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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà: P(A|B) =
P(B|A)P(A)

P(B)
;

Ôîðìóëà ïîëíîé âåðîÿòíîñòè: P(B) = P(B|A)P(A) + P(B|A)P(A);
Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

Òåñòèðîâàíèå ãèïîòåç

Îøèáêà ïåðâîãî ðîäà è ìîùíîñòü êðèòåðèÿ;

Êðèòè÷åñêàÿ îáëàñòü è êàê åå îïðåäåëèòü;

Ïðîáëåìà ìíîæåñòâåííîãî òåñòèðîâàíèÿ ãèïîòåç

Ïðîáëåìà ëîæíûõ îòêðûòèé ïðè íåçàâèñèìîì îäíîâðåìåííîì

òåñòèðîâàíèè ìíîæåñòâà ãèïîòåç;

FWER è FDR êàê îáîáùåíèÿ âåðîÿòíîñòè îøèáêè ïåðâîãî ðîäà;

Ïîïðàâêà Áîí�åððîíè êàê êîíñåðâàòèâíîå ñðåäñòâî êîíòðîëÿ FWER;

Ïîïðàâêà Áåíäæàìèíè-Õîõáåðãà äëÿ êîíòðîëÿ FDR äëÿ

ïîëîæèòåëüíî ðåãðåññèîííî çàâèñèìûõ ãèïîòåç.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð

Ïóñòü èìååòñÿ K êëàññîâ C = {C1, . . . , CK} è x ∈ R
n
.

Òðåáóåòñÿ ïîñòðîèòü êëàññè�èêàòîð f(·) : R
n → C.

p(Ck|x) =
p(Ck)p(x|Ck)

p(x)
∝ p(Ck)p(x|Ck).

p(Ck)p(x|Ck) = p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|x1, . . . , xn−1, Ck).

¾Íàèâíîñòü¿: p(xi|x1, . . . , xi−1, Ck) = p(xi|Ck).

p(Ck|x) =
p(Ck)

∏n
i=1 p(xi|Ck)

p(x)
.

Êëàññè�èêàòîð: f(x) = argmax
k

(

p(Ck)
n∏

i=1

p(xi|Ck)

)

.

Âîïðîñû:

Êàê îïðåäåëèòü p(Ck) è p(xi|Ck)?

Íàñêîëüêî ïëîõà ¾íàèâíîñòü¿, è çà÷åì îíà ââîäèòñÿ?

Ïî÷åìó êëàññè�èêàòîð òàêîãî âèäà?
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Âîïðîñ: êàê îïðåäåëèòü p(Ck) è p(xi|Ck)?

1 Îïðåäåëÿåì p(Ck) ÷àñòîòíî ïî âûáîðêå, à äëÿ p(xi|Ck) ñòðîèì
ïàðàìåòðè÷åñêóþ ìîäåëü è èñïîëüçóåì ML-îöåíêè åå ïàðàìåòðîâ ïî

âûáîðêå;

2 Àíàëîãè÷íî ï.1, íî èñïîëüçóåì íåïàðàìåòðè÷åñêîå îöåíèâàíèå

ïëîòíîñòåé;

3 Ââîäèì àïðèîðíîå ðàñïðåäåëåíèå íà âåêòîð âåðîÿòíîñòåé

[p(C1), . . . , p(CK)]
T

, ïàðàìåòðè÷åñêóþ ìîäåëü íà p(xi|Ck) ñ
íåèçâåñòûìè ïàðàìåòðàìè, è àïðèîðíîå ðàñïðåäåëåíèå íà

ïàðàìåòðû ìîäåëåé.

Âîïðîñ: íàñêîëüêî ïëîõà ¾íàèâíîñòü¿, è çà÷åì îíà ââîäèòñÿ?

