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AHHOTauumA

PaccmarpuBaercst 3ajadya MOCTPOCHUSI HENPEPHIBHOIO CKeJeTa
MHOTOYTOJIBHOM ~ (pUrypsl — 3aMKHYTOM oOJacTd, TrpaHHIa
KOTOPOW  COCTOMT M3  KOHEYHOr0  4Yucia  MPOCTHIX
HEIepPeceKarolnXcsi MHOTOYTOJIbHUKOB. TIpeiaraercss aliropurm
BBIUKCIICHUs cKesiera 3a Bpemst O(n log n) B xymiem ciydae, rie
n — obmee uucno BepmmH Qurypsl.  OTiaMuUUTENBEHOM
0COOCHHOCTBIO AITOPHUTMA SIBIISICTCS TIOCTPOCHHE JBOMCTBEHHOTO
K auarpamme Boponoro rpada cMexHOCTH caifToB, 00pa3yromux
rpanuiyy Gurypsl. B ocHOBE pelIeHHs JIEKUT MOCTPOCHUE IepeBa
CME&XHOCTH  BCEX  MHOTOYTOJBHHKOB ~ METOAOM  INIOCKOTO
3ameTanust. [Ipu 3TOM caiiTBl U MHOTOYTOJIBHMKM CUHMTAIOTCS
CMEKHBIMH, €CIM OHM HMEIOT OOIIYI0 KacaTelbHYI0 MyCTYyIO
OKPYXHOCTb. [Ipe/UIokeHHBI TOJIXOX MHO3BOJISIET 000OMIMTH
W3BECTHBIX anroput™ JIM, MCHONB3YEeMbIt Ul TOCTPOCHUS
CKeJIeTa MPOCTOT0 MHOTOYTOJIbHHKA, Ha Ciydail MHOTOCBSI3HOM
MHOTOYTOJIBHOM (YUTYpPHI.

Knwouessle cnosa. mMHo20y201bHUK ¢ Oblpamu, ckelem, 2pag
Jlenone, ancopumm Jlu, cmedcHocms MHO20Y20NbHUKOS.

1. BBEOEHUE

MmuoroyronbHast MHOrocBsi3Hast purypa (MM®) — 310 3aMKHYTas
orpaHu4eHHasi 00JIACTh B EBKJIMAOBOM IUIOCKOCTH, TpaHHIA
KOTOPOW COCTOUT M3 MPOCTBIX 3aMKHYTBIX JIOMAHBIX JIMHUM
(MHOTOYTOJIBHHUKOB). MMo HpeJICTaBIseT coboit
«MHOTOYTOJIBHAK C MHOTOYTOJIBHBIMH  JIBIPAMHU» M CITYXKHUT
ynoOHOW Mozdenblo 1ns  omucaHus  (POpMBI  OOBEKTOB B
KOMIIBIOTEpHOM  rpaduke,  aHaiu3e M paclo3HABAHUM
nzo0paxenuit. B wactHOoCcTH, mo0oe OMHapHOE pacTpoBOE
N300paKEeHHe MOKET ObITh AallPOKCHMHPOBAHO C ITOMOIIBIO
MM® ¢ TOYHOCTBHIO, paBHOW pa3mepy IHUKCeNa, B CMbICIE
metpuku Xaycnopda [1].

MsI paccMarpuBaeM 3ajiady IOCTPOCHMS CKEJIETa — MHOMKECTBA
cepeauHHbIX oceil MM@ (puc.1). CkeneToM 3aMKHYTO# 001acTi
HAa3bIBACTCSI TEOMETPHYECKOE MECTO TOUECK 0OJIACTH, SBIISIOUIMXCS
LEHTPaMU  MaKCHMAIbHBIX 0  BKJIIOYEHHMIO  BITMCAHHBIX
okpyxHocTedl. CkeleT HMCIONb3yeTcss Uil MCCIIeOBaHUs
TOHOJIOTUUECKUX M METPUYECKHUX CBOMCTB 00JIACTH, YTO HAXOIUT
NPUMEHEHHE BO MHOTMX METOJAax aHallM3a M Paclo3HaBaHUs
n3o0pakenuit. [IprMeHeHne CkeleToB B CHUCTEMaX MAIlUHHOTO
3pEHUs. CTABUT BBICOKME TpeOOBaHMS K BBIYUCIUTEIBHOI
3¢ GeKTUBHOCTH aNrOPUTMOB HX MOCTpOeHHUs. TeopeTnueckas
OLICHKA BBIYMCIMTCIBHON  CIOKHOCTH — 3aJadd  [OCTPOCHUS
ckenera MM® ectp O(n log n), rae n — uucino BepunH MMO.
OTa oOlEHKa MOJMy4YaeTcss HA OCHOBE CBEIEHHMS 3aJaud K
MOCTPOCHUIO JWarpamMmMbl BOpOHOTro MHOXECTBa OTPE3KOB Ha
miockoctd  [2]. W3  pmmarpammbl  BopoHOTro ckener MOXHO
MOJIYYHTh MyTeM yaaleHus yactu pedep 3a Bpemst O(N).

Puc. 1. MHOTOYTrOJIBHAS MHOTOCBSI3HASL (pUTYpa U €€
CKeJeT

Cpelau alropuTMOB MOCTPOCHHs Juarpammbl BopoHoro s
MHOKECTBA OTPE3KOB CIIEYET BBIIEIUTh anroputMsl Fortune [3]
u Yap [4], umerompe crnoxuocts O(n log n). O6a st anropurma
BeCbMa TpyAHBl JUIs peanusauuu. Kpome Toro, B CHIy
YHHUBEPCAIBHOCTH, OHU CTPOST AuarpamMmy BopoHOTro He TOJIBKO
BHYTpH, HO U BHe MM®, uTo siBisiercs nuinHeil padoroil. boiee
npocroit (1 xpoHonoruuecku Oonee panuuit) O(n log n)
amroput™m  JIu  [5] crpour mmarpammy BopoHoro BHyTpH
MHOTOyrosibHuka. OH OCHOBAaH Ha aJIrOPUTMUYECKON Mapajurme
«pazfensit 1 BAacTBYi». IcXoHbBI MHOTOYTOJIBHUK pa3OMBaeTCst
Ha JIBC PA3OMKHYThIC JIOMaHblC JMHHH, I8 KaXIOW W3 HHX
PEKYpCHBHO ~ CTpouTCs jauarpamma BopoHoro, a  3arem
OCyLIeCTBIISIETCsl  00beAMHEHHE O00eUX Jauarpamm. Hy:xHo
OTMETHTb, YTO TAKOW MOAXOJ HE BIHOJHE KOPPEKTEH, MOCKOJIBKY
HOHSTHE JuMarpaMmbel  Boponoro,  copMmysiupoBaHHOE — JUIst
BHYTPEHHOCTH MHOTOYIOJIbHHKA, HE ONpECNCHO JUIs JIOMAHOM
JIMHAKA. DTO MPHUBOJUT K TOMY, YTO KPHUTEPHH 3aBEpIICHHUS
nporecca CIMsSHUS ABYX IuarpaMmm BopoHOro, MCIonb3yeMblil B
anroputme Jlu, mHOTZIA HE cpabaThIBaeT, YTO BEAET K OMIMOKe
anroput™a. IIpuMep, AEMOHCTPHUPYIOLIMH TAKyl0 CHTYAlHIO,
npuseneH B [6]. Tem He menee, Ha mpaktuke anroputm Jlu
[IHPOKO HCIOJB3YETCS M paboTaeT J0CTATOYHO Haiex)HO [7].
ITpeAnpUHAUMAITKCH HEOIHOKPATHO MOTBITKH 0000IIHUT AIrOPUTM
JIn Ha ciyyail MHOTOYroJIbHHKA C Jblpamu. MI3BeCTHBIC pelICHHUsI
9T0i 3amaun [7,8] umeror cnoxknocts O(kn + n log n), roe k —
Konu4ecTBO JbIp. IIpoGnema BO3HHMKAaeT B TOM Clydae, KOTJa
YUCJIO MHOTOYFOJBHBIX [IBIP BelnKO. IIOCKONBKY —cHTYyarus
k=O(n) sBusiercss  BIOJNHE — peaibHOM, MOJydYaeTcs, 4TO
BBIUMCIIUTENbHAS CJIOKHOCTh TAakuX 0000weHui anroputma Jln
cocrasur O(n’) B XyameMm ciydae, 9TO BEChbMa JIAleKO OT
OITUMAJIIBHOTO TEOPETHYECKOTO 3HAYCHUS.

! PaGora BeinonHeHa npu noaepikke PO®U, rpartsr 04-01-08058, 05-01-00542.



