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Algorithms for the solution of huge
guasiseparable optimization problems

- Morse potential optimization;
- Keating potential optimization;

- Huge-Scale separable convex
optimization problem;

- PageRank problem.
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Morse potential optimization

A cluster is a structure consisting of a finite number of atoms or
molecules. Occupies an intermediate position between the individual
particles and the bulk material.

The interaction between the elements of the clusters described
various potential functions defined multidimensional potential energy
surface.

Finding the minima of the potential allows to obtain stable atomic-
molecular configurations.

Such simulation in some cases replaces the field experiments.

The Cambridge Energy Landscape Database (The Cambridge
Cluster Database): http://www-wales.ch.cam.ac.uk/CCD.html
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Morse potential function
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Morse potential function
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Morse potential optimization

AA global optimization problem.

AAN astronomical number of local extrema. For

example, for a cluster of 147 atoms experts provide
estimates of the order of 109,

AThe curr enatr gset actleu:s tiier s 0O,
more than 200 atoms (600 variables).
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Morse potential optimization

The Cambridge Cluster Database
D.J. Wales, J.P.K. Doye, A. Dullweber, M.P. Hodges, F.Y. Naumkin, F.
Calvo, J. Hernandes-Rojas and T.F. Middleton.
www-wales.ch.cam.ac.uk/CCD.html

Hefei National Laboratory for Physical Sciences
at the Microscale and School of Life Sciences,
University of Science and Technology of China.
staff.ustc.edu.cn/~clj

Jorge Marques

Department of Chemistry Research
In Computational Chemistry and
Molecular Modeling

University of Coimbra, Portugal.
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Applied optimization methods

Local optimization techniques
The main (universal) methods

- Conjugate Gradient;

- L-BFGS;

Additional methods

- Cauchy;

- Powell;

Special methods

- Polyak;

Global optimization techniques
- Multi-start;

- MSBH-Monotonic Sequential Basin-Hopping;
-1 B.BB@ ng o ;
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MSBH method

® ® .
® o x @
® '-: .
[ ] PY ® o © [
° )*< ]
®
° ®
®
® ° o
®
- . X*--‘--
’_,'. ° [ ]
®
IIJ .
® ‘e
:: ®
)
X
o
)
°
e ©
) ° o
® .9
)
S )
| . d
Russian National Conference MMPR -2019

November 26 T 29, 2019, Moscow, Russia



MSBH method
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Forest method
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Forest method
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Kputepun “Bbipybkn” (pectapTa) noKanbHOro crnycka:

m [locTuxeHne cTauMoHapHOl TOYKU — NMPOBepKa HOPMbl FpagneHTa W
T.A.

m Bpemsa paboTbl — pectapTt ‘cavwiKoM cTapbix BeTBeW
m bansoctb kK gpyromy aksemnaspy (nokasbHOMY Crycky)

m YcnewHocTs paboTbl — pecTapT 3K3eMMJISPOB, UMELLNX CINLLIKOM
BLICOKOE 3Ha4YeHne onTUMU3NPYEMONn hyHKLUN

m lsHavanbHo p83pa6aTblBEETCﬂ ONA napanneanoﬁ peainzaunn

m JlokanbHble cnyckn pa3bunBaloTCs Ha y4acTKu, C OMKCMPOBaHHBLIM
BpeMeHeM paboTbl ('KBaHTbI')

u I_IIDOCTE]FI CNHXPOHWN3aUWNA

B MoxeT bbiTb peannsoBaH Ha annapaTHbix naatdopmax Tuna GPGPU
(Nvidia CUDA, OpenCL, ...)
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Criteriaforaicut ti ng dowmnobaldcal daseestt

Achieving a stationary point - checking the gradient norm etc.
Operating time T restart of old branches

Nearness to another local descent

o To Io I»

Work success i restarting local descents that have too much
optimized function value

Initially developed for parallel implementation

Local descents are divided into sections with a fixed operating time

Simple synchronization

o o Io o

Can be implemented on hardware platforms like GPGPU (Nvidia
GUDA, OpencCL, ¢&)
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Computing Experiments
MSBH/Forest

n | UK (CCD) | ISDCT
20 | -97.417393 | -97.41739307417

80 | -690.577890 | -690.5778902004155952
147 | -1531.498857 | -1531.498857189995761

n is a number of atoms.
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Computing Experiments
MSBH/Forest

CN

ISDCT

150
155
160
165
170
175
180
185
190
195
200

-1570.956895
-1639.571558
-1705.794373
-1774.727689
-1842.786500
-1911.754634
-1979.907966
-2048.617785
-2119.1048388
-21389.107474
-2260.148943

