1OPOroB, ' < . Jjis 9T0ro u3 rpaHuIHOro MOJMHO-
xectea S(0) = {z € S| 3j € J: 2/ = 67} noouepéaHO NCKIIOIALTC OJUH U3 O0HEKTOB
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AgropurMm 12.1. Ilocrpoenune okpecraoctu Vy tpasuia r(z; 6).

Bxop: J — nabop npusnakos, 6 = (67);c; — npasuio, y — Kiace, X — BBIOODKA.

Beixox: Vo, Xy, Xy, m(0), m’(0), m"(6), ¢(0), ¢'(0), ¢"(0), u(0).

Orarr 1 — nocTpoeHne OKPECTHBIX MTPABUJI ILYTEM YMEHDBIIIEHUS [I0OPOI'OB:

1. V= g,
2: muist Beex ¥ € X takux, uro r(x;0) =1u Jj € J: 7 = 2
3:  nga Beex j € J Takux, uro 1) =
4: 07 = max{x{ } r eX, ;< 9};
5. [Hobasuts(d,0', );
IosroroBka K sTaiy 2 — MOHCK MAKCHMAJBHOI I'DAHITHON TOYKH 0:
6: nJs Bcex j € J
] ::min{L,xj’xGX, >0, 2t <Ot A£G

8: X.NPOBEpeH := HET Jjid BceX T € X
Oram 2 — nocTpoeHne OKPECTHBIX MTPABUJI IIYTEM YBEJIHMIEHHS] TOPOIOB:
9: nJys Bcex j € J
10: st Becex z € X raxux, uro 67 < 27 < 67
11: ecn v < 0 u ZT.MPOBEPEH = HET TO
12: MposepnTs(z);

13: ITIPOLTE/TYPA T[poseputs(x)

14: 07 := max{67 27}, nns Beex j € J;

15: aJsa Beex j € J Takux, uro 07 < 17

16:  nJig Becex 7 € X Takux, 4yro 6/ < 3/ < a7

17: 67 := max{67, i}, nust Beex j € J;

18: ecan 0 < 0 < 0 1o

19: Z.NPOBEPEH := MJIOXOIA;

20: ecsi Z.nposepeH = HeT TO [1poBeputhb(Z);
21: BBIXO/;;

22: T.MPOBEPEH := XOPOLUNIA;

23: [obaeuts(6, ', x);

24: IPOUEYPA [obasuts(6,0', x;)
25: 106aBuTh 0’ B cimcok Vi;
26: ecau r(x;;0) = [y;=y] TO
npasmio 0 HaxomuTCs CJI0eM Bblie, deM 0:
2. Xp:=XoU{x;}; w(f) :=|Xol;
28: MHaAYe
npasuio ' HaxomuTes coeM Huzke, deM 0:
20 m(0) = m(®) + 1 m(6) = m(0) + =gl m(6) = m(0) + [y £y
30 Xp:=X,UXp U{xh q(0) =X}
31 q(0) = #{x; € Xpryj =y} "(0):=#{x; € Xp:y; # )




AnroputMm 12.2. Berauc/ienne ONeHKEH PACCIOCHUsI-CBSI3HOCTU JIJI CeMefcTBa Moporo-
BBIX KOHBIOHKIIHIA.

Bxopa: J — nabop npu3HAKOB, Y — KJACC IMPaBWI, X — BBIOOPKA.
Boixom: Q., Q7 — ouenku eposgTHOCTH Tlepeodyuenus (12.6), (12.7).

1. ©:=Arg meinm(Q,X); Q. :=0; Q':=0;

2: TIOBTOPSATH

3 Q=0 Q=0 0:=0;

4:  nus Bcex 0 € ©

5: MMOCTPOUTH OKPECTHOCTH Vj ¢ momombio Ajropurma 12.1;

() .

: Py = C1 o) -qt0)/CL
L—u(0), m'(0)—q' (0

T em = QL+ PﬁHquf(e))fq((e)) 70 (£(m/(0) — k));
L—u(0), m" (0)—q" (0 .

8: em = Qlm + PGHLﬂL((e))fq(é)) w0 (£(m"(0) — ek));

9: 0 :=0'U{f € Vyp: m(0) =m(0) +1};
10 Qui=Qr+ QL QU=QI+QL,; ©:=6]

11: moKa BKJIaJbI cjioA QL u QY He craHyT MaJbl.

U COOTBETCTBYIONIHE HOPOru 67, 110 KOTOPLIM OH U ObLI I'PaHUYHBIM, yMeHbIIaoTced. ducio
HOJTy9aeMbIX TaKHM CIOCODOM COCEJHUX MpaBHJI He Ipesbimaetr |S ().

Ha sropom stamne (marn 6-11) crpositest Bee cocetane npasmia 7 (x; 0'), noxydaemble
Iy TEM yBeJIMYEeHUsI HEKOTOPBIX TTIOPOoros, 6’ > . Do GoJtee CIOKHBINA CIIydail, U 3]1eCh [TPU-
XOJIUTCs TIpuberaTh K peKypcuBHoi mporierype. CHadasa jieaeTcst moAroTOBUTE/IbHAs Pa-
6ota (maru 6, 7): o Kazk10it KoopauHate j € .J onpeieasercs MaKcuMa IbHas Tpannia 6,
BBIIIIE€ KOTOPOIi COCEIHUX PABUJI ObITH HE MOYKET. DTO HeOOA3ATE/TLHOE TOCTPOEHKE, HO OHO
[TO3BOJIUT B JIAJIbHEHIIIEM COKPATUTD MOUCK. KaxK Iblit 00beKT BLIOOPKH + € X MOXKeT Ha-
XOJIUTHCSI B OJTHOM W3 TPEX CTATYCOB: X.MpoBepeH € {HeT, naoxoii, xopownii}. CHadasa Bee
00BEKTHI HE TPOBEPEHBI. 3aTeM MPOCMATPUBAIOTCA BCE OOBEKTHI & € X, IMOKPbIBAEMbBIE
npasmiaoM 7 (x; #), Ho He MOKphIBaeMble IpasuitoM 7 (z; 0). Jljia KazKI0ro Takoro oobeKTa
BBI3bIBaETCs mporieaypa [Mposeputs(z). OHa ycraHaBIMBAeT craTyc 00bEKTa . XOPOLUNIA,
ecam cytecTByer npasuio r(z;6'), mokpbIBaoIlee TOJbKO 0ObEKT T 1 BCe OOBEKTHI, MO~
KpbiBaeMble TpaBusioM r(x; ). Ecim ke npasuno r(x;0'), Hapsay ¢ x, TOKpBIBAET eré
O/IH 00'BEKT T, He MOKPBIBAEMBbIil paBusioM 7(x; #), TO yecTaHABINBAECTCSA CTATYC 0O'bEKTA
x.nnoxoii, u mporeaypa [poBepuTs(T) BbI3bIBAETCA PEKYPCUBHO st 00beKTa T. KaxK Ibit
«xopormiiy 06beKT x WHIynupyer cocearee npasuio 0 = max{f, z}, koropoe u m06aB-
Jigercs B cuncok V. BBesenne craTycoB 0ObEKTOB 1103BOJIsIET N30€KaTh UX HOBTOPHOI'O
nepebopa B OCHOBHOM IIUKJIE BTOPOI'O ITAIIA.

DTUMHI JBYMsl dTallaMi TIOMCK OKPECTHBIX MPaBU/I Oorpanndupaercs. JIpyrue ciydan
paccMaTpuBaTh He HYKHO, TaK KaK eCJId [MOpPOr YMEHbIIaeTcs 10 OJHON KOOpJMHATE,
0" < 7, u ysesmuuBaercs 1o apyroit, 08 > ', To rpanuanbie Toukn § u ' He MOTYT OLITDH
COCEJIHUMU, TTOCKOJIBKY BEKTOPBI OIMTUOOK COOTBETCTBYIOIIMX UM ITPABIII OTJIHIAIOTCHA, KAk
MUHUMYM, Ha JBYX O0ObEKTax.
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Puc. 12.6. Boibopka 1 (ciesa) u BbiGopKa 2 (cripaBa) B 0CSX JIByX HPU3HAKOB.

ITpu scbdexruBHOil peasm3anun Anropurma 12.1 1o Kaxk10My npusHaky f; 3apanee
CTPOUTCS MHJIEKC — MACCUB HOMEPOB OOBEKTOB, YIOPSAIOUYEHHBIX 110 BO3PACTAHUIO 3HAE-
Huit mpusHaka. Torja Ha marax 4, 7, 9, 14 MoxKHO OyJIeT TPOCMATPUBATDH TOJTBKO HYKHBIE
00bEKTHI, HE TIepedbupasi BCIO BHIOOPKY.

MocnoiiHbii nepebop knaccoB akBUBaNEHTHOCTU. Ajropurm 12.2 Beraucisier (). —
OIIEHKY BEPOSATHOCTHU IIepeolydeHusI, lepedupas MMpaBuja 110 cjosdM cHu3y BBepx. CHadasta
dopmupyercs HuzKHEI ciioit. Ha kazkioMm 1mare cjoit © cocrouT m3 mpasBuii 6 ¢ oJuHaKO-
BBIM TrcsioM omubok m(f) Ha renepaibHON BbIOOpKe. [lyist Kaxkaoro mpasuia 0 BeIUwc-
JIIETCs €r0 BKJIAJ] B BEPOATHOCTH NEPEOOYIEHUs, CTPOUTCS OKPECTHOCTD, U O0'beIMHEHNE
BEPXHUX YacTeil BceX MOJIyYeHHBIX OKPECTHOCTEl cTaHoBUTC ceayonmm ciaoem O, Ila-
'l TTIOBTOPSIIOTCA JIO TeX T0p, MOKa He OyaeT HabpaHO JIOCTATOYHOE UHUCJIO CJIOEB U BKJIA]T
0YEePETHOTO CJIOA He OKAXKETCd MPEHEOPEKMMO MAauI.

§12.5 JkcnepnmeHT Ha MoAE/IbHbIX AAHHbIX

Bosbmem jBe nBymepHbIX (n = 2) asyxkiaccoBbix (Y = {0,1}) cbamancupoBaiibix
(P = N = L/2) mogenbubix Boibopku jymnabl L = 200. Bygem pasbusarh ux Ha 00y-
YeHre U KOHTPOJIb nopoBHy, ¢ = k = 100. B cemeiicte npasmi (12.1) dbukcupyem ore-
paIuio cpaBHeHHd < U OyJeM CTPOUTH TOJILKO IpaBuia Kjiaacca 1. Jlng momcka mpaBui
HCIOJIb3YeM TUIePreoMeTpUIecKiii Kpurepnii nadopMaruHocTH (TouHbIi TecT Purepa)
A (p.n) = —In(CORCH).

Boeibopku crenepupyeM CJIeyiomuM 00pas3oM.

B nepBoit BbibOpKe [mcsio omubok Jydiiero npasusia pasuo 40. 'panuna mexity
KJIACCAMU Y€TKasd, IOCKOJIbKY Bce 40 MyMOBBIX 00HLEKTOB PACIIOJIOZKEHBI BJIAIN OT I'PAHU-
1Bl KJ1accoB, puc. 12.6 (coesa).

Bo BTOpOil BEIOOPKE YNCIO OMIMOOK JIYUIIEro paBmia 23, T. €. IOYTH BJIBOE MEHbIIIE,
[IyMOBbIe 00'HEKTBI PACTIOIOKEHBI BJIOJIb IPAHUIIBI KJIAcCcoB, puc. 12.6 (cnpasa).

XoTs BO BTOPOIT BBLIODOPKE CYIIECTBYET MPABUJIO, TIOYTH BJBOE JIydlllee, YeM B Iep-
BOIi, HAITH ero 1o obydJaroIeil moJIBLIOOPKE MPAKTHIECKH HEBO3MOXKHO M3-3a Iepeodyde-
Husi. 3HAUEHUs] KpuTepus NH(GOPMATUBHOCTH Ha 00YUAOINIEH BHIOOPKE TIOUTH OINHAKOBDI



oreaka Monre-Kapio OIIEHKAa PaCCJIOEHUS-CBA3HOCTU
N BBIOOpKa 1 BBIOOpKA 2 BbIOOpKaA 1 BBIOOpKA 2
0.1 || 24.44 16.29 23.23 13.42
0.2 || 28.07 22.13 27.11 20.58
0.3 || 32.28 28.28 30.45 25.74
0.4 || 34.35 32.98 33.39 27.59
0.5 || 37.63 36.12 34.93 31.21

Ta6aua 12.1. 3uadenus MoudUIMPOBAHHOTO Kpurepus 7 Ha 00yveHnn Ha JIBYX
MOJIEJIBHBIX BBIOOPKAX, MPHU IISITH PA3JIMIHBIX 3HAYEHUsIX 7). BeposiTHOCTH mepeody-
YeHUsl ONEHMBAJIACL JIByMsi criocobamu: merogoM Monre-Kapso mo 200 ciaydaitHbiv
pasbueHnsM 1 110 (POPMYJIe PACCIOEHUSI—CBSI3HOCTH.

(HeBHa‘{HMOQ npealnodreaue OT,ILaéTCH BTOpOIL/'I BI)I60pKe), O/ITHaKO Ha KOHTPOJIE Haﬁ,ILeHHOG
IPaBUJIO OKa3bIBa€TCA 3HAYUMO JIyUIIe JIJId HepBOIL/'I BbI60pKI/IS

BbIOOPKa 1 | BBIOOpKa 2
o0ydenue 40.29 40.47
KOHTPOJIb 39.13 34.46

[Ipuunna B TOM, 9TO y BTOPOil BLIDOPKHU CYIIECTBEHHO MEHEe BBHIPAXKEHO PACCI0eHue,
MOIIIHOCTU HUKHUX CJIOEB OYeHb OBICTPO BO3PACTAIOT, PHUC. 12.7.

BosnukaeTr BOIpoc — BO3MOXKHO JIX C ITOMOIIIHI0O KOMOMHATOPHBIX OINEHOK, MCIIOJIb3Y-
IOMKUX UHAOPMAIMIO O PACCIOCHUH M CBA3HOCTH Ha, 0Oydaloleil BHIOOPKE, IMpeJICKa3aTh
nH(MOPMATUBHOCTD Ha CKPBITOW KOHTPOJILHON BhiOOpKe? Tabsmia 12.1 naér yrepaureib-
HBIA OTBET.

[Tpejckazannast uHGOPMATUBHOCTD 7 Beerjia MeHbIIe i BTOpoii Bbibopku. Takum
obpa3oM, HaM JIEHNCTBUTEIBHO YJIAETCAd IIPeIcKa3aTh, 9TO HANUTH XOPOIee MPABUJIO ITPU
CUJILHO 3aIyMJIEHHOW I'PDAHUIE KJIACCOB HEBO3MOXKHO M3-3a MEPeo0yIeHUs .

Cpasuenue ¢ metonom Monrte-Kapiio nmokassiBaer, 9To npejicka3annas HHHOPMaTHB-
HOCTB #' | BBIYHC/IsIeMasi TI0 OIEHKE PACCIOEHUI—CBA3HOCTH, BCET/Ia TIECCUMUCTUIHO 3aHH-
¥KeHa, TOCKOJIbKY 3aBbIlena onernka p(r, X ) u sammkena orenka n(r, X ). 3aHUKEeHHOCTD
MH(MOPMATUBHOCTU COCTABJIAET B JAHHOW 3ajiade 1-2 Jijisd 1epBOil BBIOOPKU U 3D JJId
BTOPOIi. DTO COMIACYETCS ¢ TEOPETHIECKUM BBIBOJIOM, UTO OIEHKA PACCIOEHUS~CBA3HOCTH
MeHee TOYHA JIIsT BBIOOPOK € MeHee BhIPayKeHHBIM paccyioenneM. [Ipu mouncke 3akoHOMep-
HOCTell Takas CMENEHHOCTD OIEHKH sIBJIeTC OJIArONpUATHON — 1deM cjiabee 3aKOHOMep-
HOCTDL, T€M CUJIbHee 3aHUKeHa IpeJiCKa3anHas MHPOPMATHBHOCTD.

BameruM TakKe, UTO OIEHKA PAaCC/IOCHUS-CBIZHOCTH BBITHC/ISAETCS CYIECTBEHHO
ObICTpee, YeM saMIuprdecKas oneHka 1mo meroay Monrte-Kapiio.

PaccmoTpuM Tereph BKJIaJI KaxKJI0T0O CJI0s B OIIEHKY paccioenusi—cBsa3nocTu. ["pacduk
3aBUCHMOCTH HAKOILUIEHHOT'O 3HAa4YeHus P, OT HOMepa CJIos IpejcTaBiieH Ha pucyHke 12.8.
Buio, 910 0CHOBHO# BKJIAJ BHOCAT CJIOU C MAJIBIM YHCJIOM OINTUOOK.

Ecmm Ob1 onenkn BepositHOcTeit P, ObLIM TOYHBIMHU, UX CYMMa paBHSAIACH ObI €1H-
nniie. Hakortennoe 3navenue P, B KpaiiHeil mpaBoii Touke rpaduka MO3BOJISET CY/IUTH
O CTeleHN 3aBBIIEHHOCTU OIEHOK paccjioennsa—cBa3nocTu. s Beibopku 1 ¢ «xoporm
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Puc. 12.7. BaBucumocTh Ymcsia OpaBmi B caoe orT HoMepa ciaost m(r, X) s JByx
MO/IEJIbHBIX BBIDOPOK.
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Puc. 12.8. BaBucnMocTh HakOIUIEHHOTO 3Hadennst P, or nomepa cios m(r, X) mis
BbIOOpKH 1 (ciieBa) u BbIOOpKHU 2 (cripaBa).

pacc/ioeHreMs OIEHKA 3aBBIIIeHa BCEro B 2 pasa; JIJisi BHIDOPKHU 2 C «ILIOXUM PACCJIOEHM-
eM» — B 40 pas.

§12.6 IDkcnepuMMeHT Ha peasibHbIX OAHHbIX

Mpur1 He OyjieM 3/1eCh OIUCHIBATD JIETAJM Peau3aIuu JJIOTHIECKIX aJlTOPUTMOB KJIacC-
cupuKaAINN, MCIIOJB30BAHHBIX B 9TOM 3KcrepuMenTe. CKaykeM JIUIb, 9TO HWH(POPMATUB-
HOCTB [IPABUJI OIEHUBAJIACK C ITOMOIIBIO TouHOTO Tecta Pumiepa [80]; mist hopmupoBanms
nH(MOPMATUBHBIX HAOOPOB IMPU3HAKOB MIPUMEHSJICH TOUCK B IIUPUHY U &JIATITUBHBINA CJTy-
gaiinbliit mouck [50, 49|; jyisi mOCTPOEHUsT KOMIIO3UIMU 3aKOHOMEPHOCTEH MPUMEHSAIICE
tpu ayroputrma: LR, DL, WV.

Jloeucmuueckan peepeccus (LR, logistic regression) —»sto jmHeiiHbIi Kiaccuduka-
TOP, Ha BXOJI KOTOPOMY BMECTO OOBIYHBIX OMHAPHBIX TPU3HAKOB MOJIAI0TCH 3aKOHOMEPHO-
CTU, HOCTPOEHHBIE HE3ABUCUMO JIPYT OT Jpyra [61];

Pewarowudi cnucox (DL, decision list) —9T0 »KaHbIA ajropuT™M, B KOTOPOM KazK-
Jlasi CJIeJIyIoNIas 3aKOHOMEPHOCTh 00yYaeTcs 110 BBIOOPKE OOBEKTOB, €IIE He MOKPBITHIX
[PEeJIbLLYIIME 3aKOHOMepHOCTsIMI [91].

Bssewennoe z2onocosanue (WV, weighted voting) —sro GycTunr 3akoHOMEpHOCTEIT,
noxoxkuit Ha meros; SLIPPER [46]. B ném nepej nmocrpoenneM Kaxkoii cieyroieil 3aKo-
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331291
a/IMOPITMDI australian | echo-card | heart dis. | hepatitis labor liver

1 | RIPPER—opt 15.5 2.9 19.7 20.7 18.0 32.7

2 | RIPPER+opt 15.2 5.5 20.1 23.2 18.0 31.3

3 | C4.5 (Tree) 14.2 5.5 20.8 18.8 14.7 37.7

4 | C4.5 (Rules) 15.5 6.8 20.0 18.8 14.7 37.5

5| C5.0 14.0 4.3 21.8 20.1 18.4 31.9

6 | SLIPPER 15.7 4.3 19.4 17.4 12.3 32.2

7| LR 14.8 4.3 19.9 18.8 14.2 32.0

8| WV 14.9 4.3 20.1 19.0 14.0 32.3

9 | DL 15.1 4.5 20.5 19.5 14.7 35.8

10 | WV4+MC 13.9 3.0 19.5 18.3 13.2 30.7
11 | DL+MC 14.5 3.5 19.8 18.7 13.8 32.8
12 | WV+SC 14.1 3.2 19.3 18.1 13.4 30.2
13 | DL+SC 14.4 3.6 19.5 18.6 13.6 32.3

Tabaura 12.2. Pe3yabraThl 9KCIIEpUMEHTOB Ha 6 peasbHbIX 3a/auaX KJIACCH(UKAITIT
u3 penosuropust UCI. s kaxkioii mapel (3a/ada, aaropuT™) B TabiuIe BbIBEIECHA
cpesHsts omubKa (B nporenTax) mo 10-KpaTHOMY CKOJIBb3sIIIeMy KOHTPOJIO. st Kark-
JIO¥i 3aJTAYHN YKUPHBIM BBIJIEICHBI TPU JIYUIIUX pe3yabraTa. AJropuTMbl 1-7 BHICTYIAIOT
B posin 3TajoHHbIX. Obo3HavueHus Haux ajaropurmon: WV — B3BellIeHHOE T0JI0COBa-
nue, DL — pemaromuit cimcok, +SC n +MC — Momuduxanum Ha OCHOBE OINEHKHI
pacciioennsi—CcBsI3HOCTH U MeTojia MonTe-Kapsio coorBeTcTBeHHO.

HOMEPHOCTU TTPOU3BOIUTCS TIEPEOIeHKa BECOB 0DOYUIAIIINX 00bEKTOB, B Pe3y/ibTaTe KOTO-
pOil 3aKOHOMEPHOCTh HACTPAMBAETCS ITPENMYIIECTBEHHO Ha TeX 00beKTax, KOTOPhIe OKa-
3aJIUCh HanboJjiee TPYIHBIMU JIJIsi BCEX MPEIbIIYIINX 3aKOHOMEPHOCTE.

Boumn peanmmszoBanbl jiBe Mojudukanun Kpurepus uabopMarusnoctu ' (p,n).
SC-momukaliust OCHOBaHa Ha OIeHKe paccyioerns—cBs3HocTr. MC-momudukarms 0CHO-
BaHa Ha HEIIOCPEJICTBEHHO#T orenke (pyHkIimonasa (). merogom Monrre-Kapso mo 100 ciry-
qaiinpiM pasouennaM X = X LU X. Jlxa obenx Mogudukanumii monarauocsk £ = k.

