ISSN 1064-5624, Doklady Mathematics, 2009, Vol. 80, No. 3, pp. 793—796. © Pleiades Publishing, Ltd., 2009.
Original Russian Text © K.V. Vorontsov, 2009, published in Doklady Akademii Nauk, 2009, Vol. 429, No. 1, pp. 15—18.

MATHEMATICS

Tight Bounds for the Probability of Overfitting

K. V. Yorontsov
Presented by Academician Yu.l. Zhuravlev April 7, 2009

Received April 21, 2009

DOI: 10.1134/S1064562409060032

The derivation of tight generalization bounds has
remained an open problem in the statistical learning
theory starting from the works by Vapnik and Cher-
vonenkis [1, 2]. Numerous attempts were made to
improve their results (see [3, 4]), but the best of the
known bounds are still highly overestimated [5, 6] and
are not always suitable for the control of a learning
process. Another open problem is whether overfitting
is related to still unexamined subtler properties of sta-
tistical learning methods. In this paper, a combinato-
rial approach is developed that leads to tight bounds
for the probability of overfitting in a number of special
cases.

Suppose that we are given a finite set of objects X =
{x1, X, ..., x;}, which is called a general sample, and a
set A whose elements are called algorithms. There
exists a binary function I: 4 x X — {0, 1}, which is
called an error indicator. If /(a, x) = 1, then we say that
the algorithm a makes an error on the object x. The
error vector of a is the L-dimensional binary vector

(a, x;) )iL= . - The number of errors of @ on a sample
X c Xis defined as

n(a, X) = Z I(a, x),

xekX
and the frequency of errors or the empirical risk of a on
Xis defined as

1
V(a, X) = —n(a, X)
|X]
Let € < L be a fixed positive integer. Denote by [X]¢
the set of all £-element subsets of X. Obviously, its car-

dinality is C! .

Alearning method is a mapping p: [X]¢ — A4 that an
arbitrary training set X e [X]¢ transforms into an algo-
rithm a = pu(X) from A. A learning method p is called
an empirical risk minimization method if

w(X) = argminn(a, X). 1)

acA
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The deviation of the error frequency of a on X from
that on X = X\X is defined as 8(a, X) = v(a, X) —
v(a, X).

The overfitting of a method L on a set X'is the error
frequency deviation for the algorithm a = p(X):

8, (X) =8(p(X), X) = v(u(X), X) — v(p(X), X).

A method p is said to be overfit on a set Xif 6,(X) >
gforagivene € (0, 1).

Following the weak probability assumptions [7], we
assume that all Ci partitions of X into an observed

training set X of length € and a hidden test set X of
length k = L — { are realized with an identical proba-
bility. The goal of this work is to derive tight bounds for
the probability of overfitting for .

0,=P[5,(X) > ¢] =é Y B,02el @

L ¢

Xe[X]
Here and below, the logical expression in square
brackets means [true] = 1 and [false] = 0, respectively.

For a fixed algorithm a that makes m = n(a, X)
errors on the general sample, the probability of making
exactly s errors on X'is described by the hypergeomet-
ric probability function

s ~f—s
tm Cm C —m
Pln(a, X) =s] = hy"(s) = ~2—L=n,
C,
where m € {0, 1, ..., L} and the argument s takes inte-
ger values from s, = max{0, m — k} to s, = min{m, €}.
For all the other integers m and s, the binomial coeffi-

cients C!, and the function 4" (s) are extended by

zero. The probability of a large error frequency devia-
tion for a is described by the hypergeometric distribu-
tion function

P[8(a, X)> €] = P[n(a, X)<s] = H."(s)
o (3

= > "),

s'=1sp
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where s = L%(m - sk)J is the largest value of n(a, X)

. m-s s
at which d(a, X) T 7
right-hand side of (3) tends to zero and is a tight bound
for the convergence rate of the frequencies on two sets.

