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Popular energy In vision
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E(f)=2.D,(f,)+ X Vy(f,, f,)—>min

(p.g)eN

D, (f)) — unary potentials

Vo (f,, T,) - pairwise potentials



Image restoration

observed noisy image / Image labeling f
(restored intensities)
1={1,1,,..,1} F={f,f,,.. 1}
data fidelity spatial regularization

E(f):Z(fp—Ip)2+ Z (f, - fq)2

(p.g)eN



Image segmentation

Sky

Building
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Grass

Observed image 1 image labeling f
(segments)

data fidelity spatial regularization

E(f)= Z logP(f [1,)+6 > [f #f]

(p.g)eN



Geometric model fitting
|

Sampled points | Points clustering f
data fidelity spatial regularization «' ¥ SRR ||
[f=f] o
E(f) Z_IongSt(p1 f )+8 Z . MASREON S
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More geometric model fitting

Motion estimation



E(f):ZDp(fp)+ Z Vi (15, 1¢)
Optimization p "

m Convex regularization 1Y e p)

e gradient descent works \_/ a-p

o exact polynomial algorithms

m TV regularization vﬂ
e a bit harder (non-differentiable) Ry
 global minima algorithms (1shikawa, etc.)

m Robust regularization A @.8)

e NP-hard, many local minima _\/_ a-p

o good approximations (message passing, a-expansion, a/b-swap)




Potts model
(piece-wise constant labeling)

E(f)=>-logP(f, [1)+6 ¥ [f #f]

(p.g)eN

Sky

Building
Grass
Via,p)=0-la =+ p]
m Robust regularization Y @.8)
 NP-hard, many local minima a

 provably good approximations (a-expansion)

maxflow/mincut
combinatorial algorithms



Adding label costs

W)ZMH+ZWfH+ZhMD

(p.g)eN

A - set of labels
allowed at each point p

o (1) = {

(=

feA

f =1

otherwise

¢
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Model fitting

f =argmin Zp:ll p, f 1]
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Many outliers

quadratic errors fail

5 5 O . use more robust
0.0} . o error measures, e.g.
0.81 5o G - - e fl = |py_apx_b|
ol ' C gives “MEDIAN” line
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Many outliers

0.9F
o8 =
0.7h
0.6 =
051
0l
0.3F

021 o |
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1. sample randomly
two points, get a line

RANSAC




Many outliers
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Many outliers

09h =" ]

T = / 1. sample randomly
ol . e " two points, get a line
oTr o p ,/‘ g 2. count inliers for
ool s . 30 inliers //’ threshold 7

L) I. n /’
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Multiple models and many outliers

Why not ‘ . ': . P
RANSAC

ag ain? sequential RANSAC (Torr 98)



Multiple models and many outliers

Why not .=

RANSAC

again?
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In general, maximization of inliers
does not work for
outliers + multiple models



Energy-based approach
E(f) = > llp.fl

p

energy-based interpretation
of RANSAC criteria for
single model fitting:

- find optimal label f
for one very specific
error measure

TRIE 0, 1if dist(p, f)<T
P00 it dist(p, £)>T




Energy-based approach
E(f) = > llp f, -

p

If multiple models

- assign different models

. Need regularization!
(labels 7)) to every point p

-find optimal labeling
f={f,f,,.., f}




Spatial regularization

E(Cf) = 2 lIpfll + 2 0,0f,=f]

pgeN

If multiple models

- assign different models | " <-g
. Ry e
(labels 7)) to every point p 227
x..""’:r‘s__E

-find optimal labeling
f={f,f,. f}




Spatial regularization

E(F) = 2 Ipfll + 2 O[f,=f]

geN

Not enough!!!