B poJsin 3TasIOHOB JijIt CpaBHEHHMS BBICTYHAJM U3BECTHBIE JIOTMYECKUE AaJTOPUTMBI
kiaccuduranun: C4.5 [89], C5.0 [88], RIPPER [45] u SLIPPER [46].

Tabsmma 12.2 nokasbiBaeT, 4To HeMouduIMmpoBannubie Bepcun ajroputmos WV, DL
UMEIOT Kav9eCTBO KJIACCH(DUKAIINN, COTIOCTABUMOE C STAJIOHHBIMU aJITOpuTMaMu. B3seren-
Hoe roJsiocoparne WV nemnoro Jtydine pemniatortiero crucka DL, uTo cormacyercs ¢ pe3yiib-
tatamu Jpyrux uccieaoBannii. O6e mouduranmm, SC- u MC-, Bo Beex cirydasix oneperKa-
10T CBOM HeMOJIMUIMPOBAHHDBIE BEPCUM U 3HAYUMO CHUXKAIOT repeolydenne. Paznuans
vexay SC- m MC-momudukarnmsivu He 3HaInMbl. OTCIOAa CIeyeT BBIBOJ, UTO OIEHKA
PACC/IOEHUsSI—CBSI3HOCTU, HECMOTPsI HA HEKOTOPYIO 3aBBIIMEHHOCTH, XOPOIIO CIIPABJIAETCS
C pOJIbIO KpuTepusi oTrOopa MpaBull.



Pe3iome

Jlormyeckue ajaropuTMbl KJaacCH(pUKAIMI ITPEJICTaBISIOT COOOM KOMITO3UIIMU THGOP-
MaTHUBHBIX JIOTHYECKUX IIPAaBUJI — 3aKOHOMEpHOCTe. B KadecTBe NMpaBujI 9acTo UCIOJIb-
3YIOTCsI KOHBIOHKIIUN ITOPOTOBBIX YCJIOBHUI HaJ YUCIOBBIMU Ipu3Hakamu. JlanHoe cemeii-
CTBO IIPABUJI OIIMCHIBAETCS CUCTEMOI BCEX I'PDAHUIHBIX ITOAMHOYKECTB MOIIHOCTH, HE IIpe-
BBIIIAIONIENH paHra KOHBIOHKIMA. JIJIs1 IpaKTUYIecKOro BbIYUCIEHNS OIEeHKN PaCCJIOeHMI—
CBSI3HOCTHU IIpejIjIaraeTcs IepedupaTh IpaBUja II0 CJIOSIM CHU3Y BBEpX, W IIPEKpaIlaTh
1epebop B TOT MOMEHT, KOIJIa HOBBIE CJIOM IIE€PECTAHYT BHOCHTH CYIIECTBEHHBIN BKJIA/T
B o1ieHKY. C IOMOIIBIO 9TON METOIMKHU OBLT ITOCTPOEH MONMUIINPOBAHHDBIN KPUTEPHil OT-
Oopa IpU3HAKOB. 3aMEHNUB CTAHIAPTHBIN KpUTEPHil MOAUMUITMPOBAHHBIM, I HIYEro 060/1ee
He MeHssI B MeToJjie 00ydeHus jorudecknx kiaccudpukaropos WV u DL, Bo Bcex 6 sKcire-
PUMEHTaX yJ/IaJI0Ch ITPOHAOIIONATH 3HAYNMOE yBeJIMIeHe 0000IIaoeil cliocCOOHOCTH.

B cnepytoweinn nekumun Mol paccMoTpuM (DYHKITMOHAJT TOJTHOTO CKOJIB3ATIEr0 KOHTPOJIS.
B HekoTOpBIX cilydasgx il HETO YJIAETCS IMOJydaTh OYeHb TOYHBIE OIEHKH, HaXOSIIIe
[oJIe3HbIe MTpAKTU4IecKrne npuMeHenns. Criocod MoJIydeHus STUX OIEHOK TaKKe OCHOBAaH
Ha, PUHITAIIE TTOPOKIAIONTNX U 3aIPEIAIONTIX MHOXKECTB, OJHAKO Telephb 9TH MHOKECTBa,
yJI00HO NPUBSA3BIBATH HE K aJICOPUTMaM, a K 00beKkTaM. B KadecTBe 1epBoro nmpumepa pac-
CMOTPHUM MeTO/T OJINZKANIIEro coce/ia — OJUH M3 CAMBIX IIPOCTBIX U YaCTO MCIIOIH3YEMbIX
MeTOJIOB KJiaccudukaruu. /[yt Hero ormeHku MmoJTHOro CKOJIL34AIIEro KOHTPOJIS SBJISIOTC
TOYHBIMH.

Ynpa>xHeHus

Bamaua 12.1 (1). /[lokaszars Teopemy 12.1.
Bamaua 12.2 (2). /[lokaszars Teopemy 12.2.

Bamaua 12.3 (1). [lokaszarh, 9T0 ecyim BeKTOp 0 sABISETCS MPAHUIHON TOUKOI O IMHO-
xkectBa S C X, TO B S MOKHO €JMHCTBEHHBIM 00PA30M BBIJEINTH IPAHNTHOE TOMHOKE-
crBo S(#) ¢ Toit ke rpaHnTIHON ToUKOM . Boimncars Beipakenue S(#) wepes S u 6.

Bamaua 12.4 (2). [okazarh, 4T0 KasKJblii KJIACC SKBUBAJEHTHOCTH [PABUJ [IPEICTAB-
JisieT coboit guarpammy FOmra.

Bamaua 12.5 (2). Pacemorpum rpad co MHOXKeCTBOM BepiinH ©, B KOTOPOM pEGpaMu
COeJIMHEHBI BCE COCEeTHIE BEPIITMHBI (OTIMIAONIHecs Ha 1 TOJIBKO 10 OJIHOf U3 KOOP/IMHAT).
O6beKThl reHepaIbHOl BBIGOPKH & = (27) ;e € X COOTBETCTBYIOT HEKOTOPBIM BEDPIIMHAM
sroro rpaca, X C 0. g xaxoro x € X yaamnm u3 rpada see pédpa (6,0), Takue, uro

1) 69 = 67 + 1 iz mexoroporo j € J u 6° = 0° s seex s € J \ {j};

2) r(x,0) =0, r(z,0)=1.

JlokazaTb, 4TO 1Moce 3TOro CBA3HbIE KOMIIOHEHTRI rpada Oy/IyT B3aUMHO OJTHOZHAYTHO

COOTBETCTBOBaTh KJlaCCaM 3KBUBAJICHTHOCTU IIPpAaBUJI.



Bamaua 12.6 (2). Onwmcarh CTPYKTYpY KJIACCOB SKBHBAJEHTHOCTH CeMeHCTBA MPABUI
r(x;0q,02) = [91 <z < 92], e Bee sHadennd r; € X C R nonmapno pasmmansl. [Ipeio-
KUATH 3PPEKTUBHBII aJITOPUTM UX TTOCJIOWHOTO 1epedopa. [lojickaska: paccMOTpeTh SKBU-
BAJICHTHOE CEMefiCTBO JIBYXIIPU3HAKOBBIX KOHDBIOHKINIT 7(x; 0y, 0y) = [—x < 6’1} [x < 6’2}.

Bamaua 12.7 (3). Onwmcarh CTPYKTYPY KJIACCOB SKBUBAJEHTHOCTU U HPEJJIOKUTH -
(beKTUBHBII aaropuTM MX MOCTIOMHOrO Iepebopa JUid Cjiydas, KOrja MaTpulia OIUOOK
nopokiaeTcs uHauKaropoM ommb6ok 1 pona I'(r, x;) win 11 poma 1" (r, ;).

Bamaua 12.8 (5). Omnmcarh CTPYKTYPY KJIACCOB 9KBHBAJIEHTHOCTU U HPEIJIOKHUTH 3]~
(EKTUBHBII aJITOPUTM UX IOCJOWHOrO Tepedopa Jiid Caydas, KOTJIa KayKJIblil TTPU3HAK
MOZKET TPUHUMATDH OJINHAKOBDLIE 3HAYEHUs] HA PA3IUIHBIX 00bHEKTaX.

Bamaua 12.9 (3*). O606muTs Anropursm 12.2 Ha ciyvaii, Korja Ha 1mare 1 BMECTO MHO-
JKecTBa BCEX MPAaBUJI, JIOCTABJIAIONINX [VI0OAIbHBIA MUHUMYM YHCJIY OIIMOOK, HAXOIUTCS
JIAIIL OJHO JIOKAJILHO ONTHMAaJIbHOE HpaBuiio. IIperycMorpers BO3MOXKHOCTD IIEPEXOI0B
OT MPaBIJI M-TO CJI0s K IPABUIaM He TOJBKO (m + 1)-ro ciost, Ho u (m — 1)-ro ciost.



13 Metop 6ankaiiwero coceaa

[Tosrydyenne TOYHBIX OIEHOK 0OOOIIAOIIEl CIIOCOOHOCTH HEBO3MOXKHO 0€e3 yuéTa alpu-
OpHOIT mH(pOpPMAIME O BBIOOPKE U MeTojie o0ydeHud. B 3Toil jieknum OyieT paccMoTpeH
MeTOo1, OJTIKAHIIIero coce/ia COBMECTHO C AIIPUOPHON HHGMOPMAIel 0 KOMIIAKTHOCTH BbI-
Oopku, a B CJeAyIONeil — MeToJ], MOHOTOHHOI KJacCU(UKAIIUA COBMECTHO C allpUOPHOI
nHdopmalmeii 06 OTHOIIEHUN TIOPsi/IKa Ha BHIOOPKE.

Paccemorpum 3a1a1y KiaaccuduKaium ¢ KOHETHBIM MHOXKECTBOM KJiaccoB Y. MHuka-
Top ommbku umeer Bux I(a,r) = [y(x) %+ a(x)], e y: X — Y — yHKIUS IpaBUIbHOM
kjaccudukanuu (1esieBas 3aBUCAMOCTD), @: X — Y — aJIrOPUTM KJIACCUPUKAIIH.

B zajagax kraccudukalum, Kak MpaBujIo, CIIPABEJINBO IMIIMPUIECKOE MTPEJIITOJIOKE-
HUe, 9TO KJACCHI 00pa3yIoT JIOKAJIN30BaHHBIE «KOMIIAKTHBIE» TOJMHOYKECTBA OOHLEKTOB,
[IO3TOMY CXOKHM€ OOBbEKTBHI rOpa3/io Yallle OKa3bIBAIOTCA B OJIHOM KJIacce, YeM B Pa3HbIX.
DTO MPE/ITOIOKEHNE HA3BIBAIOT 2unome3ot xomnaxmuocmu. [Ipocreitmum meTogom 00y-
YeHUsI, IOCTPOEHHBIM Ha €r0 OCHOBE, SIBJIAETCS METO]I OJIMZKANIINX COCe Il

§13.1 [podunb KOMNakKTHOCTN BbIOOPKYN

[Tycrs va muokecTBe X = {1, ..., 2} oupenesnena dyHkims paccroguus p(x, z').
OTHOCHTETBHO KaXKJI0T0 00bEeKTa T; € X PacIoIoKUM Bce ocTajabHble L — 1 00bek-
TOB B HOpﬂ,ZLKe BO3paCTaHI/I5{ paCCTOHHI/IH 10 .I'Z', HpOHyl\/IepOBa.B nux ,ZLBOfIHbIMI/I NHJICKCaMM:

Ty = i, Ti1y, Ti2y -, TiL—1- Takum o6pa30M,
0 = p(ws, mi0) < p(wi, T01) < -+ < p(w4, 50-1). (13.1)

Memod bausicatiwezo coceda (nearest neighbor, NN) — 1o Mmeroj obyuenust ji, KOTO-
phIit 3arroMuHaeT obydarontyio BeIOOpKYy X C X u crpout anroput™ a = X, OTHOCAIINI
IPOM3BOJIBHBIN 00BEKT T € X K Kiaccy ero OJmzKaillero ooyJaronero oobeKTa:

— 3 /
a(z) = y(arg min p(z, ).

O6osnaunm 4gepes I, (x;) ommOKY, BOSHHKAIOILYIO, €CJIM HPaBHJIbHBIN orBer ¥y(x;)
Ha 00'bEKTE T; 3aMEHUTh OTBETOM HA €r0 M-OM COCeJIe:

Ln(zi) = [y(x) #y(zim)]; i=1,...,L; m=1,...,L—1.

Onpenenenne 13.1. I[lpodusrem xomnaxmmnocmu BBIOOPKH X HA3BIBACTCS (DYHKITHS
K(m), BpIpazkarorasi JIoJf0 00BEKTOB BBIOODKH X, JI/Is KOTOPBIX HPABUJIBHBIN OTBET
He COBIIaJIaeT C MPABUJIBHBIM OTBETOM Ha M-OM COCEJIE:

L
1
K(m) = ZZ[m(x’>’ m=1,...,L—1
i=1

HpOCl)I/LHb KOMIIaKTHOCTU ABJIACTCA CbOpMaJIbeH\I BbIpazK€HUueM T'MIIOTE3bl KOMITaKT-

HocTH. UeM mpoire 3ajada, TO eCTh UeM dalle 0Ju3Kne 00beKThl OKA3bIBAIOTCS B OIHOM
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Puc. 13.1. Bepxuuit psj: 4 MojiesbHbIE 3a/1a91 KJIaCCUMDUKAIINN, B TOPSIKE BO3PAC-
rarust rpyaHoctr, L = 200. Cpeauuit psijr: npoduin KOMIAKTHOCTH 3THX 3a/1a49. deM
HI2KE MPOXOJUT HAYAJbHBIN yIacTOK HTPOMUIIsd, TeM <«IIPOIIey 3aJada, s aJrOPUT-
Ma NN, u rem Bbie obobIaomas crnocodbnocrb. Hukamit ps: 3asBucumocrs CCV

OT JJTMHBI KOHTPOJIbHOI BBIOOPKH k 1pu (pukcupoBaHHoii jyimae 00y4aenust £ = 200.

KJIacCe, TeM CUJIbHee «IIPHKUMaeTcsd K HY/II0» HadaJbHBI ydacToK npodwuid. U, na-
000poT, B 3aja4ax, TPYAHBIX /I MeTojia OJIMKANIIero coceia, rje oJmKaiiinme 00bLeKThI
IPAKTHYECKHN He HeCYT MH(MOPMAIINN O KJIacce, MPOMUIb BIPOKIACTCA B KOHCTAHTY, 0113~
kyio K 0.5, cm. puc. 13.1. [Ipocdunib KOMIIAKTHOCTU MTOKA3bIBAET, HACKOJIBKO XOPOIIO METO/T
OTMKANIIIEro coce/Ia MOAXOUT JIJIsi PelleHns JAHHOW 3a/[a9u [IPU BLIOPAHHON MeTpHUKe p.

§13.2 To4Has oueHKa MOSIHOIO CKOJb3SILLEro KOHTPOAS

NHaTYynTHBHO OUYeBHIHAs CBA3b NPOMUIT KOMIAKTHOCTA C KAdeCTBOM Kjaccuuka-
MU [IOJITBEPKIALTC CIeIyIonieil Teopemoii. Mest okazaresbersa B3saTa u3 [83].

Teopema 13.1. /li1s meroma 6immzkaiiimero cocesa ji CIpaBeIInBO CJAECIYIONIee BhIPaXKe-
HIe (pyHKIHOHAJIA MTOTHOTO CKOJIb3stiiero koarposist CCV:

k ol
CCV(p, X ZK LZ —m (13.2)

,_.
I



JokazaTeabcTBO. 3anuiieM B (DYHKIIMOHAJE CKOJIB3AMIEr0 KOHTPOJIsT YaCTOTY OIIMOOK

qgepe3 CYMMY MHIAUKaTOPOB OIIMOKHA U nepecraBuM MeCTaMu S3HaKW CYMMUPOBaHWA:

CCV—CZZ > I(pX,x) = kzc*fz [w; € X) I(pX, ;). (13.3)

zeX

J/

-~

N;

Buyrpennss cymma, obosnadennast depe3 [V;, eCTb 4HMC/IO pa3bueHuii BHIOOPKH X,
[IPU KOTOPBIX OOBEKT &; OKA3bIBAETCA B KOHTPOJILHOI MOJIBLIOOPKE U aaroputm (X J1omyc-
KaeT Ha HéM omubOKy. /lannas curyarus peajansyercs JJisi TaKUX pa3oueHuit, mpu KOTOPHIX
M 1ePBBIX 00BEKTOB U3 MOCIE0BATEIBHOCTH Tig, Til, - - -, i —1 HOIAJTAIOT B KOHTPOJIb-
HYTO TIOJIBBIOOPKY, M~bIil COCET X, HAXOIUTCS B 00y IAIOIIEil TOBBIOOPKE U TPUHAIIEKAT
JIPYTOMY KJIAccy, T0 ecthb I, (z;) = 1. Hucso crocobor Beibpats (¢ — 1) obyvarormux 06b-
eKTOB 13 ocrasuinxcs (L — 1 — m) paBHO C’ﬁ__ll_m. Yucsio m MOXKeT NPUHUMATH 3HAYCHHS
ToJ1bKO OT 1 j10 k. Takum obpaszoM, UCKOMOe YUC/IO pa3dbueHuii paBHO

k
N; = Z L () C17
m=1

[Moncrasnsts N; B (13.3), ucnons3ys onpeesenne mpoduiis KOMIAKTHOCTH U TOXK /e
crBo kCY = LC% |, momyqaem Tpebyemyio dbopmyity (13.2). [

HekoTopble cBoiicTBa TOYHOI OUEHKU nonHoro CKOJIb35ILLLEero KOHTPONA.
1. KoMOUHATOPHBINT MHOXKUTEIb Y,y = L L ./ C% | ybiBaeT ¢ pocToM m GuicTpee
reOMETPUIECKON TTPOTPECCHN:
‘-1 k
L-1-m L-1

Buauenne CCV masio, ecin ipoduib K (m) IpuHIMaeT MaJible 3HAUEHUsT TIPH MaJIbIX 11,

Y1 = q(M) Y, qg(m)=1-

TO ecTh GJIM3KHe OOBLEKTHI YacTo JieyKaT B OJHOM Kiacce. [Ipu Gosbmux m pocr K (m)
KOMITEHCUDYETCs CTPEMJIEHNEM KOMOMHATOPHOTO MHOMKUTEIS 7, K HYJIIO, IIO9TOMY KJIAC-
cudukanum JaJIEKuX JIPyT OT Jpyra 00beKTOB MPAKTUIECKN He BaudioT Ha 3Hadenne CCV.

2. IlIpn k = 1 npoduib KOMIAKTHOCTH BBIPOXKJIAETCSI B TOYKY M COBIAQJIAET C Ca-
muM dyarrnuonasom CCV, KOTOPBI B 3TOM Ciiydae HA3BIBAIOT CKOJIL3AINUM KOHTPOJIEM
C uckmovernuem 06sexmos no odrnomy (leave-one-out, LOO).

B o6mem citydae mpoduiib cocTOUT U3 k TOUYEK, IPUIEM OTHOCUTEIHHBIIH BKIa K (m)
ObICTPO yMeHbltaeTcs ¢ poctom m. Hampuwmep, nipu k = 1,2, 3:

kE=1: CCV=K();
k=2: CCV=K(1 )€+1+K(2)€+1,
) _ 2
C pocToM JIMHBI KOHTPOJIs K BKJIa] HAYAJIBHBIX 3JIEMEHTOB TTPOMUIIA YMEHBITACTCS.
3. Boruuciienne npodguis kommnakraocru tpedyer O((?) onepanuii, ynopsiounBanue
06bekToR 110 6/mzoct — O(£?log £) oneparuii. TTocse storo seraucienne CCV npousso-

qures 3a O(k) onepanuii. 9o ropasio 6picTpee, 9eM MIPOU3BOUTH CyMMUPOBAHUE 110 BCEM
C! pasbueHHAM, 9TO CTAHOBUTCH ITPAKTHYICCKH HepeajbHo yrKe pu k > 2.
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§13.3 OT6op 3TaNOHHbLIX 0OBLEKTOB

B meroje 6mzkaiiiero cocejia mMeeT CMbICIT 3allOMIHATH HEe BCIO 00YIaOILy 0 BHIOOD-
KY, & TOJIbKO THITHYIHbIE 0OO'bEKTHI, Ha3bIBaeMble amaaonamuy (prototype). OT6op sTamoHoB
[Ipecje/yeT OJIHOBPEMEHHO HECKOJIbKO TieJieil: COKpalleHrne o0béMa XPAHUMBIX JIAHHBIX,
MOBBIIIIEHNE CKOPOCTH KJIACCH(DUKAIINNI, TOBBIIIEHNE KauecTBa KIaccudukanum 01aro1apst
YCTPAHEHUIO HETUIINIHBIX 00beKTOB. Kpome TOro, 3TajioHbl MOTYT MPEIbABIISITHCS O/ Tb-
30BATEJIIO JIJIsT O0bSICHEHUST Pe3Y/IbTATOB KIACCH(DUKAIINN.

Hemunuunvimu M wymoevimu, HA3BIBAIOT O0BHEKTHI, HAXOJSAIINECS B OKPYKEHUN
00bEeKTOB UyzKOoro Kiacca. Meroj OmiKaiiiiero coce/ia rapaHTUPOBAHHO JIOIYCKAET OIn0-
Ky He TOJIbKO Ha TAKNX 00bEKTaX, HO U HA TeX O0BEKTax UyrKOTO KJIACCa, JJIT KOTOPBIX
HETUINYHLIA 00BbEKT OKAXKeTCd OJIMKANIIIIM COCEIOM.

M3BecTHBI 3BpUCTHYECKHE METOJbI 0TOGOpa drajsonos Stolp, A-Stolp [41], FRiS-
Stolp [17], ocHOBaHHbBIE Ha OIEHKAX OTHOIIEHUs JIOKAJIbHBIX TJIOTHOCTEH KJIACCOB B KarK-
JIOM 00beKTe. DTH METO/bI HEIJIOXO 3aPEKOMEH I0Ba N cebsd Ha MPAKTUKe, OJIHAKO BOIIPO-
ChI TEOPETUIECKOTO ODOCHOBAHUST OCTAIOTCS JJIST HUX OTKPBITBIMU: KaKOH (DYHKITHOHA OHI
MUHUMU3UPYIOT, TT0YeMy OHU 00JIaJIal0T XOpoIieir 06001maroreil crrocoOHOCThIO, He CyIIe-
CTBYET JI 3BPUCTUK, KOTOPbIe MOTJIN Obl PabOTATH eIlé JIyHUIIIe.

