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Ïðîáëåìà îöåíèâàíèÿ îáîáùàþùåé ñïîñîáíîñòè

Äàíî:

X L = {x1, . . . , xL} � ãåíåðàëüíîå ìíîæåñòâî îáúåêòîâ

X L = X ℓ ⊔X k
� ðàçáèåíèå íà îáó÷àþùóþ è êîíòðîëüíóþ ÷àñòè

A = {a : X ×W → Y } � ìîäåëü, ñåìåéñòâî àëãîðèòìîâ

µ : (X × Y )ℓ → A � ìåòîä îáó÷åíèÿ

L (a, x) � �óíêöèÿ ïîòåðü àëãîðèòìà a íà îáúåêòå x

Q(a,U) = 1
|U|

∑
x∈U

L (a, x) � ñðåäíÿÿ ïîòåðÿ íà âûáîðêå U

Íàéòè:

ñïîñîá îöåíèâàòü è ìèíèìèçèðîâàòü Q(µ(X ℓ),X k), íå çíàÿ X k
,

äëÿ øèðîêîãî êëàññà çàäà÷ (Y , A, W ) è ìåòîäîâ (µ);

ïðè óïðîùàþùèõ ïðåäïîëîæåíèÿõ:

� �óíêöèÿ ïîòåðü áèíàðíàÿ;

� âñå ðàçáèåíèÿ X ℓ ⊔ X k
ñëó÷àéíû è ðàâíîâåðîÿòíû.
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Áèíàðíàÿ �óíêöèÿ ïîòåðü. Ìàòðèöà îøèáîê

X L = {x1, . . . , xL} � êîíå÷íîå ãåíåðàëüíîå ìíîæåñòâî îáúåêòîâ

A = {a1, . . . , aD} � êîíå÷íîå ìíîæåñòâî (ñåìåéñòâî) àëãîðèòìîâ

L (a, x) ≡ I (a, x) = [ a îøèáàåòñÿ íà x ] � èíäèêàòîð îøèáêè

L×D-ìàòðèöà îøèáîê ñ ïîïàðíî ðàçëè÷íûìè ñòîëáöàìè:

a1 a2 a3 a4 a5 a6 · · · aD

x1 1 1 0 0 0 1 · · · 1 X
ℓ
� íàáëþäàåìàÿ

. . . 0 0 0 0 1 1 · · · 1 (îáó÷àþùàÿ) âûáîðêà

xℓ 0 0 1 0 0 0 · · · 0 äëèíû ℓ

xℓ+1 0 0 0 1 1 1 · · · 0 X
k
� ñêðûòàÿ

. . . 0 0 0 1 0 0 · · · 1 (êîíòðîëüíàÿ) âûáîðêà

xL 0 1 1 1 1 1 · · · 0 äëèíû k = L− ℓ

n(a,X ) =
∑
x∈X

I (a, x) � ÷èñëî îøèáîê a ∈ A íà âûáîðêå X ⊂ X L

ν(a,X ) = n(a,X )/|X | � ÷àñòîòà îøèáîê a íà âûáîðêå X

Ê.Â. Âîðîíöîâ (k.vorontsov�iai.msu.ru) ÌÌÎ: êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ 4 / 38



Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

x1 0

x2 0

x3 0

x4 0

x5 0

x6 0

x7 0

x8 0

x9 0

x10 0
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Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

5 âåêòîðîâ ñ 1 îøèáêîé

x1 0 1 0 0 0 0

x2 0 0 1 0 0 0

x3 0 0 0 1 0 0

x4 0 0 0 0 1 0

x5 0 0 0 0 0 1

x6 0 0 0 0 0 0

x7 0 0 0 0 0 0

x8 0 0 0 0 0 0

x9 0 0 0 0 0 0

x10 0 0 0 0 0 0
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Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

5 âåêòîðîâ ñ 1 îøèáêîé

8 âåêòîðîâ ñ 2 îøèáêàìè

è ò. ä...

x1 0 1 0 0 0 0 1 0 0 0 0 1 1 0 . . .

x2 0 0 1 0 0 0 1 1 0 0 0 0 0 0 . . .

x3 0 0 0 1 0 0 0 1 1 0 0 0 0 1 . . .

x4 0 0 0 0 1 0 0 0 1 1 0 0 0 0 . . .

x5 0 0 0 0 0 1 0 0 0 1 1 1 0 0 . . .

x6 0 0 0 0 0 0 0 0 0 0 1 0 1 0 . . .

x7 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . . .

x8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
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Çàäà÷à îöåíèâàíèÿ âåðîÿòíîñòè ïåðåîáó÷åíèÿ

Ïåðåîáó÷åííîñòü � ðàçíîñòü ÷àñòîò îøèáîê íà X k
è íà X ℓ

:

δ(µ,X ℓ,X k) = ν
(
µ(X ℓ),X k

)
− ν

(
µ(X ℓ),X ℓ

)
.

Ïåðåîáó÷åíèå � ýòî ñîáûòèå δ(µ,X ℓ,X k) > ε.

Îñíîâíîå âåðîÿòíîñòíîå ïðåäïîëîæåíèå:

P ≡ E ≡ 1
C ℓ

L

∑
X ℓ⊂X L

� âñå ðàçáèåíèÿ X ℓ ⊔ X k = X L
ðàâíîâåðîÿòíû

Èíòåðïðåòàöèÿ 1: ýòî CCV, ïîëíûé ñêîëüçÿùèé êîíòðîëü.

Èíòåðïðåòàöèÿ 2: ýòî ãèïîòåçà íåçàâèñèìîñòè âûáîðêè X L
.