-1570.956894507743300
-1639.571558368015758
-1705.794372516992553
-1774.7276385987 738741
-1842.786499541551848
-1911.7546384452901074
-1979.9079658187 79076
-2048.6177854960387890
-2119.1048882973832076
-2189.107474363099702
-2260.148943425931975
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Computing Experiments

MSBH/Forest

n | CN ISDCT

205 | -2329.258501 | -2329.258501195624831
210 | -2400.884161 | -2400.884161410538582
215 | -2473.351504 | -2473.226631779617037
220 | -2544.094288 | -2543.330357862101664
225 | -2616.672973 | -20616.672972732320432
230 | -2091.174648 | -2691.1746482087/46930
235 | -2767.215086 | -2767.215085893439664
240 | -2839.054430 | -2839.099924748702961
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Computing Experiments
MSBH/Forest, n = 240

CN | -2839.054430
PT | -2839.099925
ISDCT | -2839.099924748702961
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Computing Experiments

Forest

n ISDCT

241 | -2852.938110154795595
242 | -2866.778881123787869
243 | -2882.570361711906116
244 | -2897.072046040393616
245 | -2910.707949591107536
246 | -2924.517707573666030
247 | -2940.293677679405846
248 | -2955.679013678213323
249 | -2971.203337281702716
250 | -2985.771711424368277
251 | -2999.469988809987626
252 | -3013.550134756378611
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Keating potential optimization.
Form of a quantum dot Si-Ge
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Keating potential function

n I 4
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nis the number of atoms In the crystal lattice;

ADj;, dy, @ij, Bijr are constants set;

AR = (X, X, %) radius vector of the i-th node
(optimized variables).
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Features of the problem
[ High dimensionality of 105 variables and more
[ The high demands on the result accuracy

Tested optimization methods
- Cauchy method

- Conjugate Gradient Method

' Newton's Method
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Difficulties with Newton's method
iImplementation

The dimension of these problems depends of
physical limits of the Hessian matrix size which
flows from the available memory.

The high computational complexity due to the
required long time for solving problem of such
dimension
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Hessian matrix

adf df df of
dr1011 dr101T9 dr10r3 dr10T,
df df df df
drodrq drodro drodra x0T,
df df df df
Or3011 dr3dxe dra0x3 Or30Tn
df df df df
d;r 1 (:‘).1‘ 1 (:‘).1‘ T 511‘2 fiﬂ:}_‘ 71 dI‘S 1{‘).1‘ T E_}:.F T1

Storage of a dense matrix requires about n2 memory cells.

Russian National Conference MMPR -2019
November 26 T 29, 2019, Moscow, Russia



Sparse Hesslan matrix

of of 0 df
Ox1011 Jdr1019 Or10Tn
df af
drodrq drodro 0 0
0 0 0 0
af of
d.l’ 11 E"}.l‘ 1 [:] [:] 1{‘).1‘ 1 E’)I 71

Storage of a sparse matrix requires less then n? memory cells.
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Methods of sparse matrix storage

ADiagonal scheme for storing circuit tape matrices,
AProfile storage scheme of symmetric matrices,
AConnected scheme of sparse storage,

ASparse line format,

and a number of other methods, and various their
modifications.
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Applied method of sparse
matrix storage
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L is a maximum number of nonzero elements in the Hessian line. For
considered problem L = 51.

i1 =1
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The ratio of dense and sparse
matrices size

n M A [S'p(lf‘ se M sparse / M
10 | 800 b 6 Kb 7.65

102 | 781 Kb | 59.8 Kb | 7.65-1071
10% | 7.6 Mb | 598.7 Kb | 7.65- 1072
10* | 762.9 Mb | 5.8 Mb | 7.65-1077
10° | 745 Gb | 584 Mb | 7.65-1074
109 | 7.3 Th 583.6 Mb | 7.65-107°
107 | 727.6 Tb | 5.7 Gb 7.65-107°

M = 8 n? the size of a dense array (in bytes).
M = 51 (8 + 4)n the size of a sparse matrix (in bytes).

sparse™
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Features of used storage format

Selected format has a number of positive features:

A a fixed amount of memory used order 2 L LcéllNn

A a small number of occupied cells, about 4-5 % when the dimension
of the problemis 1 O J

A a quick access to the elements of the main diagonal

A ease of implementation procedures for sparse matrix multiplication
A on a tight vector
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BbibpaHbiii dbopMaT nMeeT psf MONOXKUTENbHbIX OCODEHHOCTE