Ïðèìåð: K = 2,

p(x|C1) = N
(

0,

(
1 0
0 1

))

, p(x|C2) = N
(

0,

(
1 1
1 1

))

.
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Ïðèìåð. Êëàññè�èêàöèÿ ïîëüçîâàòåëåé ïî èíòåðåñóþùåìó àòðèáóòó

(íàïðèìåð, ïîëó, âîçðàñòó, äîñòàòêó, èíòåðåñó ê íåêîòîðîìó òîâàðó) ïî

èñòîðèè x ïåðåõîäîâ ìåæäó âåá-ñòðàíèöàìè.

Ïðåäïîëîæåíèå: ïåðåõîäû ìåæäó ñòðàíèöàìè äëÿ êàæäîãî êëàññà Ck

îïèñûâàþòñÿ ìàðêîâñêîé öåïüþ ñ íåêîòîðûìè âåðîÿòíîñòÿìè ïåðåõîäà

(ðàçíûìè äëÿ ðàçíûõ êëàññîâ) ìåæäó ñîñòîÿíèÿìè (âåá-ñòðàíèöàìè).

1

0 21
3

1
2

1
3

1
3

1
2 1

2
1
2

p(Ck|x) =
p(Ck)p(x|Ck)

p(x)
∝

p(Ck)p(x|Ck).

p(Ck)p(x|Ck) = p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|x1, . . . , xn−1, Ck) =
p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|xn−1, Ck).

Âîïðîñ: êàê îöåíèòü p(x1|Ck), p(Ck) è p(xi|xi−1, Ck) ?
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Êëàññè�èêàòîð:

f(x) = argmax
k

p(Ck|x) = argmax
k

(

p(Ck)

n∏

i=1

p(xi|Ck)

)

.

Âîïðîñ. Ïóñòü p(Ck|x) èçâåñòíà òî÷íî. Êàêîé êëàññè�èêàòîð

îïòèìàëåí?

Ïóñòü K = 2 è P =

(
p11 p12
p21 p22

)

åñòü ìàòðèöà øòðà�à.

Ïðèìåð 1. p11 = p22 = 0, p12 = 0, p21 = 1;
Ïðèìåð 2. p11 = p22 = 0, p12 = 1, p21 = 1;
Ïðèìåð 3. p11 = p22 = 0, p12 = 1, p21 = 10;
Ïðèìåð 4. p11 = −1, p22 = −100, p12 = 1, p21 = 1.
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Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

�àñïðåäåëåíèå p(x) â ýêñïîíåíöèàëüíîì ñåìåéñòâå, åñëè ïëîòíîñòü

âåðîÿòíîñòè (�óíêöèÿ âåðîÿòíîñòè) ïðåäñòàâèìà â âèäå

p(x|Θ) =
1

Z(Θ)
h(x) exp(Θ

T

u(x)).

�àñïðåäåëåíèå Ïëîòíîñòü u(x) Θ Z(Θ)

Be(p) p
x
(1 − p)

1−x
x log

p

1 − p

1

1 − p

Poison(λ)
λx

x!
e
−λ

x log λ e
λ

Γ(α, β)
βαxα−1e−βx

Γ(α)
[log x, x] [α, −β]

Γ(α)

βα

B(α, β)
Γ(α + β)

Γ(α)Γ(β)
x
α−1

(1 − x)
β−1

[log x, log(1 − x)] [α, β]
Γ(α)Γ(β)

Γ(α + β)

Dir(α)
Γ(

∑
αi)

∏
j Γ(αj)

∏

i

p
αi−1
i [log pi] α

∏
j Γ(αj)

Γ(
∑

αi)

N(m, Σ
−1

)

√
detΣ

(2π)n/2
e
−

1
2
(x−m)

T

Σ(x−m)
[x, xx

T

] [Σm,− 1
2
Σ]

(2π)n/2e
−

1
2
m
T

Σm

√
detΣ

Ïðèìåð: p(x) =
1√
2πσ

e−
1

2σ2 (x−m)2 =
1

√
2πσe

m2

2σ2

︸ ︷︷ ︸

Z(Θ)

e

u1(x)
︷︸︸︷
x ·

θ1
︷︸︸︷
m
σ2 +

u2(x)
︷︸︸︷

x2

θ2
︷︸︸︷
−1
2σ2

,

Z(Θ) =
√

−π/θ2e−
θ21
4θ2

.
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Äîñòàòî÷íûå ñòàòèñòèêè.