PaccmoTpuMm 3ajavy BbIOOpa MOJIMHOXKECTBA STAJOHOB, MUHUMHU3UPYIOMIETO (DYHK-
muonasn CCV st asropurMma Gimkaiiniero cocema [21, 68|. Tannas 3amada siBjsiercst
NP-nosroit [112], mosromy st eé perrieHusi Oy/IyT TPUMEHEHbBI SBPUCTHIECKUE AJTOPHT-
MBI TIOCJIEI0BATE/THHOTO YKAJIHOTO V/IaJeHUsT WA JTOOABJIEHNS STAJIOHOB.

MagHble anroputmbl otbopa atanoHoB. Oboszuaunm depes ) C X nCKOMOe MHOXKe-
CTBO 9TAJIOHOB, 1Yepe3 [, (x;, {)) — ommbKy, BOSHUKAIOILYTO, €CJIN MPAaBIIbHBINA oTBeT y(T;)
Ha 00beKTe T; 3aMEHUTHL OTBETOM Ha ero m-M cocejie u3 Muoxkectsa (2. Oupejgesnm npo-
Puas KOMNAKMHOCTIU OMHOCUMEADHO MHOACECNEE IMAA0HO0E )

L

1
K(m,Q) :ZZIm(xi,Q); m=1,...,L—1.
i=1

st orbopa sranoHoB yiaobHee omnpeennTsh Beaunauny exaada T(x;,)) obbekTa x;
u upejacrapiaTs CCV B BUje cyMMBbI BKJIQJIOB BCeX OOHEKTOB.

Teopema 13.2. /lisg merosa Gym>Kaiiiero cocelia [ig, UCIIOJIb3YIONIEro B KA9eCTBE ITa-
JIOHOB TOJIBKO 00beKThI MHOX)KecTBa ) C X, crpasesusol jBa npeacraiaeans CCV:

CCV (o, X) = Y K(m, 0)—F=" = Z > Ln(a, Q)W (13.4)

JlokazarebcTBO aHAJIOINYHO Teopeme 13.1 u BbIHECEHO B YIIpayKHEHUS.

Ecin nekoTopsiit 00bekT x 1obaBisercs B () wim ynassgercs u3s (), To it OOHOBJIEHUsT
CCV j10cTaTovHO MepecIuTarh BKJIAJIbI TOJBKO Te€X OO0BEKTOB, JJIs KOTOPBIX OOBEKT I
SIBJIETCS He Jlajiee, 9eM k-M COCeJIOM.
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AnropurMm 13.1. ?KajHoe yaieHne nryMOBBIX U HeMH(MDOPMATHBHBIX O0BEKTOB.

Bxona: seibopka X, mapamerp 0 > 0;
Boixoa: muoxkecrso srasonos () C X

1 Q=X Q= N Twi Q) Quin = Qs

2: TIOBTOPATH

3:  count := 0; — cuéTynuK 4mucsa ynajaeHuii

4:  pua Bcex v € )

5 AQi= Y (T(xl-, O\{z}) — T(x,, Q));
2, € Vi (2,Q)

6 ecau Q + AQ < Quin + 6 TO

T: Q:=Q+AQ; Q:=0{z}

8 ecan () < Quin TO Quin := Q;

9 count := count + 1;

10: moka count > 0;

Agropurm 13.2. ZKagHoe mobaBiieHrne STAJIOHHBIX 00HEKTOB.

Bxon: Boibopka X, mapamerp § > 0;
Boixoa: muoxkectBo srasonos () C X

1: Q := {10 ojHOMY CJIydaiiHOMY OOBEKTY OT KarKJIOr0 KJIACCa };
Q=31 T(%:,9); Quin = Q;
2: MOBTOPSTH
3 count := 0; — cuérunk umucsa jJjobaBaeHIT
4:  gus Beex r € X\
5 AQi= Y <T(xi, QU {z}) - T(x;, Q));
;€ Vi (2,QU{z})
6 ecam () + AQ < Quin — 0 TO
7 Q:=Q+AQ; Q:=QU{z};
8 ecsan () < Quin TO Quin := Q;
9 count := count + 1;
10: moka count > 0;

O6osnauanm wepe3 1;(z, 2) panr obbekra x € () Bo MHOKecTBe (), YIOPSIIOIEHHOM
10 BO3PACTAHUIO PACCTOSTHMIT /10 x; € X.

Onpenenenne 13.2. Obpamnoti okpecmmocmbvio m-ro mopsiika oobekra r € §) Ha3bIBa-
eTcsi MHOYKECTBO OObEKTOR, JIJIsT KOTOPBIX OOBEKT T SIBJISIeTCSI He JIajiee, 9eM M-M COCEIOM:

Vin(z,Q) = {xz e X } ri(z, Q) <m}, m=1,...,L—1.

B [21] mpe/yroxken kaHBI aJropuT™ y/IajdeHnst, KOTOPbIi nCKIoYaer u3 () HesTa-
JIOHHBIE 00BEKTHI 110 ojgHOMY, HaunHasg ¢ ) = X. Ha kaxkmgoMm 1mare HaxXOIuTCsT TOT 00b-
ekt z € (), yranenue xoroporo munnmusupyer CCV (juq 2y, X). Tloszxe 6b11 mpejiiozxen
Auropurm 13.1, koropeiit paboraer Hamuoro 6wictpee [68]. OH yuansger Bce 0ObEKTHI,
yaasieaue Kotopbix yBeanaunsaer CCV ne 6ostee, uem Ha Masyio Besmanny 0. [lapamerp 0



cHAYAJIa TOJIATal0T PABHBIM HYJIIO, UTOOBI Y/IAJUTh BCE NMIyMOBBIE BBIOPOCHI, TIPU TOM
CCV yonBaer. Koryia BEIOpOCH! Oy/1yT yaaIeHbl, mapaMeTp 0 MOXKHO HEMHOTO YBEJTUIUTD,
4TOOBI yJIAJIUTh HEMH(MPOPMATUBHBIE «BHYTPEHHUE» OOBEKTHI, IJIOTHO OKPYZKEHHDBIE 00b-
eKTaMU CBOEro Kjiacca. Korja m OHM OKayKyTCsl MCUEPIAHBI, mapaMeTp § MOXKHO CHOBA
nemuoro yseananThb. Korpa CCV Haunnaer 3aMeTHO BO3PACTATh, IPOIECC YAaJleHus 00b-
eKTOB TIPEKPAIAeTCsI, M Bce OCTaBIuecs B {2 00bEKThI CINTAIOTCA STAJTOHHBIMI.

Hemocrarok »kajHOro yiaajieHuss B TOM, UTO OHO paboTaeT MeJIeHHO. AJIMOpUTMbI
tura Stolp 0ObITHO UCIOJIB3YIOT CTPATEIMIO XKAJTHOTO Jl00aBseHust, Oosee 3hPEeKTUBHYIO
¢ TOYKHU 3penusi o0béMa Bbraucienuii. B asropurme 13.2 crparerus pobaB/ieHUil HCIIOb-
syercs s ontumusanun CCV. Jlobapienus jesaiorcs j1o Tex nop, noka CCV ymenbia-
eTcst XOTsI Obl Ha MaJIyio BesimanHy 0. HeoctaTok 9Toi cTpaTern B TOM, YTO MHOXKECTBO
OTOOPAHHBIX TAJIOHOB MOYKET CYIIEeCTBEHHO 3aBUCETh OT HAYATBHOIO MPUOTUKEHNST — Ca-
MBIX [T€PBBIX 00BEKTOB, KOTOPbIE BHIOMPAIOTCS MTPAKTHIECKN CJIyYailHo.

Kommnpomuccnoe perienne 3ak/Ii049aeTcs B TOM, 9TOOBI B3ITh B Ka9eCTBE HAYATIHLHOTO
npubJIMKeHns HeOOJIBITIOE CIIyYaiiHoe MOJIMHOXKECTBO OOBEKTOB B KayKJIOM KJiacce, U 3aTeM
JepeoBaTh J00aBIEHNsT U YIAJIEHUsT STAJTOHOB. MbI He MPUBOIUM 371eCh ITOT AJTOPUTM,
TaK KaK OH JIOIyCKaeT OOJIBINOe YUC/IO PA3TUIHBIX S9BPUCTUK U BAPUAHTOB PEAJIM3AIIHN.

O wmeTtpuyeckux gepeBbsx. [lnxa sadbdexkruproro mepecuera CCV HeoOXOMUMO OBICT-
PO HAXOIUTh OOBLEKTHI OKPECTHOCTU U 00paTHOl oKpecTHOCTU. [lj151 9TOrO HeobXo/MMa
CTPYKTYypa JAHHBIX, KOTOPas MM03BOJIsA/Ia ObI 9(p(HEKTUBHO CTPOUTH, HAXOIUTH U OOHOBJISITH
IpsiMble U OOpaTHBIE OKPECTHOCTU K-TO TOpsJiKa Jijid Jiroboro odobekTa r; € X. Hawnbo-
JIee TIOJIXOSAT JIJI 9TOH MEen MEMPUYECKUE JEPeSbA, TIPEIHA3HAYEHHBIE /IS NHIEKCAIIUN
MHOZKECTBa OO'bEKTOB, 3a/IaHHBIX TTOMApHbIMEU paccrosgauaME [40, 43]. B cpenem KazK ibrit
3aIpOC Ha IOWCK, J00aBJIeHNe U yjajieHne o0beKTa 00pabaTbIBaeTCd METPUIECKUM Jie-
peBom 3a Bpems nopsiyika O(log L). Vcmonb3oBanne MeTpUYIecKuX JIEPEBHEB MO3BOJISET
CYIIECTBEHHO YCKOPHUTH IIPOIECC 0TOOPa ITaJIOHOB.

§13.4 DkcnepuMeHTbl U BbIBOAbI

TectupoBanne aJropuTMOB 0TOOPA ITATIOHOB ITPOBOIUIIOCH Ha IBYMEPHON MOJIETHHOI
BbIOOpKe jynabl L = 1000, cocrosimeit u3 AByX rayCCOBCKUX KJIACCOB C JucrepcusaMu 1 u 2
U paccTogHmeM MexKIy IenTpamu 5. JlomosHITeILHO B 06ydarontyio BLI0opKy X ¥ BBojiu-
JIOCH TI0 5 NMIyMOBBIX O0LEKTOB B KakJI0M Kiacce. Ha puc. 13.2 nuzobpazkena pas/iesnsiornias
HOBEPXHOCTD, HOCTPOCHHAS AJITOPHTMOM OJIMZKAHIIEro coceia Ha HOJHOM BLIOOpKe X ©.

Ha puc. 13.3 u puc. 13.4 nokazana pa3jae/sdionias IOBEPXHOCTD JII KJIacCupuKaTopa
OJIHOTO OJIMKafiIero cocejia 1o MHOXKecTBY 3tajonoB 2. Puc. 13.3 coorBeTcTByeT cTpa-
Terun yjaJsenus, puc. 13.4 — crparerun Jo0aBIeHUs STAJIOHOB. Bosbimmu Toukamu 060-
3HAYEHbI YTAJIOHHBIE OOHEKTHI, MaJIEHbKIUMU — Iepudepuiinbie 00beKThI. /g crparerun
y/laJleHns yMOBbIe OOBEKThI TIOKa3aHbl TpeyrojbHuKamMu. Oba ajiropurMa CriazKuBatoT
Pa3/IeIIONIYI0 TOBEPXHOCTD, YIAJIAIOT BCE NMIYMOBBIE OOBEKTHI M OCTABJISAIOT TPUOIN3U-
TEeJIbHO OJINHAKOBOE YMCJIO 3TAJOHOB, KOTOPbIE BBICTPAUBAIOTCA HA HEKOTOPOM Y/IAJIEHUN
OT T'PAHUIIBI KJIACCOB.
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13

7

8 9 10 1 12 13 14 15 16 17
O  aTanoHHble k1.1 @ 3TaroHHbIE KI.2
A wymosble k.1 A wymoBble kn.2
e HeuHdpopmatuBHble Kn. 1 °  HeuHdpopmaTUBHbIE KIN.2

Puc. 13.3. Pesyubrar or6opa sranonos Asropurmom 13.1 (crparerust yiajieHusi).

13

8 9 10 11 12 13 14 15 16 17
O  aTanoHHble kn.1 @ 3TarnoHHble Kn.2

A wymosble k.1 A wymoBble k.2
°  HeuHdopmaTVBHbIE K. 1 °  HeuHdopmaTUBHbIE KN.2

Puc. 13.4. Pesysnbrar orbopa sranonos Asropurmom 13.2 (crparerust jgobasiienust).
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Puc. 13.6. Basucumocts dyukimonansa Q(€2) or kosmaecrBa J00ABICHHBIX 00BEKTOB
|Q| st Anropurma 13.2.

Y1006bI IPOBEPUTH 0OOOIIAIOITY IO CIIOCOOHOCTD aJrOPUTMOB 0TOOPA STAJIOHOB, CTPOU-
J1ach TectoBast BbIOOpKa ymHb 2000 13 TOro ¥Ke pacipe/ieeHns. T O0bEKThI He UCTIO b=
30BaJmCh pH 0T6ope sTasonoB n3 X . Yacrora ommubOK Ha TECTOBOH BBIOOPKE BBIUNC-
JIsJlach Ha KaxKJI0W UTepallui U BBIBOJMIACh Ha rpadukax. B ciydae kajHoro yaaaeHus
(puc. 13.5) ona usmensiercs cuuxponno co suaderneM CCV na obyuatoreii BbIGOpKe. 10
O3HAYaeT, YTO JaHHAasl CTPATErns IPAKTUIECKN He I0/IBepyKeHa repeodydennio. B ciaydae
KaHoro jobasienns (puc. 13.6) crosb 96TKON CHHXPOHHOCTH He HAGJIIONAIOCE.

Ha puc. 13.5 sieBbrit yaacrok |0-60] coorBercTByer yaasernto mymMos (0koso 40 06b-
exktoB). IIpasbriii yaacrok [980-1000] mokasbiBaeT, 4TO UNCIO0 KPUTHUECKN BazKHbBIX ITAJIO-
HOB B JIJAHHOU BBIOOPKE He BeJIMKO (paBHO 6), HO yBesJndeHue Jucia 31ajsoHos (10 16) mos-
BOJISIET YMEHBIIUTH YacTOTy OMMbOK Ha TecToBOit BhibopKe (¢ 3,6% s10 2,0%). Ha puc. 13.3
BBIJIeJIeHO 42 sTajioHa, KoTopble obecrednBator MuHHMYM Q(§2) W OTHOBpEMEHHO MU-
HUMAJIBHYIO 9acTOTY OmMHUOOK Ha TecToBoil BhIOOpKe 1,8%. JInmHHBIA cpeanmii y4acToK
[60-980], He nokazammublil Ha puc. 13.5, cOOTBETCTBYET STAIlY yiaJeHus mepudepuiiHbx
00bEKTOB, HA KOTOPOM 3HaueHre ()({)) MpakTHIeCcKH MOCTOSHHO.



Pe3iome

Dynknuonas mosHOTO ckob3siero kKoutpossi (CCV) ompesersiercss Kak CpeJHsis
10 BCeM Pa3dMeHUsIM YacTOTa OIMMOOK Ha KOHTPOJLHOM BhiOOpKe. Jlg MeToma GJimzkaii-
mrero cocefia Tounasi onenka CCV Bbipazkaercs depe3 npoduib KommakTaoctn K (m).
Omn ompejienisieTcss Kak J10Jisi 00bEKTOB BBIOOPKM, JIJIsT KOTOPBIX M~ cOceJt JIeXKUT B JIPy-
rom kJjiacce. [lo dopme HaganbHOro ydacrka mpoduiis KOMIAKTHOCTH MOXKHO CY/IUTh,
[TO/IXO/TUT JIM BBIOpaHHAsT MOJIE/Ib CXOJICTBA OOBEKTOB JI/Ist JJaHHOM 3aadu. OT16op dTaIoH-
HbIX 00beKkTOB 110 Kpurepuio Munumyma CCV 1o3BosisieT COKpaTUTh 00bEM XPAHUMBIX
JIAHHBIX, [TOBBICUTH CKOPOCTh U KadecTBO Kjaccudukanuu. [Ipu sTom 06beKTh pasiess-
IOTCA Ha TPH TUIIA — ITYMOBbBIE, HEMH(POPMATUBHBIE U STAJIOHHDBIE, YTO SIBJIAETCS OJIE3HOMN

JIONIOJTHUTE/TbHOI MH(OpMaIueii BO MHOTHX ITPUJIOYKEHUIX.

B cnepytouwieii nekuun Oy/IyT MOJTyYEHBI ONEHKH TIOJTHOTO CKOJIB34IIEro KOHTPOJIS JIJIst
ceMeiicTBa MOHOTOHHBIX KJIACCH(DUKATOPOB. XOTS MapaJMrMbl METPUYIECKON U MOHOTOH-
HO¥ KJ1accuUKAIMU Ha TePBBIil B3IV COBEPIIEHHO PA3IUIHBI, JIJI STUX JIBYX CJIyYaeB
MIOJTyYaIOTCS YAMBUTEIBHO TTOXOKHUE TI0 CBOEI CTPYKTYype OreHKU. MBbI He TOJIbKO HailIeM
obbsicHeHne TO OOIHOCTH, HO U ITPEJIJIOKUM MOHOTOHHBIN KJIACCU(MUKATOP OJIMZKAMNIIIEro

cocela, JJId KOTOPOI'0 OIICHKH ITOJIHOT'O CKOJIL3AIIET'O KOHTPOJIA ABJIAIOTCA TOYHBIMM.

Ynpa>kHeHust

Bamava 13.1 (1). [lokasars Teopemy 13.2.

L

L-1
Bagaua 13.2 (1). oxazars, uro Y. K(m)= 1 > L,(L — L,), rae L, — uuciio o6b-
m=1 yeY

€KTOB KJIacca Y B BHIOOpKE X.

L—1
Bamaua 13.3 (1). [okazars, 9410 Y 7 = 1.
m=1
Bamaua 13.4 (2). O606muTs Teopemy 13.1 Ha ciyuail, KOrja B BAPUAIMOHHOM DsLLy
paccrosianii (13.1) ectb ojmHakoBbIe 3HAUeHNA. CleJaTh MECCUMUCTUIHOE TIPEJIIOJIOKe-
HUe, 9TO €CJIN JjId KJIACCHMPUIIMPYEMOTO 00bEeKTa X; CYIIECTBYET XOTs Obl OJIUH 00ydaio-
muit 00bEKT T Ha MUHUMAJBHOM PACCTOSTHUN g;rg)r} p(x;, ), Hexamuii B Ipyrom Kjacce,

TO AJITOPUTM 00A3aTE/ILHO JIOMYCTUT OMUOKY Ha 00BHEKTE T;.

Bamaua 13.5 (5). O606muTs Teopemy 13.2 st Metona Kiaccudukam mo K Gimkaii-
M COCEIAM.

Bamaua 13.6 (5). IloayuuTh OIEHKH BEPOSITHOCTH IepeobydeHns (). U BEPOSITHOCTH
OOJIBIIION YaCTOThI OMMOOK Ha KOHTpoJe [, jijis MeTojia OJImKaIero coceia.



14 MoHoToHHble knaccudukaTopsl

Paccmorpum 3a1auy kiraccudukaimm, B KOTOPOii MHOYKECTBO 00beKTOB X IaCTUIHO
yropsiouerno, Y = {0,1}; MHOKecTBO airopuTMoB A eCTh MHOXKECTBO BCEX MOHOTOH-
ubix dyuxmumit a: X — Y (1o ects u3 x < 2’ crenyer a(z) < a(2’) maa seex x, 2’ € X);
unjukaTop ommbku umeer sug I(a,z) = [y(z) # a(x)], rue y — HenspecTHas neseBast
3aBUCHMOCTD. [Ipeonaraercs, 9To QyHKINSA Y MOHOTOHHA WM «IOYTH MOHOTOHHA>.

Ha mpakTuke orpaHmveHnss MOHOTOHHOCTH MOIYT BO3HHKATH B Pa3JMYHBIX CHTYa-
nugAX. YIOMsHEeM TPU HanboJjiee pacipoCTPAHEHHBIX.

1. AnpuopHblie orpaHu4eHnst MOHOTOHHOCTU. [IpuK/iajHbIe SKCIEPTH MOIYT J1aBaTh
nogckasku (hints), orpanudmBaromine MHOXKECTBO JOMYCTHMBIX aiaropurmos |7]. TIpuwe-
POM SIBJISIETCSI YTBEPIKJIEHHE «deM OoJIbllle 3HadYeHue Ipu3HaKa f(x), TeM BbIE yBe-
PEHHOCTB, YTO OOBEKT T HPUHAJJIEIKHT KJjaccy l». Ecam Takmx npusHakoB HECKOJBKO,
yTBepkAeHne npunnMaer suj «ecan f(x) < f(a') masg Becex nmpu3HakoB f U3 3aJIAHHOIO
muoxkectsa G, 1o a(x) < a(x’)». Ho sro n o3nagaer, 1ro dynkunus a monoronna. [Tpume-
PBI TAKUX yTBEPKJEHNIT MOKHO HAWTH B 3a/a9aX MEJIUIIIMHCKOIO [IPOIHO3UPOBAHES (deM
craplile HAIUeHT M YeM BbIIIe CKOPOCTh KPOBOTOKA B BEHE, TEM BBIIIEe DHCK PECTEHO3a
MIyHTA), B 33Ja9ax KPEJUTHOrO CKOPHHTa (HdeM BbIIIe JIOXOABI 3aéMIMUKa U YeM JO0JIb-
e OH MPOKUBAET Ha OJHOM MeCTe, TeM HIKe DHCK Jedosita) U B JIPYTUX IIPEIMETHBIX
obaacrsx [100]. Kax mpasmio, oHE HOCAT TPUOIM3UTENBHBI XapakTep, W 3aBHCHMOCTH
Y OT IIPU3HAKOB HA CAMOM Jlejle He B TOYHOCTH MOHOTOHHA, & <«IIOYTH MOHOTOHHA».

2. lNoporosbie pewatowme npasuna. Ilycrs 3agana dyunusa f: X — R. Oyuxiud
a(x) = [ flx) > 0} HA3BIBAETCS NOPO206HLIM PEWAIOUUM NPABUAOM ¢ TToporoMm . Ecim o1-
Homenne nopsaka Ha X sagano kak (z < 2') < (f(z) < f(2/)), To MHOKecTBO Beex
MOHOTOHHBIX KJIaccuuKkaTopoB A COBIA@eT CO MHOYKECTBOM BCEX ITOPOTOBBIX pellia-
omux npaBmwi. Ha mpakTuke HMOPOroBble IpaBUia IMUPOKO HCHOJIB3YIOTCS B KadecTBE
«CTPOUTELHBIX OJIOKOB» aJTOPUTMOB KJIacCHU(UKAIUU. DTO dJIEMEHTAPHDbIE TPEIMKATHI
B KOHBIOHKTUBHBIX 3aKOHOMEpPHOCTsIX (cTp. 118), ycoBus BeTBIIEHHs B PEIIAONINX Jepe-
Bbsx |14, 88, 67| u pematonux crnmckax [26, 101], 6azoBble KaaccuduKaTOPHl B KOMIIO3H-
musix tuna GyctuHra u 6srruara (94, 39|, mpaBmia IPUHITHS OKOHYATEIHHOIO DPEIeHHst

BO MHOI'UX aJI'OpUTMax KJI&CCI/ICl)I/IKaHI/II/I Ha JIBa KJlacCcCa.