IIpennaraemoe B HacTosmieil paboTe  pemieHHMe — 3a1adu
rpejcrasisier codoit 06001menue anropurma Jlu ¢ coxpaHeHuem
BeIUMCITUTEbHOM cnoxknoctd O(N log n) B xymmem ciydae.
Pemrenne OCHOBBIBacTCS Ha BBEJICHWM TIOHSTHS CMEXKHOCTH
KOHTYpoB rpaHuiibl MM® M noCTpoeHHMH Tak Ha3bIBaEMOTO
JiepeBa CMEKHOCTH KOHTYpoB rpanunsl MM®. Kpome Ttoro, B
OCHOBE aIrOpHTMa JISKHUT GoJiee KOPPEKTHAs MaTeMaThuecKas
MOJIeIb, HCIIOJB3YIOMmas BMECTO JuarpaMMsl Boponoro ee
IBOMCTBEHHBIH rpad.

2. OCHOBHbIE ONPEOENEHUA

['panuia MM® mosket ObITh IpejcTaBiIeHa B BUIE 00bEIMHEHUS
KOHEYHOTO YKCiIa TOUEYHBIX MHOXKECTB, Ha3bIBAEMbBIX CaliTaMu.

Caiimom HaspiBaeTcsi BepumHa MM  (caiit-Touka) 10O
CTOpOHA MPAHUYHOTO MHOTOYroJibHHKa MM® (caifr-cermeHT).

Bynem HaspiBaTh CalT-TOUKY W CaliT-CErMEHT COCeOHUMU, €CIA
OHHU UMEIOT HEIYCTOE MEepeceueHue.

Ycnosumes, uto rpannina MM® opueHTHpOBaHa TakkM 00pa3oM,
YTO BHYTPEHHOCTH (PUTYpPBI HAXOAUTCS OT HEe CeBa. JTO 3HAUMT,
YTO BHEITHUH MHOTOYTOJIFHUK IPAHUIIBI OOXOUTCS MPOTHB, & BCE
BHYTPEHHUE MHOT'OYTOJIbHUKY — 10 YaCOBOM CTpEIIKE.

Jlis kaXxkoro caita onpesesieHo MOHATHE BHYTPEHHEH CTOPOHBI.
Jlns calita-cerMeHTa ~ BHYTPEHHEH  CTOpPOHOH  siBisieTcs
MOJTYTIJIOCKOCTh, JIEKalas OT HEero ciesa. A juisi caiita-TOukM —
9TO CEKTOP, 3aKIIOUEHHBIA MEXKIY IAByMs COCEIHUMHU caiTamu-
CErMEHTaMH U JIeXKalUi CIIeBa OT HUX.

ITyctb S — MHOXECTBO cailiToB, 06pa3oBaHHbIX rpaHuieit MM®, a
S’- HEKOTOPOE €ro MOJAMHOXKECTBO SL/S,

OKpy>HOCTb ~ HEHYJIEBOIO  pajuyca HasblBaeTCs  MYcmoll
OTHOCHUTEIEHO MHOXECTBA CaliTOB S', €CIIM BHYTPHU HEE HET TOUCK,
MPUHAIIEKAIINX calfiTaMm u3 S'.

OKpy>XHOCTb HA3bIBACTCS UHYUOEHMHOL CAWTy, €cld ee LEHTP
JIEKUT C BHYTPEHHEH CTOPOHBI OT caiiTa M CyLIECTBYET HpsMast
JIMHYSA, CcOJAepkamas CaiT M SABIAIOINAACA KacaTrelbHOM K
OKPY’KHOCTH B TOUKE, NPUHAUICKAILEH 3TOMY CalTy.

JlBa caiiTa Ha3BIBAIOTCS CMEJICHLIMY, €CIH OHH SBISIIOTCS
COCCIHUMH MO0 HMMEIOT OOLIyI0 TMYCTYI0  OKPYKHOCTb.
OrmpesiesieHHOE TakuM 00pa3oM OTHOLIEHWE CMEKHOCTH 3aJaeT
epap cmescnocmu  catimog. I'pad CMEKHOCTH HpEACTABIAET
coboit nBoiicTBeHHBIt rpad amarpammel Bopororo MMO®.
EcrectBenno HaspiBath ero rpadom Jlenone, mo aHaloruu ¢
Tpuanryasuueir JlemoHe, sBisromelics rpagoM  CMEXHOCTH
caiiToB B 00bI4HOI auarpamme Boponoro [9].

I'papom Jlenone (IM) MMO® Gynem HaswiBath rpad (SV), y
KOTOporo MHOxkecTBO pebep V/J/ S [0 S comepkuT Bce mapbl
CMEXKHBIX CaliTOB U3 S,

Awnanornyno rpadom [lenmoHe i TOAMHOXKECTBAa cailToB S’
HasbiBaeTes rpad (S,V), B kotopom V7S’ 0 S u V' comepxur
BCE Mapbl CMEXHBIX CaliTOB U3 S'.

B npumepe Ha puc.2 n3o6paxensl quarpamva Boponoro MM® u
coorBercTBytomuii rpad Jlenmone. Bepmmnsl rpada [lemone
cooTBeTCTBYIOT caiitam MM®. CaliTbl-Touku U300paXKeHbl
KpyXKKaMH, a CalThI-CETMEHTBl — KBajparukamu. PeOpa
COOTBETCTBYIOT ITapaM CMEXHBIX CalTOB.

IMockomnbky muarpamma BopoHoro sBisiercst 1ockum rpagom, To
JIBOWCTBEHHBIH eif rpad Jlemone Toxke SIBISETCS IUIOCKHMM, T.C.
JOIyCKaeT IUI0CKyro ykiaaky. Kak st Beskoro miockoro rpada,
mnst Il ompeneneHo moustue rpaHu. Ha puc.2 Bce rpaHu

(@ (b)
Puc. 2. [Tnarpamma Bopoworo (a) u rpad JIenone MM® (b)

SBJISIIOTCA  TPEYTONBHBIMH, T.€. O0Opa3yloTCsl Tpems MOMapHO
MHLIUJICHTHbIMU  caliTamu. llpu sToM 11 kaxjoil rpaHu
CYIIECTBYET IIyCTOM KpYr, MHIMACHTHBIA BceM caiiTaM IpaHU.

Takum 00pazoMm, MMEET MECTO OUEBHIHAS AHATOTHS MEXKIY
rpadom Jlenone it MM® u oObruHON TpHaHrysinuei Jlenone
JUIS KOHEYHOTO MHOKecCTBa Touek. B wacrHocty, no I'J] MoxHO
nocTpouts uarpammy Boponoro misi MM® 3a Bpemst O(n).
[loaroMy mosyqaercst, uto s 2p(PEeKTUBHOTO pELICHUS 3a1auu
ckenerusan MM® Brionse pocrarouno nocrpouts O(n log n)-
anroput™ Beraucnenus rpada lenone xis MMO.

I'maBHOE MpEeUMYIIECTBO ATOTO MOAXOJAA HEpeA TPaJAUIHUOHHBIM
COCTOMT B TOM, 4TO Tpad JlemoHe KOPPEKTHO OIpeneneH Uit
m000ro MoaAMHOXKECTBa caiitoB MM®, yero Henb3s ckasarh 00
OTIpE/ICIICHUN JHarpaMMbl BopoHOTro. DTO MO3BOJISIET KOPPEKTHO
copmynuposars anroputm Jlu B TepmuHax ciusiaus I'J] wacreit
rpanuisl MMO.

3. FPA® OENOHE MHOIOYroJfibHUKA

PaccMOTpUM  OJHOCBSI3HYIO ~ MHOTOYTrOJbHYIO  urypy, T.c.
MPOCTON MHOTOYTOJIBHUK 6€3 JibIp. BepIimHbel MHOrOYroJbHHKA,
yriael B KOTOphIX MeHblle 180 Ha3oBeM BBIMYKIBIMH, a
OCTaJIbHBIC BEPLINHBI — BOTHYTHIMU.

W3 n-yronpHuka oOpasyetcs 2n caiitos. [Iponymepyem Bce calfTbl
BJIOJIb HAIIPaBJICHUS 00X0/1a IPAHHLIBI.

Jlanee pa3o0beM MOCIEAOBATENBHOCTh CATOB HA DIEMEHTAPHbBIE
HEMOYKH CIEeAyIomuM 00pasoM. Bo-mepBbIx, 3meMeHTapHOM
LIETIOYKON  sBIAETCA CalT, COOTBETCTBYIOLIWHA BBIITYKJION
BepirHe. Kpome 3Toro, aneMeHTapHON SIBISETCS LENOYKa M3
OJHOTO WJIM HECKOJBKHMX CalTOB, JEXKaIIUX MEXIy ABYMs
MOCJIEI0BATEIBHBIMY  BBIMYKIBIME  BepIiMHamu. Bo  BropoM
ciydae 3T0 JIuOO OIMH CaWT-CerMEHT, TUOO0 HECKOIBKO CaiiTOB-
CETMEHTOB, TIEPEMEKAEMBIX BOTHYTHIMK BepmuHaMiu. O4eBHUaHO,
YTo Takoe pa3OMeHHe sBIAETCS COUHCTBeHHBIM. Ha puc.3
NOKa3aH TNpHUMep pa3OMEeHHsT MHOTOYTOJIBHMKA Ha LCNOYKH.
Beimykiple  caiThI-TOYKM  00O3HAUEHBI YEPHBIMH  KPYXKKamy,
BOTHYTBIE — OCIIBIMH, & CAUTHI-CErMEHTBI — KBA/IPaTHKAMHU.