The Vapnik—Chervonenkis classical bound [8] is
also easy to restate under the weak probability assump-
tions [4, 7]:

>¢e. As €, k - oo, the

(om( €
058 mx H"(fon-sh). @

where A is the diversity coefficient of A, which is equal
to the number of different error vectors generated by
all possible algorithms a from A. An experimental
analysis of major causes of overestimated bound (4)
shows that the probability of overfitting depends sub-
stantially not only on the number of different error
vectors but also on the degree of their difference [7].
To derive tighter bounds, we have to take into account
the splitting and similarity of algorithms in A.

Splitting effect. In practical situations, A generally
splits according to the error frequency v(a, X), and
most of the algorithms concentrate within the worst-
frequency region (about 50%). Only a small fraction of
algorithms have high chances to be chosen by an
empirical risk minimization method. Experiments [7]
with real-life classification problems show that the
bound for Q, can degrade by 10>—105 times if the split-
ting effect is neglected.

Similarity effect. The set 4 may contain a large
number of pairs of similar algorithms. Specifically,
most classification algorithms used in practice have a
separating surface that is continuous with respect to
the parameters. Therefore, they have the connectivity
property [9]. The set A4 is called connected with respect
to X if, for any algorithm a € A, there is another algo-
rithm a' € A such that their error vectors differ only on
a single object. Experiments [7] show that the bound
for Q, can degrade by 103—10* times if the similarity of
algorithms is neglected.

In experiments with chains of algorithms [10], the
probability of overfitting is considerably reduced only
if splitting and connectivity are both taken into
account. If one of them is neglected in deriving a
bound for Q,, the effect of taking into account the
other can be nullified. Attempts to take into account
them separately do not lead to radical improvements
of bound tightness [5, 6,9, 11].

In this paper, tight bounds for the probability of
overfitting are presented that are based on the assump-
tion that, for each algorithm a € A, the conditions
under which p(X) = a can be explicitly written.
Assume that A is a finite set and all the algorithms have
pairwise distinct error vectors.

Conjecture 1. Let A, X, and n be such that, for each
algorithm a € A, a pair of subsets X,c X and X, = X can
be found such that, for any X € [X]¢,

VORONTSOV

u(X) = a e (X, X u (X, X).
The objects in X, are call generating (reference),

while the objects in X, re called destroying (noise).

The remaining objects are referred to as neutral for a.
For each a € A, we introduce the following notation:

L,=L—|X,|—|X,|is the number of neutral objects;

€, =€ — |X, is the number of neutral training
objects;

m, = n(a, X) —n(a, X,)— n(a, X,) is the number of
errors on neutral objects;

s,(e) = %(n(a, X) — €k) — n(a, X,) is the largest

number of errors on neutral training objects for which
o(a, X) > ¢.
Theorem 1. [f Conjecture 1 holds, then, for any
e € (0, 1),
¢

£, m, Lua
Q.= PH, "(s,(8)), P,=Plu(X)=al=—:
acA CL
Conjecture 1 and Theorem 1 yield the following
generalization.
Conjecture 2. Let A, X, and p be such that, for each
algorithm a € A, there is a finite index set V, and, for

each index v € V,, there are subsets X,,c Xand X,,,
X and coefficients c,, € R such that, for any X € [X]*

R = ae Y o X, cXI[X,cX] = L.

vel,

Specifically, ifall ¢,, = 1, then this condition means
that the same algorithm « is produced by training
under several various selection methods for generating
and destroying objects.

For each a € A and v € V,, we introduce the fol-
lowing notation:

Lav = L- ’Xav| - |Xa'v 5
€av = €_ ’Xav"
= n(a, X)—n(a, Xav)_n(a9 Xa'v)>

m

s0®) = £n(a,30 - k)~ n(a, X,.).