Îñíîâíàÿ çàäà÷à � îöåíèòü âåðîÿòíîñòü ïåðåîáó÷åíèÿ:

Rε(µ,X
L) = P

[
δ(µ,X ℓ,X k) > ε

]
.

P̂ ≡ Ê ≡ 1
|N|

∑
X ℓ∈N

� ýìïèðè÷åñêàÿ îöåíêà ìåòîäîì Ìîíòå-Êàðëî

ïî ñëó÷àéíîìó ïîäìíîæåñòâó ðàçáèåíèé N
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Ïðîñòåéøèé, íî âàæíûé ÷àñòíûé ñëó÷àé

Ïóñòü A = {a} � îäíîýëåìåíòíîå ìíîæåñòâî, m = n(a,X L).

Òîãäà âåðîÿòíîñòü ïåðåîáó÷åíèÿ åñòü âåðîÿòíîñòü áîëüøîãî

îòêëîíåíèÿ ÷àñòîò îøèáîê àëãîðèòìà a â äâóõ ïîäâûáîðêàõ:

Rε(a,X
L) = P

[
δ(a,X ℓ,X k) > ε

]
= P

[
ν
(
a,X k

)
− ν

(
a,X ℓ

)
> ε

]
.

Òåîðåìà

Äëÿ ëþáîãî X L
, ëþáîãî ε ∈ [0, 1] âåðîÿòíîñòü ïåðåîáó÷åíèÿ

îïèñûâàåòñÿ �óíêöèåé ãèïåðãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ:

Rε(a,X
L) = Hℓ,m

L

(
ℓ
L
(m − εk)

)
,

ãäå Hℓ,m
L (z) =

⌊z⌋∑

s=0

C s
mC

ℓ−s
L−m

C ℓ
L

.
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Äîêàçàòåëüñòâî

1. Îáîçíà÷èì s = n(a,X ℓ).

2. ¾Øêîëüíàÿ¿ çàäà÷à ïî òåîðèè âåðîÿòíîñòåé:

â óðíå L øàðîâ, m èç íèõ ÷¼ðíûå; èçâëåêàåì ℓ øàðîâ íàóãàä.
Êàêîâà âåðîÿòíîñòü òîãî, ÷òî s èç íèõ ÷¼ðíûå?

P
[
n(a,X ℓ) = s

]
= C s

mC
ℓ−s
L−m/C

ℓ
L.

3. �àñïèøåì Rε, ïîäñòàâèâ ν(a,X k) = m−s
k

, ν(a,X ℓ) = s
ℓ :

Rε(a,X
L) = P

[
ν
(
a,X k

)
− ν

(
a,X ℓ

)
> ε

]
=

=
ℓ∑

s=0

[
m−s
k

− s
ℓ > ε︸ ︷︷ ︸

s 6
ℓ
L
(m−εk)

]
P
[
n(a,X ℓ) = s

]
︸ ︷︷ ︸

C s
mC

ℓ−s
L−m

/C ℓ

L

=

= Hℓ,m
L

(
ℓ
L
(m − εk)

)
. �
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�èïåðãåîìåòðè÷åñêîå ðàñïðåäåëåíèå h(s|m) = C s
mC

ℓ−s
L−m/C

ℓ
L

Гипергеометрическое распределение h(s|m) при L=200, k=100      
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sh(s|m) при m=50
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Êîíöåíòðàöèÿ âåðîÿòíîñòíîé ìåðû, çàêîí áîëüøèõ ÷èñåë:

ïðåäñêàçàíèå ÷èñëà m = n(a,X L) ïî ÷èñëó s = n(a,X ℓ)
âîçìîæíî áëàãîäàðÿ óçîñòè ãèïåðãåîìåòðè÷åñêîãî ïèêà,

ïðè÷¼ì ïðè ℓ, k → ∞ îí ñóæàåòñÿ, è ν(a,X ℓ) → ν(a,X k)
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Ïðèíöèï ðàâíîìåðíîé ñõîäèìîñòè ÷àñòîò

�àññìîòðèì ñëó÷àé, êîãäà A ïðîèçâîëüíîå, êîíå÷íîå.

1. Âåðîÿòíîñòü ïåðåîáó÷åíèÿ îöåíèì ñâåðõó âåðîÿòíîñòüþ

áîëüøîãî ðàâíîìåðíîãî îòêëîíåíèÿ ÷àñòîò: äëÿ ëþáûõ X L
, µ

Rε(µ,X
L) = P

[
δ(µ,X ℓ,X k) > ε

]
6

6 P
[
max
a∈A

δ(a,X ℓ,X k) > ε
]
= R̃ε(A,X

L).

2. Îöåíèì âåðîÿòíîñòü îáúåäèíåíèÿ ñîáûòèé ñóììîé

èõ âåðîÿòíîñòåé (íåðàâåíñòâî Áóëÿ, union bound):

R̃ε(A,X
L) = Pmax

a∈A

[
δ(a,X ℓ,X k) > ε

]
6

6 P
∑

a∈A

[
δ(a,X ℓ,X k) > ε

]
=

∑

a∈A

P
[
δ(a,X ℓ,X k) > ε

]
︸ ︷︷ ︸

Rε(a,X L)

.
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Îöåíêà Âàïíèêà�×åðâîíåíêèñà (VC bound)

Òàêèì îáðàçîì, äîêàçàíà

Ëåììà. Äëÿ ëþáûõ X L
, µ, êîíå÷íîãî A è ε ∈ [0, 1]

R̃ε(A,X
L) 6

∑

a∈A

Hℓ,m
L

(
ℓ
L

(
m − εk

))
, m = n(a,X L).