JUts kaxoit aseMeHTapHO! uenovku mnocrpouM rpad Jenone.
Jlerko BUETH, 4TO B LENOYKE CMEKHBIMU SIBIISIIOTCS TOJIBKO JIMIID
cocennue caiitel. [Tosromy ['JI memoukw, cocrasienHo# u3 K
CallTOB, IBISIETCS CBI3HBIM 1 uMeeT K-1 peGpo.

Janbreiimee nocrpoenue I'Jl MHOTOYroJbHHMKA OCYIIECTBIISIETCS
UTEPALIOHHO ITyTeM IocieoBaTenbHoro ciausiuus [']] nenouex.
[ycts Cy, G, ,Cp — BlieMeHTapHbIe 1enouku caiiros, a GD(C),
GD(Cy), ..., GD(G) — I'/1 atux nenouek. Ouepennas uTeparys
COCTOMT B TOM, YTOOBI CIMTH IONAPHO LENOYKH, CTOSIINE
nonpsin, u u3 ux I'Jl nocrpours I'Jl oO6benmHeHHbIX nenoyex. B
pesyibrare TepBoil urepanuu nosydaem cieayiomme [T (pu
uetnoM P): GD(GOC,), GD(GOC;), ..., GD(G,10C). Ecim p
newetHoe, T0 GD(GC,) ocraercs Ge3 m3MeHeHmid. B pesynbrare
[OJIHOTO LMKJIA CIAUsiHUI B ouepelu oOpasyroTcs = |—p/2—| I'a.



Jlasiee UMK CIUSHUI MOBTOPSIETCSl CHOBA, B PE3yJbTaTe dero
obpasyercst [py/2] T [Ipouecc 3aBepruTes, Kora B O4epean
OCTaHeTCsl eAMHCTBEHHBIN '], KOTOpBIA M sABISETCS peleHueM
3anaun. OueBuaHO, 4TO OOIIee YUCIO UMKIOB cimsiuust [']]
cocrasur O(log p).

B kauectBe mnpumepa paccMoTpuM ToctpoeHue ]I wis
MHOTOYTOJIbHVKA, H300pakeHHoro Ha puc.3a. [lis BocbMH
3JIEMEHTapHBIX 1enoyek mnocrpoeHsl rpadsr Jemone GD(0),
GD(1), GD(2), GD(3), GD(4), GD(5,6,7), GD(8), GD(9
Hrepaunonnstit npouecc causuust I'J] cocrout us Tpex nukios. B

nepsoMm 1wmkie nomydatores I'J[ GD(0,1), GD(2,3), GD(4,5,6,7),

GD(8,9), Bo Bropom — GD(0,1,2,3)u GD(4,5,6,7,8,9),a B
tpersem — GD(0,1,2,3,4,5,6,7,8,9).

Jdns Toro uTtoObl oOmas BeUKCIUTENBHAS 3 PEKTUBHOCTH
anroput™a cocraswia O(n log n), nocraroyHo ofecneuuTh
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Puc. 3. MuoroyrosipHuk (8), 21eMEeHTapHbIC IIEMOYKU 1
nepBblit tuki ciusHust (b), Bropoii (C) u Tpetuit (d) nukibL.

ciusinue  AByx [/l memoyek 3a Bpems, MPONOPLUUOHATIBHOE
001IeMy YHCITy CAllTOB B ATHX LEMOYKax. J[eHCTBUTENBHO, B 9TOM
ciydae Bpems, TpeOyemoe Ui BCeX CIMSHHI OJHOTO LHKIIA,
cocrasur O(N). ITockoIbKY YKCIIO [UKIIOB, KaK ObLIO MOKAa3aHo,
cocrasysier O(log p), o6iee Tpedyemoe Bpemst Gyner O(n log p).
W3 Toro, 4to P<N, U NOIy4UTCs Tpebyemas OleHKa.

Takum oOpasom, 3ajauya COCTOMT B TOM, 4TOOBI OOECHeuuTb
ciusiue AByx I'Jl 3a nuHeliHOe BpeMs. AJITOpUTM, JaroLuii Takoe
pEIIEHUE, YPE3BBIYANHO MTOX0K HA XOPOIIO W3BECTHBIA AITOPUTM
JIn-llextepa causiaus 0ObMHBIX TpHaHryssinuii Jemone [9].
[loscaum ero paboty Ha npumepe cnusHus AByx [/,
n300paKeHHBIX HA pUC.3C.

[pouecc cnusnusa aByX I'J] cOCTOUT B MOCTPOECHNH HOBBIX pedep
W B YHAICHWM HEKOTOPBIX CTapelx pedep. DTOT mporecc
HAlOMUHAET CIIUBAHME JBYX JOCKYTOB. IlockoiybKy clIMBarOTCst
BCerja JBE MOCIEA0BATEIbHO PACIOIOKCHHBIC LENOUKH CalTOB,
TO MOCIEIHUNA CAalT NEPBOM LENOYKUM M NEPBBbIA CaiiT BTOPOI
LEMOYKH SBISIOTCS COCETHUMH. DTO 3HAUUT, YTO HAYATBHBINA
CTEXKOK CINWBAHWS COEAWHAET STW 7ABa caiita. B mpumepe sto
caiitel 3 u 4. Caiir 4 sBiseTcs BBIMYKION BEpPIIMHON, TO3TOMY
BCerjla Haljercsa JOCTaTOYHO MAaJIeHbKas IycTas OKPY:KHOCTb,
WHIMICHTHAs caiiTaM-cerMeHTaM 3 U 5. A 9T0 3HauWT, 4TO pedpo
(3,5) Toke HOJKHO ObITh BKIIOYEHO B OObexuHeHHbI [T

AHanoruuHsIM 00pa3oM CTPOUTCs NEpBast apa HOBBIX pedep mnpu
ciuBke JitoObIx I'/] mocneioBaTesIbHbIX LEMOYEK CAiTOB.

CremyromuM MmaroM JIOJDKHO CTaTh MOCTPOEHHE HOBOTO pedpa,
UHUMICHTHOTO caifitam 3 mim 5 (puc.4a). K nosomy pe6py (3,5)
npuMbIKaroT 1Ba pebpa: (3,0)u3 nesoro u (5,6)us npasoro I'/l. A
y pebpa (3,0) ects unmuaeHtHas rpass (3,0,1). C 310l rpaHbio
CBsi3aHA MYCTas OKPY)XXHOCTh, MHUIWACHTHas caiitam 3, 0, 1 —
BepIIMHAM d5Toil TpaHd. llpoBepka moOKa3pIBacT, 4yTO cait 5
HonajaeT BHYTPh 9TOW OKDPY:KHOCTH, Hapyluas €€ <IycToTy». A
3TO 3HAuMT, 4T0 pedpo (3,0) TOHKHO OBITH Pa3pyLICHO, HOTOMY
4TO B OOBCIMHCHHON LIETOYKE CaliTOB HE CYLIECTBYET ITyCTOM
OKPYKHOCTH, MHIIMEHTHO#H caiitam 3 u 0.

B pesynbrare, peOpoM, NMPUMBIKAIOIMNAM K CalTy 2, CTAHOBUTCS
(3,1). Tenepp kaHaUAaThl Ha 0OpPa30BaHHUE HOBOTO CINHMBAIOLICTO
pebpa Oymyt pebdpa (3,6) u (5,1). st Toro, 4roObl BEIOPATH OHO
W3 HUX paccMoTpuMm Tpoikm caiitoB (3,5,1) m (3,5,6) u
MOMBITAEMCSl TIOCTPOUTH MHIMJCHTHBIE MM IIyCThIE OKDPYKHOCTH
(puc.4b). OkaspiBaeTcsi, 4TO CYIIECTBYET IIyCTasl WHIMICHTHAS
OKpPYKHOCTh TOJIBKO u1si Tpoiiku (3,5,6). [Tosromy B KauecTse
OYepeIHOTO  CHIMBaRoIero pebpa BbeiOMpacTest pebpo  (3,6).

Puc. 4. CummBanue rpados Jlenone. Y nanenue
nuiHero pedpa (&) u nmocrpoeHue HoBoro pedpa (b).

JlanpHeWinuit mporece CIIMBKH OCYIIECTBISCTCS AHAJIOTHYHBIM
o6pazom. O6mImit pe3yabTar npeacTaieH Ha puc.2b.