3. Komnosuuyuun anroputmos knaccudpukauymm. Ilycrs nmeercs T aaropuT™MoB KJac-
cuduranuy BujIa a;(r) = [bt(x) > O}, rne b: X =R, t=1,...,T. Ux xomnosuyuet Ha-
spiBaerca anaropurm a(z) = F(bi(z),...,br(x)), toe dynkuua F: RT — Y nasesaer-
cst Koppexkmupyrowet onepayueti, AITOPUTMbI a; HA3BIBAIOTCS 0a306biMU. SHaYeHUsT by (X)
u b(x) MHTEPIPETUPYIOTCA KaK CTeleHb YBEPEHHOCTH AJrOPUTMOB ay(x) u a(x), cooTBeT-
CTBEHHO, B TOM, 9TO O0bEKT & TpuHa IeskuT Kiaaccy 1. [Tosromy or dyuknun F' rpebyer-
cst, 9TOOBI OHA MOHOTOHHO He yObiBaia 1o BceM T csoum aprymentam [116, 18]. Tlockoibky
6a30BBIE AJTOPUTMBI MOTYT JIOIMYCKAThH ONIMOKH, 3aBUCHMOCTD ¥(x;) 0T T-MEepHBIX BEKTO-
pos (b1(z;),...,br(z;)) MOXKeT OKa3aTbCs HE MOHOTOHHOII, HO «IIOYTH MOHOTOHHO».



HauGosree pacnpocTpanéHHBIM THIIOM KOMIIOZUIAN ABJIAETCS 636CUEHHOE 20A0C060-
Hue — JuHeiHast KoMOuHanus 6a30BbIX agroputmos [117, 97, 39, 75]:

F(bi(z),....br(z)) =Y aibi(z).

O6bruno Tpeanonaraercs, 9ro «; > 0; B TaKOM cjydae JIMHEHHAs KOPPEKTUPYIO-
mas omneparys sBjageTcd MOHOTOHHOI. TpeboBanue JIMHEHHOCTH I KOPPEKTUPYIOMTUX
omepalyii BBIIVIAJIAT MeHee 00OCHOBaHHBIM, UeM TpeboBaHME MOHOTOHHOCTHU. JIumHEiHbIE
GYHKIIN UMEIOT YICTO IPAKTHIeCKNe MPENMYIIECTBa: UX IIPOIe CTPOUTh, U Ko duIm-
€HTBI (y MOXKHO MHTEPIPETHPOBATH KaK CTEIEeHN JI0Bepus 0a30BbIM ajiropurmam. MoHo-
TOHHBIE KOPPEKTUPYIOIINE OllepaIini 00Pas3yoT CYIIeCTBEHHO DoJiee IMIMPOKOEe MHOKECTBO
Cl)yHKL[HfI, YTO IIO3BOJIACT Ha/eAThbCiA Ha BLIUT'PLIII B Ka9eCTBe KJI&CCI/ICIDI/IKH.HI/H/I, HO B TO ZKe
BpeMs 9TO MOXKET IIPUBOIUTDH K Iepeodydennio. Bompoc o ToM, Kakre KOPPEeKTUPYIONIe
olepaIyy JIydire, JUHeHHbIe U MOHOTOHHBIE, OTHOCHTE/IHHO MAJIO UCCJIeI0BaH. DKCITe-
PUMEHTBI CBUJIETE/ILCTBYIOT, ITO MOHOTOHHBIE KOPPEKTUPYIOIINE OIlepaIi MOTYT 00J1a-
JIaTh JIydIineit 0000IaoIeil cliocOOHOCTHIO IIPHU 3HAYNTEIHLHO MEHbIIIEM KOoJImdecTBe 6a30-
BBIX aJTOPUTMOB [28], 0/IHAKO MOKA HET YETKOrO MOHMMAHMsI, TIOUYEMY 9TO POUCKOJIUT.

asee Hac OyJieT UHTEPeCcOBATH BOIIPOC, B KAKUX CJIydasiX MOHOTOHHBIE KIACCUPUKA-
TOPBI 00JIQIAI0T HAWIy4Ilell 0000MAoIell ClIOCOOHOCTHIO B CMbIC/IE (DYHKIIMOHAJIA T0JI-
HOro ckoJib3sinero Kourposs CCV. Boobie roBopst, obob1maomas crrocOOHOCTD JIOJIZKHA,
OBITH TE€M BBIIIIE, UM JIyHUIle BBIDOPKA COTJIACYETCs € UCIIOIb3YyEeMOI MOJIETBIO AJITOPUTMOB.
B nannOM citytae Mojie1b — 9TO MHOXKECTBO BCEX MOHOTOHHBIX (hyHKIn. [ToaTomy B Kaxde-
CTBE OTBETa Ha MOCTABJIEHHBII BOIIPOC OYKUJIAETCH MTOJIYIUTh HEKOTOPYIO XapaKTEePUCTUKY
MOHOTOHHOCTH BBIOOPKHU U sBHBIH B 3aBucumoct CCV or 910l XapaKTepUCTUKN.

§14.1 [Npodunnb MOHOTOHHOCTU BbIOOPKYN

Homyctum, 910 MeTo 1 00yYeHus ji BRIOMpaeT aJrOPUTMbl U3 MHOXKeCTBa A Bcex Mo-
HOTOHHBIX (pyHKImit a: X — Y.

Onpenenenne 14.1. Beprhum u HUsiCHUM KAUHOM O0bEKTa T; € X HA3BIBAIOTCS, CO-
OTBETCTBEHHO, MHOXKECTBA

Wo(z;)) ={z e X: z; <xmy(x) =0};
Wi(x;)) ={reX:zx <z ny(x)=1}.

[Tpumeps! KIMHBEB TOKa3aHbl Ha puc. 14.1 (a).

MuozxectBo W; = W,y (2;) GyeM Ha3bIBATH HPOCTO KAUHOM OOBEKTA T;. DTO BCe
00BEKTBI TOI'O YKe KJIACca, U9TO U I;, JexKallue MexKJly X; U IpaHuieii Kjiaccos. MomnocTs
kimHa w; = |W;| xapakrepusyer riyOuHy morpyzxkenus o0bekTa r; B CBOi Kiacc. Hem
MeHbIITe w;, TeM Ojimke 00beKT K rpanuie Kiaacca. OObeKThI, He UMEIOIIHe CBOero KJIMHA
(w; = 0) GyJeM Ha3bIBATH 2PAHUMHBLMU.



05 ] T;

05 1

05 1

Puc. 14.1. JIsymepnas 3a1a1a KiaccuUKAIUA ¢ €CTECTBEHHBIM OTHOIIEHUEM O/ I-

ka Ha MHOKecTBe X C R2. Puc. (a): Bepxumii KMmH oObeKTa T;, HUKHUN KIHH 00Db-

exkTa x;. Puc. (6): ojHa U3 JOIMYyCTUMBIX MOHOTOHHBIX KJacCH(pUKAIMl reHepaIbHOl

BBIOOPKU X. OO0beKThI 00y Yatonieil BEIOOPKU BbIIe/eHbI cuMBoJiamu O, B. oHoM 110Ka-

3aHO O0beMHEHNe BEPXHUX 00JacTeil 00ydaommnx o0beKToOB Kiiacca 1 u o0bemHeHne

HUKHUX obJracTeil obydamommux o0bekToB Kiacca (.
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Puc. 14.2. Ta ke aBymepnast 3aga4a Kiaaccudukaiuu, 9ro Ha puc. 14.1. JIBa kpaitnux

CJIy4dasd MOHOTOHHOM KJI&CCI/I(bI/IKaIlI/II/II BCE OOBEKTHI B 3a30p€ MeXKJ/1y HU2KHUMU 1 BEPX-

HUME obsracTsiMu 00y varomux 00beKToB oTHOCsATCs K Kiaccy 0 (a), Kk kimaccy 1 (6).

Ecsm monoTOHHBII AJITOPUTM JIOITYCKaeET OHII/I6Ky Ha 0ObEKTe ZT;, TO OH HOIIYyCKaeT

ommbKy 1 Ha Bcex o0bekTax n3 KjiaumHa W;. 9To 0OCHOBHOE CBOWCTBO KJNHA, KOTOPOE ChIT-

paeT pemarnLyo PoJib MPU MOJTyIeHUH OIEHOK CKOJIB3SIIEr0 KOHTPOJIS.

Onpenenenne 14.2. [Ipodurem monomonnocmuy BBIOOPKH X HA3BIBACTCS (DYHKIHS

M (m), paBrasi j0s1€ 00bEKTOB ¢ KJIIMHOM MOIHOCTH T

i=1

L-1
[Ipoduas MoHOTOHHOCTH HOpMUpOBaH: » |~ M(m) = 1.

HpO(bI/IJIb MOHOTOHHOCTHU CYIIECTBEHHO 3aBUCUT OT BbI60pKI/I, HpI/I‘{éM BO3MOZKHBI /IBa

KpallHUX cjydJas:



1) ecam B KaxKJIOM U3 JIBYX KJIACCOB OOBEKTHI TIOMAPHO HECDABHUMBI, TO BCE KJIMHbS
nycThl 1 poduiib cocpenoroder B mHyae: M(m) = [m = 0];

2) ecom ma X 3ajaH JmHeHHbI nOpanoK, To M(m) = +([m < Lo] + [m < Ly]), rae
L, — [ucio o0bEKTOB Kjacca Y B IeHepasbHoil BBIOOpKe; ecan Lo = Lj, T0 npoduib
2 < 4]

MOHOTOHHOCTH Pacrpe/ieién papaomepno: M(m) = £

§14.2 BepxHas oueHKa NOJIHONO CKOJIb3ALEro KOHTPOs

Onpenesienne 14.3. Cmenenvio HEMOHOMONHOCMU BBIOOPKH X HA3BIBACTCS HANMEHD-
mast 4acToTa OHIMOOK, JIOIYCKAEMBIX Ha HEeil MOHOTOHHBIMH aJIOPUTMAMHE:
0(X) = min v(a, X).
acA
Beibopka X HasblBaeTCsl MOHOTOHHOI, ecm u3 z; < x; ciaegyer y(x;) < y(x;) mis
BCex ¥;, ¢; € X. Bolbopka MOHOTOHHA TOIJIa U TOJBKO Torja, Korga 0(X) = 0.
Ecim meTos ff MUHUMUBUPYET SMIUPUYECKUI PUCK, TO €CTh CTPOUT aJTOPUTMBI ¢ MU-

HUMHAMAJILHBIM 9HCJIOM OIIMMOOK Ha O6yanOH[€ﬁ BbI60pK€ B KJjlaCcCe€ BCE€X MOHOTOHHBIX

dbyuximit A, To MeTos 1 O6yieT KOpPeKTHBIM Ha JI000i MOHOTOHHOI BeIGOpKE [18].
Teopema 14.1. Ecymm meTos |4 MUHUMH3UDPYET SMIIHPHIECKUH PHCK B KJIACCE BCEX MO-
HOTOHHBIX (DYHKIIHIT U CTElleHh HEMOHOTOHHOCTH BHIOODKH X paBHA ), ToO

0L+k—1
COV(1,X) < Y M(m)Hp"™ (0L). (14.1)

m=0

JokazareabcTBO. 3ammiineM B (DYHKIIMOHAJE CKOJIb3AMIEr0 KOHTPOJIA JaCTOTY OIMIHOOK
Jepes CyMMY MHJIMKATOPOB OMIMOKK M IOMEHsIeM MeCTaMU 3HAKHU CyMMUPOBAHUSI:

1~
CCV_CZZ Z (uX,x) = E;_f

L xx " zex

[z; € X] I(uX, ;). (14.2)

'EM

—
N;

Buyrpennsisi cymma, obo3nadennas 1depe3 [V;, BbIpazkaeT UUCIO pa3dueHuii BLIOOP-
KI X, IPA KOTOPBIX OOBEKT &; OKA3bIBAETCS B KOHTPOJIBHON MOABBIOOPKE, M TTOCTPOCHHBIIH
1o 0Oy4aromeil 1o/ IBLIOOPKE aJIrOPUTM JIOIYCKAET HA HEM OITHOKY.

Onenum N;, BOCIIOIB30BABIIICH TEM, YTO €CJIU AJTOPUTM ¢ MOHOTOHHBIN U JIOITyCKAET
omubKy Ha OOBEKTe T;, TO OH JIOIyCKAeT ONIMOKY U Ha BeeX oO0bekTax u3 KiauHa Wi.

B 3aBucuMocTH OT COOTHOIIEHMS MOIIHOCTU KJIMHA W; U CTEIeHH HEMOHOTOHHOCTH
BBIOOPKHU BO3MOXKHBI JIB& CJTyYad.

Ecim w; > 0L + k, 7o HE 11pu KakoM pas30HeHur MOHOTOHHBIN aJrOpUTM™M He OyIeT
omubaThed Ha T;, MOCKOILKY 0L + k ecTb MakCHMaJjbHOE YUCJIO OMIUOOK, KOTOPOE MOYKET
JIOIYCTUTH MOHOTOHHAas (DYHKITUS HA BCeil BIOOPKe X. DTO BbITEKAET U3 JOIYIIEHUs, ITO
METOJI [L CTPOUT AJITOPUTM C MUHUMUMAJILHBIM YHUCJIOM OIMMOOK Ha 00ydYaloleil BhIOOPKe



B KJIaCCEe BCEX MOHOTOHHBIX (pyHKIMI. MunnmasibHoe 4ncio ommudoK Ha, JTI000 OIBBIOOD-
ke X He IPeBOCXO/INT MUHUMAJIBHOTO YUC/Ia OMTHOOK Ha Beeil BerOopke X. CiieoBaTeibHO
9HCJIO OMMOOK Ha oOydueHnn He npesbimaer #L. Takum obpasom, B srom ciaydae N; = 0.

Paccmorpum BTOpoit cayyait, korja w; < 0L+ k. [lycts s — qnciio oobexToB u3z W,
HAXO/IAIINXCA B 00ydJalomieil moBeIoopKe,

max{0,w; —k + 1} < s < min{fL, {, w;}.

Nwmeerca Y. criocobor BbI6paTb s obygaromux 00beKToB n3 Kinaa W;. s kaxio-

ro M3 9TUX CIIOCOOOB MMEETCs C BapUaHTOB BhIOpaTh ¢ — § 0Oydarommux 00LEKTOB

1 w;
u3 maokectBa X \ (W; U {x;}). B urore monyvaem onenky uncia pasbueHuii:

min{6L,0w;}

N; < > Cs Chs (14.3)
s=max{0,w;—k+1}

[oncrasum omenky (14.3) B (14.2), Bocmombsyemcss Toxkiectsom kCY = LCY |
u yarém, aro N; = 0 npu w; = 0L + k:

min{0L,0,w;} CS C
L

CCV<liE 3 CuCriiu,
Sk &~ L : ‘

C
i=1 =max{0,w;—k+1 -1
wi sk s=max{0,w; —k+1}

[Ipumensis ornpejienienue npoduiisi MOHOTOHHOCTH, TIOJIYYIAEM OIEHKY

OL+k—1 min{0L,¢,m} CS C
CCV < Y M(m) > %
m=0 s=max{0,m—k+1} L=1

3aMeTuB, 4TO CyMMa 110 $ COBIAJIaeT ¢ PyHKIIMell IHIepreoMeTpryecKoro pacipe;ie-
¢
nenust H;"} (OL), nomydaem onenky (14.1). Yro n TpeboBaioch j10Ka3aTh. n

CaencrBue 14.1.1. Omnenka (14.1) MoHOTOHHO He yObIBaeT 110 0, gocTHras HaimMeHbIIIe-
ro sHavenus: npu 0 = 0, Koryja BEIOOPKa MOHOTOHHA& H METOJI [ SIBJISIETCS KODPEKTHBIM
Ha remepasibHoit Boibopke X, To ecth kKorya v(puX, X) = 0 s seex X € [X]%:

k—1
CCV(1,X) < Y M(m ; e (14.4)
m=0 -
Haubonemas onenka CCV < 1 jpocruraercs, kormpa w; = 0 g Beex ¢ = 1,..., L.

DTO O3HAYAET, YTO KarK/IbIil KJIACC IPEJACTaBJIsIeT cO0O0 MHOXKECTBO IOIApHO HECPpaBHU-
MBIX O0BEKTOB, M BCs BBIOOPKa paclajiaeTcs Ha JiBe aHTurenu. B aTom ciydae TpeboBa-
HITe MOHOTOHHOCTH He HAKJIaIbIBaeT HUKAKIX OIPAHUYIEHN Ha CeMeCTBO aJropuTMoB A,
U OHO WHAyIHpYyeT Bce 2 crmocoboB momesnTh TaKyio BBIOOPKY Ha J1Ba Kjacca. BIosHe
€CTeCTBEHHO, UTO IepeodyUueHre B JJAHHOM CJIydae MaKCUMAJIbHO.

Hanwmenbras onenka CCV < 2/¢ nocturaercs, Korja BLIOOPKA MOHOTOHHA U JIMHET-
HO yHopsjiodeHa. B 3ToM ciiydae 9nc/Iio KJIMHbEB MOIITHOCTH W HE ITPEBBINIaeT 2 JJIs BCeX



w=1,..., k. CemeficTBO MOHOTOHHBIX AJTOPUTMOB A MHIyIIUPYeT YHUMOIAIBHYIO Tellh.
[IepeoOytuenne B JlaHHOM CJIydae MUHUMAJIbHO.

Cunepreomerpudeckuii MHOKHUTEND B (14.1) yObIBaET ¢ pOCTOM M OBICTPEE TEOMETPHU-
1ecKoil mporpeccun. Yrobwr obecrieunTsh MaJsioe 3unadenue gpynkinonana CCV, qocraToaHo
norpeboBaTh, aTo0bl yHKIms M (m) npuHIMAaAa MaJble 3HAYEHUs IpU MaJjbix m. [lpn
OOJILIIIUX M €€ POCT KOMIIEHCUPYETCSd KOMOWMHATOPHBIM MHOYKHUTEJIeM. TakuM oOpazoM,
Ka4IeCcTBO MOHOTOHHOT'O KJIACCU(PUKATOPA TEM BBIIIE, YeM MEHbITe 00bEKTOB NMEIT KJIU-
Hbs HEDOJIBINON MotHocTu. /[J1st 9TOro oTHOIIEHNE TIOPSIKa HA MHOXKECTBE 00beKTOB X
JIOJIPKHO OBITH OJIN3KO K JIMHEHHOMY BOJIM3U I'DAHUIIBI KJIACCOB, WM, JPYTHMH CJIOBAMU,
MHOKECTBO OMHAPHBIX BEKTOPOB OMIMOOK JIOJIPKHO OBITH OJIM3KO K YHUMOJIAJILHON Ienn
BOJIN3U TPAHUIIBI KJIACCOB.

Taxum obpazom, popma Tpodpuis MOHOTOHHOCTH MOYKET PacCMATPUBATHCS KaK (pop-
MaJIbHOE BBIPAsKEeHUe allpUOPHOil nHMOPMAIMI O IIOTHOCTU OTHOIIEHUs! TIOpsAIKa (85, 86|
BOJIN3YU IPAHUIILI KJIACCOB.

3amMeTum, 910 EMKOCMb KJIacca MOHOTOHHBIX KJIACCU(DUKATOPOB OECKOHEYHA, II0-
CKOJIbKY Ha BBIOOPKE JITUHBI L, COCTOSIEl M3 MOMAapHO HECPABHUMBIX 3JIEMEHTOB, pea-
mzyercss posHo 28 auxorommit. Takum obpasoM, KiaaccmdecKas Teopus Bamnmka-Yep-
BOHEHKNCA He JAET COJep:KaTeIbHBIX OIEHOK KadecTBa JId JAHHOTO ciydasd. V3BecTHO
TaKKe, YTO 3aBUCAIIAT OT BBIOOPKH dfhexmusras EMKOCMb KIacCa MOHOTOHHBIX (DYHK-
Uil He MPEBOCXOUT JIJIMHBI MaKcuMaJsbHO# anTurenn B Boibopke X [98]. Onenka (14.1)
CYIIECTBEHHO TOYHEE CJIO?KHOCTHBIX OIEHOK W HUKOT/A He IPeBhImaeT 1.

WurepecHo oTMeTHTH OOJIBINOE CTPYKTYPHOE CXOCTBO orfeHoK (13.2) u (14.4), mory-
YEHHBIX JIJIsI TAKUX PA3JIMYIHDBIX, HAa TEPBBIH B3IJIAJL, allPUOPHBIX OI'DAHUYEHU, KAaK KOM-
MAKTHOCTH ¥ MOHOTOHHOCTB. UyTh 1032Ke MBI IOIPOOYeM Pazo0paThCs B €ro MPUINHAX.

§14.3 To4Hble OUEHKU MOJSIHONO CKOJ1b3SLULEero KOHTPOIS

[Topobyem pazobparbes, odemy oreka (14.1) we sBistercst Tounoit. [Ipu ornernba-
HUAM Yucia pa3duenuii N; Mbl He 3HAJIU, OMHMOAETCI JI AJITOPUTM a = pX Ha 00beKTe I;,
" cJeaa i 30bITOYHO CUJIbHOE MECCUMUCTUIHOE ITPEIIOIOKEHIe, ITO OH BCEria Ha HEM
ommbaercsd. Ecim ke ydecTh, KaK UMEHHO aJTOPUTM @ OIPEJEessieTcs 10 BhIOOpKe X,
TO BO3MOXKHO IOJIYIUTH TOUHBIE OIEHKHU.

Bseném cieyrorue omnpe/iesieHus.

Huotcran obracmov odbekTa x; — 3TO MHOYKECTBO BCEX OOBEKTOB & TaKHUX, UTO T < X;.

Bepznaa obaracms 06bekTa x; — 3TO MHOKECTBO BCEX OOBEKTOB T TaKUX, UTO T; < .