Energy-based approach

E(f) = > e f, 0l + 2, h-5.(F)

feA

If multiple models A - set of labels
allowed at each point p

- assign different models

_ L, Fp:f =fo
(labels £)) to every point p o:(f)=

0, otherwise

- find optimal labeling
f={f,f,. f}



Energy-based approach
E(f)= Z||p foll+ > 0.-[f,=f] + > h -5 (f)

(p,q)eN feA

If multiple models

- assign different models
(labels 7)) to every point p

-find optimal labeling
f={f,f,. f}

Practical problem: number of potential labels (models) is huge,
how are we going to use a-expansion?



PEARL

Propose
Expand
And
Reestimate
Labels

data points



PEARL

Propose
Expand
And
Reestimate
Labels

Z NN\

data points + randomly sampled models

sample data
to generate
a finite set
of initial
labels

A



E() € 2 p 6,1+ Z@

PEARL f,eA
Propose
Expand
And NG .-
Reestimate Nl '
Labels : e o ' 7| a-expansion:
‘ minimize E(f)
over a fixed
set of labels
y: A
>

iteration #

iteration 1: optimize labeling f



PEARL

Propose
Expand N
And o. .: e

Reestimate  |~~g . IR R .
~ L e : reestimating

Labels PSS N labels in A
e} S e R Z... °| for given inliers

minimizing

energy

the first term
of energy E(l)

iteration 1: reestimate models

iteration #



energy

PEARL

Propose
Expand
And
Reestimate
Labels

E(F) € 2 lpfll +

Z Hpq'[fp i fq]
pgeN

fpeA

iteration #

iteration 2: optimize labeling f

a-expansion:
minimize E(f)
over a fixed
set of labels

A



energy

\

PEARL

Propose
Expand
And 8N oo, e ®
Reestimate s SNy L .
~ AN . reestimating
Labels DTN T TN labels in
: S, for given inliers

minimizing
the first term
of energy E(f)

iteration 2: reestimate models

iteration #



energy

E(f) = 2 lpfoll + 2 Gy, = 1]
p paeN

PEARL

Propose
Expand N
And N

Reestimate i PR ST
Labels B R = N

\

iteration 3: optimize labeling f

iteration #



energy

PEARL

Propose
Expand
And
Reestimate
Labels

E(f) = X2 lIpfll +

pgeN

Z Hpq'[fp a fq]
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iteration #

iteration 3: reestimate models




energy
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E(f) = > lIpf,ll

+ Z 6., -[f, =]

pgeN

iteration #

iteration 7...




energy
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E(f) = > lIpf,ll

+ Z 6., -[f, =]

pgeN

iteration #

iteration 10...




energy
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E(f) = X2 lIpfll +

Z Hpq'[fp a fq]

pgeN

iteration #

iteration 15... converged.




Fitting circles
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regularization with label costs only

Here spatial regularization does not work well



(unsupervised image segmentation)
Fitting color models




(unsupervised image segmentation)
Fitting color models

Zhu and Yuille 96
used continuous
variational formulation
(gradient discent)

(c) Spatial regularity + label costs



(unsupervised image segmentation)
Fitting color models

(b) Spatial regularity only [Zabih&Kolmogorov CVPR 04]



(unsupervised Image segmentation)

Fitting color models

(a) Label costs only [Li, CVPR 2007]



(unsupervised Image segmentation)
Fitting color models

Spatial regularity + label costs



(unsupervised Image segmentation)
Fitting color models

a =

o A2

Spatial regularity + label costs



(unsupervised image segmentation)
Fitting color models

Spatial regularity + label costs



(unsupervised Image segmentation)
Fitting color models

Spatial regularity + label costs
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(homographies)

Ing planes (| |
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Original image (one of 2 views)



Fitting planes (homographies)

(a) Label costs only



Fitting planes (homographies)

(b) Spatial regularity only



Fitting planes (homographies)

(c) Spatial regularity + label costs



(rigid)
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[Rene Vidal]

Original image



(rigid)
Motion Estimation

motions

(a) Label costs only



(rigid)
Motion Estimation

-
motions

(b) Spatial regularity only



(rigid)
Motion Estimation

motions

(c) Spatial regularity + label costs



(rigid)
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Multi-Label Energy Formulation

_ pixels, features,
Input:  Set of data points P <~ atches. ..