CremyeT OTMETHTH JIB€ OCOOCHHOCTH, KOTOPBIE UMEET OTMCAHHBII
anroput™ mo cpasaenuio ¢ anropurmom Jlu-Illextepa [9]. Bo-
MEePBBIX, TMOCTPOCHWE WHIUACHTHOW OKPYKHOCTH Ui Tpex
[IPOU3BOJIbHBIX CAWTOB SBJISIETCS CYIIECTBEHHO 00Jiee CIIOXKHOM
3a/1aueif, yeMm s Tpex ToueK. 3/1eChb BO3ZHHUKAIOT 7 pPa3IMYHBIX
reOMETPUYECKUX 3aJad B 3aBUCHUMOCTH OT THUIA U COCEACTBA
caiitoB [6], st Ka0il U3 KOTOPBIX MPHUXOINTCS UCHOIB30BATH
CBOM MeTon peuieHHs. Bo-BTOPHIX, HpH BBHIOOpPE OYEPEIHOTO
CIIMBAIOIIETO pedpa W3 IBYX KaHIUIATOB MOXKET BO3HUKHYTH
CUTYyallusl, KOrjJja CyLIECTBYIOT ITyCTble OKPY>KHOCTHU JJIsl KaXJOr0
pebpa, yero He MOXKeT ObITh B O0ObIYHOW TpHaHTysiMu JlenoHe.
B sTOoM cityuae u3 IByX OKpYXKHOCTEH ciielyeT BbIOpaTh Ty, LEHTP
KOTOpOH JEeXKHUT Omke K LEHTPY MyCTOH OKpPY)XXHOCTH,
MOCTPOCHHO# Ha MPEIBIIYIIEM IIare.

JIuHeliHas oOlLleHKA CJIOXKHOCTH alroputMa cmuBku AByX IJ]
OCHOBBIBAETCsI, Kak u B ajropurme [9], Ha ToM, 4TO 00IIee YUCIIo
omeparyii TPONOPIUOHATEHO UHCIY YAAIEHHBIX pedep aBYyX
ucxoaubix I'JI m uymcnmy moctpoeHHsIX pebep HoBoro 1. U3
JuHelHoro Bpemenu cnusHus ']l ciemyer, urto obmas
BBIUMCIIUTEBHAS. CJIOXKHOCTh ayropuTMa nocrpoenuss I'J[ n-
yroJpHuKa cocrasiser O(n log n).



Takum o6pazom, ¢dopmynupoBka amropurma Jlu B TepmuHax
nocrpoenus rpada Jlenone mo3BoiiIa MPEoJoNIETh CIOKHOCTH,
BO3HHKAIOMME TIPH €ro TPAJWIMOHHOM HCIONB30BAHUM IS
MocTpoeHust  auarpamMm  Boponoro.  Opnako,  mpoGiema
0o000mennss  dTOrO  ajgroputMa  Ha  ciydait MMO
(«vMHOTOYrONBHUKA C JbIpamMu») ocraercs. [Ipemaraemplil Hibke
MOAXOJ K €€ peIICHUIO OCHOBBIBACTCS Ha IIOHSATUM JepeBa
CMEXKHOCTU MHOTOYTOJIbHUKOB, COCTABJIIOIIUX Ipanuiy MMO®.

4. AEPEBO CMEXHOCTU MHOIoyYroJibHMKoB

PaccMOTpEM  MHOXECTBO ~MHOTOYTOJIBHMKOB, —COCTaBIISIONINX
rpanuty MM®. JlBa MHOroyrojbHMKa U3 3TOr0 MHOXECTBA
OyJIeM Has3blBaTh CMEKHBIMH, €CIM B HHUX CYLIECTBYET mapa
CMEXHBIX CaWTOB, MPUHAUICKAIMX Pa3HBIM MHOTOYTOJbHUKAM.
Jlpyrumu cIOBaMH, MHOTOYTOJIBHHUKH SIBIISTIOTCS. CMEXXHBIMH, €CITH
CYIIECTBYET IMyCTas OKPYXHOCTb, WHIHMJICHTHAas UM OOOHM.
3agaHHOE TakUM O0pa3oM OTHOLIEHHE CMEKHOCTH KOHTYPOB
ompernensier rpad cMexHOCTH KOHTYpoB. OYEBHJHO, YTO 3TOT
rpad sBisiercst cBs3HbIM. [109TOMy ero 0cTtoB (MUHHMAaIbHBIN
CBSI3HBIA MOKpbIBaroImii noxarpad) smsiercst aepeBom. Takoe
JepeBo Oy/eM Ha3bIBaTh JEPEBOM CMEXKHOCTH KOHTYPOB T'PAHMUIIBI
MM®. OueBumHO, YTO JEpPEBO CMEXKHOCTH HE SBISETCS
enuHcTBeHHBIM. Ha puc.6a mpencrasiena MM®, umeromas 13
IpaHMYHBIX KOHTYpoB. IlycTele kpyrm, Kacaromyecs Tap
KOHTYPOB, JIE€MOHCTPHPYIOT CMEXHOCTh KOHTYpoB. Ha puc.5b
MoKasaH Tpad) CMEeXHOCTH KOHTYpOB. Pebpa oaHOrO M3 epeBbeB
CMEXKHOCTH KOHTYPOB («BEPTHKAIBHOTO JEPEBA») BbIICICHBI
KUPHBIMH JIMHUSIMH.

JlepeBO  CMEXHOCTM  KOHTypoB  rpanuusl  MM®  npaer
BO3MOXKHOCTh  CBECTM 3amady mnocrtpoenuss [JI MM® k
paccMOTpeHHOM  BbIlle 3agaye mnoctpoenust ['JI  mpocroro
MHOTOYTOJIbHUKA.

5. FPA® OEJIOHE MHOIOYrOJlbHOW ®UrYPbI

Hmes nepeBo CMEXHOCTM KOHTYpOB TpanHuiibl MM®, MoxHO
MOCTPOUTH MapIpyT 00Xoaa Bcex caiittoB MM®. DtoT mapmpyT
M03BOJISIET BBHICTPOUTH Bce caiiTbl MM® B elMHYIO Lienb.

IIycts  Mg,My,...,My — xonrypa MM®, npuuem My —
€IMHCTBEHHBII BHEHIHUN KOHTYp, a OCTa/lbHble — BHYTpeHHue. B
JepeBe CMEKHOCTH KOHTYpPOB BHIOEpPEM B KadecTBE KOPHS
BHEUIHUH KOHTYp M.

s kaxmoro koutypa M;, i=0,...,K, mocrpoum nemouky u3 kK
caiiToB {31’32""’3‘&}’ YIOPSIOYEHHYIO 10 HAIIPABJICHUIO

KOHTYpa, T.. IPOTUB 4acoBoi crpenxu st Mo ¥ mo vacoBoit
CTpelKke Ul OCTalbHBIX KOHTYpoB. B jepeBe cMexHOCTH
KOHTYPOB ~K&KJIBIA DJEMEHT SBJIAETCS IIOTOMKOM JIPyrOro
snMeMeHTa. DTO 3HAYMT, YTO B KOKAOM KOHTYPE-TIOTOMKE MMEETCS
CalT, Ul KOTOPOTO CYIIECTBYET CMEXHBIA CalT B KOHTYype-
npexake. He Hapymas oOmHocty, OyJaeM CUUTaTh, YTO B LICIIOUKE
caiitoB koHTypa M;, i=1,...,K 3TOT «COeIMHHUTENBHBIN» CalT
CTOMT NEPBBIM, T.€. 3TO CaliT Sj.

Teneps mpeoOpasyeM Bce memoyku caiitoB MM® B enuHyro
HEMOYKy MyTeM <«BPE3KM» IPYyr B Jpyra LETNOYeK OTACTbHBIX
KOHTYPOB. DTOT TPOLECC OCYHIECTBISETCS PEKypCHBHO, HAuMHAs
C KOHTYpOB, SIBJISIOIIUXCS JIUCTBSIMU B JIEPEBE CMEXHOCTU.
Llenouka kaxJ0ro KOHTypa «BPE3aeTCs» B LIEMOUKY ET0 MpPeJIKa.

ITycrs konTyp M; siBisieTcs IOTOMKOM KOHTypa M;, ipryem napa
CMEXHBIX CaliTOB — 9TO NEpBbIil caiiT S; B Lenouke M;, a Takxke

Puc. 5. [TycTblie OKpYXHOCTH, HHIMICHTHBIE CMEXHBIM
KOHTYpam (a), rpad cmexHocTH KOHTYpoB (D) (zepeBo
CMEXKXHOCTH BBIJIC/ICHO CIUIOLIHBIMU JTUHHUSAMH).

HEKOTOPBIH CaiT §; B uenouke koutypa M;. Torna o0benunennas
LIENOYKA UMEET CIIeYOIUMA BUL:

{Sjl,sz,...,SJt,31,32,...,Sjki ,31,8“,SJ-Hl,,...,SJ-kj}.

Lenouka kontypa M; BcTaBnseTcs B LenovKy KOHTYpa M; nmocre
3JIEMEHTA Sjt, @ HOCIIE TIOC/IEHErO €€ caiiTa CTaBUTCs napa caifTos
S1,St, 0Opasylomas «MocT» i 00paTHOTO Mepexosia ¢ KOHTypa
M; na xontyp M;.