Jlotryctrm, 9T0 BhIOOpKA X MOHOTOHHA. Toraa 000 MOHOTOHHBIH aJITOPUTM @ TIpa-
BUJILHO KJIACCU(UIIUPYET BCe OOBEKTHI, O IAIoNIe B HUZKHIE 00,1acTi 00y Iatonux 00b-
exToB Kjacca 0 u B Bepxuue obactu obydaromux o6beKToB Kiaacca 1, cu. puc. 14.1 (6).
[Ipo ocrabHbIE OOBEKTHI OY/IEM TOBOPUTH, UTO OHU AEHCAM 6 3430pe MEXKIY HIKHIMUI
1 BEpXHUMH 00JIacTsIME 00y daronux 00bekToB. Kiaccudukalims 3Tux 00beKTOB 3aBUCAT
oT KOHCTpyKImu ajropurma a. Ha puc. 14.1 (6) mokasana ojiHa U3 BO3MOXKHBIX peaJin3a-
nmit ajgropurMma a. Ha puc. 14.2 nokaszanbl JiBa KpailHUX ciydad — KOIJIa BCe OObEKTHI,



JIeZKAIKe B 3a30pe, oTHOcATCd b0 K Kiaaccy 0, yimbo K Kinaccy 1. Hauném ¢ aTux kpaitnux
caydaeB, Kak HanboJjiee MpOCThIX.

MoHoToHHbIe knaccudmkaTopbl Mo rpaHuuam 3asopa. Haszosém npodusem moro-
monrocmu Knacca y € Y dbynkimio M, (m), paBHyo 10je 00BbEKTOB KJIacca Y ¢ KIMHOM
MOIITHOCTHM 710

M,(

?J

b' |

i =y|[wi=m]; m=0,...,L—1.

OueBnaHO, cymma mpodueil mo KaaccaM COBIIAIAET ¢ OOMIUM IPOQMUIEM:
M(m) = My(m) + My(m), m=0,...,L—1. (14.5)

Teopema 14.2. FEcyn Bpibopka X MOHOTOHHA U aJIrOPUTM @ = (1X OTHOCHT BCE OO'BEKTHI,
JlezKalme B 3a30pe, K KJaccy Y, TO CIIPABEJINBa TOYHAs OIEHKA

c
CCV (1, X ZMl o C . (14.6)

HokazareabcTBo. [lomycrum, uro agroput™m a = X OTHOCHT BCe OOBEKTHI U3 3a30pa
K kjyaccy y = 0. Torya on jomyckaer ommOKH TOJIBKO Ha TeX OObEeKTax x; U3 3a30pa,
KOTOPBIe MpUHa IIeKaT Kjaaccy 1. s 3rux o0 beKToB unc/io pazouenunii [V;, Ipu KOTOPHIX
v, € X u I(pX,z;) = 1, sorancisterca 1o dopmyae (14.3). Jast ocTagbHBIX 00bEKTOB
u3 3a3opa NV; = 0. Takum obpazom,

N; = Ciflfwi [y(:cz) = 1]-

Hoacrasus N; B (14.2) u Bocnosb3osasimch Toxkaectsom kCY = LCY | nomyuum (14.6)
it caydas y = 0. ArasiormaabiM 00pa3oM mpoBepsieTcs ciaydait y = 1. |

Ecii npeanookuTh, 910 1poduib MOHOTOHHOCTH JIEIUTCs coracHo (14.5) mpumep-
HO IMOPOBHY MEKJIy KJIACCAMU, TO U3 JOKA3aHHON TEOPEMbI cJie/lyeT, 9To orieHka (14.4) st
[IPOM3BOJILHOI'O MeTO/Ia 00yUeHUs 3aBblllleHa IPUOIN3UTeIbHO BIBoe. Ha camom jiesrte ona
3aBBIIIEHA CUJIbHEE, TAK KAK OTHOCUTDL BCE OOBbEKTHI 3a30pa K OJIHOMY KJIACCY — OYEBU/IHO,
He caMag JIydIlasl CTpaTerusl ¢ TOUKH 3peHns obobiatoreit criocoonocTu. MaTyums moi-
CKa3bIBAET, YTO ONTUMAJILHOE Pa3/ie/IeHne JI0JIZKHO ITPOXOJIUTh IOCEepe/InHe 3a30pa. To-
ObI IPOBEPUTD TY TUIIOTE3Y, HEOOXOINMO CPABHUTH METO/IbI 00y UeHUs, KOTOPhIE TTPOBOISAT
Pa3IeJISIIONIYI0 TIOBEPXHOCTD 110 TPAHUIIAM 33304, 110 Cepe/InHe 3a30pa Wi (i1 60JIbIIeit
OBIIHOCT]) 110 3a/[aHHOMY OTHOIIIEHUIO PACCTOSIHUIT 10 HUKHEH W BEpXHE TDaHMUIL.

Tounas onenka CCV 1 ciydast pasjiesleHns 110 cepeInHe 3a30pa oy deHa [amHoi
Maxwunoii B [62].

MoHoToHHbIe kKnaccudukaTopbl MO PacCcToSHUAM A0 rpaHuy, 3a3opa. Onpejenmm
JIJTsT TPOM3BOJIBHOM Hapbl 00bEeKTOB &, u € X paccrosgHue (X, u) MexK/y HUKHel 00J1acThio
o0beKTa * U BepxHeil o0acThio o0bekTa u. [lorpedyem, uTobbl dDyHKIMS 7 00J18/1a78
CJIeJIYIONUMU CBOMCTBAMU:
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Puc. 14.3. Monoronubie (yHKIHH, TPOXOJISAIIUE Y€pPe3 TOYKM MOHOTOHHOH 00yda-

formeit BoiGopku B R?: (a) asropurM kimaccudukammm a(xr), (6) nenpepbiBHas byHK-
nust b(x). CTyneHvaTbIMU JIMHASIME [TOKA3aHbl HUZKHSAS U BEPXHsIs IPAHUIIBI 3a30DA.
1) r(x,u) = 0 Torja n TOJLKO TOTJA, KOIJA T = U;
2) r(x,u) e Bo3pacraer 1o x He yObIBAET IO U.

Oyuknuro 7(x, 1) MOKHO HHTEPIPETUPOBATH TAKKe U KaK PACCTOsTHIE OT 00beKTa T
JIO BepXHeil 00J1acTu U, U KaK PaccTogHue oT 00beKTa U J0 HUXKHel 0biacTh .
Paccmorpum airopurMm Ostmkaiiniero cocea a = puX,

— 3 /
a(r) = y(arg min p(, 2')),

(14.7)
onpeseus GyHKnuo paccroguus p(x, x') or kiaccudunupyemMoro oobekTa r J10 00beKTa
obyualomieit Boibopku ' € X Kak paccrostHue JIo ero HuzKHeil obiacru, eciu y(z') = 0,
1 JI0 ero BepxHeit obsactu, ecan y(z') = 1:
, (I =X, x), y@)=0,
p(z,2') =
Ar(z,x'), y(z') =1,

riae A € (0, 1) onpeiesisier moyIoKeHne pasiessaolieii TOBePXHOCTH BHYTPH 3a30pa:

npu A — 0 pasesdronias TOBePXHOCTh IIPOXOIUT 110 HUXKHEH IpaHuIle 3a30pa, U Bce
00BEKTHI U3 3a30Pa OTHOCATCA K Kjaccy 1;

npu A — 1 pazjensronias MOBEPXHOCTD ITPOXO/INT 110 BEPXHEN I'PAHUIlE 3a30Pa, U BCe
00bEeKTHI U3 3a30pa OTHOCATCH K Kiaccy 0;

npu A = % pasesIsIIonast MOBEPXHOCTD IIPOXOJUT TTOCEpeHe 3a30pa, puc. 14.3 (a).
[Ipu kpaitanx sHadenusx A € {0,1} dyHKIUA p MOXKET HPUHUMATH MHHUMAJbHOE

a
snadenre () OJJHOBPEMEHHO Ha 00ydalonnX 00beKTaX Pas3sHbIX KJIACCOB, YTO OyJeT TPUBO-

JIITh K HEOJIHO3HAYHOCTH BbIOOpa Kiacca B (14.7). HeosHo3HAYHOCTH He BO3HUKHET, €CJIH
6parb Kpaitaue 3Hadenus {\g, 1 — Ao} Ipu HEKOTOPOM A, OUeHDb OJIM3KOM K HYJIIO.
A], rae b(z)

Asroputym (14.7) MOXKHO OIpEIENUTh IKBHBAJIECHTHBIM 00pa3oM Kak a(x)

= [b(z) >
OTHOCHTEJIbHOE PaccTostHue J10 OsmKaiinieit HuxkHeil obractu, puc. 14.3 (6):
do(z) .
b(x) = d = !
@) = 2@ +a@ oW %]ff%?(op (z,2), ex
y(a')=

di(x) = min p(x,2).
y(a')=1
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Teopema 14.3. Ilycrs BeiGOpka X MoHOTOHHA, QYHKIHS T (T, U) Y/JOBJIETBOPSET CBOIM-
cream 1) n 2). Torga ¢ynxnnu a(x) nb(x) MOHOTOHHO He yOBIBAIOT IO X U MIPOXOJAT Y€Pe3
roukn o0y daromeii Beroopku: a(x) = b(x) = y(x) mist Bcex x € X, npu srom pyuxmst b(x)
HelpephIBHA.

JlokazarenbeTBO MOXKHO HaiiTh B [18].

Tounas onerra CCV st asroputma (14.7) maérest Toii xxe Teopemoii 13.1, 1o u s
00BIYHOTO MeTO/Ia OJimzKaiiniero cocea. ToOUHO Tak ¥Ke KazKJIblil 00bEKT X; MOPOK AT yIIO-
psJloUeHre BCeX 00bEKTOB I'eHepasibHOI BBLIOOPKH 10 HEYOBIBAHUIO PACCTOSHUI 10 HEro,
U TOYHO TaK ¥Ke OINpPeJIeIseTcs IPOMuiib KOMIAKTHOCTH.

B3aumocBs3b Mexxay npounasiMm KOMNakKTHOCTU U MOHOTOHHOCTU. [lokazkem, 4To

BepxHss ornerka CCV o npoduso MoHoToHHOCTH (14.4) MOXKeT OBITH MOJIyYeHA B Pe-

sysbrare ocaabmenns Tounoil orenkn CCV 1o npodmno komnakraocTr (13.1).
3amnuiiemM TOYHYIO OIEHKY:

CCV = iK( Citm _ fleI (m)L:ll*m
_m:1 CLil - I . m\+1 Cg ’

rie I, (x;) — uHIIKATOp OMMOKHN Ha O0BEKTE T;, eCIH KJIACCUDUIMPOBATH €ro 10 1M-My
coceny. Bee obbekThl © u3 kimna W sBigiores nepsbivu w; = |W;| Gumkaiimumu co-
cesiaMu 0ObEKTa T;, TIOCKOJIbKY JIJIsT HUX ¥ TOJIBKO JIJI HUX PACCTOsTHUS p(X;, T) PABHBI
Hy/1t0. OObEKTHI U3 KJIMHA TPUHAJJIEZKAT TOMY YKe KJIACCy, 9TO U CaM I;, CJIe0BaTe/IbHO,
Li(z;) = -+ = Ly(z;) = 0. OgHako, Haunaast ¢ (m + 1)-ro cocesia, MOIyT BO3HHKATH
omubku. Takum 0O6pa3oM, crpaBeInBa BepXHsA OleHKa Jisd [,

m—1

L) < [w; <m] =

)
IS
3
I
\’H
=~
L

s=0

[Toacrasum a1y orerky B popmyny mig CCV u cuenaeM psiji IpeoOpa3soBaHMii:

k 1 L m-—1 C
o L— 1 m
CCV < Z T Z [w; = s|]——" T
m=1 =1 s=0
k. m—1 L
1 ct-
_ - [wz o ] L— 1 mo__
k—1 k
_ Z Z M(S) CYL 1-m
s=0 m=s+1 CL*
k—1 1 k—1
NV clol4 M (m) 1=
— ( >C ( L 2 s — ﬁ_l

[Tocie/iHee BhIpazKeHue COBIAJAET ¢ BepxHeil onenkoit (14.4).



PaccTosiHusa oo BepxHux n HMXHUX obnacTeii. Paccmorpun ojinH ecTeCTBEHHBIN CITO-
cob ompeienTh (YHKIMIO 7', MPeJJIOXKeHHbI B [18] 171 mocTpoeHnsi MOHOTOHHBIX KOD-
pexkTupytomnux oneparuii. [Iycth 00beKTHI 38/1a10TCH 1-MEPHBIMU YHCJIOBBIMU BEKTOPAMH,

XCcR z=(z4...,2"), u=(u',... u"). [Tonoxum
_ 1 1 n n

T(JZ,U) —QD((U -z )+,...,(U -z )+)a
IJIe MHJEKC «+» 0003HAuaeT ollepalnuio cpeskn: zy = z - [z > 0]; dyukuua ¢(z, ..., 2")
He yObiBaer Ha Beeil obsactu onpejenenus [0, +00)" U OpUHUMAET HYJIEBOE 3HAYEHHE
o(zt,...,2") =0 Torua u ToabKO TOra, Korja 2t = - = 2" = (.

B kauecTse QyHKIMI ¢ HOJXOAAT: Makcumym max(zl, ..., 2"), cymma 2t + -+ + 27,

1 :

p-HOpMa, ((zl)p + -+ (z")p) P | 9UCJI0 HEHYJIEBBIX apr'yMEHTOB #{z: Z2' > O}. [Ipousse te-
Hue 21 -+ 2" u MuHEMYM min(z!, ..., 2") He NOJXOAAT, TaK KaK OHM NPUHUMAIOT HYJICBbIE
3HaveHust He TOJIbKO B Touke (0, ...,0).

BoccTaHoBneHMe 4acTMYHO 3aJaHHbIX MOHOTOHHbIX OyneBbix doyHkuui. Ilycrs
06beKThI onuchiBaroTcsa n Gurapabivu npusHakamu, X C {0, 1}". Torma 3amaga mocTpo-
eHus MOHOTOHHOIO KJiaccuuKaTopa COBIAJIAeT ¢ U3BECTHON 3ajiavueil Teopuu OyJIeBbIX
yHKIHUIT 0 BOCCTAHOBJIEHUN YACTHYHO 3aJIAHHON MOHOTOHHO# OyseBoit dynkimu. Cran-
JIapTHBIE aJITOPUTMbI, PEMIAIOIINE JAHHYIO 33121y, OOBITHO OCHOBAHBI Ha, JIONMOJTHATETHHOM
TpebGOoBaHNI MIUHIMU3UPOBATH CJIOXKHOCTD HOJTydaemoii Oysesoit dyukimn a(z) [24]. Kpu-
Tepuii obobrmaromeit ciocobroctrn CCV gBjsieTcss HOBBIM B JaHHON 3a1ad9e.

JlonotHuTeIbHOE 3aTPY/IHEHNE CBA3aHO C TE€M, YTO €CTECTBEHHOE B JAHHOM CJIydae
paccrosgraue XsmmuHra p(x, ') npuHEMaeT IUCKPeTHBIH Habop 3HadeHuii 0, . .., n, 910 He
[03BOJISIET OJTHO3HAYHO PAHKUPOBATH COCEIEH U ONpeessaTh Y (L, ) — KIacc m-ro coceia
obbekTa x;. B pesynbrare MoHOTOHHBIE KiIaccuduraTopsl Buja (14.7) MOryT OTiIHIaThCst
Ha 00beKTax, paBHOYIAJIEHHBIX OT I'paHull Kiaccos 0 u 1.

st moyuenust Bepxueit ornenku CCV paccMOTpUM MECCUMUCTUYHBINA METOJT, 00y de-
HUST [L,,, KOTOPBIil CTPOUT Kj1accudukarop fi,(X ), omubaromuiicst Ha BCeX TaKUX 00bEeKTax.

Hikasist oreHKa mMoJIydaercs Jijid ONTUMICTHIHOTO METOJA (i, IPH KOTOPOM fi(X)
[IPaBUJIBHO KJIACCUPUIIUPYET BCE TaKhe 00bEKThI.

s kaxkoro z; € X onpeenum byHKIUE He09uc/ieHHoro aprymerta v € {0,... n}:
z;€X\w;

si(0) = Y [oalmi z;) = (14 X = 2500 [1s # vy
z;eX\z;

pi(v) = Z [p,\(:ci,:cj) =(1+X- Qyi)\)'u] [yi = yj}.

z;eX\z;
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(a) (0)

Puc. 14.4. 3asucumocts C, u Cp or A npu ¢ = k =100, n = 15: (a) BbIbOpKa ¢ IIH-
POKHUM 3a30poM U 4ucjioM o0bekToB B Kiaccax (100,100); (6) Bbibopka ¢ 3a30pom
ca1oxkHOi popMbl 1 HecbatancupoBanubME Kiaccamu (150, 50).

Teopema 14.4 (|22]). IIycrp Bbibopka X wmonoronna. Torma C, = C(p,,X) <
C(p, X) < Cpyp, X) = C,, e

Ct vt — Chs,
i(v)— L—ti(v)—si(v)—
C ZZ kcé

L

=1 v=0

OL

C ZZ L ti(v)—pi(v)— kc]{

=1 v=0

—s4(v)—pi(v)—1 '

YucneHHubin akcnepumeHT. llenb skcepuMmenTa — MPOBEPUTH MIIOTE3Y, UTO ITPOBEJIE-
HIe pas3/Ie/Isolieil moBepxHocTy nocepe/uae 3a3opa (A = 0) muanmusupyer CCV.
OKCIIEPUMEHT TTPOBOJIMJICS Ha OMHAPHBIX MOJEIBHBIX JAHHBIX, IIPU PA3IUIHBIX 3HA-
qeHusix n, L, {, mpu pa3andHoii cbaIaHCHPOBAHHOCTH KJIACCOB, IIPH PA3/JInIHON hopme 3a-
3opa. [IpakTrdeckn Bo Bcex SKCIEPUMEHTAX HaOJII0A/ICs I6TKO BBIPAYKEHHBI MUHUMYM
CCV mpu A = 0, npu stom onerku C, u C), 6pum ouenb Oamsku, puc. 14.4. B 3amagax
¢ MaJIbIMU BBIOOPKAMU WJIM CYIIECTBEHHO HecOaIaHCUPOBAHHBIMH KJIACCAMU ITOJIOXKEHHE

MHHHMYMa MHOT/Ia HESHAYUTEJIbHO OTJINYaJIOCh OT A=0.

Pe3iome

Jl1s1 MOHOTOHHBIX AJITOPUTMOB Kjaccudukanuu Bepxuss onenka CCV BbIpazkaercs
Jepe3 NMpoduIb MOHOTOHHOCTU BHIOOPKHU, XapaKTEepU3YIOMHil IIJIOTHOCTH OTHOIIEHUS 10~
psJiKa BOJIM3U I'PAHUIIBI KJIACCOB WJIU CTEIEHb COIVIACOBAHHOCTU OIPAHUYEHUST MOHOTOH-
HocTH ¢ HabJo/1aeMoil BEIOOpKO#t. Tounble OleHKH TaKKe MOI'YT OBITH MOJIYU€HbI, HO JIJIst
9TOr0 HEOOXO/IMMO YUUTBHIBATH KOHCTPYKITUIO MOHOTOHHOIO Kjaccudukaropa. s Mmono-
TOHHOI'O MeTOja OJIMZKAIIIEro coceia yJAaeTcs MOJIYyIUTh TOYHBIE OIEHKH U 00OCHOBATH
IIPOBEJICHNE Pa3JIe/IdIoNniell MOBEPXHOCTH IIOCEPEIMHE 3a30pa MEZK Ly KJIaCCaMU.

Ynpa>kHeHust

Bamaua 14.1 (2). O606muTs Teopemy 14.2 Ha ciaydaii, Korjia BeIOOpKa He 0653aTeIbHO
MOHOTOHHA.

Bamava 14.2 (1). Jlokasars Teopemy 14.3.
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Bamaua 14.3 (2). s corydasi, Korjia BbIOOPKa He 06s3aTeIbHO MOHOTOHHA, O0OOIITUTH
MOHOTOHHBI Kiaccudukarop Oimkaiiniero cocena (14.7) u reopemy 14.3.

Bamaua 14.4 (3*). [na caydas, Korja BeIOOPKa He 00s13aT€JIbHO MOHOTOHHA, BBIBECTH
BepxHIO0 oreHky CCV 1o nmpoduiio MoHOTOHHOCTH 1epe3 TouHyio oreHKy CCV mo mpo-
buI0 KOMITAKTHOCTH.

Bamaua 14.5 (4). [okaszarb reopemy 14.4.



15 [Nlpunoxenune.
O koMbuHaTOpHOI Teopuun nepeocdyveHUs

DT 3aMEeTKHU aJIPeCOBAHBI, IJIABHBIM 00PAa30M, CTYIeHTaM U aCIIMPAHTAM, BHIODABIIIIM
KOMOMHATOPHYIO TEOPUIO ITepeobyUueHns] B Ka4eCTBE TeMbl CBOE HAYYHO-UCC/IeI0BATE b
cKOit paboTbl. Bo3MoKHO, OHE Oy/IyT IOJI€3HBI U TeM, KTO MHTEPECYeTCsl MEeTOI0JI0Tnei
HAYYIHOI'O UCCJIEJIOBAHNA. 3J1€Ch B XPOHOJIOIMYECKOM TOPSJIKE PACCKA3BIBAETCS O TOM, KaK
BO3HUKAJIM W PeNIanuch 3aJla9i, pacCCMOTPEHHbIE B JIAHHOM KypCe JIEKITHII.

Bo BcgkoM mcc/ieIoBaHUN TIPEJIIIECTBYIONNE PE3YIbTATHI, KaK MOJIOKUTETbHBIE, TaK
U OTpHUIATE/IbHBIE, MOJICKA3BIBAIOT HAIlpaBJICHHUE JIAJILHEHINX MOUCKOB. VHOrIa MOXKHO
HE 3aMETUTh ITU IOJICKA3KH M MOTEPSTh TOJbI, UMes Pe3yabTaT OYKBAJILHO I10J HOCOM.
MpbI yunmcest 3aMedaTh UX Ha COOCTBEHHBIX W UyKUX OIMMrOKax. CauTaercs, 9TO STOT OIbIT
UH/IBUJIyaJIEH U [IEPEIaéTCs OT YUUTeNd K yIeHUKY B Ipoliecce padoTel. B obacTtu ana-
JIN3a JIAHHBIX U MAITUHHOTO OOyYeHMs KBUHTICCEHIINsT 9TOTO OIBITA BBIPAYKAETCA «AJITO-
purmoMm HUP», KOTOpBIt COCTONT B CJIEIYIONIEM: Ha KaXKJOM Iare BBITIOJTHAETCS OJINH U3
IIECTH BUJIOB PA0OT; BCe OHM BasKHbBI, HU OJIMH U3 HUX HEJIb3sl CUCTEMATUIECKU IPOIIYC-
KaTh; IIOCJEe/0BATETHbHOCTD UX BBIMOJTHEHNUS HE CTOJIb BaXKHA U BLIOMPAETCS 10 CUTYaIUH:

1) morpy:keHue B COBPEMEHHYIO (B OCHOBHOM AHIVIOSI3bIUHYIO) HAYIHYIO JTUTEPATYPY;

[\

) pellleHre MPOCThIX YaCTHBIX 3a/1a4, JIazKe eCJIH OHU Ha, [IePBBIi B3TJIs1/] GECIIOIe3HbI;

w

) depejioBaHUe TEOPETUIECKUX HCCIIEOBAHNUIT ¢ IKCIIEPUMEHTAMY;

W

) qgepeJjoBaHue ITOIbITOK PEHIUTDb 3a/a4y C IIOIIbITKaMW USMEHUTDH eé IIOCTaHOBKY;

ot

) gepeJoBaHne CaMOCTOATE/IbHBIX paSMI)IHlJIeHI/Iﬁ C ceMHHapaM1 1 O6CY}K,ZLGHI/IHMI/I;
6) yiupomeHue obo3HadYeHni 1 J0Ka3aTe/IbCTB, IIOUCK yﬂaquﬁ TEPMUHOJIOI'NHA.

