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https://arxiv.org/abs/1511.06434

Bayesian framework

» x — observed samples;
» z — unobserved (latent) variables;

» 6 — model parameters.

Discriminative Generative

p(z,01x) = p(zlx, 8)p(6) p(z.%,0) = p(z,x/0)p(6)

Classification /Regression Generation of new samples (z, x)
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Bayesian framework

Bayes theorem

p(X,Z|6)p(0) _  p(X,Z|6)p(0)
p(X,Z) J p(X,Z)p(6)d6

p(01X,Z) =

Full Bayesian inference
Pz x'[%.2) = [ plzxio)p(6IX,2)d0

Maximum a posteriori (MAP)

6* = arg max p(6|X, Z) = arg max(log p(X, Z|6) + log p(8))
0 0
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Latent variable models
MLE problem
n n
0" = arg;nax p(X|0) = argemaxilj1 p(x;|0) = arggnax; log p(xi|0).

Challenge
p(x|@) could be intractable.

Extend probabilistic model

Introduce latent variable z for each sample x
p(x,z|0) = p(x|z,0)p(z); logp(x,z|0) = log p(x|z,8) + log p(z).

p(xi6) = [ plx.2l6)dz = [ plxiz.6)p(z)cz.
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Latent variable models

g p(x}6) = og [ p(xlz,6)p(z)dz

Examples
Mixture of gaussians PCA model

u

(a) . x\/

0 0.5 1

> p(x|z,0) = N(x|p,, £2)
» p(z) = Cat(z|w)

1 w2 /
Rt

> p(x|z.0) = N(x|Vz + ., E2)
> p(z) = N(z[0,1)

Bishop C. Pattern Recognition and Machine Learning, 2006.
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Incomplete likelihood
MLE problem

n
0" = argmax p(X,Z|0) = arg mapr(x,-, z;|0) =
0 7] .
i=1

n
= arg max Z log p(xi, z;|0).
6
i=1

Since Z is unknown, maximize incomplete likelihood.

MILE problem

0" = arg maxlog p(X|0) = arg maxlog/p(X, Z|10)dZ =
7] 0

= argmaxlog/p(X|Z,H)p(Z)dZ.
0
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Variational lower bound

X,Z|6
|ogp(X\9)=|ogp( 216) _

p(ZIX.0) ~

_ p(X,Z|6) . p(X,Z|0)q(Z)

= o@es Sy 7 = [ @) Sz o)~
_ p(X,Z|0) q9(2) _
—/q(Z) log 4(2) dZ+ | q(Z)log o(ZX. e)dZ—

= L(q,0) + KL(q(Z)|p(Z|X,0)) > L(q,0).

Kullback-Leibler divergence

> KL(qllp) > 0;
> KL(qllp) =0=q=p.
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Variational lower bound

log p(X|0) = L(q,0) + KL(q(Z)||p(Z|X,0)) > L(q, ).

ELBO
L(q,0) :/q(Z) log p();(’zz)w)dzz
:/q(Z) |0gP(XZ,9)dZ+/q(Z) og Zg;dz

= Eqlog p(X|Z,0) — KL(q(Z)||p(Z))

Instead of maximizing incomplete likelihood, maximize ELBO

max p(X|@) — maxL(q,0).
0 q,0
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EM-algorithm

Z
£(q.9) Z/q(Z) Ing(X\Z,G)dZJr/q(Z) log ZEZ;dz.
Block-coordinate optimization
» Initialize 6%;
> E-step

q(Z) = argmax L(q,0") = arg min KL(q||p) = p(Z|X, 6%);
q q

> M-step
0" = argmax L(q, 0);
(4

» Repeat E-step and M-step until convergence.
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Amortized variational inference

E-step

q(Z) = argmax L(q, 0") = arg min KL(q||p) = p(Z|X, 0").
q q

could be intractable.

Idea
Restrict the family of all possible distributions g(z) to the
particular parametric class conditioned of sample: g(z|x, ¢).
Variational Bayes

» E-step

Gn = Pn_1+ NVeL(P, 0n—1)’¢:¢n71
> M-step
0n=0n-1+1VeLl(d,,0)lg—p, ,
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ELBO gradient (M-step)

L(¢,0) = Eqlog p(X|Z,0) — KL(q(Z|X, 9)[|p(Z)) — max.

Optimization w.r.t. 8: mini-batching (1) + Monte-Carlo
estimation (2)

V@ﬁ ¢7 Z/q(zl‘xla VH Ing(X/|Z/7 )dzl

w, / 4(zilxi, $) Vo log p(xi|zi, 0)dzi, i~ U[L,n]

2 “ «
@ nVglog p(xi|z;,0), zi ~ q(zi|x;, ®).
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ELBO gradient (E-step)

L(¢,0) = Eqlog p(X|Z,0) — KL(a(Z|X, $)[|p(Z)) — max.

Optimization w.r.t. ¢: density function depends on the
parameters.

Hint 1 (log-derivative trick)
Vxp(y|x) = p(y|x)Vxlog p(y|x).

Hint 2

V.F(x) = V. / plyx)h(y)dy

- / (Vp(y[x)) h(y)dy) dy

~ h(y0)Vxlog p(yolx) yo ~ p(y[x).
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ELBO gradient (E-step)

£(.6) = Eqlog p(X[Z.6) — KL(q(ZIX. 9)||p(Z)) — max.

)

Optimization w.r.t. ¢: density function depends on the
parameters.

Vs / 4(Z|X, ) log p(X|Z.8)dZ ~ log p(xi|z}, 0)V  log a(z!|xi, &),

zj ~ q(zj[xi; ).

Problem
Unstable solution with huge variance.

Solution
Reparametrization trick
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ELBO gradient (E-step)

Reparametrization trick

F(x) = / p(y|x)h(y)dy

Example

q(z|x) = N(z|p,02), r(€) = N(€0,1), z=o0e+ p.
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ELBO gradient (E-step)

Derivative

V¢/q(Z\X,¢) log p(X|Z, 0)dZ ~

195 [ r(e)iog pllg(x. . @), 0)de ~
nv(;b |0g p(x;|g(x,-, 6*7 ¢)7 0)7 €~ I’(G).

Variational assumption

q(z|x,0) = N(pa(x), Z(x))-
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Variational autoencoder (VAE)

Final algorithm

» pick i ~ U[1,n];

» compute stochastic gradient w.r.t. 6
nVglog p(xi|z;,0), zi ~ q(zilxi, P);
» compute stochastic gradient w.r.t. ¢
1V g log p(xilg (x;. ", 6), 0)~VyKL(q(zilxi, §)|[p(z:). € ~ r(e);

» update 08, ¢ according to the selected optimization method
(SGD, Adam, RMSProp).

17 /26



Variational autoencoder (VAE)

Reconstructed
Input Ideally they are identical. ~ ---------------------- - input
~ %/ pu
XX
— Probabilistic Encoder —
70(2[x)
Mean Sampled
1 latent vector

Probabilistic
Decoder

po(x|z)

o
Std. dev
An compressed low dimensional
Z=p+o0e€ representation of the input.
. e~ N(0,I) !

https://lilianweng.github.io/lil-log/2018,/08/12 /from-autoencoder-to-beta-vae.html
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Variational Autoencoder

S

Decoder

.

Latent space

Isaac Dykeman, http://ijdykeman.github.io/ml/2016/12/21/cvae.html
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http://ijdykeman.github.io/ml/2016/12/21/cvae.html

Variational Autoencoder

Generation objects by sampling the latent space z ~ N(0, 1)
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http://bit.ly/2w73aXB
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