V xoutypa M MOXKET OBITh HECKOJLKO NOTOMKOB, M LEHOYKH
cailToB BCEX MX JO/DKHBI OBITh BCTABJICHbI TakMM 00pasoM B
uerouky caiirop M;. Tlocne srtoro uenouka camoro M;
BCTABIISICTCS B LIEMIOYKY €ro Mpejika B JepeBe CMEKHOCTH. B
pesylbTare 3TOro Ipouecca OyIeT BbINOJHEHa BCTaBKAa BCEX
LENOoYeK B LEMNOYKY CaliTOB BHEHIHEro KOHTypa. OueBHIHO, YTO
JUTMHA 3TON 00BEAMHEHHOM LeNoUKy caiitos cocrasut O(n).

Teneps k 00BEIMHEHHOM LIENOYKE CAWTOB MOXKET ObITh PUMEHEH
anroputM nocrpoenust I'Jl, xoTopwlit ObUT MCHONB30BaH JUIs
MPOCTOr0 MHOroyrojibHuka. Ilpu 3TOM HEoOXoaMMO cienath
creiyromye MOAU(HUKAIMK, CBI3aHHBIC C MOSBICHUEM B IIETIOUKE
map CMEXHBIX CaliTOB, HE SBJISIOMINXCS COCEAHIMH.

1. Ilpoumecc oOpa3oBaHUsl 3JEMEHTApHbIX LENOYEK Temepb
cTpouTes B jBa dTamna. CHavdana oOpasyroTces dIeMeHTapHbIe
LEMOYKH M3 TMap CMEXHBIX CAHTOB pa3HBIX KOHTYpOB. A
3aTeM CTPOSITCS JIEMEHTApHbIC LEMOYKUA U3 CAWTOB OJIHOTO
KOHTypa TaK, KaK O3TO Jelaercs B Cly4ae IIPOCTOro
MHOTOYTOJIbHUKA.



n

[locne Toro, kak Oyzmer mnocrpoen ['JI oObeanHEeHHOU
Lernovku, pedpa, oOpa3oBaHHBIE CBA3YIOIUMU Mapamu
caiitoB (M3 JepeBa CMEKHOCTH KOHTYPOB), OK&KYTCS
poxy0nupoBaHHbIMH, T.e. BoiayT B '/l nBaxnpl. Iloatomy
HE0OXOIMMO TPOBECTH «CKIICHKY» TaKuX pedep.

Puc. 6. Cnyyaii npricoeTMHEHNS HECKOTBKUX KOHTYPOB-
MOTOMKOB K OJTHOMY M TOMY K€ CaiiTy KOHTYypa-Ipe/IKa.

CreyeT OTMETHTB OCOOBIi CiTydaif, KOraa HECKOJIbKO KOHTYPOB
HMEIOT O0IIero Tpejka B JAEPEBE CMEXHOCTH M TIPH 3TOM HX
IYCTBIE OKPY)KHOCTU MHLMJEHTHBI OJHOMY M TOMY K€ CaiiTy B
koutype-nipeqike  (puc.6). B oToM ciydae Bpeska Ienoyek
KOHTYpPOB-TIOTOMKOB B LICIIOUKY KOHTYpPa-IIPe/IKa OCYLIECTBIISETCS
CTpOro B TOW MOC/IEIOBATEIbHOCTH, B KOTOPOH IPOUCXOIUT
KacaHHe OKpPY)KHOCTe#t 00IIero caiita B KOHTYpe-TIpeKe.
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Puc. 7. MM® (@) , obbeuHeHHas Henovka caitros (b) u
4 nwkna ciusiaust I'J] nenouek (C-f).

[lpumep paboThl anropuT™ma mpencrasieH Ha puc./. Mcxomnas
MM® (puc.7a) wumeeT [Ba TI'paHUYHBIX KOHTYpa, KOTOpBIC
obpazytor 16 caittoB. IlpenmonoxuM, 4ro HaliaeHa mycras
OKPYXKHOCTb, MOKa3bIBatoInasi, 4ro caiitel 5 u 10 sBisoTCs
CMEXHBIMU. B pe3ymbrare 00beIMHEHNS IETIOYEK ABYX KOHTYPOB
ToTyqaeTcst 00bEIMHEHHAs LIEMO0YKa CaiiTOB!

{0,1,2,3,4,5, 10, 11, 12, 13, 14, 15, 10,5768, 9}.
B Heil BbluensIOTCS 3IIEMEHTApHBIC LENOYKU calfToB. Ilpu 3Tom

00pasytoTcst JIBE DJIEMEHTapHBIC LEMOYKH M3 IMapbl CMEXKHBIX
caiftoB, o6o3Hauenusie (5,10) u (10,5) ma puc.7b. [anee

crpositess I 11 oneMeHTapHBIX LEMNOYEK, KOTOpbIE
nocnenoBareibHO ciauBaroTest B o0wui I'/1 3a 4 uukna (puc.7c-f).
B monyuennom I'Jl (puc.7f) ocraercs cxneuts pebpa (5,10) u
(10,5), B pesyabrare vuwero mosydaercss uckombii ]I,
U300pakeHHBIH Ha puc.2b.

Takum 00pa3oM, NpH HAJIMYMK [EPeBa CMEKHOCTH KOHTYPOB
nocrpoerue rpada Jlenone MMEP MOXKHO OCYIIECTBUTH C
UCIIOJIB30BAHUEM TOTO K€ CAMOT0 AIrOPHTMa, KOTOPBIA CTPOUT
'l mnpocroro wmuoroyromsHuka, 3a Bpems O(n log n).
EcTecTBeHHO, 4TO LEHHOCTh 3TOrO pe3ysibTara 3aBHCHT OT TOTO,
Kakoe BpeMsi MOTpedyercs Uil MOCTPOCHHMS IePeBa CMEKHOCTH
KOHTYpOB. [IpeiaraeMplii HUKE aJIrOPUTM MO3BOJISET MOCTPOHUTD
310 AepeBo 3a Bpemst O(n log n) B xyamewm ciyuae.

6. NTOCTPOEHUE OEPEBA
KOHTYPOB NPAHULIbI ®UT'YPBI

CMEXHOCTHU

6.1 BepTukanbHoe AepeBO CMEXHOCTU KOHTYPOB

Cpean BceX BO3MOXKHBIX JICPEBHEB CMEXKHOCTH MBI Oynem
CTPOUTH TaK Ha3bIBACMbIC «OPUEHTHPOBAHHbIC [10 HAIPABICHUIO»
nepeBbst. He Hapymas oOmHocTtH, OyaeM paccmarpuBarh B
Ka4yecTBE TAaKOIO HAIpPABJICHUS OCh OpPAMHAT («BEPTUKAIBHOE
HanpasJeHue»). JIist Kak/I0ro BHYTPEHHETO IPAaHUYHOTO KOHTYpa
BBIJIEIUM BEPUIMHY, UMEIOLIYIO MAKCUMAJIbHYIO IIPOEKIHMIO HA 9TO
HanpasjieHue. Jl1g BEpPTUKAIBHOIO HANpaBICHUS 3TO HPOCTO
BEpLIMHA C MakCUMalbHOU opauHatoil. B cimydae eciam Takux
BEpUIMH B KOHTYPE HECKOJIBKO, BbIOEpEM OJHY M3 HHUX. OTY
BepIMHYy OyJAeM Has3bIBaTh Makyuikoli MHOTOyrompHuKa. C
KaKJOM MaKylIKOW CBSKEM )Y, BBIXOAAIIUI U3 HEC BBEPX.

PaccMOTpUM MHOXECTBO IIyCTBIX OKPY:KHOCTEH WHIIMAEHTHBIX
MakyIIke, IIEHTPBl KOTOPBIX pacmojoxkeHsl Ha ee myde. Cpeau
TAKUX OKpYXKHOCTell Bcerja Hainercs makcumaibHas. Takyio
OKPYXHOCTh OyZeM Ha3blBaTh Hy3vipem. Ily3bIph MHIUICHTEH
Makyllke M CaiiTy M3 Jpyroro MHOIOYrOJIbHUKA. ODTOT CalT
Ha30BEM ONOPHLIM JUISl MAKYIIKM M KOHMAKMHGIM IS ITy3BIPSI.
Ecnu takux caliToB HECKOJIbKO, BbIOEPEM B KauecTBE OINOPHOTO
Wb OAWH W3 HUX (M000#). MHOrOyroibHHK, B KOTOPOM
PacroNoKEH ONMOPHBIA CAWT, Ha30BEM BEPXHUM, IMOCKOJBKY OH
BCETJa JIEKUT BHIIMIE MAKyIIKH. JIeTko BHIAETH, UYTO KaxKIbIi
MHOTOYTOJIbHUK ~ SIBJIICTCSL CMEXKHBIM CO  CBOMM  BEPXHUM
MHOIOyroJibHUKOM. TakuMm o00pa3oM, IMOCTPOEHHBIE IIy3bIpU
OIPEE/SIIOT OTHOLICHHE YaCTUYHOIO IOpsJKAa Ha MHOXECTBE
MHOTOYTOJIBHUKOB. y KaXJOTO BHYTPEHHETO MHOTOYTOJhHUKA
CYIIECTBYET  €AWHCTBEHHBII ~ BEPXHMH  MHOTOYTOJBHHK.
EnvHCTBEHHBIH MHOTOYTOIBHHK, HE MMEIOIINH BEPXHEr0 — 3TO
BHEIIHUM IpaHUuHblii MHOroyrojbHuk. ClefoBaTenbHO, HaMU
MOJIyYEHO JIEPEBO CMEKHOCTU KOHTYpOB rpanunisl MM®, B
KOTOPOM IYCTBIMU OKPY)KHOCTSIMH, HMHIMJCHTHBIMU Hapam
KOHTYpPOB, SIBISIOTCS My3bIpM MHOTOYTOJbHUKOB. Takoe aepeBo
CMEXXHOCTH  OyfieM  Ha3bIBaTh  GePMUKANLHLIM — 0epesoM
cmesicHocmu.  TIpumep  BEpPTHKANBHOTO — J€peBa  CMEKHOCTH
KOHTYPOB uist MM® «Gabouka» npejcrasieH Ha puc.5h.