[IpakTuvaeckn It KarkJI0ro IyHKTa MOXKHO BCIIOMHUTB CJIydad, KOTJIa MUMEHHO 3Ta
paboTa 1oMOIJIa BBIBECTH HCC/Ie0BaHNe U3 3aTsHYBIerocd Tynnka. im, Haobopot, Korjia
TYIUK BO3HHUKAJ U3-38 TOI'O, 9YTO KaKas-TO U3 TUX PadOT IOI0JITY OTKJIaIbIBAJIaCh.

§15.1 [locTaHoBka 3agaun

«3a/1a1ua BOCCTAHOBJICHUS 3aBUCUMOCTEH 110 SMITMPUICCKUM JIAHHBIM ObLiIa 1, BEPO-
SITHO, Beerja Oy/JIeT NMEeHTPaJbHON B IPUKJIAIHOM aHAU3e. JTa 3ajada dBJIsAeTCsd MaTe-
MaTUYIeCcKOil MHTepIperalneil 0HO 13 OCHOBHBIX HPOOJIEM eCTeCTBO3HAHU: KaK HalTh

CYTIECTBYIONILYIO 3aKOHOMEPHOCTH 0 pa3po3HeHHbIM (akTtam.» — B. H. Bannuk [3].

1991 rop. Ucxojnada 3aja4a, moctaBjieHHas MOUM HAy4YHBIM pyKoBojuTeseM KoHcTan-
tuaoM Biajmvuposutdem PynakosbiM, kKorya g ObL1 cTyjieHTOM Tperhero kKypca MOTU,
cocrosiia B cieyiomeM. Heobxoaumo 66110 usyantsh paborst B. JI. Marpocosa [64, 65, 66],
B KOTOPBIX JIOKA3bIBAJIOCH, YTO KOPPEKTHBIE ajredpaniecKue 3aMbIKaHUs HaJ| aJIlOPUTMa-
MU BBIYHC/ICHUSA OIEHOK MMEIOT KOHEYHYIO EMKOCTD, CJIEJ0BATEIHHO, 00yIaeMbl COTJIACHO
reopun B.H.Bannuka n A. 9. Yepsonenkuca (VC-teopun). Sarem HaJI0 ObLIO H3yYNThH
paborer camoro K. B. Pynakosa [115], B KOTOPBIX MOKA3bIBAJIOCH, UTO MOYKHO CTPOUTH AJl-
rebpandeckne 3aMbIKaHUsl Topa3/io MeHblneil crermenu, o uéM B.JI. Marpocos B mavasie



80-x 3HaTh HUKaK He MOr. [losTomy pesysbrarst B. JI. MarpocoBa MOXKHO yIydIIUTh, 9TO
MHE W IIPEJJIAarajioch CeIaTh.

Pazobpasiuch, s He TIOHA IJIABHOTO — 3a4eM HYKHbI OIIEHKH, KOTOPbIe HEBO3MOXKHO
UCII0JIH30BaTh Ha HpakTuke. /lemo okazasoch B ToMm, uTo VC-OIIEHKH, HA KOTOPBIE OIIH-
pasca B.JI. MaTpocoB, HACTOJIBKO 3aBBIIIEHBI, YTO UX MOYKHO JIMIIL MHTEPIPETUPOBATH
Ka4eCTBEHHO — €MKOCTh KOHEYHA, 3HAYUT 00y4aeMOoCTh ecTh. MaJjiasg BepOATHOCTD OIIHO-
KU Teopueil rapaHTupyercs, HO, coryiacHo VC-OIleHKaM, JIOCTUraeTcs Ha BBIOOPKAX JIJIN-
HBI MOPSJIKa MIIJINAPJAOB. B TO Ke BpeMs M3BECTHO, UYTO IPaKTUYECKNe 3aJauu BIIOJHE
YCIIEITHO PENIaloTcs Ha BHIOOPKAX U3 COTEH a MHOIJIA U JIECATKOB OOHEKTOB.

Yacraaa 3ajada yIydIllleHUs 3aBeJOMO 3aBBIINIEHHON OIEHKH B TOT MOMEHT IIOTe-
pda Jiyisi MeHs Beskuii cMmbicy. [IpobJieMa 3aBBINEHHOCTH CKPBIBAJIACH TJIE-TO BHYTPHU

VC-reopun, u e€ perenne IpeacTaB/IAIOCh TOpa3a0 0ojee BayKHBIM.

§15.2 [lonroe tontaHune Ha mecTe

1991-1995. Ilo Boipaxkenuio [loiist, B /11000t Teopun MMeeTCs HeEKas «CKPBITas JIBU-
JKyTIas MPyKUHA», TVIABHBIH MOMEHT JOKA3aTeIbCTBA, «B KOTOPBIN BCE U MPOUCXOIUT .
Buumaresibnoe nzydenne pador Bannuka n YepBoHEeHKHCA TOKA3aJ10, YTO TAKONH MOMEHT
JIEHCTBUTENIBHO €CTh W HAXOJUTCS B €JMHCTBEHHOI Teopeme (cTp. 48), Tiie JeaiTcs Han-
boJtee Tpybble oreHKn cBepxy. OcTajibHas TeopHs HUKOUM OOPa3soM He CBA3aHA C IIPO-
6J1eMoil 3aBbIIIIEHHOCTU. VIHTEPECHO, YTO 9TOT MOMEHT JIOKA3aTeTbCTBA UMEET YUCTO KOM-
OMHATOPHYIO NMPUPOY. BepodgTHOoCTHAST Mepa MCHOJIB3YETCs JIUIIb JIJIs TOTO, YTOOBI ITe-
peBecTn KOMOMHATOPHBIN 10 CYTH Pe3yJIbTAT HA BEPOATHOCTHBIN #A3BIK. FKC/IM OYMCTUTH
JIOKa3aTe/IbCTBO OT BTOPOCTEIEHHBIX JIeTaJIeil, TO CTAHeT BUJIHO, YTO HA CAMOM JieJie OIle-
HUBaeTCd KOMOMHATOPHAS BeJIMYNHA, OlpeiesisgeMas ciaeayomumM obpazom. [lycrs 3amana
KOHEYHAs T'eHepaJibHas BHIDOPKa 0OHEKTOB U PACCMATPHUBAIOTCS BCe €€ pa3sOUeHus Ha JBE
[I0/IBBLIOOPKHU, OOYHAIONIYI0O U KOHTPOJIBHYIO. 3aJIaH0 CEeMeCTBO aJI'OPUTMOB, B KOTOPOM
MBI HaJIeeMCd HAWTHU aJrOpuTM, JOIyCKaIomuii MaJjo omubok. HazoséM pasduenue 1io-
XUM, €CJIH B CeMelCTBe CYIIeCTBYeT aJrOPUTM, Y KOTOPOrO pa3HOCTb YacCTOThI OMIMOOK
Ha KOHTPOJIE U Ha OOYYeHUU IPEeBBIIaeT 3aJanublii mopor. o mioxux pasouenuit —
9TO U €CTh TOT OCHOBHOM (PYHKITMOHAJ KAdecTBa, BOKPYT KoToporo crpoutcs VC-teopus,
u J1s KoToporo nosydena Bepxuss VC-orenka. OH HazbiBaeTcs DyHKITMOHAJIOM BEPOSIT-
HOCTHU OOJIBITIONO PABHOMEPHOI'O OTKJIOHEHUSI YACTOT OIMMUOOK B JIBYX BBIOOPKAX.
Koncrantun Birajumuposud He pa3 roBopuJsi, 4ToO Ha IIPAKTUKE peIleHne 3a/1a9 pac-
[IO3HABAHUS [TPOUCXOIUT HE TaK, U HUKOMY He IPHUJIET B T'OJIOBY IepeOUpaTh alrOPUTMbI
U UCKATh CPEJIM HUX IIJIOXHE — C MAJIBIM YHUCJIOM OIMUOOK Ha 00yueHnn u OOIBITNM HA KOH-
Tposte. Ha mpakTuKe IPUMEHSIFOT HEKOTOPBIN MeTo/ 0OyUueHusi (HACTPOHKM TapaMeTpoB)
AJITOPUTMA, ITOOBI 110 33/IAaHHOM 00yYaloIeil BHIOOPKE MOJIyYUTh OJUH KOHKPETHBIH aJro-
putM. [TosTomy Gosiee ajieKBATHBIM (DYHKITMOHAJIOM SBJIAETCH JI0JId pa30ueHnii BLIOOPKH,
[IPU KOTOPBIX IMOJIyYeHHBIN aJrOpUTM 11epeo0ydeH, TO eCTh PA3HOCTh YaCTOTHI €r0 OMUOO0K
Ha KOHTPOJIE U Ha OOyUYEHUH MPEBbINIaeT 3aJaHublil Topor. Takoil (byHKIIMOHAJ BIIOCIEI-
cTBUM ObLT Ha3BaH 6epoAMHOCLI0 nepeobyyuerus (crp.12). OUeBUIHO, 9TO OH OIEHMU-
BaeTCst cBepxy (DYHKIIMOHAJIOM BEPOSTHOCTH OOJIBIIIOTO PABHOMEPHOTrO OTKJIoHeHus (5.1),



3HAYUT, JJIsI Hero Takske cupaseymBa VC-ornenka. OIHAKO BEPOSITHOCTH MI€PEOOYIeHNUsT
3aBUCUT OT BBIOOPKH U OT MeTojia oOyuenusd. [loTeHuaibHo 9TO TaéT BOZMOXKHOCTD KaK-
TO YYUTBIBATh WM JIayKe ONTUMU3UPOBATH METOJ, OOYIEeHU.

Ha Tom sTare HIKAKOTO HOBOTO pe3yJbTaTa 1o cyinecTBy He ObL10. Kitiouesas Teope-
Ma VC-Teopun OblLTa Tiepenucana Ha JIPYTOM sA3bIKe, 0oJiee JJAKOHUYHOM U eCTECTBEHHOM
(cTp. 48). D10 MOKHO OBLIO HHTEPIPETUPOBATH U KaK OCIa0JIeHne aKCHOMATHKHI C COXPa-
HEHUEM PE3YJIbTaTOB: 110 KJIACCUKE TTPEJIIOIAraI0Ch, YTO OOBEKTHI BHIOMPAIOTCA CJIYIaiHO
U HE3ABUCHMO M3 HEKOTOPOI'O CYIIECTBYIOIIEr0, HO HEU3BECTHOI'O PaCIpe/IesIeHns] B IIPO-
cTpaHCcTBe OOBLEKTOB; TElEPh K€ JIOCTATOYHO IIPEJIINOJIaraTh, YTO BHIOOPKA ITPOU3BOJILHA
U HecJoydaiiHa, 3aTO Bce €€ pasdueHus CJIydailHbl U pPaBHOBEPOATHBI. DakTuvuecku, n3
Habopa KJIACCHYIECKNX BEPOSTHOCTHBIX JIOMYINEHNN OCTaBaJIOCh TOJBKO IIPE/IIOIOKEHNE
0 HE3ABUCUMOCTH OOBEKTOB BBIOOPKH. DTH COOOparKeHUsi BIIEPBbIE OBLIN JIOJOKEHBI HA
kondepenniuu MMPO-7 B 1995 romy.

1995-2005. /lokazaTeabCTBO OCHOBHOI T€OPEMbBI CO BpEMEHEM YIAJIOCH YKaTh OyKBAJILHO
J10 TPEx cTpok. OJIHAKO MOIBITKH HAIIPABUTH €ro B JIPYTrOe PYCJIO OCTABAJIUCH OECILIOJN-
HbIMU. BoO3HUKaBIIME Wien depe3 HEKOTOPOe BPeMsl MOWCKOB B MHTEPHETE HAXOIUJIUCH
B ctaTbax H—10-j1eTHeil JaBHOCTH, BCe 0 €IMHOM, 1, KaK IIPaBUJIO, OHA y:Ke ObLIN J0CTa-
TOYHO I1yOOKO TIpopaboTanbl! O4ueBuIHO, 1 OBLT B 9TOI IpobJieMe He OJINH, 1 De3HaIEXKHO
orcraBaJl. MHOroe y»e ObLIO CIIEJIAHO, OCTABAJIOCH TOJHKO Y3HABATH, KAK 9TO HA3bIBA-
ercsd no-anrymiicku. ONEHKHU, MCIOJIb3YIoNe NH(MOPMAIMIO U3 00yUarolieil BLIOOPKU —
data dependent bounds. Metoj obyvenust — learning algorithm. Ornenku mo jgByM KO-
HeYHBIM BbIOOpKaM — transductive bounds. VYirydiienue orneHok B Iporiecce o0ydeHUs
3a CYET MOCTEIeHHOro cyzKenus cemeiicrsa — self-bounding algorithms [54]. Yuér Tomn-
KO 9aCTU aJI'OPUTMOB C HEBBICOKMM ypoBHeM ommbok — algorithmic luckiness [59], shell
bounds |77, 76]. Tounas oneHKa MOJHOIO CKOJIB3AIIEr0 KOHTPOJISA I MeTojia OiimzKaii-
mero cocega — complete cross validation [83]. U tak naee. ..

Haydaroe cool1miecTBo yrKe 0CO3HAIO MPUIUHBI 3aBbIeHHOCTH VC-0IeHOK 1 aKTHBHO
nckajio Hosble myTu. [IpaBma, Bce dyzKue pe3ybTaThl TAKXKE OCTABJISAJINA UyBCTBO INTy0O-
KOl HEeyJIOBJIETBOPEHHOCTH. B KaKOil-TO MOMEHT MPOU3O0IIE]T OTKA3 OT KOMOMHATOPHBIX
METOJIOB B I0JIb3Yy O0Jjiee CJI0YKHOTO MaTeMaTHIecKoro ammnapara (byHKIIMOHAJIHLHOIO aHa-
JIA3a U TEOPUH KOHIIEHTPAINH BEPOsITHOCTHOI Mephl |78, 37|. OneHkn yirydimainch, HO BCé
JK€ OCTaBAJIMCH 3aBBIEHHBIME Ha TOPAJIKHU. /loKazaTe/beTBa YCIOKHAIUCH, U CTAHOBU-
JIOCH BCE Tpy/iHEe TPOCIEIUTh, B KAKUX MECTaX BO3HUKAIOT «yTE€IKU TOYHOCTH». 3ajada
[OJIyY€HUs] TOYHDLIX OIEHOK JIa’Ke He CTaBUJIACh, [0 BCEl BUJIMMOCTH, KAaK ITOJTHOCTHIO
besnaéxuasg. OOBIYHO pedb IIjIa JINIIb O 3aXKAThIX, TO €CTh HE CUJILHO 3aBBIIIEHHBIX,

orenkax (tight bounds) [76, 92, 25].

§15.3 DkcnepumeHTbl C NnepeobyyeHnem

2005 rop. Eciam mpobiiema He perraercss TeOPeTUYeCcKd, TO ¢ Heil HaJlo 1monpodoBaTh
pasobparbest sKcrepumenTaabio. VC-onenka (5.2) mpejcraBiger coboil MPOM3BeIeHIe
JBYX coMHOXKUTe e, [lepBoiit — koagduyuenm pasnoobpasus (shattering coefficient) ce-



MelCTBa, PABHBIN MaKCUMAJILHOMY YHUCJIY Pa3/IMYHLIX OMHAPHBIX BEKTOPOB OIMIUOOK, I10O-
POXKJIAEMBIX AJITOPUTMAMU CeMeliCTBa Ha TeHepaJIbHOI BEIOOPKe (i-5 KOOp/IMHATA BEKTOPA
ommboK paBHa 1, ecim ajaroput™ omubaercs Ha i-M oobekTe, nHade (). Bropoit comHoxu-
TeJIb, PABHBII BEPOATHOCTU TepeolOydeHrns (PUKCUPOBAHHOTO AJTOPUTMA, JIOBOJIHLHO TOY-
HO ONUCBIBaeTCd (DYHKINEH TUIepreoMeTpruiecKoro pacipeiesieHns. 3aBbIlleH, TJIABHBIM
obpa3oM, IepBbIii COMHOXKHUTE/Ib. BO3HIKAET BOIIPOC, KAKUM JIOJIZKHO OBLIO Obl OBITH 3HA-
JeHne Ko3(hduImeHTa pasHoodpasns, 9ToObl OleHKa OblIa He 3aBBIINIEHHON, a TOYHO?
D10 3HAYEHNE OBLIO HA3BAHO IPPHEKMUSHM AOKANDHHM KOIPHUUUEHMOM PA3HO0ODA3USA
(DJIKP).

Urober uzmeputs DJIKP, 6bu1 niposesién cieytonuit sxkcepument (crp.61). Jlesas
9acTh HEepaBeHCTBA (BEPOATHOCTH Iepeobydenns) oreHnBajgach Merojom Monre-Kapio
110 CJIydaifHOMY TIOJIMHOXKECTBY pas3OMeHuii U JIeJINIach Ha TUIIEPreOMeTPUIECKIIT COMHO-
JKUTEJIb U3 [PaBoil acTu HepaBeHcTBa. g sKcepuMeHToB NCnoJib30Baaach oubjmorexa
JIOTHYIECKUX aJITOPUTMOB Kjaccudukamnmm, pazpaborantas leancom KodenbikoBbiv u AH-
npeeMm MBaxnenko. Pe3ybTarhl 9KCIEPUMEHTOB HA YETBHIPEX PEAIbHBIX 3a/lavax KJIacCh-
dukanmyn ObLIM MIOKUPYIONUMI: HA Ha omHOi u3 3ama4d DJIKP we mpesbicun 10, Torma
KaK OOBIYHBIH K03 DHUIIEeHT pa3Hoobpa3ns Ha TexX ke 3ajadax nMmes nopsaakm 1081011
910 o3Havaso, uTo VC-OIeHKHN 3aBBIIIEHbl HA MHOTO TOPSIKOB. K ObI MbI 3aX0Te N
OIIPEeJIe/INTh MOHATHE 3D MEKTUBHON JIOKAJIBHON EMKOCTH, TO OHa ObLIa Obl BRIPOXKIeHa —
HUKOTJIa He IpeBbImaia 0bl eauHuibl. OTCIOMa BOSHUKAET COMHEHHME B COCTOSTETbHOCTU
U TIOJIE3HOCTH MOHATUSA EMKOCTH JIJIS OTICHOK ITepeolydeHusl.

OTu pe3ysbTaThl He OBLIU NMPUHATHI Ha BEJYINE MeXKIyHAPOIHBbIE KOH(MEPEeHINH
COLT u ALT, ¢ obbsicHeHreM, 9TO TPAHCAYKTUBHAS MOCTAHOBKA 33Jia9i U (DaKT 3aBbl-
menHocTu VC-0IeHOK XOPOITIO U3BECTHBI; TOJIHLKO SKCIEPUMEHTAIBHBIN Pe3yJIbTaT ObLIT HO-
BBIM U MHTEPECHBIM, HO OJIHOTO €r0 He J1ocTaTovHo iyt myoaukanun. Kputnka VC-teopun
ObLTa HEKOHCTPYKTHBHA, HUYIETO HOBOI'O W JIyYIIero B3aMeH He Ipejyrarajaoch. Cracubo
pelleH3eHTaM, yKas3aBIIMM Ha psj| crareil, B ToM uncie Ha paborsr Kosuuuckoro |73,
JIsurdopua [76], Xepbpuua [59], KoTopble JIefcTBUTEIBHO OBLIN YITYIIEHbI.

2006 rog. B xose paboThbl HaJT OIMINOKAMK OIUCAHHBIN SKCIIEPUMEHT ObLI IIepe/ie/iaH TIa-
TesbHee, u MeToiKa onennBanusg JJIKP Obia yenoxkuena. Bo-1iepBbix, HeOoIbIIast 3aBbI-
IMIEHHOCTHh TUIEPreOMEeTPUTIeCKOTO MHOXKUTe sT puBoamia K 3anmkennto DJIKP. Tlocre
HCIIpaBJIeHns Toi omubOKu 3HadeHnsa DJIKP Ha HEKOTOPBIX 3aa1dax MOAPOCIN, HO HIKO-
IJIa He TPEBBIIIA/N JIJINHBI BEIOOPKHU (Ha cTp. 61 moKa3aHbl yiKe UCIPABJICHHBIE DE3YJIbTa-
TbI). Takum 06paszom, BBIBOJL O TOM, 9TO 3DDEeKTUBHAS JIOKAJIbHAST EMKOCTb BBIPOXKJIEHA
U He IPEBBIIAeT eJIUHUIBI, COXpaHdAIcd. Bo-BTOphIX, ObLIN M3MepeHbl (haKTOPHI 3aBbl-
IIIEHHOCTH, TO €CTh IIOTEePsi TOYHOCTH Ha KarKJIOM 3HaKe < B Iernovke HepapeHcTB. CTasio
IIOHSITHO, YTO OCHOBHBIX IPUYNH 3aBBIIIEHHOCTU JIBE — 3TO IIpeHeOperKeHne CBoiicTBaMu
pacc/IoeHnst U CBA3HOCTH, KOTOPBIMH IIPUMEHsIeMbIe Ha, IIPaKTHKe CeMeficTBa aJrOPUTMOB,
KaK MPaBUI0, 00J1a/Iaf0T.

CBOIiCTBO paccaoenus CBSI3aHO € TeM, 9TO B KOHKDPETHOH 3ajade JINIIb HEMHOIHe
AJTOPUTMBbI U3 CEMeCTBa UMET HU3KYIO 9acTOTy OIIMOOK, HO MMEHHO OHHU dallle BCEro



BBIOMPAIOTCsT B pesysbrare o0ydeHnsi. DMMHEKTUBHO HMCIIOIB3YeTCs JINIb MaJias IacTh
CeMEencTBa, B KaxKJI0M 3a1a4e CBO4.