Òåîðåìà (Âàïíèê è ×åðâîíåíêèñ, 1968)

Äëÿ ëþáûõ X L
, µ, êîíå÷íîãî A è ε ∈ [0, 1]

R̃ε(A,X
L) 6 |A| ·max

m
Hℓ,m

L

(
ℓ
L

(
m − εk

))
6

6 |A| · 3
2 exp

(
−ε2ℓ

)
, ïðè ℓ = k .

Â.Í.Âàïíèê, À.ß.×åðâîíåíêèñ. Î ðàâíîìåðíîé ñõîäèìîñòè ÷àñòîò ïîÿâëåíèÿ

ñîáûòèé ê èõ âåðîÿòíîñòÿì. 1968.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Îáîáùåíèå íà ñëó÷àé áåñêîíå÷íûõ ñåìåéñòâ A

Ôóíêöèÿ ðîñòà ∆A(L) ñåìåéñòâà A � ýòî ìàêñèìàëüíîå ïî X L

÷èñëî ðàçëè÷íûõ âåêòîðîâ îøèáîê
~a =

(
I (a, x1), . . . , I (a, xL)

)
.

Â îöåíêå ìîæíî çàìåíèòü |A| íà �óíêöèþ ðîñòà ∆A(L).

�ìêîñòü (ðàçìåðíîñòü Âàïíèêà-×åðâîíåíêèñà) ñåìåéñòâà A �

ýòî ìàêñèìàëüíàÿ äëèíà âûáîðêè h, äëÿ êîòîðîé ∆A(h) = 2h.

Òåîðåìà

Åñëè òàêîå h ñóùåñòâóåò, òî ∆A(L) 6 C 0
L + · · ·+ Ch

L 6 3
2
Lh

h! .

Òåîðåìà

�ìêîñòü ñåìåéñòâà ëèíåéíûõ êëàññè�èêàòîðîâ íà äâà êëàññà

a(x) = sign(w1x
1 + · · ·+ wnx

n), x = (x1, . . . , xn) ∈ X .

ðàâíà ðàçìåðíîñòè ïðîñòðàíñòâà ïàðàìåòðîâ, VCdim(A) = n.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Îáðàùåíèå îöåíêè Âàïíèêà-×åðâîíåíêèñà (ïðè ℓ = k)

1. Îöåíêà: P
[
max
a∈A

(
ν(a,X k)−ν(a,X ℓ)

)
> ε

]
6 ∆ 3

2 exp
(
−ℓε2

)
= η

Òîãäà äëÿ ëþáîãî a ∈ A ñ âåðîÿòíîñòüþ íå ìåíåå (1− η)

ν(a,X k) 6 ν(a,X ℓ)︸ ︷︷ ︸
ýìïèðè÷åñêèé

ðèñê

+

√
1

ℓ
ln∆ +

1

ℓ
ln

3

2η
︸ ︷︷ ︸
øòðà� çà ñëîæíîñòü

.

2. Îöåíêà: P
[
max
a∈A

(
ν(a,X k)−ν(a,X ℓ)

)
> ε

]
6 3

2
Lh

h!
3
2 exp

(
−ℓε2

)
= η

Òîãäà äëÿ ëþáîãî a ∈ A ñ âåðîÿòíîñòüþ íå ìåíåå (1− η)

ν(a,X k) 6 ν(a,X ℓ)︸ ︷︷ ︸
ýìïèðè÷åñêèé

ðèñê

+

√
h

ℓ
ln

2eℓ

h
+

1

ℓ
ln

9

4η
︸ ︷︷ ︸

øòðà� çà ñëîæíîñòü

.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Ìåòîä ñòðóêòóðíîé ìèíèìèçàöèè ðèñêà (ÑÌ�)

Äàíî: ñèñòåìà âëîæåííûõ ïîäñåìåéñòâ âîçðàñòàþùåé ¼ìêîñòè

A0 ⊂ A1 ⊂ · · · ⊂ Ah ⊂ · · ·

Íàéòè: îïòèìàëüíóþ ¼ìêîñòü h∗, òàêóþ, ÷òî

ν(a,X k) 6 min
a∈Ah

ν(a,X ℓ)

︸ ︷︷ ︸
ìèíèìèçàöèÿ

ýìïèðè÷åñêîãî ðèñêà

+

√
h

ℓ
ln

2eℓ

h
+

1

ℓ
ln

9

4η
︸ ︷︷ ︸

øòðà� çà ñëîæíîñòü

→ min
h

Íåäîñòàòêè ÑÌ�:

� âåðõíÿÿ îöåíêà Rε î÷åíü ñèëüíî çàâûøåíà

� ñëåäîâàòåëüíî, h∗ ìîæåò îêàçàòüñÿ çàíèæåííîé

� íà ïðàêòèêå ïðåäïî÷èòàþò ýìïèðè÷åñêèå îöåíêè CV

Â.Í.Âàïíèê, À.ß.×åðâîíåíêèñ. Òåîðèÿ ðàñïîçíàâàíèÿ îáðàçîâ. M.: Íàóêà, 1974.

Â.Í.Âàïíèê, À.ß.×åðâîíåíêèñ. Âîññòàíîâëåíèå çàâèñèìîñòåé ïî ýìïèðè÷åñêèì

äàííûì. M.: Íàóêà, 1979.