MOXKHO  MpPEeVIOKUTh — CeAyIOWMiA  (HAWBHBIA) — aIrOPUTM
MOCTPOCHUS BEPTUKATBHOTO JepeBa CMEKHOCTH KOHTYpOB. Jiist
KaxJ0#i Makymku nepebpars Bce caiitel MM® u i kaxJI0ro
caiiTa IMOCTPOUTh IYCTYIO OKPYXXHOCTb C IIEHTPOM Ha
BEPTHKAILHOM JIyde, HHIHMICHTHYIO Makyllke W caiity (ecim
TaKas OKPYKHOCTb CYILIECTBYET). A MOTOM OTOOPATh OKPYKHOCTH
MHUHUMQIBHOTO paauyca uis BceX Makyliek. OueBHIHO, 4TO
BBIUMCIIUTENBHAS CIOKHOCTh TaKoOro aropurma cocrasut O(pA),
rae P — KoJIM4ecTBo KOHTypoB B rpanune MMO®. Ilockonbky B
xymumem caydae p=O(n), mnomydaeM CIOKHOCTh HAWBHOTO



amropurma O(n?), uro sBisieTcss HenpremieMbiM. Tpebyercs
6osiee 3 (heKTUBHBIN AITOPUTM.

6.2 ANropuTM nNOCKoro sameTaHusi

Hcrounnkom HHU3KOM S((EKTUBHOCTH HAaWBHOTO AITOPUTMaA
siBIseTCs nepedop Ul KakKJOH MakylIKd BCeX caiiToB, B TOM
YHCTe M TeX, KOTOPBIE HAXOJATCS AAIEKO M 3aBEIOMO HE MOTYT
OKa3aTh BIMSHMS Ha TOCTPOEHME €€ IMy3bIps. J{yst Toro, 4ToOs!
WCKITIOUATh ~ aHAIM3  TAaKAX  HECYIIECTBEHHBIX  CaWTOB,
BOCHOJIB3YEMCsl Ujiceid MI0CKOT0 3aMETaHusl.

PaccMoTpyM rOpU3OHTANBHYIO NPAMYIO, NEPEMEINAEMYIO CHHU3Y
BBEpX, MociefoBarenbHo  3aMetaromylo  MM®.  Tlpouece
3aMETaHusl YCJIOBHO DPAa3BUBACTCS BO BPEMEHU, C KaOKIbIM
MOMEHTOM  BPEMEHM  CBSI3aHO  HEKOTOpPOE  IOJIOXKEHUE
3ameraomeit  npsmoil. Ilpu  sTOM  MHOXECTBO  caiiTos,
MepeceKaeMbIX 3aMeTalolIef MpsSMOif, €CTeCTBEHHBIM 00pa3oM
YTOPSIIOYEHO CIIEBA HAMPABO MO a0CIMCCcaM TOUEK MepeceueHHsI.
PaccmoTpyM  Takke  MHOXECTBO  BEPTHKAIBHBIX  JIy4eH,
BBIXO[IIMX M3 Makyumlek. B MOMeHT nepecedeHMs MaKylIKU
3aMETAOLIEH MPSAMOM COOTBETCTBYIOLIUIMA JIyd MOXKET 3aHSATh CBOE
MECTO B YINOPAJOYEHHOM MHOXKECTBE IIEPECEKAEMBIX CalTOB.
Herpynmno  ybemuThcsi B CHIPaBETMBOCTH  CIETYIOIIETO
YTBEPKICHMA:

Ecnu caiim sensemcsa onopneim Ona ny3wips, mo cyujecmeyent
makoe nonodiceHue 3amemarouyeti NPAMOoL, npu KOMopom MexHcoy
IMUM CAUMOM U TYHOM Hem OpY2Ux caiimos.

OT0 HEOoOX0AMMOE YCJIOBHE II03BOJISET OPraHU30BaTh IOUCK
ONIOPHOTO CaiTa Il MAaKyIIKA CpPEIMd TEX CalWTOB, KOTOPBIE
OKA3aJIUCh COCETHUMH C JIy4OM MAaKYIIKHU B IIPOLECCE 3aMETaHUs.

Iporece 3ameranmst peanusyercsi, Kak 3TO OOBIYHO HPHHSATO
[10,11], ¢ momomplO [ABYX CTPYKTYp [aHHBIX: CTaryca
3aMeTarolieil mpaMoit u odepean coObiTuif. CraTyc 3aMeraromeit
nmpsAMO#t  TIpefcTaBuseT €000 yMOpsIOYEHHOE MHOMXKECTBO
caliToB u Jydell, nepecekaeMbIx 3ameraromeil npsmoil. Craryc
JIMHAMUYECKH MEHSETCS 10 Mepe IepeMEIICHUs] MPSIMOi.
MOMEHTBI  M3MEHEHMsI  CTaTyca Ha3bIBAIOTCS  COOBITHSIMU.
CoOBITHS €CTECTBEHHBIM 00pa30M yMOPSIIOYMBAIOTCS IO BPEMEHH
HACTYIUICHHS. YTOPAJIOUYCHHOE MHOXECTBO COOBITHI 00pasyeT
ouepeb COOBITHHA.

Craryc 3aMeTaromieii mpsMoit 1 oYepeab COOBITHI peatn3yroTes B
Buje cOanancupoBanHbix aepeBbeB [12] (ABJI-, 2-3-unu kpacHo-
YepHbIC [EpPEBbsi), B PE3YJbTATE HEr0 BBINOJIHEHHE ONepaluii
MOKCKA, BK/IIOYCHMSI W MCKIIOUCHHUS 3JIEMEHTOB B CTPYKTYpax
ocymecrsisiercs: 3a Bpemst O(log K), re K — uuciio siemeHTos,
HaXOJLILINXCS B CTPYKTYPE.

W3MeHeHHs craryca COCTOST B TOM, YTO 3aMETarolias mpsiMas
«Hacxaja» Ha OuYepelHOIl caift, NMbo «chexana» ¢ Kakoro-to
caiita. OuYEBHIHO, YTO 3TO MPOUCXOAUT IPU TEPECCUCHUH
3ameTaromieit mpsiMoit BepmmHel MM®, ciemoBarensHo, obmiee
4rcI0 Takux cobbrtuii cocrasisier O(n). TTockonbky 00Iee Yucio
JMeMeHTOB B craryce ecth Takke O(N), Bpems, TpeOyemoe Ha
oliepali BKIIOUYCHHSA-UCKIIOUCHHSI CaiiTa MM JIydya, COCTaBIISCT
O(log n). Jlas kaxaoro coObITUs HEOOXOIUMO IPOBEPHTH, HE
o0pasoBanach Ju mapa Jy4-calT Takas, 4TO MEKAY HUMH B
craryce HeT Jpyrux Jydeil. Ecmu oOpasoBanach, TO HYKHO
MPOBEPHUTH UX HA KOHTAKT.

IIpaKkTHYECKyI0 pealu3aluio TOro mpouecca NpoIeMOHCTPUPYeM
Ha npumepe (puc.8). Jlnsi Makymiku MHOTOYroNbHHUKa S B
MOMEHT, KOT'/J]a OHa MOoMaja B CTaTyC, CTPOMM BEPTHKAIbHBIN Ty
Ro 1 my3bIpp OeckoHEYHOTro pasMepa, T.e. MOMymiIockocTh Co.
Ilpy mepeMeleHUH 3aMeTaroliel MpsMoi B monoxenue L; B

CTaTyC TONajaeT caiiT S;, KOTOPbI OKa3bIBACTCS COCEIOM C
nydoM Ry MHnmaeHTHas caiitam S u S; okpyxHOCTh C; MMeer
paanyc mensbine, 4eM Co, HOITOMY OHA CTAHOBUTCSI KaHIUAATOM B
My3BIPH JUTSL MAKYIIKH Sp.

S - Makymika

Puc. 8. [ToctpoeHne my3bIps JUIsl MAKYIIKH.