Theorem 2. If Conjecture 2 holds, then the probabil-
ity of an algorithm a obtained by training is
¢

av

P[“(X) = a] = Z C(IVPllV’ Pav = _gva

vel,

and the probability of overfitting is

0. = 3 o P Hy " (5,()),

acAvel,

In contrast to Conjecture 1, Conjecture 2 holds under
rather weak assumptions made about X, 4, and p.
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Theorem 3. A={a,, a,, ..., ap} and all the algorithms
have pairwise distinct error vectors. Let |\ be an empiri-
cal risk minimization method such that, if the minimum
in (1) is reached on several algorithms in A, then L
chooses an algorithm with larger n(a, X) and, if the
maximum of n(a, X) is reached on several algorithms,
then an algorithm with a smaller number is picked.

Then Conjecture 2 holds.

In what follows, it is assumed that p satisfies the
conditions of Theorem 3. Consider four special cases
for which tight bounds for the probability of overfitting
are obtained using Theorems 1 and 2.

The Hamming distance between the error vectors
of algorithms is defined as

L

p(a,a) = Z |l(a,x;)—1(d',x;)|, Va,ad eA.
i=1
Definition 1. A set of algorithms a, ay, ..., ap is
called a chainifp(a,_,,a,)=1,d=1,2, ..., D.
Definition 2. A chain of algorithms ay, ay, ..., ap is

called monotone if n(a,, X) = m + d for some m > 0.

Theorem 4. Let ay, a, ..., ap be a monotone chain of
algorithms; n(a,, X) = m; and L >m + D. Then

X l C€—1
0. = Y PH " (s5u(8)), Py = =2,
d=0 L
d=0,1,...,D;

ifDZkand
ZPd ZiM\ () + PoH " o(s4(2)),
-1 ¢

Py= Sl g =01, D1 Py= L2,

C; Cu

if D < k. Here, P, = Plu(X) = a,] and s,(s) = E(m +
d — k).

Definition 3. A set of algorithms a, a,, ..., ap, a;,

a,, ..., ap (with D' not necessarily equal to D) is called
a unimodal chain if the left branch ay, a,, ..., ap and

the right branch a,, a), ..., aj, are monotone chains.

Assume that, if the minimum in (1) is reached on
several algorithms with the same number of errors for
both training and general sets, then p chooses an algo-
rithm from the left branch.

Theorem 5. Letay, ay, ...,ay, a, , a,, ..., ay beauni-
modal chain of algorithms, where k < D, m = n(a,, X),
and2D+ m< L.

Then the probability of obtaining each of the algo-
rithms is
No. 3
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= P[u(X) = a)] = %
C

Py = P[u(X) =a,] = 7 )
CL
d=12,..D;
€-1 €-1
' C — _C, —
Py = Plu(X) = a] = === ede :

The probability of overfitting for s (€) = % (m+d—ck)is

C(—z X
0, = —L2H, 75" (so())
L
“(.cts
+Z[ L " H i (5(2))
d=1
C[ 1 ”
L2250 2 (s(8))

L

cl-! 1
- %Hi—id— 1(&1(@)) .

L

Definition 4. A set of algorithms ay, a,, ..., ap is
called a unit neighborhood of g, if their error vectors
are pairwise distinct, n(a,;, X) = n(a,, X) + 1, and
p(ag,ay) =1ford=1,2

Theorem 6. Let ay, a,, ..., ayp be a unit neighborhood

of ay; m = n(ay, X); and L >m + D. Then
0.= Pyt 5" (L m—sk)

2 ¢

+ ZPdHi‘_‘j,””"(z(m +1- sk)),
d=1
k k-1
P, = Ciop , P, = o tdd=1,2..D,
C} C.

where P, is the probability of an algorithm a,obtained by
training.

The last special case is a two-element set A = {a, a,}.
Even in this simplest case, we can see the phenomenon
of overfitting and the splitting and similarity effects,
which reduce the probability of overfitting [10].

Theorem 7. Let both algorithms, only a, and a, make
an error on my, m,, and m, objects in X, respectively.
Then
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C—50—5,—5,

S e A CpCpCaCy
0.- 3 F 3 e

Sg=0s;,=0s5,=0

£

+ [, >s2][s0 +5,< %(mo +m, —sk)D.
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