Ê.Â. Âîðîíöîâ (k.vorontsov�iai.msu.ru) ÌÌÎ: êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ 14 / 38
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Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Ïðè÷èíû çàâûøåííîñòè îöåíîê Âàïíèêà-×åðâîíåíêèñà

Îöåíêà ðàâíîìåðíîãî îòêëîíåíèÿ (uniform bound)

ñèëüíî çàâûøåíà, êîãäà á�îëüøàÿ ÷àñòü àëãîðèòìîâ èìååò

èñ÷åçàþùå ìàëóþ âåðîÿòíîñòü áûòü ðåçóëüòàòîì îáó÷åíèÿ

Íà ïðàêòèêå ðàñïðåäåëåíèå

q(a) = P
[
µ(X ℓ) = a

]
, a ∈ A

êàê ïðàâèëî, ñóùåñòâåííî íåðàâíîìåðíî!

Áóäåì íàçûâàòü ýòî ý��åêòîì ðàññëîåíèÿ ñåìåéñòâà A.

Íåðàâåíñòâî Áóëÿ (union bound) ñèëüíî çàâûøåíî, êîãäà

ñðåäè áèíàðíûõ âåêòîðîâ îøèáîê åñòü ìíîãî ïîõîæèõ

Áóäåì íàçûâàòü ýòî ý��åêòîì ñõîäñòâà àëãîðèòìîâ

K.V.Vorontsov. Splitting and similarity phenomena in the sets of 
lassi�ers and their

e�e
t on the probability of over�tting. 2008.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Îöåíêà ¾áðèòâà Îêêàìà¿ (O

am's Razor Bound)

Ìû íå ìîæåì çíàòü ðàñïðåäåëåíèå q(a) = P
[
µ(X ℓ) = a

]
,

íî ìîæåì ïîïðîáîâàòü åãî ¾óãàäàòü¿.

Òåîðåìà (Ëàíã�îðä, 2002)

Äëÿ ïðîèçâîëüíîé íîðìèðîâàííîé �óíêöèè, p(a),
∑
a∈A

p(a) = 1,

ëþáîãî η ∈ (0, 1), ëþáîãî a ∈ A ñ âåðîÿòíîñòüþ íå ìåíåå 1− η

ν(a,X k) 6 ν(a,X ℓ) +

√
1

ℓ
ln

1

p(a)
+

1

ℓ
ln

3

2η

Óòâ 1. Åñëè óãàäàëè, p(a) = q(a), òî E ln 1
p(µ(X ℓ))

ìèíèìàëüíî.

Óòâ 2. Áðèòâà Îêêàìà ìîæåò ó÷èòûâàòü ý��åêò ðàññëîåíèÿ,

íî íå ó÷èòûâàåò ý��åêò ñõîäñòâà, ïîýòîìó òîæå çàâûøåíà.

John Langford. Quantitatively tight sample 
omplexity bounds. 2002.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Îöåíêà ¾áðèòâà Îêêàìà¿: êàê çàäàòü p(a)?

Ïðèìåð 1.

A � êîíå÷íîå ìíîæåñòâî.

�àâíîìåðíîå ðàñïðåäåëåíèå p(a) = 1
|A|

äà¼ò îöåíêó Âàïíèêà�×åðâîíåíêèñà:

äëÿ ëþáûõ a ∈ A, η ∈ (0, 1) ñ âåðîÿòíîñòüþ íå ìåíåå 1− η

ν(a,X k) 6 ν(a,X ℓ) +

√
1

ℓ
ln |A|+

1

ℓ
ln

3

2η
.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Áðèòâà Îêêàìà

Îöåíêà ¾áðèòâà Îêêàìà¿: êàê åù¼ çàäàòü p(a)?

Ïðèìåð 2. Çàäà÷à êëàññè�èêàöèè íà 2 êëàññà Y = {−1,+1},
A � ëèíåéíûå êëàññè�èêàòîðû â R

n
:

a(x) = sign(w1x
1 + · · ·+ wnx

n), x = (x1, . . . , xn) ∈ X .

�àóññîâñêîå ðàñïðåäåëåíèå: âåñà w ∈ R
n
� íåçàâèñèìûå ñ.â.,

ñ íóëåâûì îæèäàíèåì è ðàâíûìè äèñïåðñèÿìè σ2
:

p(a) = Z exp
(
−

1

2σ2
‖w‖2

)
,

ãäå Z � íîðìèðîâî÷íûé ìíîæèòåëü, íå çàâèñÿùèé îò w .

Ïîäñòàâëÿÿ â ¾áðèòâó Îêêàìà¿, ïîëó÷àåì... ðåãóëÿðèçàöèþ!

ν(a,X k) 6 ν(a,X ℓ) +

√
‖w‖2

2ℓσ2
+

1

ℓ
ln

3

2ηZ
.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Êàê ó÷åñòü íå òîëüêî ðàññëîåíèå, íî è ñõîäñòâî àëãîðèòìîâ?

Öåïü ïîðîæäàåòñÿ íåïðåðûâíûì èçìåíåíèåì ïàðàìåòðà,

íàïðèìåð, ïîðîãîâûì ðåøàþùèì ïðàâèëîì íàä ïðèçíàêîì f :

A =
{
ad (x) = [f (x) > θd ] : d = 0, . . . ,D

}

Ïðèìåð:

2 êëàññà {•, ◦}
6 îáúåêòîâ

7 ïîðîãîâ-àëãîðèòìîâ

Ìàòðèöà îøèáîê −→

Â öåïè êàæäûé ñëåäóþùèé

àëãîðèòì îòëè÷àåòñÿ

îò ïðåäûäóùåãî òîëüêî

íà îäíîì îáúåêòå

//

x

•

x1

•

x2

◦

x3

◦

x4

•

x5

◦

x6✤

θ0

✤

θ1

✤

θ2

✤

θ3

✤

θ4

✤

θ5

✤

θ6

•

•

❚❚❚❚
•

❚❚❚❚ •❥❥❥❥
•❥❥❥❥

•

❚❚❚❚ •❥❥❥❥

1 0 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 1 1 1 1
0 0 0 0 1 1 1
1 1 1 1 1 0 0
0 0 0 0 0 0 1

n(ad ,X
L)

x1

x2

x3

x4

x5

x6
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Êàê çàâèñèò ïåðåîáó÷åíèå îò ñîäåðæèìîãî ìàòðèöû îøèáîê?