Set of candidate labels A\ objects, motions
homographies,...

Goal: Labeling f that minimizes energy E

min { data costs + smooth costs + label costs }
labeling

E(f)=>"D,(f )+ YV (f,f)+ > hs@p: f =)

(p.q)



o -expansion

E(f)= ZD (f)+ YV (f,f)

(p.q)

m N P-hard in general when |A >3

B (¢ -expansion Is standard algorithm
 finds local optimum w.r.t. “expansions”
« optimality guarantees
» fast & effective In practice

Boykov, Veksler, Zabih. PAMI 2001



o -expansion

m (o -expansion main idea:

 convert multi-label problem into sequence of binary
problems

e choose label & , and only let it “expand”

current labeling f expanding ¢ ... optimal expansion new labeling f

L) 3 (S

@7




Deriving the Graph Construction

Let f be current labeling
X be labeling of binary subproblem

1 be the labeling induced by X

r,=0 — [}
r,=1 << [}

f ~—— keep current
p label

8
switch to &



Deriving the Graph Construction
= How to add cost h, to binary problem?

E2 (%) = E“(X)+ h, (L XX X,)

Y

1 3p: fy =0
0 otherwise.

indicator function dg(f”) = {

f [Blal7TrBB| Modified energy E(x)

ays h, Iff @ contains
M2 2 2 2 B

IabeI,B
1 2 345 6




Deriving the Graph Construction

Add one auxiliary variable:

h(1- X1X5X6) = Qerg)ll? [7"‘ XY +XY+ 763’]

S

Same in terms of graph:
h

h




EM elliptical K-means Our approach

® ° ®
g . oo K4 . oo K4

] o ]
® % °, e® o e
:.’ ° : %'o‘... “0’
.. L]
S g =2 A
& ° Y o’ & )
L] ' L]
° {00 e ‘u.i ,..c"-
:'00 -.'-. ...
~ = ... ‘. ° -
<! :w\\ \_7
.....“ ...o . ..
L] .. .‘
\y L]
’ °
1
I .. L]
1/
- o
o

5 initial models 5 initial models 15 initial models



EM elliptical K-means Our approach

3 initial models 3 initial models 15 initial models

works well for
overlapping models hard assignments fail if models overlap spatially
due to soft assignments



EM elliptical K-means Our approach

4 initial models 4 initial models 15 initial models

soft assignments
IS not a panacea



EM elliptical K-means
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stanaard techniques must know the exact number of models

Our approach

P
e S L
Sas LS ne
'Y L N
o S 2 )
- N ae * :l

15 initial models



observation.

our labeling approach makes hard assignments
which may cause problems if

MAAﬁlﬁ l"\ﬁ\lf'\ ﬁhﬁ"‘iﬁl ﬁ\lﬁlf'lﬁ

MOGEIS nNave Spatiai Overiap

Does not happen in vision




K-means vs. PEARL

E(f) = > e f,ll +

K-means

hard constraint on
number of models

5 random initial lines + outlier model

gets stuck in local minima



K-means vs. PEARL

E() = D2 lp fll + 2 hy-oi(f)

feA

K-means Our approach h;, =1000

5 random Initial lines + outlier model 1000 initial lines + outlier model

gets stuck in local minima  better explores label space



K-means vs. PEARL

E() = D2 lp fll + 2 hy-oi(f)

feA

K-means Our approach h; =500

5 random Initial lines + outlier model 1000 initial lines + outlier model

gets stuck in local minima  better explores label space



K-means vs. PEARL

E() = D2 lp fll + 2 hy-oi(f)

feA

K-means Our approach h, =2000

5 random Initial lines + outlier model 1000 initial lines + outlier model

gets stuck in local minima  better explores label space