Ñòàòèñòèêà T (x) íàçûâàåòñÿ äîñòàòî÷íîé îòíîñèòåëüíî ïàðàìåòðà

Θ, åñëè p(x|T (x) = t, Θ) = p(x|T (x) = t).

Ïðèìåð: p(x|Θ) =
1

Zn(Θ)
exp(θ1

n∑

i=1

xi + θ2

n∑

i=1

x2i ).

Òåîðåìà Ôèøåðà-Íåéìàíà î �àêòîðèçàöèè. T (x) äîñòàòî÷íà
îòíîñèòåëüíî ïàðàìåòðà Θ ⇐⇒ p(x|Θ) = h(x)g(Θ, T (x)).

Ýêñïîíåíöèàëüíîå ñåìåéñòâî: p(x|Θ) = 1
Z(Θ)h(x) exp(Θ

T

u(x)).

Ñâîéñòâî: Eu(x) = ∇ logZ(Θ), Eůů
T

= ∇∇ logZ(Θ).

Ïðèìåð (íîðìàëüíîå ðàñïðåäåëåíèå): Z(Θ) =
√

−π/θ2e−
θ21
4θ2

.

Eu1(x) = Ex = − θ1
2θ2

= m, Ex2 =
θ21
4θ22

− 1
2θ2

= m2 + σ2;

Eů21 = Dx2 = 1
2θ22

− θ21
2θ32

= 2σ4 + 4m2σ2.

Ïðèìåð (ãàììà-ðàñïðåäåëåíèå): p(x) = βα

Γ(α)x
α−1e−βx

.

logZ(Θ) = log Γ(α)
βα = log Γ(θ1)− θ1 log(−θ2);

E log x = Γ
′
(θ1)

Γ(θ1)
− log(−θ2) = ψ(α) − log β; Ex = − θ1

θ2
= α

β .
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Ëèíåéíàÿ ðåãðåññèÿ: êëàññè÷åñêèé ïîäõîä

y = Xw + ε, ãäå y ∈ R
n, X ∈ R

n×d, w ∈ R
d
.

ÌÍÊ (�îðìóëà �àóññà): ŵ =
(

X
T

X
)−1

X
T

y.

Îïòèìèçàöèîííûé çàäà÷à: ‖y −Xw‖2 → min
w

.
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y = 0.6 − 4.8x + 3.2x2 − 98.7x3 − 16.7x4 + 543.8x5 + 33.0x6 − 963.6x7 − 18.6x8 + 514.9x9

y = 1 − x2 + ε, ε ∼ N (0, 1)

n = d
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Âîïðîñû:

×òî äåëàòü, åñëè n < d (X
T

X âûðîæäåíà)?

Ïî÷åìó èìåííî òàêàÿ îïòèìèçàöèîííàÿ çàäà÷à? Êàê ñâÿçàíà ñ

âåðîÿòíîñòíîé ìîäåëüþ ãåíåðàöèè äàííûõ?
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Ëèíåéíàÿ ðåãðåññèÿ: êëàññè÷åñêèé ïîäõîä

Îïòèìèçàöèîííûé çàäà÷à: ‖y −Xw‖2 → min
w

.

Ïðèìåð. Ïóñòü èçìåðÿåòñÿ òåìïåðàòóðà yi â ñåðâåðíîé êîìíàòå â

ìîìåíò âðåìåíè xi ïîñëå âêëþ÷åíèÿ îòîïëåíèÿ è ñ÷èòàåòñÿ, ÷òî íàãðåâ

ïðîèñõîäèò ëèíåéíî, òî åñòü X = [1, x].
Ïðåäïîëîæèì, ÷òî εi = N (0, 1)◦C/− 500 +N (0, 1)◦C ñ p = 1/2.
Çàìå÷àíèå. Ïóñòü w = 1◦C/÷àñ, à w0 = 20◦C.
Âûáîðêà: (0, 20.3), (1, −480.5), (2, 20.8), (3, −476.3).
ÌÍÊ-îöåíêà: w0 = −80.44; w1 = −98.85.
Âîïðîñ: ïî÷åìó ÌÍÊ íå ñðàáîòàë?