Âåðõíèå îöåíêè VC-òåîðèè çàâèñÿò òîëüêî îò ðàçìåðà ìàòðèöû

îøèáîê L× |A|, è ïîòîìó ñèëüíî çàâûøåíû.

Ýêñïåðèìåíò: ñðàâíèì Rε è CCV äëÿ ÷åòûð¼õ ìàòðèö îøèáîê:

ëó÷øèé àëãîðèòì îäèíàêîâûé

åñòü/íåò ðàññëîåíèå � êîãäà

êàæäûé ñëåäóþùèé àëãîðèòì

äîïóñêàåò íà îäíó îøèáêó áîëüøå,

÷åì ïðåäûäóùèé

åñòü/íåò ñâÿçíîñòü � êîãäà êàæäûé

ñëåäóþùèé àëãîðèòì ëèøü íà îäíîì

îáúåêòå îòëè÷àåòñÿ îò ïðåäûäóùåãî

ðàññë. áåç ðàññë.

ñ

â

ÿ

ç

í

.

á

å

ç

ñ

â

ÿ

ç

í

.

Vorontsov K. V. Splitting and similarity phenomena in the sets of 
lassi�ers and their

e�e
t on the probability of over�tting. PRIA, 2009.

Ê.Â. Âîðîíöîâ (k.vorontsov�iai.msu.ru) ÌÌÎ: êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ 20 / 38



Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Çàâèñèìîñòü âåðîÿòíîñòè ïåðåîáó÷åíèÿ îò ÷èñëà àëãîðèòìîâ

ℓ=k=100, m∗=10, ε=0.05, |N|=103 ðàçáèåíèé Ìîíòå-Êàðëî

ðàññë. áåç ðàññë.

ñ

â

ÿ

ç

í

.

á

å

ç

ñ

â

ÿ

ç

í

.
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|A|

Probability of overfitting

ñâÿçíîñòü çàìåäëÿåò òåìï ðîñòà êðèâîé Rε(|A|)

ðàññëîåíèå ïîíèæàåò óðîâåíü ãîðèçîíòàëüíîé àñèìïòîòû

îãðîìíûå ñåìåéñòâà ñ �&Ñ ìîãóò ïî÷òè íå ïåðåîáó÷àòüñÿ

VC-îöåíêà ëèíåéíî ìàæîðèðóåò õóäøóþ èç ýòèõ êðèâûõ
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Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Çàâèñèìîñòü îöåíêè CCV îò ÷èñëà àëãîðèòìîâ

ℓ = k = 100, m∗ = 10, |N| = 103 ðàçáèåíèé Ìîíòå-Êàðëî

ðàññë. áåç ðàññë.

ñ

â

ÿ

ç

í

.

á

å

ç

ñ

â

ÿ

ç

í

.

0 50 100 150 200

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

|A|

Complete Cross-Validation

ñïðàâà: îöåíêè CCV = Êν
(
µ(X ℓ),X k

)
è Êν

(
µ(X ℓ),X ℓ

)

áåç P&C äàæå 10 àëãîðèòìîâ ìîãóò ñèëüíî ïåðåîáó÷àòüñÿ

áåç ó÷¼òà ý��åêòîâ ðàññëîåíèÿ è ñâÿçíîñòè ïîëó÷åíèå

òî÷íûõ îöåíîê âåðîÿòíîñòè ïåðåîáó÷åíèÿ íåâîçìîæíî
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Ýêñïåðèìåíò. Ïåðåîáó÷åíèå öåïåé ñ ðàçëè÷íûì ðàññëîåíèåì

Óñëîâèÿ ýêñïåðèìåíòà: L = 100, ℓ = 50, m∗ = 25,
|N| = 104 ñëó÷àéíûõ ðàçáèåíèé Ìîíòå-Êàðëî

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

0 20 40 60 80 100

0.22

0.24

0.26

0.28

0.30

0.32

средняя частота ошибок МЭР на обучении средняя частота ошибок МЭР на контроле

частота ошибок классификаторов цепи на полной выборке

Ø.Õ.Èøêèíà. Êîìáèíàòîðíûå îöåíêè ïåðåîáó÷åíèÿ ïîðîãîâûõ ðåøàþùèõ ïðàâèë. 2018
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Ñåìåéñòâî èç äâóõ àëãîðèòìîâ A = {a1, a2}

Ïóñòü äëÿ àëãîðèòìîâ a1, a2 èçâåñòíû m0, m1, m2, m3:

a1 = (1, . . . , 1, 1, . . . , 1, 0, . . . , 0, 0, . . . , 0 );

a2 = (1, . . . , 1︸ ︷︷ ︸
m0

, 0, . . . , 0︸ ︷︷ ︸
m1

, 1, . . . , 1︸ ︷︷ ︸
m2

, 0, . . . , 0︸ ︷︷ ︸
m3

).