CBOIICTBO €8A3HOCMU TIOSIBJISIETCST U3-38 TOTO, ITO IPUMEHSIEeMbIe Ha MPAKTUKE aJIr0-
PUTMBI, KaK IPaBUJIO, HENPEPBIBHBI 110 napaMerpam. [losroMmy mjis KaK10ro ajaropurma
B ceMeilCcTBe HallJIETCd HEKOTOPOe KOJIMYECTBO JPYTIUX aJTOPUTMOB, Y KOTOPBIX BEKTOPHI
OIMMOOK OTJINIAIOTCA OT JAHHOTO TOJBKO Ha OJHOM 00bekTe. C TOUKM 3peHust mepeolyde-
HUS TIOJIMHOYKECTBO CTOJIb CXOXKHUX aJTOPUTMOB BEJIET Ce0dA «ITOUTH KAK OJIMH aJITOPUTM».

OKCIEPUMEHTDI [TOKA3aJ/IM, UTO CBOMCTBA PACCIOEHUS U CBA3HOCTU MPUMEPHO OJIU-
HAKOBO BAXKHBI JIJIsI CHIKeHUs mepeodydenus. HeBo3MOXKHO MOYyYUTh TOYHBIE OINEHKHU
repeodyvUeHns, yIUThIBas TOJLKO OJMH U3 9TUX JABYX 3(PDDEKTOB. DKCIEPUMEHTHI ITPOBO-
JIMJTUCH Ha, TOM Ke OUOJIMOTeKe JIOTMYECKUX aJrOPUTMOB KJIACCU(DUKAIIMHI, UTO U IIPEJIbI-
nytue, copmectHo ¢ Auapeem BaxueHKo.

OTu pe3yabTaThl ObLIN JIOJIOXKEHBI HA OTKPBITOM TI'€PMAHCKO-DYCCKOM CeMUHApe
OGRW B Or1rnmmnrene B asrycre 2007 roma. I ma sTOT pas HUYEro KOHCTPYKTHBHOI'O
He mpejarajoch. [IoHATHO, 9TO HAJIO YYUTBHIBATH PACC/JIOEHUE U CBA3HOCTH. lloHATHO,
aro VC-ornenkn He yuuTbiBaioT 00a sdhderra. [loraTHO, 9YTO B Teopun CTaTMCTHIECKO-
ro o0y4eHus TMOKa HET T0JIXOJIOB, TTO3BOJIAIONINX YINTHIBATH 00a 3pdekTa 0THOBPEMEHHO
7 JIOCTATOYHO aKKypaTHO. He MOHATHO TOBKO, 9TO /1es1aTh JaJIbIIle.

Anpenb 2007 ropa. Eciu npobiema He perraeTcsd B O0IIeM ciIydae, TO HAJ0 HAYMHATH
C CaAMBIX MPOCTBIX YACTHBIX CJIy4YaeB. 3ajlada O TOYHOH KOMOMHATOPHOI OIEHKE BEPOST-
HOCTHU TIepeobydeHnr Tapbl aJropuTMoB (crp. ??) BO3HUKI/IA CIOHTAHHO M TYT Ke ObLIa
npejjioKena cryjaeHTaM Broporo kypca BMK MI'Y B kavecTBe TECTOBO#l IIpH IOCTYII-
nennn Ha Kadenpy MMII (Maremaruiaeckux MeTon0B MporHo3uposanus). HeoxumanHo
HECKOJIbKO YeJIOBEK €€ OBICTPO PeIuid, HO BCe pelleHus oKasaauch pasubimu. [locie uc-
[IpaBJIEHUS OMUOOK CTAJIO MOHATHO, YTO 3a/la4ua He CJI0YKHAs, 1 MOYKHO BBIBOJUTDH OIEHKU
BEPOATHOCTH I1epe0dyIeHns JIJIT YaCTHBIX CJIyYaeB, MTOCTEIEHHO JIBUTAsICh B CTOPOHY 0000-
mernit. OIHAKO eIé OKOJIO TOj[a HAWTHU JAPYyTrue JIeTKO pellaeMble JaCTHBIE CJIydan HUKO-
My He yjaBaJjochk. [Ipoctoe yBesinuenne duc/ia aJropuTMOB Ka3aaoCh MOHAYATy HanOoJIee
ecTecTBeHHBIM IyTéM. Cirydail TpéX aJIropuTMOB OBLT HECKOJIBKO CJIOYKHEE TeXHUYIECKH,
HO HUYEro He J00aBJIsyI KOHIENTya bHo. /lajbHeilliiee yBendenne 4uc/jia aJrfOPUTMOB
[IPUBO/IMJIO K SKCIIOHEHIIMAJILHOMY POCTY O00bEMa BBIYUCCHUN U YMCJIa HEHAOJIIOIaeMbIX
mapaMeTpoB B oreHke. J[Jish Mpou3BOJILHOIO YHC/Ia aJITOPUTMOB ObLIa BBITUCAHA O40%HAA
ouenka BeposTHOCTH Tiepeodydenus (cTp. 77). DTo TouHas OlleHKA, JIOBOJILHO U3SIIHAS [0
dopme, HO rpomoziKasd u Oecriosiesnas 1Mo cytu. CTajio siCHO, YTO 3TOT IIyTh TYIHUKOBBI,
U {ICHO, TIOYeMy — OJIOUHas OIeHKa He yYUTBIBAJIA B SBHOM BHJE KJIOUEBbIE CBOCTBA
pacc/I0eHns U CBA3HOCTH.

[Ipocreiimmum MHOXKECTBOM aJITOPUTMOB, KOTOPOEe y2Ke 00J1a/laeT CBOMCTBAMU pac-
CJIOEHUS W CBS3HOCTH, SABJIETCs, MO BCeil BUJMMOCTH, MOHOTOHHAs IENb aJrOPUTMOB
(ctp. 64). D10 TOCIIETOBATETHLHOCTL AJTOPUTMOB, B KOTOPO# KaxK/bIil Ciieyromuil airo-
PUTM JieJTaeT ONMMOKHM Ha TeX »Ke 00beKTaX, YTO W IPEIbLAYINH, IJIIOC emé Ha OHOM
obbekTe. BoImucars OlEHKY BEPOSATHOCTH IepeodydeHnsi MOHOTOHHOM TN CXO/Ly He yjia-

JIOCB. TOFLL& BO3HUKJIa KJesd ITPOBECTU YU CJIEHHBINA IKCIIEPpUMEHT, ITOCYHUTaB BEPOATHOCTD



repeodyuenns merogom Morte-Kapio. Iyt HarasaHocTH cTpomicss rpaduk 3aBUCHMO-
CTH BEPOATHOCTHU IepeobydeHns () OT Yucaa aJrOpUuTMOB, eCc/ii OpaTh TOJBKO ) caMbIX
Jy9IX aaroput™os renu (crp. 66). Oxkazanock, 1to kpubasi (Q(D) GBICTPO BBIXOJUT HA
nacolienue. [Ipu gmune Boibopku L = 200 yxe npu D = 6 BEepOATHOCTDH Ie€peodyte-
nus (), nocrurays 3nadenus (.1, nepecraér pactu, 9To oueHb xopoirno. Kakomy addekTy
MBI 00s13aHBI OOJIBIIE — PACCIOEHUIO0 WIN CBA3HOCTH! UTOOBI OTBETUTH Ha 9TOT BOIIPOC,
OBLTN CreHePUPOBAHBI €ITIE TPU MOJIC/IBHBIX CeMeiicTBa: 1elb 0€3 PACCIOCHUS U JIBA HECBA3-
HBIX ceMeiicTBa, ¢ paccioenueM u 6e3 paccyioenust. B Kax oM cemeiicTBe aJirOpuTMbl ObLITI
YHOPSI0U€EHBI 110 BO3PACTAHUIO YHUCJIa OIIMOOK Ha IeHePaJIbHON BLIOOPKE, a HAMJIYUIIUi
AJICOPUTM BO BCEX ceMeiicTBax ObLI OJIHUM U TeM Ke. JKCIIEPUMEHT IT0Ka3aJsl, 9TO CBHA3-
HOCTb YMEHbIIAeT TeMI pocta KpuBoil ()(D), a paccioeHre MOHNKAET YPOBEHb TOPH30H-
TaJbHON acuMITOTHL. [IpuemiiemMble 3HaYUEHNST BEPOATHOCTH ITepeobydeHns JTaéT TOJIHKO UX
coueranne. OrcyTcTBUE XOTS ObI OJHOTO U3 ABYX 3(MMEKTOB MPUBOJIUT K 11epeoly IeHHTO
¢ BEPOATHOCTBHIO () = (.5 y2Ke NpU HECKOJIbKUX JIECATKAX AJITOPUTMOB. DTOT IIPOCTOH IKC-
[IEPUMEHTAJILHBII PE3YILTAT B KOPHE MEHsIeT B3IJIsi/[ Ha CYIIECTBYIONINE TEOPUU I1epeody-
venns. OH O3HAYAET, YTO MIPUMEHsIEMbIe Ha MTPAKTUKE CeMeiCcTBa, COJIePIKAIINe OIPOMHOE
YUCJIO AJITOPUTMOB, ¢ HEOOXOIUMOCTDBIO JIOJIZKHBI OBITH PACCTIOCHHBIMU U CBA3HBIMU, MHAYE
CUJIbHOE TIepeodyUueHne Hen30exKHO.

MonTe-KapJIOBCKHiT IKCIEPUMEHT OBLI MpOJeIaH U ¢ Mapoil aaroputmoB (crp.77).
OKazaJioch, 9TO TPU YBEJIUICHUN PA3TUIHOCTH AJITOPUTMOB BEPOSITHOCTD TIepeolydeH st
pactér, gocturas VC-OIEHKN B €JIMHCTBEHHOM HAUXYVJIIIEM CJIydae — KOIJIa JIBa aJiro-
pUTMa MAKCUMAJBHO IIJI0XH (MMEIOT 9acToTy ommboK 0.5) 1 MAKCHMATBHO PA3JINIHBI (X
BEKTOPBI ONMIOOK HE COBIAJA0T HEU Ha OJHOM 00bekTe). CTOUT OIHOMY aJrOPUTMY OKa-
3aThC XOTs Obl HEMHOI'O JIYUIIE JPYTOT0, ¥ BEPOATHOCTH I1epeo0ydeHns Pe3KO MalaeT —
910 3hderT paccaoerns. Co CXOACTBOM OKa3aJIOCh IMOXYKe: AJTOPUTMbI JOJKHBI ObITh
OYeHb TOXO0XKHU U pa3nydaThcd OyKBaJIbHO HA HECKOJIBKUX OOBEKTaX; Jlajiee ¢ POCTOM UX
PA3JIMYHOCTU BEPOSITHOCTD Iepeolydenus: ObICTPO pacTéT. OCHOBHOI BBIBOJL 3aKJ/IIOYAJICS
B TOM, 9TO 3(PheKThI 1epeodydeHns, pacCJOeHUs U CBI3HOCTU MPOSIBJIAIOTCS JIaXKe B Ca-
MOM TIPOCTOM CJIy4ae, KOTrJia 00yUueHne CBOJUTCH K BHIOOPY JIYUIIEro U3 JABYX aJrOPUTMOB.

Pesynbrarhl 9KCIIEpUMEHTOB € TENIMUA U MTapaMu aJrOPUTMOB ObLIN JIOJIOZKEHBI HAa
koudepenniun NOU B Anymre B utone 2008 roja.

§15.4 «WUrpylweyHble» 4YacTHble cay4au

KoHey, 2008 roga. Ilepsbie ToUHBbIE OIEHKU BEPOSATHOCTH IE€peodyUeHns ObLIN Haiijie-
HBI JIJIsi MOHOTOHHOI TeIH, YHUMOJAIBHON HEeNnu U eJIMHUIHON oKpecTHOCTH (CTp. 78-82).
D1u 3a7a9n 00CYXKIAMCh Ha, crenkypee «Teopust HaJEKHOCTH OOyUEHHs 110 TIPEIeeH-
TaM» U JIABAJIUCh CTYJEHTAM B KadecTBe 3aJlaHuil. B TOT MOMEHT y MeHs caMoro He ObLIO
pelennsi, HO CTYJIEHTBI 00 9TOM He 3HAJIU. DBIIN JIUITbL HaBOJAIINE COOOparKeHUs, KOTO-
pble yOexKga/iu, 9To 3a/ia4r, HaBepHOe, HeCJIOKHbIe. Perenns J0BOJIBHO OBICTPO HAILIN
Kanna Koxkaxmeroa n Asekceit Kypennoit, u ognospemento crygeat MOTU Asek-
cauzp @peit. ObcrogTeIbHBII pa300p U COMOCTAB/IEHNE STUX PEIIeHUl TPUBET K UX 0000-
[IEHNIO — HPUHIIAITY TOPOZKIAIONIIX U 3alpermaonux Maokects, [I3M (crp. 83). O oc-



HOBaH Ha THIIOTE3e, 9TO JJIsd KayKJI0r0 aJfOPUTMa ¢ MOYKHO YKa3aTh JIBa ITOIMHOXKECTBA
00bEeKTOB — mHOpoXKIaioniee X, U 3amnperaoniee X, TaKue, 9TO @ ABJLETCA PE3y/IbTa-
TOM OOyU€eHUs TOTJIa U TOJIBKO TOT/a, Korja X, IMeJUKOM JIEXKUT B 00ydaroleil BhIOOpPKe,
a X! — IeJUKOM B KOHTPOJIbHON. DTOi TUIOTE3bI OBLIO JIOCTATOYHO, ITOOBI BBIITHCATDH
TOYHYIO OIEHKY BEPOSITHOCTH I€Peo0yIeHUs U TOIYTHO JJIsI KazK/I0r0 aJIlOPUTMa TOTHYIO
OIIEHKY BEPOSITHOCTH TOT'O, YTO JAHHBIA aaropuT™ OyzeT BeIOpaH B pe3y/abrare 00y JdeHus .
Jlist yHUMOIAJIBHOM IIeNN aJrOPUTMOB 3Ta I'HMIIOTe3a He BBIMOJIHSIACH, HO ObLIa BepHA
boJiee 00IIIas THIIOTE3a — YUTO C KaXK/IbIM aJITOPUTMOM CBS3aHO HECKOJIBKO I1ap IMOPOXK1a-
IONUX U 3alperianmux MHoKecTB (cTp. 86, 92).

HeoxumaaHbiM OTKPBITHEM CTaJI TOT (aKT, ITO 0000IMEHHAS TUIIOTE3a BEPHA BCEr/Ia,
TO ecTh MHOXKeCcTBO map [I3M moxkeT ObITH yKa3aHO It JIFOOOTO MeToj1a OOYIeHMsI, JIo-
6oro cemeiicTBa aJropuTMoB 1 10601 BeIOOPKHU (cTp. 86). lokaszareapcTBo sT0oro hakra
9JIEMEHTAPHO, KOHCTPYKTUBHO, HO HEAI(MMEKTUBHO — TOUYHAas OIEHKA BEPOSITHOCTHU IIepe-
o0yueHnsi TpedyeT IKCIOHEHITUAIBLHOTO 110 JI/IMHE BHIOOPKHN 00bEéMa BhraucseHuii. Criacaet
JINIITB TO, 9TO BhIucaTh cucremy [I3M MO:KHO pasHbIMEU CIIOCOOAME, CPEIU KOTOPBIX HHO-
raa yaaérea Haiitn sddexTuBabie. CKopee mazke yrajaThb, deM HaiTH, 9TO IpeBpaIiaeT
9Ty JesITeJIbHOCTh B CBOEIO POJIA MCKYCCTBO.

C nomomnpio npuaIuna [I3M ObL1a pernena 3a/1ada 0 peKyppeHTHOM BBIYHCICHIN Be-
POSITHOCTH T1epeodyYeHtsl TIPH JI0OABIEHIN aJIrOPUTMOB 110 oHOMY (cTp. 77). Pekyppent-
Hag HpOIEypa cojepzKasia OJIMH IPOCTON M KPACUBBI MOMEHT, KOTOPBII OOHAPYKUJICH
JINIITB TI0CJIE HECKOJIBKIAX HEJIE/Ib PA3MBIILIEHII U TOPhl YePHOBUKOB, U3PUCOBAHHBIX OH-
HapHBIMI MaTPHUIAMU. BeIanciienrne BeposiTHOCTH epeo0yYeHns CBOIIIOCH B UTOTe K CyM-
MUPOBAHUIO 3HAKOIIEPEMEHHOT'O Psjia, MPUIEM, OOpbIBasi psijl, MOXKHO ObLIO OOMEHUBATDH
TOYHOCTH OIEHKN Ha BPEeMs BBITUCJICHUI.

Hauano 2009 ropa. HakonuBimecs: K 9TOMY MOMEHTY Pe3yJIbTaThbl ObLIM CHOBA I10Ja-
ubl Ha KoHbepenrmn COLT u ALT, Ho He npunaTH, HOCKOIbKY (1) MX Teopernmueckas
3HAYUMOCTb MaJa, (2) JoKa3aTeIbCTBa [eperpyKeHbl, (3) rumoresa, JexKarias B OCHOBE
METO/Ia, MTOPOXKIAIONINX U 3aIPEIaioNnX MHOYKECTB, ABJISIETCH HeeCTECTBEHHBIM U Upe3-
MEPHO CHJIbHBIM OrpaHndeHueM, (4) Bce cirydan, Jijist KOTOPBIX Haii/IeHbI TOUHBIE OTIEHKN —
UCKYCCTBEHHbIE U TPEOYIOT 3HAHUS CKPBITHIX [TaPAMETPOB I'eHepabHOIl BHIOOPKH.

[Moxkastyii, TOJBKO ¢ MyHKTOM (3) HUKAK HEJb3sl COMJIACUTHCSI, B OCTATBHOM DErleH-
3EHTBHI COBEPITIEHHO TTPABBI.

3areM ObLIN TIOJIyYEHBI OIIEHKH €IIE JIJIsi HECKOJILKIX MOJIEJILHBIX CEMECTB — CJIOEB
1 uHTEPBaJIOB OyJieBa Kyba (crTp.71). DTO KpacuBble YacTHbBIE CIydau, HO, K COKAJIEHHUIO,
3a HUMH TaK ¥ He OOHAPYKUJIOCh HUKAKOIO OOIIEero crocoda BhIBOAA OIEHOK.

§15.5 [lounck 0606LEeHnE 1 anbTepHATUB

Ob6mast oreHKa, B sIBHOM BHJIE YINTBIBAIOIIAs CBONCTBA PACCIOEHUsI U CBSA3HOCTH,
ObLIa MOJIyYeHa € MOMOIIBIO «YMO3PUTEJIHLHOTO BBIIIOJHEHUA» PEKYPPEHTHON MPOIIE Ty PhI
(ctp. 77). TokazaTebeTBO ObLIO TPOMO3/IKUM, U B HEM HUKAK HE YJIABAJIOCH M30aBUTHCS
OT CHJILHOT'O JIONOJIHUTEJIHLHOTO TpeOOBaHMs, UTOOBI B ceMeiiCTBe COJlepKajicsd KOPPEKT-



HBII (He JIOITYCKAOIINI OMMUOOK Ha reHepaJsibHOM BbI60pK€) AJITOPUTM. DTO OrpaHUYIEHNE
Ka3aJ10Ch U30BITOYHBIM, HO KaK €ro CHATh, ObLIO HE sCHO.

[IpumepHo B 9TO BpeMs HETPUBUAJLHBIE PE3Y/IBTATHI CTAIN MOABJISATHCA Y BCEX, KTO
3aHUMAJICd KOMOMHATOPHO Teopueil rnepeodyvenus.

Hennc KouenpikoB mosyumi BepxHue oreHku Jiis dpynknmnonaaa Bammuka-depso-
HEHKHCa (BEPOSITHOCTD OOJIBITION0 PABHOMEPHOTO OTKJIOHEHUST 9aCTOT OIMMUOOK B JBYX BbI-
GopKax), CIpaBe//IuBble Il [POU3BOJBHOIO CEMefiCTBa AJTOPUTMOB M yUUTHIBAOIIIE
apderT craznocTu. DbdekT pacciioeHus A JaHHOrO (DYHKIMOHAJA HE MOYKET ObITh
y4TéH B mpuHIiume. jis qokasaTebCcTBa UCIO0JIb30BaIaCh TEXHUKA MEIMHBIX PA3JIOXKEHU
WM TIPUHITUI BKJIIOYEeHUs-UCKTI0UeHns. [[poBepsiiach Takyke BO3MOXKHOCTD ITPUMEHEHUsT
HepaBeHncTB Tuna bondepponn-lamamboca — 3TO NMEPCHEKTUBHBINA IyTh, HO ITOKA OH HE
JlaJT Kaknux-aubo mpeumytiects. Metojamu koMOnHaTopHoit reomerpun Jlenuc jokaszad,
9TO JIJIs JIMHEHHBIX KIACCH(DUKATOPOB 3HAYEHUs BEPXHEl CBA3HOCTH (BEPXHSIA CBA3ZHOCTH
AJICOPUTMA — TO YUCJIO AJITOPUTMOB CEMENCTBA, JOMYCKAIOIINX OIMNOKY Ha TeX Ke 00b-
eKTax, 9TO U JaHHBI, [JTIOC eIé Ha OJJHOM 00'bEeKTe) KOHIIEHTPUPYIOTCS BOKPYT 3HAUEHUST
pa3mMepHOCTH TIpocTpaHcTBa. [103:Ke OH TOIYyYH/I ONEHKY U JIJIsd JTUCIIEPCUU CBAZHOCTH.