Âåðîÿòíîñòíàÿ ìîäåëü ëèíåéíîé ðåãðåññèè

y = Xw + ε, ε ∼ N (0, σ2I), ãäå y ∈ R
n, X ∈ R

n×d, w ∈ R
d
.

p(y|X, w) =

n∏

i=1

1√
2πσ

e−
1

2σ2 (yi−w
T

xi)2 =
1

(2π)n/2σn
e−

1
2σ2 ‖y−Xw‖2

.

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ: ŵML = argmax
w

p(y|X, w)

ŵML = argmin
w

− log p(y|X, w) = argmin
w

1
2σ2 ‖y −Xw‖2.
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�åãóëÿðèçàöèÿ: êëàññè÷åñêèé ïîäõîä

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

‖y −Xw‖2 + τ‖w‖22 → min
w

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

w

‖w
‖2 2

Ñâîéñòâà:

+ �àçðåøèìîñòü

+ Åñòü àíàëèòè÷åñêîå ðåøåíèå

� Ñëàáî ïîîùðÿåò ðàçðåæåííîñòü

l1�regularization
‖y −Xw‖2 + τ‖w‖1 → min

w

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.5

1

1.5

w

‖
w
‖
1

Ñâîéñòâà:

+ �àçðåøèìîñòü

� Íåò àíàëèòè÷åñêîãî ðåøåíèÿ

� Íåäè��åðåíöèðóåìàÿ öåëåâàÿ

�óíêöèÿ

+ Ïîîùðÿåò ðàçðåæåííîñòü
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Ïðèìåð ñ ðåãðåññèåé íà ïîëèíîìû

Äàííûå

y = x+ x2 + ε, ε ∼ N (0, 1),
yi ∼ p(y|xi), i = 1, . . . , 10, ãäå x1, . . . , x10
âûáðàíû ðàâíîìåðíî íà [−1, 1].
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ðåãóëÿðèçàöèè τ

−2 −1 0 1 2
−3

−2

−1

0

1

2

3

4

5

x

y

 

 

y = 1.25x + 0.81x2

y = −0.35 + 1.30x + 1.06x2 + 0.26x3 + 0.55x4 + 0.18x5 + 0.37x6 + 0.16x7

y = x + x2

y = x + x2 + ε, ε ∼ N(0, 1)

Íàèëó÷øèå ïîëèíîìû
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Ïðèìåð �òîìîãðà�èÿ�

Ïîñòàíîâêà çàäà÷è

y = Xw + ε, ε ∼ N (0, β−1I),

y ∈ R
m, X ∈ R

m×n2
, m < n2.

w ∈ [0, 1]n
2
.

Ïàðàìåòðû: m = 1000, n = 50.

Íàñòîÿùèé w

x

y
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Ïðèìåð �òîìîãðà�èÿ�, β = 100

l1�ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]
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Ïðèìåð �òîìîãðà�èÿ�, β = 4

l1�ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]

Êâàäðàòè÷åñêàÿ ðåãóëÿðèçàöèÿ

ŵ

[ŵ > 0.05]
15 / 29



Ëèíåéíàÿ ðåãðåññèÿ: áàéåñîâñêèé ïîäõîä

Âåðîÿòíîñòíàÿ ìîäåëü ëèíåéíîé ðåãðåññèè

y = Xw + ε, ε ∼ N (0, σ2I), ãäå y ∈ R
n, X ∈ R

n×d, w ∈ R
d
.

p(y|X, w) =

n∏

i=1

1√
2πσ

e−
1

2σ2 (yi−w
T

xi)2 =
1

(2π)n/2σn
e−

1
2σ2 ‖y−Xw‖2

.