Ñõîäñòâî âåêòîðîâ îøèáîê èçìåðÿåòñÿ ðàññòîÿíèåì Õýììèíãà:

r(a1, a2) =
L∑

i=1

∣∣I (a1, xi )− I (a2, xi )
∣∣ = m1 +m2

�àññëîåíèå èçìåðÿåòñÿ ðàçíîñòüþ ÷èñëà îøèáîê:

d(a1, a2) =
∣∣n(a1,X L)− n(a2,X

L)
∣∣ = |m1 −m2|

Óñëîâèÿ ýêñïåðèìåíòà: ℓ = k = 100, m0 = 20, ε = 0.05,
ìåòîä Ìîíòå-Êàðëî ïî |N| = 104 ñëó÷àéíûõ ðàçáèåíèé.
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Ý��åêòû ñõîäñòâà è ðàññëîåíèÿ äëÿ ïàðû àëãîðèòìîâ

Çàâèñèìîñòü âåðîÿòíîñòè ïåðåîáó÷åíèÿ Rε

îò ðàññòîÿíèÿ Õýììèíãà r è ðàññëîåíèÿ d :

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180

0.15

0.20

0.25

0.30

0.35

0.40

0.45

d=0 d=10 d=20 d=40 r

Rε

ïåðåîáó÷åíèå âîçíèêàåò äàæå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

÷åì áîëåå îíè ñõîæè, òåì ìåíüøå ïåðåîáó÷åíèå

÷åì áîëüøå ðàññëîåíèå, òåì ìåíüøå ïåðåîáó÷åíèå
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ìîíîòîííàÿ öåïü àëãîðèòìîâ

Ïåðåîáó÷åíèå öåïåé

Ïåðåîáó÷åíèå ïðè âûáîðå èç äâóõ àëãîðèòìîâ

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ ñåìåéñòâà èç äâóõ àëãîðèòìîâ

Ïóñòü äëÿ àëãîðèòìîâ a1, a2 èçâåñòíû m0, m1, m2, m3:

a1 = (1, . . . , 1, 1, . . . , 1, 0, . . . , 0, 0, . . . , 0 );

a2 = (1, . . . , 1︸ ︷︷ ︸
m0

, 0, . . . , 0︸ ︷︷ ︸
m1

, 1, . . . , 1︸ ︷︷ ︸
m2

, 0, . . . , 0︸ ︷︷ ︸
m3

).

Òåîðåìà (î âåðîÿòíîñòè ïåðåîáó÷åíèÿ)

Åñëè A = {a1, a2} è ìåòîä µ ìèíèìèçèðóåò ýìïèðè÷åñêèé ðèñê

(÷èñëî îøèáîê íà îáó÷åíèè), òî äëÿ ëþáîãî ε ∈ [0, 1]

Rε(µ,X
L) =

m0∑

s0=0

m1∑

s1=0

m2∑

s2=0

C s0
m0

C s1
m1

C s2
m2

C ℓ−s0−s1−s2
L−m0−m1−m2

C ℓ
L

×

×
([

s1 < s2
][
s0 + s1 6

ℓ
L
(m0 +m1 − εk)

]
+

+
[
s1 > s2

][
s0 + s2 6

ℓ
L
(m0 +m2 − εk)

])
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè ìíîæåñòâà àëãîðèòìîâ

Îïðåäåëèì áèíàðíûå îòíîøåíèÿ íà ìíîæåñòâå àëãîðèòìîâ A:

÷àñòè÷íûé ïîðÿäîê a 6 b: I (a, x) 6 I (b, x) äëÿ âñåõ x ∈ X L
;

ïðåäøåñòâîâàíèå a ≺ b: a 6 b è ‖b − a‖ = 1.

Îïð. �ðà� ðàññëîåíèÿ�ñâÿçíîñòè 〈A,E 〉:
A � ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ îøèáîê;

E =
{
(a, b) : a ≺ b

}
.

Ñâîéñòâà ãðà�à ðàññëîåíèÿ�ñâÿçíîñòè:

ýòî ïîäãðà� ãðà�à Õàññå îòíîøåíèÿ ïîðÿäêà 6 íà A;

êàæäîìó ðåáðó (a, b) ñîîòâåòñòâóåò ð¼áåðíûé îáúåêò

xab ∈ X L
, òàêîé, ÷òî I (a, xab) = 0, I (b, xab) = 1;

ãðà� ÿâëÿåòñÿ ìíîãîäîëüíûì ñî ñëîÿìè

Am =
{
a ∈ A : n(a,X L) = m

}
, m = 0, . . . , L;
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0

x1 0

x2 0

x3 0

x4 0

x5 0

x6 0

x7 0

x8 0

x9 0

x10 0
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0 ñëîé 1

x1 0 1 0 0 0 0

x2 0 0 1 0 0 0

x3 0 0 0 1 0 0

x4 0 0 0 0 1 0

x5 0 0 0 0 0 1

x6 0 0 0 0 0 0

x7 0 0 0 0 0 0

x8 0 0 0 0 0 0

x9 0 0 0 0 0 0

x10 0 0 0 0 0 0
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0 ñëîé 1 ñëîé 2

x1 0 1 0 0 0 0 1 0 0 0 0 1 1 0 . . .

x2 0 0 1 0 0 0 1 1 0 0 0 0 0 0 . . .

x3 0 0 0 1 0 0 0 1 1 0 0 0 0 1 . . .

x4 0 0 0 0 1 0 0 0 1 1 0 0 0 0 . . .

x5 0 0 0 0 0 1 0 0 0 1 1 1 0 0 . . .

x6 0 0 0 0 0 0 0 0 0 0 1 0 1 0 . . .

x7 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . . .

x8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïðèìåð 2. Ìîíîòîííàÿ öåïü

Îïð. Ìîíîòîííàÿ öåïü àëãîðèòìîâ: a0 ≺ a1 ≺ · · · ≺ aD .