[TaBesr BoroB 0000 MOHOTOHHYIO II€Ilb AJITOPUTMOB Ha CJydail IMPOU3BOJILHOI
Pa3MEpPEeHHOCTH U PEeIII 33JIa9y O IMepeo0yvIeHn MHOIOMEPHO MOHOTOHHON CETH aJiro-
pur™MoB (crp. 107). D10 06061IeHre IATI0Ch Ha Y/UBJIEHHE JIETKO. 3aTeM OH TOJIy YUl OIeH-
KI JIJId ITyYKa MOHOTOHHBIX IIelell W Jijid MHOTOMEPHOW YHUMOJIAJIBLHON CeTH, HO B ITUX
caydasdx JI0Ka3aTebCTBa ObLIN CJIOKHEe. YIaJIOCh JlaXKe MMOKa3aTh, YTO BEPOSITHOCTD IIe-
peobyueHnsi YHUMOJIAILHON ceTh TPUOIU3UTE/IHHO PABHA BEPOSITHOCTHU MIEPEOOyIEHUS MO-
HOTOHHOI ceTu yJBOEHHOI pa3mMepHOCTH. /loKazaresbecTBa ONUpAINCh Ha MOJIUMUITTPO-
Bauublit mpuniun [13M, B kKoropoMm ocHOBHas rurore3a (hopMyJIUpoOBaIach He JJIsd OT-
JIEJIBHOTO &JITOPUTMA, a TEeJTUKOM JIJId KaXKJ0r0 CJIod aJropuTMoB. 3 Bcex m3ydeHHBIX
K 9TOMY MOMEHTY MOJICJIbHBIX CEMEeHCTB MHOTOMEpHasi MOHOTOHHAS CeTh HamboJjiee Mpu-
osmmkena K peasbHocTn. Ona 06J1a/1aeT KII0UeBbIMU CBOMCTBAMU PACC/IOEHUS, CBI3HOCTU
U Pa3MepHOCTHU, KOTOPbIMU 00JIAIAI0T U peasbHble ceMeiicTBa. Bo3HUKIIa nujiesd: HeTb3s JIn
peaJibHble ceMeficTBa allpPOKCUMUPOBATH MOHOTOHHBIMU ceTsiMU! BBIT IocTaBjieH 9KcIre-
PUMEHT Ha PeaJIbHbIX 3a/la9ax KJIaCCU(DUKAIIME U PEAJIbHBIX CeMEHCTBAX — TOJIOTBITHBIMEI
OKa3aJIMCh HeWpOHHAS CeTh, HAMBHBIN OailecOBCKUIT K/racCupPUKATOP 1 METO., OJIMKANRIITNX
cocesieit. Bo Bcex cirydasx BepOATHOCTH TepeoOydeHus JAeiiCTBUTEIHHO HEILJIOXO TPUOJIN-
JKaJlaCh BEPOSATHOCTBHIO MEPeodyUeHnss MOHOTOHHOW CEeTH, eCc/ii MOoJI00paTh JiBa eé mapa-
MeTpa: 9acTOTy OIMMOOK JIydIlero ajropurMa u pasmeproctsb cetu (crp. 111). Ho kak ux
o/IOUPATh W KAKYIO MOJIb3y MOXKHO W3 9TOTO m3Bjedb! [loka 9T BOMPOCH OCTaBaINCh
OTKPBITHIMU.

Anexcanap @peil pe/IOKIUIT OPUTHHAIBHBIN MTO/IX0JT K TTOJIYI€HUIO TOUHBIX OIEHOK
BEPOATHOCTH TIepeoOydYeHus JJIst MOJIEJIbHBIX CEMENCTB aJIrOPUTMOB, 00JIaIAIONINX CBOIi-
crBoM cummeTpun (cTp. ?77). OTeHKN BBIBOJNINCH JJIsi METO/IAa PAHIOMU3NPOBAHHON M-
HUMU3AIUA SMITTPUIECKOTO0 PUCKA Ha OCHOBE pa3zpabOTAHHOIO UM TEOPETUKO-TPYIIIOBOTO
nojixojia. Paszsu sroT nogxojr, Minbsa ToscTuxun moryant OneHKr Jijid XIMMUHTOBa, T~
pa B OysieBOM KyOe, ero HUKHUX CJIOEB U OTJEIbHO B3ATOIO IEHTPAJJILHOIO CJIOS Iapa.



A Wnbs Permernsak 3aMeTus, 9To OIEHKa JJjIs IEHTPAJIBHOIO CJIOf Iapa MOMXKET ObITh
JIETKO TIoJTy4YeHa 1 6e3 MPUBJICYEHUs TEOPUU T'PYIIIL.

Maxkcum VBaHOB 1OJIyYn/I TOUYHYI0 KOMOMHATOPHYIO OIEHKY (DYyHKITMOHAJIA ITOJTHOTO
CKOJIB3SIIEro KOHTPOJIsA JJIsi MeTO/1a OJIMZKANIINX coceieil, BRIPas3uB €€ depe3 BKJIA bl OT-
JIEJIBHBIX O0OBEKTOB. DTO MTO3BOJINIO €My IOCTPOUTD JIOCTATOUHO 3(PDEKTUBHBIN aJIrOPUTM
opMupoBaHUsa MHOZKECTBaA 9TaJIOHOB (prototype selection) myTém mocsie10BaTEIbHOTO J10-
GaBseHns uian yjasenus oobekTos (crp. 141).

B cenrsabpe 2009 roga Bce 9T pe3yabTaThl ObLIN JIOJI0KEHBI aBTOPpaMK Ha KOH(pEpEH-
mn MMPO-14.

MoiesibHBIE ceMelicTBa THITA XIMMUHIOBBIX IIAPOB U MHTEPBAJIOB Oy/eBa Kyba WMH-
TepPecHbl TeM, UTO OHU B HEKOTOPOM CMBIC/IE «MaKCUMAaJIbHO ILJIOTHBIE». Pacuérsl mokasa-
JIM, 9TO OHU MOTYT COJIepxKaTh JECATKH M COTHHU THICIY aJTOPUTMOB IIPU OTHOCUTEIHHO
HEOOJIBINON BEPOATHOCTH TepeodbydeHus. A MOXKHO JIM alllPOKCHMUPOBATH IIJIOTHBIE Ce-
MelCTBa MX Pa3PEKEHHBIMU ITOJMHOYKECTBAMU, U CKOJIBKO aJI'OPUTMOB JJIsi 3TOTO IIPHU-
JéTcsa B3dTh! BeroMuHast skciiepuMenT 110 oreHuBannio DJIKP, MoXKHO mpeanomoKuTh,
YTO HECKOJIbKUX JIECATKOB JIOJIKHO XBaTUTh. Vba ToscTuxun mokazasi, 94To J10CTaTOY-
HO B34Tb HECKOJIBKO JIECATKOB aJTOPUTMOB Ha BHEIIHENH OKPYXKHOCTH CJIOA XIMMUHIOBA
mapa, 97To0bl MPUOJIM3UTh BEPOSATHOCTH Iepeo0yUdeHnsi BCEro cjiosd. TakuM obpasoM, all-
IIPOKCUMAITAS IIJIOTHBIX CEeMEHCTB UX pPa3sperKeHHBIMHU ITOJMHOXKECTBAMU JI€HCTBUTETHHO
BO3MOKHA. A It HEDOJIBIIOTO Pa3PEe’KEHHOTO TOIMHOYKECTBa BEPOSITHOCTD I1epeodye-
HUs MOXKHO HaiiTu pasubiMu criocobamu. Hanpumep, MOXKHO «HATAHYTb» Ha HETO JIPYroe
MO/JIEJTBHOE CeMeCTBO, JI/Isi KOTOPOTO M3BECTHA TOYHAs OIEHKa. JTa Ujes MOKa He IPOo-
paboTraHa, B 9aCTHOCTH, HE MOHATHO, KaK JIOJKHO PaCCIanBATbCs AIIPOKCUMUPYIOIIee
MHOKECTBO.

22 anpens 2010 ropga MHOTOJIETHUE YCUJIAS 3aBEPITMJIACH 3AITUTON JJOKTOPCKOM JINCCeP-
taruu «KoMOuHATOpHASA TEOPHU HAJIEXKHOCTU OOYUEeHH 110 TIpere/ienTaMs. [lo yectHoMmy,
5TO OBLIM JIMIIb HAMETKE TeOpHUH. XOpoIlias Teopust 1o/KHa (1) mpaBmIbHO OObICHATH
HabJII0/IaeMble siBJIeHNsT, (2) OBITH MOHATHOI U OTHOBPEMEHHO HETPUBUAJILHOI U (3) mpuHO-
CUTDb TPAKTUYECKYIO 1M0J1b3y. PaboTa Oblta mipojiesiana 60JIbinast, HO ¢ MOHATHOCTBIO ObLIN
po0JIeMBbI, a NMPaKTUYeCKUe MPUMEHEHNs] 1 BOBCe OTJIOKEHBI Ha 1moToM. [l paspaboTku
XOPOIIIeil TEOPUH OHOM JIMCCEPTAINU HEe JIOCTATOYHO.

Y1006 100paThCd 10 MEPBLIX BHATHBIX PE3yJIbTaTOB, IMOTpedoBajoch Oojee 15 Jer,
U BHHOIT TOMY OIIMOKH B MeTooI0ruu uccaegopanus. «Ayjropurm HUP» rapantuposan-
HO BBIBOJIUT M3 TBOPYECKUX TYIMKOB, €CJIM HU OJINH U3 IIAroB He yIycKaTh. Terepb yxke
OYEBUJIHO, YTO KATAJIU3ATOPOM JIAHHOTI'O HMCCJIEJIOBAHUS TOCTYKUJI SKCIIEPUMEHT C MOHO-
TOHHOM TIENBIO AJITOPUTMOB, KOTOPBIN IPOIPAMMUPYETCS 32 OJIMH BE€YEP, U HUYTO, B CAMOM
Jesie, He MeIIaJo cJiejaTh ero 15 jietr Hazal.

Cuenyrormeit yiadnoit wjeeil crajgo IpejcTaBjieHne ceMeificTBa aJI'OPUTMOB B BU-
sie rpada paccioerns—cBsa3aoctu (crp. 95). Wibs PemerHsk mepBbIM MOTYYHII ONEHKY
pacC/I0eHUs—CBA3ZHOCTHU, CIIPABEJJIUBYIO JIJId ITPOU3BOJILHOTO CeMefiCTBa aJIrTOPUTMOB, U Ha-
MHOTO JIy9IIIYIO, 9eM BCe TMPEIbIIYIIIe. DTOT PE3YIbTAT BOIIET B €r0 JIUILIOMHYI0 paboTy.

['pacdukn BepogTHOCTH TIEpEOOyUEHUs JEHCTBUTEILHO BIECYATIAIN: /s JTUHEHHBIX KJ1ac-



cuUKaTOPOB OIEHKHU OBLIIN 3aBhIIIEHbI JIXITb B HECKOJIBKO Pa3, MAKCUMYM — Ha, IOPSI0K.
O1HAKO B TOT MOMEHT OIIEHKA [TOKA3a/IaCh HEYI00HO B UCIIOIHL30BAHIUN U BHIUUCIITETHHO

Tpynoémkoii. C 97Ol OIEHKOI CBsI3aH CJIEIyIOIIIi Ka3yc.

OkTs6pb 2010 roga. Ha kondepennuio MOU-8 g B3sn ¢ coboit tekcr Eprenms Co-
KOJIOBA, cTyJeHTa Tperbero Kypca BMK, koTopbiit TOJIBKO HAUNHAJ 3aHUMATHCS KOMOW-
HATOPHBIMU OlleHKaMu. B duciie mpovero oH OyKBaJbHO B HATH CTPOK BBLIBOJIMJI OIEHKY
BEPOATHOCTH TePeOOYUeHNs, YIUTBIBAIONLYIO BEPXHIOIO CBA3HOCTH KayKJIOIO ajJropuTMa,
1 He TPEeOYIONIYIO CYIIECTBOBAHNA KOPPEKTHOIO aJI'OPUTMa. BUnTaBIIUCh B J0Ka3aTE b
CTBO, s OCO3HAJI, YTO 9TO MpsiMoe ciiejicTBrue npunnuna [[3M, a Bepxusas cBA3HOCTH —
HEe YTO MHOE, KaK MOIIHOCTH MOPOXKJIAIONIEro MHOXKecTBa 00beKTOoB. Ha pajocrsax g J1o-
OaBUJI 3Ty TEOpEeMY B IPE3EHTAINIO MOEro JIOKJ/Ia/d, CO CChIKO Ha (COKOJIOBa, a CBOMM
aclupanTaM TAWHCTBEHHO 3asdBUJI, YTO UX KJIET NPUATHBIN cioprpu3. [locite mpoxirasa
BBISICHIJIOCH, YTO HEKOTOPOE BpeMsd Ha3a/l OHU Y2Ke pacCKa3bIBaJl MHE HEYTO 10JI00HOE,
HO HACTOJIBKO HEBPA3yMUTEJIbHO, UYTO 1 HE CMOT IOHATH MJIEI0 W PEIIN, YTO OHa COBCEM
ceipas. B Tor ke Beuep Amjpeit VIBaxHEHKO IMOKa3aJl, 9TO MOYKHO YJIYUIIUTH OIEHKY,
€CJIN yYEeCTh eI W HUXKHIOI CBA3HOCTH, U 9TO HE YTO MHOE, KaK MOIIHOCTDb 3allpera-
IOIIETO MHOXKeCTBa 00BbEeKTOB. DBosiee Toro, B 3amperniaroriee MHOXKECTBO HAJI0 BKIIOIUTH
BCAKMIT OOBEKT, HA KOTOPOM JIAHHBIN aJITOPUTM JIOIYCKAET OIMUOKY, IIPU YCJIOBUH, UTO CY-
IECTBYET MOHOTOHHO JIYUIIUN aJrOPUTM, He JOIYCKAIONINI Ha HEM OIHUOKY. DTO JiejiaeT
OIIEHKY HAMHOI'O 6oJjiee TOYHOM, TaK KaK Telepb OHa CYIIECTBEHHO YIUTHIBAET HE TOJIHLKO
CBA3HOCTD, HO U paccyioenne. Beé 910 BepHO i1 TPOU3BOJILHOTO MHOYKECTBA aJITOPUTMOB,
a 9TO O3HAYAET, UTO IPEIIOJIOKEHNEe O CYIIECTBOBAHNH KOPPEKTHOI'O AJITOPUTMa HAKO-
uer caaTo. I BCE 310 — mpsamoe ciejgcreue npuHimna [I3M, npuaém mokazareibcTBO
3aHUMAET HEeCKOJBKO cTpok (cTp.99). Yepes mapy jiHeil st OCO3HAJ, 9TO ITOT PE3YJIbTAT
B TOYHOCTHU coBIajaeT ¢ orenkoit Mibn Pemrernsika, mpocto on He wucnosb3osai [13M
U JIOKA3bIBAJI BCE C TIOMOIIBI0 KOMOMHATOPHBIX PACCYKJICHUN, B KOTOPBIX OBLIO JIETKO
zaryTarbed. M3 Beeil 910l nctopun cjejyer Mmoy4duTe/bHbIN BBIBOJI: MaTeMaTHKa — 9TO
B IIEPBYIO OYepe/ib S3bIK. YI00HbIe 0003HAYEHUS, YIadHble MMTOsiCHEHUS, KpacoTa (popMyJIT
UMEIOT OIPDOMHOe 3HadeHue I BOCHPUATHSA pe3ysabrara. Hallm coBMeCTHBIN pe3ysbTaT
obL1 JoskeH Ha KoHdeperimun POAW B gekabpe 2010 rosma.

Yyr1b nozxke Niba Tosictuxun, pazdupasch ¢ pajieMaxepoBCKOl CJIOKHOCTBIO, 3aMe-
TUJI, 910 pyHrnuona Bamnnka-YepBoHeHknca SKBUBaJECHTEH (PYHKIIMOHATY BEPOSITHO-
CTU TIepeodyUeHNs, eCJIi B Ka4eCcTBe MeTo/[a OOyUYeHNs B3ATh He MUHUMUBAIMIO JaCTOTHI
omuOOK Ha O0YUeHN!, a MAKCUMUBAINIO PA3HOCTU YACTOT OMMOOK Ha KOHTPOJIE U Ha 00y-
gennn (discrepancy maximization). Bpoje 661 sror dakr 6611 gaBro usBecren. Ho Uibs
3aMETHUJI, 9TO K 9TOMY MeTO/ Ly OOyUeHus TaKyKe MOXKHO puMeHuTh npuanm [[3M. Crosa
KOPOTKOE JIOKa3aTeIbCTBO B JIB€ CTPOKH, N3 KOTOPOT'O CJIE/LYeT, UTO /I KazK/I0TO aJrOpUT-
Ma BEPXHSA CBA3HOCTH PaBHA MOITHOCTH MOPOZKTAIOIIET0 MHOKECTBA O0HEKTOB, & HUYKHSIS
CBSI3HOCTH — MoOIHOCTH 3anpemniamoiiero (crp. 113). Orciona HeMeJIeHHO CIIe/yeT BepX-
Hesl OIEHKA BEPOATHOCTHU Iepeobydenus. [Ipwdaém 10T JIErKO JIOCTABIINNCA PE3yJIbTaT
ropasJio Jiydiie oreHKN KouebikoBa, CTOUBINEi MHOIMX CTPAHUI] BBIKIAI0K (cTp. 115).



Teopus B 1iesiom crajia npuodperarsh u3AmHbIi B OCHOBHBIE COEpKaTeIbHbIE TEO-
PeMBbI JIOKa3bIBAIOTCSI B HECKOJIBKO CTPOK, Ojarojgapst npunnuiny [I3M, mperenytomemy
Ternepb Ha POJIb OCHOBHOTO YHUBEPCAJIBHOIO MHCTPYMEHTA IOJIYYCHUA OIICHOK.

24 pekabps 2010 roga Amnjpeii VBaxHeHKO 3alUTHI KaHIUIATCKYIO JUCCEPTAIMIO.
B sToit pabore KoMOMHATOpHAs OIEHKA BEPOATHOCTH IepeodyUeHnsl Ha OCHOBe Tpada
paCC/I0OeHUsI—CBA3HOCTU ObljIa BIEPBbIE NPUMEHEHA K IMPAKTHYECKOMY CJIydaio — CceMeii-
CTBY KOHBIOHKTUBHBIX JIOTUYECKUX 3aKOHOMepHOcTell. Teopus Obliia JIoBejieHa, JIO MpaK-
TUYECKON peasn3aliii 1 Jlayke IpUBesia K HEKOTOPOMY YJIydIlleHUe KauecTBa KacCuuka-
nun. OIeHKa onupaJiach, onsaTh-Taku, Ha npunnun [I3M, Ho Teneps ocHoBHAs rumoresa
3allChIBAIaCh Cpa3y B BHUJIE HEPABEHCTBA, U JJId KarKJOTO aJITOPUTMa IPEJIITOIAaraaoch
CTPOUTH TOJBKO Oy tapy [I3M, 4o 3aBejoMO yupoIaio nojydenue omnenku (crp. 97).

[TepBoiM mer0 ¢ HEpaBeHCTBOM BbicKa3alsl Besryx Carra Opeit, xoTs oHa ObLIa OYEBU/I-
Ha. HeodeBuaHbIM OBLIO TO, UTO OHA MPUBEJAET K OOIIEH OIEHKE PACCI0CHUS—CBI3HOCTH.
Borauciienne 9Toit OIEHKY ABJISIETCH PECYPCOEMKIM, HO BCE YKe BIIOJIHE Peain3yeMbIM OJ1a-
rojiapsi JIByM YXUIIPeHUsAM. Bo-nepBbIxX, 1mepedbuparoTcs TOJbKO aJrOPUTMbI U3 HUZKHUX
CJIOEB CeMelCcTBa; B XOPOIIUX CAydasgX UX TaM HEMHOTO, a B ILUIOXMX CJIydasdX OIEHKa
3aBEJIOMO He HyKHa. Bo-BTOPBIX, cTpodTcd 3DdEKTUBHBIE TTPOIIEIYPhI IIepexojia OT IIPOo-
MU3BOJILHOTO BEKTOPa OMIMOOK KO BCEM €r0 COCEJIHUM B cjiejiytoneM cioe. /[isg cemeiicTBa
KOHBIOHKITUI 9Ta 3ajiavda OKasaJjach He BIOJIHE TPUBUAILHON 1 OTpedoBajia aKKypaTHO-
r'o ONHUCAHUS CTPYKTYPbI KJIACCOB SKBUBAJEHTHOCTH, YTOOBI He Iepeduparh JUIIHUI pa3
AJITOPUTMBI € OJIMHAKOBBIME BekTOpamu ommbok (crp. 125). [Ipeacrasiagercs, aro anaso-

IUYHBIM 00Pa30M MOYKHO PACIPABIATHCA U C JIPYTUMHU CEeMeHCTBaMHU.

§15.6 [decsATb OTKpbITbIX NpoGsIEM

B zaksmodenne npuBesiéM repevdeHb OCHOBHBIX ITPOOJieM KOMOMHATOPHOI Teopuu Iie-
peodyuenusi, KOTOpbIe MOKa KJIyT CBOErO PEIeHUsI.

1. Ilonydenune OIEHOK, YUYUTBHIBAIONINX CBSA3U MEXKJIY AJTOPUTMAMHU C XEeMMUHTOBBIM
paccrosinreM, OosbiumM 1. VIX urnopupoBanue siBjasgeTCd, 10 BCEil BUJIUMOCTH, OC-

HOBHOI1 HpI/I‘{I/IHOﬁ 3aBBIIIEHHOCTU OIEHKHN PaCC/JIOCHUA—-CBA3HOCTU.

2. Ilosyuenune OneHOK, He 3aBUCAIINX OT XapPaKTEPUCTHUK TIOJTHON BBIOOPKU X, & TOJIb-
KO OT HaOJ/IIOAE€MbBIX BEJIUYUH, KOTOPbIE MOTYT ObITh BBIYUC/IEHBI 110 KOHKPETHOM

obyuarorieil mojBeIOOpKe X .

3. Pacmmpenue kjacca METOI0B 00OyYeHUS, /I KOTOPBIX KOMOMHATOPHbBIE OTICHKH T103-
BOJISIIOT YJIydIiaTh 000DIIAOILY0 CIIOCOOHOCTD.

4. Tlosyuenne 3(pHeKTUBHO BHIYUCIUMBIX OIIEHOK JIJIS ITPOU3BOJIHLHBIX IEIeil aJrOpuT-
MOB. 3aTeM, C UX OMOIIbIO, COBEPITEHCTBOBAHNE METOI0B OOYUIEHUsI, CBOMIATINXCS
K PEIICHUIO MOCJIe/I0BATEIbHOCTH OJJHOMEPHBIX 33189 ONTHUMUI3AIUN.



10.

[Tosryaenne 3hdHEKTUBHO BBIYUCIUMBIX OIIEHOK PaCCIOEHUsI—CBA3HOCTU JIJIsi ceMeii-
CTBa JIMHEHHBIX KJIACCU(PUKATOPOB. 3aTeM, C UX TOMOIIBIO, COBEPIIEHCTBOBAHNE Me-
TOJIOB 0TOOpa MPU3HAKOB.

ObocHoBaHMe ¥, BO3MOXKHO, YTOUHEHHUE MPUHIUIIOB PEry/ISpPU3allii, allllpOKCUMa-
A SMIINPAYECKOTO PUACKA, MAKCUMUA3AIAN 3a30Pa.

O6o0061eHne KOMOMHATOPHBIX OIEHOK Ha CIydail HeOMHAPHBIX (DYHKIUH TOTEPbD.

[IpoBepka THUIOTE3BI O TOM, YTO 3HAYEHUs CBA3ZHOCTU KOHIIEHTPUPYIOTCA BOKPYT
3HaYEHNs JIOKAJbHON PasMEPHOCTH ITPOCTPAHCTBA MTapaMeTpOB.

[Iposepka runoressl o cenapadebHOCTU TPOMUIT PACCTOCHUTCBAZHOCTH.

[Tostyuenne oreHOK 0606IIaOIIel CIOCOOHOCTH JIs 3a/a9 JuHaMIIecKoro (online)
o0y eHus.
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