B PukcnpoBaHHbIV pa3mMep UCNONb3yeMol nNamaTu nopsagka 2 - L -n
A4eekK

m Manoe 4ncno He3aHATLIX A4eeK —
=
4 - 5% npu pasmepHocTn 3agaum 10°

| BbICprlﬁ AOCTYMN K 3JIEMEHTaM rJ1JaBHOWN AWNaroHaln

m [lpocToTa peanusauum npoueaypbl YMHOXEHUS pa3peXeHHOM
MaTpULbl Ha MJIOTHbIA BEKTOP
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Computing experiments

Newton's method modification

n The value of the function t, s |Number of
before optimization after optimization lterations
98304 1.744335 - 10~ 2.678759 - 10~ 190 | 11
139968 | 1.744335-107° | 1.240275- 10722 260 | 11
Russian National Conference MMPR -2019
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Computing experiments

Conjugate gradient method

n The value of the function t, s |Number of
before optimization after optimization lterations

24000 1.742574 - 1073 | 5.230097 - 10718 | 5.6 434
81000 1.742574 - 1072 | 6.477517-1071 | 43.8 | 803
201600 1.742574 - 1073 | 7.544217 - 10718 | 109 1145
421824 1.742574 - 107 | 9.643463 - 1071% | 312 1527
643000 1.742574 - 1073 | 2.538089 - 1017 | 564 1747
1536000 | 1.742574 - 1073 | 7.920582 - 10717 | 2003 | 2349
10535424 | 1.742574 - 1072 | 6.006104 - 10712 | 13204 | 2154
21233664 | 1.742574 - 1072 | 9.104004 - 10~ | 16009 | 1960

Tests were carried out on a computer system containing 10 cores
Intel Xeon X5670
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Huge-Scale separable convex
optimization problem

The classification of local optimization problems
on the number of variables
proposed by the Yu.E. Nesterov:

Af S mai lup to 100 variables

Afi Me d iTdromd1 O o 1 O variables
Afi L arigrendl Otb 1 O variables
Afi Hu g enore than 1 0 yariables
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Huge-Scale separable convex
optimization problem

Difficulties

Athe number of variables i memory limitations
Athe computational complexity i time limit

Athe required amount of computation i time limit

parallel computing

Required memory
Afloat - 4 bytes per cell
Adouble - 8 bytes per cell
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Required memory

the vector size of n elements
n float double

102 0.39 KB 0.78 Kb
10° 3.91 KB 781 KB
10* 30.06 KB | 78.13 KB
10° | 390.63 KB | 781.25 KB
100 3.81 MB 7.63 MB
107 38.15 MB | 76.29 ME
108 | 381.47 MB | 762.94 MB
107 3.73 TB 745 TB
10191 3725 TB| 7451 TB
1011 | 37253 TB | 745.06 TB
10'2 3.63 TB 728 Tb

Memory (RAM) - the main hardware limitations for many modern Huge-Scale
optimization problem.
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Test optimization problem 1

fla) =) (af +a7)
=1

This test function is convex, separable, the minimum value is
known (fmin = 0).

The calculation of values of the function f(x) and its gradient Df(x)
performed in parallel on different CPU cores, for large-scale
problems it is impossible for one compute node due to physical
limitations on the amount of RAM.
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Computing experiments

Computational experiments were carried out with

AComputing cluster MBC-100K of Interdepartmental
Supercomputer Center.

RAMT 1 Gb, 1 CPU.

AComputing cluster MBC-100K of Keldysh Institute of Applied
Mathematics RAS.

AComputing cluster fiAcademici a
RAMT 250 Gb, 32 CPU.
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Computing experiments
the running time of algorithm

Core i7, NTTM, MCL, MCL,
N 4 CPU | 100 CPU | 100 CPU | 1000 CPU
10° 1.02559
103 1.02685 1.58932 1.44929
10* 1.03031 1.63431 1.72392
10° 1.03406 1.63837 1.92358
106 1.12513 1.64386 2.12392 2.27892
107 2.01723 1.72646 2.23966 2.40381
10% | 10.93844 2.22012 3.77897 3.36539
107 16.29881 | 18.55662 7.78179
1019 140.30873 | 160.74543 | 58.09801
1011 198.05384
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Computing experiments

1000-
— MCU PAH, MBC 100K, 1000 CPU
— MCL, PAH, MBC 100K, 100 CPU
— WMNM PAH, MBC 100K, 100 CPU
100f — Intel Core 1i7-2640M, 4 CPU
3
(¢}]
w
i
10+
1