Ïðèìåð: 1D ïîðîãîâûé êëàññè�èêàòîð ad(x) = [x − θd ];

2 êëàññà {•, ◦}
6 îáúåêòîâ

//

x
•

x4
•

x5
•

x6
◦

x1
◦

x2
◦

x3
✤

θ0

✤

θ1

✤

θ2

✤

θ3

�ðà� ñåìåéñòâà:

/.-,()*+a0

/.-,()*+a1

/.-,()*+a2

/.-,()*+a3

x1
OO

x2
OO

x3
OO

m=0

m=1

m=2

m=3

Ìàòðèöà îøèáîê:

a0 a1 a2 a3

x1 0 1 1 1

x2 0 0 1 1

x3 0 0 0 1

x4 0 0 0 0

x5 0 0 0 0

x6 0 0 0 0

Ê.Â. Âîðîíöîâ (k.vorontsov�iai.msu.ru) ÌÌÎ: êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ 31 / 38



Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïðèìåð 3. Äâóìåðíàÿ ñåòü êëàññè�èêàòîðîâ

Ïðèìåð:

2D ëèíåéíûé êëàññè�èêàòîð,

2 êëàññà{•, ◦},
6 îáúåêòîâ

•
x5

•
x3

•
x1

◦
x2

◦
x4

◦
x6

a00

a20
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a11
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a02
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a01
❢❢❢❢❢

❢❢❢❢❢
❢❢❢❢❢

❢❢❢❢❢
❢❢❢❢❢

❢

a10❣
❣❣❣❣

❣❣❣❣
❣❣❣❣

❣❣❣❣
❣❣❣❣

❣❣❣❣
❣

�ðà� ñåìåéñòâà:

76540123a00

76540123a01
76540123a10

76540123a02
76540123a11

76540123a20

76540123a03
76540123a12

76540123a21
76540123a30

x1

YY✷✷✷

x3

YY✷✷✷

x5

YY✷✷✷

x2

EE☞☞☞

x4

EE☞☞☞

x6

EE☞☞☞

EE☞☞☞

YY✷✷✷

EE☞☞☞

YY✷✷✷
EE☞☞☞

YY✷✷✷

m=0

m=1

m=2

m=3

Ìàòðèöà îøèáîê:

a00 a01 a10 a02 a11 a20 a03 a12 a21 a30

x1 0 1 0 1 1 0 1 1 1 0

x2 0 0 1 0 1 1 0 1 1 1

x3 0 0 0 1 0 0 1 1 0 0

x4 0 0 0 0 0 1 0 0 1 1

x5 0 0 0 0 0 0 1 0 0 0

x6 0 0 0 0 0 0 0 0 0 1
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Ïðîáëåìà îöåíèâàíèÿ ïåðåîáó÷åíèÿ

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùåå è çàïðåùàþùåå ìíîæåñòâà àëãîðèòìîâ

Îïðåäåëåíèå

Âåðõíÿÿ ñâÿçíîñòü u(a) àëãîðèòìà a � ýòî ÷èñëî âñåõ ð¼áåð,

èñõîäÿùèõ èç âåðøèíû a â ãðà�å ðàññëîåíèÿ�ñâÿçíîñòè:

u(a) = |Xa|, Xa =
{
xab ∈ X L

∣∣ a ≺ b
}
;

Xa íàçûâàåòñÿ ïîðîæäàþùèì ìíîæåñòâîì àëãîðèòìà a.

Îïðåäåëåíèå

Îøèáî÷íîñòü q(a) àëãîðèòìà a � ýòî ÷èñëî ðàçëè÷íûõ

ð¼áåðíûõ îáúåêòîâ íà âñåõ ïóòÿõ, âåäóùèõ â a:

q(a) = |X ′
a|, X ′

a =
{
x∈X L

∣∣ ∃b∈A : b<a, I (b, x) < I (a, x)
}
;

X ′
a íàçûâàåòñÿ çàïðåùàþùèì ìíîæåñòâîì àëãîðèòìà a.
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�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Õàðàêòåðèñòèêè ðàññëîåíèÿ è ñâÿçíîñòè àëãîðèòìà

Âåðõíÿÿ ñâÿçíîñòü u(a) = #
{
xab ∈ X L

∣∣ a ≺ b
}

Íèæíÿÿ ñâÿçíîñòü d(a) = #
{
xba ∈ X L

∣∣ b ≺ a
}

Îøèáî÷íîñòü q(a) = #
{
x ∈X L

∣∣ ∃b∈A : b<a, I (b, x)< I (a, x)
}

×èñëî îøèáîê m(a) = n(a,X L).

Óòâ.

d(a) 6 q(a) 6 m(a)

Ïðèìåð: äâóìåðíàÿ

ñåòü àëãîðèòìîâ

u(a) = #{x3 , x4} = 2
d(a) = #{x1 , x2} = 2
q(a) = #{x1 , x2} = 2

 

m - 1

m

m + 1

 a

x1 x2

x3 x2 x1 x4

x5 x2 x3 x4 x1 x6

x7 x2 x5 x4 x3 x6 x1 x8
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�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Âåðõíÿÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ìåòîä ìèíèìèçàöèè ýìïèðè÷åñêîãî ðèñêà µ ìîíîòîííûé, åñëè

µ(X ℓ) ∈ AK (X
ℓ) = Argmin

a∈A
K (a,X ℓ),

ãäå K (a,U) � ñòðîãî ìîíîòîííàÿ �óíêöèÿ âåêòîðà îøèáîê a:

äëÿ ëþáûõ U ⊂ X L
, a, b ∈ A åñëè a < b, òî K (a,X ) < K (b,X ).

Ïðèìåð. Ôóíêöèÿ K (a,U) = ν(a,U) � ñòðîãî ìîíîòîííàÿ.