Áàéåñîâñêèé ïîäõîä.

Ïóñòü òåïåðü åùå w ∼ p(w|α), òîãäà p(y, w|X, α) = p(y|X, w)p(w|α).
p(w|X, y, α) = p(y, w|X, α)

p(y|X, α) � àïîñòåðèîðíîå ðàñïðåäåëåíèå.

wMAP = argmax
w

p(w|X, y, α) = argmin
w

(− log p(y|X, w)− log p(w|α)).
Ïðèìåðû:

p(w|α) = N (0, τ−1I)
wMAP = argmin

w

(
1

2σ2 ‖y −Xw‖2 + τ
2‖w‖2

)
.

p(w|α) = Laplace(0, τ−1I)
wMAP = argmin

w

(
1

2σ2 ‖y −Xw‖2 + τ‖w‖1
)
.

Âîïðîñ 1: À êàê ïîëó÷èòü ML îöåíêó wML = argmin
w

(− log p(y|X, w))?

Âîïðîñ 2: Ïîëó÷èëè ëè ìû ÷òî-òî íîâîå?
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Àïîñòåðèîðíîå ðàñïðåäåëåíèå

p(w|X, y, α) = p(y, w|X, α)
p(y|X, α) =

p(y|X, w)p(w|α)
p(y|X, α) ∝ p(y|X, w)p(w|α).

Òîãäà log p(w|X, y, α) ∝ log p(y|X, w) + log p(w|α).
Íîðìàëüíîå àïðèîðíîå ðàñïðåäåëåíèå.

�àññìîòðèì p(w|α) = N (0, τ−1I), òîãäà

− log p(w|X, y, α) ∝ 1
2σ2 ‖y −Xw‖2 + τ

2‖w‖2 = 1
2σ2y

T

y − 1
σ2y

T

Xw+
1

2σ2w
T

X
T

Xw + τ
2w

T

w ∝ 1
2

(

w
T

(τI+ 1
σ2X

T

X)w − 2
σ2y

T

Xw
)

∝
1
2(w −m)

T

Σ−1(w −m), ãäå

m =
(

X
T

X+ τσ2I
)−1

X
T

y, Σ =
(

τI+ 1
σ2X

T

X
)−1

.

Òàêèì îáðàçîì, p(w|X, y, α) ∝ e−
1
2 (w−m)

T

Σ−1(w−m)
.

Âîïðîñ 1: ×òî ìû ìîæåì ñêàçàòü ïðî ðàñïðåäåëåíèå p(w|X, y, α)?
Âîïðîñ 2: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëî âçÿòî

Laplace(0, τI) ?
Âîïðîñ 3: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëà âçÿòà
ñìåñü íîðìàëüíûõ ðàñïðåäåëåíèé

∑

k

πkN (mk, Σk) ?
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Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

�àñïðåäåëåíèå p(x) â ýêñïîíåíöèàëüíîì ñåìåéñòâå, åñëè ïëîòíîñòü

âåðîÿòíîñòè (�óíêöèÿ âåðîÿòíîñòè) ïðåäñòàâèìà â âèäå

p(x|Θ) =
1

Z(Θ)
h(x) exp(Θ

T

u(x)).

Âîïðîñ 1: êàê âûáðàòü àïðèîðíîå ðàñïðåäåëåíèå p(Θ), ÷òîáû
àïîñòåðèîðíîå ðàñïðåäåëåíèå îñòàëîñü â òîì æå ýêñïîíåíöèàëüíîì

ñåìåéñòâå? (ñâîéñòâî ñîïðÿæåííîñòè ïðàâäîïîäîáèÿ p(x|Θ) è
àïðèîðíîãî ðàñïðåäåëåíèÿ p(Θ))

Ïóñòü p(Θ) =
H(α, v)

Z(Θ)α
exp(Θ

T

v). Òîãäà p(Θ|x) = p(x|Θ)p(Θ)

p(x)
=

1

Z(Θ)np(x)

n∏

i=1

h(xi) exp(Θ
T

n∑

i=1

u(xi)) ·
H(α, v)

Z(Θ)α
exp(Θ

T

v) =

1

Z(Θ)n+α

(

H(α, v)

n∏

i=1

h(xi)/p(x)

)

exp

(

Θ
T

(

v +

n∑

i=1

u(xi)

))

.