CrietyroliuMy  COOBITHSIMU, KOTOPBIE MPOUCXOIAT IIPU TOM XKe
TIOJIOXKCHUM 3aMeTaoIel mpsiMoil Ly, siBIsleTCsl MCKIIOYEHHE U3
cratyca caliTa S; M BKIIOYCHME BMECTO Hero caiita S,.
OxpyxHocts C, WHIMIACHTHa caliTaMm S ®m S, MeHblue
okpyxHocTd C;, MOITOMY OHA 3aHMMAET MECTO IMy3bIPS MAKYIIKH
So. Janee npu nonoxeHnu 3ameraroieit npsimoit L, B craryce
MPOUCXOIUT 3aMeHa caiita S, caliToM S;, kOTOpas He BICYET 3a
€000 KOppeKLHHK My3bIps. A BOT cleyroliee COObITHE — 3aMeHa
B cTaTyce caiita S; caiitoM S; — MPUBOAUT K TOSIBICHHIO HOBOM
mycToit okpyxHoct Cg, KOTOpasi ¥ CTAHOBHUTCS OKOHYATEIIBHBIM
my3bIpeM Makymku . Ciemyer eme OTMETHTh, YTO B MOMEHT,
KOTJla 3aMeTalolasl MpsiMas CTAaHET BEpPXHEH KacaTelbHON st
okpyxxHOCTH Cg, Tyu Ry OyneT HCKITIOUCH U3 cTaTyca.

Puc.9. KoHTakT my3sIpst HE ¢ COCETHIM CaTOM.

TTockoJIbKY NMPOBEpKa, SIBISETCS JU CAWT OMOPHBIM JUIS Iy3bIps,
ocymiecTBisieTcst 3a koHeuHoe Bpemss O(1), MOXeT CIOKHTHCS
BIICUATIICHHUE, YTO OOLIee BpeMsl, HEOOXOIUMOE JUTsl HAXOXK ICHHS
BCeX IMy3bIpei Takum crocobom, cocrasur O(n log n). Oxxako
Tak Oyzer He Bcerna. KapTuHy MOPTHT CHTYyalusi, KOTJa MEXIy
OMOPHBIM CaiTOM M Jy4OM OKa3blBaeTcs Apyroit ny4d (puc.9). B
9ToM mnpuMepe Tmy3sips Cp M Makymlkn S —sBiseTcs
MHUMJICHTHOM OKPYKHOCTBIO [UTs1 caiita S3. Ho caift S; Hukoria
HE OKaKETCsl HEMOCPE/ICTBEHHBIM cOCce/IoM Jiyua Ry B craryce.

B03MOXHOCTh BO3HUKHOBEHHSI MOAOOHBIX CHTYaIlMii TPHBOIHT K
YCIIOXKHEHHIO 00paboTKM COOBITHSI COCEICTBA caiita M Jyua.
[lomyuaercst, 4To €Clii B CTATyCe CTOST MOJPS]] HECKOJIBKO JIyUeH,
TO HEOOXOJMMO MPOBEPUTH HA CMEKHOCTb 3TOT CAlT M MaKyLIKH



BCEX ATHX Jiydeil. B pesyibrare MOXET CIOKHTBCSA CHTYyalHs
(puc.10), korma oOuiee Bpems, HEOOXOAMMOE Uil IPOBEPKH,
craHoBuTcs paBHbIM O(PA), rie p —4KCIO COCEAHMX Iyueil B
craryce, a ( — 4MCJIO CAliTOB, OKA3aBIIMXCS C HUMU COCCISIMU B
npouecce 3ameranus. OUEBHAHO, YTO B XYJUIEM ciydae P ¥ (
MOryT mMeTh mopsimok O(N), 9To OMATh MPUBOAMT K 0OIIEMY
BpeMeHH Beex mpoepok O(n?).

KoneuHo, ciydvait, mogoOHslii n300paxkeHHoMy Ha puc.l10, siBHO
IK30THYECKMA. B MpakTHYeCKUX Ciydasx, KOria KOJHYECTBO
CTOSIIIMX TOAPS/ JTydeil B CTaTyce HE MPEBOCXOIMT HEKOTOPOTO
HebobIIoro uncna, obuiee Bpems pabotsl ocranercs O(n log n).
OpHako I TapaHTHPOBAHHOTO  JOCTIKCHUS — TaKoM
3 PEKTUBHOCTH B JIFOOOM CIIydac aIrOPUTM HYKJIACTCS CIle B
OJIHOM YCOBEpIICHCTBOBAHUH.

6.3 3ameTaHue c NOrnoLwWeHUeM ny3bipen

B curyarmy, nokasanHoii Ha puc.9, KOHTaKT caiita S; ¢ Iy3bIpeM
Co cram BO3MOXKEH M3-3a TOTO, 4TO OKPYXHOCTh Cy <HaKkpbLia»
OKpYXHOCTB Cy, nexaryto Mexay S mydom Ry. Takoe B3anumHoe
MOJIOKEHHE  My3bIpel  OyZeM  HasbIBaTh  OOMUHUPOBAHUEM.
@dopMalbHO 3TO O3HAYAET, 4YTO BEpXHss Touka My3blps C;
(momuHMpyeMOro) oKazanach BHYTpH y3bIpst G
(momMuHHMpYyHOLIIETO).

Jlist Toro, 4yToObI KOPPEKTHO 00paboTarh CHUTYalMH, MOJ0OHbIE
9TOM, HEOOXOJMMO CHaualla BHISIBUTH BCE ClIydau JJOMUHUPOBAHUS
my3blpeit. [ aToro mpouecc 3ameTaHusi, ONUCAHHBIN  BBILIE,
JoToNHAeTcs (YHKIMEH KOHTPOJS JOMHHUPOBAHUS ITy3bIpEi.
DTOT KOHTPOJb OCYLIECTBISCTCS B TMpoOLEcce 3aMeTaHus |
COCTOMWT B BBITIOJTHEHHUH CIIETYIOIINX MPABHMII:

1) Ecmm 1Ba Jiyya OKa3alMCh COCEHMMH B Craryce, TO
OCYIIECTBISIETCS TIPOBEpKa WX HA JOMMHHPOBaHWE, T.€. Ha
TIOTIaIaHie BEPIIHMHBI ITy3bIPsi BHYTPh COCETHETO My3bIPS.

2) B cmywae, eciu JOMMHUPOBAaHHE MMEET MECTO, TO
IUIAHUPYETCsl COOBITHE IOTJIOLICHME» Ha MOMEHT, KOrja
OJMH Ty3bIpb LEJIMKOM OK@KETCSs BHYTPH JApYroro.
COOTBETCTBYIOIIMHA MOMEHT BBIUMCISCTCS KaK OpAMHATa
TOYKH MEPECEUCHUs] OKPYKHOCTEH.

3) Ilpu HacTyrieHWH COOBITHS TOTIOLICHWS JOMHUHHPYEMBIi
my3bIpb (€ro Jyd) yoamsiercs U3 CTaryca M MOMEIIaeTcs B
JOMHHUPYIOIIMHA 1Ty3bIpb. [l 3TOr0 B JAOMHUHHPYHOLIEM
My3bIpe 3aBOJMTCS CIUCOK-MarasWH Uil HOTJIOIICHHBIX
y3bIpeii, paboOTAIOMINIA 110 MPUHIKITY «IOCICIHUM MPHILE
— IEPBBIM BBILIIEI».

4) B rporecce 3aMeTaHusl KOppEeKLHUs pasmepoB
JOMHUHHPYIONIMX MY3bIPEd  COMPOBOXKIACTCS MPOBEPKOIA,
COXpaHSIETCS 1M JIOMHHHUPOBAHWE HAJ IOTJIOIECHHBIMU
my3bipsiMi.  Ecii 1OMUHHMpOBaHUs — OONbIE  HET, TO
MOTJIONICHHBIA TMy3bIPh BO3BpAIACTCS B CTATyC Ha CBOE
MECTO.

5) Tlpu BbISIBICHHH KOHTAKTa My3bIPS M CaiiTa KOPPEKIHsS
OCYIIECTBISIETCS.  TONBKO JUISL IOMUHHPYIOUIETO  IMy3bIpS.
KoHTaxTsl calita ¢ NOTJIOIEHHBIMH ITy3bIPSIMU BBISIBIISIOTCS
B IIpoLiecce NOCTOOPAOOTKH MOCIE 3aBEPIICHHUS 3aMETaHMS.

OCHOBHasi YKOHOMHSI BPEMEHH B ITOM ITOPUTME ISl CUTYaIUid
Thna n3obpaxkeHHoi Ha puc.10 mocTuraercs 3a cuer mpasuia 5,
MOCKOJIBKY IPY COCEJCTBE caiita M Jyda HE IpPOU3BOJUTCS
MOJIHBIN Tepebop BCEX OCTAIbHBIX JIy4dei, CTOSIIUX MOIPSI.
OOmast BBIYMCIUTENBHAS  CIOKHOCTH TpOIlecca 3aMETaHWUs
ocraercss O(n 10g N), MOCKOJBKY YKCIO COOBITHIA MOTJIOMICHHS
cocramsier O(n), a oOpaboTka, CBsi3aHHAS C BBITOJHEHUEM
npasui 1-5,pebyer gukcuposanHoro spemenn O(1).

b
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P KOHTYpOB
Puc.10. CoceicTBO HECKONBKUX JTy4ell B cTaryce.