Òåîðåìà

Äëÿ ëþáîãî ìîíîòîííîãî ìåòîäà µ, ëþáûõ X L
, A è ε ∈ (0, 1)

Rε(µ,X
L) 6

∑

a∈A

C ℓ−u
L−u−q

C ℓ
L

Hℓ−u,m−q
L−u−q

(
ℓ
L

(
m − εk

))

K.V.Vorontsov, A.A.Ivahnenko, I.M.Reshetnyak. Generalization bound based on the

splitting and 
onne
tivity graph of the set of 
lassi�ers. 2010.
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�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Èäåÿ äîêàçàòåëüñòâà

1. Ïîñòðîèì ïî µ ìîíîòîííûé ïåññèìèñòè÷íûé ìåòîä µ̄
ìàêñèìèçàöèè ïåðåîáó÷åííîñòè: µ̄(X ℓ) = argmax

a∈AK (X ℓ)

δ(a,X ℓ,X k).

Òîãäà Rε(µ,X
L) 6 Rε(µ̄,X

L) � âåðõíÿÿ îöåíêà.

2. Åñëè µ̄(X ℓ) = a, òî

{
Xa ⊆ X ℓ

â ñèëó ïåññèìèñòè÷íîñòè µ̄,

X ′
a ⊆ X k

â ñèëó ìîíîòîííîñòè µ̄.

3. P
[
µ̄(X ℓ)=a

]
6 P

[
Xa⊆X ℓ

è X ′
a⊆X k

︸ ︷︷ ︸
S(a,X ℓ)

]
=

C
ℓ−|Xa|
L−|Xa|−|X ′

a|

C ℓ
L

=
C ℓ−u
L−u−q

C ℓ
L

.

4. Ïî �îðìóëå ïîëíîé âåðîÿòíîñòè:

Rε(µ̄,X
L) 6

∑

a∈A

P
[
S(a,X ℓ)

]

︸ ︷︷ ︸
C ℓ−u
L−u−q/C

ℓ
L

·P
[
δ(a,X ℓ) > ε

∣∣∣ S(a,X ℓ)
]

︸ ︷︷ ︸
Hℓ−u,m−q

L−u−q

(
ℓ
L

(
m − εk

))
. �
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�ðà� ðàññëîåíèÿ�ñâÿçíîñòè

Ïîðîæäàþùèå è çàïðåùàþùèå ìíîæåñòâà

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Ñâîéñòâà âåðõíåé îöåíêè ðàññëîåíèÿ�ñâÿçíîñòè

1

Ïðè |A| = 1 �óíêöèÿ ãèïåðãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ:

Rε = Hℓ,m
L

(
ℓ
L

(
m − εk

))
→ 0 ïðè ℓ, k → ∞.

2

Ïðè q = u = 0 è ℓ = k ýòî îöåíêà Âàïíèêà-×åðâîíåíêèñà:

Rε 6
∑
a∈A

Hℓ,m
L

(
ℓ
L

(
m − εk

))
6 |A| · 3

2 exp(−εℓ2).

3

Âêëàä àëãîðèòìà a ∈ A óáûâàåò ýêñïîíåíöèàëüíî

ïî u(a) ⇒ ñâÿçíûå ñåìåéñòâà ìåíüøå ïåðåîáó÷àþòñÿ;

ïî q(a) ⇒ òîëüêî íèæíèå ñëîè âíîñÿò âêëàä â Rε.

4

Âåðîÿòíîñòü ïîëó÷èòü àëãîðèòì â ðåçóëüòàòå îáó÷åíèÿ

P
[
µ(X ℓ) = a

]
6 Pa = C

ℓ−u

L−u−q/C
ℓ
L

5

Îöåíêà ÿâëÿåòñÿ òî÷íîé (îáðàùàåòñÿ â ðàâåíñòâî)

â ñëó÷àå ìíîãîìåðíûõ ìîíîòîííûõ ñåòåé àëãîðèòìîâ.
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�åçþìå

Áåç ðàññëîåíèÿ è ñâÿçíîñòè ïåðåîáó÷åíèå íàñòóïàåò

óæå ïðè íåñêîëüêèõ äåñÿòêàõ àëãîðèòìîâ.

�àññëîåíèå è ñâÿçíîñòü ñèëüíî óìåíüøàþò ïåðåîáó÷åíèå

è ñïîñîáíû êîìïåíñèðîâàòü âëèÿíèå ðàçìåðíîñòè.

Íà ïðàêòèêå ñåìåéñòâà, êàê ïðàâèëî, èìè îáëàäàþò.

Ñõåìà ïðèìåíåíèÿ îöåíîê âåðîÿòíîñòè ïåðåîáó÷åíèÿ:

1) îöåíèòü η = Rε(µ,X
L) ïî íåñêîëüêèì íèæíèì ñëîÿì;

2) ïðèìåíèâ îáðàùåíèå, îöåíèòü ε ÷åðåç η;
3) èñïîëüçîâàòü îöåíêó ν(X L)+ ε(η) êàê âíåøíèé êðèòåðèé

èëè ðåãóëÿðèçàòîð äëÿ âûáîðà ñòðóêòóðû ìîäåëè.

Çàâûøåííîñòü îöåíîê Rε ìîæåò ïðèâîäèòü ê çàíèæåíèþ

ñëîæíîñòè (ïåðåóïðîùåíèþ) ìîäåëåé â ýòîé ñõåìå.

Ïðàêòè÷íåå ïîëüçîâàòüñÿ îöåíêàìè ñêîëüçÿùåãî êîíòðîëÿ.

Òåñíûå âåðõíèå îöåíêè (tight bounds) ïåðåîáó÷åíèÿ

âûâîäÿòñÿ â COLT (Computational Learning Theory)
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