Âîïðîñ 2: Çà÷åì íàì ñâîéñòâî ñîïðÿæåííîñòè?
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)p(w)

Øàã Íàáëþäàåìûå Ñêðûòûå �åçóëüòàò

Îáó÷åíèå (Xtrain, ytrain) w p(w|Xtrain, ytrain)

Êîíòðîëü Xtest ytest p(ytest|Xtest, Xtrain, ytrain)

p(w|Xtrain, ytrain) =
p(ytrain, w|Xtrain)

∫
p(ytrain, w∗|Xtrain)dw∗

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest, w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest, Xtrain, ytrain)p(w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Ïóñòü èìååòñÿ K > 1 ìîäåëåé.

Ïðîöåññ ïîðîæäåíèÿ âûáîðêè:

Ïðèðîäà âûáèðàåò ìîäåëü èç K äîñòóïíûõ ìîäåëåé ñ àïðèîðíûìè

âåðîÿòíîñòÿìè p(Mi), i = 1, . . . , K.

Äëÿ âûáðàííîé ìîäåëè i∗ ïðèðîäà ñýìïëèðóåò âåêòîð ïàðàìåòðîâ

w∗
èç àïðèîðíîãî ðàñïðåäåëåíèÿ pi∗(w)

Èìåÿ i∗, w∗
ïðèðîäà âûáèðàåò Xtrain è ñýìïëèðóåò ytrain èç

pi∗(y|Xtrain, w
∗)

(Xtrain, ytrain) äàíû íàáëþäàòåëþ.

Ïðèðîäà âûáèðàåò Xtest è ñýìïëèðóåò ytest èç pi∗(y|Xtest, w
∗)
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Îáùàÿ ìîäåëü M : p(y, w, Mi|X) = p(Mi)pi(w)pi(y|X, w)

p(ytest|Xtest, Xtrain, ytrain) =

K∑

i=1

p(ytest|Xtest, Xtrain, ytrain, Mi)p(Mi|Xtest, Xtrain, ytrain) =

K∑

i=1

pi(ytest|Xtest, Xtrain, ytrain)p(Mi|Xtrain, ytrain)

p(Mi|Xtrain, ytrain) =
p(ytrain, Mi|Xtrain)

P (ytrain|Xtrain)
∝ p(ytrain,Mi|Xtrain) =

∫

p(ytrain, w, Mi|Xtrain)dw = p(Mi)pi(ytrain|Xtrain)
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Ïðèìåð âûáîðà ìîäåëè

a � appli
ant, r � reviewer

a, r =

{

0, íåò PhD,

1, PhD.

d � de
ision

d =

{

1, ïðèíÿòü,

0, îòâåðãíóòü.

r = 0 d = 0 d = 1

a = 0 9 0

a = 1 132 19

r = 1 d = 0 d = 1

a = 0 97 6

a = 1 52 11

Ñëó÷àè:

1 p(d|a, r) = p(d)

2 p(d|a, r) = p(d|a)
3 p(d|a, r) = p(d|r)
4 p(d|a, r) = p(d|a, r)
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Ïðèìåð âûáîðà ìîäåëè

1) p(d|a, r) = p(d)
Ïîýòîìó p(d|w) = Be(w). Prior : p(w) = U [0, 1]

p(y|X) =

∫

p(y|X, w)p(w)dw =

∫ 1

0
C0
9 (1− w)9

C97
103w

6(1−w)97C132
151w

19(1−w)132C52
63w

11(1−w)52dw = 2.8·10−51CCCC

2) p(d|a, r) = p(d|a)
Ïîýòîìó p(d|a = 0) = Be(w1), p(d|a = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) =