MoanuuypoBaHHbIi  TakuM 00pa3oM alrOPUTM  IUIOCKOTO
3aMETaHUs Ha BBIXOJE JAET BJIOKEHHBIE LEMOYKU JOMUHUPYEMBIX
my3blpeil. Kaxnas Takas nernouka uMeeT BHUJ JOMHUHHUPYIOLIETO
MMy3bIpsl CO CBOUM  CIMCKOM-MarasMHOM MOIJIOLIEHHBIX UM
JOMHUHUpYeMbIX Ty3bipeit. Te my3sipu, KoTopble HE ObLIH
TIOTJIOMIEHBI, MOXKHO paccMaTpHBaTh Kak nenodky jumHel 1. [pn
9TOM BCE ITy3bIpH UMEIOT KOHTAKTHBIE CAUThI, ONPEAEIIAIOLNE UX
pasMepsl. OiHaKo, MPAaBUIO 5, M03BOJIUBLIEE CIKOHOMUThH BpPEMsl
Ha nepebope, NPUBEIO K TOMY, YTO CPEAU JOMHHHPYEMBIX
Iy3BIPEX MOTYT OKa3aThCs TAKWE, JUIL KOTOPBIX KOHTAKTHBIA CalT
Haliien HenpaBwibHO. IIpUymHa 3TOrO0 COCTOMT B TOM, YTO
MOCKOJIBKY ~TIOCJI€ IONAJaHus TAaKoOro Iy3bIps B CIIUCOK
MOIVIOLICHHBIX, IIPOBEPKA €ro Ha KOHTaKT C CaidTaMu He
npousBouiachk. Jlist TOro, 4ro0bl BOCCTAHOBUTH IPABUIIbHBIC
KOHTaKTbl JUI1 JOMHUHMPYEMBIX ITy3bIpEH, IOCIE 3aBEepLICHUs
3aMeTaHust TpeOyeTcs  JOTOJHUTENBHBI aHAIN3  CIHCKOB
MOTJIOIEHHBIX ITy3bIpei.

6.4 OnpeaeneHue oNOPHbIX CaNTOB ANA
NOTNOLWWEHHbIX Ny3bIpen

Paccmotpum  nenouky mysbipeii {Co,Cy,...,C¢},  monyueHHYO
crenyroiumM oopazoM. [1y3sips Cy sIBIsSICTCS «KpallHUM, T.€. €ro
nyd Cp HENOCPEe/ICTBEHHO COCEICTBYET C KaKMM-TO CaiiTOM B
craryce. OH nomuHupyerca my3sipeM C;, TOT B CBOIO OYepelb
nomuuupyercs myssipem C, w T8 Hasepxy B oTOM
MOC/IeI0BATEIbHOCTH HAXOMTCS TOMUHUpYIomii 1my3sips Cy. B
npolecce 3aMeTaHWs JUIsl BCEX JTHX Iy3bIpell ObUIM MOJTyYeHBI
BCE CaliThl, OKa3aBIIMECS C HUMH coOceHMMH. Bce Takue
COCEACTBA MPOLUIM 4epe3 Ouepenb COOBITHI, NpHuYeM B
MOC/IeI0BATEILHOCTH CHU3Y-BBEpPX. DTO 3HAYHMT, YTO HM3BECTHA
HoCNe0BaTeIbHOCTh caiiToB {Sq,S;,...,Sy}, KOTOpBIE TOJBKO H
MOTYT OBITh KOHTaKTHBIMHU JUIsl Iy3bIpeit u3 nenouku. Ocraercs
JIMIIb COTOCTABUTH Iy3bIPH M CAWTBl M3 ITUX MHOXKECTB MEXIY
coboif. [lns Toro, utoObl 3TO OBUIO chenaHo 3¢¢EKTHBHO,
BOCIIOJIE3YeMCSl TE€M OYEBHIHBIM COOOpaKEHHMEM, YTO TakKue
KOHTAKTBI 00JIaJ]al0T CJIe/IYFOIIUM CBOMCTBOM MOHOTOHHOCTH.

Ecnu nyseipu C; u C; umeiom xonmaxmuwle caiimor S, u § u i<j,
mo P=q.
C yd4eToM 3TOro IpOLECC YCTAaHOBKM COOTBETCTBHS Iy3bIped M
KOHTaKTHBIX CaiiTOB MOXeT OBIThb IOCTPOEH  CJIEIYIOINM
obpasom.

Beibepem myssipp C, W3 cepenuHbl LETOYKH, T.C. r4 k2], un
HaliIeM M1 Hero KOHTAKTHBIM CaiT MOJHBIM mepebopoM Beex
caiitoB u3 {Sy,S;,...,Sy}. [Ipeanonoxum, 4ro 310 caT S.

Tenepp MOXeM BOCIHOJIB30BAaTBhCSl TEM, 4YTO JUIS Iy3bIpei U3
wwkneil yacru nenoukun {Cg,Cy,...,C.;} KOHTaKTHbIC CalThI



HY)KHO HcKath cpemn {So,Sy,...,.S}, a s myssipeit  u3
{Ci1,...,C} — cpenu caiitoB {Sy,...,Sy}. DT0 3HAUMT, YTO ISt
IByX cpenHux myssipeit  noamuoxects  {Co,Cy,...,Cq} w®
{Ct+1,.-.,C} mMOMCK KOHTaKTHBIX CaiiToB moTpebdyer mepeGopa B
00ImIeH CITOKHOCTH TeX ke {Sg,S,,...,Sy} caitros. OueBuaHO, YTO
obpabotka Bcex my3bipeit motpebyer l0g(k) maroB npu wmcie
ornepauuit Ha KaxxaoM mare O(M), T.e. 3aTpaThl Ha ONpE/C/ICHUE
OIIOPHBIX CaiiToB JuIs Beel enouku cocrasst O(mlog k).

IMyctb | — HOMEp WLEMOYKM JOMHHHPOBAHHS Iy3bIPEH,
BKIJIfOUaromeil K Imy3sipeif, ¥ WMeEroIel M COCEIHUX CaWTOB.
Torpa oOmee Bpemsi MOCTOOPAOOTKM BCEX LEMOYEK COCTABUT
OCm log k). TTockonbky oblmee 4mcio my3siped 2K < n,
NoJIy4aeM

>mlog k < >Xmlog n=log nZm,.

Benwunna >my mpejcraBisier co0oif 00liee 4YMCio COOBITHIA
COCeJICTBA CaiiTOB M Iy3bIpeli B mpouecce 3ameTanusi. O4eBUIHO,
4ro 3Ta BenuuuHa ecth  O(N). C y4eToMm 3TOro mojxydaem, 4To
ol1iee BpeMst Ha onMchIBaeMsIif iporecce cocraput O(n log n).

7. 3AKNIOYEHUE

HWrtax, BBIUMCIMTENbHAS CIOKHOCTh MPEIIOKEHHOTO AlrOpUTMa
MOCTPOEHUSI JIepeBa CMEXHOCTH TpPaHUYHBIX KOHTYpoB MM®
cocrasimsier O(n log n). Amropurm nocrpoenuss I'JT MM® Ha
OCHOBE 3TOro JepeBa Takxke HMeer cioxkHocte O(n log n).
CnoxHocTtb noctpoenus ckenera MM® u3 T'JT cocrasisier O(n).
Takum oOpasoMm, mnpepngaraemMoe oOliee pelleHUe 3ajaud
ckenermzan MM® umeer cnokuocts O(n 10g N) st Xyamrero
cItydast.

ONUCaHHBI ~ AITOPUTM  PEAIN30BaH  MOYTU  NOJHOCTHIO
(mocTpoeHne fiepeBa CMEKHOCTM KOHTYPOB — BBIOJHEHO B
BapuaHTe Tiepebopa BCEX COCEIHHMX Jydeld B craryce 0Oe3
MOTJIONIEHUs Ty3bIpel). AJITOPUTM TPOBEPEH Ha pealbHBIX
3amauax o6paboTky nzobpaxenuii (N/10%).
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Skeleton of multiply-connected
polygonal domain

Abstract

The problem of a continuous skeleton constructa@rafmultiply-

connected polygonal domain is considered. Polygdaaiain is a
closed domain, which border consists of finite nembf simple
polygons. TheO(n log n) - algorithm for the worse case i
offered, where n - number of polygonal domain ve¥te
Proposed algorithm creates dual for Voronoi diagcdrdomain
boundary. The solution is based at the adjacerg tk all

boundary polygons created by a sweepline methots Sind
polygons called adjacent if they have common cdné&mpty
circle. The offered approach generalizes Lee sheletigorithm
from a simple polygon to the polygon with holeshwihe same
running time.

Keywords: multiplay-connected polygonal domain, skeleton,
Delaunay graph, Lee algorithm, polygon ajacence.
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