1e+02  1e+03  1e+04  1e+05 1e+06  1e+07  1e+08  1e+09  1e+10 e+l
n
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Required memory (1 core)

n RAM

102 0.78 KB
107 781 KB
104 | 78.13 KB
10° | 781.25 KB
10° 763 MbB
107 | 7629 MB
108 | 762.94 MB
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Required memory (100 cores)

n RAM RAM / 1 CPU core

107 | 7629 MB 76.29 MBE
10° | 762.94 Mb 762.94 MB
107 745 TB 7.63 MBE
101 | 7451 TB 76.29 MB
10" | 745.06 TB 762.94 MB
1012 728 TB 745 TB
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Computing experiments

Ayood scalability of the proposed implementation;
Ahe main limiting factor - the amount of available RAM;

Aigh-performance for separable problems.
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Test optimization problem 2
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Computing experiments
the running time of algorithm

Core 17, NTIM, MCL, MCL,
N 4 CPU | 100 CPU | 100 CPU | 1000 CPU
10° 1.02845
103 1.03536 1.52187 1.08275
10* 1.03566 1.59923 1.30111
10° 1.05166 1.56577 1.33428
106 1.28414 1.60642 1.79563 2.62236
107 4.17233 1.65246 2.00984 3.68216
10% | 33.29102 3.29295 5.99972 4.15825
107 17.26339 | 41.40902 | 10.97092
1019 246.75377 | 363.31317 | 88.66335
1011 358.11812
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Computing experiments

1000
— MCL, PAH, MBC 100K, 1000 CPU
— MCLU, PAH, MBC 100K, 100 CPU
— WNM PAH, MBC 100K, 100 CPU
100] — Intel Core 17-2640M, 4 CPU
O
@
)]
o
10+
4

1e+02 1e+03 let+04 1e+05 le+06 le+07 1e+08 1e+09 le+10 le+11
n
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Computing experiments, test 2
Modification of Polyak method, time (s)

Core i7, Matrosov, MCL,

2 CPU 30 CPU 200 CPU
N K=1 K=2 K=1 K=2 K=1 K=2
10° 0.003 | 0.002
103 0.004 | 0.003 0.008 0.006 0.008 0.005
104 0.008 | 0.004 0.008 0.008 0.013 0.005
10° 0.028 | 0.015 0.012 0.010 0.012 0.007
109 0.199 | 0.181 0.097 0.093 0.011 0.010
107 2.021 | 1.218 1.052 1.013 0.066 0.047
108 | 29.261 | 18.030 || 10.444 0.794 2.361 2.322
10? 07.397 | 46.655 || 28.134 | 14.689
1010 857.933 | 592.157 || 176.949 | 153.497
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Computing experiments, test 2
Modification of Polyak method, time (s)

—Intel Core i7-2646M, 2  CPU
—Intel Core i7-2646M, 2  CPU (k*2)
| —AMD Opteron 6220, 30 CPU
—AMD Opteron 6220, 30 CPU (k*2)
—MCL, PAH, MBC 100K, 200 CPU -
00| MCL, PAH, MBC 100K, 200 CPU (k*2) -
3
@
w
-I_T.
1
0.e14 ==

le+02 le+03 le+04 le+05 le+06 le+07 1e+08 1e+09 le+10 le+11
n
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Computing experiments, test 2

Modification of Polyak method, iterations number

Core i7, Matrosov, MCL,
2 CPU 30 CPU 200 CPU
n K=1| K=2 || K=1 | K=2 || K=1 | K=2

102 69 64
103 71 67 71 67 71 67
10% 74 69 74 69 74 69
10° 76 72 76 72 76 72
106 78 72 78 74 78 74
107 80 48 81 76 81 76
108 115 71 83 66 83 79
10? 79 37 85 44
1010 70 48 74 52
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Computing experiments, test 2
Modification of Polyak method, iterations number

—Intel Core 17-2640M, 2 CPU

160
—Intel Core i7-2640M, 2 CPU (K=2)
—AMD Opteron 6220, 30 CPU

149/ __AMD Opteron 6220, 30 CPU (K=2)

MCL, PAH, MBC 100K, 200 CPU
120/ —MCL PAH, MBC 100K, 200 CPU (K=2)

100

iterations

[o]
@
1

60+

____

-
=

LR W -
) -
40+ N
-

1e+02  1e+03 1e+04 1e+05 1e+06 1e+07 1e+08  1e+09  1e+10  1e+itl
n
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The problem of finding
PageRank-vector

P is a stochastic matrix that defines the original graph.

It is implemented the Fletcher-Reeves conjugate gradient
method for PageRank problem.
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