∫

p(y|X, w1, w2)p(w1)p(w2)dw1dw2 =

∫ 1

0

∫ 1

0
C0
9 (1−w1)

9C97
103

w6
1(1−w1)

97C132
151w

19
2 (1−w2)

132C52
63w

11
2 (1−w2)

52dw1dw2 = 4.7·10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè

3)p(d|a, r) = p(d|r)
Ïîýòîìó p(d|r = 0) = Be(w1), p(d|r = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) = 0.27 · 10−51CCCC

4) p(d|a, r) = p(d|a, r)
Ïîýòîìó p(d|a = 0, r = 0) = Be(w1), p(d|a = 0, r = 1) = Be(w2),
p(d|a = 1, r = 0) = Be(w3), p(d|a = 1, r = 1) = Be(w4).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1],
p(w3) = U [0, 1], p(w4) = U [0, 1]

p(y|X) = 0.18 · 10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè

1 2 3 4
−130

−125

−120

−115

Model

lo
g

E
v

Ñðàâíåíèå îáîñíîâàííîñòåé, 326 îáúåêòîâ â âûáîðêå
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Âûáîð ìîäåëè: çàâèñèìîñòü îò ðàçìåðà âûáîðêè

1 2 3 4
−20

−19

−18

−17

−16

−15

−14

Model

lo
g

E
v

Ñðàâíåíèå îáîñíîâàííîñòåé, 33

îáúåêòà â âûáîðêå

1 2 3 4
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−1.14
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−1.12

−1.11

−1.1

−1.09
x 10

4

Model
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g
E

v
Ñðàâíåíèå îáîñíîâàííîñòåé, 32600

îáúåêòîâ â âûáîðêå
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Ïðîñòîå ïîíèìàíèå îáîñíîâàííîñòè

Evidence : pi(y|X) =

∫

pi(y|X, w)pi(w)dw

pi(w|X, y) = pi(y|X,w)pi(w)

p(y|X)
.

Ïðåäïîëîæåíèÿ:

w îäíîìåðíûé

Àïðèîðíîå ðàñïðåäåëåíèå pi(w) ïëîñêîå ñ øèðèíîé ∆wprior

Àïîñòåðèîðíîå ðàñïðåäåëåíèå pi(w|X, y) ñêîíöåíòðèðîâàíî âîêðóã

wMP ñ øèðèíîé ∆wpost

Òîãäà: log pi(y|X) ≈ log pi(y|X, wMP ) + log

(
∆wpost

∆wprior

)

.

Äëÿ M -ìåðíîãî w: log pi(y|X) ≈ log pi(y|X, wMP ) +M log

(
∆wpost

∆wprior

)

.
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Ïðèìåð îïòèìèçàöèè eviden
e

yi = w + εi, εi ∼ N (ε|0, β−1)
y1|w, . . . , yn|w ∼ N (yi|w, β−1), w ∼ N (w|0, α−1).

p(y|α, β) = βn/2α1/2

(2π)n/2
√
nβ + α

exp

(

−1

2
β

n∑

i=1

y2i +
β2(
∑n

i=1 yi)
2

2(nβ + α)

)

.

(α∗, β∗) = argmax
α, β

p(y|α, β).

0 200 400 600 800 1000
n

0.8

0.9

1.0

1.1

1.2

T

1/
√
β∗

ETn(y|0, 1)
ETn(y|0.01, 1)

0 2000 4000 6000 8000 10000
n

0.4

0.6

0.8

1.0

P
(α

∗
<

∞
)

w = 0

w = 0.01

α∗ =







n2β∗

β∗(
∑n

i=1 yi)
2 − n

,
|∑n

i=1 yi|√
n

︸ ︷︷ ︸

Tn(y|w, β)

>
1√
β∗
,

+∞, èíà÷å.

1

β∗
=

∑n
i=1(yi − y)2

n− 1
.
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